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Introduction

One of the most challenging issues in modern Statistics, especially within the frame-

work of Bayesian Statistics, concerns approximate inference for complex statistical

models. Indeed, the amount of data we have to deal with has dramatically grown, re-

quiring suitable techniques to compute many models in a reasonable amount of time.

For this reason, the leading paradigm of Markov chain Monte Carlo (Gelfand and

Smith, 1990; Hastings, 1970) has sometimes left the place to faster techniques, such

as variational inference. The latter is a set of methods from machine learning which

aims to approximate probability densities through optimization rather than sampling

(Blei et al., 2017). On the other hand, this new set of methods may suffer of a limited

accuracy compared to Markov chain Monte Carlo (MCMC), which can provide more

accurate estimates through the increasing of the Monte Carlo sample size (Ormerod

and Wand, 2010).

Variational approximations consist in őnding the densities which optimize a lower

bound, introduced with the aim to provide a more tractable computational problem,

and giving an approximate solution to the original problem based on the likelihood

function. The most famous variational inference technique is probably variational

Bayes, which consists in minimizing the Kullback-Leibler divergence (Kullback and

Leibler, 1951) between a proposed density q(·) and the true density p(·). However,

alternative divergences have been proposed (Dieng et al., 2017; Minka, 2005). Finally,

convergence diagnostics that go beyond the investigation of the behaviour of the lower

bound are presented by Yao et al. (2018).

Although many recent papers focus on variational inference, there is still uncovered

area of research. In this thesis we present a variational Bayes framework to deal with

Poisson regression models and variable selection.

The thesis is organized as follows. Chapter 1 presents Bayesian variational infer-

ence in general, focusing in particular on both non-parametric and semi-parametric

mean őeld variational Bayes (MFVB). The methodological discussion is accompa-

xi



xii INTRODUCTION

nied by illustrative examples involving the multivariate Gaussian distribution and

the Bayesian Poisson regression model with non-informative prior. In these two ex-

amples, the similar results in terms of inference accuracy between MFVB and MCMC,

and the advantage of MFVB with respect to MCMC in terms of computational cost

are assessed.

Chapter 2 tackles the variable selection problem in the Bayesian Poisson regres-

sion model. Three solutions are considered: a continuos shrinkage prior, that is

the horseshoe prior (Carvalho et al., 2010), the spike-and-slab prior (Mitchell and

Beauchamp, 1988; George and McCulloch, 1993, 1997) and the Bernoulli-Gaussian

prior (Ormerod et al., 2017; Bernardi et al., 2023). The estimation is carried out

within a semi-parametric mean őeld variational Bayes framework.

An extensive simulation study is implemented in order to evaluate the different

models in terms of inference and quality of variable selection, and understand their

limits. The proposed algorithms are tested with respect to popular methods, such as

Poisson lasso, Gaussian lasso (Tibshirani, 1996) and EM variable selection (EMVS)

approach (Ročková and George, 2014). The metrics used are the mean squared error

(MSE) for the inference accuracy, and F1-score and classification accuracy for the

variable selection. In addition, the area under the curve (AUC) for EMVS, Pois-

son model with spike-and-slab and Bernoulli-Gaussian prior is computed. Finally, a

comparison in terms of computational cost is provided.

Chapter 3 deals with an application to real data. The dataset considered is Football

2022-2023, which contains informations on the football player performances in the

major european leagues. All the implemented models are tested against Poisson

lasso, generalized linear model (GLM) Poisson, Gaussian lasso and EMVS, both in

terms of in-sample estimates and out-of-sample forecasting accuracy.



Chapter 1

Approximate Bayesian inference

The approximate inference is one of the possible solutions to solve the problem of

increasing statistical models complexity, especially in Bayesian framework thanks to

the development of several approximate inference algorithms. Let y = (y1, . . . , yn)
⊺

be the observed data vector from a random variable Y and θ = (θ1, . . . , θp) ∈ Θ ⊆ R
p

a set of parameters. The main goal in Bayesian inference is to study the properties

of the posterior density p(θ|y), which is obtained updating a prior belief with the

evidence of the observed data through the Bayes’ theorem:

p(θ|y) =
p(y|θ)p(θ)

p(y)
=

p(y|θ)p(θ)
∫

Θ
p(y|θ)p(θ)dθ

, (1.1)

where

• p(θ) is the prior distribution on θ ∈ Θ;

• p(y|θ) is the likelihood of the data given the set of parameters;

• p(y) is the marginal likelihood, also known as model evidence in machine learning

literature.

However, in many situations the evaluation of p(y) is intractable, either because

the required integration has not a closed form or because its computation is time-

consuming. A solution to this problem is to exploit approximate inference techniques.

The latter can be divided in two big families: stochastic and deterministic approxi-

mations.

The most widespread stochastic method is probably Markov chain Monte Carlo

(MCMC) (Robert and Casella, 2004, 2011), which involves the construction of an

ergodic Markov chain on θ, whose stationary distribution converges to the posterior

1



2 CHAPTER 1. APPROXIMATE BAYESIAN INFERENCE

distribution p(θ|y). Sampling R values θ∗ = (θ∗1, . . . , θ
∗
R) from the posterior distri-

bution, one can evaluate the properties of θ|y, such as mean, median, variance and

credibility intervals, based on θ∗. The most appealing feature of the stochastic meth-

ods is that it is possible to improve their accuracy by increasing the sample size R.

In fact, in the limiting case R→∞, the approximation is exact. On the other hand,

the main drawback of these methods is that they are computationally demanding

and assessing their convergence is not trivial. For this reason they are mainly used

in problems with a small number of observations and/or number of variables.

On the other hand, deterministic approximations rely on optimization rather than

sampling. As a consequence, these methods allow for substantial gains in terms of

computational cost, but their approximation accuracy is bounded. In particular,

we focus on variational approximations, which has been used in a wide range of

applications, ranging from statistics (Rustagi, 1976) to quantum mechanics (Sakurai,

1994), statistical mechanics (Parisi, 1988), machine learning (Hinton and van Camp,

1993) and then generalized to many probabilistic models, taking advantage of the

graphical models’ representation (Jordan et al., 1999). They have applications in

both frequentist and Bayesian inference, but their use had a greater impact in the

Bayesian literature due to presence of intractable calculus and computational issues

in high-dimensional and complex models.

1.1 Variational inference

Variational inference (VI) relies on a density transform approach. The latter involves

the approximation of a posterior density p(θ|y) by another one which has the ad-

vantage of being more tractable. Let Q be a family of densities, with single element

q(θ) called variational density. The goal of variational inference is to őnd the optimal

density q∗(θ) that minimizes a divergence measure D between the variational den-

sity q(θ) and the posterior distribution p(θ|y). Given the couple (Q, D) we fall into

different paradigms. Probably the mostly adopted one assumes the Kullback-Leibler

(KL) divergence (Kullback and Leibler, 1951):

q∗(θ) = argmin
q(θ)∈Q

KL(q(θ)||p(θ|y)), (1.2)

where

KL(q(θ)||p(θ|y)) =

∫

Θ

q(θ) log

{

q(θ)

p(θ|y)

}

dθ. (1.3)
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This setting is called variational Bayes (VB). The main properties of KL divergence

are:

• non-negativity: the KL divergence is always non-negative. For any two proba-

bility distributions p(·) and q(·), the KL divergence KL(p||q) ≥ 0;

• asymmetry: the KL divergence is not symmetric. In other words, KL(p||q)

̸= KL(q||p). This property arises due to the logarithmic nature of the KL

divergence.

The minimization problem deőned in (1.2) requires the true posterior distribution,

which, however, is unknown. This makes infeasible the direct solution of (1.2). An

alternative formulation of the original problem can be stated leveraging on a manip-

ulation of the logarithm of the marginal likelihood:

log p(y) = log p(y)

∫

q(θ)dθ

=

∫

q(θ) log p(y)dθ

=

∫

q(θ) log

{

p(θ;y)/q(θ)

p(θ|y)/q(θ)

}

dθ

=

∫

q(θ) log

{

p(θ;y)

q(θ)

}

dθ

+

∫

q(θ) log

{

q(θ)

p(θ|y)

}

dθ

≥

∫

q(θ) log

{

p(θ;y)

q(θ)

}

dθ = log p(y; q),

(1.4)

following that p(y) ≥ p(y; q). The logarithm of marginal likelihood can be decom-

posed in two terms:

• the lower bound on the log-marginal likelihood log p(y; q), also called the evi-

dence lower bound (ELBO) in the machine learning literature;

• the Kullback-Leibler divergence between the variational density q(θ) and the

true posterior distribution p(θ|y), KL(q(θ)||p(θ|y)).

From (1.4), notice that maximizing the lower bound p(y; q) is equivalent to minimizing

the KL divergence KL(q(θ)||p(θ|y)). This is useful because all the quantities used

to solve the new optimization problem are known.

Summarizing, the essence of the variational inference (Ormerod and Wand, 2010) is

the approximation of the posterior density p(θ|y) by a density q(θ) for which p(y; q)
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is more tractable than p(y). Tractability is achieved by restricting q(θ) to belong to

a more manageable family of densities. Two common assumptions on Q are:

1. mean őeld (MF): q(θ) =
M
∏

i=1

qi(θi), for some partition {θ1, . . . ,θM} of θ;

2. q(θ) is member of a parametric family of density functions.

Depending on the Bayesian model considered, both restrictions can have a different

impact on the inference. The őrst restriction is non-parametric, in the sense that

non-parametric distributions are pre-speőciőed for q(θ) and the only assumption is

the independence as the factorisation of the joint distribution.

1.2 Non-parametric mean field approximation

In the case of non-parametric mean őeld approximation, the lower bound can be

written in the following way:

log p(y; q) =

∫ M
∏

i=1

qi(θi)

{

log p(θ;y)−
M
∑

i=1

log qi(θi)

}

dθ1 . . . dθM

∝

∫

q1(θ1)

{∫

(

log p(θ;y)q2(θ2) . . . qM(θM)
)

dθ2 . . . dθM

}

dθ1

−

∫

q1(θ1) log q1(θ1)dθ1.

(1.5)

A new joint density p̃(θ1;y) can now be deőned

p̃(θ1;y) =
exp

∫

log p(θ;y)q2(θ2) . . . qM(θM)dθ2 . . . dθM
∫∫ {

exp
∫

log p(θ;y)q2(θ2) . . . qM(θM)dθ2 . . . dθM

}

dθ1dy
, (1.6)

and the lower bound is then equal to

log p(θ;y) =

∫

q1(θ1) log

{

p̃(θ1;y)

q1(θ1)

}

dθ1 + terms not involving q1(θ1). (1.7)

From (1.4) it follows that

q∗1(θ1) = argmax
q1(θ1)∈Q

log p(y; q) = p̃(θ1|y) =
p̃(θ1;y)

∫

p̃(θ1;y)dθ1

∝ exp

{∫

log p(θ;y)q2(θ2) . . . qM(θM)dθ2 . . . dθM

}

= exp
{

E−θ1 [log p(θ;y)]
}

,

(1.8)

where E−θ1 represents the expected value over
∏

j ̸=1

qj(θj). If we consider the same

procedure for the maximization of log p(θ;y) over each q2(θ2), . . . , qM(θM), we get
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Algorithm 1: CAVI for non-parametric MFVB.

Initialize: q∗1(θ1), q
∗
2(θ2), . . . , q

∗
M(θM)

while increase in log p(y; q) is greater than ε do

for i = 1, . . . ,M do

q∗i (θi)←
exp {E−θi [log p(θ;y)]}

∫

exp {E−θi [log p(θ;y)]} dθi

end

compute log p(y; q);

end

the general solution

q∗i (θi) ∝ exp
{

E−θi [log p(θ;y)]
}

∝ exp
{

E−θi [log p(θi|θ−i,y)]
}

, i = 1, ...,M.
(1.9)

This result suggests the iterative procedure shown in Algorithm 1, also known as

coordinate-ascent variational inference (CAVI) in the machine learning literature (Blei

et al., 2017), which allows to obtain the optimal variational densities q∗i (θi).

From (1.9), we can see the strong connection between non-parametric mean őeld

approximation and Gibbs sampling (Geman and Geman, 1984; Gelfand and Smith,

1990). The densities p(θi|θ−i,y), i = 1, . . . ,M , are called full conditionals distribu-

tions, which represent the key ingredient to implement the Gibbs sampler. Computing

the non-parametric mean őeld variational Bayes (MFVB) solution requires only one

more step, that is the computation of the expected value of the full conditionals in

logarithmic scale.

It is important to pay attention about the partition {θ1, . . . ,θM} of θ, because

different partitions lead to different inference, and a trade-off between tractability

and accuracy of the approximation should be considered (Wand et al., 2011).

For example, suppose that the joint density p(θ) = p(θ1, θ2, θ3) has to be approxi-

mated. The four possible factorizations for q(θ) are

q(θ) = q(θ1, θ2, θ3) =



































q(θ1)q(θ2)q(θ3)

q(θ1, θ2)q(θ3)

q(θ1)q(θ2, θ3)

q(θ1, θ3)q(θ2).

(1.10)

If there is strong correlation between any of the parameters in θ, choosing the őrst
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factorization in (1.10), which is commonly known as naïve mean őeld approximation,

will result in a weak approximation of the joint density.

1.2.1 Illustrative example: the multivariate Normal

distribution

This section is devoted to show how MFVB works within a simple context, that is

multivariate Normal distribution. Let:

Y =















y1

y2

...

yn















=















y1,1 y1,2 . . . y1,p

y2,1 y2,2 . . . y2,p
...

...
. . .

...

yn,1 yn,2 . . . yn,p















(1.11)

be a n×p matrix of observed values, where each row is a realization of a multivariate

Gaussian distribution

Yi|µ,Ω ∼ Np(µ,Ω
−1), i = 1, ..., n, Yi ⊥ Yj, ∀i ̸= j, (1.12)

so that the likelihood for the model above is equal to

p(y|µ,Ω) = (2π)−pn/2|Ω|n/2 exp

{

−
1

2

n
∑

i=1

(yi − µ)⊺Ω(yi − µ)

}

. (1.13)

The Bayesian paradigm requires the choice of the prior distribution for µ and Ω. In

particular, one possible choice is given by the conjugate distributions for both µ and

Ω:

µ ∼ Np(µ0,Ω
−1
0 ),

Ω ∼ W(ν,V),
(1.14)

which leads to the joint distribution of the data and parameters:

p(µ,Ω;y) = (2π)−pn/2|Ω|n/2 exp

{

−
1

2

n
∑

i=1

(yi − µ)⊺Ω(yi − µ)

}

× (2π)−p/2|Ω0|
1/2 exp

{

−
1

2
(µ− µ0)

⊺Ω0(µ− µ0)

}

×
2−νp/2|V|−ν/2

Γp(ν/2)
|Ω|(ν−p−1)/2 exp

{

−
1

2
tr
{

V−1Ω
}

}

.

(1.15)

We now present the estimation of the model both via MFVB and MCMC in order to

compare their performances.
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Gibbs sampler approach. MCMC is the most famous approach to make Bayesian

inference. An interesting case is the Gibbs sampler, which can be implemented when

the full conditionals p(θi|θ−i,y) can be traced back to known distributions. Given

the complete data likelihood, that is the joint distribution of the data and parameters

p(y, θ), it is possible to őnd the full conditonal for a given parameter simply applying

Bayes’ theorem.

In this example the full conditionals have a known distribution, as provided by the

following propositions.

Proposition 1.1. The full conditional distribution for Ω is p(Ω|µ,y) ∼ W(ν∗,V∗)

with

ν∗ = ν + n, V∗ =

( n
∑

i=1

(yi − µ)(yi − µ)⊺ +V−1

)−1

. (1.16)

Proof. Since the full conditional distribution for Ω is p(Ω|rest) = p(Ω|µ,y),

p(Ω|µ,y) ∝ |Ω|n/2 exp

{

−
1

2

n
∑

i=1

(yi − µ)⊺Ω(yi − µ)

}

× |Ω|(ν−p−1)/2 exp

{

−
1

2
tr
{

V−1Ω
}

}

= |Ω|(n+ν−p−1)/2 exp

{

−
1

2
tr

{ n
∑

i=1

(yi − µ)(yi − µ)⊺Ω

}

}

× exp

{

−
1

2
tr
{

V−1Ω
}

}

= |Ω|(n+ν−p−1)/2 exp

{

−
1

2
tr

{[ n
∑

i=1

(yi − µ)(yi − µ)⊺ +V−1

]

Ω

}

}

.

The latter is the kernel of a Wishart distribution with parameters as deőned in Propo-

sition 1.1.

Proposition 1.2. The full conditional distribution for µ is p(µ|Ω,y) ∼ Np(µ
∗,Σ∗)

with

µ∗ = (nΩ+Ω0)
−1

(

Ω
n
∑

i=1

yi +Ω0µ0

)

, Σ∗ = (nΩ+Ω0)
−1. (1.17)

Proof. Since the full conditional distribution for µ is p(µ|rest) = p(µ|Ω,y),

p(µ|Ω;y) ∝ exp

{

−
1

2

n
∑

i=1

(yi − µ)⊺Ω(yi − µ)

}

− exp

{

1

2
(µ− µ0)

⊺Ω0(µ− µ0)

}

∝ exp

{

−
1

2

(

nµ⊺Ωµ− 2µ⊺Ω
n
∑

i=1

yi + µ⊺Ω0µ− 2µ⊺Ω0µ0

)}

= exp

{

−
1

2

(

µ⊺(nΩ+Ω0)µ− 2µ⊺

(

Ω
n
∑

i=1

yi +Ω0µ0

))}

.
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The latter is the kernel of a multivariate Gaussian distribution with parameters as

deőned in Proposition 1.2.

The Gibbs sampling method consists in drawing values from each full conditional

distribution sequentially until reaching a sample of a őxed size R for the parameters.

Notice that, according to the value of R, it is possible to make the inference arbitrar-

ially accurate at the cost of increasing the computational effort. A Gibbs sampler

algorithm for the estimation and inference about (µ,Ω) is presented in Algorithm 2.

Algorithm 2: Gibbs sampling for multivariate Gaussian model.

Initialize: µ∗(0), Ω∗(0), R

Compute ν∗ ← ν + n

while r < R do

Compute V∗ ←

(

∑n
i=1(yi − µ∗(r−1))(yi − µ∗(r−1))⊺ +V−1

)−1

Sample Ω∗(r) ∼ W(ν∗,V∗)

Compute Σ∗ ← (nΩ∗(r) +Ω0)
−1

Compute µ∗ ← Σ∗
(

Ω∗(r)∑n
i=1 yi +Ω0µ0

)

Sample µ∗(r) ∼ Np(µ
∗,Σ∗)

end

Mean field variational Bayes approach. In order to compute the optimal vari-

ational densities, a factorization must be deőned. A tractable solution arises for the

two component product:

q(µ,Ω) = q(µ)q(Ω). (1.18)

Following the mean őeld approximation paradigm in (1.9), the optimal densities are

provided by the next two propositions.

Proposition 1.3. The optimal density for Ω is q∗(Ω) ∼ W(νq(Ω),Vq(Ω)) with

νq(Ω) = ν + n, Vq(Ω) =

( n
∑

i=1

(yi − µq(µ))(yi − µq(µ))
⊺ + nΣq(µ) +V−1

)−1

.

(1.19)

Furthermore, µq(Ω) = νq(Ω)Vq(Ω).

Proof. Since q∗(Ω) ∝ exp
{

E−Ω [log p (Ω|µ;y)]
}

,

log q∗(Ω) ∝ E−Ω

[

n

2
log |Ω| −

1

2
tr

{

n
∑

i=1

(yi − µ)(yi − µ)⊺Ω

}]
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+ E−Ω

[

ν − p− 1

2
log |Ω| −

1

2
tr
{

V−1Ω
}

]

=
n

2
log |Ω| −

1

2
tr

{

( n
∑

i=1

(yi − µq(µ))(yi − µq(µ))
⊺ + nΣq(µ)

)

Ω

}

+
ν − p− 1

2
log |Ω| −

1

2
tr
{

V−1Ω
}

=
(ν + n)− p− 1

2
log |Ω|

−
1

2
tr

{

( n
∑

i=1

(yi − µq(µ))(yi − µq(µ))
⊺ + nΣq(µ) +V−1

)

Ω

}

.

Take the exponential and notice that it coincides with the kernel of a Wishart distri-

bution with parameters as in Proposition 1.3.

Proposition 1.4. The optimal density for µ is q∗(µ) ∼ Np(µq(µ),Σq(µ)) with

µq(µ) = (nµq(Ω) +Ω0)
−1

(

µq(Ω)

n
∑

i=1

yi +Ω0µ0

)

, Σq(µ) = (nµq(Ω) +Ω0)
−1.

(1.20)

Proof. Since q∗(µ) ∝ exp

{

E−µ [log p (µ|Ω;y)]

}

,

log q∗(µ) ∝ E−µ

[

−
1

2

n
∑

i=1

(yi − µ)⊺Ω(yi − µ)−
1

2
(µ− µ0)

⊺Ω0(µ− µ0)

]

∝ E−µ

[

−
1

2

(

nµ⊺Ωµ− 2µ⊺Ω
n
∑

i=1

yi + µ⊺Ω0µ− 2µ⊺Ω0µ0

)

]

= −
1

2

(

nµ⊺µq(Ω)µ− 2µ⊺µq(Ω)

n
∑

i=1

yi + µ⊺Ω0µ− 2µ⊺Ω0µ0

)

= −
1

2

(

µ⊺(nµq(Ω) +Ω0)µ− 2µ⊺

(

µq(Ω)

n
∑

i=1

yi +Ω0µ0

))

.

Take the exponential and notice that it coincides with the kernel of a multivariate

Gaussian distribution with parameters as in Proposition 1.4.

The last step for the derivation of the MFVB algorithm requires the computation

of the ELBO, which can be expressed in a closed form and it is provided in the next

proposition.

Proposition 1.5. The lower bound log p(y; q) for the multivariate Gaussian model

in (1.12) and (1.14), and associated to the variational density factorized as q(µ,Ω) =
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q(µ)q(Ω), given a matrix of data Y, can be expressed in a closed form:

log p(y; q) =

∫∫

q(µ,Ω) log
p(µ,Ω;y)

q(µ,Ω)
dµ dΩ

= Eq(log p(µ,Ω;y))− Eq(log q(µ,Ω))

= −
np

2
log 2π −

1

2
(µq(µ) − µ0)

⊺Ω0(µq(µ) − µ0) +
1

2
log |Ω0|

+
1

2
log |Σq(µ)| −

1

2
tr
{

Σq(µ)Ω0

}

+
p

2
−
νp

2
log 2−

ν

2
log |V|

− log Γp(ν/2) +
νq(Ω)p

2
log 2 +

νq(Ω)

2
log |Vq(Ω)|+ log Γp(νq(Ω)/2).

(1.21)

Proof. The őrst term is

Eq(log p(µ,Ω;y)) = −
np

2
log 2π +

n

2
µq(log |Ω|)

−
1

2
tr

{( n
∑

i=1

(yi − µq(µ))(yi − µq(µ))
⊺ + nΣq(µ)

)

µq(Ω)

}

−
p

2
log 2π +

1

2
log |Ω0| −

1

2
(µq(µ) − µ0)

⊺Ω0(µq(µ) − µ0)

−
1

2
tr
{

Σq(µ)Ω0

}

−
νp

2
log 2−

ν

2
log |V| − log Γp(ν/2)

+
ν − p− 1

2
µq(log |Ω|) −

1

2
tr
{

V−1µq(Ω)

}

= −
np

2
log 2π +

νq(Ω) − p− 1

2
µq(log |Ω|) −

1

2
tr
{

V−1
q(Ω)µq(Ω)

}

−
p

2
log 2π +

1

2
log |Ω0|

−
1

2
(µq(µ) − µ0)

⊺Ω0(µq(µ) − µ0)−
1

2
tr
{

Σq(µ)Ω0

}

−
νp

2
log 2−

ν

2
log |V| − log Γp(ν/2),

while the second term is

Eq(log q(µ,Ω)) = −
p

2
log 2π −

1

2
log |Σq(µ)| −

p

2
−
νq(Ω)p

2
log 2−

νq(Ω)

2
log |Vq(Ω)|

− log Γp(νq(Ω)/2) +
νq(Ω) − p− 1

2
µq(log |Ω|) −

1

2
tr
{

V−1
q(Ω)µq(Ω)

}

.

After some simpliőcation we obtain the result in Proposition 1.5.

In order to prove Proposition 1.5 we used the following result, which will be useful

also later.

Result 1.1. Let x be a p-dimensional Gaussian random vector with mean vector µ

and variance-covariance matrix Σ, x ∼ Np(µ,Σ). The expectation of the quadratic

form (x− µ)⊺Σ−1(x− µ) is equal to p.
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Proof.

