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Abstract

Due to the short range interaction of the nucleon-nucleon force, the nuclear surface
is well delimited and therefore the nuclear radius. This fundamental nuclear property is
so far, however, not satisfactorily described by microscopic nuclear methods. Theoretical
models based on different approaches disagree in the predictions and with the available
experimental data. In this thesis a systematic study of charge radii and isotopic shifts in
nuclei with mass A=16-70 is performed in the framework of the shell model. Nowadays,
with the advent of the radioactive beam facilities, it is possible to follow the behaviour of
the charge radii as a function of the isospin along isotopic chains towards the drip lines. In
the last years it has been put in evidence the fact that nuclear theoretical descriptions are
unable to reproduce in detail the experimental findings. On the other hand, shell model
analysis of the radii of mirror nuclei has shown very interesting and unexpected behaviour
of the radii of single-particle orbits with low angular momentum value. In addition, it has
been shown that due to the isovector monopole polarization, neutron and proton radii keep
almost equal, independently of the neutron excess. Based on these evidences, a systematic
analysis of isotopic shifts of nuclei with protons filling the sd and pf shells is performed in
the framework of the shell model, using the available theoretical descriptions, in order to
better understand the evolution of charge radii with respect to the isospin.







CHAPTER 1. INTRODUCTION

The nuclear radius associated to the mass distribution inside the nucleus is known as the nuclear
“matter” radius. The matter radius is difficult to measure directly, since to determine the distribution
of both protons and neutrons one needs a probe which is sensitive to the strong force.
On the other hand the nuclear “charge” radius, that is defined by the distribution of the protons
inside the nucleus, can be probed via electron elastic scattering. From these experiments the nuclear
saturation properties have been unveiled [3].

However, constructing a target of nuclei is only feasible for stable or long-lived isotopes. An alternative
approach, which can be used for exotic nuclei, is to use a beam of isotopes.
Thanks to the development of modern beam facilities, it is now possible to measure with great precision
the nuclear charge radii, and in particular the isotope shifts, defined as the difference between the mean
square charge radii of two isotopes of mass numbers A and A′:

δ⟨R2
C⟩AA′

= ⟨R2
C⟩A − ⟨R2

C⟩A
′

(1.1)

where A′ usually denotes a reference nucleus of which the charge radius is already known.
Studying a specific atomic transition of the isotopes via laser spectroscopy it is possible to determine
directly the isotope shifts.
This basic property of the nucleus is very difficult to reproduce with the current nuclear theoretical
methods, even by state of the art ab initio calculations.
In this work, the problem of calculating the isotope shifts will be tackled in the framework of the Shell
Model, introducing recent developments inspired by phenomenological approaches.

A traditional approximation, due to Fermi, considering the nucleus as a spherical system, of the nu-
clear radius is (see for example Ref. [4]) R = r0A

1/3, where the constant r0 is usually taken to be
r0 ∼ 1.1 − 1.2 fm. This approximation, while giving an idea of the general behavior for the nuclear
radii, does not reproduce the peculiar trends that can be seen in the experimental radii, in particular
following an isotopic chain. An example of this is reported in Fig. 1.2, where the experimental charge
radii for some isotopic chains are shown. It should be clear that the way that the charge radii evolve
with the neutron number is not as straightforward as one might expect, and their theoretical deter-
mination needs a profound knowledge of the nuclear interaction’s details.

The calcium isotopes are an area of great interest, especially after the discovery of the abrupt raise of
the charge radius for neutron-rich nuclei after 48Ca [7].
As can be seen from Fig. 1.3, which is taken from ref. [7], the nuclear charge radii are difficult
to reproduce along an isotopic chain, even with state of the art ab initio (i.e. starting from “first
principles” interactions) and DFT (density functional theory) methods.

The mechanism driving the peculiar trends seen in the experimental isotope shifts is not yet well
understood. In some cases it is possible to attribute the difference in radii between neighboring
isotopes to changes in the does not of nuclei, i.e. deformation. One well-studied isotopic chain is the
Hg (Z = 80) one [8]. The isotope shifts can be seen in Fig. 1.4, which present a very distinct pattern
in the mass region A = 180 − 187. In this region the addition of a single neutron produces dramatic
effects on the shape of the nucleus (this is known as “shape staggering”), thus driving the staggering
in the isotope shifts. As explained in Ref. [8] this happens because of the shape coexistence of a
low-energy excited deformed state for even-even Hg isotopes, which becomes the ground state for an
odd mass number.
While this can explain the behaviour of mercury isotope shifts, for calcium isotopes this explanation
cannot hold. Ca isotopes are in fact characterized by a magic number of protons, thus they are of
spherical shape. A new explanation and method of calculating the nuclear radii, especially in a Shell
Model framework is needed.

Another important experimental hint, which further enriches the picture of nuclear radii, is the dis-
covery of the peculiar “halo” nuclei. These nuclei, which are typically low mass, are characterised by
one or two nucleons in a low angular momentum orbit weakly coupled to a well defined core. This
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CHAPTER 1. INTRODUCTION

In Chapter 2 the Shell Model will be introduced, explaining the basics of the theory as well as giving
insights about how Shell Model calculations are performed. The relevant effective interactions used
to describe the various isotopes will be reported.
In Chapter 3 the problem of calculating the nuclear charge radius will be tackled in both a macro-
scopic and microscopic approach. In the former approach the main focus will be the Duflo-Zuker [12]
phenomenological prescription, a five parameter formula able to reproduce a large number of charge
radii. In the latter the challenging task of calculating the isotope shifts in the Shell Model framework
will be discussed, following the recent theoretical works [13, 14].
Finally, in Chapter 4 the methods will be applied to a variety of isotopic chains and the result dis-
cussed.
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Chapter 2

Nuclear Shell Model

In this chapter the nuclear Shell Model (SM) theory, as well as the code used for the calculations, will
be presented. The solutions of the Schrödinger equation will give information regarding the behavior
of the nucleons inside the nucleus. These information will play a crucial role in determining the nuclear
radius, as it is going to be explained in Chapter 3.

2.1 The Non-Interacting Shell Model

The Shell Model (SM) is a microscopic approach in order to treat nuclear systems, which are strongly-
interacting quantum many-body systems, first developed in [15] and [16] in order to explain the shell
structure and the nuclear “magic numbers”.
An exact treatment for the Schrödinger of an A body system is possible only for the lightest nuclei,
so one has to resort to a certain degree of approximation; this is due to computational problems, for
example the interaction matrix may be too large to be diagonalized.

The non-interacting Shell Model, also referred to as single-particle SM or independent particle SM, is
justified by the mean field approximation, considering a single nucleon under the influence of a central
mean field generated by the other A− 1 nucleons present in the nucleus.
Considering the hamiltonian:

H0 =
A
∑

i=1

h0i =
A
∑

i=1

(Ti + Ui) (2.1)

where the h0i are the single-particle hamiltonians, sum of the single-particle kinetic term Ti and the
single-particle potential Ui.
The single-particle wavefunctions are the solutions of the eigenproblem:

h0iϕi = ϵiϕi (2.2)

with ϵi the single-particle energy of the ith nucleon.
The many-body wavefunction representing the nuclear state is taken as the anti-symmetrized many-
body wavefunction, i.e. the Slater determinant of the single particle wavefunctions of the nucle-
ons:

Ψ(r⃗1, . . . , r⃗A) =
1√
A!

det











ϕ1(r⃗1) . . . ϕA(r⃗1)
ϕ1(r⃗2) . . . ϕA(r⃗2)

...
. . .

...
ϕ1(r⃗A) · · · ϕA(r⃗A)











(2.3)

where A is the mass number of the nucleus, Ψ is the many-body wavefunction and ϕ the single-particle
one.
This approximation can be justified since the mean free path of nucleons inside the nucleus is of the
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order of the nuclear radius itself, so they behave like a non-interacting Fermi gas.

In this way, the full eigenproblem can be written as:

H0 |Ψ⟩ = E |Ψ⟩ (2.4)

where E is the total energy of the many-particle state, E =
∑

i ϵi.

2.1.1 The Nuclear Potential

The choice of the single-particle potential that appears in the eigenproblem needs to explain the
experimental evidence of the shell structure. Since the theory governing the nucleons cannot be solved
analytically, one has to resort to an approximate form.
A typical choice is the Woods-Saxon potential [17]:

V (r) = − V0

1 + e(r−R)/a
(2.5)

where V0 is a constant representing the value of the potential in the center of the nucleus, R describes
the range of the potential (as a first approximation R = 1.1 − 1.2A1/3) and a represents the surface
thickness.
This parametrization of the potential takes the form of the one used to describe the matter density
distribution inside the nucleus.
The parameters of the Woods-Saxon potential can be fitted in order to obtain a phenomenological
realistic potential.
A spin-orbit coupling term is also added to the single particle potential. To account for the surface
nature of this coupling, a usual choice is [4]:

Vℓs ∝
dV (r)

dr
ℓ⃗ · s⃗ (2.6)

where l⃗ and s⃗ are the angular momentum and spin vector of the nucleon. The effect of the spin-orbit
coupling consists splitting the orbits of a given ℓ quantum number into two orbits, respectively with
total angular momentum j = ℓ± 1/2.

Although the Woods-Saxon potential describes well the shell structure, it is not analytically solvable.
Thus, other approximate forms of the potential can be considered. Another choice for the potential,
firstly proposed in [15, 16] consists in:

U =
1

2
µω2r⃗2 + Cl⃗ · s⃗+Dℓ⃗ · ℓ⃗ (2.7)

where the first term is a 3D isotropic harmonic oscillator potential of a particle of mass µ and with
oscillation frequency ω, and C and D are dimensional quantities.
Considering only the harmonic oscillator potential one would obtain the wrong magic numbers: that
is why there are two more terms added. The second term is the the spin-orbit interaction responsible
for the splitting of the levels accordingly to their total angular momentum j. The third term ℓ⃗ · ℓ⃗ is
added in order to mimic the Woods-Saxon orbits.

Focusing on the first term of Eq. (2.7), that represents an isotropic 3D quantum harmonic oscillator,
the eigenfunctions of Ĥψ = Eψ can be chosen to be also eigenfunctions of the square angular momen-
tum and its projection over the z axis. This happens because the potential is spherically symmetric.
Namely:

{

ˆ⃗
L2ψ = ℏ

2ℓ(ℓ+ 1)ψ

L̂zψ = ℏmℓψ
(2.8)
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The solution of the Schrödinger equation for a harmonic oscillator potential can be written in spherical
coordinates as:

Ĥψnℓmℓ
=

{

− ℏ
2

2µ
∇2 +

1

2
mℓω

2r2
}

ψnℓmℓ
= Enℓψnℓmℓ

(2.9)

with ψnℓmℓ
= Rnℓ(r)Yℓmℓ

(θ, ϕ), where Rnℓ is the radial part and Yℓmℓ
(θ, ϕ) are the spherical harmonics.

