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Introduction

The history of optimal transport began at the end of the eighteenth century, when the
French geometer Gaspard Monge proposed the following problem in [24]: assume that
you are extracting a fixed amount of soil from the ground, and you wish to transport it to
places where it is incorporated in a construction. The source and target distributions of
soil are prescribed, but you may choose how to assign each extraction spot to a destination.
Monge assumed that the cost of transporting a unit of mass was proportional to the
distance traveled. How should you assign each place to a destination to minimize the
total cost?

The study of this natural problem has largely developed in the last century. An
interesting question is one of regularity: one expects optimal maps to be more regular than
general transport maps (informally, introducing irregularities is expensive). If so, optimal
maps provide controlled examples of change of variables; this idea has many applications
in functional and geometric inequalities (for example, see [18] for a quantitative version of
the isoperimetric inequality).

In this thesis we focus on Caffarelli’s contraction theorem, an important example
of a global regularity estimate. The original statement asserts that the Brenier map
from a Gaussian measure to a log-concave perturbation is 1-Lipschitz. As a result, many
functional inequalities transfer from the Gaussian setting to the perturbed case with
no loss in the constant. We aim to generalize this statement to different estimates on
the derivative of the Brenier map (the Hessian of the Brenier potential, by Theorem
1.3.2). First, we present a more modern result due to Gozlan and Sylvestre, which can be
viewed as an analogous estimate for the Laplacian of the Brenier potential, and give an
original proof revisiting Caffarelli’s argument. Next, we show that Caffarelli’s theorem
and its Laplacian counterpart are two examples of a single phenomenon, and extend these
results to a wider class of estimates given by good functions of the Hessian, i.e. convex,
increasing, and positively homogeneous functions (in the sense made precise in Section 3.3).

In Chapter 1, we give a brief overview of the classical theory of optimal transport,
focusing on the case of quadratic cost in R™; the main result in this chapter is the existence
and characterization of optimal maps as gradients of convex functions. In Chapter 2,
we introduce the Monge-Ampére equation, a powerful tool throughout the study of the
regularity of optimal maps, and mention the main ideas and results in this direction. In
Chapter 3, we present the proofs of Caffarelli’s theorem, its Laplacian counterpart, and
the generalization to good functions of the Hessian. The second and third parts of this
chapter are original contributions based on the author’s preprint [4].






Chapter 1

Overview of classical optimal transport

1.1 Monge-Kantorovich problems

Given a topological space X', we denote by P(X) the set of Borel probability measures on
X. The correct setting for the general problems in optimal transport is that of Polish
spaces, i.e. complete, separable metric spaces.

Definition 1.1.1. Given p € P(X), v € P(Y) and a Borel cost ¢: X x Y — RU {+o0},
the Monge Problem is to minimize

C(T) = /X o, T(x)) dp(z) (MP)

among all transport maps 7" from p to v, i.e. all Borel maps T: X — ) such that
Typ =v.

Remark 1.1.2. The condition T4y = v needs only to be checked on open sets. In
particular it is equivalent to

/ngon,u:/ygzﬁdu Vo € Cy(Y)

since the characteristic functions of open sets are monotone non-decreasing limits of
functions in Cy(Y).

In general, Monge’s problem is ill-posed because:

e the set of transport maps can be empty (for example if i is a Dirac delta and v is
not);

e even when there are transport maps, the minimum in (MP) may not be attained.

As an example of the second phenomenon, we can consider X = ) = R?, with quadratic
cost ¢(z,y) = |z — y|* and measures

po=H'L({0} x[0,1]) and v:= (1/2)H' ({-1,+1} x [0,1]),



where H! is the one-dimensional Hausdorff measure. The distance between supp p and
supp v is 1, hence C(T') > 1 for any transport map 7', with equality if and only if 7" is a
horizontal translation p-almost everywhere. In that case, the set of points {0} x D which
get sent to the right segment {+1} x [0, 1] has g-measure 1/2, hence its left translation
{—1} x D has v-measure 1/4, which is a contradiction as {—1} x D can only receive
mass from points sent non-horizontally. A simple construction shows that C(7") can be
arbitrarily close to 1.

& A B

Figure 1.1: The filled regions represent the lines of transport for a map with cost 1+ o(1)
as the number of segments goes to infinity. Reproduced from [27].

A way to overcome these issues is via the following relaxation to the original Monge
formulation:

Definition 1.1.3. Given p € P(X), v € P()) and a Borel cost ¢: X x Y — R U {+o0},
the Kantorovich Problem is to minimize

C(m) ::/X ycdﬂ (KP)

among all transport plans w from p to v, i.e. all probability measures m € P(X x ) that
satisfy the marginal conditions

e1pm=p and epum =V,

where e, e; are the projections on the first and second coordinates respectively. We denote
by IT(u, v) the set of admissible transport plans.

This relaxation enjoys many advantages, in particular:

u® v € I(u, v), hence the class of transport plans is not empty;

by the linearity of 7 — [ ¢dur, this formulation is an instance of a linear programming
problem;

optimal plans exist under mild assumptions on the cost ¢ (Theorem 1.1.9);

transport plans generalize transport maps, in particular any transport map 7" induces
a plan 7 = (Id xXT')xp such that C(7) = C(T).



The following lemma, along with the previous remark, gives a characterization of the
plans induced by transport maps:

Lemma 1.1.4. If a plan 7 is concentrated on a Borel graph T, then there exists a Borel
transport map T such that m = (Id XT') g p.

Proof. If 7 is concentrated on I' = graph(T'), then by inner-regularity we may assume
I' = |, I'x to be o-compact; under this assumption, e;(I') = dom(7") is Borel, and the
restriction of T to each e;(I'y) is continuous (its graph is compact). It follows that 7" is
Borel. Since y = T'(z) m — a.e., we conclude that

¢(z,y)dr = ¢z, T(x))dr = / ¢(z, T(x))du Ve Borel,
XxY XxY i

therefore m = (Id XT") »pt. O

The strategy to find minimizers to (KP) is a simple application of the Direct Methods
in the Calculus of Variations. First, we prove that II(u, v) is compact in the weak topology,
then we check that the cost map is weakly lower semicontinuous; hence, it has a minimum
over II(p,v).

Definition 1.1.5 (Weak convergence). Given (uy)r C P(X), we say that uy converge
weakly to p € P(X) if

/¢duk—>/¢du for all ¢ € Cp(X),
x x

and we write pp — p. A classical result known as the Portmanteau Theorem shows that
the previous condition is equivalent to either of the following:

limsup,, i, (F) < pu(F) for all closed F C X,
liminf,, p,,(U) > p(U) for all open U C X.

Theorem 1.1.6 (Prokhorov). A set A C P(X) is precompact for the weak topology if and
only if it is tight, i.e. for any e > 0, there is a compact set K. such that p(X \ K.) < ¢
for all p € A.

Theorem 1.1.7. Let € P(X) and v € P(Y). Then the set of transport plans I1(p, v) is
compact for the weak topology.

Proof. By writing the marginal condition in the form

/¢du: pdr Vo € Cp(X), /¢duz vdr Y e Cy(Y),
x XxY y XxY

it is immediate that II(u, ) is weakly closed; by Prokhorov’s theorem, we shall prove
its tightness. Let ¢ > 0 and choose K C X and K’ C ) compact sets such that
(X \ K) <e/2and v(X \ K') < ¢/2, then for any m € II(p, v):
T(XXxV\KxK)<a(X\K)xY)+7(X x(Y\K))
= X\ K) + (X \ K) < e,

therefore, the compact set K x K’ satisfies the tightness condition for e. O



Theorem 1.1.8. If the cost c: X x Y — RU{+o0} is lower semicontinuous and bounded
below, then m— C(m) is weakly lower semicontinuous and bounded below.

Proof. Since ¢ is lower semicontinuous and bounded below, it can be written as the
pointwise limit of a non-decreasing family (¢,), of continuous and bounded functions. If
T, — 7, then

/cdw = lim [ ¢pdm = lim lim [ ¢ dm, <liminf [ c¢dmy.

{—r00 l—00 k—00 k—o0

Therefore, the function 7 — C(7) is weakly lower semicontinuous and bounded below by
inf c. O

Corollary 1.1.9. If the cost c: X x Y — RU{+00} is lower semicontinuous and bounded
below, then the minimum in (KP) is attained.

