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Abstract

Cellular automata are simple, discrete models in which local update rules generate rich emergent
behaviors. In this thesis, we investigate the quantum dynamics associated with a specific classic el-
ementary cellular automaton by constructing a quantum many-body Hamiltonian derived from its
update rules. Using a string rewriting formalism, we encode the automaton’s behavior into a Hamil-
tonian H that governs the evolution of the quantum system. To analyze the system’s behavior, we
employ Tensor Network simulations, which efficiently capture the evolution of quantum states. In
particular, we focus on a specific elementary cellular automaton of 25 cells, namely Rule 90, highlight-
ing its quantum behavior in terms of localization and entanglement.

Gli automi cellulari sono semplici modelli discreti governati da regole di aggiornamento locali che
generano una ricca varieta di comportamenti emergenti. In questa tesi investighiamo la dinamica
quantistica relativa ad un automa elementare, costruendo un’ Hamiltoniana a molti corpi derivata
direttamente dalle sue regole di aggiornamento. Impiegando un formalismo di string rewriting, cod-
ifichiamo il comportamento dell’automa in un’hamiltoniana H che governa l’evoluzione del sistema
quantistico. Infine, per analizzare il comportamento del sistema, impieghiamo simulazioni con Tensor
Network, che descrivono efficacemente I'evoluzione degli stati quantistici. In particolare ci concentri-
amo su un automa cellulare elementare di 25 celle, ovvero il Rule 90, studiando il suo comportamento
quantistico in termini di localizzazione ed entanglement.
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Introduction

A cellular automaton is a discrete model composed of a set of cells that are updated simultaneously
by applying simple local rules [1]. These rules determine the evolution of the automaton and, despite
their simplicity, give rise to complex phenomena such as self-organization or chaotic behavior, mod-
eling different processes in various fields such as physics, biology, mathematics, and computational
sciences [2, 3]. In recent years, there has been a growing interest in the study of quantum versions
of cellular automata, since this approach offers new perspectives on the relationship between classical
and quantum computation [4, 5]. In particular, quantum cellular automata not only inherit part of
the emergent complexity of classical automata, but can also display new emergent phenomena arising
from quantum effects, such as correlations and superposition.

While recent literature has largely focused on quantum cellular automata constructed from scratch, in
this work we map a classical elementary cellular automaton onto a many-body quantum system. We
first promote the classical configurations to states of the computational basis of a quantum system.
Then, building on recent developments on the quantization of string rewriting systems [6], we construct
a local Hamiltonian H directly from the local rules of the automaton, embedding the irreversible
dynamics of the classical automaton in a reversible quantum system governed by H. The locality
of the Hamiltonian allows numerical simulations on classical computers, and opens the path for a
physical implementation in quantum simulators [7].

Once the Hamiltonian is defined, the initial state of the system evolves according to the Schrédinger
equation, giving rise to a quantum walk in the space of classical states of the automaton. The quantum
walk explores the automaton configurations both forward and backward in time, that is, in a way that
is intrinsically different from the evolution of a classical machine. This approach offers new perspectives
on the relationship between classical and quantum computation: for example, such a system could
be used to reconstruct the original states of a machine, or to study the time required for a quantum
system to reach a halting state that terminates the computation.

We numerically simulate the dynamics generated by a quantized version of a specific elementary cellular
automaton, named Rule 90. Two different initial conditions are considered in the simulations of the
system evolution: a single state of the computational basis and a Gaussian wave packet constructed
as a superposition of multiple basis states. For both conditions, we observe and compare the spatial
distribution of local observables and global quantities, such as the Inverse Participation Ratio (IPR),
the Maximum Bond Entropy, and the current. This analysis is carried out using simulation methods
based on Tensor Networks, in particular the Matrix Product State (MPS) representation, which allows
us to efficiently encode the states of a quantum many-body system.

The simulation results show that the choice of the initial condition is decisive in the evolution of
the system, leading to very different behaviors in terms of localization and quantum correlations. In
particular, when the quantum system is prepared in a time-reversal-breaking state, i.e. with the wave
packet propagating in one direction, it can effectively simulate the irreversible evolution of the original
automaton.



Chapter 1

Cellular Automaton and String
Rewriting Systems

In this chapter, we introduce the concept of cellular automata and the String Rewriting System
(SRS) formalism. We first define cellular automata as discrete models with local evolution rules that,
despite their simplicity, give rise to complexr emergent phenomena. We then show how to represent
the dynamics of automata through state diagrams and how to classify them based on their emergent
behaviors. Finally, we introduce the SRS formalism, which allows us to simulate the global evolution
of a cellular automaton by using local transformations.

1.1 Elementary Cellular Automaton

Cellular automata are discrete models composed of a set of cells that are updated simultaneously
applying simple local rules. Despite their apparent simplicity, these systems exhibit complex emer-
gent phenomena, such as the formation of ordered structures (self-organization), the propagation of
information, and the generation of chaotic behaviors [1]. These characteristics make cellular automata
useful in numerous scientific fields: from the modeling of physical systems to biology [2, 3] (e.g., tissue
growth, epidemic spreading), from the simulation of complex and self-organizing systems to compu-
tational theory, where some cellular automata have been proven to be Turing-complete. In essence,
their ability to generate global behaviors from simple local interactions makes them fundamental tools
for the study of complexity [6].

1.1.1 Definition of a Cellular Automaton

A cellular automaton is a discrete dynamical system defined on a regular d-dimensional lattice of
N € N cells, in which each cell s; (i =1,..., N) takes one of k discrete values [1]:

si(t) € {oj}j=1,.k» 0jEL.

Its dynamics is governed by a local deterministic rule ®, which is a discrete function that updates the
value of each cell at every time-step:

Si(t + 1) = (I)(Si_r(t), ey Si(t), ey 87;+T(t)),

where the value of s;(t + 1) also depends on the states of its neighbors within a radius r. Hence,
given the automaton configuration at time ¢, its configuration at time ¢ + 1 is obtained by applying
the rule to all cells at the same time. A particularly important class is that of the elementary cellular
automaton, defined by choosing a dimension d = 1. In this work we focus on this class assuming k = 2
(binary states) and a radius r = 1, which means that each cell can take only two possible states (+1)
and its next state depends on the cell itself and its two nearest neighbors:

Si(t) € {—1, 1} , Si(t—{— 1) = (I)(Si,l(t), Si(t), Si+1(t)).

4



1.1 Elementary Cellular Automaton )

Therefore, since each cell has two states, the number of possible inputs for a rule ® is 23, while the
output is binary: in other words, there are 22° — 256 distinct possible definitions of ®, commonly
referred to as Rule 0 through Rule 255 in Wolfram’s notation [1]. For the boundary cells, namely,
the first and the last one, we assume the presence of a virtual neighbor in state —1 on the left and
on the right, respectively. In this work, we focus on this class of cellular automata, paying particular
attention to Rule 90.

