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Abstract

Spontaneous fission proceeds from the ground state by pure quantum tunneling through a
fission barrier, and because the rate is exponential in the barrier action, half-lives span around
35 orders of magnitude across the chart. The tunneling probability is almost always evaluated
with the Wentzel-Kramers-Brillouin (WKB) approximation, whose accuracy has not been assessed
systematically across a wide range of nuclei. This thesis provides that assessment by solving the
one-dimensional collective Schrödinger equation numerically along microscopic fission paths and
quantifying the deviation of the WKB half-lives from the exact ones. A dedicated solver integrates
the collective Schrödinger equation, with its coordinate-dependent inertia, using a Runge-Kutta
RK5(4) scheme; the transmission coefficient is extracted from the transmitted amplitude after
truncating the barrier to impose plane-wave asymptotics. The physical input is the BSkG3 energy-
density-functional dataset (MOCCa code): potential energy surfaces and perturbative cranking
inertias, from which least-action paths are extracted using the quadrupole moment as the collective
coordinate.

Applied to more than 3200 nuclei with available BSkG3 fission paths at a zero-point energy of
0.5 MeV above the ground state, WKB stays within about 0.2 orders of magnitude of the exact result
for the large majority, consistently across half-lives spanning more than 200 orders of magnitude.
The residual offset was traced to a boundary-reflection effect at the barrier feet, produced by the
physically-motivated truncation of the barrier. About 1.3% of the nuclei depart by more than
half an order of magnitude, and by up to 3–4, through resonances from quasi-bound states of the
isomeric well, a genuinely quantum effect that WKB cannot capture by construction. No significant
correlations are found between the deviation and different fission barrier features such as 𝐴, 𝑍,
height or length (|𝜌| ≤ 0.4). The sensitivity of the deviation to the choice of the zero-point energy
was studied, revealing a distribution peaking at 0.3–0.4 orders of magnitude below about 1.5 MeV,
settling near zero above roughly 2 MeV. Apart from resonances, the deviation is thus bounded
below one order of magnitude already at a few MeV, making it only mildly sensitive to this choice;
however, the absolute half-lives are not, given their enormous span and exponential behavior, and
the proper choice of this energy remains an open discussion.

Overall, the semiclassical treatment is not the limiting approximation in current large-scale SF
predictions: the entire WKB-Schrödinger spread sits comfortably within the deviation of state-of-
the-art EDF half-lives from experiment. The exact solver nonetheless matters for individual nuclei
near a resonance, and offers a natural route to multi-dimensional fission paths, where the notion
of a unique path breaks down and tunneling amplitude can branch across competing valleys.

Keywords: spontaneous fission, half-life, collective Schrödinger equation, WKB approximation,
least-action path, BSkG3, collective inertia, class-II resonances.
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Chapter 1

Introduction

Nuclear fission is the process in which a heavy nucleus, made of 𝑍 protons and 𝑁 neutrons, splits
into two (occasionally more) lighter fragments. It is a typical example of large-amplitude collective
motion in a quantum many-body system [1]: the nucleus deforms far beyond the small vibrations
of its ground state, so that the whole system rearranges itself rather than a single particle being
emitted. This makes fission one of the most challenging nuclear processes to model accurately
[2]. This process results from the competition between the nuclear surface tension, favoring
compact shapes, and the Coulomb repulsion among protons, favoring elongated ones; this balance
is measured by the fissility 𝑥 ≈ 𝑍2/[50.88𝐴(1 − 𝜂𝐼2)], with 𝐼 = (𝑁 − 𝑍)/𝐴 the nucleon asymmetry
(and 𝜂 ≈ 1.7826). For 𝑥 > 1 the nucleus becomes unstable against fission, as in actinides and
transactinides [3]. Fission can be induced by a reaction with neutrons, protons or photons, and
is then characterized by the properties of the fragments, or occur spontaneously from the ground
state, and be characterized by its half-life 𝑡SF

1/2, the time it takes for half of a sample of such nuclei to
undergo fission [3]. This work is interested in spontaneous fission (SF), where the nucleus reaches
the two-fragment configuration by quantum tunneling through a potential barrier.

Since the fissility grows as 𝑍2, spontaneous fission is one of the main mechanisms limiting the
existence of superheavy elements, and the search for the next island of stability depends largely
on accurate SF half-lives [1, 3]. It plays an equally important role in astrophysics: simulations of
neutron-star mergers suggest a rapid neutron-capture process (the r-process) with fission recycling, in
which the flow builds up heavier and heavier nuclei until they fission back into lighter fragments,
which then capture neutrons again and repeat the cycle [3, 4]. Fission properties thereby shape the
resulting abundances and the heating that powers kilonovae [4, 5]. The nuclei involved lie far from
stability, in regions the scarce experimental data does not cover, so the key challenge is predictive
power: how reliably a model extrapolates to neutron numbers where no measurement exists [2].
Beyond astrophysics, fission is relevant to nuclear technology, from energy production to forensics
and non-proliferation [1], and it is a demanding test of nuclear models, since its description is
sensitive to essentially all aspects of an energy density functional [2, 6].

In practice, these half-lives are almost always computed with the semiclassical Wentzel-Kramers-
Brillouin (WKB) approximation [3]. Since fission is best understood as a deformation process, the
nucleus is described by a small set of collective coordinates, which in most cases are chosen as pa-
rameters of its shape, and the energy over this collective space defines a potential energy surface
(PES). Tunneling is evaluated along a one-dimensional path through that space, and the transmis-
sion probability follows from a single integral along it. Two ingredients enter that integral: the
potential energy along the path, that is, the fission barrier, and an inertia that plays the role of a
mass and measures how much the nucleus resists deformation.
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The calculation is delicate. Measured half-lives span more than thirty-five orders of magnitude
[3, 7], a direct consequence of the transmission depending exponentially on the inputs: a small error
in either ingredient is amplified into many orders of magnitude in the half-life. Neither is under
full control: fission barriers are not directly observable and depend on the model used to obtain
them, the inertia depends on the prescription adopted for it, and the energy at which tunneling
starts is a loosely fixed parameter.

These ingredients are obtained today either in the macroscopic-microscopic framework, from
a deformed liquid drop corrected for shell and pairing effects [8], or self-consistently, from con-
strained Hartree-Fock-Bogoliubov calculations with an energy density functional (EDF) [3], using
Skyrme [9] or Gogny [10] parametrizations. Predictions still differ substantially between ap-
proaches [3], and considerable effort goes into improving them. A recent example are the large-
scale calculations with the BSkG3 functional of [2], which reproduce the 136 known SF half-lives
within less than four orders of magnitude without introducing additional parameters [5], and
are computationally efficient enough to reach the thousands of neutron-rich nuclei relevant for
the 𝑟-process. Realistic fission paths are therefore now available for a large number of nuclei, all
obtained within the same framework.

The tunneling step, by contrast, is treated identically in most of the literature and has hardly
been questioned. Alternatives have been proposed, mostly based on functional integrals and
imaginary-time mean-field dynamics, which in principle avoid the choice of collective coordinates
altogether [11, 12]. In most cases, these have so far been tested on simplified model Hamiltonians,
and their connection to the standard WKB formula is still missing [3]. On the other hand, exact
solutions, are available only for schematic barriers built from simple analytic shapes [13, 14]. It is
not obvious that these conclusions carry over to realistic barriers, since far from stability the fission
path cannot in general be approximated by parabolic humps [4], and that is precisely the region
where predictions are needed. To the best of our knowledge, the accuracy of the WKB step has
never been quantified on barriers of microscopic origin, or systematically across the nuclear chart.

The aim of this work is therefore to test the WKB approximation against the solution of the
problem it approximates, the one-dimensional collective Schrödinger equation, of which the WKB
formula is the semiclassical limit. Three objectives follow. The first is to implement a solver for
that equation, able to handle realistic fission barriers of microscopic origin together with their
coordinate-dependent inertia. The second is to quantify the deviation of the WKB half-lives from
the exact ones and to characterize its systematics over thousands of nuclei, both quantitatively and
in the qualitative features that WKB cannot reproduce by construction. The third is to establish
whether going beyond WKB is needed in large-scale calculations of spontaneous fission and, if so,
for which nuclei. The comparison is carried out along fission paths obtained from EDF calculations
performed with the MOCCa code using the BSkG3 functional, following the procedure of [2], with
the quadrupole moment as the collective coordinate and keeping axial symmetry.

This thesis is organized as follows. Chapter 2 develops the theoretical framework: the origin
of the PES and of the collective inertia in microscopic calculations, the collective Schrödinger
equation, and the derivation of the WKB transmission coefficient from it. Chapter 3 then presents
the numerical methods, together with their validation on analytically solvable and double-humped
barriers and the corresponding stability and accuracy tests. Finally, chapter 4 applies the solver to
the microscopic fission paths and studies the systematics of the deviation across the chart, as well
as its dependence on the barrier features and on the zero-point energy.



Chapter 2

Modelling fission in a collective space

In order to describe a complex phenomenon such as fission from a microscopic point of view, a
simpler alternative approach beyond the difficult quantum many-body problem is often adopted.
The standard strategy, and the one considered in this work, is instead to reduce the problem to
the slow evolution of a few collective coordinates (usually related to the deformation of the nucleus)
as it moves from its ground state towards scission, the point at which the nucleus splits into two
fragments. This reduction is justified by the adiabatic approximation. Within this picture, the fission
dynamics are governed by two ingredients: the potential energy surface (PES), which encodes the
fission barriers, and the collective inertia tensor, which plays the role of a (coordinate-dependent)
mass. Both can be obtained from microscopic frameworks such as the energy density functional (EDF)
theory, built on the Hartree-Fock-Bogoliubov (HFB) equations, with the inertia arising naturally from
the generator coordinate method (GCM) or the adiabatic time-dependent HFB (ATDHFB) approach.
These ingredients are the input to a collective Schrödinger equation, whose solution determines the
transmission across the barrier and, ultimately, the spontaneous fission half-life 𝑡1/2.

This chapter collects the details of this framework as found in the literature. Section 2.1 motivates
the choice of collective coordinates and the adiabatic approximation. Section 2.2 introduces the PES
and the collective inertia, together with the frameworks from which they emerge and are calculated.
Section 2.3 discusses tunneling along the fission path, the least action path (LAP) and the connection
to the half-life through the traditionally used Wentzel-Kramers-Brillouin (WKB) approximation.
Finally, sections 2.4–2.5 derive, in more detail than is usually found in the literature, the collective
Schrödinger equation by quantizing the collective Hamiltonian and recover the WKB transmission
coefficient as its semiclassical limit directly from it in one dimension. Section 2.6 briefly discusses
how the well-known formula for the transmission coefficient can be extended to multi-dimensional
collective spaces from the collective Schrödinger equation.

2.1 Collective spaces

Fission constitutes a many-body problem with a large number of degrees of freedom, involving
large-amplitude motion and important correlation effects, making it a particularly challenging
and complex problem. Fortunately, the evolution of the fissioning system can be modeled in
terms of a more tractable number of macroscopic parameters, which has proved to be fruitful in
semi-phenomenological and microscopic approaches [3].

Therefore, the first step in most current fission approaches is the choice of a set of collective
coordinates; these are assumed to dominate the fission dynamics. This is the adiabatic approximation,
which states that: (i) the collective motion of the system is slow compared to the single-particle
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motion of the individual nucleons [15], and (ii) there is a decoupling between the motion in
collective space and the intrinsic motion of individual nucleons [1]. This hypothesis is reasonable
in the case of fission (at least at low energies): the time from saddle to scission is typically of the
order of 10−19 s, which is about three orders of magnitude slower than the time scale associated
with the average binding energy per nucleon 𝐵 ≈ 8 MeV (∼ ℏ/𝐵 ≈ 10−22 s) [3, 16].

Although there is some freedom in the choice of these collective variables, the success of semi-
phenomenological approaches suggests using a small number of collective coordinates related to
the shape evolution of the nucleus and its deformation [3, 16].

The choice of deformation coordinates is well-motivated. Although the notion of nuclear
deformation was originally introduced to account for spectroscopic observables, it has a deeper
origin as a spontaneous symmetry breaking of the nuclear mean field, whose average potential is
no longer invariant under rotations [1]. In the case of fission, the deformation of the nucleus at
scission is closely connected to the distribution of the fission fragments, while the overlaps between
states at different deformations is directly related to the fission probabilities [1].

In practical applications, between one to four of these collective coordinates are used to describe
the collective motion [17, 18]. In nuclear DFT approaches, each collective variable is defined as the
expectation value of a one-body operator, and the HFB equations are solved under constraints on
these expectation values [3, 17, 19]. This is described in detail in the next section.

The traditional choice of collective variables to describe the shape of the nucleus is based on the
multipole moments 𝑞𝑙𝑚 , expectation values of the multipole moment operators [3, 5]:

𝑞𝑙𝑚 ≡ ⟨𝑄̂𝑙𝑚⟩ = tr(𝑄̂𝑙𝑚 𝜌̂) = 𝐶𝑙𝑚

∫
𝑟 𝑙Re(𝑌𝑙𝑚(𝜃, 𝜙))𝜌(r) d3r , (2.1)

where (𝑟, 𝜃, 𝜙) are the spherical coordinates, 𝑌𝑙𝑚 are the spherical harmonics, 𝐶𝑙𝑚 are constant
factors depending on convention and 𝜌̂ is the nuclear one-body mass density operator. Such
operators are loosely related to the multipole expansion of the nuclear surface in macroscopic-
microscopic methods [18]. This choice is mostly justified by the experimental observation of
low-energy vibrational states of quadrupole, octupole, etc. character, and have been applied
consistently for fission with success [19].

Among these, the most natural coordinate to describe fission is the quadrupole deformation 𝑞20,
which governs the overall elongation of the nucleus [20, 21]. For a more thorough description of
the nuclear shape, the octupole deformation 𝑞30 and second quadrupole 𝑞22 can be included. The former
describes deviations from reflection symmetry, introducing mass asymmetry of fission fragments,
useful for actinides [3]. The latter characterizes the degree of triaxial deformation, applicable
to deviations of axial symmetry in the nucleus’ evolution to fission [20]. Both of these provide
significant reduction of the fission barriers for actinide nuclei compared to just considering 𝑞20 [5].

Other useful constraints act more directly on the scission shape and the properties of the fission
fragments. These include the hexadecapole moment 𝑞40, which influences neck formation [17], and
the neck operator 𝑄̂𝑁 , whose expectation value ⟨𝑄̂𝑁⟩ = ⟨exp(−(𝑧 − 𝑧N)2/𝑎2

N)⟩ measures the number
of particles in the neck region connecting the prefragments, located at position 𝑧N with width
𝑎N ≈ 1 fm [19, 21].

Multipole moments are not the only possibilities: fission observables are sensitive to pairing
correlations and particle fluctuations, which have been shown to be important to describe the
fission process [22]. More specifically, for example, increasing pairing correlations decreases the
fission barrier and lead to scission occurring at lower elongations and imply a strong decrease of the
inertia [3, 23]. Collective variables such as the average of the pairing gap within the BCS formalism
and the expectation value of the fluctuation of number of particles (for both types of nucleons) are
some of the most important ones to consider [3].
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2.2 Potential energy surface and collective inertia

Once a collective space is chosen, a collective Hamiltonian in these variables should be constructed
from microscopic arguments, in principle. This Hamiltonian will provide an effective potential
and mass, or inertia.

The collective inertia and the potential, the latter more commonly referred to as the potential
energy surface (PES), are the two main ingredients for the theoretical determination of spontaneous
fission lifetimes within the adiabatic approximation.

Semi-phenomenological choices of the form of the inertia and the potential are also common
options. In this case, the potential is often taken from a macroscopic-microscopic approach, e.g.,
based on a deformed liquid-drop description with shell and pairing corrections, and the inertia is
taken from a cranking method or parametrized empirically [3, 24].

The PES, that is, the potential energy as a function of the collective variables, determines the
fission paths and governs the large-amplitude dynamics of the nucleus [1]. The PES can be used
to locate fission barriers and estimate fission rates based on its properties. The PES is also the
starting point for many dynamical (time dependent) calculations of the fission process [25]. The
differences in the characteristics of barriers of nuclei qualitatively explains the range of spontaneous
fission half-lives observed experimentally. Even in neutron-induced fission, the time from saddle
to scission is also strongly dependent on the characteristics of the PES [25].

Key information can be extracted from it by a projection on a one-dimensional subspace: the
fission path. This has the added benefit of avoiding the difficulty of visualizing a multi-dimensional
PES directly. In most actinide nuclei, this path is typically characterized by a first minimum of
the potential, corresponding to the ground state, and a second, meta-stable minimum at larger
deformation: the fission isomer [1]. These two minima are separated by potential energy barriers in
most actinides: the inner barrier, lying between the ground state and the fission isomer, and the outer
barrier, lying between the fission isomer and the region of increasing deformation that leads towards
scission. Although double-humped fission barriers are the most common case for actinides, some
calculations seem to predict a triple-humped barrier with a very shallow isomer for 232Th and
other actinides, for example [26]. Transactinides are mostly single-humped: fission isomers are
generally suppressed in superheavy elements, which is predicted by different models [27]. These
fission barriers are fundamental for the tunneling process and therefore for the calculation of fission
half-lives.

The collective inertia, on the other hand, contains the response of the nucleus to a change in the
collective variables and effectively plays the role of the mass of the collective wave-packet [1]; as we
will see, it takes precisely the form of a (coordinate-dependent) mass in the Schrödinger equation
written in the collective variables. It is a considerably more abstract object than the PES: it is not
simply the mass of the nucleus, and its evaluation is far from simple. Both arise naturally in the
classical as well as the quantum treatment of the dynamics in collective space, and in particular in
microscopic approaches such as the GCM and ATDHFB. As we will see, they both have a strong
influence on the calculation of half-lives, since they enter the definition of the WKB action and
therefore affect the predicted lifetimes exponentially.

Before discussing the collective Hamiltonian, and therefore the collective Schrödinger equation,
in the next section, we can describe more precisely how the potential and inertia emerge from more
microscopic approaches.
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2.2.1 Energy density functional theory (EDF)

Since in nuclear theory the number of degrees of freedom of the many-body system involved makes
an exact determination of nuclear observables intractable in practice, the energy density functional
theory (EDF) has become one of the most widely used frameworks for the description of the nuclear
many-body system.

Density functional theory (DFT) has its roots in the Hohenberg-Kohn theorem, which shows that
the total energy of a many-fermion system can be expressed in terms of an energy density functional
(EDF) depending only on the local one-body density distribution 𝜌, a quantity with a clear physical
meaning that can be accessed experimentally [28, 29]1. Therefore, DFT allows one to establish a
mapping between the strongly interacting many-body system and a functional theory that can be
solved from a mean-field perspective.

By reformulating the problem in terms of one-body densities, the computational cost is less-
ened and the number of degrees of freedom is considerably reduced, potentially allowing one
to describe nuclei across the whole chart of nuclides. EDF is currently the only microscopic
framework able to address the full diversity of nuclear phenomena across the entire nuclear chart:
nuclear spectroscopy, small- and large-amplitude dynamics, and equilibrium and non-equilibrium
thermodynamics [32].

The density alone does not determine the ground-state energy: in the nuclear case, where
nuclei are self-bound and correlations are strong, superfluidity plays a central role. As a result, the
nuclear energy density functional is determined by the pairing densities as well. The energy can
therefore be expressed as a functional of the intrinsic, one-body, non-local density matrix 𝜌 and the
non-local pairing tensor 𝜅: 𝐸 = 𝐸[𝜌, 𝜅, 𝜅∗] [3].

These pairing correlations are reflected in the importance of the Bogoliubov transformation,
which we will see in the next section. Other degrees of freedom representing distributions of spin,
momentum and kinetic energy are also important, arising from currents and derivatives of the
densities [29].

While the existence of a unique density functional for a fermionic system is predicted by DFT,
its specific functional form is still to be determined. The EDF can either (i) be parametrized directly
from a phenomenological perspective and confronted with experiment, or (ii) be computed from
the expectation value of some microscopic Hamiltonian on a quasiparticle vacuum, as explained in
the next section. In either case, the functional form depends on a number of free parameters that
must be adjusted to experimental data [18].

In the microscopic case, this expectation-value procedure is motivated from the Hohenberg-
Kohn theorem which gives a variational principle for the ground state: if 𝐻̂ is the many-body
nuclear Hamiltonian, the ground-state density can be determined as the one for which the energy
is minimized, or more precisely [33]:

𝐸GS ≡ 𝐸[𝜌̂GS] = min
𝜌̂

𝐸[𝜌̂] = min
Φ

⟨Φ|𝐻̂|Φ⟩
⟨Φ|Φ⟩ , (2.2)

where {|Φ⟩} is the set of HFB wave functions, introduced in the next section.
In practice, EDFs have been based on in-medium, two-body effective nuclear interactions (or

pseudo-potentials), such as the zero-range Skyrme force or the finite-range Gogny force.

1Applying the Hohenberg-Kohn theorem to nuclei is not entirely straightforward, since the theorem is formulated
for a system bound by an external potential, such as electrons in a Coulomb field, while nuclei are self-bound. The
formalism is usually justified by reformulating the theorem for the intrinsic density defined in the center-of-mass frame
[30, 31], though whether it holds as rigorously as in the electronic case remains a somewhat open question.
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In the Skyrme case, the effective interaction is written as a delta function in the relative coor-
dinate, supplemented by momentum-dependent (gradient) terms that mimic finite range, plus a
density-dependent term that captures three-body effects, all controlled by a set of parameters [34].
Many parametrizations of this functional have been proposed over the years, but parametrizations
such as SkM* or UNEDF1 are among the most used since they provide well-calibrated deformation
properties commonly used in fission applications [18].

A well-suited choice for this purpose is the Brussels-Skyrme-on-a-Grid (BSkG) series, whose
goal is to provide consistent nuclear data for astrophysical applications, competitive with more
phenomenological approaches while remaining fully microscopic [5]. It reproduces the 45 primary
and secondary barriers with rms (root-mean-square) errors of 0.33 and 0.51 MeV and 28 isomer
excitation energies with an rms of 0.36 MeV, alongside global rms deviations of 0.631 MeV and
0.024 fm for all known masses and charge radii [35]. On this basis, BSkG3, from which the dataset
used in this work was obtained, reproduces all known SF half-lives within less than four orders of
magnitude from large-scale EDF calculations, with no additional parameters [2].

The Gogny force can be seen as a modification of the Skyrme potential where the zero-range
central potential is replaced by the sum of two Gaussians in the spatial part [3]. Although finite-
range interactions are an improvement over Skyrme, Gogny calculations are far more computation-
ally expensive, making Skyrme the preferred choice for large-scale fission calculations. The D1S
parametrization is the most used in the Gogny case for fission applications [18].

Currently, however, most modern nuclear DFT applications do not assume the energy density
functional to derive from any given effective Hamiltonian; the functional is instead postulated
directly, without reference to an underlying effective interaction [29].

