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Preface

One of the most influential theories for elliptic equations of the following form
—div(A(z)Vu(z)) = 0 is the De Giorgi-Nash-Moser theorem on the continuity
of weak solutions to uniformly elliptic equations. Ennio De Giorgi first proved
the theorem in 1957 [1] and indipendently was also discovered by Jonh Nash [2]
in 1958. Later J. Moser [3] in 1960 gave a proof using the powers of the solution
and John-Nirenberg inequality. De Giorgi used the theorem to solve Hilbert’s
19th problem and his proof has far reaching influence on the whole field of the
analysis of partial differential equations.

In the first chapter we will exhibit a more generalized version of the De Giorgi
method combined with the use of Harnack’s inequality to show the iteration of
Moser. Applying the De Giorgi-Nash-Moser theorem we obtain that Dw € C%<.
Then, with a bootstrap argument, we will conclude the solution to the Hilbert
problem with the Calderon—Zygmund result.

After exhibiting some applications of Harnack’s inequality, in the last chapter
we will shift our focus on proving the Harnack’s inequality on general second-
order elliptic equation of the form —Awu + b - Vu + au = 0. In the previous
elliptic equation we set A = 1 to concentrate on the coefficients a, b of inferior
order. The qualitative properties of solutions to elliptic and parabolic equations
in divergence form with low regularity of the coefficients have been studied
extensively, starting with the classical papers of De Giorgi [1], Nash [2], and
Moser [3]. We are mostly interested in the improved regularity for divergence
free drifts b, which arise in fluid dynamics models [12].



1 Elliptic equations

In this section, we consider the following linear equation, set on some domain
(i.e. nonempty, open, connected set) of R™, where n > 2:

"D 0
—di = — v =
div(A(2) Vu()) Z_Ej::l (0 (@) sul@) =0, (1)
where the matrix A(z) = [a¥(x)]1<i j<» has measurable entries. If u is such

that (1) holds we will write Lyu = 0 to abbreviate the future notations. We
will also need the boundedness and ellipticity of A, therefore there exist A > 1
such that

AT < A(z) < AT (2)

for almost all z, where the previous inequality is meant in the following sense:
for almost all x and for all £ € R™ with modulus 1, we require

ATH< (g, AR)E) < A,

for some A > 1. If the matrix A is diagonalizable and (\;(z))1<;<» denote the
eigenvalues of A(xz), this condition is equivalent to A= < \;(z) < A for almost
every x. This also means that A is positive definite.

Definition 1.0.1 (Weak solution). Let Q@ C R™ be open and bounded. We say
that u € WH2(Q) is a weak solution of (1) if the equation

/Q<V¢($)7A(:c)Vu(z)>d:c =0

holds for all test functions ¢ € C(£2).

Theorem 1.0.2 (De Giorgi, Nash, Moser). Let u € W1%(Q) be a weak
solution of (1) where A fulfils the condition (2). Then there exists 0 < a(n,A) <
1 such that u € C%*(QY) for all Q' relatively compact in Q. Moreover, there
exists C(n, A, Q, Q") > 0 such that the following norm estimate holds:

|ul| co.e () < CllullL2(q)-



The method of De Giorgi

In the following subchapter we will prove Theorem 1.0.2 for a general matrix A
which satisfies (2), contrarily to the work of De Giorgi ( see [1]), who confined
to consider A symmetric. Anyway, we will consider a general matrix and do not
require A to be symmetric.

Remark 1.0.2.1. Let u € W2 be a weak solution of (3.1) on some domain Q,
where A fulfils (2). Scalings and translations of u solve a similar equation, for
which (2) still holds. In more detail let A > 0, xg € Q and € > 0 and define

v(y) = Au(zo + €y),
forye Qc {y eR": 2o+ ey € Q). Let ¢ € C(Q) and define ¢ == y —
Y(xo+ey),B:=y — Az + ey). We then have

/fz (Vyo(y), B(y)Vy(y))dy = /Q (EAV u(zo + €y), A(zo + €y)eVad(xo + €y))dy,

O\ / (Vau(z), Az)V,b(z))dz
A
= ()7
due to the fact that ¢ € C°(Q). From the previous equation it follows that v is
a weak solution on Ly on ), where B satisfies (2).

Remark 1.0.2.2. Without loss of generality it is enough to prove the theorem
on the balls By and By, since by translation and scaling one can get the desired
result for any ball as follows: let d = dist(Q',00Q). For any xo € ', we define

F(2) = u(ao + da),

where x € By, so that by the previous remark, f is a weak solution Ly, =0 on
By, where By :=y — A(zo + dy) fulfils (2). Then v € C%*(By ) where o does
not depend on xo or d, therefore u € C%(€)).

The proof can be split in two steps: the first one consists in estimating the
supremum of u using the energy. For the second one we can use the estimate in
L°°(£Y'), to prove the fact that u is in C%(Q).

First step: the supremum bound

Lemma 1.0.3. There exists 6 > 0, which depends only on n and A, such that
for any u € WY2(By) which is a weak solution of (1) in By, where A fulfils (2),
the following proposition is true: if

lusllzz(m,) <9,

then
1
lusllze(m,) < 3
2



First of all we introduce some notation. We initially define the following
family of balls centered in the origin:

Bllc =B 1

2(14+2—F) ’

which by definition satisfy By = By and limg_, o B}, = By /5. We will also define
1—2-F

up, := (u — =——5— )4 which is the positive part of the function u — % and we
define as well
U, = / lug (z)|*d.
By,
We would like to derive an estimate of the following form
Uy 1 < CFUY, (3)

where C' > 1 and § > 1. Using that by definition Uy = ||u+||2L2(Bl) and

limy 00 C* = +o00, since B > 1 if Uy ( the L?— norm of u; on Bj) is small
enough, this factor will overwhelm the factor C* and the sequence U}, converges
to 0, which means that by dominated convergence

/131 (u(m) - %)idx =0,

2

which implies that u(z) < 1 for almost every z in B, therefore u € LOO(B%). In
the previous propositions we introduced the key ideas to the proof of the Lemma
1.0.3 which consisted in proving the estimate (3) and using this inequality to
prove u € L°(B1) in a rigorous way. To prove the estimate (3) we have to
apply the three following well-known inequalities:

Theorem 1.0.4 (Sobolev’ s inequality). Assume n > 3. Let 2* = 2% For
any smooth, bounded domain Q) C R™ there exist a constant S such that for any
u € HE(Q) we have the following inequality:

lull L2 (@) < SIVulZ2 (0. (4)

Proof. We initially remark that is enough to prove the theorem in case u €
C3°(£2) by density. We firstly assume that p = 1, then p* = —25. Due to the
fact that u has compact support we obtain that

T
|’U,(.’II)‘ S / ‘uajl (xla ey Li—15 Y1y Li41y e - - 7xn)|dyz
—0o0

+oo

S/ ‘Du(xl,~~~;>$i717yi7$i+1w~~>xn)|dyi
— 00

for all i € {1,...,n} therefore taking the product we obtain

n
Py < H(/
i=1

— 00

+oo 1

n—1
|Du(9€17~~~,5Ei71,yi,$i+1,--wxn)|dyi) .

u(z)




Integrating the previous inequality with respect to x; we obtain:

“+o00 " +oo N “+o00 ﬁ
/ |u|7=Tdz; < / H(/ |Du|dyi> dxy

—o0 —oo ;1 /-

([ )™ [T ) T

—00 ;o W/ —00

< (/_:0 |Du|dy1)n7il (1—1212 /_:O /_:C \DUWIIHGZ.%)ﬁ

where the last inequality follows from Holder’ s inequality. Iterating the proce-
dure with respect to the other variables we obtain

/\u|ﬁda¢§(/ |Du|ﬁdac)m
n Rn

as desired. Now we will consider the case 1 < p < n. We apply the previous
estimate on v := |u|*. Then

n—1

(/ |u|%dac) " S/ \D\u|0‘|dx:a/ |u|*~ Y Du|da
n Rr R™
e N 1
< a(/ |u|(°‘_1)dex) (/ |Du|pdx)f
n R™ P

where in the last inequality we applied the general Holder’ s inequality and if

we choose a such that ;% = (o — 1), therefore a := p(:i:;) > 1, we obtain
that 2% = = = p* from which it follows that
p(n—1)
[ull Lo mny < ——— 1 Dull o ®n)>
which proves the general theorem with S, = % and assigning p = 2 we

obtain the thesis. O

Theorem 1.0.5 (Markov’s inequality). Let f be a positive and measurable func-
tion. Then we have the following inequality for any a > 0:

o ) 2 ) < VI

Proof. Since f is positive the theorem follows trivially from:

1l = / f(@)de > / f@)ds > / wdz. o
Rm {z:f(x)>a} {z:f(x)>a}

Theorem 1.0.6 (Cacciopoli inequality). Let u € W2(B,) be a weak solution
of Lyu = 0, where A fulfils (2), and let ¢ € C°(B,). Then there exists C > 0
independent of u such that the following inequality holds:

| IVeuPa <ol [ ke

B, B,.Nsupp ¢



Moreover C = A? if the matriz A is symmetric.