Once we establish the existence of minimizers for (KP), a few natural questions arise:
e are the optimal plans unique?
e can we characterize optimal plans?
e when are optimal plans induced by maps?
e while (MP) may not have a minimum, is inf(MP) = min (KP)?
A sufficient condition for the last equality is given in the following lemma:

Lemma 1.1.10 (Pratelli, [25]). If (X, p) is non-atomic and c¢: X x Y — RU {400} is
continuous and bounded below, then the infimum in (MP) is equal to the minimum in (KP).

As for the other questions, without any prior information on the cost or the measures,
one cannot expect a positive answer. We will focus our study on the quadratic setting,
namely X = Y = R", ¢(x,y) = |z — y|*.

1.2 Cyclical monotonicity

In this section we introduce a geometric property called cyclical monotonicity, and prove
that it is the right notion to characterize optimal plans in the quadratic setting.

Example 1.2.1. We start with a discrete example. Let us assume that

Then any transport plan 7 can be written as

1
™ = E Z ﬂ—ijé(xi,yj)
2y
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where (7;;);; is a doubly stochastic matrix, i.e. m;; > 0 and

iﬂ'ij:1Vi, iﬂ'lj:lvj
j=1 i=1

In this setting, (KP) is a finite-dimensional linear problem with a convex constraint, hence
the minimum is achieved at one of the extremal points of the set of admissible solutions.
Birkhoff’s Theorem states that these extremal points are precisely the set of permutation
matrices, which correspond to transport maps.

Among all the finitely many transport maps, assume that T": x; — y; is optimal. Then
all other maps are obtained by rearranging (y;);; hence, the optimality condition reads as

m m
Z |z — yi* < Z |x; — yg(i)|2 for all permutations o.
i=1 i=1

By cancellation of the terms fixed by o, this condition is equivalent to the following: for
all subsets {i1,...,ix} C {1,...,m},

k k
Z ’xie - yiz|2 < Z ‘xie - yiz+1|2
=1 =1
where 75,1 = 7;. This example motivates the following definition:

Definition 1.2.2. A set ' C R" x R” is said to be cyclically monotone if for all m > 1
and (21,%1), -, (T, Ym) €T,

m

Z lz; — yi* < Z |zi — yisa|*  or, equivalently, Z(xiﬂ —24,y;) <0 (1.1)
i=1 i=1

=1

with indices mod m. A transport plan 7 is said to be cyclically monotone if it is
concentrated on a cyclically monotone set.

Informally, a cyclically monotone plan is one that cannot be improved by local pertur-
bations (as considered before, namely by rerouting mass along a cycle); therefore, it is
intuitive that any optimal plan should be cyclically monotone. Under mild assumptions,
we will see that the converse also holds true. Hence, we are interested in understanding
cyclically monotone sets.

1.2.1 Convex analysis tools

A function f: R" — RU {400} is said to be conver if its epigraph

epi(f) = {(x,1) € R x R: f(x) < 1}

is convex. Equivalently,

fltz+ (1 —t)y) <tf(x)+ (1 —1t)f(y), Y,y R, Vtelo,1].

11



A convex function f is said to be proper if f # +oo, and lower semicontinuous if epi(f) is
closed. We denote by I'o(R™) the set of proper convex and lower semicontinuous functions.
We define the subdifferential of f at a point z as the (possibly empty) closed convex set

of (x) = {a": f(y) > f(x) + (y — x,27) Vy}.

If f(x) < +o0, the previous inequality has a simple geometric meaning, namely that

the graph of the affine function h(y) == f(x) + (y — x,x*) is a non-vertical hyperplane

supporting epi(f) at (x, f(x)). Moreover, if f is differentiable at z, then df(z) = {V f(z)}.
Given f € T'o(R"™), we define its Legendre transform as

fr(@®) = sup {(z,2") — f(x)}.

r€ER”™

One can prove that f* is also proper, convex and lower semicontinuous, and that f** = f
(hence f* is also called conver conjugate). In addition, the subdifferentials of f and f*
are dual in the sense of this lemma:

Lemma 1.2.3. Let f € Tz(R™), then for any pair of points x and x*, the following
conditions are equivalent:

1. x* € 0f(x);

2.y (y,x*) — f(y) achieves its mazimum at y = x;

3. x e dff(x*);

4. y* = (r,y") — f*(y*) achieves its mazimum at y* = x*;
o f(x) + fr(a*) < (x,2%);

6. f(x)+ f*(z") = (z,z7).

The following theorem due to Rockafellar gives a geometric characterization of cyclically
monotone sets in terms of the tools described above:

Theorem 1.2.4. A set I' C R™ x R" is cyclically monotone if and only if it is included
in the subdifferential of some proper convex and lower semicontinuous function.

Proof. Let ¢ € T'o(R™); we show that d¢ (hence all its subsets) is cyclically monotone.
Let (z1,y1),-- -, (Tm, Ym) € Op; then for all i,

P(Tiv1) — O(i) = (Tiv1 — iy i),
which summed up yields (1.1). Conversely, choose (xg,yy) € I' and define
¢(£L’) = Sup{<$ - xmaym> +ot <.’L‘1 - l’o,yo>: (xla yl): SRR (xmaym) € F}

Then ¢ is the supremum of affine functions, hence it is convex and lower semicontinuous;
by cyclical monotonicity ¢(z) = 0 thus ¢ is proper. We now prove I' C 9¢, i.e.

d(2) — p(x) > (z —x,y) forall (x,y) € ' and z € R".
To see this, notice that for all £ > 0, there exist (z1,v1), ..., (Tm,ym) € I’ such that
gb(l‘)+ <Z-l’,y> S <x_wm7lym>++<x1 _:L‘O7y0>+<z_'ray>+€ S ¢(2)+E

Letting € — 0" concludes the proof. O

12



1.3 Characterization of optimal plans

Using the theory of cyclically monotone sets, we answer the questions posed above. Notice
that if the minimum cost in (KP) is infinite, any plan is optimal, which means that there
is no information to gain from a characterization of optimal plans. To avoid this, we
initially consider only probability measures with finite second moments, i.e.

[ Pty <40 [ vty <o
n R’VL
and we denote by Py(R™) the set of such measures. In this setting we can easily see that

any plan has finite cost.

Theorem 1.3.1. Let pu,v € Po(R™), then a plan w € TI(u,v) is optimal for (KP) if and
only if supp w is cyclically monotone.

Proof: Necessity. Assume that there exist (z1,v1), ..., (Tm, Ym) € supp 7 such that

m

m
Z | — yina|* < Z |z — yil .
=1

=1

We want to show that moving mass from x; to y;,; instead of y; is more convenient.
Choose U;, V; neighborhoods of x;,y; such that m; := 7(U; x V;) > 0 and

m m

Z lu; — vip1|* < Z lu; —v;[* for all u; € U, v; € V.
1 i=1

Consider the probability space (€2, P) with
= “r U %V
Q=||U,xV, d P=|]———=
1'1:[1 an E o

and define the new plan

. min m; —
T=m4+ - Z {(Uhviﬂ)#P - (“hvi)#P}’

=1

where u;(w), v;(w) are the natural projections of w € € to U;, V; respectively. We now
show the following;:

1. 7 is non-negative: it is sufficient to show = > % o (us,v;) £ P. For any ¢ > 0,

1 & min m; s
¢dﬂ 2 ¢dﬂ 2 — ml/ w Uj, Vs dP 2 - / w Ug, Vs dP.
/JRan" Ui xV; m; Q ( ) m ; L ( )

2. mell(p,v):

~ minm; s
1T = [i + = Z {ui#P — ui#P} = L,
i=1

. m
N min m;
CouT =V + . E {le#P — vi#P] = .

m -
=1

13



3. C() < C(m):
Z/ |z — y[* d((us, vip1) £ P) / Z lu; — v |2 dP < / Z lu; — v]* dP.
R7 xR” QL

It follows that 7 is not optimal.

Sufficiency. Assume that supp 7 is cyclically monotone; by Theorem 1.2.4, there is a
proper convex and lower semicontinuous function ¢ such that suppm C d¢. Let ¢* be the
convex conjugate of ¢, thus

o(x) +¢"(y) = (z,1), (1.2)
with equality on d¢. Since ¢ and ¢* are proper, (1.2) implies
p(x) > 1 — eolz|?, and ¢ (y) > ¢ — G|yl

for some ¢y, ¢ > 0; hence, for any 7 € TI(i, v), one has ¢_ (), ¢* (y) € L'(7). Integrating
(1.2) and using the previous relations to divide the integral, we obtain

/Rann<x,y> a7 = /Rann(gb(x) To7(y)dr = /n ¢du+ /n ¢ dv
B /RannW(x) + ¢*(y)) dr = / (2, y) dr.