2.2.2 PES calculation: the HFB equation

As mentioned before, the EDF approach is largely built on the Hartree-Fock-Bogoliubov (HFB)
theory. In this approach, quasiparticles are introduced using a set of annihilation and creation
operators {𝛽𝑖 , 𝛽†

𝑖
}𝑁b
𝑖=1, instead of the single-particle operators {𝑐𝑖 , 𝑐†𝑖 }

𝑁b
𝑖=1 of the Fock space (with

𝑁b the size of the single-particle basis set, usually truncated). These two sets are related by the
Bogoliubov transformation, the most general linear transformation between these operators:

𝛽𝑖 =
∑
𝑗

𝑈∗
𝑗𝑖𝑐 𝑗 +𝑉∗

𝑗𝑖𝑐
†
𝑗 , 𝛽†𝑖 =

∑
𝑗

𝑈 𝑗𝑖𝑐
†
𝑗 +𝑉𝑗𝑖𝑐 𝑗 . (2.3)

This can be written in matrix form as:

(
𝛽
𝛽†

)
= W†

(
𝑐

𝑐†

)
, W ≡

(
U V∗

V U∗

)
. (2.4)

where (V)𝑖 𝑗 = 𝑉𝑖 𝑗 and (U)𝑖 𝑗 = 𝑈𝑖 𝑗 are the Bogoliubov transformation matrices. It can be proven
that the Bogoliubov transformation is unitary because the quasiparticle operators must satisfy
the usual anticommutation relations as the old ones [33]. The HFB theory considers the vacuum
corresponding to the quasiparticle operators as an approximation of the ground state wavefunction
of the many-body system. Therefore, the ground state can be constructed as follows:

|Φ⟩ =
∏
𝑖

𝛽𝑖 |−⟩ , (2.5)
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where |−⟩ is the vacuum state. The density matrix and pairing tensor can be calculated in the
HFB formalism as follows:

𝜌𝑖 𝑗 ≡ ⟨Φ|𝑐†𝑗 𝑐𝑖 |Φ⟩ = (V∗VT)𝑖 𝑗 , 𝜅𝑖 𝑗 ≡ ⟨Φ|𝑐 𝑗𝑐𝑖 |Φ⟩ = (V∗UT)𝑖 𝑗 . (2.6)

A generalized density matrix can be defined to encapsulate all the degrees of freedom of the
theory as follows:

R ≡
(
⟨Φ|𝑐†

𝑗
𝑐𝑖 |Φ⟩ ⟨Φ|𝑐 𝑗𝑐𝑖 |Φ⟩

⟨Φ|𝑐†
𝑗
𝑐†
𝑖
|Φ⟩ ⟨Φ|𝑐 𝑗𝑐†𝑖 |Φ⟩

)
=

(
𝜌 𝜅

−𝜅∗ 1 − 𝜌∗

)
. (2.7)

It can be shown that this matrix satisfies that R2 = R. This condition, analogously present in HF
theory (𝜌2 = 𝜌), ensures that the quasiparticle vacuum is a physical state: their eigenvalues must
be 0 or 1 and respects the relations between 𝜌 and 𝜅 (𝜌2 − 𝜌 = −𝜅𝜅† and 𝜌𝜅 = 𝜅𝜌∗).

In the spirit of equation (2.2), the HFB equations can be obtained by minimizing the energy
functional 𝐸 = 𝐸[R] in the manifold of R matrices, under the condition that the HFB solution
remains a quasiparticle vacuum, that is, R2 = R. By introducing a set of Lagrange multipliers, the
variation can be written as follows [3, 21]:

𝛿𝐸′
HFB[R] ≡ 𝛿

{
𝐸[R] − tr

(
Λ(R2 − R)

)
−

∑
𝑞=n,p

𝜆𝑞(⟨𝑁̂𝑞⟩ − 𝑁𝑞) −
∑
𝑙𝑚

𝜆𝑙𝑚(⟨𝑄̂𝑙𝑚⟩ − 𝑞𝑙𝑚)
}
= 0, (2.8)

whereΛ is a matrix of (undetermined) multipliers. Equation (2.8) has some additional Lagrange
multipliers for constraints on, for example, the particle number and the multipole operators (as
discussed in the previous section):

⟨𝑁̂𝑞=n,p⟩ = 𝑁𝑞=n,p , ⟨𝑄̂𝑙𝑚⟩ = 𝑞𝑙𝑚 . (2.9)

By construction, the quasiparticle vacuum is not an eigenstate of the particle number operator,
and therefore, it is always necessary to impose a constraint on proton and neutron particle numbers
[3]. In fission studies, the collective space can also be explored by seeking solutions to the HFB
equations that yield specific values of the collective variables: this is how potential energy surfaces
are computed in practice.

By taking into account that the particle number and multipole operators are one-body operators:

𝑁̂𝑞 =

∑
𝑖 𝑗

𝛿𝑖 𝑗𝛿𝜏𝑖 ,𝑞𝑐
†
𝑖 𝑐 𝑗 , 𝑄̂𝑙𝑚 =

∑
𝑖 𝑗

⟨𝑖|𝑄̂𝑙𝑚 |𝑗⟩ 𝑐†𝑖 𝑐 𝑗 ≡
∑
𝑖 𝑗

(Q𝑙𝑚)𝑖 𝑗𝑐†𝑖 𝑐 𝑗 , (2.10)

where 𝜏𝑖 is the particle type of the 𝑖-th single particle state (n or p) and |𝑖⟩ = 𝑐†
𝑖
|−⟩, it can be

proved that the equation (2.8) leads to [H′ ,R] = 0, where we define:

H′ ≡
©­­­«
h − 𝜆 −

∑
𝑙𝑚

𝜆𝑙𝑚Q𝑙𝑚 Δ

−Δ∗ −h∗ + 𝜆 +
∑
𝑙𝑚

𝜆𝑙𝑚Q∗
𝑙𝑚

ª®®®¬ , (2.11)

where:
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(h)𝑖 𝑗 =
𝜕𝐸

𝜕𝜌𝑖 𝑗
, (Δ)𝑖 𝑗 =

𝜕𝐸

𝜕𝜅∗
𝑖 𝑗

, 𝜆 = diag(𝜆n1n ,𝜆p1p). (2.12)

This commutator relation implies that both R and H′ can be simultaneously diagonalized,
and therefore, have a common eigenbasis. It can be shown that the transformation matrix W
diagonalizes R, which implies that H′ is also diagonalized by W. Using this, the more proper
eigenvalue form of the HFB equations can be obtained as follows [33]:

H′
(
𝑈𝑘

𝑉𝑘

)
= 𝐸𝑘

(
𝑈𝑘

𝑉𝑘

)
, (2.13)

where (𝑈𝑘)𝑖 = (U)𝑖𝑘 and (𝑉𝑘)𝑖 = (V)𝑖𝑘 are the 𝑘-th columns of the matrices U and V, and 𝐸𝑘 is the
𝑘-th eigenvalue, which can be identified as a quasiparticle energy. Since the matrix H′ itself depends
on U and V through the 𝜌 and 𝜅 dependence in h, Δ and Q𝑙𝑚 , the HFB equations (2.8) are in fact a
non-linear problem. Along with constraints (2.9), this system of equations must be solved.

The HFB equation is usually solved iteratively, starting from an initial guess for 𝜌 and 𝜅,
calculating H′, diagonalizing it to obtain U and V and therefore the updated densities (2.6) of the
next step. At each step, the Lagrange multipliers 𝜆𝑞 and 𝜆𝑙𝑚 are updated by adjusting them until
the constraints (2.9) are met. The total energy is calculated at each iteration with 𝐸(𝑛) = 𝐸[R(n)], and
the process is repeated until convergence, where the difference 𝛿𝐸 = |𝐸(𝑛+1) −𝐸(𝑛)| is smaller than a
desired precision (W or R could be used for the difference criteria as well) [3, 36]. The final energy
𝑉(q) = 𝐸[R, q] yields one point of the potential energy surface.

This procedure is often time-consuming and convergence is not always guaranteed. An alter-
native popular method is based on the direct minimization of the HFB energy using any of the
variants of the gradient method, which follows the line of steepest perpendicular to the gradient
with respect to 𝑄̂𝑙𝑚 [3, 33].

The value of 𝜆𝑞 for the particle number constraint is usually handled with a root-finding
algorithm, remembering that ⟨𝑁̂𝑞⟩ is a function of 𝜆𝑞 since R, and therefore H′ depend on 𝜆𝑞 .
However, 𝜆𝑙𝑚 needs to be handled with care, since in general ⟨𝑄̂𝑙𝑚⟩ is not monotonic with 𝜆𝑙𝑚 , in
contrast to the previous case. Methods such as the gradient method and the augmented Lagrangian
method help to avoid this issue [3, 33].

An expression for the energy functional can be derived from an effective two-body Hamiltonian,
as usual in nuclear physics:

𝐻̂ =

∑
𝑖 𝑗

𝑡𝑖 𝑗𝑐
†
𝑖 𝑐 𝑗 +

∑
𝑖 𝑗𝑘𝑙

𝑣̄𝑖 𝑗𝑘𝑙𝑐
†
𝑖 𝑐

†
𝑗 𝑐𝑙𝑐𝑘 , (2.14)

where 𝑡𝑖 𝑗 and 𝑣̄𝑖 𝑗𝑘𝑙 correspond to the matrix elements of the one-body kinetic operator and the
anti-symmetrized elements of the two-body potential [3]. In spirit of equation (2.2), an energy
functional can be derived for this Hamiltonian with the expectation value on the HFB ground state,
obtaining [33]:

𝐸[𝜌, 𝜅, 𝜅∗] = tr
(
t𝜌

)
+ 1

2 tr
(
Γ𝜌

)
− 1

2 tr(Δ𝜅∗), (2.15)

where (t)𝑖 𝑗 = 𝑡𝑖 𝑗 and we define the mean field potential and the pairing field as:

Γ𝑖 𝑗 =

∑
𝑘𝑙

𝑣̄𝑖 𝑗𝑘𝑙𝜌𝑙𝑘 , Δ𝑖 𝑗 =
1
2

∑
𝑘𝑙

𝑣̄𝑖 𝑗𝑘𝑙𝜅𝑘𝑙 . (2.16)
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Note that these expressions are not applicable to density-dependent potentials since they cannot
be expressed as two-body operators, but can still appear separately in the energy functional as
rearrangement terms [3, 33].

In all mean-field approaches such as HFB, the ground-state wave function violates fundamental
symmetries of the Hamiltonian, namely translational, rotational, parity, and particle number [3, 21]:
this is called spontaneous symmetry breaking. This is clearly an issue: since the symmetries of the
nuclear Hamiltonian are not necessarily conserved anymore, HFB solutions do not have good
quantum numbers. Therefore, a correction to the ground-state energy is needed to account for the
missing symmetries.

In practice, the type of correction depends on the symmetry considered. Previously, we men-
tioned that the particle number symmetry breaking is handled (at least in average) by introducing
a constraint through a Lagrange multiplier.

Translational symmetry breaking can be treated by correcting the energy from spurious zero-
point center-of-mass motion with the correlation energy 𝐸c.m. ∼ − ⟨P̂2

c.m.⟩ /2𝑚nuc𝐴. This effect varies
as much as 1 MeV with deformation for heavy nuclei [3].

Rotational symmetry can be restored with an angular momentum projection, which effect
can be approximated with the energy of a deformed nucleus. The correlation energy is then
𝐸rot ∼ − ⟨J2⟩ /2ℐ, where ℐ is the moment of inertia of the deformed nucleus, which is deformation
dependent [3, 21]. This is one of the most significant correlation effects, varying up to 7-8 MeV for
strongly quadrupole deformed nuclei, but negligible for spherical nuclei [3].

2.2.3 Collective inertia from microscopic approaches

As we mentioned before, in the single-reference EDF theory or SR-EDF, which introduces a HFB
quasiparticle vacuum as the reference state paired with an energy functional, several symmetries
are explicitly broken and some correlation energies can be introduced to account for them. The
multi-reference EDF theory or MR-EDF provides a systematic way to overcome this limitation. This
is a more general approach which describes the quantum mechanics of nuclear collective motion.
MR-EDF is not only used to restore symmetry, but also provides a tool of choice to access excited
states of the nucleus [32].

In this framework, the generator coordinate method (GCM) will also provide a natural description of
the collective inertia, and a way to calculate it. The GCM assumes that the many-body wavefunction
is a linear superposition of single-reference states labeled by continuous parameters, the generator
coordinates:

|Ψ⟩ =
∫

𝑓 (q) |Φ(q)⟩ dq , (2.17)

where q is, in general, a set of collective coordinates, which constrain the single-reference ansatz
|Φ(q)⟩, that is, a HFB state for example. The weight function can be determined from a variational
principle on the total energy of the system 𝐸[Ψ] = ⟨Ψ|𝐻̂|Ψ⟩ / ⟨Ψ|Ψ⟩. This procedure leads to the
Hill-Wheeler (HW) equation for the weights 𝑓 (q):∫

[ℋ(q′ , q) − 𝐸𝒩(q′ , q)] 𝑓 (q) dq = 0, (2.18)

whereℋ(q, q′) = ⟨Φ(q)|𝐻̂|Φ(q′)⟩ / ⟨Φ(q)|Φ(q′)⟩ and𝒩(q, q′) = ⟨Φ(q)|Φ(q′)⟩. This is an integro-
differential, non-local in the generator coordinates, and nonlinear. In practice, the full HW equation
is very difficult to solve for more than one generator coordinate [25].
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A standard simplification, known as the Gaussian overlap approximation (GOA), reduces the HW
equation to a time-independent Schrödinger-like equation with respect to the generator coordinates.
This approximation assumes that the norm overlap 𝒩(q, q′) is a sharply peaked function around
q = q′ [3, 21], which allows a quadratic expansion of the energy kernel ℋ(q, q′) around q = q′.

This Schrödinger-like equation has a potential 𝑉(q) = ⟨Φ(q)|𝐻̂|Φ(q)⟩, which is the HFB energy,
a zero-point energy correction and a q-dependent mass in terms of a tensor. Therefore, this local
approximation provides insight on the collective dynamics, which is driven by the behavior of the
PES (with a zero-point correction) and the collective inertia. We will see the form of this collective
Schrödinger-like equation in the following sections.

This formalism can be extended to a time-dependent form by replacing the weight function by
a time-dependent one, 𝑓 (q, 𝑡), and applying a variational procedure as in the static case, obtaining
the corresponding time-dependent Schrödinger-like equation.

Since fission is intrinsically a dynamical process, where the ground state (or other excited
configurations) evolves with time towards a two-fragment solution, time-dependent approaches
are a natural framework to describe it. An alternative approach, in which a collective inertia also
arises naturally, is the time-dependent density functional theory (TDDFT), where the wave function of
the system at each time is assumed to remain a product state at all times [1]. This label includes
methods such as TDHF and TDHFB. This approach, in principle, offers a more realistic description
of fission fragment properties since it does not rely on adiabaticity [3]. Furthermore, TDHF(B)
does not require constraints in collective variables during the time evolution and the single particle
degrees of freedom are automatically included, which implies that the PES calculation is not
required [25].

The TDHF and TDHFB formalisms are referred to as semi-classical, in the sense that they do
not allow collective quantum tunneling directly: a calculation initialized inside a well would be
expected to remain in that well [1]. For this reason they are not applied directly to spontaneous
fission, which proceeds entirely by sub-barrier tunneling from the ground state. TDHFB remains
useful in this context, however, as a tool to compute realistic collective inertias for WKB-type
calculations, as we detail in the next section, so that the explicit time evolution of the system in
collective space is not needed [3].

TDHFB provides an equation of motion for the HFB densities [3, 32]:

𝑖ℏ ¤R(𝑡) = [H[R(𝑡)],R(𝑡)], (2.19)

where R is the time-dependent version of (2.7) and H is the matrix (2.11) (without the constraints).
This expression arises from a time-dependent variational principle restricted to the manifold of
HFB states at all times, or alternatively, by calculating the evolution of the components of R with
the Ehrenfest theorem and Wick’s theorem [32]. Notice how in the static case, the equation reduces
to the HFB equation [H,R] = 0.

In order to get an expression of the inertia, the adiabatic TDHFB theory (ATDHFB) considers a
further approximation and expands R(𝑡) around a slowly varying R0(𝑡) (time-even) in powers of
the collective momenta 𝜒𝑖(𝑡) (time-odd):

R(𝑡) = R0(𝑡) + R1(𝑡) + R2(𝑡)..., (2.20)

where the expansion is kept to second order (quadratic in the momenta), and the time-odd (R1)
and time-even (R0, R2) parts are considered separately [15].

This expansion can be performed similarly to H, which depends on R(𝑡). Then, the HFB energy
(2.15) can be separated into a zero-order term, which resembles the HFB energy with the R0 density,
and a second-order term reminiscing a classic kinetic energy [15]. This kinetic energy-like term
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is the origin of the definition of the ATDHFB inertia. The adiabatic approximation also assumes
that only a few relevant collective coordinates {𝑞𝑖(𝑡)} are responsible for the time evolution of
the system, and therefore, the time derivative of R0 is reduced in terms of ¤𝑞𝑖 through the chain
rule: ¤R0 =

∑
𝑖 𝜕𝑞𝑖R0 ¤𝑞𝑖 . With this in mind, it can be shown that the so-called kinetic term and the

corresponding inertia take the form [15]:

𝑖ℏ

4 tr
( ¤R0[R0 ,R1]

)
≡ 1

2

∑
𝑖 𝑗

𝑀𝑖 𝑗 ¤𝑞𝑖 ¤𝑞 𝑗 , 𝑀𝑖 𝑗 =
𝑖ℏ

2 ¤𝑞 𝑗
tr

(
𝜕R0
𝜕𝑞𝑖

[
R0 ,R

𝑗

1

] )
, (2.21)

where R1 =
∑

𝑗 R𝑗

1 and R𝑗

1 is the first time-odd response of the system with respect to the
collective coordinate 𝑞 𝑗 . Instead of evaluating the trace directly, it is convenient to eliminate the
unknown time-odd density R1, which can be related to ¤R0 through the linear response matrix L
of the system: a matrix in the space of two-quasiparticle excitations, closely related to the one
appearing in the random phase approximation (RPA), which encodes how the density responds to
a perturbation. Then, it can be shown that the collective inertia takes the compact form [3]:

𝑀𝑖 𝑗 =
𝜕R0
𝜕𝑞𝑖

L−1 𝜕R0
𝜕𝑞 𝑗

. (2.22)

This expression reflects how the collective inertia is indeed governed by the linear response of
the system to a change in the collective coordinates.

Evaluating (2.22) requires invertingL, whose dimension is set by the number of two-quasiparticle
excitations and is therefore very large. In practice, two separate simplifications are made. The first
is the cranking approximation, in which L is replaced by a diagonal matrix whose elements are the
two-quasiparticle excitation energies 𝐸𝜇 and 𝐸𝜈, which neglects the residual quasiparticle inter-
action. The second concerns the evaluation of the derivatives of R0, which can be obtained from
linear response theory, making use of L−1 once again. These assumptions lead to the perturbative
cranking formula [3, 15]:

𝑀
crank,p
𝑖 𝑗

= ℏ2 [
M(−1)]−1

M(−3) [M(−1)]−1
, (2.23)

written in terms of the energy-weighted moments:

(M(−𝑛))𝑖 𝑗 =
∑
𝜇<𝜈

⟨Φ|𝑄̂†
𝑖
|𝜇𝜈⟩ ⟨𝜇𝜈|𝑄̂ 𝑗 |Φ⟩
(𝐸𝜇 + 𝐸𝜈)𝑛

, (2.24)

where 𝑄̂𝑖 is the one-body operator being constrained to 𝑞𝑖 as in (2.9), |Φ⟩ is the quasiparticle
vacuum at the point q and

��𝜇𝜈〉 = 𝛽†𝜇𝛽
†
𝜈 |Φ⟩ a two-quasiparticle excitation built on it. Each pair of

quasiparticles contributes to the inertia according to how strongly the collective operator connects
it to the vacuum, weighted by inverse powers of its excitation energy. The collective inertias used
in this work are of this type [2].

The collective inertia emerging from ATDHFB is a different tensor than the one from GCM, with
the former being more reliable since it contains the effect of collective momenta [3, 18]. However,
ATDHFB does not provide any zero-point correction in contrast to GCM, since such corrections have
a quantum-mechanical origin that has no equivalent in the classical dynamics that the ATDHFB
theory relies on [18].
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2.3 Tunneling and the fission path

We have mentioned the existence of a collective Schrödinger equation, which can be solved, given
a potential energy barrier and a collective inertia tensor. This equation might be, in general,
time-dependent.

In the previous section, we discussed how time-dependent approaches provide a natural frame-
work to describe fission, since in a decay process such as this one the transition from the ground
state to a two-fragment final state has a non-zero probability. Strictly speaking, the ground state
of a fissioning nucleus is therefore not a stationary state but a metastable (resonance) state, since
there exist open channels through which the nucleus can decay [3].

However, in spontaneous fission, the decay proceeds through classically-forbidden regions, that
is regions where the potential is higher than the energy of the system. Therefore, this probability,
measured by a transmission coefficient, is exponentially small. The evolution towards the open
channels is consequently extremely slow compared to nuclear timescales, and therefore, it is an
excellent approximation to treat the ground state as quasi-stationary.

In this case, the probability of transition (and the corresponding half-life) is related to the
transmission coefficient across a potential energy barrier. Such a transmission coefficient can
be estimated from a time-independent perspective, and can be approximated to a well-known
expression through the Wentzel-Kramers-Brillouin (WKB) approximation.

We will show in detail how the WKB approximation emerges from the collective Schrödinger
equation in section 2.5.

But from a more general perspective, this approach provides an approximation of the wave
function on the Schrödinger equation in the presence of a slowly varying potential. This refers to
potentials which remain almost constant over a region of the order of the de Broglie wavelength ƛ =

ℏ/𝑝, where 𝑝 is the (local) momentum. This is the case in classical systems, where the wavelength
approaches zero, which implies that the WKB approximation is a semiclassical approximation [37].

This approximation is achieved by considering the wavefunction as ∼ exp(𝑖𝑆(r)/ℏ), modulated
by a slowly varying amplitude. In this case, by taking into account that terms of the order of ℏ are
small in the classical limit, an expression for the phase and the amplitude can be found. The phase
satisfies a classical Hamilton-Jacobi equation, and therefore, can be identified with the classical
action, that is, the integral of local momentum in the coordinate space.

In one dimension, the tunneling problem can be defined more clearly, and a well-known closed
expression for the WKB solution can be found. These solutions are exponentially decaying in
classically-forbidden regions, and oscillatory in classically-allowed regions. By matching these
solutions on both sides of the turning points, that is, the points where the potential is equal to the
energy, the transmission coefficient can be obtained.

The well-known expression for the WKB transmission coefficient at energy 𝐸 for a barrier 𝑉(𝑞)
with two turning points is 𝑇WKB ∼ exp(−2𝛾), where we define the (dimensionless) action:

𝛾(𝑞1 , 𝑞2) ≡
1
ℏ

∫ 𝑞2

𝑞1

|𝑝(𝑞)| d𝑞 ≡ 1
ℏ

∫ 𝑞2

𝑞1

√
2𝑀(𝑞)(𝑉(𝑞) − 𝐸) d𝑞 , (2.25)

where 𝑞1 and 𝑞2 are the turning points, 𝑀(𝑞) is the mass term on the Schrödinger equation, that
for the collective Schrödinger equation is coordinate-dependent as we will see in section 2.5. The
norm | · | means the complex absolute value, since, as we will see in section 2.5.1, the momentum
is imaginary below the barrier (𝑉(𝑞) > 𝐸). As mentioned before, this transmission coefficient is
exponentially suppressed by the action 𝛾 accumulated across the barrier.

