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Abstract

Accurate localization is a fundamental requirement for autonomous mobile robots, as
it directly impacts navigation performance and system reliability. In low-cost robotic
platforms, localization must rely on onboard sensors such as wheel encoders, inertial
measurement units, and vision-based systems, which are inherently affected by noise,
drift, and limited observability. These challenges motivate the use of sensor fusion
techniques to obtain reliable state estimates over time.

This thesis investigates how different Kalman filter architectures influence localiza-
tion performance for a unicycle-model mobile robot. Rather than proposing a novel
estimation algorithm, this work focuses on the role of architectural design choices
in sensor fusion. Standalone filtering baselines, centralized sensor fusion, cascaded
filtering schemes, and error-state Kalman filter architectures are analyzed within a
unified estimation framework, with particular attention to accuracy, robustness, and
fault tolerance when fusing heterogeneous sensor measurements.

The considered architectures are implemented in a MATLAB/Simulink simulation
environment that enables consistent modeling of robot kinematics, sensor characteris-
tics, and noise processes. Wheel encoder and inertial measurements provide high-rate
motion information, while vision-based localization using AprilTag detections acts as
an external correction source to mitigate long-term drift. The performance of each
filtering approach is evaluated under realistic operating conditions using quantitative
error and consistency metrics.

Simulation results are further validated through experimental tests on a Ducki-
etown robotic platform, demonstrating the practical relevance of architectural choices
in Kalman filter-based localization for real-world mobile robots.
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Notation

The main symbols used throughout this thesis are summarized below. Unless
otherwise specified, all variables are expressed in discrete time and refer to quantities
evaluated at time step k.

State and Estimation Variables

Symbol Description Unit
qk Robot state vector –
xk, yk Robot position in world frame m
θk Robot heading angle rad
bk Gyroscope bias rad/s
q̂k Estimated state –
Pk State covariance matrix –
Kk Kalman gain –

Motion and Input Quantities

Symbol Description Unit
uk Input vector –
∆sk Incremental traveled distance m
∆sL, ∆sR Wheel displacements m
∆θk Heading increment rad
Ts Sampling interval s
v Linear velocity m/s
ω Angular velocity rad/s
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Noise and Covariance Terms

Symbol Description Unit
wk Process noise –
vk Measurement noise –
Qk Process noise covariance –
Rk Measurement noise covariance –
σs Translational noise std m
σθ Rotational noise std rad
σb Bias random-walk std rad/s
σϕ Bearing noise std rad
σρ Range noise std m
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1
Introduction

1.1 Motivation

Accurate localization is a fundamental requirement for autonomous mobile robots,
as it directly affects their ability to navigate, perceive the environment, and execute
control tasks safely and reliably. In many practical applications, especially in
educational and research platforms such as Duckietown, localization is achieved
using low-cost sensors operating in structured but imperfect environments. Such
constraints introduce significant challenges for state estimation, primarily due to the
non-negligible impact of sensor noise and the inherent partial observability of the
system.

Duckietown is an open-source educational and research ecosystem designed to
enable hands-on experimentation with autonomous driving concepts using low-cost
robotic platforms [1]. Its reference robot, the Duckiebot, integrates wheel encoders,
an inertial measurement unit, and a monocular camera within a constrained compu-
tational and sensing budget. These characteristics make Duckietown a representative
testbed for studying localization and sensor fusion strategies under realistic resource
and sensing limitations, while still operating in a structured environment with known
landmarks.
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1.1. MOTIVATION

Figure 1.1: Duckiebot mobile robot used as a reference platform in this thesis,
equipped with wheel encoders, IMU, and a monocular camera.

Mobile robots such as the Duckiebot (Figure 1.1), which this work focuses on,
are commonly modeled using the unicycle kinematic model [2], which captures the
essential nonholonomic behavior of differential-drive platforms. While this model
is simple and computationally efficient, it is inherently nonlinear and sensitive to
modeling errors and disturbances such as wheel slip, actuator saturation, and uneven
surfaces. As a result, localization based on just a single sensor is often insufficient to
guarantee reliable performance over time.

Sensor fusion techniques aim to overcome these limitations by combining in-
formation from multiple heterogeneous sensors, such as wheel encoders, inertial
measurement units, and vision-based systems. Among the available estimation meth-
ods, Kalman filtering and its nonlinear extensions have become a standard solution
due to their solid theoretical foundation and real-time applicability [2, 3].

However, beyond the choice of the filtering algorithm itself, the architecture
adopted to fuse sensor information plays a crucial role in determining localization
accuracy, robustness, and computational efficiency [4]. Centralized, standalone, and
cascaded Kalman-based schemes offer different trade-offs in terms of modularity,
fault tolerance, and sensitivity to modeling assumptions.
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CHAPTER 1. INTRODUCTION

In tightly coupled robotic systems, where multiple sensors observe the same
underlying state variables, architectural design becomes particularly critical. Al-
though measurement noises may be modeled as independent, the estimation errors
induced by different sensing modalities are inherently correlated through the shared
state dynamics. If such cross-correlations are neglected, especially in multi-stage
filtering schemes, the resulting estimator may become statistically inconsistent and
overconfident [3].

While Kalman filtering itself is extensively studied, comparatively fewer works
provide a systematic experimental evaluation of how different fusion architectures
affect consistency and performance under identical sensing conditions on low-cost
unicycle robots.

1.2 Problem Statement

This thesis addresses the problem of state estimation for a unicycle-model mobile
robot equipped with multiple sensors, focusing on how different Kalman filter archi-
tectures influence localization performance. The primary challenge lies in accurately
estimating the robot pose in the presence of nonlinear dynamics, noisy measurements,
and imperfect sensor models.

Rather than proposing a new estimation algorithm, this work investigates how
different configurations of Kalman filters, fused in a centralized manner, or combined
through a cascaded filtering framework, affect localization accuracy and robustness.
The comparison is performed through both simulation and experimental evaluation.
Simulation allows controlled analysis of modeling assumptions and noise processes,
while real-world experiments on the Duckiebot platform provide validation under
practical sensing limitations, timing irregularities, and real sensor imperfections.

To this end, a detailed simulation framework is developed using MATLAB/Simulink,
which allows precise modeling of robot kinematics, sensor characteristics, and noise
processes. The Duckiebot platform is then used exclusively as a hardware testbed
to validate the conclusions drawn from simulation, ensuring that the results remain
relevant to real-world robotic systems.

1.3 Objectives

The main objectives of this thesis are:

• To model the kinematics of a unicycle-model mobile robot for localization
purposes

3



1.4. THESIS ORGANIZATION

• To derive realistic measurement models for the sensors available on the Duck-
iebot platform

• To design and implement multiple Kalman filter architectures, including stan-
dalone, centralized, and cascaded approaches

• To quantitatively compare localization performance using standardized error
metrics

• To validate simulation results through experimental tests on real robotic hard-
ware

The main contributions of this thesis are:

• A unified MATLAB-based evaluation framework for comparing Kalman filter
architectures under identical sensing conditions and real recorded datasets.

• A detailed statistical consistency analysis using NIS metrics and covariance-
bound validation.

• The implementation and experimental validation of centralized, cascaded, error-
state and hybrid-cascaded EKF architectures for unicycle-model localization.

• An experimental comparison over multi-lap trajectories with motion-capture
ground truth, highlighting the impact of architectural design on estimation
accuracy and robustness.

1.4 Thesis Organization

The remainder of this thesis is organized as follows. Chapter 2 introduces the
theoretical background required for this work, including the unicycle kinematic model
and Kalman filtering techniques. Chapter 3 describes the system modeling, including
robot dynamics and sensor measurement models. Chapter 4 presents the different
Kalman filter architectures considered in this study. Chapter 5 describes the software
implementation, discretization strategy, and numerical considerations adopted in
the filter realization. Chapter 6 discusses the simulation results and comparative
analysis. Chapter 7 presents experimental validation using the Duckiebot platform.
Finally, Chapter 8 concludes the thesis and outlines possible directions for future
work.
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2
Background

This chapter introduces the theoretical foundations required for the development
and comparison of Kalman filter-based localization architectures. The focus is placed
on probabilistic state estimation for nonlinear mobile robots, with particular attention
to the unicycle kinematic model and multisensor fusion strategies relevant to the
Duckiebot platform.

2.1 Mobile Robot Kinematics

Mobile robots operating on planar surfaces are commonly modeled using the
unicycle kinematic model [2, 5], which captures the essential motion constraints of
differential-drive platforms.

The Duckiebot is a Differential Drive Robot (DDR) with three wheels: two fixed
and one omnidirectional wheel; henceforth the distance between the fixed wheels is
called l and the radius of each wheel is called r. The sagittal axis can be defined as
the line passing through the center of gravity of the unicycle, perpendicular to the
axis of rotation of the wheels and aligned with the direction of motion. Figure 2.1
shows a simple model of the Duckiebot. The Duckiebot kinematics are modeled by
the unicycle model, in which the robot configuration is described by the state vector

q =

⎡⎢⎢⎢⎣
x

y

θ

⎤⎥⎥⎥⎦ (2.1)

where x and y indicate the Cartesian coordinates of the Duckiebot position and θ
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2.1. MOBILE ROBOT KINEMATICS

Figure 2.1: Duckiebot model

the yaw angle of the robot, measured counterclockwise, with respect to the x-axis of
the world frame, while the system inputs are v and ω, namely, the magnitude of the
linear and angular velocities, respectively. This system is subject to a pure-rolling
constraint and, using this constraint in Pfaffian form [5, 6], the kinematic equations
can be written as:

q̇ =

⎡⎢⎢⎢⎣
ẋ

ẏ

θ̇

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
cos(θ) 0
sin(θ) 0

0 1

⎤⎥⎥⎥⎦
⎡⎣v

ω

⎤⎦ (2.2)

that can be rewritten as:

ẋ = v cos θ, ẏ = v sin θ, θ̇ = ω. (2.3)

In discrete time, assuming piecewise-constant velocities over a sampling interval
Ts (which may vary between updates in practical implementations), the model can
be approximated as

xk+1 = xk + ∆s cos(θk) (2.4)
yk+1 = yk + ∆s sin(θk) (2.5)
θk+1 = θk + ∆θ (2.6)

where ∆s and ∆θ represent the incremental displacement and rotation, typically
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CHAPTER 2. BACKGROUND

obtained from wheel encoder measurements.
Due to the nonlinear dependence on θ, this model requires nonlinear estimation
techniques when used for localization. Furthermore, real-world effects such as wheel
slip, uneven surfaces, and actuator imperfections introduce modeling errors that
accumulate over time.

2.2 Sensors for Localization

Reliable localization cannot be achieved using dead reckoning alone, as errors grow
unbounded without external corrections. For this reason, mobile robots typically
rely on multisensor fusion.

In these experiments, the Duckiebot platform integrates three main sensing
modalities: wheel encoders, an Inertial Measurement Unit (IMU), and a monocular
camera detecting AprilTag landmarks. These sensing modalities provide comple-
mentary information: wheel encoders offer high-rate relative motion estimates, the
IMU supplies short-term rotational dynamics, and vision-based observations provide
absolute position corrections. Their different noise characteristics, update rates, and
failure modes motivate the need for a principled fusion framework.

2.2.1 Wheel Encoders

Wheel encoders provide incremental motion estimates by measuring wheel rota-
tions. For a differential-drive robot, the left and right wheel displacements ∆sL and
∆sR yield

∆s = ∆sL + ∆sR

2 , (2.7)

∆θ = ∆sR −∆sL

l
, (2.8)

where l denotes the wheelbase. Encoder-based odometry provides high-rate motion
updates but suffers from drift due to wheel radius uncertainty and slippage.

2.2.2 Inertial Measurements

The Inertial Measurement Unit (IMU) gyroscope measures the angular velocity
of the robot. The measurement can be modeled as

7



2.3. BAYESIAN STATE ESTIMATION

ωm = ω + b + nω, (2.9)

where b represents a slowly varying bias and nω is zero-mean Gaussian noise [3]. Bias
estimation is critical, as uncompensated bias leads to significant heading drift.

2.2.3 Vision-Based Landmark Observations

The monocular camera provides external corrections through the detection of
AprilTags placed at known positions in the environment [7]. For a tag located at
world coordinates (xt, yt), the robot observes a bearing ϕ and range ρ:

z =
⎡⎣ϕ

ρ

⎤⎦ . (2.10)

The corresponding nonlinear measurement model is

ϕ = atan2(yt − y, xt − x)− θ, (2.11)

ρ =
√︂

(xt − x)2 + (yt − y)2. (2.12)

Landmark observations provide absolute corrections that prevent long-term drift,
but are limited by camera field of view, occlusions, and detection noise.

Although measurement noises are commonly modeled as independent, all sensing
modalities observe the same underlying robot state. As a result, estimation errors
become inherently correlated through the shared state dynamics. This aspect plays a
crucial role in the design of multisensor fusion architectures, particularly in multi-filter
configurations where such correlations are not explicitly represented.

2.3 Bayesian State Estimation

Localization can be formulated as a recursive probabilistic inference problem [2,
8]. The objective is to estimate the posterior distribution

p(qk | z1:k), (2.13)

where z1:k denotes the sequence of measurements up to time k. Under the Markov
assumption, the system state at time k depends only on the previous state qk−1 and
the control input uk−1, while measurements are conditionally independent given the

8



CHAPTER 2. BACKGROUND

current state. These assumptions allow the posterior to be computed recursively
through two fundamental steps: prediction and correction.

The prediction step propagates the previous posterior through the motion model,

p(qk | z1:k−1) =
∫︂

p(qk | qk−1, uk−1) p(qk−1 | z1:k−1) dqk−1, (2.14)

which corresponds to marginalization of the prior distribution. The correction step
incorporates the new measurement using Bayes’ rule,

p(qk | z1:k) ∝ p(zk | qk) p(qk | z1:k−1). (2.15)

This recursive structure forms the foundation of Bayesian filtering. Exact compu-
tation of these integrals is generally intractable for nonlinear systems, motivating the
use of approximated filtering techniques such as the Kalman filter and its nonlinear
extensions.

2.4 The Kalman Filter

For linear systems of the form

qk+1 = Fqk + Guk + wk, (2.16)

zk = Hqk + vk, (2.17)

with Gaussian noise wk ∼ N (0, Q) and vk ∼ N (0, R), the Kalman filter computes
the minimum variance estimate [3, 9]. Under the assumptions of linear dynamics
and Gaussian noise, the posterior distribution remains Gaussian at every time
step. Consequently, it is fully characterized by its mean and covariance, which are
propagated recursively by the filter. The Kalman filter is optimal in the minimum
mean-square error sense when the system model and noise statistics are correctly
specified, i.e., when they accurately represent the true underlying system. The
prediction step is given by

q̂k|k−1 = F q̂k−1, (2.18)

Pk|k−1 = FPk−1F
T + Q. (2.19)
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2.5. EXTENDED KALMAN FILTER

The correction step is

Kk = Pk|k−1H
T
(︂
HPk|k−1H

T + R
)︂−1

, (2.20)

q̂k = q̂k|k−1 + Kk(zk −Hq̂k|k−1), (2.21)

Pk = (I −KkH)Pk|k−1. (2.22)

In practical implementations, the Joseph stabilized covariance update form

Pk = (I −KkHk)Pk|k−1(I −KkHk)T + KkRKT
k (2.23)

is often preferred to preserve symmetry and positive semi-definiteness under finite-
precision arithmetic [3]. This stabilized form is adopted in the implementations
presented in this thesis.

The Kalman gain Kk determines the relative weighting between the predicted
state and the measurement innovation. Intuitively, it balances model confidence,
represented by Pk|k−1, against measurement uncertainty, represented by R. Higher
process uncertainty increases the reliance on measurements, while higher measurement
noise leads the filter to trust the prediction more strongly. Despite its optimality under
linear-Gaussian assumptions, the Kalman filter is sensitive to modeling inaccuracies
and incorrect noise covariance tuning. In practical robotic systems, model errors,
unmodeled dynamics, and correlated sensor noise may degrade consistency. These
limitations motivate the use of nonlinear extensions and careful architectural design
in multisensor fusion systems.

2.5 Extended Kalman Filter

Mobile robot localization is inherently nonlinear due to the unicycle dynamics
and landmark observation models. The Extended Kalman Filter (EKF) extends the
Kalman filter framework to nonlinear systems [10] described by

qk+1 = f(qk, uk) + wk, (2.24)

zk = h(qk) + vk. (2.25)

10
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At each time step, the EKF approximates the nonlinear functions f(·) and h(·)
by first-order Taylor expansions around the current state estimate. The resulting
Jacobian matrices

Fk = ∂f

∂q
, Hk = ∂h

∂q
, (2.26)

define a locally linear model used for covariance propagation and measurement
update.

The validity of this approximation depends on both the magnitude of the state
uncertainty and the degree of system nonlinearity. When uncertainty remains small,
the linear model is typically accurate; however, in the presence of strong nonlinearities
or poor initialization, approximation errors may become significant.