Proof. Since u is a weak solution of Lyu = 0, testing with ¢?u, we obtain

/ (V(¢*uy), AVu,)dr = 0.
B,

And we do the following computations to use the fact that the matrix A satisfies

(2):
0:/3 (V(¢*uy), AVu,)dr

r

9\03\9\9\03\03\

(Y ($us), AV, )dz + / ($us)V (), AV Y

r s

(V(6us) AT (0u)) = [ (Vo) Voo + [ (6u)Vo,AVuL)da

r B, B

(Sus), Aldus))dz — /B (V(up), (A — AT)u, Ve)da

[ (V(buy) ATu, V) + / ($us )V, AV Y

B,

(V(us), AV (us))dz — / (V(dur), (A — AT)u, Vo)da

r B

(V0. AT6)do — [ (0u) Vi ATV + [ {(00)V6, AT ) o

r B
And if the matrix A is symmetric the second term vanishes and we obtain
/| (V). AT (G, ))dr = /| (V6. ATV 0}
and using the ellipticity (2) of the matrix A we obtain
/BT |V (puy)|Pde < A? /B U3 Vo Pdr < A?|| V|7 /Bmsupquuz*dx'

If A is not symmetric we use the following estimate:

‘/ V(puy), (A — AT u, Vo) d:c‘</ (|<V(¢u+),Au+V¢>\+|<AV(¢u+)7u+V¢>>\)dw
< 2A[|V(du )l 2 [|us Vo 2

<208 ( /B (V(6us), AV(duy))dr) s

"

< %/ (V(¢u+),AV(¢u+)>dx+2A3/ u? |Vl dx

s B,



where in the penultimate line we used the ellipticity condition and in the last
line we used a? + b? > 2ab. Plugging this inequality in the expression above we
obtain

1
i/ (V). AV (G ) — AL+ 20%) [ wIvopis <o,

r

and using the ellipticity again we obtain:

/ |V (puy)|?de < 2A%(1 + 2A2)/ u |Vé|*d
B,

r

<M AVolEe [ e
BrNsupp ¢

which concludes the proof.
O

Once showed the previous theorems we can proceed to the proof of Uy <
Cku,f by defining the following family of cut-off functions ¢y such that: ¢y €
C>(By._,) and ¢y = 1 in B}, with |[V¢y|z~ < C - 2F. By definition we have

.~ |
B

and also ]lBéH < ¢k < 1p and ug41 < wug, therefore applying Sobolev’ s
inequality on ¢piiugt1 in By, and taking C big enough (> 16) we obtain

lug |2da < : pruide
1

’
k

(/ (¢k+1uk+1)2*d$)27 < 5/ IV (prs1tnr1)*de,
By, By,

and using Cacciopoli inequality (Theorem 1.0.6) we obtain

2
(/ (¢k+1uk+1)2*dm’) : S C22k/ |’U4k+1|2dl‘ S C22k/ |uk|2dx S C"L{k
By By By

Using Markov’ s inequality (Theorem 1.0.5), Holder’ s inequality with exponents

(%5, 5) and previous inequality we obtain

2 2
U1 < /, Py U 1dT
Bk

< (/B; (¢k+1uk+1)2*d$)%

< C*Uy[{dwur, > 2—(k+2)}|3 _ Ckuk|{(¢kuk)2 S 2—2(k+2)}‘%

k
7o+t < 2% (24 0) Ul

< -
=  —4k+2) Tk —
2 n

2
{Ort1up1 > 0}‘ "




which proves (3) with 3 =1+ 2 and k > 2.
Proven this inequality we can conclude the proof of the Lemma 1.0.3 by looking

for 6 such that if [Juy||r2(p,) = Uy < 6, then [[ullp=(p,) < 3. The idea is to
2

show that Uj, converges to zero. To do so let F(k) the following inequality:

, Ky B—1 1
B U s o (5)

We will prove that if Uy is small enough E(k) holds for all k. Choosing kg

such that 2%0 < L for § small enough E(k) holds for any k < kg since
(20) =T

U400 < Uy, by definition. Using strong induction on & we will prove that F(k)

holds for all k. Using (3) we have that Uy 1 < —L=r, which implies that
(20)5=

f

which proves E(k + 1). Using this result we obtain that

1
/ (u— i)idx = klim U, =0,
B

1
2
which implies that ||u |z 5,) < %, which concludes the proof.
2

Corollary 1.0.6.1. Let Q C R" be a smooth bounded domain. Let u € W12(Q)
be a weak solution of (1) in Q where A fulfils the ellipticity condition (2). Then
for any Q' € Q we have that uw € L= ().

Proof. Let d := dist(€Y,00). For any z € ', we define v on B as
dz

u(y) =
||UHL2(Q)

u(zo + dy)

where ¢ is the constant in Lemma 1.0.3. By Remark 1.0.2.1 v is a weak solution
of Ly = 0 on B for some B fulfilling condition (2). Moreover we have that
|vllz2(5,) < 6, which implies by Lemma 1.0.3 that v(y) < 3 for almost every y
in By. Using same procedure for —v we obtain [v(y)| < 3 for almost every y in
B; which implies that

lullz2@)

[ull Lo () < 2% - ds

Second step: the Oscillation Lemma

In this section we will conclude the proof of Theorem 1.0.2 by proving the
Oscillation Lemma below.



Definition 1.0.7 (Oscillation). For any open set A and any real-valued function
f on A, the oscillation of f on A is defined as

oscaf =sup f —inf f.
A A

Lemma 1.0.8 (Oscillation Lemma). Let u € W12(By) be a weak solution of (1)
on By where A fulfils the ellipticity condition (2). Then there exists a constant
A, n) < 1 such that the following inequality holds:

oscp, u < Aoscp,u.
2

The De Giorgi-Nash-Moser Theorem follows as a conseguence of the Oscil-
lation Lemma:

Proof of Theorem 1.0.2. Take xg € Q' € Q and let d := dist(),00) as before.
We introduce the following family of functions vy on Ba: vi(y) = u(zo + gy),

Y 1 d
wel) = via () = (o0 + e=rgy)

which, as proven by Remark 1.0.2.1 and Remark 1.0.2.2, the functions vy are
weak solutions of Ly, vy, = 0, where B (y) := A(wo—i—ﬂ%l gy) fulfils the ellipticity
condition (2) with the same constant A of A. Applying the Oscillation Lemma:

05CB, Vg1 < A0SCR, V11 < Aoscp, vy < )\koscBlvl < 2)\k||u||Loo(Q/),
2 2 2

where we used the definition of vgy1 : y = vi(¥). Using the previous estimate
we obtain:

sup lu(zo) — u(z)| < oscp, Vi1 < 20 ||ull Lo (),
|zo—z|<4—k-1d 2

which don’ t depend on d, 7g. Let I, be the following interval I, := [4~k~1d 4= Fd],
then

sup lu(xo) — u(x)| _ sup  sup [u(zo) — u(2)|
lzo—azl<d  |To — T|* keN [wo—zlel,  1To — T|*
2N H|ul| oo () 22X Hull o), \ ok
< 1 i i )"
Picking o = — {22 the right-hand side is limited and u € C%* (). O

To prove the Oscillation Lemma (Lemma 1.0.8) we will prove the equivalent
proposition:



Proposition 1.0.9. Let v < 1 be a weak solution of Lyv = 0 on By, with A
fulfiling (2). If there exists > 0 such that |ByN{v < 0}| > u, then there exists
a constant X depending only on n,u and A such that the following estimate
holds:

supv < 1— A

B1

2
We will prove below how this proposition implies the Oscillation lemma:

Proof. Let u be a function which satisfies the hypothesis of Lemma 1.0.8 (Os-
cillation lemma). We rescale the function u by putting its image between —1
and 1 by introducing the function v as

2 suppg u+inf32u)

v(z) = (u(x) - 2 5

08CB,U

Without loss of generality we can assume v < 0 on at least half of B,
(otherwise we can replace v with —v ). Applying Proposition 1.0.9 we obtain

050311)—511pv—1r1fv<1—)\—(—1):2—)\7

31 Bé

from which it follows by definition of v that

0scp,U
2
To prove Proposition 1.0.9 we will introduce the following notations: let
w a measurable function defined on By, we define the following subsets of Bj:
SO = By N {w <0}, Soé,w =B N{0<w< 1}, S1 =By N{3 <w}

A
0SCB, U = oscp, v < (1— 5)05032% O
2 2

Jw
Lemma 1.0.10 (De Giorgi’s isoperimetric inequality). There exists a constant

C,, > 0, only depending on n, such that the following holds: if w € W2(By) is
such that fBl |Vw, [2dz < Cy, then we have

O (153.ul1S21 )" < ColSl .