Eq

[

(x− µ)⊺Σ−1(x− µ)
]

= Eq

[

x⊺Σ−1x
]

+ µ⊺Σ−1µ− 2Eq

[

x⊺Σ−1µ
]

= µ⊺Σ−1µ+ µ⊺Σ−1µ+ tr
{

ΣΣ−1
}

− 2µ⊺Σ−1µ

= 2µ⊺Σ−1µ+ tr
{

ΣΣ−1
}

− 2µ⊺Σ−1µ

= tr {Ip} = p.

In order to make approximate Bayesian inference on the multivariate Gaussian

model with a non-parametric mean őeld variational Bayes approach, we can imple-

ment the iterative Algorithm 3.

Algorithm 3: MFVB for multivariate Gaussian model.

Initialize: q∗(µ), q∗(Ω), ε

νq(Ω) ← ν + n

while convergence not reached do

Σq(µ) ← (nµq(Ω) +Ω0)
−1

µq(µ) ← Σq(µ)(µq(Ω)

∑n
i=1 yi +Ω0µ0)

Vq(Ω) ←
(
∑n

i=1(yi − µq(µ))(yi − µq(µ))
⊺ + nΣq(µ) +V−1

)−1

µq(Ω) ← νq(Ω)Vq(Ω)

compute log p(y; q)(iter);

evaluate | log p(y; q)(iter) − log p(y; q)(iter−1)| < ε;

end

Application to simulated dataset. We simulate n = 300 observations from a 3-

dimensional Normal distribution with mean vector µ and precision matrix Ω deőned

as

µ =









0

0

0









, Ω =









2.67 −1.33 −2

−1.33 1.17 1

−2 1 2









. (1.22)

As concerns the hyperparameters’ setting, we őx µ0 = 0p, Ω0 = 0.01Ip, ν = p + 1,

V = (p+ 1)Ip. Thus we have:

µ ∼ Np(0p, 100Ip),

Ω ∼ W(p+ 1, (p+ 1)Ip).
(1.23)
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Algorithm 3 converged after 4 iterations (with increase in lower bound less than

1e-5) and we get the following point estimates with MFVB approach

µq(µ) =









−0.02

−0.01

−0.02









, µq(Ω) =









2.536 −1.322 −1.912

−1.322 1.256 1.006

−1.912 1.006 1.981









, (1.24)

showing their closeness to the true parameters.
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Figure 1.1: Marginal and bivariate posterior distributions for µ = (µ1, µ2, µ3) esti-

mated both via MFVB (orange) and MCMC (blue).

Furthermore, a comparison of the posterior distribution obtained through MFVB

and MCMC is carried out. In the MCMC, we ran őve parallel chains (with R = 50000

values and a burn-in of 25000 in each of them) in order to assess that the convergence

leads to satisfying diagnostics results, e.g. the multivariate scale reduction factor

(Gelman and Rubin, 1992) equal to 1. Figure 1.1 shows estimated densities of µ,

while Figure 1.2 shows estimated densities relative to Ω: in both cases the differences

between the two methods are negligibles.
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Figure 1.2: Marginal posterior distributions for the elements of Ω estimated both via

MFVB (orange) and MCMC (blue).

After that the similar results between MFVB and MCMC in terms of posterior infer-

ence accuracy have been tested, we are interested in assessing the effective advantage

of MFVB with respect to MCMC in terms of computational cost. In particular, we

inspect the running time of the two algorithms in two circumstances: the őrst con-

cerns the increase of the number of observations with a őxed number of variables

(p = 3); the second considers the progressive increase of the number of variables with

a őxed number of observations (n = 300). As concerns the priors, we consider the

same as in (1.23). Figure 1.3 depicts the results. We notice an higher speed of the

MFVB with respect to MCMC approach in both circumstances. In particular, the

computational cost of MFVB algorithm is constant and close to 0 both increasing

the number of observations and variables. On the other hand, MCMC shows a linear

growth in the őrst case and an exponential growth in the second scenario.
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Figure 1.3: MFVB (orange) and MCMC (blue) running time in multivariate Gaussian

model for different number of observations with p = 3 (left) and for different number

of variables with n = 300 (right).

1.3 Semi-parametric mean field approximation

An alternative to non-parametric mean őeld approximation for Bayesian inference

is the semi-parametric approach. In this paradigm some density functions in the

factorization are pre-speciőed to belong to a family of convenient parametric densities

(Rohde and Wand, 2016). In order to have a better comprehension of the semi-

parametric MFVB, suppose we have the data y, the parameter θ, and a further

d-dimensional parameter φ ∈ Φ ⊆ R
d. Semi-parametric MFVB proceeds in two

steps. First, it requires to deőne a mean őeld product restriction of the variational

density q(θ,φ), for example:

q(θ,φ) =
M
∏

i=1

q(θi)q(φ). (1.25)

The second step concerns the parametric approximation. Assume that q(φ) belongs

to a parametric family of density functions with parameter vector ξ ∈ Ξ ⊆ R
z. The

restriction in (1.25) becomes

q(θ,φ) =
M
∏

i=1

q(θi)q(φ; ξ). (1.26)

In this framework, a useful graphical representation that provides a way to repre-

sent a joint probability distribution with a speciőc choice of the mean őeld restric-

tion is given by the factor graph. Suppose we have the joint density p(θ,φ;y) =
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p(θ1,θ2, . . . ,θM ,φ;y) that is factorized in N factor nodes, pj, j = 1, . . . , N , with N

based on the Bayesian model speciőcation. For example, we can have N = M and

the following factorization

p(θ,φ;y) = p1(θ1)p2(θ1,θ2)p3(θ2,θ3) . . . pN(θM−1,θM ,φ), (1.27)

with some of these factors that depend on the data vector y. Assuming N = M =

4, Figure 1.4 shows the factor graph for the model (1.27) with mean őeld product

restriction (1.26).

θ4
p4θ3

p3θ2
p2θ1

p1

φ

Figure 1.4: Factor graph corresponding to the model (1.27) and density product

restriction (1.26).

In addition, considering the general case of joint density p(θ,φ;y) with N factors

and semi-parametric mean őeld restriction (1.26), the lower bound can be written in

terms of the components of the corresponding factor graph:

log p(y; q) =

∫

q(θ,φ)

{

log p(θ,φ;y)−
M
∑

i=1

log qi(θi)− log q(φ; ξ)

}

dθ1 . . . dθMdφ

=
N
∑

j=1

Eq {log pj}+
M
∑

i=1

Eq

[

− log qi(θi)

]

+ Eq

[

− log q(φ; ξ)

]

=
N
∑

j=1

Eq {log pj}+
M
∑

i=1

H {qi(θi)}+H {q(φ; ξ)} ,

(1.28)

where if X is a random variable with density function p(x), then the corresponding

entropy is given by

H{p(x)} = Ep

[

− log p(x)
]

. (1.29)

As concerns the maximization of (1.28) over each q(θ1), . . . , q(θM), q(φ; ξ), the op-

timal variational densities q∗(θ1), . . . , q
∗(θM) are still given by the general solution

in (1.9), while for q∗(φ; ξ) is prudent to maximize the φ-localized component of

log p(y; q), which we denote by log p(y; q)[φ], over ξ (Rohde and Wand, 2016). The
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last quantity is deőned as

log p(y; q)[φ] = H {q(φ; ξ)}+NonEntropy {q(φ; ξ)}

= H {q(φ; ξ)}+H {q(φ; ξ)}

= H {q(φ; ξ)}+
∑

j∈neighbors(φ)

Eq [log pj] ,

(1.30)

where

neighbors(φ) = {1 ≤ j ≤ N : pj is a neighbor of φ on the factor graph }

= {1 ≤ j ≤ N : pj involves φ}.

For example, in the factor graph showed in Figure 1.4, neighbors(φ) = {4}, thus we

have:

log p(y; q)[φ] = H {q(φ; ξ)}+ Eq

[

log p4
]

.

The iterative procedure that generalizes the coordinate-ascent algorithm (Algorithm

1) in the case of semi-parametric mean őeld approximation is shown in Algorithm 4.

Algorithm 4: CAVI for semi-parametric MFVB.

Initialize: q∗(θ1), q
∗(θ2), . . . , q

∗(θM), ξ∗

while increase in log p(y; q) is greater than ε do

for i = 1, . . . ,M do

q∗(θi)←
exp {E−θi [log p(θ,φ;y)]}

∫

exp {E−θi [log p(θ,φ;y)]} dθi

end

while convergence not reached do

ξ∗ ← argmax
ξ

log p(y; q)[φ]

end

compute log p(y; q);

end

1.3.1 Illustrative example: the Poisson regression

model

The goal of this section is to show how semi-parametric MFVB works with an example,

that is the Poisson regression model. Let:

Yi|β ∼ Poi(exp {x⊺

iβ}), i = 1, ..., n, Yi ⊥ Yj ∀i ̸= j, (1.31)
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where xi is a p-dimensional set of known covariates, β = (β1, β2, . . . , βp)
⊺ a p-

dimensional vector of coefficients and y = (y1, y2, . . . , yn)
⊺ a n-dimensional vector

where each element is a realization of a Poisson random variable.

The likelihood for the model above is equal to

p(y|β) =
n
∏

i=1

e− exp{x⊺

i β}ex
⊺

i βyi

yi!
=

n
∏

i=1

ex
⊺

i βyi−exp{x⊺

i β}

yi!
. (1.32)

In order to make Bayesian inference, we have to choose a prior distribution for β.

In this example, we choose a hierarchical speciőcation. We assume, conditionally to

σ2, a multivariate Normal distribution with mean equal to 0p and covariance matrix

equal to σ2Ip for β, and an Inverse-Gamma distribution for σ2:

β|σ2 ∼ Np(0p, σ
2Ip), σ2 ∼ InvGa(α, δ). (1.33)

This speciőcation leads to the following joint posterior distribution of the data and

parameters:

p(β, σ2;y) =
δα

Γ(α)
(σ2)−(α+1) exp

{

−
δ

σ2

}

×
1

(2π)
p

2

(σ2)−
p

2 exp

{

−
1

2σ2
β⊺β

}

×

n
∏

i=1

ex
⊺

i βyi−exp{x⊺

i β}

yi!
.

(1.34)

At this point, as we did in the previous section, we őt the model both via MFVB and

MCMC in order to compare their performances.

Markov chain Monte Carlo approach. In the case of MCMC approach, in

order to be able to implement the Gibbs sampler, the full conditionals should have a

known distribution. Unfortunately, in this example only the full conditional for σ2,

p(σ2|β,y), is known, as shown by the following two propositions.

Proposition 1.6. The full conditional distribution for σ2 is p(σ2|β,y) ∼ InvGa (α∗, δ∗),

with

α∗ = α +
p

2
, δ∗ = δ +

β⊺β

2
. (1.35)

Proof. Since the full conditional distribution for σ2 is p(σ2|rest) = p(σ2|β,y),

p(σ2|β,y) ∝ (σ2)−(α+1) exp

{

−
δ

σ2

}

(σ2)−
p

2 exp

{

−
1

2σ2
β⊺β

}

= (σ2)−(α+ p

2
+1) exp

{

−
1

σ2

[

δ +
β⊺β

2

]}

.
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The latter is the kernel of an Inverse-Gamma distribution with parameters as deőned

in Proposition 1.6.

Proposition 1.7. The full conditional distribution for β is not known.

Proof. Since the full conditional distribution for β is p(β|rest) = p(β|σ2,y),

p(β|σ2,y) ∝ exp

{

−
β⊺β

2σ2

} n
∏

i=1

exp

{

x⊺

iβyi − exp {x⊺

iβ}

}

= exp

{

−
β⊺β

2σ2
+

n
∑

i=1

(

x⊺

iβyi − exp {x⊺

iβ}

)

}

,

and we do not recognise the kernel of any known distribution.

Because the full conditional distribution for β, p(β|σ2,y), has not explicit form,

it is not possible to use the Gibbs sampler. One of the possible alternatives is the

implementation of an hybrid MCMC, where we sample σ2 from its full conditional

and β with a Normal random walk Metropolis-Hastings step, until reaching a sample

of size R. This procedure is described in Algorithm 5.

Algorithm 5: Hybrid MCMC for Poisson distribution with prior for the

variance of β.

Initialize: β∗(0), (σ2)∗(0), R

Compute α∗ ← α +
p

2

while r < R do

Compute δ∗ ← δ +
β∗(r−1)⊺β∗(r−1)

2
Sample (σ2)∗(r) ∼ InvGa(α∗, δ∗)

Sample β∗(r) with Normal Random Walk Metropolis-Hastings step

end

Mean field variational Bayes approach. In the case of MFVB approach, the

őrst step concerns the choice of the factorization for the approximation of the posterior

density p(β, σ2|y). In this case a tractable solution is the following:

q(β, σ2) = q(β)q(σ2). (1.36)

The next step of the mean őeld variational paradigm is the search of the optimal

variational densities, which are provided by the next two propositions.
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Proposition 1.8. The optimal density for σ2 is q∗(σ2) ∼ InvGa
(

αq(σ2), δq(σ2)

)

with

αq(σ2) = α +
p

2
, δq(σ2) = δ +

1

2

(

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

)

. (1.37)

Furthermore, µq(1/σ2) = αq(σ2)/δq(σ2).

Proof. Since q∗(σ2) ∝ exp

{

E−σ2

[

log p(β, σ2,y)

]}

= exp

{

Eβ

[

log p(β, σ2,y)

]}

,

log q∗(σ2) ∝ Eβ

[

− (α + 1) log σ2 −
δ

σ2
−
p

2
log σ2 −

1

2σ2
β⊺β

]

= −(α +
p

2
+ 1) log σ2 −

1

σ2

[

δ +
1

2

(

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

)]

.

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 1.8.

Proposition 1.9. The optimal density for β, q∗(β), is not a standard form.

Proof. Since q∗(β) ∝ exp

{

E−β

[

log p(β, σ2;y)

]}

= exp

{

Eσ2

[

log p(β, σ2;y)

]}

,

log q∗(β) ∝ Eσ2

[

−
1

2σ2
β⊺β +

n
∑

i=1

(

x⊺

iβyi − exp {x⊺

iβ}

)]

= −
1

2
µq(1/σ2)β

⊺β +
n
∑

i=1

(

x⊺

iβyi − exp {x⊺

iβ}

)

,

and we do not recognise the kernel of any known distribution.

Since q∗(β) is not a standard form, we use a semi-parametric mean őeld variational

Bayes approach to obtain the optimal variational densities q∗(β) and q∗(σ2). In

particular, we have to pre-specify a parametric family of density functions for q(β).

We follow Rohde and Wand (2016) and we choose the multivariate Normal density

function in β, β ∼ Np(µq(β),Σq(β)),

q(β;µq(β),Σq(β)) = (2π)−
p

2 |Σq(β)|
− 1

2 exp

{

−
1

2

(

β − µq(β)

)

⊺

Σ−1
q(β)

(

β − µq(β)

)

}

.

(1.38)

As a consequence, the mean őeld variational approximation in (1.36) takes the form

of

q(β, σ2) = q(β;µq(β),Σq(β))q(σ
2), (1.39)

leading to the factor graph in Figure 1.5 and to a closed form of the ELBO.
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Proposition 1.10. The lower bound log p(y; q) for the Poisson regression model in

(1.31) and (1.33), and associated to the variational density factorized as q(β, σ2) =

q(β;µq(β),Σq(β))q(σ
2), given a vector of realizations of the dependent variable, y, and

design matrix, X, can be expressed in a closed form:

log p(y; q) = Eq

[

− log q(β;µq(β),Σq(β))
]

+ Eq

[

− log q(σ2)
]

+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|σ2)
]

+ Eq

[

log p(σ2)
]

= H
{

q(β;µq(β),Σq(β))
}

+H
{

q(σ2)
}

+H
{

q(β;µq(β),Σq(β))
}

+ Eq

[

log p(σ2)
]

=
1

2
log |Σq(β)|+

p

2
+ αq(σ2) + log Γ(αq(σ2))− αq(σ2)ψ(αq(σ2))

+
n
∑

i=1

(

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)x

}

− log(yi!)

)

−
p

2

[

log(δq(σ2))− ψ(αq(σ2))
]

−
1

2
µq(1/σ2)

[

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

]

+ α0 log δ0 − log Γ(α0)− α0 log δq(σ2) + α0ψ(αq(σ2))− δµq(1/σ2).

(1.40)

Proof. The őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]

= Eq

[

−

(

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

))]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

the second term is

H
{

q(σ2)
}

= Eq

[

− log q(σ2)
]

= Eq

[

− αq(σ2) log δq(σ2) + log Γ(αq(σ2)) +
(

αq(σ2) + 1
)

log σ2 +
δq(σ2)

σ2

]

= −αq(σ2) log δq(σ2) + log Γ(αq(σ2)) +
(

αq(σ2) + 1
)

log δq(σ2)

−
(

αq(σ2) + 1
)

ψ(αq(σ2)) + αq(σ2)

= αq(σ2) + log
(

δq(σ2)Γ(αq(σ2))
)

−
(

αq(σ2) + 1
)

ψ(αq(σ2)),

the third term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

log p(y|β)
]

+ Eq

[

log p(β|σ2)
]
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= Eq

[ n
∑

i=1

(

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

)

−
p

2
log 2π −

p

2
log σ2 −

1

2

β⊺β

σ2

]

=
n
∑

i=1

(

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)x

}

− log(yi!)

)

−
p

2
log 2π −

p

2

[

log(δq(σ2))− ψ(αq(σ2))
]

−
1

2
µq(1/σ2)

[

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

]

,

the fourth term is

Eq

[

log p(σ2)
]

= Eq

[

α0 log δ0 − log Γ(α0)− (α0 + 1) log σ2 −
δ

σ2

]

= α0 log δ0 − log Γ(α0)− (α0 + 1) log δq(σ2)

+ (α0 + 1)ψ(αq(σ2))− δµq(1/σ2).

After some simpliőcation we obtain the result in Proposition 1.10.

Following Rohde and Wand (2016), a possibile way to obtain the optimal µq(β)

and Σq(β) is based on the maximization of the β-localized approximate log-likelihood,

log p(y; q)[β]. The red line box in Figure 1.5 highlights the neighboring factors of β:

they are p(y|β) and p(β|σ2) and they allow to have the following proposition.

p(y|β) β p(β|σ2) σ2 p(σ2)

Figure 1.5: Factor graph for the model (1.31) and (1.33) with stochastic nodes corre-

sponding to the mean őeld restriction (1.39).

Proposition 1.11. The β-localized component of lower bound log p(y; q) can be ex-
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pressed in a closed form:

log p(y; q)[β] = H
{

q(β;µq(β),Σq(β))
}

+H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]

+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|σ2)
]

=
1

2
log |Σq(β)|+

p

2
+

n
∑

i=1

(

x⊺

iµq(β)yi

− log(yi!)

)

−
p

2

(

log(δq(σ2))− ψ(αq(σ2))

)

−
1

2
µq(1/σ2

[

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

]

.

(1.41)

Proof. The őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β)
]

= Eq

[

−

(

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

))]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

while the second term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

log p(y|β)
]

+ Eq

[

log p(β|σ2)
]

= Eq

[ n
∑

i=1

(

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

)]

−
p

2
log 2π

−
p

2
log σ2 −

1

2

β⊺β

σ2

=
n
∑

i=1

(

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)x

}

− log(yi!)

)

−
p

2
log 2π −

p

2

(

log(δq(σ2))− ψ(αq(σ2))
)

−
1

2
µq(1/σ2)

[

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

]

.

After some simpliőcation we obtain the result.

From a computational point of view, we consider the natural őxed-point iteration

algorithm for the maximization of log p(y; q)[β]. The reason is that in the case of

q(φ; ξ) = N(µq(β),Σq(β)), the natural őxed-point iteration is equivalent to the follow-
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ing updating scheme (Rohde and Wand, 2016):































νq(β) ←
d

dµq(β)

H{q(β;µq(β),Σq(β))}
⊺

Σq(β) ← −

{

−
d2

dµ⊺

q(β)dµq(β)

H
{

q(β;µq(β),Σq(β))
}

}−1

µq(β) ← µq(β) +Σq(β)νq(β).

(1.42)

This updating scheme has the advantage that requires only the őrst and second deriva-

tives of H
{

q(β;µq(β),Σq(β))
}

with respect to µq(β). In this example, the updating

scheme in (1.42) corresponds to:



























νq(β) ← −µq(1/σ2)µq(β) +
∑n

i=1 xiyi −
∑n

i=1 xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

Σq(β) ← −

{

− µq(1/σ2)Ip −
∑n

i=i xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i

}−1

µq(β) ← µq(β) +Σq(β)νq(β).

(1.43)

Thus, the natural application of Algorithm 4 in order to obtain the optimal varia-

tional densities q∗(β) and q∗(σ2) is provided in Algorithm 6.

Application to simulated dataset. We simulate n = 300 independent observa-

tions from a Poisson distribution, Yi|β ∼ Poi(exp {x⊺

iβ}), i = 1, . . . , 300, where

β =









β1

β2

β3









=









0.00

0.19

0.26









(1.44)

and the covariates xi are generated from a standard Normal distribution.

As concerns the hyperparameters’ setting, we őx α =
1

2
and δ = 2 in order to have a

non-informative Inverse-Gamma distribution for σ2, i.e. σ2 ∼ InvGa

(

1

2
, 2

)

. Running

the MFVB algorithm required only 4 iterations, after which the change in the global

lower bound is negligible (i.e. less than 1e-5). We get the vector

µq(β) =









−0.01

0.22

0.27









(1.45)

as point estimates for β and µq(σ2) = 2.07 as point estimate for σ2.

Also in this case we can compare the results obtained from MCMC and MFVB.

Figure 1.6 and Figure 1.7 depicts respectively the results about β and σ2.
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Algorithm 6: Semi-parametric MFVB for Poisson regression model with

prior for the variance of β.

Initialize: q∗(β), q∗(σ2), εβ, εglobal

while convergence not reached do

while convergence not reached do

νq(β) ← −µq(1/σ2)µq(β)+
∑n

i=1 xiyi−
∑n

i=1 xi exp
{

x⊺

iµq(β)+
1

2
x⊺

iΣq(β)xi

}

Σq(β) ← −

{

− µq(1/σ2)Ip −
∑n

i=i xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i

}−1

µq(β) ← µq(β) +Σq(β)νq(β)

compute log p(y; q)[β](z);

evaluate log p(y; q)[β](z) − log p(y; q)[β](z−1) < εβ;

end

αq(σ2) ← α +
p

2

δq(σ2) ← δ +
1

2

[

tr
{

Σq(β)

}

+ µ
⊺

q(β)µq(β)

]

µq(1/σ2) ←
αq(σ2)

δq(σ2)

compute log p(y; q)(iter);

evaluate | log p(y; q)(iter) − log p(y; q)(iter−1)| < εglobal;

end

We observe that the MFVB approximate posterior distributions of β and σ2 do not

suffer of relevant problems compared to the MCMC benchmark. In the latter, we ran

őve parallel chains, with R = 50000 values and a burn-in of 25000 in each of them in

order to have the multivariate scale reduction factor equal to 1.

After that the comparable results of MFVB and MCMC in terms of posterior in-

ference accuracy have been tested, also in this framework we assess the advantage

of MFVB with respect to MCMC in terms of computational burden. Thus we in-

spect the running time of both algorithms in two different situations. In the őrst

we increase progressively the number of observations for a őxed number of variables

(p = 3). In the second we increase the number of variables for a őxed number of ob-

servations (n = 300). As concerns the priors, we always consider β|σ2 ∼ Np(0p, σ
2Ip)

and σ2 ∼ InvGa

(

1

2
, 2

)

. Figure 1.8 shows the results and it highlights an higher speed

of the MFVB with respect to MCMC approach also in this framework.

This illustrative example has the role to introduce the Bayesian Poisson regression

model. In the next Chapter, we develop the Poisson regression model with three



1.3. SEMI-PARAMETRIC MEAN FIELD APPROXIMATION 25

−0.2 0.0 0.1 0.2

0
1

2
3

4
5

6
7

β1

−0.2 0.0 0.2

0
.0

0
.1

0
.2

0
.3

0
.4

(β1,β2)

  

  
  

  

  

    

  

−0.2 0.0 0.2

0
.1

0
.2

0
.3

0
.4

(β1,β3)

  

  

    

    

  

  

0.0 0.2 0.4

−
0
.2

0
.0

0
.2

(β2,β1)

  

  

  

  

  

  

  
  

0.05 0.20 0.35

0
2

4
6

8

β2

0.0 0.2 0.4

0
.1

0
.2

0
.3

0
.4

(β2,β3)

  

  

  

    

    

  

0.1 0.2 0.3 0.4

−
0
.2

0
.0

0
.2

(β3,β1)

  

  

  

  

  

  

  

  

0.1 0.2 0.3 0.4

0
.0

0
.1

0
.2

0
.3

0
.4

(β3,β2)

  

  

  
  

    

  

  

0.10 0.20 0.30 0.40

0
2

4
6

8

β3

Figure 1.6: Marginal and bivariate posterior distributions for β = (β1, β2, β3) esti-

mated both via MFVB (orange) and MCMC (blue).
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Figure 1.7: Posterior distributions for σ2 estimated both via MFVB (orange) and

MCMC (blue).
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Figure 1.8: MFVB (orange) and MCMC (blue) running time in Poisson regression

model for different number of observations with p = 3 (left) and for different number

of variables with n = 300 (right).

different priors in order to induce sparsity and to perform variable selection.