Explicitly the wavefunctions are:

ψnℓmℓ
(r, θ, ϕ) = RnℓYℓm(θ, ϕ)Nnℓr

ℓLℓ+1/2
n (2νr2)Yℓmℓ

(θ, ϕ) (2.10)

where θ and ϕ are the polar and azimuthal angles, ν = µω/2ℏ, Lℓ+2
n (2νr2) are the generalised Laguerre

polynomials, and

Nnℓ =

√

√

2ν3

π

2n+2ℓ+3k!νℓ

(2(k + ℓ) + 1)!!
(2.11)

is a normalisation factor.

The energy levels Enl can be described by a single quantum number, the principal quantum number
p1: Ep = (p + 3/2)ℏω, where p = 2n + ℓ, with n = nx + ny + nz is the number of nodes and ℓ the
orbital angular momentum of the state.
For a given level p ≥ 0 we can have 0 ≤ ℓ ≤ p, and since p = 2n+ ℓ if p is odd then ℓ must be odd.
The usual notation for the state is ℓ = 0, 1, 2, 3, 4, · · · = s, p, d, f, g, . . .
This gives rise to the well known degenerate energy levels, where the degeneration is given by the fact
that the harmonic oscillator is isotropic and the nucleons are spin-1/2 particles; the degeneracy of a
principal shell (i.e. determined by p) is given by Dp = (p+ 1)(p+ 2).

Adding now the second term of Eq. (2.7), we are considering the spin-orbit interaction, and in this
case the conserved quantum number is the total angular momentum j = ℓ+s. The total wavefunction
takes the form:

Ψjnℓm(r) = Rnℓ

[

Y ℓ ⊗ χs
]j

m
(2.12)

where Rnℓ refers to the radial part, Y are the spherical harmonics and χ the spinorial part. The

[

Y ℓ ⊗ χs
]j

m
=
∑

mℓms

⟨ℓmℓ, sms|jm⟩Yℓmℓ
χsms (2.13)

where m = jz, mℓ = ℓz and ms = sz are the projections along the z-axis of the total angular
momentum, orbital angular momentum and spin respectively.
The introduction of the spin-orbit coupling splits the levels: since it can have total angular momentum
j = l ± 1/2. This coupling enters the hamiltonian as: Vℓs = Cl⃗ · s⃗, with C < 0.
This way, when considering the effect of this coupling on a state |Ψ⟩, one gets:

2⃗l · s⃗ |Ψ⟩ = ℏ
2
[

(⃗l + s⃗)2 − (s⃗)2 − (⃗l)2
]

|Ψ⟩ = ℏ
2 [j(j + 1)− s(s+ 1)− ℓ(ℓ+ 1)] |Ψ⟩ (2.14)

where the usual law for the square of a sum was used, as well as j⃗ = ℓ⃗+ s⃗.
At this point there are two possibilities: j = ℓ+ 1/2 or j = ℓ− 1/2:

{

j = ℓ+ 1/2 ⇒ 2ℓ⃗ · s⃗ |Ψ⟩ = lℏ2 |Ψ⟩
j = ℓ− 1/2 ⇒ 2ℓ⃗ · s⃗ |Ψ⟩ = −(l + 1)ℏ2 |Ψ⟩

(2.15)

Since the spin-orbit term enters the hamiltonian with an overall negative sign, the energy will be
higher for a state with j = ℓ− 1/2 with respect to the state with j = ℓ+1/2. This way the spin-orbit

1This is the notation usually employed in the works relevant for this thesis, as in [14, 12, 13]; in other contexts the
principal quantum number is usually denoted as N .
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calculations

The full nuclear problem, considering all the possible orbits that can be occupied by a nucleon, would
be infinite-dimensional. Thus, one must work in a restricted Hilbert space, choosing to consider only
a limited amount of orbits, as it will be discussed in more detail afterwards.

A second procedure used in order to obtain the interaction consists in starting from the empirical
data, fitting the interaction’s matrix elements; this is for example the case of the USDa interaction
[21].

Model Space and Effective Hamiltonian

Let’s consider two-body interactions; the hamiltonian of an A-nucleon system then reads

H =
A
∑

i

Ti +
A
∑

i<j

Vij (2.16)

where Ti is the kinetic energy of the ith nucleon and Vij is the interaction potential between the ith

and jth nucleons.
The Schrödinger equation can be written as:

H |Ψ⟩ =





∑

i

(Ti + Ui) +
∑

i<j

Vij −
∑

i

Ui



 |Ψ⟩ = E |Ψ⟩ (2.17)

where |Ψ⟩ is the many-body state, and an auxiliary single-body potential, Ui, has been added and
subtracted. Such a potential can be chosen in a way such that H1 =

∑

i<j Vij −
∑

i Ui, i.e. the
perturbed hamiltonian, is much smaller than the unperturbed one, i.e. H0 =

∑

i(Ti+Ui). In this way
a perturbative approach can be justified.

The energy E appearing in Eq. (2.17) is the true energy of the system. As already observed, one
cannot really treat the full problem, so working in a restricted space is mandatory. To simplify the
system the full Hilbert space can be divided into two subspaces. Only one of them will be considered.
With this procedure the eigenproblem will be defined on a so-called model space. In this way, one can
consider only the projections of the states |Ψ′⟩ into the subspace, requiring:

Heff

∣

∣Ψ′
〉

= E
∣

∣Ψ′
〉

(2.18)

where Heff is the effective hamiltonian, and E should be the same energy as the full problem.
The model space is specified by an inert core and a valence space.
The inert core is the interacting vacuum of the theory, made of the fully-occupied orbits; the nucleons
inside the inert core are “frozen” and cannot jump to other orbits. Outside the inert core the nucleons
can be arranged in different configurations in the valence space. Outside the valence space the orbits
cannot be occupied: this can be called external space.
The choice of valence space should be made in a way so that the system is simple enough to be treat-
able, while still containing all the relevant degrees of freedom.

Working in the model space, the effective hamiltonian can be written as

Heff = H0 +Hres =

A
∑

i=1

h0(i) +Hres (2.19)

where h0(i) are the single-particle hamiltonians and Hres is the residual hamiltonian.
The total energy of the system can be split into two contributions: H |Ψ⟩ = (H0+Hres) |Ψ⟩ = E |Ψ⟩ =
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and the probability that the system will be in the configuration k is given by the square of the ampli-
tude, i.e. Pk = a2pk.

The Schrödinger equation can be rewritten as:

H |Ψp⟩ = Ep |Ψp⟩ = Ep

n
∑

k=1

apk
∣

∣ψ0
k

〉

⇐⇒
n
∑

k=1

apk
〈

ψ0
l

∣

∣H
∣

∣ψ0
k

〉

= Epalp (2.25)

where both sides of the equation have been multiplied by
〈

ψ0
l

∣

∣ and the orthonomality conditions
〈

ψ0
l

∣

∣ψ0
k

〉

= δlk have been used.
Since

∣

∣ψ0
k

〉

is an eigenfunction of the unperturbed hamiltonian of eigenvalue E0
k , the matrix elements

of the hamiltonian Hlk =
〈

ψ0
l

∣

∣H
∣

∣ψ0
k

〉

=
〈

ψ0
l

∣

∣H0 +Hres

∣

∣ψ0
k

〉

can be split into a diagonal and an off-
diagonal part, Hlk = E0

kδlk+
〈

ψ0
l

∣

∣Hres

∣

∣ψ0
k

〉

. The value of Ep can be obtained from
∑

kHlkakp = Epalp,
solving the associated matrix equation [H][A] = [E][A], where [A] is the matrix constructed from the
coefficients apk.
Using then the orthonormalisation condition

∑n
k=1 akpakp′ = δpp′ :

n
∑

l,k=1

alp′E
0
kδlkakp +

n
∑

l,k=1

alp′
〈

ψ0
l

∣

∣Hres

∣

∣ψ0
k

〉

apk = Epδpp′ (2.26)

which is a matrix equation of the form [A]−1[H][A] = [E].

2.3 Solving the Schrödinger Problem

Considering the discussione above, in the Shell Model, the problem of obtaining the energies of the
states and the corresponding occupation of the orbits reduces to a matrix eigenvalue problem.
One has to diagonalize the interaction matrix, and for this purpose the Lanczos method is commonly
employed. Then one has to solve Eq. (2.26) in order to obtain the apk coefficients, and different codes
have been written for this aim. In particular in this work the ANTOINE code [22] was used. In the
current section the main ideas behind this code will be reported.

2.3.1 The Lanczos Method

The Lanczos method, proposed in Ref. [23], is used in order to diagonalize the hamiltonian matrix, so
that the energies of the states can be obtained. This method takes as an input a pivot state, and with
an iterative method is able to construct an eigenvector; this way giving an initial state of defined spin
(J) and party (P ),

∣

∣JP
〉

, one can get the energy of the lowest lying state with this spin and parity.
This algorithm is useful in Shell Model calculations since usually only few eigenstates of a given total
angular momentum and isospin are needed. Moreover it also benefits from the fact that the matrices
involved in these calculations are sparse: the non-zero matrix elements actually increase linearly with
the dimension of the matrix, instead of quadratically [18].

Let’s consider an hermitean matrix H. The algorithm starts with an orthonomalized pivot state
|1⟩, and one defines a new state as |a1⟩ = H |1⟩, which takes the form |a1⟩ = H11 |1⟩ + |2′⟩, where
H11 = ⟨1|H |1⟩ and |2′⟩ is an orthogonal state, ⟨1|2′⟩ = 0.
The matrix element H11 can be obtained also from H11 = ⟨1|a1⟩ (since |1⟩ is orthogonal to |2′⟩), and
then the second vector |2′⟩ can be normalised, |2⟩ = |2′⟩ /

√

⟨2′|2′⟩.
From this, one can also obtain the matrix element H12 as H12 = ⟨1|H |2⟩ =

√

⟨2′|2′⟩.
This procedure can then be iterated n times, until the |n⟩ vector is found, to which one can associate
|an⟩ = H |n⟩, that necessarily takes the form |an⟩ = Hnn−1 |n− 1⟩ + Hnn |n⟩ + |(n+ 1)′⟩, and again
the element Hnn can be obtained as Hnn = ⟨n|H |n⟩ = ⟨n|an⟩. The “newest” state can be normalised
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in the same fashion as before: |n+ 1⟩ = |(n+ 1)′⟩ /
√

⟨(n+ 1)′|(n+ 1)′⟩.
In this way, one obtains the matrix:

Hn =











H11 H12 · · · H1n

H21 H22 · · · H2n
...

. . .
. . .

...
Hn1 Hn2 · · · Hnn











(2.27)

where Hij = ⟨i|H |j⟩, and it is symmetric, so Hij = Hji. Notice that, since the matrix H is hermitean,
all the elements Hij with |i − j| > 0 are null, i.e. the matrix is tridiagonal, and can be now easily
diagnalized.
The matrix is diagonalized at each step of the iteration, until the eigenvalues are convergent accord-
ingly to some criterion. Typically it is chosen that the difference in energy of the states between two
consecutive iterations, ∆E = Ek+1 − Ek, should smaller than a set value.

