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ABSTRACT

Curie Depth represents the depth within the Earth’s crust at which rocks lose their
permanent magnetization upon reaching the Curie temperature. In most crustal
environments, this transition is primarily governed by magnetite, one of the most
abundant magnetic minerals whose Curie temperature is approximately 580°C.
Determining the Curie depth is essential for interpreting the geothermal gradient,
lithospheric thermal structure and tectonic processes associated with heat flow.
Consequently, it serves as a valuable geophysical parameter not only for regional

geothermal assessment, but also for broader geodynamic and tectonic investigations.

Over the years, multiple spectral techniques have been developed and progressively
refined to estimate Curie depth using the average Fourier spectrum of magnetic
anomalies. This study focuses on the Modified Centroid and De-fractal methods. Both
approaches incorporate a fractal parameter into their formulations to represent the
statistical roughness of magnetic sources. This parameter is important because natural
magnetization patterns are inherently irregular. Incorporating fractal behavior enhances
the stability and reliability of the geological interpretation, yielding results that are more

realistic and geologically meaningful.

This thesis is organized into three main parts. The first part provides the theoretical
foundations of the two methods, reviewing the physical principles of magnetism, the
definition of Curie temperature and mathematical formulation underlying spectral
techniques. It also examines the role of the fractal parameter in the interpretation of

Fourier spectrum.

The second part describes the implementation of Modified Centroid and De-fractal
methods in a Python-based software developed during my internship at SLB. It outlines
the workflow for loading and preprocessing magnetic data, followed by the computation
of the Radially Averaged Amplitude Spectrum (RAAS), which prepares magnetic data
for spectral analysis. Subsequently, a functional overview of the methodology is

presented. This includes the incorporation of fractal parameter in the equations, depth



estimations of magnetic source depths, forward and synthetic modeling and the derivation

of the geothermal profile.

The third part presents the validation of the developed tool and a real case study of the
Red Sea. The first section compares the results obtained from this implementation with
those published by Carrillo-de la Cruz et al. (2020). This comparison is used to assess the
performance, reliability, and consistency of the new software, highlighting both its
strengths and its limitations relative to existing approaches. The evaluation includes
differences in spectral fitting behavior, depth estimations, and sensitivity, to the fractal
parameter.

The second section provides case study focused on the magnetic anomaly of the Red Sea
from the World Digital Magnetic Anomaly Map. In this application, the new tool is used
to generate a regional Curie depth map through domain decomposition, allowing the area
to be divided into multiple analysis windows to capture spatial variations in magnetic
source depths. This case study demonstrates the practical capabilities of the software in a
real geological setting and illustrates how the combined use of spectral methods, fractal
incorporation, and domain decomposition can support a detailed geothermal

interpretation of a complex tectonic region.
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INTRODUCTION

1.1 GENERAL CONTEXT

For many decades, the analysis of magnetic anomalies has played a crucial role in
geophysics, since they provide information about the subsurface and its physical
properties. Numerous methods have been created and developed to contribute to the
modeling of the lithosphere and to enhance the understanding of the geothermal gradient,

which is important for interpreting the thermal and tectonic evolution of the Earth’s crust.

Among these studies, the estimation of Curie depth (depth at which rocks lose their
permanent magnetization upon reaching the Curie temperature) has become a key tool for
understanding the thermal state of the lithosphere which concurrently is fundamental for
geodynamics, volcanic activities and for the mineralogy of the magnetic rocks within that
area.

Furthermore, the reconstruction of the crustal thermal structure is becoming increasingly
relevant in applied geosciences, including renewable energy and hydrocarbon resource

exploration.

The estimation of Curie depth is particularly relevant because of the inherent difficulty of
directly measuring the temperature at great depths. Geophysics instruments such as
boreholes cannot provide that information because of the limited penetration and high
operational costs. For that reason, the prediction of Curie depth is a good indirect indicator

of thermal structure of the lithosphere.

1.2 METHODOLOGICAL BACKGROUND



Bhattacharyya & Leu (1964, 1966) and Spector & Grant (1970) were the pioneering of
this continuous work. Bhattacharyya & Leu described and defined analytical equations to
calculate the magnetic field produced by prismatic bodies and introduced the concept of
a continuous spectrum linking spatial variations to source depth. Spector & Grant instead
demonstrated that magnetic anomaly data could be transformed from the spatial domain
to the frequency domain using Fourier transform. Analyzing the statistical properties of
magnetic anomalies, they revealed that the slope of the spectrum is directly related to the
depth distribution of magnetic sources establishing a relationship between spectral decay,
source geometry and depth.