Since the linearization is performed about the estimated state rather than the
true state, modeling errors influence both the state update and the covariance propa-
gation. This may lead to inconsistency, where the filter becomes overconfident and
underestimates the actual estimation error. Such effects are particularly relevant in
mobile robotics, where heading uncertainty and nonlinear range–bearing observations
strongly affect estimation performance.

For differential-drive platforms, nonlinearities arise in the motion model through
the orientation-dependent kinematics, and in the observation model through trigono-
metric measurement relationships. Accurate Jacobian computation and appropriate
noise modeling are therefore essential to maintain numerical stability and reliable
performance.

In multisensor fusion architectures involving multiple update stages, these approx-
imation effects may interact with architectural design choices, potentially influencing
global consistency and robustness. The impact of such design decisions is analyzed
in Chapter 4.

2.6 Error-State Kalman Filtering

An alternative formulation is the Error-State Kalman Filter (ESKF) [11, 12], in
which the nominal state is propagated using the full nonlinear model, while the filter
estimates only a small perturbation around it:

q = q̂ ⊕ δq. (2.27)

where ⊕ denotes the composition operator between the nominal state and the error
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state. In this work, since all state variables are represented in Euclidean coordinates,
this operation reduces to standard vector addition, i.e., q = q̂ + δq.

Here, q̂ represents the nominal state obtained through nonlinear integration, and
δq denotes a small error state defined in a locally linear space. Instead of directly
filtering the full state, the Kalman filter operates on this error representation, which
is assumed to remain small.

The key idea is that linearization is performed around the nominal trajectory
rather than around the true state estimate itself. Because the error state is typically
close to zero, the linear approximation is often more accurate than in a standard
EKF formulation. After each update, the estimated error δq is injected into the
nominal state, and the error state is reset to zero.

This structure improves numerical stability and consistency, particularly for
orientation variables and inertial sensor bias estimation. For this reason, the ESKF
is widely adopted in inertial navigation and visual–inertial odometry systems [12,
13].

However, the separation between nominal and error states introduces additional
implementation complexity and requires careful handling of state injection and
covariance reset operations. The practical implications of adopting this formulation
within different multisensor fusion architectures are discussed in Chapter 4.

2.7 Consistency Metrics: Innovation and NIS

To evaluate filter consistency, the innovation is defined as

yk = zk − ẑk, (2.28)

where ẑk denotes the predicted measurement obtained from the current state estimate.
The innovation represents the discrepancy between actual and expected sensor
observations.
Its covariance is given by

Sk = HkPk|k−1H
T
k + R, (2.29)

which accounts for both propagated state uncertainty and measurement noise.
The Normalized Innovation Squared (NIS) is defined as

NISk = yT
k S−1

k yk, (2.30)

12
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corresponding to the squared Mahalanobis distance of the innovation [3]. Intuitively,
the NIS quantifies how large the measurement residual is relative to the uncertainty
predicted by the filter.

Under correct modeling assumptions and properly tuned noise covariances, the
innovation sequence follows a zero-mean Gaussian distribution with covariance Sk.
Consequently, the NIS is chi-square distributed with degrees of freedom equal to the
measurement dimension, enabling statistical consistency testing through hypothesis
verification [3, 14].

Confidence bounds derived from the corresponding chi-square distribution define
acceptance regions for statistically consistent innovations. Values consistently ex-
ceeding these bounds indicate filter overconfidence or modeling mismatch, whereas
systematically small values suggest overly conservative uncertainty estimates. Such
tests are commonly interpreted as innovation-based gating procedures for outlier
detection based on the Mahalanobis distance [2].

For this reason, the NIS provides a principled statistical framework for estimator
validation, tuning, and measurement consistency assessment.

2.8 Multisensor Fusion Architectures

Beyond the choice of filter, the architecture used to fuse sensor information
strongly influences robustness and modularity.

2.8.1 Centralized Fusion

In a centralized EKF, all sensor measurements update a single shared state
vector. This approach naturally accounts for cross-correlations between sensors
and is optimal under Gaussian assumptions. However, the state dimension grows
with the number of estimated variables, increasing computational cost and reducing
modularity. Moreover, faults or modeling errors in one sensing modality may affect
the entire estimation process.

2.8.2 Cascaded and Two-Stage Filtering

In cascaded architectures, multiple filters operate sequentially, where the output of
one stage provides inputs or priors to another. Such architectures improve modularity
and fault isolation, enabling independent tuning of subsystems. However, unless

13
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cross-correlations between stages are explicitly modeled, the overall system may
become statistically inconsistent [4].

2.8.3 Hybrid Architectures

Hybrid schemes combine cascaded estimation with partial feedback between
stages, aiming to balance modularity and global consistency. By reintroducing
selected correlations or shared information, hybrid approaches attempt to mitigate
inconsistency while preserving architectural flexibility.

The architectural choice directly influences estimation consistency, computational
complexity, robustness to sensor faults, and scalability to additional sensing modalities.
While centralized approaches offer theoretical optimality under ideal assumptions,
distributed and hybrid schemes provide practical advantages in modular robotic
systems. A systematic comparison of these architectures under identical modeling
and experimental conditions constitutes the core contribution of this thesis and is
presented in Chapter 4.
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3
System Modeling

This chapter presents the mathematical models adopted for state estimation. The
objective is to define a consistent probabilistic description of the robot dynamics
and sensor measurements, independently of the specific filtering architecture used
for estimation.

3.1 State Representation

The robot state is defined as

qk =

⎡⎢⎢⎢⎢⎢⎢⎣
xk

yk

θk

bk

⎤⎥⎥⎥⎥⎥⎥⎦ , (3.1)

where xk and yk denote the planar position of the robot in the world frame, θk

represents the heading angle, and bk is the gyroscope bias.

The inclusion of the bias state is necessary to compensate for slowly varying
offsets in the inertial measurement unit (IMU). Without explicit bias estimation,
small angular velocity offsets would accumulate over time, resulting in unbounded
heading drift [3, 12].
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3.2 Wheel Encoder Modeling

Wheel encoders measure incremental rotations of the left and right wheels. Let
∆sL,k and ∆sR,k denote the incremental displacements of the left and right wheels
during the sampling interval Ts.

For a differential-drive robot, these increments yield

∆sk = ∆sL,k + ∆sR,k

2 , (3.2)

∆θenc,k = ∆sR,k −∆sL,k

l
, (3.3)

where ∆sk denotes the incremental forward displacement of the robot, ∆θenc,k is the
encoder-based heading increment, and l is the wheelbase.

In this work, encoder-derived quantities ∆sk and ∆θenc,k are treated as inputs to
the motion model. Their uncertainty is not handled through a separate measurement
update, but instead incorporated into the process noise covariance. This modeling
choice reflects the high update rate of encoder data and their direct role in state
propagation.

3.3 Discrete-Time Motion Model

Using encoder-derived increments, the robot pose is propagated according to the
unicycle kinematic model [5]. The sampling interval Ts is computed from encoder
timestamps and may vary between consecutive updates due to asynchronous sensor
measurements. All discrete-time quantities are therefore evaluated using the actual
measured sampling interval.

A midpoint integration scheme is adopted to improve numerical accuracy:

xk+1 = xk + ∆sk cos
(︄

θk + ∆θk

2

)︄
, (3.4)

yk+1 = yk + ∆sk sin
(︄

θk + ∆θk

2

)︄
, (3.5)

θk+1 = θk + ∆θk, (3.6)
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where the heading increment is defined as

∆θk = ∆θenc,k − bkTs. (3.7)

Here, ∆θenc,k denotes the heading increment obtained from wheel encoder mea-
surements, while bk represents the gyroscope bias. Although the state propagation
is driven by encoder-derived increments, the bias term is introduced to ensure con-
sistency with the IMU measurement model. In particular, the gyroscope provides
angular velocity measurements affected by bias, and the estimation of bk relies on
the discrepancy between encoder-based and inertial angular velocity estimates. This
allows compensating for slowly varying bias effects that would otherwise lead to
heading drift.

The gyroscope bias is modeled as a discrete-time random walk with diffusion
proportional to the sampling interval [3]:

bk+1 = bk + wb,k, wb,k ∼ N (0, σ2
b Ts). (3.8)

This formulation ensures that the bias variance grows proportionally with elapsed
time, preserving consistency under variable sampling intervals.

The complete state evolution can therefore be expressed compactly as

qk+1 = f(qk, uk) + wk, (3.9)

where the input vector is

uk =
⎡⎣ ∆sk

∆θenc,k

⎤⎦ , (3.10)

and wk represents zero-mean Gaussian process noise.

3.4 Linearization of the Motion Model

For Extended Kalman filtering, the Jacobian of the motion model with respect
to the state is required. Denoting

Fk = ∂f

∂q

⃓⃓⃓⃓
⃓
qk,uk

,

the Jacobian matrix associated with the discrete-time model is
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Fk =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 −∆sk sin

(︂
θk + ∆θk

2

)︂
0

0 1 ∆sk cos
(︂
θk + ∆θk

2

)︂
0

0 0 1 −Ts

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ . (3.11)

3.5 Process Noise Modeling

Process noise accounts for wheel slip, encoder quantization effects, unmodeled
dynamics, and bias drift. It is assumed Gaussian [3]:

wk ∼ N (0, Qk). (3.12)

The covariance matrix is chosen diagonal:

Qk = diag
(︂
σ2

s , σ2
s , σ2

θ , σ2
b Ts

)︂
., (3.13)

reflecting the simplifying assumption that translational, rotational, and bias
disturbances are mutually independent.

In practice, the process noise covariance is recomputed at each time step. The
translational component σs is chosen proportional to the traveled distance ∆sk, while
the rotational component σθ depends on the encoder-derived heading increment:

σs = αs|∆sk|, (3.14)

σθ = αθ + βθ|∆θenc,k|, (3.15)

where αs, αθ, and βθ are tuning parameters.
The bias diffusion term scales with the sampling interval Ts, yielding Qb,k = σ2

b Ts.

3.6 IMU Measurement Model

The gyroscope measures the angular velocity of the robot about its vertical axis.
The measurement is modeled as

zimu,k = ωk + bk + vimu,k, (3.16)

where ωk is the true angular velocity and vimu,k is zero-mean Gaussian noise [3]:
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vimu,k ∼ N (0, Rimu). (3.17)

In the adopted discrete-time formulation, the angular velocity used for prediction
is approximated from encoder-derived heading increments:

ω̂k = ∆θenc,k

Ts

. (3.18)

The predicted IMU measurement therefore becomes

ẑimu,k = ∆θenc,k

Ts

+ bk. (3.19)

This formulation enables direct estimation of the bias state through the discrep-
ancy between encoder-based and gyroscope-based angular velocity estimates.

3.7 AprilTag Measurement Model

Absolute pose corrections are obtained through detection of AprilTag land-
marks [7] placed at known world coordinates (xt, yt). Some example of AprilTags
are reported in Figure 3.1.

(a) Number 0 (b) Number 1 (c) Number 2

Figure 3.1: Examples of AprilTags

The camera provides range–bearing measurements:

ztag,k =
⎡⎣ϕk

ρk

⎤⎦ , (3.20)

where ϕk is the bearing angle and ρk is the range to the detected landmark.
The nonlinear measurement model is
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ϕk = atan2(yt − yk, xt − xk)− θk, (3.21)

ρk =
√︂

(xt − xk)2 + (yt − yk)2. (3.22)

Measurement noise is assumed Gaussian:

vtag,k ∼ N (0, Rtag), (3.23)

where Rtag is diagonal, reflecting independent bearing and range uncertainties.
Only landmarks within the camera field of view generate measurements. Data

association is assumed known, as landmark identities are provided directly by the
AprilTag detection algorithm.

3.8 Linearization of the Measurement Model

For EKF updates, the Jacobian of the AprilTag measurement model with respect
to the state is required.

Let

∆x = xt − xk, ∆y = yt − yk, r2 = ∆x2 + ∆y2.

The measurement Jacobian is

Hk =
⎡⎣ ∆y

r2 −∆x
r2 −1 0

−∆x
r
−∆y

r
0 0

⎤⎦ . (3.24)

3.9 Observability Considerations

In the absence of landmark observations, the system becomes locally unobservable
in position and heading, leading to unbounded drift due to encoder and bias uncer-
tainty [13, 15]. AprilTag measurements provide absolute corrections that restore
observability of the pose. Bias observability is achieved through the discrepancy
between encoder-derived and IMU-measured angular velocity.
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3.10 Modeling Assumptions

The modeling framework adopted in this chapter relies on the following assump-
tions:

• The robot operates on a planar surface and follows the unicycle kinematic
model.

• Encoder-derived increments are treated as inputs, with their uncertainty incor-
porated into process noise.

• IMU and camera measurement noises are zero-mean Gaussian and mutually
independent.

• Landmark positions are known and fixed.

• Data association is assumed correct.

These assumptions define a consistent probabilistic system model that forms the
basis for the filter architectures presented in the next chapter.
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4
Kalman Filter Architectures

This chapter presents the different Kalman Filter (KF) architectures developed
and implemented for multisensor localization of the Duckiebot platform. All archi-
tectures operate on the same probabilistic system model described in Chapter 3, and
use identical noise parameters and sensor data. Consequently, performance differ-
ences arise exclusively from architectural design choices rather than from modeling
assumptions [4, 16].

The architectures considered are:

• A centralized Extended Kalman Filter (EKF)

• A cascaded dual-filter architecture
• An Error-State Kalman Filter (ESKF)

• A hybrid partially coupled architecture

Each structure differs in how the system state is partitioned and how cross-
correlations between state components are represented.

4.1 Centralized Extended Kalman Filter

4.1.1 State and Covariance Structure

The centralized architecture estimates the full state vector jointly:

qk =
[︂
xk yk θk bk

]︂T
, (4.1)

with covariance matrix
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Pk ∈ R4×4. (4.2)

All cross-correlations between position, heading, and bias states are explicitly
maintained within the covariance matrix.

4.1.2 Prediction Step

Wheel encoder ticks are first converted into incremental wheel displacements:

∆sL = ∆ticksL ·
2πr

Nenc
, (4.3)

∆sR = ∆ticksR ·
2πr

Nenc
, (4.4)

where r is the wheel radius and Nenc the encoder resolution.
The incremental robot motion is then computed as

∆sk = ∆sL + ∆sR

2 , (4.5)

∆θenc,k = ∆sR −∆sL

l
. (4.6)

The bias-corrected heading increment is defined as:

∆θk = ∆θenc,k − bkTs. (4.7)

Using midpoint integration, the predicted state becomes

xk+1 = xk + ∆sk cos
(︄

θk + ∆θk

2

)︄
, (4.8)

yk+1 = yk + ∆sk sin
(︄

θk + ∆θk

2

)︄
, (4.9)

θk+1 = θk + ∆θk, (4.10)
bk+1 = bk + wb,k. (4.11)

The corresponding Jacobian matrix is
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Fk =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 −∆sk sin

(︂
θk + ∆θk

2

)︂
0

0 1 ∆sk cos
(︂
θk + ∆θk

2

)︂
0

0 0 1 −Ts

0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ . (4.12)

The process noise covariance is chosen adaptively as

σs = αs|∆sk|, (4.13)
σθ = αθ + βθ|∆θenc,k|, (4.14)

leading to

Qk = diag
(︂
σ2

s , σ2
s , σ2

θ , σ2
b Ts

)︂
. (4.15)

σs is modeled as proportional to the traveled distance, reflecting the fact that
translational uncertainty mainly arises from motion-dependent effects such as wheel
slip and encoder quantization.

In contrast, the rotational component σθ includes both a constant term and a
motion-dependent term. The constant term αθ accounts for baseline uncertainty due
to factors such as sensor noise and bias estimation errors, while the proportional
term captures motion-induced uncertainty associated with encoder-based heading
increments.

The numerical values of the coefficients are reported in Chapter 5.
In the following measurement updates, consistency is assessed using the Normal-

ized Innovation Squared (NIS), introduced in Section 2.7. The NIS is computed for
each sensor modality and used to monitor filter consistency and support measurement
validation.

4.1.3 IMU Update

The gyroscope provides an angular velocity measurement

zk = ωimu,k. (4.16)

In the implemented formulation, the predicted measurement is computed using
the encoder-derived heading increment:
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ẑk = ∆θenc,k

Ts

+ b̂k|k−1. (4.17)

The encoder-derived angular velocity is used as an approximation of the true
angular rate. Consequently, encoder uncertainty—arising from factors such as wheel
slip, encoder quantization, and unmodeled kinematic effects—is implicitly absorbed
into the effective measurement noise term. This assumes that such errors remain
small relative to gyroscope bias drift over the considered time scale.

The innovation is therefore

yk = zk − ẑk. (4.18)

Since the measurement depends only on the bias state, the Jacobian matrix is

Himu =
[︂
0 0 0 1

]︂
. (4.19)

Although the measurement equation is directly sensitive only to the bias state,
the heading and position states are indirectly corrected through the cross-covariance
terms contained in Pk.