Figure 1.1: Rule 90: on top the input cells for the rule, on bottom the output after 1 time-step. We represent
the state +1 in black and the state -1 in white. [8]

As we will see in the following sections, it is interesting to notice that, despite the simplicity of this
construction, the automaton exhibits rich and different dynamical behaviors, and, looking at the
automaton evolution, a remarkable variety of highly complex patterns emerges.

1.1.2 Diagram Representation of Cellular Automata

A directed graph is a mathematical structure defined as G = (V, E), where V is a set of nodes (or
vertices) and E C V x V is a set of arcs (or links) connecting them, which may have a direction.
Graphs are widely used to represent networks, relationships between objects or states, and discrete
dynamical systems, as in our case.

In fact, each configuration of an elementary cellular automaton can be represented as a string of IV
binary characters s;, and a state of the 2V configurations can be assigned to a node V. Then, two
configurations that differ by a single application of the rule are vertices connected by an arc. The
graph constructed in this way from a cellular automaton is called state-transition diagram. Since the
update function ® is deterministic, every node has only one outgoing arc, but multiple nodes can point
to the same subsequent state, showing also the irreversibility of the process.
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Figure 1.2: Example of a state-transition diagram for Rule 90 with N = 4 cells. Each node represents one of
the 24 = 16 states, and arcs show how states evolve under the rule [8].

We also observe that there are some configurations to which the system can converge after some finite
number of time-steps and we call them attractors. For cellular automata, attractors appear in two
forms:

e Fixed points: a single configuration that maps to itself.

e Cycles: a finite sequence of configurations that repeat periodically.
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Figure 1.3: State transition diagram of Rule 56 with 4 cells: the disconnected graph is an example of a fixed
point and two cycles composed by two and four configurations [8].

1.1.3 Wolfram’s Classification

In 1984, Stephen Wolfram proposed an empirical classification of cellular automata based on their
long-term dynamical behaviors [1, 9]. In particular, for an elementary cellular automata each rule
belongs to one of four qualitative classes. As we illustrate here the distinct dynamical behaviors of
automata in each class are also reflected in the shapes of their state diagrams:

e Class 1: the automaton evolves to a homogeneous state. In other words, from almost any initial
configuration, all cells converge to the same value (all Os or all 1s). Hence, no structures persist
over time, and the state-transition diagram collapses quickly to a single fixed-point attractor, in
which all nodes converge.

(a) State-transition diagram (b) Evolution

Figure 1.4: Example evolution of a Class 1 cellular automaton (Rule 160) for a lattice of size N = 7. In (b)
time flows from top (initial random state) to bottom (final homogeneous state with all ‘white’ cells) [8].

e Class 2: this rules produce periodic or stable patterns. Namely, after a short transient, the
automaton settles into simple repeating motifs, so in their diagrams there are several simple
attractors.



1.1 Elementary Cellular Automaton 7

"
w
~
)
H
"

‘-n|-= ’-_-‘- | n| 0

(a) State-transition diagram (b) Evolution

Figure 1.5: Example evolution of a Class 2 cellular automaton (Rule 108) for a lattice of size N = 6. In (b)
time flows from top (initial random state) to bottom (final repeating motif) [8].

e Class 3: The automaton exhibits chaotic behavior, even when it starts from simple initial
conditions such as a single central cell in state 1 and all other cells in state —1. Its evolution
often shows fractal-like structures and can be remarkably different even for small changes in the
initial conditions. Thus, even if the evolution is determistic, the behavior is chaotic, however
the statistical properties of this class converge to stable averages over time. Finally, in terms
of the state-transition diagram, this class is characterized by very large attractors, so that
periodicity becomes evident only after long transients, reflecting its pseudorandom nature. This

class includes Rule 90.

el o e P

(a) State-transition diagram for N = 8 (b) Evolution

Figure 1.6: Example evolution of a Class 3 cellular automaton (Rule 90) [8]. The second image shows the
evolution from an initial state of N = 100 cells with a single central cell in state 1: its evolution shows a pattern

known as Sierpinski triangles [9] .
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e Class 4: The automaton produces complex localized structures, often showing a mixture of
regular and chaotic behaviors. In the diagram representation, it shows different substructures as
localized cycles or interacting motifs and it exhibits long transients before reaching an attractor.
This class is of particular interest because some of its rules are known to be computationally
universal (Turing-complete).
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(a) State-transition diagram for N = 8 (b) Evolution

Figure 1.7: Example evolution of a Class 4 cellular automaton (Rule 110). The second image shows the evolution
from an initial random state of N = 100 cells [8].

1.2 String Rewriting System

As discussed earlier, the update of a cellular automaton is a global transformation: at each time
step the values of all cells are updated simultaneously according to the chosen rule. Although this
description is conceptually simple, it is useful to decompose the global update into a series of local
transformations applied sequentially. In essence, we want to simulate the evolution of the automaton
by passing through intermediate states in which we update one cell at a time. To formalize this idea we
adopt the String Rewriting System (SRS) formalism, which allows us to represent each configuration
of the automaton as a string and to encode the global update as a set of local transformations on the
strings applied sequentially.

1.2.1 SRS: Definition and Application to Cellular Automaton
A string rewriting system S is a mathematical model defined as
S =[A|R]

where A = {a;}i=1..q4 is an alphabet of symbols of size d and R = {r} is a set of rewriting rules.
Specifically, given a string of length L, each rule r defines a local transformation acting on substrings
of lenght w:

r= (ai s Yidw—1 0 042 .- "Vz{erfl)?
which replaces the symbols «, v at positions i...7 + w — 1 with new symbols o/,+" and, in our case,
preserve the length of the string L.

Example. Consider the alphabet A = {a,b} and the set of rewriting rules R = {ab ~ ba}, that can
be applied in both directions, i.e. ab — ba and ab < ba. Starting from the initial string wy = abab, we
can apply the rewriting rule r, obtaining different paths, for example:

abab ~ abba ~ baba =~ bbaa =~ baba ... abab =~ baab =~ bbaa ... abab ~ aabb =~ abab ...
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Figure 1.8: Graph of the rule ab =~ ba. From abab we can generate different sequences applying the rule in
different positions.

We now introduce a string rewriting system that can simulate a cellular automaton. In other words,
by applying a sequence of rewriting rules, we can transform any given state of the automaton into
its next state. This transformation may involve passing through intermediate strings that are not
themselves valid states of the cellular automaton, as discussed in the next paragraph.

As discussed previously, the configuration of an elementary cellular automaton can be represented as
a string of states drawn from a binary alphabet. We define this binary string as tape:

S1, 82, 83, S4,...SN , s; € {—1,1}.

To encode the application order of the rules, we now introduce a pointer p that “moves” along the
tape and explicitly selects the cell where the local rule has to be applied.

