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Introduction

One of the most challenging issues in modern Statistics, especially within the frame-
work of Bayesian Statistics, concerns approximate inference for complex statistical
models. Indeed, the amount of data we have to deal with has dramatically grown, re-
quiring suitable techniques to compute many models in a reasonable amount of time.
For this reason, the leading paradigm of Markov chain Monte Carlo (Gelfand and
Smith, 1990; Hastings, 1970) has sometimes left the place to faster techniques, such
as variational inference. The latter is a set of methods from machine learning which
aims to approximate probability densities through optimization rather than sampling
(Blei et al., 2017). On the other hand, this new set of methods may suffer of a limited
accuracy compared to Markov chain Monte Carlo (MCMC), which can provide more
accurate estimates through the increasing of the Monte Carlo sample size (Ormerod

and Wand, 2010).

Variational approximations consist in finding the densities which optimize a lower
bound, introduced with the aim to provide a more tractable computational problem,
and giving an approximate solution to the original problem based on the likelihood
function. The most famous variational inference technique is probably variational
Bayes, which consists in minimizing the Kullback-Leibler divergence (Kullback and
Leibler, 1951) between a proposed density ¢(-) and the true density p(-). However,
alternative divergences have been proposed (Dieng et al., 2017; Minka, 2005). Finally,
convergence diagnostics that go beyond the investigation of the behaviour of the lower
bound are presented by Yao et al. (2018).

Although many recent papers focus on variational inference, there is still uncovered
area of research. In this thesis we present a variational Bayes framework to deal with
Poisson regression models and variable selection.

The thesis is organized as follows. Chapter I presents Bayesian variational infer-
ence in general, focusing in particular on both non-parametric and semi-parametric

mean field variational Bayes (MFVB). The methodological discussion is accompa-
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xii INTRODUCTION

nied by illustrative examples involving the multivariate Gaussian distribution and
the Bayesian Poisson regression model with non-informative prior. In these two ex-
amples, the similar results in terms of inference accuracy between MFVB and MCMC,
and the advantage of MFVB with respect to MCMC in terms of computational cost
are assessed.

Chapter 2 tackles the variable selection problem in the Bayesian Poisson regres-
sion model. Three solutions are considered: a continuos shrinkage prior, that is
the horseshoe prior (Carvalho et al., 2010), the spike-and-slab prior (Mitchell and
Beauchamp, 1988; George and McCulloch, 1993, 1997) and the Bernoulli-Gaussian
prior (Ormerod et al., 2017; Bernardi et al., 2023). The estimation is carried out
within a semi-parametric mean field variational Bayes framework.

An extensive simulation study is implemented in order to evaluate the different
models in terms of inference and quality of variable selection, and understand their
limits. The proposed algorithms are tested with respect to popular methods, such as
Poisson lasso, Gaussian lasso (Tibshirani, 1996) and EM variable selection (EMVS)
approach (Rockova and George, 2014). The metrics used are the mean squared error
(MSE) for the inference accuracy, and F1-score and classification accuracy for the
variable selection. In addition, the area under the curve (AUC) for EMVS, Pois-
son model with spike-and-slab and Bernoulli-Gaussian prior is computed. Finally, a
comparison in terms of computational cost is provided.

Chapter 8 deals with an application to real data. The dataset considered is Football
2022-2023, which contains informations on the football player performances in the
major european leagues. All the implemented models are tested against Poisson
lasso, generalized linear model (GLM) Poisson, Gaussian lasso and EMVS, both in

terms of in-sample estimates and out-of-sample forecasting accuracy.



Chapter 1
Approximate Bayesian inference

The approximate inference is one of the possible solutions to solve the problem of
increasing statistical models complexity, especially in Bayesian framework thanks to
the development of several approximate inference algorithms. Let y = (y1,...,yn)T
be the observed data vector from a random variable Y and 8 = (6,,...,6,) € © CR?
a set of parameters. The main goal in Bayesian inference is to study the properties
of the posterior density p(8]y), which is obtained updating a prior belief with the
evidence of the observed data through the Bayes’ theorem:

_p(yl®)p(6)  p(y|0)p(6)
POy =0y T o a(y10)p(6)de

(1.1)

where
e p(0) is the prior distribution on 0 € ©;
e p(y|0) is the likelihood of the data given the set of parameters;

e p(y) is the marginal likelihood, also known as model evidence in machine learning

literature.

However, in many situations the evaluation of p(y) is intractable, either because
the required integration has not a closed form or because its computation is time-
consuming. A solution to this problem is to exploit approximate inference techniques.
The latter can be divided in two big families: stochastic and deterministic approxi-
mations.

The most widespread stochastic method is probably Markov chain Monte Carlo
(MCMC) (Robert and Casella, 2004, 2011), which involves the construction of an

ergodic Markov chain on @, whose stationary distribution converges to the posterior

1
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*

distribution p(@|y). Sampling R values 8* = (07,...,0%) from the posterior distri-
bution, one can evaluate the properties of |y, such as mean, median, variance and
credibility intervals, based on 8*. The most appealing feature of the stochastic meth-
ods is that it is possible to improve their accuracy by increasing the sample size R.
In fact, in the limiting case R — oo, the approximation is exact. On the other hand,
the main drawback of these methods is that they are computationally demanding
and assessing their convergence is not trivial. For this reason they are mainly used
in problems with a small number of observations and/or number of variables.

On the other hand, deterministic approximations rely on optimization rather than
sampling. As a consequence, these methods allow for substantial gains in terms of
computational cost, but their approximation accuracy is bounded. In particular,
we focus on wariational approrimations, which has been used in a wide range of
applications, ranging from statistics (Rustagi, 1976) to quantum mechanics (Sakurai,
1994), statistical mechanics (Parisi, 1988), machine learning (Hinton and van Camp,
1993) and then generalized to many probabilistic models, taking advantage of the
graphical models’ representation (Jordan et al., 1999). They have applications in
both frequentist and Bayesian inference, but their use had a greater impact in the
Bayesian literature due to presence of intractable calculus and computational issues

in high-dimensional and complex models.

1.1 Variational inference

Variational inference (VI) relies on a density transform approach. The latter involves
the approximation of a posterior density p(@|y) by another one which has the ad-
vantage of being more tractable. Let Q be a family of densities, with single element
q(0) called variational density. The goal of variational inference is to find the optimal
density ¢*(0) that minimizes a divergence measure D between the variational den-
sity ¢(€) and the posterior distribution p(@|y). Given the couple (Q, D) we fall into
different paradigms. Probably the mostly adopted one assumes the Kullback-Leibler
(KL) divergence (Kullback and Leibler, 1951):

q°(0) = ar(g;gign KL(q(0)||lp(Bly)), (1.2)

where

KL@(O)l0) = [ 4(® log{ 2(6) }de. (1.3)
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This setting is called variational Bayes (VB). The main properties of KL divergence

are:

e non-negativity: the KL divergence is always non-negative. For any two proba-

bility distributions p(-) and ¢(-), the KL divergence K L(p||q) > 0;

e asymmetry: the KL divergence is not symmetric. In other words, K L(pl||q)
# KL(q||p). This property arises due to the logarithmic nature of the KL

divergence.

The minimization problem defined in (1.2) requires the true posterior distribution,
which, however, is unknown. This makes infeasible the direct solution of (1.2). An
alternative formulation of the original problem can be stated leveraging on a manip-

ulation of the logarithm of the marginal likelihood:

log p(y) = log p(y) / 1(0)d6

= / q(0)log p(y)de

q
= [ w0 log{ ) }d" v

following that p(y) > p(y;q). The logarithm of marginal likelihood can be decom-

posed in two terms:

e the lower bound on the log-marginal likelihood log p(y; ), also called the evi-

dence lower bound (ELBO) in the machine learning literature;

e the Kullback-Leibler divergence between the variational density ¢(@) and the
true posterior distribution p(8|y), K L(q(0)||p(8y)).

From (1.4), notice that maximizing the lower bound p(y; ¢) is equivalent to minimizing
the KL divergence K L(q(0)||p(@]y)). This is useful because all the quantities used
to solve the new optimization problem are known.

Summarizing, the essence of the variational inference (Ormerod and Wand, 2010) is

the approximation of the posterior density p(@]y) by a density (@) for which p(y;¢q)
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is more tractable than p(y). Tractability is achieved by restricting ¢(@) to belong to

a more manageable family of densities. Two common assumptions on Q are:
M
1. mean field (MF): ¢(0) = ] ¢:(6;), for some partition {81,...,0,} of 6;
i=1
2. ¢q(0) is member of a parametric family of density functions.

Depending on the Bayesian model considered, both restrictions can have a different
impact on the inference. The first restriction is non-parametric, in the sense that
non-parametric distributions are pre-speficified for ¢(€) and the only assumption is

the independence as the factorisation of the joint distribution.

1.2 Non-parametric mean field approximation

In the case of non-parametric mean field approximation, the lower bound can be

written in the following way:

log p(y; q) /qu ; {logp (0;y) Zlogql ; }d01 .dOyr
O</91(91){/(IOgP(O;Y)CD(Hg)...qM(BM))dOZ...dGM}del (1.5)
—~ / 0:(6,) log ¢1(6,)d6,.

A new joint density p(€;;y) can now be defined

exp [log p(0;¥)q2(02) ... qr(Orr)dOs ... dOy,
I {expflogp (0;5)q2(02) ... qr(02r)dO5 . .. dOM} d@,dy’

and the lower bound is then equal to

p(01;y) = (1.6)

logp(0;y) = /q1(01) log {pq(9(10,};) }d91 + terms not involving ¢;(6,). (1.7)
- 1001

From (1.4) it follows that

* 5 (61 y)
q 0 :armaXIOp 1 q :pe = _PUnY)
1(61) rgmax gp(y:q) = p(61]y) 56030,

 exp { /logp(O;Y)Ch(Oz) NI ..dGM} (1.8)

= exp {E_gl [log p(0;y)] }7

where E_g, represents the expected value over [] ¢;(0;). If we consider the same
i#1
procedure for the maximization of logp(6;y) over each q2(6s), ..., qun(0n), we get
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Algorithm 1: CAVI for non-parametric MFVB.
Initialize: ¢j(601), ¢5(02), ..., q3,(0n)

while increase in log p(y; q) is greater than € do
for:=1,...,M do
E_o [l 0
(0) < exp {E_y, [ng(' )}
Jexp{E_q, [logp(8;y)]} db;

end

compute log p(y; q);

end

the general solution

q;(6;) o exp {E_y, [log p(0;y)] }

(1.9)
X exp {E [log p(0; |0_Z,y)]} i=1,...,M.

This result suggests the iterative procedure shown in Algorithm 1, also known as
coordinate-ascent variational inference (CAVI) in the machine learning literature (Blei
et al., 2017), which allows to obtain the optimal variational densities ¢} (8;).

From (1.9), we can see the strong connection between non-parametric mean field
approximation and Gibbs sampling (Geman and Geman, 1984; Gelfand and Smith,
1990). The densities p(6;|0_;,y), i = 1,..., M, are called full conditionals distribu-
tions, which represent the key ingredient to implement the Gibbs sampler. Computing
the non-parametric mean field variational Bayes (MFVB) solution requires only one
more step, that is the computation of the expected value of the full conditionals in
logarithmic scale.

It is important to pay attention about the partition {6y,...,60)} of 8, because
different partitions lead to different inference, and a trade-off between tractability
and accuracy of the approximation should be considered (Wand et al., 2011).

For example, suppose that the joint density p(@) = p(6,, 02, 603) has to be approxi-

mated. The four possible factorizations for ¢(@) are

(4(61)a(02)q(05)
q(01,02)q(05)
q(01)q(02,05)
q(01,05)q(62).

q(0) = q(01,02,03) = (1.10)

\

If there is strong correlation between any of the parameters in 8, choosing the first
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factorization in (1.10), which is commonly known as naive mean field approximation,

will result in a weak approximation of the joint density.

1.2.1 Illustrative example: the multivariate Normal

distribution

This section is devoted to show how MFVB works within a simple context, that is

multivariate Normal distribution. Let:

yi1 Y1 Y12 - Yip
y= | =P o (1.11)
Yn Yn,l Yn2 -+ Ynp

be a n x p matrix of observed values, where each row is a realization of a multivariate

Gaussian distribution
Yilp, @~ Ny(p, 7Y, i=1,...n, Y, LY, Vid#j, (1.12)

so that the likelihood for the model above is equal to

p(ylp, ) = (2m)7"21Q"? exp {—% > (vi— )y - u)} - (1.13)

i=1
The Bayesian paradigm requires the choice of the prior distribution for g and €2. In

particular, one possible choice is given by the conjugate distributions for both g and

Q:

® o~ Np(:u’Oa Qal)a

(1.14)
Q~W(r, V),
which leads to the joint distribution of the data and parameters:
—pn n 1 -
p(w, Q;y) = (2m) P2 |Q "% exp {—5 Z(yl — )" Qy; — ,u,)}
i=1
1
< (2m) P00 exp {0 = )"l 1)} (1.15)

27Vp/2lv|71//2 1
27T ve-D)/2 vy b
R e gtV

We now present the estimation of the model both via MFVB and MCMC in order to

compare their performances.
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Gibbs sampler approach. MCMC is the most famous approach to make Bayesian
inference. An interesting case is the Gibbs sampler, which can be implemented when
the full conditionals p(6;|0_;,y) can be traced back to known distributions. Given
the complete data likelihood, that is the joint distribution of the data and parameters
p(y,0), it is possible to find the full conditonal for a given parameter simply applying
Bayes’ theorem.

In this example the full conditionals have a known distribution, as provided by the

following propositions.

Proposition 1.1. The full conditional distribution for €2 is p(Q|p,y) ~ W(v*, V*)
with
n -1
vV =v+n, V' = (Z(yi—u)(yi—u)T+V_1) : (1.16)
i=1
Proof. Since the full conditional distribution for € is p(Q|rest) = p(Q2|w,y),

n

p(Qp,y) o |9 exp {—% > (yi — )y — u)}

i=1

1
x |Q|v-P=b/2 exp{ -5t {v'a} }

= |Q| D2 exp {—%tr{ > (yi—w)(yi— u)TQ}}

=1

x exp{ lepvog) }
_ QD2 g {—%tr{ {Xn:(yi W)y — )T+ Vl} Q}} .

i=1
The latter is the kernel of a Wishart distribution with parameters as defined in Propo-

sition 1.1. ]

Proposition 1.2. The full conditional distribution for p is p(p|Q,y) ~ N,(p*, %)
with

= (nQ+ Q)" (QZyﬁrQouO), ¥ = (nQ+ Q)7L (1.17)
i=1
Proof. Since the full conditional distribution for p is p(p|rest) = p(u|2,y),
Iy T 1 T
P(ply) ocexp s =5 Y (vi— )"y — 1) ¢ —exp | 5 (1 — o) "o b — pro)

i=1

1 n
X exp { —3 (nuTQu — 2172 Z Vi + " Qop — QMTQO;LO) }

i=1

o { L (wonson ar(0 s, om))

i=1
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The latter is the kernel of a multivariate Gaussian distribution with parameters as

defined in Proposition 1.2. O]

The Gibbs sampling method consists in drawing values from each full conditional
distribution sequentially until reaching a sample of a fixed size R for the parameters.
Notice that, according to the value of R, it is possible to make the inference arbitrar-
ially accurate at the cost of increasing the computational effort. A Gibbs sampler

algorithm for the estimation and inference about (u, €2) is presented in Algorithm 2.

Algorithm 2: Gibbs sampling for multivariate Gaussian model.
Initialize: p*©, Q*© R

Compute v* <+ v +n
while r < R do

Compute V* ¢ (Z?l(yi =) (s — )T+ V‘1> 1
Sample Q") ~ W(v*, V*)

Compute X* < (nQ* " + Q)

Compute p* + X* (Q*(r) Syt Qo,u,0>

Sample p*(") ~ N,(pu*, X¥)

end

Mean field variational Bayes approach. In order to compute the optimal vari-
ational densities, a factorization must be defined. A tractable solution arises for the

two component product:
q(p, ) = q(p)q(€2). (1.18)

Following the mean field approximation paradigm in (1.9), the optimal densities are

provided by the next two propositions.
Proposition 1.3. The optimal density for Q is ¢*(2) ~ W(vgq), Vyo)) with
n -1
Vo) =V +n,  Vya = (Z(Yi = Pg() (Vi = Bgu)T + 1) + V_l) :

- (1.19)

Furthermore, p,q) = Vo) Ve@)-

Proof. Since ¢*(€2) GXP{E—Q [logp (2fp;y)] }a

logq*(©2) x E_q

glog 2| - %tr {Z(Yi —w)(yi — M)TQ}

i=1
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v—p—1 1 _

+E_q log |2 — §tr {v'aQ}

n 1 - T
= § log |Q| - §tr Z(y@ - l’l'q(u))(yl - /J’q(,u,)) + nz‘](l‘) Q2

i=1
v—p—1 1 _

+ Tlog 2] - Etr {V IQ}

= (1/+n)2—p —1 log |€2

1 = _
B §tr { (Z(yl = B (Vi = Hy)T + 13500 +V 1>Q} .

i=1
Take the exponential and notice that it coincides with the kernel of a Wishart distri-

bution with parameters as in Proposition 1.3. O

Proposition 1.4. The optimal density for p is ¢*(p) ~ Np(fg0)5 Zg(u)) with

Hrg(uy = (M) + Qo)™ (%m) D Vit ﬂoﬂo) s By = () + Qo)

i=1
(1.20)
Proof. Since ¢*(p) o exp {E—u [logp (1[€2;y)] }a

1

log ¢*(p) x E_, —% Z(Yi — )"y — p) — 5(# — o) "0 (1t — o)

1 n
x E_p -3 (nNTQIJf —2u™Q Z yi+ p Qop — QMTQON0>
i=1

1

= —§< K Bgb = 21 o) DY+ 1o — 2“TQO"‘0>
=1

1 n
=75 <NT(nﬂq(Q) + Qo)p — 217 (Hq(ﬂ) Z yi+ QONO)) :
i=1
Take the exponential and notice that it coincides with the kernel of a multivariate

Gaussian distribution with parameters as in Proposition 1.4. O

The last step for the derivation of the MFVB algorithm requires the computation
of the ELBO, which can be expressed in a closed form and it is provided in the next

proposition.

Proposition 1.5. The lower bound log p(y;q) for the multivariate Gaussian model

in (1.12) and (1.14), and associated to the variational density factorized as q(p, ) =
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q(p)q(2), given a matriz of data Y, can be expressed in a closed form:

w2y
o2 p(i) = [ [ atos. 2105 e Q))d 10
= E,(log p(p, 2;y)) — Eq(log q(p, €2))
1 1
= —7 10g 2m — §(MQ(M) — /‘LO)TQO(“’q(u) - “’0) + 5 10g |QQ| (121)

1 1 p vp v
+ §log 1200 — §tr {Eq(u)ﬂo} + 5”5 log2 — Elog V]

—logl,(v/2) + @ log 2 + % log |Vq(Q)| + log Fp(Vq(Q)/Q).

Proof. The first term is

np n
E,(logp(p, Q;y)) = 3 log 27 + 5 Hqtog|2)

n

1
- 5”{ (Z<Yz — Ho() (Yi = Bg)T + ”Eq(u)> ”q(ﬂ)}

i=1
1

P 1
- 5 IOg 2T + 5 lOg ‘QO‘ - §(u’q(,u) - I’I’O)TQ(J(l'I‘q(,u) - ”I’O)

1 v v
- §tr (g} — _p log2 - = log V] —logT',(v/2)

+ %HN (1og 2 ” V" by )

= —% log 2m -+ %p_l“qucgmn - %” {Vciin“q(ﬂ)}
— glog 27 + %log ||
- %(I“l’q(u) - /J’O)TQO(IJ'q(M) — Kg) — %tr {Eq(u)QO}

- l;—plogZ - %log V| —logT'y(v/2),

while the second term is

P Vy)P

— — 2" log?2 —

2 g 8
1% Q) — P — 1 1 _

— log F,,(Vq(g)/2) + qf”’q(logﬂﬂ) - 5” {Vq(%l)IJ'Q(Q)} :

Vg0

P 1
E,(log q(p, 2)) = 3 log 27 — - log |y, | - L og [V ()|

After some simplification we obtain the result in Proposition 1.5. O]

In order to prove Proposition 1.5 we used the following result, which will be useful

also later.

Result 1.1. Let x be a p-dimensional Gaussian random vector with mean vector p
and variance-covariance matric X, x ~ Ny(p,X). The expectation of the quadratic

form (x — p)TE " (x — p) is equal to p.
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Proof.

E, [(x—p) S (x—p)] =E, [x'S'%x] + p”TS ' pu — 2B, [x"Z 7 ]
=p' S+ E et {22 2T
=2 p+tr {EX7 —2uTE
=tr{l,} = p.

]

In order to make approximate Bayesian inference on the multivariate Gaussian
model with a non-parametric mean field variational Bayes approach, we can imple-

ment the iterative Algorithm 3.

Algorithm 3: MFVB for multivariate Gaussian model.

Initialize: ¢*(p), ¢*(€2), €
Vgi) < V+n

while convergence not reached do
B  (nbg) + Qo)™

Fq(p) < Eq(u)(l"q(ﬂ) Yo yi+ Qopg)

Voo < (22;1(% — Py() (Vi = Hrg)T + nZg) + V71)71
Hra0) < Vo) Vo)
compute log p(y; q)
evaluate | log p(y; q) ") — log p(y; q) " V| <

iter).
)

end

Application to simulated dataset. We simulate n = 300 observations from a 3-

dimensional Normal distribution with mean vector u and precision matrix €2 defined

as
0 267 —-133 =2
p=1|0|, =]-133 117 1 |. (1.22)
0 -2 1 2

As concerns the hyperparameters’ setting, we fix p, = 0,, 2y = 0.01I,, v = p + 1,
V = (p+ 1)I,. Thus we have:

p ~ N,(0,,1001,),
Q~Wp+1(p+1I).

(1.23)
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Algorithm 3 converged after 4 iterations (with increase in lower bound less than

le-5) and we get the following point estimates with MFVB approach

gy =

—0.02
—0.01
—0.02

v Py =

2.536
—1.322
—1.912

showing their closeness to the true parameters.

~
© -
0 -
< -
o -
N

—

0.1

-0.1
I

-0.3
I

0.1

-02 0.0

(M3,ht1)

N
o

01234567
I

T
-02 0.0 0.2

(M3,H2)

—1.322
1.256
1.006

—1.912
1.006 |,
1.981

(1.24)

Figure 1.1: Marginal and bivariate posterior distributions for p = (p1, p2, p3) esti-

mated both via MFVB (orange) and MCMC (blue).