Chapter 2

Variable selection for Poisson

regression model

The Bayesian Poisson regression model considered in the previous Chapter allows to

make Bayesian inference on the β vector-parameter in the classical way, i.e. through

HPD credibility intervals. On the other hand, it does not allow to perform variable

selection. Indeed, there is not element that brings information about the inclusion

or exclusion of a variable from the model. However, the variable selection is rising in

importance in lots of modern applications because the number of variables to work

with is growing more and more and the standard methods seems to be inappropriate

in lots of these cases. The problem of working with many covariates is even more

important in the case of Poisson regression model with canonic link because the

explosion of the predictor could lead to computational issues. A common approach

to deal with this problem consists in perform shrinkage methods, which push towards

0 the unsigniőcant parameters.

In order to group the independent variables into signals and nulls, in this Chapter

we develop, implement and compare Bayesian Poisson regression model with three

different options: horseshoe prior, spike-and-slab prior and Bernoulli-Gaussian prior.

2.1 Horseshoe prior

In the Bayesian context, one of the most used continuos shrinkage prior is the horse-

shoe (HS) prior (Carvalho et al., 2010). The main idea of this prior is to perform

shrinkage of regression coefficients which do not have effect on the response variable

without affecting the largest ones. In contrast with the Bayesian lasso (Park and

27
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Casella, 2008) and Bayesian ridge, where the shrinkage is uniform across all regres-

sion coefficients, its is a global-local shrinkage. This means that there is a common

parameter responsible of the overall level of shrinkage and a speciőc parameter for

each covariate responsible of the local shrinkage.

Following Wand et al. (2011), we use a scale mixture representation of the half-

Cauchy distribution in order to have, except for the regression coefficients, all the

full-conditionals recognized as known density functions.

Bayesian model specification. The Poisson regression model with horseshoe

prior that we consider is the following:

Yi|β ∼ Poi(exp {x⊺

iβ}), i = 1, ..., n, Yi ⊥ Yj ∀i ̸= j,

β|λ2, τ 2 ∼ Np(0p, τ
2Σβ), Σβ = diag

{

λ21, . . . , λ
2
p

}

,

λ2j |νj ∼ InvGa

(

1

2
,
1

νj

)

, νj ∼ InvGa

(

1

2
, 1

)

, j = 1, . . . , p,

τ 2|η ∼ InvGa

(

1

2
,
1

η

)

, η ∼ InvGa

(

1

2
, 1

)

,

(2.1)

which is a hierarchical horseshoe prior for the vector of coefficients β. Conditionally

on λ2 and τ 2, the prior distribution of β is Gaussian with p-dimensional mean vector

0p and diagonal variance-covariance matrix τ 2Σβ. In addition, the property of global-

local shrinkage is guaranteed by the presence of τ 2 and λ2j , which determine global

and local shrinkage respectively.

The joint prior distribution speciőed in (2.1) leads to have (β,λ2, τ 2, η,ν) as set of

parameters. Notice that, differently from similar methods, this prior does not require

the choice of hyperparameters. The model speciőcation in (2.1) leads to the following

joint posterior

p(β,λ2, τ 2, η,ν;y) =
n
∏

i=1

{

ex
⊺

i βyi−exp{x⊺

i β}

yi!

}

(2π)−
p

2 (τ 2)−
p

2

×

{ p
∏

j=1

(λ2j)
− 1

2 exp

{

−
β2
j

2λ2jτ
2

}}(

1

η

) 1

2 1

Γ(1
2
)

(

τ 2
)− 3

2

× exp

{

−
1

ητ 2

}

1

Γ(1
2
)
η−

3

2 exp

{

−
1

η

}

×

p
∏

j=1

{(

1

νj

) 1

2 1

Γ(1
2
)

(

λ2j
)− 3

2 exp

{

−
1

νjλ2j

}}

×

p
∏

j=1

{

1

Γ(1
2
)
ν
− 3

2

j exp

{

−
1

νj

}}

,

(2.2)

that plays a central role to őt the model via mean őeld variational Bayes.
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Mean field variational Bayes approach. Let the density q(β,λ2, τ 2, η,ν) be a

mean őeld approximation to the true posterior density of the form

q(β,λ2, τ 2, η,ν) = q(β)

p
∏

j=1

q(λ2j)q(τ
2)q(η)

p
∏

j=1

q(νj). (2.3)

According to (1.9), the optimal densities for each element of the joint variational

distribution are given by:

q∗(β) ∝ exp

{

E−β

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

q∗(λ2j) ∝ exp

{

E−λ2

j

[

log p(β,λ2, τ 2, η,ν;y)

]}

, j = 1, . . . , p,

q∗(τ 2) ∝ exp

{

E−τ2

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

q∗(η) ∝ exp

{

E−η

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

q∗(νj) ∝ exp

{

E−νj

[

log p(β,λ2, τ 2, η,ν;y)

]}

, j = 1, . . . , p.

(2.4)

Some computations highlight that all the optimal densities, except for q∗(β), are

available in closed form, as showed by the next propositions.

Proposition 2.1. The optimal density for β, q∗(β), is not a standard form.

Proof. Since q∗(β) ∝ exp

{

E−β

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

log q∗(β) ∝ E−β

[

log p(β,λ2, τ 2, η,ν;y)

]

∝ E−β

[ n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

β2
j

2λ2jτ
2

}]

=
n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

1

2
β2
jµq(1/λ2

j )
µq(1/τ2)

}

and we do not recognise the kernel of any known distribution.

Proposition 2.2. The optimal density for λ2j is q∗(λ2j) ∼ InvGa
(

aq(λ2

j )
, bq(λ2

j )

)

, with

aq(λ2

j )
= 1, bq(λ2

j )
= µq(1/νj) +

1

2
(σ2

q(βj)
+ µ2

q(βj)
)µq(1/τ2). (2.5)

Furthermore, µq(1/λ2

j )
= aq(λ2

j )
/bq(λ2

j )
and µq(log λ2

j )
= log b(q(λ2

j )
)− ψ(aq(λ2

j )
).

Proof. Since q∗(λ2j) ∝ exp

{

E−λ2

j

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

log q∗(λ2j) ∝ E−λ2

j

[

log p(β,λ2, τ 2, η,ν;y)

]
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∝ E−λ2

j

[

−
1

2
log λ2j −

β2
j

2λ2jτ
2
−

1

νj

1

λ2j
−

3

2
log λ2j

]

= −2 log λ2j −
1

λ2j

[

µq(1/νj) +
1

2
µq(β2

j )
µq(1/τ2)

]

= −2 log λ2j −
1

λ2j

[

µq(1/νj) +
1

2
(σ2

q(βj)
+ µ2

q(βj)
)µq(1/τ2)

]

.

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.2.

Proposition 2.3. The optimal density for τ 2 is q∗(τ 2) ∼ InvGa
(

aq(τ2), bq(τ2)
)

, with

aq(τ2) =
p+ 1

2
, bq(τ2) = µq(1/η) +

1

2

p
∑

j=1

(σ2
q(βj)

+ µ2
q(βj)

)µq(1/λ2

j )
. (2.6)

Furthermore, µq(1/τ2) = aq(τ2)/bq(τ2) and µq(log τ2) = log b(q(τ2))− ψ(aq(τ2)).

Proof. Since q∗(τ 2) ∝ exp

{

E−τ2

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

log q∗(τ 2) ∝ E−τ2

[

log p(β,λ2, τ 2, η,ν;y)

]

∝ E−τ2

[

−
p

2
log τ 2 −

1

2τ 2

p
∑

j=1

β2
j

λ2j
−

1

η

1

τ 2
−

3

2
log τ 2

]

= −

(

p+ 3

2

)

log τ 2 −
1

τ 2

[

µq(1/η) +
1

2

p
∑

j=1

µq(β2

j )
µq(1/λ2

j )

]

= −

(

p+ 3

2

)

log τ 2 −
1

τ 2

[

µq(1/η) +
1

2

p
∑

j=1

(σ2
q(βj)

+ µ2
q(βj)

)µq(1/λ2

j )

]

.

Take the exponential and notice that it coincide with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.3.

Proposition 2.4. The optimal density for η is q∗(η) ∼ InvGa
(

aq(η), bq(η)
)

, with

aq(η) = 1, bq(η) = 1 + µq(1/τ2). (2.7)

Furthermore, µq(1/η) = aq(η)/bq(η) and µq(log η) = log b(q(η))− ψ(aq(η)).

Proof. Since q∗(η) ∝ exp

{

E−η

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

log q∗(η) ∝ E−η

[

log p(β,λ2, τ 2, η,ν;y)

]

∝ E−η

[

−
1

2
log η −

1

η

1

τ 2
−

3

2
log η −

1

η

]
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= −2 log η −
1

η

[

µq(1/τ2) + 1

]

.

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.4.

Proposition 2.5. The optimal density for νj is q∗(νj) ∼ InvGa
(

aq(νj), bq(νj)
)

, with

aq(νj) = 1, bq(νj) = 1 + µq(1/λ2

j )
. (2.8)

Furthermore, µq(1/νj) = aq(νj)/bq(νj) and µq(log νj) = log b(q(νj))− ψ(aq(νj)).

Proof. Since q∗(νj) ∝ exp

{

E−νj

[

log p(β,λ2, τ 2, η,ν;y)

]}

,

log q∗(νj) ∝ E−νj

[

log p(β,λ2, τ 2, η,ν;y)

]

∝ E−νj

[

−
1

2
log νj −

1

νj

1

λ2j
−

3

2
log νj −

1

νj

]

= −2 log νj −
1

νj

[

µq(1/λ2

j )
+ 1

]

.

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.5.

As we have already seen in the example of Section 1.3.1, since q∗(β) is not a standard

form, we use a semi-parametric mean őeld variational Bayes approach to obtain the

variational Bayes densities. In particular, we have to pre-specify parametric family

of density functions for q(β). Also in this case we choose the multivariate normal,

β ∼ Np(µq(β),Σq(β)), so that:

q(β;µq(β),Σq(β)) = (2π)−
p

2 |Σq(β)|
− 1

2 exp

{

−
1

2

(

β − µq(β)

)

⊺

Σ−1
q(β)

(

β − µq(β)

)

}

.

(2.9)

At this point, the mean őeld variational approximation in (2.3) takes the following

form:

q(β,λ2, τ 2, η,ν) = q(β;µq(β),Σq(β))

p
∏

j=1

q(λ2j)q(τ
2)q(η)

p
∏

j=1

q(νj), (2.10)

leading to the factor graph in Figure 2.1 and to a closed form of the lower bound.

Proposition 2.6. The lower bound log p(y; q) for the Poisson regression model with

horseshoe prior in (2.1), and associated to the variational density factorized as
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p(y|β)

β

p(β|τ 2, λ2)

τ 2

p(τ 2|η)

η

p(η)

λ21 λ2j λ2p

p(λ21|ν1) p(λ2j |νj) p(λ2p|νp)

ν1 νj νp

p(ν1) p(νj) p(νp)

Figure 2.1: Factor graph for the model (2.1) with stochastic nodes corresponding to

the mean őeld restriction (2.10).
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q(β,λ2, τ 2, η,ν) = q(β;µq(β),Σq(β))
∏p

j=1 q(λ
2
j)q(τ

2)q(η)
∏p

j=1 q(νj), given a vector of

realizations of dependent variable, y, and design matrix, X, can be expressed in a

closed form:

log p(y; q) =
1

2
log |Σq(β)|+

p

2
+

p
∑

j=1

{

aq(λ2

j )
+ log(bq(λ2

j )
Γ(aq(λ2

j )
))

− (aq(λ2

j )
+ 1)ψ(aq(λ2

j )
)

}

+ aq(τ2) + log(bq(τ2)Γ(aq(τ2)))

− (aq(τ2) + 1)ψ(aq(τ2)) + aq(η) + log(bq(η)Γ(aq(η)))

− (aq(η) + 1)ψ(aq(η)) +

p
∑

j=1

{

aq(νj) + log(bq(νj)Γ(aq(νj)))

− (aq(νj) + 1)ψ(aq(νj))

}

−
p

2
µq(log τ2) −

1

2

p
∑

j=1

µq(log λ2

j )

+
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

−

p
∑

j=1

{

σ2
q(βj)

+ µ2
q(βj)

2
µq(1/λ2

j )
µq(1/τ2)

}

− p log Γ

(

1

2

)

−

p
∑

j=1

{

1

2
µq(log νj) +

3

2
µq(log λ2

j )
+ µq(1/νj)µq(1/λ2

j )

}

−
1

2
µq(log η) − log Γ

(

1

2

)

−
3

2
µq(log τ2) − µq(1/η)µq(1/τ2)

− log Γ

(

1

2

)

−
3

2
µq(log η) − µq(1/η) − p log Γ

(

1

2

)

−

p
∑

j=1

{

3

2
µq(log νj) + µq(1/νj)

}

.

(2.11)

Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.1:

log p(y; q) = H
{

q(β;µq(β),Σq(β))
}

+

p
∑

j=1

H
{

q(λ2j)
}

+H
{

q(τ 2)
}

+H {q(η)}+

p
∑

j=1

H {q(νj)}

+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|λ2, τ 2)
]

+

p
∑

j=1

Eq

[

log p(λ2j |νj)
]

+ Eq

[

log p(τ 2|η)
]

+ Eq

[

log p(η)
]

+

p
∑

j=1

Eq

[

p(νj)
]

.

(2.12)
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Moreover, the őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]

= Eq

[

−

[

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

)]]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

the second term is

p
∑

j=1

H
{

q(λ2j)
}

=

p
∑

j=1

{

aq(λ2

j )
+ log(bq(λ2

j )
Γ(aq(λ2

j )
))− (aq(λ2

j )
+ 1)ψ(aq(λ2

j )
)

}

,

the third term is

H
{

q(τ 2)
}

= aq(τ2) + log(bq(τ2)Γ(aq(τ2)))− (aq(τ2) + 1)ψ(aq(τ2)),

the fourth term is

H {q(η)} = aq(η) + log(bq(η)Γ(aq(η)))− (aq(η) + 1)ψ(aq(η)),

the őfth term is

p
∑

j=1

H {q(νj)} =

p
∑

j=1

{

aq(νj) + log(bq(νj)Γ(aq(νj)))− (aq(νj) + 1)ψ(aq(νj))

}

,

the sixth term is

Eq

[

log p(y|β)
]

= Eq

[ n
∑

i=1

[

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

]]

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

,

the seventh term is

Eq

[

log p(β|λ2, τ 2)
]

= Eq

[

−
p

2
log 2π −

p

2
log τ 2 +

p
∑

j=1

{

−
1

2
log λ2j −

β2
j

2λ2jτ
2

}]

= −
p

2
log 2π −

p

2
µq(log τ2) +

p
∑

j=1

{

−
1

2
µq(log λ2

j )

−
µq(β2

j )

2
µq(1/λ2

j )
µq(1/τ2)

}

= −
p

2
log 2π −

p

2
µq(log τ2) −

1

2

p
∑

j=1

µq(log λ2

j )
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−

p
∑

j=1

{

σ2
q(βj)

+ µ2
q(βj)

2
µq(1/λ2

j )
µq(1/τ2)

}

,

the eighth term is

p
∑

j=1

Eq

[

log p(λ2j |νj)
]

=

p
∑

j=1

Eq

[

−
1

2
log νj − log Γ

(

1

2

)

−
3

2
log λ2j −

1

νjλ2j

]

= −p log Γ

(

1

2

)

−

p
∑

j=1

{

1

2
µq(log νj) +

3

2
µq(log λ2

j )
+ µq(1/νj)µq(1/λ2

j )

}

,

the ninth term is

Eq

[

log p(τ 2|η)
]

= Eq

[

−
1

2
log η − log Γ

(

1

2

)

−
3

2
log τ 2 −

1

ητ 2

]

= −
1

2
µq(log η) − log Γ

(

1

2

)

−
3

2
µq(log τ2) − µq(1/η)µq(1/τ2),

the tenth term is

Eq

[

log p(η)
]

= Eq

[

− log Γ

(

1

2

)

−
3

2
log η −

1

η

]

= − log Γ

(

1

2

)

−
3

2
µq(log η) − µq(1/η),

the eleventh term is

p
∑

j=1

Eq

[

p(νj)
]

=

p
∑

j=1

Eq

[

− log Γ

(

1

2

)

−
3

2
log νj −

1

νj

]

= −p log Γ

(

1

2

)

−

p
∑

j=1

{

3

2
µq(log νj) + µq(1/νj)

}

.

Substituting in (2.12) and after the simpliőcation of
p

2
log 2π in

H
{

q(β;µq(β),Σq(β))
}

with −
p

2
log 2π in Eq

[

log p(β|λ2, τ 2)
]

, we obtain the result in

Proposition 2.6.

Finally, the last step for the derivation of the MFVB algorithm in the case of horse-

shoe prior is the update of the optimal parameters (µq(β),Σq(β)) within a coordinate

ascent scheme. For this purpose we maximize log p(y; q)[β], the β-localized compo-

nent of lower bound log p(y; q), over (µq(β),Σq(β)). The red line box in Figure 2.1

shows that the neighbours of β are p(y|β) and p(β|γ2,λ2), which lead to a closed

form of log p(y; q)[β].
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Proposition 2.7. The β-localized component of lower bound log p(y; q) can be ex-

pressed in a closed form and it is equal to:

log p(y; q)[β] =
1

2
log |Σq(β)|+

p

2
+

n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β)

+
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

−
p

2
µq(log τ2) +

p
∑

j=1

{

−
1

2
µq(log λ2

j )

−
σ2
q(βj)

+ µ2
q(βj)

2
µq(1/λ2

j )
µq(1/τ2)

}

.

(2.13)

Proof. Since the β-localized component of log p(y; q)[β] is equal to

log p(y; q)[β] = H
{

q(β;µq(β),Σq(β))
}

+H {q(β)}

= Eq

[

− log q(β;µq(β),Σq(β))
]

+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|λ2j , τ
2)
]

,

(2.14)

the őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]

= Eq

[

−

[

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

)]]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

while the second term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

log p(y|β)
]

+ Eq

[

log p(β|λ2j , τ
2)
]

= Eq

[ n
∑

i=1

[

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

]]

+ Eq

[

−
p

2
log 2π −

p

2
log τ 2 +

p
∑

j=1

{

−
1

2
log λ2j −

β2
j

2λ2jτ
2

}]

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

−
p

2
log 2π −

p

2
µq(log τ2)

+

p
∑

j=1

{

−
1

2
µq(log λ2

j )
−
µq(β2

j )

2
µq(1/λ2

j )
µq(1/τ2)

}

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}
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− log(yi!)

}

−
p

2
log 2π −

p

2
µq(log τ2)

+

p
∑

j=1

{

−
1

2
µq(log λ2

j )
−
σ2
q(βj)

+ µ2
q(βj)

2
µq(1/λ2

j )
µq(1/τ2)

}

.

Susbstituting in (2.14) and after the simpliőcation of
p

2
log 2π in

H
{

q(β;µq(β),Σq(β))
}

with −
p

2
log 2π in H

{

q(β;µq(β),Σq(β))
}

, we obtain the result

in Proposition 2.7.

For the reason explained in the example of Section 1.3.1, we use the natural őxed-

point iteration as numerical method to obtain the optimal density Np(µq(β),Σq(β)).

In the case of the horseshoe prior it is equivalent to the following updating scheme

for µq(β) and Σq(β):



























νq(β) ←
∑n

i=1

{

xiyi − xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}}

− µq(β)µq(1/λ2)µq(1/τ2)

Σq(β) ←

[

∑n
i=1 xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i + µq(1/λ2)µq(1/τ2)

]−1

µq(β) ← µq(β) +Σq(β)νq(β),

(2.15)

and at each iteration the convergence is assessed by checking the increase in the

β-localized component of lower bound log p(y; q).

The MFVB scheme for the őt of the Poisson regression model with horseshoe prior is

provided in Algorithm 7, with the convergence of all parameters assessed by checking

the increase in the lower bound log p(y; q).

Notice that the horseshoe prior does not group the variables into signals and nulls,

but it induces sparsity in the regression coefficients allowing a subset of them to

be heavily shrunk towards zero. An immediate consequence is that the posterior

distribution of β|y is non-sparse with probability one. Thus, in order to perform

variable selection, we use the Signal Adaptive Variable Selector (SAVS) approach,

introduced by Ray and Bhattacharya (2018). The main advantage of this approach

is the full automation because there is not need to specify any tuning parameter. In

particular, the SAVS algorithm (Algorithm 8) takes as input the design matrix X

and the non-sparse point estimate µq(β) obtained with the Algorithm 7, and returns a

sparse estimate µ∗
q(β), which we call SAVS estimator and that can be used for variable
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Algorithm 7: Semi-parametric MFVB for Poisson regression model with

horseshoe prior.

Initialize: q∗(β;µq(β),Σq(β)), q
∗(η), q∗(τ 2), q∗(ν1), . . . ,q∗(νp), q

∗(λ21) ,. . . ,

q∗(λ2p), εβ, εglobal

aq(η) ← 1

aq(ν1) = . . . = aq(νp) ← 1

aq(τ2) ←
p+ 1

2
aq(λ2

1
) = . . . = aq(λ2

p)
← 1

while convergence not reached do

while convergence not reached do

νq(β) ←
∑n

i=1

{

xiyi − xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}}

−µq(β)µq(1/λ2)µq(1/τ2)

Σq(β) ←

[

∑n
i=1 xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i + µq(1/λ2)µq(1/τ2)

]−1

µq(β) ← µq(β) +Σq(β)νq(β)

compute log p(y; q)[β](z);

evaluate | log p(y; q)[β](z) − log p(y; q)[β](z−1)| < εβ;

end

bq(η) ← 1 + µq(1/τ2)

µq(1/η) ←
aq(η)
bq(η)

µq(log η) ← log bq(η) − ψ(aq(η))

for j = 1, . . . , p do

bq(νj) ← 1 + µq(1/λ2

j )

µq(1/νj) ←
aq(νj)

bq(νj)
µq(log νj) ← log bq(νj) − ψ(aq(νj))

end

bq(τ2) ← µq(1/η) +
1

2

p
∑

j=1

(σ2
q(βj)

+ µ2
q(βj)

)µq(1/λ2

j )

µq(1/τ2) ←
aq(τ2)
bq(τ2)

µq(log τ2) ← log bq(τ2) − ψ(aq(τ2))

for j = 1, . . . , p do

bq(λ2

j )
← µq(1/νj) +

1

2
(σ2

q(βj)
+ µ2

q(βj)
)µq(1/τ2)

µq(1/λ2

j )
←

aq(λ2

j )

bq(λ2

j )

µq(log λ2

j )
← log bq(λ2

j )
− ψ(aq(λ2

j )
)

end

compute log p(y; q)(iter);

evaluate | log p(y; q)(iter) − log p(y; q)(iter−1)| < εglobal;

end
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Algorithm 8: SAVS Algorithm.

Input: Posterior mean µq(β), design matrix X

for j = 1, . . . , p do

λj ←
1

|µq(βj)|
2
;

if |µq(βj)| · ||Xj||
2 ≤ λj then

µ∗
q(βj)
← 0;

else

µ∗
q(βj)
← sign(µq(βj))||Xj||

−2(|µq(βj)| · ||Xj||
2 − λj);

end

Output: A sparse estimate µ∗
q(β)

selection. This estimator is obtained solving the optimization problem

µ∗
q(β) = argmin

β

{

1

2
||Xµq(β) −Xβ||22 +

p
∑

j=1

λj|βj|

}

, (2.16)

with the parameter λj ≥ 0 that control the amount of penalization for the j-th vari-

able. Exploiting that the horseshoe prior aggressively shrinks the noise components

towards zero and retain the larger signals, λj is set to λj =
1

|µq(βj)|
2
, so that the

penalties for the variables are ranked in inverse-squared order of the intensity of the

corresponding coefficient. Finally, the sparse estimate µ∗
q(β) is obtained using the

coordinate descent algorithm (Friedman et al., 2007), with initial value µq(β) and

stopping the algorithm at the őrst iteration.

2.2 Spike-and-slab prior

The spike-and-slab prior (Mitchell and Beauchamp, 1988; George and McCulloch,

1993, 1997) is widely used in Bayesian variable selection and it represents an alter-

native to the horseshoe prior. In this thesis we consider the continuos version of the

spike-and-slab prior, which is a őnite mixture of two zero-mean Gaussian distribu-

tion with different variances. The őrst element is the spike component, which has

smaller variance, while the second element is the slab component, which has greater

variance. The main idea is to assign the regression coefficients equal to zero to the

spike component and to slab otherwise.