Formally, each cell is no longer described by a single symbol s; of the tape but by a pair of indices
(piv Si)
(p1,81), (p2152)7 SER) (pN7SN) ) 8; € {_11 1} y Pi € {Oail} )

where:
e p; = 0 if the cell is not visited by the pointer and the local rule will be not applied on s;;

e p; = *1 if the pointer is present on that cell, storing the original value s;_1 of the cell i — 1
before the update.

Hence, after applying the local rule on the visited cell i, the pointer is removed from that cell (p; = 0)
and moved to the next one i + 1, assuming the original value of the just updated cell (p;+1 = s;).

;ﬁlﬁ . QO . :

Figure 1.9: Graphical example of the pointer’s mechanism. The pointer indicates the cell the Rule 90 is applied
to, and stores the “color”, i.e. the state, of the previous cell before it was updated. Once the current cell has
been updated, the pointer shifts to the next cell, repeating the process.

In particular, the original automaton states, defined by the application of the local rule to all cells,
are represented by configurations of the form

(plasl)a (OaSQ)? (0a53)a "'(OaSN) , D1 7£ 0.
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As a result, this representation naturally leads to an extended alphabet A: each cell is no longer
described by a single binary variable {41}, but includes all combinations of the binary variable {41}
and the state of the pointer {0, £1} (two-index representation). Then, the pristine binary alphabet
can be mapped to set of integers:

{0,1,2,3,4,5} = {(0,-1),(0,1), (—1,~1), (=1,1), (1,~1), (1, 1)},

On the other hand, the rewriting rules now incorporate both the automaton local update and the
pointer shift, assuming the following form:

R>ri o ((pirsi), (0,8i41)) — ((0, 2(pis 81 8i+1))5 (i, 8i+1)),

where the initial pointer value p; equals the original state of the previous cell s;_1 and the function
® is exactly the original local rule, taking as input (s;—1, $;, $;+1) and returning the updated value at
the cell 7. In this way, the update order is encoded directly into the rewriting rules themselves, and we
now have a SRS that simulates the automaton. In Fig. 1.11, we show an example of the application
of the SRS.

Finally, we also observe that:

e because the rules move the pointer but never create or destroy it, the number of pointers is a
conserved quantity;

o from a diagram perspective, this construction replaces each arc that connects two configurations
with a sequence of N smaller arcs (Fig. 1.10), each corresponding to an elementary rewriting
step.

Figure 1.10: Difference between state-transition diagram and SRS: each arc is replaced by a sequence a smaller
arcs
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Figure 1.11: Starting from the cellular automaton string, we move to the pointer representation, apply Rule 90
iteratively (with the pointer moving through the cells), and finally recover the original updated configuration,
showing the equivalence between the two descriptions. From a diagram perspective, we divide the arc between
two configurations in IV intermediate steps.



Chapter 2

Hamiltonian of the State Transition
Diagram

We want to study how the same configuration structure (i.e., the same diagram) behaves if the dy-
namics is quantum rather than classical. In particular, we analyze how classical configurations can
be represented as states of the computational basis of a quantum register, in order to exploit quantum
superposition to explore the diagram in a different way. We then introduce the Hamiltonian associated
with this dynamics, showing how it reproduces the connectivity of the diagram and enables evolution
through a continuous-time quantum walk. We also discuss the computational cost of a direct construc-
tion of the Hamiltonian, motivating the adoption of an alternative strategy based on local rewriting
rules (SRS) and on the use of a pointer to simulate the update order of the automaton. This approach
leads to a local Hamiltonian capable of reproducing the classical automaton dynamics in the quantum
regime while keeping the computational complexity manageable.

2.1 Continuous-Time Quantum Walk on a diagram

To model the quantum dynamics of the automaton, we represent the nodes of the diagram, i.e. strings
of length N, as computational basis states of an N-qubit register and we define a Hamiltonian which
maps a computational basis state into another one if and only if the two states represent two connected
nodes. The evolution generated by this Hamiltonian is a continuous-time quantum walk on the state
diagram and the evolution of a computational basis state results in a superposition involving only
those states directly connected to it in the diagram.

Although the arcs and nodes of the diagram remain unchanged, the quantum walk differs substantially
from any classical graph exploration method. In fact, a quantum walk is the quantum analogue
of the classical random walk, where the dynamics of the particle (the ‘walker’) is governed by the
superposition and interference between amplitudes, leading to different spreading behavior (typically
ballistic instead of diffusive). This exploration, implementable on a quantum computer, provides the
following advantages:

o exploration of multiple paths on the diagram;

e possibility of using a superposition of nodes as an initial state, such as a wave packet, and not
only a single node;

e possibility of traversing arcs in both directions.

2.1.1 From the classical representation to the computational basis
As previously defined, a configuration of the classical automaton is a binary string of length IV:

52(81,82,...,8]\[), Si:ﬂ:l

12



2.1 Continuous-Time Quantum Walk on a diagram 13

We encode these strings into a system of qubits, i.e., a many-body quantum system composed of
several 2-dimensional local systems. We call these local quantum systems qubits, and denote their
basis vectors as | — 1) and |1). In quantum computing, each binary character is typically mapped to a
qubit, so that the value taken by each character is mapped directly onto one of the two basis states:

si=—1 < |-1), si=1 < |1),
In this way, it is possible to represent the entire classical string as a tensor product of N qubits:
|5) = [51) @ |s2) ® -+~ @ |sy) € H = (CHEN,

where the chosen basis for the Hilbert spaces H is precisely the set of configurations {|s1s2s3...5n5)}.
In other words, each classical string is in one-to-one correspondence with a basis state of our IN-
qubit quantum register, avoiding loss of information in the transition from classical to quantum. The
advantage is that once this correspondence is established it is possible to exploit quantum superposition
to perform operations on strings that are not possible classically.

2.1.2 Continuous-time quantum walk

Once the nodes of the diagram have been represented as orthonormal states on the computational
basis, we want to explore it starting from one node and reaching nodes in more distant regions.

In the classical cellular automaton, the dynamics is fully deterministic: from each node there is only
one outgoing arc, and the exploration proceeds along a unique, well-defined path leading from one
configuration to its single successor.

In contrast, the path on the diagram can now be defined by a continuous-time quantum walk (CTQW) [10],
namely a dynamics governed by a Hamiltonian H that encodes the structure of the diagram itself.
In this way, the evolution is no longer restricted to a single deterministic path, because quantum
superposition allows the simultaneous exploration of multiple compatible paths.

More specifically, to implement a continuous-time quantum walk we can construct a Hamiltonian of
the form

H =3 Ay (s + 159 (s1), (21)
1,J
where |s()) is a node of the diagram, i.e. a basis state |s(?)) = |s§i)sgi) . .sg\%, while A is the adjacency

matrix of the diagram, defined as

1 if there exists an arc between the nodes |s(), [s())
Ajj = (2.2)

0 otherwise.

In essence, this Hamiltonian consists only of hopping terms between connected diagram states: when
applied to a basis state, it yields a superposition involving only the states adjacent to it, namely

H|sWy = [s0)y 4 |s®)y 4

where |s)),|s()), ... are the nodes connected to |s()) by an arc of the diagram.