Furthermore, a comparison of the posterior distribution obtained through MFVB

and MCMC is carried out. In the MCMC, we ran five parallel chains (with R = 50000

values and a burn-in of 25000 in each of them) in order to assess that the convergence

leads to satisfying diagnostics results, e.g. the multivariate scale reduction factor

(Gelman and Rubin, 1992) equal to 1. Figure 1.1 shows estimated densities of p,

while Figure 1.2 shows estimated densities relative to €2: in both cases the differences

between the two methods are negligibles.
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Figure 1.2: Marginal posterior distributions for the elements of €2 estimated both via

MFVB (orange) and MCMC (blue).

After that the similar results between MFVB and MCMC in terms of posterior infer-
ence accuracy have been tested, we are interested in assessing the effective advantage
of MFVB with respect to MCMC in terms of computational cost. In particular, we
inspect the running time of the two algorithms in two circumstances: the first con-
cerns the increase of the number of observations with a fixed number of variables
(p = 3); the second considers the progressive increase of the number of variables with
a fixed number of observations (n = 300). As concerns the priors, we consider the
same as in (1.23). Figure 1.3 depicts the results. We notice an higher speed of the
MFVB with respect to MCMC approach in both circumstances. In particular, the
computational cost of MFVB algorithm is constant and close to 0 both increasing
the number of observations and variables. On the other hand, MCMC shows a linear

growth in the first case and an exponential growth in the second scenario.
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40
Il
40

30
Il
30

Running time (s)
20

Running time (s)
20

10
|
10

0 20‘00 40‘00 60‘00 80‘00 1 0600 10 20 30 40 50 60

n p
Figure 1.3: MFVB (orange) and MCMC (blue) running time in multivariate Gaussian
model for different number of observations with p = 3 (left) and for different number

of variables with n = 300 (right).

1.3 Semi-parametric mean field approximation

An alternative to non-parametric mean field approximation for Bayesian inference
is the semi-parametric approach. In this paradigm some density functions in the
factorization are pre-specified to belong to a family of convenient parametric densities
(Rohde and Wand, 2016). In order to have a better comprehension of the semi-
parametric MFVB, suppose we have the data y, the parameter 0, and a further
d-dimensional parameter ¢ € ® C R? Semi-parametric MFVB proceeds in two
steps. First, it requires to define a mean field product restriction of the variational

density ¢(0, @), for example:

M

9(0,¢) = [ [ a(6:)a(9). (1.25)

i=1
The second step concerns the parametric approximation. Assume that ¢(¢) belongs

to a parametric family of density functions with parameter vector £ € E C R*. The

restriction in (1.25) becomes

M

9(6,0) = [ [ 4(6:)a(9; €). (1.26)

i=1
In this framework, a useful graphical representation that provides a way to repre-
sent a joint probability distribution with a specific choice of the mean field restric-

tion is given by the factor graph. Suppose we have the joint density p(0, ¢;y) =



1.3. SEMI-PARAMETRIC MEAN FIELD APPROXIMATION 15

(01,04, ...,0,, ¢;y) that is factorized in N factor nodes, p;, j =1,..., N, with N
based on the Bayesian model specification. For example, we can have N = M and

the following factorization

P(ga ?; Y) = p1(91)P2(91, 02)]03(92, 93) .. -pN(eMA, O, ¢’>7 (1-27)

with some of these factors that depend on the data vector y. Assuming N = M =
4, Figure 1.4 shows the factor graph for the model (1.27) with mean field product
restriction (1.26).

[} O (] O (] O (] O
1 0, D2 0, 2! 0 y2 0,

Figure 1.4: Factor graph corresponding to the model (1.27) and density product
restriction (1.26).

In addition, considering the general case of joint density p(0, ¢;y) with N factors
and semi-parametric mean field restriction (1.26), the lower bound can be written in

terms of the components of the corresponding factor graph:

logp(y; q) = / (6, ¢){10gp0 by Zlong i 1ogQ(¢;€)}d01---d9Md¢
_ZE {logpj}—i—ZE [ log q;( Z)} +]Eq|:_10gQ<¢;£):|

_ZE {logpj}—i—ZH{CIz )} +H{q(e:€)},
(1.28)

where if X is a random variable with density function p(x), then the corresponding
entropy is given by
H{p(z)} = E,[ —logp(r)]. (1.29)

As concerns the maximization of (1.28) over each ¢(64),...,q(0x),q(¢; &), the op-
timal variational densities ¢*(61),...,q*(0y) are still given by the general solution
n (1.9), while for ¢*(¢; &) is prudent to maximize the ¢-localized component of
log p(y; q), which we denote by log p(y; q)!?!, over & (Rohde and Wand, 2016). The
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last quantity is defined as

log p(y; )1 = H{q(¢; &)} + NonEntropy {q(¢; €)}
= H{q(¢; &)} + H{q(¢; &)} (1.30)
—H{g(;6)}+ Y, E,flogp],

j€neighbors(¢)

where
neighbors(¢p) = {1 < j < N : p; is a neighbor of ¢ on the factor graph }
= {1 <j <N : p,involves ¢}.

For example, in the factor graph showed in Figure 1.4, neighbors(¢) = {4}, thus we

have:

log p(y; ¢)'? = H{q(¢; &)} + Eq[log pa].

The iterative procedure that generalizes the coordinate-ascent algorithm (Algorithm

1) in the case of semi-parametric mean field approximation is shown in Algorithm 4.

Algorithm 4: CAVI for semi-parametric MFVB.
Initialize: q* (01)7 q*(02)7 s 7q*(0M)7 E*
while increase in logp(y; q) is greater than € do
fori=1,...,M do
E_g [l ;
q*(ez) . eXp{ 0; [ng(07¢ay)]}
feXp {Ef&' [1ng<0, ¢7 )]} dez

end

while convergence not reached do
&+ argmaxlog p(y; q)!?
¢ p

end

compute log p(y; q);

end

1.3.1 Illustrative example: the Poisson regression

model

The goal of this section is to show how semi-parametric MFVB works with an example,

that is the Poisson regression model. Let:

Yi|B ~ Poi(exp {x]B}), i=1,...,n, Y; LY;Vi#j, (1.31)
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where x; is a p-dimensional set of known covariates, 8 = (f1,02,...,0,)7 a p-
dimensional vector of coefficients and y = (y1,%2,...,¥,)7 a n-dimensional vector
where each element is a realization of a Poisson random variable.

The likelihood for the model above is equal to

pv18) =] =

1 Yi! ,

1= (2

(1.32)

0 e{xIB) By n xAu-on{xI8)
-1 yi!

In order to make Bayesian inference, we have to choose a prior distribution for 3.

In this example, we choose a hierarchical specification. We assume, conditionally to

02, a multivariate Normal distribution with mean equal to 0, and covariance matrix

equal to o*I, for 3, and an Inverse-Gamma distribution for o?:
Blo* ~ N,(0,,0°L,), o*~ InvGa(a, ). (1.33)

This specification leads to the following joint posterior distribution of the data and

parameters:

o o
p(8.0%5y) = () Ve {2}

[(c)
(0) 7% exp {—%Wﬂ} (1.34)

n exZTByrexp{xiTB}

X

|
i=1 Yi:
At this point, as we did in the previous section, we fit the model both via MFVB and

MCMC in order to compare their performances.

Markov chain Monte Carlo approach. In the case of MCMC approach, in
order to be able to implement the Gibbs sampler, the full conditionals should have a
known distribution. Unfortunately, in this example only the full conditional for o2,

p(c?|B,y), is known, as shown by the following two propositions.

Proposition 1.6. The full conditional distribution for o* is p(a?|3,y) ~ InvGa (a*, §*),
with

.
oz*:oz+]—), 5*:5—1—@, (1.35)
2 2
Proof. Since the full conditional distribution for o2 is p(o?|rest) = p(c?|8,y),

p8) x () e { - Lot e {- oo
g g

I Y
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The latter is the kernel of an Inverse-Gamma distribution with parameters as defined

in Proposition 1.6. O
Proposition 1.7. The full conditional distribution for 3 is not known.

Proof. Since the full conditional distribution for 3 is p(B|rest) = p(B|o?,y),
BB
2

o } 11 exp {Xlﬁyi — exp {x; B} }

= exp {—2;2 —|—Z <X;rﬁyz —exp{Xgﬁ}) } ’
i=1

and we do not recognise the kernel of any known distribution. O]

p(Blo*,y) x eXp{—

Because the full conditional distribution for B3, p(8|o?,y), has not explicit form,
it is not possible to use the Gibbs sampler. One of the possible alternatives is the
implementation of an hybrid MCMC, where we sample o2 from its full conditional
and 3 with a Normal random walk Metropolis-Hastings step, until reaching a sample

of size R. This procedure is described in Algorithm 5.

Algorithm 5: Hybrid MCMC for Poisson distribution with prior for the

variance of 3.

Initialize: 8, (62)*© R

Compute a* <+ a + b

2

while r < R do

IB*(T—I)TIB*(T—I)
2
Sample (62)*") ~ InvGa(a*, §*)

Sample ,6'*(7") with Normal Random Walk Metropolis-Hastings step

Compute 6* < § +

end

Mean field variational Bayes approach. In the case of MFVB approach, the
first step concerns the choice of the factorization for the approximation of the posterior

density p(3,0?|y). In this case a tractable solution is the following:

a(B.0%) = q(B)a(c?). (1.36)

The next step of the mean field variational paradigm is the search of the optimal

variational densities, which are provided by the next two propositions.
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2

Proposition 1.8. The optimal density for o is ¢*(0?) ~ InvGa (aq((,Q), 5q(az)) with

P 1
Q) =a+3, Gy =0+ 3 (tf {Zae)} + Nf,(m“q(m)- (1.37)

Furthermore, piy1/02) = Oéq(O'Q)/(Sq(UQ)'

Proof. Since ¢*(0?) o exp {E_Jz {logp(ﬁ, o2, y)] } = exp {Eﬁ {logp(ﬁ, o2, y)] } ,

o p 1
*( 2 2 2
log ¢* (%) ocEg{— (a+1)logo® — pol Eloga — 2025%}}

P , 1 1
= —(a+ 5+ 1)logo® — = {5 + 5(“ {Zyp )+ “Zw)”qm)}

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 1.8. O]

Proposition 1.9. The optimal density for 3, ¢*(3), is not a standard form.
Proof. Since ¢*(B) o exp {E—ﬁ [bgp(B, 0% y)] } = exp {Egz {logp(ﬂ, 0% y)} }

1

o8 (8) < ar |~ 55878+ 3 (0 —exp 018} )|

1 n
= _§,Uq(1/o2)/BT/B + ; (Xz‘Tﬁyi — €xp {x}ﬁ} ) )

and we do not recognise the kernel of any known distribution. O]

Since ¢*(3) is not a standard form, we use a semi-parametric mean field variational
Bayes approach to obtain the optimal variational densities ¢*(83) and ¢*(c?). In
particular, we have to pre-specify a parametric family of density functions for ¢(3).

We follow Rohde and Wand (2016) and we choose the multivariate Normal density
function in 3, B ~ Np(uq(ﬁ), Xu8),

p

_p _1 1 _—
4(Bs By, Bg(s)) = (2m)72[Zy(g)| 2 exp { —3 (B = Bo)" i) (B = b)) }

(1.38)

As a consequence, the mean field variational approximation in (1.36) takes the form

of

4(B,0%) = q4(B; py(p)> ) al0?), (1.39)

leading to the factor graph in Figure 1.5 and to a closed form of the ELBO.
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Proposition 1.10. The lower bound logp(y;q) for the Poisson regression model in
(1.31) and (1.33), and associated to the variational density factorized as q(3,0%) =
q(B; ky(5), Ba(s))a(0?), given a vector of realizations of the dependent variable, y, and

design matriz, X, can be expressed in a closed form:

log p(y; q) = Eq[ — 108 4(8; ty(p), Zais)) | + Eq| — log q(o®)] + Eq[log p(y|B)]
+E,[logp(Blo*)] + [10gp ol
= H{q(B; 1yp) Zap)) } + H{a(0™) } + H{a(B: ky(s) Zao)) }
+ E,[log p(c?)]

1 D
= 5108 [Zys)| + 5 + g2 +10gT(ag(e2) — agen¥(agen)

- 1
2 (Xleflq(myi — exp {XJN«A 5+ 5% Zae)X } - log(yi!)>
=1

D 1
= 511080040 = ¥(ag(e2))] = SHaq1/0) [tf {Zoo + 1y Nq(ﬁ)]

+ aplog g — log I'(ag) — g log dg(o2) + aotp(rg(o2)) — Oftq(1/o2)-
(1.40)

Proof. The first term is

ol —108.0(B; y(5): Za(s))]
[ (_ 5 log2m = %log pEN
1
_Z ((ﬂ - Mq(ﬂ))TEz;(}?)(ﬁ B quﬂ))}

1
210g27r+ log |25 ]—Fg,

H {q(B; y(5). Zqs)) } = E
i

the second term is

H {40} = E,[ - lozq(o”)]

dq(o2
= Eq| — ag(o2)10g 0g(52) +1og I'(ag(o2)) + ( ac?) T 1) log o? + ; )

= —0y(s2) log (Sq(JQ) + log F(Oéq(UQ)) + (Oéq(JQ) + 1) log (Sq(gz)
— (gro) + 1) P(ag(o2) + g2
y(o2) +10g (9402 T (g(02))) — (Qg(o2) + 1) ¥(ay(02)),

the third term is

H{4(8B; bys), Za) } = Eq[logp(y|8)] + Eq[log p(Blo?)]
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_E, [Z (<160~ exp (x18) ~ togn)

i=1
p p s 187
—510g271'—§10g0' —5?

u 1
— Z <x}uq(ﬂ)yi — exp {Xguq(ﬁ) + ixgzq(ﬁ)x} — log(yi!))
i—1
p p
— 5 log 2 — 5 [log(éq(JQ)) — @/J(qu(a2))]

1
= SHa(1/a?) [tf {Zas | + le)“q(m] 7

the fourth term is

0
E,[logp(c®)] = E, {ao log o — log T'(arp) — (arg + 1) log o — ;}

= aglog dy —log I'(a) — (g + 1) log dg(02)

+ (o + D) (ag(o2)) — Oftg(1/02)-

After some simplification we obtain the result in Proposition 1.10. m

Following Rohde and Wand (2016), a possibile way to obtain the optimal p, g
and X, is based on the maximization of the 3-localized approximate log-likelihood,
log p(y; q)Bl. The red line box in Figure 1.5 highlights the neighboring factors of 3:
they are p(y|B) and p(B|c?) and they allow to have the following proposition.

[} O (] O ]
B o?

p(ylB) p(Blo?) p(o?)

Figure 1.5: Factor graph for the model (1.31) and (1.33) with stochastic nodes corre-
sponding to the mean field restriction (1.39).

Proposition 1.11. The B-localized component of lower bound log]_y(y; q) can be ex-
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pressed in a closed form:

log p(y; @) = H {a(B; 1y(s) Saw) } + H{a(Bs tys). Zas)) }

= Ey[ —108(B; 1tq(5), Za(s))] + Eq[log p(y|B)] + Bq[log p(Bl0”)]

1 P -
=5 log By + 5+ > (XI Feq(8)Yi

=1

_ 10g<y1‘)) — g(log((i](g?)) - w(aq(02)))

1
~ Ha(1/o? [tf {Zao} + g Nq(ﬁ)]
(1.41)

Proof. The first term is

H {q(8; g5y Za8) } = Eq| — logq(B)]

E
) 1
—E,| — [ — % log2r — = log|Sys)|

2 2
1 -
— 5\ (B = ba5))"Eq5)(B — Hg(s)
P 1 p
=35 log 27 + 3 log [3q(s)| + 3
while the second term is
H{q(B; pyp), Zaa) } = Eq[log p(y|8)] + Eq[log p(Blo?)]
=E, {Z (Xgﬁyi —exp {x/B} — log(yﬂ))] - glog 27
i=1
» 1878
- = loga - =
2 2 o2

. 1
= Z (Xgl’l‘q(ﬂ)y’i — €exp {X;'rl'l’q( g+ QXIE (B } - 108?(%’0)

i=1

p p
— 5 log2m — 5 (10g(dy(02)) — ¥(ag02)))
1
— Ha(/o?) {tr {Zae)} + N;(g)ﬂq(ﬂ)} :
After some simplification we obtain the result. O

From a computational point of view, we consider the natural fixed-point iteration

algorithm for the maximization of log p(y; q)l. The reason is that in the case of

q(¢; &) = N(py(s), Xq(5)); the natural fixed-point iteration is equivalent to the follow-
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ing updating scheme (Rohde and Wand, 2016):

(

E{Q(ﬁ; Hq(3) 2q(ﬁ))}T
d2
dpty () dhg(s)

Vyp) < o)
q

-1
S Xig(8) —{ ﬁ{q(,@, uq(ﬁ),Eq(ﬁ))} } (1.42)

| Ha(8) € Hg(p) T Sa)Va(s)-

This updating scheme has the advantage that requires only the first and second deriva-

tives of H{q(ﬁ;uq(ﬁ), Eq(g))} with respect to pryz. In this example, the updating

scheme in (1.42) corresponds to:

¢ 1

Vo(s) <= —Ha(1/o?)Hy(p) + 2oim Xilfi = 2jmy Xi €XP {XI Hy(e) + 5] Eq(ﬁ)xi}
-1

B —{ = Hq(1/or) Iy = 25 Xi exp {XI Fos) + %XIEq(mXi} X; }

(Hq(s) < Bg(s) + ad)Va(s)-

(1.43)
Thus, the natural application of Algorithm 4 in order to obtain the optimal varia-

tional densities ¢*(3) and ¢*(¢?) is provided in Algorithm 6.

Application to simulated dataset. We simulate n = 300 independent observa-

tions from a Poisson distribution, Y;|3 ~ Poi(exp {x!8}), i = 1,...,300, where

By 0.00
B=|8|=]019 (1.44)
Bs 0.26

and the covariates x; are generated from a standard Normal distribution.

1
As concerns the hyperparameters’ setting, we fix « = — and § = 2 in order to have a

1
non-informative Inverse-Gamma distribution for o2, i.e. 0% ~ InvGa (5, 2). Running
the MFVB algorithm required only 4 iterations, after which the change in the global
lower bound is negligible (i.e. less than le-5). We get the vector

—0.01
/qu(ﬁ) = 0.22 (145)
0.27

as point estimates for 8 and p4s2) = 2.07 as point estimate for o
Also in this case we can compare the results obtained from MCMC and MFVB.
Figure 1.6 and Figure 1.7 depicts respectively the results about 3 and o?.
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Algorithm 6: Semi-parametric MFVB for Poisson regression model with

prior for the variance of 3.

Initialize: ¢*(8), ¢*(0?), €3, Egt0bal

while convergence not reached do

while convergence not reached do

n n 1
Va(8) €= —Ha(1/o?) bq(a)+ 2ima Xith = 2oy X XD {X] by(5) + 5% Dy(p)Xi }

n 1 -1
) < _{ — Hg(1/02)Ip — Zi:i X €Xp {X;'rl'l‘q(ﬂ) + QXZTEq(B)Xi} XzT}
Fey(s) S Mgy T 2ig(3)Va(8)
compute log p(y; )P,

evaluate logg(y; q)[ﬁ]('z) — log;_o(y; q) [B](z—1) < eg:
end

Qg(o?) S O + g

1
Og(02) ¢ 0 + 5|t {Zaw } + Bgaytrgs)
Qg(c?)
Og(o?)
compute log p(y; q)tter):
evaluate |log p(y; q)t"") — log p(y; q)"

end

Hq(1/02)

iter—1

)’ < Eglobal;

We observe that the MFVB approximate posterior distributions of 8 and o do not
suffer of relevant problems compared to the MCMC benchmark. In the latter, we ran
five parallel chains, with R = 50000 values and a burn-in of 25000 in each of them in

order to have the multivariate scale reduction factor equal to 1.

After that the comparable results of MFVB and MCMC in terms of posterior in-
ference accuracy have been tested, also in this framework we assess the advantage
of MFVB with respect to MCMC in terms of computational burden. Thus we in-
spect the running time of both algorithms in two different situations. In the first
we increase progressively the number of observations for a fixed number of variables
(p = 3). In the second we increase the number of variables for a fixed number of ob-
servations (n = 300). As concerns the priors, we always consider 3|c? ~ N,(0,, c*L,)
and 0% ~ InvGa (%, 2). Figure 1.8 shows the results and it highlights an higher speed
of the MFVB with respect to MCMC approach also in this framework.

This illustrative example has the role to introduce the Bayesian Poisson regression

model. In the next Chapter, we develop the Poisson regression model with three
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of variables with n = 300 (right).

different priors in order to induce sparsity and to perform variable selection.



Chapter 2

Variable selection for Poisson

regression model

The Bayesian Poisson regression model considered in the previous Chapter allows to
make Bayesian inference on the 3 vector-parameter in the classical way, i.e. through
HPD credibility intervals. On the other hand, it does not allow to perform variable
selection. Indeed, there is not element that brings information about the inclusion
or exclusion of a variable from the model. However, the variable selection is rising in
importance in lots of modern applications because the number of variables to work
with is growing more and more and the standard methods seems to be inappropriate
in lots of these cases. The problem of working with many covariates is even more
important in the case of Poisson regression model with canonic link because the
explosion of the predictor could lead to computational issues. A common approach
to deal with this problem consists in perform shrinkage methods, which push towards
0 the unsignificant parameters.

In order to group the independent variables into signals and nulls, in this Chapter
we develop, implement and compare Bayesian Poisson regression model with three

different options: horseshoe prior, spike-and-slab prior and Bernoulli-Gaussian prior.

2.1 Horseshoe prior

In the Bayesian context, one of the most used continuos shrinkage prior is the horse-
shoe (HS) prior (Carvalho et al., 2010). The main idea of this prior is to perform
shrinkage of regression coefficients which do not have effect on the response variable

without affecting the largest ones. In contrast with the Bayesian lasso (Park and

27
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Casella, 2008) and Bayesian ridge, where the shrinkage is uniform across all regres-
sion coefficients, its is a global-local shrinkage. This means that there is a common
parameter responsible of the overall level of shrinkage and a specific parameter for
each covariate responsible of the local shrinkage.

Following Wand et al. (2011), we use a scale mixture representation of the half-
Cauchy distribution in order to have, except for the regression coefficients, all the

full-conditionals recognized as known density functions.

Bayesian model specification. The Poisson regression model with horseshoe

prior that we consider is the following:
Y;|B ~ Poi(exp{x/3}), i=1,...,n, Y;LY; Vi#j,
BIA%, 7 ~ Ny (0, 7°335), 3 =diag {A], ..., A7},
11 1 . 2.1
)\?\ujwlnvGa<§,;>, Z/jwlnvGa(i,l), j=1,...,p, (2.1)

j
7%n ~ InvGa (%, %), n ~ InvGa (%, 1),

which is a hierarchical horseshoe prior for the vector of coefficients 3. Conditionally
on A? and 72, the prior distribution of 3 is Gaussian with p-dimensional mean vector
0, and diagonal variance-covariance matrix 72X 4. In addition, the property of global-
local shrinkage is guaranteed by the presence of 72 and )\?, which determine global
and local shrinkage respectively.