The innovation covariance is

Sk = HimuPk|k−1H
T
imu + Rimu, (4.20)

and the Kalman gain is

Kk = Pk|k−1H
T
imuS−1

k . (4.21)

The state estimate is updated as

q̂k = q̂k|k−1 + Kkyk, (4.22)

followed by the covariance update

Pk = (I −KkHimu)Pk|k−1. (4.23)

The NIS associated with the IMU update is computed as

NISk = yT
k S−1

k yk, (4.24)

and is used to monitor the statistical consistency of the inertial measurements
and to verify the correctness of the assumed noise model.
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In implementation, a numerically stabilized covariance update may be adopted
to preserve symmetry and positive definiteness.

The IMU update is applied only after at least one encoder motion increment has
been processed. This ensures consistency between encoder-based and inertial angular
velocity estimates and avoids bias updates in the absence of motion.

4.1.4 AprilTag Update

Absolute pose corrections are obtained from AprilTag landmark detections. For
a detected tag located at known world coordinates (xt, yt), the camera provides
range–bearing measurements

zk =
⎡⎣ϕk

ρk

⎤⎦ . (4.25)

Given the predicted state estimate q̂k|k−1 =
[︂
x̂k|k−1 ŷk|k−1 θ̂k|k−1 b̂k|k−1

]︂T
, the

expected measurement is

ẑk =

⎡⎢⎣atan2(yt − ŷk|k−1, xt − x̂k|k−1)− θ̂k|k−1√︂
(xt − x̂k|k−1)2 + (yt − ŷk|k−1)2

⎤⎥⎦ . (4.26)

Defining

∆x = xt − x̂k|k−1, ∆y = yt − ŷk|k−1, r2 = ∆x2 + ∆y2,

the Jacobian matrix with respect to the state is

Htag,k =
⎡⎣ ∆y

r2 −∆x
r2 −1 0

−∆x
r
−∆y

r
0 0

⎤⎦ . (4.27)

The measurement is independent of the bias state, as reflected by the zero entries in
the fourth column of Htag,k. The innovation is computed as

yk = zk − ẑk, (4.28)

with angular residual normalized to the interval (−π, π].
The innovation covariance is

Sk = Htag,kPk|k−1H
T
tag,k + Rtag, (4.29)

and the Kalman gain is
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Kk = Pk|k−1H
T
tag,kS−1

k . (4.30)

The state estimate is updated as

q̂k = q̂k|k−1 + Kkyk, (4.31)

followed by covariance update

Pk = (I −KkHtag,k)Pk|k−1. (4.32)

The corresponding NIS is computed as

NISk = yT
k S−1

k yk. (4.33)

The NIS is used to assess the statistical consistency of the filter and to support
the tuning of noise covariance parameters. In particular, its empirical distribution is
compared against the theoretical chi-square bounds to verify whether the assumed
process and measurement noise levels are consistent with the observed estimation
errors.

In addition, for vision-based measurements, the NIS is used to perform chi-square
gating, enabling the rejection of outlier observations.

For a two-dimensional measurement, NISk follows a chi-square distribution with
two degrees of freedom under correct noise assumptions. Measurements with NISk

exceeding the 99% confidence threshold (χ2
2,0.99 = 9.21) are rejected to mitigate the

effect of outliers.
Additional geometric and numerical validity checks are performed prior to the

update step to avoid singular configurations and ill-conditioned covariance matrices.

4.1.5 Structural Characteristics

Because all state components are estimated jointly, cross-covariance terms between
bias and pose states are naturally preserved.

This joint formulation ensures that heading and bias states are indirectly cor-
rected through their cross-correlation with position states [3]. While statistically
consistent under correct modeling assumptions, the centralized structure increases
computational complexity and tightly couples all sensing modalities within a single
estimator.
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Centralized EKF
State [x, y, θ, b]

Wheel Encoders

IMU AprilTag Camera

∆s, ∆θenc

ωimu ϕ, ρ

x̂, ŷ, θ̂, b̂

Figure 4.1: Centralized EKF architecture. Encoders drive state propagation, while
IMU and vision provide measurement updates.

4.2 Cascaded Architecture

4.2.1 State Decomposition

In the cascaded approach, the full state is partitioned into two independent filters:

q
(1)
k = bk, (4.34)

q
(2)
k =

[︂
xk yk θk

]︂T
. (4.35)

The corresponding covariance matrices are

P
(1)
k ∈ R1×1, P

(2)
k ∈ R3×3. (4.36)

The chosen state partition reflects a deliberate architectural trade-off between
simplicity and information coupling. In the cascaded structure, the first filter is
dedicated exclusively to gyroscope bias estimation, while the second filter estimates
the full pose, including heading.

This choice is motivated by the role of the bias as a slowly varying sensor
parameter that can be estimated independently from the robot pose. By isolating the
bias into a dedicated scalar filter, the estimation problem is significantly simplified,
and the IMU measurement model becomes linear and directly observable.

In contrast, the heading state θk is retained within the pose filter because it
is strongly coupled with the planar motion dynamics. The evolution of xk and
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yk depends explicitly on the heading through the nonlinear motion model, and
separating θk from the position states would break this natural coupling, leading to
a less coherent propagation model.

As a result, the cascaded architecture preserves the coupling between position
and heading within a single filter, while treating the bias as an external parameter
that influences the system through feedforward correction.

An alternative partitioning, where θk and bk are jointly estimated in the same
filter, is considered in the hybrid architecture presented later in this chapter. That
formulation reintroduces partial coupling between heading and bias estimation, at
the cost of increased complexity.

Unlike the centralized formulation, cross-covariance terms between bias and pose
states are not represented.

4.2.2 Bias Estimation Filter

The first filter estimates the gyroscope bias independently. The bias is modeled
as a random walk:

bk+1 = bk + wb,k, wb,k ∼ N (0, Qb). (4.37)

The covariance propagation reduces to

P
(1)
k|k−1 = P

(1)
k−1|k−1 + Qb. (4.38)

The IMU measurement is reformulated as

zk = ωimu,k −
∆θenc,k

Ts

, (4.39)

which yields the linear measurement model

ẑk = b̂k|k−1. (4.40)

The innovation is

yk = zk − ẑk, (4.41)

with innovation covariance

Sk = P
(1)
k|k−1 + Rimu. (4.42)
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The Kalman gain becomes

Kk =
P

(1)
k|k−1

Sk

. (4.43)

The update equations reduce to

b̂k|k = b̂k|k−1 + Kkyk, (4.44)
P

(1)
k|k = (1−Kk)P (1)

k|k−1. (4.45)

4.2.3 Pose Estimation Filter

The second filter estimates the pose using encoder-based propagation and land-
mark updates.

The bias estimate b̂k from the first filter is used during heading propagation:

∆θk = ∆θenc,k − b̂k|kTs. (4.46)

To account for bias uncertainty in heading propagation, the heading variance is
inflated as

P
(2)
33,k|k−1 = P

(2)
33,k|k−1 + T 2

s P
(1)
k|k . (4.47)

The landmark update is performed only on the pose state. The measurement
Jacobian is

Htag,k ∈ R2×3, (4.48)

and the update affects only xk, yk, θk.
Unlike the centralized architecture, the bias state is not corrected during landmark

updates, since no cross-covariance terms are maintained.

4.2.4 Information Flow and Limitations

The cascaded structure introduces a one-way information flow:

• The bias estimate influences pose propagation.
• Bias uncertainty inflates heading variance.
• Landmark updates correct only the pose filter.
• No feedback from pose corrections to bias estimation exists.
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This structural simplification approximates statistical coupling through variance
injection rather than explicit cross-covariance tracking. Its impact on consistency
depends on the relative magnitude of bias uncertainty and motion excitation.

KF1
Bias b

EKF2
Pose [x, y, θ]

IMU AprilTag CameraEncoders

ωimu ϕ, ρ∆s, ∆θenc

b̂

b̂ x̂, ŷ, θ̂

Figure 4.2: The cascaded architecture exhibits one-way information flow: bias
affects pose propagation, while pose corrections do not influence bias estimation.

4.3 Error-State KF

4.3.1 Nominal and Error State Definition

In the Error-State KF formulation, the state estimate is decomposed into:

• A nominal state q̂k, propagated using the full nonlinear model.

• A small error state δqk, estimated using a linearized model.

The nominal state is defined as

q̂k =
[︂
x̂k ŷk θ̂k b̂k

]︂T
, (4.49)

while the error state is

δqk =
[︂
δxk δyk δθk δbk

]︂T
. (4.50)

The total state is related by
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qk = q̂k + δqk, (4.51)

since all variables are represented in Euclidean coordinates.

4.3.2 Nominal State Propagation

The nominal state is propagated using the nonlinear motion model:

x̂k|k−1 = x̂k−1|k−1 + ∆sk cos
(︄

θ̂k−1|k−1 + ∆θk

2

)︄
, (4.52)

ŷk|k−1 = ŷk−1|k−1 + ∆sk sin
(︄

θ̂k−1|k−1 + ∆θk

2

)︄
, (4.53)

θ̂k|k−1 = θ̂k−1|k−1 + ∆θk, (4.54)

with

∆θk = ∆θenc,k − b̂k−1|k−1Ts. (4.55)

4.3.3 Error Covariance Propagation

The error covariance is propagated using the linearized system dynamics:

Pδq,k|k−1 = FkPδq,k−1|k−1F
T
k + Qk, (4.56)

Although the covariance propagation equation has the same form as in the
centralized EKF, the two formulations differ in the point around which the system
is linearized and in the quantity being estimated.

In the centralized EKF, the nonlinear motion and measurement models are
directly linearized with respect to the full state vector qk, and the filter propagates
and updates the state estimate itself.

In contrast, the Error-State KF linearizes the system dynamics with respect to
the error state δqk, defined as the deviation from the nominal trajectory q̂k. The
linearization is therefore performed around the nominal state, which follows the
nonlinear model, while the filter estimates only small corrections.

As a result, although the propagation equations appear structurally similar, the
centralized EKF operates on the full state, whereas the Error-State KF operates on
a locally linear error representation. This distinction improves the validity of the
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linear approximation, since the error state remains small even when the nominal
trajectory evolves nonlinearly.

In the considered planar localization problem, the practical differences between the
centralized EKF and the Error-State KF are limited. Since all states are represented in
Euclidean form and no manifold constraints are involved, the error-state formulation
reduces to an additive correction of the nominal state.

As a result, the Jacobians are evaluated at the same operating point and both
filters yield nearly identical numerical behavior. The main distinction therefore lies
in the interpretation of the estimated quantities rather than in the structure of the
resulting equations.

4.3.4 IMU Error Update

For the IMU update, the innovation is directly computed as the residual between
the IMU measurement and its nominal prediction:

yk = ωimu,k −
(︄

∆θenc,k

Ts

+ b̂k|k−1

)︄
. (4.57)

The measurement Jacobian in the error-state space is

Himu =
[︂
0 0 0 1

]︂
. (4.58)

The Kalman gain is computed as

Kk = Pδq,k|k−1H
T
imuS−1

k , (4.59)

with
Sk = HimuPδq,k|k−1H

T
imu + Rimu (4.60)

4.3.5 AprilTag Error Update

The landmark innovation is computed using the nominal state:

yk = zk − ẑk(q̂k). (4.61)

The measurement update is performed entirely in the error-state space, leaving
the nominal state unchanged until correction injection. The Jacobian is identical to
the one derived in Chapter 3, evaluated at the nominal state q̂k.

The innovation covariance is computed as
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Sk = HkPδq,k|k−1H
T
k + Rk, (4.62)

and the Kalman gain is

Kk = Pδq,k|k−1H
T
k S−1

k . (4.63)

4.3.6 Injection and Reset

After computing the correction δqk = Kkyk, the nominal state is updated as

q̂k = q̂k + δqk. (4.64)

The error state is then reset to zero:

δqk = 0. (4.65)

The covariance is updated prior to injection using the Joseph stabilized form

Pδq,k|k = (I −KkHk)Pδq,k|k−1(I −KkHk)T + KkRkKT
k . (4.66)

Since an additive error representation is adopted, no additional covariance transfor-
mation is required after injection.

4.3.7 Structural Characteristics

The ESKF preserves the full state covariance and therefore maintains all cross-
correlations between position, heading, and bias states, similarly to the centralized
EKF.

However, the separation between nominal and error states offers several advan-
tages:

• Linearization is performed around the nominal trajectory, which typically
remains close to the true state.

• The error state remains small, improving the validity of first-order approxima-
tions [10, 12].

• Numerical stability is improved, particularly for orientation variables.
• Bias estimation is naturally integrated within the same covariance structure.

In contrast to the cascaded architecture, the ESKF does not approximate cross-
correlation through variance inflation, but explicitly represents it within the error
covariance matrix.
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Nominal State q̂ = [x, y, θ, b]

Error-State KF
δq , Pδq

IMU

Wheel Encoders

AprilTag Camera
ωimu ϕ, ρ

∆s, ∆θenc

Injection δq

q̂ propagation

Figure 4.3: Error-State KF architecture. Measurements update the error-state,
which is injected into the nominal state estimate. Full covariance is maintained in

error-state form.

4.4 Hybrid Architecture

4.4.1 State Partitioning

In the hybrid architecture, the full state vector is partitioned into two interacting
filters:

q
(1)
k =

⎡⎣θk

bk

⎤⎦ , q
(2)
k =

⎡⎣xk

yk

⎤⎦ . (4.67)

The corresponding covariance matrices are

P
(1)
k ∈ R2×2, P

(2)
k ∈ R2×2. (4.68)

Unlike the centralized architecture, cross-covariance terms between planar position
and heading–bias states are not explicitly maintained. However, information exchange
between the two filters is achieved through uncertainty injection and feedback updates.
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4.4.2 Heading–Bias Filter

The first filter estimates heading and gyroscope bias using encoder propagation
and IMU measurements.

Prediction

From encoder-derived increments, the heading is propagated as

θ̂k|k−1 = θ̂k−1|k−1 + ∆θenc,k − b̂k−1|k−1Ts. (4.69)

This formulation follows directly from the bias-compensated angular increment
model introduced in equation 3.7, where the encoder-based heading increment is
used as a reference and the gyroscope bias is explicitly estimated and removed to
ensure consistency with the IMU measurement model.

The bias is modeled as a random walk, capturing slow time variations:

bk+1 = bk + wb,k, wb,k ∼ N (0, Qb). (4.70)

In the prediction step, this leads to

b̂k|k−1 = b̂k−1|k−1, (4.71)

The linearized state transition matrix is

F
(1)
k =

⎡⎣1 −Ts

0 1

⎤⎦ . (4.72)

The covariance propagation follows

P
(1)
k|k−1 = F

(1)
k P

(1)
k−1|k−1(F

(1)
k )T + Q

(1)
k , (4.73)

where Q
(1)
k models heading process noise and bias drift.

IMU Update

The gyroscope provides the measurement

zk = ωimu,k. (4.74)

The predicted measurement is

37



4.4. HYBRID ARCHITECTURE

ẑk = ∆θenc,k

Ts

+ b̂k|k−1. (4.75)

The innovation becomes

yk = zk − ẑk. (4.76)

The measurement Jacobian is

H
(1)
k =

[︂
0 1

]︂
. (4.77)

The innovation covariance and Kalman gain are

Sk = H
(1)
k P

(1)
k|k−1(H

(1)
k )T + Rimu, (4.78)

Kk = P
(1)
k|k−1(H

(1)
k )T S−1

k . (4.79)

The state and covariance are updated as

q̂
(1)
k|k = q̂

(1)
k|k−1 + Kkyk, (4.80)

P
(1)
k|k = (I −KkH

(1)
k )P (1)

k|k−1. (4.81)

4.4.3 Position Filter

The second filter estimates planar position using heading provided by the first
filter.

Prediction

Using the heading estimate θ̂k|k from EKF-1, the planar motion model is

x̂k|k−1 = x̂k−1|k−1 + ∆sk cos(θ̂k|k) (4.82)
ŷk|k−1 = ŷk−1|k−1 + ∆sk sin(θ̂k|k). (4.83)

The state transition Jacobian is

F
(2)
k = I2. (4.84)
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Heading Uncertainty Injection

Since heading uncertainty is not jointly represented, its effect on planar motion
must be approximated.

Let

σ2
θ = P

(1)
k|k (1, 1). (4.85)

The additional covariance contribution induced by heading uncertainty is approx-
imated as

Qθ,k = ∆s2
kσ2

θI2. (4.86)

The covariance propagation therefore becomes

P
(2)
k|k−1 = F

(2)
k P

(2)
k−1|k−1(F

(2)
k )T + Q

(2)
k + Qθ,k, (4.87)

where Q
(2)
k models translational process noise.