Proof. We start by setting the function @ as w(z) := max{0, min(w(z), )}.
Note that by definition V& = 1<, <1yVwy. For any = € S,y € S, we
have

1
2w

1
<aly) —w() = [ oty - a)de

N —

- /0 (y— 2) - V(z + ty — 2))dt

S/I yl’Vw(ers )’ds

10



)’ds by which

Extending the last integral we obtain 2 5 < / ‘Vw (:c + s

integrating in y € S%,w we obtain

e [ ([lraterg=lears [ ([ losters= ke

3w

and changing to the polar coordinates we obtain

|S§2w§/lrn1/ (/ ‘vw(x+5| yl)‘ds>dadr
A _
/Sn 1/ ‘Vw 1'+5 )’dsda
o gn—1
/S” 1/ s 1‘Vw x—|—s| )‘dsda
Nl

and integrating now with respect to z € SO we obtain:

15018 o i
72’ < w _ .
. _/Bl 'Vw(y”(/sg )

Changing the variable we obtain that

-1
de/ wl™
Jo i = 1

where we used the fact that |y — z| is a non-increasing function which max-

01\ n
imized the integral in a ball of radius (‘%‘,&‘1“) centered on y and ¢, =

3\»—-

1

|Sn=1i=a <n|S0 |) By definition of w, Vw is zero outside of B, therefore
applying Cauchy-Schwarz inequality we obtain

|Sq(1)1||51w‘ 01 2 % 1 1
% < Cn|Sw|n(/1 [Vw, | da;) 156 w2 -
2

0,w

Using by hypothesis that | 1 |[Vw,y |?dx < Cy we have completed the proof
0,w

L is a constant depending on n. O

since Cp, = 5~
N

Proof of Proposition 1.0.9. We consider the family of functions: wy, := 2% (v —
(1 —27%)) = 2¥(v — 1) + 1. By definition wy < 1 and wyy1 = 2wy — 1. Using

11



Caccioppoli inequality or energy inequality (Theorem 1.0.6) with r = 2 and
1p, < ¢ <1p,, we have

[ Vs < [ VGuiP <0 [ s < G
B1 B> B1

And we can apply De Giorgi’ s isoperimetric inequality (Lemma 1.0.10) on wy,
with the constant § of Lemma 1.0.3 if

| i = (©)
and from this we can deduce that

|B1 n {’wk+1 Z 0}| == |Bl N {ZUJk Z 1}‘ Z / (wk+1)ida? Z 52.

B

So applying De Giorgi’ s isoperimetric inequality (Lemma 1.0.10) 3C,, > 0 such
that

1 Ch 01-1\2
Blﬂ{0<wk<§}‘2?0(|S%7w||511)| n) )
and combining with

S0, | = [Bin {wy, <O} > 1Sy, | > [Sg,|=[Bin{v <0} >p>0,

Wk —1
we obtain that

1
|Blﬂ{0<wk<§}|27

for some v > 0. Then by definition of w; we obtain that |Sy, | > |S9, |+~ >
i+ kv which is absurd as k is large enough, therefore (6) is false for k = ko:

By Lemma 1.0.3 wg,+1 < %7 which by definition of wy, concludes the proof of

Proposition 1.0.9 with A = 2~ (ko+2), O

The iteration of Moser

In this section we will present the alternative approach by Moser, published in
[3], in which we will derive the proof by proving the Harnack’s inequality. To
do so we will remind some definitions:

Definition 1.0.11 (Sub and super-solutions). We say that u € WH2(Q) is a
weak sub-solution ( supersolution ) of (1) if

/Q (Vo(a), Ax) Vu(x))dz < (>)0

holds for all ¢ € C°(Q).

12



Theorem 1.0.12 (Harnack’s inequality). Let u € WH2(Q) be a non-negative,
weak sub-solution of (1), where A is symmetric and satisfies (2). Then there is
a constant c(n,A) > 0 such that for every ball B,(y) C 2 we have

sup u < c inf wu.
By (y) Bz (y)

Remark 1.0.12.1. Note that in this section we assumed A symmetric, contrary
to the previous one.

As a consequence of the Harnack’s inequality we have the following theorem:

Theorem 1.0.13. Let u € W12(Q) be a weak solution of (1) where A is sym-
metric and fulfils (2). Then there is 0 < a(n,A) < 1, such that u € C%(Q).
Moreover, for every ball Br(y) C Q and all0 <r < R < o0, we have

08CR, (y)U < 2“(%) 0SCRp (y)U-

The proof is again divided in two parts: one for the sup and one for the inf.

Harnack’s inequality: sup
We will start by proving the fact that the weak solutions are bounded locally.

Lemma 1.0.14. Let u € W12(Q) be a weak solution of (1) where A is sym-
metric and fulfils (2). Then u € L72 (). Moreover, for every ball B.(y) C Q,

loc
we have that there exists a constant ¢ = c(n,A) such that

sup u < c<][ |u|2dx>
B (y) Br(y)

As before we will prove by iteration using Caccioppoli inequality and Sobolev’s
inequality. We will start by proving the following inequality:

1
2

Lemma 1.0.15. Let u € W12(Q) be a weak solution of (1) where A is sym-
metric and satisfies (2). Then for any a > 0 such that u € L 2(Q), we have

loc

/ | [Vl 2n2d < / 2| Vn[2dz,
Q Q

where ¢ = ¢(A) > 0.

Proof. Fixn € C°(A) and let t > 0. Define v = (u —t)4. We test the equation
(1) with ¢ = vn? € H}(A) and we obtain:

= A
0 /Q<V¢, Vu)dx

= / (V(u—t), AVu)yn*dx + 2/ (Vn, AVu)(u — t)ndz.
Q Q

13



To estimate the last integral we use the following Cauchy-Schwarz inequality
combined with the fact that the matrix A is symmetric:

[(Vn, AVu)| < (Vu, AVu)2 (Vi AV7) 2

combined with Hoélder inequality. After squaring, we obtain

/ (Vui, AVul? < 4 / (Vi AV |(u — b4 P, (7)
{u>t}

{u>t}

and using the ellipticity condition (2) we get

/ |Vu|*n?dr < 4A2/ |(u—t) 4 |*|Vn|Pde < 4A2/ luy 2| Vn|2da.
{u>t} {u>t} {u>t}

Since the above inequality holds for any ¢t > 0, we can can multiply both sides
by at®~! and integrating with respect to ¢ over the interval (0, +oc0) to obtain

+o0 +oo
/ at*t (/ |Vu|2772dx> dt < 4A2/ at®! (/ |u+|2|V772dx> dt,
0 {u>t} 0 {u>t}

and using Fubini-Tonelli’s theorem we obtain:

/Q|Vu+|2772</0 ato‘1]1({2)>t}dt)dx§4/\2/ﬂu+|2V77|2</0 atalllf{?x}dt)dx.

Noting that {u > ¢} = {uy > t} and that fOJrOO at® Mgys ey (@)dt = [u|™ almost
everywhere we obtain:

/Q | Vg [ < 40 /Q s |42V 2.

Similarly we can get the same estimate for u_ and we can conclude the result
by summing the two estimates. O

From this we can use Sobolev’ s inequality to obtain

Lemma 1.0.16. Assume n > 3 and let 2% be the following Sobolev exponent

2" = 20 Letu € WH2(Q) be a weak solution of (1) where A is symmetric and
2% (a42)

satisfies (2). Then for any o >0, uw € L,,.> (Q) if u € L{T?(). Moreover,

for any n € CX(Q),

2% (a+2) o 2% 2 a+2 2
ju =T de ) < cla+2)7 [ [u[*TT V[ de, (8)
Q Q

where ¢ = ¢(n, A) > 0.

14



Proof. We define v := |u|2un, therefore Vv = ( + 1)[u|2nVu + |u| 2 uVn.
To estimate the L2-norm of Vv, we use Young’s inequality and Lemma 1.0.15
to get

/|Vu|2dx§c(a+2)2/ lu|*2|Vn|?dz,
Q Q

We can use Sobolev’s inequality for v due to the fact that n > 3, which implies

that )
2 2% (at2) o« 2% o
o = ([ W57 a0) " <0 [ v,
Q Q
which concludes the proof. O

As a consequence we have the following corollary:

Corollary 1.0.16.1. Let u € W12(Q) be a weak solution of (1) where A is
symmetric and fulfils (2). Then u € L} (Q) for every ¢ > 1. Moreover, for

every a > 0, every ball B(y) C Q and every 0 < 1’ < r, we have the following
reverse inequality:

2

1 2 1
*(a 2% (a+2) EE) 2) otz EE)
(/ |u|72 G2 dx) < c(a—f—z(/ u|o‘+2dx) . (9)
B,/ (y) (r—r')e+2 Br(y)

r

where ¢ = ¢(n, A) > 0.