Now, going back to the case of fission, the dynamics of the system is reduced to a small number
of relevant collective variables, which comes from the adiabatic approximation, as discussed in
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section 2.1. The use of the WKB formula is somewhat justified after this reduction to the set of
collective variables. The role of the mass of the particle in the one-dimensional problem should be
played by the collective inertia tensor from section 2.2.3. The potential energy barrier should be
replaced by the potential energy surface values along the fission path, possibly supplemented by
correlation corrections or zero-point energies as discussed in section 2.2.2.

Since the collective space {𝑞𝑖} can be multi-dimensional, the WKB action can be extended to
a multi-dimensional space. This can be expressed using a parametrization along the fission path,
guided by the coordinate 𝑠, as follows [21]:

𝛾(𝑠1 , 𝑠2) ≡
1
ℏ

∫ q2

q1

|p(q)| · dq ≡ 1
ℏ

∫ 𝑠2

𝑠1

√
2𝑀(𝑠)(𝑉(𝑠) − 𝐸) d𝑠 , (2.26)

where q1 and q2 are entrance and exit turning points, 𝑉(𝑠) = 𝑉(q(𝑠)) is the potential energy
along the fission path and:

𝑀(𝑠) ≡
∑
𝑖 𝑗

𝑀𝑖 𝑗(q(𝑠))
d𝑞𝑖
d𝑠

d𝑞 𝑗
d𝑠 , (2.27)

is the collective inertia along the fission path. Analogously to (2.25), we introduce the complex
absolute value | · | to account for the imaginary part of the momentum. We will briefly motivate
this expression in section 2.6.

The entrance point is usually taken as the ground state or isomer configurations at the corre-
sponding energy 𝐸, while the exit point can be taken as either (i) a semiclassical outer turning point
at the same energy or (ii) a configuration consisting of two distinct fragments [2].

In one dimension, there is no ambiguity with the definition of fission path, however, with a
multi-dimensional collective space it is necessary to define more appropriately the fission path.
There is not a proper quantum mechanical least action principle for this type of trajectory in contrast
to a classical description, however, semi-classical arguments tend to favor trajectories that minimize
the classical action. Therefore, we define the fission path as the least action path (LAP).

Several approaches can be used to find the LAP in practice. Grid-based methods, such as the
dynamic programming method (DPM) or Dĳkstra’s method, which attempt to solve multi-decision
optimization problems by breaking the problem down into simpler overlapping sub-problems,
are traditional choices [17, 38]. A popular choice originated in molecular systems is given by the
nudged elastic band method (NEB), an iterative method which consists of a sequence of discrete
points or images connected by fictitious spring forces and driven by the perpendicular component of
the action gradient [17]. The spring forces keep the images from drifting too much from each other
while the gradient forces move the path closer to the LAP. This last method can achieve accuracy
comparable or better to the other methods mentioned at a reduced computational cost [17].

Regarding the value of 𝐸 in equation (2.26): although this is often taken as the ground-state HFB
energy in the case of spontaneous fission, some calculations agree on zero-point corrections on top
of this value. A common estimation of this correction can simply be taken as a phenomenological
and adjustable parameter between ∼ 0.5–1 MeV in order to reproduce existing data [1, 39]. This
choice is reasonable since the zero-point energy of a harmonic oscillator is equal to half of the
corresponding phonon energy, that is ℏ𝜔/2, and experimental values of the average quadrupole
phonon energy are about ℏ𝜔 ∼ 1 MeV for actinides [40].

Finally, the half-life can be written in terms of the transmission coefficient. Since the decay
constant is probability of decay per unit time, then𝜆 = 𝑛𝑇, where 𝑛 is the number of fission attempts
per unit time and𝑇(𝐸) is the transmission coefficient at energy 𝐸 (ground-state or isomer energy, for
example). As before, if we consider the ground-state approximately a harmonic oscillator well, the
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assault frequency to the barrier can be estimated by the oscillator frequency 𝑛 = 𝜔/2𝜋. Therefore,
the half-life is given by [41]:

𝑡1/2(𝐸) =
ln 2

𝑛𝑇(𝐸) . (2.28)

If we use ℏ𝜔 ≈ 1 MeV, 𝑛 ≈ 1020.38 s−1 [41].
The spontaneous fission half-life is a key quantity computed by current theoretical approaches

and compared with experimental measurements. This is very challenging since the experimental
values of the half-lives cover several orders of magnitude, from ∼ 10−6 s for 250No to ∼ 1017 s
for 232Th [1]. Spontaneous fission half-lives are also very sensitive on each of the ingredients
involved due to the exponential dependence of the transmission coefficient: small variations of the
potential energy, collective inertia and zero-point energy, uncertainties in the calibration of energy
functionals or even the number of collective variables chosen, can change the half-life by orders of
magnitude [1]. Therefore, accurate predictions of the ingredients are a difficult but crucial task.

2.4 Emergence of the collective Schrödinger equation

As mentioned in section 2.2.3, the existence of the collective Schrödinger equation in terms of
collective variables was motivated in the GCM-GOA approach, and instead of describing tunneling
with the WKB approximation, we are interested in using the full Schrödinger equation. This
can be observed in more detail starting from a classical framework, motivated from the ATDHFB
approach, where the classic kinetic energy (2.21) is the origin from which a collective inertia can be
defined (2.21).

For general classical systems, the classical kinetic energy is bilinear in the velocities. Therefore,
the energy of the collective nuclear motion in deformed nuclei can be expressed in the form [14, 42]:

ℋclass =
1
2

∑
𝑖 𝑗

𝑀𝑖 𝑗(q) ¤𝑞𝑖 ¤𝑞 𝑗 +𝑉(q), (2.29)

where q denotes the set of collective coordinates, 𝑉(q) is the collective potential and 𝑀𝑖 𝑗(q) is,
in general, a q-dependent tensor (which is symmetric and positive-definite). This expression has a
close similarity with a Hamiltonian on a curved spatial background with a metric tensor [43]. This
tensor is, in general, not reducible to a diagonal and constant form by coordinate transformations.
There is thus a need of a non-Euclidean metric in the collective space [42]. The natural volume
element associated with this collective metric is:

d𝜏 =
√

det M(q) dq ≡ 𝐷(q) dq . (2.30)

In order to obtain a proper quantum mechanical description in the collective space, we need
to quantize the collective Hamiltonian (2.29), from which we can obtain the collective Schrödinger
equation.

This is not a trivial task in more general coordinate systems: if we naively replace the classical
momenta by their quantum version, this does not lead to correct results [44]. The main reason is
the fact that the metric needs to be consistent with the normalization of the wavefunction in this
curved space. Also, this quantization is subject to operator-ordering ambiguities: the choice of how
momenta and inertia operators are organized is not unique [43], and furthermore, some choices
might lead to non-Hermitian Hamiltonians [45]. We analyze this in the following section.
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2.4.1 Quantizing the collective Hamiltonian

First, we can identify 𝑀𝑖 𝑗 , which rises naturally as the inertia tensor of GCM-GOA and ATDHFB,
as a tentative metric in the collective space [21]. Indeed, it can be shown that the quantized
Hamiltonian leads to a multi-dimensional Hamilton-Jacobi equation in the classical limit, where
the metric can be identified with this mass/inertia tensor [42].

The quantized Hamiltonian takes the form:

𝐻̂coll = −ℏ2

2
1

𝐷(q)
∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖
𝐷(q) 𝐵𝑖 𝑗(q)

𝜕

𝜕𝑞 𝑗
+𝑉(q), (2.31)

where 𝐵𝑖 𝑗 = (B)𝑖 𝑗 ≡ (M−1)𝑖 𝑗 . The kinetic operator takes the form of a Laplace-Beltrami operator,
which is the natural generalization of the Laplacian to curved spaces. This operator is Hermitian
and invariant under coordinate transformations, and leads to the correct classical limit [21, 42, 43].

A rather simple and natural motivation for this expression is shown in the original work of
E. Schrödinger, where he introduced his homonymous equation, and we will explain next. This
Hamiltonian is derived from a variational principle, constrained to normalization in the collective
space under the metric [46].

The proposed quantized energy functional takes a homogeneous quadratic form of 1, 𝑝1 , 𝑝2...
(and their conjugates) and replaces 1 −→ 𝜓 and 𝑝𝑖 −→ −𝑖ℏ𝜕𝑖𝜓:

ℋ[𝜓] =
∫ (

ℏ2

2

∑
𝑖 𝑗

𝐵𝑖 𝑗(q)
𝜕𝜓∗

𝜕𝑞𝑖

𝜕𝜓

𝜕𝑞 𝑗
+𝑉(q)

��𝜓��2)𝐷(q) dq , (2.32)

which we extremize under the following normalization constraint in the collective space:∫ ��𝜓��2𝐷(q) dq = 1. (2.33)

This condition is enforced by introducing a Lagrange multiplier:

𝛿

(
ℋ[𝜓] − 𝐸

∫ ��𝜓��2𝐷(q) dq
)
= 0, (2.34)

where 𝐸 is a Lagrange multiplier that can be identified with the energy eigenvalue. Since 𝜓 is
complex, we vary 𝜓 and 𝜓∗ independently. Varying with respect to 𝜓∗, we find:

0 =

∫ (
ℏ2

2

∑
𝑖 𝑗

𝐵𝑖 𝑗

𝜕(𝛿𝜓∗)
𝜕𝑞𝑖

𝜕𝜓

𝜕𝑞 𝑗
+ (𝑉 − 𝐸)𝛿𝜓∗𝜓

)
𝐷 dq . (2.35)

The first term contains a derivative acting on 𝛿𝜓∗. Integrating it by parts gives:

∫ ∑
𝑖 𝑗

𝐵𝑖 𝑗

𝜕(𝛿𝜓∗)
𝜕𝑞𝑖

𝜕𝜓

𝜕𝑞 𝑗
𝐷 dq =

∮
𝛿𝜓∗

∑
𝑖 𝑗

𝐷𝐵𝑖 𝑗

𝜕𝜓

𝜕𝑞 𝑗
d𝑆𝑖 −

∫
𝛿𝜓∗

∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝜓

𝜕𝑞 𝑗

)
dq . (2.36)

Since the variation of the wavefunction vanishes at the boundary of the collective domain, the
surface term is zero. Therefore:
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0 =

∫
𝛿𝜓∗

(
− ℏ2

2

∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝜓

𝜕𝑞 𝑗

)
+ 𝐷(𝑉 − 𝐸)𝜓

)
dq . (2.37)

Since 𝛿𝜓∗ is arbitrary, the expression in parentheses vanishes, and the collective Schrödinger
equation is obtained:

−ℏ2

2
1

𝐷(q)
∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
𝐷(q)𝐵𝑖 𝑗(q)

𝜕𝜓

𝜕𝑞 𝑗

)
+𝑉(q)𝜓(q) = 𝐸𝜓(q). (2.38)

The variation with respect to 𝜓 gives the same result as (2.38) if 𝑉 , 𝐷 and 𝐵𝑖 𝑗 are real and
𝐵𝑖 𝑗 = 𝐵 𝑗𝑖 .

Finally, in the one-dimensional case, the collective Hamiltonian reduces to:

−ℏ2

2
1√
𝑀(𝑞)

d
d𝑞

(
1√
𝑀(𝑞)

d𝜓
d𝑞

)
+𝑉(𝑞)𝜓(𝑞) = 𝐸𝜓(𝑞). (2.39)

2.5 The WKB approximation for the collective Schrödinger equation

As introduced in section 2.3, tunneling across a fission barrier is often described through a semi-
classical approach with the WKB approximation [2, 3, 17], which simplifies the computation of
transmission coefficients and half lives.

Its use is motivated by the large number of degrees of freedom in the nuclear many-body system,
which make the extension of tunneling beyond the usual one-dimensional problem non-trivial.
The adiabatic approximation, together with the WKB formula, becomes reasonably justified after
reducing the dynamics to a small number of relevant collective variables [3]. Also, in spontaneous
fission the barriers are typically high and wide, which further supports the use of the WKB
approximation [17].

In this section, we are interested in using the WKB approximation for the collective Schrödinger
equation in detail. We derive the expression for the transmission coefficient in the one-dimensional
case (2.25), verifying the well-known expression for q-dependent inertia [22].

We start from the collective Schrödinger equation written in the multidimensional collective
space (2.38), multiplying by 𝐷 and moving the term of the right-hand side to the left:

−ℏ2

2

∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗(q)

𝜕

𝜕𝑞 𝑗

)
𝜓(q) + 𝐷(𝑉(q) − 𝐸)𝜓(q) = 0. (2.40)

To extract the semiclassical limit, we use the WKB ansatz𝜓(q) = 𝐴(q) exp (𝑖𝑆(q)/ℏ). Here 𝑆(q) is
related to the classical action (notice the units of angular momentum) and 𝐴(q) is a slowly varying
amplitude. Its first derivative is:

𝜕𝜓

𝜕𝑞 𝑗
=

(
𝜕𝐴

𝜕𝑞 𝑗
+ 𝑖𝐴

ℏ

𝜕𝑆

𝜕𝑞 𝑗

)
𝑒 𝑖𝑆/ℏ. (2.41)

Substituting this expression into the derivative term of (2.40), we obtain:

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝜓

𝜕𝑞 𝑗

)
=

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝐴

𝜕𝑞 𝑗
𝑒 𝑖𝑆/ℏ

)
+ 𝑖

ℏ

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗𝐴

𝜕𝑆

𝜕𝑞 𝑗
𝑒 𝑖𝑆/ℏ

)
, (2.42)
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We now expand each contribution separately. The first term gives:

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝐴

𝜕𝑞 𝑗
𝑒 𝑖𝑆/ℏ

)
=

[
𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝐴

𝜕𝑞 𝑗

)
+ 𝑖

ℏ
𝐷𝐵𝑖 𝑗

𝜕𝐴

𝜕𝑞 𝑗

𝜕𝑆

𝜕𝑞𝑖

]
𝑒 𝑖𝑆/ℏ , (2.43)

while the second term gives:

𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗𝐴

𝜕𝑆

𝜕𝑞 𝑗
𝑒 𝑖𝑆/ℏ

)
=

[
𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗𝐴

) 𝜕𝑆

𝜕𝑞 𝑗
+ 𝐷𝐵𝑖 𝑗𝐴

(
𝜕2𝑆

𝜕𝑞𝑖𝜕𝑞 𝑗
+ 𝑖

ℏ

𝜕𝑆

𝜕𝑞𝑖

𝜕𝑆

𝜕𝑞 𝑗

)]
𝑒 𝑖𝑆/ℏ. (2.44)

After substituting these expressions into the Schrödinger equation, we can order the terms
according to their powers of ℏ. The leading real part resembles the Hamilton-Jacobi equation [42, 47],
while the next-order imaginary part gives the transport equation for the WKB amplitude:

− ℏ2

2

∑
𝑖 𝑗

−1
ℏ2 𝐷𝐵𝑖 𝑗

𝜕𝑆

𝜕𝑞𝑖

𝜕𝑆

𝜕𝑞 𝑗
𝐴𝑒−𝑖𝑆/ℏ +𝑉(q)𝐷𝐴𝑒−𝑖𝑆/ℏ = 𝐸𝐷𝐴𝑒−𝑖𝑆/ℏ , (2.45)

∑
𝑖 𝑗

[
𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

)
𝐴2 𝜕𝑆

𝜕𝑞 𝑗
+ 𝐷𝐵𝑖 𝑗𝐴

(
𝜕𝐴

𝜕𝑞𝑖

𝜕𝑆

𝜕𝑞 𝑗
+ 𝜕𝐴

𝜕𝑞 𝑗

𝜕𝑆

𝜕𝑞𝑖

)
+ 𝐷𝐵𝑖 𝑗𝐴

2 𝜕2𝑆

𝜕𝑞𝑖𝜕𝑞 𝑗

]
𝑒−𝑖𝑆/ℏ = 0. (2.46)

where in the first equation we have neglected the term 𝒪(ℏ2), which depended on the second
derivatives of 𝐴 (assumed to be small in the WKB approximation). In the second equation, we
multiplied it by 𝐴. Dividing by the common factors, the two equations become:

1
2

∑
𝑖 𝑗

𝐵𝑖 𝑗
𝜕𝑆

𝜕𝑞𝑖

𝜕𝑆

𝜕𝑞 𝑗
+𝑉(q) = 𝐸, (2.47)

∑
𝑖 𝑗

[
𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

𝜕𝑆

𝜕𝑞 𝑗

)
𝐴2 + 𝐷𝐵𝑖 𝑗𝐴

(
𝜕𝐴

𝜕𝑞𝑖

𝜕𝑆

𝜕𝑞 𝑗
+ 𝜕𝐴

𝜕𝑞 𝑗

𝜕𝑆

𝜕𝑞𝑖

)]
= 0. (2.48)

Now we can more explicitly observe that the first equation takes the form of the Hamilton-Jacobi
equation, from which the WKB phase 𝑆 is identified as the classical action. Given 𝑆 from the first
equation, the second equation determines the amplitude 𝐴.

2.5.1 The WKB transmission coefficient: the one-dimensional case

We now specialize the previous expressions to a one-dimensional collective path. In this case, the
tensors M(q) and B(q) are replaced by 𝑀(𝑞) and 𝑀−1(𝑞), respectively. Therefore, from (2.48):

d
d𝑞

(
𝐷𝑀−1 d𝑆

d𝑞

)
𝐴2 + 2𝐷𝑀−1𝐴

d𝐴
d𝑞

d𝑆
d𝑞 =

d
d𝑞

(
𝐷𝑀−1𝐴2 d𝑆

d𝑞

)
= 0. (2.49)

Now, if we define the local collective momentum as 𝑝(𝑞) =
√

2𝑀(𝑞)(𝐸 −𝑉(𝑞)), and we use (2.47)
and (2.49), then:

𝑆(𝑞) = ±
∫ 𝑞

𝑝(𝑞′) d𝑞′ , (2.50)

𝐴(𝑞) = 𝐶√
𝐷𝑀−1(𝑞)𝑝(𝑞)

=
𝐶

[2
��𝐸 −𝑉(𝑞)

��]1/4
, (2.51)
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where we used that 𝐷 =
√
𝑀(𝑞) in the one-dimensional case and that 𝐶 is a constant. There-

fore, the WKB solutions along the collective coordinate can be written as right- and left-moving
semiclassical waves:

𝜓±(𝑞) =
𝐶±

[2
��𝐸 −𝑉(𝑞)

��]1/4
exp

(
± 𝑖

ℏ

∫ 𝑞

𝑝(𝑞′) d𝑞′
)
. (2.52)

We now apply these solutions to tunneling through a barrier. We assume tunneling across a
potential barrier 𝑉(𝑞) with an energy 𝐸 below the maximum. We assume that the potential has
two classical turning points at 𝑞1 and 𝑞2. This situation is depicted in figure (2.1).

𝑞1 𝑞2

𝐸

allowed
𝐸 > 𝑉(𝑞)

forbidden
𝐸 < 𝑉(𝑞)

allowed
𝐸 > 𝑉(𝑞)

𝑞

𝑉(𝑞)

Figure 2.1: Illustration of a potential barrier 𝑉(𝑞) showing turning points and allowed/forbidden
regions for WKB tunneling at energy 𝐸.

Then, the WKB wavefunction can be written with linear combinations of the solutions (2.52)
with coefficients 𝐴, 𝐵, 𝐶, 𝐷, 𝐹 as:

𝜓(𝑞 < 𝑞1) =
1

[2(𝐸 −𝑉(𝑞))]1/4

[
𝐴 exp

(
−𝑖

∫ 𝑞

𝑞1

𝑘(𝑞′) d𝑞′
)
+ 𝐵 exp

(
𝑖

∫ 𝑞

𝑞1

𝑘(𝑞′) d𝑞′
)]

, (2.53)

𝜓(𝑞1 < 𝑞 < 𝑞2) =
1

[2(𝑉(𝑞) − 𝐸)]1/4

[
𝐶 exp

(
−

∫ 𝑞

𝑞1

𝜅(𝑞′) d𝑞′
)
+ 𝐷 exp

(∫ 𝑞

𝑞1

𝜅(𝑞′) d𝑞′
)]

, (2.54)

𝜓(𝑞 > 𝑞2) =
𝐹

[2(𝐸 −𝑉(𝑞))]1/4 exp
(
𝑖

∫ 𝑞

𝑞2

𝑘(𝑞′) d𝑞′
)
, (2.55)

where:

𝑘(𝑞) =
√

2𝑀(𝑞)(𝐸 −𝑉(𝑞))
ℏ

, 𝜅(𝑞) =
√

2𝑀(𝑞)(𝑉(𝑞) − 𝐸)
ℏ

, (2.56)

are the local wavenumbers in the classically allowed and forbidden regions, respectively. We
assumed incidence from the left only, so the reflected wave on the right of the barrier was neglected.

In this convention, the coefficient 𝐵 multiplies the wave travelling from left to right before the
barrier, 𝐴 multiplies the reflected wave, and 𝐹 multiplies the transmitted wave after the barrier.
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The WKB form is not valid exactly at the turning points, since 𝑘(𝑞) and 𝜅(𝑞) vanish there. To
connect the solutions across each turning point, we use the asymptotic forms of the Airy functions,
which are the exact solutions of the problem for a linear approximation of the potential close to
each turning point. This procedure is done following [47] and we show explicitly this procedure
for the variable mass case in appendix A.1.

At the first turning point, the potential is increasing, so the region on the left is classically
allowed and the region on the right is classically forbidden. The wavefunction close to the turning
point can be written as:

𝜓(𝑞 ≃ 𝑞1) =


1

[2(𝐸 −𝑉(𝑞))]1/4

[
2𝐶 sin

(∫ 𝑞1

𝑞

𝑘(𝑞′) d𝑞′ + 𝜋
4

)
+ 𝐷 cos

(∫ 𝑞1

𝑞

𝑘(𝑞′) d𝑞′ + 𝜋
4

)]
, 𝑞 ≲ 𝑞1 ,

1
[2(𝑉(𝑞) − 𝐸)]1/4

[
𝐶 exp

(
−

∫ 𝑞

𝑞1

𝜅(𝑞′) d𝑞′
)
+ 𝐷 exp

(∫ 𝑞

𝑞1

𝜅(𝑞′) d𝑞′
)]

, 𝑞 ≳ 𝑞1.

(2.57)
At the second turning point, the potential is decreasing, so the region on the left is classically

forbidden and the region on the right is classically allowed. The wavefunction close to the turning
point is:

𝜓(𝑞 ≃ 𝑞2) =


1

[2(𝑉(𝑞) − 𝐸)]1/4

[
𝐶′ exp

(
−

∫ 𝑞2

𝑞

𝜅(𝑞′) d𝑞′
)
+ 𝐷′ exp

(∫ 𝑞2

𝑞

𝜅(𝑞′) d𝑞′
)]

, 𝑞 ≲ 𝑞2 ,

1
[2(𝐸 −𝑉(𝑞))]1/4

[
2𝐶′ sin

(∫ 𝑞

𝑞2

𝑘(𝑞′) d𝑞′ + 𝜋
4

)
+ 𝐷′ cos

(∫ 𝑞

𝑞2

𝑘(𝑞′) d𝑞′ + 𝜋
4

)]
, 𝑞 ≳ 𝑞2.