4.4.4 AprilTag Update

Landmark observations update only the planar position state.
For a tag located at (xt, yt), the predicted measurement is

ẑk =

⎡⎢⎣atan2(yt − ŷk|k−1, xt − x̂k|k−1)− θ̂k|k√︂
(xt − x̂k|k−1)2 + (yt − ŷk|k−1)2

⎤⎥⎦ . (4.88)

The Jacobian with respect to [xk, yk]T is

H
(2)
k =

⎡⎣ ∆y
r2 −∆x

r2

−∆x
r
−∆y

r

⎤⎦ . (4.89)

with
∆x = xt − x̂k|k−1, ∆y = yt − ŷk|k−1, r2 = ∆x2 + ∆y2. (4.90)

The innovation covariance and gain are

Sk = H
(2)
k P

(2)
k|k−1(H

(2)
k )T + Rtag, (4.91)

Kk = P
(2)
k|k−1(H

(2)
k )T S−1

k . (4.92)
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The updated state and covariance are

yk = zk − ẑk (4.93)
q̂

(2)
k|k = q̂

(2)
k|k−1 + Kkyk, (4.94)

P
(2)
k|k = (I −KkH

(2)
k )P (2)

k|k−1. (4.95)

4.4.5 Heading Feedback from Vision

Since landmark observations provide both range and bearing information, they
also contain implicit information about the robot heading. This information can be
exploited to improve the heading estimate through a feedback correction.

An equivalent heading measurement is obtained by combining the estimated
robot position with the observed bearing:

θcam = atan2(yt − ŷk|k, xt − x̂k|k)− ϕk. (4.96)

This quantity represents the heading that is consistent with the current position
estimate and the observed landmark direction. The corresponding innovation is
defined as

yfb
k = θcam − θ̂k|k. (4.97)

The feedback is incorporated as an additional scalar measurement affecting only
the heading component of the first filter. The associated measurement model is
linear, with Jacobian

H
(1)
fb =

[︂
1 0

]︂
. (4.98)

Using this model, a standard Kalman correction step is applied to the heading–bias
filter. This update is performed after the IMU correction, resulting in a sequential
multi-sensor update at the same time step.

This feedback mechanism introduces a partial coupling between the two filters:
although cross-covariances are not explicitly maintained, vision-based position up-
dates indirectly improve heading estimation. As a result, the hybrid architecture
recovers part of the information flow that would otherwise be lost in a fully decoupled
formulation.

4.4.6 Structural Implications

The hybrid architecture introduces bidirectional information flow:
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• Heading uncertainty affects planar position propagation through covariance
injection.

• Vision-based position updates indirectly correct heading through feedback.

However, the full joint covariance between [x, y] and [θ, b] is not explicitly repre-
sented. Cross-correlations are approximated rather than maintained directly.

Compared to the cascaded architecture, the hybrid scheme improves consistency
by incorporating partial feedback. Although the hybrid architecture does not ex-
plicitly maintain the full joint covariance between position and heading–bias states,
the combination of uncertainty injection and vision-based feedback allows it to
approximate cross-correlation effects in a structured manner [16].

The resulting estimation behavior can approach that of centralized architectures
while preserving modular decomposition.

EKF-1
Heading & Bias [θ, b]

EKF-2
Position [x, y]

IMU AprilTag Camera

Wheel Encoders

ωimu ϕ, ρ

∆θenc ∆s

Heading estimate θ̂

Vision-based θ correction

θ̂, b̂ x̂, ŷ

Figure 4.4: Hybrid-Cascaded EKF architecture. Heading–bias and position are
estimated in separate filters. Heading uncertainty influences position propagation,

while vision-based updates provide partial feedback to heading estimation. Full joint
covariance is not maintained.

4.5 Comparative Structural Analysis

4.5.1 Covariance Structure Comparison

The considered architectures differ primarily in how cross-correlations between
position, heading, and bias states are represented:

• Centralized EKF: Full joint covariance matrix is maintained.
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• Cascaded EKF: No explicit cross-covariance between sub-filters; coupling is
approximated through variance injection.

• ESKF: Full covariance maintained in error-state form.
• Hybrid-Cascaded EKF: Partial coupling through uncertainty injection and

feedback, without full joint covariance tracking.

The centralized EKF and ESKF explicitly preserve all statistical dependencies,
while partitioned architectures rely on approximations.

4.5.2 Computational Complexity

The centralized EKF and ESKF propagate a 4 × 4 covariance matrix at each
step.

Partitioned architectures reduce matrix dimensionality to 2× 2 blocks, decreasing
computational cost. However, this reduction is achieved at the expense of neglecting
or approximating cross-correlations.

4.5.3 Expected Consistency Behavior

Architectures that neglect explicit cross-covariance terms may, in principle, be
more sensitive to modeling inaccuracies [4], particularly when strong dependencies
exist between sub-states.

However, when uncertainty injection and feedback mechanisms are properly
designed, partitioned architectures can achieve consistency levels comparable to fully
centralized formulations.

The hybrid architecture introduces bidirectional information exchange between
sub-filters, which mitigates the loss of explicit cross-correlation. Although full joint
covariance tracking is not performed, carefully tuned uncertainty propagation and
feedback correction can preserve statistical consistency in practice.

The practical implications of these structural differences are evaluated experi-
mentally in Chapter 6 and Chapter 7.

Table 4.1: Structural comparison of the considered Kalman filter architectures.

Architecture Joint Cov. Cross-Corr. Handling State Dim.
Centralized EKF Yes Explicit 4
Cascaded EKF No Variance injection 1 + 3
ESKF Yes (error) Explicit 4
Hybrid-Cascaded EKF No Partial (feedback) 2 + 2
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5
Model Implementation

This chapter describes the practical implementation of the probabilistic model
and the different Kalman filter architectures presented in Chapter 4. While Chapter 3
introduced the mathematical formulation, the focus here is on engineering choices,
parameter selection, data handling, and numerical considerations that influence
estimator behavior.

5.1 Software Framework

5.1.1 Development Environment

The complete localization pipeline was implemented using a combination of Robot
Operating System (ROS) based data acquisition and offline MATLAB evaluation.

Sensor data were collected on the Duckiebot platform using ROS nodes, while all
Kalman filter architectures were implemented and executed offline in MATLAB. This
separation allowed identical datasets to be reused across all filter variants, ensuring
a fair architectural comparison.

The implementation follows a modular structure:

• ROS nodes handle sensor acquisition and preprocessing.

• A unified logging node aggregates all measurements into a single topic.

• MATLAB scripts implement the different Kalman filter architectures.

All filters share identical motion and measurement models and differ only in state
representation and covariance structure.
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5.1.2 ROS-Based Sensor Acquisition

Wheel encoder ticks, IMU measurements, AprilTag detections, and Vicon ground-
truth data were collected using dedicated ROS nodes.

AprilTag Detection Node A custom ROS node was developed for AprilTag de-
tection. Compressed camera images are undistorted using intrinsic calibration
parameters and processed using the apriltag library. Detected tag poses are esti-
mated in the camera frame and transformed to the robot base frame using a fixed
extrinsic calibration matrix.

Each detection includes:

• Tag identifier

• 3D relative translation
• Quaternion orientation

• Detection confidence metrics

Unified Sensor Logger To simplify offline processing, a dedicated logging node
aggregates all sensor measurements into a single topic (/raw_sensor_log) using a
standardized numeric format.

Each message contains:

• Timestamp (seconds)

• Measurement type identifier

• Measurement values

The following measurement types are recorded:

• Left encoder ticks
• Right encoder ticks

• IMU angular velocity (ωz)

• AprilTag relative position

• Vicon ground-truth pose

This unified logging strategy guarantees strict timestamp consistency across all
architectures during offline replay.
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5.1.3 Offline Data Processing

Recorded ROS bag files are loaded into MATLAB for filter evaluation.
During preprocessing:
• Messages are sorted by timestamp.
• Time intervals are computed from consecutive measurements.
• Encoder ticks are converted to metric displacements.
• Angular quantities are normalized to (−π, π].
All architectures process the same measurement sequence without modification,

ensuring that performance differences arise solely from structural estimator design.

5.2 Dataset Description

5.2.1 Experimental Platform

Experiments were conducted using a Duckiebot DB21J platform, a small-scale
differential-drive robot developed within the Duckietown project for autonomous
driving research and education [17]. A picture of the experimental platform is shown
in Fig. 5.1.

Figure 5.1: Duckiebot DB21J platform used in the experiments.

The robot is a differential-drive vehicle equipped with wheel encoders, an onboard
IMU (MPU-9250), and a monocular forward-facing camera.

The main geometric parameters of the robot are:
• Wheel radius: approximately r ≈ 0.03 m
• Wheel baseline: approximately l ≈ 0.10 m
The camera is rigidly mounted on the chassis. Intrinsic and extrinsic calibration

parameters were obtained from the standard camera calibration procedure.
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Wheel Encoders Each wheel is equipped with an absolute encoder providing Nenc =
135 ticks per revolution. Encoder measurements are published at approximately
30 Hz.

Inertial Measurement Unit The robot is equipped with an MPU-9250 IMU. Only
the angular velocity around the vertical axis (ωz) is used for state estimation. The
IMU operates at approximately 30 Hz. No additional onboard filtering was applied
to the gyroscope measurements.

Camera and AprilTags The monocular camera operates at approximately 30 Hz.
AprilTag detections use the tag36h11 family with a tag side length of 0.12 m.

Detected tag poses are expressed relative to the robot base frame using a fixed
extrinsic transformation. Tag world coordinates were obtained using the Vicon
motion capture system.

5.2.2 Recorded Experiments

Two track configurations were designed to evaluate estimator performance under
different levels of geometric complexity. Photographs of the experimental setups are
shown in Figure 5.2a and Figure 5.2b.

• Easy track: primarily composed of straight segments connected by smooth 90◦

turns.
• Hard track: includes tighter curvature sections, multiple direction changes,

and longer straight segments.
The easy track contained 10 AprilTags, while the hard track contained 11. All

tags were rigidly fixed in the environment, and their world coordinates were measured
using the Vicon motion capture system to ensure accurate landmark positioning.

(a) Easy track (b) Hard track

Figure 5.2: Tracks used for localization experiments
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Geometric Characteristics The easy configuration consists of two long straight
segments connected by two shorter straights and four smooth 90◦ turns with an
approximate radius of 0.30 m.

The hard track introduces:
• Increased curvature variation
• Consecutive directional changes
• Longer straight-line segments

These characteristics amplify heading uncertainty growth and increase sensitivity
to bias estimation errors, making the scenario more challenging for loosely coupled
architectures.

Experimental Protocol For each track configuration, multiple runs were recorded.
Each run consisted of three complete laps of the circuit.

The easy track was primarily employed during the development phase for filter
tuning and parameter adjustment, owing to its simpler geometry and repeatable
motion profile. After parameter tuning was finalized, both track configurations were
used for performance evaluation.

From the recorded datasets, a representative run for each track was selected
for detailed analysis. Selection was based on data completeness and stable sensor
operation, ensuring absence of packet loss or sensor dropout.

Motion Profile The robot operated at a maximum linear speed of approximately
0.3 m/s. Velocity was controlled by a lane-following controller, leading to moderate
speed variations along the trajectory.

Straight segments primarily test encoder integration performance, while curved
sections stress heading estimation and bias correction. The hard track, in particular,
generates sustained angular motion, which highlights differences in cross-covariance
handling between filter architectures.

Ground Truth System Ground-truth pose measurements were obtained using a
Vicon motion capture system operating at 100 Hz.

Vicon data were used exclusively for:

• Initialization of the robot’s initial pose
• Quantitative evaluation of estimation accuracy

Ground truth was not used as a measurement input to any of the Kalman filter
architectures.
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Sensor Synchronization and Latency Considerations All sensor data were times-
tamped within ROS. Initial experiments revealed noticeable latency when transmit-
ting camera data over WiFi. To mitigate this effect:

• AprilTag detection resolution was reduced

• A region of interest was applied for lane detection

• All critical nodes were executed onboard the Duckiebot

After these adjustments, latency effects were considered negligible for the purposes
of state estimation.

All datasets were recorded in an indoor laboratory environment under artificial
lighting conditions.

5.3 Discretization and Numerical Considera-
tions

5.3.1 Sampling Time Handling

All sensor measurements are timestamped within ROS and logged into a unified
dataset. During offline evaluation, timestamps are sorted in ascending order and
processed sequentially.

The sampling interval Ts is computed dynamically from consecutive timestamps:

Ts = tk − tk−1. (5.1)

Therefore, a variable time-step formulation is adopted. This avoids imposing
an artificial fixed-rate discretization and ensures consistency with the actual sensor
timing.

Encoder and IMU measurements are typically available at approximately 30 Hz.
The camera provides images at 30 Hz; however, AprilTag detections are event-driven
and occur at a lower and irregular rate, depending on visibility and processing time.

Vicon ground-truth data are recorded at 100 Hz and are used exclusively for
evaluation and initialization.

State propagation is triggered by encoder increments, while measurement updates
(IMU or AprilTag) are applied asynchronously whenever new sensor data become
available.
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5.3.2 State Propagation

State propagation is performed using the discrete-time motion model defined in
Chapter 3. The same formulation is used across all architectures to ensure a fair
comparison.

Encoder increments provide linear and angular motion estimates, while bias
correction is applied to the heading update. Midpoint integration is employed to
reduce discretization error during curved motion.

5.3.3 Angle Normalization

All angular states and residuals are normalized to the interval (−π, π] after each
update.

Angle wrapping is applied to:

• The heading state θk

• Innovation terms involving angular measurements

• Vision-based bearing residuals

This prevents artificial discontinuities at ±π and avoids spurious large innovations.

5.3.4 Covariance Update Form

For improved numerical stability, the covariance matrix is updated using the
Joseph stabilized form [10]:

Pk ← (I −KkHk)Pk(I −KkHk)T + KkRkKT
k . (5.2)

This formulation guarantees symmetry and positive semi-definiteness of the
covariance matrix under finite numerical precision.

The Joseph form is used consistently across all filter architectures to ensure a
fair comparison.

5.4 Process Noise Modeling

Process noise modeling plays a central role in balancing estimator responsiveness
and consistency. In this work, process noise is used to capture unmodeled effects such
as wheel slip, encoder quantization, uneven ground contact, and residual modeling
errors that cannot be explicitly represented in the deterministic motion equations.
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Rather than assuming constant noise levels, adaptive noise models are adopted
to reflect the fact that uncertainty grows with motion magnitude. This choice is par-
ticularly important for differential-drive robots, where odometry error accumulation
is strongly correlated with traveled distance and angular motion [2, 5].

5.4.1 Translational and Rotational Noise

The translational and rotational process noise standard deviations are defined as

σs = αs|∆sk|, (5.3)
σθ = αθ + βθ|∆θenc,k|. (5.4)

Rationale for Adaptive Scaling The translational uncertainty σs is modeled as
proportional to the traveled distance ∆sk. This reflects the empirical observation
that odometry errors grow with motion, due to effects such as wheel slip, surface
irregularities, and finite encoder resolution. When the robot is stationary or moves
very slowly, the translational process noise naturally approaches zero.

Similarly, the rotational uncertainty σθ increases with the magnitude of the
encoder-derived heading increment. Curved motion and sustained rotation am-
plify sensitivity to wheel asymmetries and encoder mismatch, motivating a motion-
dependent rotational noise model.

The constant term αθ accounts for residual angular uncertainty even during very
small or zero encoder rotations, capturing unmodeled disturbances and discretization
effects.

Units and Consistency All angular quantities are expressed in radians. Conse-
quently, σθ, αθ, and ∆θenc,k are expressed in radians, while σs and αs are expressed
in meters. This ensures dimensional consistency within the covariance matrix and
avoids implicit unit conversions during filter execution.

Interpretation of Coefficients The coefficient αs determines the rate at which
translational uncertainty grows per unit distance traveled. Larger values increase
robustness to unmodeled wheel slip at the cost of reduced short-term precision.

The coefficient αθ represents a baseline angular uncertainty, while βθ controls the
sensitivity of rotational uncertainty to encoder-derived heading changes. Together,
these parameters regulate how aggressively heading uncertainty is injected during
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turning maneuvers, which is critical for maintaining consistency in landmark-based
updates.

The selected values were tuned empirically to achieve statistically consistent
behavior across all architectures, as verified through NIS analysis [3, 14].

5.4.2 Bias Noise

The gyroscope bias is modeled as a random walk:

bk+1 = bk + wb,k, wb,k ∼ N (0, σ2
b Ts). (5.5)

This model captures slow temporal variations in the IMU bias caused by temper-
ature changes, sensor aging, and electronic drift. The bias noise standard deviation
σb is assumed constant and expressed in radians per second.

A small value of σb enforces temporal smoothness of the bias estimate, preventing
rapid fluctuations that would otherwise be absorbed from measurement noise. At
the same time, allowing nonzero bias process noise ensures that long-term drift can
be tracked and compensated.

The chosen value of σb represents a compromise between bias adaptability and
estimator stability, and was selected to yield consistent IMU innovation statistics
across both centralized and partitioned architectures.

5.5 Measurement Noise Modeling

Measurement noise covariance matrices determine the relative weight assigned to
sensor observations during the correction step. Accurate noise modeling is essential
to ensure statistical consistency, as verified through innovation analysis.

