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Chapter 1

State of the art and introduction

At early times, the universe is strongly believed to have undergone a phase of accelerated expansion
called inflation. This phase can be achieved if a scalar field, called inflaton, dominates the energy
density budget of the early universe. This epoch was originally proposed in the early 1980s to over-
come a number of shortcomings of standard big bang cosmology, such as the flatness, horizon, and
monopole problem [1, |2] More importantly, it provides an elegant mechanism for the generation of
the first density perturbations in the early universe, seeding the large-scale structure (LSS) in the
distribution of galaxies and the underlying dark matter, and for the cosmic microwave background
(CMB) temperature anisotropies that we observe today. Those are in fact generated from quantum
fluctuations of the inflaton field stretched over cosmological scales by the exponentially fast expansion
of the universe [3| |4} 5].

Although a plethora of inflationary models has been proposed so far, slow-roll single-field inflation,
the simplest inflationary scenario, is in extremely good agreement CMB observations. This model,
characterized by a single scalar field slowly rolling along a smooth potential, predicts the generation
of almost scale invariant primordial fluctuations, with spectral index ns given by the combination
of slow-roll parameters. Moreover, the fluctuations are predicted to be nearly Gaussian distributed,
with small deviation from Gaussianity of the order of slow-roll parameters [6, [7|. These predictions
have been widely tested from CMB observations [8/ 9} 10|, finding that the primordial scalar power
spectrum indeed slightly deviates from a scale invariant regime, ng = 0.9603 4 0.0073, and does not
manifest a significant deviation from Gaussianity. Inflation predicts the generation of a background
of gravitational waves (GW), that can be interpreted as ripples of space-time around the background
metric. Even if they have not been detected yet, Their detection and constraint shall be decisive for
the determination of the energy scale of inflation, which are for sure higher than the MeV scale, and
provide striking proof of single-field inflation if the consistency relation is fulfilled.

Although single-filed slow-roll inflation is favored by CMB data, the power spectrum is tightly con-
strained only at very large scales. This means that, at a certain range, the potential has to be slightly
tilted to realize slow-roll conditions. Beyond such rage, we are free to consider theory which violates
SR conditions, resulting in an amplification of fluctuations at small scales [11|. The simple case of
violation of SR condition is ultra slow-roll (USR) [12} |13} |14, [15], which can be generalized to the
constant-roll phase [16]. This phase occurs when the inflaton potential exhibits an extremely flat
region, either a plateau or a point of inflection, and they are justified in theories of strings and super-
gravity [17]. These ”exotic” phases of inflation have caught the attention of the scientific community
since are able to generate a copious amount of primordial black holes (PBH) [17} [18|. Such a model is
of great interest since PBHs play a significant role not only in cosmology, but also from the astrophys-
ical and fundamental physics perspective. In fact, they are considered good dark matter candidates,
can potentially source the gravitational signal detected by LIGO (as discussed in [19]), and possibly
seed super massive black holes in galactic nuclei [20} 21} 22].

A part from the mechanism of inflation, other puzzling questions remain unanswered. Among all is
the existence of the universe as we know it, made only by baryons and not antibaryons. To explain
this, a mechanism of baryogenesis needs to be active, such that a slightly overabundance of baryon
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2 CHAPTER 1. STATE OF THE ART AND INTRODUCTION

w.r.t. antibaryons was produced in the early universe. Sakharov [23| introduced three conditions
leading baryogenesis, if satisfied. These conditions are related to two of the three fundamental discrete
symmetries governing quantum fields: charge conjugation (C), that acts reversing the charge of the
particle, and parity (P) which corresponds to the inversion of all spatial coordinates. In order to have
baryogenesis, the early universe needed to simultaneously violate CP. Unfortunately, standard model
(SM) interactions are not capable to generate the amount of baryon asymmetry needed to explain the
universe: CP violating phase in the CKM matrix is too small. Although there are on-going efforts to
understand whether a CP violating phase can be present in the neutrino sector, it appears clear the
urgency to investigate new physics interactions and possible way to test them. Whatever interaction
violates CP may violate pure parity as well.

It is still an open question whether parity symmetry is broken on large cosmological scales. If observa-
tionally confirmed, this would constitute a compelling evidence for new physics beyond the standard
model, pointing towards new interactions either in the gravitational or in the electromagnetic sector.
The most favored candidates are Chern-Simons type interactions among a (pseudo-)scalar filed and
either the photon or the graviton [24]. In particular, the study of parity violating interactions in the
gravitational sector has flourished over the past few years mainly for two reasons. First, gravitational
Chern-Simons term arises naturally in the effective filed theory (EFT) As originally demonstrated in
[24], the CMB is sensitive to violation of parity symmetry through its EB and TB power spectra, and
recent hints of parity violation on the EB angular spectral power of CMB seems to be present from
Planck data [25| [26]. Parity violating interactions may also manifest themselves in N-point correla-
tion functions of perturbations, with the lowest order (in case of correlators of scalar perturbations)
sensitive to parity being the four-point correlator. Hints of parity violation have been found in the
four-point statistics of galaxy clustering from the BOSS and DESI surveys, with reported detection
significance ranging from 2-7 o [27, 28|. Finally, it is possible that parity violation may be encoded in
the in the large-scale correlation of galaxy spins, as investigated in [29).

Turning on the hints of violation of the parity symmetry from the four point correlation function
(4PCF) of galaxies found in BOSS, it led to a growing interest in models of the early universe respon-
sible for the generation of such a signal |30} 31, 32|. However, studies of primordial scalar trispectrum
generated by single-field slow-roll inflation and CS revealed that this model cannot be the source of
any (possible) parity violating signature in the LSS: the primordial trispectrum is too small to leave
any observable imprints [30, 132].

Since USR dynamics is able to amplify curvature perturbations, in this thesis we shall study the
observational imprints of a single inflaton driving the initial expansion of the universe whose potential
admits a brief phase of USR and which couples non trivially to the graviton through a Chern-Simons
interaction. Specifically, we will focus on the computation of the parity-odd (PO) contribution to
the primordial scalar graviton-mediated trispectrum: we shall see that the dynamics of SR-USR-SR
inflation allows to circumvent no-go theorems for cosmological parity odd trispectrum [33| generating
an enhanced parity violating signal at small scales.

The thesis is organized as follows:

e Introduction to slow-roll inflation: A single scalar field slowly rolling down its potential
generates a phase of exponential expansion of the early universe if its potential energy dominates
the energy content of the universe. In this chapter we review the simplest though striking model
of single-field inflation, with focus on its background dynamics.

e Perturbation theory: We provide an introduction to linear perturbation theory in the contest
of inflationary universe. We shall introduce the ADM formalism, which is most suitable for
studying perturbation in a general relativistic setting.

e Ultra slow-roll Inflation: We provide a study of the background dynamics of models of
inflation admitting a brief phase of USR sandwiched between two SR epochs. Moreover, we
investigate the how scalar and tensor perturbations are affected by such dynamics.

e Modifying general relativity: We address the origin of gravitational CS correction and study
its effects on tensor perturbations.

e Cosmological correlators: The problem of computing cosmological correlators differs from



scattering amplitudes in quantum field theory. After introducing the in-in formalism for the
computation of cosmological correlators we will use it for computing the graviton mediated
trispectrum in single-field slow-roll inflation and gravity described by the theory of general
relativity.

Parity violation in slow-roll inflation: We compute the PO and PE trispectrum in slow-roll
inflation and CS correction, approximating the spacetime as pure de Sitter, results that are
already known in the literature. We confirm the validity of no-go theorems, finding a vanishing
PO trispectrum. We proceed providing an estimate of the PO trispectrum in a quasi-de Sitter
universe.

Signatures of parity violation in ultra slow-roll inflation: We shall evaluate the pri-
mordial parity odd graviton-mediated scalar trispectrum in the SR-USR-SR inflation. We will
study the large and small-scale behavior checking their agreement with no-go theorems for par-
ity odd trispectrum and visualize the scale and angular dependence by studying the equilater
configuration. We will complement this analysis by studying the parity even primordial scalr
trispectrum
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Chapter 2

Introduction to slow-roll inflation

Einstein’s general relativity (GR) is the most beautiful physical theory ever proposed. It describes one
of the most pervasive features of the world, gravity, as a manifestation of the curvature of spacetime,
rather than as force in Newtonian sense. It plays a crucial role in cosmology, which can be viewed as
the application of GR to the entire cosmos. In fact, despite being the weakest among all interactions,
gravity has literally shaped the universe: the matter content displays itself in filaments and knots,
leaving large empty regions called ”voids”. For scales exceeding 100 Mpc, the pattern of the cosmic
web appears to be homogeneous, and, upon applying the Copernican principle, we can assume that
the universe is homogeneous and isotropic everywhere. This is the foundation for every cosmological
theory in modern physics and we approximate the universe as a spatially homogeneous and isotropic
three-dimensional space which expands as a function of time: distant galaxies are receding from us
with a velocity that increases with the distance [34].

In GR this translates into the statement that the universe can be foliated into space-like slices, also
called hypersurfaces, such that each three-dimensional slice is maximally symmetric. The more general
metric describing such a spacetime can be written as

dr?

[y
where a(t) is a function of time known as the scale factor, and k£ can assume values k = £1,0. This
is the famous Robertson-Walker (RW) metric. Geometrically, k£ describes the curvature of spatial
sections, slices of constant cosmic time t. k = +1 correspond to positively curved spatial sections
(closed universe); k = 0 to an universe which is flat, and kK = —1 corresponds to negatively curved
spatial sections (open universe). Since matter and gravity are tied through the Einstein’s equations
(EE), the amount of matter in the universe influences its shape, not only locally, but globallyﬂ
Current CMB observations combined with BAO data [10]

Q= 0.0007 £ 0.0019 at 68% CL (2.5)

ds? = —dt* + a(t) +12(d6? + sin® 9do?) (2.1)

!This can be seen once the dynamical equations for the scale factor are derived. These equations are called Friedman
equations and can be derived directly from the EE. They are

N
a s 871G k
Z) ===, 2.2
(a) 3 a? (22)
which is derived from the (0,0) EE, and
a 4G
o= —T(P + 3p) (2.3)

arising from combining (0,0) and (¢,7) EE. Above, G is the Newton constant, k the curvature parameter introduced in
(2.1) p and p the density and pressure of the cosmic fluid, comprised of matter, radiation and cosmological constant.
If the dependence of p on a is known, the first is enough to solve for a(t). In terms of the density parameter
Q = 87Gp/3H? the first Friedman equation can be written in the form

k

Q1= Tmm

(2.4)

and it is clear that, if p = perie = 3H?/87G, k = 0. Whether the universe is open (k = —1) or closed (k = +1) depends
on if p < perit Or p > perit respectively. Setting Qf = k/a2H2, Qr closed to zero is proper to spatially flat spacetimes.
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point towards a universe which is spatially flat, and the line element takes the easy form
ds® = —dt* + a*(t) (clzlc2 +dy? + dzz) = a2(77)( —dn? + da? + dy? + sz). (2.6)

In the second equality we have introduce dn = dt/a, infinitesimal time interval of the conformal
time, which allows to identify the spatially flat expanding universe as the conformally transformed
Minkowski spacetime.

The picture appears to be clear: going backward in time the universe grows smaller and denser. Its
components, matter, radiation and cosmological constant A, evolve very differently with respect to
time (and thus on the scale factor a). While matter density is diluted by the universe expansion
0, o a=3, radiation suffers also from cosmological redshift, which can be interpret as an ”energy
dilution” effect, and it scales with the scale factor as Q, oc a=%. While at early times the latter is
dominating, as the universe expands, it decreases faster than the former, which result to dominate
afterwards. On the contrary, cosmological constant A remains constant as the universe expands: in
the present time the cosmos is dominated by this component. These are the pillars of the hot big
bang (HBB) model, which had been the cosmological model for many years. Its most outstanding
prediction? The big bang nucleosynthesis, which refers to the production of light isotopesE|7 by nuclear
reactions ignited during the first seconds due to the extremely high temperature. The measured
abundance of these elements cannot be explained only by the nuclear reactions in the core of stars
[35].

However, other observations showed shortcomings of BBN. In particular, in order to explain the uni-
verse that we observe, a fine tuning of cosmological parameters would be needed. The largest CMB
scales share the same temperature, even if they were not in causal contact when photon decoupled
from the thermal bath, roughly 380 000 years after the big bang. Moreover, the small value of the €2
parameter, which is the density parameter of all components of the universe, suggested by observations
at present time, implies that, at very early times, its value was even smaller by sixty orders of magni-
tude. These shortcomings of the hot big bang model are known as the horizon and flatness problems.
Without relying on fine tunings for the value of the temperature 7' and the density parameter 2,
cosmologists searched for dynamical mechanism capable of generating a universe whose geometry is
extremely closed to spatial flatness even starting from general values for the density. This physical
process, which acts as an attractor mechanism, is called inflation.

2.1 Inflation

To solve shortcomings of the HBB model, the mechanism of inflation was introduced by Guth [1] for
the first time in 1981. It consists of an era of accelerated expansion (é@ > 0) in the very early universe
driven by some component other than matter or radiation that redshifts away slowly as the universe
expands. In this way, the flatness and horizon problems can be solved simultaneously. The simplest
case to realize it is when it is driven by a constant vacuum energy, which acts as a cosmological
constant leading to an exponential expansion. Then, during the vacuum era, € o« const. grows rapidly
w.r.t. Q4 o< a”2, so the universe becomes flatter with time. If this process lasts long enough, then the
density parameter will be extremely closed to unity. Regarding the horizon problem, it can be traced
to the fact that comoving length scalesﬂ are constant during the expansion of the universe, while the
comoving Hubble radiuﬁ ry = 1/a. If a period of accelerating expansion occurs, dry/dt = —i/a?
decreases with time. It means that at very early times the horizon could have been as large as the
horzon today, or even bigger. Also, a minimum duration of this period is required, such that the

2Such as D, *He, *He, "Li

3A comoving length-scale Acom is defined as Acom = Aphys/a, where a is the scale factor. Comoving lengthscales have
the property that remain constant over time.

4The Hubble radius is a crucial quantity during inflation as it represent the characteristic length scale beyond which
causal processes cannot operate[36]. It is defined as the radius of the sphere centered on the observerthe comoving distance
within which all the spatial points has been in causal contact with the observer during an Hubble time ¢ty = 1/H, which
is the characteristic time of expansion. It is written as follows:

1 1



2.1. INFLATION 7

horizon had been in much larger than its size today, such that the biggest scale observed in the CMB
(the quadrupole scales) had been in causal contact and could thermalize.

How is it possible to realize such an epoch? Consider a single real scalar field ¢(x,t), with associated
energy-momentum tensor is T, = 0,00,¢ + g Lg, Ly = —%g‘w@aqb@gqﬁ — V(¢), and suppose that
the field is located in the minimum of its potential

6(x,t) = (6) = (0](x, £)[0) = const. (2.8)
This implies that stress-energy tensor associated to such a field is simply given by
T = gLy = =V ((0))guv- (2.9)

Turn to the EE: in the presence of a cosmological constant A they are modified as
G =81GT,, — Aguw (2.10)

since g, A is perfectly consistent with the idea of general covariance. Meanwhile, for a given particle
species
(010} = —(0[p|0) g (2.11)

with p being its energy density. This equation is valid because of Lorentz symmetry and it is clear that
A can be interpreted as the energy density associated to the vacuum state A = 87G(p). Therefore, if
the energy density of the universe is dominated by the potential of the scalar field ¢ and it is stuck
in its vacuum expectation value, the universe appear dominated by cosmological constant leading to
a phase of accelerated expansion. A natural candidate for the generation of a period of inflation is a
real scalar field. Notice few things:

1. We considered scalar fields only because their vacuum do not break isotropy. If the expectation
value of a vector field A, were non-vanishing (A4,) # 0, it would mean having a non-vanishing
preferred direction. Models of inflation driven by a vector field have been proposed, but they
have to account for empirical constraints.

2. Some exotic models of inflation take into account that the scalar particle leading to an epoch of
inflation is not a elementary, but a spinor condensate [37|. These models are not excluded by
data in the present days.

However, the scenario presented above displays a crucial problem: if inflation were driven by the
vacuum energy density of a scalar field, it would never end. This means that the universe would not
be able to recover the radiation domination and the subsequent matter domination phases that have
been widely tested and validated. This problem can be solved by requiring that the scalar field, that
form now on we will call inflaton, is not stuck in its minimum but evolves slowly with time, extremely
slowly though. This condition can be achieved if the inflaton is traversing an extremely flat region
of its potential and slowly rolls down it. After that, since we want inflation to end, it will reach the
minimum of its potential, decaying into standard model particles, reconstituting the thermal bath that
has been washed out by the accelerated expansion of the universe. This is slow-roll inflation. Before
diving into this scenario, it is useful to study how a scalar field behaves in an expanding universe.

We assume that the total action of the universe is given by

StOt = SEH + S(Z) + Smatter

_Me

= B /d4x\/ng+/d4$\/ng¢[¢,guu]+ Z /d4x\/jg£‘matter

(2.12)

matter

where Sgp is the Einstein-Hilbert action, capturing the dynamics gravity, Smatter is the action of all
standard model particles (matter, gauge bosons, Higgs field) and any other d.o.f. that may be present
(for example dark matter candidates), and Sy is the action for the inflaton field ¢. As we saw before,
inflation takes place when the energy budget of the universe is dominated by the potential of the
inflaton. This means that, at very early times, we can neglect the contribution coming from £,4¢ter-
The EH action leads to the Friedman equations and . Assuming that the inflaton field ¢
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is minimally coupled to gravity and is canonically normalizedlﬂ its action is the Klein-Gordon action
generalized to curved spacetimes

Sy = — / d*z/—g <;gwaﬂ¢a,,¢ + V(¢)>. (2.13)

From the minimal action principle, e.o.m. are obtained requiring that the action is minimized. There-
fore

0S5y 1 ov
o0 = —0[Vge"ae] =06 =" 2.14
and, if we assume that the metric induces the line element ([2.6),
. 26. 1 oV
— = 3 D = — —_— M —_— 2 = —_Q. 2.1
V=g =d’, 6= b3t V=5 (2.15)
Recalling that H = a/a entails the expansion rate of the universe, the inflaton field ¢ satisfies
2
. . t
.0+ 3HG(x ) - S0t - O (2.16)

where V2¢ = 0°0;¢, i = 1,2, 3 spatial index. Since the universe is homogeneous and isotropic we take
the inflaton to depend only on time, ¢(x,t) = ¢(t), and obtain [36]

b(t) + 3HO(t) = —g‘;.

(2.17)
Eq.(2.17) is the Klein-Gordon equation for the_(homogeneous and isotropic) inflaton field in an ex-
panding spatially flat spacetime. The term 3H ¢ acts as a friction term, and, if spacetime was flat, it
would be vanishing, reducing the equation to the its Minkowskian counterpart.

2.2 Slow-roll

As aforementioned, inflation takes place if, in the early universe, the potential od a real scalar d.o.f.
¢ dominates, slowly rolls down its potential. In this way, the inflaton mimics a cosmological constant
for a given amount of time, since its equation of state reads

por—ps if P <V(e) (2.18)

where the pressure of the inflaton is given by pg = %ng — V(¢) and its energy density by pg =
%d)? + V(¢). This condition can be realized if the potential is sufficiently flat for a certain region of its
domain. Suppose that the inflaton reaches a very flat region after having traversed a steep part of its
potential: as it starts rolling over the flat region its energy density is dominated by the kinetic term
P %Q.SQ, and the equation of motion reads py = py, wg = pg/ps = 1. Since the density depends
on the scale factor as pgs o a30+ws) — a*Gﬁ it decreases extremely fast, eventually allowing for the
potential to dominate. Moreover we require that the second derivative of ¢ is small enough to allow
this state of affairs to be maintained for a sufficient period. Therefore, we claim that inflation can

5This means that the kinetic term is of the form

1w
K=-59"0.40.¢

5The dependence of the density of a give particle species and the scale factor can be obtained from the continuity
equation V,T}" in a spatially flat expanding spacetime, once the equation of state is made explicit.
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be realized for a sufficient amount of time, or number of e—foldsﬂ if the following two conditions are
satisfied [36]:

¢ < V(9) (2.20)
|¢| < 3Ho (2.21)

these conditions are indeed called slow-roll conditions.

The properties that the field and its potential need to satisfy are entailed in model independent
parameters, called slow-roll parameters, that are defined as:[38|

dlne, 1¢€,

w1 =t = o (2.22)

and
(2.23)

=i
with €; it quantifies how much the Hubble rate H changes with time during inflation [36]. We state
that slow-roll inflation can take place only if all slow roll parameters €, are much smaller than unity.

Starting from the first slow-roll parameter €1, we can show requiring it to be small correspond to fulfill
the condition ([2.20). By using the fact that the inﬂaton dominates the energy budget of the early
universe during inflation, the first Friedman equation (2.2)) yields

87G
H? = 7; ( ¢ + V(¢)> (2.24)
and we can extract the expression for the derivative of the Hubble parameter H
- 4nG .
H = =7 (66 4+ V'(9)9) = ~4nGg? (2:25)

upon substituting ¢ using the KG equation. Using the first slow-roll approximation to the Hubble
parameter in the denominator of (2.24), we find

3 ¢?
2V(9)

Therefore, the first slow-roll condition corresponds to impose the first slow-roll parameter to
be much smaller than one, €¢; < 1. Moreover, we can write this parameter in terms of the inflaton
potential and its derivative. In order to express it only as a function of the potential, we substitute ¢32
by using the equation of motion of the field in the slow-roll regime and the Friedman equation again,

obtaining ,
1 Vv’
= — 2.27
U= 167G ( % ) ’ (227)

which makes manifest the fact that the first slow-roll condition is achieved if the potential is flat.

(2.26)

€] =~

We turn to the successive parameter,

1 6.1 H gb
= — L =2 4 —— =2 +2— 2.2
€2 oo €1+HH €1+ o (2.28)

"In early universe cosmology, the time intervals are evaluated in number of e-folds N, which are defined as

t2
N = / Hdt =In (%) (2.19)
t1 ai

where t2 > t1, a1 and a; are the scale factor evaluated at time ¢; and t2, and, to obtain the second equality the definition
of the Hubble parameter H is used. Therefore, the number of e-folds provide a clear information on how the universe
expanded during the time interval §t = to — t1.
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and we see that, if both the first and the second are satisfied, |e2| < 1. Therefore, the smallness
of the parameter €; and ey is necessary to develop slow-roll inflation. In particular, €1 is related to the
existence of the inflationary phase itself: as soon as €; ~ O(1), inflation ends, whereas the condition
€2 < 1 is needed in order for inflation to last enough to solve horizon and flatness problems [36].

Eventually, we can extend these conditions to a stronger one, demanding for all slow-roll parameters
to be much smaller than unity during inflation. Notice that these conditions implies that the slow-
roll parameters are approximately constant: their derivative is higher-order. In fact, since slow-roll
parameters are required to be small in order for inflation to take place and provide the solution to
fine-tuning problems, €1, €2, ..., €, = O(€), € < 1. From the definition of the nth slow-roll parameter,
1 < n < m we get an expression of its time variation during the characteristic time of expansion 1/H:
€n 9
g = nml6n = O(€%). (2.29)
Therefore, at first order in €, which is equivalent to the first order in slow-roll parameters, they are
constant.

Since the slow-roll parameters are proportional to the derivatives of the potential, which are very
small, the de Sitter approximation is often employed. This means that we can approximate H as
constant and the relation between the scale factor, the conformal time and the Hubble parameter

reads
1

=——. 2.30
T (2.30)
If this approximation is relaxed, the approximation is modified as such
1
_ ] 2.31
T TAH( —a) (231)

2.3 Generation of primordial fluctuations

In the sections above, since the universe is homogeneous and isotropic, we accounted only for a time
dependence in the inflaton field. However, this is not exactly the case. More precisely, what we
previously identified as ¢(t), is only the background of the field, which can be written as:

d(x,t) = ¢(t) + dp(x, 1) (2.32)

where d¢ are the quantum fluctuation of the inflaton which will give rise to cosmological perturbations
seeding the CMB temperature anisotropies and the LSS. The capability of generating coismological
perturbations is indeed the most striking prediction of inflation The splitting is a perturbative
treatment, fully justified from CMB observations. Since 67 /T =~ 10~ and it is demonstrate that they
can be seeded by d¢, it means that the perturbations of the inflaton are much smaller than ¢ of several
order of magnitude.

To study the dynamics of perturbations, we linearize the equation of motion . Isolating the
zeroth order we get , which indeed describes the evolution of the background. The first order
terms determine the e.o.m. for perturbations, which is

_ VEe(x,t) 9V
a? 992

5b(x,t) + 3HH(x, 1) Sp(x,t). (2.33)

The e.o.m. for perturbations, once the Laplacian is meglectedlﬂ7 is of the same form of the time

derivative of
. o%v .
¢ () +3Ho(t) = _8752¢(t) (2.35)

8The Laplacian can be neglected once the large scale limit is taken. In fact, partial derivatives correspond to wavenum-
bers associated to a comoving length scale. In fact, if we require that the physical length scale is much larger than the
Hubble horizon rg = 1/H, then

_ 1 a 1
AAcom = >\phys > ﬁ - E > ﬁ = k< aH. (234)
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and therefore we can ask whether §¢ and gZ) are independent variables. To do this, we take the
Wronkian finding that ' - )
w(8¢,§) = 6 — 6 ~ e~ — 0, (2.36)

which means that, after a short period of time after the beginning of inflation, the perturbation d¢(x, t)
is indeed proportional to the derivative of the background field ¢(¢). This means that the inflaton
field, background and quantum fluctuation, can be written as

o(x,t) = o(t) — o(t)dt(x) (2.37)

0t(x) being a space dependent time shift. What the expression above tells us is that, if we consider
patches of the universe separated by a distance larger than the Hubble radius, the scalar field assumes
the values dictated by its background trajectory at slightly different times.

The presence of fluctuations has profound implications in cosmology: the strength and correlations of
those fluctuations can be predicted in various model of inflation and entail information of the physics
of the early universe, the particle content and its symmetries, providing the best tool to unveiling its
first instants.
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Chapter 3

Perturbation theory

The greatest prediction of inflation is the generation of primordial perturbations capable of seeding
the large scale distribution of matter and the CMB temperature fluctuations. As mentioned in the
previous chapter, those perturbations originate form quantum fluctuations of the fields in the early
universe. In a single-field model of inflation, in which the potential energy of the inflaton dominates
the energy density of the universe, the quantum fluctuations of the inflaton field are those giving rise
to cosmic structures.

To study primordial perturbation in cosmology we cannot separate the inflaton fluctuations from
metric perturbations: indeed, matter content of the universe and the geometry of spacetime are strictly
connected through the Einstein’s equation G, = 87T),. In the following, we provide a formalism
enabling us to study cosmological perturbation in a general relativistic setting, and we will apply it
to compute the power spectrum of primordial fluctuations. This chapter is written mainly following
[39, 40, 361, 7]

3.1 Gauge issue and gauge transformations

A subtlety of the study of cosmological perturbations is that the split into background and perturba-
tions is not unique and depends on the gauge choice. To see this consider a tensor 1" describing either
geometry or the matter field (it can be g,,,, T, of some matter field, or the inflaton ¢(x,t)), then the
cosmological perturbations are defines as

AT =T — Ty, (3.1)

where T is the value of the tensor in the perturbed spacetime, the physical one, and Ty is the value of
the tensor 7' in the unperturbed spacetime, described by the FRW metric. The problem is manifest
already at this stage: the perturbation AT is defined from the comparison of two tensors 1" and Ty,
which live in two different spacetimes. In order this comparison to be meaningful, 7" and Ty should
be considered at the same point. However, they are defined in different spacetimes, thus, they can
be compared only after providing a prescription to associate to each point of the physical spacetime,
each point of the unperturbed one. A gauge choice is defined as a one-to-one correspondence (a map)
between the points in the background My and those in the physical spacetime M [40]. A change of
this map corresponds to a gauge transformation and the freedom we have in choosing it gives rise to
an arbitrariness in the value of the perturbation AT, unless T is gauge invariant.

In perturbation theory, a basic assumption is the existence of a parametric family of solutions of the
Einstein’s field equations, to which the unperturbed spacetime belongs. On each M) we define the
physical and geometrical quantities T and we use the parameter A to Taylor expand them. The map
between My and M, is a one-parameter function in A: we can provide two of these maps ) and
¢x. Let us assign coordinates x* to the background spacetime M. A one-to-one correspondence, for
example 1y, carries the points of My over M, and defines a gauge choice, thus we can call the map
gauge. A point P in the unperturbed spacetime is mapped into a point @) in the physical spacetime,
Q@ = ¥(P). If change the gauge, say we take the gauge associated to ¢y, then the function will map

13
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the point P in My into another point S in My, S = ¢ (P). Therefore, if we choose the gauge 1), the
point @ is the representative of the point P in the physical perturbed space. The same is for the point
S if we fix the gauge ¢,. Point S and @ are related as [40]:

S = a1y (Q)) = 2A(Q). (3.2)

Relation defines the gauge transformation since we relate the representative of gauge ¢, to the
one of gauge ).

Such a transformation is also called an active coordinate transformation. To better understand it and
relate it to the passive coordinate transformation, which is the coordinate transformation we are used
to, consider point P on the background My, and () and S on the manifold M) describing the physical
spacetime. Let us call 2#(Q) and y*(S) the coordinates of @ and S in the perturbed spacetime,
such that y*(S) = 2#(Q). We have that the coordinates of S, y#(S) = ®*(z%(Q)) are one parameter
functions of those of those of ). This transformation, which, in a given coordinate system, moves each
point to another, is an active coordinate transformation, which deffers from the passive coordinate
transformation, which is just a relabeling of points.

Consider a tensor field T on each M), by means of the gauges ¢ and ¢ we can define two different
representations of T\ on My that can be denoted, for simplicity, 7'(A) and T'(\). T'(\) and T'(\) are
related by @), giving rise to a relation between the two tensors of the type [40]

T\) =T+ AeeT + ... (3.3)

where L¢ is the Lie derivative along the vector field £ = dz#/d\. This is indeed the definition of the
action of a gauge transformation on a tensor quantity.

3.2 Perturbations of the inflaton and of the metric

In this section, we introduce the inflaton and metric perturbations in full generality, mainly following
[40, 136, |41]. Generically, perturbations of the inflaton field can be written as

oo

3o\ (x, 1)

Sp(x,t) =Y — (3.4)
n=1

where the n-th term in this series corresponds to the contribution to n-th order in perturbation. If we

consider small fluctuations around the background, and this seems to be the case if we consider that

those fluctuations generate temperature anisotropies of CMB which AT/T ~ 1072, we can keep only

the first term in the series. Thus, 6¢M) (x,t) = d¢(x,t)
¢(Xa t) = ¢0(t) + 5¢(Xa t)' (35)

The same expansion is valid also for the metric tensor g,

00 (n) x
Sy (X, ) = Oguw (x,t) (3.6)

n!
n=1

and we can keep only linear order terms: 59,(}”) (x,t) = 0guw(x,t). We can formally add these pertur-

bation to the FRW metric, whose components become

goo = —a*(n) [1 + 20W (x,7)] (3.7)
G0 = gio = a>(n)uw” (3.8)
gij = () [(1 — 260 (x,7))i; + x| (3.9)

where 1), ¢, w; and x;; are the perturbations of the metric. Note that ¢ here should not be confused
with the inflaton field. In cosmology these perturbations are usually split into their scalar, vector and
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tensor components, according to the SVT decomposition. This is very useful since, at linear order, the
perturbations evolve independently and can be studied separately. According to the SVT splitting,

w; = dw! + wit (3.10)
o= . AL L T
Xij = DZ]X + 8]Xi + 81Xj + Xij (3'11)

where w!l and ! are scalars, wil and X,'L vectors, and Xz;' is a tensor. D;; is a traceless derivative
operator D;; = 0;0; — 5¢jV2 /3. Above the definition of scalar, vector and tensor perturbations.
Scalar perturbations can always be constructed from a scalar, or its derivatives, and a background
quantity. Vector perturbations are divergence free, thus Ol-wiL = ixf = 0. Tensor perturbations
are contributions to dg;; = a?h;; that are both transverse 8@(% (i.e. divergence free) and traceless

X" =0.

3.3 Power spectrum of fluctuations

To characterize the properties of perturbations, it is fundamental to employ statistical tools. One
example is the power spectrum, which is an extremely important tool in case we want to compare
theoretical predictions for the early universe with observations. In the following, we are going to
formally define this quantity.

Consider a given random field §(x,t). The autocorrelation function, or two-point correlation function,
is defined as the joint ensemble average of the field at two different locations x; = x and xo = x +r,

E(x,x+71)=(d(x)d(x +r)). (3.12)

We underline that the autocorrelation function depends only on r = |r| ({(x,x 4+ r) = £(r)), because
of statistical homogeneity and isotropyﬂ

Usually, the field is expressed in terms of its spatial Fourier transform defined byﬂ

o = /6(r)6_ik'xd3r (3.13)
with inverse X
iker d’k
(5(1‘) = /5ke k W (314)

and Jy denoting a complex random variable. Imposing the reality of Ji, the variable is related to its
complex conjugate as follows:
Sk = 6% ). (3.15)

The field is therefore determined by the statistical properties of the random variable §(k). We can
then compute the two-point correlator in Fourier space, which is given by:

(6(k)6(k)) = / d3x / Brd(x)s(x + 1)) exp [—i(k + k') - x — ik’ - r] (3.16)
= /d3x / dré(r)exp [—i(k + k') - x — ik’ - 1] (3.17)
— (@2m)5p(k + k) / dBre(r) exp [ik - 1] (3.18)
= (2m)%0p(k + K)P(k) (3.19)

The cosmological principle states that all expectation value, and so all correlation functions, are invariant under
global translations x — x +r on a fixed time slice; this is referred as statistical homogeneity. The fact that the Universe
is isotropic implies that the autocorrelation function cannot depend on a quantity which have a privileged direction.
Thus &(x,x + 1) = &(7).

?For the Fourier transform to exist the integral [ |§(r)|d®r needs to be finite. It means that we must set & to be zero
outside some large volume.
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where P(k) is by definition the density power spectrum which is a well-defined quantity for all homo-
geneous random fields. Thus, the relation between the two-point correlation function and the power

spectrum reads
d3k
/ P(k “” (3.20)

with inverse
= /g(r)eik'rd?’r. (3.21)

Note that in the literature there are two conventions for which the definition of the power spectrum
differ by a factor of (27)3, due to different definitions of the Fourier transform (3.13) and (3.14).
Defining 6(r) = [ dye’™ xd?’k we find (0 0y) = op(k + k') P(k).