The joint prior distribution specified in (2.1) leads to have (3, A%, 72,0, v) as set of
parameters. Notice that, differently from similar methods, this prior does not require
the choice of hyperparameters. The model specification in (2.1) leads to the following

joint posterior

VS|

p(B, A%, % n,vy) = H } (27r)_g(7'2)_

X { H(A?)_% exp { - 2)\5;2 }} (%)%F(lé) (72)*%

n { eXIByi—eXp{XIﬂ}

X exp{ - %T?}Fé)ni exp{ - %} (2.2)
AG) e - 5w

H{ml)p{‘l}}

J
that plays a central role to fit the model via mean field variational Bayes.
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Mean field variational Bayes approach. Let the density ¢(3, A%, 7%,n,v) be a

mean field approximation to the true posterior density of the form

9B, 2,7, m,v) = q(B) [ [ aWDa()a(m) [ [ a(v)- (2.3)

j=1 j=1
According to (1.9), the optimal densities for each element of the joint variational

distribution are given by:
q¢"(B) o exp {Eﬁ {bgp(ﬂ, PSR SNN% y)} }
q"(A}) o< exp {E)\? [logp(ﬁ, A%, V;y)] } j=1...p
q"(7%) o exp {E_Tz {bgp(ﬁ, A2, v y)} } (2.4)
q"(n) o exp {E-n [logp(ﬁ, PSNSNNZ y)} }

q"(v;) o< exp {E_Vj [logp(B,AQ,TQ,n,V;y)} } j=1....p.

Some computations highlight that all the optimal densities, except for ¢*(3), are

available in closed form, as showed by the next propositions.

Proposition 2.1. The optimal density for 3, ¢*(3), is not a standard form.

Proof. Since ¢*(83) o exp {]E_,g {logp(ﬁ, A% 72, v; Y)} },

logq*(B) x E_g [bgp(ﬁ, A% 12, v, y)}

xE_g {zn: {xmyi — exp {x] 8} } - zp: {%2]27-2}}

i=1 j=1
n P 1
=3 (- o0 (08 b= 3 {3
i=1 j=1
and we do not recognise the kernel of any known distribution. O]

Proposition 2.2. The optimal density for A3 is ¢*(\;) ~ InvGa (aq(,\]z), bq(,\]z)>, with

1, ., )
aqx2) = 1, byx2) = Ha(1/vy) T 5(%%) + 1125, Ha(1/72): (2.5)
Furthermore, Ha(1/32) = aq(/\i)/bq(,\]z) and Hg(log x2) = log b(q(kf)) _ ¢(aq(>\?))_

Proof. Since ¢*(\?) o exp {E—g {logp(ﬁ, N7, y)} }

log ¢*(A}) oc E_y {logp(ﬁ, PSRN % Y)]
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X E_)\? |: - =
, 1 1
= —2log A} — 2 [Ha/e) F SHas e/
J

1 1
= —2log )\? e {Mqu/yj) + 5(02(5].) + Mz(ﬁj))ﬂq(l/ﬂ)} :
J

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.2. O
Proposition 2.3. The optimal density for 7% is ¢*(7%) ~ InvGa (ay(r2), by(r2)), with

p+1 1<, , 9
Gy = 5= baet) = Ham) T 5 D _(Oqey T s Haapa) (26)
j=1

Furthermore, piqa/r2) = Gg(r2)/bg(r2) and plgaog2) = 10g b(4(r2)) — Y (ag(r2))-

Proof. Since ¢*(7?) o exp {]E_TQ {logp(ﬁ, A2, v; Y)} }7

log ¢*(77) < E_ [bgp(ﬂ, A% 12, v, y)}

p+3 1 1<
= _( B ) log 7% — 2 {Nq(l/n) + 2 Zﬂq(ﬁf)“q(l/k;‘?)

p+3 1
:_( 2 )bgT? [“q am+3 Z a6) T Has) )Nq(l/v)}

Take the exponential and notice that it coincide with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.3. O

Proposition 2.4. The optimal density for n is ¢*(n) ~ InvGa (aq(n), bq(n)), with
gty =1, by = L+ Hg(1/m2)- (2.7)

Furthermore, piq(1m) = aqgn)/ba(n) and pgaogn) =108 (g0 = ¥ (aqe))-

Proof. Since g*(n) o< exp {IE,] [bgp(ﬁ, A%, 7%, v Y)l },

log ¢*(n) x E_, {logp(ﬁ, A% 72, v, y)}

1 11 3 1]

E_,| —>logn—~—— —~logn— -
o n{ plogn — 5 —gloan—
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1
= —210g77 — 5 |:/Lq(1/.,.2) + 1:| .

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.4. O

Proposition 2.5. The optimal density for v; is ¢*(v;) ~ InvGa (aq(,,j), bq(,,j)), with
Ga) =1 baty) = L Hgae)- (2.8)

Furthermore, piq/u;) = Gqtuy)/bay) and fgogry) = 108 0(g(wy) = P(ag0y))-

Proof. Since ¢*(v;) o< exp {E_Vj [logp(ﬁ, A2, 72 n, v y)} },

log ¢*(v;) x E_,, {logp(ﬂ, A% 7%, v y)]
xE_,, { — =

1
= -9 lOg Vj — V_ |:,Uq(1/)\?) + 1:| .
J

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.5. O]

As we have already seen in the example of Section 1.3.1, since ¢*(3) is not a standard
form, we use a semi-parametric mean field variational Bayes approach to obtain the
variational Bayes densities. In particular, we have to pre-specify parametric family

of density functions for ¢(8). Also in this case we choose the multivariate normal,

B ~ Np(y5), Xq(s)), so that:

_p _1 1 _
4(B; By(s)s Zq(s)) = (2m) 2| Zy(5)| 2 exp { —3 (B = Bo@) i) (B = By) }

(2.9)

At this point, the mean field variational approximation in (2.3) takes the following

form:

p p

9B, X, 7%, 0,v) = 4(B; ko) Zar) [ [ 4D a(7)a(n) [ [ a(v), (2.10)

j=1 j=1

leading to the factor graph in Figure 2.1 and to a closed form of the lower bound.

Proposition 2.6. The lower bound log p(y;q) for the Poisson regression model with

horseshoe prior in (2.1), and associated to the variational density factorized as
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Figure 2.1: Factor graph for the model (2.1) with stochastic nodes corresponding to
the mean field restriction (2.10).
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a(B: X, 7%,m,v) = a(B; sy, Zas) [ i a(X)a(7*)a(n) TT5-, a(vy), given a vector of
realizations of dependent variable, y, and design matriz, X, can be expressed in a

closed form:

1
log p(y3q) = 5 log [Egs)| + 5 +Z{ ag02) + 108 (b2 N (agx2)))

= (aq02) + 1>¢<%<A§>)} + ag(r2) +1og(byr) L (ag(r2)))
— (ag(r2) + Dp(agie)) + aq(n + log (bym I (aqm)))

= (aq@m) + Do(agm) + Z { ) +10g(bg(u) I'(ag(,)))
p
- (aq(uj) + 1)w(aq(llj))} 2 q(log 72) Z:uq log)\2
- 1
+ Z {Xlﬂq(myi — exp {Xfﬂqw) + o X[ Bg(p)x } - log(yz‘U} (2.11)
- )+ Hg(s,) 1
- Z { '’ (1/A§>Mq<1/r2>} - plOgF<§>

p

1 3
{Qﬂq(logw) + o Hallog23) + MQ(l/Vj)Mq(l/Af)}
=1

J
1 1 3
- Q/Lq(logn) —logT 2] 5”4(10@'2) — Hq(1/n)Hq(1/72)

1 3 1
- logF(§) - §Nq(10gn) — [tg(1/n) — plogT’ (5)

- Z { Hg(logv;) T Mq(l/w)}

Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.1:
p
log p(y: q) = H{q(B: thy5) Sae) } + Y H{q(X)}
=1

+H{g(™>)} + H{q(n)} + Z H{q(v;)}

, (2.12)
+E,[logp(y|8)] + Eq[log p(BIA*, 7°)] + Z E,[log p(X3|v;)]
+ B, [log p(r*[n)] + Eq[logp(n)] + > By [p(v;)].

J=1
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Moreover, the first term is

H{q(8: g5y Za9) } = Eq[ — 108 0(B5 14(5), Za(s))]

E
P 1
=E,| - |- §log27r — §log Zq)]

- %((ﬂ = Hy() 25 (B — qu)))H

1 D
S log|Ey | + 5

P
= Zlog2rm +
©8 2 2’

2

the second term is

ZH {a(\)} = Z{ ag02) 108 (b Magn2))) — (ag02) + 1)1#(%@3))},
the third term is

H {q(T2)} = Qg(+2) + log(bq(Tz)F(aq(Tz))) — (aq(.rz) -+ 1)w(aq(72)),

the fourth term is

H{q(n)} = aym) +1og(bym I (agm))) — (ag(m) + Do (agm)),

the fifth term is

p

Do (00} = 3 { )+ 10800 ) = () + 1) -

the sixth term is

n

E,[logp(y|B)] = E, [2 [XZB% —exp {x;B} — log(yz-!)H

1
= Z {Xgﬂq(ﬁ)yi — exXp {Xz‘T”’q(ﬁ) + §X22q(5)xi} — IOg(yll)},
=1

the seventh term is

2
E,[logp(BIX%, 7%)] :Eq[—glogZW—plogT +Z{——logx\2 & H

2)\2 2

p
= _5 log 2m — HJq(logfr2 + Z { “q(log A2)

Hq(52)
o Ha(t/x5)Ha(1/m)

P
P 1
= _5 log 2m — /qu(log T2) — 5 Z q(log /\2
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p 2 2
o 9q(8)) - Fas5)
Z 9 Feq(1/x2)Hq(1/72) (>

i=1

the eighth term is

p
1 1 3 1
ZE log p( /\2|Vj ZE {—élogyj—logf(ﬁ)—§log)\§—y‘)\2}

j=1 7%

1 "1 3
=D 10gr(§> - Z {§,uq(loguj) + §Mq(logA?) + Mq(1/uj)uq(1/xg)}a

Jj=1

the ninth term is

1 1 3 1
E, [logp(r*n)] = E, { —gloen - mr(i) ~ S log7? - P}

1 1 3
2:uq logn) — log T’ )~ §“q(log72) = Hq(1/n)Hq(1/72);

the tenth term is

E, [log p(n)] :Eq{—logf(%) _ glogn— ﬂ

1 3
= —logl 2]~ §ﬂq(logn) = Kq@/n)>

the eleventh term is

ZIEJ ZE {—logf(%)—glogyj—%}

J

1 " (3
= —plogl (5) - {§Mq(1oguj> + Mq(l/m}

J=1

Substituting in (2.12) and after the simplification of glog 27 in

H {q(ﬁ;uq(ﬁ), Eq(g))} with —g log 27 in Eq[logp(ﬁ|)\2,72)], we obtain the result in
Proposition 2.6. 0

Finally, the last step for the derivation of the MFVB algorithm in the case of horse-
shoe prior is the update of the optimal parameters (,u,q(ﬁ), 34(s)) within a coordinate
ascent scheme. For this purpose we maximize log ]_9(y; q)¥®, the B-localized compo-
nent of lower bound log p(y;q), over (ptys),Xqs)). The red line box in Figure 2.1
shows that the neighbours of 3 are p(y|3) and p(8|v?, A?), which lead to a closed
form of log p(y; q)P.
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Proposition 2.7. The B-localized component of lower bound logp(y;q) can be ex-

pressed in a closed form and it is equal to:

logz_ﬂ(y;q)[mz—log\E )|+ 5 +Z{X Ba(s) _eXp{Xz‘T“q(B)

1 P,
+ 2XIE (8 ) } log<y2 )} 2 q(log 72) + Z { log/\2) (213)

2 2
94(8) + “q(ﬁg)
- f q(1/23) Hq(1/72)

Proof. Since the B-localized component of log p(y; ¢)1? is equal to

log p(y; )" = H{q(B; pos), Sas)) } + H{a(8)}
= Ey[ —10g4(8; ty(5), Zas))] + Eq[log p(y18)] + Eq[logp(B[A7, 72)],

(2.14)
the first term is
H {q(B: tg(s): Zas)) } = Eq[ — 10ga(Bs Bya), Zos))]
D 1
= Eq[— [— 510@;27? — §1og 1348
1 -1
) ((ﬁ - /J'q(ﬁ))TEq(ﬁ) (5 - M;(g)))”
p 1 p
=3 log 27 + 5 log |24(s)| + Y
while the second term is
H{q(B; g5y Zap) } = Eq[logp(y|B)] + Eq[log p(B|A7, 7°)]
=E, {Z {XI By: — exp {x]B} — log(yi!)H
i=1
p 2
2 2 j
+Eq{—§log2ﬁ— log T —i—Z{——log)\ 2)\]%2}]

7j=1
- T T 1 TE
=D XM ke = exP X By + g% Ha(p)Xi
=1

D p
— log(yi!)} -3 log 2m — §,uq(log72)

M)
+ Z { q(log A2) 5 - Nq(1/,\§),uq(1/72)}

1
= Z {X3“q<ﬁ>yz‘ —oxp {XZTMA B T 3Xi Zy(p)X }
=1
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p p
— log(yi!)} —3 log 2 — 5 Ha(log 72)

p 2 2

1 Tat8) T Fa(s))

+ { ~ Hatlopn) T T 5 HaadHa(i/e) (-
j=1

Susbstituting in (2.14) and after the simplification of glog 27 in

. p —— .
H {q(ﬁ;uq(ﬂ),Zq(ﬁ))} with —§log 27 in H {q(,@; uq(ﬁ),Eq(ﬁ))}, we obtain the result
in Proposition 2.7. O

For the reason explained in the example of Section 1.3.1, we use the natural fixed-
point iteration as numerical method to obtain the optimal density Ny (gt,(5), Xq(s))-
In the case of the horseshoe prior it is equivalent to the following updating scheme
for p, s and 3yp):

( n 1
Vyp) < Die {Xz’yz‘ — X; eXp {XZT Fq(p) + QXZ qu)xi}} = Hg(gyHg(1/22)Hq(1/72)

. 1 B
RO [Z“ X; eXp {XZT Hy(e) + §Xz‘TEq(ﬁ)Xi} x] + Mq(l/v)#qu/ﬂ)}

(Hq(s) < Mgp) T Zg(m)Va(),
(2.15)

and at each iteration the convergence is assessed by checking the increase in the
B-localized component of lower bound log p(y; ).

The MFVB scheme for the fit of the Poisson regression model with horseshoe prior is
provided in Algorithm 7, with the convergence of all parameters assessed by checking
the increase in the lower bound log p(y; q).

Notice that the horseshoe prior does not group the variables into signals and nulls,
but it induces sparsity in the regression coefficients allowing a subset of them to
be heavily shrunk towards zero. An immediate consequence is that the posterior
distribution of 8|y is non-sparse with probability one. Thus, in order to perform
variable selection, we use the Signal Adaptive Variable Selector (SAVS) approach,
introduced by Ray and Bhattacharya (2018). The main advantage of this approach
is the full automation because there is not need to specify any tuning parameter. In
particular, the SAVS algorithm (Algorithm 8) takes as input the design matrix X
and the non-sparse point estimate p 5 obtained with the Algorithm 7, and returns a

sparse estimate ”Z( 8y which we call SAVS estimator and that can be used for variable
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Algorithm 7: Semi-parametric MFVB for Poisson regression model with
horseshoe prior.
Initialize: ¢* (/67 Hq) Eq(ﬁ))a q*(n)v q*(7_2>7 q (Vl)a s 7q*(yp>7 q ()\%) y

q* (>\127)7 €8, Eglobal

Qg(n) 1

Aq(rr) = - - = Qg(up) —1
p+1

aq(Tz) <— —2

aq()\%) =...= G,q()\%) —1

while convergence not reached do

while convergence not reached do

n 1
VaB) < Doim {Xiyi — X €Xp {Xz‘T“’q(ﬂ) + §Xz‘Tzq(5)Xi}}
T3 Hq(1/32) Hg(1/72) )
n 1 -
) |:2i:1 X €xp {Xgﬂq(ﬂ) + §X2‘TEQ(5)X¢} x; + 'U’q(l//\2)/ﬁq(1/72)}

H(s) <= Hrg(s) T Za(@)Va(s)
compute log p(y; ¢)1P);

evaluate |log p(y; q)BI=) — log p(y; QP < gg;

end

ba(ny <= 1+ Hg(1/72)

Qg (n)
Hq(1/n) < —bq L
a(n)

HqQlogn) < 108 bymy — ¥ (aq@))
for j=1,...,pdo

Dgwy) <= L4 Hg(1/33)

Qq(v))
Ha(1/vy) & 7
T by

Lq(ogv;) <= 108 by, — 1/’<aq(Vj)>
end

1.r
ba(r2) = Ha(rm) + 5;(03%)  Ha(gp)Haa52)

(q(r2)
) 2
Hatie) <3 =

Mg(log 72) < IOg bq(7—2) - w(aq(ﬂ'?))
for j=1,...,pdo

1
Dy(x2) 4= Ha(1/v;) T 5(03@) + Mzwj))ﬂq(l/ﬂ)
" - Aq(x2)
2
WA by
Ha(log2) <= 108 bg0r2) = ¥(ag02))

end

compute log p(y; q)ter);

iter—1

evaluate | log p(y; q) ") — log p(y; q) " ~V| < &giopai;

end
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Algorithm 8: SAVS Algorithm.
Input: Posterior mean g, design matrix X

for j=1,...,pdo
1
) ’Uq(ﬁj)‘ )
if [p1q(,)] - [[X5]]* < A; then
M;(ﬁj) <0

else

M;(Bj) < Sign(ﬂq(ﬁj)>"Xj|’_2(mq(ﬁj)| ) HXJH2 - >‘j)§
end

Output: A sparse estimate Hy6)

selection. This estimator is obtained solving the optimization problem

. . )1 i
g = argémn {§||Xﬂq(5) — X85+ Z /\j\ﬁj|} , (2.16)
=1

with the parameter A; > 0 that control the amount of penalization for the j-th vari-
able. Exploiting that the horseshoe prior aggressively shrinks the noise components

1
towards zero and retain the larger signals, A; is set to \; = ————, so that the

| (]
penalties for the variables are ranked in inverse-squared order of the intensity of the
corresponding coefficient. Finally, the sparse estimate u;(ﬁ) is obtained using the
coordinate descent algorithm (Friedman et al., 2007), with initial value p 4 and

stopping the algorithm at the first iteration.

2.2 Spike-and-slab prior

The spike-and-slab prior (Mitchell and Beauchamp, 1988; George and McCulloch,
1993, 1997) is widely used in Bayesian variable selection and it represents an alter-
native to the horseshoe prior. In this thesis we consider the continuos version of the
spike-and-slab prior, which is a finite mixture of two zero-mean Gaussian distribu-
tion with different variances. The first element is the spike component, which has
smaller variance, while the second element is the slab component, which has greater
variance. The main idea is to assign the regression coefficients equal to zero to the

spike component and to slab otherwise.

Bayesian model specification. Let v be the p-dimensional vector where v; = 1

if the j-th covariate, x;, is included in the regression model and 7; = 0 otherwise,



40CHAPTER 2. VARIABLE SELECTION FOR POISSON REGRESSION MODEL

and let A; be the p-dimensional vector where A;; is the prior variance of the slab
component for the j-th regression coefficient, 3;. We consider the following Poisson

model with spike-and-slab prior:
Yi|B ~ Poi(exp {x/3}), i=1,...,n, Y;LY; Vi#j,

Blv, A1 ~ N, (0,,35), Xz =diag{b1,bs,...,b,},
j:A};wx{;, 0< X <Ay, Jj=1...,p (217)

Aij ~ InvGa(r,6), j=1,...,p

7|0 ~ Ber(0), j=1,....,p

0 ~ Be(a,b),
which is a hierarchical spike-and-slab prior for the vector of coefficients 3. In detail,
the joint prior distribution of 3, conditionally to v and A1, is multivariate Gaussian of
dimension p with mean vector equal to 0, and diagonal variance-covariance matrix 3.
The identification of the mixture components through the vector of prior variances
(Mo, A1j),7 =1,...,p, is allowed by the variance-covariance matrix structure in third
and fourth equation of (2.17). In addition, an Inverse-Gamma distribution with
shape parameter r and scale parameter ¢ is assumed for A\y;,7 = 1,...,p, with r and
d independent from j. In conclusion, conditionally to #, a Bernoulli distribution with
parameter ¢ is assumed for each v;, and a Beta distribution with hyper-parameters a
and b is assumed for §. This specification leads to (3,4, A1,0) as set of parameters
and (Ao, 7, 0, a, b) as vector of hyper-parameters, with the latter that should be chosen
by the user in order to perform the estimation. In particular, in the literature it
is common practice to set )¢ in the spike distribution to zero (Brown et al., 2002;
Panagiotelis and Smith, 2008). However we follow Rockova and George (2014) and
we consider small and positive values for \g in order to exclude unimportant nonzero

effects.

The model specification in (2.17) leads to

n eXZByrexp{XIﬁ}

p(ﬁ,77A179,Y) :H y‘|
i=1 v

p

x (2m)72 H {A;‘WAE} exp {—%ﬁTzﬁlﬁ}

i=1 (2.18)
7 0 e {0/ A} | 71 S 1y
|1 {F(r) N } 11 {9 (1-9) }

J

NI
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as joint distribution of the data and parameters.

41

Mean field variational Bayes approach. Let the density ¢(83,7, A1,0) be fac-

torizable in the following way

bS]

48,7, A1.0) = a(B) [T ) [ [ a(ns)a

Jj=1

thus the optimal densities are given by

q*(/B) X exp {Eﬁ {1()%])(/37%)\1797)’)] }7
q*(’}/]) X exp {E—’}’j {logp(ﬁ777 )\1767y>:| }7 j = 17 Ry 2
q*(Alj) X exp {]E—)\lj |:10gp(18777A170aY):| }7 .] = 17 Y 2

q*(0) o exp {E—e {bgp(ﬂ,% A, 9;}’)} }

(2.19)

(2.20)

At this point, we can obtain the optimal variational densities, which are provided by

the next propositions.

Proposition 2.8. The optimal density for B is not a standard form.

Proof. Since ¢*(3) o exp {]Eﬁ {logp(ﬁ, v, Ar, 0 Y)] }7
n P ng'fl
> {xiBu -~ o 1) | - > T]
K- o0 (8 } - 3 { E_, [ = Aw] }

logq"(B) xE_g

M

1

1

<.