(2.58)
To relate these expressions to the WKB travelling waves written above, we express the sine and

cosine functions in terms of exponentials:

2 sin
(
−𝜙1 +

𝜋
4

)
= 𝑒 𝑖𝜋/4𝑒 𝑖𝜙1 + 𝑒−𝑖𝜋/4𝑒−𝑖𝜙1 , cos

(
−𝜙1 +

𝜋
4

)
=

1
2 𝑒

−𝑖𝜋/4𝑒 𝑖𝜙1 + 1
2 𝑒

𝑖𝜋/4𝑒−𝑖𝜙1 , (2.59)

2 sin
(
𝜙2 +

𝜋
4

)
= 𝑒−𝑖𝜋/4𝑒 𝑖𝜙2 + 𝑒 𝑖𝜋/4𝑒−𝑖𝜙2 , cos

(
𝜙2 +

𝜋
4

)
=

1
2 𝑒

𝑖𝜋/4𝑒 𝑖𝜙2 + 1
2 𝑒

−𝑖𝜋/4𝑒−𝑖𝜙2 , (2.60)

(2.61)

where 𝜙1 =
∫ 𝑞

𝑞1
𝑘(𝑞′) 𝑑𝑞′ and 𝜙2 =

∫ 𝑞

𝑞2
𝑘(𝑞′) 𝑑𝑞′. Using these expressions, we can match the

coefficients of the exponentials for the left turning point with (2.53) and (2.57):

𝐴 = 𝑒−𝑖𝜋/4𝐶 + 1
2 𝑒

𝑖𝜋/4𝐷, 𝐵 = 𝑒 𝑖𝜋/4𝐶 + 1
2 𝑒

−𝑖𝜋/4𝐷, (2.62)

For the right turning point, the forbidden-region solution in (2.58) must first be rewritten using
the integral with 𝑞1 instead of the one with 𝑞2. This introduces the total action across the barrier.
First, we match the forbidden region with (2.54) and (2.58) as follows:

𝐶𝑒−𝜙1 + 𝐷𝑒𝜙1 = 𝐶′𝑒−𝛾𝑒𝜙1 + 𝐷′𝑒𝛾𝑒−𝜙1 , (2.63)

where 𝜙2 = 𝜙1 − 𝛾 and we define a dimensionless action across the barrier as:

𝛾 =

∫ 𝑞2

𝑞1

𝜅(𝑞′) 𝑑𝑞′ = 1
ℏ

∫ 𝑞2

𝑞1

√
2𝑀(𝑞)(𝑉(𝑞) − 𝐸) d𝑞 . (2.64)
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Therefore, 𝐶′ = 𝐷𝜃 and 𝐷′ = 𝐶/𝜃, where 𝜃 = exp(𝛾). With these expressions of 𝐶′ and 𝐷′, we
match the right turning point with (2.55) and (2.58):

𝐹 = 𝑒−𝑖𝜋/4𝐷𝜃 + 1
2 𝑒

𝑖𝜋/4 𝐶

𝜃
, 0 = 𝑒 𝑖𝜋/4𝐷𝜃 + 1

2 𝑒
−𝑖𝜋/4 𝐶

𝜃
, (2.65)

where the second expression is the zero-amplitude of the reflecting solution on the right region.
Substituting this relation into the first equation, we obtain that 𝐷𝜃 = 𝑒 𝑖𝜋/2𝐶/2𝜃 and therefore:

𝐹 = 𝑒 𝑖𝜋/4 𝐶

𝜃
= 2𝑒−𝑖𝜋/4𝐷𝜃.

Using this relation in the second expression of (2.62), we can express 𝐵 in terms of 𝐹:

𝐵 = 𝑒 𝑖𝜋/4𝜃𝑒−𝑖𝜋/4𝐹 + 1
2 𝑒

−𝑖𝜋/4𝑒 𝑖𝜋/4 𝐹

2𝜃 =

(
𝜃 + 1

4𝜃

)
𝐹. (2.66)

The transmission coefficient can be calculated from the coefficients of the incident and trans-
mitted waves as usual. We give a non-trivial derivation of the transmission coefficient for a
variable-mass Schrödinger equation in the appendix A.2. Since 𝐵 is the incident amplitude and 𝐹

is the transmitted amplitude, the WKB transmission coefficient is:

𝑇 =
|𝐹|2
|𝐵|2 =

1(
𝜃 + 1

4𝜃
)2 ≈ exp(−2𝛾) = exp

(
−2
ℏ

∫ 𝑞2

𝑞1

√
2𝑀(𝑞)(𝑉(𝑞) − 𝐸) 𝑑𝑞′

)
, (2.67)

where the latter well-known expression is valid for 𝛾 ≫ 1, applicable to thick barriers and low
energies (such as the ones of spontaneous fission) [22].

An alternative expression for this transmission coefficient is given by Kemble’s formula:

𝑇 =
1

1 + exp(2𝛾) , (2.68)

which reduces to the previous expression for 𝛾 ≫ 1. This formula improves the result for small
𝛾, i.e., for energies closer to the top of the barrier [48]. Also, it can be shown that the Kemble
formula provides the exact result for the transmission coefficient of an inverted parabolic barrier
(with constant inertia) [49].

It is important to remark that this result applies only when the energy lies below the barrier
everywhere, 𝐸 < 𝑉(𝑞) for all 𝑞 between the turning points, as figure (2.1) shows. This is usually
the case for spontaneous fission. When the energy rises above the floor of an intermediate well,
that region becomes classically allowed and the single-integral formula is no longer defined there;
a more careful treatment combines the transmission across each peak with the phase accumulated
across the well, reproducing the class-II resonances of section 3.2.2 [13]. This is more rigorous but
remains restricted to a limited range of energies, and cumbersome to generalize to several wells.
For the irregular barriers of the large-scale calculations over thousands of nuclei in chapter 4, we
are instead interested in the simplicity of formula (2.68) and in testing its performance even outside
its strict range of validity.

2.6 Extending the WKB formula to the multi-dimensional case

Obtaining such result for the WKB transmission coefficient for a multi-dimensional collective space
starting from equations (2.48) and (2.47) is not trivial.
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However, we can follow the idea of the action of a path across a barrier, in the spirit of the
one-dimensional case (2.64). In section 2.3, we already introduced the extension of the WKB action
to a multi-dimensional collective space, shown in equation (2.26).

As mentioned in section 2.3, we assume that the fission path is a least action path: a classical
trajectory q = q(𝑡) in the collective space which satisfies Hamilton’s equations and minimizes the
action (2.26). We consider that this trajectory crosses a hypersurface enclosing a region of classically
forbidden points 𝑉(q) > 𝐸, which we assume convex for simplicity, at two points q1 and q2: the
multi-dimensional analogs of the turning points of the one-dimensional case.

In this classical framework, using (2.29), the momentum conjugate to 𝑞𝑖 is given by:

𝑝𝑖 =
𝜕ℰkin
𝜕 ¤𝑞𝑖

=
𝜕

𝜕 ¤𝑞𝑖

(
1
2

∑
𝑗𝑘

𝑀 𝑗𝑘(q) ¤𝑞 𝑗 ¤𝑞𝑘

)
=

∑
𝑗

𝑀𝑖 𝑗 ¤𝑞 𝑗 , (2.69)

where we assumed that M is symmetric. The action is generalized as a line integral of the momen-
tum along the fission path connecting the two turning points. If we introduce the parametrization
q = q(𝑠), where 𝑠 is the path length along the trajectory, the WKB action can be written as:

𝛾(𝑠1 , 𝑠2) ≡
1
ℏ

∫ q2

q1

|p(q)| · dq =
1
ℏ

∫ 𝑠2

𝑠1

|p| · dq
d𝑠 d𝑠 , (2.70)

where, as mentioned before, the absolute value | · | is used to account for the imaginary part of
the momentum, which is the case when 𝑉(q) > 𝐸. From (2.69) we have that:

p · dq
d𝑠 =

∑
𝑖 𝑗

𝑀𝑖 𝑗

d𝑞𝑖
d𝑠

¤𝑞 𝑗 =
∑
𝑖 𝑗

𝑀𝑖 𝑗(q)
d𝑞𝑖
d𝑠

d𝑞 𝑗
d𝑠

¤𝑠 ≡ 𝑀(𝑠) ¤𝑠, (2.71)

where we defined 𝑀(𝑠) as the collective inertia along the fission path (2.27). On the other hand,
since in a conservative system ℋclass = 𝐸, from (2.29) we have that:

p · dq
d𝑠

¤𝑠 =
∑
𝑖

𝑝𝑖 ¤𝑞𝑖 =
∑
𝑖 𝑗

𝑀𝑖 𝑗(q) ¤𝑞𝑖 ¤𝑞 𝑗 = 2ℰkin = 2
(
𝐸 −𝑉(q)

)
. (2.72)

Multiplying (2.71) by ¤𝑠 and equating with (2.72), we obtain:

¤𝑠 =

√
2(𝐸 −𝑉(q))

𝑀(𝑠) . (2.73)

Introducing (2.73) in (2.71), and using this in (2.70), we finally obtain the multi-dimensional
WKB action along the fission path:

𝛾(𝑠1 , 𝑠2) =
1
ℏ

∫ 𝑠2

𝑠1

��√2𝑀(𝑠) (𝐸 −𝑉(q))
�� d𝑠 . (2.74)

Since the region of interest is the classically forbidden region, where 𝑉(q) > 𝐸, we have
|𝐸 −𝑉(q)| = 𝑉(q) − 𝐸, and the previously shown expression (2.26) is recovered.

This derivation has a subtle point: it manipulates a classical trajectory across a region where
no real classical trajectory exists, which is precisely the regime where a quantum description is
required. The path integral formulation of tunneling of [50] offers a useful perspective on this
point, at least for the one-dimensional case with constant inertia: there, the WKB transmission
coefficient is obtained from the Feynman propagator built on the classical Hamiltonian, and the
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absence of real classical paths is resolved by allowing the propagation time to take complex values,
so that the trajectory crosses the barrier in imaginary time, evolving classically in the inverted
potential.

However, these approaches do not start from the collective Schrödinger equation, as we did
for the one-dimensional case. We can instead try to obtain this result from the multi-dimensional
collective Schrödinger equation by reducing it approximately to a one-dimensional equation along
the fission path coordinate. The one-dimensional results of section 2.5 could, in principle, yield the
transmission coefficient directly.

Following the spirit of the reaction path Hamiltonian of [51], developed for chemical reactions
in molecular systems, we describe the dynamics in terms of the position along the fission path q(𝑠)
and small displacements orthogonal to it. Points in a neighborhood of the path are described by
the coordinates (𝑠, 𝑢1 , . . . , 𝑢𝑛−1) through:

q(𝑠, 𝑢) = q(𝑠) +
∑
𝛼

𝑢𝛼e𝛼(𝑠), (2.75)

where the transverse directions e𝛼(𝑠) are chosen orthogonal to the path in the sense of the inner
product defined by the inertia tensor:

⟨a, b⟩𝑀 ≡
∑
𝑖 𝑗

𝑀𝑖 𝑗(q)𝑎𝑖𝑏 𝑗 , (2.76)

where a, b are vectors in collective space.
The components of the metric in the coordinates (𝑠, u) follow from the kinetic energy. The

collective velocity for a trajectory in the collective space is:

¤q =
𝜕q
𝜕𝑠

¤𝑠 +
∑
𝛼

𝜕q
𝜕𝑢𝛼

¤𝑢𝛼 , (2.77)

with the coordinate basis vectors given by:

𝜕q
𝜕𝑠

=
dq
d𝑠 +

∑
𝛼

𝑢𝛼
de𝛼
d𝑠 ,

𝜕q
𝜕𝑢𝛼

= e𝛼(𝑠). (2.78)

Inserting (2.77) into the kinetic energy of (2.29) we obtain:

2ℰkin = ⟨ ¤q, ¤q⟩𝑀 =

〈𝜕q
𝜕𝑠

,
𝜕q
𝜕𝑠

〉
𝑀
¤𝑠2 + 2

∑
𝛼

〈𝜕q
𝜕𝑠

,
𝜕q
𝜕𝑢𝛼

〉
𝑀
¤𝑠 ¤𝑢𝛼 +

∑
𝛼𝛽

〈 𝜕q
𝜕𝑢𝛼

,
𝜕q
𝜕𝑢𝛽

〉
𝑀
¤𝑢𝛼 ¤𝑢𝛽 . (2.79)

The coefficients of the previous quadratic form are, by definition, the components of the metric
in the new coordinates: the inner products of the coordinate basis vectors (2.78). Evaluated in the
neighborhood of the path, where 𝑢𝛼 ≈ 0 and therefore 𝜕q/𝜕𝑠 = dq/d𝑠, they are:

𝑀𝑠𝑠 =

〈dq
d𝑠 ,

dq
d𝑠

〉
𝑀

= 𝑀(𝑠), 𝑀𝑠𝛼 =

〈dq
d𝑠 , e𝛼

〉
𝑀

= 0, 𝑀𝛼𝛽 = ⟨e𝛼 , e𝛽⟩𝑀 , (2.80)

where we identify the inertia along the fission path 𝑀(𝑠) introduced in (2.27), and we used
the orthogonality of the transverse directions e𝛼 with respect to the path. The metric is therefore
block-diagonal, and its inverse B = M−1 and determinant 𝐷(q) =

√
det M(q) factorize:



2.6. Extending the WKB formula to the multi-dimensional case 26

𝐵𝑠𝑠 =
1

𝑀(𝑠) , 𝐵𝛼𝛽 = (M−1
tr )𝛼𝛽 , 𝐷(q) =

√
𝑀(𝑠)𝐷tr , 𝐷tr ≡

√
det Mtr , (2.81)

where we defined (Mtr)𝛼𝛽 = 𝑀𝛼𝛽 as the transverse metric and 𝐷tr as the determinant of the
transverse metric.

The kinetic operator in (2.31), in a Laplace-Beltrami form, which retains the same form under
any change of coordinates, can now be rewritten in the new coordinates (𝑠, u) as:

−ℏ2

2
1

𝐷(q)
∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖
𝐷(q)𝐵𝑖 𝑗(q)

𝜕

𝜕𝑞 𝑗
= −ℏ2

2
1

𝐷(q)

(
𝜕

𝜕𝑠
𝐷(q)𝐵𝑠𝑠

𝜕

𝜕𝑠
+

∑
𝛼𝛽

𝜕

𝜕𝑢𝛼
𝐷(q)𝐵𝛼𝛽

𝜕

𝜕𝑢𝛽

)
(2.82)

where the crossed terms vanish due to the block-diagonal form of the metric. The potential
energy is also expressed in the new coordinates as 𝑉(q) = 𝑉(𝑠, u).

Let us check the first term of (2.82). This term is similar to the kinetic part in (2.39), but with
𝐷(𝑠) =

√
𝑀(𝑠)𝐷tr(𝑠) instead of 𝐷(𝑞) =

√
𝑀(𝑞). In section 2.5, we noticed that 𝐷(q) only contributes

to the amplitude of the WKB solution (at order ℏ); see equation (2.48). By the arguments of appendix
A.2, the amplitude does not affect the transmission coefficient. Therefore, if 𝐷tr varies slowly along
the path, we can neglect its contribution to the longitudinal kinetic operator.

On the other hand, let us consider the second term of (2.82). We first isolate the part of
the equation acting on the transverse coordinates alone. Define, at each fixed 𝑠, the transverse
Hamiltonian:

𝐻̂⊥ ≡ −ℏ2

2
1
𝐷tr

∑
𝛼𝛽

𝜕

𝜕𝑢𝛼

(
𝐷tr𝐵𝛼𝛽

𝜕

𝜕𝑢𝛽

)
+𝑉(𝑠, u) −𝑉(𝑠), (2.83)

where we defined the potential along the path as 𝑉(𝑠) ≡ 𝑉(𝑠, 0). This Hamiltonian contains
the transverse kinetic operator and the potential relative to its value on the path. Its eigenvalue
problem at fixed 𝑠,

𝐻̂⊥𝜒𝑚(u; 𝑠) = 𝜖𝑚(𝑠) 𝜒𝑚(u; 𝑠),
∫

𝜒𝑚𝜒𝑚′ d𝑛−1u = 𝛿𝑚𝑚′ , (2.84)

defines the transverse eigenstates.
If the potential rises away from the path, 𝐻̂⊥ describes a potential well in the transverse di-

rections, and its lowest eigenvalue 𝜖0(𝑠) > 0 is the zero-point energy of transverse confinement
at position 𝑠. This holds exactly for the reaction path Hamiltonian of [51], whose path follows
the bottom of the potential valley, where 𝜕u𝑉 = 0. However, the least action path used here de-
parts in general from the valley bottom, so the transverse well is displaced from the path. The
eigenvalue problem remains well defined, but interpreting 𝜖0(𝑠) as a zero-point energy is then an
approximation to first order in this displacement.

Now, we can split the wave function into a longitudinal part 𝜙(𝑠), which will carry the tunneling,
and the transverse part 𝜒0(u; 𝑠) which takes into account the spread of the wave function in the
transverse directions, not far from the path. For simplicity, we assume that the transverse part is
the lowest eigenstate of the transverse Hamiltonian at each 𝑠2. Therefore:

2We could consider a superposition with more excited transverse states 𝜒𝑚 . However, notice that the corresponding
longitudinal wave function tunnels through an effective barrier which is higher by 𝜖𝑚 , which are exponentially more
suppressed. Therefore, considering only the lowest transverse state 𝜒0 is reasonable, at first approximation.
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𝜓(𝑠, u) = 𝜙(𝑠)𝜒0(u; 𝑠). (2.85)

We now insert this wave function into the Hamiltonian:

𝐻̂coll = −ℏ2

2
1√
𝑀(𝑠)

𝜕

𝜕𝑠

(
1√
𝑀(𝑠)

𝜕

𝜕𝑠

)
+𝑉(𝑠) + 𝐻̂⊥. (2.86)

First, the action of the transverse part of 𝐻̂coll on the wave function is straightforward due to
the eigenvalue equation of the transverse Hamiltonian (2.84):

𝐻̂⊥𝜓(𝑠, u) = 𝜙(𝑠)𝐻̂⊥(𝑠)𝜒0(u; 𝑠) = 𝜖0(𝑠)𝜙(𝑠)𝜒0(u; 𝑠) = 𝜖0(𝑠)𝜓(𝑠, u). (2.87)

Regarding the longitudinal part of the kinetic operator, we can expand the derivatives and
obtain:

−ℏ2

2
1√
𝑀

𝜕

𝜕𝑠

(
1√
𝑀

𝜕

𝜕𝑠
𝜓(𝑠, u)

)
= −ℏ2

2
𝜒0√
𝑀

d
d𝑠

(
𝜙′
√
𝑀

)
− ℏ2

2𝑀

(
2𝜙′ 𝜕𝜒0

𝜕𝑠
− 𝑀′

2𝑀𝜙
𝜕𝜒0
𝜕𝑠

+ 𝜙
𝜕2𝜒0
𝜕𝑠2

)
. (2.88)

We can now eliminate the transverse coordinates in the Hamiltonian by projecting the equation
onto the transverse ground state: multiplying by 𝜒0 and integrating over the transverse coordinates.
The terms containing 𝜕𝑠𝜒0 vanish due to:∫

𝜒0
𝜕𝜒0
𝜕𝑠

d 𝑛−1u =
1
2

d
d𝑠

∫
𝜒2

0 d 𝑛−1u = 0, (2.89)

where we have used the normalization (2.84). However, the term containing 𝜕2
𝑠𝜒0 does not

vanish, and we define:

𝜂(𝑠) ≡ −
∫

𝜒0
𝜕2𝜒0
𝜕𝑠2 d 𝑛−1u =

∫ (
𝜕𝜒0
𝜕𝑠

)2

d 𝑛−1u ≥ 0, (2.90)

where we applied 𝜕𝑠 to (2.89) to obtain the second equality.
Therefore, by collecting (2.86), (2.88) and (2.87), we obtain the following one-dimensional equa-

tion for 𝜙(𝑠):

−ℏ2

2
1√
𝑀(𝑠)

d
d𝑠

(
1√
𝑀(𝑠)

d𝜙
d𝑠

)
+

(
𝑉(𝑠) + 𝜖0(𝑠) +

ℏ2

2𝑀(𝑠)𝜂(𝑠)
)
𝜙(𝑠) = 𝐸 𝜙(𝑠). (2.91)

However, the term with 𝜂(𝑠) is of order ℏ2, and can be neglected in the WKB approximation;
see equation (2.47): this expression is of order 1, and the potential enters only in this expression,
so this term can be dropped. Therefore, we obtain the final one-dimensional equation for 𝜙(𝑠):

−ℏ2

2
1√
𝑀(𝑠)

d
d𝑠

(
1√
𝑀(𝑠)

d𝜙
d𝑠

)
+𝑉eff(𝑠)𝜙(𝑠) = 𝐸 𝜙(𝑠), (2.92)

where we define an effective potential along the fission path as 𝑉eff(𝑠) = 𝑉(𝑠) + 𝜖0(𝑠). This
expression coincides with the one-dimensional collective Schrödinger equation (2.39) under the
path coordinate 𝑠. A consequence of this reduction is that the transverse degrees of freedom
enter the longitudinal problem only through the effective potential 𝑉eff(𝑠), which is shifted by the
transverse zero-point energy 𝜖0(𝑠), at least at first approximation in the vicinity of the fission path.
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Since we obtained a one-dimensional collective Schrödinger equation in the path coordinate,
the WKB treatment of section 2.5 applies without modification in principle. Therefore, the WKB
transmission coefficient is given by (2.68), with the action along the fission path 𝛾 given by (2.26)
but with the effective potential 𝑉eff(𝑠).

There is an additional subtlety regarding the energy 𝐸 of the initial decaying state. This state
is localized in a potential well, and its energy must be computed from (2.92). If 𝜖0(𝑠) varies slowly
around the well minimum, the effective potential is shifted there by the constant 𝜖0(𝑠well), and
the energy eigenvalue 𝐸 will be shifted as well by 𝜖0(𝑠well). This is, 𝐸 = 𝐸̃ + 𝜖0(𝑠well), where 𝐸̃ is
the corresponding eigenvalue of the reduced equation with the bare potential 𝑉(𝑠) alone. This is
relevant when considering the energy in the WKB action (2.26).

This section is an attempt to show how a one-dimensional Schrödinger equation along the
fission path can be obtained from the multi-dimensional collective Schrödinger equation, but it
should be regarded as a first approximation. The well-known WKB result can be recovered from
this reduction, but the number of assumptions it requires reflects how non-trivial the extension of
the WKB formula to a multi-dimensional collective space is.

Key assumptions such as the wave function being concentrated in the vicinity of the fission path
and the transverse degrees of freedom being in their lowest state are all approximations that may
not hold in more complex scenarios. The separation of the longitudinal and transverse degrees of
freedom in the metric may fail away from the fission path, and coupling between these degrees of
freedom can become significant. The definition of 𝜖0(𝑠) as a zero-point energy is only meaningful
where the potential forms a well in the transverse directions.

A further point that this reduction overlooks is the treatment of the boundary conditions: the
equation (2.92) is defined only along the fission path, while the matching of section 2.5 formally
requires incoming and outgoing waves beyond its endpoints. Since the transmission coefficient is
determined by the barrier region between the turning points, this is not expected to affect the result
at the present level of approximation.

Finally, a similar idea of a path-transverse separation of the equation has been developed more
rigorously in [52], for example. That work uses a two-dimensional Hamiltonian, where the potential
on the transverse coordinate is approximated by a harmonic potential. The Hamiltonian can then
be decomposed in a path component and a remainder, where in the former, a zero-point energy
of such potential is added to the potential along the fission path. In this case, a one-dimensional
barrier penetration problem is found, and the remainder is treated in the distorted wave Born
approximation (DWBA).