5.5.1 IMU Noise

The gyroscope measurement noise covariance is modeled as

Rimu = σ2
ω, (5.6)

where σω represents the standard deviation of angular velocity noise around the
vertical axis.
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The value of σω was selected based on a combination of:

• Manufacturer specifications of the MPU-9250 gyroscope,

• Empirical observation of stationary sensor data,

• Innovation consistency analysis.

Since the IMU measurement model compares the gyroscope reading to the encoder-
derived angular velocity estimate, Rimu implicitly accounts for both gyroscope noise
and residual encoder discretization effects.

The final value of σω was tuned to ensure that the NIS statistic for IMU updates
remained consistent with a chi-square distribution with one degree of freedom.
Experimental results show that the empirical mean of the IMU NIS is close to unity,
indicating well-balanced measurement weighting.

5.5.2 AprilTag Measurement Noise

The AprilTag measurement covariance matrix is defined as

Rtag =
⎡⎣σ2

ϕ 0
0 σ2

ρ

⎤⎦ , (5.7)

where σϕ is the bearing standard deviation (in radians) and σρ is the range
standard deviation (in meters).

Bearing Variance The bearing uncertainty σϕ captures errors arising from:

• Pixel quantization,

• Camera intrinsic calibration errors,

• Extrinsic calibration uncertainty,

• Small pose estimation inaccuracies in the AprilTag detector.

Bearing measurements are particularly sensitive to small image distortions and
tag detection jitter. A moderate angular noise level was therefore adopted to avoid
overconfidence in heading corrections.
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Range Variance The range uncertainty σρ reflects errors in estimating the 3D
position of the tag relative to the camera. Range accuracy depends on:

• Tag size,

• Distance to the landmark,

• Camera resolution,

• Perspective effects.

Since range estimation degrades with distance, a constant variance approximation
was adopted, representing an average operating distance within the track.

Independence Assumptions The covariance matrix is chosen diagonal, assuming
independence between bearing and range noise. While small correlations may exist in
practice due to projective geometry coupling, empirical innovation analysis indicated
that a diagonal model provides adequate statistical consistency.

The selected values of σϕ and σρ were validated through chi-square consistency
testing based on the Normalized Innovation Squared (NIS). A detailed description of
the validation and gating procedure is provided in Section 5.7.

The empirical AprilTag NIS statistics fall within the expected confidence bounds,
confirming appropriate tuning.

5.6 Initialization Strategy

Proper initialization is essential for reliable filter convergence, particularly in
nonlinear state estimation problems.

Initial Pose Estimate

The initial robot pose (x0, y0, θ0) was set using Vicon ground-truth measurements
at the beginning of each experimental run. This ensures consistent alignment between
estimated and reference trajectories for evaluation purposes.

Ground truth was used exclusively for initialization and performance evaluation,
and was never incorporated as a measurement input to the Kalman filter architectures.
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Initial Bias Estimate

The gyroscope bias was initialized to zero:

b0 = 0. (5.8)

This choice reflects the absence of prior knowledge regarding the bias magnitude.
The bias state is allowed to converge naturally through IMU updates during the
initial motion phase.

Initial Covariance Matrices

Initial covariance matrices were selected to represent moderate uncertainty:

• Position variance: σ2
x = σ2

y = (0.15 m)2

• Heading variance: σ2
θ = (20◦)2

• Bias variance: σ2
b = (5◦)2

These values ensure that early measurements are appropriately weighted without
causing numerical instability.

Sensitivity Considerations

Additional experiments with perturbed initial conditions confirmed that all
architectures converge reliably under reasonable initialization errors. The selected
initial covariances therefore provide a robust compromise between rapid convergence
and conservative uncertainty representation.

5.7 Measurement Validation and Gating

Reliable state estimation requires rejecting inconsistent or physically implausible
measurements. In this work, innovation-based statistical gating is employed to ensure
consistency across all filter architectures.

5.7.1 Normalized Innovation Squared

For each measurement update, the innovation vector is defined as

yk = zk − ẑk, (5.9)
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with innovation covariance

Sk = HkPk|k−1H
T
k + Rk. (5.10)

The NIS statistic is computed as

NISk = yT
k S−1

k yk. (5.11)

Under correct modeling assumptions and properly tuned noise covariances, the NIS
follows a chi-square distribution with degrees of freedom equal to the measurement
dimension [2, 3].

In this work, the NIS is primarily used to tune the process and measurement noise
covariance matrices. Specifically, the empirical distribution of the NIS is compared
against the theoretical chi-square distribution to assess statistical consistency. The
noise parameters in Qk and Rk are adjusted such that the NIS values fall within the
expected confidence bounds.

IMU Updates The IMU measurement is one-dimensional. Therefore, the NIS is
compared against a chi-square distribution with one degree of freedom:

• 95% confidence bound: χ2
1,0.95 = 3.84

• 99% confidence bound: χ2
1,0.99 = 6.63

These thresholds are used primarily to assess the statistical consistency of the
filter, i.e., to verify whether the magnitude of the innovation is compatible with the
predicted covariance. This information is used to tune the process and measurement
noise parameters rather than to strictly reject measurements.

Systematically large NIS values indicate underestimated noise, while consistently
small values suggest overestimated uncertainty.

AprilTag Updates AprilTag measurements are two-dimensional (bearing and range).
The NIS therefore follows a chi-square distribution with two degrees of freedom:

• 95% confidence bound: χ2
2,0.95 = 5.99

• 99% confidence bound: χ2
2,0.99 = 9.21

The 99% confidence threshold is used as the gating criterion for landmark updates.
Measurements exceeding χ2

2,0.99 are rejected as statistical outliers based on innovation
gating principles [3].
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5.7.2 Outlier Rejection

Outlier rejection is implemented through a combination of statistical and geo-
metric validation.

NIS-Based Rejection The NIS is used both for offline consistency analysis, guiding
the tuning of Qk and Rk, and for online measurement validation through statis-
tical gating. These two uses operate at different levels: the former evaluates the
overall filter behavior, while the latter enables rejection of individual inconsistent
observations.

For each AprilTag detection, the NIS value is computed. If

NISk > 9.21, (5.12)

the measurement is discarded and no update is applied. This prevents large residuals
from corrupting the state estimate, particularly in cases of partial occlusion or
incorrect pose estimation.

Geometric Validity Checks Prior to performing the update, additional geometric
checks are applied:

• Minimum range threshold to avoid singular configurations

• Positive depth constraint in the camera frame

• Verification that the innovation covariance Sk is positive definite and sufficiently
well-conditioned to ensure stable matrix inversion

These safeguards prevent ill-conditioned updates in degenerate geometric situations,
such as extremely close landmarks or near-collinearity.

Handling Missing Detections AprilTag measurements are event-driven and may be
absent during extended portions of the trajectory. When no landmark detection is
available, the filter relies solely on propagation and IMU updates.

Since the process noise model accounts for motion-dependent uncertainty, state
covariance naturally increases during periods without external corrections. Once
new landmark observations become available, the covariance contracts through
measurement updates.

This behavior ensures graceful degradation in the absence of vision, while pre-
serving statistical consistency.
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5.8 Architecture-Specific Implementation De-
tails

Although the architectures share the same underlying motion and measurement
models, their implementations differ in how state variables are partitioned, how
covariance is handled, and how information is exchanged between subsystems.

The theoretical formulations were presented in the previous chapter; here, the
focus is on the key implementation differences relevant to practical deployment.

5.8.1 Centralized EKF

The centralized architecture maintains a single joint state vector

qk = [xk, yk, θk, bk]T ,

with a full 4× 4 covariance matrix.
State propagation is performed using encoder-derived motion increments, while

IMU and AprilTag measurements directly update the joint state. All cross-correlations
between position, heading, and bias states are explicitly represented in the covariance
matrix.

Since the full covariance is maintained, no additional variance injection or ap-
proximation mechanisms are required. All measurement updates are applied directly
to the same state vector.

5.8.2 Cascaded EKF Architecture

In the cascaded implementation, the bias and pose states are estimated by two
independent filters:

• KF-1: bias state bk

• EKF-2: pose state [xk, yk, θk]T

The bias filter uses IMU measurements to estimate the gyroscope offset indepen-
dently from the pose estimator.

During pose propagation, the bias estimate b̂k is used to correct the heading
increment. To account for bias uncertainty, the heading variance in EKF-2 is inflated
using

Pθ ← Pθ + T 2
s P

(1)
k ,
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where P
(1)
k is the bias variance.

Landmark updates modify only the pose filter. No explicit cross-covariance terms
are maintained between bias and pose states, resulting in a one-way information flow
from bias to pose.

5.8.3 Error-State Kalman Filter

The Error-State Kalman Filter separates the state into:

• A nominal state propagated using the full nonlinear model,

• An error state estimated through linearized dynamics.

Measurement updates are performed in the error-state space. After each correc-
tion, the estimated error is injected into the nominal state, and the error state is
reset to zero.

The covariance matrix is maintained in error-state form and updated using the
Joseph stabilized formulation. Since the state representation is additive, no additional
covariance transformation is required after injection.

Compared to the centralized EKF, the ESKF improves numerical stability by
keeping the linearized error state small, while preserving the full joint covariance
structure.

5.8.4 Hybrid-Cascaded EKF Architecture

The hybrid implementation partitions the state into two interacting filters:

• EKF-1: heading and bias [θk, bk]T

• EKF-2: planar position [xk, yk]T

Encoder increments are split between the filters: heading propagation is handled
by EKF -1, while translational propagation uses the heading estimate to update
position in EKF-2.

Since full joint covariance is not maintained, heading uncertainty is injected into
the position filter through an additive covariance term proportional to ∆s2

k Pθθ.
AprilTag measurements update the position filter directly. Additionally, a vision-

based heading estimate derived from range–bearing observations provides a feedback
correction to EKF-1, introducing bidirectional coupling between the filters.

This partial feedback mechanism differentiates the hybrid approach from the
purely cascaded architecture and improves consistency without maintaining a full
joint covariance.
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5.9 Computational Considerations

Although the primary focus of this thesis is on estimation consistency and
architectural design, computational aspects are briefly discussed for completeness.

State Dimension per Architecture

The state dimension differs across architectures:

• Centralized EKF: 4 states [x, y, θ, b]

• Cascaded EKF: 1 + 3 states (bias and pose in separate filters)

• Error-State KF: 4 states (error representation)

• Hybrid-Cascaded EKF: 2 + 2 states (heading–bias and position)

The largest covariance matrix propagated in any architecture is therefore 4× 4.
Partitioned architectures operate on smaller 2× 2 or 3× 3 matrices.

Matrix Inversion Size

The computationally dominant operations in Kalman filtering are matrix multi-
plications and inversion of the innovation covariance matrix.

In this work:

• IMU updates require inversion of a 1× 1 matrix.

• AprilTag updates require inversion of a 2× 2 matrix.

Even in the centralized formulation, no large matrix inversions are required.
Therefore, computational complexity differences between architectures remain negli-
gible.

Runtime Performance

All filters were implemented in MATLAB and executed offline. For the recorded
datasets (approximately three laps per run), execution time per architecture was
well below real-time requirements.

Given the small state dimension and low measurement dimensionality, the com-
putational load is minimal. The dominant cost arises from matrix multiplications of
size at most 4× 4, which are trivial for modern processors.
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Real-Time Feasibility

From a theoretical standpoint, all considered architectures are suitable for real-
time deployment on embedded platforms such as the Jetson NANO used in the
Duckiebot.

Since encoder and IMU updates occur at approximately 30 Hz, and AprilTag
detections are event-driven at comparable or lower rates, the computational burden
of state estimation remains significantly below available processing capacity.

Therefore, architectural differences in this study are motivated by statistical and
structural considerations rather than computational constraints.

5.10 Summary

This chapter presented the practical implementation details of the probabilistic
motion and measurement models, as well as the different Kalman filter architectures.

All architectures share:

• Identical motion and measurement models
• The same process and measurement noise parameters

• The same initialization strategy

• The same dataset and timestamp sequence

Consequently, performance differences observed in the following chapters can be
attributed solely to architectural design choices, specifically to how state partitioning
and covariance structure affect information flow and uncertainty representation.

Careful attention was given to numerical stability, including variable sampling
time handling, angle normalization, and Joseph-form covariance updates.

Measurement validation through NIS-based gating ensures statistical consistency
and robustness against outliers.

With these implementation details established, the next chapters evaluate and
compare the estimation performance of the considered architectures through simula-
tion and experimental validation.
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Simulation Results

This chapter presents a systematic comparative evaluation of the Kalman filter
architectures introduced in Chapter 4. All filters are assessed using identical motion
and measurement models, shared noise parameters, and the same recorded datasets,
ensuring that observed differences arise exclusively from architectural design choices.

Two track configurations are considered. The easy track is primarily used for
parameter tuning and verification of statistical consistency. Its moderate curvature
and frequent landmark visibility provide a controlled environment for adjusting
process and measurement noise parameters, validating innovation behavior, and
ensuring stable filter operation.

The hard track, characterized by frequent turns, longer straight segments, and
sustained angular motion, is used for unbiased performance evaluation. All noise
parameters determined during tuning on the easy track are kept unchanged for
the hard-track analysis. This separation prevents overfitting and guarantees a fair
architectural comparison.

Performance is evaluated using both accuracy and consistency metrics. Accuracy
is quantified through position and heading Root-Mean-Square Error (RMSE) with
respect to Vicon ground truth.

Consistency refers to the statistical agreement between the predicted estimation
uncertainty and the observed estimation errors. It is assessed using the Normalized
Innovation Squared (NIS), whose empirical distribution is compared against theoret-
ical chi-square bounds, together with outlier statistics at 95% and 99% confidence
levels [3, 14].

The objective of this chapter is therefore twofold:
• To verify statistical consistency of each architecture under controlled tuning
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conditions.

• To compare localization accuracy and robustness under more demanding geo-
metric excitation.

The results presented in the following sections provide insight into how covari-
ance structure, state partitioning, and cross-correlation handling affect estimation
performance in practice.

6.1 Evaluation Metrics

To enable a rigorous and objective comparison of the considered filter architectures,
performance is evaluated using both accuracy and statistical consistency metrics.

Accuracy metrics quantify the deviation from ground truth, while consistency
metrics assess whether the estimated covariance correctly represents the actual
estimation uncertainty.

6.1.1 Position Root-Mean-Square Error

Position accuracy is evaluated using the planar RMSE with respect to Vicon
ground truth:

RMSEpos =

⌜⃓⃓⎷ 1
N

N∑︂
k=1

[︂
(xk − xgt

k )2 + (yk − ygt
k )2

]︂
. (6.1)

Here, (xk, yk) denotes the estimated position at time step k, (xgt
k , ygt

k ) the corre-
sponding ground-truth position, and N the total number of samples.

This metric provides a global measure of translational accuracy over the entire
trajectory.

6.1.2 Heading Root-Mean-Square Error

Heading accuracy is evaluated using the angular root-mean-square error:

RMSEθ =

⌜⃓⃓⎷ 1
N

N∑︂
k=1

wrap
(︂
θk − θgt

k

)︂2
. (6.2)

The operator wrap(·) normalizes angular differences to the interval (−π, π],
preventing artificial discontinuities at ±π.

Heading RMSE is reported in degrees for improved interpretability.
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6.1.3 Normalized Innovation Squared (NIS)

Statistical consistency is evaluated using the Normalized Innovation Squared
(NIS):

NISk = yT
k S−1

k yk, (6.3)

where yk is the innovation and Sk its covariance.
Under correct modeling assumptions, NISk follows a chi-square distribution with

degrees of freedom equal to the measurement dimension ν [2, 3].
In this work:

• ν = 1 for IMU updates

• ν = 2 for AprilTag updates

For a statistically consistent filter, the expected mean value satisfies [14]

E[NIS] ≈ ν. (6.4)

Systematically larger values indicate overconfidence, while consistently smaller
values suggest conservative uncertainty estimates.

6.1.4 Confidence Bounds and Outlier Rate

To evaluate innovation consistency over time, NIS values are compared against
chi-square confidence thresholds.

For a chosen confidence level α, the acceptance region is defined as

NISk ≤ χ2
ν,α, (6.5)

where χ2
ν,α denotes the upper α-quantile of the chi-square distribution [3] with ν

degrees of freedom.
Outlier percentage is defined as

Outlier Rate =
#{NISk > χ2

ν,α}
Total Measurements . (6.6)

For a consistent filter, approximately a fraction (1− α) of the total number of
innovations is expected to lie outside the confidence region.
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6.1.5 Consistency Envelope Verification

In addition to innovation-based metrics, state consistency is evaluated by com-
paring estimation errors with predicted covariance bounds.

For each state component, the estimation error is plotted together with ±2σ

bounds derived from the covariance matrix [18]:

±2
√︂

Pii,k. (6.7)

A consistent estimator should exhibit error trajectories that remain predominantly
within these bounds without systematic divergence or excessive conservativeness.