Once H is defined, the evolution of a generic quantum state |1(t)) € H is governed by the Schrédinger
equation:

FER) = HRW), ) = (o))

Thus, even when starting from a single node, [¢(0)) = |s(), the evolved state [1)(t)) becomes a
superposition of nodes of the diagram, with complex probability amplitudes. This behavior can give
rise to phenomena absent in the classical case, such as interference effects, making the resulting
dynamics particularly interesting to study.
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Finally, an important aspect of the continuous-time quantum walk should be noted: since the Hamil-
tonian is Hermitian, the diagram is effectively undirected. Indeed, if there is a hopping term |s(®)(s\9)|
from node s to node s, there is also the corresponding operator allowing the reverse transition,
15)) (5] or equivalently, because the evolution is unitary, the process is reversible. This means that
motion along the diagram is possible both “forward”, as in the classical case, and “backward”.

2.1.3 Computational cost of a direct construction

The main limitation of this approach is that the direct implementation of the Hamiltonian in Eq. (2.1)
requires the construction of a matrix of size 2V x 2V, with a computational cost that grows exponen-
tially with the system size IV. This reflects the fact that the transition between two configurations in a
cellular automaton is a global update and, therefore, this representation fails to provide a description
in terms of local Hamiltonian, i.e., as a sum of Hermitian operators acting in parallel on finite regions
of the configuration.

Moreover, performing this construction requires prior knowledge of the connections between all nodes
of the diagram, which may be highly branched and complex. For these reasons, this construction
becomes impractical even for moderate values of N, motivating the search for an alternative repre-
sentation of H based on local rewriting rules. Finally, we also observe that a local Hamiltonian will
be of particular interest since it is closer to the physical systems observed in nature.

2.2 Construction of the Hamiltonian via SRS

As discussed above, it is not convenient to write the Hamiltonian H in terms of operators |s(")(s\9)|
that simultaneously update all cells defining the state of the automaton.

Instead, it is more convenient to update one cell at a time, writing the Hamiltonian in terms of local
operators, i.e., operators acting on at most w adjacent qubits, where w does not depend on the system
size. These operators encode the action of rewriting rules on the computational basis states. In
particular, the action of the rule r, as defined in Chapter 1, is:

r= (ai s Yidw—1 0 ag .- "Yz{+w71)7
and is encoded by the local operator
F=1Q - QL® | ... Y1) Vitw—1] QL@+ QL

which acts non-trivially only on the qubits at position from 7 to ¢ + w — 1, updating them accordingly
to the automaton rule.

When constructing a local Hamiltonian to simulate the automaton dynamics, however, we have also to
encode the fact that the update rule is applied in a specific order, from the leftmost cell to the rightmost
one. Simply summing over the local operators #; would update all matching positions simultaneously
unless one modifies the operators “from the outside” at each local application, effectively rendering
the Hamiltonian time-dependent.

To overcome this limitation, we introduce a pointer and employ the SRS formalism to encode in H
the order of application of the local rules, keeping track of the cells already updated so that the rule
can be reapplied consistently.

2.2.1 Pointer Encoding and SRS

As explained in Chapter 1, we associate with each cell a pair of indices encoding both the cell state
(stored in the tape) and the presence of a pointer (indicating where to apply the rule and storing
information about the previous cell state):

(piasi)a bi = O,ila S = il)
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which we map, for simplicity, to the compact alphabet

{0,1,2,3,4,5} = {(0,—-1),(0,1),(-1,-1),(-1,1),(1,-1),(1,1)}.
We therefore again deal with strings of length N, but now with non-binary characters. Nevertheless,
we can proceed as before by representing these strings as states of the computational basis, with the

difference that each cell is now associated with a qudit, that is, in our case, a quantum system with
six basis states:

(pi:0,8i2—1)<:>’0> (piZO,SiZU = ’1), ey (pi:LSi:l) = ‘5>
Each string is thus in one-to-one correspondence with a basis state of the form

P, 8) = [p1,51) ® [p2,82) ® - ® [pn, sy) € H = (COPN,

The next step is to represent the SRS rules as operators 7; that is, we wish to reproduce on the subsys-
tem |p;$;)®|pi+15i+1) the same transformation that the rules produce on the substrings ((p;, $;), (Pi+1, Si+1))-
In particular, since the rules of the SRS act as

Tt ((pivsi)a (0>3i+1)) — ((07 (I)(piasia Si—‘rl))a (3i75i+1>)7 pi = *1, (2'3)

we define a single local operator 7; incorporating all possible transitions:

i = Z I®:®

PiySiySi+1

0,®)(pi, Si‘ ® ‘5i75i+1><0, 3i+1| ®- -1, (2.4)

where the operator acts non-trivially only on cells ¢ and ¢ 4 1, while acting as the identity on all other
cells.

Example. Rule 90 is defined by the local function

D(8i-1, 84, Si+1) = — Si—1(t) si+1(1).
For example, two classical transitions are:

(1,1,1) — —1, (-1,1,1) — 1.
Using the extended encoding with pointer, these local rules become:

((17 1)7 (Ov 1)) — ((07 _1)7 (17 1))7 ((_17 1)7 (07 1)) — ((07 1)7 (la 1))

In numerical encoding:
(51 1) — (07 5)7 (37 1) — (17 5)

These rules are implemented on cell © in the Hamiltonian as:

=1®...10,5)(5,1|---®I, 7 =I®...]51)(0,5 - ®I,

7

1
(2
P2=1®...]1,5)3,1]---®I, #=I®...|3,1)(1,5]---®L

)

T

i

And summed with the others ff + ffT give back 7; + T
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2.2.2 Construction of H

It is now possible to write the Hamiltonian as a sum of the rules, since these also encode the information

about their order of application:
N—-1

H:Z; (i +71).,

where the Hermitian conjugate terms are included to ensure the Hermiticity of H. The difference with
the previous formulation is that now each rule is applied only in the presence of the pointer, which is
moved at each application so that, after N steps, the system evolves from one node of the diagram to
another. It is therefore possible to evolve a generic initial state by applying e~** to it.

Example. Consider a string of length N = 4:
p,s) = 1(0,1),(1,1),(0,1), (0, -1)) = [1,5,1,0).
According to Rule 90 defined above:
(5,1) — (0,5), (3,1) — (1,5),
With H defined as above, the only operators acting non-trivially on the state |p, s) are f’{, To:
H|1,5,1,0) = (] +72)|1,5,1,0) = [3,1,1,0) + |1,0,5,0).

The Hermiticity of H allows the pointer to move in both directions, enabling forward and backward
transitions.