The variance of the density field is given by

3
7= (50 = €0) = [ P s (3.22)

and it is convenient to define the quantity A% (k)
o? = /N )dIn k (3.23)

which is the contribution to the variance per Ink. With the conventions on the Fourier transform
defined in (3.13) and (3.14) and using d°k = 47k3dInk we can make more explicit the relationship
between A%(k) and the power spectrum

k3 P(k)
272
Instead of P(k), is more advantageous to use A?(k) since its numerical values do not depend on the

specific conventions on the Fourier transform. An extremely important quantity is the spectral index
of the power spectrum

A?(k) = (3.24)

_ dInA(k)

dlnk
and entails information on the scale dependence of the power spectrum. If n — 1 < 1, the power
decreasing at increasing values of k, and A(k) is said to be red tilted. In contrast, if n — 1 > 1, for
increasing values of k the power also increases, and the dimensioless spectral power is said to be blue
tilted. For n = 1, the power spectrum is perfectly scale-invariant. Moreover, in case the spectral index
does not depend on the scale k, the adimensional power spectrum can be written in the following way

(3.25)

A(k) = A(ko) (:O)nl (3.26)

where kg is a certain pivot scale.

In the early universe the perturbations are quantum. This implies that the power spectrum is defined as
the Fourier transform of the vacuum expectation value (dxdy,) = (0|0k0y,|0), rather than an ensemble
average. The perturbation § is then canonically quantized

d(n) = Ok(n)anc + S (m)al (3.27)

where the dL and @y are the creation and annihilation operators satisfying [ay, dL,] = (27)35(k — k)
under the normalization condition

810k — 0.06%) = ih. (3.28)

The hat, which indicates that they are indeed operators, shall be omitted from now on. If we evaluate
the vacuum expectation value (0|0xd5,|0), expanding the perturbation operator in terms of creation

and annihilation operators and knowing that [ayx, ax] =0 = [aL, aL,], it is easy to show that it can be
written as:

(0]61055]0) = (2m)3 63|26 (k — k?) (3.29)
and so [36],

Ps(k) = |6y (3.30)
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3.4 The ADM formalism

The dynamical content of general relativity is fully expressed by Einstein’s field equation, G, = 871,
which provides a fully covariant formulation of the theory of gravitation. In this form, a precise
isolation of the equations for the dynamical variables from those that are constraints is unclear. For
this reason, it is useful to analyze the dynamics as the evolution of a three-dimensional hypersurface
where the fields are defined. This reformulation of Einstein’s general relativity was carried out by
Richard Arnowitt, Stanley Deser and Charles W. Misner and takes the name of ADM formalism [42].

The goal is to find a parametrization of the spacetime metric adapted to a given choice of foliation of
the spacetime by spacelike hypersurfaces. We start by assuming that the hypersurfaces of the foliation
of spacetime are ”constant-time” hypersurfaces, i.e. given some time function ¢(x®), the hypersurfaces
are defined by

Sy, = {2 1 t(z®) = to} (3.31)

with timelike and future-oriented normal vector n%, ng, ~ Batﬂ We can now introduce a new coordinate
system (t,y?) via coordinate transformation z® = z%(¢,y) by the defined as follows. For any fixed
value of t = ty, we notice that

g (y*) := 2% (to, y*) (3.32)

gives us the embedding of an hypersurface ¥ with coordinates y as the hypersurface 3, in spacetime.
Furthermore we observe that the curves

zy, (1) = 2%(t, yp) (3.33)

connect points on different hypersurfaces with the same values of the spatial coordinates y* = yg,
providing us with a notion of time evolution from one hypersurfaces to the other.

For some choice of foliation and time evolution,

o0x®
E® = 3.34
( - ) (3.34)

are tangent vectors to X;, and
o ox®
@) = —5p (3.35)
y

gives us the components of the time-evolution vector field that generates the integral curves (3.33). In
general these curves are not orthogonal to the hypersurface, so the vector field 9, can be decomposed
into a normal and tangential part (to the hypersurface) in this way:

(8,)* = Nn® + ESN® (3.36)

with the function N being the lapse function and the vector field N¢ the shift vector. They parametrize
the freedom in the choice of the time-evolution vector. From equations , ( and (, we
have:
dx® = (0)%dt + £ dy*”
= (Nn® 4+ ESN®)dt + Edy® (3.37)
= Nn%dt + ES (Nt + dy?).

By inserting this value spacetime coordinates into the line element, we find

ds? = gapdr®da’ = —N2dt® + hay(dy® + N%dt)(dy® + NPdt) (3.38)

3By building the normal vector field in this way, we ensure its orthogonality to the hypersurface ¥;. To check that

we just need to notice that Vz = 2#9,, that is tangent to X¢, z#0.t(z)] =0
P
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where we have used g,sn*n® = —1 (the vector field normal to the hypersurface is time-like), gaBEg‘nﬁ =

Egng = 0 and hg, = gagE(’j‘Ebﬁ which is the metric induced on the hypersurface. The metric then
takes the following form

_ _N2+N’LNZ NZ o _1/N2 Nl/NQ
Guv = < N; hij) ) g = (Nj/N2 hii — NiNJ /N2 ) (3.39)

With the metric written in this form, the Einstein-Hilbert action

Skn = @ / d*z/—gR (3.40)
, once Mp; = 1, can be written as
S = % / dtdPaVEN[P R+ 2X —2V] + % / dtd®zv/hN~'[E;EY — E?), (3.41)
with 1 B
Eij =3 (hij — DiN; — D;N;) = NK;;, E=h"Ej;. (3.42)

In the definitions above, h;; is the metric on the tridimensional space-like hypersurfaces Y;, and Kj;
is the extrinsic curvature, measuring the "bending” of the hypersurfaces on the spacetime. Moreover,
()R and D; are the Ricci scalar and the covariant derivative calculated by means of the metric hij,
and X = —g"0,¢00,¢/2. Note that N and N; do not have any time derivative acting on them. They
are indeed Lagrange multipliers and can be written in terms of the dynamical variables. Within single-
field models of inflation we expect to have three d.o.f. propagating in the early universe: one is the
inflaton field, which is a real scalar field, and two carried by the graviton, a massless gauge field. The
two d.o.f. of the graviton are indeed the two polarization state of gravitational waves. Eventually, we
want to study how scalar and tensor perturbations evolve in early times, and, as explained in Sec3.1]
this brings the problem of gauge redundancies. We can proceed as follows:

1. Remove extra d.o.f. associated to gauge redundancies we fix the gauge. This will allow us to
have h;; written as function of physical scalar and tensor perturbations.

2. Compute the ADM variables K;;, G)R, N and N; using hij, keeping only terms of the desired
order in perturbation theory.

3. Extract the e.o.m. of the non dynamical variables N and N; in terms of scalar and tensor
perturbation.

4. Substituting N and N; back into (3.41]), we will obtain the inflationary action for scalar and
tensor perturbations at the desired order in perturbations.

3.5 Perturbation theory and gauge fixing

Before continuing, it is necessary to remove the d.o.f which are gauge redundancies. This can be done
by fixing the gauge, which corresponds to a suitable choice of two scalar perturbations and one vector
(divergence-free) perturbation. These conditions are eventually equivalent to fix the foliation of the
spacetime by choosing the space-like hypersurfaces. We introduce two gauges which will be utilized
in the calculations presented further: the comoving gauge and the spatially flat gauge.

In the spatially flat gauge, the scalar perturbations of the tridimensional metric h;; are set to be
zero, o) = yI = 0. To fix the gauge, we still have a vector perturbation to fix: we set the vector
perturbation of h;; to zero, X} = 0. In this way, we are left only with the perturbation of the inflaton
field d¢(x,t), and the ones contained in the lapse function and shift vector. In this gauge, the metric
induced on the space-like hypersurfaces can be written as

o(x,t) = ¢o(t) +6p(x,t) hy = a* (85 +7yij +-...), V=0, Oy =0 (3.43)

where v;; = Xg This gauge is equivalent to choose space-like hypersurfaces which are unperturbed:
the Ricci scalar computed by means of the metric h;; identically vanishes.
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The second gauge that we introduce is the comoving gauge, which corresponds to set d¢, x!I and
X; to zero. The tridimensional metric is of the form

hij = a*[(1—=20)6ij +7ij+-..], 7 =0, 8vi=0 (3.44)

It is useful to introduce the gauge invariant scalar quantity ¢ 1} also known as curvature pertur-
bation on comoving hypersurfaces for reason that will be clear later on.

5 .
(= -3 -4 (3.45)
o
In the definition of ¢ where H = a’/a and b= ¢+ V2l /6. In the comoving gauge ¢ can be written
as ( = —¢; it is then clear that the induced metric on the space-like hypersurfaces is given by [7]
hij = a2 [(1 + 2C)5Z] + Yij + .- ], ’}/; =0, 81’7” =0. (346)

In the following we will choose to work with the comoving gauge: the physical d.o.f. are ( and y. We
do so since both ¢ and ~ are gauge invariant (y is gauge invariant at least at first order in perturbation)
and ¢ remains approximately constant on super-horizon scales.

3.6 Constraint equations

As emphasized in the previous sections, the ADM formalism is particularly useful since it allows for
a clear distinction between physical d.o.f., ¢ and v, and non dynamical ones N and N*. In order to
find the action of the physical d.o.f., we need to solve the equations of motion for N and N?, which
can be found by variating , and substitute the result back in ([3.41].

Taking into account that, in the comoving gauge

1 N2 .
X = _iglwauqsayd) — TQ% (347)
and that the expression of F;; is given by
1,.
Eij = 5 (hij — DiN; — D;N;)
L. m m
= 5(% — hih"V Ny — W5 RV Npy) (3.48)
1,.
= 5 (hyj = Vil; = V;Ni),

by variating (3.41) with respect to N we get the Hamiltonian constraint
G)R — 2V — N“2(E4EY — E?) - N~2¢2 = 0. (3.49)
By taking the variation of the action with respect to N? we get the momentum constraint
Vi[N"YE! - 6E)] =0. (3.50)

Notice that both (3.49) and (3.50) do not contain any time derivative of the field N and N, so they
are not physical degrees of freedom that propagate in time. Let us now expand the lapse function and
the shift vector perturbatively

N=NO 4 NO LN 4 Ni=NO 4+ NY ¢ NO 4 (3.51)
and, furthermore, rewrite the shift function according to the SVT splitting

N = o™ 4+ N0 viNi™ =0, (3.52)

4This definition is valid only in single-field inflation.
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We now proceed solving the two constraint equations perturbatively.

At zeroth order (unperturbed universe), the solution is given by N 0 =1 and Ni(o) = 0. The mo-
mentum constraint vanishes trivially due to the isotropy of the background and the energy constraint
reduces to Friedman equations.

Before solving the and at first order, it is useful to make some considerations to simplify
calculations. Being N and N non physical, they can be written as scalar and vector function of the
physical dof ¢ and 7;;. At first order, the only scalar and vector quantities that can be constructed
out of ~;; are 9;0;v" and 9;7 that are zero because of transversality of gravitational waves. As a
result, N and N i Wil not depend on v and so we can set it to zero. Moreover, the only first
order vector we can build out of ¢ is 9'f where f is a function of ¢ and its derivatives. From (3.52))
we have that 9'0;f = 0, which is a Laplace equation solved by f = 0, once the boundary conditions
are properly chosen, and then N’ = 0. Substituting the values N = 1 + N® and Nt = 94D in the
constraint equations and taking just first order quantities we get

82y = _afZ% + L%C V-(HN(l) - C) =0 (3.53)
- H 202 ' a '

which are solved by

NG, @

—2 A 1)
H 2H26 < N =

CD p— N =, (3.54)

¢

E )
Proceeding in the same fashion, it is possible to find the solutions of the constraint at n-th order in
perturbation. As noted and explicitly shown in [7], if we are interested in computing the action up to
third order in perturbations, we just need the first order solution of the constraints. In fact, second

order terms in N will multiply the hamiltonian constraint 0L /0N evaluated at the zeroth order which
eventually vanishes since it obeys the equations of motions. The same argument holds for N*.

3.7 Scalar power spectrum

We are interested to analyze the power spectrum of primordial perturbations generated at the end
of inflation. To do so, we need to know how perturbations evolve with time in the early universe.
For this reason, we focus now on the derivation of the quadratic action in ¢, which, according the
least action principle, will lead to the equation of motion for that quantity. In the following, we shall
present the derivation of the quadratic action in (, the associated equation of motion and its solution,
and the primordial scalar power spectrum.

3.7.1 Second order scalar action

It is our aim to compute the second order action which can be found by replacing the first order
expression for the constraints ([3.54), and expanding the that to the second order in (.

Let us focus on the first term in (3.41). We start with the evaluation of the extrinsic curvature )R
first. The extrinsic curvature is defined as

(S)Rij BC) Rilj
=Tl — 8§3)F§l +@® 1} @k G 7l Gk (3.55)
= —8;0;¢ — 6;0°C + 8;,C9;¢ — 6;;(DC)?
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were we used:
®ry; = %hlk (Oihji + Ojhi — Oihij)
= 650, + 610;¢ — 6;;0'¢,
T, = 20:8,¢ — 6;,0%C,
0T, = 39;0:¢,
“”Pfk@r’?- = 60,¢0;¢ — 30;;(9C)?,
O8O = 50,0;¢ - 6,;(9¢)°.

(3.56)

We can the find the expression for the extrinsic curvature by contracting the two indices with the
induced metric:

GBR = hij(?’)Rz.j
= q 27254 [ — 0;0;¢ — (51']'82C + 0;¢C0;¢ — (5”(8C)2] (3.57)
=a %e %[ — 40°¢ — 2(9¢)?]

It is now worth to make a small digression regarding the physical meaning of the variable (. We notice
that, by expanding (3.57)) to linear order in ¢, we get

4
R=——5V. (3.58)

Going to Fourier space to make the meaning of the latter equation more manifest, @ — ik and the
scalar curvature can be written as

4
3 2
GIRr= k¢ (3.59)

and it is clear that, to linear order, ( determines the curvature of the spatial slices the spacetime
has been foliated in: for this reason the variable { curvature perturbation on uniform energy density
hypersurfaces.

Then we have that

3 / dtdPaVhN [P R42X —2v] = % / dtd*za®e® N[ —4a=2e 29¢ — 202 %(9¢)? -2V + N~ 143]
(3.60)

In order to get the expression of the second term in (3.41) as function of the ADM variables we need
to evaluate the term E;; B — E? up to first order in (. Starting from (3.48)and considering that
N; =0 we get

Eij = a*(H + {)e**6;j — 93 Nj) + (2N:0;C — NiOi(di5)

= a?(H + ()e%6,; — 0,0, + aigam +0,CO — D0y (3.61)
and
B = a™4e 4515 [a2% (H + €)1 — 010mt) + ACOmY + (b — Opd" ¢y
— e X [aQeQC(H F6)8U — 9+ DI + DY — akwakgéij] (3.62)
therefore

EyEY = 3(H 4 ()% — 207272 (H + () 0% — 2a~2e X (H + ) 0,00 + a~ e X 8,0;00'074p,

(3.63)
We can now take the contraction of (3.112)) with the spatial metric to obtain F
= hE;; = a2 %6Y [a*(H + () e*8;; — 0,0 + 0;C0j1p + 9;C0inp — Oppd* (o] (3.64)

=3(H +¢) —a2e720%) — a 2e 20;¢0"p
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and compute its square

E? = 9(H + ) — 6022 (H + ()% + a~ e (8%9)* — a2 % (H + €)9,¢0'p. (3.65)
Putting the pieces together we find

EyEY — E? = —6(H +¢)* + 4072 2 (H + () 0%y + 4a~2e "% (H + () 9;¢0Pp

o 9 (3.66)
+a1e™9,0;90'071p — a~ e (0%Y)
and the second term in the inflationary action becomes
1 iy 1 . .
3 / dtd*sVhN ' [E;EY — E?) = 3 / dtd®ra®e* N1 — 6(H +¢)* + da2e % (H + () 9%y
+ da 2% (H + C) aicajw + a—4€—4C8iaj¢6iaj¢ g e X (82¢)2] .
(3.67)

Let us now make some considerations in order to simplify the integral . First of all, notice that
/ dtd*va’e™ N~ o~ e X 0,0;90'07y — o~ 'e 1 (9%)”]
- /dtd3xa1 (1 + é)l (1= Q)didpd ey — (1 - ¢) (8%0)?) (3.68)
~ / dtd>za= 1 [0;0;00' 0 — (0%)°] =0

because ¥ ~ O(¢) and [ dtd3xa=19;0;40'0" = [dta™' [ d320;0;19'07¢p = — [dta™" [ d3xd;h9;0° 04

= dtd3za=! (81/})2 where we have neglected total derivative terms. Second, considering only terms
up to second order and integrating by parts, we have

/dtd?’xage%Nl [4&726724 (H + C) 0% +da2e % (H + C) 81-(6]'1&}
=4 / dtd3z N~ [aeC (H +{)0*) + ae* (H + g’)aigaw}

(3.69)
~ 4 / dtd>za {eC (H+CO) 7 (H+ 0% + CH(H + é)_la,(a"w]

~4 / dtd3zaH [62¢ + CO* + 32'(3%} =4 / dtd*z0; (GH(?W)

which is a total derivative linear in ¥ and can be neglected. So the second term in the action can be
rewritten as

1 . 1 :
3 / dtd*xVhN ' [E;EY — E?) = 5 / dtd*zae* N7 — 6(H + ¢)?]. (3.70)
The total action is then given by
1 1 Yy
Sc=5 /dtd3xae<N[ —40%¢ — 2(0¢) — 2a%e* V] + 3 /dtd3m3e3<N—1 [ — 6(H + )% + ¢o).

(3.71)

Focusing on the first integral we write the potential V in terms of H? and éo using the first Friedmann
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equation (2.2), then we can expand everything up to second order in Qﬂ obtaining

I = % / dtd*zae N — 40*¢ — 2(9¢) — 24 V]

= ;/dtd?’xaeCN [ —49%¢ — 2(8¢)? — 2a%e® <3H - ‘?)]
;/dtd?’a:a]\f<1 + ¢+ CZ) [— 49%¢ - 2(0¢)* - 242 <3H— ‘ﬁ%> ( + ¢+ CZ) (1 +2g+2g2)]

/dtd?’xa[ 49%¢C —AH(C9%¢C — 4(82C—2(8C) +a*(—6H?*+ 43) <1+3c+ 4 % +3§§>}
(3.72)
By considering only O(¢?) terms we get
19 = % /dtd%a { —2(0¢)% — 4H1¢0*¢ — 4CO%¢ + gaZ( —6H* + ¢3)¢* +3a*H 1 (— 6H? + &3)@']
(3.73)
By doing the same with the second integral we find
= ;/dtd?’wa SN = 6(H + () + &

D\ -1
z;/dtd3xa3<1+3ﬁ+3C2> <1+é) [—6(H2+2H<'+C'2)+¢53

2
z;/dtd?’xa ( I§+I§T2> [6<H2+62+2H¢)+¢(2)6(3H2C+6HC§:)+3<¢}%27H2CQ+2<2¢%
~ —6(H?*+ (*+2HC) + ¢3 — 6(3H?¢ + 6HEC) +3C¢g_27ﬂzcz+gg%g

+6(HC+2¢%) — H '3 + 6(3HCC) — 3H'¢CH — 6¢% + H22 4
(3.74)

and

12 = 62 — 36H(C — 2THC? + gg%g +12¢2 + 18H(C — 3H ' ¢CPR — 6¢2 + H2(243

; ; (3.75)
= 2¢d - a(on + 2 )oc -9 (s - B

We can then write the total action as follows

Séz) _ If) +IQ(2)

- ;/dtd%{a [ —2(8¢)* — 4H'(0¢ — 4CO%C + gcﬂ( —6H? + $2)C* + 3> H ' (— 6H? + #3) (¢

a’ [H‘%‘%g - 9<3H2 - ;@3) 2 — (GH + %)cg] }

= ;/dtd?’x[ - 2@(8()2 _ 4aH*1C'82C — 4aC*¢ + a3H72C'2¢(2) + 9a3(—6H2 i ¢3)CQ B 36a3HCé]
= ;/dtd% [2a(8¢)? — 2a(1 + €) (3¢)* + a® H~2(2% + 9a®(—6 H? + §3)¢? + 18a°(3BH? + H)(?]

— 5 [ %]~ 20e(060)* + G H2E3GE 4903 (- 6 + ) + 90° (BH? - )]

= ;/dtd?’x[ — 2ae(8§)2 + 2(136@;2]

(3.76)

A part from the lapse function that we only need to expand up to O(¢).
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where, in the second passage, we made use of

. 2
/ dtd®z36a3H(C = / dtd3x36a3H£ (<>

e\ 2
: 2
= / dtd%i(%agflg) - / dtd?’xSG%(a?’H)% (3.77)

=_ /dtd3x18(3H2 + H)(?,

/ dtd3zda H 1% = — / dtd3zda H'9,C0'¢

= — / dtdPrar 1L [W]

dt| 2

_ / dtd?’a:% (2aH1)(3¢)? (3.78)

_ /dtd3:c2 <IZ - “52> (9¢)°
:L/}ﬁd3x2a(1+-d(5C){

and in the third and the fourth that ¢2 = —2H[0]

Therefore, the second order action for scalar perturbations reads:

Q”_/a&@ﬂﬁ_%@oﬁ (3.80)

3.7.2 Equations of motion for scalar perturbations

The action quadratic in ¢ is the starting point for studying the evolution of scalar perturbations in
the early universe. To make the action canonically normalized, we introduce the Mukhanov-Sasaki
variable v = zMp(, where z = a+/2¢;. Once we write (3.80in terms of v we find

"
5@ = ;/dnd?’x {(u’)2 — (Ou)* + Zzuz] (3.81)

where the prime denotes derivatives w.r.t. conformal time 7. Note that the quantity z”/z behaves as
an effective time-dependent mass squared, since it can be expressed as [43]:

S 3 2
e R R ] (3.52)

Since the Mukhanov-Sasaki variable u is related to the curvature perturbation ¢, which is quantum
in the very early universe as it has a quantum origin, we canonically quantize it:

N 2 4’k . ik w/ \ At ik
a(x,n) = Mpiz(n)C(x,n) = /(%)3 [k (1) nee™™ + wi ()t e ™) (3.83)
where the di and ay are the creation and annihilation operators satisfying [ax, &L,] = (27)36(k — k?)
under the normalization condition
u'pug — upu*y = ih. (3.84)

5This relation is obtained by taking the time derivative of the background equation

H = é(vw) + %éﬁ). (3.79)
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Note that we have passed to armonic space, which is a standard procedure in dealing with perturbations
since each k-mode uy evolves independently to the others at linear order.

The mode function ug(n) satisfies the Mukhanov-Sasaki equation [44]:

" 2 z//
up + | k - ug =0 (3.85)

which is derived by applying the variational principle to (3.81). In slow-roll inflation we can neglect
the terms of the type €1e2 and €je3, since all slow-roll parameters are small quantities in slow-roll
inflation [3§].Thus, the time-dependent mass term can be written as

Z o (any (2 et o<62>>, (3.86)

and, since up to first order in slow-roll parameter

1
aH = ai—a) (3.87)

the effective mass can be expressed in terms of the conformal time as

P 3 1/, 1
v-2 (2 3+ 262> - (us - 4) (3.88)

with vy :3/2+5S :3/2+61 +62/2.

The Mukhanov-Sasaki variable can be rewritten as

V2 — 1
uf + <k2 - 4>uk =0 (3.89)

which is a Bessel equation. Before solving it exactly, it is useful to understand how perturbations
behave in the super-horizon and sub-horizon regimes.

Sub-horizon regime

Consider k >> aH, which corresponds to the sub-horizon regime. In this case k? dominates over
2"z < (aH)?, and the equation of motion (3.85)) can be simplified as

ufl + k*up = 0. (3.90)
This is the equation of motion of a classical harmonic oscillation with frequency w = k, with solution
up> () = cre™*N 4 cpett, (3.91)

However, we can make some considerations based on the equivalence principle and we state that, at
very early times, n — —oo and for very small scales k/aH > 1, which are much smaller than the
Hubble radius, the spacetime can be approximated as flat. The mode function u; takes the form of
the vacuum on a Minkowski spacetime [36)]

()—L
VG

This is eventually the solution for (3.90), which is also known as the Bunch-Davies vacuum. Therefore,
it is clear that, when deep inside the horizon, the mode functions manifest an oscillatory behavior
which grows stronger as —kn increases.

e, (3.92)
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Super-horizon regime
In super-horizon regime, k < aH, the term z”/z dominates over k? and ([3.85)) becomes

"

wl — Zuy, = 0. (3.93)
z

The general solution of this equation ug(n) = B u(gl) + B ué2) comprises a mode that grows during SR,

u(()l) and a decaying mode u(()2)7 given by

0 /
u(()l) x z, u(()2) x z/ z2d(737’) (3.94)
n

The former will eventually dominate, since the latter becomes negligible after few e-folds after the
beginning of inflation. The physical quantity is the curvature perturbation ¢ = u/zMp), and its
solution in the super-horizon regime is { oc const., which means that the amplitude of the scalar
fluctuations remains frozen at super-Hubble regime.

The results in these two regimes makes the origin of primordial perturbations manifest: quantum
fluctuations around the vacuum are stretched to classical perturbations, with a frozen amplitude,
on super-horizon scales. This mechanism for the generation of perturbations, called gravitational
amplification, is analogous to the creation of physical electrons and positrons from the vacuum, once
an electric field is applied.

General solution

Going back to (3.89), its solution is a combination of Hankel functions of the first and second kind
with index v

un(n) = V=7 [c’1<k>H£?<—kn> ; c’2<n>H£§><—kn>] HY = HO?,. (3.95)

The value of ¢} and ¢, needs to be fixed, and it can be done by imposing the Bunch-Davies vacuum
condition. By matching (3.92) with the asymptotic expression of the Hankel functions [36|

2 . 2 .
ngi) (.T > 1) ~ 761(:v77r1//277r/4)’ Hzf) (CC > 1) ~ 7671(m77r1//277r/4) (396)
X V 7
with x = —kn, we find the following values for the ¢y and co coefficients:
(k) = [ -l TEHD (3.97)
4k
cy(k) = 0. (3.98)

which also satisfy the condition (3.84)).

3.7.3 Power spectrum

The power spectrum is a fundamental tool for cosmologists, allowing to compare theoretical models
with observations. In the following we show how to compute the spectral power of scalar perturbations
and which information can provide us.

We are interested in the asymptotic behavior of the solution when the mode is well outside the horizon,
—kn < 1, and the asymptotic expansion of the Hankel function of the first kind is

HY(z < 1) ~ \/Ze—i’éz%—i (&é”;%):r—”s (3.99)
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where x = —kn and I' is the Euler gamma function. The mode functions associated to the Sasaki-
Mukanov variable in this regime is
ei(y‘s_%)% s T(vs) 1
U ~ 2”‘*_2< )aﬂ_”“ 3.100
Vak r(3/2) (3100

We can then switch to the variable ( = v/zMpj, obtain the power spectrum by squaring its amplitude
and keep only terms that are leading order in slow-roll. By doing so and restoring the dependence on
the Planck mass Mpj, the dimensionless power spectrum of the curvature perturbation ¢ is found to

be , )
H kO™

Ack) = [ =)= 101

<(k) <w2elMgl>(aH) (3.101)

with ny — 1 = 3 — 2v,. The power spectrum exhibits a mild, but non vanishing, scale dependence
entailed in the spectral index ngy = 1 — 2¢; — €3, causing it to be red tilted: the power decreases at
increasing wavenumbers k.

3.8 Tensor power spectrum

3.8.1 Second order tensor action

We now want to find the expression for the power spectrum of gravitational waves. In order to do so,
we need to find the quadratic action in ~y. As there is no mixing between ¢ and « in the second order
action, we can set the scalar perturbations to zero and the spatial metric metric takes the form

1
hij = a? [exp 7]1‘]‘ =a® (51']' + i + 5%17} + .. ) , Yi =0, ai%j =0 (3.102)

with 7;;(x,t) denoting the gravitational wave amplitude.

As in the previous section, we start by computing the curvature scalar calculated with the spatial
metric h;;. The spatial Ricci tensor is given by

@R, =¥ Ry

(3.103)
3 3
— a; >r§j _ 3J( >p5,l G pgk@)Ffj _3) Fé, BTk

Taking the partial derivative with respect to the index [ of the Christoffel symbol (3)Féj
1
O}, = §hlk (Oihji + Dshii — Oxhi)
Yook ok L im ok 1 m 1 m
=5\ 0" =7 ) |Oi{ Gk + ik 5Um Yk )+ O3\ Oki + Yhi + 5 Vem i
1
— Ok (5ij + i + 2%’m’Y}ﬂ)]

1 1 m 1 " 1 .
=~ 5 |:az’)/§ + 8]'75 — 81’)/1‘]‘ + 561 (’ij")/ l) + 58‘7 (f}/infyz ) _ ial (’Yim")/j ) _ ’Ylkai’}’jk . ’Ylkajf)/ki + 7lk8k7ij
(3.104)
we get
Gl 1L ! ! I 1 miy | L Im Lo m
0Ty = 3 010;v; + 0105y; — 010" vi5 + 55151' (vimy™) + 53@' (V" Vi) — 5313 (vim]")
— 0 (v 0ivik) — 0 (v 0jvki) + O (V*Okviy) (3.105)

1
= 8[14% — 58[(9[%‘]'
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with Aéj being a gecond order qgantity. In the previous equation we made use of amg =0 (wlj hij) =
9 (a*4196;5 + a®+9i5) = 8(a®y ;).

Regarding the second term in (3.103)), the expression for (3)F§l reads

1
@ = §hlk [Oihuk, + Oihyi — Orhil]

Q

1 1 1
(8% — %) [&‘Wk + 531' (Vim ") + Ok + 531 (Vem ") — Onvit — §3k (’Vim’)/lm):| (3.106)

Q

1
2
1 }8 km 18 Im . _}8 . mk\ __ lkaA _ lka ) lka )
5 |30: (7 ™ Ymk) + 501V i) = 5Ok (Yemy™) =" Oy = Oyra + 7" Ohva

were we use the traceless property of the GW amplitude v The partial derivative with respect to the
index j is then given by the following expression:

111 1 1
o'rt, = 3 [28]'81 (YY) + 500 (V"™ Ymi — 5010k (vimy™) = 0; (v* 0ivir) — 05 (v Ovki) + 0; (v”“am)]
(3.107)

Rearranging the various terms and using the traceless property of v it is possible to show that

a°'rt, = 9;B; (3.108)

with 1
B; = Z [’Ykmai’)/km - rykmai’)/km - ’Yimakrymk] (3109)

which is a second order quantity.

The term (3)F§k(3)l“fj does not contribute at second order. In fact ®)T!, ~ 0(y?) and (3)1“?]- ~ O(v) so
the product of the two will be a quantity of O(y3) .

The last term in the expression of the spatial Ricci tensor is easier to compute and reads

D3O = £ (99 + Oy — 03k) (9 + O — )

(3.110)

(6j7}gaﬂlk - akvéakVil - 8lyjk8m§“) + (total derivative)

el

where the total derivative terms are O(y2). We can now evaluate the scalar curvature (®) R evaluated
using the spatial metric by contracting the Ricci tensor (B)Rij with the inverse spatial metric h%/. Since
we are interested in expanding the action up to second order in + and thus only in an expression of
B)R up to second order, we just need to expand the inverse metric up to first order. We then obtain
the expression for the curvature scalar (3.111]).

1, .. g 1 1 o
YR~ a? (87 =) [ - 582%7 - Z(aj%lfaﬁlk - 8k’Ygl'ak%l - al%kawf) + (total derivative)
(3.111)
111 .. 1 ‘
== [27” 0%ij + 48i’ylk8"nk] + (total derivative)

Notice that the total derivative term, being already of second order, it is only multiplied by the Dirac
delta insuring that it is still a total derivative.

We now compute the EijEij — E? in the action. Since we set to zero all the scalar perturbations, the
extrinsic curvaturd’] takes the form

1

1. _ 1 . L, 1.
Eij = Shij = 5 {2%(5@ + 75 + *%’Wé) +a? (’Yij + S + %W})]; (3.112)

2 2 2

"Since E;j = NK;; and N =1 at fist order and neglecting scalar perturbations, the extrinsic curvature and E;; tensor
are equivalent.
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its fully covariant version is given by

y . a P T o 1 o 1 5 .
E = pilpim — (E) ((5” -7 + 2’}/""7%1) + 30 234 — 1° 230 AT 7° 2yl A9 (3.113)
and the product of the two reads
y ‘ 1 1. 1. 1
EijEY = [aa (5z’j + i + 5%1’7}) +a? (5%3' + Z%ﬂé‘ + 4%17;‘)}
a R oyl 1., 1. .
X [(Clg,) (5” — 7 + §v’m7¥n> +a (57” = "™ = 4%’7@7””)} (3.114)

T,
~ 3H? + z%'j’}/w

By contracting (3.112]) with the spatial metric we get

’ ol 1 , 1 1. 1., 1 |
E=h"Ej;=a 2<5” —’Y”Jri’yll’yj) [aa (5ij+7ij+*')’il7§) +a? ('Yz‘j"i‘%l')’;'"f'%l'y;)} ~3H (3.115)

2 274 4
and finally
- 1 -
E;EY - F*= yRCRAN 6H>. (3.116)

We are now ready to compute the second order action for tensor perturbations. The tensor action up
to second order is given by

1 .

Sy=3 / dtd*zv'h [N(?’)R + N Y E;E7 — E2)}
(3.117)

1 3. 3|1 2 ijoo L 9o ijal L. .ij 2 ot

=3 dtd’za 30 0%vij + 1% oy i + yRC A 6H~ + (total derivative) |.
Keeping only the second order contribution, integrating by parts and neglecting the total derivative
contributions, the second order tensor action can be recast as follow [7]:

1

s = § [ watea’ [w — 72000 . (3.118)

3.8.2 Equation of motion of tensor perturbations

At this point, in analogy to what done in Sec. we pass to Fourier space:

3
Y =v2 ) /%m(n,k)e?j(k)eik"‘ (3.119)

A=+4,X

where ¢g are the mode function associated to each of the two polarization states. ¢;; is the polarization
tensor, which is symmetric, €;; = €;;, transverse, k;e;; = 0, and traceless, eg = 0. To canonically
normalize the action, we define the auxiliary field pux = a¢x and we quantize it. Implementing this,
for each of the two polarization states A = 4+, x, the mode functions uj of the field uy satisfy the
equation of motion ([3.120)).