Bayesian model specification. Let γ be the p-dimensional vector where γj = 1

if the j-th covariate, xj, is included in the regression model and γj = 0 otherwise,
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and let λ1 be the p-dimensional vector where λ1j is the prior variance of the slab

component for the j-th regression coefficient, βj. We consider the following Poisson

model with spike-and-slab prior:

Yi|β ∼ Poi(exp {x⊺

iβ}), i = 1, ..., n, Yi ⊥ Yj ∀i ̸= j,

β|γ,λ1 ∼ Np(0p,Σβ), Σβ = diag {b1, b2, . . . , bp} ,

bj = λ
1−γj
0 λ

γj
1j , 0 ≤ λ0 < λ1j, j = 1, . . . , p

λ1j ∼ InvGa(r, δ), j = 1, . . . , p

γj|θ ∼ Ber(θ), j = 1, . . . , p

θ ∼ Be(a, b),

(2.17)

which is a hierarchical spike-and-slab prior for the vector of coefficients β. In detail,

the joint prior distribution of β, conditionally to γ and λ1, is multivariate Gaussian of

dimension p with mean vector equal to 0p and diagonal variance-covariance matrix Σβ.

The identiőcation of the mixture components through the vector of prior variances

(λ0, λ1j), j = 1, . . . , p, is allowed by the variance-covariance matrix structure in third

and fourth equation of (2.17). In addition, an Inverse-Gamma distribution with

shape parameter r and scale parameter δ is assumed for λ1j, j = 1, . . . , p, with r and

d independent from j. In conclusion, conditionally to θ, a Bernoulli distribution with

parameter θ is assumed for each γj, and a Beta distribution with hyper-parameters a

and b is assumed for θ. This speciőcation leads to (β,γ,λ1, θ) as set of parameters

and (λ0, r, δ, a, b) as vector of hyper-parameters, with the latter that should be chosen

by the user in order to perform the estimation. In particular, in the literature it

is common practice to set λ0 in the spike distribution to zero (Brown et al., 2002;

Panagiotelis and Smith, 2008). However we follow Ročková and George (2014) and

we consider small and positive values for λ0 in order to exclude unimportant nonzero

effects.

The model speciőcation in (2.17) leads to

p(β,γ,λ1, θ;y) =
n
∏

i=1

ex
⊺

i βyi−exp{x⊺

i β}

yi!

× (2π)−
p

2

p
∏

j=1

{

λ
1−γj
0 λ

γj
1j

}− 1

2

exp

{

−
1

2
β⊺Σ−1

β β

}

×

p
∏

j=1

{

δr

Γ(r)

exp {−δ/λ1j}

λr+1
1j

}

p
∏

j=1

{

θγj(1− θ)1−γj

}

×
θa−1(1− θ)β−1

B(a, b)

(2.18)
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as joint distribution of the data and parameters.

Mean field variational Bayes approach. Let the density q(β,γ,λ1, θ) be fac-

torizable in the following way

q(β,γ,λ1, θ) = q(β)

p
∏

j=1

q(γj)

p
∏

j=1

q(λ1j)q(θ), (2.19)

thus the optimal densities are given by

q∗(β) ∝ exp

{

E−β

[

log p(β,γ,λ1, θ;y)

]}

,

q∗(γj) ∝ exp

{

E−γj

[

log p(β,γ,λ1, θ;y)

]}

, j = 1, . . . , p,

q∗(λ1j) ∝ exp

{

E−λ1j

[

log p(β,γ,λ1, θ;y)

]}

, j = 1, . . . , p,

q∗(θ) ∝ exp

{

E−θ

[

log p(β,γ,λ1, θ;y)

]}

.

(2.20)

At this point, we can obtain the optimal variational densities, which are provided by

the next propositions.

Proposition 2.8. The optimal density for β is not a standard form.

Proof. Since q∗(β) ∝ exp

{

E−β

[

log p(β,γ,λ1, θ;y)

]}

,

log q∗(β) ∝ E−β

[

n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

β2
j b

−1
j

2

]

=
n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

β2
j

2
E−βj

[

1

λ
1−γj
0 λ

γj
1j

]}

=
n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

β2
j

2
E−βj

[

1

(1− γj)λ0 + γjλ1j

]}

=
n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

β2
j

2

{

E−βj

[

(1− γj)

λ0

]

+ E−βj

[

γj
λ1j

]}}

=
n
∑

i=1

{

x⊺

iβyi − exp {x⊺

iβ}

}

−

p
∑

j=1

{

β2
j

2

{

(1− µq(γj))

λ0
+ µq(γj)µq(1/λ1j)

}}

and we do not recognise the kernel of any known distribution.

Proposition 2.9. The optimal density for γj is q∗(γj) ∼ Ber
(

µq(γj)

)

, with

log

(

µq(γj)

1− µq(γj)

)

= µq(log θ) − µq(log(1−θ)) −
σ2
q(βj)

+ µ2
q(βj)

2

(

µq(1/λ1j) −
1

λ0

)

−
1

2

(

µq(log λ1j) − log λ0

)

.
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Proof. Since q∗(γj) ∝ exp

{

E−γj

[

log p(β,γ,λ1, θ;y)

]}

,

log q∗(γj) ∝ E−γj

[

−
1

2
(1− γj) log λ0 −

1

2
γj log λ1j

+ γj log θ + (1− γj) log(1− θ)−
1

2
β⊺Σ−1

β β

]

∝ −(1− γj)
1

2
log λ0 −

1

2
γjµq(log λ1j)

+ γjµq(log θ) + (1− γj)µq(log(1−θ) −
1

2
E−γj

[

β2
j

λ
1−γj
0 λ

γj
1j

]

= −(1− γj)
1

2
log λ0 − γj

µq(log λ1j)

2
+ γjµq(log θ)

+ (1− γj)µq(log(1−θ) − (1− γj)
µq(β2

j )

2λ0
− γj

µq(β2

j )
µq(1/λ1j)

2

= (1− γj)

[

µq(log(1−θ)) −
1

2
log λ0 −

σ2
q(βj)

+ µ2
q(βj)

2λ0

]

+ γj

[

µq(log θ) −
(σ2

q(βj)
+ µ2

q(βj)
)µq(1/λ1j)

2
−

1

2
µq(log λ1j)

]

∝ γj

[

µq(log θ) − µq(log(1−θ)) −
σ2
q(βj)

+ µ2
q(βj)

2

(

µq(1/λ1j) −
1

λ0

)

−
1

2

(

µq(log λ1j) − log λ0

)]

.

Take the exponential and notice that it coincides with the kernel of a Bernoulli dis-

tribution with parameter as in Proposition 2.9.

Proposition 2.10. The optimal density for λ1j is q∗(λ1j) ∼ InvGa
(

rq(λ1j), δq(λ1j)

)

,

with

rq(λ1j) = r +
µq(γj)

2
, δq(λ1j) = δ +

µq(γj)(µ
2
q(βj)

+ σ2
q(βj)

)

2
. (2.21)

Furthermore, µq(1/λ1j) = rq(λ1j)/δq(λ1j) and µq(log λ1j) = log δq(λ1j) − ψ(rq(λ1j)).

Proof. Since q∗(λ1j) ∝ exp

{

E−λ1j

[

log p(β,γ,λ1, θ;y)

]}

,

log q∗(λ1j) ∝ E−λ1j

[

−
1

2
γj log λ1j −

1

2
β⊺Σ−1

β β −
δ

λ1j
− (r + 1) log λ1j

]

∝ −

[

µq(γj)

2
+ r + 1

]

log λ1j −
1

λ1j

[

δ +
µq(γj)µq(β2

j )

2

]

= −

[

µq(γj)

2
+ r + 1

]

log λ1j −
1

λ1j

[

δ +
µq(γj)(µ

2
q(βj)

+ σ2
q(βj)

)

2

]

.

Take the exponential and notice that it coincides with the kernel of an Inverse-Gamma

distribution with parameters as in Proposition 2.10.
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Proposition 2.11. The optimal density for θ is q∗(θ) ∼ Be
(

aq(θ), bq(θ)
)

, with

aq(θ) = a+

p
∑

j=1

µq(γj), bq(θ) = b+ p−

p
∑

j=1

µq(γj). (2.22)

Furthermore,

µq(log θ) = ψ(aq(θ))− ψ(aq(θ) + bq(θ)),

µq(log(1−θ)) = ψ(bq(θ))− ψ(aq(θ) + bq(θ)).
(2.23)

Proof. Since q∗(θ) ∝ exp

{

E−θ

[

log p(β,γ,λ1, θ;y)

]}

,

log q∗(θ) ∝ E−θ

[ p
∑

j=1

γj log θ +

(

p−

p
∑

j=1

γj

)

log(1− θ)

+ (a− 1) log θ + (b− 1) log(1− θ)

]

=

( p
∑

j=1

µq(γj) + a− 1

)

log θ +

(

p−

p
∑

j=1

µq(γj) + b− 1

)

log(1− θ).

Take the exponential and notice that it coincides with the kernel of a Beta distribution

with parameters as in Proposition 2.11.

Also in this case, we have that all the optimal variational densities in (2.20), except

the őrst, are recognized to be well known distribution functions. Since q∗(β) is not a

standard form, we use a semi-parametric mean őeld variational Bayes approach in or-

der to obtain the variational Bayes estimates and, as usual, we choose the multivariate

normal, β ∼ Np(µq(β),Σq(β)), which means:

q(β;µq(β),Σq(β)) = (2π)−
p

2 |Σq(β)|
− 1

2 exp

{

−
1

2

(

β − µq(β)

)

⊺

Σ−1
q(β)

(

β − µq(β)

)

}

.

(2.24)

As a consequence, the mean őeld variational approximation in (2.19) becomes

q(β,γ,λ1, θ) = q(β;µq(β),Σq(β))

p
∏

j=1

q(γj)

p
∏

j=1

q(λ1j)q(θ), (2.25)

and the factor graph corresponding to the model (2.17) with q-density product re-

striction in (2.25) is depicted in Figure 2.2.

Furthermore, the lower bound associated to the variational density factorized as in

(2.25) has a closed form and it is provided by the next proposition.
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Proposition 2.12. The lower bound log p(y; q) for the Poisson regression model with

spike-and-slab prior in (2.17), and associated to the variational density factorized as

q(β,γ,λ1, θ) = q(β;µq(β),Σq(β))
p
∏

j=1

q(γj)
p
∏

j=1

q(λ1j)q(θ), given a vector of realizations

of the dependent variable, y, and design matrix, X, can be expressed in a closed form:

log p(y; q) =
1

2
log |Σq(β)|+

p

2
−

p
∑

j=1

{

µq(γj) log µq(γj) + (1− µq(γj)) log(1− µq(γj))

}

+

p
∑

j=1

{

− rq(λ1j) log δq(λ1j) + log Γ(rq(λ1j)) + δq(λ1j)µq(1/λ1j)

+ (rq(λ1j) + 1)µq(log λ1j)

}

− (aq(θ) − 1)µq(log θ) + (a− 1)µq(log θ)

− (bq(θ) − 1)µq(log(1−θ)) + logB(aq(θ), bq(θ))− logB(a, b) + pr log δ

+
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

+

p
∑

j=1

{

− (1− µq(γj))

[

1

2
log λ0 +

µ2
q(βj)

+ σ2
q(βj)

2λ0

]

− µq(γj)

[

1

2
µq(log λ1j) +

(µ2
q(βj)

+ σ2
q(βj)

)µq(1/λ1j)

2

]}

− p log Γ(r)

+

p
∑

j=1

{

(1− µq(γj))µq(log(1−θ)) + µq(γj)µq(log θ)

}

+ (b− 1)µq(log(1−θ))

− δ

p
∑

j=1

µq(1/λ1j) − (r + 1)

p
∑

j=1

µq(log λ1j).

(2.26)

Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.2:

log p(y; q) = H
{

q(β;µq(β),Σq(β))
}

+

p
∑

j=1

H {q(γj)}

+

p
∑

j=1

H {q(λ1j)}+H {q(θ)}+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|γ,λ1)
]

+

p
∑

j=1

Eq

[

log p(γj|θ)
]

+ Eq

[

log p(θ)
]

+

p
∑

j=1

Eq

[

log p(λ1j)
]

.

(2.27)

Moreover, the őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]
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= Eq

[

−

[

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

)]]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

the second term is

p
∑

j=1

H {q(γj)} =

p
∑

j=1

Eq

[

− log q(γj)
]

=

p
∑

j=1

Eq

[

−

(

γj log µq(γj) + (1− γj) log(1− µq(γj))

)]

= −

p
∑

j=1

{

µq(γj) log µq(γj) + (1− µq(γj)) log(1− µq(γj))

}

,

the third term is

p
∑

j=1

H {q(λ1j)} =

p
∑

j=1

Eq

[

− log q(λij)
]

=

p
∑

j=1

Eq

[

−

(

rq(λ1j) log δq(λ1j) − log Γ(rq(λ1j))−
δq(λ1j)

λ1j

− (rq(λ1j) + 1) log λ1j

)]

=

p
∑

j=1

{

− rq(λ1j) log δq(λ1j) + log Γ(rq(λ1j)) + δq(λ1j)µq(1/λ1j)

+ (rq(λ1j) + 1)µq(log λ1j)

}

,

the fourth term is

H {q(θ)} = Eq

[

− log q(θ)
]

= Eq

[

−

(

(aq(θ) − 1) log θ + (bq(θ) − 1) log(1− θ)− logB(aq(θ), bq(θ))

)]

= −(aq(θ) − 1)µq(log θ) − (bq(θ) − 1)µq(log(1−θ)) + logB(aq(θ), bq(θ)),

the őfth term is

Eq

[

log p(y|β)
]

= Eq

[ n
∑

i=1

[

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

]]

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

,
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the sixth term is

Eq

[

log p(β|γ,λ1)
]

= Eq

[

−
p

2
log 2π +

p
∑

j=1

{

−
1

2
(1− γj) log λ0

−
1

2
γj log λ1j −

1

2

β2
j

λ
1−γj
0 λ

γj
1j

}]

= −
p

2
log 2π +

p
∑

j=1

{

− (1− µq(γj))
1

2
log λ0 − µq(γj)

µq(log λ1j)

2

−
µ2
q(βj)

+ σ2
q(βj)

2

[

1− µq(γj)

λ0
+ µq(γj)µq(1/λ1j)

]}

= −
p

2
log 2π +

p
∑

j=1

{

− (1− µq(γj))

[

1

2
log λ0 +

µ2
q(βj)

+ σ2
q(βj)

2λ0

]

− µq(γj)

[

µq(log λ1j)

2
+

(µ2
q(βj)

+ σ2
q(βj)

)µq(1/λ1j)

2

]}

,

the seventh term is
p
∑

j=1

Eq

[

log p(γj|θ)
]

=

p
∑

j=1

Eq

[

(1− γj) log(1− θ) + γj log θ

]

=

p
∑

j=1

{

(1− µq(γj))µq(log(1−θ) + µq(γj)µq(log θ)

}

,

the eighth term is

Eq

[

log p(θ)
]

= Eq

[

(a− 1) log θ + (b− 1) log(1− θ)− logB(a, b)

]

= (a− 1)µq(log θ) + (b− 1)µq(log(1−θ)) − logB(a, b),

the ninth term is
p
∑

j=1

Eq

[

log p(λ1j)
]

=

p
∑

j=1

Eq

[

r log δ − log Γ(r)−
δ

λ1j
− (r + 1) log λ1j

]

=

p
∑

j=1

{

r log δ − log Γ(r)− δµq(1/λ1j) − (r + 1)µq(log λ1j)

}

= pr log δ − p log Γ(r)− δ

p
∑

j=1

µq(1/λ1j) − (r + 1)

p
∑

j=1

µq(log λ1j).

At this point, substituting in (2.27) and after the simpliőcation of
p

2
log 2π in

H
{

q(β;µq(β),Σq(β))
}

with −
p

2
log 2π in Eq

[

log p(β|γ,λ1)
]

, we obtain the expression

in Proposition 2.12.

At this point, we update the optimal parameters (µq(β),Σq(β)) within a coordinate

ascent scheme through the maximization of the β-localized component of lower bound
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p(y|β)

β

p(β|γ,λ1)

γj γpλ1j

p(γj|θ) p(γp|θ)

p(λ1j)

θ

p(θ)

γ1λ11 λ1p

p(γ1|θ)

p(λ11) p(λ1p)

Figure 2.2: Factor graph for the model (2.17) with stochastic nodes corresponding to

the mean őeld restriction (2.25).

log p(y; q), log p(y; q)[β], over (µq(β),Σq(β)). The red line box in Figure 2.2 highlights

the neighbours of β, which are p(y|β) and p(β|γ,λ1) and they allow to have a closed

form of log p(y; q)[β].

Proposition 2.13. The β-localized component of lower bound log p(y; q) can be ex-

pressed in a closed form and it is equal to:

log p(y; q)[β] =
1

2
log |Σq(β)|+

p

2
+

n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

+

p
∑

j=1

{

− (1− µq(γj))

[

1

2
log λ0 +

µ2
q(βj)

+ σ2
q(βj)

2λ0

]

− µq(γj)

[

µq(log λ1j)

2
+

(µ2
q(βj)

+ σ2
q(βj)

)µq(1/λ1j)

2

]}

.

(2.28)
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Proof. Since the β-localized component of log p(y; q)[β] is equal to

log p(y; q)[β] = H
{

q(β;µq(β),Σq(β))
}

+H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β)
]

+ Eq

[

log p(y|β)
]

+ Eq

[

log p(β|γ,λ1)
]

,
(2.29)

the őrst term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

− log q(β;µq(β),Σq(β))
]

= Eq

[

−

(

−
p

2
log 2π −

1

2
log |Σq(β)|

−
1

2

(

(β − µq(β))
⊺Σ−1

q(β)(β − µq(β))

))]

=
p

2
log 2π +

1

2
log |Σq(β)|+

p

2
,

while the second term is

H
{

q(β;µq(β),Σq(β))
}

= Eq

[

log p(y|β)
]

+ Eq

[

log p(β|γ,λ1)
]

= Eq

[ n
∑

i=1

[

x⊺

iβyi − exp {x⊺

iβ} − log(yi!)

]]

+ Eq

[

−
p

2
log 2π +

p
∑

j=1

{

−
1

2
(1− γj) log λ0

−
1

2
γj log λ1j −

1

2

β2
j

λ
1−γj
0 λ

γj
1j

}]

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

−
p

2
log 2π −

p
∑

j=1

{

(1− µq(γj))
1

2
log λ0

+ µq(γj)

µq(log λ1j)

2
+
µ2
q(βj)

+ σ2
q(βj)

2

[

1− µq(γj)

λ0

+ µq(γj)µq(1/λ1j)

]}

=
n
∑

i=1

{

x⊺

iµq(β)yi − exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

− log(yi!)

}

−
p

2
log 2π −

p
∑

j=1

{

(1− µq(γj))

×

[

1

2
log λ0 +

µ2
q(βj)

+ σ2
q(βj)

2λ0

]

+ µq(γj)

[

µq(log λ1j)

2

+
(µ2

q(βj)
+ σ2

q(βj)
)µq(1/λ1j)

2

]}

.
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At this point, substituting in (2.29) and after the simpliőcation of
p

2
log 2π in

H
{

q(β;µq(β),Σq(β))
}

with −
p

2
log 2π in H

{

q(β;µq(β),Σq(β))
}

, we obtain the ex-

pression in Proposition 2.13.

In order to obtain the optimal density Np(µq(β),Σq(β)), we use the natural őxed-

point iteration update. In the case of the spike-and-slab prior this is equivalent to

the following updating scheme for µq(β) and Σq(β):











































νq(β) ←
∑n

i=1 xiyi −
∑n

i=1 xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

−(1− µq(γ))
µq(β)

λ0
− µq(γ)

[

µq(β)µq(1/λ1)

]

Σq(β) ←

{

∑n
i=i xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i +
(1− µq(γ))

λ0
+ µq(γ)µq(1/λ1)

}−1

µq(β) ← µq(β) +Σq(β)νq(β),

(2.30)

with the convergence assessed by checking the negligible increase in the β-localized

component of lower bound log p(y; q) after each update.

The semi-parametric MFVB scheme that leads to the optimal variational densities

q∗(β), q∗(γ1), . . . , q∗(γp), q
∗(λ1), . . ., q

∗(λ1p), q
∗(θ) is provided in Algorithm 9, with

the convergence of all parameters assessed by checking the increase in the lower bound

log p(y; q).

Finally, in order to perform variable selection with spike-and-slab prior, we exclude

the j-th variable from the model if the optimal µq(γj) is smaller than a threshold

s ∈ (0, 1) and we include it otherwise.

2.3 Bernoulli-Gaussian prior

In Section 2.1 and 2.2, we considered respectively the Bayesian Poisson regression

model with horseshoe and spike-and-slab prior, which share the feature of a hier-

archical Bayesian model speciőcation on the vector of coefficients β. An other in-

teresting alternative, that we consider in this Section, is represented by the Poisson

regression model with Bernoulli-Gaussian (BG) prior (Ormerod et al., 2017; Bernardi

et al., 2023). This is a model without hierarchical speciőcation for the regression

coefficients. Indeed, it is characterized by the introduction of a diagonal matrix in

the linear predictor, with j-th element in the diagonal that brings information on the

inclusion of j-th independent variable in the model.
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Algorithm 9: Semi-parametric MFVB for Poisson regression model with

spike-and-slab prior.

Initialize: q∗(β;µq(β),Σq(β)), q
∗(γ1), . . . , q∗(γp), q

∗(λ11), . . ., q
∗(λ1p),q

∗(θ),

εβ, εglobal

while convergence not reached do

while convergence not reached do

νq(β) ←
∑n

i=1 xiyi −
∑n

i=1 xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

−(1− µq(γ))
µq(β)

λ0
− µq(γ)

[

µq(β)µq(1/λ1)

]

Σq(β) ←

{

∑n
i=i xi exp

{

x⊺

iµq(β) +
1

2
x⊺

iΣq(β)xi

}

x⊺

i

+
(1− µq(γ))

λ0
+ µq(γ)µq(1/λ1)

}−1

µq(β) ← µq(β) +Σq(β)νq(β)

compute log p(y; q)[β](z);

evaluate | log p(y; q)[β](z) − log p(y; q)[β](z−1)| < εβ;

end

for j = 1, . . . , p do

wj ← µq(log θ) − µq(log(1−θ)) −
σ2
q(βj)

+ µ2
q(βj)

2

(

µq(1/λ1j) −
1

λ0

)

−
1

2

(

µq(log λ1j) − log λ0

)

µq(γj) ←
1

1 + exp(−wj)

end

for j = 1, . . . , p do

rq(λ1j) ← r +
µq(γj)

2

δq(λ1j) ← δ +
µq(γj)(µ

2
q(βj)

+ σ2
q(βj)

)

2

µq(1/λ1j) ←
rq(λ1j)

δq(λ1j)

µq(log λ1j) ← log δq(λ1j) − ψ(rq(λ1j))

end

aq(θ) ← a+
∑p

j=1 µq(γj)

bq(θ) ← b+ p−
∑p

j=1 µq(γj)

µq(log θ) ← ψ(aq(θ))− ψ(aq(θ) + bq(θ))

µq(log(1−θ)) ← ψ(bq(θ))− ψ(aq(θ) + bq(θ))

compute log p(y; q)(iter);

evaluate | log p(y; q)(iter) − log p(y; q)(iter−1)| < εglobal;

end
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Bayesian model specification. Let γ be the p-dimensional vector where γj = 1 if

the j-th covariate is included in the regression model and γj = 0 otherwise. Differently

from the models considered previously, we use a binary mask and we consider the

following Bayesian Poisson regression model:

Yi|β,γ ∼ Poi(exp {x⊺

iΓβ}), i = 1, ..., n, Yi ⊥ Yj ∀i ̸= j,

β ∼ Np

(

0p, σ
2Ip
)

,

Γ = diag(γ1, . . . , γp),

γj|ρ ∼ Ber(ρ), j = 1, . . . , p, γj ⊥ γk ∀j ̸= k

ρ ∼ Beta(α, δ).

(2.31)

From the őrst equation in (2.31), it follows that, conditionally to β and γ, in this

model the likelihood is equal to

p(y|β,γ) =
n
∏

i=1

ex
⊺

i Γβyi−exp{x⊺

i Γβ}

yi!
. (2.32)

As concerns the prior distribution of β, this is multivariate Gaussian of dimension

p with independent components, mean vector equal to 0p and variance equal to σ2

for each βj, as shown in (2.31). On the other hand, for the vector γ, that allows to

perform variable selection, we assume, conditionally to θ, a Bernoulli distribution with

parameter θ for each γj. Finally, we assume a Beta distribution with hyper-parameters

a and b for θ. The Bayesian model speciőcation in (2.31) leads to (β,γ, θ) as set of

parameters and (σ2, α, δ) as set of hyper-parameters.