6.1.6 Interpretation Framework

It is important to emphasize that low RMSE alone does not guarantee statistical
consistency. An estimator may achieve small average error while underestimating
uncertainty, leading to overconfident covariance predictions.

Therefore, both accuracy and consistency metrics are jointly analyzed in the
following sections to provide a comprehensive evaluation of the considered filter
architectures.

6.2 Sensor Models

The simulations rely on three sensing modalities: wheel encoders, gyroscope
measurements, and vision-based AprilTag observations. All sensor models are
assumed to be affected by zero-mean Gaussian noise.

Wheel Encoder Model Wheel encoder measurements provide incremental wheel
displacements, which are converted into linear and angular motion increments:

∆sk = ∆sL + ∆sR

2 , (6.8)

∆θenc,k = ∆sR −∆sL

l
. (6.9)

Encoder noise is implicitly modeled within the process noise covariance, which
scales with the traveled distance and rotation magnitude.
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Gyroscope Model The gyroscope provides angular velocity measurements modeled
as:

ωk = θ̇k + bk + nω,k, (6.10)

where bk is a slowly varying bias and nω,k is zero-mean Gaussian noise with
variance:

nω,k ∼ N (0, σ2
ω), σω = 17◦/s. (6.11)

The bias is modeled as a random walk process.

AprilTag Measurement Model Each AprilTag detection provides relative bearing
and range measurements:

zk =
⎡⎣ϕk

ρk

⎤⎦ =

⎡⎢⎣arctan2(yt − yk, xt − xk)− θk√︂
(xt − xk)2 + (yt − yk)2

⎤⎥⎦+ nk, (6.12)

where (xt, yt) denotes the landmark position.
Measurement noise is modeled as Gaussian:

nk ∼ N (0, Rk), Rk =
⎡⎣σ2

ϕ 0
0 σ2

ρ

⎤⎦ , (6.13)

with

σϕ = 1◦ (6.14)
σρ = 0.015 m. (6.15)

6.3 Dead-Reckoning Baseline

Before comparing the different Kalman filter architectures, it is instructive to
evaluate the performance of pure dead-reckoning. This baseline corresponds to
state propagation using only encoder-derived motion increments and gyroscope
measurements, without any landmark-based correction.

In this configuration, the state is propagated according to the discrete-time unicy-
cle model described in Chapter 3, using encoder-derived increments for translational
motion and gyroscope measurements for rotational motion.
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The gyroscope bias is estimated using the encoder–IMU discrepancy, as described
in the bias estimation model. However, no landmark-based (AprilTag) measurement
updates are incorporated.

Consequently, although short-term rotational consistency is improved through
bias estimation, the system remains purely odometry-based and lacks any external
absolute correction mechanism.

6.3.1 Trajectory Drift

Figure 6.1 shows the dead-reckoning trajectory on the hard track in simulation,
overlaid with the reference trajectory.

While the initial segment of the trajectory approximately follows the ground
truth, drift accumulates progressively. The most significant deviations occur during
curved segments, where heading errors induced by gyroscope bias propagate into
large position errors.

After three complete laps of the 12 m track, the dead-reckoning estimate exhibits a
substantial global displacement error, demonstrating the unbounded nature of purely
integrated motion estimates [2, 5]. Moreover, the heading evolution comparison in
Figure 6.2 highlights the substantial drift.

Figure 6.1: Dead-reckoning trajectory in simulation

66



CHAPTER 6. SIMULATION RESULTS

Figure 6.2: Dead-reckoning heading in simulation

(a) Dead-reckoning position error in
simulation

(b) Dead-reckoning heading error in
simulation

Figure 6.3: Dead-reckoning errors in the hard simulation scenario.

6.3.2 Error Growth

Figure 6.3 reports the position and heading errors over time.
Position error increases monotonically, particularly during sustained turning

motion. Heading error accumulates due to residual bias estimation error, encoder
noise, and integration effects, resulting in systematic orientation drift.

Unlike the Kalman-based architectures, dead-reckoning lacks a correction mech-
anism capable of reducing accumulated error. Consequently, uncertainty grows
without bound.
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6.3.3 Quantitative Comparison

Table 6.1 summarizes the RMSE obtained for dead-reckoning on the hard track.

Table 6.1: Dead-reckoning RMSE on hard track.

Method Position RMSE [m] Heading RMSE [deg]
Dead-Reckoning 1.532 m 60.55 deg

The magnitude of these errors is significantly larger than those obtained with
landmark-assisted Kalman filtering, as shown in the following sections.

6.3.4 Discussion

The results confirm that encoder–IMU integration alone is insufficient for reliable
long-term localization. Although short-term heading consistency is improved through
bias estimation, residual errors in bias and encoder measurements accumulate over
time, producing substantial global drift.

In particular, heading errors generated during curved motion translate directly
into large position deviations. Since no absolute reference is available, these errors
cannot be corrected once accumulated.

This baseline highlights the fundamental limitation of purely integrated motion
estimation and motivates the introduction of landmark-based updates. By incorpo-
rating AprilTag observations, the Kalman filter architectures are able to periodically
correct both heading and position, transforming an open-loop integration process
into a bounded-error estimation problem.

6.4 Parameter Tuning and Consistency Verifi-
cation on Easy Track

The easy track configuration was used to tune process and measurement noise
parameters and to verify statistical consistency of the implemented filter architectures
under moderate geometric excitation.

This track contains smooth 90◦ turns, frequent landmark visibility, and limited
sustained angular motion. Such conditions provide a controlled environment for
adjusting noise parameters without excessive nonlinear effects.

The tuning of process and measurement noise parameters was performed using
an iterative procedure based on innovation consistency.
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Initial values for the covariance matrices Qk and Rk were selected based on prior
empirical knowledge. The filters were then executed on the easy-track dataset, and
the resulting Normalized Innovation Squared (NIS) statistics were analyzed.

The tuning objective was to achieve statistical consistency, i.e., to ensure that
the empirical distribution of the NIS matched the theoretical chi-square distribution
with appropriate degrees of freedom. In particular, the mean NIS was adjusted to
be close to the expected value ν, and the percentage of samples exceeding the 95%
and 99% confidence bounds was monitored.

Process noise parameters were increased when the filter exhibited overconfidence
(NIS too large), and decreased when the filter was overly conservative (NIS too small).
Similarly, measurement noise parameters were tuned to balance responsiveness and
robustness of the updates.

This procedure was repeated until stable and statistically consistent behavior
was obtained for all considered filter architectures. Once stable and statistically
consistent behavior was achieved, these parameters were fixed and subsequently
applied unchanged to the hard-track evaluation.

6.4.1 Trajectory Consistency

Figure 6.4 shows the estimated trajectories overlaid with the reference trajectory
in simulation. All architectures closely follow the ground-truth trajectory, with no
observable divergence or instability. No systematic drift is observed, confirming
that bias estimation and encoder-based propagation operate correctly under nominal
conditions.

The landmark positions are defined in a global reference frame and remain
constant throughout the simulation. Their spatial distribution is chosen to ensure
sufficient visibility along the track, with tags placed near curves and along straight
segments to provide regular geometric constraints.

At each time step, landmark observations are generated based on the relative
pose between the robot and each visible tag. A landmark is considered visible if it
lies within the camera field of view and in front of the robot.

For each visible landmark, bearing and range measurements are computed as:

ϕk = arctan2(yt − yk, xt − xk)− θk, (6.16)

ρk =
√︂

(xt − xk)2 + (yt − yk)2. (6.17)
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This procedure emulates the output of a camera-based AprilTag detection system,
where each detection provides relative bearing and distance information with limited
field of view and measurement uncertainty.

(a) Centralized EKF (b) Cascaded EKF

(c) ESKF (d) Hybrid-Cascaded EKF

Figure 6.4: Estimated trajectories on the easy track

6.4.2 Position and Heading Errors

Figures 6.5 and 6.6 present the planar position and heading error over time with
respect to the reference trajectory. More detailed plots are visible in Fig A.1 in
Appendix A.1.

Position errors remain bounded within a few centimeters throughout the trajectory.
Heading errors are small and show rapid correction following landmark updates.

No architecture exhibits sustained error growth, indicating stable interaction
between propagation and measurement updates.

Root-mean-square errors for the easy track are summarized in Table 6.2.
Differences between architectures remain minor under these conditions, as ex-

pected in a scenario with frequent external corrections.
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Table 6.2: RMSE on easy track

Architecture Position RMSE [m] Heading RMSE [deg]
Centralized EKF 0.006 0.96
Cascaded EKF 0.006 0.92
ESKF 0.006 0.89
Hybrid-Cascaded EKF 0.006 0.74

Figure 6.5: Planar position errors with respect to the reference trajectory for all
filter architectures on the easy track.

Figure 6.6: Heading errors with respect to the reference trajectory for all filter
architectures on the easy track.
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6.4.3 Innovation Consistency

Statistical consistency was evaluated using the Normalized Innovation Squared
(NIS), whose mean values are summarized in Table 6.3.

Figure A.2 in Appendix A.1 shows the NIS of both AprilTag and IMU updates,
together with 95% and 99% chi-square confidence bounds.

Table 6.3: Mean NIS on easy track.

Architecture IMU Mean NIS (ν = 1) Tag Mean NIS (ν = 2)
Centralized EKF 0.99 1.41
Cascaded EKF 0.99 1.44
ESKF 0.99 1.49
Hybrid-Cascaded EKF 0.99 1.06

For a consistent estimator, the expected mean NIS equals the measurement
dimension ν. For the IMU (ν = 1), observed mean values are very close to unity,
indicating accurate calibration of the yaw-rate measurement noise.

For the AprilTag updates (ν = 2), the centralized, cascaded, and ESKF architec-
tures exhibit mean NIS values around 1.4–1.5, which remain below the theoretical
expectation of 2. This indicates mild conservativeness in the measurement covariance
modeling [14].

The hybrid architecture exhibits a substantially lower mean NIS (about 1.06),
reflecting a more conservative innovation covariance. This behavior arises from the
decoupled structure and the explicit incorporation of heading uncertainty into the
position update, which inflates the effective measurement covariance.

Outlier percentages at 99% confidence level are reported in Table 6.4.

Table 6.4: Outlier percentage on easy track.

Architecture IMU > 99% Tag > 99%
Centralized EKF 1.18% 0.11%
Cascaded EKF 1.21% 0.10%
ESKF 1.18% 0.10%
Hybrid-Cascaded EKF 1.21% 0.10%

The IMU outlier rates closely match the theoretical expectation of 1%, confirming
accurate modeling of yaw-rate measurement uncertainty.

For AprilTag updates, the observed outlier percentages remain significantly below
the theoretical value. This behavior indicates conservative innovation covariance
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estimates, leading to fewer rejected measurements than statistically expected. Such
conservativeness improves robustness at the expense of slightly reduced correction
aggressiveness.

6.4.4 Covariance Envelope Verification

To further assess estimator consistency, the estimation errors were compared with
the corresponding ±2σ covariance envelopes, as shown in Fig. A.3 in Appendix A.1.

For all architectures, both position and heading errors remain consistently
bounded within the predicted uncertainty limits, confirming the absence of divergence
or covariance underestimation.

The covariance envelopes generally exceed the observed estimation errors, indicat-
ing a moderately conservative uncertainty prediction. This behavior is particularly
evident in the heading component, where the predicted variance remains larger than
the empirical error.

Such conservativeness is desirable in practical robotic localization, as it improves
robustness against modeling inaccuracies and prevents overconfident state estimation.

6.4.5 Discussion

Under the easy-track conditions, all considered architectures demonstrate stable
operation, accurate bias estimation, and statistically consistent innovation behavior.

The centralized, cascaded, and ESKF formulations yield nearly identical position
accuracy, confirming their theoretical equivalence under planar motion and frequent
landmark observations. In this regime, external corrections dominate the estimation
process, limiting the influence of architectural differences on translational performance,
as commonly observed in landmark-based localization systems [2].

The hybrid-cascaded architecture achieves accuracy comparable to the fully
coupled formulations and exhibits the lowest heading RMSE among the evaluated
filters. The results demonstrate that architectural decoupling alone does not imply
performance degradation. When uncertainty exchange between subsystems is properly
accounted for, simplified formulations can recover the accuracy and consistency of
fully coupled estimation.

In contrast, pure dead-reckoning exhibits substantial drift, highlighting the
fundamental necessity of landmark-based updates for bounded-error localization.

Overall, the easy-track scenario confirms that all Kalman-based architectures
provide reliable and statistically consistent localization when frequent observations
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are available. The tuned noise parameters obtained from this dataset are therefore
retained unchanged for the more demanding hard-track evaluation presented in the
next section.

6.5 Performance Evaluation on Hard Track

The hard-track configuration is used to evaluate localization performance under
more demanding motion and sensing conditions. In contrast to the easy track, this
scenario includes prolonged turning maneuvers, longer prediction intervals between
landmark observations, and reduced geometric excitation uniformity.

All process and measurement noise parameters correspond exactly to those
tuned on the easy track and are applied here without modification. This ensures
that the following results represent an unbiased comparison of the considered filter
architectures rather than dataset-specific tuning.

6.5.1 Trajectory Comparison

Fig 6.7 presents the estimated trajectories together with the reference trajectory,
while Fig 6.8 highlights the estimated heading evolutions of the filters, overlaid with
the reference one.

All Kalman-based architectures successfully maintain bounded localization error
throughout the experiment despite the increased motion complexity. Small devia-
tions become visible during extended curved segments, where heading uncertainty
accumulates between successive landmark observations.

No estimator divergence is observed, confirming stable operation under sustained
nonlinear motion.

6.5.2 Position and Heading Errors

Table 6.5 summarizes the obtained accuracy metrics. Detailed planar position
and heading error plots with respect to ground truth are shown in Fig. A.4 in
Appendix A.2. Compared to the easy-track scenario, larger transient errors appear
due to longer propagation phases and reduced measurement availability.

Nevertheless, all Kalman-based architectures maintain bounded errors throughout
the trajectory. Heading deviations occur primarily during aggressive turning maneu-
vers, where uncertainty in rotational motion directly affects position propagation.
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(a) Centralized EKF (b) Cascaded EKF

(c) ESKF (d) Hybrid-Cascaded EKF

Figure 6.7: Estimated trajectories on the hard track

Table 6.5: RMSE on hard track

Architecture Position RMSE [m] Heading RMSE [deg]
Centralized EKF 0.005 0.99
Cascaded EKF 0.005 1.00
ESKF 0.005 0.96
Hybrid-Cascaded EKF 0.006 0.75
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(a) Centralized EKF (b) Cascaded EKF

(c) ESKF (d) Hybrid-Cascaded EKF

Figure 6.8: Estimated heading evolution on the hard track
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6.5.3 Innovation Consistency

Statistical consistency on the hard track is evaluated using the Normalized
Innovation Squared (NIS) without any retuning of noise parameters.

Table 6.6 reports the innovation statistics for both IMU and AprilTag updates.
A detailed representation of AprilTag and IMU NIS can be seen in Figure A.5 in
Appendix A.2.

Despite the increased motion complexity, observed innovation statistics remain
close to theoretical expectations, indicating that noise parameters identified during
the easy-track tuning phase generalize well to more challenging operating conditions.

Table 6.6: Mean NIS on simulated hard track.

Architecture IMU Mean NIS (ν = 1) Tag Mean NIS (ν = 2)
Centralized EKF 0.99 1.301
Cascaded EKF 0.99 1.278
ESKF 0.99 1.351
Hybrid-Cascaded EKF 0.99 1.01

Outlier percentages at 99% confidence level are reported in Table 6.7.

Table 6.7: Outlier percentage on hard track.

Architecture IMU > 99% Tag > 99%
Centralized EKF 0.79% 0.24%
Cascaded EKF 0.77% 0.17%
ESKF 0.79% 0.17%
Hybrid-Cascaded EKF 0.77% 0.06%

Similarly to the results obtained on the easy track, the IMU outlier rates closely
match the theoretical expectation of 1%: in the same way, the observed outlier
percentages of the AprilTag updates remain significantly below the theoretical value,
indicating conservativeness in the estimates.

6.5.4 Covariance Envelope Verification

Estimator consistency was further assessed by comparing state estimation errors
with the corresponding ±2σ covariance envelopes, as illustrated in Fig. A.6 in
Appendix A.2.
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For all architectures, estimation errors remain largely contained within predicted
uncertainty bounds, demonstrating consistent covariance propagation even during
sustained nonlinear motion.

Temporary increases in estimation error are accompanied by corresponding
covariance growth, confirming appropriate uncertainty adaptation during prediction-
dominated phases.

6.5.5 Discussion

The hard-track experiment highlights practical differences between the considered
estimation architectures that were not observable under easy-track conditions.

While all Kalman-based formulations maintain bounded localization error, dif-
ferences emerge in the handling of heading uncertainty and its impact on position
estimation during prolonged prediction intervals.

The centralized EKF provides fully coupled uncertainty propagation, yielding sta-
ble performance but requiring higher computational complexity and tighter numerical
conditioning.