2.3.2 Shell Model Calculations

The Choice of Basis

The choice of the scheme basis is a matter of convenience. There are two main options:

• the m-scheme

• the coupled J or JT scheme

In the m-scheme, the basis is given by the set of the Slater determinants of the A particles distributed
in k orbits, which can be represented as states |nlmjτ⟩, defined by their principal quantum number
n, orbital and total angular momenta l and j, magnetic quantum number m and isospin τ . This is
the harmonic oscillator basis.
The Slater determinants read:

Φa1,...,aA(1, . . . , A) =
1√
A!

det







ϕa1(1) · · · ϕaA(1)
...

. . .
...

ϕa1(A) · · · ϕaA(A)






= a†a1 · · · a

†
aA

|0⟩ (2.28)

The main reason why the m-scheme is appealing is due to the fact that in this basis the many-body
matrix elements of H reduce to the two-particle matrix elements of H with a phase ([22]); however
the flip of the coin is that in this basis only the projections Jz and Tz are good quantum numbers.
This implies that all the possible (J, T ) states are in this basis, so the dimension of the basis of Slater
determinants will depend on the total degeneracy of the protons and neutrons in the valence spaces
Dπ and Dν :

# of SD =

(

Dπ

nπ

)

×
(

Dν

nν

)

(2.29)

The J and JT coupled schemes split the full matrix, considered in the m-scheme, into much smaller
boxes.
In the coupled schemes the basis is constructed in order to have a good total angular momentum (and
total isospin) quantum number. For example in the J coupled scheme the states should be eigenstates
of J2; in order to have this, one defines a state for the ith orbit having ji angular momentum, ni
particles, vi seniority and other additional quantum numbers xi as |γi⟩ = |(ji)nivixiJi⟩. Then for a
system with A particles distributed in k orbits, the total state is found by applying successive angular
momentum couplings [18]:

[

[|γ1⟩ |γ2⟩]J2T2 . . . |γk⟩
]JkTk (2.30)
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The ANTOINE Code

The ANTOINE code [22] is an efficient implementation of the already discussed Lanczos algorithm,
and is based on the ideas developed by the Glasgow group [24], working in the m-scheme basis and
representing the Slater determinant basis as an integer to be stored in the calculator.
The input it takes is composed of:

• the valence space, i.e. the considered orbits that the valence nucleons can occupy, which depends
on the nucleus considered and the relevant degrees of freedom;

• the number of valence nucleons of the nucleus, separated between protons and neutrons

• an effective interaction valid in that model space, e.g. USDa, USDb, zbm2, . . .

• a set of initial states, Jp, each characterised by its total angular momentum J and its parity p

Let’s proceed with the description of how the ANTOINE code works. First of all, each state |nljmτ⟩
gets an associated value, either 1 or 0, which indicates if that state is occupied or not, respectively.
The two-body operators of the interaction can be represented, in the context of the 2nd quantization,
in terms of annihilation and creation operators, â and â†. The application of â† to a certain unoccu-
pied state will switch the associated value from 0 to a 1, while the application of â will do the opposite.

The states can be written, in an m-scheme basis, separating the neutrons and protons Slater de-
terminants: |I⟩ = |i, α⟩, where the uppercase latin characters, I, indicates the full space states, the
lowercase latin ones, i, the protons subspace states and the greek ones, α, the neutron subspace states.
These states can be classified by the values of M , and M = M1 +M2, being M1 the value of the M
quantum number for one particle species and M2 for the other. M will be the total projection of the
angular momentum, associated to the full state, |I⟩.
In this way, since M is fixed, only if M = M1 +M2 the Slater determinants of the two states will
be associated; given a value of M , for each |i⟩ (with associated M1) one will have a minimum and
maximum possible value of M2 associated to the neutron state |α⟩.
It is then possible to build an array R(i) that points to the |I⟩ state: I = R(i) + α. Here with i is
denoted the position in the basis of the |i⟩ states, α of the |α⟩ state and so on.
The values of R(i), R(j), α, β and the non-zero many-body matrix elements for proton-proton
(⟨i|H |j⟩) and neutron-neutron (⟨α|H |β⟩) interactions are pre-calculated, therefore with the Lanczos
method a simple loop on α and i generates all the non-zero values ⟨I|H |J⟩.
For proton-neutron interactions the procedure is slightly less straightforward. Let’s assume that
|I⟩ = |i, α⟩, |J⟩ = |j, β⟩, and that the |i⟩ and |j⟩ states are connected by a one-body operator, at the

position s, â†qâr, with q = |nljm⟩, r = |n′l′j′m′⟩, and let’s define ∆m = m′ −m. In the same fashion
let’s assume that |α⟩ and |β⟩ are connected by a one-body operator, at the position µ.
Being the total M conserved, necessarily the values of m and m′ for the neutrons will have difference
−∆m, so that it cancels out with the difference in the quantum numbers for the protons.
One can then define a new array Q. In this way, K = Q(s)+µ will label the two-body matrix elements
V (K). As before I = R(i) + α and J = R(j) + β, are pre-calculated, so that the non-zero matrix
elements V (K) = ⟨I|H |J⟩ = ⟨J |H |I⟩ can be calculated and stored.

Effective Interactions

For the calculations, different effective interactions have been chosen: the USDa interaction [21], the
zmb2 [25], the SDPF-U-MIX [26], the GXPF1a [27] and the LNPS [28]. The choice of the interaction
clearly depends on the particular isotope that one wants to study, since its behaviour needs to be
well reproduced in the valence space in which the effective interaction is defined. The most important
aspect is that the valence space needs to be large enough in order to include all the relevant degrees
of freedom, but not too large, in order to make the calculation feasible. What can happen, especially
when dealing with neutron rich isotopes, is that the valence space considered by a specific interaction
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becomes too limited.

The USDa interaction [21] has been used to perform calculations for nuclei with valence nucleons in
the sd shell: the core is composed by the 0s1/2, 0p5/2 and 0p3/2 orbits (i.e. the s and p shells) for both
protons and neutrons, so the core is the 16O nucleus. The valence space is composed by 0d5/2, 1s1/2
and 0d3/2 for both protons and neutrons.
This interaction is obtained starting from the shell-model effective hamiltonian, specialised to the sd
shell, written as (Ref. [21]):

Heff =
∑

a

ϵan̂a +
∑

a≤b,c≤d

∑

JT

VJT (ab; cd)T̂JT (ab; cd) (2.31)

where ϵa is the usual one-body energy, n̂a = â†aâa the number operator for the a orbit, VJT (ab; cd) is
the two-body matrix element and the operator T̂ can be expressed as :

T̂JT (ab; cd) =
∑

MTz

Â†
JMTTz

(ab)ÂJMTTz(cd) (2.32)

which represents the scalar two-body density operator for nucleon pairs.
In order to ease the notation the authors propose to write the effective hamiltonina as Heff =

∑

i xiÔi,

where xi can stand for both ϵa and VJT , and the operator Oi for both n̂ and T̂ . In this way the hamil-
tonian can be fully determined by the vector x⃗, and it will have eigenstates |ϕk⟩ with corresponding
eigenvalues λk:

λk = ⟨ϕk|Heff |ϕk⟩ =
∑

i

xi ⟨ϕk| Ôi |ϕk⟩ ≡
∑

i

xiβ
k
i (2.33)

where βki = ⟨ϕk| Ôi |ϕk⟩.
In this way the derivation from experimental data of the matrix elements of the hamiltonian can be
done by minimizing the χ2:

χ2 =
∑

k

(

Ek
exp − λk

σkexp

)2

(2.34)

where Ek
exp and σkexp are respectively the experimental energy and errors. The dataset used in Ref.

[21] was composed of 608 states distributed in 77 sd-shell nuclei.

For the zmb2 interaction [25] the core is composed by the s shell, p shell and the 0d5/2 orbit for both
protons and neutrons, so it is the 28Si nucleus. The valence space is composed by the 1s1/2, 0d3/2,
0f7/2 and 1p3/2 orbits for both kinds of nucleons.
This interaction is based on three building blocks, which are:

• the USD interaction [29] for the nucleons in the sd shell

• a modified Kuo-Brown (KB) interaction [30] for the nucleons in the fp shell

• the G-matrix2 of Lee, Kahanna and Scott [32] for cross-shell excitations.

The SDPF-U-MIX interaction [26] also has been employed for the Ca isotopes. This interaction has
a core of 16O and as valence space the sd and pf shells for both protons and neutrons, where the pf
shell is composed of the orbits 0f7/2, 1p3/2, 0f3/2 and 1p1/2.
This interaction is an evolution of the SDPF-U interaction [26] based on the USD one for the sd shell,
a variant of the KB one for the pf shell.
In the SDPF-U-MIX interaction the off-diagonal sd − pf elements have been added, as well as a re-
tuning of the interaction matrix has been performed, so that the shell gap between the sd and pf
shells is in accordance with the experimental data.

2For the G-matrix method see Ref. [31]
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The GXPF1a [27] is another example of interaction with fitted matrix elements, as the USDa interac-
tion. In this case the inert core is the 40Ca nucleus, and the valence space is composed of the pf shell
for both protons and neutrons, so it is suited for nuclei with 20 < N,Z ≤ 40. It has been employed
for the 50−59Mn and 54−64Ni isotopes.

The LNPS [28] interaction has been employed for the 60−65Mn and 65−70Ni isotopes. For this interac-
tion the core is 48Ca, while the valence space considered is the pf shell for protons and for neutrons
the orbits 0f5/2, 1p3/2, 1p1/2, 0g9/2 and 1d5/2.
Also in this case the interaction has been built by considering different blocks, such as a variant of
the KB interaction for the pf shell nucleons, the renormalized G-matrix presented in Ref. [31] for
the neutron orbits 1p3/2, 1p1/2, 0f5/2 and 0g9/2 and finally the G-matrix based on Ref. [32] for the
matrix elements involving the neutron 1d5/2 orbit. As for the other cases the final tuning of the matrix
elements has been performed considering experimental constraints, such as the proton gap at Z = 28
and the neutron N = 50 gap.

The results coming from the ANTOINE code Shell Model calculations will be reported in Appendix A.
In particular the occupation numbers for the ground states will be presented, as well as a selection
of energy levels. This is done to provide a comparison with experimental data, in order to have an
indicator of the goodness of the interaction.
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Chapter 3

Nuclear Radii Theory

In this chapter the problem of a theoretical definition and formula for the nuclear radii is tackled,
from both a macroscopic and a microscopic approach. As it will be here explained, one can build
the formula for the nuclear radius starting from global properties of the nuclear system, devising a
macroscopic phenomenological formula for the radius.
Another way to look at the same problem is to start from a harmonic oscillator potential, which is
only an approximation for the far more complex real nuclear potential. The main problem in this
microscopic formulation is to account for the needed corrections.