" a//
it (1= =0 (3.120)

This equation is analogous to (3.85)) except for the effective mass term, which is exactly

CL”

— = (aH)*(2 - ¢). (3.121)

a

Since aH = —1/n(1 — €1) up to first order in slow-roll approximation, we can express the effective
mass term in terms of the conformal time 7, as
a1
2

_ N
2 L= (- ]) (3.122)
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with vp = 3/2+46p = 3/2+¢€;. Note that is different form the v parameter introduced in the equation
of motion for the Sasaki-Mukhanov variable. At this point, the e.o.m. for the variable py is

v -1
h + <k2 - 4>Hk =0 (3.123)

The same consideration regarding the sub-horizon and super-horizon regime made for the scalar case

hold also here, and the general solution for (3.123) is analogous to (3.95) with ¢, = 0 and ¢} =
(7.‘_/4]{;)1/26i7r(21/+1)/4‘

3.8.3 Power spectrum

Taking into account that v* = /2¢*/a, with v* denoting the mode functions associated with one
graviton polarization state, and restoring the Planck mass Mpjthe dimensionless power spectrum for
the single polarization reads [36]:

8 H2 [k \"!
A k)= ——%|— 3.124
)= 25 () (3.124)
with np — 1 = 3 — 2vp = 2¢1. As well as the scalar power, the tensor power spectrum appears to be

red tilted too, with a deviation from scale invariance of the order of the first slow-roll parameter. If
we sum up the contribution form the two polarizations, we define the total tensor spectral power

16 H2 [ k \"!
Ap=——_ (2 3.125
T~ M3, (aH) ( )

Comparing the spectral amplitude of (3.125)) to the one of (3.101]), we see that the following relation

holds:
Ap(ky)

A¢(he)

with k, a fixed pivot scale. Since np = 2¢1, we can generalize it to r = 8np. This relation is extremely
important and it is known as consistency relation: it relates the ratio between the amplitude of the
tensor power to the one of the scalar power, both of them evaluated at the same pivot scale k., and it
is a unique prediction of single-field. Once gravitational wave will be detected and the spectral power
will be measured, the validity of such relation will establish the presence of an inflationary mechanism
acting on the early universe, pointing towards single-field models of inflation.

r= = 16¢;. (3.126)



Chapter 4

Ultra slow-roll Inflation

In the previous chapter, we discussed the simplest model of inflation, single field slow-roll inflation, and
its observational imprints. In particular, this model is in very good agreement with observations: the
Planck TT , TE, and EE spectra are accurately described by purely adiabatic spectrum of fluctuations
with a spectral tilt ny = 0.968 4+ 0.006, consistent with the predictions of single-field inflationary
model [8, 9, [10]. Moreover, the spectral amplitude is constrained to be As ~ 2 x 107?. However,
these measures constrain the spectral power only at very large scales, and no data forbid it to deviate
strongly from the scale invariant regime at smaller scales.

This means that we can consider models of inflation in which slow-roll conditions are violated for a
short epoch. This is the case for USR inflation, during which the second slow-roll parameter becomes
0(1), e ~ —6, invalidating the slow-roll conditions [12| 13| |14} [15]. A brief phase of USR can be
realized by inflationary potentials admitting a point of inflection, and they are motivated by string
theory and supergravity theories|18] |17]. The presence of a brief USR phase sandwiched between two
SR epochs leads to distinctive observational imprints, the most striking being the enhancement of the
scalar power, which reaches an amplitude at the peak Ag ~ O(1072—1071) at certain scales |45} 17, |46,
18,147|]. These models are of significant interest among cosmologists since they are related to production
of a significant amount of primordial black holes (PBH), which form as the enhanced scales reenter
the Hubble horizon during radiation domination [21]. In addition, the scalar-induced gravitational
waves (SIGW), tensor perturbations induced by second order scalar perturbations, generated by such
models can have a strength which is much larger than the amplitude of primary GWs. For certain
value for the onset and duration of USR, the dimensionless spectral density of secondary GWs falls
inside the sensitivity region of different ongoing and forthcoming observatories, giving a possibility to
test these inflationary scenarios [17].

In this chapter we shall briefly review the USR dynamics and its implications for the evolution of
scalar perturbations.

4.1 Background dynamics

The dynamics of the inflaton field is governed by the Klein-Gordon equation [36]

o(t) +3Hp+ Vy = 0. (4.1)
Assume that the inflaton field traverses a region of the potential which is exactly flat, then V, = 0,
implying ¢(t) = —3H¢(t) and ¢ o< a~3. The first and second slow-roll parameters than read

€] X a_ﬁ,

4.2
620(261—|—2i=261—6%—6 (4.2)
H¢

where in the second passage of the second equation we substituted ¢ using the Klein Gordon e.o.m.
As we can notice, during USR the first slow-roll parameter €; decreases extremely rapidly due to a
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rapid slowdown of the inflaton velocity, which causes the ez to drop to —6 and to violate slow-roll
conditions.

USR alone cannot be a plausible inflationary scenario since the perturbations that this model generates
fail the data validation: in order to match the power spectrum at CMB scales, we need to require
H/Mpy of the order of the energy scale of the nucleosynthesis (MeV). This epoch alone does not
have the required e-folds to solve the horizon problem. However, brieiﬂ phases of USR (one or more)
sandwiched between SR epochs can be in agreement with CMB observations.

In the following we shall introduce the model of interest for this thesis and its consequences on
scalar and tensor fluctuations. The model consists of a triparted inflationary scenario: two phases
of slow-roll inflation are separated by an intermediate USR phase for 71 < n < nm2, m < n2 < 0.
Evidently, €; and €2 denote the time at the beginning and at the end of USR. Instead of deriving
the e.om. for perturbations from we work with background quantities: the effects of a potential
is accounted in the slow-roll parameters. Certainly, slow-parameters are related to the shape of a
specific potential. However, deriving the background dynamics from physical potential admitting a
brief phase of violation of slow-roll condition necessitate a numerical approach once we want to study
fluctuations and their correlators. Yet, we know exactly how slow-roll parameters behave in both
SR and USR phases: we work only with background quantities and keep the potential implicit. To
simplify the calculation further and perform calculations completely analytically, we approximate the
SR/USR/SR transition as instantaneous. This approach has the advantage that calculations can be
performed completely analytically.

From (4.2)), the first slow-roll parameter evolve as

“li for n <m
e1(n) = €1i(7l/7]1)6 form <n<mn (4.3)
e1i(n2/m)° = €17 forp >mns .

and e = —6 during USR, while it much smaller than unity during SR phases.

4.2 Enhancement of scalar fluctuations

As we saw in the previous chapter, scalar perturbations are parametrized by the Mukhanov-Sasaki
variable u since it is canonically normalized field and its evolution is governed by the Mukhanov-
Sasaki equation [49]:
"
uy, + <k2 - Z)uk =0, (4.4)

z

whose solution satisfies the Wronskian condition
upug — upug = i (4.5)

In the previous equations z = aM,/2¢;. This variable is related to the gauge invariant curvature
perturbation ¢ as fr(n) = ux(n)/z(n), where fi is the mode function associated to . The quantity
2" /z can be expressed in terms of the slow-roll parameters in the following way:

2" 9 3 €2 €16 €363

el H2 9 _ e 2 %2 i I 4.6

PR Attty T (4.6)
Conversely to the SR phases, during USR the parameter e = —6, which leads to the violation of slow-
roll conditions. Due to the presence of three different phases during inflation, we solve the equation of
motion for the Mukhanov-Sasaki variable separately at each stage, subsequently matching conditions
on ug and its derivative at transition times n; and 7s. Moreover, form now on, we will approximate

'From the perturbative bound on the power spectrum A (k) < 1, since A¢ o< exp (BAN) (AN denoting the duration
in e-folds), the duration is restricted to be less than 3 e-folds[48].
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the universe and exact de Sitter and perturbations as massless. In slow-roll approximation and exact

de Sitter, the effective mass is given by

2" 2
T )

zZ n
The same holds also for USR because of Wands duality condition [50]. This duality relates two
background conditions to the same cosmological perturbation spectrum. For both SR and USR, the
solution to the e.o.m. is proportional to combinations of Hankel function of the first and second
kind with index v = 3/2. The solution of Mukhanov-Sasaki equation of motion in the first SR phase
leads to , upon imposing Bunch-Davies vacuum conditions at very early times.

1 7 -

I —1k

U, = ——(1—— e " 4.8
VR < kn> (48)

In the USR and second SR phase, the vacuum condition is not imposed, so u;, retains the dependence
on both positive and negative frequency modes:

Wil = k- i —ik Ok i ik
= 1— M4 — <1 + ) e, 4.9
G ( kn) V2k kn (4.9)

m_ Q% U\ ik Br ik
up, = —|1—— T4+ — (1+ ) n 4.10
k \/ﬁ< k77> V2k kn (4.10)
(4.11)

(4.7)

with v, 0k, ar and B Bogoljubov coefficients to be determined by matching conditions at transition
times.

At the transition times 7; and ny the Mukhanov-Sasaki variable must be continuous:

g (m) = ug(m), g (12) = uy; (n2). (4.12)

However, this is not the case for the first derivative. The effective mass term ([{.6) at the transition
is dominated by the eze3 term since the second slow-roll parameter changes abruptly: €2 becomes —6
in USR, though being much smaller than one in the SR phases. Thus, assuming an instantaneous
transition (for the first transition)[46]:

z €5 — €
— =————"=0(n—m). 4.13
=26 ) (113
Defining Aey = €} — e} = —6 = €}l — e, from the Mukhanov-Sasaki equation the second derivative
of uy, is A
ug = 7625(77 — 1)Uk (4.14)
n

since the Dirac delta term is dominating over k? sufficiently close to transition times. By integrating
both sides over the time interval around 7;, we find conditions on the first time derivative of the
Mukhanov-Sasaki variable:

Af g / AEQ 11

ull(m) = w'i(m) + Wuk(m) ullly(n2) = uly (m2) = oy e (12): (4.15)

Solving equations (4.12)) and (4.15)) together leads to the expression for the Bogoljubov coefficients,
that read
3i 3i

4.16
2km + 2k3 3 (4.16)

=1+

3i —2ikm1
e~ 2ikm 417
2km k2171 2/<:377i”) ( )

; 3i 3i 3 3i
1— _ _ _ etk 4.18
( 2kn2 2k‘3772>7k <2k772 k2n3 %377%) ke (4.18)

37 37 3 37 ;
5 _ *2””72, 4.19
* Sk 2k:n2 2k3 ) i (2143772 M k2n3 2’“3775’)%6 (419
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In this section we will show how a briefepoch of ultra slow-roll sliced between two slow roll inflationary
phases can produce an enhancement of the power spectrum at scales larger than those constrained by
CMB data. Following [46], we model the different inflationary phases using the behavior of the first
slow-roll parameter. In this way, the argument is completely general and independent from a specific
inflationary potential. Moreover, this approach allows us to carry out computations analytically.
Recall that €; evolves as and that parameters n; and 7y denote the conformal times at the
beginning and end of the USR phase respectively. Notice that during the SR epochs the parameter €;
small and constant at first order in slow-roll. After USR, €; is still constant over time, but its value
is significantly smaller than what it was during the first SR phase.

6 6
SRR
m a
with AN the duration of USR in number of e-folds, AN = [ "12 Hdt. Since in the power spectrum of
¢ an inverse power of €1 appears, it is clear that its sharp decrease will cause the spectral power to be
amplified. We can see this in more detail. According to the relation between the Sasaki-Mukhanov

variable u and the curvature perturbation (, and given that the former can be written as , (.9)
and (4.10) in the various inflationary phases, the mode function for the curvature perturbation ¢ is

iH
- «F 4.0
fo(n) YN »(1) (4.20)
with
(1 + ipn)e=Pn forn <m
Ey(n) = § (m/n)[vp(1 + ipn)e= "1 — 6,(1 — ipn)e™"] for m <n <. (4.21)
(m1/m2)2[o(1 + ipn)e™P1 — B,(1 — ipn)e™] for n > 1o

From the definition of adimensional ([3.24) and dimensionful (3.30) power spectrum, in case a brief
phase of USR occurs between two SR epochs,

LAY I (4.22)
¢~ on2 knﬁo_&rle?,lelf F k ’

and we analyze both its large and the small-scale regime.

The large-scale limit is achieved when the wavenumber k associated to a given mode function fy, is
much smaller than k; = —1/n;. This is indeed equal to require that the physical length-scales are
much larger than the one associated to modes exiting the horizon at the transition, since Appys =
aMcom = 2ma/k. Since k < ki < ko, if k/k; — 0 is satisfied, than also k/ko — 0 holds. Taking the
large-scale limit of the Bogoljubov coefficients aj, and S leads to divergencies:

ap = (_ giesz + 5Z-e—2AN>x 4+ 5 4+ 5 + O(x), (4.23)
3 3 1 —3AN 3AN
By = (_ gieiiAN + 5Z-€2AN>x _ € 5 + ¢ 5 +O(x) (4.24)

where © = k/ky and k/ke = eANz. However, the power depends on the difference ay, — 8, which is
finite and independent on the wavenumber k at leading order in z:

g — B = e 22N L 0(2?). (4.25)
In this regime the adimensional power reduces to

H2

Ar(k) » ———
C( ) 87T2MP2,161i

(4.26)
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once we neglect higher order terms. This is exactly a scale invariant regime and in this limit the
spectral power is analogous to that derived in case of slow-roll inflation.

The opposite regime, x — 0o, corresponds to consider the behavior of modes whose wavenumber is
much larger than the ones associated to the transition times 7; and 73, k > ko > k1. In this limit the
ayp and S coefficients reduce to unity and zero respectively. Therefore,

H2

Ap(k) ~ ————
¢(k) 871'2M1%161f

(4.27)

which is amplified by a factor of e2N w.r.t. the spectral power at large scales. These behaviours

suggest that these scales are largerly not affected by USR dynamics, expected for the change in the
value of €. Very large scales correspond to modes which left the horizon deep during the first SR epoch:
the scalar power spectrum in that limit is exactly the one obtained in slow-roll inflation. On large
scales, the power spectrum reaches scale invariant contribution again, since the contributors to the
power spectra is obtained by the modes that are leaving the horizon during the second SR phase, when
the scale invariance is restored again. The power spectrum is portrayed in its full glory in Figf.1} for
scales k < k1 < ko, initially it gentle decreases as k increases, then, it features a dip associated to modes
that leave horizon still during the first SR era. The presence of such a dip is a characteristic feature of
USR model of inflation it has been shown to be present in all the primordial correlators at the same
wavenumber kg;, ~ /3k1 exp (—3AN/2)[46], and can lead to interesting observational consequences
[51]. The dip occurs because the mode function describing curvature perturbation corresponding to
wavenumber kg;, goes to zero at late time close to the end of inflation. This is caused by a disruptive
interference between the growing and decaying modes of the curvature fluctuation at super-horizon
scale, since violations of SR conditions yields the decaying mode to dominate temporarily, eventually
leading to a super-horizon evolution of ¢ [52}, 47|. For k > kg, the spectral power steadily increases
as k* reaches its the peak and gradually settles to a scale invariant form again. The amplitude of the
peaks depends exclusively on the duration of the USR phase, its location on the onset. Following the
peak, the spectrum contains tiny oscillations persisting over small scales. These oscillations ar not
physical, they rather an artifact of the sharp transition.

The tensor power spectrum is left untouched, as if inflation was purely slow-roll. Canonically normal-
ized tensor modes py satisfy an equation of the same type of (4.4), although with a different effective
mass term:

" a// a// 9
oy + 1—; pr =0, w = (aH)*(2 —€1). (4.28)

We work in exact de Sitter approximation, thus a”/a = —2/n* Since there is no term proportional
to the derivative of slow-roll parameters, which are abruptly changing during the transitions, the
mode function remains continuous across the three phases. Moreover, the amplification factor eV
is related to the negative power of €; which do not appear in the expression for tensor modes.

A brief comment on the SR-USR-SR model that are considering: the sharp transition approximation is
non-physical, since no potential arising from any physically reasonable high energy theory can generate
an instantaneous transition between the two regimes. However, we employ it since it can significantly
simplify the already tedious calculations. Moreover, the amplification of the spectral power does not
depend on the smoothness of the transition. numerical studies show that an amplification of seven to
eight orders of magnitude is achieved also if the transition is sufficiently smooth[17, 47]: as said before,
it depends on the duration of USR AN. This approximation is often employed in the literature to get
first estimates spectral power, non-Gaussianities and loop contribution in SR-USR-SR [46} 53].

We remark that in our analysis we fixed el = 0. However, as noted in [54], in more realistic models
of inflation e%ﬂ # 0 and negative, so that the power spectrum decreases for modes k < k. This is
indeed necessary if we want to connect USR with a phase of SR leading to the end of the inflationary
phase. In fact, as eIQH ~ 0 is restored, 61111 is forced to remain approximately constant and extremely

small, leading the end of inflation impossible to reachﬂ

2The reader should remember from Sec that €1 # 0 is a necessary condition to end of inflation. It is equivalent
to impose that the kinetic energy of the inflaton is non-negligible w.r.t. the potential energy, a scenario in which an
accelerated expansion is not possible to be realized.
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Figure 4.1: Tree level scalar and tensor power spectrum is displayed for the following values of parameters:
H=15x%x10"%M,, e1,=10"3, AN = 2.5 and k; = 10~*Mpc~1.
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Chapter 5

Modifying general relativity

In general relativity, spacetime is regarded as a dynamical object rather than an arena in which the
physics is played. For this reason an action for gravity is needed. Interaction among gravity and matter
field are introduced as the actions for the various particle are modified according to the principle of
general covariance: 0, — V. By doing so we still miss a kinetic term for the metric. This is provided
by the Einstein-Hilbert action , which is built the only independent scalar constructed from the
metric, which is no higher tha second order in its derivatives.

M,
Lgn = —%\/—QR, g = det [g,,] (5.1)

If we assume GR to be the actual description of gravity, even at very early times, then, if inflation is
driven by only one scalar d.o.f ¢, the Lagrangian of the very early universe reads:

Mpy

8= VG|~ TR~ 10" 0,00,6 ~ V(9)]. (52)

Within this theory, the strength of primordial fluctuations, as observed in the CMB, indicates that
the cosmic expansion rate H and the physical wavenumber k/a at horizon exit have the value H =
kjla = \/e1 x 104 GeV, and therefore are likely to be much smaller than the Planck mass Mp; ~
2.4 x 108 GeV, and the grand-unification scale ~ 10'6 GeV. However, H and k/a at horizon exit
might not be completely negligible w.r.t. whatever fundamental energy scale M characterizing the
physics of inflation. Moreover k/a at very early times is exponentially larger than at horizon exit. We
can assume that is the first term in a generic effective field theory, in which terms with higher
derivatives are suppressed by negative powers of the characteristic mass M, with coefficients roughly
of order unity [55]. The considerations above emphasize the necessity of going beyond leading order
terms and seek for corrections of with higher number of derivatives.

The first correction to the Lagrangian is obtained by accounting for the most general covariant
terms containing four derivatives of the metric. We can construct these term by contracting two
tensors or scalars involving two derivatives: the Riemann tensor R, ,s, the Ricci tensor R, , and
Ricci curvature R. Then, the most general expression for the higher derivative Lagrangian is [56]:

ALgy = \/—g(flR2 + foRuw R + f3Ryupe R*P7) + Ja€""P Ry RS (5.3)

with €#*P? is the totally antisymmetric tensor density with €¢'230 = 41, and f,, are dimensionless
coeflicients.

If we also introduce a scalar field ¢ which plays the role of the inflaton field we should include also
covariant terms up to four derivatives of the inflaton field itself. Including these corrections to ({.2)
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is:

2
L=V=g MPIR 1 59" 0,00, — V(9)

+ f1(9) (g“”au¢3u¢)2 + f2(6)97 0,00, 0 + f3(¢) (D)
+ fa(@) R 0,00, 6 + f5(0) R " 0,900 b + fo(d) RO (5.4)

+ f1(@)R? + f3(¢)R" Ry + fo(¢) Rypo R*P7

+ fl(] (¢) elvre R;me,‘gg .

However, if we were to take as the full Lagrangian describing inflation, we would have a prolif-
eration of dynamical auxiliary fields. Thus, we must eliminate all second time derivatives and time
derivative of the auxiliary field in the first correction of the EFT action by using the field equations
derived from . Doing so, we end up with

L= Vg PIR 1 59" 000,60 — V(9)

+ fl (Qb) (g#VaM¢8V¢)2 + f7(¢)R2 + f8(¢)R'uVRuV + f9(¢)RuupaR'uypg + flO(Qb)equoRuVTHR;g
(5.5)

The term multiplying f1(¢) is of the type encountered in k-inflation [57] and must be included in the
Lagrangian as a counterterm to the UV divergencies encountered once the leading term in (j5.2) are
used in loop orders. The second term f7(d)R?+ f3(¢) R Ry + fo($) Ryuwpe R*7P7 in the second line is a
Gauss-Bonnet term which affects the propagation of scalar modes. The last term, f10(¢)e"” P Rywri Ry
is of great interest for us, since it is responsible to violation of parity symmetry in the gravitational
sector: it has the form of a gravitational Chern-Simons term. The coefficients of the terms above need

to be fixed by observations.

5.1 Chern-Simons gravity

Chern-Simons (CS) modified gravity is a four-dimensional deformation of GR postulated by Jackiw
and Pi [58] that modifies conventional dynamics and kinematics in a Lorentz invariant and CPT
violating way. Not only it is justified from an EFT perspective of inflation, but also arises from
Green-Schwarz anomaly canceling mechanism in heterotic string theory [59].

In the case that Chern-Simons coupling is the onlyE| one modification to standard GR, the action
during inflation is then given by

1 -
S = SEH + Sd> + Smatter + TG /d4513\/ _gw(¢>RR (56)
The quantity RR is the Pontryagin density and is defined by

-1
RR = 560575}2@@037 57 (5.7)

where €79 is the 4-dimensional Levi-Civita tensor related to the Levi-Civita symbol by €%7% =
¢k /. /—g. The coupling w(¢) is a function of the inflaton field; if w is a constant, then CS gravity

reduces to GR. This is because the Potryagin term can be expressed as the divergence

1 -
V.K" = SRR (5.8)

!As explained above, Chern-Simons is not expected to be the only one correction to ([5.2), since it arises from an
EFT approach together with the Gauss-Bonnet term. However, we are interested in studying parity violating effects in
cosmology which are sourced by the CS term. For this reason we consider only that modification to GR.
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of the Chern-Simons topological current

2
KM — elwaﬁl“gp <8aI‘pU + SFZEFEB(I). (5.9)

The Chern-Simons action then becomes

Ses = g [ dov=gu(0) v, K"

- dtauton o) 510
- _é /d4x\/fg(6uw(¢))K” + (surface terms).

If w is constant then its partial derivative is zero and Scg is reduce to a surface term that is equal to zero
under setting proper boundary conditions and the total action coincides with the standard GR one.
Notice that Chern-Simons gravity could have left signatures only on the primordial perturbations. In
fact, at the end of inflation the Inflaton decays and thus the Chern-Simons terms reduces to a surface
term.

The additional CS term does not modify the background equations because FRW metric is invariant
under parity transformation.However, it does effect primordial perturbations: at the linear order the
CS term affects tensor perturbations only, whereas scalar perturbations are left untouched.Considering
and fixing the comoving gauge, the CS contribution to the total action is given by

Scs = ! /d4x¢?g(w(¢)K° + 8iw(q§)Ki> = —é /d4x\/?gw(¢)f<0

8
1 4 . OijkI\O' B T” 2FP F)\
=73 d*zy/—gw(e)e™ " T7, | 0, ko T 30 jal ko
(5.11)

5.1.1 Constraint equation

Since the gravitational sector has been modified, it is needed to ask whether and ( get
modified: it is crucial to determine if N and N become dynamical or not in order to understand if
there are extra d.o.f. propagating. We firstly note that the solution at order zero is not modified: CS
term vanishes when evaluated on the background metric due to its invariance under parity. Let us
focus on first order solutions. To do so, we can proceed in two ways starting from (p.11). The first and
more straightforward way is to explicitly compute the Chern-Simons topological current as a function
of the ADM variables, variate the action with respect to the lapse function and the shift vector and
sum the result to the constraint equation in GR. In this way we are able to find the modified-gravity
constraints in a straightforward way, cumbersome though. However, we can proceed as in [31], noting
that the Levi-Civita tensor multiplies the combination of Christoffel symbols and its derivatives. Since
the ADM metric takes the form and we are interested in solving Hamiltonian and momentum
constraint up to first order, we should consider all the bilinears that can be constructed combining
scalars N and 1), solenoidal vector N?, tensor hi; and their derivatives with the Levi-Civita tensor.

scalar-scalar bilinears

Scalar-scalar bilinears are built by taking two scalars multiplying the Levi-Civita tensor, whose indices
are contracted with partial derivatives. Regarding the N scalar, the maximum number of derivatives
that can appear is three; for ¢ instead, it is siX.E| Since the indices of the Levi-Civita symbol cannot

2This is because K° involves two terms. The first consists of a partial derivative and two Christoffel symbols, the
second of three Christoffels: the maximum number of derivatives appearing in bilinears built out of scalars is then three.
However the 1 scalar is always accompanied by a partial derivative since 9;v is the scalar part of the shift vector. It
follows that for v, the maximum number of derivatives in a scalar bilinear involving it is doubled.
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be contracted with themselves, the only possible terms are given by two scalars multiplying the Levi-
Civita and three or five derivatives, three of them contracted with the totally antisymmetric symbol
and the other two contracted among themselves. All the possible bilinears can be recast in this formE|

58,0;0,Se7% | 50;0,;0,0° SETk (5.12)
where S denotes either N or 1. These two terms are clearly zero: two symmetric indices (partial
derivatives commute) are contracted in a totally antisymmetric way.
scalar-vector bilinears

Regarding scalar vector bilinears, we have two possibilities: either contracting the indices of the Levi-
Civita symbol with the vector and two derivatives, everything multiplied by the scalar S

58;0; Ny,e7*, (5.13)

or having three derivatives contracted to the Levi-Civita multiplying the divergence of N; and the
scalar S -
50;0;0,0,N'€*. (5.14)

Both terms are zero because of the symmetry of the covariant indices and the fact that the vector N°
is solenoidal.
scalar-tensor bilinears
In this case we have three types of bilinears to be considered:

SO;hjxe* S0;0;0,hé0* 50;0;0,0,0 K IR (5.15)
All of these terms above are zero either because of the symmetry of the spatial metric tensor h;; or
the commutativity of partial derivatives.
vector-vector bilinears

Since N' is transversal, the only non vanishing vector-vector bilinear is given by

9;N; N, &Tx. (5.16)
vector-tensor bilinears
Three types of bilinears can be written
Nihjpe* hLd;0p N, 9% 9; N;0yhl " (5.17)

all of them vanishing. The first one vanishes since h;; is a symmetric tensor and it is contracted to
the Levi-Civita symbol. The second one is zero since hﬁ = 521- and the same is for the third one.

At this point it is clear that the e.o.m. for the lapse function N remains invariant with respect
to the standard GR scenario. On the other hand, the e.o.m. for the irrotational part of the shift
vector N; gets modified and a linear term is added. Furthermore NN; is non dynamical since N; does

not appear in (5.11)) In fact

. 2 2 2 2
KO = Ok [F?o (8;T%0 + grgorgo + grgm %) +19, <8jPZO + 51%1“20 + gr?m Zf))
(5.18)

2 2 2 2

and the only Christoffel symbol containing time derivatives of N; is T'},.

3 After multiple integration by part and neglecting total derivatives.
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5.1.2 Tensor power spectrum

We are then interested in the computation of the tensor power spectrum in case GR is modified by
the introduction of the CS correction. We work in a perturbed FRW spacetime using conformal time

n

-1 0
2
ao=a0) (3 5 L) (5.19)
with the graviton being both transverse and traceless. We follow [32] and we consider the metric
written making use of the ADM formalism

ds* = gdr*dz” = —(N? — N'N;)dt?* + 2N;dz'dt + hijda’da? (5.20)

= — (N2 - N"NZ»)ann2 + 2N;adz'dn + a®hijda’ da? '
where we have factorized the scale factor a? out of the metric and then izij = hi;/a*. By defining
N; = aN; the metric becomes

ds® = — (N2 — a2Ni]\~fi)a2dn2 + 2N;a?dztdn + a2ﬁijd:vid:nj (5.21)
which is related to
ds® = g, dat'dx” = —(N? — o> N'N;)dn® + 2N;dz'dn + hijda’da’ (5.22)

by the conformal transformation g:“, = a"2g,,. Because of the fact that Pontryagin density is invariant
under conformal transformation of the metric, we can evaluate it using the metric ( As we saw in
the previously, the Potryagin density is proportional to the divergence of the CS topological curvature
and the dynamical Chern-Simons action can be written as . In order to compute e.o.m. for
tensor perturbations is then necessary to evaluate the zero component of the CS topological current
K*. We recall that the CS current is schematically given by

K" ~TOT +TTT (5.23)

and we observe that the zeroth order Christoffel symbol I'®) = 0 since the scale factor do not appear
in the unperturbed g,, metric and it is equivalent to the Minkowski spacetime. For this reason, we
just need to compute the Christoffel symbols only up to first order [32| in the conformally transformed
metric. The first order Christoffel symbol is then generically given

A1(0)

1 [9“ ](

Fgg =5 [(Qagpr + Dpgra — Orgas)] 4 (quadratic terms) (5.24)

where the superscripts refer to the order of each term in perturbation theory. As we noted in Sec[3.6]
the first order solution of the constraints do not depend on «. Thus, as we did in Sec.8] we set N =1
and N* = 0 if we are interested in the second order tensor action. We can now proceed to compute
K. The first-order Christoffel symbols evaluated on the conformally transformed metric

r (-1 0
G = < 0 6, +%j> (5.25)
read

Fgo =0= ng‘ = Ff)o
1

F?j = 5%{3‘
. 1, (5.26)
Lo =377

] , o
= 5(53‘712 + Ok — O"jk)
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where ’ represent the conformal time derivative. We can then derive the expression for K°

K = "Fry, (a I 3r I ) = "7 9,1+ (higher order)
~ %k T9.0,T7 + rtoa I9, + 110,17,

o1 1
= (it {maﬂk 0 + 5 00+ O = 0" m) (306057 + 007" — 010 )

» 1
= b |: /na]’)/kn - 28n’)/zm8]an7£n:|
(5.27)

where we kept only terms up to second order, neglected total derivative terms and exploited the total
anti-symmetry of the Levi-Civita tensor. The Gauss-Bonnet action then becomes

o1 1
Scs = —¢ /dndgfﬂrﬁd (¢)e”" [2%(71 iVen — 23n7im8j3n7£n] (5.28)

and we can further manipulate it by integrating by parts and writing the Levi-Civita tensor as /7% =

SN

1 |1 1
Scs = ¢ /dﬁdgﬂﬁw'(@é“k [Z’Yfmaj%m - 2%'m8j62%71]' (5.29)

In Fourier space the tensor perturbation can be decomposed as
d*k K-
Yij = / 3¢s €’ ( ) X (530)
My S=R,L

For our purposes we express tensor perturbation using the chiral (helicity) polarization basis, which
is better suited for investigating parity violation effects, defined as

rRL L .4 5
:tzeij)

i E (Eij

| (5.31)
ORI = ﬁ(gﬁ"- Figx)

where ¢4 » and e:;’x denote the linear polarizations of tensor modes. The chiral polarization tensor
satisfies the following normalization and symmetry properties

e (k)eq(k) = efs(k)ef (k) = 0
en(k)e (k) =2
( k) = eji(k)
5.32
i (k) = ef(k) 532
(777k) = ¢L( )
ky @™ (e )3 (k) = Fiagke!™ (k)

where ap = +1, af, = —1, k = |k| and the upper sign refers to 6 < 7/2 and the lower one § > 7/2.

Substituting (5.30) in (5.29) we obtain
d3k d3k y
Ses=y 2 [anlo) [t [ G Sk T Fik kg ) ) )

st R,L M

+ s (1, k1) €5, (K1) (K2) i (k2)* 6" (1, ko) (€)1 (ka)
(5.33)
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and exploiting the last property in ([5.32))
T8 (o) j ()7 (ka) = =€ (k2)j (") (ko) = Fagkaer"
iéijk(kg)j(et)nm(kg) = —( F oztkge,@m)

we can eliminate Levi-Civita symbol

4’k A
cs=gir 3 [0 [ sl P00 (0 + Kot ()

s,t=R,L

(5.34)

1 d®k
= [ o) [ 5 )W 2 = kIO — K2 (ko — ko™ ?)]
p

24]\1451/0177 0 [ e 3 (7’ [l - Wl

s=R,L

~ g 0 [ s S (a4l -]

In deriving the expression above we assumed 6 < 7/2, even if the final result is insensitive to this
choice, and we exploited the fact that the integral is invariant under the transformation k — —k. The
total action for second order tensor perturbation is given by the sum of the action in standard gravity
and the Chern-Simons correction and can be recast in the following form

S77 = Sar + Scs

_ Z / d3 2 8\2_k2|¢i\] Z 4M2/ d3 ONE: )[|¢ 2 - k2|¢i\2]

(5.35)

s=R,L
d3
= % 5 [ g At [l - ki
s=R,L
(5.36)
where Lk Y
A2 =d?(1F —=20 O=— c Y .
= < :FM a > , 2 My My (537

with M, being the UV cut-off scale of our model. Notice that we have omitted the s superscript for
simplicity but the expression of A?F for the right helicity state comes with the minus in the second
term, whereas the on for the left helicity state comes with the plus sign. From ( it is possible to
notice that A2 takes negative values in || > 1 for one helicity mode at the cut-off scale k/a = M,.
This implies that the kinetic term in the action becomes negative and the modes become ghost-like
in nature. Since we do not know how to deal properly with ghost modes, we impose |©2| < 1. We can
always treat Chern-Simons contribution k€ /M.a as a small correction since || < 1 and k/a < M,
[60]. The ratio /M, is defined as the inverse of a new mass parameter Mcg and it is explicitly given
by:

QO 1M w 1 _18¢w(¢)qﬁ V2e H
M,  2My My M, 2 M3 2 My,

Mg = Dpw () (5.38)
In terms of Mg, it is the adimensional combination H /Mg which is required to be smaller than unity
in order to have physical modes for which the theory is not spoiled within the horizon [32|. Therefore,
we can use H/Mcs as a perturbative parameter used to perform expansions in CS corrections. In the
literature it is common to approximate Mcg as constant parameter |60, 32|, which is justified if the
inflaton is slowly rolling down its potential and the coupling function is sufficiently smooth. To see
this, we quantify the logarithmic variation of the CS mass during an Hubble time and we require it
to be much smaller than unity:

Mcs 1 03w(9)” +0sw(9)d ¢ D3w(9)
HMcs H Dy ()9 " H 9yw(9)

<1 (5.39)
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since qb < H qb from the second slow-roll condition. This is equivalent to ask for the variation of
coupling w w.r.t. ¢, to change slowly during the characteristic time-scale of expansion, 1/H

- -« (5.40)

Therefore, if the w(¢) satisfies the smoothness condition (5.40), Mcs ~ const. if slow-roll condition
hold. Violations of slow-roll conditions break this approximation, inducing a time dependence on Mcs.