Proof. For any compact subset of Q, there exists ng € C°(Q2) with nglx= 1.
Starting with o = 0, one can iterate (8) with n = nx to get u € L{* (Q) for

qr = 2*k,k € N. Since LI (Q) c L (Q), integrability holds for all ¢ > 1. To

loc loc
derive (9) we take a cut-off function n € C2°(€2) such that 1,y <1 < 1p ()
with |Vn| < %, and apply Lemma 1.0.16. O

We can now prove Lemma 1.0.14 by iterating the previous corollary:
Proof of Lemma 1.0.14. We fix a ball B,(y) C Q and define (o) ieny as o :=
2(%) —2. We also define (r;)ieny as 1 = & + yir. By defining ;31 1=

ip1+2= 2761 and
1
Bi
M; = </ |u ﬁ”'dﬂ:) ,
B(y,ri)

and applying Corollary 1.0.16.1 with r = r;, ¥’ = r;31 and o = «; we get

1 2/ r N\ &
M1 < cPi B (2i+2) M;.

By iterating Corollary 1.0.16.1 we have M; 11 < ¢; My, where lim;_, o, ¢; = ¢oo <
+00. Therefore

1 1

N 3

sup |u| = lim (/ |u|de) < lim M; < cooMp < c<][ |u|2dm> .
Bz (y) e \JB (v) oo B:(y)
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Lemma 1.0.14 can be generalized to non-negative weak sub-solutions:

Lemma 1.0.17. Let u € W12(Q) be a non-negative weak sub-solution of equa-
tion (1). Then u € L{S.(Q). Moreover, for every ball B,(y) C Q and 0 < o < 1,
we have

e (o)
sup u < u“dr | ,
Borty)  (1=0)2 \ B,y

where ¢ = ¢(n, A) > 0.

w3

By iterating Lemma 1.0.17, one can strengthen the result by lowering the
exponent on the right-hand side:

Lemma 1.0.18. Let u € WH2(Q) be a non-negative weak sub-solution of equa-
tion (1). Then u € LS (). Moreover, for every ball B,(y) C Q and 0 <o <1
, we have

1
sup ugcn(][ uqd:r> for 0 <q<2,
Bor(y) (1 —0)7 \ B, ()

sup u < c<][ uqu> for q¢> 2
Bor(y) Br(y)

where ¢ = ¢(n, A, q) > 0.

Proof. We proceed in two steps. We first assume ¢ < 2. Take B,.(y) C 2 and
some 0 < o < 1. Define (0;);en as 0; := 1— 12_—f’, so that o; varies monotonically
from o to 1 as 4 varies from 0 to co. We can now use Lemma 1.0.17 with

r=0;417 and o = U"—H and get
K3

2
M; .= sup u< an<][ u2dx>
Bopr(w) (1= 575)2 \ /B, r(y)

Oit1
2—gq

c 3 =t
< ——F—7 <][ uqu> sup u)
(1=57)2 \Ug,,r Bayyyr ()

()
(1= 259% \Up,.ot) o

Oit1 i

w3

Iterating this inequality we obtain the inequality for ¢ < 2.
Now we will assume ¢ > 2. Using the above result with ¢ = 2:

1 14
2 q 2
sup u < c<][ u2dx> = c(][ uzd:c)
Ba'r'(y) B'r'(y) BT(y)
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and using Jensen’s inequality on the convex function z — x2 (¢ > 2) we obtain:

sup u < c<][ uqdaz>
Bor(y) By (y)

which completes the proof. O

Harnack’s inequality: inf

Lemma 1.0.19. Let u € WH2(Q) be a non-negative weak supersolution of (1),
where A fulfils (2). Then there are ¢ = q(n,A) > 0 such that, for every ball
Bs,(y) C Q, we have

1
inf u> c<][ uqd:ﬂ> . (10)
By ) Br(y)

Remark 1.0.19.1. Given € > 0, we can assume u > € in § by replacing v with
U+ €.

The main idea of the proof is the fact that logu is a function of bounded
mean oscillation.

Lemma 1.0.20. Let u € W12(Q) be a non-negative weak solution of (1), where
A fulfils (2). Suppose that u > € in Q for some ¢ > 0. Then, for any g > 0,
there is a constant ¢ = c¢(n, A, q) > 0 such that the following holds:

1
inf uzc(][ u_qdac> q.
By (v) B, ()

Proof. We claim that u™! is a sub-solution of (1): indeed w=* € H} () and

for any non-negative n € C°(£2), define ¢ := nu=2. We test (1) with ¢ to get
0= / (Vo, A(z)Vu)dz
Q

:/u_2<V777A(x)Vu>d:r—2/nu_3<Vu,AVu>dx.
Q Q

The last term is non-positive, therefore we have
/(Vn,A(x)Vu_1> = —/ u”2(Vn, A(z)Vu)dz <0,
Q Q

and so u~! is a sub-solution. We can then apply Lemma 1.0.18 with o = % and
get
_1
q
inf u> c(][ u_qu> .
By Br(y)
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We can now show that logu is a function of bounded mean oscillation:

Lemma 1.0.21. Let u € WH%(Q) be a weak solution of (1), where A fulfils (2).
Suppose that u > € in Q for some € > 0. Then, for every ball Ba,.(y) C 2, we

have
/ \Vol2dz < er™ 2,
Br(y)

where v =logu and ¢ = ¢(n,A) > 0.
Proof. Fix n € C.(Q) and let ¢ = n?u~!. We again test (1) with ¢ and get that

0= /Q<V¢, A(x)Vu)dz

= —/ 772u72<Vu,AVu>dm+2/ nu”H(Vn, A(z)Vu)ds
Q Q

which using the ellipticity and continuity of A as well as the Cauchy-Schwarz
inequality like before, gives

/|Vv|2n2dx§4A2/ \Vn|*dx.
) Q

The result follows by choosing 7 € Cg°(Q2) such that 1p, () <n < 1p, () and
V| < 2. O

Proof of Lemma 1.0.19. We define vp, as the function vp, () == 5 W) v(z)dz.

On any ball Bsy.(y) C Q, we can use the Poincaré-Wirtinger inequality and
Lemma 1.0.21 to obtain

/ v — vBr(y)|2dx < c(n)rQ/ |Vv|2 < c(n,A)rQT”_Q,
By (y) By (y)

which yields
][ v — 1137‘(y)|2dx < c(n, ).
Br(y)

In particular v = logu is a function of bounded mean oscillation. We can then
use the John-Nirenberg inequality [5, Theorem 7.21] which yields

][ exp(ci|v — v, (y|)dz < e
Br(y)

for ¢y = c¢1(n,A) > 0 and ¢3 = ca(n, A) > 0. Then we have

][ ucldz][ u” dx = ][ exp(cy (v — ’uBr(y)))d:c][ exp(c1(vp, (y) —v))dx
B (y) Br(y) Br(y) By (y)

2
< <][ exp(cy|v — UB,.(y)DdﬂU) < (c)*
Br(y)

This, together with Lemma 1.0.20, proves (10) with ¢ = ¢; which concludes the
proof. U
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Combining Lemma 1.0.18 and 1.0.19 one concludes the proof of the Har-
nack’s inequality Theorem 1.0.12. We can now be able to conclude the Holder
continuity of solutions due to the iteration of Moser:

Proof of Theorem 1.0.13. Thanks to Lemma 1.0.14, we know that supw and
inf u are locally bounded, so we only need an estimate for the Holder semi-norm.
We take Bgr(zo) € 2 and define m(zo, R) := infp, (5, u and M(zg, R) :=
SUP R, (z) U- Next we can apply Harnack inequality Theorem 1.0.12 to the
non-negative functions M (zg, R) — u and v — m(zo, R), and get

Mz, B) — m(ao, 5) < c(n, A)(M (a0, F) ~ M(v, ),
M (zo, E) —m(xg, R) < ¢(n, A)(m(zo, E) — m(xg, R)),

2 2

where the constants are the same on both lines and summing we obtain
08CB (z0)U + 05CB , (z4) < €(n, A) (OSCBR(wO)u — oscBﬂ(ZO)u).
2 2

Hence, we have
—
OSCB gy (20)U < 27 Y 0SCB g (z0) Us
2

for some « € (0, 1] satisfying

9-a > c(n,A) — 1.
“ce(n,A)+1

Note that a does not depend on xzy. We can iterate this estimate and find
0SCB,_; R(zq)U < 27jo‘oscBR($0)u for all j € N.

For r € (0, R], there is a unique jo € N such that 277071R < r < 27/0R, from
which we get

—Joox « T\
OSCR, (o) U < OSCB_j (3)U < 277°%0sCBp (20U < 2 <E) 08CB L (zo)U-  (11)

which gives the result with the same argument of the proof of Theorem 1.0.2
at the end of page 9 and start of page 10. 0
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2 Applications of Moser-Harnack inequality

So we have shown that for any u € W12(Q2) weak solution (1) of the elliptic
equation

) 0
Lau = — |aY(z)=—u(z)| =
=3 g @)

7,7=1
where the coefficients of the matrix A = {aij}{i,je{l,wn}} are measurable and
satisfy the ellipticity condition (2), then u is Holder continuous for some « €
(0,1). This regularity result has significant applications, the first of which is
a stronger version of the maximum principle and the second of which is an
analogue of Liouville's theorem.