> {3
x] By; — exp {x] B} } Zp: {

1

n

-2
:i{x gyz_expm} 5
>

ol

<.
Il

|
M- 1
M@

{xmyz- ~exp {xIB} }

1=

,_.
<.
I

and we do not recognise the kernel of any known distribution.

2

7o

2 Bs (1 =75)A0 + 75\
AP

2

|
[

Proposition 2.9. The optimal density for ~; is g*(v;) ~ Ber(,uq(%,)), with

2 2
Ta8;) T Fas))

Ha(ry)
log (1‘1—7)) = Ha(og0) ~ Hallos(1-0) = — 5 (Mqu/m -

~ Ha(v;

1
b (uqaog Ay) — 1og Ao) :

1

)

A

|

Vi
A1j

I}

(1 — fig(ry))
T gy (1)
1 Ao

]
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Proof. Since ¢*(v;) o< exp {E_»yj llogp(ﬁ,% A, 0 Y)] }7

. 1 1
lqu (’y]) X ]E,,yj |: — 5(1 — ’}/j) lOg )\0 — 5’)@ lOg )\1]'

1
+;log 0 + (1 — ;) log(1 — 0) — 5@%%}

1

1
x —(1— ’yj)é log Ag — §’Yjﬂq(10g>\1j)

1 (2
+YiHatog0) + (1= 75)Hgog1-0) = 5B, [ﬁ]
Ao )‘lj

Hq(log A15)

1
=~ =)5logro —7—

5 + Yjlq(log 6)

Hq(82) Fq(82)Fa(1/M1;)

+ (1 = ) g(og1-0) — (1 — ) g 5

2 2
94(8;) + Fa(s;)
2

1
= (1-) {Mq(log(le)) — g log o -

(Ug(ﬁj) + /Lg(ﬂj))u‘m//\lj) 1
+ Y | Hg(log ) — 9 - 5”!1(10&%)\11')

2 2
T4(8;) + Faq(s;) 1
X Y | Hq(log ) — Hq(log(1—6)) — 9 Hq(1/x15) — )\_0

1
D) (:“q(log Ay) — log )‘0)] :

Take the exponential and notice that it coincides with the kernel of a Bernoulli dis-

tribution with parameter as in Proposition 2.9. O

Proposition 2.10. The optimal density for Aij is ¢*(Mi;) ~ InvGa (rq(n,), 0a0ny)) -
with

Ha) (s + o)
5(](}\”) _ 5+ q(5) Q(ﬁé) q(B5) ) (22]_)

Furthermore, fiq1/x;) = Tq(x;)/Oq(n,) a1 fg(logrr;) = 108 0g0n,;) — Y (Tg(ry,))-

Haq(~;)
2 )

Tq(hy) =T+

Proof. Since ¢*(A1;) x exp {E_,\lj [logp(ﬁ,’y, A, 0; y)} },

1 1 )
IOg q*(>\1]) X E_)\lj |: — 5’}/] IOg )\1]‘ — 5,61-251,6 - )\— - (T + ].) log )‘1j:|

1j

Fq(v;) 1 Fa(~;)Hq(82)
— == 1| logA\y; — — |6 + ——L
o { 5 —|—r+]og 1/ )\U{—l— 7
. 1 tatv) (Bosy T T y)
= — M +r 4+ 1 IOg >\1j o 5 + q(v5) a(B;) q(Bj) )
2 Ay 9

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.10. O
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Proposition 2.11. The optimal density for 6 is ¢*(0) ~ Be (aq(g), bq(g)), with

p p
Qo) = A+ Y faty)s b)) =bFD— Dl (2.22)

j=1 j=1

Furthermore,

Haq(og0) = V(aq(0)) — Y (aqeo) + by(e)), (2.23)

Hq(log(1-6)) = Y(bge)) — ¥ (aq(e) + by(s))-

Proof. Since ¢*(0) o exp {Ee {lOgP(B, v, A1, 0 Y)] }a

p P
log¢*(6) x E_g {Zw log 6 + (p - Z%) log(1 — 0)
j=1 j=1

+(a—1)logf+ (b—1)log(1 — 6)}

p p
= (Z,uq(w) +a— 1) log 6 + (p — Z,uq(w) +b— 1) log(1 — 0).
j=1 j=1

Take the exponential and notice that it coincides with the kernel of a Beta distribution

with parameters as in Proposition 2.11. O

Also in this case, we have that all the optimal variational densities in (2.20), except
the first, are recognized to be well known distribution functions. Since ¢*(3) is not a
standard form, we use a semi-parametric mean field variational Bayes approach in or-
der to obtain the variational Bayes estimates and, as usual, we choose the multivariate

normal, B ~ Np(tys), Xq(s)), Which means:

_r _1 1 _
9(8; Bos): Za(s) = (21) 2By | 2 exp { =5 (B=Hy) 2oy (B — b)) }
(2.24)
As a consequence, the mean field variational approximation in (2.19) becomes
p p
98,7, A1, 0) = q(B; trysy Zaw) [ [ a(v) [T aMi)a6), (2.25)
7=1 7j=1

and the factor graph corresponding to the model (2.17) with ¢-density product re-
striction in (2.25) is depicted in Figure 2.2.
Furthermore, the lower bound associated to the variational density factorized as in

(2.25) has a closed form and it is provided by the next proposition.
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Proposition 2.12. The lower bound log p(y; q) for the Poisson regression model with
spike-and-slab prior in (2.17), cmd associated to the variational density factorized as
q4(B,v,A1,0) = q(B; Fey(5)s 2q(5) ) H q(7;) H q(M15)q(0), given a vector of realizations
of the dependent variable, y, and deszgn matma: X, can be expressed in a closed form:

1 P b
log p(y;q) = 5 10g [Zg(p)| + 5 — > {qu 10g fig(+;) + (1 = pig(y;)) log (L — Mq(m)}
j=1

p
+ Z { a0) 108 9g0y) +108 T (rg(n,) + g Ha(/an;)

+ (TQ()‘lj) + 1)Nq(10g>\u)} - (aq(9) - 1)MQ(log9) + (a — 1)ﬂq(log9)

— (bg(0)y — 1)q(iog(1-0)) + 10g Bl(ay(), be()) — log B(a,b) + prlog

" 1
+2 {XI Hrg(p)Yi — XD {Xguq(ﬁ) +5x; Eqwxz} - 10g(yz‘!)}

p 2 2
1 Ha(s,) T %4(8))
30 0 ) o + a2
j=1

1 (e (3 )+02( )),uq(l/)\l )
~ Halvy) |:§MQ(10g)\lj) +— q2 ’ —plog'(r)

+ Z { = Hq(r;)) Ha(log(1—0)) + “q(vj)ﬂq(logG)} + (b — Ditgaog1-0))

P
- 5ZMQ(1/A1j) —(r+1) Z Hq(log A1)
=1 j=1

(2.26)

Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.2:

log p(y; q) = H{a(B; pys). = }+ZH{q i)}

+ > H{a(\))} + H{a(0)} + Eq[log p(y|8)]

j=1

, (2.27)
+ B, [log p(Bly, A1)] + Z E,[log p(7;16)] + Eq[ log p(6)]
+ ZEq[logp(Alj)].

Moreover, the first term is

H {q(B; bys), Zap) } = Eq| — 108 0(B; b5y, Zas))]
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P 1
=E,| - | — ElogQW — §log 1348)|

B %(w — () Z g (B — “q(ﬁ))>H

1
_ log 27 + 5 log [ g | +

P
2 2’

the second term is

ZH{Q(% ZE —logq 7])}

p
=Y E, { - <%- 10g fiq(y;) + (1 — ;) log(1 — uqmj)))}
j=1
p

== Z {ﬂq('w) 10g f1q(y;) + (1 = fig(s;)) log(1 — N’q(w))}a

j=1

the third term is

ZH{Q A1) }—ZE —logq(\ij)]

Og(As,)
= Z Eq |: - <Tq(/\1j) log 51]()\1;') — log F(TQ(AU)) — q)\l :
— J

_ (TqO\lj) —+ ]_) log )\1J>:|
= Z { a(01) 108 q(n5) +108 T () + Gaany) Ha(/any)

+ (g0 + 1)Mq(1ogm>}a
the fourth term is
H{q(0)} =E,[ —logq(0)]
=E, [ — <(aq(9) — 1) log 0 + (bgey — 1) log(1 — 0) — log B(aq), bq(g))):|
—(aqg() — 1)ttgqrog0) — (bato) — 1)Hqtrog1-6)) 1 1og Blage), be(o)),

the fifth term is

E,[logp(y|B)] Eq[i[ Iﬁyi—exp{xm}—log(yi!)”

=1

n 1
:Z{XIMA '—eXP{X Hy(p) + 5% By()X } 10g(yz)}

=1
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the sixth term is

p
P 1
E,[logp(Blv, A1)] = Eq[— 5 10g2m + E { — 5 (1 =) log Ao
=1

1 1 57
— 575 log A1; — —_—j}]

(\V]

2 2 /\é i /\E
D 2 1 Hq(log A1)
=3 log 27 + Z { —(1- “Q(w))§ log A\g — Mq(w)%
7=1
2 2
Hq(s;) + 94(8;) 1— Ha(~;)
- + Haq(v;) a(1/7;)
2 Ao
p 2 2
_p 1 Has) T %a(8)
=3 log 27 + ; { —(1- uq(w)) [5 log \g + T
2 2
Patosrsy) |, Py T Tatsn)Ha1/ny)
uCI(’Yj) 92 + 92 )

the seventh term is

> E,[logp(;10)] =D K, {(1 — ;) log(1 — 0) + 7; log 9]

Jj=1 J=1

Il
(]
—N
—~
—_
|
=
=2
2
h”
=
S
=
9
®
T
N
+
=
=2
2
=
[}
=
9
®
N
——

the eighth term is
E,[logp(d)] = E, {(a —1)logfh+ (b—1)log(1l — 0) — log B(a, b)}
= (a = 1)pgoge) + (b — 1)p1gq10g(1-0)) — log B(a, b),

the ninth term is

p p 5
> E[logp(ri)] =) E, [r logd —logT'(r) — — — (r+ 1) log )\U]
j=1 j=1 Atj

P
= Z {r10g5 —log I'(7) — dptgqyny,) — (r+ 1)Mq(log/\1j)}

=1

P p
=prlogd —plogT'(r) — ¢ Z,uqu/,\lj) —(r+1) Z Hg(log A1)+
j=1 J=1

At this point, substituting in (2.27) and after the simplification of glog 27 in

H {q(ﬁ; Hy(5)s Eq(ﬁ))} with —g log2r inE, [ log p(B|7, )\1)} , we obtain the expression
in Proposition 2.12. O

At this point, we update the optimal parameters (,u,q(ﬂ), 34(s)) Within a coordinate

ascent scheme through the maximization of the 3-localized component of lower bound
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(] p(ylB)

(B, >\1)

p(0) []

Figure 2.2: Factor graph for the model (2.17) with stochastic nodes corresponding to
the mean field restriction (2.25).

log p(y; q), log p(y; q)P, over (Kry(5)» Xq(s))- The red line box in Figure 2.2 highlights
the neighbours of 8, which are p(y|8) and p(8|v, A1) and they allow to have a closed
form of log p(y; ¢)1®.

Proposition 2.13. The B-localized component of lower bound logg(y; q) can be ex-

pressed in a closed form and it is equal to:
B _ ! PN~ T 11
log p(y;¢)™ = 5 log [Zg(e)| + 5 + > S xT iy — exp S X pry g + 3%i Zg(9)Xi
i=1

p ) )
1 Wogyt 055
—log(y) ¢ + — (1 = pgyy)) | 5 log Ao + TalBy) (i)
2 20

j=1

2 2
Hq(log A1) (Mq(ﬁj) + UQ(ﬁj)m‘I(l/’\U)
— Hq(v;) 9 + 9 :

(2.28)
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Proof. Since the B-localized component of log p(y; q)1? is equal to

log p(y; @) = H {a(B; py(s) Saw) } + H{a(Bs tys). Zas)) }

(2.29)
= E,[ —logq(B)] +Eq[logp(3’|ﬁ)] +E,[logp(Blv. A1),

the first term is

o[ =102 4(B; g5y, Zo(s))]

H {q(B; y5). Zqs)) } = E
1
E { (— —log 2w — 510g|2q(5)\

2
) E(w — )Ty (B - qu))]

1
2log27r+ log [ 345 ]+g,

while the second term is

H{4(B; o5 ) } = Eq[log p(y|B)] + Eq[log p(Bl7. A1)]

(
=E {i{ 1By; — exp{x]B} — 10g(yz-!)H
E

p
P 1
q{—élog%r—l— E {—5(1—")/])10g>\0

+
j=1
1 1 B
o 573’ IOg >\1j 2 )\ 1= )\’Y] }:|

. 1
=2 {X3“q<ﬁ>yz‘ —oxp {XZTMA B T 3Xi Zy(p)X }

i=1
p - 1
B log(yi!)} 9 log 2m — Z {(1 - Mq(w))é log Ao

J=1

2 2
o i 2 N T 055 1 .
Hq(’yj)[/&q(l g \1j) qa(8;) a(B;) |: Hq(v;)

2 2 Ao

+ uq(vjwqu/m] }

. 1
=2 {XZT Hq(p)Yi — XP {Xg Mo + 5% 2q<6>xi}

i=1
p

p

_ log<yi!>} ) log 27 — Z {(1 — Hq(yy))

J=1

2 2
1 Pai) T %48y Haq(log Arj)
x| =log Ay + 22 )|
|:2 Og 0+ 2)\0 +/‘LQ('YJ) 2

_|_

(“5(6» + U?(ﬁnmq(l/m)} }
5 .
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At this point, substituting in (2.29) and after the simplification of glog 27 in

. D . T .
H {q(ﬁ;uq(ﬁ),Eq(g))} with —§log 27 in H {q(,@; uq(ﬁ),zq(m)}, we obtain the ex-

pression in Proposition 2.13. O

In order to obtain the optimal density N, (tt,g), Xq(5)), We use the natural fixed-
point iteration update. In the case of the spike-and-slab prior this is equivalent to

the following updating scheme for p 5 and Xy s):

(

n n 1
V) & D1 Xilli — 2 i q Xi XD {Xgu’q(ﬂ) + §X32q(6)xl’}

Fq(8)
~(1 = 4) = 7 = By [Ba(e) o a0

n 1 (1= py() -
e < { Zi:i X €xp {Xz‘Tl"q(ﬂ) + §Xz‘TZq(5)XZ’} x] + )\—0“ T By Fg(i/n)

| Hq(p) < Mg(s) T Ba(8)Va(8),
(2.30)

with the convergence assessed by checking the negligible increase in the 3-localized
component of lower bound log p(y; ¢) after each update.

The semi-parametric ME'VB scheme that leads to the optimal variational densities
B, ¢ ()s - (W), (M), -, @*(A1p), ¢*(0) is provided in Algorithm 9, with
the convergence of all parameters assessed by checking the increase in the lower bound
log p(y; q).

Finally, in order to perform variable selection with spike-and-slab prior, we exclude
the j-th variable from the model if the optimal ji4(,,) is smaller than a threshold

s € (0,1) and we include it otherwise.

2.3 Bernoulli-Gaussian prior

In Section 2.1 and 2.2, we considered respectively the Bayesian Poisson regression
model with horseshoe and spike-and-slab prior, which share the feature of a hier-
archical Bayesian model specification on the vector of coefficients 3. An other in-
teresting alternative, that we consider in this Section, is represented by the Poisson
regression model with Bernoulli-Gaussian (BG) prior (Ormerod et al., 2017; Bernardi
et al., 2023). This is a model without hierarchical specification for the regression
coefficients. Indeed, it is characterized by the introduction of a diagonal matrix in
the linear predictor, with j-th element in the diagonal that brings information on the

inclusion of j-th independent variable in the model.
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Algorithm 9: Semi-parametric MFVB for Poisson regression model with
spike-and-slab prior.
Initialize: q* (/67 I‘l’q(/g’)v Eq(ﬁ))a q*(’Yl)a I q*<’yp)7 q*<>\11)7 ceey q*()\lp)7q*(9)a

€8, Eglobal

while convergence not reached do

while convergence not reached do
n n 1
VyB) < Dimy XilYi — D iq Xi €XD {Xz‘T“q(B) + §X32q(6)xi}
Fq(3)
~(1= 4) =) 7 = By [Pt o a0

n 1
Sg(p) { D i Xi €Xp {Xgﬂq(ﬁ) + §X32q(ﬁ)xi} X,

<1 B “q(v)) -
+ o T Hg(y)Hg(/n)

Hq(3) €= Bag) + Da(e)Va(s)
compute log p(y; ¢)1P1);

evaluate |log p(y; q)BI=) — log p(y; q)PIED| < €8s
end

for j=1,...,pdo

ol T 1
ats) T Mas))
Wj € Haflogh) ~ Hallog(1-0) = — 5 (Mq(l/m—A—J
1

_5 (:uq(log)qj) - log )\0>
1

-
1 + exp(—wj)

Ha(~;)

end

for j=1,...,pdo
Faouy) T+ Mq;vj)

2 2
Uq(’vj)(“q(ﬁj) + Oq(ﬁj)>

5q()\1j) — 0+ 9

Tq(A\1y)

5q(>\1j)
Hq(log Ai;) < log 561(/\1]') - w(rq()\u‘))

end

Ha(1/x;y) <

Ag(g) < a + Z?:l Hq(~;)

bato) <~ b+p — Z?:l Haq(v;)

Hq(og0) <= ¥(aq(9)) — ¥ (aq(e) + by(o))

Hq(tog(1-0)) <= ¥ (bg(0)) — ¥ (aqg(e) + bq(o))
iter).

compute log p(y; q)";
evaluate |log p(y; q)tter) — log p(y; q)!

end

iter—1

) | < E‘:global;
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Bayesian model specification. Let « be the p-dimensional vector where «; = 1 if
the j-th covariate is included in the regression model and v; = 0 otherwise. Differently
from the models considered previously, we use a binary mask and we consider the

following Bayesian Poisson regression model:

Yi|B8,v ~ Poi(exp{x]T'3}), i=1,...n, Y, 1Y, Vi#j,
B~N, (0,,07,)
I' = diag(71, ..., 7p)s (2.31)
vlo~Ber(p), j=1,....p. L wVi#k
p ~ Beta(a, 9).

From the first equation in (2.31), it follows that, conditionally to B and -y, in this
model the likelihood is equal to

n  xITBy—exp{x]TB}

p(ylB.v) =] °

|
i1 Yi:

(2.32)

As concerns the prior distribution of 3, this is multivariate Gaussian of dimension
p with independent components, mean vector equal to 0, and variance equal to o>
for each §;, as shown in (2.31). On the other hand, for the vector =, that allows to
perform variable selection, we assume, conditionally to 8, a Bernoulli distribution with
parameter 6 for each ;. Finally, we assume a Beta distribution with hyper-parameters
a and b for . The Bayesian model specification in (2.31) leads to (3,7, 6) as set of
parameters and (0?2, a, §) as set of hyper-parameters.

The joint distribution of the data and parameters rising from this model specifica-

tion is the following;:

n  x'T'By;— exp{x}T,@}

pB.v.osy) =]

i1 yi!
b 1878
X (2m)7* (0°) QeXp{_E o? } (2.33)
P (1= )
X B(a, 6)

Mean field variational Bayes approach. As usual, the first step with the mean
field variational Bayes approach requires the definition of the factorization for the

computation of the optimal variational densities. Although it seems natural to con-
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sider
9(B.,7.p) = a(B) H a(v;)alp), (2.34)

this factorization leads to analytical issues in the computation of the optimal density
q(B). As a consequence, we relax the hypothesis of full posterior covariance matrix
for ¢(8) and we consider posterior independence between the regression coefficients.

Thus, we work with the following mean field variational approximation:

p

a(B.v.p) = [Ta(8) [ Tatr)a(e). (2.35)

J=1

which leads to the optimal variational densities

q"(B;) o< exp {E—ﬁj [logp(ﬁmp; y)} } j=1...,p,
q*(7;) o< exp {E—w [bgp(ﬂ,%p; Y)} } i=1....p, (2.36)
q"(p) o exp {JEp {logp(ﬂ, Y, p; Y)] }
The optimal densities we are looking for are given by the next propositions.

Proposition 2.14. The optimal density for B, ¢*(8;), j=1,...,p, is not a standard

form.

Proof. Since ¢*(f;) o exp {Egj {logp(ﬁ, Y P Y)] }>

g (5) < By, | - 320+ Z Lmsu - (a1 |
1
=52 {5? + D (o5 + Ng(ﬁk))}

=
2

{ > Azattaenaeoyi} + itae) B — 1| [(1 = Hat)
=1

k#j k#j
+ Nq(vk)ﬂq(e%kﬁk)} [(1 - Mq(%)) + Hg(~;) €XP {xwﬁj}} }

X __62 + Z {‘TUM(] () B3 — H {(1 — Hg(y)) T :uq(’}/k):uq(emikﬁk):|
oy

X {(1 = Ha(yy)) F Ha(y;) OXP {%‘@'H },

and we do not recognise the kernel of any known distribution. O]
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Proposition 2.15. The optimal density forv;, ¢*(v;), 7=1,...,p, is not a standard

form.