R xR™

Since u, v have finite second moments, it is easily seen that the previous inequality is
equivalent to C(7) > C(r); hence, 7 is optimal. O

The following theorem gives a complete answer to the existence and the uniqueness
questions in (MP), and will be an important starting point for the discussion of the Monge
Problem in terms of convex potentials instead of optimal maps.

Theorem 1.3.2 (Brenier, Knott-Smith). Let p, v € Po(R™). Suppose that 1 is absolutely
continuous with respect to the Lebesque measure. Then

1. (KP) has a unique minimizer 7. In addition, 7 is induced by a transport map T (which
is the unique p-a.e. minimizer of (MP)) and T = V¢, where ¢: R™ — RU {400} is
a conver and lower semicontinuous function differentiable p-almost everywhere;

2. conversely, if ¢ is convex, lower semicontinuous, differentiable p-almost everywhere
and |Vo| € L*(u), then T = V¢ is optimal from p to Typ € Py(R");

3. moreover, if v is absolutely continuous with respect to the Lebesgue measure, then
S = Vo¢* is the unique optimal map from v to p, and

Vo' (Vo(x)) = x p-a.e. and Vo(Vo*(y)) =y v-a.e.

14



Proof.

1. Combining the existence of a minimum (Theorem 1.1.9), its cyclical monotonicity
(Theorem 1.3.1) and the characterization of cyclically monotone sets (Theorem 1.2.4)
we obtain that (KP) has a minimizer 7, and supp 7 C 0¢ for some proper convex
and lower semicontinuous function ¢. Since

0 C {¢p < 400} x R" and 0{¢ < +oo} is Lebesgue-negligible,
u is concentrated on {¢ < +oo}. Let E := {points of non differentiability of ¢},
then F is Lebesgue-negligible, hence
7(E x R") = u(E) =0.

In particular, 7 is concentrated on 0¢ \ (F x R™) = graph(V¢) and by Lemma

1.1.4, we conclude that m = (Id xV¢)xu. If 7’ is another optimal plan, then the

same argument yields 7' = (Id xV)4p, but by linearity of the cost functional
1

= %ﬂ' + 57 is also an optimal plan, and it is concentrated on a graph if and only

if Vo =V p-a.e.

2. Our assumptions guarantee T € Po(R™). By Theorem 1.2.4, graph(V¢) C 0¢ is
cyclically monotone, hence (Id xT")4p is a minimizer for (KP).

3. Observe that if a plan is optimal from u to v, its “inversion”
igm, wherei(z,y) = (y,x)
is optimal from v to u. But d¢* is the (set) inversion of J¢, hence
7= (V¢* xId)gr and S =V¢*r-ae.

By a change of variables
0= [ ly=Vo@Pdr= [ ly-Vo(ve )P dn
R7 xR™ R7

therefore, Vo(Vo*(y)) = y v-a.e., and similarly V¢* (Vo (z)) = = p-a.e.

Observe that a sufficient condition on p is that the sets
{points of non differentiability of ¢} and 0{¢ < 400}

are p-negligible. It can be shown that both of those sets have Hausdorff dimension less
than or equal to n — 1; the following theorem due to McCann makes use of this weaker
hypothesis and removes the assumptions of bounded second moments.

Theorem 1.3.3 (McCann). Let u,v € P(R"™). Suppose that p vanishes on Borel sets of
Hausdorff dimension less than or equal to n — 1. Then there exists a proper convexr and
lower semicontinuous function ¢ differentiable ji-almost everywhere such that Voupu = v.
If 1 is another function as above, then Vi = V¢ p-almost everywhere.

Remark 1.3.4. While uniqueness of optimal plans fails if the minimum in (KP) is infinite,
under the hypothesis of Theorem 1.3.3 it is the only case in which it does. Indeed, the
proof of Theorem 1.3.1 shows that a finite cost is sufficient to guarantee that every optimal
plan 7 is cyclically monotone and thus is supported on the subdifferential of a convex
function ¢ € I'o(R™). As in the proof of Theorem 1.3.2, 7 = (Id xV¢)u follows from the
assumptions on p. For this reason we refer to 7' = V¢ as the Brenier map even if the cost
may be infinite.

15



1.4 Stability

We conclude this chapter with a weak stability result:

Theorem 1.4.1. Let () and (vg)g be sequences of probability measures in R™. Assume
that p — p and vy — v. For each k, let m, be a cyclically monotone transport plan
between py, and vy. Then (up to subsequence) my, converges weakly to a cyclically monotone
transport plan 7 between p and v. Moreover, if ux = p for all k, m, = (Id xT}) g4 and
7= (Id XT)gp, then Ty, — T in p-measure.

Proof. Since () and (v )x are weakly convergent, by Prokhorov’s theorem they form
tight sets. By an analogous argument to the proof of Theorem 1.1.7, this implies that
{mk }r is tight, and that 7y — m € II(u,v) up to subsequence. For each k and m, the

cyclical monotonicity of 7, implies that for 7p™-almost all (z1,y1), ..., (Zm, Ym), one has
Z|$i—yz‘|2 < Z|$z‘—%+1|2' (1.3)
i=1 i=1

In other words, 7™ is concentrated on the set C,, of all (x1,y1), ..., (Zm, Ym) satisfying

(1.3). Since C,, is closed, it follows that the weak limit 7®™ of 7™ is also concentrated
on C,,; this holds for all m, hence 7 is cyclically monotone.

Assume further that m, = (Id xT},)»p and 7 = (Id XT") zp. Let € > 0, then by Lusin’s
theorem, for each § > 0 there is a closed set K C R™ such that u(R"\ K) < ¢ and the
restriction of 7' to K is continuous. It follows that the set

Ces ={(z,y) € K xR": [T'(z) —y| > ¢}
is closed, which implies

0 =7(Cs) > limsup 7 (Cys)

k—o0

= limsup pu({z € K: |T(z) — Ti(z)| > €})

k—o0

> limsup p({|T — Ti| > €}) — 0.

k—o0

Letting 6 — 0 concludes the proof. m

Notice that in the case of a unique cyclically monotone plan between p and v, the
convergence holds for the whole sequence (7).

Remark 1.4.2. In general, if the measure y is replaced by the sequence (p)x, the maps
T}, may not converge to T', even in ui-measure. An example is

t = 01k, =00, Vg =V = 0o, Ti(x) =0, T(x) = 1y0.
However, if we assume that 7' is continuous in R", then
i ({|T —Ts| > €}) =0 foralle >0,
as we can directly take the closed set
C. = {(z.y) € R" x B": [T(x) — y| > <}

and notice that

0 =7(C.) > limsup m(C.) = limsup pu, ({|T" — T| > €}).

k—o0 k—o0
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Chapter 2

The Monge-Ampére equation

Once we have established the existence and uniqueness of Brenier maps, a natural problem
is to deduce some regularity information from the regularity of u,v. Again, without prior
information on the measures, the answer is negative, as the following examples show.

Example A. Let i be the uniform probability on the unit ball B in R?, and let v be the
uniform probability on a set C' obtained by separating B into two halves By and B, and
moving them apart symmetrically. Then both p and v have smooth densities on their
supports, but supp v is disconnected; thus, there is no continuous transport map from g
to v.

- —p
e >
< e

Figure 2.1: A discontinuous optimal map. Reproduced from [14].

A more interesting variation of this first example shows that assuming suppv to be
connected is still not enough to guarantee the continuity of the Brenier map.

Example B. Let i be as in the previous example, and let v. be the uniform probability
on the set C. obtained by connecting the set C' with a thin strip of width O(e). By weak
stability (Theorem 1.4.1), the optimal maps 7. converge to the previous optimal map in
p-measure as ¢ — 0. Using this, one can easily show that for graph(7%) to be cyclically
monotone, 7. has to be discontinuous for small enough ¢.

As we will later see, Caffarelli understood that the right assumption on supp v is convezity.