Theorem 2.0.1. Let u € WH2(Q) be a weak sub-solution of (1), i.e. Ly >0,
where A fulfils (2). Suppose that for some open ball Br(yo) CC Q we have

sup u = supu. (12)
Br(yo) Q

Then we have that u is constant on the whole domain of 2.

Proof. Due to the fact that (12) holds, then there is another ball B, (zo) with
r € (0,R) and By, (z9) C  such that SUPp, (z,) U = Supqu. Moreover by
Theorem 1.0.13 suppu < M, ie. must be finite, then M — wu is a positive
super-solution to Ly, and hence applying Lemma 1.0.19 and taking the limit
we obtain M = supg u. Again applying Lemma 1.0.19 we obtain

][ (M —u)<c inf (M —u)=0.
BQT»O (Zo) Bl'() (TO)

Since M is equal to the supremum of u, we obtain that « = M on Ba,,(z). To
extend this result let y € €2 be arbitrary. The idea is to construct a series of balls
that connect # and y where in every ball « is constant, therefore u(z) = u(y).
Then there exists a sequence of ball {B;}fi—i . n} such that B; := B, (z;),
By (z;)) CQand Bi_1NB; #( fori =0,..., N —1. With the same argument
as before u is constant on every ball, therefore on every point y €  chosen
arbitrarily which implies u = M on Q. O

This result can be improved with stronger assumptions:

Theorem 2.0.2. Let u € WH2(R™) be a weak solution of (1), i.e. Ly = 0,
where A fulfils (2). Then we have that u is a constant function.

Proof. By the assumption (2) we know that there exists a such that o < infgn w.
Then we know that u— « is a positive sub-solution to Ly = 0 on all of R™. Thus
applying Harnack’s inequality we obtain

0 < sup u—agc[ inf u—a],
Br(0) Br(0)
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and taking the limit as R — oo we obtain

Ogsupu—agc[infu—a} =0,
R Rn

which implies that u is constant on all of R™. O

3 Regularity

Theorem 3.0.1. Let A a matriz with reqular and bounded entries which fulfils
(2). If u € WH2(Q) is a weak solution to Ly = 0 in Q, i.e., for all ¢ € Wol’Z(Q)

/Q<V¢>(:E),A(x)Vu(x)>dx =0. (13)

then u € C*>(Q).

To prove this theorem we will use the Holder continuity of weak solutions
to the elliptic equation Lyu = 0 proved with both methods of De Giorgi and
Moser combined and with a few lemmas:

Lemma 3.0.2. Let A a matriz with regular and bounded entries which fulfils
(2). Let u € Wh2(Q) be a weak solution to Ly = 0 in Q. For any X CC Q we
have that u € W22(X), and the inequality

[ullw22x) < ellullwrz o)
holds, where ¢ = c¢(\, A, dist(X, 09)).

Proof. Let A7 : R™ — R be the j — th row of the matrix A. Let h be such that
|h| < dist(suppp, dQ) so that ¢p _p(x) := ¢(x — hey,) € Wy *(Q). We then have
that

0= /Q;Ai(DU(I))DiQSk,—h(I)dl‘ = /Q;Ai(Du(x))D,-gb(x— hey)dz

- /Q Z AY(Du(y + heg))Dig(y)dy

i=1
_ / S A ((Du)n) Dy
Q=1
By subtracting from the above (13), which can be rewritten as
[ (Vo). @) Vut@)de = [ S 41(Du)D0 =0,
Q Q=1
we obtain that

/QZ [A"(Du(z + hey,)) — AY(Du(z))| D;¢(z) = 0. (14)
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And using that for a.e. € Q by Lagrange theorem:

AY(Du(z + hey)) — A'(Du(z)) = /0 %Az(tDu(x + hey) + (1 — t)Du(x))dt

1rn
= /0 {Z A;j (tDu(x + hey) + (1 — t)Du(x))D;j(u(x + her) — u(x)) |dt
i=1
where A;j = aiy]_Ai. We can now define a)/ and Afu(z) as the following:

a) (z) == /0 A} S[tDu(z + heg) + (1 — t)Du(x))]dt

Abu(z) = u(x + he;z) - u(x)
So (14) can be written as
/ Z ayl (x ru(z))Dig(x)dz = 0. (15)

7,7=1

Notice that the coefficients azj also satisfy the ellipticity conditions. Then let
n € CH(X') where X CcC X' cC Q with max{dist(X',09),dist(X,0X")} >
1dist(X,09), such that n is bounded as follows: 0 < n < 1, n(z) = 1 for
all z € X, |Dny| < m and |2h] < dist(X’,09). Using the ellipticity
conditions on (15) we deduce that

/|DAhu\2n2</ Z (D; L) (D Al

i,j=1
/ Z ay ip, AR 2n(Din) At
i,j=1

But from here we can apply Young's inequality to get that for any € > 0:

A
A / DA < eA / DAL + 2 / |Aluf?| Dy f?
Q Q € Ja

2
2A

/ |DARM)?7? < c/ |Aru)? < c/ | Dul?.
Q X’ Q

Therefore we have shown that ||DAJul[z2(x) < ¢l Dul|r2(0). We thus deduce
that D?u € L?(X), and hence

and if we take e = we obtain that

1D?ul|r2(x) < ¢||Dull 20, (16)

from which it follows that u € W22(X), as was to be shown.
O
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We note that AZ is an approximation to the derivative, so that in the limit
as h — 0, if we let @’ and v be defined as a'/ := A} (Du(x)), v = Dyu. Then
we obtain that

/ > a(2)D;juDi¢ =0 for all ¢ € Hy*(9).
Q.

3,j=1

Therefore applying the fact that a weak solution of an elliptic partial differential
equation is Holder continuous (Theorem 1.0.2), we deduce trivially the following
lemma.

Lemma 3.0.3. Let u € W12(Q) be a weak solution of (1), where A fulfils
(2). Using Theorem 1.0.2 we have that Du € C*(Q) for some Hélder exponent
a € (0,1). In particular, this means that u € CH%(Q) for some 0 < a < 1.

Therefore for each k = 1,...,n we have that v = Dyu is a solution to the
divergence-type equation

Z Di(aij(m)Djv) =0 (17)

where the coefficients a* (x) satisfy the ellipticity requirements (2). In order
to prove Theorem 3.0.1 we need to prove some lemmas, the first of which is a
different form of Caccioppoli inequality then the one seen before:

Lemma 3.0.4. Let u € W12(Q) be a weak solution to the differential equation
Y Di(A"Diu) =0 (18)
i,j=1

mn Q where the matriz {Aij}{i,jzlw’n} fulfils (2). Then for any xo € Q and
radius r with r < R < dist(xg,0), we have that

C
DuP < s | = k2 (19)
/B,\(xo) (R =7)2 JBr(wo)\B,(z0)

for any k € R.

Proof. We define a cut-off function n € W, ?(Bg(x)) by confining 0 < 5 < 1
with the following conditions: 7 = 1 on Br(xo) and |Dn| < %. Then let ¢ be
a test function defined by ¢ = (u — u)n? so that we can get

0= /Q Z A7 DiuDj((u — p)n?)

3,j=1
= / Z AY DiuDjun® + 2/ Z A Dyu(u — p)nDyn.
Q=1 Q=1
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From this we can use the ellipticity of the matrix and the fact that Dn = 0
on the ball B,.(x¢), since n is constant on Bg(zg), to deduce from Young's
inequality that

n

Br(zo) Br(zo) 4 j=1

A
<chn [ |Duf+ Tn [ (Dl — pf?
Br(zo) € Br(20)\Br(z0)

for any € > 0. In particular, taking € = ﬁ we obtain that

Cc
D < s | ju— sl
/;3(10) (R_T)z BR(:Eo)\BT(I(,)

Using the fact that (by definition of 7) fBT(%) |Du|? < fBR(wo) |Dul?n?, the
lemma is now proved. O

Lemma 3.0.5 (Campanato inequalities). Let u € W1H2(Q) be a weak solution
to the differential equation

> D;j(A"Dyu) =0 (20)
i,j=1

in Q where the matriz {Aij}{i7j:17...7n} fulfils (2). Then for any xo € Q and
radius r with r < R < dist(zq,0N), we have the following two inequalities:

r n
WP <a(R)" [ b (21)
/B,.(zo) (R) Br(zo)
2 n+2 2
/ u—][ u‘ §C4<L> ’u—][ u‘ . (22)
By(z0) Br(zo) R Br(z0)

Proof. Without loss of generality we assume that r < %. So choose k > n; by
the Sobolev embedding theorem we have that W*2(Bg(x¢)) C C°(Br(z0)). So
u € W*?(Bg), and hence we have

n
/ [uf? < esr™ sup [uf? < coms [ull w251 a(o0))
B, (z0) B, (z0) R

< 03i |ul?.
R Br(zo)

Hence we have proved (21). Testing (21) with Du we get that

r n
|Dul? < 3 —= / | Dul? (23)
/B,,.(zo) ( R) B g (@0)
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and so by the Poincare inequality, we get that

2
/ u— ][ u‘ < 08r2/ | Dul?. (24)
By (z0) Br(zo) B (z0)

Lemma 3.0.4 implies that

2 o %9 2
Duf? < £ ‘u— u’ . (25)
B%(IO) R Br(w0) Br(z0)
Combining the inequalities (23), (24), (25) together proves the lemma. O

Using Campanato’s inequalities, we can derive the desired regularity result.