Proof. Since ¢*(v;) o exp {Ew {logp(ﬁ,% p; y)} }

p

log ¢*(7;) < B, {Z {w log p+ (1 — ;) log(1 — p)}

J=1

+ 3 {08 - e x118) |]
=1

= Vitq(ogp) + (1 = V) Hg(log(1—p)) T Z {Mq(vk)ﬂq(logp)

k#j
+(1- uqm))uq(log(lp))} + E—%{ >, {XJ ['By; — exp {X} I'g } — log y'}
i=1
X7 {Mq(logp) - MQ(log(l—ﬂ))] + Z {xij/Yj/‘LQ(Bj)yi} - Z { H {(1 — Hg(y))
i=1 i=1 N k#j

2 g2 2 2,2
LikPats a8 " i
+ Hg(y) €XP {ﬂhkﬂq(ﬁk) + %}] [exp {Uq(ﬁj)xiﬂj L J2

= {Hq(log p) — Hg(log(1—p)) + Z {xijﬂqwj)yi}]

=1

n 2 2
Tikq(8y)
= LT = tatn) + gt €XP 3 Tintta(s,) + 9

i=1 N k#j
o2 aZ?
(Bi)"ii 1j
x {exp {Mq(ﬁj)miﬂj R J2 H }»
and we do not recognise the kernel of any known distribution. n

Proposition 2.16. The optimal density for p is q*(p) ~ Beta(oy(p), 04(p)), with

P p
Qg(p) = @+ Z Haq(v;)> Og(p) =0+ P — Z Ha(v;)- (2.37)
=1

J=1

Furthermore,

Hq(logp) = ¥(a —Y(a +9 ’
q(log p) ( Q(ﬂ)) ( alp) q(p)) (238)

Hq(og(1—p)) = Y (0q(p)) — ¥(aq(p) + dg(p))-

Proof. Since ¢*(p) o exp {]E—p {108229(@ Y P Y)} }v

logq*(p) xE_, [(a —1)logp+ (6 — 1)log(1l — p)
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+ Ep: {% log p+ (1 — ;) log(1 — p)H

=1

= (@ —1)logp+ (6 — 1)log(1 — p)

p
+ Z {Nq('yj) logp+(1— :ufJ(“/j)) log(1 — p)}

j=1

p p
X {a -1+ Z“‘I(W)] log p + [(5 +p— qu(%) — 1] log(1 — p).

j=1 j=1

Take the exponential and notice that it coincides with the kernel of a Beta distribution

with parameters as in Proposition 2.16. O]

After some computations, it turns out that only the optimal density ¢*(6) is same as
well known distribution, while each ¢*(/5;) and ¢*(y;) are not. Thus, we use a semi-
parametric mean field variational Bayes approach to obtain the variational Bayes
densities. In particular, we use a non-parametric step for the update of ¢*(), while
we pre-specify a parametric family of density functions for ¢(3;) and ¢(v;). We choose

the univariate Normal density function for g;, i.e. 3; ~ N(pq(s;), 02( Bj)>’

1 1 2

q(B53 a8, Ta(sy) = eXp{ T 952 (85 — Ha(sy)) } (2.39)
210 Tq(8;)

Q(ﬁy) J

and the Bernoulli distribution for ;, i.e. v; ~ Ber(fq,)),

0955 Batry) = Haie, ) (1 = Hatr)) 7. (2.40)

As a consequence, the mean field variational approximation in (2.35) takes the fol-

lowing form:

P P
a(B,7,p) Hq By (s, q(,B] Hq Vi Ha(+))4(p)- (2.41)
7=1 7=1

Figure 2.3 shows the factor graph for the model in (2.31) with stochastic nodes cor-
responding to the mean field restriction in (2.41). In addition, we have a closed form

of the lower bound.

Proposition 2.17. The lower bound log p(y; q) for the Poisson regression model with
Bernoulli-Gaussian prior in (2.31), and associated to the variational density factor-

ized as q(B,7,p) = [Ij=1 a(Bj; tas)> oos,)) Ii=1 (053 tacy))a(p), given a vector of

realizations of the dependent variable, y, and design matriz, X, can be expressed in
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a closed form:

hS]

P
log p(y; q) Zlogaqm 5 { a37) 108 Hg(r)
7=1 j=1

+ (1 — Mq(w)) log(1 — /Lq(w))} - (aq(p) - 1)/‘q(logp)

— (84(p) = DitgQog(1—p)) + log B (aq(p)» Oq(p))

T Z { Z LijHq(y;)Ha(8;)Y H [1 — Ha(yy)

o, (2.42)
+ Hq(v;) €XP {xij,uq(gj) + g é ! }} — log yil}

p
p 2 1 2 2
9 logo” — 252 {Uq(ﬁj) + MQ(Bj)}
j=1
p

> {Nq(mﬂq(logp) +(1- Mq(vj>)ﬂq<log<1—p>>}
j=1

+ (@ = 1) ptggog p) + (6 = 1) tg(rog(1—p)) — log B(a, 0).
Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.3:

logpy q ZH{ Bymuqﬁg)? q(B;) }_}_ZH{q(Vj;/‘q(%‘))}
+H{a(p)} +E,[logp(y18,7)] + 3 Eq[logp(5)] (2.43)

+ > Eq[logp(vlp)] + Eq[log p(p)]-

Jj=1

Moreover, the first term is

ZH{ 6]?“11 (B5)> } ZE { lqu ﬁ]’/’bq(ﬁj’ Q(ﬁj)):|

1 2
= Z E, {5 log 2 + 3 log ogs,)
j=1

1

+

5oz (B = uq(ﬂn)z}

Q(/B])

p
p 1 2 p
=5 log 27 + 3 g log T T+ 3

the second term is

p p
D H{a(yi )} = DBy [ — log q(v;; uqm-))]
=1 =
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=> E, { - {%‘ 10g f14(;) + (1 — ;) log(1 — quj))H

== Z { a(;) 108 () + (1 = Hg(sy) Log (1 — /‘q(w))}v
the third term is

H{q(p)} =E, { —log q(p)}
=5, | = [{a ~ 1102+ (b~ Dlo(1 = p) ~ 10 Bla )|
—(aq(p) = Ditgtiog p) — (Og(0) = 1) giog(1—p)) + 108 B(y(p)5 Og(p))5

the fourth term is

n

E,[logp(y1B,7)] Eq[Z{ T By; — exp {x] T3} —logyz-!”
=1

= Z { Z Lijla(vy;)Ha(B))Yi — H {1 — Hq(v;)
i=1 N j=1
o2 .2
(B5) "t
+ Hq(~;) €XP {Izjuq(ﬂj) + T é / }} — log yi!},
the fifth term is

, - 1 1 2
> B, [logp(B))] = ZEq[_ Slog2r — logo” 25;2]

Jj=1

[y

& 1 1
>-{ - Jlos2r— Jlose? = o |

J=1

.

P
_ P 1 2 2
9 5log2m — 5 loga 952 E : {Uq(ﬁj) + MQ(BJ')}’

Jj=1

the sixth term is

p p
> E,[logp(v;lp)] = E, [w log p+ (1 — ;) log(1 — p)}
7j=1

J=1
P

= Z {Nq(Vj)Mq(logp) +(1- Nq(vj))ﬂq(log(l—ﬂ))}7
j=1
the seventh term is

E, {logp(p)} —E, [(a “1)logp+ (6 — 1) log(1 — p) — log B(a, 5)1

= (a = Dpgpogp) + (0 — 1) fig10g(1—p)) — log B(v, 5).
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p(1lp)

Figure 2.3: Factor graph for the model (2.31) with stochastic nodes corresponding to
the mean field restriction (2.41).

At this point, substituting in (2.43) and after the simplification of glog 27 in

p p
> H {q(ﬂj;uq(gj),ag(ﬂ))} with —glog 27 in ) Eq[logp(ﬁj)}, we obtain the ex-
j=1 ’ j=1

pression in Proposition 2.17. O]

At this point, we show how to update both the optimal parameters (uq(3;), Ug(gj))
of ¢*(B;), and fig(y,) of q(v;) within a coordinate ascent scheme. We maximize the
Bj-localized and the v;-localized component of lower bound log p(y; ), respectively.
In particular, the red line box in Figure 2.3 shows that the neighbours of 3; are
p(y|B,7) and p(5;), while the green line box highlights the neighbours of ~;, which
are p(y|B,) and p(7;]p). Thus we have the following expressions of log p(y; ¢)/*! and

log p(y; ).

Proposition 2.18. The B;-localized component of lower bound log;_o(y; q) can be ex-
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pressed in a closed form and it is equal to:

I 1 &KL
log p(v; )P = 5 log Ug(ﬁj) + B + Z { ZJEUNQ(W)%(&)%_

i=1 ~ j=1

- T a6
q(B4)"1
{1 — Hg(y;) Tt Hg(y;) €XP {xijﬂq(ﬁj) + #H — log yi!} (2.44)
j=1
2 2
— llog o2 — Tq(8;) - Mq(ﬁj).
2 202

Proof. Since the f3;-localized component of log p(y;¢) is equal to

tog p(y; @)/ = H{ a3 tats 725)) b + T {085 o) 0%5) |

=B, [ — 102 q(B;; ta(s), Tas,))] + Eq[log p(y|8,7)] + Eqy[log p(5)],
(2.45)

the first term is

H {(J(ﬁj; Fa(8;) 03(5»)} =By [ —1og (85 ta(s,): 74(5,)]

1 1 1
=E, {5 log 2m + 3 log 02(5j) + F(B)(ﬁj - U(J(ﬂj))z
a(B;

1 1 9 1
=3 log 27 + 3 logaq(ﬁj) + >

while the second term is

H {q(ﬂj; Ha(s;) U?(ﬁj))} = E,[logp(y|B,7)] + Eq[log p(5;)]

= Eq{ i {ngﬁyi —exp {x]T'B} — log yi!} }

i=1

1 1., 1,
+]Eq{—§10g271'—§10g0' _Tﬂﬁj}

n V4 p

=> { Tishao taaVi — | | {1 — Ha(y)
=1 1

i=1
o2 .2
(Bj)"1
+ Hq(~;) €XP {xij,uq(gj) + T é d }} — log yi!}

2 2
1 Ly Za) T Has)
—§lOg2’/T—§10g0' —T

j=

1
At this point, substituting in (2.45) and after the simplification of §log 27 in

. 1 I .
H {q(ﬁj; Hq(B;)5 ‘73(5j)>} with —3 log27 in H {q(ﬁj; Ha(B;)5 ‘73(5j))}7 we obtain the ex-

pression in Proposition 2.18. O
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Proposition 2.19. The v;-localized component of lower bound log p(y;q) can be ex-

pressed in a closed form and it is equal to:

log p(y; ¢)" = — {qu) 108 tg(y) + (1 = pg(ry)) log(1 — Mq(vj))]
n p p
+ Z { Z LijHq(v;)Ha(8)Yi — H [1 — Ka(vy)
i=1 =1 j=1
T a8, % (240
+ Hq(y;) €XP {xijﬂq(ﬂj) + é }:| — log yi!}
p
+ Z {Uq(w)ﬂq(logp) +(1- Mq(w))/‘q(log(lp))}'
j=1
Proof. Since the v;-localized component of log p(y; ¢) is equal to
log p(y: )™ = H {q(3 g } + H {a (v pta(s)) } (2.47)
= E, [ —1og q(7ji )] + Eq[log p(y18,7)] + Eq[log p(v;10)],
the first term is
H{q(753 Ha) } = Bg[ = log a(vj: tta(s))]
= Eq{ - {%‘ 10g ptg(q,) + (1 = ;) log(1 — MQ(%‘))} }
== {Mq(w) 108 f1g(~;) 4 (1 = pg(s;)) log (1 — Mq(w))} g
while the second term is
H {q(vj; ttaz)) } = By [log p(y18,7)] + Eq[log p(v;1p)]
=E, [Z {ngﬂyi —exp {x]I'B} — log yz'”
i=1
+ Eq {% log p + (1 — ;) log(1 — p)]
n p p
= Z { Z LijHq(v;)Ha(B;)Yi — H [1 — Haq(vy)
=1\ j=1 j=1
o? 22
Bj)"
T Ha(vy) €XP {xmquj) + 2L 5) ]H —logyi!}
P
+ {qu-)/ﬁqaogp) +(1- uq<m>uq<log<1—p>>}-
j=1
Substituting in (2.47), we obtain the expression in Proposition 2.19. O

We use the natural fixed-point iteration for the update of (uq(gj),ag(ﬁj)) and in

the case of the Poisson model with Bernoulli-Gaussian prior it corresponds to the
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following updating scheme:
(

Hq(B;) | <
Va(By) <~ — 023 + 231 {xij:uq(w)yi - kl;[ {1 = Hg(vg) T Hg(ry) €XP {xik/“L‘I(Bk)
i= 7

2 2

o o o €T,

(Br)" ik q(B5)"ij
+T— ; }}xijﬂqm)exp {xij:“q(ﬂj) + —é }}

2 1 = Og(ﬁk)wzzk
a7 Tz T2~ IL YT et F Ha) ©XP 3 Tikktas + 5 —
o i=1 k#j

0,2(6 )xQ -1
q(B:)Vij
szzjquj) exp {xij,uq(ﬁj) - ﬁ}}}

| Ha(B;) < Ha(5y) + 03(6]-)”1(5]')'

(2.48)
On the other hand, for the optimal densities g*(j14(,;)), We maximize log Q(y;q)hj]
using the L-BFGS-B algorithm. This is an optimization algorithm in the family of
quasi-Newton methods that approximates the Broyden—Fletcher—Goldfarb—Shanno
algorithm (BFGS) using a limited amount of computer memory and allows box con-
straints. At this point, it is straightforward to implement the correspondent semi-
parametric MFVB iterative procedure, as shown in Algorithm 10.

In the Poisson model with Bernoulli-Gaussian prior, similarly to the Poisson model
with spike-and-slab prior, we include the j-th regressor if the optimal p(,,) is greater
or equal to a threshold s € (0,1) and we exclude it otherwise. On the other hand,
as concerns the point estimates, in this model the effect of the j-th covariate on the
mean of the response variable is not given by 3; but it is equal to ﬁ} = B;7;. Thus, the
final step is to establish the optimal variational density of 6}, q* (éj),which is provided
by the next proposition.

Proposition 2.20. Let ¢*(8;; tq(s;), Ug(ﬁj)) and q* (7j; Hq(v;)) e the optimal variational
densities of B; and vy;, respectively. Define Bj = ;8. The optimal variational density

of Bj s given by a mizture of an univariate Normal distribution and a Dirac in 0:

q"(B;) = Mq(w)N(/‘q(ﬁj)’ Jg(ﬁj)) + (1 - “q(w))do- (2.49)
Moreover, mean and variance can be computed analytically and they are equal to:

Hogy = Ha(vi)Hq(Bs)s
a(8;) a(vj) Ha(B;) (2_50)

2 2
T = Ha(vy) (1 = Hao) Ha(8;) + T, Ha()-

Proof. Consider the following transformation of random variables (v, = ~v;,5; =
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Algorithm 10: Semi-parametric ME'VB for Poisson regression model with

Bernoulli-Gaussian prior.

Initialize: ¢*(81; ftg(s,), 05 5))s - - 40" (Boi Ha(Bn)s Taga,y)s (005 Hatn))s -+
0" (Vo5 Ha(rp))s @ (P)s €615 -+ -+ €8y» Eglobal

while convergence not reached do

for j=1,...,pdo

while convergence not reached do

Haq(B;) e
Va(B;) < — O.QJ + 231 {xijﬂq(vj)yi - kl;[ {1 — Hq(ve) T Mgl
i= ]

Uﬁ?(ﬁk)x’zk
X exp {xikuq(ﬁk) + T}}xm‘#q(w) exp {xijﬂq(ﬁj)

2 2
i Tq(6,)%i
2

n

1
03(6]-) — _{ - ; + Z { - H {1 = Mg(ve) T Hg(ve) €XP {xik:uq(ﬁk)

i=1 kA
o2 r2 o2 .2 -1
q(Br) ik q(By) g
++}}$?juq(7j)exp {xijﬂq(ﬁj) + ; }}}
Hq(8;) < Ha(g;) T 02(,@3)%(6]-)
compute log p(y; q)1%i1=);

evaluate |logp(y; q)Pil®) — log p(y; q)lPlE—1| < €8;5

end
end

for j=1,...,pdo
Iq(~;) < optimization of log p(y; q)Di! with L-BFGS-B algorithm and

initial value the optimal p,(,,) in the previous iteration
end
Qq(p) < a+ Z§=1 Fq(v;)
Og(p) ¢~ 0+ P — Z?zl Ha(v;)
Ha(log p) <= V(Qq(p)) = P(Qq(p) + Og(p))
Hg(og(1—p)) <= ¥ (0g(0)) — Y (q(p) + g(p))
compute log p(y; q)";
evaluate |log p(y; q)tter) — log p(y; q

end

)(iter—l) | < é?global;
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v;B;), so that §; = yj‘lﬁ}. Hence it follows that:

—— —= 1 0
a=| [ A5, - 5 (2.51)
—'8 ;8 =
dfyj’yj ! dﬂ] J ! 7]

and so |J| = ~;". The joint distribution of (B;,7;) can be written as:
a(B1.73) =5 ta; ' B)a() = F(Biba)a(y), (2.52)

where ¢ are then replaced by the optimal densities ¢*. For the conditional distribution

n (2.52), we have that:

(5g|%) = 73 NQ(ﬁa )1 q (8)

)
1 2
- exp 9 J 7] 5] Hq(B;) )

~ 2 _ ~
B 1) = 205 B, ) }
1y 5 [ Pas;
Oq(ﬁj)vj Tas) i

and, exploiting that v; is equal to 0 or 1, this is the kernel of an univariate Normal

distribution

Bilvi ~ N(u(y3), o (7)),
with
() = Vitta(s))s
(%) = 7594,
At this point, the marginal distribution for Bj can be found as:

a(B)) = f(Bily; = Val; = 1) + f(Bjlv; = 0)g(y; = 0)
'Y])N(/’LQ(B])7 PIED) )+( — Hq(vj) IN(0, 0)

= :“q(vj)N( (B5) q(ﬁ )+< = Haq(vy) )00,

and the distributional result concerning Bj is therefore proven.
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Now, in order to compute the marginal mean and variance recall that E,(z) =

E, [E,(x|y)] and Var,(z) = Var, [E,(z|y)] + E, [Var,(z|y)]. Thus we have

E(Bj>— {(BJIVJ)} = {%qu} Ha(v;) Ha(8y):
|
- |

2
= ;) (1 = Hg(ry) ) Ha(8;) + Tg(s,) Ha(ry)

Var(B;) = Var |E(5;]7;) } +E[Var(ﬁy|%)]

T\ YiHq(8;) ] {Ug(ﬁj)%}

which concludes the proof. n

2.4 Illustrative example

In order to show how these models work, a simulated dataset with n = 500 obser-
vations and p = 6 covariates from a standard univariate Normal distribution has
been considered. Concerning the vector 8, we set B = (01, fa, 83, B4, 5, 0s)7T =
(—1,-1,0,0,1,1)T.

Reminding that an advantage of the Poisson regression model with horseshoe prior
is that does not require the choice of the hyperparameters by the user, Table 2.1 show
hyperparameters’ setting for the spike-and-slab prior. In particular, we consider two
different values for the variance of the spike component, Ay = 0.01 and Ay = 0.001, in
order to evaluate a possible sensitivity of the model to the value of A\q. Furthermore,
since any existing work deals with an Inverse-Gamma distribution for the variance of
the slab component, we propose two possible combinations for the values of r» and 9.
Keeping in mind that A\j; > X for j = 1,...,p, the first (that we call VSS) is the
arbitrary choice of the values r = 2502 and § = 125050 in order to have E [A\;;] = 50

and Var[A;] = 1 for each j. In the second (that we call VSSyp), we fix r and 0
2.1

100n*’
sample variance of n* pre-observations of Y (Narisetty and He, 2014). In this example,

we have n* = 500, r = 14638 and § = 1770784. Thus, the second combination of r

in order to have Var [A;] = 1 and E [\;] = 6% max log n*), where 62 is the

and 0 is more flexible with respect to the former because it depends on the variance
and the number of pre-observations and on the number of variables.

Finally, we set a = b = 1 in order to have Uniform, non-informative, distribution

in [0, 1] for 6, 6 ~ U0, 1].
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Hyper-parameter Value Description
Ao 0.01, 0.001 spike component
r 2502, 14638 shape of p(\y;)
4] 125050, 1770784  rate of p(\y;)
a 1 shape 1 of p(0)
b 1 shape 2 of p(0)

Table 2.1: Hyper-parameters’ settings for Poisson regression model with spike-and-

slab prior.

On the other hand, Table 2.2 shows hyperparameter’s setting in the case of Bernoulli-
Gaussian prior. In particular, we set 0> = 100 and @ = § = 1 in order to have a
non-informative prior for 3, 8 ~ N,(0,100I,), and Uniform distribution in [0, 1] for
6,0 ~UJ[0,1].

Hyper-parameter Value Description
o? 100 variance of p(f3;)
« 1 shape 1 of p(6)
) 1 shape 2 of p(6)

Table 2.2: Hyper-parameters’ settings for Poisson regression model with Bernoulli-

Gaussian prior.

Making use of these settings and using as stopping criterion a change in the lower
bound less than le-5, the semi-parametric MFVB algorithm converged always af-
ter 3 iterations, except for VSS(0.01) and BG where we needed 4 iterations. The
convergence path of the lower-bound is depicted in Figure 2.4.

As concerns inference accuracy, Figure 2.5 shows true values of 3, its point estimates
and credibility intervals obtained through Poisson regression model with horseshoe,
spike-and-slab and Bernoulli-Gaussian prior. We notice that the point estimates are
all near to the true B values, and the credibility intervals include the true values of
the coefficients. Furthermore, the results obtained with VSS and VSSyp, for a fixed
value of Ay, are almost equal.

As concerns variable selection, Table 2.3 shows the true values of «y, its estimate with
the application of SAVS algorithm in the case of horseshoe prior (HS-SAVS) and the

estimates of p,,) with spike-and-slab and Bernoulli-Gaussian prior. We notice that
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Figure 2.4: Convergence path of the lower bound according to different models.
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Figure 2.5: Point estimates (red circles) and 95% credible intervals (red lines) for the
optimal expected values of the regression coefficients according to different models,

compared with true values of 3 (yellow lines).

with the horseshoe prior we have a perfect variable selection: the coefficients equal and
different from zero are correctly excluded and included in the model, respectively. On
the other hand, with spike-and-slab and Bernoulli-Gaussian prior variable selection
depends on the threshold value s € (0, 1). Figure 2.6 shows the ROC curve for these
models, where for semplicity we used the same color for VSS(0.01), VSSyy(0.01),
VSS(0.001) and VSSyx(0.001). We notice that they capture all the signal for any
value of the threshold.
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VSS, VSSyr  VSS, VSSyr
Parameter True value HS-SAVS

o1 1 1 0.99 0.99 0.99
Yo 1 1 0.99 0.99 0.99
V3 0 0 0.01 0.01 0.01
Va4 0 0 0.01 0.01 0.01
5 1 1 0.99 0.99 0.99
Y6 1 1 0.99 0.99 0.99

Table 2.3: Point estimates of «y fitting Poisson model with horseshoe prior and of .
fitting Poisson model with spike-and-slab and Bernoulli-Gaussian prior via MFVB.

1.00-
0.75-
>
E
2 0,501
C
()
n
0.251
0.001
0.00 0.25 0.50 0.75 1.00
1 — Specificity

Figure 2.6: ROC curve for variable selection in Poisson regression model with spike-
and-slab (blue) and Bernoulli-Gaussian (green) prior via MFVB. For semplicity,
VSS(0.001), VSSyg(0.001), VSS(0.01) and VSSyg(0.01) have the same color.

2.5 Simulation study

In this Section, we provide a simulation study to demonstrate the performances of
the proposed models. We compare them to two popular regularization methods: the
EM variable selection approach, known as EMVS (Roc¢kova and George, 2014), and
the lasso (Tibshirani, 1996). In particular, we consider Poisson lasso (that we call
PoiLASSO) on the original data, Y;, and Gaussian lasso (that we call LASSO) and
EMVS on log(V; + 1).