Bhattacharyya & Leu (1975, 1977) introduced the Centroid Method and concepts as top
and centroid of magnetic bodies. Shuey et al. (1977) improved the technique to determine
the spectral slopes minimizing misfits, while Okubo et al. (1985) proposed simplified
version of Centroid Method showing its utility. Later, Pilkington & Todoeschuck (1993)
included the fractal parameter to describe the statistical distribution of magnetic sources
to obtain results consistent with the natural complexity of the subsurface.

All these authors, among others, have contributed progressively to the accuracy and

reliability of Curie depth estimation.

1.3 FOURIER AND SPECTRAL ANALYSIS

Fourier Series is a concept introduced by Joseph Fourier (1822) that expresses a natural
signal, including magnetic anomalies, which vary continuously in space or time. It is
defined as an expansion of periodic function into a sum of trigonometric functions, which
means any periodic signal can be represented by the linear combination of sine and

cosines which are related to each other.

The Fourier Series of the function f(x) defined on the interval [-x, «] is given by:

a
fx) = 70 + Z(an cos nx + b, sinnx)
n=1



Where ap is the amplitude of the harmonic signal and a, and b, are real constants

coefficients.
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Fourier Series can be generalized to derive Fourier Transform (FT), a mathematical
operation that converts a finite sequence of equally spaced samples of a function (time
domain) into a complex numbers that represent a frequency components in the function

(frequency domain).

/‘, frequency
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Figure 1: Fourier Transform (FT) as function of time and frequency (Cody, 2019).
There are two types of Fourier Transform: Forward and Inverse. The Forward Fourier

Transform F(k) is the process of converting a time-domain signal into its frequency-

domain representation and is defined with the equation:

F(k) = f " ) e iy



Instead, the Inverse Fourier transform converts a frequency-domain signal converts into

time-domain form. This concept is defined by:
fx) = f F (k) e?™kxdk

Note: e = cos(x) + i sin(x)

Fourier Transforms are relevant techniques in signal and image processing, with
applications to reduce noise, data compression, to represent the wave propagation and for

the analysis of electrical and magnetic signals.

In geophysics, the spatial distribution of magnetic anomalies can be interpreted using
Fourier transform, specifically through the power spectrum of aecromagnetic data. The
analysis of the amplitude versus wavenumber allows quantitative interpretation of
subsurface structures, assuming that magnetic anomalies can be represented as a
superposition of sinusoidal waves with different wavelengths.

Magnetic anomalies consequently are analyzed using statistical models and ensemble
averaging, and their power spectrum provide insight into the depth size and magnetization

of geological sources bodies.

Thanks to Fourier Transform, the magnetic field is converted from the spatial domain (x,
y) into the frequency domain (kx, ky) where each frequency component corresponds to a
specific wavelength and thus to a depth of origin.

In practice, since magnetic maps have finite dimensions, the resolution of frequency
domain is limited by the map area. This constrains imposes a minimum resolvable

wavenumber of 1/2L where L is the maximum length of the sample (Blakely, 1995).

These concepts are the basis for spectral approaches which permit the estimation of the
Curie Point Depth (CPD) and will be discussed in detail in the methodological section of
the thesis.



1.4 FORWARD AND INVERSE PROBLEM

In geophysics, it is common to study geophysical fields such as gravity, magnetic, seismic
and electromagnetic responses using data analysis methods that combine a geological
model with observational. Numerical modeling of geophysical data for a given set of
model parameter is commonly referred to as the forward problem. The solution to the
forward problem enables us to predict geophysical data from specific geological
structures.

Conversely, the inverse problem aims to infer geological structures from observed data.
Because of the complexity of Earth’s internal structure, it is common to use a simple
model to approximate real geology and attempt to determine the model parameters from

the data (Liu and Xiong, 2018).

Forward Problem

Inverse Problem
Figure 2: Forward and Inverse problem (Liu and Xiong, 2018).

The calculation of Curie point depth from magnetic data involves solving a forward
problem, where the magnetic anomalies are modeled from an assumed distribution of
magnetic sources, and an inverse problem, where the parameters describing that
distribution are inferred from the observed data. The spectral approach provides a
convenient framework for this, as the logarithmic slope of the azimuthally average

Fourier spectrum is related to the depth of magnetic interfaces.

However, the inversion is inherently non-unique and sensitive to the assumptions
regarding source geometry, noise and the fractal behavior of magnetization. For this
reason, modern methods increasingly integrate statistical and fractal parameters to get a

better representation of the complexity of the crust.