Theorem 3.0.6. Let the matriz A fulfils (2) with entries ¥ (x) € C*(Q) Vi, j €
{1,...,n}. We then have that any weak solution v to

Z D;(a"(z)D;v) =0 (26)
is a CY(Q) function for any o/ € (0, ).

Proof. For an arbitrary xo € ) we rewrite a”/ as a¥ = a¥ (zg)+(a¥ (z)—a¥ (z0)).
Then if we define A% := a%(zy), equation (26) turns into

> DAY Dw) ZD - a¥(@)Dw) =3 Dy (F (@)

where we defined f7 as the following sum

n

F(x) = (a7 (x0) — a” (x)) D).

i=1

We therefore have the following equality for each ¢ € VVO1 -2 (Q):

/ ZA”D vD;¢ = /Zf]DJ¢ (27)

1,7=1

From here taking some ball Br(z) C €, and letting w € W12(Q) be the
weak solution inside the ball to

Z D;(A"Dyw) =0 inside Br(wo); w =v on dBg(z). (28)
ij=1
Such a function exists by the Lax-Milgram lemma. Then we know that w is the
solution to the differential equation for all ¢ € W, *(Bg(xo)) inside the ball:

n

/ > AYDiwD;¢ = 0. (29)
Br(zo)

i,j=1

25



Noting that (28) is a linear differential equation with constant coeflicients, we
know that w is a solution implies that Dyw is as well for each k € {1,...,n}.

Thus we get that
[ bk <ea(R)" [ 1ol (30)
By (o) R Br(zo)

and since the functions w and v are equal on the boundary of the ball Bgr(z),
we can set ¢ = v — w to be a test function in (29) to obtain that

n

[ Y apwpw= [ S avpwpn
Br(zo) ; j=1 Br(zo) ; j=1

n

We then use Cauchy-Schwarz inequality together with (31) and (2) to get that

2
/ \Duwl? < (@) / | Dof?. (32)
Br(zo) A Br(zo)

So then (27) and (29) give us that for any ¢ € W, *(Bg(x)), we have

/B ( )ZA”D (v —w)D;p = zn:ijjqb.

i,5=1 Br(zo) i,5=1

Since this holds for any ¢ € W, *(Bgr(x)), we can test ¢ = v — w to obtain
that

n

/ |D(v—w)|]? < 1 > AYDi(v - w)D;j(v — w)
Br(zo) A Br(zo) ij—l

ZfJD (v—w

Br(z0)

fi{/m o] UBR@U)Z'J‘”}

where in the last inequality we used Cauchy-Schwarz inequality. We thus

deduce that
ID(v — w)|? < /‘ PR, (33)
/;R (zo) BR(wO Z

Putting all of the previous inequalities together, we have by (30) and (32) that
for any 0 < r < R,

/ Dof? < 2/ Dul? + 2/ D — w)]2
By (z0) Br(zo) Br(zo)

§011<%) / |Dv|2+2/ ID(v — w)[%.
Br(zo) Br(zo)
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Therefore, applying (33) and ¥ (z) € C%(Q) Vi,j € {1,...,n}, we obtain that

/ |D<v—w>|2§/ D(v - w)[?
B..(z0) Br(zo)
1/ D i
<= L7
)\2 BR(IU);
1

e swlat )~ av @) [ Do
BR(Io)

Y

< CRM/ | Dv|?,
Br(zo0)

IN

from which we can deduce the following estimate
/ 1Dl < 7[(1) + RQ"‘} / |Dul?. (34)
Br(zo) R Br(zo)
We can then bound the R?® term in the above with the following lemma.

Lemma 3.0.7. Let o(r) be a positive increasing function such that for any
0<r<R< Ry with p>v and § < do(y, u,v),

o(r) < 7((%)”+5)J(R) + KR,
If 8y is small enough, then again for 0 <r < R < Ry we have that
o(r) < () o(R) +rar”
where v1 = y1 (7, p, v) and k1 = k1 (Y, 1, v, K).
Proof. Let t € (0,1) and R < Ry. By assumption, we thus have that
o(tR) < ~t*(1+ 0t™*)o(R) + kR".

So let t be such that t* = 2yt#, with v < A < p, and assume that §ot=* < 1.
We then have that
o(tR) <t*o(R) + kR".

We can continue this inequality iteratively to get for any m € N,
U(tm+1 (R)) < t)‘J(tmR) + Kt™ RY

< t)\(m+1)o_(R) + kt™ RV Z tj()\—l/)
3=0
< 0t o(R) + KR,
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So let m € N be large enough such that t™*2R < r < ¢t™*!'R, and then we get

the desired inequality:
o(r) < ot (R) < () o(R) +rar”,
O

This lemma will allow us to deal with the R?® term in (34), but we will
prove one last lemma before concluding the proof.

Lemma 3.0.8. Let f € L?*(Br(z0)). Then if we denote fuug as the average of
| over the ball Br(xo), then we have that

1 fun |2:inf/ - B2
/BRm) ! BER JBR(z0)

Proof. The function F(J) := |, Br(zo) |f — B|? is convex and differentiable since
f € L*(Bgr(x)). Its derivative is given by

F/(ﬂ):2/B G

and so F'(0) = 0 when 8 = m fBR(%) f = favg. Since F is convex, this
critical point is a minimizer of the functional. O

Finally we return to the proof of Theorem 3.0.6. Let us use Lemma 3.0.7
in equation (34) for 0 < r < R < Ry and R%“ < dg to get that for any € > 0,

[ psa(R) [ b (35)
BR(Io) R BR(mO)

Repeating this procedure, we obtain that
2 T2 2
[ e ool <a(f)” [ 1De- 0P 6o
Br(zo) R Br(zo)

where the average is taken over the ball Bgr(zg) as defined in Lemma 3.0.8.
Now using again Lemma 3.0.8 we obtain that

/ D — (D) * < / Dt — (D).
BR(QZ()) BR(JUO)

By (31), this means that

n

1 .
[ pe-uaP <y [ 4D (D)) Dy - (D))
Br(w0) A JBa(o) 52,

n

1 ..
_ 1L / > A (Diw — (Div)a)(Dy0 = (Djv)an)
A JBr(a0) i,j=1

n

1 .
+ - / AY (Di'U)m;(DjU - Djw)
A Br(zo0) i;l
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Since u — v € Wy '?(Bg(xo)) and A" (Djv)qy is constant the last term is zero,
and so by Cauchy-Schwarz we obtain that

A2
/ |Dw — (Dw)a|® < —2n2/ |Dv — (Dv) g0 (37)
Br(zo) A Br(zo)
So by Holder inequality and (34), we obtain that
/ Do — (Dv)au? < 3/ Dw — (D) s 2
By(z0) By (o)
+ 3/ |Dv — Dw|? + 3/ (D) gy — (Dw) gy |?
B.(z0) By (z0)
< 3/ | Dw — (Dw)av|2+6/ |Dv — Dw)?
B,,,(wo) BT’((EO)
< 3/ |Dw — (Dw)ao|® + 05R2a/ | Du|?,
B,(0) Br(z0)

where all the averages here are taken over the ball B,.(zg). Putting the previous
inequality together with (35), (36) and (37) give us that

2 T\ 2 2 2
[ e ol <a(F)T [ Do o rere [ b
B (o) R B, (z0) Br(zo)
r\nt2 9 et
< ce(*) / |Dv — (D) go|* + cg R" T2,
R B7-($0)
We then use Lemma 3.0.7 to finally obtain that
2 r\nTet2e 2 s m—et2
/ |Dv — (Dv)go|* < 69(—> / |Dv — (Dv)go|” + r 72,
BT(ZEO) R BR(I())
(38)
and Campanato’s theorem thus proves the theorem. O

We can now finally complete the proof of Theorem 3.0.1.