We focused on the case of n > p and orthogonal design matrix X, leaving the evalua-
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n | 300 600 1000 300 600 1000 300 600 1000
p| 20 20 20 40 40 40 8 80 80

Table 2.4: Combinations of n and p considered in the simulation study.

tion of other cases (e.g. n < p and/or non-orthogonal design matrix) to possible future
works. We considered three different number of observations, n = (300,600, 1000),
and of variables, p = (20,40, 80), with a fixed number of coefficients different from
zero, po = 10. Thus we considered the combinations in Table 2.4. Moreover, for each

combination we replicated the estimate R = 50 times.

As concerns the evaluation of the models, we used the mean squared error (MSE) for
the inference accuracy of 3, while Fl-score and classification accuracy with threshold
equal to 0.5 for the quality of variable selection. In addition, we made also a compar-
ison in terms of computational cost between all models and in terms of area under
the curve (AUC) between EMVS and the models with spike-and-slab and Bernoulli-

Gaussian prior.

The results obtained are shown in Figures 2.7, 2.8, 2.9, 2.10, 2.11. As concerns
variable selection, Figures 2.7 and 2.8 highlight a very good performance of all the
models proposed in terms of Fl-score and classification accuracy. Indeed, for each
of the combination of n and p considered and for each model, the median of these
two metrics are always between 90% and 97%. In particular, several considerations
can be made. Firstly, we notice a little better performance of HS, VSS(0.001) and
VSSyy(0.001) with respect to the other models (PoiLASSO, LASSO and EMVS
included) and lower variability of HS with respect to VSS(0.001) and VSSx(0.001).
Secondly, for a fixed number of independent variables, the increase of the observations
leads to an improvement of F1 and classification accuracy and a decrease in terms of
variability. On the other hand, similar results and variability are obtained for a fixed
number of observations. Furthermore, in Poisson model with spike-and-slab prior,
the results achieved with VSS and VSSyy for a fixed value of Ay are almost equal.
Finally, we notice a good performance of LASSO and EMVS, even if they show the

worst measures for any combination considered.

Figure 2.9 depicts the inference accuracy of the point estimates of 3 in terms of
MSE. We notice that all the models, except for LASSO and EMVS, show a similar
and good behavior. Indeed, they have the median of the MSE between 0.01 and 0.04

for any combination of n and p. In addition, they have always small variability. On
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Figure 2.7: Fl-score according to different models.

the other hand, the MSE of EMVS is always the greatest, followed by LASSO.

In particular, for any value of p, the MSE of EMVS and LASSO are respectively
around 0.13 and 0.11 with n = 300, they are between 0.07 and 0.11 and between 0.06
and 0.09 when n = 600, and they are around 0.05 when n = 1000. Thus, for a fixed
number of variables, the MSE of EMVS and LASSO decrease with the increase of

observations. Furthermore, it is important to remember that our proposed models
have a different behaviour with respect to PoiLASSO, LASSO and EMVS: while the
former provide also posterior densities for 3, PoiLASSO, LASSO and EMVS only

return us the point estimates.

Figure 2.10 shows the results of the comparison in terms of computational cost. We

notice a greater computational effort and variability of BG model with respect to the

other proposed models when n = 600 or n = 1000, for any value of p. The reason

is that in this model we have 2p numeric optimizations (of 5; and ~,, j = 1,....p),

while in HS, VSS and VSSyy there is only one (of 3). Furthermore, the median time

of

HS, VSS and VSSyy is always similar and between 1 and 4 seconds, a little bit
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Figure 2.8: Classification accuracy according to different models.

greater than PoiLASSO, LASSO and EMVS.

Finally, in order to evaluate the performance of Poisson model with spike-and-
slab and Bernoulli-Gaussian prior and of EMVS overall and not for a fixed value
of the threshold, Figure 2.11 depicts the results obtained in terms of AUC. The
considerations that could be made are similar to those made for the F1-score and for

the classification accuracy in Figures 2.7 and 2.8.
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Figure 2.10: Time (in seconds) according to different models.
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Chapter 3
Application to real data

In this Chapter, we applied our methods to the analysis of a real dataset, called
Football 2022-2023 dataset, available on Kaggle. The dataset contains 2689 obser-
vations and 27 variables concerning 2022-2023 football player performances in the
major european leagues, namely Premier League, Ligue 1, Bundesliga, Serie A and
Liga. The variables are explained in Table 3.1. We focus our attention on the strikers,
meaning that we consider only football player with level of the variable Pos equal
to “F'W”. Moreover, we group the 105 levels of the categorical variable Nation in 7
levels (“BRA”, “ENG”, “ESP”, “FRA”, “GER”, “ITA”, “Other”). The final dataset for
the analysis is composed by 683 observations and 25 variables (Player and Pos are
excluded), and we consider the variable Goals as the response of interest.

The statistical analysis has two independent goals. The first is the interpretation of
the estimated regression coefficients (in-sample analysis), while the second focuses on
the performance of the models in predict the expected number of goals scored given

the characteristics of the striker (out-of-sample analysis).

In-sample estimates. We fit the models proposed in the previous chapters, com-
paring them with PoiLASSO and the generalized linear model (GLM) Poisson (that
we call PoiGLM) in terms of inference. As concerns the values of r and § in VSSy(0.01)
and VSSyg(0.001), we exploit the informations included in Football 2021-2022 dataset.
In particular, we calculate the variance of the goals scored by the 631 strikers in 2021-
2022 in the same five championships, that is equal to 6% = 4.96. This value leads to
E [A\y;] = 32.87 and, as a consequence, to r = 1082 and ¢ = 35531.

The results obtained are depicted in Figure 3.1. We only show VSS(0.001), BG and
HS because the estimates of VSS(0.001), VSSyy(0.001), VSS(0.01) and VSSy(0.01)
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Table 3.1: Description of the variables contained in the Football 2022-2025 dataset.

CHAPTER 3. APPLICATION TO REAL DATA
Variable Description

Player Player’s name
Pos Position
Goals Goals scored
BlkPass Number of times blocking a pass by standing in its path
Fls Fouls committed
PasTotDist Total distance, in yards, that completed

passes have traveled in any direction
CK Corner kicks
CarMis Number of times a player failed when

attempting to gain control of a ball
ShoDist Average distance, in yards, from goal of all shots taken
TklDriPast ~ Number of times dribbled past by an opposing player
2CrdY Second yellow card
Starts Number of match started
Car3rd Carries that enter the 1/3 of the pitch closest to the goal
CrdY Yellow cards
CarDis Number of times a player loses control of the ball

after being tackled by an opposing player
TB Completed pass sent between back defenders into open space
Fld Fouls drawn
PKcon Penalty kicks conceded
CrdR Red cards
PasTotCmp Passes completed
MP Number of match played
PKwon Penalty kicks won
Age Player’s age
SoT Shots on target
Assists Assists
Comp League name
Nation Player’s nationality
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are similar to each other. We notice that the point estimates of the HS’s regression
coefficients are always different from 0, while VSS and BG have some point estimates
equal to 0: this aspect highlights the difference between variable selection, performed
in VSS and BG, and shrinkage, performed in HS.

As concerns variable selection, we notice a similar behaviour between VSS and BG.
Indeed, with VSS 17 coefficients are set to 0, while with BG we set to 0 the same
17 coefficients plus three others (“Fls”, “TklDriPast” and “CrdY”). In addition, when
the confidence interval for a regression coefficient obtained with PoiGLM includes the
value 0, the regression coefficient is not selected as different from 0 with VSS and BG.

As concerns the variability around the point estimates, 95% credible intervals of
the proposed models are similar to those obtained with PoiGLM. Interestingly, the
credible intervals of BG are wider compared to those of the other models.

In addition, as we made in the simulation study, we fit also LASSO and EMVS on
log(Goals + 1). The point estimates of B obtained with all the models are showed
in Table 3.3. We notice that the variable selection of PoiLASSO, LASSO and EMVS
is the same. On the other hand, LASSO and EMVS lead to quite different point
estimates of 3 compared to those of the other models.

Finally, focusing our attention on the point estimates of VSS and BG different
from zero, it is worth noting that the more a striker provides assists, the higher his
expected number of goals becomes. It is also of interest that the expected number
of goals increases with the increasing number of match started from the first minute.
In addition, as concerns the championship, it is notable that the expected number of
goals scored by the Serie A’s strikers is lower compared to that of the strikers in the

other four leagues.

Out-of-sample forecasting accuracy. In order to inspect the ability in predict
the number of goals based on player’s characteristics, we build a simple forecasting
scenario. In particular, we split randomly the 683 observations in training and test
set, in order to have 75% of the strikers in the training set and 25% in the test
set. Subsequently, we fit all the models on the 513 observations in the training
set. As concerns VSSyg(0.001) and VSSyy(0.01), the values of  and § are 1082
and 35531, respectively. At this point, we evaluate the point forecasts for the 170
strikers in the test set based on the out-of-sample predictive MSE and the mean
absolute error (MAE). Table 3.2 shows the results obtained. The best performance
is given by PoiLASSO both in terms of MSE and MAE, but the results of all our
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models are comparable. More importantly, our models outperform LASSO, EMVS
and PoiGLM. The latter probably incurs in overfitting issues since no regularization
or variable selection is performed. The bad performances of LASSO and EMVS
suggest that transform the orginal count variable to be approximated by a normal is

a sub-optimal solution with respect to ad-hoc models.

Model MSE MAE
HS 489 1.35
VSS(0.001) 4.01  1.25
VSSn#(0.001) 4.03  1.26

VSS(0.01) 4.07 127
VSSn(0.01) 414  1.30
BG 3.87 122
PoiGLM 514  1.41
PoiLASSO 3.77 119
LASSO 6.53  1.57
EMVS 8.66  1.87

Table 3.2: MSE and MAE out-of-sample according to different models.
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Variable HS VSS(0.001) BG PoiGLM  PoiLASSO LASSO EMVS
Intercept -0.38 (0.17) -0.40 (0.16) -0.38 (0.20) -0.26 (0.21)  -0.27 0.77  0.85
BlkPass 0.14 (0.05)  0.12 (0.04) 0.14 (0.08)  0.14 (0.05) 0.10 0.05  0.09
Fls -0.12 (0.08) -0.14 (0.06) 0.00 -0.15 (0.08) 0.00 0.00 0.00
PasTotDist 0.01 (0.25) 0.00 0.00 0.20 (0.25) 0.00 0.00 0.00
CK 0.02 (0.05) 0.00 0.00 -0.02 (0.05) 0.00 0.00 0.00
CarMis -0.02 (0.05) 0.00 0.00 -0.04 (0.06) 0.00 0.00 0.00
ShoDist 0.21 (0.09) 0.19 (0.07) 0.20 (0.12)  0.22(0.09) 0.00 0.00  0.00
TkIDriPast 0.11 (0.08) -0.13 (0.07) 0.00  -0.13(0.08)  0.00 0.00  0.00
2CrdY 0.09 (0.04) 0.00 0.00 0.08 (0.04) 0.00 0.00 0.00
Starts 0.20 (0.06)  0.18 (0.06)  0.20 (0.09) 0.18 (0.06) 0.00 0.00  0.00
Car3rd -0.04 (0.07) 0.00 0.00 -0.07 (0.07) 0.00 0.00 0.00
CrdY -0.08 (0.08) -0.10 (0.07) 0.00  -0.10 (0.08)  0.00 0.00  0.00
CarDis 0.06 (0.05) 0.00 0.00 0.05 (0.05) 0.00 0.00 0.00
TB 0.10 (0.05) 0.00 0.00 0.09 (0.05) 0.00 0.00 0.00
Fld -0.03 (0.04) 0.00 0.00 -0.05 (0.04) 0.00 0.00 0.00
PKcon 0.08 (0.09) 0.00 0.00 0.08 (0.09) 0.00 0.00 0.00
CrdR -0.30 (0.16) -0.32 (0.14) -0.32 (0.19) -0.48 (0.16) 0.00 0.00 0.00
PasTotCmp 0.13 (0.09) 0.11 (0.08) 0.13 (0.12) 0.08 (0.09) 0.0 0.00  0.00
MP 0.11 (0.03) 0.00 0.00 0.09 (0.03) 0.00 0.00 0.00
PKwon 0.06 (0.02) 0.00 0.00 0.04 (0.02) 0.00 0.00 0.00
Age 113 (0.04)  1.11 (0.03) 1.13 (0.07) 1.10 (0.04) 0.81 039 046
SoT 0.34 (0.03) 0.32 (0.02) 0.34 (0.06) 0.32 (0.03) 0.21 0.04 0.00
Assists 0.51 (0.05) 0.49 (0.04) 0.50 (0.08) 0.49 (0.06) 0.31 0.24 0.28
Liga 0.02 (0.11) 0.00 0.00 0.01 (0.11) 0.00 0.00 0.00
Ligue 1 -0.14 (0.10) 0.00 0.00 -0.15 (0.10) 0.00 0.00 0.00
Premier League -0.13 (0.10) 0.00 0.00 -0.14 (0.10) 0.00 0.00 0.00
Serie A -0.18 (0.10) -0.20 (0.10) -0.18 (0.13) -0.21 (0.10)  0.00 0.00  0.00
NationENG -0.11 (0.12) 0.00 0.00 -0.24 (0.15) 0.00 0.00 0.00
NationESP 0.30 (0.12) -0.32 (0.11) -0.30 (0.15) -0.44 (0.15)  0.00 0.00  0.00
NationFRA 0.00 (0.10) 0.00 0.00 -0.11 (0.14) 0.00 0.00 0.00
NationGER -0.21 (0.12) -0.23 (0.11) -0.21 (0.15) -0.33 (0.17) 0.00 0.00 0.00
NationITA -0.04 (0.14) 0.00 0.00 -0.15 (0.18) 0.00 0.00 0.00
NationOther -0.13 (0.08) -0.15 (0.07) -0.13 (0.11) -0.26 (0.13) 0.00 0.00 0.00
Table 3.3: Point estimates of (3 according to different models fitted on

Football 2022-2023 dataset.



Conclusions

Variational methods are feasible and computationally efficient deterministic approx-
imations to perform inference within the Bayesian framework and they represent a
valid alternative to the usual simulation-based stochastic approximation methods,
such as MCMC. In this thesis we focused on the application of these inferential tech-
niques in order to make variable selection in the Bayesian Poisson regression model.
Variable selection is rising in importance because the number of variables to work
with is growing more and more in lots of modern applications. Furthermore, the
problem of working with many covariates is even more important in the Poisson re-
gression model with canonic link because the explosion of the predictor could lead to
computational issues.

After the comparison between MFVB and MCMC with two simple examples, we
developed and we implemented, via semi-parametric MFVB, Bayesian Poisson re-
gression model with three different options: horseshoe prior (Carvalho et al., 2010),
spike-and-slab prior (Mitchell and Beauchamp, 1988; George and McCulloch, 1993,
1997) and Bernoulli-Gaussian prior (Ormerod et al., 2017; Bernardi et al., 2023). In
order to compare their perfomances, a simulation study has been performed, includ-
ing also the most popular model selection approaches such as Poisson lasso, lasso
(Tibshirani, 1996) and EMVS (Roc¢kova and George, 2014). All the proposed models
provided promising results in terms of variable selection accuracy and point estimates
of the regression coefficients.

A good performance has been achieved also in the application to Football 2022-
2023 dataset. All our algorithms have been compared to Poisson lasso, generalized
linear model (GLM) Poisson, lasso and EMVS in terms of in-sample estimates of the
regression coefficients and out-of-sample forecasting accuracy.

In summary, the main contribution of this work is the development and the imple-
mentation of three Bayesian Poisson regression model through MFVB approach that

allow to make both variable selection and full posterior inference.
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Appendix A

R Code

A.1 Multivariate Gaussian distribution

MCMC algorithm

multivariate.gaussian.MCMC <- function(R, y, hyp, start) {
start.time <- Sys.time ()
n <- nrow(y)

d <- ncol(y)
y.mean <- apply(y, 2, mean)

e rrremeeeee  Tasrdst @F Pemuilis cocccooemmaae
out.mu <- matrix(NA, nrow = R, ncol = d)

out.prec <- array(NA, dim = c(d,d,R))

#============= Hyperparameters’ setting =============

mu0 <- hyp[[1]]
precO <- hypl[[2]]
nu <- hypl[[3]]

v <- hyp[[4]]

#constant hyperparameter in the posterior
post.nu <- nu + n
uno.v <- solve(v)

precO.nu0 <- precO %+*7% muO
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xstar.mu <- start[[1]]

xstar.prec <- start[[2]]

require (mvtnorm)
set.seed (3)
for(i in 1:R) {

#drawn precision
#y.mu.mean <- t(apply(y, 1, function(x) x

y.mu.mean <- t(y) - xstar.mu

APPENDIX A. R CODE

- xstar.mu))

#y.mean.second.sum <- t(y.mu.mean) %*J y.mu.mean

y.mean.second.sum <- y.mu.mean %*% t(y.mu

post.v <- solve(uno.v + y.mean.second.sum

.mean)

)

xstar.prec <- rWishart(n = 1, df = post.nu, Sigma = post.v)[,,1]

#drawn mu

post.var.mu <- solve(n* xstar.prec + prec

post.mean.mu <- as.vector(post.var.mu %*%
%y

xstar.mu <- drop(mvtnorm::rmvnorm(n = 1,

sigma =
#returning updated values for mu and prec

out . muli,] <- xstar.mu

out.precl[,,i] <- xstar.prec

end.time <- Sys.time ()

#============= Computing computational effo
total.time <- end.time - start.time
return(list (mu.values = out.mu, prec.values

tempo = total.time[[1]]))

MFVB algorithm

#Updating equations of q.mu

0)

(n* xstar.prec
.mean + precO0.nu0))
mean = post.mean.mu,

post.var.mu))

ision

= out.prec,
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update .MFVB <- function(y, y.sum, precO, mu0O, n, d, mu.q.prec,

nu.q.prec) {

sigma.q.mu <- solve(n*mu.q.prec + precO)

mu.q.mu <- sigma.g.mu %+*% (mu.q.prec %*/ y.sum + precO %*7 muO)

y.mean <- t(apply(y, 1, function(x) x - mu.q.mu))

y.mean.second <- apply(y.mean, 1, function(x) x %*% t(x))

y.mean.second.sum <- matrix(rowSums (y.mean.second), nrow = d,
ncol = d)

v.qg.prec <- solve(y.mean.second.sum + n*sigma.g.mu + solve(v))

mu.q.prec <- nu.q.prec * VvV.q.prec

return(list(mu.qg.mu = mu.q.mu, sigma.q.mu = sigma.q.mu,

V.g.prec = v.g.prec, mu.q.prec = mu.q.prec))

#MFVB algorithm

100,
0) {

multivariate.gaussian.MFVB <- function(y, hyp, start, maxIter

eps _ELBO = 1le-4, Trace

start.time <- Sys.time ()

n <- nrow(y)
d <- ncol(y)
y.sum <- apply(y, 2, sum)

#============= Defining history variables =============
elbo.out <- numeric()

mu.q.mu.out <- matrix(NA, nrow = maxIter, ncol = d)
sigma.q.mu.out <- array(NA, dim = c(d,d,maxIter))

v.qg.prec.out <- array(NA, dim = c(d,d,maxIter))

f============= Hyperparameters’ setting =============
#hyperparameters (hyp = (muO, precO, nu, v))

mu0 <- hyp[[1]]

precO <- hypl[[2]]

nu <- hyp[[3]]

v <- hypl[[4]]

f============= Jnitializing optimal parameters =============
mu.q.mu <- start [[1]]
sigma.q.mu <- solve(start[[2]])

v.q.prec <- start[[4]]
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mu.q.prec <- start[[3]]*start [[4]]

#constant optimal hyperparameter in the update

nu.qg.prec <- nu + n

f============= MFVB algorithm =============
require (CholWishart)

i <-1

cond <- FALSE

while(cond != TRUE & i <= maxIter) A{

#updating q.mu

new.val <- update.MFVB(y, y.sum, precO, muO, n, d, mu.q.prec,
nu.q.prec)

mu.q.mu <- new.val[[1]]

sigma.q.mu <- new.val[[2]]

#updating q.prec
v.q.prec <- new.val[[3]]

mu.q.prec <- new.val[[4]]

#computing lower bound

ELBO <- -n*d/2*log(2*pi) - 0.5% as.vector(t(mu.q.mu - muO) %*7
precO %+*% (mu.q.mu - muO)) + 0.5xlog(det(precO0)) +
0.5 # log(det(sigma.g.mu)) - 0.5 * sum(diag(sigma.q.mu *
prec0)) + d/2 - nu*d/2*1log(2) - nu/2xlog(det(v)) -
lmvgamma (nu/2, d) + nu.q.prec+*d/2*1log(2) + nu.q.prec/2%*
log(det(v.qg.prec)) + lmvgamma(nu.q.prec/2, 2)

#computing lower bound
mu.q.mu.out[i,] <- mu.q.mu
sigma.q.mu.out[,,i] <- sigma.qg.mu
v.g.prec.out[,,i] <- v.qg.prec

elbo.out <- c(elbo.out, ELBO)

#stopping criterion
if (1> 1) {
#deltal <- max(abs ((parNew-par0ld)/par01ld))
delta2 <- (abs((elbo.out[i] - elbo.out[i-1])/elbo.outl[i-1]))

#if ((deltal < eps_Par)&(delta2 < eps_ELBO)) cond <- 1
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if(delta2 < eps_ELBO) cond <- 1

if (Trace

#print (pasteO("iteration:

#deltal ,"

print (paste0("iteration:",

3

D {

n n

:j-: -
- lower bound increase:

i, n_

delta2))

if (i > maxIter) cond <- 1

i <- i + 1

end.time <- Sys.time ()

total.time <-

return(list (elbo

sigma.mu =

nu.

iter

end.time -

Computing computational effort

start.time

elbo.out, mu.mu =

prec nu.q.prec, V.prec

i-1, tempo =

A.2 Poisson regression model

MCMC algorithm

lposterior.si.sigma <- function(param,

#hyp = (alpha,

#param = (beta,

x <- datil,-1]

y <- datil[,1]
p <-
alpha <- hypl[1]

ncol (dati)

delta <- hypl[2]

delta)

sigma?2)

-1

beta <- param[1:p]

sigma2 <- param[p+1]

85

parameter variation: 5

n
>

delta2))

lower bound increase: ,

dati,

mu.qg.mu.out[1:(i-1),],

sigma.q.mu.out[,,1:(i-1)1,

v.q.prec.out[,,1:(i-1)],

total.time [[1]]))

hyp) {

x.beta.y.sum <- as.vector (t(y) %x% (x %*% beta))

exp.x.beta <-

sum(as.vector (exp(x %*% beta)))
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if (sigma2 <= 0) {
return(- Inf)