Chapter 3

Solving the collective Schrödinger
equation

In chapter 2, we derived the collective Schrödinger equation and the WKB approximation for
the transmission coefficient. The latter provides, in principle, a simple and reliable strategy for
the calculation of spontaneous fission half-lives. We restrict ourselves to the one-dimensional
Schrödinger equation. This equation requires as inputs the fission path, that is, the potential barrier
𝑉(𝑞) and the collective inertia 𝑀(𝑞) along the single collective coordinate 𝑞. Solving the equation
numerically we can obtain the transmission coefficient𝑇(𝐸) and, through it, the spontaneous fission
half-life 𝑡SF

1/2.
While the WKB formula is exact for a parabola [49], noticeable deviations from the exact

solution appear for realistic barriers, and especially for multi-humped barriers, where additional
effects appear that the WKB approximation cannot reproduce, as we will see. Solving the collective
Schrödinger equation exactly removes these limitations and provides the reference against which
the WKB error can be quantified.

The main objective of this chapter is to present the numerical methods used to solve the collective
Schrödinger equation, and to investigate where the WKB approximation deviates from the exact
solution and quantify the resulting error in the calculated 𝑡SF

1/2. The chapter is organized in two
parts. In section 3.1, we describe the numerical procedure: the propagation schemes, the boundary
conditions and extraction of the transmission coefficient, and the practical treatment of the fission-
path data from microscopic calculations. In section 3.2, we test the resulting workflow against
analytically solvable barriers and double-humped barriers with known qualitative features. Along
the way, we assess the accuracy of the WKB approximation and the sensitivity of the half-life to the
numerical treatment.

3.1 Numerical solution of the collective Schrödinger equation

Our starting point is the collective Schrödinger equation (2.38), which differs from the usual
Schrödinger equation because of the position dependence of the inertia. Moreover, tunneling
across a barrier is not an eigenvalue problem but a scattering-type problem, so the energy 𝐸 is a
fixed input. The equation is integrated across the barrier and matched to asymptotic plane waves,
in regions where the potential is taken to vanish.

We discuss the main ingredients of the numerical procedure used in this work in the follow-
ing sections: the propagation scheme used to integrate the equation (section 3.1.1), the boundary
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conditions and the extraction of the transmission coefficient from the asymptotic amplitudes (sec-
tion 3.1.2), and the practical treatment of the fission-path data coming from external microscopic
calculations (section 3.1.3).

3.1.1 Finite difference methods

The usual methods to solve the Schrödinger equation numerically are based on finite-difference
schemes, which propagate the wavefunction across the barrier. In this work we implement and
compare three well-known methods: Runge-Kutta integration [53], the Numerov method [54] and the
Johnson logarithmic-derivative method [55].

The implementation of the standard Runge-Kutta method is straightforward, making use of the
built-in SciPy package in Python (solve_ivp function, more specifically). More specifically, we
use the explicit RK5(4) method [53]; in this method, the error is controlled assuming accuracy of
the 4th-order method, but the steps are taken using the 5th-order accurate formula. The following
system of first-order differential equations is solved:

𝜓′ =
√
𝑀(𝑞)𝜂, 𝜂′ = 2

√
𝑀(𝑞) (𝑉(𝑞) − 𝐸)𝜓, (3.1)

where 𝜂 = 𝜓′/
√
𝑀(𝑞). Taking values of relative and absolute tolerances1 of solve_ivp equal to

𝑟tol = 10−6 and 𝑎tol = 10−9, respectively, is more than enough for the purposes of this work.
The advantages of this method are its generality and ease of implementation, applying to a

wide range of problems with no restriction on the form of the equation. In particular, and unlike
the other two methods, it does not require the derivatives of 𝑀(𝑞), which for noisy data can be a
source of instability. However, in classically forbidden regions the propagation can be unstable:
exponentially decaying and growing solutions coexist, so any roundoff error could contaminate
the growing component, which is then amplified exponentially along the barrier.

We discuss the boundary conditions and the definition of the transmission coefficient in detail
in the next section, but we can already anticipate that, especially at low energies, the transmission
coefficient becomes very small and the usual definition 𝑇 = 1 − |𝑆|2 can be unreliable due to
catastrophic cancellation (|𝑆| → 1, with the difference falling below machine precision). A more
stable alternative for this method is to compute the transmission coefficient from the transmitted
amplitude instead, as we explain in section 3.1.2.

On the other hand, the Numerov method [54] is a three-point recursion scheme for equations of
the form 𝜓′′ +𝑄(𝑞)𝜓 = 0, with local error 𝒪

(
ℎ6) (ℎ being the step size), which is very efficient and

accurate for the Schrödinger equation. In order to transform the collective Schrödinger equation
(2.39) into this form, we apply the change of variable 𝜙 ≡ 𝑀(𝑞)−1/4𝜓, which removes the first-
derivative term, obtaining

𝜙′′ + 𝑄̃(𝑞)𝜙 = 0, (3.2)
where it can be shown that:

𝑄̃(𝑞) ≡ 𝑄(𝑞) + 1
4
𝑀′′(𝑞)
𝑀(𝑞) − 5

16

(
𝑀′(𝑞)
𝑀(𝑞)

)2

, 𝑄(𝑞) ≡ 2𝑀(𝑞)
ℏ2 (𝐸 −𝑉(𝑞)). (3.3)

1More precisely, at each step the solver bounds the estimated local error by 𝑎tol+ 𝑟tol
��𝑦��, where

��𝑦�� is the magnitude of
the propagated solution (here: 𝜓 and 𝜂). The term 𝑟tol controls a relative accuracy (number of correct significant digits),
while 𝑎tol controls an absolute accuracy (number of correct decimal places) [56]. If the RK estimated error exceeds this
bound the step is rejected and retried with a smaller size; otherwise it is accepted.
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With equation (3.2) in mind, the recursion scheme reads [54]:

𝜙𝑛+1 =
2
(
1 − 5

12 ℎ
2𝑄̃𝑛

)
𝜙𝑛 −

(
1 + 1

12 ℎ
2𝑄̃𝑛−1

)
𝜙𝑛−1

1 + 1
12 ℎ

2𝑄̃𝑛+1
, (3.4)

where we denote the value of a function 𝑓 = 𝑓 (𝑞) evaluated at the 𝑛-th grid point as 𝑓𝑛 ≡ 𝑓 (𝑞𝑛).
Since this scheme is tailored to the Schrödinger equation, it is very fast (one function evaluation

per grid point, in contrast to the RK substeps). However, it requires the first and second derivatives
of 𝑀(𝑞), and it suffers from the same low-energy instability of 𝑇 as the Runge–Kutta method. In
addition, it does not provide automatic error control, so convergence must be checked by hand.

We can take a different approach by propagating the logarithmic derivative of the wavefunction
instead of the wavefunction itself. This is a standard technique in scattering calculations, and it
has the advantage of removing the exponential-growth instability, since the logarithmic derivative
remains 𝒪(1) in the classically forbidden region while 𝜓 grows exponentially. The Johnson method
[55] propagates the logarithmic derivative 𝑢 = 𝜓′/𝜓; for the usual Schrödinger equation, this turns
the second-order equation into a first-order Riccati equation 𝑢′ + 𝑢2 + 𝑄(𝑞) = 0. For the collective
Schrödinger equation (2.39), an additional change of variable, 𝑣 ≡ 𝑢 − 𝑀′(𝑞)/4𝑀(𝑞), is required to
bring the equation to Riccati form, which leads to

𝑣′ + 𝑣2 + 𝑄̃(𝑞) = 0, (3.5)

where 𝑄̃(𝑞) is the same as in (3.3). The Johnson recursion scheme therefore reads [55]

1
1 − ℎ𝑣𝑛+1 − 1

3 ℎ
2𝑄̃𝑛+1

+ 1
1 + ℎ𝑣𝑛−1 − 1

3 ℎ
2𝑄̃𝑛−1

= 2
1 − 1

2 ℎ
2𝑄̃𝑛

1 + 1
6 ℎ

2𝑄̃𝑛

. (3.6)

Besides removing the exponential-growth instability, this method is as fast as Numerov. How-
ever, it does not provide the wavefunction itself, which is a drawback: the direct transmission
coefficient 𝑇d, computed from the transmitted amplitude (section 3.1.2), is therefore not accessible
with this method. Only 𝑇 can be obtained, but, in contrast to the other two methods, it remains
stable at low energies because the logarithmic derivative is well-behaved there. The method also
requires the first and second derivatives of 𝑀(𝑞), and it does not provide automatic error control.
Finally, care must be taken with the step placement, since 𝑢(𝑞) has poles at the nodes of 𝜓.

Although we analyze and compare the performance of these three methods in section 3.2, we
can already anticipate that the built-in RK method is the simplest and most reliable of the three,
and is sufficient for our purposes; it is the main one we use for the subsequent calculations of the
half-lives.

3.1.2 Boundary conditions and transmission coefficient

The numerical solution of the collective Schrödinger equation for this scattering-like problem
requires the definition of boundary conditions. The simplest approach is to assume plane-wave
asymptotics, which greatly simplifies the calculation of the transmission coefficient. However, this
assumption requires that the potential and inertia become constant outside the barrier region. In
practice, this is achieved by truncating the physical potential and padding it with flat regions2.

2Without this truncation, the plane waves are not solutions of the asymptotic equation, so the simplified extraction
of the transmission coefficient from the amplitudes 𝑆 and 𝐴 does not apply. The transmission coefficient itself remains
well defined; it is this particular approach to computing it that relies on free asymptotic states.
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As we will see in section 3.2, the truncation of the potential is itself a source of deviation from
the WKB result, since WKB involves only the region where𝑉(𝑞) ≥ 𝐸, while Schrödinger is sensitive
to the entire potential. On the inner side, the truncation is a common assumption in calculations
of fission half-lives [22, 52] and it is reasonable: the ground-state well provides a genuine floor, so
the potential naturally flattens there rather than being cut off by hand.

With this assumption in mind, we consider the wavefunction in the asymptotic regions as a
superposition of plane waves. Without loss of generality (the 1D problem is direction-invariant),
the plane waves travel from large 𝑞 to small 𝑞 and take the form [57]

𝜓(𝑞) ≈

𝑒−𝑖𝑘R𝑞 − 𝑆 𝑒+𝑖𝑘R𝑞 , 𝑞 > 𝑞max ,

𝐴 𝑒−𝑖𝑘L𝑞 , 𝑞 < 𝑞min ,
(3.7)

where 𝐴 is the transmitted amplitude and 𝑆 the reflected one. The asymptotic wavenumbers
are

𝑘𝑖 =

√
2 𝑀𝑖 (𝐸 −𝑉𝑖)

ℏ
, 𝑖 = L,R, (3.8)

with 𝑉𝑖 and 𝑀𝑖 the (constant) potential and inertia in the left and right asymptotic regions, respec-
tively.

To solve for 𝐴 and 𝑆, we start with imposing a unit transmitted wave, that is, 𝜓start = 𝑒−𝑖𝑘L𝑞start

and 𝜓′
start = −𝑖𝑘L 𝑒−𝑖𝑘L𝑞start . We then propagate the solution numerically from the left asymptotic

region towards the incident side and finally the numerical solution is matched to the incident-side
asymptotic form of (3.7) at a point 𝑞 = 𝑞m.

Because the equation is linear, the propagated solution equals the true one up to an overall
constant: fixing the transmitted amplitude to 1 instead of 𝐴 rescales the whole wavefunction by
1/𝐴. The incident-side asymptotic form of (3.7), multiplied by this same factor, must therefore
match the propagated 𝜓 at 𝑞m as follows:

𝜓(𝑞m) = 1
𝐴
(𝑒−𝑖𝑘R𝑞m − 𝑆 𝑒+𝑖𝑘R𝑞m), 𝜓′(𝑞m) = 1

𝐴
(−𝑖𝑘R 𝑒−𝑖𝑘R𝑞m − 𝑖𝑘R 𝑆 𝑒+𝑖𝑘R𝑞m). (3.9)

These two equations form a linear system for the unknowns 1/𝐴 and 𝑆/𝐴, which is solved by:

1
𝐴

=
𝑖𝑘R 𝜓m − 𝜓′

m
2𝑖𝑘R

𝑒+𝑖𝑘R𝑞m ,
𝑆

𝐴
= − 𝑖𝑘R 𝜓m + 𝜓′

m
2𝑖𝑘R

𝑒−𝑖𝑘R𝑞m , (3.10)

where 𝜓m ≡ 𝜓(𝑞m) and 𝜓′
m ≡ 𝜓′(𝑞m). The values of 𝜓m and 𝜓′

m =
√
𝑀R 𝜂m are obtained

directly from the numerical solution of the system of ODEs (3.1) from the RK5(4) method described
previously3.

The 𝑆 and 𝐴 amplitudes provide two separate ways to compute the transmission coefficient,
which should be equivalent in the absence of absorption4. The first is the flux-based definition 𝑇 =

3For the Numerov method, 𝜓′
m is instead estimated from the propagated wavefunction with a fourth-order central

finite-difference approximation. The logarithmic-derivative method does not provide𝜓m and𝜓′
m separately, but directly

their ratio 𝑢m = 𝜓′
m/𝜓m; the reflection amplitude then follows from 𝑆 = (𝑢m+ 𝑖𝑘R)/(𝑢m− 𝑖𝑘R) 𝑒−2𝑖𝑘R𝑞m . As we mentioned

in the previous section, since only the ratio is available, the transmitted amplitude𝐴 cannot be recovered, and this method
yields 𝑇 = 1 − |𝑆|2 but not 𝑇d.

4Indeed, we checked this numerically on the parabolic barrier of section 3.2.1, computing 𝑇 with the logarithmic-
derivative method and 𝑇d with the RK5(4) method: over a range of energies spanning from deep tunneling to well above
the barrier top, the relative difference between the two stays at the 10−4–10−7 level, of the order of the tolerances used in
the integration.
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1−|𝑆|2, which is the unitarity deficit of reflection. The second is the direct definition𝑇d = |𝐴|2, which
is the square of the transmitted amplitude. The transmission amplitude 𝐴 follows immediately as
the reciprocal of the first quantity in (3.10), and the reflection amplitude 𝑆 as the ratio of the second
to the first.

As anticipated in section 3.1.1, 1 − |𝑆|2 suffers catastrophic cancellation deep below the barrier,
precisely where spontaneous fission occurs: 𝑇 becomes unreliable once 𝑇 ≲ 10−12 and floors at
∼ 10−16 (machine precision). In contrast, 𝑇d stays well-conditioned for very small values of the
transmission coefficient, so we use 𝑇d at all energies instead5.

When a complex potential is involved, flux is absorbed, 𝑇 ≠ 𝑇d and we can define the absorption
as 𝑇abs = 𝑇 − 𝑇d. In section 3.2.3 we test the influence of absorption.

If the potential in the asymptotic regions are not equal, the direct transmission coefficient 𝑇d,
which is the ratio of transmitted to incident flux, requires a correction factor to account for the
different asymptotic wavenumbers. Following the derivation of appendix A.2, we can analogously
calculate the flux of a plane wave 𝒜 𝑖 𝑒

±𝑖𝑘𝑞 in a region 𝑖 = L, R with constant potential 𝑉𝑖 and inertia
𝑀𝑖 , which gives:

𝐽𝑖 = ± 𝑝𝑖√
𝑀𝑖

|𝒜 𝑖 |2 = ±
√

2 (𝐸 −𝑉𝑖) |𝒜 𝑖 |2 , (3.11)

since 𝑝𝑖 = ℏ𝑘𝑖 =
√

2𝑀𝑖(𝐸 −𝑉𝑖) . Then, the corrected direct transmission coefficient is:

𝑇d =
𝐽L
𝐽R

=

√
𝐸 −𝑉L
𝐸 −𝑉R

|𝐴|2 , (3.12)

where we considered that the incident plane wave has unit amplitude and 𝒜L = 𝐴. For
simplicity, we take the assumption of a common floor 𝑉L = 𝑉R, and 𝑇d = |𝐴|2 holds.

Finally, we remind that the transmission coefficient is proportional to the inverse of the half-life
as in (2.28). For spontaneous fission, this half-life is calculated at an energy 𝐸 slightly above the
ground-state energy, as discussed in section 2.3: 𝐸 = 𝐸g.s.+𝐸exc, where the zero-point energy 𝐸exc is
typically of the order of 0.5 MeV. We choose this value as a representative one, but we also explore
the sensitivity of the half-life to this choice for analytical benchmarks in section 3.2 and the next
chapter for fission paths of microscopic origin.

3.1.3 Fission paths from microscopic calculations and implementation details

Before testing the workflow on barriers with analytical results in section 3.2, one step of the
numerical procedure remains to be described: the treatment of the fission-path data of microscopic
origin, whose results are analyzed in the next chapter.

The input to the solver is a one-dimensional fission path extracted from the potential energy
surfaces (PES) computed with the BSkG3 energy density functional in the MOCCa code [2]. The
PES is defined over a collective space that is in principle triaxial, spanned by the quadrupole
deformations 𝛽20, 𝛽22 and the octupole deformation 𝛽30. Each point carries the corresponding value
of the inertia tensor evaluated in the ATDHFB framework under the cranking approximation. The
fission path is constructed as the least action path (LAP) with methods of the PyNEB package [2],
minimizing the WKB action, from the ground state to the exit point (being either a configuration

5We noticed that this cancellation seems to be unavoidable for the RK and Numerov methods and 𝑇d is the only
reliable choice at small transmission. The logarithmic-derivative method is the exception: the transmission can be
rewritten as 𝑇 = −4𝑘R Im 𝑢m/(|𝑢m|2 + 𝑘2

R − 2𝑘R Im 𝑢m), in which the small result is carried by Im 𝑢m rather than by a
cancelling difference, and𝑇 therefore remains stable since 𝑢m is very stable for this method. If needed, 𝑇 can be provided
by this method (but as before, it cannot provide 𝑇d at the same time).
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with𝐸 = 𝐸g.s. or a low neck configuration prior to scission [2]). However, since we are interested only
in a one-dimensional collective space, the datasets used correspond to nuclei with axial symmetry,
that is, 𝛽22 = 0, a degree of freedom that is not explored by most nuclei in order to reach the global
minimum of the action [58]. Therefore, only 𝛽20 varies along the path and 𝛽30 takes energy-optimal
values only6.

For a given nucleus, data of the collective potential 𝑉(𝑞) − 𝐸g.s. and inertia tensor components
(of which only the first diagonal element is required for the one-dimensional case) are provided for
each value of the dimensionless quadrupole deformation 𝛽20, which is related to the quadrupole
moment 𝑞20 (which we use from now on) by:

𝑞20 =
3

4𝜋 𝐴𝑅2
0 𝛽20 , 𝑅0 = 1.2𝐴1/3 fm, (3.13)

where 𝐴 is the mass number of the nucleus. Energies are given in MeV, 𝑞20 is given in barns (b)
and the collective inertia is expressed in ℏ2 MeV−1 b−2.

Because the microscopic calculation provides 𝑉(𝑞20) and 𝑀(𝑞20) only at a finite set of deforma-
tions, while the propagators require them either at arbitrary 𝑞 or on a given fixed uniform grid,
the tabulated data must be interpolated. We construct three piecewise cubic Hermite polynomial
interpolants (PCHIP), built-in in the SciPy library, two for the real and imaginary parts of 𝑉(𝑞20)
and one for 𝑀(𝑞20), with no extrapolation outside the potential range. PCHIP is preferred over
a cubic interpolant, for example, because it is monotonicity-preserving and does not overshoot
near the boundaries of the tabulated range. The sensitivity of the results to this interpolation for
different types of barriers is quantified in section 3.2.4.

Outside the tabulated range, the flat asymptotic regions required by the boundary conditions
of section 3.1.2 are imposed by setting 𝑉(𝑞20) − 𝐸g.s. = 0 and holding the inertia at its value at the
corresponding endpoint, 𝑀L = 𝑀(𝑞min) and 𝑀R = 𝑀(𝑞max). The matching point is placed as close
as possible to the outer edge of the barrier while leaving room for the finite-difference stencils used
by the fixed-step propagators. In principle it can be located anywhere in the asymptotic region,
and the insensitivity of the result to this choice is verified in section 3.2.4.

Finally, the WKB transmission coefficient is evaluated from the Kemble expression (2.68), with
the action integral taken over the classically forbidden region, which consists of set of points with
𝑉(𝑞20) ≥ 𝐸. Only the real part of the potential enters the action, and the expression is applied only
in the cases where the energy is below the barrier top: 𝐸 < 𝑉max. As we mentioned at the end of
section 2.5.1, formula (2.64) is strictly valid only for energies below the barrier everywhere between
the turning points, but we are still interested in applying it outside its range of applicability due
to its simplicity. In practice, therefore, we evaluate the WKB action (2.64) only over the classically
forbidden intervals, letting the allowed ones contribute zero so that the integrand stays real. As
we will see in the section (3.2.2), this implies that for energies reaching into the intermediate wells
the formula cannot reproduce the behavior there, in particular the class-II resonances.

3.2 Numerical testing

We now test the numerical workflow on a series of barriers, starting with analytically solvable ones
and progressing to more realistic double-humped barriers and finally to fission paths of microscopic

6More precisely, a two-step procedure is used in [2] to constrain the 3D collective space. First, 𝛽opt
30 (𝛽20) is obtained

by building a 2D PES in (𝛽20 , 𝛽30) under axial symmetry and taking, at each 𝛽20, the value of 𝛽30 that minimizes the
energy. The second step finds the LAP in the 2D space (𝛽20 , 𝛽22) at fixed 𝛽

opt
30 (𝛽20); since we take 𝛽22 = 0, the path

reduces to the single collective coordinate 𝛽20.
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origin in the next chapter. The purpose is to quantify the error of the numerical scheme and its
possible sources, and to observe distinctive qualitative features and behaviors on different types
of barriers. We focus on: (i) how accurately the solver reproduces known analytic transmission
coefficients, (ii) which qualitative and quantitative features characterize the deviation of the WKB
approximation from the exact solution, (iii) how independent the result is with respect to arbitrary
choices in the construction (matching point, truncation, energy choice), (iv) how sensitive the half-
life is to the interpolation of the tabulated PES and inertia, and (v) which propagator is the most
suitable and robust for the task.

3.2.1 Benchmarking with analytical solutions

We use three analytically solvable barriers to benchmark the numerical solution of the collective
Schrödinger equation: the square barrier, the Eckart barrier, and the parabolic barrier. For these,
we assume a constant inertia 𝑀(𝑞) = 50 MeV−1ℏ2 and zero potential on both boundaries; the effect
of coordinate-dependence of the inertia is not tested on these analytic results.

The square barrier is one of the simplest possible barriers. Since this barrier is highly discon-
tinuous, it constitutes a stress test for the accuracy of the propagators. It is important to keep in
mind that the edges of the classically forbidden region are fixed here by the discontinuities of the
potential and not by genuine turning points, since 𝑉(𝑞) never equals 𝐸. The connection formulas
behind the WKB result, obtained by linearizing the potential around each turning point, therefore
do not apply, and the Kemble expression (2.68) does not strictly apply for this barrier7. However,
we can still give an estimate of this value by integrating over the whole classically forbidden region
(where 𝑉(𝑞) ≥ 𝐸 still applies).

On the other hand, the Eckart barrier [55] is a single-humped, symmetric and smooth barrier
that decays exponentially to zero at the barrier edges. Its continuity allows us to test WKB accuracy
more properly, since the turning points are well-defined for a barrier such as this one.