Proof. Let v = Du and use Theorem 3.0.6 to deduce that v € C* for any
o' < a non-zero. Therefore we have that u € C%% for any 0 < o < o. We can
then differentiate with respect to xj and use that each of the derivatives

D;Dyu j,k=1,...,n

satisfy the same equation, so that we can apply the theorem again to deduce
that D?u € Cl’“”, and so that u € C3" . Evidently we can iterate this process
to deduce that u € C*% for each natural number k, with ay € (0,1) for all k.
This means u € C*. O
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4 The generalized Harnack inequality

Our main result is the generalized Harnack inequality for the following second-
order elliptic equation which arise in fluid dynamics models:

Theorem 4.0.1 (Harnack inequality). Let u be a non-negative Lipschitz solu-
tion to the following elliptic equation

—Au+b-Vu+au=0 (39)

in a usual domain Q C R™. Assume that a € L1(Q), b e LI(Q) for 2 < q¢,g<n
and § > 2, and that div b = 0 in the sense of distributions. Then for any
Bgr C Q we have
supu < C'inf u. (40)
Br Br
Here C' is a constant depending onn,q,q, R, and My = 1+||al|a+|b]|3 > +]b] pa-

Remark 4.0.1.1. From the proof it follows that

1 >C(n)1r1M1

C=Cln,q.@) (R + (R lalln) ™% + (R bl o) = 5 )

where My =1+ ||al|rs + [|b]|22 + [|b]| a-
Theorem 4.0.1 has the following consequence when 2 = R™.

Theorem 4.0.2 (One-sided Lioville’s theorem). Let a(z) = 0 and b(x) as in
theorem 4.0.1. Then any non-negative Lipschitz solution u to the elliptic equa-
tion (39) in R™ is equal to a constant.

Proof. Without loss of generality, we may assume that infgr v = 0. Then for
every € > 0, we have infp,, u < € for any sufficiently large ball Bg. By Theorem
4.0.1, supp, u < Cinfp, u < Ce for all sufficiently large R > 0. Observe that
the constant C' given explicitly by (41) depends on R but remains bounded as
R — oo. Therefore, the assertion is established. O

Theorem 4.0.1 is an immediate consequence of the following two lemmas
that compare supg, . v and infp,ru to ||u||Lr(B,,) With some small p > 0 and
0<f<T<L

Lemma 4.0.3. Assume that u is a non-negative Lipschitz sub-solution to the
equation
—Au+b-Vu+au=0 (42)

with a € LI(Q), b € LYQ) for & < q,q < n and div b < 0 in the sense of

distributions. Then for any BR C Q,p >0, and 0 < <717 <1

a = T e T
swpu < (774 (BT ol )" + (R 7T I5G) ) lullorce. o
OR
(3)

where C = C(n,p,q,0,7) is a positive constant.
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Lemma 4.0.4. Assume that u is a non-negative Lipschitz super-solution to
(39) satisfying the assumptions of Theorem 4.0.1. Then for any Br C Q and
0 < 0 <7 <1 there exists a small positive number pg = po(n,q,q,0,7, R, M)

such that )
inf w > C wro )" (44)
Byr Brr

where C' = C(n,q,q,0, 1, R, M7) is a positive constant and My = 1+ ||la||L« +
16112 + 110l -

So to prove the generalized Harnack inequality we will need to prove Lem-
mas 4.0.3 and 4.0.4. To do so we will use the Moser iteration, with the general
strategy based on the proof of the Harnack inequality in [12].

The proof of Lemma 4.0.3. Let u be a non-negative Lipschitz sub-solution of
(42) in Q, that is,

[ @@+ [ b@ue+ [aws<o (45)

for any Lipschitz function ¢ > 0 in €2 such that ¢ = 0 in ¢. For simplicity of
the presentation of the proof we assume that a = 0. The first part of the proof
consists in obtaining an a priori bound on the LP* — norm of u on a smaller
ball B,,, in terms of an LP?2—norm of u on a larger ball B,, with r; < ro but
p1 > p2. Then an iterative procedure is used to bring the gap between r; and
r9 to zero and simultaneously send p; to infinity.

Let 5 > 0 and n(z) be a Lipschitz cut-off function in the ball B; g such that
0 < 7(z) <1. We use (g + 1)uPt1n?7 as a test function in (45) to obtain that

(§+1) [/ (aju)aj(uﬁ“)n?u/ u5+1(aju)aj(n27)+/ bjuﬂ“(aju)n?v] <0.
2 Q Q Q

(46)
Let w = u2+! so that djw = (g + 1>u§8ju. By (46), we get that

B+1

,37/ |Dw|*n* < —27/ w(@5w)n* =1 (95m) _/bjw(ajw)n2”~ (47)
s+1Ja Q Q

For the first term in the right side we have
~2y [w@uit o = [ Wit sy 2y - 1 o), (49
Q Q
while for the second term

1 _ _
—/ bjw(()jw)UZ“Y = 5 / (8jbj)w2n2"+’y/ bjw27727 18j77 S ’}// bjw2n2'y 18]‘7],
Q Q Q Q (49)
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as div b < 0. Next set 9 = %. Then, as ¢ > 4, we have 7o € (0,2) and, in
addition ) )
7o —
42z M9 50
7 + o + 5 (50)

for n > 3. Note that if n = 2 then 7 can be also chosen so that (50) is satisfied.
Assume also that ~ is sufficiently large so that vy < 2y — 1. Then, by
Holder’s inequality we have, using (50)

1 _
w| V| 7o |27,

(51)
as 0 < n < 1. By Young’s and the Gagliardo-Nirenberg inequalities, this leads
to

/ijwznz”’lajn S/lejllwn”lwltt)\z’”olajﬂ\ < bl allwn™ |l 72

_ 1 T 1
/ijw%f” 9m < §\|V<wn”)l\%2 + ClIbll o ¥ w|Vnl* 7 |72 (52)
By (47), (48), and (52), we obtain
[P <c [ atriisg (53)
Q Q
_ TE . s PEs
+C/Qu’”2n27 2\Vnl? + ClIbll e > w2t (V) T ||, (54)

By Sobolev embedding used in the right side of (53), we obtain that

-

1
2 2
s e < o [ wetian) vo ([ wpmr) e

1 1
-z, B8 s-m
F Ol 7 lu=t (V)T || (56)

where x = "5 if n > 3 and x > 2 is arbitrary for n = 2. Now, let n € C§°(£2)
be such that n =1 in Byg, n =0 in By, |Vn| < ﬁ and |An| < ﬁ.
Then, we obtain that
s C 3 C =r s
[zt Lax(Bog) < R(t—0) (/ uﬂ+2)2+ 00 a2 2080
B (R(r - )73

|3

(57)
The main point of (57) is that, since xy > 1, we have a bound on a higher norm
of u on a smaller ball in terms of the lower norm of v on a larger ball. We now
apply the estimate (57) iteratively on pairs of balls B, , C B,,, and also let
Bi — +oo. More precisely, we choose §; = 2(x* — 1) and r; = 0R+ (7 — 0)R2™*
for i =0,1,2,..., so that 7; — ri41 = (7 — §)R2~+1), We obtain

i S L
||uHL2xi+1(B,ri+1) < COx2x (R(T - 9)) x* ||u||L2xi(BW) (58)

__1_ 1
P

i s Xt
T g '
+ (022 7 (R(t—0)) “a ||bHLﬁ(qu)) * il e, (59)
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By iteration, letting ¢ — +o00, we conclude that the estimate (43) holds for
p> 2.
Now, let p € (0,2). We have just shown that

supu < O (Rtr=0) 4 (R = 0) 7T 10l ) ) ol (@0
< o6 -0y + (- 0)” TS, 3) Il el o,
(61)

which implies

1 T —ytw T\ E
sup < - [[ull o (5, +C (R(7=0)) 5 +((R=0) 7 Bl yas. ) ) Iullzo(s.n)
Byr 2 v

A standard iteration argument ( [12, Lemma 4.3]) then implies that
supu < C((R(r—0) 7 + ((R(r —0)) 77 ST, ) ’))nunmm) (62)
OR

and the proof of Lemma 4.0.3 is complete.
O

The proof of Lemma 4.0.4. We assume without loss of generality that R = 1.
The idea of the proof is similar to that of Lemma 4.0.3: we obtain an a priori
bound and use it iteratively. Assume that v is a non-negative Lipschitz super-
solution to (39), and consider v = % The function v satisfies

—Av+b-Vv—av <0 in Q (63)

[ @@+ [ bouo- [ wo<o (64)

for any function ¢ € C§°(€2) such that ¢ > 0 in Q. By Lemma 4.0.3, it follows
that for any 0 < 0 < 7 < 1 and p > 0, we have

or equivalently

supv < Cllv|pr(s,) (65)
By

with C = C(n,p,q,q, 7,0, M;). Therefore, we have

1nfu>—/ —p/ up 7% / up)%. (66)

We claim that there exists pg > 0 such that

/ u7p°/ uPe < C (67)
B, B
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with a constant C' = C(n,q,q, 7, M;), which would finish the proof of Lemma
4.0.4.