In summary, to make the problem computationally tractable, we introduced an additional degree
of freedom—the pointer—to encode directly in a local Hamiltonian the order of the rules. From
the diagrams point of view, this corresponds to dividing each arc into N segments, i.e., connecting
two nodes with N intermediate nodes representing configurations in which the pointer has not yet
completed scanning the tape that contains the information on the state of each cell. The fundamental
difference compared to previous approaches is that the quantum walk is now performed on an extended
diagram that includes both the original nodes and these intermediate ones (see Fig. 1.10).

Finally, we note that:

« The configuration space now has size 4N -2V~1: each character can take six values, but the string
must satisfy the constraint of pointer conservation, i.e., the presence of exactly one pointer.
Consequently, only one character can take values in {2, 3,4, 5}, while the remaining ones must
be in {0,1}.

o This representation is computationally convenient: although the configuration space has been
enlarged, the number of operators required to build H scales linearly with the system size N, as
only one operator 7; per cell needs to be defined.

e The Hamiltonian H is straightforward to implement on a quantum computer or on a quantum
simulator, since it is sum of local operators.



Chapter 3

Simulations

In the previous chapter, we introduced a local Hamiltonian description of the automaton evolution
using a pointer and a corresponding string rewriting system. Here, we perform numerical simulation
of this many-body system wusing tensor network methods for the simulation of the quantum many-
body system. First, we define the main simulation parameters: the bond dimension Y, required to
reduce the computational cost by using Tensor Network, and the time step At, necessary to solve the
Schrodinger equation. Next, we introduce some quantities measured during the simulation, including
local ones, computed cell by cell, and global ones, such as the IPR, which measures the localization
of the system’s state, and the Maximum Bond Entropy, which quantifies the entanglement generated
during the evolution. Finally, we present and discuss the simulation results.

3.1 Simulation Method

The simulations are performed using Quantum Tea [11], a software based on tensor networks, which
allows to represent quantum states as Matrix Product States (MPS) and to simulate the system’s
evolution through the Time-Dependent Variational Principle (TDVP) algorithm. In this section, we
briefly present these methods, focusing on the main parameters that govern the simulations.

3.1.1 Matrix Product State Approximation

Because our system is composed of N qudits with d = 6 local states, a generic state |1)) can be written
as:
[y = Z Csr..sy|S182...5N) , $;=0,1,...,5.
51,82,.-,SN
Therefore, to represent |1¢), it is necessary to specify dN coefficients, namely Cs,..sy- However, this
number grows exponentially with N, making any direct simulation impractical even for moderate
values of V.

To overcome this issue, we use Tensor Networks [12], which are a class of numerical techniques that
allow the state [1)) to be represented in a compact form. A detailed explanation of their structure
goes beyond the scope of this work.

Here we give a qualitative idea of their functioning, focusing on the concept of bond dimension and
starting from the simplest case: a system composed of only two subsystems (N = 2). In this case, the
state can be written as:

) = Migli) @13)

where M;; is the coefficient matrix, which can always be decomposed by a Singular Value Decompo-
sition (SVD):

17
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Mij = UinDyw Ve
kol

where U and V' are unitary matrices and D is a diagonal matrix with elements Dy, = Ai. Substituting
this expression into the expression for |1)), we obtain the Schmidt decomposition:

=) Melaw) @ [Br)
K

with |ag) = >, Uiklt) and |Bx) = >, Vji|j), which form orthonormal bases of the respective sub-
spaces. In particular, the eigenvalues of D provide an indication of the entanglement between the two
subsystems: if there is only one \; # 0, the system is separable; otherwise, it is entangled. From a
physical point of view, we represent the information related to the individual subsystems in U and V/,
while their correlations are encoded in D.

In the case of a system with N > 2 subsystems, this procedure is generalized by applying the de-
composition to each pair of consecutive sites; thus, at each cut between two blocks of the system, a
matrix D with its own eigenvalues is obtained. This specific decomposition leads to a particular class
of tensor network called Matrix Product States (MPS).

Example. Consider a system composed by N = 3 subsystems, A, B,C, and a pure state:

= cimli)a®li)p @ |k)c

i,5,k

First cut: we divide A from (BC), rewriting cijr = M; (i), applying the SVD and obtaining the
Schmidt decomposition:

ZU DU Vo 1) =Y _Mla)a®|d)pe, M =DI,

with o) o = 32 Uia li)a € |/) e = 325 1 Va, gy 17)B @ [K)e

Second cut: we now decompose |&')pc, dividing the subsystems B, C. Defining Wiajrk = Va,k)
we can apply the SVD a second time:

2 2 2
ZUW s D55 Vik  laiso =3 A7 1Be)s®|8)c. A7 =D,
B
with |B(a))p =3, U(’aj)ﬁ 1708 elB8)c =221 Vi lk)o. Combining the two cuts we obtain:

) =S AT jaya © |B(a)) s @ 18) ¢
a,B

In this way, the coefficients c;ji, can be rewritten as a product of matrices, i.e. D,U,V, leading to the
MPS discussed above.

Now, assuming that, as occurs in many physical systems, the eigenvalues \; decay exponentially:

)\k ~ e—ozk: ’
it is possible to reduce the number of Ag, retaining only the first xy most relevant terms, where
x is called bond dimension. Essentially, we limit the complexity of the representation, neglecting
minor correlations between subsystems. It can be shown that this approach allows a transition from a

description of the state with dV coefficients to an approximate description with a number of parameters
that scales as O(N - d - x2).
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3.1.2 Time Discretization and At

To solve the Schrodinger equation, we use the Time-Dependent Variational Principle (TDVP) al-
gorithm, whose detailed explanation lies beyond the scope of this thesis; here we provide only a
qualitative description of its functioning. The idea of TDVP is not to consider the evolution in the
whole Hilbert space, but rather only in the subspace consisting of states represented as MPS with a
fixed bond dimension Y.

Concretely, the time axis is discretized into intervals of size At, and at each time step the MPS
is evolved by updating one tensor at a time. To perform this update, we construct an “effective
Hamiltonian” by projecting the global Hamiltonian H onto the space of states represented as MPS
and expressing it in terms of local Hamiltonians acting on each tensor of the MPS. The update is then
implemented by computing the exponential of these local effective Hamiltonians and applying it to
the corresponding tensor.

One of the main numerical error sources of this algorithm is the following: although the Hamiltonian
H is constant, its projection onto the MPS manifold changes because the state itself changes after
the evolution, therefore the effective Hamiltonian is time-dependent. Nevertheless, in TDVP the same
effective Hamiltonian is used throughout the entire time step At, although in reality it changes. This
leads to a numerical error that grows with At.

3.2 Observed Quantities in the Simulations

Once the simulation parameters have been established, we select a set of quantities to summarize the
most relevant aspects of the system’s dynamics.