2.1 Classical and Brenier solutions

In this section we introduce the Monge-Ampére equation, an important tool throughout
the study of regularity and stability of Brenier maps. We assume that both p and v are
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absolutely continuous with respect to the Lebesgue measure, in particular
dp = fdx, dv=gdz,
where
supp = {1, suppv = ()

and Qq,Qs C R" are open, bounded and with Lebesgue-negligible boundary. We also
assume that f, g are bounded above and below by positive constants, namely

0<A< f,g<1/A

on their supports. First, notice that any transport map 7' from u to v that is C! and
injective satisfies
f

goT
from a simple change of variables. In the case T'= V¢ with ¢ convex, this becomes the
so-called Monge-Ampére equation

|det VT'| =

f

det V¢ = : 2.1
V= 2.1)

The above equation should be considered with the “boundary condition”
Vo(§21) C Qs (2.2)

and we call a convex C? function satisfying (2.1) and (2.2) a classical solution to the
Monge-Ampeére equation. As we have seen from the examples above, the Brenier map is
generally not C'; hence, we are interested in weak solutions. Recall the following version
of the change of variables formula [14,17].

Proposition 2.1.1. Let T be differentiable almost everywhere, and let ¥ := dom VT
Then for every Borel and bounded function 1,

/E@D|detVT|dx:/Rn Z Y(x) | dy.

ze€XNT~1(y)

In this case, if T :== V¢ is a Brenier map, then by Aleksandrov’s Theorem [1| V¢ is
differentiable almost everywhere in dom V¢. Since V¢* o V¢ = Id almost everywhere on
Qy, Voup = v implies

Qw@ﬂ@MZQwWW@MMM,

for all Borel and bounded functions . Applying Proposition 2.1.1 to T restricted to
dom V¢ and using V¢ o V¢* = Id almost everywhere on 25, we obtain

) () f(x)de = ) V() det V2¢(z2)g(Vo(x)) da.

It follows that F

govVe
and we call a convex function satisfying (2.3) and (2.2) a Brenier solution. While partial
regularity results are known for Brenier solutions (see [15,19]), by the previous examples
we cannot hope for continuity on the whole domain.

det V¢ = a.e. in (), (2.3)
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2.2 Aleksandrov solutions

Let 2 C R™ be an open convex set, and let u: {2 — R be a convex function. We define
the Monge-Ampere measure of u as follows:

po(E) = |0u(E)| for every Borel set £ C 2, (2.4)

where

ou(FE) = U Ju(x),

el

and | - | denotes the Lebesgue outer measure. Note that if v € C*(2), the change of
variable formula gives

pu(E) = |Vu(E)| = / det V2udx for every Borel set £ C Q,
E

therefore, du, = det V2udz inside . In general, the following proposition holds.

Proposition 2.2.1. Let u: Q — R be a conver and continuous function. Then p, s a
Borel measure, and its absolutely continuous part with respect to the Lebesque measure
has density det V2u.

Definition 2.2.2. Let u be a Borel measure defined in €2, an open and convex subset
of R". A convex function u € C(Q) is an Aleksandrov solution to the Monge-Ampére
equation

det D*u =

if 1, = p as Borel measures. When dy = hdz we will simply write det D?*u = h.

In the previous setting, Proposition 2.2.1 shows that any Aleksandrov solution ¢ € C'(R")
to

I
goVo

restricts to a Brenier solution on €; (where we consider f to be vanishing outside €2;).
The converse is generally false, as the following example shows.

det D?*¢ = (2.5)

Example 2.2.3. Let du = fdx and dv = gdx be as in Example A. Then the Brenier
map can be computed,

1
T=V¢, where ¢(x)=glaf*+ [z,

From the previous considerations, ¢ is a Brenier solution to

det V3¢ = p ongzS =1 a.e. inB.
Meanwhile,
{I + 61} z1 >0
0p(x) = ¢ {x — e} r1 <0,

[—1, 1} X {.CEQ} 1 =0
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hence, det D*¢ = £* B+ H' ({z; =0} N B).
The reason for the lack of regularity is that for Aleksandrov solutions with f, g bounded
away from zero and infinity, (2.5) implies |E| ~ |0¢(E)|, i.e.

c|E| < |0¢(E)| < C|E| for some ¢,C > 0.

Instead, for Brenier solutions we have u(E) = v(0¢(E)); hence, only |E| ~ |0¢(E) N Qs
holds, which means that we lose full control of the singular part of 4.

The following theorem shows that convexity of €25 is enough to pass from a Brenier solution
to an Aleksandrov one.

Theorem 2.2.4. Let p, v satisfy the assumptions at the beginning of Section 2.1. Assume
further that Qg is convex. Let T = V¢ be the Brenier map from u to v, then ¢ coincides
on Q1 with an Aleksandrov solution of

f

det D?¢ = .
et D% goVo

Proof. The proof is the composition of the following two steps:

1. We construct a Brenier potential 5 that coincides with ¢ on €2y, such that V(Z(R") C
(5. Note that in this step the convexity of €5 is not necessary.

2. Assuming without loss of generality that Vo(R") C €, we show that ¢ is an
Aleksandrov solution, provided that €2, is convex.

Step 1. Define

() = sup ((z,y) — ¢* (). (2.6)
Recalling that
o(x) = sup ((z,y) — ¢*(y)),

yeR”

we get $ < ¢. Since Qg is compact and ¢* is lower semicontinuous, the maximum in
(2.6) is attained; thus ¢ is convex and finite on the entire R", and hence continuous |26,
Corollary 10.1.1]. If ¢ is differentiable at x and V¢(z) € €, then

o) = <x,~V¢(x)) — ¢*(Vo(x)),
P(x) > P().

Since the previous condition holds in a dense subset of €2, it follows that gb ¢ in Qy,
and in particular V¢#u = v. To show V¢(R”) C O, let 2y € dom V¢ and o € 5 be a
maximizer for (2.6). Then

(z,50) — ¢ (o) < dlz) = (o, yo) — ¢ (y0) + (v = 70, Vo (o)) + ol = zo]),
(x — x0,%0) < (xr — o, Vo (20)) + 0|z — 20]),

which implies V(zg) = yo € (la.
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Step 2. By Proposition 2.2.1, the absolutely continuous part of det D?¢ has density
det V2¢, hence
S

goV¢

To prove the other inequality, we only need to show

o) < [

det D%¢ >

dzx.

Recall that for any z € int(dom ¢),
9¢(z) = co(V.¢(z))

where

V.¢(x) = {limit points of V¢(zy) as dom V¢ > z — z}

is the set of reachable gradients and co(-) denotes the convex hull of the set [26, Theorem
25.6]. The convexity of 2y yields

06(R™) C co(VH(R")) C Qs

o)) < joul = [ Bhay= [ La,

as desired. O

hence,

2.3 Regularity

In this section we will give a brief overview (omitting proofs) of the main regularity
results for Aleksandrov solutions to the Monge-Ampére equation, focusing on the optimal
transport setting.

Remark 2.3.1. Let u: 2 — R be a smooth solution of
det VZu=h in Q, (2.7)

with h = h(x) > 0 smooth. To prove regularity estimates on u, a standard technique when
dealing with nonlinear equations is to differentiate the equation solved by u to obtain a
linear second-order equation on its first derivatives. More precisely, if we differentiate
(2.7) in direction o € S"!, we get

(det H) Tr (H™'0,H) = 0,k in ©,
where H(z) == V?u(x). Substituting det H = h, we obtain
Oah

Tr(H '0,H) = in Q. (2.8)

To apply elliptic regularity theory for linear equations and obtain some regularity estimates
on dyu, one would like the matrix H~! to be positive semidefinite (which corresponds to
the convexity of u). Still, without any a priori bound on V?u, the matrix H~! may have
arbitrarily small eigenvalues, and this is why one says that (2.7) is “degenerate elliptic”.
Proving a bound of the type c¢Id < V?u < C'Id on € makes the linearized equation (2.8)
uniformly elliptic; in particular, the uniform convezity of u will be a determining factor
for the regularity of solutions.
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An important starting point for the regularity theory is the following result due
to Caffarelli, which establishes Holder regularity of the gradients of strictly convex
Aleksandrov solutions (i.e. such that the supporting hyperplanes intersect the graph at
exactly one point).

Theorem 2.3.2 ([5]). Let u: Q — R be a strictly convex Aleksandrov solution of
0< A\ <detD?*u<1/\

Then u € CI’Q(Q) for some a > 0 depending only on n and .

loc

In the context of optimal transport, the convexity of the target support allows us to obtain
Aleksandrov solutions, as shown in Theorem 2.2.4. In this setting, one can prove that
the Brenier potential is strictly convex, which combined with the previous result yields
Holder regularity of the Brenier map. Higher-order regularity is obtained classically via a
bootstrap argument.