3.1 Macroscopic Approach

In the Ref. [12] Duflo and Zuker proposed a phenomenological formula for the proton and neutron
radii of nuclei, in a macroscopic framework.
Their work was based on the isospin conservation assumption, and the fact that the proton radii can
be written in the form of a Coulomb energy, so that through the same arguments that lead to the
Isobaric Multiplet Mass Equation [33] (IMME) one can write:

⟨r2π⟩ = α(A, T ) + β(A, T )Tz + γ(A, T )T 2
z (3.1)

where A is the mass number of the nucleus, T is the isospin and Tz its projection.

3.1.1 Isobaric Multiplet Mass Equation

The IMME can be derived assuming a macroscopic approach, treating the total hamiltonian as re-
sultant of the effects of a charge invariant (CI) and a charge violating (CV) part, H = HCI +HCV .
In this case, employing an isospin representation of the states, |α, T, Tz⟩ is an eigenstate of HCI , of
energy Eα,T , while the contribution of the charge violating part can be further split into three separate
contributions, considering nucleon-nucleon forces only:

HCV =

2
∑

k=0

H
(k)
CV (3.2)

with H
(0)
CV = (Vpp + Vnn + Vpn)/3 the isoscalar term, H

(1)
CV = Vpp − Vnn the isovector term and

H
(2)
CV = Vpp + Vnn − Vpn the isotensor term, having identified Vnn as the potential between two

neutrons, Vpp between two protons and Vpn between a neutron and a proton.
At this point one can calculate the binding energy BE(α, T, Tz) = ⟨αTTz|H |αTTz⟩, however the
charge invariant part will produce EαT , independently of the projection of the isospin, while for the
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charge violating part the Wigner-Eckart theorem can be used in order to work with the reduced matrix
elements only, giving:

∆BE(α, T, Tz) =
1√

2T + 1
M (0) +

Tz
√

T (2T + 1)(T + 1)
M (1)+

+
3T 2

z − T (T + 1)
√

(2T − 1)T (2T + 1)(T + 1)(2T + 3)
M (3) (3.3)

where ∆ denotes that we are only considering the CV part and M (k) = ⟨αT | |H(k)
CV | |αT ⟩ are the re-

duced matrix elements.
At this point the relation between the binding energy and the isospin projection can be made
schematic:

BE(α, T, Tz) = a(α, T ) + b(α, T )Tz + c(α, T )T 2
z (3.4)

which is the usual formulation of the isobaric multiplet mass equation.
One simplified example is the Coulomb energy, which can be written in terms of Tz:

Ec =
3

5Rc
e2Z(Z − 1) =

3e2

5r0A1/3

[

A(A− 2)

4
+ (1−A)Tz + T 2

z

]

(3.5)

having considered the rough approximation of a spherically symmetric nucleus of radius Rc = r0A
1/3,

and having exploited Tz = N − Z, A = N + Z.

3.1.2 Duflo-Zuker Phenomenological Formula

The link to the proton radii is given by [12]:

r2π =
1

A2





∑

i<j

(1/2− tiz)(1/2− tjz)r
2
ij



 (3.6)

where rij is the distance between the ith and jth nucleons and tiz is the isospin of the ith nucleon. This
expression takes on a form similar to the Coulomb energy, if one exchanges r2ij with r

−1
ij , thus one can

make the same reasoning which brings to Eq. (3.1).

In particular Duflo and Zuker proposed in [12], specializing to mirror nuclei with Tz = 2t = N − Z,
the formula:

ρπ = A1/3

(

ρ0 −
ζ

2

t

Aσ
− v

2

t2

A2

)

eg/A (3.7)

whereA1/3 is the general asymptotic behaviour for self-bound systems (r ∼ ρ0A
1/3), eg/A is a correction

made to account for the experimental fact that we observe larger radii for small A.
The ζ term measures the difference in radii between the fluids (the neutrons and the protons, i.e. the
neutron skin if ζ > 0) and v is the measure of the overall dilatation or contraction.
In particular it is possible to also calculate the proton radius by flipping the sign of t in Eq. (3.7).
By taking the difference between the neutron and the proton radii, it is possible to estimate the
neutron skin:

∆rνπ =
ζt

Aσ−1/3
eg/A (3.8)

Finally, it is possible to interpret the exponent σ; there are two interesting cases:

• σ = 1 ⇒ “volume skin”, which would be what one would expect if there was strong attraction
between particles of the same fluid (i.e. if ν − ν and π − π interactions were the strongest)

• σ = 4/3 ⇒ “surface skin”, which is the proposed one since ν − π interactions are the strongest
(so the interaction between particles belonging to different fluids)
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Starting from the experimental data sets available at the time of the publication of Ref. [12], the au-
thors fitted the data, finding that ρ0 and g had consistent values for different (v, ζ) couples, and
to discriminate the optimal choice of (v, ζ) they resorted to the Coulomb displacement energies,
CDE = BE(Z>, N<)−BE(Z<, N>).

Note that the results found in Ref. [12] are only valid as long as the isospin is a conserved quantity,
which was one of the assumptions made. In this macroscopic formula there is no mention of the
underlying shell structure of the nucleus: a correction is needed in order to account for the shell
effects.

The Extruder-Intruder Space

An important concept, needed in order to introduce the correction for shell effects for the phenomeno-
logical Duflo-Zuker formula for the nuclear proton and neutron radii is the so called extruder-intruder
(EI) shell structure.
These shells are constructed starting from the harmonic oscillator levels, plus the spin-orbit interaction
which splits them into orbits. As already stated, the energy of those orbits depends on their total
angular momentum.

The extruder-intruder main shells are constructed starting from the p harmonic shell. From this shell,
the highest-angular momentum one (i.e. the lowest-energy orbit) is shifted towards the p−1 harmonic
oscillator shell. This will be called the “extruder” orbit. Then the lowest-angular momentum one (i.e.
the highest energy orbit) is shifted towards the p+1 harmonic oscillator shell. This will then be called
the “intruder” orbit.
One can graphically appreciate the construction of the four lowest-lying EI shells in Fig. 3.1.

The Phenomenological Duflo-Zuker Formula

Following Ref. [12], in order to account for shell-corrections Duflo and Zuker introduced a new term,
D = λSπSν + µQπQν , which is a functional of the occupancy numbers in the EI (extrunder-intruder)
space, where:

Sπ =
z(Dπ − z)

D2
π

, Qπ =
z(Drπ − z)

D2
π

where z is the number of valence protons in the EI shells, Dπ = (pπ+1)(pπ+2)+2 andDrπ = pπ(pπ+1)
are the degeneracy of intruder and non-intruder orbits respectively. The expression for Sν and Qν are
the same of Sπ and Qπ, exchanging only z ↔ n and π ↔ ν.
The λ term refers to spherical nuclei, while the µ term to deformed ones; the D term is referred to as
the Duflo term or Duflo correction.
In this way, the shell-corrected radii result to be ρscπ = ρπ +D. Notice that the shell correction term
D is constructed in a way such that it vanishes at the EI closures, since z, n = 0.

Considering only the corrections for spherical nuclei one obtains [14]:

ρcπ = ρnπ + λ

(

n(Dν − n)

D2
ν

× z(Dπ − z)

D2
π

)

A−1/3 → correlated radius (3.9)

ρnπ = A1/3

(

ρ0 −
ζ

2

tz

A4/3
− v

2

(

tz
A

)2
)

eg/A → naive radius

where tz = N−Z, n[z] is the number of valence neutrons between the extruder-intruder magic numbers
and Dν [Dπ] are the corresponding degeneracies.
In particular, we can define the neutron skin thickness as ∆rνπ = ρn,cν − ρn,cπ = ζ

Ate
g/A; notice that

this is the only term that depends on the sign of tz, meaning that if we were to consider two mirror
nuclei (i.e. nuclei with the number of neutrons N and number of protons Z exchanged) this is the
only term which can account for a difference in their radii.
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Following the usual first quantization, the momentum and position of the particle are promoted to
operators,

p⃗→ ˆ⃗p, x⃗→ ˆ⃗x

and ladder operators âi and â
†
i (with i = x, y, z) are introduced, which are related to the position and

momentum operator as:

{

âi =
√

mω
2ℏ

(

r̂i +
i

mω p̂i
)

â†i =
√

mω
2ℏ

(

r̂i − i
mω p̂i

) ⇐⇒







r̂i =
√

ℏ

2mω (â
†
i + âi)

p̂i = i
√

ℏmω
2 (â†i − âi)

(3.11)

They follow the commutation relations:

[âi, â
†
j ] = δij , [âi, âj ] = 0 = [â†i , â

†
j ], with i = x, y, z (3.12)

Let’s then introduce an orthonormal basis of eigenstates of the energy, {|n⃗⟩α = |nx, ny, nz⟩α}α=0,1,...

(Fock states). The application of the â and â† ladder operators to an energy eigenstate gives:

âi |n⃗⟩ =
√
ni |n⃗− 1⟩ , âi |n⃗⟩ =

√
ni + 1 |n⃗+ 1⟩ (3.13)

It is then possible to define the number operator as N̂i = â†i âi, which is such that N̂i |n⃗⟩ = ni |n⃗⟩ due
to the relations listed above.
Now it is possible to calculate the expectation value of the radial dimension for a given eigenstate of
the energy.
For a given Fock state |n⃗⟩:

⟨n⃗| r2 |n⃗⟩ = ⟨n⃗| (r2x + r2y + r2z) |n⃗⟩ (3.14)

and considering, e.g., only the contribution along x, using the relation a†xax |nx⟩ = nx |nx⟩ as well as
the commutation relation [âx, â

†
x] = 1, one obtains:

⟨nx| r2x |nx⟩ =
ℏ

2mω
⟨nx|

[

(a†x)
2 + a2x + axa

†
x + a†xax

]

|nx⟩ =
ℏ

2mω
⟨nx|

[

2a†xax + 1
]

|nx⟩ =

=
ℏ

mω
(nx + 1/2) (3.15)

Thus, summing over the three spatial directions:

⟨n⃗| r2 |n⃗⟩ = ℏ

mω
(nx + ny + nz + 3/2) =

ℏ

mω
(p+ 3/2) (3.16)

where the principal quantum number p = nx + ny + nz has been made explicit.

Spherical Coordinates

Since the 3D harmonic oscillator has spherical symmetry, one can pass to spherical coordinates and
construct eigenstates with quantum numbers n, ℓ and m; in this basis the principal quantum number
is p = 2n+ ℓ, p ≥ 0, 0 ≤ ℓ ≤ p.
The same relation for the mean square radius holds, however now the principal quantum number can
also be written in term of the spherical quantum numbers.