The joint distribution of the data and parameters rising from this model speciőca-

tion is the following:

p(β,γ, ρ;y) =
n
∏

i=1

ex
⊺

i Γβyi−exp{x⊺

i Γβ}

yi!

× (2π)−
p

2 (σ2)−
p

2 exp

{

−
1

2

β⊺β

σ2

}

×
ρα−1(1− ρ)δ−1

B(α, δ)

× ρ
∑p

j=1
γj(1− ρ)

∑p
j=1

(1−γj).

(2.33)

Mean field variational Bayes approach. As usual, the őrst step with the mean

őeld variational Bayes approach requires the deőnition of the factorization for the

computation of the optimal variational densities. Although it seems natural to con-
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sider

q(β,γ, ρ) = q(β)

p
∏

j=1

q(γj)q(ρ), (2.34)

this factorization leads to analytical issues in the computation of the optimal density

q(β). As a consequence, we relax the hypothesis of full posterior covariance matrix

for q(β) and we consider posterior independence between the regression coefficients.

Thus, we work with the following mean őeld variational approximation:

q(β,γ, ρ) =

p
∏

j=1

q(βj)

p
∏

j=1

q(γj)q(ρ), (2.35)

which leads to the optimal variational densities

q∗(βj) ∝ exp

{

E−βj

[

log p(β,γ, ρ;y)

]}

, j = 1, . . . , p,

q∗(γj) ∝ exp

{

E−γj

[

log p(β,γ, ρ;y)

]}

, j = 1, . . . , p,

q∗(ρ) ∝ exp

{

E−ρ

[

log p(β,γ, ρ;y)

]}

.

(2.36)

The optimal densities we are looking for are given by the next propositions.

Proposition 2.14. The optimal density for βj, q
∗(βj), j = 1, . . . , p, is not a standard

form.

Proof. Since q∗(βj) ∝ exp

{

E−βj

[

log p(β,γ, ρ;y)

]}

,

log q∗(βj) ∝ E−βj

[

−
1

2

β⊺β

σ2
+

n
∑

i=1

{

x⊺

iΓβyi − exp {x⊺

iΓβ}

}]

= −
1

2σ2

[

β2
j +

∑

k ̸=j

(

σ2
q(βk)

+ µ2
q(βk)

)

]

+
n
∑

i=1

{

∑

k ̸=j

{

xikµq(γk)µq(βk)yi
}

+ xijµq(γj)βjyi −
∏

k ̸=j

[

(1− µq(γk))

+ µq(γk)µq(exikβk )

][

(1− µq(γj)) + µq(γj) exp

{

xijβj

}]}

∝ −
1

2σ2
β2
j +

n
∑

i=1

{

xijµq(γj)βjyi −
∏

k ̸=j

[

(1− µq(γk)) + µq(γk)µq(exikβk )

]

×

[

(1− µq(γj)) + µq(γj) exp

{

xijβj

}]}

,

and we do not recognise the kernel of any known distribution.
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Proposition 2.15. The optimal density for γj, q
∗(γj), j = 1, . . . , p, is not a standard

form.

Proof. Since q∗(γj) ∝ exp

{

E−γj

[

log p(β,γ, ρ;y)

]}

,

log q∗(γj) ∝ E−γj

[ p
∑

j=1

{

γj log ρ+ (1− γj) log(1− ρ)

}

+
n
∑

i=1

{

x⊺

iΓβyi − exp {x⊺

iΓβ}

}]

= γjµq(log ρ) + (1− γj)µq(log(1−ρ)) +
∑

k ̸=j

{

µq(γk)µq(log ρ)

+ (1− µq(γk))µq(log(1−ρ))

}

+ E−γj

{ n
∑

i=1

{

x⊺

iΓβyi − exp

{

x⊺

iΓβ

}

− log yi!

}

∝ γj

[

µq(log ρ) − µq(log(1−ρ))

]

+
n
∑

i=1

{

xijγjµq(βj)yi

}

−
n
∑

i=1

{

∏

k ̸=j

[

(1− µq(γk))

+ µq(γk) exp

{

xikµq(βk) +
x2ikσ

2
q(βk)

2

}][

exp

{

µq(βj)xijγj +
σ2
q(βj)

x2ijγ
2
j

2

}]}

= γj

[

µq(log ρ) − µq(log(1−ρ)) +
n
∑

i=1

{

xijµq(βj)yi

}]

−
n
∑

i=1

{

∏

k ̸=j

[

(1− µq(γk)) + µq(γk) exp

{

xikµq(βk) +
x2ikσ

2
q(βk)

2

}]

×

[

exp

{

µq(βj)xijγj +
σ2
q(βj)

x2ijγ
2
j

2

}]}

,

and we do not recognise the kernel of any known distribution.

Proposition 2.16. The optimal density for ρ is q∗(ρ) ∼ Beta(αq(ρ), δq(ρ)), with

αq(ρ) = α +

p
∑

j=1

µq(γj), δq(ρ) = δ + p−

p
∑

j=1

µq(γj). (2.37)

Furthermore,

µq(log ρ) = ψ(aq(ρ))− ψ(aq(ρ) + δq(ρ)),

µq(log(1−ρ))) = ψ(δq(ρ))− ψ(aq(ρ) + δq(ρ)).
(2.38)

Proof. Since q∗(ρ) ∝ exp

{

E−ρ

[

log p(β,γ, ρ;y)

]}

,

log q∗(ρ) ∝ E−ρ

[

(α− 1) log ρ+ (δ − 1) log(1− ρ)
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+

p
∑

j=1

{

γj log ρ+ (1− γj) log(1− ρ)

}]

= (α− 1) log ρ+ (δ − 1) log(1− ρ)

+

p
∑

j=1

{

µq(γj) log ρ+ (1− µq(γj)) log(1− ρ)

}

∝

[

α− 1 +

p
∑

j=1

µq(γj)

]

log ρ+

[

δ + p−

p
∑

j=1

µq(γj) − 1

]

log(1− ρ).

Take the exponential and notice that it coincides with the kernel of a Beta distribution

with parameters as in Proposition 2.16.

After some computations, it turns out that only the optimal density q∗(θ) is same as

well known distribution, while each q∗(βj) and q∗(γj) are not. Thus, we use a semi-

parametric mean őeld variational Bayes approach to obtain the variational Bayes

densities. In particular, we use a non-parametric step for the update of q∗(θ), while

we pre-specify a parametric family of density functions for q(βj) and q(γj). We choose

the univariate Normal density function for βj, i.e. βj ∼ N(µq(βj), σ
2
q(βj)

),

q(βj;µq(βj), σ
2
q(βj)

) =
1

√

2πσ2
q(βj)

exp

{

−
1

2σ2
q(βj)

(

βj − µq(βj)

)2
}

, (2.39)

and the Bernoulli distribution for γj, i.e. γj ∼ Ber(µq(γj)),

q(γj;µq(γj)) = µ
γj
q(γj)

(1− µq(γj))
1−γj . (2.40)

As a consequence, the mean őeld variational approximation in (2.35) takes the fol-

lowing form:

q(β,γ, ρ) =

p
∏

j=1

q(βj;µq(βj), σ
2
q(βj)

)

p
∏

j=1

q(γj;µq(γj))q(ρ). (2.41)

Figure 2.3 shows the factor graph for the model in (2.31) with stochastic nodes cor-

responding to the mean őeld restriction in (2.41). In addition, we have a closed form

of the lower bound.

Proposition 2.17. The lower bound log p(y; q) for the Poisson regression model with

Bernoulli-Gaussian prior in (2.31), and associated to the variational density factor-

ized as q(β, γ, ρ) =
∏p

j=1 q(βj;µq(βj), σ
2
q(βj)

)
∏p

j=1 q(γj;µq(γj))q(ρ), given a vector of

realizations of the dependent variable, y, and design matrix, X, can be expressed in
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a closed form:

log p(y; q) =
1

2

p
∑

j=1

log σ2
q(βj)

+
p

2
−

p
∑

j=1

{

µq(γj) log µq(γj)

+ (1− µq(γj)) log(1− µq(γj))

}

− (αq(ρ) − 1)µq(log ρ)

− (δq(ρ) − 1)µq(log(1−ρ)) + logB(αq(ρ), δq(ρ))

+
n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi −

p
∏

j=1

[

1− µq(γj)

+ µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

−
p

2
log σ2 −

1

2σ2

p
∑

j=1

{

σ2
q(βj)

+ µ2
q(βj)

}

+

p
∑

j=1

{

µq(γj)µq(log ρ) + (1− µq(γj))µq(log(1−ρ))

}

+ (α− 1)µq(log ρ) + (δ − 1)µq(log(1−ρ)) − logB(α, δ).

(2.42)

Proof. The lower bound can be expressed in terms of the components of the factor

graph in Figure 2.3:

log p(y; q) =

p
∑

j=1

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

+

p
∑

j=1

H
{

q(γj;µq(γj))
}

+H {q(ρ)}+ Eq

[

log p(y|β, γ)
]

+

p
∑

j=1

Eq

[

log p(βj)
]

+

p
∑

j=1

Eq

[

log p(γj|ρ)
]

+ Eq

[

log p(ρ)
]

.

(2.43)

Moreover, the őrst term is

p
∑

j=1

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

=

p
∑

j=1

Eq

[

− log q(βj;µq(βj), σ
2
q(βj)

)

]

=

p
∑

j=1

Eq

[

1

2
log 2π +

1

2
log σ2

q(βj)

+
1

2σ2
q(βj)

(βj − µq(βj))
2

]

=
p

2
log 2π +

1

2

p
∑

j=1

log σ2
q(βj)

+
p

2
,

the second term is
p
∑

j=1

H
{

q(γj;µq(γj))
}

=

p
∑

j=1

Eq

[

− log q(γj;µq(γj))

]
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=

p
∑

j=1

Eq

[

−

[

γj log µq(γj) + (1− γj) log(1− µq(γj))

]]

= −

p
∑

j=1

{

µq(γj) log µq(γj) + (1− µq(γj)) log(1− µq(γj))

}

,

the third term is

H {q(ρ)} = Eq

[

− log q(ρ)

]

= Eq

[

−

[

(αq(ρ) − 1) log ρ+ (δq(ρ) − 1) log(1− ρ)− logB(αq(ρ), δq(ρ))

]]

= −(αq(ρ) − 1)µq(log ρ) − (δq(ρ) − 1)µq(log(1−ρ)) + logB(αq(ρ), δq(ρ)),

the fourth term is

Eq

[

log p(y|β,γ)
]

= Eq

[ n
∑

i=1

[

x⊺

iΓβyi − exp
{

x⊺

iΓβ
}

− log yi!

]]

=
n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi −

p
∏

j=1

[

1− µq(γj)

+ µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

,

the őfth term is

p
∑

j=1

Eq

[

log p(βj)
]

=

p
∑

j=1

Eq

[

−
1

2
log 2π −

1

2
log σ2 −

β2
j

2σ2

]

=

p
∑

j=1

{

−
1

2
log 2π −

1

2
log σ2 −

1

2σ2
µq(β2

j )

}

= −
p

2
log 2π −

p

2
log σ2 −

1

2σ2

p
∑

j=1

{

σ2
q(βj)

+ µ2
q(βj)

}

,

the sixth term is

p
∑

j=1

Eq

[

log p(γj|ρ)
]

=

p
∑

j=1

Eq

[

γj log ρ+ (1− γj) log(1− ρ)

]

=

p
∑

j=1

{

µq(γj)µq(log ρ) + (1− µq(γj))µq(log(1−ρ))

}

,

the seventh term is

Eq

[

log p(ρ)

]

= Eq

[

(α− 1) log ρ+ (δ − 1) log(1− ρ)− logB(α, δ)

]

= (α− 1)µq(log ρ) + (δ − 1)µq(log(1−ρ)) − logB(α, δ).
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p(y|β,γ)

γ1 γj γp β1 βj βp

p(γ1|ρ)

p(β1) p(βj) p(βp)

ρ

p(ρ)

p(γj|ρ) p(γp|ρ)

Figure 2.3: Factor graph for the model (2.31) with stochastic nodes corresponding to

the mean őeld restriction (2.41).

At this point, substituting in (2.43) and after the simpliőcation of
p

2
log 2π in

p
∑

j=1

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

with −
p

2
log 2π in

p
∑

j=1

Eq

[

log p(βj)
]

, we obtain the ex-

pression in Proposition 2.17.

At this point, we show how to update both the optimal parameters (µq(βj), σ
2
q(βj)

)

of q∗(βj), and µq(γj) of q(γj) within a coordinate ascent scheme. We maximize the

βj-localized and the γj-localized component of lower bound log p(y; q), respectively.

In particular, the red line box in Figure 2.3 shows that the neighbours of βj are

p(y|β,γ) and p(βj), while the green line box highlights the neighbours of γj, which

are p(y|β,γ) and p(γj|ρ). Thus we have the following expressions of log p(y; q)[βj ] and

log p(y; q)[γj ].

Proposition 2.18. The βj-localized component of lower bound log p(y; q) can be ex-
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pressed in a closed form and it is equal to:

log p(y; q)[βj ] =
1

2
log σ2

q(βj)
+

1

2
+

n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi−

p
∏

j=1

[

1− µq(γj) + µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

−
1

2
log σ2 −

σ2
q(βj)

+ µ2
q(βj)

2σ2
.

(2.44)

Proof. Since the βj-localized component of log p(y; q) is equal to

log p(y; q)[βj ] = H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

+H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

= Eq

[

− log q(βj;µq(βj), σ
2
q(βj)

)
]

+ Eq

[

log p(y|β,γ)
]

+ Eq

[

log p(βj)
]

,

(2.45)

the őrst term is

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

= Eq

[

− log q(βj;µq(βj), σ
2
q(βj)

)
]

= Eq

[

1

2
log 2π +

1

2
log σ2

q(βj)
+

1

2σ2
q(βj)

(βj − µq(βj))
2

]

=
1

2
log 2π +

1

2
log σ2

q(βj)
+

1

2
,

while the second term is

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

= Eq

[

log p(y|β,γ)
]

+ Eq

[

log p(βj)
]

= Eq

{ n
∑

i=1

[

x⊺

iΓβyi − exp
{

x⊺

iΓβ
}

− log yi!

]}

+ Eq

{

−
1

2
log 2π −

1

2
log σ2 −

1

2σ2
β2
j

}

=
n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi −

p
∏

j=1

[

1− µq(γj)

+ µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

−
1

2
log 2π −

1

2
log σ2 −

σ2
q(βj)

+ µ2
q(βj)

2σ2
.

At this point, substituting in (2.45) and after the simpliőcation of
1

2
log 2π in

H
{

q(βj;µq(βj), σ
2
q(βj)

)
}

with −
1

2
log 2π in H

{

q(βj;µq(βj), σ
2
q(βj)

)
}

, we obtain the ex-

pression in Proposition 2.18.
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Proposition 2.19. The γj-localized component of lower bound log p(y; q) can be ex-

pressed in a closed form and it is equal to:

log p(y; q)[γj ] = −

[

µq(γj) log µq(γj) + (1− µq(γj)) log(1− µq(γj))

]

+
n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi −

p
∏

j=1

[

1− µq(γj)

+ µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

+

p
∑

j=1

{

µq(γj)µq(log ρ) + (1− µq(γj))µq(log(1−ρ))

}

.

(2.46)

Proof. Since the γj-localized component of log p(y; q) is equal to

log p(y; q)[γj ] = H
{

q(γj;µq(γj))
}

+H
{

q(γj;µq(γj))
}

= Eq

[

− log q(γj;µq(γj))
]

+ Eq

[

log p(y|β,γ)
]

+ Eq

[

log p(γj|ρ)
]

,
(2.47)

the őrst term is

H
{

q(γj;µq(γj))
}

= Eq

[

− log q(γj;µq(γj))
]

= Eq

{

−

[

γj log µq(γj) + (1− γj) log(1− µq(γj))

]}

= −

[

µq(γj) log µq(γj) + (1− µq(γj)) log(1− µq(γj))

]

,

while the second term is

H
{

q(γj;µq(γj))
}

= Eq

[

log p(y|β,γ)
]

+ Eq

[

log p(γj|ρ)
]

= Eq

[ n
∑

i=1

[

x⊺

iΓβyi − exp
{

x⊺

iΓβ
}

− log yi!

]]

+ Eq

[

γj log ρ+ (1− γj) log(1− ρ)

]

=
n
∑

i=1

{ p
∑

j=1

xijµq(γj)µq(βj)yi −

p
∏

j=1

[

1− µq(γj)

+ µq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}]

− log yi!

}

+

p
∑

j=1

{

µq(γj)µq(log ρ) + (1− µq(γj))µq(log(1−ρ))

}

.

Substituting in (2.47), we obtain the expression in Proposition 2.19.

We use the natural őxed-point iteration for the update of (µq(βj), σ
2
q(βj)

) and in

the case of the Poisson model with Bernoulli-Gaussian prior it corresponds to the
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following updating scheme:



































































νq(βj) ← −
µq(βj)

σ2
+

n
∑

i=1

{

xijµq(γj)yi −
∏

k ̸=j

{

1− µq(γk) + µq(γk) exp

{

xikµq(βk)

+
σ2
q(βk)

x2ik

2

}}

xijµq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}}

σ2
q(βj)
← −

{

−
1

σ2
+

n
∑

i=1

{

−
∏

k ̸=j

{

1− µq(γk) + µq(γk) exp

{

xikµq(βk) +
σ2
q(βk)

x2ik

2

}}

×x2ijµq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}}}−1

µq(βj) ← µq(βj) + σ2
q(βj)

νq(βj).

(2.48)

On the other hand, for the optimal densities q∗(µq(γj)), we maximize log p(y; q)[γj ]

using the L-BFGS-B algorithm. This is an optimization algorithm in the family of

quasi-Newton methods that approximates the BroydenśFletcherśGoldfarbśShanno

algorithm (BFGS) using a limited amount of computer memory and allows box con-

straints. At this point, it is straightforward to implement the correspondent semi-

parametric MFVB iterative procedure, as shown in Algorithm 10.

In the Poisson model with Bernoulli-Gaussian prior, similarly to the Poisson model

with spike-and-slab prior, we include the j-th regressor if the optimal µq(γj) is greater

or equal to a threshold s ∈ (0, 1) and we exclude it otherwise. On the other hand,

as concerns the point estimates, in this model the effect of the j-th covariate on the

mean of the response variable is not given by βj but it is equal to β̃j = βjγj. Thus, the

őnal step is to establish the optimal variational density of β̃j, q
∗(β̃j),which is provided

by the next proposition.

Proposition 2.20. Let q∗(βj;µq(βj), σ
2
q(βj)

) and q∗(γj;µq(γj)) be the optimal variational

densities of βj and γj, respectively. Define β̃j = γjβj. The optimal variational density

of β̃j is given by a mixture of an univariate Normal distribution and a Dirac in 0:

q∗(β̃j) = µq(γj)N(µq(βj), σ
2
q(βj)

) + (1− µq(γj))δ0. (2.49)

Moreover, mean and variance can be computed analytically and they are equal to:

µq(β̃j)
= µq(γj)µq(βj),

σ2
q(β̃j)

= µq(γj)(1− µq(γj))µq(βj) + σ2
q(βj)

µq(γj).
(2.50)

Proof. Consider the following transformation of random variables (γj = γj, β̃j =
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Algorithm 10: Semi-parametric MFVB for Poisson regression model with

Bernoulli-Gaussian prior.

Initialize: q∗(β1;µq(β1), σ
2
q(β1)

), . . .,q∗(βp;µq(βp), σ
2
q(βp)

), q∗(γ1;µq(γ1)), . . . ,

q∗(γp;µq(γp)), q
∗(ρ), εβ1

, . . . , εβp
, εglobal

while convergence not reached do

for j = 1, . . . , p do

while convergence not reached do

νq(βj) ← −
µq(βj)

σ2
+

n
∑

i=1

{

xijµq(γj)yi −
∏

k ̸=j

{

1− µq(γk) + µq(γk)

× exp

{

xikµq(βk) +
σ2
q(βk)

x2ik

2

}}

xijµq(γj) exp

{

xijµq(βj)

+
σ2
q(βj)

x2ij

2

}}

σ2
q(βj)
← −

{

−
1

σ2
+

n
∑

i=1

{

−
∏

k ̸=j

{

1− µq(γk) + µq(γk) exp

{

xikµq(βk)

+
σ2
q(βk)

x2ik

2

}}

x2ijµq(γj) exp

{

xijµq(βj) +
σ2
q(βj)

x2ij

2

}}}−1

µq(βj) ← µq(βj) + σ2
q(βj)

νq(βj)

compute log p(y; q)[βj ](z);

evaluate | log p(y; q)[βj ](z) − log p(y; q)[βj ](z−1)| < εβj
;

end

end

for j = 1, . . . , p do

µq(γj) ← optimization of log p(y; q)[γj ] with L-BFGS-B algorithm and

initial value the optimal µq(γj) in the previous iteration

end

αq(ρ) ← α +
∑p

j=1 µq(γj)

δq(ρ) ← δ + p−
∑p

j=1 µq(γj)

µq(log ρ) ← ψ(αq(ρ))− ψ(αq(ρ) + δq(ρ))

µq(log(1−ρ)) ← ψ(δq(ρ))− ψ(αq(ρ) + δq(ρ))

compute log p(y; q)(iter);

evaluate | log p(y; q)(iter) − log p(y; q)(iter−1)| < εglobal;

end
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γjβj), so that βj = γ−1
j β̃j. Hence it follows that:

J =









d

dγj
γj

d

dβ̃j
γj

d

dγj
γ−1
j β̃j

d

dβ̃j
γ−1
j β̃j









=







1 0

−
β̃j
γ2j

γ−1
j






(2.51)

and so |J| = γ−1
j . The joint distribution of (β̃j, γj) can be written as:

q(β̃j, γj) = γ−1
j q(γ−1

j β̃j)q(γj) = f(β̃j|γj)q(γj), (2.52)

where q are then replaced by the optimal densities q∗. For the conditional distribution

in (2.52), we have that:

f(β̃j|γj) = γ−1
j φ(µq(βj), σ

2
q(βj)

)

=
1

√

2πγ2jσ
2
q(βj)

exp

{

−
1

2σ2
q(βj)

(γ−1
j β̃j − µq(βj))

2

}

=
1

√

2πγ2jσ
2
q(βj)

exp

{

−
1

2σ2
q(βj)

(

γ−2
j β̃j

2
+ µ2

q(βj)
− 2γ−1

j β̃jµq(βj)

)

}

∝ exp

{

−
1

2

[

β̃j
2

(

1

σ2
q(βj)

γ2j

)

− 2β̃j

(

µq(βj)

σ2
q(βj)

γj

)]}

,

and, exploiting that γj is equal to 0 or 1, this is the kernel of an univariate Normal

distribution

β̃j|γj ∼ N(µ(γj), σ
2(γj)),

with

µ(γj) = γjµq(βj),

σ2(γj) = γ2jσ
2
q(βj)

.

At this point, the marginal distribution for β̃j can be found as:

q(β̃j) = f(β̃j|γj = 1)q(γj = 1) + f(β̃j|γj = 0)q(γj = 0)

= µq(γj)N(µq(βj), σ
2
q(βj)

) + (1− µq(γj))N(0, 0)

= µq(γj)N(µq(βj), σ
2
q(βj)

) + (1− µq(γj))δ0,

and the distributional result concerning β̃j is therefore proven.
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Now, in order to compute the marginal mean and variance recall that Ex(x) =

Ey [Ex(x|y)] and Varx(x) = Vary [Ex(x|y)] + Ey [Varx(x|y)]. Thus we have

E

(

β̃j

)

= E

[

E(β̃j|γj)

]

= E

[

γjµq(βj)

]

= µq(γj)µq(βj),

Var(β̃j) = Var

[

E(β̃j|γj)

]

+ E

[

Var(β̃j|γj)

]

= Var

[

γjµq(βj)

]

+ E

[

σ2
q(βj)

γj

]

= µq(γj)(1− µq(γj))µq(βj) + σ2
q(βj)

µq(γj),

which concludes the proof.

2.4 Illustrative example

In order to show how these models work, a simulated dataset with n = 500 obser-

vations and p = 6 covariates from a standard univariate Normal distribution has

been considered. Concerning the vector β, we set β = (β1, β2, β3, β4, β5, β6)
⊺ =

(−1,−1, 0, 0, 1, 1)⊺.