The first step of the proof consists in a reduction to an exponential bound:
in order to prove (67) for some sufficiently small py > 0, denote

1
(logu)p,. = —/ log u,
|B-| JB,

and set
w =logu — (logu)p. . (68)

We shall show that there exists py > 0 such that

/B ePolvl < ¢ (69)

-

where C' = C(7), which implies (67). Indeed, if we assume that (69) holds, then
/ epo(logu—(logu)p, ) <C (70)
B,

and
/ e—po(logu—(logu)p.) <C. (71)
B,

Therefore, we have e~Po(log )5, Jp € logu < (' and epollogu) s, Jp ePo logu <
C. Multiplying these two inequalitTies then leads to (67). ’

The second step of the proof consists in proving an L?—bound for w. We now
prove (69). Firstly, we establish bounds on the L?—norm of w. The function w

satisfies
|[Vw]* < —Aw+b-Vw+a in By. (72)

Fix 7 € (0,1), and let n € C3(Q) with 0 <7 < 1 be a cutoff function such that
n=1on BHTT, n = 0 on B, and |Vy| < % Multiplying (72) by n? and
integrating over Bj, we obtain

/B1 [Vw|*n? < 2/ (95w)n(d;m) +/ b, (9;w)n? +/ an? (73)

By B, B

< 2llnVwl 2 [Vallze + bl ez [nVwllz2lnll e + llallza || Lo
(74)

where % + 4 = 1. Absorbing the factors ||yVw||2 on the right using the term
on the left, we get

/ [Vw|? < C; Mo (75)
Biyr

2

where Mo =1+ ||a za + ||b]|32, and the constant C may depend on 7 € (0, 1).

Also, since
/ w =0,
B,
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and 1"'77 > 7, we have by the Poincaré inequality

/ w? < 0/ |Vw|? < C, M. (76)
Biyr Biys

2 2

The third step of the proof consists on making bounds on the higher norms
of w. Next, we need to estimate fBT |w|? for all B > 1. As in the proof of
Lemma 2.4 the idea is to bound first the higher norms of w on smaller balls in
terms of the lower norms of w on larger balls and then use the iteration process.

We multiply (72) by |w|?1?Y and integrate over B; in order to obtain

/ ||Vl < 28 / 22| Va2 + 2y / o2 (Bw0)n 1 (91)
B4 Bq B,

(77)
- or [ bl i@+ [ aePr.
26+1 /B, B
Here we utilized div b = 0 and 0;|w| = w%ﬂ"” For the first term in the right side

of (77) we use
1
2B < ¢l + (85, (79)

while for the second

_ 1 _
27 [ PPt 0 < 7 [ WPVl [l v
1 1

B1
(80)
This leads to

/B w8 | Vw PP < C(86)%° / Vwln? + Oy / w22 T2 (81)
1

Bl Bl
Cy bllw|2B+ 21|y C 2627 (892
+ [bl[w]* ™ [Vl + |al[w]""n™". (82)
B+1Jp, B
Let 7 <7 < R < 14T, We now choose a cutoff € C}(Q) with 0 <7 < 1 such
that =1 on B,, n =0 on B, and |Vn| < 2= By (73), for the first term in
the right side of (81) we have

(86)>° /B VP < (88)%° /

Bl+
2

Vw|? < C,(88)* M. (83)

On the other hand, for the left side of (73), we use

2
V(IWIﬂ“W)‘ < 22 w2 4 208 + 1wl VwPp?. (84)
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Hence, we obtain

J.

OB+ 1) / o 8272 2 (6)

By

2
V(| < 007 [ el RVaR + C(5 + 0268 My (89

OB+ ) / bl 27 V| + C(B + 1)? / al[wP.(87)
By

B
For the third term in the right hand side we utilize

41

(B+1)%*2  B(lw[*) >

T Br1 - S @+ (89)

(6 + 1wl <
which gives
V(84 1) / w8072 V[ < C(86)%2 / 27 2 (29)
Bl Bl

- 883)%y* M -
vor? [ e < S o2 [ prepee,
B (R—r)? B,
(90)

as My > 1. The equations (86) and (87) are estimated as follows. First, we
have

25 2y
/B \aI\WIz’Bﬂ%:/B la| (Jw| )T < al|pa[|w] Py ”Ilﬁzsq (91)
1 1

LB+T

where % + % = 1. Now, we use the Gagliardo-Nirenberg inequality

w97 20 < Clllwl® 07|12V (] ) 122 (92)
L B+1
with o = § — "(2%'51) if 2611(11 > 2, and a = 0 otherwise. By Young’s inequality,
we obtain
(1—o 2a8
/B lallw[*'n** < Cllal|al|Jw]** 19 7HLz i ||V(|w|ﬂ+1 RIS (93)
1 B+1
1 B+1 /3+1 oF
S\ ==z V(w2 (94)
(2(8+1))7

B+1
Bl—a)+1

208 2(1—a)B
+C((208 + 1)) F al o[l 17,7 (95)
As «a € (0, 1), this implies
1 (o3 [e4 [e3%
[ el < s IVl ) (o1 a4
1 (96)
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Here we denoted o = and ap = 22U0=9)_ Observe that o > 1 and

B+1
B(l—a)+1 B(l—a)+1
a1 is smaller than a constant independent of £, while 0 < as < 2 with o — 2
as  — oo.

For the term in (87), we have

1

Cy(B+1) / bllw[** 1 n* |Vl = Cy(B+1) / b1 (I +1) 555 5 .
B1 By
(97)

Let us choose v = 8+ 1. Then, the above expression becomes

Cy(B+1) /B 1 (]2 ) 9l < CE+D el | ‘*Wm IVl

fcaa!
(98)
where % + % = 1. Once again we apply the Gagliardo-Nirenberg inequality

Ilw|?**n R < Clllwl” 0 |1V (w22 (99)

with @ = § — ;((25/;:1)) if (;5_41-1) > 2 and @ = 0 otherwise.

Thus, by Young’s inequality, we have

/3+1
Ca(3+1) [ (1) o) (100)
1
2 Bl A Bl |

< OB+ Dbl alllw[” 0 . 7 V(w2 [[Vallee (101)

1 C(B+1)™ @
<7Iv (lw|" ') 172 + ﬂllbll Ll w7 T3 (102)
Here we denoted @ = ngiﬁ and ay = %% Note that, as in

(92), we have @; > 1 and @, is less than a constant independent of 3, while
0 <@y <2, and @ — 2 when 8 — oco.
Putting together (85), (88),(92) and (102), we obtain

1 C(B+1)? 12 C(B+ 1)%(88)% My
IV (Jw® ™ 0| p2(p,2 < WIII w|Pt 22(B,) + (R—r)
(103)
. B+ 1
(B + 1722 ol 123 ) + ((R_))IIbILq(BR T,
(104)

Using Sobolev embedding, we may rewrite (103) in the form

C(B+1)%
H|w|ﬁ+1\|%2x(30 < W(HWWHH%WBR) + (85)2ﬁM0 (105)
gy M0l 53 gy B s 104 55 ) (106)
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where k =max{a; +1,@1} and x = -5 if n > 3 and x > 2 if n = 2. Estimate
(105) is analogous to (57): a higher norm of w on a smaller ball is bounded in
terms of a lower norm of w on a larger ball.

The fourth and last step on the proof is the iteration process. Let 8; = x* —1
and r; =7+ 2% for i = 0,1,2,.... From (105), we get

(8x")2X' M, (107)

2wig(@142)(i+2) (

lwl [Zap,.,,) < Cx

+ ”aH%é(B )

(B ) + ||b||Lq(B |||w|x ||L2(B ) (108)
for all i =0,1,2,.... Taking ﬁ power on both sides of (107) gives

Ki (a1+2)(b+2) (

1 i
ol s 5,,,. ) < CFF X2 o)+ 8 ME(109)

o2
L P PP [ O R GR 0
This leads to the inequality
. o2
ol ot s,y < (CM)E @0F (0] povi s, + 8 + 0l sy (112)
ol A, ) < €M) @OF (o, +81). (112)

foralli =0,1,2,..., with & =max{ay, @} and My = 1+||al|z« +|bl|52 +]b] 7.
For the inequality in (112) we also used as, @y < 2, so that ||wHLT:, <1+ |[w|%,

ﬁ
and |w|l 7 <1+ [[w|Z,.
Note that if a sequence Y; satisfies Y;1; < C;(Y; + x*) with C; > 1 and
[1;2, Ci < K, then by induction we have

Y; <CK(Yo+ > X1 < C(Yo +x), (113)
§=0
for all i = 0,1,2,--- . Thus, iterating (111), we obtain

||wHL2xi+1 (BTH»I) S CMlc(n)(CMl + Xi+1) S CMlc(n)Xi+1’

foralli=0,1,2,.. aszj v <CandZ 1Xﬂ<><“r1for)(>1
Finally, for any ﬂ >1 there ex1sts 1=20,1,2,... such that

2x' < B+ 1< 2x

Thus, in particular, we have

C
(/B |w|ﬁ+1) i <C||w||L2X1+1(B SC’M1 (")(BJrl)-

r
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Therefore, for all 8 > 1, we obtain

(polwl])P+1) B+1 C(n) »(B+1) 1
f, G =AY S )
by taking
1
Po= ——"—"Fi
CMlc(n)e

sufficiently small. By (76), we also have

/|w|§C’/ w? < CM,
B, B.

which gives (114) for 8 = 0 as well. It follows from (114) that (69) holds, and
therefore the proof of the lemma is complete.
O
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