3.2.2 Harmonic Oscillator Radius for Nuclear Orbits

Starting from the 3D harmonic oscillator result Eq. (3.16), one can generalize then the formula for
the radius of the nuclear system by summing over all the harmonic oscillators orbits [14]:

⟨r2ho⟩ =
∑

i

⟨i| r2 |i⟩ = 41.47

ℏω[MeV]

∑

i

mi

A
(pi + 3/2) fm2 (3.17)
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where the possible orbits |i⟩ = |niℓiji⟩ are specified by the principal quantum number pi = 2(ni−1)+ℓi,
and mi = zi + ni is the total occupation number of the orbits, which tells us how many particles are,
on average, present in that orbit (zi is the proton occupation number and ni is the neutron one).
Notice that also the inert core orbits are considered, and these are always fully occupied.
In order to retrieve the second equality, it is useful to introduce the size parameter:

b2 =
ℏ

mω
=

ℏ
2c2

mc2
1

ℏω
=

41.47

ℏω
MeV fm2 (3.18)

where mc2 = mnucleonc
2 ≃ 938 MeV (since the case of interest in this work is the nuclear system),

and the relation ℏc = 197 MeV fm was used. In this way, when expressing the ℏω parameter in MeV
units, it is possible to obtain the mean square radius directly in fm2 units.
From now on the parameter ℏω will be implicitly assumed to be expressed in MeV.

Eq. (3.16) only considers an harmonic potential, which is known to not be able to describe the nuclear
system. This result will not be used as it is in order to perform calculations: starting from Eq. (3.16)
one can provide corrections in order to make realistic calculations.

3.3 Microscopic Formulation of Mean Square Radii

In this section the various methods that have been identified to calculate the nuclear charge radii, in
particular accounting for corrections due to the correlations, will be introduced and discussed. They
will then be applied to the calculations of the isotope shifts.
Starting from the expression for the mean square radius given in Eq. (3.17), Bonnard and Zuker in
Ref. [14] proposed to link the microscopic formulation to the phenomenological Duflo-Zuker formula
via the relation1:

⟨r2ho⟩ =
41.47

ℏω

∑

i

mi

A
(pi + 3/2) ∼ (ρnπ)

2 (3.19)

where the mean square radius is expressed in fm2, and ρnπ refers to the “naive” proton radius as
calculated in Eq. (3.7).
Thus, the authors linked the naive form of the phenomenological formula to the mean square radius
in a microscopic framework obtained by considering an harmonic oscillator potential.

Since the relation in Eq. (3.19) holds for the “naive” radius, one should account for corrections to
the microscopic formula in order to integrate the contributions coming from the addition of the Duflo
term, present in Eq. (3.9). The Duflo term, as already mentioned, accounts for shell effects.
The corrections will be twofold: firstly the presence of the so-called δi terms, needed to account for
the presence of “halo” orbits, will be discussed. Secondly, a correction concerning the harmonic oscil-
lator energy parameter ℏω will be introduced. These corrections will then be applied to Eq. (3.19),
producing an expression for the corrected proton radius which will then be related to the “correlated”
form of the Duflo-Zuker formula, Eq. (3.9).

3.3.1 The δ Correction

The first correction that is going to be discussed is the δ correction term, related to “halo” orbits.
In the study done in Ref. [13], the Bonnard, Lenzi and Zuker studied mirror nuclei, i.e. nuclei with
interchanged N,Z, with Tz = 1/2. The authors considered nuclei with mirror nuclei with A = 15,
focusing on the first 1/2− and 3/2− states, A = 17, focusing on the 5/2+ and 1/2+ states, A = 39,
focusing on the 3/2+ and 1/2+ states, and A = 41 focusing on the 7/2−, 3/2−, 1/2− and the first two
5/2− states. The authors investigated the mechanism behind the observed mirror energy differences

1In this work the notation used for the square radii is ⟨r2⟩ for the ones calculated via a microscopic formula, and ρ2 for
the ones coming from the phenomenological approach. In a microscopic approach one always deals with the expectation
value of the radius operator.
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(MED) and mirror displacement energies (MDE). The former refers to the differences in the spectra
of two mirror nuclei, the latter to the differences between the ground states.
Exploiting the knowledge of the Duflo-Zuker equation Eq. (3.9), the authors have linked the MED
to the enlargement of an orbit; the idea behind this consists in adjusting the ζ parameter, which is
related to the neutron halo dimension in order to solve the so called Nolen-Schiffer anomaly [34]. This
anomaly is the discrepancy between the prediction and the experimental results of the differences in
binding energies between the two mirror nuclei.
The results of the study [13] predict an enlargement of the 1s1/2, 1p3/2 and 1p5/2 orbits.
In particular, from the mirror nuclei with A = 17 the prediction is that the 1s1/2 orbit is about 1.2
fm larger than the 0d5/2, while from the mirror nuclei with A = 41 that the p orbits in the pf shell
are larger than the f orbits by about 0.7 fm. Thus, the authors propose to attribute the experimental
isotope shifts to the “halo” nature of these orbits. Moreover the enlargement was found to not be
constant: considering the A = 39 mirror nuclei the s orbit is still larger than the d ones, but not at
the same extent.

In a subsequent study, Ref. [14], Bonnard and Zuker proposed a microscopic parametrization of the
mean square proton radii accounting for the results presented in Ref. [13].
The authors proposed to add a correction to Eq. (3.19) would account for the “halo” orbits, as well
as for the Duflo correction λ present in the phenomenological formula Eq. (3.9):

⟨r2π⟩ =
41.47

ℏω

∑

i

mi

A
(pi + 3/2 + δi) ∼ (ρcπ)

2 (3.20)

where ρcπ refers to the “correlated” proton radius of Eq. (3.9), and δi are the corrections mentioned
above.
These δi terms should be referred to the “halo” orbits, and should act as a correction of the harmonic
oscillator result.
In this study, Bonnard and Zuker focused on two dataset composed of 21 and 24 sd shell nuclei with
2Tz = N −Z = 0, 1, 2 respectively, and fitted them with Eq. (3.20), adopting a step-function form for
the δ correction discontinuous at the EI closure N,Z = 14:

δs =

{

δ>s if N,Z < 14

δ<s if N,Z > 14

The calculation of the occupation numbers mi have been performed via two different interactions: the
USDa [21] and the monopole corrected interaction [35] (MCI).

Then the authors have estimated the radius of the ith orbit as:

ρ2i = ⟨imji | r2 |imji⟩ =
41.47

ℏω
(pi + 3/2 + δi) (3.21)

and their results have been reported in Fig. 3.2.

In the paper Ref. [14] the authors tackled systematically the sd shell. However also the other shells will
contain “halo” orbits, as proposed in Ref. [13]. In particular a recent study [36] showed experimentally
that the difference between the radius of the p and f shells of 52Ca is indeed about 0.61 fm, compatible
with what predicted in Ref. [13] for the p “halo” orbit. So in the same fashion as the sd shell, one
can also introduce:

δp =

{

δ>p if N,Z < 28

δ<p if N,Z > 28

where this time the correction refers to the 1p3/2 and 1p1/2 “halo” orbits of the pf shell. The step-
function form of the δp correction is now discontinuous at N,Z = 28, since this represents the closure
of the next EI shell after N,Z = 14.
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The usual Shell Model assumption for the oscillator energy is:

ℏω = 45A−1/3 − 25A−2/3 MeV (3.23)

being A the mass number of the nucleus. This is the classical assumption [4] referred to as the Bohr-
Mottelson ℏω parameter. Notice that it is the same for neutrons and protons.
The main problem with the Bohr-Mottelson form of the parameter is that it is smooth and mono-
tonically decreasing for A > 2, and being inversely proportional to the square radius its contribution
makes the radius grow monotonically as well. This is not compatible with experimental observations
of isotope shifts, and thus one may try to look into this parameter in order to provide corrections to
the microscopic formula.

A possible procedure that can be used in order to modify the Bohr-Mottelson parameter is to use
the correlated radius formula, given by Eq. (3.9), for protons and neutrons, which is a function of
5 parameters (ρ0, ζ, v, g and λ) and find the best fit for the experimental data, thus obtaining the
Duflo-Zuker (DZ) form of ℏω.
Here one has to be careful in the interpretation of this fact. In particular a fit of (3.20) has been
performed in order to retrieve the five parameters and finds the values of the radii and of the oscillator
energies. In particular, the ℏω parameter is extracted by considering that each nucleon occupies the
first lowest-lying available orbit, and then the relation:

ρ2π =
41.47

ℏω

∑

i

mi(pi + 3/2)/A

is inverted, where ρπ is the value of radius coming from Eq. (3.9). In this case, the implication is
that the Duflo correction is actually only modifying the value of ℏωπ (the correlated “DZ” parameter).

Another way to tackle this is to perform the five-parameter fit of Eq. (3.9), and setting λ = 0 after-
words: in this way one should obtain the “uncorrelated” ℏωπ(λ = 0), which should represent only a
correction to the Bohr-Mottelson approximation.
Then one should be able to reproduce the result of the full fit by adding the δi terms to the correct
the dimension of the halo orbits.

One can then compare the ℏω obtained by fitting a set of data with the Duflo-Zuker formulae Eq. (3.9)
and Eq. (3.7); for example taking the Na isotopes with A = 20− 28 the difference between the Duflo-
Zuker and Bohr-Mottelson parameters is striking (see Fig. 3.3).

These considerations will be later applied in order to get a prescription which will account for both
sources of corrections.

3.4 Microscopic Description

Following what was discussed previously in this chapter, the goal is now to devise a way to calculate
and reproduce the experimental isotope shifts, reproducing as closely as possible the observed values
and trend.

The starting point is the Duflo-Zuker phenomenological formula, given by Eq. (3.9) and Eq. (3.7). One
can use the correlated form for the nuclear proton radius in order to perform a five-parameter fit of a
set of experimental nuclear charge radii. Notice that this will not be done for each isotopic chain that
will be considered, but only fitting a set of experimental data in order to preserve the “universality”
of the formula: one set of the five values should be able to reproduce all the isotope shifts, and it
should not change for different isotopic chains.
This procedure allows to extract the “correlated” ℏωπ parameter inverting the relation given by
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3.4.1 The “BZ10” Method

The first method comes from equation (10) of Ref. [14] by Bonnard and Zuker (and it will thus be
referrer to as “BZ10” method). Here the proposed form for the calculation of the proton radii is:

⟨r2π⟩ = [ρπ(λ = 0)]2 +
41.47

ℏωπ(λ = 0)

∑

i

mi

A
δi (3.24)

where ρπ(λ = 0) and ℏωπ(λ = 0) are the important parameters coming from the “uncorrelated” fit,
and in particular ρπ(λ = 0) represents the “uncorrelated” proton radius. In Eq. (3.24) the larger
radius of the “halo” orbits is accounted for by the δi terms.