Introducing the new variable py = A7y, the action can be rewritten as

4’k o A2 Ar
Z / [ Hic +MkA2 — 241k kg K i (5.41)

s=R,L

and then, by variating it with respect to py, we obtain the following e.o.m.:

Al/
<k2 - AT> i = 0. (5.42)

Notice that the term A’ /At in the e.o.m. for tensor perturbations plays the role of an effective mass
term. Let us notice that at first order in slow roll parameters and H/Mcg we have

A 1(A2) o (A2 H k kH 1 k H
Ap_ 1 2) _of QT):G<2Hi):aHi _ i1ty (5.43)
Ap 2 A2 T2 A2 2 Mcs a 2 Mcs  —n 2 Mcs
where we used that in a quasi de-Sitter universe n = —1/aH (1 — €), and so
A A/ Al 2 2
Ap _ d( >+<T) :d(l—i-eikH)_i_(l—i-eikH) %2+236i£H.(5.44)
Ar  dnp\Ar Ar dp\ —n 2 Mcs —n 2 Mcs 7 —n Mcs
At this point (5.42]) becomes
2-1/4 k H
" k:2 o vt 7 — 4
o ( n? i —n Mcs )M ! (5.45)
with v being defined as
3
vr = = + €. (5.46)

2

As we did in the GR case, we promote py to an operator jix and we write it as linear combination of
creation and annihilation operators ax and a_,:

fne = uic(n)ax + vy (n)a_y (5.47)

with the ladder operators satisfying the usual canonical commutation relation. The equation of motion
for the mode function uk(n) is the same as for py and thus reads:

2
+ | k% — F— ug = 0. 5.48
< n? —nMcs) (5.48)

Following [59] and [61], by making the redefinitions

H
= 2ik i—— = A4
™ = 2ikn, S S (5.49)
(5.48) can be rewritten as
d%uy 1 ¢ (1/4-8%

F‘F —Z‘i‘;‘i‘T UkZO (5.50)
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which is the Whittaker equation. The general solution to this equation is given in terms of the
Whittaker functions

Uk = Clwqg(T) + CQW_Q&(—T) (5.51)

where the constants C7 and Cy need to be fixed by initial conditions. Note that the two solutions
Wee(r) and W_. ¢(—7) are one the complex conjugate of the other. In fact, both 7 and c are the only
complex coefficients appearing in (5.50). Thus, we can use the Bunch-Davies vacuum as the initial
condition for . By imposing this vacuum, the mode function uy is found to be given by [60],
[56]:

H

. . H
U = e*lk’l?( _ 2k77) a 677, 7T/4+7TVT/2)U< +uvr F §M7 1+ 21/T7 Qan> exp (:]: Zm) (552)

where U ( +uvr F 5— 14 2v7, 2zkn) is the confluent hypergeometric function of the second kind.

The asymptotic form in the super-horizon regime reads:

3/2—vr
_ -n i(—m/4+mvT) D(vr) (—kn fi
() =\ 5 e r3/2)\ 2 P\ * 4 Mo (5.53)
1 (= /4+mvr) U(vr) (—kn 3/2_VT + ﬁi
2k31? ri/2)\ 2 4 Mcg

We can then evaluate the tensor power spectrum for each polarization mode P% and the total power
spectrum Pr:

(Olhy; 7|0y = Z/ (log ) —71&"““’ Z/ (log k) P _/d(logk)PT (5.54)

In super-horizon regime the chiral adimensional power spectrum is given by:

pr_ L 1O T s pimyn Lo (kP77 0w HO PP
Tz A AL |\ 2k T(3/2) \ 2 PAU* 4 s
1 1 1 1 /T(wr)\>(—kn\*> " T H
111 T a 5.55
T M2 AL (F(3/2)> 2 P\ %5 Mes (5.55)

L (HN R\ w H
T2\ My, 2 2 Mcs

where, in the last passage we have taken the lowest order in slow-roll parameters and in H/Mcs.

Moreover, the term

1 k
A2 = a? <1 T ) (5.56)
is taken to be equal to a?(n) because at the beginning of inflation (conformal time 7,) k/a(ns) < M,

and so
k k k
- a(ns) _ e N (5.57)
a(ne)  a(ne) a(ns) — a(ns)

with 7, and 7, defining the time at the beginning and end of inflation and N being the number of
e-folds. Since the number of e-folds necessary to solve the flatness and horizon problem is around 60,
the term k/aMcg is completely washed away due to the exponentially accelerated expansion of the
inflationary phase. The total adimensional power spectrum is given by:

Pr = Zpi 32 <H>2 (25H>3_2VT, (5.58)

pl
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In the H/Mcs < 1 limit, we can evaluate the amount of circular polarization and it is predicted to be

T PP+ Py 2Mcs

Pi — Py H
=—r—T1_"~T (5.59)

This quantity takes naturally a small value because of the smallness of H/McsHowever we can still
expect II to be of order of few percentage, which makes it observable in future experiments [60].



Chapter 6

Cosmological correlators

Inflation provides initial conditions for the universe. Indeed, quantum vacuum fluctuations of the
inflaton, or other scalar fields, are stretched to cosmological scales, seeding CMB radiation temperature
anisotropies and polarization, as well as the LSS. As we discussed in the previous chapters, the power
spectrum of fluctuations is a powerful tool that allows us to compare theoretical models of the early
universe with observations. However, it is difficult to differentiate among the plethora of inflationary
models based only on it. In fact the power spectrum predicted by two or more models of inflation
can be degenerate for given cosmological scales, or their differences can be too little to be detectable
with present techniques. As an example, take models that allow for a violation of slow-roll condition,
such as those admitting a brief phase of USR, whose corresponding spectral power matches, at large
scales, that of the simpler single-field slow-roll inflation. Even in cases in which the power spectrum
can already be informative on interaction taking place in the early universe, its magnitude might not
be big enough to be detectable in the immediate future. This is the case of dynamical Chern-Simons
coupling investigated in the previous chapter: although the spectral power of tensor perturbations
develops chiral properties, with left-handed spectral power differing from the right-handed power
spectrum, this effect is extremely suppressed and unlikely to be observed and characterized in the
next following years.

The statistics of classical fluctuations retains the memory of its genesis, providing a glimpse of the
first instants of the universe. If Gaussian, the only correlator that we need in order to get all the
statistical properties of the early universe are encoded in the two-point function (i.e. power spectrum
in Fourier space). The reason is simple and it is rooted in Wick’s theorem, stating that

exactly vanishing for an odd number of fields

OPea(m).- - - xa(m)10) {product of two point correlators for even number of fileds

with y being a Gaussian random field. However, in case the statistics is non-Gaussian, the two-point
correlator is not the only correlator bearing information on the statistics, and the dynamics of inflation,
as well as its particle content, can be unveiled by the study of N-point correlators. The correlators of
classical fluctuations (temperature fluctuations, matter density contrast, galaxies, ...) can be related
to the primordial correlator of adiabatic curvature fluctuations (. These primordial correlations live
on the future boundary of the inflationary spacetime or, equivalently, the past boundary of the hot Big
Bang universe, defined as 7 — 07. Time does not appear explicitly in the observed correlators, but is
encoded in the scale dependence since modes of different wave length exit horizon and freeze out at
different times during inflation. Studying the scale dependence of late-time cosmological correlators
can provide us with information on the physics of inflationary era. The standard approach to make
predictions for the inflationary correlations is to follow the evolution of expectation values in a fixed
initial time state. This makes the problem of computation of quantum correlators different from the
computation of scattering-matrix elements relevant in particle physics. Conditions on the fields are not
imposed both at very early times and very late times, as in the calculation of S-matrix elements, but
only at very early times, when the modes are deep inside the horizon. In that case equivalence principle
holds and the interaction picture fields and states should have the same form as in Minkowski space-
time. Moreover, in cosmology Poincare symmetry is explicitly broken by the evolving background

47
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metric. The inflationary action has an explicit time dependence which is that encoded in the scale
factor a(t).

The formalism used in such computation is the Schwinger-Keldysh (also known as in-in), which was
introduced by Schwinger [62] and developed by Keldysh [63] in the context of condensed matter
physics. It has been then

Concerning this thesis work, we are interested in the computation and characterization of primordial
correlators, computed at the end of inflation, which are the primordial source of non-Gaussianity.
In the following we introduce the in-in formalism, a technique which allows the computation of ex-
pectation values of operators during inflation [64]. Moreover, as an useful exercise, we focus on the
computation of the graviton-mediated scalar trispectrum in single-field slow-roll inflation by means of
that formalism.

6.1 In-in formalism

Consider a dynamical system whose Hamiltonian depends on the canonical variable y,(x,7n) and its
conjugate m,(x,n) satisfying the commutation relations

[Xa(xv 77)7 7"-b(xa 77)] = iéabég (X - Y)a

[Xa(x, 77)’ Xb(xa 7])] =0= [ﬂ-a(x’ 7])’ ﬂ-b(x’ 77)] (6'1)

with the Latin index labeling particular fields and their spin components. The canonical fields and
their conjugate are operators, thus they satisfy the Heisenberg equation

d?Ta(X, 77)

dxa(xm) _ i[H(x(n), 7(1)), Xa(x, )], dn

dn = i[H(x(n),7(n)), 7a(x,n)].  (6.2)

We assume the existence of a classical solution x,(x,n) and 7,(x,n), which is a c-number that satisfies
the classical equation of motion

dXa(x,m) _ OH(Xa(n):a(n))  dTa(x,m) _ OH(Xa(n) 7a(n)) (6.3)

dp  0ma(x,m) dp oXa(x,m)

The solution Y, corresponds to the Robertson-Walker metric and the expectation value of the various
scalar filed present at early times. Assuming the classical solution to be the dominant part of the total
filed and conjugate momentum variables, we can Taylor expand around the classical solution finding

Xa(X:1) = Xa(X,7) + 6xa(X,7), 7o = Ta(X,n) + 67a(x,7) (6.4)

and since the classical solution is a c-number, the fluctuations satisfy the same commutation rules as
the total variables:

[6Xa (Xv 77)7 57Tb(x7 77)] = Zl&ab53 (X - Y)7

(6.5)
[(SXQ(X, 77)5 6Xb(X, 77)] =0= [67Ta(xa 77)’ 67Tb(X7 7’)] :
As the Hamiltonian is expanded in terms of fluctuations, it can be written as
SH (x(n), 7 (1)) s OH(X(n), 7 (1))
H(x(n),n =H )+ /d3 —6Xax + /d —(57rax
(x(m), m(n)) = H(x( Z Sxa e 0) Z S 1) (x,7)
+ H(0x(n), 0m(n); n)
(6.6)

where H(5x(n),0m(n);n) is the sum of all terms in H(x(n),n(n)) of second and higher order in fluc-
tuations. From Egs. (6.2)), accounting for the fields expanded as quantum fluctuations on top of a
classical background, we obtain

Xa(X,1) + 0%a = i[H(x(n), 7(n)), Oxa(x,m)],  Ta(x,1) + 67ta = i[H(x(n), (), 0ma(x,n)]; (6.7)
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moreover, combining the EOMs for the classical background with the commutation relations satisfied
by fluctuations, it is easy to show that:

{Z/ 3 6H5Xb § Sxu(y +Z/ B ‘Wﬁb(y,n),ém(x,n)] = Xa(x,7)
3, SH(X(1), 7(n)) & 5, 00 (x(n), 7(n))
{Z/ o o pelr+ 3 [ =l

5Xb y; 67Tb(Y7 77)7 57T(l (X7 77):| = ﬁa(X, ’I’])

(6.8)
Subtracting Egs. to the EOMs of the total quantities , we find:

0Xa = i[H(x(n),7(n);n),6xa(x,n)],  07ta = i[H(x(n),m(n);n),6ma(x,n)]. (6.9)

The equations above describe the evolution of the field fluctuation dx and its conjugate o, and show
that it depends on H(dx(n),dm(n);n), the part of the Hamiltonian which is at least quadratic in
perturbations.

This argument clarifies the prescription to follow in order to identify the Hamiltonian H governing
the time dependence of fluctuations:

1. Expand the Hamiltonian in powers of the field fluctuations and its conjugate.
2. Keep only terms at least of second order in §y or dm

The fluctuations at time ¢ can be expressed in terms of the same operators at some very early time tg
through a unitary transformation

5Xa(m) = U (0,10)0Xa(m0)U (n,m0),  ma(n) = U~ (n,m0)0ma(10)U (1, m0) (6.10)

where the time evolution operator satisfies the differential equation

d =
.U, m0) = —iH (3x(n), o7 (n);mU (1, m0) (6.11)
with initial condition
U(no,mo) = 1. (6.12)
In the inflationary contest, g = —oo, since this is equivalent to consider any time early enough so that

the wavelengths of interest are deep inside the horizon. We can further decompose the Hamiltonian
H as

H(6x(n),0m(n);n) = Ho(6x(n),dm(n);n) + Hi(5x(n), 57(n);n)

with Hy denoting the Hamiltonian quadratic in 0y and d7 ans Hj the higher order Hamiltonian: the
quadratic components govern the free fluctuation fields, whereas the higher order part governs its
interactions. As introduced above, we make use of the interaction picture, in which both state vectors
and operators carry parts of the time dependence of observables. Moreover, the time evolution of the
operators is governed by the free Hamiltonian Hy and the one of the state vectors is captured by the
interaction Hamiltonian Hj. This picture is particularly useful since the free operators preserve the
properties of the free fields satisfying linear wave equations. Therefore,

oxh(n) = i[Ho(6x" (n), 6m(m)"sm), 6xh(m)],  67h(n) = i[Ho(5x(n)", 67 (n)"sm),0ml(n)],  (6.13)
with initial conditions
SXL(m0) = Oxa(no), 67 (o) = dma(mo). (6.14)

We note that in evaluating Ho(6x”,d7!;n), we can take the fluctuations evaluated at any time ¢: for
convenience, we choose to evaluate them at ng so that

Ho(6x" (n), 07! (n);m) = Ho(5x(no), 7 (no); n) (6.15)

and the intrinsic time-dependence of the Hamiltonian remains untouched. Then, the fields can be
written as

oxE = Uy (0,10)6xa(m0)Uo(n,m0), 6L = Uy ™t (1, 10)67a(110)Uo (1, 70) (6.16)
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and the time-evolution operator satisfies the differential equation

£7U0(777770) = —iHo(dx(n0), 07 (10); MUo(n; 10) (6.17)
with initial condition
Uo(no;mo) = 1. (6.18)
Consider now the product Uy *(n,10)U (n,m0) and take its time derivative
AU * (1, m0) AU (1, 10)

;77(%1(77,770)(](77, ) =

d77 U(na 770) + U(;l(nv 770) d77
= iUy ' (1, 10) Ho(3x(n0), 07 (110); 1)U (n, m0) — iU;q " (m, mo) H (6x(n), 5x(n); n)U (1, mo)

= —iUy " (n,m0) Hr(x (o), 57(10); MU (1, m0),

(6.19)
we can define the composite operator F(n,10) = Uy ' (1,70)U (1, m0) obtaining
d N
ay Fnm0) = =il Y (n,m0) Hr(8x(10), 67 (n0); m)Uo (1, m0) F (1, 10) (6.20)
= —iH;(5x" (), 67" (n); ) F (1, 710)
and
F(no,mo) = 1. (6.21)
The solution of the equation ([6.20) is found iteratively to be
7
Finom) =Texp (i [ Hiti)an) (6.22)
o

with the T denoting that the product of Hys in the expansion of the equation is taken to be time
ordered. The solution for the fluctuations in terms of the free fields in the interaction picture reads

Q(n) = F~ (n,70)Q" (n)F(n,m0)
Texp ( [ Hz(??)dn>] (6:23)
o

_ n

T exp < Hz(n)dn> Q' (n)
10

where Q(n) is any product of field fluctuations 6y, or/and its con d7, and Q! (n) is the same quantity

evaluated in the interaction picture, T denotes the anti-time ordering operation.

6.1.1 Time evolution of the vacuum

The time evolution operator F' can be used to relate the interacting vacuum at an arbitrary time
|2(t)) with the Bunch-Davies vacuum [0). We can expand |0) in eigenstates of the full Hamiltonian
(Hln) = En|n))

0) =D In){n|0) = [2)(210) + D _ [n)(n]0) (6.24)

n>1

where |Q2) denotes the eigenstate with eigenvalue given by the lowest energy level. We can then evolve
it in time by means of the time-evolution operator U (n, no)

10) = U(n,m0)10) = U(n,m0) > _ In)(n0)

—exp (=i [Canmon) 5 ) el

70

—ewp (=i [Canaen))[193(000) + X 1l

70 n>1

(6.25)

_ efiEQ(n*n0)|Q><Q‘O> +efiEn(nfno)|n><n\O>.
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We now add a small imaginary part to time:
n — 17 =n(1l —ie). (6.26)

In this way, for ng — —oo

Take now the time 7y to lie in the far past 9 — —(1 — i€)oo: in this case the only contribution to
the time evolution of the Bunch-Davies vacuum is the term with the exponential of the energy Eq In
fact, the ie prescription, needed to ensure convergence of correlation function at early times, inserts a
damping factor e £ which makes quantum states with high energy more suppressed w.r.t. the low
energy ones. From Eq. we obtain the equality

1

—iH(n—no)| ()} — —iH (n—m0) 92
HIm|Q) = e o) (6.27)
which implies [65]
1
F(n,m0)|2) = MF(UJIONW (6.28)

since F(n,m0) = Uy *(n,10)U (1, m0). From now on we neglect the tilde on 7: conformal times in the
later sections should be understood with a small imaginary part.

6.2 In-in expectation values

If we combine (6.23)) and (6.28)), the time dependent expectation value of an operator can be written

as [65]:

(0| [Tei I HI(W')dn'] Q' (n) [Teifgo H,(n’)dn’]
|(01€2)[?

Notice that in the anti-time ordering T, the ie prescription comes with the opposite sign w.r.t. (6.26),

because the 7' part is the Hermitian conjugate of the T part. Regarding the denominator, if we take
Q(n) to be the identity matrix we can write |(0|Q2)|? as

QIQn)) = (6.29)

(0| [Tei I Hz(n’)dn’} [Te_i I Hf(n’)dn’]

ol = o)

=1. (6.30)

To get the second equality we required that both |Q) and |0) are normalized. Therefore we arrive to
the master formula for cosmological correlators:

QIR = (0 [T S H“"”d”'} 0'(n) [Te‘”n”o H“”’”"’} 0). (6.31)

In order to obtain the n-th order correlator from , we expand the time-evolution operators in
powers of H [EL keeping the terms associated to the order in perturbation theory in which we are
interested. For example, if the interaction Hamiltonian entails a cubic intraction among three scalars
and we are interested in the exchange trispectrum, i.e. correlator of four scalar perturbation with
one exchanging scalar, we need to expand F' to the second order in Hj. If instead Hy is a quartic
interaction and we are interested in the contact tripsectrum, i.e. no particle is exchanged, we can stop
the expansion at the first order in the interaction Hamiltonian. After the expansion of F and F, we
insert them in the master formula evaluating: this generates a sum of expectation values In a more
straightforward way, the number of vertices sets the order of the expansion of that we should
consider.

!Perturbation theory holds if the couplings inside H; are small. This means that we can expand in powers of
interaction Hamiltonian Hy.
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Let us derive the contribution to an n-th correlator at second order in Hj, i.e. two vertices, from the
master formula. The operator F'(n,ng) takes the form

—i)?
Fgm)=1—i / " ant () + / " ' Hy () / " H ) + (6.32)
70

70 2

and the master formula becomes

QIQM)IQ) = <0<n> i [ an ), O) — / " dnf / " " Hy (Y1 (O ()

n n n (633)
w [Car [Camenommor - [a ["arowmnmer +... ).
o u no o
Therefore, keeping only the terms quadratic in the interaction Hamiltonian, we obtain
n n
= [Cay ["atmnommy - [ [ a o)
0 0 0 o (6.34)

n n
_ / iy / dn' (H; (') Hy (1) O (1)),
o 10

6.2.1 In-in Trispectrum

We apply the formalism introduced above in the computation of the equal time four point correlation
function of inflaton field fluctuations coming from the exchange of a graviton. This warm-up example
will be our guide line for the computations carried out in this thesis. The interaction Hamiltonian in
Fourier space is

3 3
=300 2 [ (T e )M 0cbon, (0o (02mPaic + ke ) (635

2 ,
s=4,X =1

and in this section we will take it as granted (for its derivation see Sec. [7.3.1). In order to find the four
point correlation function arising from cubic interaction Hamiltonian, we start from the in-in master
formula expanded at second order ((6.34]). Thus, the correlator will be given by the sum of three parts:

Om) = Oy, + O 1.1) + (O 02 (6.36)
with . .
Do = / dnf / di" (Hy () O(n) Hy (")) (6.37)
(O 02 = — / iy / " O i) Hi (")) (6.38)
O(n) = d¢(p1,n)00(Pa, 1)dD(P3,M)0P(Pys 1) - (6.39)

The (O(n))(0,2) part takes the form:

- Bt 0, D80 =5 [ T1 (1555 ) < (= 3) [T (o ) o

/

. . n n
= 63(ky + ko + k3)0% (kg + ks + ke) Z kikjes;(ks) kP kel (ko) / dn a®(n) / dn’a®(n'")
l [ee] — 00

S, 7

(06¢p, (1)6¢p, ()6p, (M)0p, (M, (161, (1)1t 561, ()6 res (1" )y ()10
(6.40)

where the red and blue contributions comes from the two H; insertions. We evaluate the expectation
value using the Wick theorem [66] and taking into account that the gravitons will be contracted only
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among themselves and that inflaton perturbation at time 7’ and n” will be contracted only to those
living in the boundary. There are 4! ways to contract the four inflaton fluctuations. An example of
these contractions is the following:

[

[ | | — i |
(60p, (1)3p, (1)5¢p, (M) bp, (MIS1, ()01, (1) Vg (7)1, (1" )15 (1) Viey (1)) -

Inflaton fluctuations and gravitons are promoted to quantum fields: they are expressed as linear
combination of the creation and annihilation operator satisfying the canonical commutation relations:

Src(n) = ur(n)ax + uj(m)a’ (6.41)
Yaln) = vp (b + v (b (6.42)
[ary al ] = 2m)30% (ki — ko), [05,, 670 ] = (27)28% (ky — ko)™, (6.43)

Considering that the annihilation operator ay applied to the vacuum vanishes, using the relations
above it is possible to find that the expectation value reads

(010¢p, (1)6bp, (M) S¢p, (1)5dp, M)k, (1)5b1s (1) ¥ies (1) Sy (1) ks (1" )¥ies (0”10
= up, (N)uk, (1) (27)*6%(py + K1) up, (n)uf, (1) (27)%6° (Py + ko )y, (M)ug, (1) (27)%6° (p3 + ka) (6.44)
x p, (N)ui, (27)20% (py + ks)vg, () vje () 8% (ks + k)5 + 23 perm.

Inserting [6.44] into [6.40| and using Dirac deltas to remove momenta integrations, we get

1 .
(06, (1)0¢p, (1)0¢p, (1)0¢p, (1) (02) = =7 (2m)°0° (1 + P2 +Ps +Ps) D PiPReS;(P1 + P2)x
s=+,X

n
dn’ a(n') / dn” a(n") Sp, (0,1")Sps (1, 1") Gps (1, 1") Sy (0, 1" ) Fp (', ") + 23 perm.
(6.45)

n
X D PEES (D5 + Da) /

— 00

where Gp(n,1') = up(n)uy(n'), S5(n',n") = vp(n')vp*(n") and p12 = [Py + Po| = [P3 + Pyl In single
slow roll inflation, de-Sitter approximation and Bunch-Davies vacuum, the modes take the following
form:

u = 1+ipn)e™ 1 | w = — (1 +ipn)e " 6.46
p("?) \/ﬁ( PTI) p(Tl) MP}\/]?( Zm) ( )

so that we can define the propagators function as

H2 . . ; /_ H2 . . ; 1"
Sp(n 1) = 35 (Ltipn)(L—ipn )P Gy ") = MTlpg(lﬂpn’)(l —ipy")eP . (6.47)
P
Notice that exchanging the order of » and 7’ in G is equivalent to taking its complex conjugate.

The (2,0) contribution can be easily derived from (0,2) because (O(n)) 2,0y = <O(77)>IO 5)- The (2,0)
contribution then reads 7

1 .
(06, (1)0¢p, (1)0¢p, (1)0¢p, (1) (20) = =7 (2m)°0° (D1 + P2 +P5 +P4) D PiPReS;(P1 + P2)
s=+,X

n n
X 5Pl € (P3 + Pa) / dn a(1') / dn” a(n”) Sy, (n,1')Sp, (0. 0) Sy, (") S5, (0,1 G5, (0, 1") + 23 perm.
(6.48)

where, in deriving this expression, we have used that G,(n,7') = G, (', ).
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We can now focus on the last contribution (O(n))1,1)- Repeating the very same steps we get

1 o
(0, (1)0¢p, (1)0p, (1)0¢p, (1) (11) = 5 (27)°0° (D1 + P2 +Ps +Pa) D PIPAes;(P1 + P2)x
s=+,X

n
dn’ a(n) / dn" a(n'") Sy, (n,m") G, (1,1) Sps (1,1 Spa (0, 1") S5, (0, ") + 23 perm.
(6.49)

n
X DT PRES (D5 + a) /

—0o0

where we notice that there is no nested time integral. In order to write the total 4PCF in a more
compact way, we can recast the last (1, 1) in two contributions with a nested time integration. In fact,
given f = f(n,n,n") a (complex) function of the time variable, it is possible to express its double
integration over 1’ and n” as the sum of two nested integrations:

/ dn/ dn” f(n,n',n") =
(/ dn/ dn”+/ dn”/ dn) (m:n'sn") (6.50)
= /noo dn’ /7; " f(n,n',n") +/Zo dnf /ZO dn" (" < n")

Applying this identity, the (1, 1)-type contribution can be recast as:
1
(06, (1)36p, (M)dbp, (M, (M) (1,1) = 5 (27)°0°(P1 + P2 + P3 + Pa)

L. n n
S w1+ B (s +p0) [ i/ alaf) [ anf"a)
s=+,X —0o0 —0o0
[9;'31 (0,1 S5, (10,1")Sps (s 1") Spu (0 ") S5, (051" ) 4 S (0, 1) G (0,0 S (00 S, (0 m”) S5 (0 1") | + 23 perm
(6.51)

Collecting everything together, the total graviton mediated trispectrum is given by [67]

1 o
(0¢p, (M)0dp, (1)0dp, (M)ddp, (1)) = 1(270353(1)1 +Po+P3+Pa) Y, Piphes;(P1 + P2)PEPi€, (P3 + Pa)
s=4,X

n n i
|t at [ an atu) |55, 0095, 00 9y (0,080 (01850 1")+ S 1.3 1)
s (1,0 S0, (0, G%5 L, (0 0"y = S (0,1 S0, (0,1 G (00" ) G (0,0 S5 (00" ) = Gy (1, 1) S (0, 1)

Sps (1, 1")Sps(n,n") S5 (0", n") | + 23 perm.

4
1 o
= (277)35<Z Pa> Pss(p1)Pog(p3) Py p12 % Z P1 + P2)enn (P + Py)P1pops P T1234 + 23 perm.
a=1 =+,
(6.52)

with

n d77” . ,
hizsa :/ / Pz [ tip1) (1 — ipun) (1 + ipan) (1 — iparf )PP =10 |

X Im [(1 +ipan) (1 — ip3n”) (L + ipan) (1 — ipan”) (1 + ip1an) (1 — ipyan”)e!Patpa (= tipr2(n" =)

(6.53)
and Psy(p1), Psg(p3) and P, (p12) being the dimensionful power spectra for d¢ and + in de-Sitter
H? H
Pss(p) = — P (p) = — 6.54
oo = o 0= 375 (6.51)
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In the last passage of we have substituted the explicit form of G, and used the identity Im(z) =
(z — 2*)/2i. In the last passage of we have factorize the prefactor in such a way to write
it as the product of three power spectra and some combination of the momenta for convenience.
Moreover, at this stage, we chose to keep power spectra depending on momenta p;, p3 and pio2 since
they provide information regarding both vertices and the exchanged graviton. However, it would have
been equivalent to keep any other combination of power spectra which entails information of both the
vertices.

Let us now work out permutations. We notice that (O(n)) is invariant under permutation of two legs
attached to the same vertex. Therefore, the total number of permutations gets decreased from 24 to
six:

1 o
(06p, 00p,00p,00p,)" = > 4 [?M(I?l)?w(pz)ﬂ’w(plz)4p3p3 €7 (P12)€mn (P34) P1PAPE DY - (11234 + I3412)
s=+,X 2F4

1

mﬁfj(PB)Efnn(Pn) Pipips Pl - (Iz2a + Ioa1s)
P3P

+ Psp(p1)Psp(p2) P~ (p13)

1 o

+ Psg(p1)Psg (p2)Py (p14)p[',7p3€fj(p14)6inn(p23) Pipips 5 - (T1azs + I2314).
413

(6.55)

In the previous equation <5¢p15¢p25¢p35¢p4>’ = <(5¢p1(5¢p25¢p3(5¢p4>(27r)3(5(p1 + py + P35+ DPy)

Polarization sum

Before working out the integrations, it is convenient to make the polarization sum more explicit. Take
for example €7;(py2), it can be rewritten as
6;-; = eje; —€;j€e; , Gixj = e;€; + €;€; (656)
with e and € being two orthogonal unit vectors perpendicular to p;5. In order to evaluate terms of
the type efjpipj it is useful to write the momenta of the inflaton perturbation in spherical coordinates
with e, € and P,y identifying the three axes, with p = p/p. Identifying cosf, = p, - p;» and
cos o, = P, - €, the angles 0, and ¢, denote the polar and azimuthal coordinates respectively and
P, = pa(sin 0, cos g, sin B, sin ¢, cos 0a). The projection of p, onto the direction identified by e and
€ is then given by
e -p, = Pgsinb, cos ¢, , € P, = PuSinb, sin ¢, . (6.57)

Given the expressions of e;; and ein we find

ejj(pu) pllpj2 = (eiej — éiéj)pip;' = p1p2 sin B4 sin Gy ( COS 1 COS o — sin ¢y sin (;52) (6.58)
= p1p2 sin By sin O3 cos (¢1 + ¢P2)
eixj (P12) p‘lpj2 = (eiéj — éiej)p’ipg = p1p2 sin A1 sin Oy ( COS (1 Sin o — sin ¢y cos qbg)

(6.59)
= p1ps sin 01 sin O sin (¢1 + ¢2)

and the same relations hold for e;-; pépi and eixj pépi. For further simplification, it is useful to notice
that momenta p; 3y and py4) have the same measure but opposite direction with respect to the plane
perpendicular to p;5. This implies the following relations between the polar and azimuthal angle of
the two momenta: pisinf; = pssinfy and ¢o = ¢1 + m. The polarization sum can be then explicitly
written as

> € DiDhPE P =pip; sin® 0y sin® O3 cos (2¢1 — 2¢3)
s=F,x (6.60)
= p%pg sin? 6 sin® 65 cos 2X12,34
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and the graviton mediated trispectrum reads

2,2
pip .
(00p, 06p,00p,00p,) = Pss(p1)Pss(p3) P~ (p12) é § sin? 01 sin? 03 cos 2x12,34 - (T1234 + I3412)
2P
pips
+ Pso(p1)Psp(p2) P (p13) 5= sin® 01 sin® Oy cos 213,24 - (T1324 + Joarz)  (6.61)
3 4
+ Pse(p1)Pse (p2) P~ (P14)£12;§ sin® 01 sin? 05 cos 2x14,23 - (T1423 + I2314) |-
4P3

Time integration

We are now in the position to solve time integrals. It can be useful to make a change of variable
such that the integration variable becomes dimensionless. In this way, the dimensionful part can be
factorized outside the integral and the integration would return some dimensionless combination of
momenta. This allows to give a first estimate of the trispectrum even before an explicit computation of
integration is carried out. Keeping in mind that [p] = F and [1] = E~! we see that the combination
p - n is dimensionless. Thus, we can define the new integration variable as x = Pp - n with Ppr =
p1 + p2 + p3 + p4. In this way, the trispectrum becomes

p1p3PT

sin” 6 sin? 03 cos 212,34 - IS5 + perm. (6.62)
p2p4

(00p,00p,00p,00p,) = Psp(P1)Pss(P3)Px (p12)
with
adlm e . . / . . N i(k1+ke) (' —x)
53y = e ) Im [ (1 +dk1z)(1 —ik12") (1 + ikox) (1 — ikox')e X
x Im [(1 + iksx) (1 — iksz”) (1 + ikgz) (1 — ikga’ ) (1 + ikiaa') (1 — ikiox')e! (ks tha) @ —2)+ikiz (2" —a")
(6.63)

where k; = p;/pr is a dimensionless parameter. The integration returns a complicated function of k;
(A.26]). Finally, the trispectrum can be recast in the following way:

(0¢p, 60p,00p,00p,) = Psy(p1)Psp(p3) P (p12)S (P1, D2, P3, a) sin® 0y sin® O3 cos 212,34 + 5 perm.
(6.64)

with S(p1, p2, ps, pa) = p%p%pQT /pap3 % Ifgﬁ‘ being the shape function. This function collapses to a
number for a specific momentum configuration.



Chapter 7

Parity violation in slow-roll inflation

As we saw in Chlp] the presence of a gravitational Chern-Simons to GR is associated with the pro-
duction of chiral gravitational waves, leading to parity violating signatures already at the level of the
tensor power. However, the amount of circular polarization generated by gravitational Chern-Simons
interaction in the early universe is proportional to the parameter H/Mcg, which is set to be much
smaller than one to avoid propagation of ghost modes, making this effect unlikely to be detected in
the upcoming years. This observation makes the study of alternative observables bearing information
on the violation of parity symmetry compelling. Specifically, in [56] a complete analysis on the parity
violating signatures entailed in the mixed bispectrumE] was carried out, pointing out the presence of
a relatively large parity breaking in the bispectrum (vy7y(). Observationally, these correlators can be
detected considering the mixed CMB bispectra among temperature T and E/B polarization modes:
while T anisotropies are sourced mainly by scalar perturbations, B polarization modes are seeded
only by primordial gravitational waves [68|. A similar analysis has been carried out in [69] in chiral
scalar tensor (CST) theories of gravity, a generalization of CS interaction that introduces gravitational
parity-breaking operators with higher number of time derivatives.

However, bispectra are not the only observables capturing parity violation: going to the next order
in perturbation theory, the trispectrum carries information about the breaking of P symmetry as
well. Moreover, in case we are interested in scalar correlators, the trispectrum is the lowest order
statistics capturing effects of parity violation. The reason why this happens is rooted in the geometrical
configuration of momenta, associated to the mode functions, in Fourier space, and will be clarified in
this chapter. Since the graviton is chiral, we expect that the only parity violating contribution comes
from the graviton-mediated trispectrum. This trispectrum has been investigated in the literature
in the setting of slow-roll inflation and CS gravity [30, 32| and in case of CST theories of gravity
and slow-roll [31]. From these studies, it does not seem possible for slow-roll models of inflation to
produce a primordial parity-odd (PO) trispectrum capable of leaving imprints in the large distribution
of galaxies: the signal is simply too suppressed. In the case of CST theories of gravity, there is room
for a less suppressed signal, which can be detectable. This is due to the fact that the CST Lagrangian
contains couplings that do not need to be suppressed to avoid ghost modes.In our case, we stick to
CS gravity: since scalar modes are amplified by the USR dynamics, we can hope for an enhancement
of the PO signal as well.

In this chapter we will briefly review the results for the graviton-mediated PO trispectrum in slow-
roll inflation and CS gravity. In particular we will focus on the derivation of the scalar-scalar-tensor
vertices which are the building blocks for our calculation. To simplify, we will approximate the
spacetime during inflation as de Sitter, and scalar perturbations will be taken as massless. We will
conclude with some considerations on relaxing these approximations.