3.2.1 Local Quantities

In this section, we list three local quantities that have been observed during the simulations: pointer
configuration, tape, and pointer position. Each of these quantities has been defined and computed
according to the following scheme:

1. Representation of the states of a single qudit using basis vectors {|j)} of C®:

0—(1,0,0,0,0,0) 1-—»(0,1,0,0,0,0) ... 5—(0,0,0,0,0,1)

2. Definition of a suitable diagonal operator O acting on a qudit, i.e., a 6 x 6 matrix such that
Ol7) = Ajli);
3. Construction of N operators O; acting locally on the i-th cell via O:

A~ A~

0;,=191®...0...01;

4. Computation of the IV expectation values of O; on the state of the system at time ¢:

()| 0il (1))

5. Color plot in which the horizontal axis represents time ¢, the vertical axis represents the N cells,
and the color at each point (¢,¢) is proportional to the expectation value (O;).

Once the method for constructing and computing the local quantities is specified, we can now define
the corresponding operator O for each observable, justifying the choice.
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Pointer configuration. The first quantity we consider is the pointer configuration, defined through
(OF
C = diag(0,0,—-1,-1,1,1),

which, when applied to a basis state of C®, adds a factor equal to the value of the pointer if present or
0 if absent. In this way, it distinguishes the cells currently undergoing an update from the others. This
observable provides a map of the average logical value associated with the pointer: in the classical
case, at each time step, (C;) would be +1 for a single cell and zero elsewhere, whereas now it can take
intermediate values in [—1, 1] and be non-zero at multiple cells simultaneously.

Tape. Another quantity we want to study is the tape, defined through 7'
T = diag(1,—-1,1,-1,1,-1),

which, when applied to a basis state of C®, adds a factor equal to the negative of the logical value of
the cell, s;, regardless of the presence of the pointer. This allows us to analyze how the logical content
of the tape evolves over time.

Pointer position. Finally, we consider the pointer position, defined through P:
P = diag(0,0,1,1,1,1),

which is a local operator that identifies the presence of the pointer. Unlike the pointer configuration,
which assigns a factor +1 depending on the pointer’s logical value, the position observable simply
returns 1 in all cases where the pointer is present. This quantity is useful to build the probability
distribution of the pointer’s position along the tape and to compute its average position.

Index | (ps, si) c | T |P
0 (0,-1) | 0 | 1
(0,1) 0 | -1

(-1,-1) | -1 1

(-1,1) | -1 -1
1,-1) | 1| 1
(L,1) | 1 |-1

— R =R =R OO

U W N~

Table 3.1: Eigenvalues associated to each basis state of the qudit, after applying C, T, or P.

3.2.2 IPR

Another quantity we consider is the Inverse Participation Ratio (IPR), which quantifies the localization
of a quantum state with respect to a given basis of the Hilbert space. Here, we consider the localization
with respect to the computational basis. Specifically, given a normalized state |¢)), expressed in the
computational basis {|7)}, the IPR is defined as:

IPR = Z Gyt ()] < 1

This indicator quantifies how much the wave function is distributed among the different configurations
of the basis: if IPR ~ 1, the state is strongly localized, meaning that the probability of finding the
system in a small number of configurations is high; conversely, if IPR <« 1, the state is delocalized,
i.e., it is spread across many configurations.

In our case, the IPR allows us to analyze whether, during the evolution, the initial state tends to
spread across the whole diagram or remains confined to a particular region. In the simulations, the
IPR is recorded at each time step, providing a direct measure of the evolution of localization over
time.
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3.2.3 Maximum Bond Entropy

The Maximum Bond Entropy provides a measure of the entanglement generated in the system during
the evolution. Specifically, to calculate it, we divide the system into two subsystems A and B, through
a cut between the central cell and its neighbor. Given the global state of the system [¢) € (C6)®N,
we compute the reduced density matrix pa of the subsystem A:

pa = Trp ([P)(¢]).

Since we are dealing with pure states, we can then measure the entanglement between the two sub-
systems through the von Neumann entropy Sn:

Sn(pa) = —Tr(palogy pa) -

Here, log, p4 is computed by diagonalizing p4 and taking the logarithm of the individual eigenvalues.
In particular, in the tensor network formalism, p, is already diagonalized via the Schmidt decompo-
sition of the state:

) = Aaled) @165),  pa=d_ Molen)(dal

where {]d)é (B)>} are orthonormal bases of the respective subspaces. The von Neumann entropy then
becomes:

Sn == A2 logy A2,

Finally, it can be shown that Sy < log, m, where m is the number of eigenvalues A, which scales
exponentially with the size of the system N.

In conclusion, this quantity measures the entanglement generated between the two halves of the
system, and it is expected to grow over time until it reaches a stationary regime determined by the
system size or by the bond dimension Yy, since:

e The local rules of the automaton progressively generate correlations between neighboring cells,
and these correlations propagate along the tape, increasing the entanglement between the left and
right halves of the chain, up to a maximum value of the order of the system size Sx = logy m o< N.

e The use of tensor networks involves keeping only the first y values of A, i.e., it artificially
reduces the entanglement. This phenomenon may lead to saturation before the actual maximum
value is achieved. In particular, the maximum entanglement reachable with a bond dimension
x corresponds to the maximally mixed state and is log, x.

o If the presence of x leads to a significant reduction of the entanglement, the truncated eigenvalues
are not really negligible, and therefore it is necessary to increase the bond dimension to obtain
more reliable results.

3.2.4 Current

The last quantity we want to study is the current, namely the flow of the pointer along the tape
from left to right, independently of the tape content and of the internal state of the pointer itself.
The current is constructed in analogy with tight-binding models, where it describes the transport of
particles between adjacent cells and it is proportional to the imaginary part of the hopping operators
that create the particle at one cell and annihilate it at another.

Derivation of the current. A simplified way to obtain the formula for the current in a tight-
binding model is the following. We define a Hamiltonian H in which particles can only hop between
neighboring sites:
H=Y (C] Ci+ClCi1), mi=ClC,
i
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where CZT , C; are respectively the creation and annihilation operators at site 4, while n; is the number
operator that counts how many particles are at site ¢. Then, substituting H into the Heisenberg
equation for n;, we obtain:

g = i[H,n] =i (CliCi-clCinn) =i (ChaCi= €l Ci) == Tiami = T,

In which we have defined the current from site 7 to site 7 + 1 as:

Jivint =i (CLiCi = ClCi )

This form corresponds to the imaginary part of the hopping terms, and it is a natural definition
of the current because it guarantees the validity of the continuity equation and the conservation of
the number of particles. Finally, we note that our model satisfies the conservation of the number of
pointers, and its Hamiltonian is also composed of hopping terms, so the analogy with tight-binding
models is justified.

Current of the pointer. To define the current of the pointer we consider creation and annihilation
operators, C':Tt and C4 ;, which respectively introduce or remove a pointer with internal state +1 at
cell i. The local current from cell i to cell i + 1 is defined as the sum of all possible processes in which
a pointer is destroyed at one cell and created at the next one, assuming that in the process the pointer
may also change its internal state:

Ji=i(CoiCl i+ OOt L+ OOt +CuiCl i — hee).

The total current is then obtained as the sum over all cells:

J:ZJi.