Finally, a parabolic barrier is a case of interest since the WKB result is exact only for this
parabola (with Kemble’s formula for the transmission coefficient (2.68)), which is the well-known
Hill-Wheeler transmission coefficient [49]. However, it is important to remember the truncation
discussed in section 3.1.2 regarding the boundary conditions, which implies that the parabola
used for the Schrödinger calculation differs from the unbounded parabola involved in the Hill-
Wheeler formula. This difference is interesting because here resides one of the key deviations of
our calculations from the WKB result: the transmission coefficient deviates at low energies, close
to the truncation of the potential. This barrier is continuous but not smooth, since the truncation
leads to corners at the edges of the barrier.

Figures (3.1), (3.2) and (3.3) show the results for the half-life 𝑡1/2(𝐸) calculated from the
Schrödinger calculation (from the RK5(4) method), WKB and the corresponding analytic result.
The deviation of WKB from the exact result log10(𝑡WKB

1/2 /𝑡exact
1/2 ) is also shown, together with the

relative error of the RK5(4) method with respect to the exact value. We calculate the WKB value
only on energy values lower than the barrier top, where the WKB action (2.64) is well-defined.

From these figures, we first note the expected behavior of the half-life with energy. The half-life
decreases as the energy increases, which is consistent with the fact that tunneling becomes more
likely with shorter barriers where to tunnel. As the energy approaches and exceeds the barrier top,
the half-life flattens to an asymptotic value, again consistent with total transmission 𝑇 → 1 over
the barrier. For the square barrier (3.1) this asymptotic region shows a characteristic oscillatory

7For a barrier with discontinuous edges, such as the square barrier, there exists an analogous WKB-type expression
for the transmission coefficient, given by the usual exp(−2𝛾) term multiplied by an energy-dependent prefactor [37].
Since we are interested in the applicability of the specific Kemble expression (2.68), we do not consider it here.
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Figure 3.1: Half-life calculated for a square barrier, 𝑉(𝑞) = 𝑉0 for 0 ≤ 𝑞 ≤ 𝐿 and zero elsewhere,
with 𝑉0 = 6 MeV, 𝐿 = 2 a.u. and constant inertia 𝑀 = 50 MeV−1ℏ2. Left: half-life from the RK5(4)
solution, the WKB approximation (below the barrier only) and the analytic result [59]; the inset
shows the potential. Right: WKB deviation log10(𝑡WKB

1/2 /𝑡exact
1/2 ) (left axis) and the relative error of

the RK5(4) solution with respect to the analytic result (right axis). The solver uses 𝑟tol = 10−6,
𝑎tol = 10−9.
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Figure 3.2: Half-life calculated for an Eckart barrier, 𝑉(𝑞) = 𝑉0 e𝑞/𝑎0/(1 + e𝑞/𝑎0)2, and deviation of
the WKB and calculated results with respect to the exact solution [55], analogously as before in
figure (3.1). The height is 𝑉0/4, with 𝑉0 = 24 MeV, 𝑎0 = 0.1 a.u. and 𝑀 = 50 MeV−1ℏ2.

structure (accurately reproduced by the solver); it is of little interest here, since spontaneous fission
probes the deep-tunneling regime far below the top.

It is also worth stressing how sensitive the half-life is to the energy in that sub-barrier regime:
since 𝑡1/2 depends exponentially on the action, a small change in energy shifts 𝑡1/2 by many orders
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Figure 3.3: Half-life calculated for a truncated parabolic barrier, 𝑉(𝑞) = 𝑈0[1 − (𝑞/𝛼)2] for |𝑞| ≤ 𝛼
and zero elsewhere, and deviation of the WKB and calculated results with respect to the exact
solution, analogously as before in figure (3.1). We use 𝑈0 = 6 MeV, 𝛼 = 0.35 a.u. and 𝑀 = 50
MeV−1ℏ2. The Hill-Wheeler expression [49] for an (non-truncated) parabolic barrier is shown in
the left plot, in addition to the exact result of the truncated barrier [60].

of magnitude, as the left panels show. Even under this strong exponential dependence, the relative
error and the WKB deviation remain stable and low across the whole range.

More precisely, the RK5(4) relative error is kept consistently between ∼ 10−7 and ∼ 10−4 across
the full energy range, consistent with the imposed tolerance and largely independent of the barrier
shape, which highlights the robustness of the numerical method. Even for a discontinuous barrier
such as the square one, the imposed tolerance is enough to reach the exact value without issue: the
error stays ≲ 10−4 in the worst case. Across the three benchmarks the accuracy is maintained over
a remarkably wide range of half-lives, from 𝑡1/2 ∼ 1019 s for the square barrier down to ∼ 10−21 s
for the parabolic one, which confirms that the 𝑇d = |𝐴|2 construction is stable enough and does not
show numerical instabilities such as the ones discussed in the previous section for 𝑇 = 1 − |𝑆|2 in
this deep-tunneling regime.

The relative error of the non-smooth barriers (square and truncated parabola) is visibly noisier
than that of the smooth Eckart barrier. This is expected: at the corners of the parabola and the
discontinuity of the square barrier the solution is least regular, so the numerical error there is both
larger and irregular from point to point.

We can now turn to the deviation of the WKB approximation. The three barriers behave quite
differently, and together they isolate the two mechanisms that will matter for the real fission paths
of the next chapter.

For the truncated parabola (3.3), the WKB half-life departs from the exact one at low energy,
forming a positive ridge that peaks at ∼ 0.4 orders of magnitude, below energies roughly a third
of the barrier height. This deviation is smooth and clearly not numerical noise: it is the direct
consequence of the truncation discussed in section 3.1.2. As discussed there, the truncation is
hinted by the presence of the ground state bottom, it is needed to enforce the boundary conditions
and define a transmission coefficient for the calculation. Furthermore, as shown in appendix B.1,
this low-energy ridge does not disappear by a different choice of barrier features: its height stays
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close to ∼ 0.4 when the barrier height, width and inertia are varied over the ranges representative
of the real BSkG3 barriers, so it is not an accident of a particular shape. As we will find in the next
chapter, this offset is found on the microscopic fission paths as well.

The Eckart barrier (3.2) is smooth and involves no truncation, and correspondingly shows no
such ridge: its WKB deviation is about ten times smaller, sitting at ∼ 0.06 orders of magnitude,
and is visibly noisier. This residual jaggedness hints at numerical error rather than at a genuine
physical effect. The smoothness of the potential is therefore the key distinction from the parabolic
case: with no corner at the barrier feet, the low-energy offset simply does not appear.

For both smooth barriers, the deviation improves as the energy approaches the barrier top.
There, the barrier is locally parabolic, so Kemble’s formula (2.68) is more accurate and the deviation
tends to zero.

Two caveats are worth keeping in mind in this discussion. First, at very low energy the
exact transmission 𝑇d → 0 as 𝐸 → 0, while the WKB expression tends to a constant; the ratio
therefore diverges and the deviation grows without bound as 𝐸 → 0. A vanishing energy is neither
feasible nor physical from the Schrödinger point of view (since no plane waves would be allowed
in the boundaries), which is one more reason a finite zero-point energy 𝐸exc must be assumed.
Second, the square barrier (3.1) shows a large WKB deviation with a qualitatively different, non-
monotonic shape: this specific WKB formula is simply not well-suited to a barrier with no proper
turning points. Even so, it is remarkable that the deviation stays below one order of magnitude
at intermediate energies. Unlike the smooth cases, it does not improve toward the top, since the
square barrier is nowhere locally parabolic.

3.2.2 Testing double-humped potentials

We can now turn to a more realistic barrier that resembles usual fission barriers, the double-humped
potential, parametrized by smoothly connected parabolas [13, 57]. In contrast to the barriers of the
previous section, the double-humped barrier has no closed-form of the transmission coefficient,
however, we are interested in explore the qualitative physics and the ranges of deviation that
emerge from introducing a second barrier.

In the intermediate range between the parabolic humps, a parabolic well is present (which
represents the isomer well of the fission barrier), as previously illustrated in figure (2.1). As the
previous truncated parabolic barrier, the potential is not completely smooth since corners are
formed in the edges of the barrier, as we add the usual flat boundary regions. Figure (3.4) shows
the half-life as a function of energy for this barrier, together with the deviation of WKB from the
numerical solution. We choose humps with heights of 6 and 5 MeV, an isomeric well of height of 2
MeV, curvatures ℏ𝜔 = 1.0, 0.8, 1.0 MeV respectively, and constant inertia 𝑀 = 0.054𝐴5/3 MeV−1 ℏ2

with 𝐴 = 240.
Figure (3.4) shows a new qualitative feature, absent from the single-humped potentials of the

previous section. The exact solution develops sharp peaks that the WKB curve does not: these are
resonances coming from the quasi-bound states of the isomeric well, the so-called class-II states in
the literature. Away from the peaks, WKB still follows the background trend of the half-life with
energy, but it has no mechanism to produce interior states and misses the resonances entirely8;

8Rigorously, as mentioned at the end of section 2.5.1, the single-integral WKB formula can actually be modified to
produce these resonances in a double-humped barrier, by combining the transmission across each hump with a phase
accumulated across the well [13]. This phase is closely related to the quantization condition that gives the bound-state
energies of the isomeric well in the WKB approximation [37]. The resonances produced by WKB are slightly shifted in
energy and can differ in height from the exact result by as much as a factor of 1012 for a double-humped parabolic barrier
[61]: even when WKB can describe these resonances, the differences in these regions can still be large. Resonances are
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Figure 3.4: Half-life calculated for a double-humped barrier formed by the two smoothly connected
parabolas from [13, 57], with barrier heights 6 and 5 MeV, an isomeric well at 2 MeV, curvatures
ℏ𝜔 = 1.0, 0.8 and 1.0 MeV, and constant inertia 𝑀 = 0.054𝐴5/3 MeV−1 ℏ2 with 𝐴 = 240. Left:
half-life from the RK5(4) solution and from the WKB approximation, with the potential in the inset.
Right: WKB deviation with respect to the numerical result, log10(𝑡WKB

1/2 /𝑡RK
1/2).

the deviation is smooth and modest between them and spikes at each resonance energy. It is
worth noting that these are not true compound-nucleus resonances nor they are related to the
spectroscopy of the real nucleus; instead they originate from subsequent reflections in the inner
well, returning in phase at the quasi-bound energies and amplifying the wavefunction [57].

The position of these peaks approximately follows the energy quantization of the isomeric
(parabolic) well [13], 𝐸𝑛 = 𝑉2 + (𝑛 + 1

2 )ℏ𝜔2 ≈ 2.40, 3.20, . . . MeV. In appendix B.2, we compute the
energy of one peak more precisely and compare it with this prediction, confirming that its origin
is indeed a quasi-bound state of the isomeric well.

One caveat is worth stressing. These resonances are far narrower than a uniform energy grid
on the scale of MeV can resolve, with widths of order meV, and their true peaks are also far
taller than they appear on such a grid, at least 13 orders of magnitude above the background
(see appendix B.2). Since the spontaneous fission half-life is evaluated at a single fixed energy,
resolving these resonances is not necessary for the calculations that follow. It becomes important,
however, whenever the transmission is used as an energy-dependent input, as in a Hauser-Feshbach
treatment of fission cross sections [57].

Finally, at low energy, below the lowest resonance (≈ 2.4 MeV), the two values differ only
through the truncation effect. A mild positive deviation of ∼ 0.1–0.2 orders of magnitude builds
up in this region, the counterpart of the low-energy ridge found for the truncated parabola. If
resonances are not present at low energies, the WKB deviations are still kept lower than one order
of magnitude for the double-humped barrier.

therefore not a feature missing from the WKB approximation itself, but from the simple formula (2.68). From now on,
when referring to deviation of WKB we mean deviation from the simple WKB formula.
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3.2.3 Testing complex double-humped potentials

As an additional test on the double-humped barriers of the previous section, we add an imaginary
well 𝑊(𝑞) of depth 𝐸𝑊 , with the same width as the inner parabola, and observe its effect on the
transmission. Figure (3.5) shows 𝑇, 𝑇d and 𝑇abs as a function of energy for a given imaginary depth,
together with the variation of 𝑇d with the imaginary depth.
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Figure 3.5: Double-humped barrier of figure (3.4) with an imaginary absorbing potential of depth
𝐸𝑊 and the same width as the inner parabola added in the isomeric well. Left: direct transmission
𝑇d, total transmission 𝑇 and absorbed flux 𝑇abs ≡ 𝑇 − 𝑇d for 𝐸𝑊 = 0.5 MeV, together with the WKB
result obtained from the real part of the potential; the inset shows the real and imaginary parts.
Right: direct transmission as a function of energy for 𝐸𝑊 = 0.0, 0.5, 1.5 and 3.0 MeV.

We can visibly notice now that the two definitions of the transmission coefficient no longer
coincide: 𝑇 = 1 − |𝑆|2 (the total flux removed from the incident channel) and 𝑇d = |𝐴|2 (the flux
that traverses directly) differ, and their difference 𝑇abs = 𝑇 − 𝑇d quantifies the flux absorbed, that
is, trapped in the well. The left panel of figure (3.5) shows that under the barrier, absorption is
dominant and tracks the class-II resonances. As the energy increases above the barrier, the direct
transmission 𝑇d dominates, increasing very slowly to reach 1 asymptotically. The WKB curve,
built from the real part alone, follows approximately 𝑇d below the barrier but does not account for
absorption.

The right panel of figure (3.5) shows that the direct transmission𝑇d decreases at all energies by a
few orders of magnitude while 𝑇abs grows, as flux is progressively diverted from direct penetration
into the well as expected. The class-II resonances are correspondingly damped and broadened until
the resonant structure is washed out with increasing absorption. This is also a practical motivation
for introducing the imaginary potential: as shown in appendix B.2, the undamped resonances are
too narrow to be resolved on any usable energy grid, so a calculation that must deliver a smooth
𝑇(𝐸) benefits from absorption.

A physical interpretation of the addition of absorption is not straightforward, since the imagi-
nary depth is arbitrary. However, absorption can be read as flux trapped in an isomeric state, which
reduces the direct transmission and therefore is long-lived [57].
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3.2.4 Numerical sensitivity to interpolation and propagators

Before applying the solver to the microscopic fission paths, it is important to assess how sensitive
the computed half-life is to the choices made in the numerical scheme, such as the interpolation
of the tabulated potential and inertia, the propagator used to integrate the equation, and the
placement of the matching point where the numerical solution is joined to the asymptotic plane
waves. A reliable result must be insensitive to these choices, or at least sensitive in a controlled and
quantifiable way.

The fission paths of interest in this work are a restricted set of data: the potential 𝑉(𝑞) and the
inertia 𝑀(𝑞) are known only at a finite set of deformation points and must be interpolated before
the ODE can be integrated. The question this section addresses is how much of the final half-life
𝑡SF
1/2 is determined by the interpolation itself rather than by the physics of the input. We approach

it first on the analytic barriers, where a true error analysis is possible: we sample the potential at
𝑁 points, interpolate, solve, and compare the resulting half-life with the exact function. Figure 3.6
shows the relative error for this comparison for three barriers. This figure also shows a leave-one-
out (LOO) test for each barrier: removing one point from a fixed-size set of data and comparing the
resulting half-life with the full set; this test localizes sensitive areas of the data set/function where
interpolation might be more ambiguous.
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Figure 3.6: Interpolation sensitivity for the analytic barriers. Left: relative deviation of the half-life
computed from an 𝑁-point PCHIP interpolant with respect to the exact result, as a function of 𝑁 ,
for the parabolic, double-humped and Eckart barriers. Right: leave-one-out deviation with respect
to the full 100-point interpolant, as a function of the position of the removed point, normalized as
(𝑞 − 𝑞peak)/𝑤.

For the analytic barriers (figure (3.6), left panel), the relative deviation of the half-life from an
𝑁-point interpolant falls steeply with 𝑁 up to a few tens of points, reaching the 10−4 level, and
then flattens out: beyond that, adding more points no longer improves the result, and the residual
scatter reflects the accuracy of the tolerance level of the calculation itself instead of the quality of
the interpolant. The convergence is similar for all three barriers, although the parabola sits about
an order of magnitude below the Eckart and double-humped curves in the initial decay: being a
low-order polynomial, it is easily reconstructed by the interpolant, whereas the exponential tails of
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the Eckart barrier and the two humps of the double barrier are harder to capture.
Regarding the LOO test (right panel), we can notice that the cost of removing a single point

stays at the 10−4–10−5 level or below across the whole barrier for the three cases. The parabola
is again the lowest and the double-humped barrier the highest, consistent with the difficulty of
reconstructing each shape. Reconstruction of the tails of Eckart is easier far away from the top, since
they are asymptotic, close to a constant value, for example; closer to the top, the reconstruction is
more sensitive. We can see that with a sufficiently dense set of interpolation points, no single point
dominates the result, so the interpolation introduces no real ambiguity in the half-life for these
barriers.

We can stress this test further with the fission paths from microscopic calculations, since
interpolation performance is strongly function-dependent and very sensitive to the non-smoothness
of the input. Here the exact result is not available, so we compare the half-life from a reduced set
of tabulated points against the one from the full tabulated set: a self-consistency test rather than a
true error analysis. Figure (3.7) shows the relative deviation of the half-life for the BSkG3 fission
paths of 236U, 286Fl and 252Cf as a function of the number of input points, together with the LOO
error with respect to the full set.
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Figure 3.7: Interpolation sensitivity for the BSkG3 fission paths of 236U, 286Fl and 252Cf. Left: relative
deviation of the half-life obtained from a reduced number of input PES points with respect to the
full tabulated set. Right: leave-one-out deviation as a function of the position of the removed point
along the path, (𝑞 − 𝑞0)/𝑤; the insets show the corresponding normalized potential and collective
inertia.

The relative deviation (figure (3.7), left panel) is still at the percent level even when points are
removed only down to near-full density. Unlike the analytic barriers, the error does not decay
strongly: it stays noticeable, of order 10−2, against the 10−4–10−6 reached by the analytic barriers
at a comparable number of points, already with only a few points removed. Converted to half-life
terms, this residual is nonetheless small: a relative error of 10−2 corresponds to Δ(log10 𝑡1/2) ≈
0.434 × 10−2 ∼ 0.005, negligible next to the WKB systematic studied earlier and far below the
uncertainties from the fission-path inputs. The curves are also noisy and non-monotonic, so the
convergence with the number of points is far less regular than in the analytic case. We note that the
heavier nuclei appear to converge slightly faster than the lighter ones, consistent with their shorter
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paths being more densely sampled per unit deformation.
The LOO test (right panel) shows that this sensitivity is not spread evenly along the path but

concentrates at small deformation, on the ground-state side. As the insets show, the potential
there is smooth while the collective inertia 𝑀(𝑞) is rough and varies rapidly, so it seems that the
roughness of the inertia, not of the potential, limits the interpolation: sampling a spiky 𝑀(𝑞) is
what no interpolant can reconstruct faithfully from too few points.

As mentioned in section 3.1.1, a more precise discussion of the propagator choice is offered in
this section. Figure (3.8) shows the mean relative error of the half-life against runtime for RK5(4),
Numerov and the logarithmic-derivative method, the error being averaged over 200 sub-barrier
energies and measured against the analytic result. The relative tolerance of RK5(4) is scanned
from 10−3 to 10−8 and the number of grid points of the fixed-step methods from 500 to 16000; the
runtimes are the shortest of three repetitions.
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Figure 3.8: Mean relative error of the half-life against runtime for the RK5(4), Numerov and
logarithmic-derivative propagators, for the (a) square, (b) Eckart and (c) parabolic barriers of
figures (3.1)–(3.3). The error is averaged over 200 sub-barrier energies and measured against the
analytic result. The relative tolerance of RK5(4) is varied from 10−3 to 10−8, and the number of grid
points of the fixed-step methods from 500 to 16000; runtimes are the shortest of three repetitions.

We can observe that, for these smooth barriers, the fixed-step methods are faster: at equal
accuracy, Numerov and the logarithmic-derivative method are roughly an order of magnitude
faster than the built-in RK5(4), since they take a single function evaluation per grid point with no
adaptive steps from error control. However, this latter feature is a clear advantage of the built-in
method, allowing a given tolerance to be achieved across barriers of very different shape, without
any manual tuning. Notice the error on the fixed-step methods decays substantially faster on the
smooth Eckart barrier compared to the discontinuous square barrier, while the built-in method
provides consistent accuracy across both.

Runtime is in any case a secondary concern for our purposes. Even the slower RK5(4) runs in
seconds per nucleus, a cost entirely negligible next to the microscopic calculation of the PES and
the collective inertia that produce the input in the first place. Since accuracy at a mild tolerance
is already more than enough, the relevant question is not speed or precision but robustness:
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whether the same method can be applied blindly to thousands of barriers regardless of shape and
smoothness. This is where RK5(4) is preferable. We therefore adopt RK5(4) as the standard method
for the calculations of the following chapter.

Finally, we checked the sensitivity to the placement of the matching point 𝑞m, where the
numerical solution is joined to the asymptotic plane waves. Throughout the asymptotic region the
relative variation of the direct transmission 𝑇d stays below ∼ 10−10, reflecting only the integrator
tolerance. Its placement within this flat region therefore does not affect the result, as required by
the formulation of section 3.1.2.

A last point should be noted: the value of the zero-point energy 𝐸exc at which the half-life
is evaluated, also belongs to this discussion, but we treat it only briefly here. On one hand, the
benchmarks already studied have made clear that the absolute half-life is extremely sensitive to this
choice, since it depends exponentially on the energy through the tunneling action. On the other
hand, the effect of this choice on the WKB-Schrödinger deviation is strongly barrier-dependent due
to the resonance structure, and is therefore better studied on the full set of microscopic paths in the
following chapter, where the statistics of thousands of nuclei is useful for this analysis.



Chapter 4

Results

In this chapter, we apply the solver developed and validated in chapter 3 to the more realistic fission
barriers of microscopic origin, using several thousand realistic paths that the BSkG3 calculations
provides across the nuclear chart. The object of study is the deviation of the WKB half-life from
the exact solution of the collective Schrödinger equation, log10(𝑡WKB

1/2 /𝑡Schr
1/2 ).

The analysis is organized around three aims. The first is to characterize the deviation between
the two treatments, both qualitatively and quantitatively, and to establish how it is distributed
across the nuclear chart. The second is to investigate the impact of this deviation compared to
deviations from experiment on state-of-the-art calculations such as [2], and so to judge whether
replacing the WKB approximation by the exact solution is a relevant improvement in practice. The
third is to assess how strongly the deviation depends on the zero-point energy, the least constrained
of the ingredients entering the calculation.

The chapter follows this order. Section 4.1 examines first the qualitative and quantitative features
of the deviation for a few representative nuclei in detail. Section 4.2 extends the comparison to
the whole available set of fission paths. Section 4.3 investigates correlations of the deviation on
different features of the fission barriers such as the barrier height, length, 𝐴 or 𝑍, for example.
Finally, section 4.4 studies the sensitivity of the deviation to the choice of zero-point energy for the
whole set of fission paths.

4.1 Results for a few representative fission paths

Before analyzing the systematics over the whole chart, we focus on a few representative nuclei, in
order to extract the qualitative and quantitative features of the WKB deviation on realistic barriers.

We select 3219 nuclei for which an axially symmetric least-action path can be obtained from
the MOCCa code, following the procedure described in section 3.1.3. Only 129 of them have a
measured spontaneous-fission half-life in NUBASE2020 [7], which gives an idea of the range of
nuclei that can be treated and highlights the capability of the EDF model to go well beyond the
well-measured region of the chart.