'The bispectrum is defined as the Fourier transform of the three point correlation function. It can be computed using
the in-in formalism in a way which is analogous to the one showed in Sec. for the trispectrum.

o7
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7.1 Why the trispectrum?

A parity (P) transformation is a spacetime transformation under which the sign of space coordinates
is flipped:

x —x
P:ly] — |-y
z —2z

Despite scalars being invariant under parity transformation, their statistics may not be. In particular,
it is possible to detect whether or not there had been parity violating interactions in the early universe
by studying the scalar trispectrum, namely (((k1,n)C(k2,17)(k3,n)C(ka,n)). It is defined as the Fourier
transform of the four-point correlation function (4PCF).

Since the universe is homogeneous and isotropic, cosmological correlators are invariant under spatial
translation and spatial rotation. This invariance under spatial symmetries constraints the way in which
correlators can be sensitive to parity. In fact it can be shown that performing a parity transformation
on a power spectrum or a bispectrum is equivalent to a rotation. Thus, parity transformation cannot
leave any imprints on them. For a trispectrum instead, this is possible: there is no way in which the
parity transformed trispectrum can be obtained by implementing rotations and translations.

This very simple argument can be made more quantitative. Let us consider the general form of the
power spectrum, bispectrum and trispectrum of real fields. Due to homogeneity (invariance under
translation) of spacetime, two-, three- and four-point correlation function of real fields X, Y, Z, W,
must be written in the following form [70]

(X (k1)Y (ko)) = Pxy (k1)(27)%6% (k1 + ko)
(X (k1)Y (k2)Z(k3)) = Bxyz(ki, ko, k3)(27m)36% (ky + ko + k3) (7.1)
<X(k1)Y(k2)Z(k3)W(k4)> = TXyzw(kl, ko, k3, k4)(27[')3(53(k1 + ko + ks + k4)

Imposing rotational invariance, the correlator can only depend on scalar function constructed out
of the wavenumbers k;. In three dimensions, the only scalar functions we can build are k; = |k,
Wij = k; - k]7 and the pseudo-scalar k; - k- x ky. Since the momentum conservation imposes the
momenta to close in geometrical conﬁgurations the first and the second scalar quantities can be
geometrically interpreted as the length of one side, the cosine of the angle comprised between two
sides and the folding angle since cos;; = k; - k The pseudo-scalar triple product can be related to
the sine of the dihedral angle x comprised between the plane {kj,ko} and {ks, k4}ﬂ

Since the only scalar that can be constructed out of one vector is its modulus, the power spectrum
will depend just on k1: Pxy(ki) = Pxy(k1). The bispectrum cannot contain the pseudo-scalar
triple product, since the three momenta are not all independent: conservation of momentum implies
ki = —ks — k3 for example. So ki - ko x k3 = (— ko — f(g) ko x k3 = 0, since the vector product
ks x ks returns a vector which is perpendicular to both ko and ks. This is exactly consistent to
the fact that conservation of momenta forces the vectors k; to close in a triangle, a planar figure.
Moreover, since triangles are completely specified by three parameters among amplitudes and angles,
Bxyz(ki,ka, k) = Bxyz(ki, ka, ks, p12, 13, 23, K1 - ko x k3) = Bxyz(k1, k2, k3). In the trispectrum
and higher order correlators the triple product can be non vanishing, since the momentum conservation
makes only one momentum independent out of four. We can expllcltly show that the pseudo scalar
triple product is proportional to the sine of the dihedral angle sin x o (k1 X kg) (k3 X k4) We can
exploit the property (A x B) x (C' x D) = C(A,B,D) — D(A, B,C) with (A,B,C) = A- B x C and

write
sin x o< ka(ki, ko, ks) — ka(ki, ko, k3) = —ks(ki, ko, ks) — ky(ki, ko, k) oc ky - (ko x k3)

after employing the momentum conservation condition k; + ko + ks + kg4 = 0. This condition also
forces the momenta to close in a tetrahedron, parameterized by six parameters. In this thesis we

2This is only one of the four possibilities. Without loss of generality we could have chosen any other the angle spanned
between any other couple of planes identified by pairs of the external momenta k1, k2, ks and k4.
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choose to work with the parameters k;, one diagonal k12 = |k; + ks| and the pbeudo scalar triple
product k; - ko x k3: Ty zw(ki, ko, k3, ky) = Ty zw (k1, k2, ka, ks, [ k1 + ko, ki - ko x k).

The trispectrum is the lowest order statistics statistics exhibiting the pseudo-scalar triple product,
which makes it sensitive to parity symmetry. We can write the trispectrum as given by two contribu-
tions: a parity even (PE) contribution which do not change sign under parity transformation and a
parity odd (PO) term, which, instead, changes sign:

T(kla kQ; k37 k4) = TPE(k17 k27 k37 k4) + TPO(klv k2a k37 k4)
The parity odd component turns out to be purely imaginary. Indeed,
TPO(_k17 _k27 _k37 _k4) = TPO*(kla k27 k37 k4) = _TPO (k17 k27 k37 k4)

which means that TPC = T, with T a purely real quantity. On the contrary, the PE trispectrum
is real. Clearly, only the PO trispectrum is proportional to the pseudo-scalar triple product, even if
we have to pay attention on the momenta configuration: some momenta configurations, such as the
collapsed (counter-collinear limit) lead the trispectrum to collapse on a planar figure and, therefore,
the PO contribution in this configuration is expected to be vanishing.

Since in our model of interest parity symmetry is violated in the tensor sector, it is the graviton
mediated trispectrum that develops a PO contribution.

7.2 Gauge choice

We are interested in the deriving the expression for the scalar trispectrum from the exchange of a
graviton in slow-roll inflation. As we saw in Sec[2.2] this means that all slow-roll parameters €, are
much smaller than unity, and we can use them as expansion parameters. Before proceeding with the
evaluation of the interaction Hamiltonian H;, we fix the gauge to avoid the propagation of unphysical
degrees of freedom. Even if the goal of this chapter is to compute the correlator (((((), it is more
suitable to work in the spatially flat gauge [7]:

D(x,t) = ¢o(t) + 0p(x,t)  hij =a*(6ij +vij+...), =0, iy =0. (7.2)

This gauge is useful to immediately identify the terms that are leading order in slow-roll expansion.
Being interested in the 4PCF of curvature perturbations (, it is possible to switch to the comoving
gauge (3.46]) by means of the well known non linear relation [7]:

16 2, 16,
la™ 7.3
LG - 06) + L 0200,(060,6) + 2 S oo (73)
11
- 553 20,0; (0x0;C1) — 4H%ga i0;C1
where (7 is the first order value of (
H
G = _gégb. (7.4)

7.3 Computation of the cubic interaction vertices

Since the goal of this chapter is to compute the PO and PE trispectra, we need to compute the total
Lagrangian up to third order. In particular we are interested in the computation of the graviton-
mediated trispectrum which requires scalar-scalar-tensor terms. Such interactions arise both from the
slow-roll inflationary action , in particular from the inflaton kinetic term of the inflaton field,
and the Chern-Simons action (5.11]).
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7.3.1 Standard gravity action

Let us consider the single-field inflationary action in case gravity is described by GR. We expect that,
in the spatially flat gauge, the action will be approximately the one of a massless scalar field ¢ at
leading order in slow roll. Indeed, recalling that the single field inflationary action can be written
as function of the ADM variables as by following exactly the same passages done in it is
possible to obtain the values for the non-dynamical variables as function of the inflaton fluctuations
at first order in slow-roll approximationlﬂ [7]:

_ /€ _,_.—QEfE ~ _ &9 9251
N_\@&m N; = €0;0 dn[ Q;M]— \/g(aza 6¢'). (7.5)

The leading-order term of the inflationary action is then the kinetic term

1 1 1 y

?ﬁ—ggwaﬂwaﬂw = §a277“”8u5d>8,,5¢ + §a2w 9;0¢0;0¢ (7.6)
and the scalar-scalar-tensor action is:

1 g
Stk = — [ dadna(ny0:36056. (7.7)

It is useful to write the action in Fourier space. Keeping in mind that the Fourier modes of the inflaton
field perturbations and tensor perturbation are expressed as

3 .
5(n, %) = / T x5g(n) |

(2m)3
dSk ik-x s S (78)
%) = [ Goe > ki)
s=4,X
where the polarization tensors are normalized so that ZSJ efjeij’l = 26°!, the Lagrangian takes the
form
¢ _ 1 o - d*kq 353 i 1.3
cith= 5020 [ (TT s )2m*0* 0 b k) 3 Kbl (ka)oon (o (i) (79)
a=1 s=+,X
and the correspondent interaction Hamiltonian is Hgr = —Lésﬁ.

7.3.2 Dynamical Chern-Simons action

As we saw in Sec[5.1.2] the introduction of the gravitational CS correction affects the evolution of tensor
modes, causing the tensor power spectrum to take two different values for the two helicity modes. In
order to investigate parity violating effects at the level of scalar trispectrum, we need to compute the
trilinear scalar-scalar-tensor vertex arising from that correction. In the followin calculation, we shall
set Mp; = 1 and we will restore it at the end.

In CS gravity, the sst cubic action in the spatially flat gauge arises from the expansion of the coupling

in leading to [32]:
1 .
Scs =~ (0w) / d*z/=g [0¢' K" + (0;09)K"]. (7.10)

Notice that, as w(¢) is taken to satisfy , Opw(¢) can be approximated as constant and taken
outside the integral. As we did in Sec/5.1.2] we exploit the property of conformal invariance of the
Potryagin density, switching to the conformally transformed metric for our computation. Since
in the action there is already the first-order quantity §¢ appearing and the CS topological current is

3Slow-roll approximation is employed since slow-roll parameters are treated as constants and can be brought outside
time derivatives.
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schematically given by K ~ I'OT + I'T'T, we only need to compute the CS four-current up quadratic
order. Furthermore, given that has no dependence on the scale factor in the zero order quantities,
I'® vanishes. As noticed in Se the first order Christoffel symbols are given by ( and so
the Chern-Simons topological current can be written as follows:

K@ = gwad pg (g, 1o, (7.11)

(e

Let us work out the time and spatial component of the current K. Starting with the time component
of the CS current, it is explicitly written as:

KO = FTe 0,1 = "5 ITQ0,T 00 + T9,0; %0 + T 0T + Tindi T, (7.12)

n

where we have left implicit the superscript (2) and (1) indicating the order in perturbation theory
of K and the Christoffel symbols respectively. In order to compute it, we cannot use the Christoffel
symbols listed in . They were used in Sec. to compute the second-order tensorial action: since
at linear order scalar and tensor perturbation do not mix, we neglect the scalar contributions coming
from the Christoffel symbols. In this case however, we need to keep track of the dependence on scalar
quantities in the Christoffel symbols since our aim is to go beyond linear perturbation theory. Given
that the transformed metric components up to second order are

goo=—1-2N+..., goi = gio = Ni,  gij = 055 + hj + ... (7.13)

the Christoffel symbols up to quadratic order read:

oy =N +...
1, - 1, - 1
0
i =N+ N +... (7.14)
- 1, - 1_ - 1
6j = 58]‘]\71‘ — iaiNj + 5’)/1{]- + ...
- 1 1 1
ik = 30k + 5017k — 50k + -
The zeroth component of the CS topological at second order takes the form:
0@ _ oijk|Lia N L5 / 1, N 1, /
K =€ 5(8”N2) (81(9me) - E(a”NZ) (8j7kn) - §’Vm (8J8"Nk’) + §%‘n (aj’}/kn)
1 1
+ 5 (8n%m) (8jam’7kn) 9 (8n%m) (8jan'7km) .
(7.15)
We proceed to computing the spatial component of K:
7 0ijk 1 N7 7/ 1 N7 " 1 / N7/ 1 /
K'=e §(amNj) (6me) - §(amNj)7km - §7mj (&nNk) + 5((%%@) (8m’71m)
1 1 -
L 0u05) (Ourh) Ao + 20N (0,005) — 2(0,) (0,7h)

~ ~ ~ ~ ~ 1
+ N,/n (8game) - (8nNm> (8jam’7kn) + (anNm) (ajan'}’km) - Nr/n (8]’71/«71) + 57;nj71/§/m
(7.16)



62 CHAPTER 7. PARITY VIOLATION IN SLOW-ROLL INFLATION

The third order Chern-Simosn action is explicitly given by

1 i 1 1 -
52 = 400 e 300 00080) =3 0 ) i) 03000+

1 1 1
3 im (05%un) + 5 (9nYim) (90mkn) — 5 (Onvim) (aia"%m)] 6¢/
1, - o 1< 1 AT
" {z(amNj) (OmN}) — §(amNj)w’§m = 5 m3 (OmN) + 5 (0nvms) (Omen) 717
1 1

+N,(9;0m Nk) (a )(ajamy,m) + (00N (ajanykm) N (0%em)

1

where blue terms are the ones contributing to the scalar-scalar-tensor interaction that we are interested
in. Out of the sst contributions, some of them trivially vanish after substituting N and N with their
expressions ([7.5). In fact, the third term of the first term vanishes

) 52 (0007500 =0

since partial derivatives commute and are contracted to the Levi-Civita tensor. The first and second
terms in the fifth line of are equal. To see this, it is sufficient to take the first term (for
example), substitute the expression for N and rename the contracted indices [ <> m. Therefore, the
scalar-scalar-tensor third order Chern-Simons action reads:

o5 1 i x " T/
S = —5(0w) [ dtad [ 350/ (O 0) (95i) = 3 (0156) (0N — 5(896) 71 (0037)

~2(0,00) (0mN) (9%km) — (0:66) N7, (8%km) |-
(7.18)

Let us now work out the terms appearing in the action. After substituting the explicit expressions of
the shift and the lapse functions and integrating by parts, the various terms reads:

st ntegral = 5 [ 2 294 (56) (0 0) 9pr) = 5[5 [ 0 89 (56) (020 25) (91
:_\f/# wk[ 56) (0m0i0726¢") (0j9h) + (60) (8m0:0~26¢") J'Ymk)]
=55 [t | (060) 0007250") 01fs) + (0160) 0007%568) (01
_ 2\5 / dte &0 [ — AaH (8:50) (90~ 266') (037) + (0:08) (0m00) (D7)

+ (8,66) (9m0~254) (aja%mk)}
(7.19)

second integral = ! /d4 giak (6 (5(;5)( )’Ykm ~ ;\/7/d4 gk (3¢5¢6) (3m8j6_25¢,)’7g1k

1 \/? / i it [ — 2aH (9:50) (9;0m0208') ok + (8:06) (8,00 ~254) (a%mk)}

\f / dta éI* [QaH 9;60) (0m0~26¢") (9vmp) — (0:60) (0m0~%6¢') (aja%mk)}

(7.20)
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third integral = —/d4xe”k(8 5¢5)7mj( N’ ~ \/>/d4 "”k 65¢)7m] ((9 00~ 25¢/')

_ \/g / d4x€iﬂf[ H (2166) (0m0200") (01) + 5 (0:06) (9m66) (91

(7.21)

fourth integral = —/d4me”k(a 5(]5).7\7’ DYk \/>/d4 Wk (0:09) (00~ 25(]5)( 0 Ymi)

\[ / 4 @R (0,80)7 1 (0;0m026¢) \[ / A2 e (9:50) 1), (O Omd 260"

= 2 X third integral
(7.22)

ith itegral = ~2 [ @t e (2,30) (V) (9s) = _2\/5 [ t8(256) (009) (9121)

= 2\/5 / d*x @7%(0;60) (0;0,m00) Vs, = —2\/5 / d*x @7%(0,,0,00) (9;00) Vo,

where, we made use of the equation of motion for both the graviton and the scalar perturbation to
remove terms with double time derivative. In the computations above we made use of the antisymmetry
of the Levi-Civita tensor and the transversality of the graviton as well. Summing together all the five
contributions and doing some integration by parts, we obtain the final expression of the third order
scalar-scalar-tensor gravitational CS action:

Sen®) = “f(aqw) / &'z aHET* (0,60) (0m0~260") (jhr,) - (7.24)

(7.23)

We can now restore the Mpy factors that we have neglected so far. To do so, we simply estimate
the dimensions of (| and we will add to it the power of Mp; so that the action turns to be
dimensionless. Smce mﬂaton fluctuations have mass dimension 1E|7 8 5gb] = 2 and [6 0~ 25¢] =1
The tensor perturbations are dimesnionless After reintroducing the Mpi, the action becomes

Sen® = \/f(ij‘”) / d'w aHE™ (8;60) (010 200") (9jvnse)
Pl

. 1 4 ~ijk 2
_QMCS/d z ae?"(9;60) (00~ 0¢") (8jvmp) -

(7.25)

The interacting dCS Lagrangian in Fourier space takes the form

3
1 H d®k 3 k
t __ a 3 3
LEs = _QHMCSa(n)/ <aH1 (%)3) (2m)70 (k1+k2+k3)k§ S;Ras ki ke, (k3)ddi, ()3, ()i, (1)
(7.26)
and the corresponding interacting Lagrangian is Hog = —£&%. Notice that we have multiplied and
divided the Lagrangian by H, so that the small parameter H /MCS could be isolated. This leads the
CS vertex to be suppressed w.r.t. the GR one.

Notice that this interaction Hamiltonian is valid if we assume that slow-roll conditions are guaranteed
throughout the entire duration of the inflationary period. Specifically, the expression for the auxiliary
fields that has been substituted inside ([7.18)) is valid only in the slow-roll approximation.

7.4 Propagators

In the previous sections we saw that the introduction of the CS term leads to the presence of an extra
dpdgry vertex. We are ultimately interested in computing the possible graviton-mediated trispectra

“The Inflaton in our perturbative setting is written as ¢(x,t) = ¢(t) + d¢(x,t). Since a scalar field in four spacetime
dimensions has mass dimensions equal to 1, the field perturbations do the same.
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arising from the introduction of the gravitational CS term coupled to the inflaton filed. As done
in Sec.(6.2.1)), we approximate the inflationary phase as de Sitter, and the inflaton perturbations as
massless. In this setup, the mode functions related to the scalars and tensor perturbations are [32|:

(1 + ikn)e (7.27)

U2 F §g15.4. 2ikn) LT H
exp ——0
U(2,4,2ikn) 4 Mcs

—1/2
1+ ikn)e
[ a Mcs] Mplm( )
(7.28)

Since the CS correction is assumed to be small and it already enters in Hcg, we can expand the tensor
mode with respect to k/aMcs and H/Mcs, as done in Sec., retaining only the zeroth order
contribution. In this way, we compute the graviton-mediated trispectrum at the lowest order in CS
correctionﬂ The expression for the tensor modes in de Sitter and at zeroth order in Chern-Simons
correction matches the one expected in the case of gravity being modeled by GR:

us (k,m) = (1 + ikn)e . (7.29)

"
My V3

Since the scalar-scalar-tensor Hamiltonian introduces time derivatives of both scalar and tensor modes,
it is useful to introduce all the possible Green functions appearing in the in-in time integrals.

Since we will consider two kinds of graviton-mediated trispectra, one with two CS vertices and the
other with one GR and one CS, there are two kinds of (scalar) propagators appearing in the time
integrals:

H2
Sk(n,n') = usg(k, n)us,(k,n') = 2k3(1 +ikn) (1 — ikn)e~ =) (7.30)
. JiE o
SE(n,m") = use(k,m)u*s,(k,n') = ﬁﬁl(l + ikn)e (=) (7.31)

with 7 being the time over which we perform one of the two in-in integrations, and the prime on u} "
on the second equation denoting the derivative over the integration time 7’.

The CS vertex carries a time derivative of the graviton as well, leading to the presence of the time
derivative of tensor modes in the in-in integration:

tH

> U 7.32
MpVE? ! (7.32)

S/(k, 77/) —_

7.5 Graviton-mediated scalar trispectrum

We now focus on the scalar graviton-mediated trispectrum. The only vertex which can violate parity
is the CS one, since it distinguishes between the two helicities of the graviton. In fact, in £
there appear the parameter ag, which takes value +1 for right-handed gravitons, and —1 for left—
handed ones. The vertex coming from the inflaton kinetic term couples to both the graviton helicities
with the same strength, therefore it does not introduce any source of parity violation. We then have
three possible graviton-mediated trispectra: two trispectra with both vertices of the same type and
a "mixed” one with one CS vertex and the other coming from GR. We notice that trispectra with
two vertices of the same kind are real. As a result, they do not contain any information about parity
violating physics in the early universe. The only trispectrum which can provide us such information
is the mixed trispectrum.

This is not the only way to obtain the graviton mediated trispectra at first order in CS correction. As done in [30],
in the in-in computation, we could have analogously expanded the modes function at first order in k/aMcs and H/Mcs
while neglecting the scalar-scalar-tensor vertex arising from the expansion of the Chern-Simons action.
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Figure 7.1: Diagram of the scalar PE trispectrum mediated by graviton exchange. The horizontal line represent

the boundary ng — 0, the external legs are scalar bulk-to-boundary propagators and the wavy line is the graviton
bulk propagator. The white vertex comes from the expansion of the standard kinetic term of the inflaton.
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Figure 7.2: Diagram of the scalar trispectrum mediated by graviton exchange. The horizontal line represent the
boundary ny — 0, the external legs are scalar bulk-to-boundary propagators and the wavy line is the graviton
bulk propagator. The white vertex comes from the standard kinetic term of the inflaton whereas the red one is
introduced by the Chern-Simons gravity.

In the following, we will compute the three types of trispectra arising from the interaction Hamiltonian
H; = Hgr + Hces. From this Hamiltonian we see the appearance the types of trispectra introduced
before by substituting the expression of H; inside For instance

n n
Oy = / dnf / dn’ [<Hcs(77/)0(77)Hcs(77")> + (Hes (1) O(n) Har ("))
o o (7.33)

+ (Har(n)O(n)Hes (")) + (Har(n)O(n) Har (n")

and the same holds for contribution (0,2) and (2,0). However, since the CS interaction Hamiltonian
is suppressed by a power of H/Mcg parameter, the contribution to the PE trispectrum coming from
two CS vertices is strongly suppressed w.r.t. the one with two GR vertices. Therefore, we consider
only the trispectrum built from two CS vertices (Fig., the PE one, and the mixed trispectrum
(Fig, which changes sign under parity transformation. We neglect the PE even contribution from
two CS vertices.

7.5.1 Parity-even graviton-mediated scalar trispectrum
The PE contribution to the graviton-mediated trispectrum has been computed in Sec)6.2.1] The
trispectrum is non-vanishing and depends non trivially on the external momenta p;, py, P3, P4. It is
written as

TP = Psy(p1)Pse(p3) P (p12) S (p1, P2, P3, pa) sin® 0y sin® 3 cos 2x12,34 + 5 perm. (7.34)
where S(p1,p2,p3, pa) is an adimensional function of the momenta

S(p1,pa, p3, pa) = Pipaps/Papi % Tiaza (7.35)

with I1934 given by "
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7.5.2 Parity-odd graviton-mediated scalar trispectrum in slow-roll

Let us now focus on the PO trispectrum diagrammatically represented in Figl[7.2] The trispectrum
receives two contributions from the (1,1), (0,2) and (2,0) terms:

(O / dn/ dn”( ) Har (1 ’)Hcs(n”)>+<0(n)Hcs(77’)HGR(77”)>> (7.37)

Oty =~ [ / i ({Henlo/V Hes(1)O) + (s (1 Han()OG) ) — (7.38)
with O(n) = (36p, (1)06p, (1)56p, (1)06p, (1)

Let us work out all the contributions listed above. In particular, we need to write them in their explicit
form by performing the Wick contractions, and see if the two terms can be written as one the complex
conjugate of the other such that we can factorize them as the real or imaginary part of one of the two.

Starting from <O(77)>F101), the first term in ([7.36)) is explicitly given by

1 H

6 3
/ n d”’/ n d””<HGR<n’>0<n>Hcs<n">>fﬁMTs (H é:i;
- - a=1

> (271')65(1{1 + ko + k3)(5(k4 + ks + kG)

n
X Zk’k] p k kS el (Ke) / dn' a* (1) / dn’ a(n") (5, (n)5dr, (1 )7, ()

X 5<Z>p1( )0dps (1 )5¢p3 ()3, (M) SPk, (" )6k ()i (1))
1 H i 7 p +p
= T 4H Mes (2m)%5(py + P2 + P3 + Pa) Z\: aAp1péez/'\j(P1 + P2)73p4 4193 DA€, (P + Py)

n n
x / dn' a*(n) / dn” a(n’) S5, (n,0) G, (0,0 )Gy (1) S (0 Yup, (0 YWy F ()

+ 23 permutations
(7.39)

where, in the second passage, Wick contractions has been performed. By doing the same with the
second term we find:

Ui n 1 H 3 m.n
/ ay / " Hos(Om Her(i) = = g 37 (27) 0Py + P2 + Py £ Pa) D cr bl pienn(pr + o)
. 3 + D4 K K N N N
Pipiel(Ps + py) / dn' a*(n') / dn" a(n") Gp, (0:0')Sps (0, 1') S, (0, 1" ) SL (0, 1 Y0y, (0 )0, (1)
4 —00 —00

+ 23 permutations
(7.40)

which is exactly the complex conjugate of the first term. Therefore, ([7.36) can be written as follows:

1 H , .3
OmHFO, = —— = (27)% m,n A
(O = = 177 Tos (27) (P + P2+ 3 +Pa) % NPE P (P14 P2) =

D3 +p4 i

pzl@] (p3 + p4)

n n
X 2Re{ / dn a*(n') / dn” a(n'") Sp, (1,7')Sps (0, 7) G, (00" SL (0, 103, ()0, (0"

+ 23 permutations

(7.41)
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We can do the same with the remaining terms ([7.37)) and ([7.38), and one is the complex conjugate of
the other:

1 H p3 +p4 m._n
(OM)ioz) + (OM)a0) = 157 772 (20701 + P2+ Ps+Pa) D anpiphely(pr +P2) =5 PE'Pien,
cs \ pi

n 7
x {QRe[ /_ dn' a*(n) / dn' a(n")Spy (1, 0')Spa (0,1') Sps (") G, (" Yup,, (1 Y0 (77”)]

n
+2Re[ /_ dn" a(n") / i a®(0') Spy (1,7')Sps (0, 1) G (0, 0") S, (0,1 ?S(n’)vﬁg(n”)]}

+ 23 permutations
(7.42)

The total PO trispectrum,TF© defined as (Cplesz3(p4>fO = (27)3TPO6(py + Py + P3 + Py), is given
by [32]:

1 H (p3s +pa)
TPO = — =N "oy P ph ppled (Py + Po)en (g + Pa) Re[I1 + Io — I3]
2H Mcs 4 pi K o (7.43)

+ 23 permutations

with

/

n n
I = / dn' a*(1) /_ dn” a(m")Sp, (0,1 Sps (0, 1) Sps (0, 17V G, (Yo, (U2 ("), (7.44)

—00

/!

/ ! dn” a(n") / ! dn a®(0') Spy (1,7')Spy (0, 0) G (0, 0™") S, (0, Yo (0 Wiy, (), (7.45)

—0o0

I

n n
I = / dnf a*(nf) / d” a(n") Sy (117G (1,755 (1) S (s i Y (0, () . (7.46)

Polarization sum

Before proceeding with the evaluation of the time integrals, it is useful to make the polarization
sum more explicit. The polarization tensors are written in the helicity basis, which is related to the
plus-cross basis by the relation

R,L 1 + . X
€ \f(eij :I:ZGU) . (7.47)
2

The polarization sum is explicitly given by

i j A A

Z axp1P2P5 P €ry (P12)€mn (P3s)
A=L,R (7.48)
i ] R R i J L L
= pﬁpépgnpzﬁij(l)n)fmn(l)m) - Pﬁpép?pzeij(plz)ﬁmn(P34)

where the minus sign in the second line is given by the fact that oy = —1. We recall that p;3 = p;+pPs,
P34 = P3 + P4, and,from the conservation of momenta ensured by the Dirac delta, follows that

P34 = —Pio- From (7.47)) and the results obtained in Sec/6.2.1| we find:

, 1 . . 1 i

efjf(pm)p’lpjz = —\ﬁp% sin? 0, [cos (2¢1) + isin (2¢1)] = \/§p1 sin? ;%191 (7.49)
e/ (P1a)pip) = —EP% sin® 01 [ cos (2¢1) — isin (2¢1)] = _EP% sin? 01211, (7.50)
eﬁ(pM)pgpi = —ﬁpg sin? 05 [cos(2¢3) —isin (2(153)] = —\ﬁpg sin? f5e 293 (7.51)

P 1 . . 1 . ;
eiLj (P34)P5PY = —ﬁpg sin 63 [ cos (2¢3) + i sin (2¢3)] = —ﬁpg sin? f3e%93. (7.52)

(P3 + P4)
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Notice that we made use of the property €;j(pss) = €;;(P12) in deriving the last two relations above.
By combining these results together, it is easy to show that

PiP;P?szg(Plz)ﬁﬁn(PM) = %P%P% sin” 6 sin® ‘93621’(%7%)7 (7.53)
PP ek (io)eh(Paa) = GpApfsin® 6 sin? e~ 2019 (7.54)
Working out the polarization sum, we obtain
Z a,\pﬁpgpgnpﬁef}-(p12)6;\nn(p34) = ipfpg sin? 0y sin® 03 sin(2x12,34) (7.55)
A=L,R

with Xx12,314 = ¢1 — ¢3 being the angle separating the planes identified by {p;, p,} and {ps3,p,}. Notice
that the polarization sum is imaginary. Since all the other terms contributing to the PO trispectrum
are real, the PO trispectrum itself is purely imaginary. This is what we expected from a naive analysis
of parity violating vertices and trispectra.

Time integrals

We focus now on the solution of time integrals. First of all, we substitute the expression for the scalar
Green functions and tensor mode function , and their derivatives with respect to the
internal time, in . Moreover, analogously to what was done in the computation of the parity-
even trispectrum, it is useful to make a change of variable in such a way that the integration variable
is dimensionless. After this change of variable, the trispectrum reduces to:

H (p3 + p1)pipip?
TPO = = — P54 (p1)Ps0 (p3)P- (P12 o2

+ 23 perm.

sin2 01 sin2 03 sin (2512’34) Re [jl + fz — fg]

(7.56)

with the integrals given by

I = (1 + ip1n) (1 + ipon) (1 + ipsn) (1 + ipan) e PP tpstpan

/

,r) d ! ; / /17 ; 1"
/ ,7% (1= ip1n) (1 — ipan) (1 + ipran e 1172 7P12)0 / dn"n" (1 — ipgn/")e!Pstratm)n’

oo »
(7.57)
Iy = (1 +ipin) (1 + ipan) (1 + ipsn) (1 + ipan) e @1 TPtrstpan
n . " 77” dn/ . /
/ dif"" (1 — ipsn")! e PPl / —5 (L= ip1f)(1 = ipar) (1 — iprasy ' PrHP2 P12
o —oco 1
(7.58)

Iy = (14 ipin)(1 + ipan)(1 — ip3n) (1 — ipyn)e " PrP2—Pa—pan

T d 12 . / n . 7
/ (1~ ipun) (1 — ipar ) (1 — iprary ) Prp2tpin / dif"n" (1 + ipan' e~ Petpetpn’,
—0o0

—oco N
(7.59)
Solving these integrals (see Sec|A.1.2) and extracting the real part, leads to

= 1 3ks+ks+kio 1
L =—— = 7.60
! T (k3 + k4 + k12)3 x ( )
=0 (7.61)

- 1 3ks+kys+ ko 1
_ 3t ket k2 1 (7.62)

T pr (ks tka+ k)l

where = and k;, i = 3,4,12 are dimensionless parameters defined as x = prn and k; = p;/pr, where
pT = p1 + P2 + P3 + pa.
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Parity-odd graviton mediated trispectrum

Collecting all the terms together we can write the final expression for the scalar PO trispectrum from
graviton-exchange:

iH + pa)p3p3pts | . .
TPO = = ———P54(p1)Pss(p3) P (P12) (ps + p)P1P3PIy sin? 07 sin? 03 sin (2£12,34)
2Mcs 4pr2p4
7.63
3ks + ka + k1o 1 Sky + ka + k1o 1 + 23 permutation = 0 ( )
(ks + kg + k12)3 x (ks + ks + k2)d P

which is zero, since all permutations vanish separately. This is in agreement with the result obtained
by [32].

7.6 No-go and yes-go conditions

The vanishing of the parity-odd trispectrum is of no surprise: a series of no-go theorems prevents it
from being different from zero at tree level if certain conditions are satisfied. In particular, in [33] it
is stated that:

Ezxchange contributions to the quartic wavefunction coefficient of massless scalars with Bunch-Davies

vacuum conditions cannot contribute to the parity-odd trispectrum if the exchanged field has massless

or conformally-coupled mode functions, Bunch-Davies vacuum conditions and if the constituent cubic
wavefunction coefficients are IR-finite.

In our setup, these assumptions are all fulfilled: Bunch-Davies vacuum condition has been imposed,
we approximated the inflationary universe as a de Sitter space-time and there are no net infra-red
(logarithmic) divergencies arising from the in-in integrations for n — 0. In the same paper the authors
demonstrate that the breaking of scale invariance, either through the presence of IR divergencies or of
time dependent coupling constants at the level of the action, leads to a non vanishing parity-violating
signal at the level of the trispectrum. However, perfect scale invariance is broken if we do not assume
the inflationary phase to be a de Sitter stage: in quasi de Sitter inflation the power spectrum for scalar
perturbations is slightly red-tilted with spectral index ns—1 = —2¢; —ea+O(e2, €3, ... ). This suggests
that, moving away from the perfect scale-invariant regime, the parity-odd trispectrum should not be
vanishing, even if its amplitude would be suppressed by powers of the slow-roll parameters.Regarding
this, we can give a rough estimate of the amplitude of the trispectrum in case of quasi de Sitter
inflationary phase.

Mode functions related to the curvature perturbation and tensor perturbations are proportional to
the Hankel function of the first kind after BD vacuum conditions are imposed:

510 = (S )y o G D (7.60)

00 = (i) |G G E ) ) ) (7.69

where subscript x indicates that the quantities are computed at horizon crossing. For simplicity, we
take the asymptotic expression of the Hankel function in the super-Hubble regime:

lim O (<) = —— r(1+yi)(_§”>_w. (7.66)

—kn—0 e’z

The modes in sub-Hubble regime are highly oscillatory and the he biggest contribution to the in-in
integrals comes from the super-Hubble regime, in which the mode function freezes to a constant value.
To understand the possible contribution to the PO trispectrum, we consider a Taylor expansion of the

(1)

3/2 have been

modes around v; = 3/2, with i« = S, T. Moreover, since the in-in integrals involving H
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shown to lead to a vanishing result, we focus on expanding just the Hankel function:

(n
HY = H) (k) + 51, 2 R0 8(_’“”
¢ v

=1y, +...

vi=3/2 (7.67)

:Hé})z{1+51/i[2—fm—2ln2—ln (?)”Jr

Substituting the expanded modes in the parity-odd trispectrum , it is very easy to identify the
corrections arising in the quasi de Sitter regime. The zeroth order expression matches exactly with
the de Sitter one, leading to a vanishing contribution to the PO trispectrum. Higher order corrections
introduce terms proportional to (e; + 1/2e2)™(e1)™ with | = m + n the order in slow-roll expansion.
Specifically, the leading order PO trispectrum in quasi de Sitter slow-roll inflation can be recast as

H 1
TPO (M) ng‘Py sin? 6 sin® 5 sin (2x12,34) [(61 + 2€2> S1(pi) + €152(pi) | + permutations, (7.68)
CS

where the angular factor comes from the polarization sum, the spectral powers from arranging the
prefactors in ¢, and v,,,, and S1(p;) and Sa(p;) are functions of the external and exchanged momenta
arising from performing the time integrals.