Reminding that an advantage of the Poisson regression model with horseshoe prior

is that does not require the choice of the hyperparameters by the user, Table 2.1 show

hyperparameters’ setting for the spike-and-slab prior. In particular, we consider two

different values for the variance of the spike component, λ0 = 0.01 and λ0 = 0.001, in

order to evaluate a possible sensitivity of the model to the value of λ0. Furthermore,

since any existing work deals with an Inverse-Gamma distribution for the variance of

the slab component, we propose two possible combinations for the values of r and δ.

Keeping in mind that λ1j ≥ λ0 for j = 1, . . . , p, the őrst (that we call VSS) is the

arbitrary choice of the values r = 2502 and δ = 125050 in order to have E [λ1j] = 50

and Var [λ1j] = 1 for each j. In the second (that we call VSSNH), we őx r and δ

in order to have Var [λ1j] = 1 and E [λ1j] = σ̂2 max

(

p2.1

100n∗
, log n∗

)

, where σ̂2 is the

sample variance of n∗ pre-observations of Y (Narisetty and He, 2014). In this example,

we have n∗ = 500, r = 14638 and δ = 1770784. Thus, the second combination of r

and δ is more ŕexible with respect to the former because it depends on the variance

and the number of pre-observations and on the number of variables.

Finally, we set a = b = 1 in order to have Uniform, non-informative, distribution

in [0, 1] for θ, θ ∼ U [0, 1].
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Hyper-parameter Value Description

λ0 0.01, 0.001 spike component

r 2502, 14638 shape of p(λ1j)

δ 125050, 1770784 rate of p(λ1j)

a 1 shape 1 of p(θ)

b 1 shape 2 of p(θ)

Table 2.1: Hyper-parameters’ settings for Poisson regression model with spike-and-

slab prior.

On the other hand, Table 2.2 shows hyperparameter’s setting in the case of Bernoulli-

Gaussian prior. In particular, we set σ2 = 100 and α = δ = 1 in order to have a

non-informative prior for β, β ∼ Np(0, 100Ip), and Uniform distribution in [0, 1] for

θ, θ ∼ U [0, 1].

Hyper-parameter Value Description

σ2 100 variance of p(βj)

α 1 shape 1 of p(θ)

δ 1 shape 2 of p(θ)

Table 2.2: Hyper-parameters’ settings for Poisson regression model with Bernoulli-

Gaussian prior.

Making use of these settings and using as stopping criterion a change in the lower

bound less than 1e-5, the semi-parametric MFVB algorithm converged always af-

ter 3 iterations, except for VSS(0.01) and BG where we needed 4 iterations. The

convergence path of the lower-bound is depicted in Figure 2.4.

As concerns inference accuracy, Figure 2.5 shows true values of β, its point estimates

and credibility intervals obtained through Poisson regression model with horseshoe,

spike-and-slab and Bernoulli-Gaussian prior. We notice that the point estimates are

all near to the true β values, and the credibility intervals include the true values of

the coefficients. Furthermore, the results obtained with VSS and VSSNH , for a őxed

value of λ0, are almost equal.

As concerns variable selection, Table 2.3 shows the true values of γ, its estimate with

the application of SAVS algorithm in the case of horseshoe prior (HS-SAVS) and the

estimates of µq(γ) with spike-and-slab and Bernoulli-Gaussian prior. We notice that
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Figure 2.4: Convergence path of the lower bound according to different models.
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Figure 2.5: Point estimates (red circles) and 95% credible intervals (red lines) for the

optimal expected values of the regression coefficients according to different models,

compared with true values of β (yellow lines).

with the horseshoe prior we have a perfect variable selection: the coefficients equal and

different from zero are correctly excluded and included in the model, respectively. On

the other hand, with spike-and-slab and Bernoulli-Gaussian prior variable selection

depends on the threshold value s ∈ (0, 1). Figure 2.6 shows the ROC curve for these

models, where for semplicity we used the same color for VSS(0.01), VSSNH(0.01),

VSS(0.001) and VSSNH(0.001). We notice that they capture all the signal for any

value of the threshold.
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Parameter True value HS-SAVS
VSS, VSSNH VSS, VSSNH

BG
(λ0 = 0.001) (λ0 = 0.01)

γ1 1 1 0.99 0.99 0.99

γ2 1 1 0.99 0.99 0.99

γ3 0 0 0.01 0.01 0.01

γ4 0 0 0.01 0.01 0.01

γ5 1 1 0.99 0.99 0.99

γ6 1 1 0.99 0.99 0.99

Table 2.3: Point estimates of γ őtting Poisson model with horseshoe prior and of µq(γ)

őtting Poisson model with spike-and-slab and Bernoulli-Gaussian prior via MFVB.
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Figure 2.6: ROC curve for variable selection in Poisson regression model with spike-

and-slab (blue) and Bernoulli-Gaussian (green) prior via MFVB. For semplicity,

VSS(0.001), VSSNH(0.001), VSS(0.01) and VSSNH(0.01) have the same color.

2.5 Simulation study

In this Section, we provide a simulation study to demonstrate the performances of

the proposed models. We compare them to two popular regularization methods: the

EM variable selection approach, known as EMVS (Ročková and George, 2014), and

the lasso (Tibshirani, 1996). In particular, we consider Poisson lasso (that we call

PoiLASSO) on the original data, Yi, and Gaussian lasso (that we call LASSO) and

EMVS on log(Yi + 1).

We focused on the case of n > p and orthogonal design matrix X, leaving the evalua-
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n 300 600 1000 300 600 1000 300 600 1000

p 20 20 20 40 40 40 80 80 80

Table 2.4: Combinations of n and p considered in the simulation study.

tion of other cases (e.g. n < p and/or non-orthogonal design matrix) to possible future

works. We considered three different number of observations, n = (300, 600, 1000),

and of variables, p = (20, 40, 80), with a őxed number of coefficients different from

zero, p0 = 10. Thus we considered the combinations in Table 2.4. Moreover, for each

combination we replicated the estimate R = 50 times.

As concerns the evaluation of the models, we used the mean squared error (MSE) for

the inference accuracy of β, while F1-score and classiőcation accuracy with threshold

equal to 0.5 for the quality of variable selection. In addition, we made also a compar-

ison in terms of computational cost between all models and in terms of area under

the curve (AUC) between EMVS and the models with spike-and-slab and Bernoulli-

Gaussian prior.

The results obtained are shown in Figures 2.7, 2.8, 2.9, 2.10, 2.11. As concerns

variable selection, Figures 2.7 and 2.8 highlight a very good performance of all the

models proposed in terms of F1-score and classiőcation accuracy. Indeed, for each

of the combination of n and p considered and for each model, the median of these

two metrics are always between 90% and 97%. In particular, several considerations

can be made. Firstly, we notice a little better performance of HS, VSS(0.001) and

VSSNH(0.001) with respect to the other models (PoiLASSO, LASSO and EMVS

included) and lower variability of HS with respect to VSS(0.001) and VSSNH(0.001).

Secondly, for a őxed number of independent variables, the increase of the observations

leads to an improvement of F1 and classiőcation accuracy and a decrease in terms of

variability. On the other hand, similar results and variability are obtained for a őxed

number of observations. Furthermore, in Poisson model with spike-and-slab prior,

the results achieved with VSS and VSSNH for a őxed value of λ0 are almost equal.

Finally, we notice a good performance of LASSO and EMVS, even if they show the

worst measures for any combination considered.

Figure 2.9 depicts the inference accuracy of the point estimates of β in terms of

MSE. We notice that all the models, except for LASSO and EMVS, show a similar

and good behavior. Indeed, they have the median of the MSE between 0.01 and 0.04

for any combination of n and p. In addition, they have always small variability. On
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Figure 2.7: F1-score according to different models.

the other hand, the MSE of EMVS is always the greatest, followed by LASSO.

In particular, for any value of p, the MSE of EMVS and LASSO are respectively

around 0.13 and 0.11 with n = 300, they are between 0.07 and 0.11 and between 0.06

and 0.09 when n = 600, and they are around 0.05 when n = 1000. Thus, for a őxed

number of variables, the MSE of EMVS and LASSO decrease with the increase of

observations. Furthermore, it is important to remember that our proposed models

have a different behaviour with respect to PoiLASSO, LASSO and EMVS: while the

former provide also posterior densities for β, PoiLASSO, LASSO and EMVS only

return us the point estimates.

Figure 2.10 shows the results of the comparison in terms of computational cost. We

notice a greater computational effort and variability of BG model with respect to the

other proposed models when n = 600 or n = 1000, for any value of p. The reason

is that in this model we have 2p numeric optimizations (of βj and γj, j = 1, . . . , p),

while in HS, VSS and VSSNH there is only one (of β). Furthermore, the median time

of HS, VSS and VSSNH is always similar and between 1 and 4 seconds, a little bit
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Figure 2.8: Classiőcation accuracy according to different models.

greater than PoiLASSO, LASSO and EMVS.

Finally, in order to evaluate the performance of Poisson model with spike-and-

slab and Bernoulli-Gaussian prior and of EMVS overall and not for a őxed value

of the threshold, Figure 2.11 depicts the results obtained in terms of AUC. The

considerations that could be made are similar to those made for the F1-score and for

the classiőcation accuracy in Figures 2.7 and 2.8.
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Figure 2.9: MSE according to different models.
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Figure 2.10: Time (in seconds) according to different models.
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Figure 2.11: AUC according to Poisson model on Y with spike-and-slab and Bernoulli-

Gaussian prior via MFVB and according to EMVS on log(Y + 1).



Chapter 3

Application to real data

In this Chapter, we applied our methods to the analysis of a real dataset, called

Football 2022-2023 dataset, available on Kaggle. The dataset contains 2689 obser-

vations and 27 variables concerning 2022-2023 football player performances in the

major european leagues, namely Premier League, Ligue 1, Bundesliga, Serie A and

Liga. The variables are explained in Table 3.1. We focus our attention on the strikers,

meaning that we consider only football player with level of the variable Pos equal

to łFWž. Moreover, we group the 105 levels of the categorical variable Nation in 7

levels (łBRAž, łENGž, łESPž, łFRAž, łGERž, łITAž, łOtherž). The őnal dataset for

the analysis is composed by 683 observations and 25 variables (Player and Pos are

excluded), and we consider the variable Goals as the response of interest.

The statistical analysis has two independent goals. The őrst is the interpretation of

the estimated regression coefficients (in-sample analysis), while the second focuses on

the performance of the models in predict the expected number of goals scored given

the characteristics of the striker (out-of-sample analysis).

In-sample estimates. We őt the models proposed in the previous chapters, com-

paring them with PoiLASSO and the generalized linear model (GLM) Poisson (that

we call PoiGLM) in terms of inference. As concerns the values of r and δ in VSSNH(0.01)

and VSSNH(0.001), we exploit the informations included in Football 2021-2022 dataset.

In particular, we calculate the variance of the goals scored by the 631 strikers in 2021-

2022 in the same őve championships, that is equal to σ̂2 = 4.96. This value leads to

E [λ1j] = 32.87 and, as a consequence, to r = 1082 and δ = 35531.

The results obtained are depicted in Figure 3.1. We only show VSS(0.001), BG and

HS because the estimates of VSS(0.001), VSSNH(0.001), VSS(0.01) and VSSNH(0.01)

73
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Variable Description

Player Player’s name

Pos Position

Goals Goals scored

BlkPass Number of times blocking a pass by standing in its path

Fls Fouls committed

PasTotDist Total distance, in yards, that completed

passes have traveled in any direction

CK Corner kicks

CarMis Number of times a player failed when

attempting to gain control of a ball

ShoDist Average distance, in yards, from goal of all shots taken

TklDriPast Number of times dribbled past by an opposing player

2CrdY Second yellow card

Starts Number of match started

Car3rd Carries that enter the 1/3 of the pitch closest to the goal

CrdY Yellow cards

CarDis Number of times a player loses control of the ball

after being tackled by an opposing player

TB Completed pass sent between back defenders into open space

Fld Fouls drawn

PKcon Penalty kicks conceded

CrdR Red cards

PasTotCmp Passes completed

MP Number of match played

PKwon Penalty kicks won

Age Player’s age

SoT Shots on target

Assists Assists

Comp League name

Nation Player’s nationality

Table 3.1: Description of the variables contained in the Football 2022-2023 dataset.
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are similar to each other. We notice that the point estimates of the HS’s regression

coefficients are always different from 0, while VSS and BG have some point estimates

equal to 0: this aspect highlights the difference between variable selection, performed

in VSS and BG, and shrinkage, performed in HS.

As concerns variable selection, we notice a similar behaviour between VSS and BG.

Indeed, with VSS 17 coefficients are set to 0, while with BG we set to 0 the same

17 coefficients plus three others (łFlsž, łTklDriPastž and łCrdYž). In addition, when

the conődence interval for a regression coefficient obtained with PoiGLM includes the

value 0, the regression coefficient is not selected as different from 0 with VSS and BG.

As concerns the variability around the point estimates, 95% credible intervals of

the proposed models are similar to those obtained with PoiGLM. Interestingly, the

credible intervals of BG are wider compared to those of the other models.

In addition, as we made in the simulation study, we őt also LASSO and EMVS on

log(Goals + 1). The point estimates of β obtained with all the models are showed

in Table 3.3. We notice that the variable selection of PoiLASSO, LASSO and EMVS

is the same. On the other hand, LASSO and EMVS lead to quite different point

estimates of β compared to those of the other models.

Finally, focusing our attention on the point estimates of VSS and BG different

from zero, it is worth noting that the more a striker provides assists, the higher his

expected number of goals becomes. It is also of interest that the expected number

of goals increases with the increasing number of match started from the őrst minute.

In addition, as concerns the championship, it is notable that the expected number of

goals scored by the Serie A’s strikers is lower compared to that of the strikers in the

other four leagues.

Out-of-sample forecasting accuracy. In order to inspect the ability in predict

the number of goals based on player’s characteristics, we build a simple forecasting

scenario. In particular, we split randomly the 683 observations in training and test

set, in order to have 75% of the strikers in the training set and 25% in the test

set. Subsequently, we őt all the models on the 513 observations in the training

set. As concerns VSSNH(0.001) and VSSNH(0.01), the values of r and δ are 1082

and 35531, respectively. At this point, we evaluate the point forecasts for the 170

strikers in the test set based on the out-of-sample predictive MSE and the mean

absolute error (MAE). Table 3.2 shows the results obtained. The best performance

is given by PoiLASSO both in terms of MSE and MAE, but the results of all our
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models are comparable. More importantly, our models outperform LASSO, EMVS

and PoiGLM. The latter probably incurs in overőtting issues since no regularization

or variable selection is performed. The bad performances of LASSO and EMVS

suggest that transform the orginal count variable to be approximated by a normal is

a sub-optimal solution with respect to ad-hoc models.

Model MSE MAE

HS 4.89 1.35

VSS(0.001) 4.01 1.25

VSSNH(0.001) 4.03 1.26

VSS(0.01) 4.07 1.27

VSSNH(0.01) 4.14 1.30

BG 3.87 1.22

PoiGLM 5.14 1.41

PoiLASSO 3.77 1.19

LASSO 6.53 1.57

EMVS 8.66 1.87

Table 3.2: MSE and MAE out-of-sample according to different models.
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Variable HS VSS(0.001) BG PoiGLM PoiLASSO LASSO EMVS

Intercept -0.38 (0.17) -0.40 (0.16) -0.38 (0.20) -0.26 (0.21) -0.27 0.77 0.85

BlkPass 0.14 (0.05) 0.12 (0.04) 0.14 (0.08) 0.14 (0.05) 0.10 0.05 0.09

Fls -0.12 (0.08) -0.14 (0.06) 0.00 -0.15 (0.08) 0.00 0.00 0.00

PasTotDist 0.01 (0.25) 0.00 0.00 0.20 (0.25) 0.00 0.00 0.00

CK 0.02 (0.05) 0.00 0.00 -0.02 (0.05) 0.00 0.00 0.00

CarMis -0.02 (0.05) 0.00 0.00 -0.04 (0.06) 0.00 0.00 0.00

ShoDist 0.21 (0.09) 0.19 (0.07) 0.20 (0.12) 0.22(0.09) 0.00 0.00 0.00

TklDriPast -0.11 (0.08) -0.13 (0.07) 0.00 -0.13 (0.08) 0.00 0.00 0.00

2CrdY 0.09 (0.04) 0.00 0.00 0.08 (0.04) 0.00 0.00 0.00

Starts 0.20 (0.06) 0.18 (0.06) 0.20 (0.09) 0.18 (0.06) 0.00 0.00 0.00

Car3rd -0.04 (0.07) 0.00 0.00 -0.07 (0.07) 0.00 0.00 0.00

CrdY -0.08 (0.08) -0.10 (0.07) 0.00 -0.10 (0.08) 0.00 0.00 0.00

CarDis 0.06 (0.05) 0.00 0.00 0.05 (0.05) 0.00 0.00 0.00

TB 0.10 (0.05) 0.00 0.00 0.09 (0.05) 0.00 0.00 0.00

Fld -0.03 (0.04) 0.00 0.00 -0.05 (0.04) 0.00 0.00 0.00

PKcon 0.08 (0.09) 0.00 0.00 0.08 (0.09) 0.00 0.00 0.00

CrdR -0.30 (0.16) -0.32 (0.14) -0.32 (0.19) -0.48 (0.16) 0.00 0.00 0.00

PasTotCmp 0.13 (0.09) 0.11 (0.08) 0.13 (0.12) 0.08 (0.09) 0.00 0.00 0.00

MP 0.11 (0.03) 0.00 0.00 0.09 (0.03) 0.00 0.00 0.00

PKwon 0.06 (0.02) 0.00 0.00 0.04 (0.02) 0.00 0.00 0.00

Age 1.13 (0.04) 1.11 (0.03) 1.13 (0.07) 1.10 (0.04) 0.81 0.39 0.46

SoT 0.34 (0.03) 0.32 (0.02) 0.34 (0.06) 0.32 (0.03) 0.21 0.04 0.00

Assists 0.51 (0.05) 0.49 (0.04) 0.50 (0.08) 0.49 (0.06) 0.31 0.24 0.28

Liga 0.02 (0.11) 0.00 0.00 0.01 (0.11) 0.00 0.00 0.00

Ligue 1 -0.14 (0.10) 0.00 0.00 -0.15 (0.10) 0.00 0.00 0.00

Premier League -0.13 (0.10) 0.00 0.00 -0.14 (0.10) 0.00 0.00 0.00

Serie A -0.18 (0.10) -0.20 (0.10) -0.18 (0.13) -0.21 (0.10) 0.00 0.00 0.00

NationENG -0.11 (0.12) 0.00 0.00 -0.24 (0.15) 0.00 0.00 0.00

NationESP -0.30 (0.12) -0.32 (0.11) -0.30 (0.15) -0.44 (0.15) 0.00 0.00 0.00

NationFRA 0.00 (0.10) 0.00 0.00 -0.11 (0.14) 0.00 0.00 0.00

NationGER -0.21 (0.12) -0.23 (0.11) -0.21 (0.15) -0.33 (0.17) 0.00 0.00 0.00

NationITA -0.04 (0.14) 0.00 0.00 -0.15 (0.18) 0.00 0.00 0.00

NationOther -0.13 (0.08) -0.15 (0.07) -0.13 (0.11) -0.26 (0.13) 0.00 0.00 0.00

Table 3.3: Point estimates of β according to different models őtted on

Football 2022-2023 dataset.



Conclusions

Variational methods are feasible and computationally efficient deterministic approx-

imations to perform inference within the Bayesian framework and they represent a

valid alternative to the usual simulation-based stochastic approximation methods,

such as MCMC. In this thesis we focused on the application of these inferential tech-

niques in order to make variable selection in the Bayesian Poisson regression model.

Variable selection is rising in importance because the number of variables to work

with is growing more and more in lots of modern applications. Furthermore, the

problem of working with many covariates is even more important in the Poisson re-

gression model with canonic link because the explosion of the predictor could lead to

computational issues.

After the comparison between MFVB and MCMC with two simple examples, we

developed and we implemented, via semi-parametric MFVB, Bayesian Poisson re-

gression model with three different options: horseshoe prior (Carvalho et al., 2010),

spike-and-slab prior (Mitchell and Beauchamp, 1988; George and McCulloch, 1993,

1997) and Bernoulli-Gaussian prior (Ormerod et al., 2017; Bernardi et al., 2023). In

order to compare their perfomances, a simulation study has been performed, includ-

ing also the most popular model selection approaches such as Poisson lasso, lasso

(Tibshirani, 1996) and EMVS (Ročková and George, 2014). All the proposed models

provided promising results in terms of variable selection accuracy and point estimates

of the regression coefficients.

A good performance has been achieved also in the application to Football 2022-

2023 dataset. All our algorithms have been compared to Poisson lasso, generalized

linear model (GLM) Poisson, lasso and EMVS in terms of in-sample estimates of the

regression coefficients and out-of-sample forecasting accuracy.

In summary, the main contribution of this work is the development and the imple-

mentation of three Bayesian Poisson regression model through MFVB approach that

allow to make both variable selection and full posterior inference.
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Appendix A

R Code

A.1 Multivariate Gaussian distribution

MCMC algorithm

multivariate.gaussian.MCMC <- function(R, y, hyp , start) {

start.time <- Sys.time()

n <- nrow(y)

d <- ncol(y)

y.mean <- apply(y, 2, mean)

#============= Matrix of results =============

out.mu <- matrix(NA , nrow = R, ncol = d)

out.prec <- array(NA , dim = c(d,d,R))

#============= Hyperparameters ’ setting =============

mu0 <- hyp [[1]]

prec0 <- hyp [[2]]

nu <- hyp [[3]]

v <- hyp [[4]]

#constant hyperparameter in the posterior

post.nu <- nu + n

uno.v <- solve(v)

prec0.nu0 <- prec0 %*% mu0

#============= Defining parameters =============

81
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xstar.mu <- start [[1]]

xstar.prec <- start [[2]]

#============= MCMC algorithm =============

require(mvtnorm)

set.seed (3)

for(i in 1:R) {

#drawn precision

#y.mu.mean <- t(apply(y, 1, function(x) x - xstar.mu))

y.mu.mean <- t(y) - xstar.mu

#y.mean.second.sum <- t(y.mu.mean) %*% y.mu.mean

y.mean.second.sum <- y.mu.mean %*% t(y.mu.mean)

post.v <- solve(uno.v + y.mean.second.sum)

xstar.prec <- rWishart(n = 1, df = post.nu, Sigma = post.v)[,,1]

#drawn mu

post.var.mu <- solve(n* xstar.prec + prec0)

post.mean.mu <- as.vector(post.var.mu %*% (n* xstar.prec

%*% y.mean + prec0.nu0))

xstar.mu <- drop(mvtnorm :: rmvnorm(n = 1, mean = post.mean.mu ,

sigma = post.var.mu))

#returning updated values for mu and precision

out.mu[i,] <- xstar.mu

out.prec[,,i] <- xstar.prec

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(mu.values = out.mu , prec.values = out.prec ,

tempo = total.time [[1]]))

}

MFVB algorithm

#Updating equations of q.mu
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update.MFVB <- function(y, y.sum , prec0 , mu0 , n, d, mu.q.prec ,

nu.q.prec) {

sigma.q.mu <- solve(n*mu.q.prec + prec0)

mu.q.mu <- sigma.q.mu %*% (mu.q.prec %*% y.sum + prec0 %*% mu0)

y.mean <- t(apply(y, 1, function(x) x - mu.q.mu))

y.mean.second <- apply(y.mean , 1, function(x) x %*% t(x))

y.mean.second.sum <- matrix(rowSums(y.mean.second), nrow = d,

ncol = d)

v.q.prec <- solve(y.mean.second.sum + n*sigma.q.mu + solve(v))

mu.q.prec <- nu.q.prec * v.q.prec

return(list(mu.q.mu = mu.q.mu, sigma.q.mu = sigma.q.mu ,

v.q.prec = v.q.prec , mu.q.prec = mu.q.prec))

}

#MFVB algorithm

multivariate.gaussian.MFVB <- function(y, hyp , start , maxIter = 100,

eps_ELBO = 1e-4, Trace = 0) {

start.time <- Sys.time()

n <- nrow(y)

d <- ncol(y)

y.sum <- apply(y, 2, sum)

#============= Defining history variables =============

elbo.out <- numeric ()

mu.q.mu.out <- matrix(NA, nrow = maxIter , ncol = d)

sigma.q.mu.out <- array(NA , dim = c(d,d,maxIter ))

v.q.prec.out <- array(NA , dim = c(d,d,maxIter ))

#============= Hyperparameters ’ setting =============

#hyperparameters (hyp = (mu0 , prec0 , nu , v))

mu0 <- hyp [[1]]

prec0 <- hyp [[2]]

nu <- hyp [[3]]

v <- hyp [[4]]

#============= Initializing optimal parameters =============

mu.q.mu <- start [[1]]

sigma.q.mu <- solve(start [[2]])

v.q.prec <- start [[4]]
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mu.q.prec <- start [[3]]*start [[4]]