}
elsed{
return(-(alpha + p/2 + 1)*log(sigma2) - delta/sigma2 -
0.5/sigma2 * as.vector(t(beta) ¥%x* beta) +

X.beta.y.sum - exp.x.beta)

#MCMC algorithm

MCMC.si.sigma <- function(dati, hyp, R, start, eps) {

start.time <- Sys.time ()

n <- nrow(dati)
p <- ncol(dati) - 1

accepted <- O

reaaaassaesassS il @ TeEulleg eeeesssaassssse
out.beta <- matrix(NA, nrow = R, ncol = p)

out.sigma <- rep(NA, R)

HEISIESISSSISEEEEE Hyperparameters ) Settlng =E============
alpha <- hypl[1]
delta <- hypl[2]

HESESISSSISEEESE Deflnlng parameters EEEEEEEEEEEEE
x.beta <- start[1l:p]

x.sigma <- start[p+1]

set.seed (1)
require (mvtnorm)

for(i in 1:R) {
#drawn sigma2
x.sigma <- 1/rgamma(l, alpha + p/2, delta + 0.5%

sum(x.beta*xx.beta))

#drawn beta



A.2. POISSON REGRESSION MODEL

xstar.beta <- drop(rmvnorm(l, mean = x.beta,
sigma = eps*solve(post.Jhat.si.sigmal[l:p, 1:p]1)))
bound <- exp(lposterior.si.sigma(c(xstar.beta, x.sigma), dati,
hyp) - lposterior.si.sigma(c(x.beta, x.sigma), dati,
hyp))
if (runif (1) < bound) {
X.beta <- xstar.beta

accepted <- accepted + 1

#returning updated values for beta and sigma2
out.sigma[i] <- x.sigma

out .betal[i,] <- x.beta

end.time <- Sys.time ()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(beta.values = out.beta, sigma.values = out.sigma,
tasso = accepted/R,

tempo = total.time[[1]]))

MFVB algorithm

library (msos)

#Natural fixed-point iteration for the update of optimal

#variational density q.beta

update.local.PMFVB.si.sigma <- function(x, y, Xx.y.sum, mu.q.beta,
sigma2.q.beta,

alpha.qg.sigma,

delta.g.sigma, mu.q.1.sigma,

n, p, eps_local,

maxIter local,

Trace_local) {
f============= Defining history variables =============
elbo.out.local <- numeric()

mu.q.beta.out <- matrix(NA, nrow = maxIter_local, ncol = p)
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sigma2.qg.beta.out <- array(NA, dim = c(p,p,maxIter_ local))

#============= Natural fixed-point iteration =============
j <- 1
cond2 <- FALSE

while(cond2 != TRUE & j <= maxIter_local) {

#updating equations of q.mu

log.exp.mu.q.beta <- as.vector(x Y%*’ as.matrix(mu.q.beta)
+0.5 * diag(x %x*%
as.matrix(sigma2.q.beta) %x*%
t(x)))

exp.mu.q.beta <- as.vector(exp(log.exp.mu.q.beta))

Xx.exp.mu.q.beta.dl <- t(x) %*% as.matrix(exp.mu.q.beta)

nu.q.beta <- -mu.q.beta*(alpha.q.sigma/delta.q.sigma) +

X.y.sum - X.exp.mu.q.beta.dl
sigma2.q.beta <- solve( diag(l,p)*mu.q.l.sigma + t(x) %*%
diag(as.vector(exp.mu.q.beta)) %*% x)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta-localized lower bound
entropy.q.beta <- 0.5*p* log(2*pi) + 0.5 * logdet(sigma2.q.beta)
+ 0.5 * p

lprior.beta <- -p/2 * (log(2*pi*delta.q.sigma) -
digamma (alpha.qg.sigma))- 0.5+alpha.q.sigma/
delta.qg.sigma * (sum(diag(sigma2.qg.beta)) +
t(mu.q.beta) %*J) mu.q.beta)

loglL <- t(y) %*% (x %+ mu.q.beta) - sum(lfactorial(y)) -

(t(rep(1,n)) %*% as.matrix(exp.mu.q.beta))
non.entropy.q.beta <- lprior.beta + logL

ELBO.local <- entropy.q.beta + non.entropy.q.beta

#updating histories

mu.q.beta.out[j,] <- mu.q.beta
sigma2.q.beta.out[,,j] <- sigma2.q.beta
elbo.out.local <- c(elbo.out.local, ELBO.local)

#stopping criterion

if(j > 1) o
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delta2 <- (abs((elbo.out.locall[j] - elbo.out.locall[j-1]1)/
elbo.out.local[j-1]1))

if (delta2 < eps_local) cond2 <- 1

if (Trace_local == 1) {
print (pasteO("iteration:", j, "- local lower bound
increase: ", delta2))
}

3

if (j > maxIter_local) cond2 <- 1

j -3 +1

}
return(list(mu.q.beta = mu.q.beta.out[j-1,],
sigma2.q.beta = sigma2.q.beta.outl,,j-11,

entropy.q.beta = entropy.q.beta, logL = logL))

#MFVB algorithm
PMFVB.si.sigma <- function(y, x, hyp, start, eps_local, eps_global,
maxIter local, maxIter _global,

Trace_local = 0, Trace_global = 0) {

start.time <- Sys.time ()

n <- nrow(x)
p <- ncol(x)

Xx.y.sum <- colSums(y * x)

f============= Hyperparameters’ setting =============
mu.beta <- hyp[[1]]

alpha.sigma <- hyp[[2]]

delta.sigma <- hyp[[3]]

#============= Defining history variables =============
elbo.out.global <- numeric ()

entropy.q.beta.out <- numeric()

mu.q.beta.out <- matrix(NA, nrow = maxIter_global, ncol = p)
sigma2.q.beta.out <- array(NA, dim = c(p,p,maxIter_global))

delta.q.sigma.out <- numeric ()
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f============= Jnitializing optimal parameters =============

mu.q.beta <- start[[1]]

sigma2.q.beta <- start[[2]]
alpha.q.sigma <- start[[3]]
delta.qg.sigma <- start [[4]]

mu.qg.1l.sigma <- alpha.q.sigma/delta.q.sigma

condl <- FALSE

while(condl != TRUE & i <= maxIter _global) {

#updating q.beta

q.mu.update <- update.local.PMFVB.si.sigma(x, y, x.y.sum,

mu.q.beta <- q.mu.update[[1]]
sigma2.q.beta <- q.mu.update[[2]]

#updating di q.sigma

mu.q.beta,
sigma2.q.beta,
alpha.qg.sigma,
delta.qg.sigma,
mu.g.1l.sigma,

n, p, eps_local,
maxIter local,

Trace_local)

alpha.q.sigma <- as.vector (alpha.sigma + p/2)

delta.q.sigma <- as.vector(delta.sigma + 0.5%*

(sum(diag(sigma2.q.beta)) + t(mu.q.beta) %x%

mu.q.beta))

mu.q.l.sigma <- alpha.q.sigma/delta.q.sigma

#computing lower bound

entropy.q.sigma <- alpha.g.sigma + log(delta.q.sigma *

gamma (alpha.q.sigma))
digamma (alpha.q.sigma)

(alpha.q.sigma + 1)*

lprior.sigma <- alpha.sigma*log(delta.sigma) -

lgamma (alpha.sigma) -(alpha.sigma +1)*

(log(delta.q.sigma) + (alpha.sigma + 1)=*

digamma (alpha.q.sigma))

mu.q.1l.sigma

delta.sigma*
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entropy.q. .mu. (0311

logL .mu. [[4]1]

lprior. -p/2 ( (2*pi*delta.q.sigma) -

(alpha.q.sigma))

- 0.5*mu.qg.1.sigma
( ( (sigma2.q. )) + t(mu.q. ) %
mu.q. )

ELBO.global entropy.q. + entropy.q.sigma + logL +
lprior. + lprior.sigma

#updating history variables

mu.q. .out [i,] mu.

sigma2.q. .out[,,1i] sigma?2.

delta.q.sigma.out (delta.g.sigma.out, delta.q.sigma)
elbo.out.global (elbo.out.global, ELBO.global)

#stopping criterion

(i > 1 {
deltal ( ((elbo.out.global[i] - elbo.out.globall[i-1])
elbo.out.global[i-1]))
(deltal < eps_global) condl 1
(Trace_global == 1) {
(pasteO("iteration:", i, "- global lower bound
increase: ", deltal))
}
}
(i > maxIter_global) condl 1
i i+ 1
}
Sys. O
#============= Computing computational effort =============
total. . -
( (elbo = elbo.out.global,
mu.q. = mu.qg. .out [1:(i-1),1,
sigma?2. = sigma2.q. .out[,,1:(i-1)171,

alpha.qg.sigma = alpha.qg.sigma,

delta.qg.sigma delta.g.sigma.out, iter = i-1,

tempo = total. (0111
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A.3 Poisson regression model with horseshoe prior

MFVB algorithm

library (msos)

#Natural fixed-point iteration for the update of optimal

#variational density q.beta

update.q.beta.horseshoe <- function(y, x, x.y.sum, mu.q.beta,
sigma2.qg.beta, mu.g.1.lambda2,
mu.q.1l.tau2, mu.q.log.tau2,
mu.q.log.lambda2, n, p,
eps_beta, maxIter_beta,

Trace_beta) {

$============= Defining history variables =============
elbo.out.beta <- numeric()
mu.q.beta.out <- matrix(NA, nrow = maxIter_beta, ncol = p)

sigma2.qg.beta.out <- array(NA, dim = c(p,p, maxIter beta))

f============= Natural fixed-point iteration =============
z <- 1

cond.beta <- FALSE

while (cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu

exp.q.beta <- exp(x %*% mu.q.beta + 0.5 * diag(x %x*%
sigma2.q.beta %*7 t(x)))

nu.q.beta <- x.y.sum - t(x) %*), exp.q.beta -
mu.q.beta*mu.q.1.lambda2+*mu.q.1.tau2

sigma2.q.beta <- - solve(- t(x) %*%
diag(as.vector(exp.q.beta)) %*% x - mu.q.1.lambda2*
mu.q.1l.tau2)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta-localized lower bound
entropy.q.beta <- p/2*x log(2*pi) + 0.5 *

logdet (sigma2.qg.beta) + 0.5 * p
lprior.beta <- -p/2*log(2+*pi) -p/2*mu.q.log.tau2 +
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0.5*sum(-mu.q.log.lambda2 - (mu.q.beta~2 +
diag(sigma2.q.beta))*mu.q.1.lambda2*mu.q.1.tau2)

logl <- t(y) %*7% (x %*% mu.q.beta) - sum(lfactorial(y)) -
(t(rep(1,n)) %*% exp(x %*% mu.q.beta + 0.5 *
diag(x %*% sigma2.q.beta %*% t(x))))

non.entropy.q.beta <- lprior.beta + logL

ELBO.beta <- entropy.g.beta + non.entropy.q.beta

#updating histories
mu.q.beta.out[z,] <- mu.q.beta
sigma2.q.beta.out[,,z] <- sigma2.q.beta

elbo.out.beta <- c(elbo.out.beta, ELBO.beta)

#stopping criterion
if(z > 1) o
delta.beta <- (abs((elbo.out.betal[z] - elbo.out.betalz-1])
/elbo.out.betalz-1]))

if (delta.beta < eps_beta) cond.beta <- 1

if (Trace_beta == 1) {
print (pasteO("iteration:", z,
"_ beta lower bound increase: ", delta.beta))
}

3

if (z > maxIter_beta) cond.beta <- 1

z <- z + 1

return(list(mu.q.beta = mu.q.beta.outl[z-1,],
sigma2.q.beta = sigma2.q.beta.outl[,,z-1],
entropy.q.beta = entropy.q.beta,
lprior.beta = lprior.beta, logL = logL))

#MFVB algorithm
MFVB.horseshoe <- function(y, x, hyp, start, eps_beta = le-4,

100,
0,

eps _ELBO = 1le-4, maxIter _global

maxIter _beta = 10, Trace_global

Trace_beta = 0) {

start.time <- Sys.time ()
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n <- nrow(x)
p <- ncol(x)

X.y.sum <- colSums(y * x)

=E===========Hypenpaiiametelssiet taing=============
mu.beta <- hyp[[1]]

a.eta <- hyp[[2]]

b.eta <- hyp[[3]]

a.tau2 <- hypl[[4]]

a.nu <- hyp[[5]]

b.nu <- hyp[[6]]

a.lambda2 <- hyp[[7]]

#============= Defining history variables =============
elbo.out.global <- numeric()
mu.q.beta.global.out <- matrix(NA, nrow = maxIter_global,
ncol = p)
sigma2.q.beta.global.out <- array(NA, dim = c(p,p,maxIlter_global))

.g.eta.out <- 1

[o 2

.eta.out <- rep(NA, maxIter_global)

.nu.out <- rep(l, p)

o p

.nu.out <- matrix(NA, nrow = maxIter_global, ncol = p)

o P

.tau2.out <- matrix(NA, nrow = maxIter_global, ncol = p)

q

q

q

.q.tau2.out <- (p+1)/2

q

q.lambda2.out <- rep(l, p)
q

o

.lambda2.out <- matrix(NA, nrow = maxIter_global, ncol = p)

#============= Jnitializing optimal parameters =============
mu.q.beta <- start[[1]]

sigma2.q.beta <- start[[2]]

omega.q.beta <- solve(sigma2.q.beta)

a.g.eta <- a.g.nu <- a.qg.lambda2 <- 1

.tau2 <- (p+1)/2

.eta <- start [[3]]

.nu <- start[[4]]

.tau2 <- start [[5]]

o o o o M
(o RuTo NNNTo BENTe BTo)]

.lambda2 <- start[[6]]
.1.tau2 <- a.g.tau2/b.qg.taun2
mu.q.l.nu <- a.g.nu/b.g.nu

q
mu.q.1l.lambda2 <- a.qg.lambda2/b.g.lambda?2
q
mu.q

.log.eta <- log(b.q.eta) - digamma(a.q.eta)
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mu.q.log.nu <- log(b.q.nu) - digamma(a.q.nu)
mu.q.log.tau2 <- log(b.q.tau2) - digamma(a.qg.tau2)
mu.q.log.lambda2 <- log(b.g.lambda2) - digamma(a.q.lambda2)

============= MFVB algorithm =============
i<-1

cond.global <- FALSE

while (cond.global != TRUE & i <= maxIter_global) {

#updating q.beta

q.mu.update <- update.q.beta.horseshoe(y, x, x.y.sum, mu.q.beta,
sigma2.q.beta,
mu.q.1.lambda2,
mu.q.1l.tau2,
mu.q.log.tau2,
mu.q.log.lambda2,
n, p, eps_beta,
maxIter beta, Trace_beta)

mu.q.beta <- gq.mu.updatel[[1]]

sigma2.q.beta <- g.mu.update[[2]]

#updating q.eta

b.g.eta <- 1 + a.qg.tau2/b.q.tau2

mu.q.l.eta <- a.g.eta/b.g.eta

mu.q.log.eta <- log(b.q.eta) - digamma(a.q.eta)

#updating q.nu
b.g.nu <- 1 + a.q.lambda2/b.q.lambda2
mu.q.l.nu <- a.g.nu/b.g.nu

mu.q.log.nu <- log(b.q.nu) - digamma(a.q.nu)

#updating q.tau2

b.g.tau2 <- a.g.eta/b.g.eta + 0.5*(sum((diag(sigma2.q.beta) +
mu.q.beta~2)+*a.q.lambda2/b.q.lambda2))

mu.q.1l.tau2 <- a.qg.tau2/b.q.tau2

mu.q.log.tau2 <- log(b.g.tau2) - digamma(a.q.tau2)

#updating q.lambda2
if(p == 1)



96

APPENDIX A. R CODE

b.g.lambda2 a.g.nu/b.g.nu + 0.5*(sigma2.q. +
mu.q. ~2)+*a.q.tau2/b.q.tau2
b.qg.lambda2 a.g.nu/b.g.nu + 0.5%( (sigma2.q. ) +
mu.q. ~2)+*a.q.tau2/b.q.tau2
mu.q.1l.lambda2 a.q.lambda2/b.q.lambda2
mu.q. .lambda2 (b.g.lambda2) - (a.g.lambda?2)

#computing lower bound

entropy.q. .mu. [[3]1]

entropy.q.lambda2 (a.q.lambda2 + (b.gq.lambda2) +
(a.g.lambda2) - (a.g.lambda2 +1)
(a.g.lambda?2))

entropy.q.tau?2 a.q.tau2 + (b.g.tau2) + (a.q.tau2) -
(a.qg.tau2 +1) (a.q.tau2)
entropy.q.eta a.q.eta + (b.gq.eta) + (a.g.eta) -
(a.q.eta +1) (a.q.eta)
entropy.q.nu (a.g.nu + (b.g.nu) + (a.qg.nu) -
(a.gq.nu +1) (a.q.nu))
lprior. -p/2 (2*pi) -p/2*mu.q. .tau2 -
0.5 (mu.q. .lambda2) -
0.5 (( (sigma2.q. )
+ mu.q. ~2)#mu.qg.1l.lambda2*mu.q.1.tau2)
logL .mu. [[5]1]
lprior.lambda?2 -p (0.5) - 0.5 (0.5*mu.q. .nu +
3/2*mu.q. .lambda2 +
mu.qg.l.nu*mu.q.1.lambda?2)
lprior.tau?2 -0.5*mu.q. .eta - (0.5)
- 3/2*mu.q. .tau2 - mu.g.l.eta*mu.q.1.tau2
lprior.eta - (0.5) - 3/2*mu.q. .eta - mu.q.1l.eta

lprior.nu -p (0.5) - (3/2*mu.q. .nu + mu.qg.1l.nu)
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ELBO.global entropy.q. + entropy.q.lambda2 +
entropy.q.tau2 + entropy.q.eta + entropy.g.nu +
loglL + 1lprior. + lprior.lambda2 +

lprior.tau2 + lprior.eta + lprior.nu

#updating history variables

elbo.out.global (elbo.out.global, ELBO.global)
mu.q. .global.out [i,] mu .

sigma2.q. .global.out[,,i] sigma?2.
b.g.eta.out[i] b.g.eta

b.g.nu.out[i,] b.g.nu

b.g.tau2.out [i] b.g.tau2

b.g.lambda2.out[i,] b.qg.lambda2

#stopping criterion

(i > 1) {
Delta.global ( ((elbo.out.global[i] -
elbo.out.global[i-1]) /elbo.out.global[i-1]))
(Delta.global < eps_global) cond.global 1
(Trace_global == 1) {
(pasteO("iteration:", i,
"- global lower bound increase: ",Delta.global))
}
¥
(i > maxIter_global) cond.global 1
i i+ 1
}
Sys. O
f============= (Computing computational effort =============
total. . -
( (elbo = elbo.out.global,
mu.q. =as. (mu.q. .global.out[1:(i-1),]1),
sigma2.q. =sigma2.q. .global.out[,,1:(i-1)1],
a.gq.eta = .eta.out,
b.g.eta = .eta.out[1:(i-1)], a.g.nu = a.qg.nu.out,
b.g.nu = . (b.g.nu.outf[1:(i-1),]1),
a.g.tau2 = a.g.tau2.out, b.g.tau2 = b.qg.tau2[1:(i-1)]
a.g.lambda2?2 = a.qg.lambda2.out,
.lambda2 = (b.g.lambda2.out[1:(i-1),1),

97

B



98 APPENDIX A. R CODE

iter = i-1, tempo = total.time[[1]]))

SAVS algorithm

savs.algorithm <- function(mu.q.beta, X){
p <- ncol(X)
mu.q.beta.star <- numeric(p)
for(j in 1:p){
mu.j <- 1/mu.q.betal[jl~2
sum.x.j.2 <- sum(X[,jl~2)
if (abs(mu.q.betal[jl)*sum.x.j.2<= mu.j)
mu.q.beta.star[j] <- O
else
mu.q.beta.star[j] <- sign(mu.q.betal[jl)/sum.x.j.2x%
(abs(mu.q.betal[jl)*sum.x.j.2 - mu.j)
}

return(mu.q.beta.star)

A.4 Poisson regression model with spike-and-slab prior

MFVB algorithm

library (msos)

#Natural fixed-point iteration for the update of optimal
#variational density q.beta
update.q.beta.spike <- function(y, x, Xx.y.sum, mu.q.beta,
sigma2.q.beta, mu.q.gamma,
mu.q.1l.lambdal, mu.q.log.lambdal,
lambdaO, n, p, eps_beta,
maxIter beta, Trace_beta) {
#============= Defining history variables =============
elbo.out.beta <- numeric()
mu.q.beta.out <- matrix(NA, nrow = maxIter_beta, ncol = p)

sigma2.qg.beta.out <- array(NA, dim = c(p,p, maxIter _beta))

cond.beta <- FALSE
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while(cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu
exp.q.beta <- exp(x %*% mu.q.beta + 0.5 * diag(x %*%
sigma2.q.beta %*7 t(x)))
nu.q.beta <- x.y.sum - t(x) %*% exp.q.beta -
(1-mu.q.gamma)*mu.q.beta/lambda0 -
mu.g.gamma*mu.q.beta*mu.q.1.lambdal
sigma2.q.beta <- solve((l-mu.q.gamma)/lambdaO +
mu.q.gamma*mu.q.1l.lambdal+
t(x) %*% diag(as.vector(exp.q.beta))
h*lox)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta-localized lower bound
entropy.q.beta <- 0.5%p* log(2*pi) + 0.5 *logdet(sigma2.q.beta)+
0.5 *x p
lprior.beta <- -p/2*log(2*pi) + sum(-(l-mu.q.gamma)*
(log(lambda0)/2 + (mu.q.beta~2 +
diag(sigma2.q.beta))/(2+*lambdal0)))+
sum(-mu.q.gamma* 0.5*(mu.qg.log.lambdal +
(mu.q.beta~2 + diag(sigma2.q.beta))/(2)*
mu.q.1l.lambdal))
logL <- t(y) %*% (x %*% mu.q.beta) - sum(lfactorial(y)) -
(t(rep(1,n)) %*% exp(x %*% mu.q.beta + 0.5 * diag(x %*%
sigma2.qg.beta %*7 t(x))))
non.entropy.qg.beta <- lprior.beta + logL

ELBO.beta <- entropy.g.beta + non.entropy.q.beta

#updating histories

mu.q.beta.out[z,] <- mu.q.beta
sigma2.q.beta.out[,,z] <- sigma2.q.beta
elbo.out.beta <- c(elbo.out.beta, ELBO.beta)

#stopping criterion
if(z > 1) {
delta.beta <- (abs((elbo.out.betal[z] - elbo.out.betalz-1]1)/
elbo.out.betalz-11))
if (delta.beta < eps_beta) cond.beta <- 1
if (Trace_beta == 1) {
print (pasteO("iteration:", z,