As in the previous chapter, we focus on the quantity log10(𝑡WKB
1/2 /𝑡Schr

1/2 ), which measures the order
of magnitude of the deviation of the WKB half-life from the exact one. This deviation is evaluated
at a given zero-point energy 𝐸exc = 𝐸 − 𝐸g.s., for which we take 𝐸exc = 0.5 MeV as mentioned
previously.

We choose three nuclei in order to illustrate the diversity of barrier shapes and half-lives found
across the chart. First, 256Fm is an actinide, accessible experimentally, with a double-humped
barrier with a measured half-life of 𝑡1/2 ∼ 104 s [7]. Second, 325Fl is a very neutron-rich superheavy
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far from the known nuclei, with a single, low and thin barrier; we expect it to be very short-lived,
showing how susceptible this nucleus is to fission. Third, 245Fr is the opposite case, with a long,
high and multi-humped barrier, and we expect it to be very long-lived, far beyond any known
nucleus. As with the analytic barriers of the previous chapter, we evaluate the half-life of each of
them as a function of the energy, together with the corresponding WKB deviation; the results are
shown in figures (4.1)–(4.3).
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Figure 4.1: Left: spontaneous-fission half-life 𝑡1/2 as a function of the zero-point energy 𝐸−𝐸g.s. for
the LAP of 256Fm, from the numerical solution (RK5(4)) and from the WKB approximation. Insets:
fission barrier and effective inertia, with the inertia in ℏ2 MeV−1 b−2. Right: logarithmic deviation
log10(𝑡WKB

1/2 /𝑡RK
1/2).

The first noticeable feature of the half-life as a function of energy is the presence of the resonance
peaks introduced for the double-humped barrier of section 3.2.2, which are absent for the single-
humped barrier of 325Fl. These peaks, corresponding to class-II resonances which the WKB formula
(2.68) does not capture, reach three to four orders of magnitude, at least for the energy grid spacing
of ∼ 0.05 MeV used in the figures. Their number and density reflect the structure of the barrier:
256Fm, with a single isomeric well, shows two well-separated peaks below 2 MeV, while the strongly
multi-humped 245Fr shows a dense sequence of them across the whole upper half of its barrier.
Away from these peaks, the WKB result stays remarkably close to the Schrödinger one over a
logarithmic scale spanning tens of decades: a choice of zero-point energy a few MeV below the
barrier top covers more than seventy orders of magnitude in half-life between the three nuclei, and
even then, the WKB deviation remains a few tenths of an order of magnitude.

A second type of deviation emerges again, one that was first observed for the single parabolic
barrier of section 3.2.1: the smooth positive offset of a few tenths of an order of magnitude at low
energy, decaying towards zero as the energy approaches the barrier top. It is most clearly seen
for the single-humped barrier of 325Fl, where no resonances obscure it. These three nuclei have
substantially different barrier shapes, sizes and inertias, and yet all of them seem to display this
low-energy ridge. This is a global behavior we will study in more detail in section 4.4.

Notice also how the inertia decreases with increasing deformation, with pronounced peaks
at small deformation. This non-smooth behavior is the main source of interpolation error, as
discussed in section 3.2.4.
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Figure 4.2: Left: spontaneous-fission half-life 𝑡1/2 as a function of the zero-point energy 𝐸−𝐸g.s. for
the LAP of 325Fl, from the numerical solution (RK5(4)) and from the WKB approximation. Insets:
fission barrier and effective inertia, with the inertia in ℏ2 MeV−1 b−2. Right: logarithmic deviation
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Figure 4.3: Left: spontaneous-fission half-life 𝑡1/2 as a function of the zero-point energy 𝐸−𝐸g.s. for
the LAP of 245Fr, from the numerical solution (RK5(4)) and from the WKB approximation. Insets:
fission barrier and effective inertia, with the inertia in ℏ2 MeV−1 b−2. Right: logarithmic deviation
log10(𝑡WKB

1/2 /𝑡RK
1/2).

The case of 256Fm deserves a closer look, since it illustrates two features that will be relevant
for the systematics of the next section. The first is that one of its class-II resonances lies very close
to the evaluation energy, so that the deviation at 𝐸exc = 0.5 MeV is no longer of a few tenths but
of one full order of magnitude. The second is the broad bump visible in the deviation panel of
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figure (4.1) between roughly 2 and 3 MeV, which is not a resonance but instead an interference
effect. This bump originates from the difference in height of the two humps, of about 7.5 and 3
MeV respectively. Below the lower hump, the state in the isomeric well is confined on both sides
and the transmission shows the sharp class-II peaks discussed before. As the energy approaches
the top of the lower hump, the states are less confined, the peaks broaden and lose contrast. Once
the lower hump is surpassed, the well is no longer bounded by two barriers: the outer side is now
classically allowed, and the wave is only weakly reflected there instead of being trapped. The wave
reflected back from the taller hump then interferes with the incoming one, forming an interference
pattern. The oscillations from this pattern are analogous to the above-barrier ones already found
for the square barrier in figure (3.1). The energy window in which they can appear is the interval
between the two hump tops, so the effect is more noticeable for barriers whose humps differ most
in height. In figure (4.3), for example, it is not apparent: the many humps of 245Fr have comparable
heights, and the sharp resonance peaks dominate over the whole range above 5 MeV, where the
first isomeric well appears.

The values of the half-lives at 𝐸exc = 0.5 MeV also offer insight themselves. Table (4.1) collects
them for the three nuclei of the figures together with a few other representative cases, chosen to
span the extremes of the data set.

𝑡Schr
1/2 (s) 𝑡WKB

1/2 (s) log10 ratio
256Fm 7.95 × 10−1 7.09 × 100 +0.95
325Fl 1.84 × 10−14 3.10 × 10−14 +0.23
245Fr 5.62 × 1059 9.30 × 1059 +0.22
286Mc 1.11 × 10−11 6.95 × 10−9 +2.80
268Po 1.05 × 10205 1.13 × 10205 +0.03
295Sg 2.98 × 10−21 5.89 × 10−21 +0.30
236U 3.85 × 1020 6.13 × 1020 +0.20
240Pu 1.92 × 1013 3.28 × 1013 +0.23
252Cf 7.16 × 105 1.50 × 106 +0.32

Table 4.1: Spontaneous-fission half-lives obtained from the numerical solution of the Schrödinger
equation and from the WKB approximation at 𝐸exc = 0.5 MeV, together with the deviation
log10(𝑡WKB

1/2 /𝑡Schr
1/2 ). The first three correspond to the fission paths of figures (4.1)–(4.3); the next

three collect the extreme cases of the data set, namely the largest deviation (286Mc), the longest
half-life (268Po) and the shortest one (295Sg); the last three are some of the most commonly studied
fissioning nuclei.

The half-lives in table (4.1) run from 10−21 s for 295Sg to 10205 s for 268Po, more than two hundred
orders of magnitude. The shortest of them approaches the floor that this framework can produce:
with 𝑇d → 1, which is approximately the case of barriers with maximum close to 0.5 MeV, the
half-life reduces to a constant value of ∼ 10−21 s. Across this entire range, the deviations remain
mostly of the same size. Besides 256Fm and 286Mc, the remaining deviations stay less than ∼ 0.3
orders of magnitude. This constant deviation seems to be independent of the shape of the barrier.
We already noted this barrier-independent behavior in appendix B.1 for the parabolic barrier, and
the next section will show that it holds for the thousands of nuclei available.

Two entries stand out from this pattern. In 256Fm, the deviation reaches +0.95 and in 286Mc,
the largest of the whole data set, it reaches +2.80. In both cases, a class-II resonance happens to
lie close to the evaluation energy, so that the exact transmission is resonantly enhanced while the
WKB one is not. This is explicitly observed in figure (4.1).
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At a fixed evaluation energy 𝐸exc = 0.5 MeV, the presence of a nearby resonance is therefore
what mostly determines the deviation of WKB from the exact Schrödinger solution. For 245Fr the
resonances lie well above this energy, so the half-life is essentially unaffected, while for 256Fm the
lowest one falls close enough to dominate the deviation entirely. We can expect nuclei with low
isomeric wells, such as the latter (see the inset of figure (4.1)), to be the most affected. These cases
will become more visible in the following section.

4.2 Systematics across the nuclear chart

We now extend these calculations to the whole set of 3219 nuclei1 at a fixed zero-point energy
𝐸exc = 0.5 MeV. Figure (4.4) shows the logarithmic deviation between the WKB and Schrödinger
half-lives as a function of the mass number 𝐴.
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1/2 ) at 𝐸exc = 0.5 MeV as a function of mass number,
for the 3219 nuclei with a BSkG3 fission path. Nuclei with a measured spontaneous-fission half-life
in NUBASE2020 [7] (129) are highlighted. The horizontal lines indicate the mean and rms deviation
of the BSkG3 WKB half-lives with respect to the measured ones [2, 58]. 43 nuclei (1.3%, one of
them measured) deviate by more than 0.5 orders of magnitude.

We can first notice the nearly constant deviation, which most of the cases in table (4.1) already
suggested, but now we can observe that it holds in bulk: the distribution is narrow and centered
slightly above zero, at≲ 0.2 orders of magnitude, with no visible trend in 𝐴 across the two hundred
mass units covered. The cases observed in figures (4.2) and (4.3) fall under this narrow distribution,
for example. The 129 experimentally measured nuclei of NUBASE2020, highlighted in the figure,
populate the same band as the rest. At the same time, they occupy only a small part of it, which
illustrates how far beyond the measured region these mean-field calculations reach.

The positive offset is systematic: WKB is biased towards longer half-lives almost everywhere,

1Some 45 further nuclei, around 1.4% of the original set, are excluded because their barrier peak lies less than 0.5
MeV above the ground state, so that no classically forbidden region is left at the evaluation energy. These are very
short-lived superheavy nuclei with 𝑍 ≳ 113, whose zero-point energy would require a dedicated treatment; we keep the
global phenomenological choice instead, for simplicity.
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which is equivalent to an underestimation of the transmission. This is the low-energy ridge
already identified in the previous section and traced to the corner produced by the truncation of
the potential. Its magnitude, a few tenths of an order of magnitude, is consistent with what was
found for the truncated parabola and the double-humped barrier.

A tail of 43 nuclei, 1.3% of the total, deviates by more than 0.5 orders of magnitude, with
excursions up to 3–4. These are mostly cases in which a class-II resonance happens to lie close
to the evaluation energy 𝐸g.s. + 0.5 MeV, so that the exact transmission is resonantly enhanced
while the WKB one is not. This is precisely the situation anticipated in the previous section for
nuclei whose isomeric well lies low enough in energy. Only one nucleus of this tail belongs to the
measured NUBASE2020 subset, namely 256Fm from figure (4.1).

Not all of the outliers originate directly from a sharp resonance, though. As discussed for
256Fm, barriers whose humps differ appreciably in height develop an interference pattern for
energies above the top of the lower hump. Inspecting the deviation curves of the 43 outliers one
by one, we found that ∼ 8–10 of them, such as 272Bk, 325Rf or 201Th, show a broad bump of this
kind around the evaluation energy rather than a narrow spike. However, as noted in the previous
section, the two effects differ only in the degree to which the wave is trapped in the isomeric well,
not in nature.

These outliers are physically real, but the sharp ones should be read with care: as shown in
appendix B.2, the resonances are extremely narrow, so the determination of their position is highly
sensitive, for example, to the accuracy of the mean-field input. They are best understood as an
indication that a resonance is possible near the evaluation energy, rather than as a prediction of
the specific half-life of that nucleus. The broader bumps from the interference pattern discussed
above are less affected by this, since a small shift in the barrier would not move them away from the
evaluation energy. Moreover, as seen in section 3.2.3, including a imaginary potential motivated
from absorption in the isomer wells, would damp and broaden these resonances, so the tail found
here should be read as an upper bound in this case.

It is worth putting the size of this deviation in perspective. The horizontal lines in figure (4.4)
mark the mean and rms (root-mean-square) deviation of the BSkG3 WKB half-lives with respect
to the measured ones. The entire WKB-Schrödinger spread, resonances included, sits below the
deviations from experiment of a state-of-the-art model. It is also important to keep in mind that
the uncertainty coming from the limited accuracy of 𝑉(𝑞20) and 𝑀(𝑞20), output of demanding
mean-field calculations, dominates over the difference between the two tunneling treatments [21].
On the other side of the scale, the numerical uncertainties quantified in section 3.2.4 are far smaller
than the deviation discussed here.

We can therefore observe that going beyond WKB by solving the collective Schrödinger equation
does not change half-life systematics at the level of accuracy of current EDF input. WKB remains
adequate for large-scale calculations of fission rates, while the exact solver matters for individual
nuclei that happen to sit near a resonance.

4.3 Dependence on the barrier features

In appendix B.1, we noticed that the deviation as a function of energy behaves in the same way
for different parameter values of the parabolic barrier. This hints at a barrier-independence of the
deviation.

A natural question at this point is how the WKB deviation behaves across the range of more
realistic fission barriers. We are interested to see if barriers with different lengths, heights or
numbers of humps deviate differently, and if any correlation with these geometric descriptors can
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be found along the nuclear chart. To this end, we extract a set of descriptors per nucleus: the mass
and proton numbers 𝐴 and 𝑍, the barrier length Δ𝑞20, the barrier height Δ𝑉(𝑞20), the number of
humps, and the inertia variation from start to end Δ𝑀(𝑞20). These are compared with the target
quantity log10(𝑡WKB

1/2 /𝑡Schr
1/2 ). As in the previous section, we do not consider nuclei whose barrier

peak lies below 𝐸g.s. + 0.5 MeV, since the WKB formula used in this work does not apply directly
above the barrier top (section 3.1.3).

Figure (4.5) shows the marginal distributions of these features together with the pair plots
between them, and figure (4.6) quantifies the same information through the Pearson correlation
coefficients.

The marginal distributions are informative in themselves. The barrier length Δ𝑞20 is bimodal,
with a main group below ∼ 100 b and a second one around 150 b, while the barrier height Δ𝑉(𝑞20)
is strongly peaked at a few MeV with a long tail extending up to ∼ 40 MeV. The inertia variation
Δ𝑀(𝑞20) is negative for essentially every nucleus, meaning that the inertia decreases along the
path, as already seen in the insets of section 4.1. Most paths have one or two humps, with a small
population reaching up to ten; this count, however, depends on how a hump is defined. Here we
count local maxima of 𝑉(𝑞20) whose prominence exceeds 10% of the total barrier height, but never
less than a 0.2 MeV floor. The relative term adapts to tall and short barriers alike, while the floor
prevents ripples on a low barrier from being counted. Even so, marginal peaks may be included or
missed, so the upper tail of this distribution should be read as indicative rather than exact. Finally,
the deviation distribution is sharply peaked near 0.2 with a one-sided tail made of the resonance
cases, as anticipated from figure (4.4).

Turning to the correlations, the deviation is weakly correlated with every descriptor: −0.36 with
Δ𝑞20, −0.34 with Δ𝑉(𝑞20), 0.30 with 𝑍, 0.29 with Δ𝑀(𝑞20) and 0.15 with 𝐴. The signs of the two
largest ones are in the expected direction, since longer and higher barriers deviate slightly less: a
larger action means a deeper tunneling regime and therefore a better-behaved semiclassical limit.
The correlation with Δ𝑀(𝑞20) is of comparable size; notice the correlation with 𝑍 (0.62), implying
it is not fully independent of the other correlations.

Some of the behaviors one might expect beforehand are not observed. One could expect, for
example, more humps to produce more resonances and therefore more deviation, since a class-II
resonance requires an isomeric well to exist in the first place. Yet the number of humps is the least
correlated descriptor of all (−0.08). The reason is that having a well is necessary but not sufficient:
the well only enhances the deviation if one of its class-II states happens to fall at the evaluation
energy, and where those states lie depends on the detailed shape of the barrier rather than on how
many humps it has. Hitting a resonance at a fixed energy is therefore coincidental across the chart,
and the effect washes out in the average.

The remaining correlations are largely redundant. The strongest entries of figure (4.6) are
among the descriptors themselves (𝑍–Δ𝑞20 = −0.81, Δ𝑉–Δ𝑞20 = 0.79, 𝐴–𝑍 = 0.82), and they are
physical: heavier, higher-𝑍 nuclei sit closer to the point of instability, so their barriers are both
lower and shorter. The descriptors are then different measures of the same heavy-to-superheavy
trend, and the weak individual correlations of the log-ratio with each of them are not independent
pieces of information but different projections of a single mild dependence.

Since the previous section established that the deviation is narrowly distributed and approx-
imately the same for every barrier, it was actually reasonable to expect that the deviation would
not correlate strongly with any of the descriptors. The absence of correlations is therefore a con-
firmation of the same conclusion reached before: the bulk of the WKB error is a boundary effect
at the barrier feet, common to all fission paths and independent of their shape. On the other side,
deviations coming from resonances are largely coincidental, so we did not expect them to correlate
with any of the geometric features either. In short, no simple geometric property of the barrier
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Figure 4.5: Pair plot of the barrier features: mass number 𝐴, proton number 𝑍, barrier length
Δ𝑞20, barrier height Δ𝑉(𝑞20), number of humps and inertia variation Δ𝑀(𝑞20), together with the
logarithmic deviation log10(𝑡WKB

1/2 /𝑡Schr
1/2 ) at 𝐸exc = 0.5 MeV. Diagonal panels show the marginal

density distributions of these.

predicts the WKB deviation since it is an barrier-independent effect.

4.4 Sensitivity to the choice of zero-point energy

We now address the pending discussion regarding the choice of the zero-point energy, and how
sensitive the WKB deviation is to it for these more realistic barriers.

We remind that the value 𝐸exc = 0.5 MeV is a convention. It is commonly treated as an adjustable
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Figure 4.6: Pearson correlation matrix of the quantities of figure (4.5), for the same set of nuclei.

parameter which shifts the half-lives of neighboring nuclei as a whole [39]. Alternatives have been
used in the literature, such as extracting the zero-point energy from the GCM formalism described
in section 2.2.3 [9]; for Fm isotopes, for instance, this value is reported between ∼ 0.5 and 0.7
MeV. A zero 𝐸exc is also a possible choice: the BSkG3 half-lives reported in [2] are WKB values
evaluated at 𝐸exc = 0, since the inertias used there are not obtained from the GCM formalism and
therefore do not subtract a zero-point energy contribution. A direct comparison with those results
is not possible here, because setting 𝐸exc = 0 gives a trivial result for the numerical solution of the
Schrödinger equation: the exact transmission vanishes at threshold. However, we are interested in
the comparison between the WKB and Schrödinger treatments at a fixed energy rather than in the
absolute half-lives themselves.

The deviation is therefore computed for all available fission paths on a grid of 𝐸exc between
0.1 and 5 MeV, shown in figure (4.7). Since the WKB formula is applicable only below the barrier
top, we exclude at each energy those nuclei whose barrier peak lies below 𝐸exc. The red curve
keeps track of the number of remaining nuclei, and the fraction of nuclei in each deviation bin is
normalized to it. The white lines are the median (solid) and the 16th and 84th percentiles (dashed)
of the distribution at each energy.

The overall behavior is the one already found for the individual paths of section 4.1: the low-
energy ridge builds up below ∼ 1.5 MeV, and above ∼ 2 MeV the median settles close to zero and
stays there. Figure (4.7) goes further and confirms that this is a property of the whole data set and
not of the few nuclei examined earlier. The two reference curves confirm its origin: the truncated
parabola reproduces the ridge while the smooth Eckart barrier does not, so the effect is indeed
related to the corner at the barrier feet and not to the specifics of the fission paths.

The resonances appear here as the sparse population of points scattered well above the bulk,
present at every energy and reaching two orders of magnitude or more. These amount to ≲ 1% of
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Figure 4.7: Distribution of the logarithmic deviation log10(𝑡WKB
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1/2 ) as a function of the zero-
point energy 𝐸exc = 𝐸 − 𝐸g.s., for the 3219 nuclei of the data set. The color scale gives the fraction
of nuclei in each deviation bin. At each energy, the normalization is the number of nuclei whose
barrier peak lies above 𝐸exc, shown by the red curve on the right axis. White lines: median and
quartiles. The blue and orange curves are the deviations obtained for a single truncated parabolic
barrier and for a smooth Eckart barrier of comparable heights and widths.

the nuclei at any given energy, consistent with the 1.3% found at 𝐸exc = 0.5 MeV in section 4.2.
There is a feature we already noticed before in section 4.1 worth noting now for the whole nuclei

set in a broad range of energies. First, the distribution is notably asymmetric, with a wider spread
to positive deviations, which is expected since resonances enhance the exact transmission, while
WKB cannot capture these resonances underestimating the transmission.

Two caveats should be kept in mind in this analysis. As already noted in section 3.2.1, the
deviation diverges as 𝐸exc → 0, because the exact transmission vanishes at threshold while the
WKB expression tends to a constant. The distribution at very small energies is therefore not shown,
and is in any case of little interest: a finite zero-point energy is required both physically and
numerically in this approach. The second caveat concerns the changing population. The red curve
falls from ∼ 3200 to ∼ 2000 nuclei between 0 and 5 MeV, so the sample surviving at high energy is
biased towards tall barriers. The stabilization of the median above 2 MeV, and the mild but steady
widening of the upper quartile above it, therefore reflect in part a change of population. As the
energy increases there is also more room for resonances to occur, since more class-II states lie below
the evaluation energy, which contributes to the gradual broadening of the upper quartile.

The deviation between the two treatments is therefore fairly insensitive to the choice of𝐸exc: over
the whole range explored, the median stays within a few tenths of an order of magnitude of zero,
never reaching a full order of magnitude even where the low-energy ridge is most pronounced.
Therefore, the single-integral WKB formula overestimates the half-lives at low energies. The half-
lives themselves behave very differently. As figures (4.1)–(4.3) show, they change by many orders
of magnitude over the same interval, since the tunneling probability depends exponentially on
the action. A shift of a few tenths of an MeV in 𝐸exc therefore moves the predicted half-life far
more than the difference between WKB and the exact solution ever does. This is also what makes
the zero-point energy a useful parameter to adjust when reproducing experimental half-lives. The
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choice of energy is thus relevant for the absolute half-lives, but substantially less so for the deviation
of WKB from the exact solution, except in the isolated resonance cases.

4.5 Discussion

About the choice of the zero-point energy

A more complete discussion of the choice of the zero-point energy 𝐸exc is in order, since this
parameter has a strong effect on the absolute half-lives. The 0.5 MeV value rests on empirical
arguments, and several authors simply treat 𝐸exc as a free parameter [40, 62]. Values in the
literature span ∼ 0.3–1.0 MeV [9, 62], while calculations that subtract other zero-point energies
from the potential itself, such as the ones at the end of section 2.2.2, set 𝐸exc = 0 [2, 63]. The
convention is therefore not settled.

In WKB calculations the choice is often reported not to change the qualitative conclusions: for
the 232−280U chain, the half-life trends are mostly the same for energies between 0.5 and 2.0 MeV
in Gogny calculations, with a vertical displacement of ∼ 10 orders of magnitude across the energy
interval [62]. In a Schrödinger framework this might not hold if nuclear states encounter resonances
within the energy interval; these cases require special attention. As we have seen, increasing this
energy shortens the half-life, most markedly for nuclei with higher and wider barriers [62], which
often can be turned to advantage to improve the agreement with experiment [62, 63].