Creation and annihilation operators. To explicitly construct the creation and annihilation op-
erators C’Jfi ;» O+ we observe that they must encode on cell i the following transitions:

. CLZ-, creation of a pointer with p; = —1 :

0—2 1—3 thatis (0,—1) = (=1,—-1)  (0,1) = (=1,1)

o (C_, annihilation of a pointer with p; = —1:

2—-0 3—1 that is (—1,—-1) — (0,-1) (-1,1) — (0,1)

o Of

+.4» Creation of a pointer with p; = 1:

0—4 1—5 that is (0,—1) — (1,-1) (0,1) = (1,1)
o (. ;, annihilation of a pointer with p; = 1:
4—0 5—1 that is (1,—-1) — (0,—-1) (1,1) — (0,1)

Identifying, as done previously, each state of the qudit i with a basis vector of C%, these operators can
be written as the following tensor product:

Cri=1I® - ®(ct)i®...1

where c4 ; are 6 x 6 matrices encoding the transitions listed above. As an example we report the case
of T 1
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Example. Consider the case of CT_J. The 6 x 6 matriz c_ must encode the transitions 0 — 2, 1 — 3,
which, in the representation through basis vectors of C8, correspond to the transitions:

(1,0,0,0,0,0) — (0,0,1,0,0,0)  (0,1,0,0,0,0) — (0,0,0,1,0,0)

Therefore the matriz c_ is:

P

I
coocoocoo
coocoocoo
coococ o~
coocor~oO
coocoocoo
coocooo

and consequently:
C1=c @Iz ---aI

Interpretation of the current. The sign and the value of the current provide information about
the direction and the average velocity of propagation of the pointer:

o (J) > 0: average motion to the right,

o (J) < 0: average motion to the left,

o (J) =~ 0: balanced motion or absence of net propagation.

In superposition states, intermediate values indicate the coexistence of propagation in both directions.
Moreover, since the current measures the net probability flux of the pointer, its value is directly
proportional to the pointer’s average velocity of propagation.

3.3 Initial conditions

Once the automaton’s classical configurations are represented as computational-basis states, the choice
of initial conditions becomes more flexible. In particular, in the simulations we use two initial condi-
tions: the first one, similar to the classical system, is a single node of the diagram; the second one is
a wave packet, i.e., a superposition of basis states associated with nodes connected in the graph.

3.3.1 Computational-basis state

We start the system evolution from an initial condition similar to the classical one, namely from a
single node of the diagram. In other words, we set the system initial state [¢) equal to one of the
computational-basis states. In particular, we choose the same state that generates the Sierpinski
triangles shown in Fig. 1.6 in Chapter 1, i.e., a state in which the tape has all cells initialized to —1
and the central one to +1. We also recall that in the classical automaton the boundary cells, which
have only one neighbor to their right/left, have a virtual cell in state —1 on their left /right. Therefore,
using the extended alphabet of the SRS, the initial state becomes:

|Yo) = [200...1...00)

Indeed:
o the tape has the central cell in state +1 and all the others in state —1;

e the pointer is present only on the first cell: as discussed in Chapter 1, this type of configuration
corresponds to a node of the classical automaton’s diagram;

e the pointer is initialized in state —1 to respect the boundary conditions of the classical automa-
ton: since p; = s;_1, the first cell has a virtual cell to its left in state —1.
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3.3.2 Wave packet

The second initial condition from which we chose to start is a Gaussian wave packet that moves on
the diagram, constructed as follows:

o start from the classical string so = 200...1...00 defined in the previous section;

e apply the local rule in the SRS formalism iteratively to sg, sliding the pointer until it reaches
the end of the tape: this generates the ordered sequence of N configurations {s;};—o. . n—1 that
connects the node sg =200...1...00 to the next one;

 associate to each s; the position j and build the initial state as a superposition of the states

{Is5)}:

L-1

1 ik j (j—M)z
BO) = 5 e exp( = L) Isy),
§=0
where: N1 N
k=m/2, M:T_, o= &

In particular, N is the normalization constant, and k = /2 is the mean momentum introduced to
produce a non-stationary packet that propagates in a definite direction at maximal group velocity.
Finally, p© and o are chosen so that the packet is well localized with negligible tails, with its peak at
the center of the arc that connects two configurations of the classical automaton diagram.

(200...1...00) intermediate configurations next configuration

Figure 3.1: Representation of the initial wave packet for a system with 25 cells.

3.4 Simulation results

In this section, we present the results of the simulations for the two different initial conditions: the
computational basis state and the wave packet. For each of the two initial conditions, we compare the
IPR, the Max B.E., and the Current of simulations with different parameters x and At, in order to
study their effect on the simulations themselves. In particular, since the error due to At accumulates
over time, we expect the simulations to diverge at large t. The plots of IPR, Max B.E., and Current
also allow us to characterize the degree of localization of the system and the growth of quantum
correlations. Finally, we compare the local quantities, studying their transport and distribution along
the cells and highlighting the differences between the two initial conditions.

We choose to simulate a Class 3 automaton, namely Rule 90, because, as discussed in Chapter 1,
unlike the automata of the other classes, it exhibits chaotic and non-trivial pseudorandom behaviors
(such as the formation of Sierpinski triangles), showing fractal structures and the presence of large
attractors in the state-transition diagrams. Moreover, we choose a time step At ~ 1072-1073 and
a bond dimension y in the range 10!-102, in order to ensure computationally feasible simulations,
while avoiding too coarse approximations. Finally, we set the system size to N = 25, which is large
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enough to capture the emergence of complex structures, but also sufficiently small to allow numerical
simulations. Summarizing, we set:

x ~ 10'-102, At ~ 107221073, N = 25.

3.4.1 Computational basis state

Here we report the plots of IPR, Max B.E., and Current of the simulations that reproduce the evolution
of the basis state, for different values of y and At!.

IPR IPR
10° —— =20, At=0.005 10 —— =40, At=0.005
—— x=40, At=0.005 —— x=40, At=0.02
—— x=60, At=0.05 —— x=40, At=0.05
10-?
10-1
o o
S o
102
10-2
103
Time Time
Max BE Max BE
5
4
w3
o
X
©
=2
" —— x=20, At=0.005 1 —— x=40, At=0.005
—— x=40, At=0.005 —— x=40, At=0.02
. —— x=60, At=0.05 . —— x=40, At=0.05
0 50 100 150 200 250 50 100 150 200 250
Time Time
Current Current
0.8 —— x=20, At=0.005 08 —— x=40, At=0.005
—— x=40, At=0.005 —— x=40, At=0.02
0.6 —— x=60, At=0.05 0.6 —— x=40, At=0.05
2 04 2 04
[0} (0]
= E
> 0.2 >
@) (@) 0.2
0.0 0.0
=0.2 -0.2

200 250

Figure 3.2: Comparison plots of IPR, Max B.E., and current for different parameters with the computational
basis state as the initial condition. On the left, the effect of varying x; on the right, the effect of varying At.