1.5 THESIS OBJECTIVE

1.5.1 General objective

The aims of this thesis is to implement a Curie point depth modeling algorithm in Python
as part of the company’s labor to contribute to the energy transition. SLB company works
on new tools in geothermal energy, characterizing volcanic systems in the early
exploration phase.

This thesis supports that mission by providing computational solutions that enhance the
interpretation of magnetic data for subsurface thermal assessment. To achieve this

overarching goal, the thesis focuses on the following specific objectives:

1.5.2 Specific objectives

e Investigate and evaluate the principal methodologies used to estimate Curie point
depth. This includes a detailed examination of spectral analysis techniques applied
to magnetic anomalies and the use of fractal magnetization models, with particular
emphasis on the Modified Centroid and De-fractal approaches.

e Develop a Python implementation of the Modified Centroid and De-fractal
algorithms. Both methods incorporate the fractal parameter to capture the inherent
variability and heterogeneity of magnetic sources distributions, enabling the
construction of more geologically realistic depth models.

e Validate the implemented algorithms using synthetic magnetic datasets. The
accuracy of the Python code is assessed by comparing outputs against results
produced by an established tool for selected test scenarios.

e Apply the complete workflow to real magnetic anomaly data. This includes
estimating Curie depth across the study region and generating a geothermal profile
that provides an initial representation of the lithospheric thermal structure.

e Assess the limitations, uncertainties, and potential improvements of the applied
methodologies. The evaluation focuses on the sustainability of the Modified
Centroid and De-fractal methods within the context of early-stage geothermal

exploration.



1.6 THESIS STRUCTURE

The remainder of the thesis is organized as follows:

Chapter 2 introduces the fundamentals of rock magnetism, including the different types
of magnetization, the concepts of induced and remanent magnetization, the magnetic
properties of rocks, and their geophysical importance.

Chapter 3 discusses the Curie temperature, beginning with Pierre Curie’s foundational
work on magnetism, the experimental procedures he employed, and the physical and
chemical principles underlying the loss of magnetization, followed by its implications in
geophysics.

Chapter 4 presents the principles of spectral analysis as applied to magnetic anomalies,
tracing the development of these methodologies and explaining how they have evolved
over time.

Chapter 5 examines the fractal parameter, a key component in obtaining realistic Curie
point depth (CPD) estimates. The chapter defines the parameter, outlines its geological
relevance, and explains how it is incorporated into CPD methodologies.

Chapter 6 describes the three CPD estimation approaches used in this study, Centroid,
Modified Centroid and De-fractal. For each method, the chapter details the required
inputs, the outputs parameters, the conceptual framework, and the overall computational

workflow.

Chapters 7 and 8 introduce the Python implementation developed for this thesis.

Chapter 7 presents the input data and preprocessing steps, including data loading,
detrending and the computation of Radially Averaged Amplitude Spectrum (RAAS).
Chapter 8 describes the additional functions that complete the implementation, such as
fractal formulation, forward and synthetic modeling, depths estimation procedures (top,
centroid, and bottom depths), statistical analyses, flight altitude correction, and
geothermal profile construction.

Finally, Chapter 9 presents the validation of both the Modified Centroid and De-fractal

methods using both synthetic datasets and real magnetic anomaly data from the Red Sea



region. The resulting CPD estimations are analyzed to verify the performance and

correctness of the implemented approaches.



PART I
FIRST PART: THEORETICAL BACKGROUND






FUNDAMENTALS OF ROCK MAGNETISM

2.1 INTRODUCTION TO MAGNETISM

“Magnetism arises from motion of electrically charged particles. Since electrons, protons,
and neutrons are basic to all materials, magnetism is inherent to all substances” (Saini et

al., 1988).

The fundamental source of magnetic fields, at the microscopic level, is the magnetic
dipole characterized as a small loop or an equivalent magnet bar with north and south
magnetic poles. The strength and orientation of the dipole are described by the magnetic
dipole moment (m), mathematically defined as the product of the current I and the vector

area A of the loop:

The total magnetization (M) is a vector quantity defined as a vector sum of all individual

and microscopic dipole moments m; within a volume.

Figure 3: Concept of Total Magnetization.



When a material is exposed to an external magnetic field acquires a component of
magnetization that reflects its internal magnetic properties. For low-amplitude magnetic
fields, with respect to Earth’s magnetic field, the induced magnetization (M) is

proportional to the applied field (H) and oriented parallel (or antiparallel) to it.

M = yH

Where y is magnetic susceptibility, a coefficient that quantifies how easily a material can
be magnetized by an external field. The physical mechanisms behind this response depend
on the electronic structure and atomic interactions within the material, giving different

types of magnetism.