A more appropriate alternative to a global value would be to estimate the zero-point energy case
by case, in a harmonic approximation, from the curvature of the potential around the minimum;
typical values in the region are indeed around 0.5 MeV, but with fluctuations with neutron number
[64]. In this case, we note that the assault frequency in the definition of 𝑡1/2 (2.28) must change
accordingly. As we have noted before, the GCM formalism (section 2.2.3) also provides a natural
zero-point energy [9], and it is worth remarking that this last choice belongs properly to a collective
Schrödinger equation, while other choices and discussions in the literature are formulated within
WKB perspective only. We settled for the 0.5 MeV convention in sections 4.2 and 4.3 for simplicity,
to study the qualitative behavior and correlations at this commonly adopted low energy region.

The role of the collective inertia and its uncertainty

Beyond the absence of correlation between Δ𝑀(𝑞20) and the deviation found in section 4.3, we have
not yet asked how much the variation of the inertia along the path matters at all, even though it
is a distinctive input of the collective Schrödinger equation with respect to the standard one. We
therefore recomputed the half-life of every nucleus twice: once with the full 𝑀(𝑞20), and once with
a constant inertia given by its average along the path. The two results differ by less than one order
of magnitude for 60% of the chart, especially in the region 𝐴 ≳ 280. Elsewhere the disagreement is
large and systematically negative, the coordinate-dependent inertia predicting shorter half-lives by
up to ∼ 100 orders of magnitude in the worst case. A coordinate-dependent inertia is thus essential
over most of the chart, and a constant effective mass is not a safe simplification. It also shifts the
positions and heights of the class-II resonances, so the WKB deviation changes accordingly for the
nuclei affected by them.

It is worth remarking once again that the uncertainties from the underlying mean-field calcu-
lation are larger than anything separating WKB from the exact solution. For the inertia alone, the
literature reports that the ATDHFB values are typically 1.5 to 2 times larger than the GCM ones,
making the WKB action 20–40% larger, which can amount to several orders of magnitude in 𝑡1/2
[62]. In Gogny calculations for the uranium isotope chain, this difference reaches 12 orders of
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magnitude for the lighter isotopes at 𝐸0 = 0.5 MeV and grows up to 31 orders with neutron number
[62]. On top of the choice of scheme, the inertias used here are of the perturbative cranking type
(section 2.2.3), known to underestimate the true values by a factor as small as 0.7 and to reduce the
WKB action by 15% [62]. The ambiguity in the inertia alone is therefore plausibly a larger source
of uncertainty in the absolute half-lives than anything examined in this chapter.

Extending the Schrödinger framework to larger collective spaces

A natural question at this point is whether the Schrödinger treatment can be extended in practice
to more than one dimension, and what would change with respect to the one-dimensional imple-
mentation used here. This is not trivial, as we discussed in section 2.6, but it may well be physically
relevant: as we mentioned in section 2.1, triaxiality (𝑞22 > 0) lowers the top of the inner barrier of
many actinides by at most a few MeV [5], and some superheavy nuclei with oblate ground states
may fission through a triaxial path2.

We already showed in section 2.6 how the multi-dimensional collective Schrödinger equation
can be reduced to a one-dimensional equation along a path coordinate, with the transverse degrees
of freedom entering through a zero-point energy added to the potential. However, the assumption
of a unique path is not sufficient in a fully quantum mechanical description, since a bifurcation
of the tunneling path could emerge in the presence of competing fission modes. One possibility
is then a coupled-channel approach, in which the tunneling problem is solved numerically after
expanding the wave function on a complete orthogonal basis in the coordinate transverse to the
fission path [22], although its usefulness in practice is limited by the large number of channels
needed to reach convergence and by the exponentially growing solutions of the closed channels.

Another possibility, still within the collective space and the Schrödinger equation, is a time-
dependent perspective. In [66], the time-dependent Schrödinger equation is solved in a box with an
imaginary absorbing potential at the edge, which absorbs the outgoing flux and thereby eases the
boundary conditions. Diagonalizing the resulting non-Hermitian Hamiltonian gives the resonance
energy and width directly from its complex eigenvalues. This study shows that the flux of the
resonance wave function shows where the system tunnels without postulating a path, following
the semiclassical escape path closely in a two-dimensional fission model. Despite the enormous
range of time scales involved in fission, the method is suitable from a few fm/𝑐 up to half-lives of
the order of a billion years. Most of such attempts have been tested on toy-model Hamiltonians with
important numerical simplifications, but they consistently suggest that the adiabatic approximation
may overestimate the spontaneous fission half-life significantly [1].

Regarding of what would change in more dimensions, the half-lives themselves are expected
to be affected, since additional collective coordinates modify the barrier, but our concern here is
rather the deviation of the WKB approximation. In this chapter we found this deviation to be
largely insensitive to the barrier geometry, staying below one order of magnitude at low zero-point
energies, so a similar pattern can reasonably be expected along the fission path as far as the barrier
geometry is concerned. However, identifying the precise tunneling path could change the analysis
substantially, and this problem, together with the possible interference between several such paths,
remains an open problem [67], so further conclusions on multi-dimensional calculations are beyond
the scope of this work.

2It has been shown that this lowering comes together with an increase of the collective inertia, which tends to
compensate in the final WKB action, so that the net impact of triaxiality on 𝑡1/2 is rather limited [62]. However, this
result depends strongly on the assumptions underlying the calculation of the inertia: the perturbative approach tends
to drive the system towards near-axial shapes, while non-perturbative calculations show stronger triaxial effects [65].
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Conclusions

In state-of-the-art calculations, spontaneous fission half-lives are almost always obtained from a
single WKB action integral along a fission path. The formula is practical and considerably simpler
to implement than the solution of the collective Schrödinger equation, and for that reason it is
rarely questioned in the literature. The aim of this work was to test the WKB estimate against the
solution of the problem it approximates, the one-dimensional collective Schrödinger equation. By
confronting both approaches on fission paths of microscopic origin and studying the systematics of
the resulting deviation, we aimed to establish to what extent the WKB approximation is sufficient
for large-scale predictions of spontaneous fission rates.

For this purpose we developed a solver for the one-dimensional Schrödinger equation for a
given fission barrier and coordinate-dependent inertia, integrated numerically and matched to
plane-wave asymptotics at the boundaries. The quadrupole moment 𝑞20 is taken as the collective
coordinate. The transmission coefficient, and hence the half-life, was computed from the trans-
mitted amplitude. After validating the results on analytical benchmarks and performing stability
tests, the solver was applied to the 3219 axially symmetric fission paths available from the BSkG3
mean-field calculations.

The main findings from the calculations can be summarized as follows:

• WKB and the Schrödinger equation agree to ≃ 0.2 orders of magnitude at 𝐸exc = 0.5 MeV for
the large majority of the 3219 BSkG3 paths, over half-lives covering more than two hundred
orders of magnitude.

• The residual difference is dominated by a low-energy offset of boundary-reflection origin, tied
to the corners formed at the barrier feet by the truncation of the potential, which is required
in order to impose the boundary conditions of the numerical scheme.

• A sparse population of 1.3% of the nuclei deviates by more than 0.5 orders of magnitude,
and up to 3–4, through class-II resonances, which the single-integral WKB formula cannot
reproduce. These resonances originate from the quasi-bound states of the isomeric wells
present in the fission barrier, and the nuclei affected are those whose isomeric well lies low
enough for one of these states to fall close to the chosen zero-point energy.

• The deviation is not correlated with any single barrier feature (|𝜌| ≤ 0.4), which indicates that
it is largely barrier-independent.

• Leaving aside the resonances, which represent a small population at every energy considered,
the deviation is only mildly sensitive to the choice of zero-point energy: it peaks at 0.3–0.4
orders of magnitude below about 1.5 MeV and settles near zero above roughly 2 MeV.
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The main contribution of this work lies in the scale of the comparison. Although the accuracy
of the WKB formula had been assessed previously on model barriers or on a reduced number of
nuclei, the present assessment rests instead on thousands of fission paths, each of them extracted
from a full EDF calculation of the PES and of the collective inertia. Over a sample of this size,
the two deviations listed above are not isolated observations anymore and reveal their nature: the
offset is an effect of the boundary conditions, shared by every path irrespective of its shape, while
the resonances are coincidental across the distribution of nuclei, arising only when a quasi-bound
state happens to lie close to the evaluation energy. Their lack of correlation with the barrier features
is therefore the expected outcome, since neither mechanism is related to the geometry of the path.

A second outcome of the analysis is an ordering of the sources of uncertainty entering the cal-
culation. The mean-field input dominates: the uncertainty on the collective inertia alone displaces
the half-lives by more than the difference between the two tunneling treatments. The choice of
zero-point energy follows, then the WKB approximation itself, and finally the numerical error,
which is negligible in comparison. The entire WKB-Schrödinger spread, resonances included, re-
mains below the deviation of the BSkG3 half-lives from the measured ones [2], so the semiclassical
treatment is not the limiting approximation of current large-scale predictions.

Some limitations of the present study should be stated. The calculation is one-dimensional and
restricted to axial symmetry, so that triaxial degrees of freedom are excluded. The fission path is
obtained as a least-action path, that is, by minimizing the WKB action, so that the exact solver is
applied to a trajectory selected on semiclassical grounds. Although the comparison is meaningful,
since both treatments share the same input, a proper fully quantum definition of the fission path is
not available. The truncation of the barrier is physically motivated but not unique, and gives rise
to the systematic offset, which should therefore be attributed to a numerical/physical setup rather
than to the WKB formula alone.

These limitations suggest the natural continuations of this work. The choice of zero-point
energy is the most immediate issue to address: estimating this quantity case by case from the
curvature of the potential around the ground-state minimum, instead of adopting a global value,
would constrain the least controlled ingredient of the calculation. The extension to larger collective
spaces constitutes the more ambitious direction, in which the notion of a single fission path is no
longer meaningful and the bifurcation of the tunneling amplitude among competing valleys can
be addressed properly.

The objective at the beginning of this work therefore admits a twofold conclusion. Solving
the collective Schrödinger equation in place of the WKB formula modifies the predicted half-lives
only marginally at the present accuracy of the mean-field input, so that the semiclassical estimate
remains adequate for large-scale calculations. In one dimension, however, the exact solution
requires seconds of computation per nucleus, a negligible cost compared with that of the PES
and the collective inertia. The approximation can therefore be removed at little expense, with
the additional benefit of recovering the isolated nuclei situated close to a class-II resonance, for
which the two treatments differ by a few orders of magnitude. The situation is different in larger
collective spaces, where the quantum effects arising from the competition between fission paths,
and the numerical treatment they require, are far from trivial; whether the exact solution remains
equally accessible in that case is a question beyond the scope of this work.



Appendix A

Additional derivations on WKB

A.1 Matching of WKB solutions across a turning point for variable mass

We are interested in solving the one-dimensional collective Schrödinger equation near a turning
point:
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We perform the change of variable:
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and therefore, from (A.1):
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If 𝑞t is a turning point, in the vicinity of 𝑥t = 𝑥(𝑞t) we consider the linear approximation:

𝑈(𝑥) ≡ 𝑉(𝑞(𝑥)) ≈ 𝐸 +𝑈 ′(𝑥t)(𝑥 − 𝑥t), (A.4)

where we considered that 𝑈(𝑥t) = 𝑉(𝑞(𝑥t)) = 𝑉(𝑞t) = 𝐸 since it is a turning point. Notice that
since

√
𝑀(𝑞) > 0, the transformation defined by (A.2) is strictly monotonic and therefore invertible,

then 𝑞(𝑥t) = 𝑞t. The equation to be solved is then:
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Performing the change of variable:
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we arrive at the Airy equation:
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This is a well-known equation whose solutions are the Airy functions Ai(𝑦) and Bi(𝑦). The
asymptotic forms of these functions for 𝑦 → ±∞ are [68]:
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(A.8)

From (A.4) and (A.6) we see that:
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Let us consider the following integral for 𝐸 > 𝑈(𝑥) (where 𝑦 < 0):
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where we used (2.56), the change of variable (A.2) was performed in the first integral and where
we defined 𝑠 = sgn(𝑈′(𝑥t)), which comes from the cubic root in (A.6). This relates the Airy variable
𝑦 to the WKB phase integral on the classically allowed side of the turning point. Analogously, on
the classically forbidden side, for 𝐸 < 𝑈(𝑥) (where 𝑦 > 0):∫ 𝑞
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Now, consider a turning point 𝑞1 where the potential is increasing, i.e., 𝑈 ′(𝑥1) > 0. The region
𝑞 < 𝑞1 corresponds to 𝑦 < 0, and 𝑞 > 𝑞1 corresponds to 𝑦 > 0. If we consider that:
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+ 𝐷 exp

(∫ 𝑞

𝑞1

𝜅(𝑞′) d𝑞′
)]

, 𝑞 ≳ 𝑞1 ,

(A.13)
where the constants from

��𝑦�� in the amplitude were absorbed by 𝐶 and 𝐷.
Analogously, we now consider a turning point 𝑞2 with decreasing potential, i.e., 𝑈′(𝑥2) < 0 and

therefore 𝑠 = −1. The region 𝑞 < 𝑞2 corresponds to 𝑦 > 0, and 𝑞 > 𝑞2 corresponds to 𝑦 < 0. Finally,
using (A.12), (A.8), (A.10) and (A.11) with 𝑠 = −1, we obtain the asymptotic form for the case of a
negative-slope turning point:
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𝜓(𝑞 ≃ 𝑞2) =


1

[2(𝑉(𝑞) − 𝐸)]1/4

[
𝐶 exp

(
−

∫ 𝑞2

𝑞

𝜅(𝑞′) d𝑞′
)
+ 𝐷 exp

(∫ 𝑞2

𝑞

𝜅(𝑞′) d𝑞′
)]

, 𝑞 ≲ 𝑞2 ,

1
[2(𝐸 −𝑉(𝑞))]1/4

[
2𝐶 sin

(∫ 𝑞

𝑞2

𝑘(𝑞′) d𝑞′ + 𝜋
4

)
+ 𝐷 cos

(∫ 𝑞

𝑞2

𝑘(𝑞′) d𝑞′ + 𝜋
4

)]
, 𝑞 ≳ 𝑞2.

(A.14)

A.2 Transmission coefficient definition for variable mass

In order to obtain the probability currents needed to define the transmission coefficient, defined as
the ratio between transmitted and incident fluxes, we need to express the collective Schrödinger
equation (2.40) as a continuity equation. We start from a time-dependent version of (2.40):(

− ℏ2

2𝐷(q)𝐿(q) +𝑉(q)
)
Ψ(q, 𝑡) = 𝑖ℏ

𝜕

𝜕𝑡
Ψ(q, 𝑡). (A.15)

where we defined:

𝐿Ψ ≡
∑
𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
𝐷(q)𝐵𝑖 𝑗(q)

𝜕Ψ

𝜕𝑞 𝑗

)
. (A.16)

Motivated by the natural volume element in collective space, given by d𝜏 = 𝐷 dq, we define
the probability density as:

𝜌(q, 𝑡) = 𝐷(q)|Ψ(q, 𝑡)|2. (A.17)
Taking the time derivative of 𝜌 we have:

𝜕𝜌

𝜕𝑡
= 𝐷

(
𝜕Ψ∗

𝜕𝑡
Ψ +Ψ∗ 𝜕Ψ

𝜕𝑡

)
= 𝐷

( [
− 𝑖ℏ

2𝐷𝐿Ψ∗ + 𝑖

ℏ
𝑉Ψ∗

]
Ψ +Ψ∗

[
𝑖ℏ

2𝐷𝐿Ψ − 𝑖

ℏ
𝑉Ψ

] )
, (A.18)

=
𝑖ℏ

2 (Ψ∗𝐿Ψ −Ψ𝐿Ψ∗), (A.19)

where we assumed that the potential is real, i.e.,𝑉 = 𝑉∗. Now, if we define a probability current
as:

𝐽𝑖(q, 𝑡) =
ℏ

2𝑖

∑
𝑗

𝐷𝐵𝑖 𝑗

(
Ψ∗ 𝜕Ψ

𝜕𝑞 𝑗
−Ψ

𝜕Ψ∗

𝜕𝑞 𝑗

)
, (A.20)

we can take the divergence of 𝐽:∑
𝑖

𝜕𝐽𝑖
𝜕𝑞𝑖

=
ℏ

2𝑖

∑
𝑖 𝑗

[
𝜕

𝜕𝑞𝑖

(
𝐷𝐵𝑖 𝑗

) (
Ψ∗ 𝜕Ψ

𝜕𝑞 𝑗
−Ψ

𝜕Ψ∗

𝜕𝑞 𝑗

)
+ 𝐷𝐵𝑖 𝑗

𝜕

𝜕𝑞𝑖

(
Ψ∗ 𝜕Ψ

𝜕𝑞 𝑗
−Ψ

𝜕Ψ∗

𝜕𝑞 𝑗

)]
(A.21)

= − 𝑖ℏ

2

Ψ∗ ©­«𝐿Ψ +
∑
𝑖 𝑗

𝐷𝐵𝑖 𝑗
𝜕Ψ∗

𝜕𝑞𝑖

𝜕Ψ

𝜕𝑞 𝑗

ª®¬ −Ψ
©­«𝐿Ψ∗ +

∑
𝑖 𝑗

𝐷𝐵𝑖 𝑗
𝜕Ψ

𝜕𝑞𝑖

𝜕Ψ∗

𝜕𝑞 𝑗

ª®¬
 (A.22)

= − 𝑖ℏ

2 (Ψ∗𝐿Ψ −Ψ𝐿Ψ∗), (A.23)
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where we assumed that B is symmetric, i.e., 𝐵𝑖 𝑗 = 𝐵 𝑗𝑖 , which can easily be seen from (2.29) by
swapping the 𝑖 and 𝑗 indices and relabeling them. From (A.19) and (A.23), we obtain the continuity
equation:

𝜕𝜌

𝜕𝑡
+

∑
𝑖

𝜕𝐽𝑖
𝜕𝑞𝑖

= 0. (A.24)

As usual, the transmission coefficient is defined as the ratio between the transmitted and
incident fluxes. In the one-dimensional case, the transmitted flux is given by:

𝑇 =
transmitted flux

incident flux =
𝐽transm(𝑞, 𝑡)
𝐽inc(𝑞, 𝑡)

, (A.25)

where we consider that both waves propagate in the same direction and:

𝐽transm(𝑞, 𝑡) = ℏ

2𝑖
√
𝑀(𝑞)

(
Ψ∗ 𝜕Ψ

𝜕𝑞
−Ψ

𝜕Ψ∗

𝜕𝑞

)
. (A.26)

Assume a stationary state at a fixed energy 𝐸: Ψ(q, 𝑡) = 𝜓(q) exp(−𝑖𝐸𝑡/ℏ). We can calculate
now the transmission coefficient for the WKB solution (2.52):

𝜓±(𝑞) =
𝐶±

(2
��𝐸 −𝑉(𝑞)

��)1/4
exp

(
± 𝑖

ℏ

∫ 𝑞

𝑝(𝑞′) d𝑞′
)
≡ 𝐴±(𝑞) exp

(
± 𝑖

ℏ

∫ 𝑞

𝑝(𝑞′) d𝑞′
)
. (A.27)

We consider 𝑝(𝑞) real, since the incident and transmitted waves are in classically allowed
regions, i.e., 𝐸 > 𝑉(𝑞). Let us calculate the derivative of 𝜓±:

d𝜓±
d𝑞 =

(
𝐴′

𝐴
± 𝑖

ℏ
𝑝(𝑞)

)
𝜓±. (A.28)

Therefore:

𝐽± =
ℏ

2𝑖
√
𝑀(𝑞)

[(
𝐴′

𝐴
± 𝑖

ℏ
𝑝(𝑞)

) ��𝜓±
��2 − (

𝐴′

𝐴
∓ 𝑖

ℏ
𝑝(𝑞)

) ��𝜓±
��2] = ± 𝑝(𝑞)√

𝑀(𝑞)
��𝜓±

��2 (A.29)

= ±
√

2𝑀(𝑞)(𝐸 −𝑉(𝑞))√
𝑀(𝑞)

|𝐶±|2√
2(𝐸 −𝑉(𝑞))

= ±|𝐶±|2. (A.30)

where we consider that the exponentials with time dependence cancel. By taking both waves
moving in the positive direction, we obtain the (direct) transmission coefficient:

𝑇d =
|𝐶transm|2

|𝐶inc|2
, (A.31)

where 𝐶inc and 𝐶transm are the coefficients of the incident and transmitted waves, respectively.



Appendix B

Additional tests on numerical
implementation

B.1 Apparent universality of the low-energy WKB offset

The objective of this appendix is to test whether the positive offset seen at low energy in the WKB
half-life deviation of section 3.2.1 is a feature of the barrier shape or a global property. To this end,
we take a truncated parabola and vary one parameter at a time, the barrier height 𝑉𝑏 , the width 𝑎

and the constant inertia 𝑀, over ranges resembling those of the real BSkG3 barriers.
Figure (B.1) shows two features common to all parameter values: a positive peak of ≈ 0.4 orders

of magnitude at low energy, and decaying oscillations towards zero. While the peak position and
the location of the oscillations shift with the parameters, the height of the low-energy ridge is
essentially independent of 𝑉𝑏 , 𝑎 and 𝑀. The offset is therefore intrinsic to the truncation, at least,
and not a property of a specific barrier. Since the half-lives of chapter 4 are evaluated at the fixed
zero-point energy 𝐸exc = 0.5 MeV, which falls in this low-energy region, the offset is the dominant
WKB deviation in those results.

B.2 Resolution of class-II resonances

The class-II resonances of section 3.2.2 are far narrower than they appear in a scan of 𝑇d(𝐸). This
appendix quantifies how narrow they are and what it takes to resolve one, using the lowest-energy
resonance of that section as a test case.

Its position, found by minimization of − log10 𝑇d(𝐸), is 𝐸res = 2.3998772 MeV, which agrees
to 5 × 10−5 with the ground-state energy of the intermediate parabola, 𝑉2 + 1

2ℏ𝜔2 ≈ 2.4 MeV,
confirming that the resonance originates from the quasi-bound states of the isomeric well. Its
width, obtained by bisection on the half-maximum, is Γ = 4.24× 10−9 MeV = 4.2 meV, and the peak
rises to 𝑇d = 4.3 × 10−3 against a background of ∼ 10−16.

A fixed uniform grid is therefore not a viable way to find it, since covering a 0.4 MeV interval
at a spacing able to resolve Γ would require ∼ 2.4 × 109 points. On any coarser grid the nodes
almost never land on the maximum, so the displayed peak height is set by the grid rather than
by the physics, as the right panel of figure (B.2) shows: the recovered height degrades by orders
of magnitude as soon as the spacing exceeds the width. This highlights the practical value of the
complex potentials of section 3.2.3, where absorption broadens and damps the resonances into
structure that a usable energy grid can represent.
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Figure B.1: WKB deviation of the half-life, log10(𝑡WKB
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1/2 ), for a truncated parabolic barrier as a
function of energy, varying the barrier height 𝑉𝑏 (left), the width 𝑎 (centre) and the constant inertia
𝑀 (right) over similar ranges of the BSkG3 barriers.
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Figure B.2: Resolution of the lowest-energy class-II resonance of the double-humped barrier of
section 3.2.2. Left: transmission coefficient in a window of a few meV around the resonance energy
𝐸res; the inset shows the same resonance on a broader energy scale, to visualize the magnitude of
the peak. Right: peak value recovered from a uniform energy grid as a function of the grid spacing
in units of the resonance width, assuming an estimation lying midway between two grid nodes,
compared with the true peak.
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