Theorem 2.3.3 ([6]). Let u, v satisfy the assumptions at the beginning of Section 2.1.
Assume further that Qg is convex. Let T = V¢ be the Brenier map from u to v, then
¢ is strictly convex and CLY(Qy). Moreover, if f € CEP(Qy) and g € CPP(Qy) for some

B e (0,1), then ¢ € CFH2P(Qy).

loc

While Caffarelli’s setting deals with bounded domains and densities globally bounded away
from zero and infinity on their respective supports, these conditions have been relaxed
(see [2,12]). In particular, we mention the case where supp = R™ and supp v is (possibly)
unbounded, which will be useful in Chapter 3.

Theorem 2.3.4 ([12]). Let Y C R™ be a convex open set, and u,v be probability measures
with densities f: R™ — R and g: Y — RY respectively. Assume thatlog f € L*°(R"NBg)
and logg € L>°(Y N Bg) for any R > 0. Let T :== V¢ be the Brenier map from p to v,
then ¢ is strictly convex, and for any compact set X' € R"™, there exists o/ > 0 such that
¢ € CY(X"). Moreover, if f € CPP(R™) and g € CEP(Y) for some 5 € (0,1), then
¢ € CIPPP(RM),

loc

2.4  Stability

We conclude the chapter with a stronger stability result, which holds in the unbounded
setting of Theorem 2.3.4.

Theorem 2.4.1. Let Y C R" be a convex open set, and ji, vy be probability measures with
densities fr.: R" — RT and g,: Y — RT respectively. Assume that log f, € L>°(R"™ N Bg)
and log gx € L (Y N Bg) uniformly in k for k large enough, for any R > 0. Assume that
fe — f and g — g in Li ., where f,g are probability densities on R™ and Y respectively.
Then, the associated Brenier potentials ¢y — ¢ locally uniformly (up to translations), and
Vo — Vo locally in measure.

Proof. By Li . convergence, we have log f € L>(R™ N Bg) and logg € L>=(Y N Bg)
for any R > 0; hence, by Theorem 2.3.4, the Brenier maps V¢, V¢ are continuous. The

Li . convergence of the densities also implies weak-* convergence and tightness of the
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measures, which combined yield weak convergence. By Theorem 1.4.1 and Remark 1.4.2,
it follows that
e ({|Vo — V| > e}) -0 foralle > 0.

Using the local uniform boundedness, for all compact sets K € R" one has
AL ({IVo —Vou| > e} NK) <, ({|Vor — Vo| > e}) — 0,
hence, V¢, — V¢ locally in measure. Without loss of generality, assume that

¢x(0) = ¢(0) =0 Vk.

If V¢, are locally uniformly bounded, then ¢ are locally equi-Lipschitz and locally
equibounded. By the Ascoli-Arzeld Theorem and a diagonal argument, we may extract a
subsequence (¢, ); such that ¢y, — 9 locally uniformly, and v is another convex function.
This implies V¢, — Vi as distributions, but one has V¢, — V¢ locally in measure
(thus in L . and as distributions); it follows that V¢ = V4 a.e., which yields ¢ = ¢
(the difference is locally Lipschitz, with gradient equal to zero a.e.; hence, it is constant).
Repeating the same argument for every subsequence, we obtain ¢p — ¢ locally uniformly.
It remains to prove that V¢, are locally uniformly bounded.

Let K € R" and Ky = {z: d(z, K) < 0}; suppose to the contrary that there exists a
sequence (z;); C K and a subsequence (V@y,); such that |V, (z;)| — oo. Consider the
cone with vertex at z; pointing in the direction of V¢, ()

I ={z eR": £ (z—x;,Vy(z;)) < m/4}.
By the monotonicity of the gradients, we have
(Vor, (1) = Vy, (5), 2 — x;5) 2 0,
hence, for all x € I';, one has

Vo, (2)||x — x;] > (Vo (2), 2 — ;)
(Vor, (z), v — x;)

Vo, (2))|lz — @] cos(m/4),

AVARAVARAYS

which implies
[V, ()] = [V, (a))] cos(n/4) Va € T,

Notice that |I'; N K| > n > 0 where 1 depends only on d; therefore,
ZL"({|Vor,| > M} N Ks) > |T;NKs| > for j large enough,

in contradiction with the convergence in measure on Kjy. O
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Chapter 3

(Global estimates on the Brenier map

In [7], Caffarelli built Lipschitz changes of variables between a Gaussian measure and a
log-concave perturbation. More precisely, he proved the following result:

Theorem (Caffarelli). Let v be a Gaussian measure in R™, and dv = e ' dy be a
probability measure with F convex. Then the Brenier map from v to v is 1-Lipschitz.

This theorem allows one to deduce several functional inequalities (such as log-Sobolev or
Poincaré-type inequalities) in log-concave perturbed settings, starting from their Gaussian
versions. For example, denote by 7, the standard Gaussian measure on R™; then the
Gaussian log-Sobolev inequality reads as

fPlog fPdy, <2 | |VfPdy, + (/ f? d%) log (/ f? d%>,
R™ Rn n n

for f € W12(R"™). For a log-concave perturbation v, let T' be the Brenier map from 7, to
v. Then, applying the change of variables formula, we get

fPlog f2dv = [ f(T)*log f(T)*dv,

R"l R'"/
<9 |V[f<T>H2d%+( f(T)Qd%)log( f<T>2d%)
R™ Rn Rn
< 2|V / VAT dy + ( f(T)2dvn) log ( f(T)Qd%)
]Rn Rn Rn

= 2||VT |7 / IVFf*dv + (/ f2d1/> log (/ dey).

Hence, by Caffarelli’s theorem, v satisfies a log-Sobolev inequality with an optimal constant
less than or equal to two. Similar methods have been used to transfer isoperimetric
inequalities, to obtain correlation inequalities and more (see [10,11,21,22]).

3.1 Caffarelli’s contraction theorem

We will prove a more general formulation of Caffarelli’s theorem, given in [9,23]:
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Theorem 3.1.1. Let du = eV dz, dv = e~ dx be probability measures on R"™ with W
convex and V, W, W* € CLH(R™). Assume that there are constants Ay, Ay > 0 such that

loc
1
ViV <Ay Id, VW < )\—Id a.e. in R™.
w

Let T'= N ¢ be the Brenier map transporting p to v. Then,

V20|l < v/ Av/Aw.

Remark 3.1.2. The hypotheses on W are more commonly W € C}*! and

loc

VAW = AwId  ae. in R™

The reason we choose to express the estimate on W* instead of W will be more evident
in the next sections; for now, we limit ourselves to proving that the hypotheses on W
imply those on W*. Indeed, the differentiability of W* follows from the strict convexity
of W |26, Theorem 26.3|, while the uniform convexity of W yields a Lipschitz estimate on
VW*. Moreover, let N be the Lebesgue-negligible set of points x such that either W is
not twice differentiable at z, or VW (z) % Aw Id. Then VW (N) is Lebesgue-negligible,
and at almost every point y € R™ \ VIW(N), one has VIW*(y) € R* \ N and

VW (y) = [VPW (YW ()] =< %Id.

Proof (informal). Assume that V, W are smooth. Then, by the regularity of Monge-
Ampére, ¢ is smooth and satisfies the equation

V =W (V¢) — logdet V*¢.
Differentiating twice in direction y yields

2,V = (VW (V), V) + (VW (V)V,p, Vo) 51)
+Tr [(H'0,H)?] — Te(H'82,H) '

where H := V?¢. Assume further that 92,¢ attains a maximum at (7,a) € R” x §*7!,
then the optimality conditions give

92.Vo(T) =0, 02,H(T) <0,
95(02,0(T))|y=a = 20250(T) = 0 for all 3 L a.

Combining (3.1) and (3.2) yields
Ay = 05,V 2 (VW (V(T))V0ad, VOut) = Aw|V0ad(@)* = M (02,0(7))°  (3.3)

(3.2)

where we used
Tr [(H0,H)*] = Tr [(H 20, HH V)T (H 20, HH™'/?)] > 0.

Rearranging (3.3) yields

||v2¢||Loo = 8§za¢(f) < \% AV/)\Wv

which concludes the proof. O
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While the regularity assumptions can be met by approximation, the main obstacle to this
argument is the existence of a maximum for 8§y¢. The following lemma due to Caffarelli
(a short proof of which we include in the Appendix) motivates the use of incremental
quotients.