3.4.2 The “BZ3c” Method

A second method consists in proceeding directly from the formula proposed by Bonnard and Zuker in
[14] for the “correlated” proton square radius:

⟨r2π⟩ =
41.47

ℏωπ(λ = 0)

∑

i

mi

A
(pi + 3/2 + δi) (3.25)

This methods has been called “BZ3c” since it comes from equation (3) in Ref. [14] and the “c” stands
for the correlated form of the proton radius.
Essentially, the difference between Eq. (3.24) and Eq. (3.25) lies in the fact that for the former
ρπ(λ = 0) is taken directly from the “uncorrelated” Duflo-Zuker fit, while in the second is calculated
using ℏωπ(λ = 0) (it is given by Eq. (3.25) taking δi = 0 ∀i). In this way, also the “uncorrelated” part
accounts for the occupation numbers of the orbits mi, while in the “BZ10” method comes directly
from a macroscopic formula.

3.4.3 The “BLZ9” Method

A final alternative approach, proposed in equation (9) of Ref. [13] and thus referred to as “BLZ9”,
is:

⟨r2π⟩ =
41.47

ℏωπ(λ = 0)

∑

i

zi
Z
(pi + 3/2 + δi) (3.26)

where zi is the occupation number of the proton orbits only. Notice that in this case the ℏωπ(λ = 0)
parameter extraction will be different from the previous two cases, since in this formula only the
protons occupations are relevant, as explained in Section 3.3.2.

3.4.4 The Choice of the δ Correction

The δi terms need to account for the effects of the Duflo term of the phenomenological formula in the
microscopic approach. As discussed, Bonnard and Zuker predict an abrupt change of the charge radii
in correspondence of the extruder-intruder shell closure, i.e. at N,Z = 14, 28 in the cases relevant for
this work.
As explained in Section 3.3.1, Bonnard and Zuker [14] performed a comprehensive study of sd shell
nuclei, considering a set of 21 nuclei with 2Tz = 0, 1, 2. Considering a step-function form for the δs
correction:

δ1s1/2 =

{

δ< if N,Z < 14

δ> if N,Z ≥ 14

the authors fitted this dataset with Eq. (3.24), using the occupation numbers coming from the USDa
[21] interaction. The fitted values δ< = 4.9 and δ> = 1.4 described well the experimental data.
For the pf shell a hint of the value of δ< for the p orbits can be found in the Ref. [13], where the
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Chapter 4

Systematic Study of Isotope Shifts

In this chapter the main methods used in this work in order to calculate the isotope shifts, both in
a macroscopic and microscopic framework, are applied to the isotopic chains of Na, Mg, Ar, Ca, Mn
and Ni are then the results reported and discussed.

4.1 Application of the Empirical Formula

In this section the empirical Duflo-Zuker formula will be applied, and the results will be analyzed.
It is important to remind that the fit of Eq. (3.9) involves 5 parameters, of which one can be roughly
set by studying the neutron skin, i.e. ζ = 0.8 fm; moreover, it has been shown that different values of
this parameter ranging between 0.0 < ζ < 1.2 fm do not really change the quality of the fit [14].
The fitted function depends on the isospin of the nucleus and on the valence neutrons and protons
between the E.I. orbits, as well as on the corresponding degeneracy of the orbits.
For consistency of notation’s sake, one can distinguish three different fits:

• “DZ correlated fit”, meaning the fit coming from the correlated Duflo-Zuker Eq. (3.9);

• “DZ naive fit”, meaning the fit coming from the uncorrelated Duflo-Zuker formula Eq. (3.7).

The fit has been performed on a dataset, reported in Appendix B, which consisted of measured charge
radii up to Z = 30. The results of the fitting procedure are shown in Table 4.1:

Fit ρ0 [fm] g λ [fm] ν [fm] ζ [fm] rmsd [fm]

“DZ correlated” 0.944 0.985 5.561 0.368 0.8 0.0176
“DZ naive” 0.957 1.280 0 −1.139 2.039 0.0390

Table 4.1: Values obtained from fitting Eq. (3.9) (“DZ correlated”) and Eq. (3.7) (“DZ naive”) with the set of
data reported in Appendix B, where the rmsd are the root-mean-square deviation.

The corresponding isotope shifts are then reported in Fig. 4.1, where both the “correlated” and
“naive” fit results are shown, with the intent of understanding if they reproduce the experimental
data. Moreover the necessity of the Duflo term should be clear from this comparison.

In order to quantify the goodness of the agreement between the results form of the Duflo-Zuker
phenomenological formula better and the experimental data, one can compare the mean differences
between the observed values Oi and the calculated ones Ei:

rmsd =

√

∑n
i=1(Oi − Ei)2

n
(4.1)

Overall, the “DZ correlated” fit works well for the isotopic chains chosen in this work, however it is
clear that all the staggering features, which are caused by the underlying shell structure, are lost in
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Isotopic chain Na Mg Ar Ca Mn Ni

rmsd for DZ [fm2] 0.0990 0.1746 0.1978 0.0862 0.1644 0.0935
rmsd for DZ naive [fm2] 0.1881 0.1537 0.2603 0.3174 0.0991 0.2231

Table 4.2: In this table the mean differences calculated via Eq. (4.1), between the experimental isotope shifts
and the results from the fits obtained from Eq. (3.9) (DZ) and Eq. (3.7) (DZ naive) are reported.

Considering to the Ca isotopes, the “correlated” fit works very well, also predicting the increase after
N = 28.
For the Mn isotopes the “correlated” fit deviates significantly from the experimental result, always
overestimating the isotope shifts after N = 30.
Finally for the Ni isotopes the “correlated” fit follows well enough the rather linear experimental trend;
notice that the Ni isotopes have Z = 28, so the Duflo correction does not contribute.

Considering then the “naive” fit results, it is clear that they do not really reproduce the data, but the
isotope shifts predicted are always of parabolic shape, and can reproduce the data only in a limited
mass region, deviating then greatly in the neutron and proton rich sides (look at the Ar isotopes for
example). Another feature that they fail to predict is the decrease near the EI closure (for example
this is clear in the Ca isotopes).

From the “DZ correlated” fit parameters, and thus from the calculated ρ2π, it is possible to obtain the
corresponding “correlated” oscillator energy, ℏωπ, by inverting (3.7):

ℏωπ =
41.47

ρ2π

∑

i

mi

A
(pi + 3/2) (4.2)

Here an approximation is needed in order to extract ℏωπ; in particular the occupation number will
be determined assuming that each nucleon will occupy the next lowest-energy free orbit. Notice that
this has a subtle and important difference with respect to the procedures listed above; in fact in this
way all the orbits have the same radial extension, and what changes is only the ℏωπ for each nucleus.
Clearly, the extracted h.o. energy parameter will have a different meaning depending on the radius
used. If one plugs the result from the DZ “correlated” fit into Eq. (4.2), the corresponding extracted
ℏωπ can be considered as the “correlated” energy parameter.
As it was already introduced in Chapter 3, one can also start from the “DZ correlated” fit, and then
set λ = 0; doing this the result is the “uncorrelated” proton radii. Namely, the parameters used for
the calculation of the radii using the Duflo-Zuker formula, i.e. Eq. (3.9), are the ones that are found
in Table 4.1 but with λ = 0.
Using now this “uncorrelated” ρπ(λ = 0), inverting equation Eq. (4.2) one obtains the “uncorrelated”
energy parameter ℏωπ(λ = 0), which will be employed for the microscopic calculations.

The same procedure holds for the “BLZ9” method introduced in Chapter 3 (Eq. (3.26)), which however
takes into account only the proton occupations; in this case one has to replacemi with zi and A with Z.

It is important to stress that the fit has not been performed for each isotopic chain. This choice has
been done so that only one set of parameters describes all the proton radii. This is the reason why
for the nickel isotopes the DZ and DZ “naive” fit do not provide the same result: in fact, having the
Ni isotopes Z = 28, the Duflo correction term is actually vanishing.
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4.2 Theoretical Description of Isotopic Shifts

Following the description provided in Chapter 3 relative to the calculations of the isotope shifts, here
the methods used are briefly summarized.
The first method is labelled as “BZ10”, as it was proposed by Bonnard and Zuker in Eq. (10) of Ref.
[14], and here it was reported as Eq. (3.24):

⟨r2π⟩ = [ρπ(λ = 0)]2 +
41.47

ℏωπ(λ = 0)

∑

i

mi

A
δi

where ℏωπ(λ = 0) and ρπ(λ = 0) are obtained from the “uncorrelated” fit as discussed, so they are
respectively the “uncorrelated” energy and proton radius.

The second method essentially represents a variant of the “BZ10” one, where this time the “uncorre-
lated” proton radius is calculated in a microscopic approach from the knowledge of ℏωπ(λ = 0) and
of the occupation numbers mi, as described in Eq. (3.25):

⟨r2π⟩ =
41.47

ℏωπ(λ = 0)

∑

i

mi

A
(pi + 3/2 + δi)

The results coming from this method will be labelled as “BZ3c”.

In the last method, which was introduced in Ref. [13], the isospin representation is ditched, and
only the proton occupancy are considered in the calculation of the proton radius, as described in the
previously introduced Eq. (3.26):

⟨r2π⟩ =
41.47

ℏωπ(λ = 0)

∑

i

zi
Z
(pi + 3/2 + δi)

Concerning the values of the δi corrections, following the experimental status of the “halo” orbits (Ref.
[14], [36]), a step function form has been employed, that is:

δi =

{

δi> for N,Z < 14, 28, . . .

δi< for N,Z > 14, 28, . . .

depending on the i orbit in consideration. The values assumed are here reported:

δs< δs> δp< δp>

4.9 1.4 4 1.5

Table 4.3: Summary of the values of δ assumed in this work

Notice that for isotopic chains which can be described by valence nucleons in only one shell, e.g. the
sd shell, the “BZ10” and “BZ3c” methods will provide the same result. This happens because of the
specific extraction method of the ℏωπ(λ = 0) parameter: when dealing with only one major shell, the
principal quantum number pi will not change, thus summing the mean occupations will give the same
result as the approximation used.
This will be relevant for the Na and Mg isotopic chains, since they can be described by the valence sd
shell.

Finally the occupation numbers have been calculated using the ANTOINE code explained in Sec-
tion 2.3.2 using different interactions depending on the isotope considered. The quality of the in-
teraction has been tested considering some excited states, comparing the results with the available
experimental data. The comparison and the occupation numbers are reported in Appendix A.
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the neutrons it is composed of the 0f5/2, 1p3/2, 1p1/2, 0g9/2 and 1d5/2. The change of interaction is
done since after N = 37 the 0g9/2 and 1d5/2 neutron orbits starts to be occupied: for 65Ni the neutron
occupation predicted by the LNPS interaction is n0g9/2+1d5/2 = 0.48, and for 66Ni is n0g9/2+1d5/2 = 0.77,
so the contributions of these two orbits start to be important.