The cascaded and error-state formulations achieve comparable accuracy while
reducing state coupling, confirming that state partitioning does not inherently degrade
estimation performance when cross-correlations are properly handled.

The hybrid-cascaded architecture demonstrates robustness comparable to the fully
coupled filters while maintaining a modular structure. The explicit incorporation
of heading uncertainty into the position update enables reliable operation during
extended turning motion without introducing instability.

These results indicate that architectural simplifications can be introduced without
sacrificing localization accuracy, provided that uncertainty propagation between
subsystems is carefully modeled.

Although the hard-track scenario introduces increased geometric complexity
and longer prediction intervals, slightly improved accuracy metrics are occasionally
observed compared to the easy-track configuration. This effect arises from the
richer motion excitation generated by sustained turning maneuvers. Continuous
angular motion improves gyroscope bias observability [13, 15], enabling more accurate
bias estimation and consequently reducing long-term heading drift. Since heading
errors directly propagate into position estimation, improved bias convergence may
compensate for reduced measurement availability, leading to comparable or marginally
lower RMSE values despite the increased trajectory complexity.
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6.6 Overall Architectural Comparison

The experimental results obtained across both easy and hard track configurations
enable a comprehensive comparison of the considered Kalman filter architectures.

Under moderate operating conditions with frequent landmark observations, all
architectures exhibit nearly identical performance. In this regime, measurement up-
dates dominate estimation behavior [8], limiting the influence of covariance structure
and state representation.

Figure 6.9: Comparison of estimated trajectories obtained with the different Kalman
filter architectures in simulation.

Although trajectory accuracy remains largely unchanged, increased motion com-
plexity highlights differences in how each architecture propagates and corrects uncer-
tainty during prolonged prediction phases. Filters capable of accurately propagating
heading uncertainty maintain improved consistency during extended prediction
intervals, reducing transient position errors.

The hybrid-cascaded formulation achieves performance comparable to central-
ized estimation while offering improved modularity and reduced implementation
complexity. This demonstrates that careful uncertainty coupling between decoupled
subsystems can recover the benefits of fully joint estimation.

As it can be seen in Figures 6.9 and 6.10, the results confirm that estimator ar-
chitecture primarily affects robustness and consistency rather than nominal accuracy,
emphasizing the importance of covariance modeling in practical robotic localization
systems.

The comparative analysis presented in this chapter demonstrates that statistically
consistent localization can be achieved using multiple Kalman filter formulations,
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Figure 6.10: Position error with respect to the reference trajectory for all estimator
architectures. After the initial convergence phase, all filters maintain millimeter-level

accuracy with comparable steady-state performance, confirming that estimator
architecture primarily influences robustness rather than nominal accuracy.

each characterized by different structural trade-offs.
The implications of these findings and directions for future development are

discussed in the following chapter.
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7
Experimental Validation

This chapter presents the experimental validation of the localization architectures
previously analyzed in simulation. All estimators were deployed on a physical
Duckiebot operating in a Duckietown environment in order to evaluate localization
performance under real sensing conditions, actuation uncertainty, and asynchronous
sensor measurements.

The objective of the experiments is to verify whether the accuracy and statistical
consistency observed in simulation are preserved when the estimators operate on
real-world data without parameter retuning. All process and measurement noise
parameters correspond exactly to those identified during simulation tuning, presented
in Section 6.2, and were applied unchanged throughout the experimental evaluation.

7.1 Experimental Platform

7.1.1 Duckiebot Hardware Platform

Experiments were conducted using a standard Duckiebot platform, a small-scale
differential-drive autonomous robot designed for education and research within the
Duckietown ecosystem [1]. The robot integrates low-cost sensing and embedded
computation, making it representative of resource-constrained autonomous systems.

The platform is equipped with:

• incremental wheel encoders providing odometric motion measurements,

• an onboard inertial measurement unit (IMU) measuring angular velocity,

• a monocular forward-facing camera used for visual landmark detection,
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• an embedded single-board computer executing perception and control software
while recording all sensor measurements for subsequent offline processing.

The robot follows a differential-drive kinematic configuration consistent with the
motion model introduced in Chapter 3. Encoder measurements provide incremental
wheel displacements used for state propagation, while gyroscope measurements enable
online estimation of heading bias.

Figure 7.1 shows the estimated gyroscope bias during a representative experi-
mental run. The bias rapidly converges during the initial motion phase and remains
approximately bounded throughout the trajectory. Small fluctuations are expected
due to the interaction between encoder-derived angular velocity and gyroscope
measurements during turning maneuvers.

Figure 7.1: Estimated gyroscope bias during a representative experimental run on
the Duckiebot.

7.1.2 Visual Landmark Infrastructure

Absolute pose corrections are obtained through AprilTag landmarks placed at
known positions along the Duckietown track. Landmark detection is performed
using the AprilTag visual fiducial system [7], which provides robust identification
and relative pose estimation from monocular camera images. Figure 7.2 shows the
Apriltags markers on the easy track.

Each detected tag supplies range and bearing information relative to the robot
frame, enabling periodic correction of accumulated odometric drift. This measurement
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Figure 7.2: Easy track with Apriltags

configuration directly corresponds to the landmark observation model adopted in
the simulation framework.

7.1.3 Ground-Truth System

To enable quantitative performance evaluation, ground-truth robot pose was
obtained using an external motion-capture system. The system provides high-
accuracy measurements of planar position and heading, allowing computation of
localization errors and consistency metrics equivalent to those used in simulation.

Ground-truth data were time-synchronized with onboard sensor measurements
and recorded together within ROS bag files. State estimation was subsequently
performed offline by replaying the recorded measurements in chronological order,
enabling direct comparison between estimated trajectories and ground truth.

7.1.4 Experimental Conditions

All experiments were performed under fully autonomous operation. Robot motion
along the track was generated using a custom lane-following controller developed
specifically for this work.

The controller processes monocular camera images to estimate the relative pose
of the vehicle with respect to lane centroids and generates linear and angular
velocity commands accordingly. This approach enables continuous excitation of both
translational and rotational dynamics while maintaining repeatable experimental
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conditions across estimator architectures.
In addition to the lane-following module, dedicated software nodes were imple-

mented for wheel velocity control and AprilTag-based landmark detection. Together,
these components provide the sensing and control pipeline required for real-time
localization experiments.

Only the hard-track configuration was considered experimentally. As demon-
strated in Chapter 6, easy-track scenarios primarily serve parameter tuning purposes
in simulation, whereas the hard track provides a more representative evaluation of
estimator robustness under prolonged prediction intervals and sustained turning
motion.

All sensor measurements collected during the experiments were recorded and
later processed offline in MATLAB. Localization was performed by replaying the
time-ordered sensor data, preserving the original asynchronous measurement timing.

All estimators employ the same models and noise parameters identified during
simulation tuning, without modification based on experimental data. Consequently,
observed performance differences can be attributed exclusively to estimator ar-
chitecture rather than experiment-specific parameter adjustment. Offline replay
ensures identical input data for all estimator architectures, enabling a fair and fully
reproducible comparison.

7.2 Experimental Software Architecture

Experimental data acquisition and robot operation were implemented through a
modular software architecture based on the Robot Operating System (ROS).

Three custom ROS nodes were developed to provide autonomous motion, low-
level actuation control, and visual landmark detection. Together, these components
generate the synchronized multi-sensor dataset used for offline localization analysis.

Unlike the simulation framework, state estimation is not executed onboard the
robot. Instead, all sensor measurements and control signals are recorded into ROS
bag files and subsequently processed offline in MATLAB, where the localization
algorithms described in previous chapters are applied.

7.2.1 Lane-Following Node

Autonomous motion along the Duckietown track is achieved through a custom
lane-following node developed specifically for this work.
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The node processes images acquired from the onboard monocular camera to
estimate the relative lateral displacement and heading error of the robot with respect
to lane markings. Based on these quantities, linear and angular velocity commands
are generated using a feedback control law.

The objective of the controller is not high-precision tracking, but rather the
generation of repeatable trajectories containing both straight segments and sustained
turning maneuvers. Such motion ensures sufficient excitation of the robot dynamics,
which is necessary for meaningful evaluation of estimator observability and bias
convergence properties.

7.2.2 Wheel Control Node

A dedicated wheel-control node converts velocity commands produced by the
lane-following module into motor actuation signals.

The node implements closed-loop wheel velocity regulation using encoder feed-
back, compensating for actuator nonlinearities and wheel asymmetries. This layer
ensures stable execution of commanded motions while providing incremental wheel
displacement measurements required for odometric state propagation.

Encoder measurements are published as time-stamped ROS messages and recorded
together with all other sensor data.

7.2.3 AprilTag Detection Node

Visual landmark observations are obtained through a dedicated AprilTag detection
node.

Camera images are processed using the AprilTag detection algorithm [7], which
provides identification of visible landmarks together with relative pose estimates.
Detected tags are converted into range and bearing measurements consistent with
the observation model introduced in Chapter 3.

Each detection is published with an associated timestamp and landmark identifier,
enabling direct reconstruction of the measurement sequence during offline estimator
execution.

7.2.4 Data Recording and Offline Processing

All sensor measurements and ground-truth data are recorded during experiments
using ROS bag files. The recorded dataset includes:

• wheel encoder measurements,
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• IMU angular velocity measurements,

• AprilTag landmark observations,

• motion-capture ground-truth pose.

After data collection, ROS bag files are imported into MATLAB, where mea-
surements are reordered according to their timestamps and replayed sequentially.
Localization is then performed offline using the Kalman filter architectures presented
in Chapters 3 and 4.

This procedure guarantees that all estimators operate on identical measurement
sequences while preserving the asynchronous timing characteristics of the real robotic
system. Fig. 7.3 illustrates the ROS architecture used for the experiments.

Camera

AprilTag Detection

IMU

Wheel Encoders

Motion Capture

Lane Following Wheel Controller

Robot Motion

ROS Bag Recording Offline MATLAB
Processing

Kalman Filter Architectures

Figure 7.3: Experimental data-flow architecture used for real-world localization
validation. Sensor measurements and control signals are recorded through ROS and

subsequently processed offline in MATLAB for estimator evaluation.

7.3 Experimental Methodology

This section describes the experimental protocol adopted to evaluate the localiza-
tion architectures under real-world operating conditions.
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7.3.1 Dataset Acquisition

Experiments were conducted on the hard-track configuration described in Chap-
ter 5. The robot was operated under fully autonomous lane-following control for
multiple runs, each lasting approximately 180 seconds.

During each run, all available sensor measurements were recorded in ROS bag
files. No manual intervention was performed during data collection, and all runs
were executed under comparable environmental conditions.

7.3.2 Offline Estimator Execution

Localization was performed offline by importing recorded ROS bag files into
MATLAB and replaying the time-ordered sensor measurements sequentially.

The asynchronous timing structure of the real system was preserved, ensuring
that prediction and correction steps occur according to the original measurement
timestamps. This procedure guarantees that all estimator architectures process
identical input data under identical temporal conditions.

No parameter retuning was performed for experimental validation. Process
and measurement noise parameters correspond exactly to those identified during
simulation tuning (Chapter 6). Consequently, performance differences observed
experimentally can be attributed solely to estimator architecture rather than to
experiment-specific calibration.

7.3.3 Evaluation Metrics

Performance evaluation follows the same criteria adopted in the simulation study
in order to enable direct comparison between simulated and real-world results.

The following metrics are computed:

• planar position error with respect to motion-capture ground truth,

• heading error,

• Root Mean Square Error (RMSE) for position and heading,

• Normalized Innovation Squared (NIS) consistency statistics for both IMU and
landmark measurements.

These metrics allow assessment of both estimation accuracy and statistical
consistency under real sensing conditions.
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7.4 Performance Evaluation

7.4.1 Trajectory Comparison

Figure 7.4 shows the estimated trajectories obtained with the four Kalman filter
architectures during a representative experimental run on the hard-track configuration.
The selected run exhibits error statistics close to the mean values reported in Table 7.1,
and is therefore representative of typical estimator behavior.

All architectures maintain bounded localization error throughout the experiment
despite real-world disturbances, wheel slip, and sensor noise. The estimated trajecto-
ries closely follow the motion-capture reference, with no evidence of divergence or
instability.

Small deviations are visible during prolonged turning segments, where heading
uncertainty temporarily propagates into position error between successive landmark
observations. These deviations are rapidly corrected once visual measurements
become available, confirming stable interaction between prediction and update
phases under real sensing conditions.

Overall, the strong overlap between estimated and ground-truth trajectories indi-
cates that the architectural differences primarily influence consistency and robustness
rather than nominal path tracking capability.

Figure 7.4: Comparison of estimated trajectories obtained with the different Kalman
filter architectures with the Duckiebot.
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7.4.2 Position and Heading Errors

The quantitative accuracy results obtained over four independent experimental
runs are summarized in Table 7.1. For each architecture, the reported values
correspond to the mean RMSE across runs together with the associated standard
deviation, which reflects sensitivity to initial conditions and measurement variability.

Table 7.1: Experimental RMSE over four runs (mean ± std).

Architecture Position RMSE [m] Heading RMSE [deg]
Centralized EKF 0.0208 ± 0.0047 2.54 ± 0.45
Cascaded EKF 0.0187 ± 0.0026 2.35 ± 0.37
ESKF 0.0176 ± 0.0037 2.24 ± 0.41
Hybrid EKF 0.0156 ± 0.0015 2.06 ± 0.48

The Hybrid EKF achieves the lowest average position and heading RMSE, with
a mean planar error of 1.56 cm and a heading error of 2.06◦. The reduced standard
deviation observed for the Hybrid architecture indicates improved robustness to
variations in initial conditions and measurement noise across repeated experiments.

The ESKF and Cascaded formulations exhibit comparable performance, with
slightly larger mean errors but moderate run-to-run variability. In contrast, the
Centralized EKF shows the highest standard deviation in position error, suggesting
greater sensitivity to initial state offsets and accumulated numerical coupling effects
under real-world disturbances.

It is important to note that, although differences between architectures are
measurable, all filters maintain centimeter-level position accuracy and heading errors
below 3◦, demonstrating stable and bounded localization performance under real
sensing conditions.

The experimental results preserve the architectural trends identified in simulation.
While absolute errors increase due to real-world disturbances, the relative behavior
of the considered formulations remains consistent.

Figures 7.5 and 7.6 show the time evolutions of the position and heading errors
of the four filter architectures on the Duckiebot.
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Figure 7.5: Position error with respect to the reference trajectory for all estimator
architectures with the Duckiebot.

Figure 7.6: Heading error with respect to the reference trajectory for all estimator
architectures with the Duckiebot.
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7.4.3 Innovation Consistency Analysis

Statistical consistency of the estimators under real sensing conditions is evaluated
using the Normalized Innovation Squared (NIS) for both IMU and AprilTag updates.
The same chi-square confidence bounds adopted in simulation are used here, without
parameter retuning.

Tables 7.2 and 7.3 report the mean NIS values and the percentage of innovations
exceeding the 99% confidence threshold across the experimental runs.

Table 7.2: Mean NIS with the Duckiebot.

Architecture IMU Mean NIS (ν = 1) Tag Mean NIS (ν = 2)
Centralized EKF 0.90 1.132
Cascaded EKF 0.90 1.080
ESKF 0.89 1.019
Hybrid-Cascaded EKF 0.89 1.014

Table 7.3: Outlier percentage with the Duckiebot.

Architecture IMU > 99% Tag > 99%
Centralized EKF 0.47% 1.33%
Cascaded EKF 0.51% 0.67%
ESKF 0.47% 0.60%
Hybrid-Cascaded EKF 0.47% 1.46%

For a statistically consistent estimator with ν = 1 degree of freedom, the expected
mean NIS equals 1 and approximately 1% of the innovations are expected to exceed
the 99% confidence bound.

For the IMU updates, the observed mean values remain close to unity, while
the measured outlier percentages are slightly below the theoretical expectation.
This indicates mildly conservative modeling of angular velocity noise under real
experimental conditions. Although occasional large innovation spikes are visible in
the time histories, this behavior is characteristic of the heavy-tailed nature of the
χ2(1) distribution and does not indicate estimator divergence.

The fact that innovation peaks occur simultaneously across all architectures
suggests that these events are primarily driven by real sensor disturbances or transient
modeling mismatch rather than architectural deficiencies.

For AprilTag updates (ν = 2), the observed mean NIS values remain below
the theoretical expectation of 2, again indicating slightly conservative covariance
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modeling. Outlier percentages at the 99% confidence level remain close to the
theoretical value of 1%, with small deviations across architectures. This behavior
confirms that landmark measurement uncertainty is reasonably modeled despite
real-world perception noise and occasional detection inaccuracies.

Compared to simulation, slightly larger innovation variability is observed, re-
flecting unmodeled disturbances such as wheel slip, camera latency, and actuator
nonlinearities. Nevertheless, innovation statistics remain bounded and close to the-
oretical predictions, demonstrating that noise parameters identified in simulation
generalize effectively to real-world operation.