Lemma 3.1.3. Let dp = fdz, dv = gdx be probability measures on R™ and T = V¢ be
the Brenier map transporting pu to v. Assume that log f € L2 (R™), logg € L*>°(Bg) for
some R > 0 and that g vanishes outside Bgr. Then,

T(x)— Rﬁ uniformly as |x| — oo.
T

In particular, for any fized € > 0, the function ¢(x + cy) + ¢(z — ey) — 2¢(x) — 0 as
|z| — oo, uniformly for y € S*1.

Definition 3.1.4. Let y € R", and define the increments:

(0, /)(@) = flz+y) = f2), (5)(@) = flz+y)+flz—y)—2f(a).

We leave the proof of some approximation properties of 5€2y in the Appendix.

Lemma 3.1.5. Let e >0, y € S" ! and f: R® — R. Denote by 8§yf the distributional
second derivative along y. Then,

2
. &
lim =2
e—0 {52

= 8§yf in the sense of distributions.

Further, if agyf </, then
652yf < le?, Ve > 0.

Proof of Theorem 3.1.1. By approximation, we may assume that W is equal to infinity
outside a ball By for some R > 0. Indeed, if we define

W(x) L W(Z') + Cj in Bj
P ] 4o in R"\ B,

we have

ecj:/ e Wdr — 1.
B,

J

Hence, e="i — e~ locally uniformly, and we may apply Theorem 2.4.1 to pass the result
to the limit. By the regularity of Monge-Ampére, ¢ satisfies the equation

V =W(V¢) —logdet H.
Taking the increments 5§y on both sides yields

Ay > 02,V =02, (W(V9)) — 62, (log det H). (3.4)
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By Lemma 3.1.3, 0 < 5§y¢(m) — 0 uniformly as |z| — oo, therefore cfygb attains a global
maximum at some (7, ) € R" x S"~!, where the optimality conditions read

2, Vo(T) =0, 62,H(T) =0,

0502,0(F) = (Vo(T +ca) — V(T —ea),B) =0 forall B 1L a. (3:5)
In particular, (3.5) implies
Vo(T £ea) =Vo(T) £na  for some n > 0,
7. (W (V6)) = (7 W) (V) = - &0
For the other term on the right-hand side, the concavity of log det implies
logdet H(T + ca) < logdet H(Z) + (H(Z) ', H(T £ ca) — H(T)), (3.7)

62, (logdet H) (%) < (H(z)™', 62, H(T)) < 0.

) VeEx

Combining (3.4), (3.6) and (3.7) yields

n < ev/Ay/dw = eC. (3.8)

To relate this quantity to 62,4(T), notice that the convexity of ¢ yields
d(T) > ¢(T £ea) Fe(Vo(T £ ea), a),

3.9
62,0(T) < e(Vo(T + ea) — Vo(T — ca), a) = 2en. (3:9)

In particular, from (3.8) and (3.9) we have
02,0(T) < 2°C = [|[V?¢]| 1~ < 2C. (3.10)

This first estimate is the desired one up to a factor of 2; we use a bootstrap argument to
remove this factor. Suppose we have obtained ||[V2¢||z~ < aC' for some 1 < a < 2, then

62,0(T) = / a<v¢(z +ta) — Vo(T — ta), ) dt.
0
By the convexity of ¢, we have
(Vo(T +ta) — Vo(T — ta),a) < (Vo(T +ea) — V(T — ca), o) < 2eC
but also

(Vo(T +ta) — Vo(T — ta),a) = /0t<a, (H(ZT 4 ha) + H(T — ha))a) dh < 2aCt

for all 0 <t < e. Using the first upper bound for ¢t > £/a and the second for ¢ < £/a we
derive
e/a €
/ atdt—l—/ 5dt] =e?C(2 - 1/a),
0 e/a

V20|~ < C(2 —1/a).

Starting from ag := 2 and repeating the same procedure with a, 1 =2 — 1/a, an infinite
number of times, we conclude the proof as a,, decreases to 1. O

02,0(T) < 2C

and by Lemma 3.1.5,
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3.2 The divergence of the Brenier map

A more recent Caffarelli-type result was found at the level of the Laplacians:

Theorem 3.2.1. Let du = e~V dw, dv = e~ dx be probability measures on R"™ with W
convez and V, W,W* € CoH(R™). Assume that there are constants Ay, \y > 0 such that

loc

Let T =N ¢ be the Brenier map transporting ju to v. Then,
[AG|lLe </ Av/Aw. (3.11)

More precisely, De Philippis and Shenfeld [16] used the same L? approach of Kolesnikov
[23] to prove Theorem 3.2.1 under the stronger assumption V2W = n\y Id. This has
been weakened by Gozlan and Sylvestre [20] using a different method based on entropic
regularization. In this section we give a different proof of Theorem 3.2.1, following a
strategy analogous to Caffarelli’s: first we show how the desired estimate follows formally
from a maximum principle argument applied to the Monge-Ampére equation, then we
replicate the procedure in a rigorous way using incremental quotient approximations to
the Laplacian.

Proof (informal). Assume V, W, ¢ are smooth, then ¢ satisfies the (log-)Monge-Ampére
equation

V =W (V¢) — logdet VZ¢.
Differentiating twice in direction e; yields
0V = (VW (V ), V) + (VW (V)VDip, VO,¢) + Tr [((H'0;H)?| — Te(H '0;H)
where H := V?¢. By summing over the basis {¢;} we get
(VW (V9), VAY) + Te(HV*W(VO)H) + Y Tr [(H'0.H)*] — Te(H 'V2Ag)
> (VW (Ve),VA¢) + Tr(HV?*W (Vo) )H) — Tr(H *V?A¢).

AV

(3.12)
where we used

Ty [(HflaiH)Z] — Tr [(H71/28iHH71/2)T(Hfl/Z&HHflﬂﬂ > 0.

Assume further that A¢ attains a maximum at xg, then the optimality conditions give
VA¢ =0, V2A¢ < 0 at zg. Hence (3.12) implies

Tr(H)?
Tr[V2W (Vo) ]

where we used V2W (z)~! = V2W*(y) and the Cauchy-Schwarz inequality for the Frobenius
scalar product (A, B) = Tr(BT A):

Tr(HXH)Te(X Y = (HXY?2 HXYV2(X Y2 X7Y2) > (HXY? X122 = Tr(H)?

Ay > AV > Te(HV*W (V@) H) > M (Ag)?  at x (3.13)

Rearranging (3.13) yields
&G = Ad(x0) < VAV/Aw,

which concludes the proof. O
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Similarly to Caffarelli’s theorem, the main obstacle to this formal argument is the existence
of a maximum for A¢. Again, we will bypass this issue with e-approximations to the
Laplacian.

Definition 3.2.2. Let ¢ > 0, define the increment:

1

AN@ = Cah@dy=5f @0

S§n—1

Recall the definition of §,. §2:

Y Fy

(0 /)(@) = flz+y) = f(2), (5)(x) = flz+y)+ [z —y)—2f(a).

We leave the proof of some approximation properties of A, in the Appendix.

Lemma 3.2.3. Let € > 0 and f: R" — R, denote by Af its distributional Laplacian.

Then,
A, A
2f = —f in the sense of distributions.
=0 & 2n

Further, if Af </{, then

2

¢
Af<= Weso
2n

Using Theorem 2.4.1, we may work with regularized measures such that v is supported in
a ball of radius R. We include the proof of this step in the Appendix.

Lemma 3.2.4. By approzimation, we may assume that V is smooth and V > C} + Cy|x|?
Jor some Cy > 0, that W is equal to infinity outside the ball Br and that W is smooth in
Bgr for some R > 0.

In this setting we are ready for the proof of Theorem 3.2.1:

Proof. By Lemma 3.2.4 and regularity of the optimal transport, the map T' = V¢ is
smooth and satisfies the (log-)Monge-Ampére equation

V =W (V¢) —logdet H.