The plots show that:

« At t =0, IPR = 1, but it quickly drops to IPR ~ 1072, without significant differences among
the plots with different parameters: this means that the system starts from a localized basis
state, our initial condition, and becomes quickly delocalized over the diagram, evolving into a
superposition of basis states.

e The Max B.E. saturates rapidly, that is, the system quickly becomes strongly correlated, and
this correlation increases with y: this phenomenon may be related to the fact that lower values
of x artificially reduce the entanglement of the system. In contrast, changes in At do not seem to

'In the case x = 60 the only available simulation is the one with At = 0.05, although it would have been more
appropriate At = 0.005.
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affect this quantity. However, in all cases, the saturation occurs before the expected theoretical
maximum value, namely log, x.

o The current initially has a preferred direction (to the right), but for ¢ 2 50 it settles to 0, and this
effect is related to the delocalization discussed above: once all points of the graph are reached
after a short time, motion can proceed in any direction on the graph, i.e., the pointer can move
to the right as well as to the left, so its net transport is null.

In light of these observations, we expect the pointer position and configuration to be quickly distributed

along all cells, i.e., the probability of finding the pointer in a given state on each cell becomes more
and more similar for ¢ 2 50.

3.4.2 Wave packet

Here we report the plots of IPR, Max B.E., and Current of the simulations that reproduce the evolution
of the wave packet, for different values of x and At.

IPR IPR
—— x=20, At=0.005 —— x=40, At=0.02
0.20 —— x=40, At=0.005 —— x=40, At=0.005
—— x=60, At=0.05 0.20 —— x=40, At=0.05
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IPR
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Time Time
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—— x=20, At=0.005 —— x=40, At=0.02
3.5f —— x=40, At=0.005 3.5f —— x=40, At=0.005
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Figure 3.3: Comparison plots of IPR, Max B.E., and current for different parameters for the wave packet. On
the left, the effect of varying x; on the right, the effect of varying At.

For the wave packet, we observe different behaviors from the previous case:

e The IPR decreases much more slowly than before and is always IPR ~ 107!, that is, the packet
is much less delocalized. Moreover, no significant differences are observed when changing the
parameters, except for the presence of a peak that occurs at ¢t ~ 140 for y = 40.
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e The Max B.E., that is, the system entanglement, grows slowly without saturating and is lower
than in the previous case. In addition, in this case, Max B.E. also appears to be influenced by
changes in At.

e The current initially has a well-defined direction to the right, consistent with the fact that the
packet has the maximum group velocity in that direction. However, at t ~ 140, i.e., when the
IPR exhibits the peak, the current changes sign, suggesting a reflection. This phenomenon may
be due to the fact that at ¢ ~ 140 the boundary cells of the tape are also updated, as we will
discuss in the next section. Finally, we note that for x = 60 the current decreases less, but this
may be an effect due to the large At, whose error accumulates over time.

In this case, the dynamics is therefore that of a quantum walk in which the packet propagates on the
graph.
3.4.3 Comparison of local quantities

Finally, we report the plots of the local quantities (pointer configuration and position, tape) for both
initial conditions, with parameters x = 40, At = 0.005.
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Figure 3.4: Comparison of local observables for the two initial conditions. On the left, the computational basis
state; on the right, the wave packet.

From the plots, we observe that:

e The pointer configuration and position for the computational basis state are well defined only
at the beginning: this is consistent with IPR ~ 1072, i.e., a delocalized state, and almost zero
current. In other words, it becomes impossible to predict which position or configuration is most
likely to occur at long times.

e The pointer configuration and position for the wave packet, instead, are more defined since the
delocalization is smaller. Moreover, at t ~ 140 the pointer seems to undergo a reflection, which
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corresponds to the sign change of the current seen above and to the IPR peak. It is interesting
to note that this phenomenon occurs when the tape edge cells change sign and therefore do not
depend on the pointer, but on the automaton cells. We also observe that the reflection is not
complete, but there is a small transmitted component: consequently, the lines of pointer position
and configuration are less sharp, and interference and superposition effects occur.

e In the case of the wave packet, the tape exhibits a well-defined pattern that reproduces the
Sierpinski triangles up to t ~ 140; however, following the reflection and partial transmission of
the pointer, this pattern becomes less intense (i.e., less probable) and a mirror pattern due to
the reversed current overlaps it. This phenomenon distinguishes this plot from the classical case
and shows the effect of quantum superposition.

e In the case of the computational basis state, although the tape starts from a well-defined state,
it shows Sierpinski triangles that are less sharp and soon become indistinguishable, since the
state evolves into a superposition of states in which all configurations are likely to occur.

e There is an asymmetry in the tape plot when starting from a the computational basis state: this
is related to the pointer initial position, i.e. the first cell, and is consistent with the observation
that the current is positive at early times (on average, the pointer moves to the right). In
contrast, in the case of the wave-packet, the pattern is symmetric, since the packet is centered
on the state with the pointer located on the central cell, i.e. halfway between an automaton
configuration and the its updated one (see Fig. 3.1).

In general, we observe how the choice of initial condition determines two well-distinct dynamical
regimes. In the case of the wave packet, there is a smaller delocalization and the propagation exhibits
intensity modulations and interference that confirm the genuinely quantum component of the dynam-
ics. Instead, the computational basis state becomes quickly delocalized and is characterized by a less
directional pointer dynamics and higher entanglement.



Conclusion

In this thesis, we have shown how, starting from the simple rules of an elementary cellular automaton,
it is possible to construct a quantum system that exhibits complex emergent phenomena and we
highlighted the system’s behavior in terms of localization and entanglement.

To achieve this, we first introduced the equivalence between the automaton dynamics and the state-
transition diagram, and subsequently encoded the classical configurations of the automaton into com-
putational basis states of a quantum many-body system. With the introduction of an additional
degree of freedom, namely the pointer, and the string rewriting formalism, we built a local Hamilto-
nian H that directly encodes the automaton evolution rules and their order of application, allowing
the description of the quantum dynamics as a quantum walk on an extended diagram that simulates
the original one.

Finally, the use of Tensor Networks allowed us to analyze the growth of correlations and localization
mechanisms, reducing at the same time the computational cost of simulations.

The analysis of global quantities such as the IPR, the maximum bond entropy, and the current,
and local quantities, allowed us to characterize the system dynamics starting from two different ini-
tial conditions: the computational basis state and the wave packet. In the first case, we observed
rapid delocalization and a growth of correlations in the system, whereas in the second case these two
phenomena were slower and more limited. Moreover, the wave packet propagating in one direction
effectively simulated the irreversible evolution of the original automaton, but also showed the effects
of quantum superposition.

This work is part of a line of research that aims to connect classical and quantum systems, offering
new tools to understand emergent phenomena and complexity in quantum systems. Future steps may
include extending the study to other cellular automata, introducing disorder or noise into the model,
and exploring the possibility of implementing such dynamics on quantum computers.
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