Nickel is a special case, since it has Z = 28 and this implies a zero Duflo term in Eq. (3.9); in this
case the correlated and naive fit will give the same result.
The overall behaviour of the isotope shift is followed quite closely by both “BZ10” and “BZ3c” curves,
while “BLZ9” predicts lower values of the isotope shifts for 64−68Ni.

Method “BZ10” “BZ3c” “BLZ9”

rmsd 0.0916 fm2 0.0772 fm2 0.1497 fm2

Table 4.8: Calculated root mean square difference values via Eq. (4.1) for the three different method displayed
in Fig. 4.10

Comparing the values in Table 4.8 one concludes that the “BZ3c” method (i.e. obtained using
Eq. (3.25)), is the best in reproducing the experimental data for the Ni isotopic chain.

Summing all the calculated rmsd for the three methods employed for each isotopic chains, one obtains:

Method “BZ10” “BZ3c” “BLZ9”

Total rmsd 0.675 fm2 0.7372 fm2 0.758 fm2

Table 4.9: Calculated total root mean square difference values, obtained by summing the values present in
Tables 4.4 to 4.8.

The best method considering the isotopic chains Na, Mg, Ar, Mn and Ni has been found to be the
“BZ10”.
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Chapter 5

Conclusions

The nuclear radius is a fundamental property of the nucleus. It represent an important probe of the
nuclear interaction which dictates the behaviour of the nucleons inside the nucleus. Investigations of
the exotic nuclei regions, i.e. the proton- and neutron-rich isotopes, are a crucial goal for future ex-
perimental campaigns as well as for the theoretical developments. In this regard, recent experimental
findings [7] for the neutron-rich Ca isotopes have put in evidence a sudden rise of the isotope shifts
after N = 28. While an increase in radii is related to nuclear deformations, for Ca isotopes this is not
the case since they are spherical. This has puzzled the theoretical interpretations.

This work aimed to find, discuss and apply a method, based on previous studies, which could describe
the behaviour of the experimental isotope shifts and, at the same time, help with the interpretation
of the results. In particular, Shell Model calculations have been performed, in the harmonic oscillator
basis, and two main ingredients have been crucial to get a satisfactory description of the experimental
data.
The first one concerns the harmonic oscillator energy, the ℏω parameter. This can be obtained from
the Duflo-Zuker phenomenological formula [12], and it represents an improvement with respect to the
monotonic Bohr-Mottelson form.
The second ingredient consists of corrections that account for the larger spatial extension of the lowest-ℓ
orbits in a main shell, which are the so-called “halo” orbits [13]. These corrections have been sug-
gested in Ref. [14] to account for the Duflo-Zuker correlations in a microscopic approach. Notably, the
studies done by Bonnard and collaborators [13, 14] suggest that δi correction factors are not constant
with respect to the neutron and proton numbers, but they can be described in a first approximation
as a step function discontinuous at the extruder-intruder shell closures (e.g. N,Z = 14, 28). Indeed,
the orbital radii of low-ℓ orbits reduce considerably when these orbits are occupied by at least a nucleon.

Three different microscopic prescriptions have been applied:

• the “BZ10” method, given by Eq. (3.24), which employs an isospin representation (thus only
involve the total occupation number mi = ni + zi) and uses the result coming from the Duflo-
Zuker formula for the “uncorrelated” square radius;

• the “BZ3c” method, given by Eq. (3.25), which also uses an isospin representation but calculates
the “uncorrelated” square radius in a microscopic approach;

• the “BLZ9” method, given by Eq. (3.26), which only considers the contributions from the pro-
tons.

Overall, of these three methods, the one that described better the Na, Mg, Ar, Mn and Ni isotopic
chains was found to be the “BZ10” method.
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In the future these methods can be applied to other isotopic chains, allowing for a better understanding
of their merits as well as their shortcomings. The evolution of the δi correction factors with respect
to the mass number A as well as its dependence on the isospin tz is still not understood: one may
try to find an ansatz for a functional representation δi(A, tz), to get a best fit of the available data on
isotope shifts for a variety of mass regions.

Moreover, the results from the phenomenological Duflo-Zuker formula (Eq. (3.9)) can still be improved,
for example by expanding the number of fitted radii, or, as hinted in Ref. [14], by supplementing the
Duflo-Zuker formula with an isovector term.

Finally, the behavior of the calcium isotopes is still challenging since it seems to be well-reproduced
by considering only the “cross-shell excitations” between the sd and pf protons shells. However, this
prescription only works in a very limited mass region (N = 19− 28) and fails to reproduce the rapid
increase of the radius after N = 28.
The three microscopic methods employed in this work give the correct slope for the increase after
N = 28, thus interpreting the increase in isotope shifts with the occupation by neutrons of the low-ℓ
orbit p3/2. However, they do not describe well the parabolic behaviour of the isotope shifts for lighter
isotopes.

In summary, in this thesis work we have explored different methods to obtain the isotopic shifts along a
variety isotopic chains, from Z = 11 to Z = 28. In all cases the parameters used have been maintained
constant without the scope of getting a best or “ad hoc” fit. The goal was to understand the role of
the “halo” orbits in driving the radial behavior. The description of data is very satisfactory and this
work paves the way for future studies.
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Appendix A

Shell Model Calculations

In this appendix the occupation numbers obtained via the ANTOINE code [22], using the different
effective interactions discussed in Chapter 2, will be reported. Also a selection of the excitation energy
of some yrast states will be reported, in order to display how they describe the various isotopes, and
compared with the available experimental data coming from [44].
These interaction have already been tested, in particular in the regions of the chart of nuclides impor-
tant or this thesis’ work (see Refs. [45], [46], [47], [48]).
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APPENDIX A. SHELL MODEL CALCULATIONS

Isotope g.s. π d5/2 π s1/2 π d3/2 ν d5/2 ν s1/2 ν d3/2
20Na 2+ 2.43 0.33 0.23 0.68 0.23 0.09
21Na 3/2+ 2.26 0.45 0.29 1.28 0.50 0.23
22Na 3+ 2.28 0.44 0.28 2.28 0.44 0.28
23Na 3/2+ 2.26 0.45 0.28 3.07 0.44 0.49
24Na 4+ 2.41 0.31 0.28 4.18 0.37 0.45
25Na 5/2+ 2.59 0.17 0.24 4.94 0.53 0.53
26Na 3+ 2.61 0.18 0.22 5.38 1.09 0.54
27Na 5/2+ 2.59 0.22 0.19 5.60 1.36 1.04
28Na 1+ 2.60 0.25 0.15 5.81 1.70 1.49

Table A.1: Occupation numbers of the valence orbits for the Na isotopes as calculated via the USDa interaction.

Isotope g.s. π d5/2 π s1/2 π d3/2 ν d5/2 ν s1/2 ν d3/2
21Mg 5/2+ 3.33 0.34 0.34 0.82 0.14 0.04
22Mg 0+ 3.18 0.38 0.44 1.43 0.39 0.18
23Mg 3/2+ 3.07 0.44 0.49 2.26 0.45 0.28
24Mg 0+ 2.98 0.44 0.58 2.98 0.44 0.58
25Mg 5/2+ 3.07 0.38 0.55 4.05 0.43 0.52
26Mg 0+ 3.17 0.33 0.50 4.75 0.57 0.68
27Mg 1/2+ 3.29 0.30 0.41 5.36 0.94 0.70
28Mg 0+ 3.36 0.32 0.32 5.56 1.08 1.37
29Mg 1/2+ 3.48 0.26 0.26 5.75 1.28 1.97
30Mg 0+ 3.60 0.16 0.24 5.82 1.91 2.27

Table A.2: Occupation numbers of the valence orbits for the Mg isotopes as calculated via the USDa interaction.
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Isotope g.s. π d5/2 π s1/2 π d3/2 π f7/2 π p3/2 ν d5/2 ν s1/2 ν d3/2 ν f7/2 ν p3/2
32Ar 0+ 5.81 1.54 2.65 0.00 0.00 5.28 0.43 0.29 0.00 0.00
33Ar 1/2+ 6.00 1.80 1.72 0.39 0.09 6.00 0.94 0.02 0.03 0.01
34Ar 0+ 6.00 1.82 1.71 0.37 0.11 6.00 1.71 0.16 0.11 0.02
35Ar 3/2+ 6.00 1.82 1.72 0.36 0.09 6.00 1.82 0.98 0.16 0.04
36Ar 0+ 6.00 1.77 1.68 0.46 0.09 6.00 1.77 1.68 0.46 0.09
37Ar 3/2+ 6.00 1.81 1.68 0.43 0.08 6.00 1.86 2.62 0.43 0.09
38Ar 0+ 6.00 1.74 1.71 0.47 0.08 6.00 1.82 2.97 1.06 0.15
39Ar 7/2− 6.00 1.67 1.79 0.47 0.07 6.00 1.81 3.01 2.00 0.18
40Ar 0+ 6.00 1.44 1.92 0.57 0.07 6.00 1.66 2.72 3.33 0.29
41Ar 7/2− 6.00 1.36 2.04 0.53 0.06 6.00 1.67 2.81 4.19 0.33
42Ar 0+ 6.00 1.11 2.22 0.61 0.06 6.00 1.49 2.70 5.41 0.40
43Ar 7/2− 6.00 1.15 2.32 0.48 0.05 6.00 1.64 3.03 5.90 0.44
44Ar 0+ 6.00 0.92 2.56 0.47 0.05 6.00 1.50 3.08 6.96 0.46
45Ar 7/2− 6.00 1.18 2.41 0.36 0.05 6.00 1.95 3.83 6.79 0.42
46Ar 0+ 6.00 0.96 2.67 0.32 0.04 6.00 1.96 3.84 7.73 0.47

Table A.3: Occupation numbers of the valence orbits for the Ar isotopes as calculated via the USDa interaction for 32Ar and the zbm2 interaction for all the other
isotopes.
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Isotope g.s. π d5/2 π s1/2 π d3/2 π f7/2 π p3/2 ν d5/2 ν s1/2 ν d3/2 ν f7/2 ν p3/2
39Ca 3/2+ 6.00 1.85 3.17 0.86 0.13 6.00 1.85 2.54 0.52 0.09
40Ca 0+ 6.00 1.80 3.09 0.98 0.12 6.00 1.80 3.09 0.98 0.12
41Ca 7/2− 6.00 1.76 3.06 1.06 0.12 6.00 1.78 3.09 1.99 0.14
42Ca 0+ 6.00 1.49 2.74 1.61 0.15 6.00 1.55 2.73 3.47 0.24
43Ca 7/2− 6.00 1.48 2.86 1.53 0.13 6.00 1.57 2.89 4.28 0.26
44Ca 0+ 6.00 1.24 2.81 1.82 0.13 6.00 1.38 2.82 5.48 0.32
45Ca 7/2− 6.00 1.32 2.99 1.59 0.09 6.00 1.54 3.13 5.99 0.35
46Ca 0+ 6.00 1.24 3.12 1.56 0.08 6.00 1.46 3.19 7.00 0.35
47Ca 7/2− 6.00 1.66 3.42 0.85 0.07 6.00 1.93 3.79 7.00 0.28
48Ca 0+ 6.00 1.68 3.54 0.71 0.07 6.00 1.96 3.83 7.92 0.29
49Ca 3/2− 6.00 1.73 3.59 0.62 0.05 6.00 1.98 3.87 7.95 1.20
50Ca 0+ 6.00 1.76 3.61 0.58 0.05 6.00 1.98 3.76 7.93 2.33
51Ca 3/2− 6.00 1.82 3.70 0.46 0.03 6.00 2.00 3.98 8.00 3.03
52Ca 0+ 6.00 1.86 3.74 0.39 0.02 6.00 2.00 4.00 8.00 4.00