Taking the increments 2A, on both sides yields
2
%AV > 2AV = 2A.(W (V) — 2A. (log det H). (3.15)

By Lemma 3.1.3, 0 < A.¢(z) — 0 uniformly as |z| — oo, therefore A.¢ attains a

global maximum at some T € R"™ where the optimality conditions read A.V¢(Z) = 0,

A.H(Z) < 0. We estimate each term on the right-hand side: the concavity of log det
implies

Sey(logdet H)(T) < (H(Z) ™', 0., H(T)), 316

A.logdet H)(z) < (H(z) "\, A H() (210

<
The following lemma deals with the term W (V¢)



Lemma 3.2.5. With the previous notation, ¥Yn > 0, 32 > 0 such that for all 0 < e <E,
the following estimate holds:

28:.(W(Ve))(T) = (1 - ?7)][ (04 VO (@), VW (V$(T))0:y Vb (T)) dy. (3.17)

Sn—1

Proof. We can write
20, (W(V§))(T) = 2(VW(V§(T)), 6cy VO(T)) + (0eyV(T), X0 VH(T)) + Re(y) (3.18)

where X = V2W (V¢(T)), and estimate the remainder |R.(y)| < K|d:, Vo (T)|* as V3W is
bounded. Now if our point of maximum Z stays in a bounded ball as ¢ — 0, then
10:yVo(T)|S e. If instead (up to a subsequence) |Z| — oo, then by Lemma 3.1.3
10, V$(Z)| = 0 uniformly for y € S, Either way Vn > 0, for ¢ small enough we
obtain

Kn

|R(y)] < K|5€yv¢(f)‘3 < Kn‘ésyV(b(T)’Q < Ay

(0:yVo(T), X0,V (T)).

Up to renormalizing 7 we can integrate (3.18) to obtain the desired estimate

20.(0V(V0)@) = (1 =) f_ (6,V6(r), X5, 90(a)) dy.

S§n—1
O
Combining (3.15), (3.16) and (3.17) yields
62 AV _ .
- 2 (0ey VO(T), X0y Vo(T)) dy. (3.19)
nl-—mn sn-1

Now define F(y) == X126.,Vé(T) and G(y) = X2y, then we have the following
Cauchy-Schwarz inequality analogous to (3.14):

<]£n_1<5syV¢(f)ay> dy)Q = (]én_1<F(y),G(y)) dy)2 < ]én_l IF2dy ]én_l G dy

_ ]é (0, V(7). X6, V(7)) dy ]é (y, X~1y) dy.

(3.20)
By combining (3.19), (3.20) and using
Tr(X 1) 1
X y)ydy = <
]gn_1<y, y) dy S
we obtain the estimate:
C
][ (0, 6(@), ) dy < = ~ where € = v/Av . (3.21)
S§n—1 -



To relate this quantity to A.¢(T), notice that the convexity of ¢ yields

H(T) > ¢(TLey) Fe(VR(T Ley),y)
and
52,0(T) < e(Vo(T +ey) — V(T — ey),y),

which integrated gives

€

Aof@) < 5 (Volaten) = Vo@—epa)dy=cf  (EVo@n)dy (322

In particular, from (3.21) and (3.22) we have

2C 2C
= [Al~ < VIi=n
This first estimate is the desired one up to a factor of 2; to remove this factor, we use

a bootstrap argument similar to Caffarelli’s. Suppose we have obtained A¢p < \/‘% for
some 1 < a < 2, then

Ap(T) < ; (3.23)

3

%0(0) = [ Vol +tn) - Volo —tn)n)dt — Ao =f [ Vo). s)dray

By the convexity of ¢, we have (3, Vo(Z),y) < (65, VP(Z),y) for all 0 <t < e thus

e C
FuTolm iy G,90@m)dy < S by (321)
gn—1 sn—1 n —n
but also . . c
a
_ _t _ <t '
]gn_l(&quﬁ(x), y) dy - ]{31 Ap(T +tz)dz < DT

Using the first upper bound for ¢ > ¢/a and the second for ¢ < £/a we derive

_ C =/a : 2012~ 1/a)
o0 = e [, ot [ =S

DO

and by Lemma 3.2.3,
C(2—1/a)
Vel
Starting from ag := 2 and repeating the same procedure with a,.; =2 — 1/a,, an infinite
number of times, then letting n — 0 we conclude the proof, as a,, decreases to 1. O

|AQ|| L~ <

3.3 Good estimates

Both Caffarelli’s and Gozlan-Sylvestre’s theorems are examples of how upper bounds for
f(V2V) and f(V?*W*) provide upper bounds for f(V?¢), for some estimating function
f equal to Apay, Tt respectively. In this section we use elementary convex analysis to
generalize this result to a broader class of functions G,,.
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Definition 3.3.1. Denote by S,, the set of n x n symmetric real matrices; a continuous
function f: S,, — R is called good if it is

e convex,
e increasingin S;: 0 X X < X' = f(X) < f(X'), and 03 X = f(X) >0,
e positively homogeneous: f(tX) =tf(X) Vt >0,

and we denote by G, the set of good functions.

Theorem 3.3.2. Let f € G,,, and dp = eV dz, dv = eV dx be probability measures on
R" with W convex and V, W, W* € CL!(R™). Assume that there are constants Ay, Ay > 0
such that

f(V2V) <Ay, FIVWH) <1/ Ay ae inR"™

Let T'= N ¢ be the Brenier map transporting p to v. Then,
1F (V)| < VAv/w.

The previous bound is sharp as can be seen by taking

p=N(0,0%1d), v=N(0,51d); szff;d), 1/ Aw = 52 f(1d)

as in this case Vo (z) = 22, which yields f(V2¢) = £ f(1d).

Remark. By the characterization of convex unitarily invariant functions on S,, [13], if
g: R" — R is convex and symmetric, then f(X) = g(A(X)) is convex, which lets us build
some interesting examples of good functions: denote by A\; > --- > A, the eigenvalues of
X and by AT their positive parts, then

1/k
S(X) = A 4 4 Mg, Hiy(X)VF = ( H A;---A;;) , Ny(X) = || AT, p>1

1< << <n

are good, as well as all norms increasing on S;. In particular, for S; = Apax and S, = Tr
we recover Caffarelli’s and Gozlan-Sylvestre’s theorems respectively. Although most useful
estimates involve unitarily invariant functions, we do not require this property.

Denote by S} the set of n x n positive semidefinite symmetric real matrices, and by S}
the positive definite ones. Our main observations are that a change of variables given by
a matrix A € St gives us an anisotropic version of the Laplacian estimate, and that the
sup of a (countable) family of valid estimates continues to be a valid estimate.

Lemma 3.3.3. Let Y € SIT, then the statement of Theorem 3.3.2 holds for f(X) =
(X,Y).

Proof. Let T = V¢ be the Brenier map transporting p to v, and A := Y'/2. Define
the following:

pa(r) = ¢p(Azx),
Va(z) =V (Azx) — logdet A,
Wa(z) == W (A '2) +logdet A.
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Then the probability measures duy == e~V4dz,dvy = e~ dx satisfy the Laplacian
estimates:

AVyu(z) = (VPV(A2),Y) < Ay, AWi(y) = (VPW*(Ay),Y) < 1/Aw a.e. in R™

We can easily verify that ¢4 is convex and (Voa)upia = va, therefore V4 is the Brenier
map and Theorem 3.2.1 yields

V20, V)| = [|Adalle < v/ Av/Aw.

Proof of Theorem 3.3.2. Denote by
Of(X) ={Y eS,: f(Z2) > f(X)+{(Z—-X,Y) VZ €S,}

the subdifferential of f at X. By convexity and homogeneity [26, Theorem 13.2|, we can
write

f(X)= sup (X,Y) with equality for Y € 0f(X) C 9f(0).
Yeof(0)

Observe that for any X € Sf+, the subdifferential satisfies 0f(X) C S;. Indeed, for any
Y € 0f(X) and v € R™, choose a > 0 such that 0 < X — av ® v < X. Then,
(X—aveu,Y) < f(X—av®v) < f(X)=(X,Y),
which implies (v, Yv) > 0. By the monotonicity of f,
f=min{f(X): X =0, Tr(X) =1} > 0,

hence for any X > 0, the estimate f(X) > Tr(X) holds. Our next goal is to obtain a
positive definite matrix £ € 0f(0), and we will do so in two steps:

1. first we prove that there is no non-zero vector v in the intersection of ker Y for all

0 =Y €0f(0);
2. second, we iteratively construct a positive definite matrix £ € 9f(0).

Step 1. Suppose that there exists a vector v # 0 such that
Yv=0 forall 0=<Y €df(0).