The derivation above shows in a sketchy ways that both the PE and PO trispectra receive corrections
at least of O(e1) or O(e1 + €2/2) if we account for inflationary epoch being described by quasi de
Sitter expansion phase. This is of great interest especially for the PO scalar trispectrum since it is
identically vanishing in de Sitter with BD vacuum, according to no-go theorems. Specifically, although
suppressed by at least one power of the slow parameter, this signal would be present even without
introducing any deviation from single-field slow-roll inflation



Chapter 8

Signatures of parity violation in ultra
slow-roll inflation

We are now interested in investigating whether the inflationary model introduced in Chapter [ may
lead to parity violating signatures once the gravitational sector have been modified by the introduction
of the parity-violating CS interaction term. In particular, we are interested in calculating the PO
graviton-mediated scalar trispectrum to understand whether SR-USR-SR models of inflation, once
the inflaton is coupled to gravity via CS interaction term, can source a PO signal at the level of the
scalar trispectrum which is not suppressed.

To do so, one could be tempted to keep the vertices introduced in the previous chapter, with the model
of interest affecting the integrals ([7.44)), and ([7.46): the domain of integration would be triparted
and the modes function for the various inflationary epochs I, II and III, substituted. However, this
approach would lead us to neglect the contribution to the trispectrum coming from dominant terms
in the SR-USR-SR inflationary model with sharp transition. In fact, both the GR and CS vertices
derived in the previous chapter, come from the third order action at leading order in slow-roll. This is
for sure a good approximation if we want to work just with SR inflation. Nevertheless, if we consider
an inflationary model which explicitly violates slow-roll conditions for a given period of time, then
there are other terms appearing in the action which might be of the same order of the terms considered
before, or even dominant. These considerations had already been taken into account in [53| and [46)
to deal with the cubic and quartic scalar action while studying non-Gaussianities and loop corrections
in SR-USR-SR inflation.

In the following, we will consider the complete expression of the sst action from both the CS and the
inflaton action (with gravity described by GR), analyzing which are the dominant contributions in
our model of interest. Then, we will proceed to compute both the PO graviton-mediated trispectrum
in search of parity violating signatures for such a model. We shall complete the analysis with the
computation the dominant PE graviton-mediated trispectrum, and the estimation of the one sourced
by ¢ vertices in the counter-collinear limit. At the end, some discussions on perturbativity and the
effect of smoothening the SR/USR/SR transition.

8.1 Cubic action

Since in the SR-USR-SR inflationary model the slow-roll parameter have a non negligible time depen-
dence, and we are ultimately interested in the 4PCF in terms of ( it is useful to work in the comoving
gauge.

In the following, we shall derive the expression for the scalar-scalar-tensor vertices in that gauge,
without doing an expansion in slow-roll parameters. Then, similarly to [53| 46|, we can isolate the
larger contributions to the action, that we will use for the computation of the PO and PE trispectra.

71



72CHAPTER 8. SIGNATURES OF PARITY VIOLATION IN ULTRA SLOW-ROLL INFLATION

8.1.1 Standard gravity cubic action

The scalar-scalar-tensor action in case of gravity being described by GR and in comoving gauge is
given by [7]:

s:/ﬁ%w[an@xx@o+ifWﬁmxam«%@+;&qmﬂaowm>

(8.1)
5L

o¢

0L

+ ()= +ﬁxo;@
1

where the auxiliary field x satisfies 92x = ¢;¢. The terms proportional to the equations of motion
can be removed by field redefinitions, which turn out not to be important after horizon crossing, and
can be neglected. The first term of is proportional to €1, the other two terms are higher order in
slow-roll. By replacing y with its expression and moving to conformal time dn = dt/a, the cubic sst
action becomes

S = /dswdn [a €17 (0i€) (9 C)+ 0261 (0%7)(2:072()(9;07°¢") + 026?7{](@0(@3_2@) - (82)

Notice that in the latter expression there is no appearance of the second slow roll parameter or its
derivatives.

We might be tempted to move time derivatives either on ( or on v by performing integration by parts.
In doing so, the parameter €2 and its derivative appear in both the manipulations of the second and
third term. However, these terms turn out to be equal and opposite, canceling each other.

Since also in the SR-USR-SR model the first slow-roll parameter remains small throughout the entire
inflationary phase, the leading order vertex is provided by the first term in the action . Therefore,
the leading order y(( vertex in SR-USR-SR is the same as the one at leading order in slow-roll.
Remembering that the curvature perturbation ( is a dimensionless quantity, we restore the dependence
on My, yielding to the action

Son = Mj [ dada®en (0:0)(040) (8.3)

8.1.2 Chern-Simons cubic action

We start from the action (7.18) and we switch to the comoving gauge by means of the relation
(=—(H/p)op = —d¢/+/2¢1. The shift and lapse vector are then expressed by

N =—¢( , Nz = 6182'8725 (8.4)

and we substitute those expressions inside ([7.18). If we do not treat the slow-roll parameters as
constants, the expression of the Chern-Simons action in terms of the field v and ( is given by

Sés;comovmg (8¢w) /d333d17 %]k|: %( \/7) 61((&66 C)( J'ylk) + ;\/ 26161( (6[86 C)’}/lk
+ 5@61(@()(@5@_2@%} + %@é(az‘()%j(aﬁka_%') + %\/Efl(aiO’Vl/j(alaka_Qgﬂ)
+ V2e1€1(0;0)(81072¢) (0571k) + V2€1(9:¢) (31072 (057r) — 2v/2€1€1(8:¢) (91€)( ]’Vlk;)]

—%(%w) / d*wdn &7F [ — 2v/261€,(0:€)(0;0,07 2 )y, + 4(aH) 26161(310(3;‘315_20)%]
(8.5)

We notice that the action contains also a term proportional to the derivative of the first slow-roll
parameter that would have been higher order if SR approximation held. If we move the derivative
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in the tensor and scalar perturbation by performing integration by parts, we can generate multiple
terms, some of them may contain terms proportional to €}, which is dominating in our model due to
the sharp nature of the SR-USR transition. In this way we can identify the interaction vertices which
are dominating for our model of interested.

First of all, it is useful to rewrite the term inside squared brackets of eq. ( using
€] = (aH) e1€2;
in this way:

—2v/2€1€)(8:0)(9;000 ¢ )iy, + AaH)V/2€1€1(8iC) (9;00 ¢ )i,

~ (8.6)
= 2(aH)v/2€1(9,€) (95000 (2€1 — €erea).
We can then proceed with the integration by part, giving us the following action:
/dedn 2(aH)v/2€1(0:¢) (0,002 )i, (21 — er€2)
4 _ 8 _
—/dgxdn V2e [77261(31'0(3;‘313 2Ok — ?6162(@()((%@3 2Ok
(8.7)

3 _ 4 B 2 _
+ ?6165(@()@@3 2OV + Eﬁl(az(')(ajal@ 2O — 56162(@(')(3]'316 2Ok

- 727616’2(@0(3]'313_2()’% + f]ﬂ(3iC)(3j313_2C)(32Wk) - 7276162(81'0(ajal8_2C)(a2’Ylk)

and we can point out the terms that contribute the most in the inflationary model of interest. In the
case of SR-USR-SR inflation, on one hand slow roll parameter €; remains small throughout the entire
inflationary phase, on the other hand ey parameter, though much smaller than unity in the two SR
phases, is of O(1) during USR. Furthermore, in this work, we stick to the simplest SR-USR-SR model,
characterized by a sharp transition between the two different phases. This means that, among all the
terms appearing in , the dominant one is

2
Emeleg@io(ajw”cwfk

since it leads to the strongest possible divergence. Therefore, in the calculation of the PO trispectrum
can be carried out by using the expression for the CS vertex taken from the cubic scalar-scalar-tensor
action

1 2
S o~ 8(8¢>w)i\4pl/d3xdn ;\/ﬁﬁlﬁé(aio(ajalaﬁowlk
(8.8)
1 2
= —5(Ogw) My / dPxdn ;@eleé(8@-6)(818‘%)(01%%)

when we also have reintroduced the dependence on the Planck mass to make the action dimensionless.

8.2 Propagators

Before proceeding with the evaluation of the integrals, it is necessary to focus on the explicit expression
for the bulk-to-boundary propagators, which are defined as G,(n,7') = fp(n)f;(n'); recall that the
expression for the mode function f, in SR-USR-SR inflation is given by:

1H

fo(n) = Mo/ e x Fy(n) (8.9)
with
(1 4+ dipn)e=P1 for n <m
Fy(n) =< (m/n)? [fyp(l + ipn)e P — dp(1 — ipn)eip”] form <n<mny. (8.10)

(m1/m2)3[o(1 + ipn)e™P1 — B,(1 — ipn)e] for n >
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In the previous expression, the Bogoliubov coefficients take the form provided by (4.16)), (4.17), (4.18)
and . Accounting for the fact that we are computing the trispectrum at the end of inflation,
i.e. when the inflaton has already undergone the second SR inflationary phase, the bulk-to-boundary
propagator takes the following form:

H2 3 . '
Sp(n,n') = Dopiers (Z;) (o (1 + ipm)e ™" — B,(1 — ipn)e™] x F(n'). (8.11)

We also recall that, in case of instantaneous transition SR to USR transition, the time evolution of
the second slow-roll parameter is modeled by step-functions

e2(n) = —Aea[O(n —m2) — O(n —m1)], (8.12)

thus, its time derivative is modeled as Dirac-delta function
ex(n) = Aea[d(n —n2) — d(n —m)]. (8.13)

As discussed in Ch[4] tensor modes are not affected by USR dynamics in the model we are considering.
Considering that we work at zeroth order approximation in H/Mcg in the modes, they are written as

S _ H S S
v, (1) = Y x Fy(n), Fy(n)

Since in the CS vertex the graviton enters with a time derivative applied on it, we report the form of
the corresponding mode

= (1 4 ikn)e~ . (8.14)

iH 9
vy (n) = ———=pne” """ (8.15)
P
Mp1\/p?
To make the notation less cumbersome, from now on we will drop the superscript indicating the spin
and that the mode is tensorial. Since tensor modes are associated to exchanged momentum pio,
whenever vy, and F},, are introduced, we refer to v; = and F; . Moreover, FJ is equivalent to F)

P12 pPi12° P12
[E0) for 0 < m.

8.3 Parity-odd scalar trispectrum

As we saw in the previous chapter, the scalar PO trispectrum evaluated in slow-roll inflation vanishes.
As analyzed, this result is expected since during slow-roll the theory is scale invariant [33|. However,
in the case of SR-USR-SR inflation, there is an explicit breaking of the scale invariance, generated by
the dynamics of USR. In this case, hypotheses of the no-go theorem are broken, and we can expect a
non vanishing PO signal at the level of the trispectrum. In this section we are shall compute the PO
trispectrum in SR-USR-SR inflation taking as CS vertex the one that provides the larger contribution
during inflation due to the abrupt SR/USR/SR transition (8.8]).

The interaction Hamiltonian of interest in the comoving gauge reads:

e1(n)es(n)

Hine = Hor + Hos = —a”Mgy(n)ex (n)(9:€)(8;¢)vi; — al(n) M3,(0:0)(0:072¢) (9711,

2Mcs(n)
- M];%l[ *(n )q(n)/( (C;:)a >( T35k + ke + k) > kikged; (k) G, (1) G (M, (1)
a=1 s=L,R
3
+€21](\Z()js /(1;[ > (k1+k2+k3)z S%:Raskikgefj(kg)gkl( 1) Gieo (MY, (1) |-

(8.16)

By doing the very same steps carried out in Sec|7.5.2|we evaluate the (1,1), (2,0) and (0,2) contributions
to the PO trispectrum. For simplicity we set Mp; = 1; we will resume it when computing the in-in
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time integrations. Thus, we find:

(Co, (1) Cp, (M) oy (Mo, (M) (1.1 p3;;p4 > PipipEPie(P1 + P2)€inn (P + Pa)
s=L,R

x Re

. oo Mces(n”)
(8.17)

(Cpy (MG, (M) o,y (M) Cp, (77)>/(0,2) + (¢, (M) Cp, (M) Cp, (M) Cp, (77)>/(2,0) =
b3+ pa
2

Z aspi PP RS (P1 + P2) €l (P3 + Py) X
Py s=L,R

/

x Re

(")

—00

+ / ' dﬁ"a(ﬁ")W%m, "VSpa (" )or,,, (1) / ! dn'a®(n')er (") Sp, (0,0') Spo (0,0 Y3, ()

h (8.18)

where the apostrophe on the expectation value (...)" indicates that we have absorbed the term
(27)35(py + Py + P35 + P4). Summing (8.17) and (8.18) together, we get exactly the PO trispectrum,
since ((p, Cp,CpyCpa)e 0 = (21)*TTO6P) (py + Py + Py + Py):

PO P3 + P4

==y 2 asPipapipiel; (P + Pa)eun(Py + Pa) X Re[li + o — L] +perms. (g 1)
4

s=L,R

with

f= [ el 5 090 o) [ ) LT G )5, 00,0,
(8.20)

o= [ a1 ) [ a0 er 0 1), )5, ),
(8.21)

f= [* at e gn oSt [ e S g 6, g, 0
(8.22)

Let us focus on the time integrations for now.

8.3.1 Time integrations

Substituting the propagator (8 inside the integrals ([8.20) , 8.21) and , we obtain

Aey p%Z (am - sz)(am — 5174)
L = ———==5—Pc(p1)Pc(p3) P+ (p X
! 16 p§p4 € ()P (pa) s 12)(0‘191 — Bpy)*(aps — Bpg)*

/ /7

/ ! dn'a®(n')er (") Sp (0,0') S (0,0 s, () / ! dn”a(n”)M% (n,1") S5, (m.0" )y, (1)

/ ! dn'a®(n')er(n')Sp, (1:0') S (1,1 Y 0prs () / ! dn" a(n” )](Wl(n)9p3(77,n")9p4(777n”)v§f12(?7”)

[ SN GO0 Bl [ e ) B ) 5 e 860" = ) = 0 = )

(8.23)

AN p%Q 1 (am _BP2)(O‘P4 _BZM)
Iy = ———= 25 —=Pc(p1)Pc(p3) P+ (p12) . X
16 plpi e <PV g g N )
" dn’

i S O E S e 8 = ) =60 = )] [ e ) B 0 )
(8.24)

()
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ﬁ p%Q 1 (apz - /sz)(am — /Bp4)*

Iy=-—

—Pc(p1)Pe(p3) Py (P12) " X
16 pipf e T oy, = By ) (o, — Bpa)
K ﬂ NE* (0 )F* s o* ! dr"' H aya aya m ,—ipi2n’’ S(n" — — 5" —
ael(n)Fy () Ey, () Fy," () N el €11 Fpa (7)) Fpy (17 )e [6(0" —m2) = 6(n" —m)]
—oco N —00 CS(n )
(8.25)
where the scalar power spectra P¢ are the ones derived in Ch.
H? 2
Pe(p) = —Bp[” (8.26)

—— |
2 P
AMgp3 €1, ‘

Moreover, for simplicity of notation, we have already taken the expression for the scalar modes fj,(n)
for n — 0 without setting this limit in the integration limits.

In dealing with the time integrals it is useful to make them dimensionless. This can be achieved
by changing the integration variable to a dimensionless parameter. In this way, the dimensionful
part of the integral can be factored out and the dimensions of the trispectrum are made manifest.
The trispectrum depends on four momenta whose magnitudes can be taken to satisfy the relation
p1 > p2 > p3 > pg without loss of generality. For each momentum p; with ¢ = 1,...,4, we can define
the ratio r; = p;/p1, 0 < r; < 1. We then introduce the dimensionless parameter x = p;7, and focus
on the term of the propagator that depends on the internal time n’ over which we are integrating. This
parametrization will be particularly useful for future observations. Notice that n = n; and n = 1o
the parameter x is x1 = pim1 and zo = pi1ng, satisfying 1 < z2 < 0. The F functions with this
parametrization become

(1 + irjz)e e for z < x
Fp(x) = S (1/2)% [y, (1 + drjz)e "% — 5, (1 — irjz) e for oz <z <o (8.27)
(x1/22)3 [am(l +iriz)e i — B (1 —irx )e”ix] for x > o

and F,,(x) = (1 + iriax)e 122,

The integrals above are given by

_Ae p12P1 1

h=-73¢ P3P} € —5 P (p1)Pc(p3)P- (p12) (try = s Oy = Br)

(ary = Bry)* (g — Bra)*

% / dx//MCfSZI( ) (xn)F:3 (l'”)F;; (m//)eirlgx” [5(3:” . m2) o 5(x// _ 3?1)]

/ dz'eq <$/)F:1 (x,)F:z (x/)Frlz (x/)

(8.28)
Ae? p12p1 1 (aTQ — ﬂrz)(am — ﬁm)
I = —5Pc(p1)Pc(p3) Py (P12
16 P2p4 € ¢(p1)Fe(ps)Py (1 )(am = Bry)* (g — Bry)*
T H ) wll
e e @ e 8 ) 8 )] [ el (@) () )
csl\x —o0
(8.29)
AEQ p12p1 1 (aTg - 57"2)(047"4 - /BT’4)*
I3 = Pe(P1)Pe(p3)P(p12)
16 pipd 2T (0, — B ) (o — Bra)
T x H . 7
/ da'ey (2") ., () F, () FY, (2) / dz” Mg (2 )el(x”)FT?, (@) Fpy (2")e™T122" [§ (2" — 29) — 6(a" — 21)]
(8.30)
where we used a(n) = —1/Hn since we are approximating the universe during inflation as a pure de

Sitter spacetime.

These integrals are very much simplified by the Dirac deltas contained in the term corresponding to the
integration of the CS vertex. However, the fact that they appear to be nested makes the integration
domain of the remaining one worth a few more considerations.



8.3. PARITY-ODD SCALAR TRISPECTRUM 77

Integral I,

Consider the case in which a Dirac delta in the variable y” is included within a nested integral in the
integration variables y’ and y”. This leads to:

/

Y

/_ ) / "y g8 — ) = gu) / ay' F ()0 — ) . (8.31)

— 0o
The appearance of the Heaviside function is due to the fact that the integral over n’ is null if 7, falls
outside its integration domain. This allows us to restrict the integration domain to y’ € [y, y] and to
remove the Heaviside theta function from the integral.
Recognizing that is exactly the integral structure of , it becomes

_&p%gpl i (Qry = Bry)(Qry — Bry)

! 16 ngi € C(pl) ((173) 7(1?12) (ary = Bry)*(Qrg — Brg)*
L61($2)66AN§* (a, B, 22)F7, (v, B, w2)e 1272 — i e ()T (a, B, 21)T* (o, B, 1) 1271
MCS (IZ) 7’3 M ) T4 ) M MCS (I‘l) 7"3 ) ) T4 b M

X d{L‘lel(x,)F:1 (:I)/)F:2 (x,)Fﬁz (:E/)

. 2
- mﬂ(ﬁl)ﬂg(a,ﬂwl)ﬂﬂa,5,1‘1)6"1”1 /zl dm’el(:n’)Frl(m’)F,,Q(:n’)Fm(az’)}

(8.32)
where the function Fy (A, B, x) is defined for convenience as
F-(A,B,z) = A.(1 +irz)e” ™ — B.(1 — irz)e™™ (8.33)

with A = 1,7y, g and By = 0, 6, Ok.

Recalling that €; evolves as during the entire inflationary period, and the functional form of
the F' functions , the time dependence of the first slow-roll parameter inside the integral is
exactly canceled by the product F; F¥. Moreover, the Chern-Simons mass Mcg o 1/,/€1 acquires a

LT re’

dependence on time as Mcg o (n/n1)® during USRH and thus
H H H
o BAN__ T _3AN (8.36)
Mcs(x2) Mcs(z1) Mcs,;
Therefore, we can rewrite the term I to be
Aeas H p%2p1 (ar — Br )(ar — Br )
L=~ Pe(P1)Pe(p3)Py(p12 L b
16 MCS,Z’ pgpi C( ) C( ) 7( )(aﬁ _/6T1)*(aT3 _/67”3)>|<
{ |:6_3AN?;<3 (017 ﬂv x?)g::;l (aa B’ x?)eianQ - 9:3 (17 07 331)3::4 (1’ 07 $1)ei7"12$1:|
(8.37)

x/cwﬂum@fwgmﬁﬂgaquﬂ)
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z1

2
dx'ff;‘l (o, B, x’)ﬂ’ﬁz (o, B, 2")F sy (, B, x')}

!This indeed the correct scaling of the CS mass. In fact, its logarithmic variation during the characteristic time of
expansion 1/H gives

Mos 1 0w(9)¢” +0sw(d)d ¢ Dw(9)

— 3~ -3 (8.34)

HMcs H Bpw(d)d T H 0pw(9)

in case the coupling is a smooth function of the inflaton

y 2
$ Bw(d)| |1 dlnwg(e) , s 0 w(6)
'H8¢w(¢) ‘ “|H  dt <1 = |0sw ()] < ZWpl' (8.35)

which is equivalent to require that the variation of the coupling with respect to the field in logarithmic scales changes
slowly during an Hubble time.
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Integral I,
In the second term I, another nested integral with Dirac delta appears:

11

Yx

/deﬂWﬁW“wﬁ/idmmhszQ/ ay'a(y) -

—00

Implementing this to (8.29) and accounting for the time dependence of €; and Mcg and the functional
form of the mode functions in the various inflationary epochs, we arrive to:

AEQ H plzp (Qry = Bry)(ry — Bry)
16 Mcs ) p2p4 (047"1 - /87”1)*(047"3 - /87”3)*

{[egANfF: ( 5,1,2) T4(a ,3,:62) —iTr12T2 _?: (1 0 «Tl)ffr (1 0 1’1) 17‘1211:|

I =

5 Pc(p1)Pc(p3) P~ (p12)

(8.38)
/ 42T, (o, B,2")T%, (0, B,2)T7, (1,0, )

T2
+ e 38NFr (a0, B, 22) T, (v, B, 12)e _mm/ dfv’ﬁ"?l(%&x’)%(%é,w)3’1‘12(%5,90’)}

1

Integral I3

In the third term I3 there is no nested integration appearing. This makes it the easiest integration to
perform, without further considerations on the integration limit in the remaining operation.

By performing immediately the integration over z” and accounting for the time dependence of the
first slow-roll parameter and Mg, we get:

(a""Q — /Brz)(am — /87“4)*
() = Bry)*(Qry — Bry)

X [6_3AN9’ (o, B, 22)Fr, (a0, B, 2)e —iriaTe f?T3(1,0,x1)3'}4(1,O,xl)e_"mxl

I3 =
16 MCSz p2p4

5 P (p1)Pe (p3) Py (p12)

1 9
X [/ da'F; (1,0,2")F7,(1,0,2")F; (1,0,27) —i—/ da'F; (v, 0,2")F;, (v, 0,2")F; (1,0,2")
—0oQ X1

+ [ ' (0.0 <@>nmom}
: (8.39)

Let us now focus on the remaining time integration. We notice that there are only two types of
integrals appearing in (8.37)), (8.38) and (8.39)):

/ a2’ (A, B, 2')F% (A, B,")57, (1,0,4') and / da'F* (A, B,a')F*, (A, B, 2)F 1, (1,0,2").

T12
(8.40)
Since the complex conjugation on the function F corresponds to flip the sign of the momentum in
it if the Bogoljubov coefficients A and B are respectively equal to the unity and zero, F(1,0,z) =
(1—irz)e™ = F_,.(1,0,z), it is sufficient to solve just one of the two integral above, and we will obtain
the other by reversing the sign of the dimensionless combination 712. Therefore, we can consider only
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the first integral and its solution is given by (for the solution, see Sec. in the appendix)

xp
I(Tl,TQ,Tm,l‘a,l‘b):/ d:c'ff;fl(A,B,x')ffg(A,B,x/).’f;m(l,o,x/)

= Ay A, (5(7‘17 2,712, Tp) — I(r1,72, 712, l’a)> — A} By, (3(7’17 —r2, 712, ) — I(1r1, =72, 712, l’a)>

— B A7, (3(—7‘17 T, 712, ) — I(—7T1,72, 712, xa)> + By, By, <5(—7“17 —ro,712, %) — J(—7T1, =12, 712, an))

(8.41)
with )
I(ry,re,m12,2) = (— - — iiﬁlﬁz ;— B - BP’:B) ez, (8.42)
z 1 b1
with the beta functions given by:
pr =11+ 712+ 112
Bo = —(7'1 + 7”2)7“12 —riry . (8.43)
B3 = —r1r2ri2
The integral (8.41)), if 2, = —oo and z, = x1, reduces to
— 1
I :/ da'F; (1,0,2")F;,(1,0,2")F7 ,(1,0,2") = I(r1, r2, 712, 21) (8.44)
—00

once we account for the ie prescription.

If we evaluate it during the second slow-roll phase, between x2 and 0, the contribution linearly diverges.
In fact,

I = lim da'F; (o, B, ")) (o, B, 2")Fy (1,0, 2")

=07 Jxq

- O[;la:Q <j(7"1, r27 T127 07) - j(T17 TQJ 7,127 :132)) - a:1 :2 <j(rla _T27 T12, 07) - j(rla _T27 T12, .TQ))

— B o, (5(—7“17 r9,712,07) = J(—=71, 72,712, 362)) + By, By, <5(—7“17 —7r2,712,07) = J(=r1, =12, 712, wz))
(8.45)

and

1_ B2+ Ps
where we have kept only terms that are not vanishing at the end of inflation. Notice that the contri-
bution is divergent and the divergent part is purely real. This will be important in the following.

I(r1,r2,m12,2 = 07) = — (8.46)

Then Iy, I and I3 are given by:
(arz — 57"2)(0‘7"4 — /BM)
(g = Bry)* (g — Bry)*
X {[A/(T‘:z,m, —r12, 21, AN) — A" (rs3, 74,712, 21)] (1,72, 712, 72, 0) (8.47)

I, = pref x

— A" (r3,r4,m12,21)1(r1,72, 712, T1, 96'2)},

(047“2 — ﬁrz)(am — 67"4)
(o, = Bry)* (g — Bra)*
{[A’(rl,r27 —r12,21, AN) — A"(r1, 79, —r12, 1) |1 (r1, 72, =12, —00, T1) (8.48)

Iy = pref x

+ A'(r1,7r9, —r12, 21, AN)I (11,72, —T12, 71, 962)},
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(O‘m — ﬁrz)(am * BM)*

I3 = pref x
(arl - 57‘1)*(047”3 - 57‘3)

x [A'(r1,r2, 112,21, AN) — A"(r1, 79,712, 21)]” (8.49)
x [I(r1,r2,712, —00,31) + I(r1, 72,112, 21, 32) + 1(r1, 72, 712, 2, 0)],
with the functions A
e H p12p
pref = — Pe(p1)Pe(p3)P(p12), 8.50
16 MCS’L p2p4 C( ) C( ) 'Y( 1 ) ( )
A/(Tla 2,712,171, AN) = €_3AN§’:3 (aa B? x2)3’:4 (Oé, 57 x2)6i7”12$2, (851)
A”(?“l, 2,712, 1‘1) = ?:3 (1, 0, .%1)?:4 (1, 0, xl)eirlzwl . (8.52)
8.3.2 Total parity-odd trispectrum
Turning to the total PO trispectrum, we perform the polarization sum:
Z i J.om, n.\ A _'22-20-29-2
QP PoP5 DY 6z'j(1312)6mn(ps4) = i pypgsin” 01 sin” O3 sin(2x12,34) (8.53)

A=L,R

were, following the same conventions defined in Sec[6.2.1] the ; angles are defined as the angles
comprised between the momentum vector p; and p;5 which lies in the 2 axis. Moreover, the angle x
is the angle between the two planes identified by couples of momenta vectors {p;, py} and {ps, p4}-

Putting all pieces together, we find that the total parity odd trispectrum takes the form:

TPO AGQ H
16 Mcs

(p1)P¢ (p3) P~ (p12) sin® 0y sin® 05 sin 2x12,34

p1p12p3 (arz — /87“2)(057“4 — 57’4) [ / "
X Re * ¥ A(T’l,Tg,—T12,x1,AN)—A (?”1,7"2,—7’12,.’151)
p4p2 { (a"'l - 57’1) (047«3 - 57’3) ( )

x I(r1,m2, —r12, —00,21) + (A,(T17T27T12,$1,AN) - A”(T177“2,7“12,901))f(7“ — 1,792,712, 72,0)

+ A'(r1,7r9, —r12, 21, AN)I (11, 72, T12,ZE1,ZE2)—A"(ﬁ,7“2,7“12,531)[(7“1,7“2,7“12,1‘1,1‘2)}

. (aTQ - 57”2)(0‘7“4 - Bm)*
(aT1 - 57”1)*(057‘3 - 57”3)

[Al(ﬁ,?"zﬂ“m,fvh AN) — A"(r1,72, 12, 21, AN)]

X [1:(7”1, 9,712, —00,21) + I(r1, 79,712, 21, 2) + I(r1, 7“277“127562,0)} } + perms.

(8.54)

Notice that the PO trispectrum does not have any late-time divergences, even if lim,_,q- I(r1,r2, 712, )
linearly diverges. Let us consider only the divergent part of J(rq, 72,712, x) (8.42)) if we send z to zero

from the left. Then
. 1 5152 + B3
lim J(rq,re,r12,2) = ——
T—T0 {L‘O 61
where we have kept only the terms that are non vanishing by the end of inflation and the divergent

term is implicit. Of course g = 0~. Considering only the divergent term, it appears in two blocks of
the trispectrum:

(8.55)

_ (O‘TQ _ 57"2)(0‘7“4 ﬁm)
= C(pijnl)Re{ (aﬁ - ﬁﬁ)*(am - 3)*

x (aTla"‘2 - a’l‘1 7‘2 - Brl o + ﬁ:lﬁrz) ( ;)} (856)
i }am — IBT2|2(O‘T4 - ﬂm)

xo (arg - /87“3)*

A'(r3,rq,7m12, 71, AN)

= C(pianl)Re{ — A/(T3,T4,7"12,901,AN)}
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and
T (aTQ - ﬁm)(am - 51“4)* /
I, = C(p;,m)Req — A (r3, 4,112, 21, AN
2o { (@rs ) (e, — ) TR AN
* * * * * * * * 1
X (aTlaT2 - O[TlﬁTz - 67“10[7"2 +6T16T2) < - 550)} (8'57)
2
1 |ap, — B ary, — Bry)” «
ZC(piml)Re{m‘ = (;2’_(54) Dy (?”377“477“1273317332)}
rs T3
with
Aes H p3pd,p2 . . .
Cpsm) = —i— 2 PibiaPs Pe(p1)Pe(p3) P (p12) sin? 0y sin? O3 sin (2x12,34) (8.58)

7
16 Mcs; pips

and A’ defined as (8.51)). When these two blocks are summed together, we get terms of the type
1
TPO ) C(pi, nl)Re{xo‘am - 57"2 ‘Q(X - X*)} (859)

with X = (ap, — Bry) A (rs, 14,712, 21, 22)/(ry — Bry)*. Since X — X* = 2iImX, the term inside
curly brackets in li is purely imaginary: in fact 7o, |a; — BP‘Q and ImX are real quantities and
are multiplied by the imaginary unit i. Therefore, the PO trispectrum does not manifest any late-
time divergence since it is a purely imaginary contribution and only the real part contributes to the
trispectrum.

We notice that, as we set 71 = 12, which correspond to x; = x2 in our dimensionless parametrization,
the Bogoljubov coefficients reduce to @ = 1 and 8 = 0, and the parity odd trispectrum ( vanishes.
In fact, (A" — A”) vanish in this limit, and terms which do not contain this combination involve
contributions of the type I(r1,r2, 12, x2) — I(r1, 72,712, 1) vanish once we set x1 = x5. This is indeed
a sanity check for the expression for parity odd trispectrum in SR-USR-SR inflation, since setting
1n1 = 12 is equivalent to having no USR phase at all, and no-go theorems hold.

8.3.3 Large-scale limit

Let us focus on the large-scale limit (p1, p2, p3, P4, P12 <K ki1, k2) of the expression for the PO trispectrum
in SR-USR-SR inflation. Recall that k; and ke are the wavenumbers associated to modes crossing
the horizon at conformal time 7; and 79. As implemented previously, without loss of generality, we
can assume that the amplitudes of the momenta satisfy p; > ps > ps > pg. Here it is clear why
the parameterization introduced in Secf8.3.1| is advantageous. The large-scale limit corresponds to
pi/k1, pi/ka — 0, that is, the wavenumber of fluctuations involved in the correlator must be much
smaller than that associated to the SR/USR/SR transitions. This limit results in simply taking the
parameter z; in the trispectrum to satisfy 1 — 0. In fact, p;/k1 = —pim1 = —riz1, with 21 = pim
and 7; = p;/p1,i=1,...,4,0 < r; < 1. Moreover, p;/ko = ¢*Np; k1.

From Eq. we see that the parameter 1 appears only inside Re{. .. }. Thus, we proceed expanding
the PO trispectrum for z; — 0 as

TPO:Axl_”—i—Bxl_"H—|—~-+Cx1_1—|—Dx[1)+E:c1+..., z1 — 0

where the coefficients A, B, ... are required to be real.

Proceeding evaluating the Laurent expansion of the PO trispectrum with Mathematica, we find that
it is vanishing at large scales. The coefficients associated with negative powers of z; cancel out once
all terms inside one single permutation are summed up, and the coefficient D in front of the zeroth
power is purely imaginary, thus it does not contribute to the final expression of the PO which results
to be TP© oc O(z1). This makes TF© identically vanishing in the large-scale limit.

This result is in agreement with no-go theorems and provides another sanity check of the expression
B:54] Indeed, when taking this limit, the trispectrum receives contributions from modes that have
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left horizon at very early times, when the inflaton is undergoing the first slow-roll evolution: during
this phase the hypotheses of no-go theorem are satisfied[33]. For this reason, the vanishing of the PO
trispectrum is expected in that limit, for any configuration of momenta, and it is a confirmation of

the self-consistency of the result (8.54).

8.3.4 Small-scale limit

As the PO trispectrum vanishes in the large-scale limit, we expect it to be zero in the small-scale limit
as well. In that regime, the trispectrum receives contributions from small wavenumber modes exiting
the horizon during the second slow-roll phase, when scale invariance has been restored again.