#constant optimal hyperparameter in the update

nu.q.prec <- nu + n

#============= MFVB algorithm =============

require(CholWishart)

i <- 1

cond <- FALSE

while(cond != TRUE & i <= maxIter) {

#updating q.mu

new.val <- update.MFVB(y, y.sum , prec0 , mu0 , n, d, mu.q.prec ,

nu.q.prec)

mu.q.mu <- new.val [[1]]

sigma.q.mu <- new.val [[2]]

#updating q.prec

v.q.prec <- new.val [[3]]

mu.q.prec <- new.val [[4]]

#computing lower bound

ELBO <- -n*d/2*log(2*pi) - 0.5* as.vector(t(mu.q.mu - mu0) %*%

prec0 %*% (mu.q.mu - mu0)) + 0.5*log(det(prec0 )) +

0.5 * log(det(sigma.q.mu)) - 0.5 * sum(diag(sigma.q.mu *

prec0)) + d/2 - nu*d/2*log (2) - nu/2*log(det(v)) -

lmvgamma(nu/2, d) + nu.q.prec*d/2*log(2) + nu.q.prec/2*

log(det(v.q.prec)) + lmvgamma(nu.q.prec/2, 2)

#computing lower bound

mu.q.mu.out[i,] <- mu.q.mu

sigma.q.mu.out[,,i] <- sigma.q.mu

v.q.prec.out[,,i] <- v.q.prec

elbo.out <- c(elbo.out , ELBO)

#stopping criterion

if (i > 1) {

#delta1 <- max(abs((parNew -parOld)/parOld ))

delta2 <- (abs((elbo.out[i] - elbo.out[i-1])/elbo.out[i -1]))

#if (( delta1 < eps_Par)&(delta2 < eps_ELBO)) cond <- 1
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if(delta2 < eps_ELBO) cond <- 1

if (Trace == 1) {

#print(paste0 (" iteration: ",i," - parameter variation: ",

#delta1 ," - lower bound increase: ",delta2 ))

print(paste0("iteration:", i, "- lower bound increase: ",

delta2 ))

}

}

if (i > maxIter) cond <- 1

i <- i + 1

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(elbo = elbo.out , mu.mu = mu.q.mu.out [1:(i-1),],

sigma.mu = sigma.q.mu.out[,,1:(i-1)],

nu.prec = nu.q.prec , v.prec = v.q.prec.out[,,1:(i-1)],

iter = i-1, tempo = total.time [[1]]))

}

A.2 Poisson regression model

MCMC algorithm

lposterior.si.sigma <- function(param , dati , hyp) {

#hyp = (alpha , delta)

#param = (beta , sigma2)

x <- dati[,-1]

y <- dati[,1]

p <- ncol(dati) - 1

alpha <- hyp[1]

delta <- hyp[2]

beta <- param [1:p]

sigma2 <- param[p+1]

x.beta.y.sum <- as.vector(t(y) %*% (x %*% beta))

exp.x.beta <- sum(as.vector(exp(x %*% beta )))
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if(sigma2 <= 0) {

return(- Inf)

}

else{

return(-(alpha + p/2 + 1)*log(sigma2) - delta/sigma2 -

0.5/sigma2 * as.vector(t(beta) %*% beta) +

x.beta.y.sum - exp.x.beta)

}

}

#MCMC algorithm

MCMC.si.sigma <- function(dati , hyp , R, start , eps) {

start.time <- Sys.time()

n <- nrow(dati)

p <- ncol(dati) - 1

accepted <- 0

#============= Matrix of results =============

out.beta <- matrix(NA , nrow = R, ncol = p)

out.sigma <- rep(NA , R)

#============= Hyperparameters ’ setting =============

alpha <- hyp[1]

delta <- hyp[2]

#============= Defining parameters =============

x.beta <- start [1:p]

x.sigma <- start[p+1]

#============= MCMC algorithm =============

set.seed (1)

require(mvtnorm)

for(i in 1:R) {

#drawn sigma2

x.sigma <- 1/rgamma(1, alpha + p/2, delta + 0.5*

sum(x.beta*x.beta))

#drawn beta
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xstar.beta <- drop(rmvnorm(1, mean = x.beta ,

sigma = eps*solve(post.Jhat.si.sigma [1:p, 1:p])))

bound <- exp(lposterior.si.sigma(c(xstar.beta , x.sigma), dati ,

hyp) - lposterior.si.sigma(c(x.beta , x.sigma), dati ,

hyp))

if(runif (1) < bound) {

x.beta <- xstar.beta

accepted <- accepted + 1

}

#returning updated values for beta and sigma2

out.sigma[i] <- x.sigma

out.beta[i,] <- x.beta

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(beta.values = out.beta , sigma.values = out.sigma ,

tasso = accepted/R,

tempo = total.time [[1]]))

}

MFVB algorithm

library(msos)

#Natural fixed -point iteration for the update of optimal

#variational density q.beta

update.local.PMFVB.si.sigma <- function(x, y, x.y.sum , mu.q.beta ,

sigma2.q.beta ,

alpha.q.sigma ,

delta.q.sigma , mu.q.1.sigma ,

n, p, eps_local ,

maxIter_local ,

Trace_local) {

#============= Defining history variables =============

elbo.out.local <- numeric ()

mu.q.beta.out <- matrix(NA, nrow = maxIter_local , ncol = p)
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sigma2.q.beta.out <- array(NA , dim = c(p,p,maxIter_local))

#============= Natural fixed -point iteration =============

j <- 1

cond2 <- FALSE

while(cond2 != TRUE & j <= maxIter_local) {

#updating equations of q.mu

log.exp.mu.q.beta <- as.vector(x %*% as.matrix(mu.q.beta)

+0.5 * diag(x %*%

as.matrix(sigma2.q.beta) %*%

t(x)))

exp.mu.q.beta <- as.vector(exp(log.exp.mu.q.beta))

x.exp.mu.q.beta.d1 <- t(x) %*% as.matrix(exp.mu.q.beta)

nu.q.beta <- -mu.q.beta*(alpha.q.sigma/delta.q.sigma) +

x.y.sum - x.exp.mu.q.beta.d1

sigma2.q.beta <- solve( diag(1,p)*mu.q.1. sigma + t(x) %*%

diag(as.vector(exp.mu.q.beta)) %*% x)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta -localized lower bound

entropy.q.beta <- 0.5*p* log(2*pi) + 0.5 * logdet(sigma2.q.beta)

+ 0.5 * p

lprior.beta <- -p/2 * (log(2*pi*delta.q.sigma) -

digamma(alpha.q.sigma))- 0.5*alpha.q.sigma/

delta.q.sigma * (sum(diag(sigma2.q.beta)) +

t(mu.q.beta) %*% mu.q.beta)

logL <- t(y) %*% (x %*% mu.q.beta) - sum(lfactorial(y)) -

(t(rep(1,n)) %*% as.matrix(exp.mu.q.beta))

non.entropy.q.beta <- lprior.beta + logL

ELBO.local <- entropy.q.beta + non.entropy.q.beta

#updating histories

mu.q.beta.out[j,] <- mu.q.beta

sigma2.q.beta.out[,,j] <- sigma2.q.beta

elbo.out.local <- c(elbo.out.local , ELBO.local)

#stopping criterion

if(j > 1) {
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delta2 <- (abs((elbo.out.local[j] - elbo.out.local[j-1])/

elbo.out.local[j -1]))

if(delta2 < eps_local) cond2 <- 1

if (Trace_local == 1) {

print(paste0("iteration:", j, "- local lower bound

increase: ", delta2 ))

}

}

if (j > maxIter_local) cond2 <- 1

j <- j + 1

}

return(list(mu.q.beta = mu.q.beta.out[j-1,],

sigma2.q.beta = sigma2.q.beta.out[,,j-1],

entropy.q.beta = entropy.q.beta , logL = logL))

}

#MFVB algorithm

PMFVB.si.sigma <- function(y, x, hyp , start , eps_local , eps_global ,

maxIter_local , maxIter_global ,

Trace_local = 0, Trace_global = 0) {

start.time <- Sys.time()

n <- nrow(x)

p <- ncol(x)

x.y.sum <- colSums(y * x)

#============= Hyperparameters ’ setting =============

mu.beta <- hyp [[1]]

alpha.sigma <- hyp [[2]]

delta.sigma <- hyp [[3]]

#============= Defining history variables =============

elbo.out.global <- numeric ()

entropy.q.beta.out <- numeric ()

mu.q.beta.out <- matrix(NA, nrow = maxIter_global , ncol = p)

sigma2.q.beta.out <- array(NA , dim = c(p,p,maxIter_global ))

delta.q.sigma.out <- numeric ()
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#============= Initializing optimal parameters =============

mu.q.beta <- start [[1]]

sigma2.q.beta <- start [[2]]

alpha.q.sigma <- start [[3]]

delta.q.sigma <- start [[4]]

mu.q.1. sigma <- alpha.q.sigma/delta.q.sigma

#============= MFVB algorithm =============

i <- 1

cond1 <- FALSE

while(cond1 != TRUE & i <= maxIter_global) {

#updating q.beta

q.mu.update <- update.local.PMFVB.si.sigma(x, y, x.y.sum ,

mu.q.beta ,

sigma2.q.beta ,

alpha.q.sigma ,

delta.q.sigma ,

mu.q.1.sigma ,

n, p, eps_local ,

maxIter_local ,

Trace_local)

mu.q.beta <- q.mu.update [[1]]

sigma2.q.beta <- q.mu.update [[2]]

#updating di q.sigma

alpha.q.sigma <- as.vector(alpha.sigma + p/2)

delta.q.sigma <- as.vector(delta.sigma + 0.5*

(sum(diag(sigma2.q.beta)) + t(mu.q.beta) %*%

mu.q.beta))

mu.q.1. sigma <- alpha.q.sigma/delta.q.sigma

#computing lower bound

entropy.q.sigma <- alpha.q.sigma + log(delta.q.sigma *

gamma(alpha.q.sigma )) - (alpha.q.sigma + 1)*

digamma(alpha.q.sigma)

lprior.sigma <- alpha.sigma*log(delta.sigma) -

lgamma(alpha.sigma) -(alpha.sigma +1)*

(log(delta.q.sigma) + (alpha.sigma + 1)*

digamma(alpha.q.sigma)) - delta.sigma*

mu.q.1. sigma
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entropy.q.beta <- q.mu.update [[3]]

logL <- q.mu.update [[4]]

lprior.beta <- -p/2 * (log(2*pi*delta.q.sigma) -

digamma(alpha.q.sigma))

- 0.5*mu.q.1. sigma *

(sum(diag(sigma2.q.beta)) + t(mu.q.beta) %*%

mu.q.beta)

ELBO.global <- entropy.q.beta + entropy.q.sigma + logL +

lprior.beta + lprior.sigma

#updating history variables

mu.q.beta.out[i,] <- mu.q.beta

sigma2.q.beta.out[,,i] <- sigma2.q.beta

delta.q.sigma.out <- c(delta.q.sigma.out , delta.q.sigma)

elbo.out.global <- c(elbo.out.global , ELBO.global)

#stopping criterion

if(i > 1) {

delta1 <- (abs((elbo.out.global[i] - elbo.out.global[i-1])/

elbo.out.global[i -1]))

if(delta1 < eps_global) cond1 <- 1

if (Trace_global == 1) {

print(paste0("iteration:", i, "- global lower bound

increase: ", delta1 ))

}

}

if (i > maxIter_global) cond1 <- 1

i <- i + 1

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(elbo = elbo.out.global ,

mu.q.beta = mu.q.beta.out [1:(i-1),],

sigma2.q.beta = sigma2.q.beta.out[,,1:(i-1)],

alpha.q.sigma = alpha.q.sigma ,

delta.q.sigma = delta.q.sigma.out , iter = i-1,

tempo = total.time [[1]]))



92 APPENDIX A. R CODE

}

A.3 Poisson regression model with horseshoe prior

MFVB algorithm

library(msos)

#Natural fixed -point iteration for the update of optimal

#variational density q.beta

update.q.beta.horseshoe <- function(y, x, x.y.sum , mu.q.beta ,

sigma2.q.beta , mu.q.1. lambda2 ,

mu.q.1.tau2 , mu.q.log.tau2 ,

mu.q.log.lambda2 , n, p,

eps_beta , maxIter_beta ,

Trace_beta) {

#============= Defining history variables =============

elbo.out.beta <- numeric ()

mu.q.beta.out <- matrix(NA, nrow = maxIter_beta , ncol = p)

sigma2.q.beta.out <- array(NA , dim = c(p,p, maxIter_beta))

#============= Natural fixed -point iteration =============

z <- 1

cond.beta <- FALSE

while(cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu

exp.q.beta <- exp(x %*% mu.q.beta + 0.5 * diag(x %*%

sigma2.q.beta %*% t(x)))

nu.q.beta <- x.y.sum - t(x) %*% exp.q.beta -

mu.q.beta*mu.q.1. lambda2*mu.q.1. tau2

sigma2.q.beta <- - solve(- t(x) %*%

diag(as.vector(exp.q.beta)) %*% x - mu.q.1. lambda2*

mu.q.1. tau2)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta -localized lower bound

entropy.q.beta <- p/2* log(2*pi) + 0.5 *

logdet(sigma2.q.beta) + 0.5 * p

lprior.beta <- -p/2*log(2*pi) -p/2*mu.q.log.tau2 +
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0.5*sum(-mu.q.log.lambda2 - (mu.q.beta^2 +

diag(sigma2.q.beta))*mu.q.1. lambda2*mu.q.1. tau2)

logL <- t(y) %*% (x %*% mu.q.beta) - sum(lfactorial(y)) -

(t(rep(1,n)) %*% exp(x %*% mu.q.beta + 0.5 *

diag(x %*% sigma2.q.beta %*% t(x))))

non.entropy.q.beta <- lprior.beta + logL

ELBO.beta <- entropy.q.beta + non.entropy.q.beta

#updating histories

mu.q.beta.out[z,] <- mu.q.beta

sigma2.q.beta.out[,,z] <- sigma2.q.beta

elbo.out.beta <- c(elbo.out.beta , ELBO.beta)

#stopping criterion

if(z > 1) {

delta.beta <- (abs((elbo.out.beta[z] - elbo.out.beta[z-1])

/elbo.out.beta[z-1]))

if(delta.beta < eps_beta) cond.beta <- 1

if (Trace_beta == 1) {

print(paste0("iteration:", z,

"- beta lower bound increase: ", delta.beta))

}

}

if (z > maxIter_beta) cond.beta <- 1

z <- z + 1

}

return(list(mu.q.beta = mu.q.beta.out[z-1,],

sigma2.q.beta = sigma2.q.beta.out[,,z-1],

entropy.q.beta = entropy.q.beta ,

lprior.beta = lprior.beta , logL = logL))

}

#MFVB algorithm

MFVB.horseshoe <- function(y, x, hyp , start , eps_beta = 1e-4,

eps_ELBO = 1e-4, maxIter_global = 100,

maxIter_beta = 10, Trace_global = 0,

Trace_beta = 0) {

start.time <- Sys.time()
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n <- nrow(x)

p <- ncol(x)

x.y.sum <- colSums(y * x)

#============= Hyperparameters ’ setting =============

mu.beta <- hyp [[1]]

a.eta <- hyp [[2]]

b.eta <- hyp [[3]]

a.tau2 <- hyp [[4]]

a.nu <- hyp [[5]]

b.nu <- hyp [[6]]

a.lambda2 <- hyp [[7]]

#============= Defining history variables =============

elbo.out.global <- numeric ()

mu.q.beta.global.out <- matrix(NA , nrow = maxIter_global ,

ncol = p)

sigma2.q.beta.global.out <- array(NA , dim = c(p,p,maxIter_global ))

a.q.eta.out <- 1

b.q.eta.out <- rep(NA , maxIter_global)

a.q.nu.out <- rep(1, p)

b.q.nu.out <- matrix(NA , nrow = maxIter_global , ncol = p)

a.q.tau2.out <- (p+1)/2

b.q.tau2.out <- matrix(NA , nrow = maxIter_global , ncol = p)

a.q.lambda2.out <- rep(1, p)

b.q.lambda2.out <- matrix(NA , nrow = maxIter_global , ncol = p)

#============= Initializing optimal parameters =============

mu.q.beta <- start [[1]]

sigma2.q.beta <- start [[2]]

omega.q.beta <- solve(sigma2.q.beta)

a.q.eta <- a.q.nu <- a.q.lambda2 <- 1

a.q.tau2 <- (p+1)/2

b.q.eta <- start [[3]]

b.q.nu <- start [[4]]

b.q.tau2 <- start [[5]]

b.q.lambda2 <- start [[6]]

mu.q.1. tau2 <- a.q.tau2/b.q.tau2

mu.q.1. lambda2 <- a.q.lambda2/b.q.lambda2

mu.q.1.nu <- a.q.nu/b.q.nu

mu.q.log.eta <- log(b.q.eta) - digamma(a.q.eta)
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mu.q.log.nu <- log(b.q.nu) - digamma(a.q.nu)

mu.q.log.tau2 <- log(b.q.tau2) - digamma(a.q.tau2)

mu.q.log.lambda2 <- log(b.q.lambda2) - digamma(a.q.lambda2)

#============= MFVB algorithm =============

i <- 1

cond.global <- FALSE

while(cond.global != TRUE & i <= maxIter_global) {

#updating q.beta

q.mu.update <- update.q.beta.horseshoe(y, x, x.y.sum , mu.q.beta ,

sigma2.q.beta ,

mu.q.1. lambda2 ,

mu.q.1.tau2 ,

mu.q.log.tau2 ,

mu.q.log.lambda2 ,

n, p, eps_beta ,

maxIter_beta , Trace_beta)

mu.q.beta <- q.mu.update [[1]]

sigma2.q.beta <- q.mu.update [[2]]

#updating q.eta

b.q.eta <- 1 + a.q.tau2/b.q.tau2

mu.q.1.eta <- a.q.eta/b.q.eta

mu.q.log.eta <- log(b.q.eta) - digamma(a.q.eta)

#updating q.nu

b.q.nu <- 1 + a.q.lambda2/b.q.lambda2

mu.q.1.nu <- a.q.nu/b.q.nu

mu.q.log.nu <- log(b.q.nu) - digamma(a.q.nu)

#updating q.tau2

b.q.tau2 <- a.q.eta/b.q.eta + 0.5*(sum((diag(sigma2.q.beta) +

mu.q.beta ^2)*a.q.lambda2/b.q.lambda2 ))

mu.q.1. tau2 <- a.q.tau2/b.q.tau2

mu.q.log.tau2 <- log(b.q.tau2) - digamma(a.q.tau2)

#updating q.lambda2

if(p == 1)
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b.q.lambda2 <- a.q.nu/b.q.nu + 0.5*(sigma2.q.beta +

mu.q.beta ^2)*a.q.tau2/b.q.tau2

else

b.q.lambda2 <- a.q.nu/b.q.nu + 0.5*(diag(sigma2.q.beta) +

mu.q.beta ^2)*a.q.tau2/b.q.tau2

mu.q.1. lambda2 <- a.q.lambda2/b.q.lambda2

mu.q.log.lambda2 <- log(b.q.lambda2) - digamma(a.q.lambda2)

#computing lower bound

entropy.q.beta <- q.mu.update [[3]]

entropy.q.lambda2 <- sum(a.q.lambda2 + log(b.q.lambda2) +

lgamma(a.q.lambda2) - (a.q.lambda2 +1)*

digamma(a.q.lambda2 ))

entropy.q.tau2 <- a.q.tau2 + log(b.q.tau2) + lgamma(a.q.tau2) -

(a.q.tau2 +1)*digamma(a.q.tau2)

entropy.q.eta <- a.q.eta + log(b.q.eta) + lgamma(a.q.eta) -

(a.q.eta +1)*digamma(a.q.eta)

entropy.q.nu <- sum(a.q.nu + log(b.q.nu) + lgamma(a.q.nu) -

(a.q.nu +1)*digamma(a.q.nu))

lprior.beta <- -p/2*log(2*pi) -p/2*mu.q.log.tau2 -

0.5*sum(mu.q.log.lambda2)-

0.5*sum((diag(sigma2.q.beta)

+ mu.q.beta ^2)*mu.q.1. lambda2*mu.q.1. tau2)

logL <- q.mu.update [[5]]

lprior.lambda2 <- -p*lgamma (0.5) - 0.5*sum (0.5*mu.q.log.nu +

3/2*mu.q.log.lambda2 +

mu.q.1.nu*mu.q.1. lambda2)

lprior.tau2 <- -0.5*mu.q.log.eta - lgamma (0.5)

- 3/2*mu.q.log.tau2 - mu.q.1.eta*mu.q.1. tau2

lprior.eta <- -lgamma (0.5) - 3/2*mu.q.log.eta - mu.q.1. eta

lprior.nu <- -p*lgamma (0.5) - sum(3/2*mu.q.log.nu + mu.q.1.nu)
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ELBO.global <- entropy.q.beta + entropy.q.lambda2 +

entropy.q.tau2 + entropy.q.eta + entropy.q.nu +

logL + lprior.beta + lprior.lambda2 +

lprior.tau2 + lprior.eta + lprior.nu

#updating history variables

elbo.out.global <- c(elbo.out.global , ELBO.global)

mu.q.beta.global.out[i,] <- mu.q.beta

sigma2.q.beta.global.out[,,i] <- sigma2.q.beta

b.q.eta.out[i] <- b.q.eta

b.q.nu.out[i,] <- b.q.nu

b.q.tau2.out[i] <- b.q.tau2

b.q.lambda2.out[i,] <- b.q.lambda2

#stopping criterion

if(i > 1) {

Delta.global <- (abs((elbo.out.global[i] -

elbo.out.global[i-1])/elbo.out.global[i -1]))

if(Delta.global < eps_global) cond.global <- 1

if (Trace_global == 1) {

print(paste0("iteration:", i,

"- global lower bound increase: ",Delta.global ))

}

}

if (i > maxIter_global) cond.global <- 1

i <- i + 1

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(elbo = elbo.out.global ,

mu.q.beta =as.matrix(mu.q.beta.global.out [1:(i-1),]),

sigma2.q.beta=sigma2.q.beta.global.out[,,1:(i-1)],

a.q.eta = a.q.eta.out ,

b.q.eta = b.q.eta.out [1:(i-1)], a.q.nu = a.q.nu.out ,

b.q.nu = as.matrix(b.q.nu.out [1:(i-1),]),

a.q.tau2 = a.q.tau2.out , b.q.tau2 = b.q.tau2 [1:(i-1)],

a.q.lambda2 = a.q.lambda2.out ,

b.q.lambda2 = as.matrix(b.q.lambda2.out [1:(i-1),]),
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iter = i-1, tempo = total.time [[1]]))

}

SAVS algorithm

savs.algorithm <- function(mu.q.beta , X){

p <- ncol(X)

mu.q.beta.star <- numeric(p)

for(j in 1:p){

mu.j <- 1/mu.q.beta[j]^2

sum.x.j.2 <- sum(X[,j]^2)

if(abs(mu.q.beta[j])*sum.x.j.2<= mu.j)

mu.q.beta.star[j] <- 0

else

mu.q.beta.star[j] <- sign(mu.q.beta[j])/sum.x.j.2*

(abs(mu.q.beta[j])*sum.x.j.2 - mu.j)

}

return(mu.q.beta.star)

}

A.4 Poisson regression model with spike-and-slab prior

MFVB algorithm

library(msos)

#Natural fixed -point iteration for the update of optimal

#variational density q.beta

update.q.beta.spike <- function(y, x, x.y.sum , mu.q.beta ,

sigma2.q.beta , mu.q.gamma ,

mu.q.1. lambda1 , mu.q.log.lambda1 ,

lambda0 , n, p, eps_beta ,

maxIter_beta , Trace_beta) {

#============= Defining history variables =============

elbo.out.beta <- numeric ()

mu.q.beta.out <- matrix(NA, nrow = maxIter_beta , ncol = p)

sigma2.q.beta.out <- array(NA , dim = c(p,p, maxIter_beta))

#============= Natural fixed -point iteration =============

z <- 1

cond.beta <- FALSE
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while(cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu

exp.q.beta <- exp(x %*% mu.q.beta + 0.5 * diag(x %*%

sigma2.q.beta %*% t(x)))

nu.q.beta <- x.y.sum - t(x) %*% exp.q.beta -

(1-mu.q.gamma)*mu.q.beta/lambda0 -

mu.q.gamma*mu.q.beta*mu.q.1. lambda1

sigma2.q.beta <- solve((1-mu.q.gamma)/lambda0 +

mu.q.gamma*mu.q.1. lambda1+

t(x) %*% diag(as.vector(exp.q.beta))