Then by writing
f(X)= sup (X,Y) forany X >0,
0=Y€df(0)

we obtain

f(X)=f(X+av®v)>BTr(X)+ap|v]> Ya>0

which yields a contradiction as a — +o0.
Step 2. Let v # 0 and denote by Y, a matrix satisfying Y,v # 0 and 0 <Y, € 9f(0).
If Y7 := Y, is non-singular, we choose E :=Y;. Otherwise, let 0 # vy € ker Y7, and define

Yi+Y,

0= Yy =~

€ df(0).
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Notice that if Yow = 0 for some vector w, then
(w, Yiw) + (w, Yiyw) = ¥ *w] + ¥, >uw] = 0,

which implies Yw = 0 and Y,,w = 0. Hence kerYs < kerY), and repeating the same
construction on Y, yields a positive definite matrix £ € 9 f(0) after a finite number of steps.

Let 0 <Y € 9f(0) and £ > 0, and notice that

(V2V)Y +eE) < (14)f(V2V) < (1+¢)Ay,
(VPW*)Y +eE) < (14+e)f(VPW*) < (1 +¢)/Aw ae. inR™

Hence, applying Lemma 3.3.3 to Y + ¢FE € S} yields
V2, Y) e < (14 €)v/Av/w.
Taking Y in a countable dense subset of df(0) NS}, we obtain

(V20(2),Y) < /Ay /Aw forallY € 0f(0)NS;, z-a.e.

In particular, up to a Lebesgue-negligible set we have

F(Vp(x)) < f(VPh(x) + e1d) = (VZ¢(x) + e 1d, Yz)
= (V?¢(2),Y.) + (e1d,Y.) < /Ay /Aw + ef(1d)

where € > 0 and 0 X Y. € 9f(V2¢(x) + eId). Taking a countable sequence of ¢ — 0
concludes the proof. n
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Appendix A

In this appendix we prove a few technical results, namely Caffarelli’s lemma on the decay
of the incremental quotient 6€2y¢, the approximation properties of the operators 552y, A,
and the approximation step in the proof of Theorem 3.2.1.

Lemma A.1. Let du = fdz, dv = gdx be probability measures on R™ and T = V¢ be
the Brenier map transporting pu to v. Assume that log f € LS. (R"), logg € L*>°(Bg) for
some R > 0 and that g vanishes outside Bgr. Then,

T(x) — R uniformly as |x| — oo.

|z]

In particular, for any fized € > 0, the function ¢(x + cy) + ¢(z — ey) — 2¢(x) — 0 as
|z| = oo, uniformly for y € S*~1.

Proof. We begin by noticing that, as a consequence of Theorem 2.3.4, T" is continuous
on R™ and, in particular, the map T is well defined at every point.

Let o € R™ and 6 € (0,7/4) be fixed, and consider the cone with vertex at T'(x) and
pointing in the xy-direction

I'= {y e R": L(zg,y — T(xp)) < g - 0}.
By the convexity of ¢ we see that
L(x 0. T(x) = T(x0)) < 5.
hence
L(x — xo,m0) < L(x — 0, T(x) — T(20)) + L(20, T () — T(20)) <TT—60 Va st. T(x) €T,

and so, up to a set of measure zero, the preimage of I under 7" is contained in the (concave)
cone

Q={z eR": L(zg,x —x9) <7 —0}.
Moreover, since Ty = v,

inf g(z).2"(T'N Br) < (DN Bg) = v(I) < u(Q).

rEBR

Let B = B(jz9|tan0)/2, and notice that € R™ \ B. This proves that x(2) < u(R™\ B).
Now, u(R™\ B) — 0 as |zg| — oo since B covers R" as |zo| — oo. Recalling that g is
bounded away from zero in Bg, we have that

lim ™' N Bg) = 0.

|xo|—00
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Letting 0 — 0, we see that T'(xo) — R xo . As the point xy was fixed arbitrarily,

Vo(x)=T(z) = R uniformly as |z| — oc.

]

Thus, for any fixed ¢ > 0,

[p(x + ey) + ¢(x — ey) — 26(x)| = e[(Vo(z +ny) — Vo(r —ny),y)|  for some n € [0, €]
< R[ r+ny T —ny

o +nyl [x—nyl
Lemma A.2. Lete >0, y € S ! and f: R® — R. Denote by 5’§yf the distributional
second derivative along y. Then,

+ 0(1)] — 0 as |z| — oo, uniformly for y € "1

]

2
= 02 ,J in the sense of distributions.

e—0 52

Further, if 02, f <, then
02,f < le?, Ve > 0. (A.1)

02, f 2,1
(En =)

for test functions 7. Then the convergence follows from writing

Proof. First notice that

82,m =202, n+ O(%).

Next we prove (A.1): we have

)

2uf0) = [ o)+ £ =) =25 dr = [ (V) = Vi@ =) dr
:2/E(Vf(x—|—ry) Vf(x) r—2// fz+sy)dsdr < (&2,

where the last inequality used 8§y f <. O]

Lemma A.3. Let € > 0 and f: R — R, denote by Af its distributional Laplacian.

Then,

A, A
2f = —f in the sense of distributions.
e—=0 & 2n

Further, if Af < {, then

2

le
< — . .
Agf_Qn, Ve >0 (A.2)
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Proof. Notice that

. Az—:f 1 . 5§yf 1 2
iy S =gt | ] =5 oo

For each i, € {1,...,n}, by the symmetry of S"~! under y; — —y;,

1
][ Yily; dy = 5z'j ][ yi2 dy = 5ij_~
Sn—l Sn—l n

It follows that

VAV S 1 & Af
1 ez 2 29y = — 2f - 0
lim — Qzﬁuf ]é y? dy 2n;3uf -

Next we prove (A.2): we have

st = [T () - @) ] ar

Integration by parts yields

S e -] = S - sy = £ @i

S§n—1

:][ 1<Vy[f(ﬂc+T‘y)],y>dy=1][ lAy[f(:r+7”y)]dy=%][ Af(l’+7"y)dysg—r,
S B By n

n—1 T n T

where the last inequality used Af < /. It follows that

€ 2
A f(x) < ﬁ/ rdr = ke
0

Il

Lemma A.4. In the proof of Theorem 3.2.1, we may assume that V' is smooth and
satisfies V > Cy + Cy|x|? M some Cy > 0, that W is equal to infinity outside the ball Bg
and that W is smooth in Bg for some R > 0.

Proof. Let n be a standard convolution kernel (radially symmetric, non-negative,
compactly supported), and define e="* := e~V % 1, then we obtain

(Xe_v) * My

Vi = —log(e™" xn,), VV,=E[VV] where E[X](z):= p=
¢

(),
and by Cauchy-Schwarz inequality:
V2V, = E[V*V] - E[VV @ VV] + E[VV] ® E[VV] X E[V*V]

which implies AV; < E[AV] < Ay. Taking suppn; C Bs, yields

Y

e V@) < / e”V'dy — 0 as || — oo,
B(x,0¢)
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and in particular, V; is positive outside a bounded set. Clearly (e="*),_, satisfies the
necessary stability conditions, therefore we may assume V' is smooth and positive outside

a bounded set. Up to adjusting V; = (1 — )V + ”\TV@ + ¢; we may also assume
V > Cy + Cy|z|? for some Cy > 0. More precisely,

tAy |o|?

AV, = (1 —t)AV +tAy < Ay, e 3OV =55 % 5 7V Jocally uniformly,

and by dominated convergence,

C(1_pv_ Ay =2
ect:/e(1 V=" dr — 1

where we used (1 —¢)V + MTV% > min{V, ATV%}, which together imply e="* — eV
locally uniformly. Next if we define

Wi(z) = (Wsm)(z)+¢ in m
e +00 in R™\ By,

we obtain, by Jensen’s inequality and the convexity of the map ST+ > A — A~! [3,
p. V.1.15],

VAW (y) 2 (VAW ) ()70 = (VW) ™H ) (@) for @ € OW; (y)

which yields AW, < Tr [(V2W) 7] xn, < 1/Aw. The estimate AW* < 1/Ay also implies
V2W = Aw Id, therefore

A
W(x) 2 W(0) + (VW(0),2) + - |af* > O + Cilaf
for some C% > 0. Similarly, for some C§ > 0 we have

Wom(@) 2 inf W > 1+ Gy (|2] = 6)° > CF + Cyaf.

Lastly, e="V*7 — e=W Jocally uniformly, and by dominated convergence we have

et = / eV dr — 1,
Byt

which together imply e~ — e=" locally uniformly. O
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