Thus, we compute the large-scale limit, which corresponds to p;/k1 = —rjz; — oo and p;/ke —
00. Actually, the limit does not exist: the PO trispectrum reduces to a combination terms of the
type of el(ritratr)aen - gilritrodriz)rs - pilrstratria)er gnd irs+r4E£m2)22  which heavily oscillate once
x1,x9 — —o00. However, the presence of these terms is due to the sharp SR/USR/SR transition. These
contributions arise from the fact that the sharp nature of the transition demands a tripartition of the
in-in integration, causing the oscillatory terms of the type e®®, a = «a(r;), to be evaluated at x1 and
x2, associated to the transition times n; and 12, 71 < 12 < 0. If the transition were smooth, those
contribution would be evaluated at the beginning and the end of inflation, solving the problem of the
non-existence of the limit.

We can then expect the PO trispectrum to be vanishing in this limit due to the previous consideration
and, in the instantaneous transition regime we chose to work in, the trispectrum at large values of p;
not to be physically informative.

8.4 Parity-odd trispectrum in the equilateral configuration

Having found that the SR-USR-SR inflationary model with CS gravity is able to generate a non
vanishing PO trispectrum, we wonder which is its shape and which are the kinematic configurations
such as the signal is maximized. In this section we took inspiration by the works [71} 72].

Consider a general tridimensional coordinate system and four momenta p;, py, p3 and p, satisfying
pP1 + P2 +P3+ Py = 0. Then, rotate the coordinate system such that py || Z and p; and p, lie in the
{%,z} plane; momenta p; and p, will lie on a different plane rotated by an angle x with respect to the
{X,z} one. This coordinate system is exactly the same as the one we chose to make the polarization
sum explicit. In this reference system, the trispectrum can be visualized as the tetrahedron built from
two triangles, p; + py — P12 = 0 and p3 + ps + p;2 = 0, which are rotated by an angle x one with
respect to each other.

In case the exchanged momentum p;, — 0, the configuration reduces to be planar: all the p, vectors
reduce to a triangle in {x,y}. Since the structure is planar, the PO trispectrum identically vanishes,
considering that it is not possible to capture parity violating physics from a planar figure. In this case
pP; = —Pp; and p3 = —p, and the momentum conservation condition can be expressed as

§(PL+ P2+ P3+Py) = /d3p13 §*(P13 — P — P3)6° (P13 + Pa + Py) = /d3P13 §°(P13 — P1 — P3)

if we eliminate the redundant Dirac delta. The momentum configuration reduces to a triangle, and, as
analyzed in Sec[7.1] no non-vanishing pseudo-scalar can be constructed out of this configuration. In
the same way, in the case in which one or more momenta collapse to zero, the configuration is no more
tridimensional, and the PO trispectrum is expected to be identically vanishing. This points out the
fact that the configurations of momenta maximizing the PO signal are those in which all the momenta
have approximately the same size p; ~ p2 ~ p3 ~ p4. For this reason, we turn to inspect the the
parity-odd trispectrum in the exact equilateral configuration. In this limit, all momenta magnitudes
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are equal p; = pa = p3 = ps = p, and
p1 = p(sind, 0, cos x)
P2 = p(_ Sinev 07 COS X)
p3 = p(sin @ cos x, sin f sin x, — cos #)
pa = p(

p(—sin 6 cos x, — sin f sin y, — cos 6)

with 6 and x being the polar and azimuthal angles respectively. Without loss of generality, we can set
0 <6 <m7/2, since m/2 < § < 7 generates the same momenta configuration as 0 < 6 < /2 just rotated
by an angle m. Moreover, 0 < 6 < 7 correspond to exchange the two couple of momenta {p;, p,} and
{pP3, P4} with each other. Using this parameterization, the trispectrum is completely characterized
by the wavenumber p and two angles (6,%): TT°(py, Ps, P Ps) = TV (p, 0, x). Moreover, we are
interested in studying the behavior of the dimensionless trispectrum. The trispectrum is dimensionally
equal to a power of three of spectral power

TP = Pe(p1)Pe(p3) Py (p12)S(p;) (8.60)

where S is the shape function. To recover the dimensionless trispectrum TV©, we multiply and divide
by pipipl, /(27%)% (8.63) and find

TPO = pipip}, TTO = (27?3 A (p1) Ac(p3) A4 (p12) S (P;) (8.61)

We begin analyzing the scale-behavior of the trispectrum, shown in Fig. The trispectrum displays
a dip on scales pg;p ~ 2.65k1 x 10~2.The presence of a sharp dip implies the vanishing of the mode
function f,, at those scales, and it is a characteristics of all inflationary models featuring a phase of
USR [51}, /17, 45]. Soon after the dip, the trispectrum steadily increases as p grows until it reaches its
maximum, presumably at scales k1 < p < k. The reason why the maximum is not easily identified is
the highly oscillatory behavior of the trispectrum for p 2 9%k;. This case is indeed analogous to what
noticed and analyzed in 73|, in which the bispectrum of scalar perturbation in Starobinsky model of
inflation was studied. Analogously to the PO trispectrum in SR-USR-SR inflation, the bispectrum
grows indefinitely with the wavenumber. The authors identified the cause of this suspect behavior in
the presence of sharp features in the potential. Analogously, we can safely consider the oscillatory
behavior at those scales as non-physical, thus being an artifact of the sharp transition. For scales
smaller than the dip, the amplitude of the trispectrum decreases for decreasing wavenumbers. This is
in agreement with expectations since in the deep large-scale limit, p/k; — 0, the PO trispectrum is
expected to vanish.

We investigate the angular behavior of the trispectrum in proximity of its maximum, located approx-
imately at wavelength p ~ 2.6k;. The dependence of the PO trispectrum on the angular parameters,
6 and x separately, is shown in Fig. 2] The dimensionless trispectrum across 6 is symmetric under
0 — m—0, as for 7/2 < 6 < 7 the momenta configuration is the same as for 0 < 6 < 7/2 a part for a
rotation of 7 around the z-axis. We notice that the trispectrum is maximum around € ~ 7 /5.We then
show the dimensionless PO trispectrum against the aperture angle y, for fixed values of p = 2.6k;
and 6 = 7/5. Notice that the maximum does not occur exactly for y = m/4, but at a slightly larger
value. Even if this might seem counterintuitive since the folding integral enters the trispectrum inside
the sin 2 term, this is only true for four permutations corresponding to the s-channel. For this case,
with the choice of reference system illustrated above, x = x12,34. However, the folding angle is channel
dependent and the folding angles x1324 and x14,23 are functions of the parameters § and x. Thus,
since we are plotting everything as a function of x = x12,34, which corresponds to the azimuthal angle
of the ps and p, vectors in the chosen coordinate system, the trispectrum can be expected to reach
its maximum for a value of the angle y different from the one that maximizes the single channels.

In Fig[8:3] we show the dependence of the trispectrum on both 6 and x. As expected, the trispectrum
vanishes for §# = /2, which corresponds to |p; + ps| — 0. It is identically zero also for y = 0 and
X = 7/2, since the configuration reduces to be planar. Moreover, the PO trispectrum is anti-symmetric
w.r.t. x = w/2. This is a sign of the parity odd nature of the observable: x — 7 — x corresponds to
swapping the handness of the tetrahedron (exchanging the two planes {p;, py} and {p3,p4})-
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Figure 8.1: Behavior of the PO trispectrum in the equilateral configuration for fixed angles § = 7 /3 and x = 7/2.
The values of the cosmological parameters are: H = 1.3 x 107°Mp;, H/Mcs = 1072, €1, = 1073, Aey = —6,
AN = 2.5 and k; = 10*Mpc~'. We retain the imaginary unit .

8.5 Parity-even scalar trispectrum

Together with the PO trispectrum, we evaluate also the PE contribution. In principle we would have
two trispectra contributing to the PE signal from graviton-exchange: one built from two GR vertices
and one constructed out of two CS vertices. However, only the CS one contributes significantly in the
inflationary model under consideration. In fact, even if suppressed by the first slow-roll parameter €,
it contains the derivative of the second slow-roll parameter €, which is divergent in the approximation
of instantaneous SR/USR/SR transition.

Let us now focus on evaluating this trispectrum. As explicitly shown in Sec[6.1] the expectation value
of an operator O, which, in the case of O = ((((, leads to the evaluation of the trispectrum, is given
by three contributions

(O() = (OM) @ + <O(77)>(0,2) +(OM) 20 (8.62)
with the (1,1), (0, 2) and (2,0) terms given by (6.37), (6.38) and the hermitian conjugate of the last
one since (O(n))2,0) = (O(n )J(ro 2" Therefore, the equatlon above can be written as

(Om) = / dnf / di"(Hes (1 )O(n) Hes ("))
(8.63)
— 2Re

/ af / dif" (O(n)Hes (') Hos (n")

Since the trispectrum built from two CS vertices is parity-even, it is convenient to write also the first
term in as the real part of an expectation value. The computation of this expectation value leads
to a prefactor depending on momenta combination and angular part (coming from the polarization
sum), and a time integration: since the prefactor and angular part will be real, and only the real part
of the time integration contributes to the trispectrum. Written in this form, the PE trispectrum will
be manifestly real.
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Figure 8.2: On the left, the adimensional PO trispectrum in the equilateral limit across 6, for k = 2.6 k; and
x = 7/2. On the right, the same quantity in the equilateral limit across x with 8 = 7/5 and k = 2.6 k;. We
retain the imaginary unit i.
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Figure 8.3: Contour plot of the dimensionless PO trispectrum multiplied by 10~?. The color denotes the
amplitude at each value of 8 and y.

We start with the (1, 1) contribution:
U n
O = [ dn [ " (Hes Ol Hes(")

L er(n)es(n’) [ e1(n”)ez(n”)
i d /a / 2 / d //a " 2 %
1) ) Mos(n) J—oe ™" (') Mcs(n”)

6
X Z asoq/ ( H d*k, )(271_)65(1{1 + ko + k3)d(ky + ks + ke) x (8.64)

3
s/=LR (2m)

ka ke .
X o g KRR KR € (ks) el (s) (C et )G (ka1 )y (s, ') Py )
25

X ¢(P2, MC(P3: M) (P4, M (ka, 0" )¢ (k5,1 )y (ke, "))

a=1
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We now have to perform the Wick contraction as usual. However, this time we perform a trick that
will enable us to write the final result as a prefactor and the real part of the combination of bulk-to-
boundary propagators. We split the expectation value in two identical contributions and we take two
different permutations in such a way that the two contribution to the (1,1) term are one the complex
conjugate of the other:

(C(k1,m")C(ka, 0" )y (k3,0 )¢ (1, MC P2y M) (P3, ME (Pas M)C (Kay )¢ (s, 1)y (ke "))

: : 1 1
10 % \ \ X X X X

i \
=3 <C(k1,n’)C(k2,n’)&’(ks,n’)é(pl,n)é(pz, ¢ (P3, )¢ (Pgs M (ke ") (ks5,1")Y (ke 1)) + perm.

I % 1 l
[ { | — i | |
+ <C(k1,n’)C(k2,n’)';/(k3, 7)¢(P1M)¢ (P2, )¢ (P3,1)¢ (Pgs 1) C (ke ") (k5,1")Y (ke 1")) + perm.

(8.65)
The (1, 1) contribution is then
<O / _ 1 p%Z 2.4,7. m, n_s s
(77)>(1,1) = 822 Z o P1Paps P €3 (P12) €mn (P3g) X
PoP1 TR
n n
X [ / dn'a(m)A(n") Sy, (,1) G5, (0,00 p1, (1) / dn"a(n")A0")Sps (1, 1") Sps (0, 1" ) 0" 1y (0")

n

n
+ / dn' a(n YA Sp, (0,1") Spo (1,0 )0 p1s () / dn”a(n”)k(n”)%(n,77”)9;4(77,n”)v'm(n”)]

— 00 —00

1p%2 2,4,7
~4p3 > PP (P12)€hnn (P3a) X
2174 s=L,R

x Re[ / ! dn'a(n)An") Sy, (n,1') S5, (0,1 )0 15 (1) / !

—0o0 —0o0

dn"a (A" S (1.1 (mn”)v*'m(n”)]

(8.66)
with
e1(n)ex(n)

An) = ——"F . 8.67
( Mcs(n) (8.67)

We work out the polarization sum:

Z agp’ipgpg”pffefj(p12)efm(p34)
s=R,L

= pﬁpépgnpzef}(Plz)eﬁn(PM) + pip%p?pzefj(pu)%n(pm) (8.68)

= pipjsin® 0y sin? 03[ cos (2x1) cos (2x3) — sin (2x1) sin (2x3)]

= p%p% sin? 0; sin® 5 cos (2612,34)

where a%, ; = 0, and in the last equality we exploited the trigonometric identity cos (z1 + x2) =
cos x1 cos T2 — sinxy sinxa. The angle {1234 is defined as the difference of x1 and x3, as before.

The (1, 1) contribution is then given by

1 2 .22 ) )
<O(7])>’(1?1) = 1% sin? 6 sin® 05 cos (2€12.34) X
Poby
n n
X Re[ / dn'a(n )X(1") S5, (n,m") G, (1,1 )0y, (1) / dn" a(n" )AN")Sps (0,1 Gpa (0, 0" V0™ pr (1)

+ permutations

(8.69)
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Regarding the second term in (8.63)), it becomes

1 P%zP%P% c 2 2
2Re[<0(n)>(072)] = Z ) sin 91 sin (93 COS (2512734)><
bopy
n n
x Re [2 / dia(1")A(1") Spy (0, 1) S (0, 1) pia (') / dn"a(n")N0")Sps (1, 1") s (0, 1" ) 0" 1y (")
—00 —0o0
+ permutations
(8.70)
with A being defined as (8.67)).
Putting these terms together, we find that the PE trispectrum can be written as
TP = Lpiypivs sin? @) sin? 63 cos (2£12.34) Re [f —2I. | + permutations (8.71)
4 p2p2 1 3 12,34 1 2 p . .

Notice that the form of the equation above makes manifest its reality.with

- n n s "
I = /_ dn'a(n)A(") Sy, (0, 1") Gy, (0,0 )0y, (1) /_ dn" a(n"YA(0")Sps (0, 1") Gpa (0o "Y', (")

o ) ) (8.72)
12:/ dna(n')A(1)Gpy (1) G (m, 7 Ju m(n/)/ dn"a(n")A1")Sps (0, 0") Gpa (0, 0" )™y, (1)
(8.73)

8.5.1 Time integrations

We can now substitute the expression for the coupling constant A, the scalar bulk-to-boundary prop-
agators and the tensor mode functions in I; and Is and solve the integrations. After doing that and
taking the n — 07, we find:

~ A i}
I fozf’ljﬁﬂ’<<pl>ﬂ><<p3>n>v<pl2)g SLSACAELN
’ P P3 p3
n / H / / 72 o’ , ,
X /Oo dn mﬂ(n )Fp1 (n )Fp2 p127 [5(77 — ) — (" — 771)] .7

x /_7; dnuwcfw)el(n”)F* (") Ep, (") e [6(n" = 1) = 60" — )]

T AGQ p12 1 (apz — 6}72)(@174 — /szl)
I, = =P P P
276 p2p4 e (1) e(ps)P(p12) (apy = By ) (apy — Bpy)*

* / i Mcl:( /) er () Ey, () Ey () )e 27 [6(n = ma) — 6(n" — m)] (8.75)

/

<[ e ) E G E e [ =) = 800 = )]

where we accounted for the fact that we are approximating the space-time as pure de Sitter during
inflation, a(n) = —1/Hn.

Analogously to what we have been doing in the previous sections, we make the integrals dimensionless.
To do so, we employ the parameterization introduced in “ In this way, terms I; and I become

(aT2 — ﬁrz)*(am — ﬂm)
(aﬁ - ﬁh)(am - 57’3)*

X /w do' ———— H ) e1(a")Fy, (2 Fry (2 )e 12 [6(z' — z2) — 6(2" — 21)] (8.76)

- H;*ﬂ’c(m)ﬂ’c(m)%(pm)

Mcs(')
x / d:c'/cf(wel(ﬂz//)F% (") Fr (2" e [§(a" — a2) — 3(z" — x1)],

—0oQ0
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= Aey péllQ 1 (atry = Bry)(Qry — Bry)
=—===_=P P P
64 p%pi 612 C(pl) C(p3) 7(]712) (arl _ Brl)*(am _ 67*3)*
* H * * —iriox’
- /oo ' ey @R D (@) 30" — 22) = 0(a” — )] (8.77)
o H * * iriaz’’
X /_Oo dx"mq(m")ﬂg (") F7 (2")e 2™ [5(a" — mg) — 6(2" — a1)]

where the adimensional F' are of the form (8.27]).

The integrals inside I; can be solved immediately, and gives

T Aey H 2 pZILQ (O‘TQ - 61"2)*(057“4 - 61"4)
=% ( Mcs,i> LD (0P 0)Ps (o) (2 O

% |:e—3AN9:T1 (a7 8, x2)&r~r2 (a’ B, 1,2)6—1'1”12902 _ 3",«1(1, 0, xl)fﬂz(l, 0, xl)e—imzm (8.78)

X |:e_3AN:T:3 (Oé, Ba $2)9j:4 (Oé, ﬁ) xQ)eiT12z2 - ?:3(17 07 $1)§:4(17 07 xl)eimel]‘

In the expression above we have exploited that

H san  H _san H
_. _san_H 8.79
Mcs(x2) Mcs (1) Mcs,i (8:79)

and the F functions are defined as (8.33).

Regarding the second term, it is also immediately solvable due to the presence of the Dirac deltas,
but it needs to be considered with some care due to the presence of the nested integration. In fact,

(047“2 — ﬁrz)(am — /67“4)
(047»1 - /87”1)*(047"3 - /8T3)*

X {63AN5F:3 (a, B, 22)F7, (o, B, :Cg)e"””

‘T aMcszZ%Zi%(pl)?dm)?v(pm)

z ’ H Nk (N Tk (N —ir1ax / / !
X /_OO dx Wq(:ﬁ VE (2" F (2")e O(z" — 22)[0(2" — w2) — d(2" — 21)] (8.80)

~
first term

— F7.(1,0,22)F7, (1,0, 1) 12"

* / H I\ % Nk (0, —ir12T’ / / /
X /_Oodx mq(w VEL ) (2" (2)e 0(x' — z1)[6(2' — m2) — (2" — x1)] }

~~

where the Heaviside theta functions are due to the fact that if the Dirac delta is not peaked at a
value of z” within the integration domain z” € [—o0, 2'], it does not contribute to the integral. Their
presence affect the first term and . In fact,

H ' |
e = EiMi |:63AN3::1 (Oé, IB’ 5[52)35:2 (O[, B7 332)67“412%29(0) - ?:1 (]—u Oa xl)gjjz (17 07 331)6717"123619(331 - $2):|
CS,i
¢ H _saNg« X p
- 5@6 ?7“1 (O‘vﬁaxz)ffm (a,ﬁ,ggQ)e ir1222

(8.81)

and the second contribution in the first line vanishes because x2 > x1: x1 = p17m and 7; corresponds
to the beginning of the USR phase, instead x2 = p1n2 with 7y corresponding to the end of the USR
stage. Moreover, #(0) = 1/2, which explains the difference in the prefactor between the first and
second line.
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The yields to
H ) .
e € 0 BT 0 B e ) = 57, (1,0, ), (1,0 )e T 0(0)
K
H : 1 :
= €— [e“%NfF;fl (a, B,22) Ty, (o, B, x2)e” 2" — =T (1,0,21)37, (1,0, :Ul)e_mm]
Mcs,; 2

(8.82)

in this case, the Heaviside step-function 6(z2 — x1) is equal to one, since the condition zo > x; is
always satisfied. Then, the Iy contribution becomes

7o Aey H ? pZILQ (aTz — Brz)(am - ﬁm)
= 5 () S0 G S

efGAN ;
X 2 3':1(0(,B,ZEQ)?:Q(O[,B,QZQ)?:?)(Q,/B,:13‘2)?:4(01,6,1'2)8”‘12m2
(8.83)

— e NG (a, B,22)T7, (o, B, 22)T7, (1,0, 22)T7, (1,0, 201 )™ 71272
—3AN

L

3‘:1 (17 07 $1)?:2(1, Oa $1)?:3(1, Oa T3)?:4(1a Oa 1:1)6_“12zl }

8.5.2 Total parity-even trispectrum

Putting the terms together, we obtain the complete expression for the PE trispectrum

Aey [ H \? pSop?p3 . (Qry = Bry)*(ary — Bry)
TPE — ( > Pe(p1)Pe(p3) Py (p12) 22253 sin? 0y sin? 05 cos 212.34Re r2 "2 T4 T4
61 \Mgs, ) el Tews) P )= s s AR (s = Bro)(ary — By )"

*
X [A/(Tl,T27T1273317AN) —A"(Th?“z,?“lz,xl)} [A/(T3,T4,T12,x1,AN) —A//(T3,T47T127331)]

_ o, = Bry)ar, = &4)* [ﬂ’(r&m,7"12,131,AN)A'(?”1’7“27 —r12, %1, AN)

(O‘n - 57’1)*(057“3 - 57’3)

—2A"(r3, 74,712, 71) <A/(T17T2, —r12,21, AN) — A" (11,79, —112, $1)>] } + perms.

(8.84)

This trispectrum also vanishes once 7o = n;: even if setting 1 = x9, o = 1 and § = 0 does not
lead the term inside Re{...} to be zero, the conditions are equivalent to impose that USR does not
take place, and, therefore, that there is no discontinuity in €9, Aes = 0. This is expected: the CS
vertex which is dominant in SR-USR-SR scenario is localized at the transitions. Once the USR phase
is removed, this vertex vanishes. If we are interested in studying this PE trispectrum in the AN =0

limit, we need to take the CS vertex as ([7.26)

8.5.3 Large and small-scale limit

We analyze the asymptotic behavior of the PE trispectrum at large-scale. This limit in quite easy so
can be solved analytically. First, we recall that the difference of Bogoljubov coefficients a and 3 in
the large-scale limit is finite, despite the two coeflicient diverge separately in this regime. Moreover,

o — By = e 32N L O(2?), (8.85)
making it equal to its complex conjugate at leading order in  — 0 limit. Therefore,

(aTz — 57’2)(0‘7"4 — /BT4) (aT2 — 57"2)*(057’4 — 57"4)

_ 2y
(arl - /87“1)*(@7"3 - ﬁm)* = O(x ) B (aTl - 57"1)(0‘T3 - /87'3)*‘

(8.86)
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At the same time,

A'(r1, 7m0, 2719, 21, AN) = e 22N (0, — Br)) (ry — Bry)* + O() (8.87)
A'(r3,74, 2712, 21, AN) = 673AN(04»,,3 — Bry) (apy, — Bry)" + O(x) (8.88)
A" (r1,m2, £r19,21) = () — Bry)* (i, — Bry)™ + O() (8.89)

A (r3,r3, %712, 21) = (Qry — Bry)*(ary — Bry)™ + O(2) (8.90)
(8.91)

Substituting these expressions in (8.84]) we obtain

Aey ([ H \? PSopin}
i TPE - _ j) :]) nJ) 12F173 .. 2 9 2 0 2 —6AN O 2 )
lim o1 < Mcs,¢> ¢(p1)P¢(p3) 7(p12)73pi sin® 6 sin® 05 cos 2x12,34€ +0(2”)+perms

(8.92)
and we see that the PE trispectrum is constant at very large scales. This behavior is expected, since
no theorem enforces the real part of the trispectrum to vanish under certain conditions.

The small-scale limit presents the same complications encountered in case of PO trispectrum: the limit
does not actually exist due to the presence of oscillatory terms that do not cancel out. Again, this is
due to the instantaneous nature of the SR/USR/SR transition, and can be solved by smoothing it.
We can expect the PE trispectrum to set on a constant value, since the restoration of scale invariance
during the second SR phase does not require the PE trispectrum to vanish. Moreover, a rise in the
amplitude is not expected since will lead it to become O(1) at some scale, causing the breakdown of
perturbation theory.

8.6 Parity-even trispectrum in the equilateral configuration

Analogously to the case of the PO trispectrum, we analyze the scale dependence of its PE counterpart
in the equilateral configuration. Fixing the value of the angles, in Figl8.4] we show the behavior of
the PE trispectrum w.r.t. p/k;, noting that it appears extremely similar to the PO trispectrum. In
fact, it is featured by a dip for p ~ 2.65 x 10~2k;, a characteristic of all correlators in models of
inflation admitting a phase of USR, and a rise of the signal right after. The signal reaches its peak
for p =2 3kq, and For larger scales, the signal becomes heavily oscillating around zero. As discussed
before the PE trispectrum is not informative at small scales, since a non physical oscillating behavior
is depicted. However, we can expect it to stabilize itself to the maximum value 7¥F ~ 9(10~!!) and so
be constant at small scales. This is because we expect a similar behavior to the large-scale one since
the contributors to the signal in that regime are large wavenumber modes exiting the horizon once
the SR regime is restored. For this reason, the peak is expected to be k1 < ppeqr < k2, and choose
p ~ 3.3k1, which correspond to the scale in which a distinguishable bump is located, in a regime in
which oscillation have not became dominating yet. Notice that in the large-scale regime the constant
behaviour of the PE trispectrum is manifest. This is again a confirmation of the sanity of the result.

For that value of the momenta, we show the contour plot of the PE trispectrum for 6 € [0,7/2]
and x € [0, W]ﬂ As expected, the trispectrum is symmetric under § — 7 — @ since it is even under
parity transformation. Note that the PE trispectrum is maximized for planar configuration of the
momenta (x =0, x =7/2 and x =7, and 0§ = 7/2)

8.6.1 Counter-collinear limit

Previously we have stated that the dominant PE contribution to the scalar trispectrum in SR-USR-
SR is the one built from two CS vertices. This statement is correct only if we account for graviton-
mediated trispectra. However, this is not the only contribution to the PE scalar trispectrum: we also
have to consider scalar trispectra from an exchange of scalar perturbation, so with ¢2 vertices, and the
trispectrum from contact ¢* interaction. These vertices are amplified as well by USR dynamics, and

2The detailed discussion on the angular intervals can be found in Sec. M
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Figure 8.4: Behavior of the PE trispectrum in the equilateral configuration for fixed angles # = 7/3 and x = 7/2.
The values of the cosmological parameters are: H = 1.3 x 107°Mp;, H/Mcs = 1072, €1, = 1073, Aey = —6,
AN = 2.5 and k; = 10*Mpc . We retain an overall imaginary unit i.
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Figure 8.5: Contour plot of the normalized dimensionless PE trispectrum multiplied by 10*!. The color denotes
the amplitude at each value of 8 and x. We retain an overall imaginary unit .
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the bispectrum and loop corrections to the spectral power from those interactions has been widely
studied in the literature [46} 17} |18 74]. Without having to perform any further calculation, it is very
simple to estimate the contribution from the exchange PE trispectrum with ¢? vertices, to understand
which is the dominant exchange triapectrum.

Non-Gaussianities entailed in higher order correlators, such as the bispectrum and the trispectrum,
are expressed in terms of non-linearity parameters fxr,, 7nr, and gng, as:

)
B¢ =< fxu §<jb Pc(pa)Pe(py) (8.93)
54
T = 7L Z Pe(pav) P (po)Pe(pe) + 25 INL Z Pe(Pa)Pe(pp)Pe(pe)- (8.94)
b<c a<b<c
a#b,c

These parameters express the deviation of ¢ from a Gaussian random ﬁeldlﬂ In the counter-collinear
limit, the trispectrum T¢ simplifies and can be written as [67]

Te(P1, P2, P3, Pa) = 47N P (p12) Pe(p1) P (ps)- (8.95)
In case inflation is sourced by a single field, relation (8.96) among localﬁ 7~ and fyr, holds [75].

6 2
e = (Sr) (5.96)

This makes clear the fact that, by knowing the non linearity parameter fyr,, the amplitude of the
exchange trispectrum in also known. That parameter enters in the squeezed limit of the trispectrum,
which has been widely studied in slow-roll violating scenarios.

It is established that, in models admitting SR/USR transitions sufficiently long-wavelength modes
p/k1 < 1, exiting the horizon before the onset of the USR phase, satisfy Maldacena’s consistency
relation [74]

5
NE (L ps) = 15 (1= ns(pr). (8.97)
This means that, if py, takes value in a wavelength interval for which the spectral is very well known,

we can infer the value of fll\?fal, extract Tll\lofal and give an estimate of the PE trispectrum with ¢3

vertices where the momentum of the exchanged particle is p1a = ps. In particular, from Figld.T] the
power spectrum in the interval of scales 4.5 x 1072 k; < p < 1.5k increases steadily and the spectral
index is well known to be ng = 4. Therefore we can say that, for the long wavelength in that range of
values, fiocdl = —5/4 and, from el = 9/4.

To evaluate the trispectrum we consider the equilateral configuration for simplicity, fixing the external
momenta to be p = 0.005 k1, whereas the exchanged momentum p2 = 5 k1, in such a way that we are
allowed to distinguish between long wavelength modes, p = pr, and short wavelength modes, p12 = ps.

In terms of adimensional quantities, the relation is

(‘TC(pM P2, P3, P4) = 4~11\?ISaIAC(p12)AC(pl)A§(p3) (8-98)
where 7gl = (272)37jocal
H & \ 2(H/Mcs\>
PE _ -5 7

The PE trispectrum arising from CS vertices for the values of external and exchanged momenta

reported above leads to
H \?( & \ ?(H/Mcs\*
TEE = 1.201 x 10—11< ) ( G > < / CS) (8.100)

10-° 103 102

3 As we introduced in Ch@ non-Gaussianities cannot arise if a field is Gaussian distributed, i.e. is a free field without
any interaction term appearing in its Lagrangian

4The adjective local referring to the non-linearity parameters fnr, and 7n1,, means that these parameters are evaluated
in case pr, = p1 K p2 = p3 = ps and pr, = p12 K p1 X P2 X P3 ~ ps = ps respectively.
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This shows that the dominant contribution to the PE trispectrum comes from the cubic scalar vertex
dominates over the PE trispectrum built from two CS vertices.

This estimate shows that, for the value of momenta assigned above, the dominant contribution to
the PE trispectrum from exchange of particles is the one with ¢ vertices. This result is expected
since the trispectrum with cubic scalar vertices is proportional to three power spectra, that experience
a significant enhancement. The PE trispectrum form CS vertices is suppressed in two ways. First,
it contains a power of two of H/Mcs, which is the parameter used to expand in CS corrections.
This parameter is set to have a value of 1072. Moreover, since the trispectrum is graviton-mediated,
the tensor power enters in the expression. Since it is significantly smaller than the scalar power, it
contributes to suppress the PE trispectrum from CS vertices as well. We extract the local non-linearity
parameter 7yi, for the CS interaction:

(8.101)

H/Mcs\*
e = 3.899 x 1072 </ CS)

102

which is in agreement with the constraint from Planck data [76]: 7o < 1700 at 95% CL.

8.7 Comments on perturbativity

When dealing with phases that violate slow-roll we need to be extremely careful with what give
for granted in the slow-roll inflationary scenario. Boundary terms, that usually can discarded, may
become important and perturbativity might be affected as well, resulting in loop corrections that may
explode in SR-USR-SR inflation.

The study of loop corrections in inflationary model featuring a phase of USR [77, 53| triggered an
intense debate about ruling out or not the mechanism of PBH formation via USR in single field
inflation. In fact, from the calculation of one loop corrections to the spectral power the following
bound is derived

A¢(bpear) < 5 = 0.03 (8.102)

1
(Aeg)
where A¢(kpeqr;) corresponds to the power spectrum at the the scales in which the peak is located,
which are important for the formation of PBH. This is found by requiring the loop corrections of the
scalar power spectrum at scales relevant for CMB observation (k = O(ky), with k, = 0.05Mpc™1) to
be much smaller then the tree level value to ensure the validity of perturbation theory.

It is well known that, on scales scales kpeqr Which are relevant for PBH formation, curvature pertur-
bations with large amplitude are needed in order to produce an appreciable amount of those object
[21]. This translates into requiring that models of SR-USR-SR inflation needs to be able to source
A¢(kpear) ~ O(1071 — 1072) to be considered as a possible mechanism of PBH production. However,
[77] employs a model featuring sharp SR/USR and USR/SR transitions, which are approximate mod-
els. Indeed, it has been shown that, once we account for a smooth transition in the ey parameter,
loop corrections are harmless [78] 79, 80, [81} 54], being of the level of few percentage [54] for models.
Given that in USR models the size of loop contributions is of the order of few percent to the tree-
level expressions, this indicates that they have been significantly amplified by USR dynamics, however
perturbation theory remains unspoiled. As noticed in [54], even insisting in keeping a sharp transi-
tion, perturbativity is not yet threatened. This difference arises in the fact that the size of the loop
correction needs to be compared with the PBH abundance rather than with the order-of-magnitude
estimate of the enhancement of the power spectrum, as done in [77].

These considerations are the ones derived from the literature. Turning to the computation of the
trispectrum, perturbativity seems to be broken at very small scales (k > k3) by the trispectrum as
it continues to grow indefinitely. As demonstrated in [73|, this is an unphysical behaviour at very
small scales and can be associated to the smoothness of the transition. Therefore, in order to assess
the precise value of the enhancement of the trispectrum, extract 7'158 and compare it with present
and forthcoming data, an analysis accounting for the smoothness of the transition is mandatory.
However, based on previous numerical studies of non-Gaussianities obtained in this regime [17], and
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from physical argument based on no-go theorems [33, 82|, we can expect the PO trispectrum to be
non vanishing and significantly enhanced to a peak at small scales, without the indefinite growth post
the peak leading to the breaking of perturbativity.

8.8 Effects of smoothening the transition

We can still make some few considerations on the role of the smoothness of the transition starting
from the expression for the PO trispectrum that we derived

We model the transition between phases as [46]

A _mnp?
2 An
TaAn © around 71,

(8.103)

EH _ (77*77%)2
__% A
NI n around 72,

where An is the duration of the transition: if An — 0, the transition is sharp, leading to €, —
ey (1 —1m.2)-
Consider an integral involving the derivative of €):

n

1= [ gy = Lm0 = m) ~ Fm)On )] (8.104
—00

if the transition is sharp. However, we are interested in investigating what happens once we do not

send An — 0. For simplicity, we focus on studying the behaviour of the integral around the first

transition 7;. Once we substitute (8.103) inside the integral, we obtain:

n el _m=np?
I= dn’ f2A e A7 f(n)
T
o0 U (8.105)
EIQI 0 —z2 / 1‘2A172 "
= = dxe f(m) +xAnf'(m) + fom) + ..
VT ) 2

where we have defined the variable = n—mn;/An, and we have Taylor expanded the function f around
n1. About the integration domain, integration variable z is evaluated in the interval z € [—o0, 0], since
they correspond to integrate over all possible values of the duration of the transition, An. Indeed,
x — 0 corresponds to Ay — 0, while z — —oo to An — 0, an infinitely smooth transition.