%*% x)

mu.q.beta <- mu.q.beta + sigma2.q.beta %*% nu.q.beta

#computing beta -localized lower bound

entropy.q.beta <- 0.5*p* log(2*pi) + 0.5 *logdet(sigma2.q.beta)+

0.5 * p

lprior.beta <- -p/2*log(2*pi) + sum(-(1-mu.q.gamma)*

(log(lambda0)/2 + (mu.q.beta^2 +

diag(sigma2.q.beta))/(2*lambda0 )))+

sum(-mu.q.gamma* 0.5*(mu.q.log.lambda1 +

(mu.q.beta^2 + diag(sigma2.q.beta))/(2)*

mu.q.1. lambda1 ))

logL <- t(y) %*% (x %*% mu.q.beta) - sum(lfactorial(y)) -

(t(rep(1,n)) %*% exp(x %*% mu.q.beta + 0.5 * diag(x %*%

sigma2.q.beta %*% t(x))))

non.entropy.q.beta <- lprior.beta + logL

ELBO.beta <- entropy.q.beta + non.entropy.q.beta

#updating histories

mu.q.beta.out[z,] <- mu.q.beta

sigma2.q.beta.out[,,z] <- sigma2.q.beta

elbo.out.beta <- c(elbo.out.beta , ELBO.beta)

#stopping criterion

if(z > 1) {

delta.beta <- (abs((elbo.out.beta[z] - elbo.out.beta[z-1])/

elbo.out.beta[z -1]))

if(delta.beta < eps_beta) cond.beta <- 1

if (Trace_beta == 1) {

print(paste0("iteration:", z,

"- beta lower bound increase: ",delta.beta))
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}

}

if (z > maxIter_beta) cond.beta <- 1

z <- z + 1

}

return(list(mu.q.beta = mu.q.beta.out[z-1,],

sigma2.q.beta = sigma2.q.beta.out[,,z-1],

entropy.q.beta = entropy.q.beta ,

lprior.beta = lprior.beta , logL = logL))

}

#MFVB algorithm

MFVB.spike.slab <- function(y, x, hyp , start , eps_beta , eps_global ,

maxIter_beta , maxIter_gamma ,

maxIter_global , Trace_beta = 0,

Trace_global = 0) {

n <- nrow(x)

p <- ncol(x)

x.y.sum <- colSums(y * x)

#============= Hyperparameters ’ setting =============

mu.beta <- hyp [[1]][[1]]

r.lambda1 <- hyp [[2]][[1]]

delta.lambda1 <- hyp [[2]][[2]]

a.theta <- hyp [[3]][[1]]

b.theta <- hyp [[3]][[2]]

lambda0 <- hyp [[4]]

#============= Defining history variables =============

elbo.out.global <- numeric ()

mu.q.beta.global.out <- matrix(NA , nrow = maxIter_global ,

ncol = p)

sigma2.q.beta.global.out <- array(NA , dim =c(p,p,maxIter_global ))

mu.q.gamma.global.out <- matrix(NA , nrow = maxIter_global ,

ncol = p)

r.q.lambda1.out <- matrix(NA , nrow = maxIter_global , ncol = p)

delta.q.lambda1.out <- matrix(NA, nrow = maxIter_global , ncol = p)

a.q.theta.out <- numeric ()

b.q.theta.out <- numeric ()
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#============= Initializing optimal parameters =============

mu.q.beta <- start [[1]]

sigma2.q.beta <- start [[2]]

omega.q.beta <- solve(sigma2.q.beta)

mu.q.gamma <- start [[3]]

w <- log(mu.q.gamma / (1-mu.q.gamma))

r.q.lambda1 <- start [[4]]

delta.q.lambda1 <- start [[5]]

a.q.theta <- start [[6]]

b.q.theta <- start [[7]]

mu.q.log.theta <- digamma(a.q.theta) - digamma(a.q.theta +

b.q.theta)

mu.q.log.1. theta <- digamma(b.q.theta) - digamma(a.q.theta +

b.q.theta)

mu.q.1. lambda1 <- r.q.lambda1/delta.q.lambda1

mu.q.log.lambda1 <- log(delta.q.lambda1) - digamma(r.q.lambda1)

#============= MFVB algorithm =============

start.time <- Sys.time()

i <- 1

cond.global <- FALSE

while(cond.global != TRUE & i <= maxIter_global) {

#updating q.beta

q.mu.update <- update.q.beta.spike(y, x, x.y.sum , mu.q.beta ,

sigma2.q.beta , mu.q.gamma ,

mu.q.1. lambda1 ,

mu.q.log.lambda1 ,lambda0 ,

n, p,eps_beta ,

maxIter_beta , Trace_beta)

mu.q.beta <- q.mu.update [[1]]

sigma2.q.beta <- q.mu.update [[2]]

#updating q.gamma

for(j in 1:p){

w[j] <- mu.q.log.theta - mu.q.log.1. theta -

(mu.q.beta[j]^2 + diag(sigma2.q.beta)[j])*

(mu.q.1. lambda1[j]-1/lambda0)/2-

0.5*(mu.q.log.lambda1[j] - log(lambda0 ))

mu.q.gamma[j] <- 1/(1 + exp(-w[j]))
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}

mu.q.gamma[which(mu.q.gamma == 1.)] <- 0.99

mu.q.gamma[which(mu.q.gamma == 0.)] <- 0.01

#updating q.lambda

r.q.lambda1 <- r.lambda1 + mu.q.gamma/2

if(p == 1)

delta.q.lambda1 <- delta.lambda1 +

mu.q.gamma*(mu.q.beta^2 + sigma2.q.beta)/(2)

else

delta.q.lambda1 <- delta.lambda1 +

mu.q.gamma*(mu.q.beta^2 + diag(sigma2.q.beta))/(2)

mu.q.1. lambda1 <- r.q.lambda1/delta.q.lambda1

mu.q.log.lambda1 <- log(delta.q.lambda1) - digamma(r.q.lambda1)

#updating q.theta

a.q.theta <- a.theta + sum(mu.q.gamma)

b.q.theta <- b.theta + p - sum(mu.q.gamma)

mu.q.log.theta <- digamma(a.q.theta) - digamma(a.q.theta +

b.q.theta)

mu.q.log.1. theta <- digamma(b.q.theta) - digamma(a.q.theta +

b.q.theta)

#computing lower bound

entropy.q.beta <- q.mu.update [[3]]

entropy.q.gamma <- - sum(mu.q.gamma * log(mu.q.gamma) +

(1-mu.q.gamma) * log(1-mu.q.gamma))

entropy.q.lambda1 <- sum(-r.q.lambda1*log(delta.q.lambda1) +

lgamma(r.q.lambda1 )+ delta.q.lambda1*

mu.q.1. lambda1+ (r.q.lambda1 +1)*

mu.q.log.lambda1)

entropy.q.theta <- -(a.q.theta - 1)* mu.q.log.theta -

(b.q.theta - 1)*mu.q.log.1. theta +

lbeta(a.q.theta , b.q.theta)

lprior.beta <- -p/2*log(2*pi)+ sum(-(1-mu.q.gamma)*

(log(lambda0)/2 + (mu.q.beta^2 +

diag(sigma2.q.beta))/(2*lambda0 )))+

sum(-(mu.q.gamma)* 0.5*mu.q.log.lambda1 *
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(mu.q.beta^2 + diag(sigma2.q.beta))/(2)*

mu.q.1. lambda1)

lprior.gamma <- sum((1-mu.q.gamma)*mu.q.log .1. theta+

mu.q.gamma*mu.q.log.theta)

lprior.theta <- (a.theta - 1)*mu.q.log.theta + (b.theta - 1)*

mu.q.log.1. theta - lbeta(a.theta , b.theta)

lprior.lambda1 <- p*r.lambda1 [1]*log(delta.lambda1 [1]) -

p*lgamma(r.lambda1 [1]) - delta.lambda1 [1]*

sum(mu.q.1. lambda1)- (r.lambda1 [1] + 1)*

sum(mu.q.log.lambda1)

logL <- q.mu.update [[5]]

ELBO.global <- entropy.q.beta + entropy.q.gamma +

entropy.q.lambda1 + entropy.q.theta +

lprior.beta + lprior.gamma + logL +

lprior.lambda1 + lprior.theta

#updating history variables

elbo.out.global <- c(elbo.out.global , ELBO.global)

mu.q.beta.global.out[i,] <- mu.q.beta

sigma2.q.beta.global.out[,,i] <- sigma2.q.beta

mu.q.gamma.global.out[i,] <- mu.q.gamma

r.q.lambda1.out[i,] <- r.q.lambda1

delta.q.lambda1.out[i,] <- delta.q.lambda1

a.q.theta.out <- c(a.q.theta.out , a.q.theta)

b.q.theta.out <- c(b.q.theta.out , b.q.theta)

#stopping criterion

if(i > 1) {

Delta.global <- (abs((elbo.out.global[i] -

elbo.out.global[i-1])/

elbo.out.global[i -1]))

if(Delta.global < eps_global) cond.global <- 1

if (Trace_global == 1) {

print(paste0("iteration:", i,

"- global lower bound increase: ", Delta.global ))

}

}
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if (i > maxIter_global) cond.global <- 1

i <- i + 1

}

end.time <- Sys.time()

#============= Computing computational effort =============

total.time <- end.time - start.time

return(list(elbo = elbo.out.global ,

mu.q.beta=as.matrix(mu.q.beta.global.out [1:(i-1),]),

mu.q.gamma=as.matrix(mu.q.gamma.global.out [1:(i-1),]),

sigma2.q.beta=sigma2.q.beta.global.out[,,1:(i-1)],

a.q.theta = a.q.theta.out ,

b.q.theta = b.q.theta.out ,

r.q.lambda1=as.matrix(r.q.lambda1.out [1:(i-1),]),

delta.q.lambda1=as.matrix(delta.q.lambda1.out [1:(i-1),]),

iter = i-1, tempo = total.time [[1]]))

}

A.5 Poisson regression model with Bernoulli-Gaussian

prior

MFVB algorithm

#Function for the creation of matrix (n, p) with each row composed

#by the elements in the production for the update of optimal

#variational densities q.beta.j and q.gamma.j

prod.elementi.start <- function(x, mu.q.gamma , mu.q.beta ,

sigma2.q.beta , n, p) {

matrice.prod <- matrix(NA, nrow = n, ncol = p)

if(p == 1)

matrice.prod <- as.vector (1 - mu.q.gamma + mu.q.gamma*exp(x *

mu.q.beta + sigma2.q.beta * x^2/2))

else{

for(j in 1:p)

matrice.prod[,j] <- 1 - mu.q.gamma[j] + mu.q.gamma[j]*

exp(x[,j] * mu.q.beta[j] + (sigma2.q.beta[j] * x[,j]^2)/

2)

}
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return(as.matrix(matrice.prod))

}

#Function for the change of the column j in the matrix of elements

#in the production for the update of q.beta.j and q.gamma.j

change.prod.elementi.j <- function(x, mu.q.gamma , mu.q.beta ,

sigma2.q.beta , j, p) {

if(p == 1)

return(1-mu.q.gamma + mu.q.gamma*exp(x * mu.q.beta +

sigma2.q.beta * x^2/2))

else

return(1-mu.q.gamma[j] + mu.q.gamma[j]*exp(x[,j] *

mu.q.beta[j] + (sigma2.q.beta[j] * x[,j]^2)/2))

}

#Function for the computation of the production in the update of

#optimal variational densities q.beta.j and q.gamma.j

produttoria.q.beta.q.gamma <- function(elementi.prod , j ){

elementi.prod.partial <- as.matrix(elementi.prod[,-j])

return(apply(elementi.prod.partial , 1, function(x) prod(x)))

}

#Natural fixed -point iteration for the update of optimal

#variational density q.beta

update.q.beta.j <- function(y, x, sigma2.beta , mu.q.beta ,

sigma2.q.beta , mu.q.gamma ,

elementi.prod , maxIter_beta , eps_beta ,

Trace_beta , j, nu.q.beta) {

n <- nrow(x)

p <- ncol(x)

#============= Defining history variables =============

elbo.out.beta <- c()

mu.q.beta.out <- rep(NA, maxIter_beta)

sigma2.q.beta.out <- rep(NA, maxIter_beta)

nu.q.beta.out <- rep(NA,maxIter_beta)

#============= Natural fixed -point iteration =============



106 APPENDIX A. R CODE

z <- 1

cond.beta <- FALSE

if(p == 1)

produttoria.no.j <- rep(1,n)

else

produttoria.no.j<-produttoria.q.beta.q.gamma(elementi.prod ,

j)

while(cond.beta != TRUE & z <= maxIter_beta) {

#updating equations of q.mu

exp.q.beta.j <- mu.q.gamma[j] * exp(x[,j]*mu.q.beta[j] +

sigma2.q.beta[j]*(x[,j]^2)/2)

nu.q.beta[j] <- -mu.q.beta[j]/sigma2.beta + t(x[,j] *

mu.q.gamma[j]) %*% y - t(produttoria.no.j) %*%

(x[,j] * exp.q.beta.j)

sigma2.q.beta[j] <- as.vector(solve( 1/sigma2.beta +

t(produttoria.no.j) %*%

(x[,j]^2 * exp.q.beta.j)))

mu.q.beta[j] <- mu.q.beta[j] + sigma2.q.beta[j]*nu.q.beta[j]

elementi.prod[,j] <- change.prod.elementi.j(x, mu.q.gamma ,

mu.q.beta , sigma2.q.beta , j, p)

#computing beta -localized lower bound

produttoria.total <- apply(elementi.prod , 1, function(x)

prod(x))

entropy.q.beta.j <- 0.5*log(sigma2.q.beta[j]) + 1/2 +

0.5*log(2*pi)

lprior.beta.j <- - 0.5*log(2*pi) - 1/2*log(sigma2.beta) -

1/(2*sigma2.beta)*(sigma2.q.beta[j] +

mu.q.beta[j]^2)

if(p == 1){

logL <- as.vector( t(x * mu.q.gamma * mu.q.beta) %*% y -

sum(lfactorial(y)) - sum(elementi.prod))

} else{

logL <- as.vector(t(x %*% diag(mu.q.gamma) %*% mu.q.beta)

%*% y) - sum(lfactorial(y)) -

sum(produttoria.total)

}

non.entropy.q.beta.j <- lprior.beta.j + logL



A.5. POISSON REGRESSION MODEL WITH BERNOULLI-GAUSSIAN PRIOR107

ELBO.beta.j <- entropy.q.beta.j + lprior.beta.j + logL

#updating histories

mu.q.beta.out[z] <- mu.q.beta[j]

sigma2.q.beta.out[z] <- sigma2.q.beta[j]

nu.q.beta.out[z] <- nu.q.beta[j]

elbo.out.beta <- c(elbo.out.beta , ELBO.beta.j)

#stopping criterion

if(z > 1) {

Delta.beta <- (abs((elbo.out.beta[z] -

elbo.out.beta[z-1])/

elbo.out.beta[z -1]))

if(Delta.beta < eps_beta) cond.beta <- 1

if(Trace_beta == 1) {

print(paste0("iteration:", z,

"- beta lower bound increase: ", Delta.beta))

}

}

if (z > maxIter_beta) cond.beta <- 1

z <- z + 1

}

return(list(mu.q.beta.j = mu.q.beta.out[z-1],

sigma2.q.beta.j = sigma2.q.beta.out[z-1],

nu.q.beta.j = nu.q.beta.out[z-1]))

}

#gamma.j-localized component of lower bound

update.gamma.j <- function(mu.q.gamma.j, y, x, alpha.rho ,

delta.rho , mu.q.beta , sigma2.q.beta ,

elementi.prod , mu.q.log.rho ,

mu.q.log.1.rho , mu.q.gamma , j) {

p <- ncol(x)

n <- nrow (x)

entropy.q.gamma <- - (mu.q.gamma.j * log(mu.q.gamma.j) +

(1-mu.q.gamma.j)*log(1-mu.q.gamma.j))

if(p == 1) {
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logL <- as.vector(t(x * mu.q.gamma.j * mu.q.beta) %*% y -

sum(lfactorial(y)) -sum(1 - mu.q.gamma.j +

mu.q.gamma.j*exp(x*mu.q.beta + sigma2.q.beta*x^2/2)))

}

else if(p == 2){

produttoria.no.j <- produttoria.q.beta.q.gamma(elementi.prod ,

j)

logL <- (t(x[,-j] * mu.q.gamma[-j] * mu.q.beta[-j]) %*% y) +

(t(x[,j] * mu.q.gamma.j * mu.q.beta[j]) %*% y) -

sum(lfactorial(y)) - sum(produttoria.no.j *

(1 - mu.q.gamma.j + mu.q.gamma.j*exp(x[,j]*

mu.q.beta[j] + sigma2.q.beta[j]*(x[,j]^2)/2)))

}

else{

produttoria.no.j <- produttoria.q.beta.q.gamma(elementi.prod ,

j)

logL <- (t(x[,-j] %*% diag(mu.q.gamma[-j]) %*% mu.q.beta[-j])

%*% y) + (t(x[,j] * mu.q.gamma.j * mu.q.beta[j])%*%

y) - sum(lfactorial(y)) - sum(produttoria.no.j *

(1 - mu.q.gamma.j + mu.q.gamma.j*exp(x[,j]*

mu.q.beta[j] + sigma2.q.beta[j]*(x[,j]^2)/2)))

}

lprior.gamma <- mu.q.gamma.j*mu.q.log.rho +(1-mu.q.gamma.j)*

mu.q.log.1.rho

ELBO.gamma <- entropy.q.gamma + lprior.gamma + logL

return(ELBO.gamma)

}

#first derivative of gamma.j-localized component of lower bound

der.prime.gamma.j <- function(mu.q.gamma.j, y, x, mu.q.beta ,

sigma2.q.beta , mu.q.gamma ,

elementi.prod , mu.q.log.rho ,

mu.q.log.1.rho , j) {

p <- ncol(x)

if(p == 1)

produttoria.no.j <- rep(1, n)

else

produttoria.no.j <- produttoria.q.beta.q.gamma(elementi.prod ,
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j)

output <- mu.q.log.rho - mu.q.log .1. rho - log(mu.q.gamma.j) -

1 + 1/(1-mu.q.gamma.j) + log(1 - mu.q.gamma.j)-

mu.q.gamma.j/(1 - mu.q.gamma.j) + t(x[,j] *

mu.q.beta[j]) %*% y - sum(produttoria.no.j *

(exp(x[,j]*mu.q.beta[j] + sigma2.q.beta[j]*(x[,j]^2)

/2) -1))

return(output)

}

#MFVB algorithm

MFVB.norm.bern.beta <- function(y, x, hyp , start , eps_beta ,

eps_gamma , eps_global ,

maxIter_beta ,

maxIter_gamma , maxIter_global ,

Trace_beta = 0,Trace_global = 0){

start.time <- Sys.time()

#============= Hyperparameters ’ setting =============

mu.beta <- hyp [[1]][[1]]

sigma2.beta <- hyp [[1]][[2]]

alpha.rho <- hyp [[2]][[1]]

delta.rho <- hyp [[2]][[2]]

n <- nrow(x)

p <- ncol(x)

#============= Defining history variables =============

elbo.out.global <- numeric ()

mu.q.beta.global.out <- matrix(NA , nrow = maxIter_global ,

ncol = p)

sigma2.q.beta.global.out <- matrix(NA , ncol = p,

nrow = maxIter_global)

mu.q.gamma.out <- matrix(NA, nrow = maxIter_global , ncol = p)

alpha.q.rho.out <- numeric ()

delta.q.rho.out <- numeric ()

nu.q.beta.global.out <- matrix(NA , nrow = maxIter_global ,

ncol = p)

#============= Initializing optimal parameters =============

mu.q.beta <- start [[1]]

sigma2.q.beta <- start [[2]]

omega.q.beta <- 1/sigma2.q.beta
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mu.q.gamma <- start [[3]]

alpha.q.rho <- start [[4]]

delta.q.rho <- start [[5]]

mu.q.log.rho <- digamma(alpha.q.rho) + digamma(alpha.q.rho +

delta.q.rho)

mu.q.log.1.rho <- digamma(delta.q.rho) + digamma(alpha.q.rho +

delta.q.rho)

nu.q.beta <- mu.q.beta

elementi.prod <- prod.elementi.start(x, mu.q.gamma , mu.q.beta ,

sigma2.q.beta , n, p)

#============= MFVB algorithm =============

i <- 1

cond.global <- FALSE

while(cond.global != TRUE & i <= maxIter_global) {

#updating q.beta

for(j in 1:p){

q.beta.j.update <- update.q.beta.j(y, x, sigma2.beta ,

mu.q.beta , sigma2.q.beta , mu.q.gamma ,

elementi.prod , maxIter_beta[j],

eps_beta[j], Trace_beta[j], j,

nu.q.beta)

mu.q.beta[j] <- q.beta.j.update [[1]]

sigma2.q.beta[j] <- q.beta.j.update [[2]]

nu.q.beta[j] <- q.beta.j.update [[3]]

}

#updating q.gamma

for(j in 1:p){

mu.q.gamma[j] <- optim(mu.q.gamma[j],

function(z) -update.gamma.j(z, y, x,

alpha.rho , delta.rho ,

mu.q.beta ,

sigma2.q.beta ,

elementi.prod ,

mu.q.log.rho ,

mu.q.log.1.rho ,

mu.q.gamma , j),
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function(z) -der.prime.gamma.j(z, y,

x, mu.q.beta ,

sigma2.q.beta ,

mu.q.gamma ,

elementi.prod ,

mu.q.log.rho ,

mu.q.log.1.rho , j),

method = "L-BFGS -B",

lower = 0.01, upper = 0.99)$par

elementi.prod[,j] <- change.prod.elementi.j(x, mu.q.gamma ,

mu.q.beta , sigma2.q.beta , j, p)

}

#updating q.rho

alpha.q.rho <- alpha.rho + sum(mu.q.gamma)

delta.q.rho <- delta.rho + p - sum(mu.q.gamma)

mu.q.log.rho <- digamma(alpha.q.rho) + digamma(alpha.q.rho +

delta.q.rho)

mu.q.log.1.rho <- digamma(delta.q.rho) +digamma(alpha.q.rho+

delta.q.rho)

#computing lower bound

entropy.q.beta <- p/2*log(2*pi)+0.5*sum(log(sigma2.q.beta)) +

p/2

entropy.q.gamma <- - sum(mu.q.gamma * log(mu.q.gamma) +

(1-mu.q.gamma) * log(1-mu.q.gamma))

entropy.q.rho <- -(alpha.q.rho - 1)* mu.q.log.rho -

(delta.q.rho - 1)*mu.q.log .1. rho +

lbeta(alpha.q.rho , delta.q.rho)

lprior.beta <- -p/2*log(2*pi) - p/2*log(sigma2.beta) -

1/(2*sigma2.beta)*sum(sigma2.q.beta+

mu.q.beta ^2)

lprior.gamma <- sum(mu.q.gamma*mu.q.log.rho +(1-mu.q.gamma)*

mu.q.log.1.rho)

if(p == 1){

logL <- as.vector(t(x * mu.q.gamma * mu.q.beta) %*% y -
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sum(lfactorial(y)) - sum(elementi.prod))

}

else{

produttoria.total <- apply(elementi.prod , 1, function(x)

prod(x))

logL <- as.vector(t(x %*%diag(mu.q.gamma)%*%mu.q.beta) %*%

y) - sum(lfactorial(y)) - sum(produttoria.total)

}

lprior.rho <- (alpha.rho - 1)*mu.q.log.rho + (delta.rho - 1)*

mu.q.log.1.rho - lbeta(alpha.rho , delta.rho)

ELBO.global <- entropy.q.beta + entropy.q.gamma +

entropy.q.rho + lprior.beta +

lprior.gamma + logL + lprior.rho

#updating history variables

mu.q.beta.global.out[i,] <- mu.q.beta

sigma2.q.beta.global.out[i,] <- sigma2.q.beta

mu.q.gamma.out[i,] <- mu.q.gamma

alpha.q.rho.out <- c(alpha.q.rho.out , alpha.q.rho)

delta.q.rho.out <- c(delta.q.rho.out , delta.q.rho)

elbo.out.global <- c(elbo.out.global , ELBO.global)

#stopping criterion

if(i > 1) {

Delta.global <- (abs((elbo.out.global[i] -

elbo.out.global[i-1])/

elbo.out.global[i -1]))

if(Delta.global < eps_global) cond.global <- 1

if (Trace_global == 1) {

print(paste0("iteration:", i,

"- global lower bound increase: ", Delta.global ))

}

}

if (i > maxIter_global) cond.global <- 1

i <- i + 1

}

end.time <- Sys.time()

#============= Computing computational effort =============
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total.time <- end.time - start.time

return(list(elbo = elbo.out.global ,

mu.q.beta = mu.q.beta.global.out [1:(i-1),],

mu.q.gamma = mu.q.gamma.out [1:(i-1),],

sigma2.q.beta=sigma2.q.beta.global.out [1:(i-1),],

alpha.q.rho = alpha.q.rho.out ,

delta.q.rho = delta.q.rho.out , iter = i-1,

tempo = total.time [[1]]))

}
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