2.2 TYPES OF MAGNETIZATION IN MATERIALS

Magnetic behavior in materials can be classified into three general types: diamagnetism,
paramagnetism and ferromagnetism. They are distinguished by their origin, strength and

how the magnetization is retained after removing the external field.

2.2.1 Diamagnetism

It is an inherent property that occurs when an external magnetic field induces weak
magnetic dipole moments with opposite sense to the applied magnetic field. When this

phenomenon occurs, it produces a small and negative susceptibility with repulsive effects.

2.2.2 Paramagnetism

Halliday, Resnik & Walker (2014) described paramagnetism as a property that each atom
of a material has a permanent resultant magnetic dipole moment. This occurs when
materials contain atoms or ions that possess unpaired electrons that permit them to
describe the magnetic occurrence. In the absence of external magnetic field, these atomic
dipole moments are randomly oriented due to thermal agitation, and the net magnetic

dipole moment of the material is zero. However, under an applied magnetic field, these



moments partially aligned with the field can produce a weak but positive magnetization

in the field direction.

2.2.3 Ferromagnetism

Some materials exhibit strong and permanent magnetism, such as nickel, iron and cobalt.
These kinds of materials present an alignment of the atomic dipole moments even in the

absence of an external magnetic field.

2.3 INDUCED AND REMANENT MAGNETIZATION

Natural and ferromagnetic rocks are characterized by grains with a random orientation
that lead to net magnetization. Nevertheless, when the rocks are exposed to an external
magnetic field H, they acquire an induced magnetization (Mi) proportional to the product

of susceptibility and field strength (Blakely, 1996).

Mi = yH
When an external magnetic field is removed, ferromagnetic rocks have the ability to retain
magnetization. This permanent magnetization is known as remanent magnetization (Mr)
and reflects the magnetic and thermal history of rock.

Therefore, the total magnetization (M) is the sum of induced and remanent components

of the rock:

M = Mi + Mr

Identifying them can help to understand the contribution of each component with the

objective of improving geophysical interpretations.

2.4 MAGNETIC PROPERTIES OF ROCKS



The magnetic behavior of rocks is determined by mineral composition and textural
characteristics. Mafic rocks generally present higher magnetic properties than silicic
rocks due to higher concentration of ferromagnetic minerals. Similarly occurs with
basalts, they are more magnetic than rhyolites and gabbros more than granites.

Moreover, extrusive rocks tend to show higher remanent magnetization and lower

susceptibility than intrusive rocks with same chemical composition (Blakely, 1996).



CURIE TEMPERATURE

Pierre Curie (1859-1906) was a French physicist and chemist whose pioneering
contributions helped lay the foundation on modern physics. In 1903, he and his wife,
Marie Curie, were awarded the Nobel Prize in Physics in recognition of their
groundbreaking experimental work on radioactivity. His scientific legacy includes the
discovery of the elements radium and polonium, as well as major advances in

crystallography, piezoelectricity and magnetism.

During his doctoral research, Curie focused on the fundamental behavior of magnetic
materials. His work explored the transitions between ferromagnetic, paramagnetic and
diamagnetic states, seeking to understand how magnetic ordering changes under different
physical conditions. Through a series of meticulous experiments, he demonstrated that
magnetic materials lose their spontaneous magnetization when heated above a critical
temperature due to increased thermal agitation.

This characteristic point, marking the transition from ferromagnetic to paramagnetic
behavior, became known as the Curie temperature, a concept that remains central to

modern rock magnetism, material science, and geophysics.

Figure 4: Pierre Curie.



Pierre Curie, in his experiment, used small iron wires sealed in glass, platinum or
porcelain tubes to prevent oxidation. These samples were gradually heated in a furnace,

and the magnetic response was quantified using a torsion balance.

To obtain the temperature, he used thermocouples to measure the temperature inside the
ampoules. He highlights some errors in the temperature readings mainly due to possible
systematic errors, especially differences between the thermocouple reading and the actual

average temperature of the sample.

For magnetic field calculation, Curie used the intensity of magnetization I as function of
magnetizing field H at various temperatures. He observed that above ~745°C the
magnetization declines significantly and became linearly dependent on H, indicating a

transition from ferromagnetic to paramagnetic behavior.

About the analysis of data, he plotted I (magnetization intensity) vs H (magnetic field
strength) and log K (magnetic susceptibility) vs log T (logarithmic scale of temperature)
to identify inflection points and trends. The point of inflection in these curves was used

to estimate the Curie temperature.