We are interested to see whether terms such zAnf’(n1), 2An?f”(m)/2 can become large leading to
deviations from the sharp transition case (8.104]). The integral over the parameter x can be easily
solved, once we consider that:

0
/ dze ™ = \f (8.106)
0

1

/ drze™™ = -3 (8.107)
0
/ dz z?e™™ = \f (8.108)
This reduces the integral I to the form:
EH 6II EIIA,,72

In~m)=-2 — 2 _Anf’ 2 8.109
(n=m) = flm) N nf'(n) + =g f"(m) + ( )

In order to see when smoothening the transition makes the integral deviate from (8.104)), which is the
form taken for an infinitely sharp transition, we focus on the first correction:

_An fi(m)
vr fm) T

6II
I(n~m) = —-f(m)|1 (8.110)
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In the PO trispectrum the integrands associated to the derivative of the second slow-roll parameter
are of the form

H i
Jin) = e )T, ()T, (m)e P2 (8.111)
_— Fx. ()T, (n)ePr2n 112
Fan) = g er(m)Fp, ()T, (n)e (8.112)
(8.113)
We consider =
1) = 375 1T 5, ()T, () (8.114)
but the same conclusions can be extended to all the others. We compute the correction
S| _dmj)| i (H/Mcs) | dng |, dIn (T, ()T, (e ) (8.115)
fn) dn dn dn dn ’
n=m n=m n=m
Accounting for the fact that 1/Mcg o< /€1, the first two terms read
dIn (H/Mcs) N dlne; _ 3dlng _9 (8.116)
dn dn 2 dn m '
n=m n=m

where we made use of the definition of the second slow-roll parameter €5 and that we approximate the
universe as perfect de Sitter, n = —1/aH.

Regarding the third term, we recall that F7_(n)F,, (n)e~ 127 consists on a sum of terms of the type
B1Bo(1+ipsn)(1£ipy)e FEPsEpatri2) where By and By are the Bogoljubov coefficients. They can be
both of the same kind, for example v or §, or separate. We choose Ty, (1), (n)e™"P127 = vy, (1 +
ipsn)(1+ ip477)e_i(p3+p4+p12), but, again, the results can be extended to all the other terms. The third

term in (8.115)) is

dIn (7}73%4(1 +ipan)(1 + ip477)€_i(p3+p4+p12)) dInyp, —|—dln Vpa Pgﬁ pz2177 ‘ ]
= —1p12

dn dn dn 1+ipin 14 ipan
n=m

(8.117)
We see the appearing of the logarithmic derivative of the Bogoljubov coefficients. They have been
derived from matching conditions at 1; in case of sharp SR/USR transition. This makes the Bogoljubov
coefficients changing abruptly during the transition, from the value 1 to (4.16). We assume that, if
the transition is smooth, these coefficients will change sufficiently smoothly during the transition, so
that Andln~y/dn is a small quantity.

Collecting everything, and setting p; = r;x1, £1 = p1/m1, 7i = pi/p1 with i = 3,4, we obtain that the
integral (8.110]) around the transition reads

11
€ 9 An 3T r421 .
I(ne~mn) =2 1— 21T A _
(77 771) f(771) [ ) np1 <1 T irszy + 1+ irazy 12 | +

(8.118)

We remember that the trispectrum involves four wavenumbers p; associated to each of the four external
legs. We assume that p; is the largest wavenumber. The correction is small if three conditions are
satisfied

1. The duration of the transition An is much smaller than the time at which occurs.

2. The combination A7 p; is small, which is equivalent to ask that the time associated with horizon
crossing of p1, the larger wavenumber, needs to be much larger than the duration of the transition.
In fact, the wavenumber is proportional to the inverse of the wavelength of the oscillations of the
mode function p; = 27/A;. Requiring Anp; < 1 means that we require that the mode function
associated to p; almost no oscillation during a time interval An. In this way, the modes cannot
resolve whether the transition is infinitely sharp or smooth.

="
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3. The wavenumbers p3 and ps need to be smaller or at least of the same order of the those
associated to the transitions.
If these conditions are satisfied, the sharp transition approximation is describing correctly the physics.
Notice that the third condition means that the sharp transition approximation fails to provide the
correct behavior of correlator functions at very small scales (k > ko). This is in agreement with our
argument in the previous section and the large-scale regime is well-approximated by the instantaneous
regime.



Chapter 9

Conclusions and future prospects

The discovery of parity violation in cosmological observables will lead to major breakthroughs, pointing
towards new interactions, either in gravitational or within the electromagnetic sector. A part from
recent hints in the CMB in the form of cosmic birefringence [25, 83| 26|, there is the possibility that
new interaction left their imprint on the LSS, causing quartets of galaxies to look different on the
mirror. Recent analysis of the 4PCF of galaxies from the BOSS and DESI catalog pointed towards a
possible detection of violation of parity symmetry, with detection significance ranging from 2-7¢ [27]
28] Even if these results may be biased by systematics or covariance misestimation, it is impelling to
study theoretical models capable of sourcing PO cosmological signals, given that one of the simplest
models of inflation breaking P symmetry, single-field slow-roll inflation with CS gravity, is not able to
seed any detectable effect on LSS [30, 32].

With this purpose, we studied for the first time the possibility of generating an enhanced PO signal
at the level of the scalar trispectrum, once the standard slow-roll conditions are violated for a brief
epoch. To introduce a source of chirality, GR is modified by introducing a CS coupling between the
inflaton and gravity. This model is rooted in high-energy theory, with CS correction being justified
from a EFT perspective [55] and arises also from anomaly cancellation in heterotic string theory [59].
In addition, phases of violation of slow-roll condition have been widely considered in the literature |13,
15) (16| 152, |17, |18],147], since they can generate a copious amount of PBH, renowned for being a possible
dark matter candidate. As shown and discussed in this thesis (Chf]), a model of brief phase of USR
amplifies scalar perturbations. Therefore, the model that we consider consists of single-field inflation,
with one brief USR epoch sandwiched between two SR phases, accounting for the gravitational CS
correction.

With this being said, we began our journey towards the calculation of the primordial PO graviton-
mediated scalar trispectrum, expecting the PO signal to be significantly enhanced by USR dynamics
and peak at small scales. In fact, previous studies of non-Gaussianities from scalar cubic interactions
enlightened the capability of these models to amplify deviations from the Gaussian statistics [77} [74)
17]. In our analysis, the explicit form of the inflaton potential, which contains features enabling the
inflaton to violate slow-roll conditions, i.e. a plateau, is kept implicit: we work accounting for a the
non trivial time-evolution of background quantities, the slow-roll parameters. Moreover, to simplify
calculations and solve everything analytically, we approximated the spacetime during inflation as pure
de Sitter, consider scalar perturbations as massless, and an instantaneous SR/USR/SR transition.
These approximations have extensively been employed in the literature so far: the first two in slow-
roll in studying non-Gaussian correlators of primordial fluctuations [56} 32} 31|, and all of them in [46/
74, |77], is SR-USR-SR models. Moreover, CS correction to GR naturally introduces a dimensionless
parameter H/Mcg which has to be small to avoid the propagation of ghost modes [60]. This parameter
enters both the tensor mode functions and the vertices involving the graviton. We can use it as a
perturbative parameter to expand in CS corrections at the desired order.

After recovering the results for the PE and PO graviton-mediated scalar trispectrum in SR4CS for the
aforementioned approximations [67, [32] (Ch[7), with the PO component being identically vanishing
since exact de Sitter is a scale invariant regime, and a series of no-go theorems preventing the PO
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trispectrum to be non vanishing relates heavily on that condition [33|. Therefore, in Sec. we relax
de Sitter approximation, to obtain an order-of-magnitude estimate of the PO trispectrum in SR+CS.
The trispectrum is found to be extremely suppressed, with the leading-order contribution in slow-roll
expansion being of the order of second power of the first slow-roll parameter or a combination of the
first two.

We proceed with diving into the calculation of both PO and PE trispectrum in SR-USR-SR~+CS, after a
careful evaluation of the scalar-scalar-tensor vertices and identification of the dominant contributions.
Having done that, the PO trispectrum is found to be non vanishing and the analysis of its scale
dependence carried out in the equilateral configuration (Sec. shows that it peaks within the interval
of wavenumbers associated to modes exiting the horizon during the USR phase. In addition, it depends
only on few parameters characterizing the physics of inflation: the value of the Hubble parameter H,
the duration of USR phase in number of e-folds AN, the value of the second slow-roll parameter
during USR Aeg, and the Chern-Simons correction H/Mcs. The SR-USR-SR+CS circumvents no-go
theorems for PO trispectrum since scale invariance is heavily violated.

In the large scale regime p;/k1,p;/ka — 0, k1 = —1/m1 and ky = —1/n9, the PO trispectrum vanishes.
The contributors of the PO trispectrum in this limit are modes exiting the horizon deep in the first
SR phase, when no-go theorem holds. The other condition for it to vanish is to consider a AN to
be zero, which corresponds for having no USR in the first place. Again, this happens because we are
back in the scenario discussed in Sec[7.5.2} it is again expected from no-go theorems. Even if there is
no such theorems applying to the PE trispectrum, it vanishes as well, but for different reasons. The
PE trispectrum in SR-USR-SR+CS is constructed out of two CS vertices, which are localized at the
transitions (Sec. If AN = 0, no transition occurs, leading the correspondent trispectrum to
vanish. In the small-scale limit, p;/k1,p;/k2 — oo, both trispectra display strong oscillations whose
amplitude grows for increasing value of the wavenumbers. In analogy with [73|, we state that this
behaviour is due to the sharp SR/USR/SR transition employed in the calculations. However, sharp
transition are not believed to exist in nature (Natura non facit saltum), and we can expect the PO
trispectrum to vanish in the small-scale limit once we account for the smoothness of the transition.
In such a regime, the major contributors to the trispectrum are modes exiting the horizon during the
second SR phase, in which scale-invariance is restored again. Both the trispectra experience a sharp
rise for wavenumbers p > 2.65 x 1072 k1, which corresponds to the scale in which the null is located,
eventually reaching its maximum in an interval of scales exiting the Hubble horizon during the USR
phase. It is of great interest that the PO signal reaches an amplitude of O(10~Y) for scales in which
we expect the peak to be located. The amplitude of the dominant contribution to the PE trispectrum
from graviton-exchange is suppressed w.r.t. the PO of about two orders of magnitude. The angular
behaviour around the peak has been investigated as well, allowing us to visually confirm the parity-odd
and -even nature of the observables we have computed. The PO signal from the trispectrum is null in
case it reduces to a planar configuration of momenta, i.e. for x = /2 and all possible values of 6, and
for # = 0,7/2 and unspecified x. On the contrary, the collapsed configuration is the that maximize
its PE counterpart. This implies that the counter-collinear limit § = /2, which is usually considered
even in dealing with PO trispectra [30|, is totally uninformative.

To compare our model with observations, we take the counter-collinear limit of the PE trispectrum

local .
to extract TISE ¢ We obtain

H/MCS>2 (9.1)

CS, local _9
’ = 3.899 x 10
"NL < 102
which is in agreement with the constraint from Planck data [76]: 719! < 1700 at 95% CL. Moreover,
we extract the same non-linearity parameter of cubic interaction ¢3. This is done by extracting the
non-linearity parameter fyr, from the Maldacena’s consistency relation, which has been proved to
be valid even in models of inflation admitting a brief phase of USR for sufficiently long modes ki,

exiting the horizon much before the onset of the SR violating phase [74|. The parameterﬁl\?fal in its

local form is related to fﬁ‘jal, and this makes the extraction of the PE trispectrum from ¢? an easy

task. In this way, we obtain an estimate for the PE trispectrum mediated by a scalar perturbation in
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the counter-collinear limit, which turns out to be dominating over the graviton-exchanged. We have
conclude with comments on the sharpness of the transition and how it contributes to the trispectrum.

This result is scientifically valuable since it provides the first calculation of the PO and PE scalar
trispectrum in SR-USR-SR+CS model of inflation. Given the primordial signal we have furnished,
there can be several ways to extend the study of parity violation in these models, looking for a way
to test them. Such a primordial PO trispectrum is expected to seed non-Gaussianities in the LSS.
However, its shape function will be inevitably distorted by the non linear gravitational clustering. To
compare data to the mode, and possibly extract information on parity violation on PBH formation,
we need to study the non-linear evolution of the trispectrum, which is left for future developments.
On the tensor sector, the recent study [84] evidenced how a sufficiently peaked PO trispectrum is
able to induce chiral gravitational waves whose amplitude peaks inside the interval of ongoing and
upcoming gravitational wave experiments (LISA, SKAO, nanoGRAV). There is hope for inflationary
models featuring a brief phase of USR and CS gravity can be constrained in the following years. This
shall shed light on important open questions in high-energy physics and cosmology, with possible
implications for mechanisms sourcing baryogenesis and the nature of dark matter.
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Appendix A

In-In time integrations

A.1 SR Inflation

A.1.1 Parity-even trispectrum

In this section we are interested in the evaluation of the sum of the integrals I3 + 3HM appearing

in the first two permutations of (6.62)).

Consider the first integral T25M it can be written as the sum of four distinct integrals:

. 1
I?géT:_Z(IA_IB_IC‘FID) (A.1)
with ,
xT dm/ xT dx//
IAE/_OO:L'/QXY/_OOJ;//2Z7 (AZ)
T o i x’ dz" i
= [ G [ e —
L i} z’ dz"
T s x’ dz" i
Ip= /_OO XY /_Oo —nZ (A.5)
where X, Y and Z have been defined as
X(z,2') = (14 ik12)(1 + ikox)(1 — ikya') (1 — ikya’)e! @ —2)(kathz) (A.6)
Y(z,2') = (1 + ikyaa’)e k2 (A7)

Z(x,2") = (1 + iksx) (1 + ikga) (1 — ksz")(1 — ikgx”) (1 — ikpoa')e! @ —®)katha)+ia"kz (A g)

In deriving the expression for eq[A.26] we made use of the identities Im(X) = (X — X*)/2i and
Im(YZ) = (YZ — Y*Z*)/2i. We notice that integrals Ip, Ic and Ip can be directly related to
I4 by simply inverting the momenta or their combination. In fact, Ip = Is(—k1, —ko, k3, k4, k12),
Ic = IAUﬁ, ko, —ks, —kq4, —ku) and Ip = IA<—]€1, —ko, —k3, —ky, —k12). This noticeably simplifies
calculations since we only need to compute I, and then change signs to the momenta. The integral
we have to compute reads

Ia = (1 +ik13) (1 + ikoa) (1 + iksz) (1 + ikyz)e@kithathaths)

T da! >
X / %(1 —ikya’) (1 — ko) (1 + ikpga’)et® (k1tke—hi2)
oo &

x dl’” "7
X / s (1 — ikgz”) (1 — ikya”) (1 — kg’ )e' (hathathiz)
X

—00
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Remember that the integration variable x is related to the conformal time via the relation z = pt - 7,
thus, x = —oo corresponds to the beginning of the inflationary epoch and x = 0 corresponds to
the conformal time associated to the end of Inflation. We immediately notice that the exponential
of the type e oscillates rapidly for #+ — —oco. In order to obtain something which is manifestly
convergent we make use of the well known ie prescription. We then send x — z(1 —i€), corresponding
to n — n(1 —ie) which means that we slightly rotate the time axis in the complex plane, allowing the
conformal time to acquire a small imaginary component. This prescription guaranties convergence
in the limit for  — —oco. In fact lim,_, (14 ek — =€ — (), since an oscillating function
multiplies an exponentially decaying one. Before proceeding with the calculation, it is useful to expand
the products in . After doing that, it can be written as

1 1 ,
I4= <1+z‘5x— 252x2+2;k2x2+...>e—m

x 1 S
X /Oo d:c'( i i% +an — iagx’> e' e (A.10)
A . -
<[ (G =i+ it )
with the as and s given by:
a1 = ki + ko — k12 B1 = k3 + ks + k12
ag = (k1 + ko)ki2 — kiko Bo = — (k3 + ka)k12 — kska (A.11)
az = kikakia B3 = —kzkakia .

In (A.10)), the term outside the integration, the prefactor, has been obtained also by considering terms
up to second order in z. In fact, we are interested in the trispectrum at the end of inflation, which is
identified by n = 0.

Let us start computing the inner integral 7™

/

inner * 1 B . n\ _iprx’”
I = ﬁ - 7/? + /32 - Zﬁgw € . (A12)

—00

The integral can be split into four, each of them solved separately:

; @/ €i’81xu 4 61 : " o’ ; " @’ ; 1z
Jinner _ d:L‘” — dl’” 7ezﬁl;v + dl’” 5261,8135 — da:" 531,//616113 ) (A.13)
2 o ! . o

@ @ ®) @

Solving the terms one by one we get:

1 . 7 @ a' 1 . 7 1 7 ! iB1x”
@ = - ] +/ da”" = (ip1)e' M = — et +i51/ da" —
T : T T T
—oo(1—ie) —00 —oo (A14)
1 . 11 . .
e _?6151"5 — ZB]_E]_(_'L/B]_ﬁﬂ) 5
. @ //,31 iprz’’ . . "
@ =—i dx i W =0 B (—ifr”) (A.15)
—0o0
! z’
® = 22 / dz” (i) = —1'52@"3””//} _ D : (A.16)
ﬁl —o0 /61 —oo(1—ie) /61

@ = —& x”eiﬁlx”] — / dz" 12" | = —&x/eiﬁlz/ - i%eiﬂlx/l ) (A.17)
S5 —oo(l—ie) J-oo b1 Bi
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notice that the second term appearing in (|A.14]) is the exponential integral or incomplete I" function

o0 e—t > (_Z)k
E = —dt = 1 A.18
1(2) /Z . v+ nz+zk_k! (A.18)
k=1
which gives a logarithmically divergent contribution in the case of z = —i812" going to zero, so at the

end of inflation. However, this divergent contribution is exactly canceled by the term (2). Putting all
four terms together leads to:

z "
/ dx [1 _ ’Lﬂl.’L‘” + ,821‘”2 . iﬁgl',/g]eizll(k3+k4+k12) — (_ l _ ZM _ B3l,l> ezﬂlm’ ) (A.lg)

12 / 2
o0 T X 1 B1

which depends on the integration variable z’, so it falls inside the first integration.

At this point, by expanding the product in the second line of and adding the contribution coming
from the nested integral, (A.9)) is schematically given by

I, = prefactor x [ (A.20)
with
1 1 ,
prefactor = (1 + idx — 5521’2 + 3 za: k222 + ... ) e~ (A.21)
I= / dx ( ——+ 2% + 1? + i3 + Y4z’ + z"y5:c'2>e“5x , (A.22)
o x x x

and the parameters ; being related to «; and (; by the relations:

= alﬁ_ ﬁlﬁggrﬁs
=B o —
2 =g — @b+ 5) —a (A.23)
73 = a3 — G (Bif2+ B3) + a3
The integral is solved analogously to ([A.12]) an the final result reads:
1 . 5 Y1 52 .
I = 2:E2+7/<2:L‘x) - (’YQ’Y15+2 EZ(*ZZU(S)

(A.24)

Y3 . V4 275 275 M V5 2| isx
+(5+5263)+(525>$+55E]€ .

After multiplying this expression by the prefactor and keeping only terms that do not vanish in the
x — 07 limit we obtain:

_ _3 SRl
IA—5<’71 5>+5+52 263
o - (A.25)
+4Zka+2xg+x(5—71)—<72—715+2>Ei(15$)

a
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(k1 +ko) 1 [ 3 2 2, 12 2, 1.2
I = — |2k3o + 3kio(ks + kg) + 2k12(k5 + ki) + (ks + kg) (k5 + k
2 = e kP2 | 2 12(ks + ka) 12(k3 + k1) + (ks + ka) (k3 + k1)
_ 1 4k1k:%2k:2k:3k‘4(k12 + ks + ky) 4k1k%2k2k3k‘4(k512 + ks + ky)
4(1{212 + k3 + k4)2 (kl + ko — k3 — k4)3 (k‘l + k2 + k3 + k4)3

2k2,
(kl + ko + ks + k4)2

|:k2k3]€4 (]C12 + k3 + k4) + k1 (kgkg(km + kg) + klg(kg + kg)k4

2k2,
(kl + ko — k3 — k4)2

+ ki (kioksks — kioko(ks + ka) + kaka(ks + ka) — ko (k3 + 3kska + kZ))]

+ k3(3ko + k3)kg + (k2 + kg)k‘i)] + |:k72k‘3k'4 (/ﬁz + k3 + k‘4)

1
_k1+k2+k3+/€4

[kﬁu (k1 — k1o + ko) kska (k1o + ks + ka) — k1kioka (k12 + ks + k4)2

+ (kika — kigky + kigka) (k12kska + (k12 + ks + ka) (kska + kioks + /612764))}

1
Ky + ko + ks + ky

+ (= ki2ks + k1(—ki2 + k2)) (k12ksks + (k12 + k3 + ka) (ksks + k12ks + k12k4))}

[k‘lz (k1 — k12 + ko) kska (k12 + k3 + ka) — kiki2ka (k12 + k3 + k4)2

1
+
ki1 + ko — ks — ky

+ (= ki2ks — k1(ki2 + k2)) (krokska + (k12 + ks + ka) (ksks + k12k3 + km@))}

[k12 (k1 + kg + ko) kska (k12 + ks + ka) + k1kioka (k12 + ks + k4)2

1
4
ki + ko — ks — ky

|:k12 (kl + k12 + kg)k3k4 (k’12 + ks + k4) + k1k1oko (lﬂg + ks + k4)2

— (kigks + kikia + kika) (ki2ksks + (k12 + k3 + ka) (ksks + ki2ks + k12k4))} }
(A.26)

A.1.2 Parity-odd trispectrum

In the evaluation of the parity-odd trispectrum we have three integrals to perform:

L = (1 +ipun) (L + ipan) (1 + ipyn) (1 + ipay) e~ /1P Hpetpan

n dn . , . "
/ EL (U~ ipy) (1 — ipan) (1 + ipyary ) PrHPe PN / dn"n" (1 — ipgn/")e!Pstpatr)n’
—0oQ 77 —00
(A.27)

I = (1 +ip1n)(1 4 ipan) (1 + ipsn) (1 + ipan) e~ (P1+p2tp3tpa)n

/77 d77//"7//(1 . ipgn//)ez’(p3+l74p12)7]"/
—0oQ

—0o0

/!

Ui /

d ; /
(1= ip)(1 = ipon') (1 = ipron e PP,
n
(A.28)
I3 = (1 +ip1n) (1 4 ipan) (1 — ip3n) (1 — ipan)e” PrHr2=ps=pa)
K d77/2 ; / n ; 1
/ — (L= ipin)(1 = ipan’) (1 — iprony )& P12 tP12) / dn'n" (1 + ipgy" e~ Pstpitpiz)n
— 00 77 —00
(A.29)

As we did for the computation of the even-even integral, it is useful to perform a change of variable
to isolate its dimensionful part outside the integration. Accordingly to what has been done in the
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previous section, the integrals are rewritten as I, = I?*™ /pp with a = 1,2,3 and the adimensional
integrals

T0U™ — (1 4 iky ) (1 4 ikox) (1 + iksz) (1 + ikgx) e iR hethatha)e

m/

x d ! : ; "
/ % (1 — ik1x/)(1 _ ikQQZ/)(l + Z.kIQxl)el(k1+k2k12)$/ da' //( _ ikgx//)ez(k3+k4+k12)z 7
oo T oo
(A.30)

T84 — (1 4 iky ) (1 + ikow) (1 4 ikaz) (1 + ik4:c) —ilkithathathe)e
n

T

dzz" (1 — ikga:")ei(kﬁk“_klz)m”/ o —5 (1 =ik ) (1 — ko) (1 — ko’ )e!Fr Hhathaz)e’
(A.31)

—00

T84 — (1 + iky ) (1 + ikow) (1 — iksgz) (1 — ikya)e~ Fitha—ks—ka)z

T 12 T ) y
/ Cf:' (1 B Z/{L’B )(1 N ’Lk‘Q.ﬁU/)(l _ ik12x/)€i(k1+kz+k12)x’ / d.il?” //( + ik3x//)€—z(k3+k4+k12)z
(A.32)

—00 —00

with z, 2/, 2" = pr - 0,7, n".

Computation of I{ adim

Let us start with the computation of the first integral I ad’m, which is a nested integration in the
variables x’ and z”. We first focus on the solution of the integral with respect to z”, which leads to

/

z
/ da //( - ikgl:/,)ei(k3+k4+kl2)z/'
—0o0

y (A.33)
r 5, 1 2k 1 2k k
_ d" 2" (1 — ikag")ePre” — (1 + 3) _ <1+ 3>x/— jx/Z RIS
/oo (= ks !Bl b)) B\ B By

with 31 = k3 + k4 + k12. In this way, the nested integral is reduced to a single integration over z’, and
the integral I¢4™ is

_ . 1 1 —is
Ifdlm:<1+7/6$_252$2+22a:k2$2+"'>6 10T ¢

x o (A.34
X / d:L"( % — z% — 3 +iyx + 5z’ —1'76:17'3)«5”5“c )
Yy 9 & 6 6

with

2k3
M =5 (1 + )
No = algr%ﬁl (1 + 2k3>
— aifpitas (1 4 2ks
3 51 - B3 < T B > (A.35)

Y4 = aéf"’ + ag%jai” <1 + QkS)

V5 = a2k3 + 4 ( 2;5’)

as ks

(76 = 75,

and 6 = a3 + 1. Before proceeding with the evaluation of the integral, it is useful to analyze
the structure of I{%™. Preliminarily, we point out that only the real part of [{%m 4 [gdim _ fadim
contributes to the parity-odd trispectrum ([7.43)). Moreover, we are ultimately interested in estimating
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it at the end of inflation, namely for n — 0. Having this in mind, we point out that for the last four
terms inside the integral in , their contribution comes from the term which is proportional to
the zeroth power of x if it is real. For all the other terms, there is no way they can survive since they
will contain a positive power of x. The first two terms in the integral in instead will lead to
terms having a pole or logarithmic divergencies for x — 0 and must be taken into account with more
care.

We start with the first two integrations, which yield to the contributions

D= / dx' % e’ = —%emx — iy Ei(—idz") (A.36)
(1—1e)

= —2715/ —e = im0 E;(—idx’) . (A.37)
(1—1¢€) !

These terms diverge in the limit © — 0, however the logarithmic divergence entailed in E;(—idx’) is

canceled when summing the two terms together

DO+@=—Leide (A.38)

The exponential integral cancels out with the one appearing in the prefactor, and the term above
becomes completely real: it can contribute to the real part of I#4™ only if it is multiplied by the first
term in the prefactor, 1.

Regarding the other terms, the integration by parts yield only to one term that will survive the x — 0
limit once multiplied by the prefactor. These contributions can be either real or imaginary and this
will depend on the number of integration by parts needed to completely solve the integral. In fact, we
have integrations of the type

/ dm_/(x/)neikx’7 n>0
(1—ie)

that are easily solved if we rewrite the exponential term in the integral as its derivative with respect
to z’. In this way, for each integration by part a factor of —z will be introduced since

/ dz’ (x/)neikx’ _ ;Z / da’ (x/)n ikeikaz’
—oo(1—ie) k —oo(1—1ie)
= —Z{(x’)"eikz/] — n/ dx’ (:U')”leikx/} .
k —oo(1—1ie) —oo(1—1e)

The term (3) requires only one integration by part to be solved, thus it is imaginary once the exponential
has been simplified. Regarding (4), its contribution proportional to the zeroth power of x is obtained
after two integrations by parts, making it a contribution to the integral I:fdim evaluated at the end
of inflation. However, this term carries a factor of ¢ and the non vanishing term turns out to be
imaginary. The same applies also to (5) and (6), since in the first case, the only non vanishing term
is multiplied by (—i)? and, in the second, the multiplicative factor is (—i)> with four powers of the
imaginary unit coming from the integration by part procedure and the other being already present.

(A.39)

Therefore, the real part of the first adimensional integral evaluated at the end of inflation is:

Mmoo <51+27€3> _ Bksthkitki 1
51 x (

R I‘adim _
e[ x b1 ks + kg + k12)3 x

(A.40)

Computation of [§4m

The integral I§%™ is computed in a similar way as I§9™, the difference is that this time the integration
over x’ is nested with respected that over z”. We thus start computing the inner integration yielding
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to
2! d.’I}/ 1 ik / 1 ik / 1 ik / i(k1+/€2+k12)1‘/
_w(l_ie)ﬁ( —ik12")(1 — ikox") (1 — ikio2' e
@ dz’ . . ; / 1 7 Bg ﬁg ; "
— - (1= / 2 13\ b | - T __MS M3 | ifix
/oo(lie) 2 (1 —ifra + Boa” +ifsa”)e 7B B2 3 + 2 e
(A.41)
with the coefficients 3123 given by:
B1 = ki + ka2 + k12
fo = —(k1 + ko)k12 — K1k (A.42)

B3 = kikakio

Notice that no logarithmically divergent term is present: they are generated in equal and opposite
amount by the first and the second term in (A.41), canceling each other. The integral Igd’m then
becomes

_ ) 1 1 —i8
Igdzm:<1+7j(5$—262$2+2Za:k2$2+"'>6 b,

N (A.43)
% / dx”( 14 2'71:6” _ 721;//2 N i’yg:U”g)ei(szN
—oo(1—ie)
with the gamma coefficient defined by the following equalities
71 :k'3—511<52—gf>
W::E<@r-%>—§§ (A.44)

— kB2
73_163[3%

By applying the same logic illustrated above, we can immediately infer that the integral does not have
any real contribution, therefore Re [Igd””] =0.

Computation of [§4m

In the last integral, fgdim, the double integration is not nested, moreover the contributions depending
on the two integration variables 2’ and x” are factorized, so we can evaluate the integral with respect
to the two variables separately. The third in-in integration then reduces to the computation of the
product of three factors and retain the real part

I§%™m = prefactor x Iy (k1, ke, ki2) x Io(ks, ka, k12) . (A.45)

In the expression above, the prefactor is not the same as that appearing in and . In
fact, the combination of propagators related to the four momenta involved differs from the other two
integrals: differently from and , the complex conjugate of the propagator related to the
modes with momenta p3 and p4 enters in . For this reason, the signs of p3 and p4 in are
swapped with respect to those appearing in the previous two integrations. The prefactor than reads

52 1 A
prefactor = <1 + i0x — 5.7)2 + 3 E k22 + .. .)e"sa”, (A.46)
a

with 6 = ks + kg — k1 — ko.
The other two factors I; and Is are given by:

(LB BB s
[1—< a:+zﬁ1 5 z%)e (A.47)
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1 2k 1 2k k -
I = [<2 - 5) +i< + 33>a? - 3] emien, (A.48)
ai o ar oy o1

with the beta coefficients given by (A.42)) and a1 = k3 + kyq + k12
Substituting (A.46[), (A.47) and (A.48)) in (A.45|) and keeping only the terms that do not go to zero

for x — 0, we get

= 1 2ks\ 1 ) 1 2k
Igdlm:—<2+33>+i<1—+ P _ ﬁ32><+;> : (A.49)
a2 o} ) o afr oafi/ o af
Being interested to its real part, we find that
— Oél—|—2/€3> 1 3ks + ks + ko 1
Re[rgdm] — [ =2 )= = — - . A.50
[ 3 ] < o? T (ks + kg + k12)% x ( )

A.2 SR-USR-SR Inflation

A.2.1 Parity-odd trispectrum

In the parity-odd trispectrum in SR-USR-SR inflation, there are only two time-integrals appearing,
(8.40), and one of them can be reduced to the other by simply reversing the sign of the exchanged
momentum pio. Therefore, it is sufficient to solve one of the two

T12

I:/ do'TE (A, B,a')T%, (A, B,a')T*. (1,0,)

Ty
= / da'[A% (1 —ir2)e™® — B (1 +ira)e ™% | [A% (1 — irga)e™™ — B, (1 + irga’)e 27 ] x

La

x (1 — irja)e™ 2
(A.51)
where A = 1,7, and B = 0,6,8. A brief comment about the integration extrema: in principle
x1 can be either —oco or x1, whereas x; is either x; or x = 0. Therefore, integrations along the
entire inflationary history are still appearing. However, since the transition is sharp, the integration
operation can always be divided into integrations over the single phases (either SR or USR). In the
following, when considering x, and zj, we will account as this procedure has already been carried out.
This integral can be decomposed into four, each of them related to the others by a reversing of the
sign of r1 or 79, or both:

I_ = A:l A;;Qi(Tl, T2, T‘12) — A:l B;;j(’l“l, —Ta, 1"12) — B:l A:Qj(*’l“l, o, 7“12) + B;1 B;;QIN(*Tl, —To, 7“12)
(A.52)
with .
I= / dz'(1 — ir2’) (1 — irga ) (1 — irqpa’) el r2tmi2)e’, (A.53)
Ta

In fact, the Bogoljubov coefficients are not explicitly time dependent within a given inflationary phase,
so they can be taken outside the integral.

The integral of the type of I has already been solved in Sec. We borrow the result and
find that I

= ( 1L . Bif2+ B3 53mb> cibia, _ ( 1 BiB2+ B3 53%) SiB1Ta

Ty % B La % b1

=I(r1,7r2, 112, 2p) — I(71, 72,712, Ta)

(A.54)

where the beta factors are defined as follows:
pr=r1+r2+re
Bo = —(r1+r2)riz —rirz - (A.55)

B3 = —rirars
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Absence of boundary term
contributions

In slow-roll inflation it is standard procedure to manipulate the action by performing integration by
parts and setting the boundary terms to be zero. However, in USR, this cannot be done so naively,
and one needs to check that boundary terms do not generate a contribution which cancel the effect
that we are eventually interested in [85, 86].

Given the CS interaction Hamiltonian

1/ H
™ x (G Jage (B.1)

employing the sharp transition approximation, e,(n) « d(n — n2) + d(n — m ), we assume that there
exists a temporal boundary term at cubic order that leads to the Hamiltonian

3, boundar d
HES ") (%) = 4B 1) (B.2)

with B(n,x) o< (1/n)(H/Mcs)erea¢?y'. Therefore, we can evaluate the trispectrum obtained by com-
bining the GR vertex with the one introduced by the boundary Hamiltonian. The double integration
inside (1,1), (0,2) and (2,0) contributions simplifies, leading to:

n n
(O(M) 11y = 2Re d' | dn"(Hgr(n)O(m)HSs ") ("))

~ore{ [ tton OB}

K / U " ’ (3, boundary) , (3, boundary) ; s "
Ooarieo =2Red [ [ anf'(n) Hom (') HE: (")) +{0(m) HE () Hor(n")

_ 2Re{ [ om0 B + <0<n>B<n>HGR<n’>>}
(B.4)

Since in and the second term of B is evaluated at time 7, which is sent to zero, those contri-
butions are extremely suppressed. In fact, €;(07) = e 52Ney ;. (H/Mcg(07)) o (/e17 = e_gAN\/@,
and €9 is extremely small. These contributions, due to the fact that the second slow-roll parameter at
the end of the second SR epoch is a first order quantity, are suppressed with respect to terms of the
trispectrum featuring the bulk vertex, since it is evaluated at transition times where €3 ~ O(1).

The Remaining contribution that can be of the same order in slow-roll is the first term in ([B.4)

/77 dn’{O(n)Har(n)B(n')) = (/m dn’+/n2 d77’+/77 dn’) (O(mHar(n')B(1'))
. .

—00 1 72
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. However, it is not able to generate a term which is exactly equal and opposite to (8.54), or even
to cancel some of its contribution, due to differences in the functional form. In fact, in contributions
(1,1), (0,2) and (2,0), the CS interaction Hamiltonian is integrated immediately due to the presence

of the Dirac delta function.
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