"_- beta lower bound increase: ",delta.beta))
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}
if (z > maxIter_beta) cond.beta <- 1

z <- z + 1

return(list(mu.q.beta = mu.q.beta.outl[z-1,],
sigma2.q.beta = sigma2.q.beta.out[,,z-1],
entropy.q.beta = entropy.q.beta,

lprior.beta = lprior.beta, logL = logL))

#MFVB algorithm

MFVB.spike.slab <- function(y, x, hyp, start, eps_beta, eps_global,
maxIter beta, maxIter gamma,
maxIter _global, Trace_beta = 0,

Trace_global = 0) {

n <- nrow(x)
p <- ncol(x)

Xx.y.sum <- colSums(y * x)

#============= Hyperparameters’ setting =============
mu.beta <- hyp[[1]1[[1]1]

r.lambdal <- hyp[[2]1]1[[1]]

delta.lambdal <- hyp[[2]11[[2]]

a.theta <- hyp[[3]1]1([[1]]

b.theta <- hyp[[3]]1[[2]]

lambda0 <- hyp[[4]]

HHEEESISSSSSSESE Deflnlng history Vel apleg Seeaeaeesssaass

elbo.out.global <- numeric()

mu.q.beta.global.out <- matrix(NA, nrow = maxIter _global,
ncol = p)
sigma2.qg.beta.global.out <- array(NA, dim =c(p,p,maxIter_global))
mu.q.gamma.global.out <- matrix(NA, nrow = maxIter_global,
ncol = p)
r.q.lambdal.out <- matrix(NA, nrow = maxIter_global, ncol = p)

delta.qg.lambdal.out <- matrix(NA, nrow = maxIter_global, ncol = p)
a.q.theta.out <- numeric()

b.q.theta.out <- numeric()
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f============= Jnitializing optimal parameters =============

mu.q.beta <- start[[1]]

sigma2.q.beta <- start[[2]]

omega.q.beta <- solve(sigma2.q.beta)

mu.q.gamma <- start[[3]]

w <- log(mu.q.gamma / (l-mu.q.gamma))

r.q.lambdal <- start[[4]]

delta.q.lambdal <- start[[5]]

a.q.theta <- start [[6]]

b.g.theta <- start[[7]]

mu.q.log.theta <- digamma(a.q.theta) - digamma(a.g.theta +
b.g.theta)

mu.q.log.1l.theta <- digamma(b.q.theta) - digamma(a.q.theta +

b.qg.theta)
mu.q.1l.lambdal <- r.g.lambdal/delta.q.lambdal
mu.q.log.lambdal <- log(delta.q.lambdal) - digamma(r.q.lambdal)

f============= MFVB algorithm SEEEEEEEEE ==

start.time <- Sys.time ()

i <-1
cond.global <- FALSE
while (cond.global != TRUE & i <= maxIter_global) {

#updating q.beta

q.mu.update <- update.q.beta.spike(y, x, x.y.sum, mu.q.beta,
sigma2.q.beta, mu.q.gamnma,
mu.qg.1.lambdal,
mu.qg.log.lambdal, lambdaO,
n, p,eps_beta,
maxIter beta, Trace_beta)

mu.q.beta <- gq.mu.updatel[[1]]

sigma2.q.beta <- g.mu.update[[2]]

#updating q.gamma
for(j in 1:p){
wl[jl] <- mu.q.log.theta - mu.g.log.l.theta -
(mu.q.betal[j]~2 + diag(sigma2.q.beta)[j])*
(mu.g.1.lambdal[j]l-1/1ambda0)/2-
0.5%(mu.q.log.lambdal[j] - log(lambdaO))
mu.q.gamma[j] <- 1/(1 + exp(-w[jl))
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¥
mu.q.gamma[which(mu.q.gamma == 1.)] <- 0.99
mu.q.gamma[which(mu.q.gamma == 0.)] <- 0.01

#updating q.lambda
r.q.lambdal <- r.lambdal + mu.q.gamma/2
if(p == 1)
delta.g.lambdal <- delta.lambdal +
mu.q.gamma*(mu.q.beta~2 + sigma2.q.beta)/(2)
else
delta.q.lambdal <- delta.lambdal +
mu.q.gamma*(mu.q.beta~2 + diag(sigma2.q.beta))/(2)
mu.q.1l.lambdal <- r.q.lambdal/delta.q.lambdal
mu.q.log.lambdal <- log(delta.g.lambdal) - digamma(r.g.lambdal)

#updating q.theta
a.q.theta <- a.theta + sum(mu.q.gamma)
b.g.theta <- b.theta + p - sum(mu.q.gamma)
mu.q.log.theta <- digamma(a.q.theta) - digamma(a.q.theta +
b.g.theta)
mu.q.log.1l.theta <- digamma(b.g.theta) - digamma(a.q.theta +
b.q.theta)

#computing lower bound

entropy.q.beta <- gq.mu.update[[3]]

entropy.q.gamma <- - sum(mu.q.gamma * log(mu.q.gamma) +

(1-mu.q.gamma) * log(l-mu.q.gamma))

entropy.q.lambdal <- sum(-r.q.lambdal*log(delta.q.lambdal) +
lgamma(r.q.lambdal)+ delta.q.lambdal*
mu.q.1l.lambdal+ (r.g.lambdal+1)*
mu.q.log.lambdal)

entropy.q.theta <- -(a.g.theta - 1)* mu.g.log.theta -
(b.g.theta - 1)#*mu.q.log.1l.theta +
lbeta(a.q.theta, b.g.theta)

lprior.beta <- -p/2xlog(2*pi)+ sum(-(l-mu.q.gamma)*
(log(lambda0)/2 + (mu.q.beta~2 +
diag(sigma2.q.beta))/(2*lambdal)))+
sum(-(mu.q.gamma)* 0.5*mu.q.log.lambdal *
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(mu.q. 2+ (sigma2.q. ))/(2)
mu.q.1l.lambdal)

lprior. ((1-mu.q. )*mu.q. .1.theta+
mu.q. mu.q. .theta)
lprior.theta (a.theta - 1)*mu.q. .theta + (b.theta - 1)
mu.q. .1.theta - (a.theta, b.theta)
lprior.lambdal p*r.lambdal [1] (delta.lambdal [1]) -
P (r.lambda1[1]) - delta.lambdal [1]
(mu.g.1.lambdal)- (r.lambdal[1] + 1)
(mu.q. .lambdal)
logL .mu. (511
ELBO.global entropy.q. + entropy.q. +

entropy.q.lambdal + entropy.q.theta +
lprior. + lprior. + logL +

lprior.lambdal + lprior.theta

#updating history variables

elbo.out.global (elbo.out.global, ELBO.global)
mu.q. .global.out [i,] mu .

sigma2.q. .global.out[,,i] sigma?2.

mu.q. .global.out[i,] mu.
r.q.lambdal.out[i,] r.q.lambdal
delta.g.lambdal.out[i,] delta.qg.lambdal
a.g.theta.out (a.q.theta.out, a.q.theta)
b.g.theta.out (b.g.theta.out, b.g.theta)

#stopping criterion

(i > 1 {

Delta.global ( ((elbo.out.global [i] -
elbo.out.global[i-1])
elbo.out.global[i-1]))

(Delta.global < eps_global) cond.global 1
(Trace_global == 1) {

(paste0("iteration:", i,

"- global lower bound increase: ", Delta.global))

}
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if (i > maxIter_global) cond.global <- 1

i <-1i + 1

end.time <- Sys.time ()

#============= (Clomputiing computational effort ==s==========

total.time <- end.time - start.time

return(list (elbo = elbo.out.global,
mu.q.beta=as.matrix(mu.q.beta.global.out[1:(i-1),]),
mu.q.gamma=as.matrix (mu.q.gamma.global.out[1:(i-1),]),
sigma2.qg.beta=sigma2.q.beta.global.out[,,1:(i-1)],
a.q.theta = a.g.theta.out,
b.qg.theta

b.g.theta.out,
r.q.lambdal=as.matrix(r.q.lambdal.out[1:(i-1),]),
delta.q.lambdal=as.matrix(delta.q.lambdal.out[1:(i-1),]1),

iter = i-1, tempo = total.time[[1]1]))

A.5 Poisson regression model with Bernoulli-Gaussian

prior

MFVB algorithm

#Function for the creation of matrix (n, p) with each row composed
#by the elements in the production for the update of optimal
#variational densities q.beta.j and q.gamma.j

prod.elementi.start <- function(x, mu.q.gamma, mu.q.beta,

sigma2.q.beta, n, p) {

matrice.prod <- matrix(NA, nrow = n, ncol = p)
if(p == 1)
matrice.prod <- as.vector(l - mu.q.gamma + mu.q.gamma*xexp(x *

mu.q.beta + sigma2.q.beta * x72/2))
elseq{
for(j in 1:p)
matrice.prod[,j] <- 1 - mu.q.gammal[j] + mu.q.gammal[j]=*
exp(x[,j] * mu.q.betalj]l + (sigma2.q.betaljl * x[,j]1"2)/
2)
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return(as.matrix (matrice.prod))

#Function for the change of the column j in the matrix of elements
#in the production for the update of q.beta.j and q.gamma.]j
change.prod.elementi.j <- function(x, mu.q.gamma, mu.q.beta,
sigma2.qg.beta, j, p) {
if(p == 1)
return(l-mu.q.gamma + mu.q.gamma*exp(x * mu.q.beta +
sigma2.q.beta * x72/2))
else
return(l-mu.q.gamma[j] + mu.q.gammal[jl*exp(x[,j] =*

mu.q.betal[j]l + (sigma2.q.betal[j] * x[,3j1°2)/2))

#Function for the computation of the production in the update of

#optimal variational densities q.beta.j and q.gamma.j

produttoria.q.beta.q.gamma <- function(elementi.prod, j ){
elementi.prod.partial <- as.matrix(elementi.prod[,-j])

return (apply (elementi.prod.partial, 1, function(x) prod(x)))

#Natural fixed-point iteration for the update of optimal
#variational density q.beta
update.q.beta.j <- function(y, X, sigma2.beta, mu.qg.beta,
sigma2.q.beta, mu.q.gamma,
elementi.prod, maxIter_beta, eps_beta,

Trace_beta, j, nu.q.beta) {

n <- nrow(x)

p <- ncol(x)

#============= Defining history variables =============
elbo.out.beta <- c()

mu.q.beta.out <- rep(NA, maxIter_beta)
sigma2.q.beta.out <- rep(NA, maxIter_beta)

nu.q.beta.out <- rep(NA,maxIter_beta)

#============= Natural fixed-point iteration =============
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z <- 1
cond.beta <- FALSE
= 1)

if (p
produttoria.no.j <- rep(l,n)
else
produttoria.no.j<-produttoria.q.beta.q.gamma(elementi.prod,
i)
while(cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu
exp.q.beta.j <- mu.q.gammal[jl] * exp(x[,jl*mu.q.betalj]l +
sigma2.q.betal[jl*(x[,jl1~2)/2)
nu.q.betalj] <- -mu.q.betaljl/sigma2.beta + t(x[,j] *
mu.q.gammal[j]) %*% y - t(produttoria.no.j) %=’
(x[,j] * exp.q.beta.j)
sigma2.q.betal[j]l] <- as.vector(solve( 1/sigma2.beta +
t(produttoria.no.j) %*/
(x[,j]l"2 * exp.q.beta.j)))
mu.q.betalj] <- mu.q.betal[j] + sigma2.q.betal[jl*nu.q.betalj]
elementi.prod[,j] <- change.prod.elementi.j(x, mu.q.gamma,

mu.q.beta, sigma2.q.beta, j, p)

#computing beta-localized lower bound

produttoria.total <- apply(elementi.prod, 1, function(x)
prod(x))

entropy.q.beta.j <- 0.5*log(sigma2.q.betaljl) + 1/2 +
0.5*%log(2*pi)
lprior.beta.j <- - 0.5*log(2*pi) - 1/2*xlog(sigma2.beta) -
1/(2*sigma2.beta)*(sigma2.q.betal[jl +
mu.q.betal[j]"2)
if(p == 1){
logl <- as.vector( t(x * mu.q.gamma * mu.q.beta) %*% y -
sum(lfactorial(y)) - sum(elementi.prod))
} else{
logl <- as.vector(t(x %+’ diag(mu.q.gamma) %*% mu.q.beta)
%*7% y) - sum(lfactorial(y)) -
sum (produttoria.total)
}
non.entropy.q.beta.j <- lprior.beta.j + logL
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ELBO.beta.j <- entropy.q.beta.j + lprior.beta.j + logL

#updating histories

mu.q.beta.out[z] <- mu.q.betalj]
sigma2.q.beta.out[z] <- sigma2.qg.betalj]
nu.q.beta.out [z] <- nu.q.betalj]

elbo.out.beta <- c(elbo.out.beta, ELBO.beta.j)

#stopping criterion
if(z > 1) {
Delta.beta <- (abs((elbo.out.betalz] -
elbo.out.betalz-1])/
elbo.out.betalz-1]))

if (Delta.beta < eps_beta) cond.beta <- 1

if (Trace_beta == 1) {
print (pasteO("iteration:", z,
"_ beta lower bound increase: ", Delta.beta))
}

}
if (z > maxIter_beta) cond.beta <- 1
z <- z + 1

3

return(list(mu.q.beta.j = mu.q.beta.out[z-1],
sigma2.qg.beta.j = sigma2.qg.beta.out[z-1],

nu.q.beta.j = nu.q.beta.outl[z-11))

#gamma.j-localized component of lower bound
update.gamma.j <- function(mu.q.gamma.j, y, x, alpha.rho,
delta.rho, mu.g.beta, sigma2.q.beta,
elementi.prod, mu.q.log.rho,
mu.q.log.l.rho, mu.q.gamma, j) {
p <- ncol(x)

n <- nrow (x)

entropy.q.gamma <- - (mu.q.gamma.j * log(mu.q.gamma.j) +

(1-mu.q.gamma.j)*log(l-mu.q.gamma.j))
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loglL <- as.vector(t(x * mu.q.gamma.j * mu.q.beta) %*x% y -
sum(lfactorial(y)) -sum(l - mu.q.gamma.j +

mu.q.gamma.j*exp(x*mu.q.beta + sigma2.q.beta*xx~2/2)))

}
else if(p == 2){
produttoria.no.j <- produttoria.qg.beta.q.gamma(elementi.prod,
i)
logLh <- (t(x[,-j] * mu.q.gammal[-j] * mu.q.betal-3j1) %=*7 y) +
(t(x[,j] * mu.q.gamma.j * mu.q.betaljl) %*x% y) -
sum(lfactorial(y)) - sum(produttoria.no.j *
(1 - mu.q.gamma.j + mu.q.gamma.j*exp(x[,j]*
mu.q.betalj]l + sigma2.q.betaljl*(x[,j]1°2)/2)))
}
elseq{
produttoria.no.j <- produttoria.g.beta.q.gamma(elementi.prod,
i)
logl <- (t(x[,-j] %*% diag(mu.q.gammal[-j]) %*% mu.q.betal-j])
%*%h y) + (t(x[,j] * mu.q.gamma.j * mu.q.betaljl)%x*%
y) - sum(lfactorial(y)) - sum(produttoria.no.j *
(1 - mu.q.gamma.j + mu.q.gamma.j*exp(x[,jl*
mu.q.betal[j] + sigma2.q.betaljl*(x[,3j]1°2)/2)))
}

lprior.gamma <- mu.q.gamma.j*mu.q.log.rho +(l-mu.q.gamma.j)*

mu.q.log.1l.rho

ELBO.gamma <- entropy.q.gamma + lprior.gamma + logL

return (ELBO. gamma)

#first derivative of gamma.j-localized component of lower bound
der .prime.gamma.j <- function(mu.q.gamma.j, y, X, mu.q.beta,
sigma2.q.beta, mu.q.gamnma,
elementi.prod, mu.q.log.rho,
mu.q.log.1l.rho, j) {
p <- ncol(x)

if(p == 1)
produttoria.no.j <- rep(l, n)
else

produttoria.no.j <- produttoria.q.beta.q.gamma(elementi.prod,
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i)
output <- mu.qg.log.rho - mu.q.log.l.rho - log(mu.q.gamma.j) -
1+ 1/(1l-mu.q.gamma.j) + log(l - mu.q.gamma.j)-
mu.q.gamma.j/ (1 - mu.q.gamma.j) + t(x[,j] *
mu.q.betaljl) %*% y - sum(produttoria.no.j *
(exp(x[,jl#*mu.q.betalj] + sigma2.q.betaljl*(x[,j]1~2)
/2) -1))

return (output)

#MFVB algorithm

MFVB.norm.bern.beta <- function(y, x, hyp, start, eps_beta,
eps_gamma, eps_global,
maxIter beta,
maxIter gamma, maxIter _global,
Trace_beta = 0,Trace_global = 0){

start.time <- Sys.time ()

#============= Hyperparameters’ setting =============
mu.beta <- hyp[[1]11[[1]1]

sigma2.beta <- hyp[[1]1][[2]]

alpha.rho <- hyp[[2]]1[[1]]

delta.rho <- hyp[[2]1[[2]]

n <- nrow(x)

p <- ncol(x)

#============= Defining history variables =============
elbo.out.global <- numeric()
mu.q.beta.global.out <- matrix(NA, nrow = maxIter _global,

ncol = p)
sigma2.qg.beta.global.out <- matrix(NA, ncol = p,

nrow = maxIter_global)

mu.q.gamma.out <- matrix(NA, nrow = maxIter_global, ncol = p)
alpha.q.rho.out <- numeric()
delta.q.rho.out <- numeric ()
nu.q.beta.global.out <- matrix(NA, nrow = maxIter_global,

ncol = p)

f============= Jnitializing optimal parameters =============
mu.q.beta <- start[[1]]
sigma2.q.beta <- start[[2]]

omega.q.beta <- 1/sigma2.qg.beta
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mu.q.gamma <- start[[3]]
alpha.q.rho <- start[[4]]
delta.q.rho <- start[[5]]
mu.q.log.rho <- digamma(alpha.q.rho) + digamma(alpha.q.rho +
delta.q.rho)
mu.q.log.l.rho <- digamma(delta.q.rho) + digamma(alpha.q.rho +
delta.q.rho)

nu.q.beta <- mu.q.beta

elementi.prod <- prod.elementi.start(x, mu.q.gamma, mu.q.beta,

sigma2.q.beta, n, p)

cond.global <- FALSE

while (cond.global != TRUE & i <= maxIter_global) {

#updating q.beta
for(j im 1:p){
q.beta.j.update <- update.q.beta.j(y, x, sigma2.beta,
mu.q.beta, sigma2.q.beta, mu.q.gamma,
elementi.prod, maxIter_betal[j],
eps_betaljl, Trace_betaljl, j,
nu.q.beta)
mu.q.betal[j] <- g.beta.j.update[[1]]
sigma2.q.betal[j]l] <- q.beta.j.update[[2]]
nu.q.betalj] <- gq.beta.j.update[[3]]
}

#updating q.gamma
for(j in 1:p){
mu.q.gamma[j] <- optim(mu.q.gammal[j],
function(z) -update.gamma.j(z, y, x,

alpha.rho, delta.rho,
mu.q.beta,
sigma2.q.beta,
elementi.prod,
mu.q.log.rho,
mu.q.log.1l.rho,

mu.q.gamma, j),
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function(z) -der.prime.gamma.j(z, y,
X, mu.q.beta,
sigma2.q.beta,
mu.q.gamna ,
elementi.prod,
mu.q.log.rho,
mu.q.log.1l.rho, j),

method = "L-BFGS-B",

lower = 0.01, upper = 0.99)$par

elementi.prod[,j] <- change.prod.elementi.j(x, mu.q.gamma,

mu.q.beta, sigma2.q.beta, j, p)

#updating q.rho
alpha.q.rho <- alpha.rho + sum(mu.q.gamma)
delta.q.rho <- delta.rho + p - sum(mu.q.gamma)
mu.q.log.rho <- digamma(alpha.q.rho) + digamma(alpha.q.rho +
delta.q.rho)
mu.q.log.1l.rho <- digamma(delta.q.rho) +digamma(alpha.qg.rho+
delta.q.rho)

#computing lower bound

entropy.q.beta <- p/2xlog(2*pi)+0.5*sum(log(sigma2.q.beta)) +
p/2

entropy.q.gamma <- - sum(mu.q.gamma * log(mu.q.gamma) +

(1-mu.q.gamma) * log(l-mu.q.gamma))

entropy.q.rho <- -(alpha.g.rho - 1)* mu.q.log.rho -
(delta.q.rho - 1)#*mu.qg.log.l.rho +
lbeta(alpha.q.rho, delta.qg.rho)

lprior.beta <- -p/2*log(2*pi) - p/2*log(sigma2.beta) -
1/(2*sigma2.beta)*sum(sigma2.q.beta+

mu.q.beta~2)

lprior.gamma <- sum(mu.q.gamma*mu.q.log.rho +(l1-mu.q.gamma)*

mu.q.log.1l.rho)

if (p == 1)1

loglh <- as.vector(t(x * mu.q.gamma * mu.q.beta) %*x% y -
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(lfactorial(y)) - (elementi. ))
}
{
produttoria.total (elementi. , 1, (x)
(x))
logL . (t(x % (mu.q. Yh*Ymu.q. ) %
y) - (l1factorial(y)) - (produttoria.total)
¥
lprior.rho (alpha.rho - 1)*mu.q. .rho + (delta.rho - 1)
mu.d. .1.rho - (alpha.rho, delta.rho)
ELBO.global entropy.q. + entropy.q. +
entropy.q.rho + lprior. +
lprior. + logl + lprior.rho

#updating history variables

mu.q. .global.out[i,] mu.

sigma2.q. .global.out[i,] sigma?2.

mu.q. .out[i,] mu.

alpha.qg.rho.out (alpha.q.rho.out, alpha.q.rho)
delta.g.rho.out (delta.q.rho.out, delta.g.rho)
elbo.out.global (elbo.out.global, ELBO.global)

#stopping criterion

(i > 1) {

Delta.global ( ((elbo.out.global [i] -
elbo.out.global[i-1])
elbo.out.global[i-1]))

(Delta.global < eps_global) cond.global 1
(Trace_global == 1) {
(pasteO0("iteration:", i,

"- global lower bound increase: ", Delta.global))

(i > maxIter_global) cond.global 1

i i+ 1

Sys. O
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total. . -
( (elbo = elbo.out.global,
mu.q. = mu.qg. .global.out[1:(i-1),],
mu.q. = mu.q. .out[1:(i-1),],
sigma2.q. =sigma2.q. .global.out[1:(i-1),],

alpha.q.rho = alpha.qg.rho.out,
delta.g.rho = delta.qg.rho.out, iter = i-1,

tempo = total. [[111))
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