Table A.4: Occupation numbers of the valence orbits for the Ca isotopes calculated via the zbm2 interaction.
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Isotope g.s. π d5/2 + d3/2 π s1/2 π f7/2 π p3/2 ν d5/2 + d3/2 ν s1/2 ν f7/2 ν p3/2
40Ca 0+ 9.73 1.87 0.27 0.13 9.73 1.87 0.27 0.13
41Ca 7/2− 9.75 1.88 0.25 0.12 9.81 1.91 1.19 0.09
42Ca 0+ 9.23 1.61 0.77 0.39 9.57 1.78 2.30 0.35
43Ca 7/2− 9.54 1.77 0.46 0.23 9.80 1.93 3.09 0.19
44Ca 0+ 9.11 1.56 0.89 0.44 9.78 1.89 4.00 0.34
45Ca 7/2− 9.57 1.79 0.43 0.21 9.94 1.97 4.89 0.20
46Ca 0+ 9.60 1.80 0.40 0.20 9.98 1.98 5.78 0.26
47Ca 7/2− 9.95 1.98 0.05 0.02 10.00 2.00 6.83 0.16
48Ca 0+ 10.00 2.00 0.00 0.00 10.00 2.00 7.80 0.20
49Ca 3/2− 10.00 2.00 0.00 0.00 10.00 2.00 7.88 1.12
50Ca 0+ 10.00 2.00 0.00 0.00 10.00 2.00 7.86 2.15
51Ca 3/2− 10.00 2.00 0.00 0.00 10.00 2.00 7.98 3.02
52Ca 0+ 10.00 2.00 0.00 0.00 10.00 2.00 8.00 4.00

Table A.5: Occupation numbers of the valence orbits for the Ca isotopes calculated via the SDPF-U-MIX
interaction.
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Isotope g.s. π f7/2 π p3/2 π f5/2 π p1/2 ν f7/2 ν p3/2 ν f5/2 ν p1/2 ν g9/2 ν d5/2
50Mn 0+ 4.23 0.43 0.27 0.07 4.23 0.43 0.27 0.07 0.00 0.00
51Mn 5/2− 4.45 0.28 0.22 0.05 5.29 0.32 0.32 0.07 0.00 0.00
52Mn 6+ 4.57 0.17 0.22 0.04 6.44 0.23 0.28 0.05 0.00 0.00
53Mn 7/2− 4.65 0.10 0.22 0.03 7.40 0.22 0.32 0.06 0.00 0.00
54Mn 3+ 4.64 0.23 0.09 0.03 7.57 0.95 0.26 0.21 0.00 0.00
55Mn 5/2− 4.60 0.21 0.15 0.04 7.54 1.29 0.70 0.46 0.00 0.00
56Mn 3+ 4.44 0.35 0.18 0.03 7.40 1.96 1.21 0.43 0.00 0.00
57Mn 5/2− 4.46 0.36 0.16 0.03 7.27 2.50 1.73 0.51 0.00 0.00
58Mn 1+ 4.47 0.35 0.15 0.02 7.58 2.85 2.04 0.53 0.00 0.00
59Mn 5/2− 4.57 0.30 0.13 0.02 7.85 3.58 2.26 0.59 0.00 0.00
60Mn 1+ 4.60 0.27 0.11 0.02 8.00 3.70 2.69 0.37 0.20 0.04
61Mn 5/2− 4.45 0.33 0.19 0.03 8.00 3.66 2.46 0.51 1.16 0.21
62Mn 1+ 4.36 0.36 0.25 0.04 8.00 3.76 2.77 0.51 1.65 0.30
63Mn 5/2− 4.34 0.37 0.25 0.04 8.00 3.78 2.88 0.63 2.26 0.45
64Mn 1+ 4.16 0.46 0.32 0.06 8.00 3.82 2.80 0.46 3.17 0.75
65Mn 5/2− 4.29 0.40 0.27 0.04 8.00 3.89 3.51 0.66 3.26 0.69

Table A.6: Occupation numbers of the valence orbits for the Mn isotopes. The interaction used is the GXPF1a for the isotopes 50−59Mn isotopes, while the LNPS for
the remaining ones.

63



A
P
P
E
N
D
IX

A
.
S
H
E
L
L
M
O
D
E
L
C
A
L
C
U
L
A
T
IO

N
S

Isotope g.s. π f7/2 π p3/2 π f5/2 π p1/2 ν f7/2 ν p3/2 ν f5/2 ν p1/2 ν g9/2 ν d5/2
54Ni 0+ 7.43 0.29 0.22 0.05 5.62 0.19 0.16 0.03 0.00 0.00
55Ni 7/2− 7.55 0.24 0.18 0.03 6.66 0.19 0.13 0.02 0.00 0.00
56Ni 0+ 7.60 0.22 0.16 0.03 7.60 0.22 0.16 0.03 0.00 0.00
57Ni 3/2− 7.51 0.29 0.15 0.04 7.64 1.08 0.21 0.07 0.00 0.00
58Ni 0+ 7.40 0.38 0.16 0.06 7.66 1.41 0.73 0.19 0.00 0.00
59Ni 3/2− 7.39 0.40 0.14 0.07 7.75 2.29 0.70 0.25 0.00 0.00
60Ni 0+ 7.29 0.49 0.15 0.07 7.76 2.33 1.53 0.38 0.00 0.00
61Ni 3/2− 7.12 0.64 0.16 0.08 7.75 2.48 2.30 0.46 0.00 0.00
62Ni 0+ 7.16 0.62 0.14 0.08 7.84 2.82 2.59 0.74 0.00 0.00
63Ni 1/2− 7.23 0.59 0.12 0.06 7.88 3.32 2.72 1.08 0.00 0.00
64Ni 0+ 7.50 0.37 0.10 0.03 7.92 3.22 4.03 0.83 0.00 0.00
65Ni 5/2− 7.44 0.35 0.18 0.03 8.00 3.68 4.20 0.64 0.45 0.03
66Ni 0+ 7.47 0.32 0.18 0.03 8.00 3.71 4.62 0.90 0.73 0.04
67Ni 1/2− 7.71 0.15 0.12 0.01 8.00 3.90 5.56 1.04 0.46 0.03
68Ni 0+ 7.75 0.11 0.12 0.01 8.00 3.91 5.60 1.76 0.67 0.05
70Ni 0+ 7.50 0.25 0.22 0.03 8.00 3.92 5.56 1.63 2.75 0.14

Table A.7: Occupation numbers of the valence orbits for the Ni isotopes as calculated via the GXPF1a interaction for the 54−64Ni isotopes and the the LNPS interaction
for the remaining ones.
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Appendix B

Radii Dataset

In this appendix the data use for the fit of the Duflo-Zuker phenomenological formula will be reported
in Appendix B.
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Z N rπ [fm] ∆rπ [fm] Z N rπ [fm] ∆rπ [fm] Z N rπ [fm] ∆rπ [fm]

1 1 1.959 0.006 11 18 2.979 0.016 20 23 3.428 0.006
1 2 1.556 0.050 11 19 3.005 0.021 20 24 3.454 0.006
2 1 1.762 0.050 11 20 3.060 0.014 20 25 3.428 0.006
2 2 1.468 0.002 12 12 2.920 0.010 20 26 3.430 0.006
3 3 2.442 0.050 12 13 2.885 0.011 20 27 3.405 0.006
3 4 2.273 0.050 13 14 2.933 0.015 20 28 3.412 0.006
4 5 2.395 0.012 14 14 2.995 0.025 20 30 3.455 0.006
5 5 2.305 0.050 14 15 2.985 0.020 21 24 3.458 0.005
5 6 2.284 0.025 14 16 3.036 0.021 22 24 3.522 0.005
6 6 2.343 0.005 15 16 3.085 0.010 22 25 3.510 0.005
6 7 2.326 0.010 16 16 3.152 0.015 22 26 3.512 0.005
6 8 2.390 0.020 16 18 3.183 0.010 22 27 3.486 0.004
7 7 2.411 0.025 16 20 3.188 0.010 22 28 3.487 0.005
7 8 2.490 0.010 17 20 3.294 0.017 23 28 3.514 0.040
8 8 2.610 0.008 18 16 3.282 0.025 24 26 3.576 0.004
8 10 2.628 0.020 18 17 3.280 0.025 24 28 3.561 0.003
9 10 2.787 0.010 18 18 3.307 0.020 24 29 3.574 0.004
10 8 2.821 0.030 18 19 3.308 0.020 24 30 3.597 0.006
10 9 2.860 0.015 18 20 3.320 0.010 25 30 3.623 0.010
10 10 2.857 0.010 18 21 3.326 0.020 26 28 3.610 0.010
10 11 2.819 0.015 18 22 3.346 0.015 26 30 3.659 0.010
10 12 2.800 0.020 18 28 3.356 0.030 26 31 3.673 0.010
10 13 2.755 0.025 19 19 3.355 0.008 26 32 3.696 0.010
10 14 2.745 0.030 19 20 3.363 0.005 27 32 3.712 0.010
10 15 2.775 0.035 19 21 3.367 0.006 28 30 3.690 0.008
10 16 2.771 0.035 19 22 3.382 0.006 28 32 3.725 0.010
10 17 2.811 0.040 19 23 3.382 0.006 28 33 3.735 0.010
11 9 2.854 0.015 19 24 3.386 0.006 28 34 3.751 0.010
11 10 2.898 0.012 19 25 3.387 0.006 28 36 3.776 0.010
11 11 2.869 0.011 19 26 3.390 0.006 29 34 3.799 0.012
11 12 2.877 0.009 19 27 3.385 0.006 29 36 3.831 0.010
11 13 2.856 0.011 19 28 3.383 0.006 30 34 3.850 0.012
11 14 2.859 0.010 20 19 3.394 0.016 30 36 3.870 0.012
11 15 2.876 0.010 20 20 3.412 0.006 30 38 3.883 0.012
11 16 2.898 0.011 20 21 3.409 0.006 30 40 3.912 0.010
11 17 2.925 0.012 20 22 3.442 0.006

Table B.1: Experimental set of data employed for the fit of the Duflo-Zuker phenomenologcal formula (Eq. (3.9),
Eq. (3.7)).
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