Figures 7.7 and 7.8 show the time evolution of the IMU and AprilTag NIS
for the Hybrid-Cascaded architecture during a representative experimental run.
Corresponding plots for the remaining architectures are provided in Figure B.2 in
Appendix B.

Figure 7.7: Hybrid-Cascaded EKF IMU NIS time evolution on the Duckiebot

92



CHAPTER 7. EXPERIMENTAL VALIDATION

Figure 7.8: Hybrid-Cascaded EKF AprilTag NIS time evolution on the Duckiebot

7.4.4 Covariance Envelope Verification

In addition to innovation statistics, estimator consistency can be evaluated by
comparing the true estimation error with the covariance predicted by the filter. For
a statistically consistent estimator, the true error should remain bounded within the
corresponding covariance envelope with high probability.

Figure B.3 in Appendix B illustrates this comparison for both planar position
error and heading error for all filter architectures, Figure 7.9 reports the consistency
results obtained with the Hybrid-Cascaded EKF architecture. The blue curves
represent the true estimation error computed with respect to the motion-capture
ground truth, while the dashed curves correspond to the predicted 2σ covariance
bound derived from the state covariance matrix.

For all architectures, the position error remains well bounded by the predicted
uncertainty envelope during most of the experiment. Short transient peaks occur
primarily during initialization and during segments with limited landmark visibil-
ity, where prediction uncertainty temporarily increases before being corrected by
subsequent visual measurements. These peaks remain consistent with the expected
probabilistic interpretation of the 2σ bound.

A similar behavior is observed for the heading error. The predicted covariance
successfully captures the overall magnitude of the orientation uncertainty, and the true
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Figure 7.9: Position (top) and heading (bottom) consistency of the
Hybrid-Cascaded EKF with the Duckiebot.

error remains largely contained within the predicted envelope. Occasional deviations
occur during rapid turning maneuvers, where modeling inaccuracies and encoder
noise can temporarily increase the orientation error before subsequent landmark
updates reduce the uncertainty.

Across all architectures, the agreement between predicted covariance and true
estimation error indicates that the filters provide a realistic estimate of their own
uncertainty. This confirms that the noise parameters identified in simulation re-
main valid under real-world operating conditions and that the estimators maintain
statistical consistency when deployed on the physical Duckiebot platform.
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7.5 Robustness Experiments

7.5.1 Landmark dropout region

To evaluate the robustness of the localization algorithms under limited perception
conditions, an additional experiment was conducted in which AprilTag measurements
were artificially disabled in a portion of the environment. In particular, landmark
updates were ignored whenever the robot position satisfied x < 0.5 m, creating
a region where the estimator must rely exclusively on wheel odometry and IMU
measurements.

Figure 7.10 shows the resulting trajectory obtained with the Hybrid-Cascaded
EKF, starting from (0, 0) and proceeding anticlockwise along the track, compared
with the motion-capture ground truth. Figure 7.11 shows the relative position and
heading errors. When the robot enters the landmark-deprived region, the estimator
operates in pure prediction mode and the trajectory gradually diverges from the
reference path due to accumulated odometric and heading errors. This effect is
particularly visible during the tight turns in the lower-left portion of the track.

Once the robot re-enters an area where AprilTag measurements become available
again, the estimator rapidly corrects the accumulated drift through landmark updates
and the trajectory converges back to the ground-truth path. This behavior confirms
that, although visual measurements are essential to bound long-term drift, the filter
remains stable and capable of recovering from temporary loss of external observations.

Figure 7.10: Trajectory estimated by the Hybrid–Cascaded EKF when AprilTag
updates are disabled in the region x < 0.5 m (shaded area). The gray arrow

indicates the anticlockwise direction of motion.
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Figure 7.11: Position error (top) and heading error (bottom) of the
Hybrid–Cascaded EKF with respect to the motion-capture ground truth during the
landmark dropout experiment. The shaded region corresponds to the portion of the

trajectory where AprilTag updates are disabled (x < 0.5 m).

The degradation in accuracy is reflected in the error statistics: the position
RMSE increases from 1.56 cm in the nominal experiment to 6.2 cm when landmark
measurements are disabled in the region x < 0.5 m, while the heading RMSE increases
from 2.06◦ to 4.3◦.

7.5.2 Reduced landmark density

To further evaluate estimator robustness, an additional experiment was performed
in which the number of AprilTag landmarks available for localization was artificially
reduced. Approximately half of the tags placed along the track were ignored during
the estimator update phase, resulting in longer intervals between successive visual
corrections.
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Figures 7.12 and 7.13 show the trajectory obtained with the Hybrid-Cascaded
EKF compared with the motion-capture ground truth under these conditions, and
the relative position and heading errors. As expected, the reduced landmark density
leads to slightly larger deviations from the reference trajectory, particularly in curved
sections of the track where heading uncertainty propagates more strongly into position
error.

Despite the reduced frequency of landmark observations, the estimator remains
stable and the accumulated drift is corrected whenever a new landmark becomes visi-
ble. This experiment demonstrates that the localization framework maintains reliable
performance even when the environment provides only sparse visual references.

Figure 7.12: Estimated trajectory obtained with the Hybrid–Cascaded EKF when
approximately half of the AprilTag landmarks available along the track are ignored

during the update stage.

The quantitative error statistics confirm the trends observed in the figures: the
position RMSE increases from 1.56 cm in the nominal experiment to 3.5 cm when
the landmark density is reduced, while the heading RMSE increases from 2.06◦ to
3.04◦.
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Figure 7.13: Position error (top) and heading error (bottom) of the
Hybrid–Cascaded EKF with respect to the motion-capture ground truth when only

half of the available AprilTag landmarks are used.

7.5.3 Camera measurement latency

Another robustness experiment was performed to evaluate the sensitivity of the
localization framework to delayed visual measurements. In real robotic systems,
camera-based perception pipelines often introduce non-negligible processing latency
due to image acquisition, feature detection, and pose estimation. To reproduce this
effect, artificial latency was introduced in the AprilTag measurements before they
were processed by the estimator.

Specifically, each landmark observation was delayed by a fixed time offset before
being applied to the filter update step. Three latency values were considered: 0 ms
(nominal case), 100 ms, and 200 ms.

Figure 7.14 shows the resulting trajectories estimated by the Hybrid-Cascaded
EKF under the different latency conditions, together with the motion-capture ground
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truth. As the latency increases, the visual corrections are applied later with respect
to the true robot pose, causing temporary discrepancies between the estimated and
reference trajectories.

Figures 7.15 illustrate the corresponding position and heading errors. The
delayed landmark updates lead to larger transient errors, particularly during turns
where heading uncertainty propagates more strongly into position drift. When the
corrections are eventually applied, the estimator gradually compensates for the
accumulated error.

Despite the delayed perception feedback, the estimator remains stable for all
tested latency values, demonstrating the robustness of the proposed architecture to
moderate sensing delays.

Figure 7.14: Estimated trajectories obtained with the Hybrid–Cascaded EKF under
simulated camera latency of 0 ms, 100 ms, and 200 ms, compared with the

motion-capture ground truth.

The quantitative results are summarized in Table 7.4. As expected, increasing
perception latency leads to progressively larger estimation errors because landmark
corrections are applied with increasing delay relative to the true robot pose. The
position RMSE grows from 1.56 cm in the nominal case to 4.3 cm at 200 ms latency,
while the heading RMSE increases from 2.06◦ to 5.11◦. For larger delays, the error
continues to increase approximately linearly, reaching 7.8 cm and 8.68◦ at 400 ms
latency.
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Figure 7.15: Position error (top) and heading error (bottom) of the
Hybrid–Cascaded EKF with respect to the motion-capture ground truth under

simulated camera latency.

Table 7.4: Position and heading RMSE obtained with the Hybrid–Cascaded EKF
under different simulated camera latency values.

Camera latency [ms] Position RMSE [cm] Heading RMSE [deg]
0 1.56 2.06

100 2.7 3.38
200 4.3 5.11
300 6.0 6.88
400 7.8 8.68

These results indicate that the estimator remains stable under moderate percep-
tion delays (100–200 ms), although estimation accuracy gradually degrades as visual
corrections are applied with increasing delay relative to the true robot pose.
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7.6 Discussion

The experimental results confirm the main trends previously observed in the
simulation study. All considered estimator architectures achieve stable and reli-
able localization when deployed on the physical Duckiebot platform, maintaining
centimeter-level position accuracy and bounded heading errors despite real-world
sensing disturbances, actuation uncertainty, and asynchronous measurements.

Among the evaluated approaches, the Hybrid-Cascaded formulation consistently
achieves the lowest average RMSE and the smallest run-to-run variability. The ESKF
and Cascaded architectures exhibit comparable performance, indicating that both
formulations effectively mitigate the numerical coupling effects that can arise in fully
centralized filters.

The statistical consistency analysis further confirms that the noise parameters
identified in simulation remain valid under real sensing conditions. The measured
NIS values remain close to their theoretical expectations and the covariance envelope
verification demonstrates that the predicted uncertainty bounds provide a realistic
description of the true estimation error. These results indicate that the modeling
assumptions adopted in the simulation framework generalize effectively to real-world
operation without requiring additional parameter tuning.

The robustness experiments provide further insight into the behavior of the
estimator under degraded perception conditions. When landmark observations
are temporarily unavailable, the estimator operates in pure prediction mode and
odometric drift gradually increases the localization error. However, once visual
measurements become available again, the accumulated error is rapidly corrected,
demonstrating that the filter remains stable and capable of recovering from temporary
loss of external observations.

Similarly, reducing the density of available landmarks leads to slightly larger devi-
ations from the reference trajectory due to longer prediction intervals between visual
corrections. Nevertheless, the estimator maintains bounded errors and continues to
provide reliable localization even when only sparse visual information is available.

The latency experiments highlight the importance of timely perception updates
in vision-based localization systems. As landmark measurements are applied with
increasing delay relative to the true robot pose, the accuracy of the visual corrections
gradually decreases, leading to larger position and heading errors. Despite this
degradation, the estimator remains stable for moderate delays, indicating that the
proposed architecture is robust to the processing latency typically encountered in
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real camera-based perception pipelines.
Overall, the experimental validation confirms the conclusions drawn from the

simulation analysis and demonstrates that the proposed localization framework
performs reliably on a real robotic platform. The estimators maintain statistical
consistency, exhibit robustness to perception degradations, and achieve accurate
localization using only low-cost onboard sensors. These results highlight the practical
suitability of the proposed architectures for resource-constrained mobile robots
operating in real-world environments with imperfect and asynchronous sensing.
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8
Conclusions

This thesis investigated the impact of estimator architecture on multi-sensor local-
ization for a unicycle-model mobile robot. Several Kalman-filter-based formulations
were analyzed and compared both in simulation and on a real Duckiebot platform
operating in a Duckietown environment.

The work focused on understanding how different architectural choices in Kalman
filtering influence estimation accuracy, statistical consistency, and robustness under
realistic sensing conditions. In particular, centralized, cascaded, error-state, and
hybrid-cascaded estimation architectures were implemented and evaluated using
identical motion and measurement models.

8.1 Summary of the Work

The first part of the thesis introduced the theoretical background required for
mobile robot localization, including the unicycle kinematic model and nonlinear
Kalman filtering techniques. A detailed system model was then developed for the
Duckiebot platform, including encoder-based odometry, inertial measurements, and
landmark observations obtained through AprilTag detections.

Several estimation architectures were subsequently implemented, including central-
ized, cascaded, error-state, and hybrid-cascaded Kalman filters. Particular attention
was given to the treatment of uncertainty propagation and cross-correlations between
different sensor modalities.

A simulation framework was developed in MATLAB/Simulink in order to evaluate
the estimators under controlled conditions. The simulation study allowed systematic
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analysis of estimation accuracy, innovation statistics, and covariance consistency
under both moderate and challenging motion scenarios.

Finally, the proposed localization architectures were validated experimentally on
a real Duckiebot platform. Sensor data were collected using a ROS-based software
architecture and processed offline to ensure identical measurement sequences for all
estimators. The experimental evaluation confirmed the trends observed in simulation
and demonstrated the practical feasibility of the proposed localization framework.

8.2 Main Findings

The comparative analysis conducted in this thesis highlights several important
observations regarding the role of estimator architecture in multi-sensor robotic
localization.

First, under conditions with frequent landmark observations, all considered
Kalman filter architectures achieve similar localization accuracy. In this regime,
measurement updates dominate the estimation process, limiting the influence of
covariance structure and state representation.

Second, architectural differences become more apparent during extended predic-
tion intervals or degraded sensing conditions. Filters capable of correctly propagating
heading uncertainty and maintaining consistent covariance structure exhibit improved
robustness and reduced transient errors.

Among the evaluated approaches, the Hybrid-Cascaded architecture achieved the
lowest average localization error and the smallest run-to-run variability in experi-
mental trials. The results indicate that a carefully designed modular architecture
can achieve performance comparable to fully coupled estimators while improving
implementation simplicity and numerical stability.

The statistical consistency analysis further demonstrated that the noise param-
eters identified in simulation generalize well to real-world operation. Innovation
statistics remained close to their theoretical expectations and covariance envelope
verification confirmed that the predicted uncertainty bounds accurately describe the
true estimation error.

Finally, robustness experiments involving landmark dropout, reduced landmark
density, and simulated camera latency confirmed that the localization framework
maintains stable operation even under degraded perception conditions. Although
estimation accuracy decreases when visual corrections are delayed or temporarily
unavailable, the estimator remains stable and rapidly recovers once measurements
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become available again.

8.3 Future Work

Several directions can be explored to further extend the work presented in this
thesis.

A first natural extension concerns the relaxation of the assumption that landmark
positions are known a priori. In the present work, AprilTag landmarks are placed
at fixed, known locations within the environment and serve as external absolute
references for the localization process. In many real-world scenarios, however, such
prior knowledge may not be available.

Future work could therefore investigate Simultaneous Localization and Mapping
(SLAM) approaches in which both the robot pose and the landmark positions are
estimated jointly. In this context, the Kalman-filter-based architectures studied
in this thesis could be extended to an EKF-SLAM framework or compared with
graph-based formulations. Such an extension would allow the robot to operate
in previously unknown environments while progressively building a map of visual
landmarks.

Another promising direction concerns the treatment of delayed or out-of-sequence
measurements. The latency experiments conducted in this thesis highlight the impact
that delayed visual observations can have on estimation accuracy. Future research
could therefore explore estimation techniques specifically designed to handle delayed
measurements, such as state buffering or out-of-sequence update methods, which
may significantly reduce the degradation observed under large perception delays.

Finally, the localization framework could be extended by incorporating additional
sensing modalities. In particular, vision-based motion estimation techniques such
as visual odometry or feature tracking could provide complementary information
between landmark observations. Combining visual odometry with inertial and wheel
encoder measurements would allow the system to maintain accurate localization even
in environments where artificial landmarks are sparse or temporarily unavailable.

These extensions would further improve the robustness and generality of the
localization framework and enable its application to a wider range of autonomous
robotic platforms and environments.
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A
Detailed Simulation Results

This appendix reports detailed per-architecture simulation results supporting the
comparative analysis presented in Chapter 6. Individual estimator behaviors are
shown separately to provide complete experimental documentation.

A.1 Simulation - Easy Track

107
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Position error

Heading error

Figure A.1: Planar position errors (top) and heading errors (bottom) with respect
to the reference trajectory for all filter architectures on the simulated easy track.
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AprilTag NIS

IMU NIS

Figure A.2: AprilTag (top) and IMU (bottom) NIS for all filter architectures on the
easy track.
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Position Consistency

Heading Consistency

Figure A.3: Position (top) and heading (bottom) error consistency with respect to
the predicted 2σ covariance envelope.
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A.2 Simulation - Hard Track

Position error

Heading error

Figure A.4: Planar position errors (top) and heading errors (bottom) with respect
to the reference trajectory for all filter architectures on the simulated hard track.
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A.2. SIMULATION - HARD TRACK

AprilTag NIS

IMU NIS

Figure A.5: AprilTag (top) and IMU (bottom) NIS for all filter architectures on the
easy track.
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Position Consistency

Heading Consistency

Figure A.6: Position (top) and heading (bottom) error consistency with respect to
the predicted 2σ covariance envelope.
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B
Detailed Experimental Results

This appendix reports detailed experimental results supporting the comparative
analysis presented in Chapter 7. For completeness, the behavior of each localization
architecture is illustrated individually using the experimental dataset recorded with
the Duckiebot.
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Position error

Heading error

Figure B.1: Planar position errors (top) and heading errors (bottom) with respect to
the reference trajectory for all filter architectures with the Duckiebot.
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AprilTag NIS

IMU NIS

Figure B.2: AprilTag (top) and IMU (bottom) NIS for all filter architectures with
the Duckiebot.
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Position Consistency

Heading Consistency

Figure B.3: Position (top) and heading (bottom) error consistency with respect to
the predicted 2σ covariance envelope.
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