He studied three ferromagnetic materials as iron, nickel and magnetite. The transition
from ferromagnetism to paramagnetism happened as ~745°C, ~340°C and ~535°C,
respectively. This confirms that magnetization coefficient at that temperature becomes
independent of the intensity of the field and decreases regularly and very rapidly as the

temperature increases (Curie, 1895).

3.1 PHYSICAL AND CHEMICAL PRINCIPLES

At the microscope scale, according to Coey (2009), the spontaneous magnetization of a
ferromagnet emerges from quantum mechanical exchange interaction between
neighboring atoms. This happens when there is an alignment of the magnetic moments of

individual atoms that minimize the total energy of the system.
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Figure 5: Electron spins orientation. (a) In a paramagnetic material. (b) In a

ferromagnetic material (Atkins and de Paula, 2006).

When there is an increase in temperature, the magnetization of a ferromagnetic material
starts to decrease as in Figure 6, and the entropy of the spin system increases rapidly as
the spin moments become disordered. That means a small magnetic field can strongly
alter the magnetic order of the material and produce a significant effect in

thermodynamics.

Above the Curie temperature, the ferromagnetic order collapses and the material changes

from ferromagnetism to paramagnetism due to thermal fluctuations (Coey, 2009).

From a chemical and electronic perspective this transition represents the balance between
the exchange energy which tends toward order, and the thermal energy which favors

disorder.

Finally, it is important to mention that the exact value of Curie temperature in not
universal but depends on the electronic configuration, bonding characteristics and crystal
structure of each material. These factors determine the strength of the exchange
interaction between neighboring atomic moments. In general, materials with stronger
exchange coupling and more compact crystal lattices exhibit higher Curie temperature,
while those with weaker magnetic interactions or structural distortions tend to have a

lower Curie temperature.
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Figure 6: Temperature dependence of magnetization in Nickel. Curie temperature point

is 628 K (Coey, 2009).

3.2 MAGNETIC PROPERTIES OF MINERALS AND GEOLOGIC MATERIALS

The explication of different values of Curie temperature, exhibited in table 1, is based on
the electronic configuration, exchange interaction, crystal structure and magnetic
coupling of each material.

Curie point in where magnetic order of material disappears because heat becomes strong

enough to disturb the alignment of atomic magnetic moments.

Table 1: Magnetic properties of some common minerals (McElhinny and McFadden,

1999).

Magnetic state

Mineral Composition M, T.(°C)
(10° Am™)

Magnetite Fe;0, Ferrimagnetic 480 580
Titanomagnetite (TM60) Fe, 4Tip 04 Ferrimagnetic 125 150
Ulvispinel Fe,TiO, Antiferromagnetic -153
Hematite aFe,04 Canted antiferromagnetic =2.5 675
Ilmenite FeTiO, Antiferromagnetic -233

Maghemite yFe, 0,4 Ferrimagnetic 380 590-675
Pyrrhotite Fe, S(0<x<A) Ferrimagnetic =80 320
Greigite FesS, Ferrimagnetic 125 =330
Goethite oFeOOH Antiferromagnetic with =2 120

defect ferromagnetism

Iron Fe Ferromagnetic 1715 765
Cobalt Co Ferromagnetic 1422 1131
Nickel Ni Ferromagnetic 484 358




The atoms with more unpaired electrons create stronger magnetic interactions between
each other. The interactions are called exchange interactions, and they are responsible for
keeping the spins aligned. In the case of iron, it has several unpaired electrons in its 3d
orbitals, presenting a strong interaction and a high Curie temperature. Instead, nickel has

fewer unpaired electrons, showing a weaker interaction and lower Curie temperature.

The type and number of electrons in each atom decides how strong the magnetic field is

between atoms.

Furthermore, the crystal structure is important too because the spatial distribution of
atoms in the crystal changes how their orbitals overlap and how the spins interact.
In the table 2, different ferromagnetic metals are distinguished with fundamental

information about their physics and chemical properties.

Table 2: Structure and electronic properties of some metals.

Crystal Electronic Curie
Metals ysta Atomic number ceronic temperature
Structure configuration (K)
Cobalt HCP! 27 [Ar] 3d"4s? 1388
Iron (alpha) BCC? 26 [Ar] 3d%4s? 1043
Nickel FCC? 28 [Ar] 3d%4s? 627
Gadolinium HCP 64 [Xe] 4f75d'6s? 293

Each element has its own electronic configuration and a specific crystal lattice. How the
element is organized at microscopic level could determine the alignment of spins.

In the table 2, all these metals present electrons 3d which mean they have electrons in the
orbital d of the third electron shell (principal energy level n=3), but each crystal structure
is different.

In the case of Cobalt that possess an HCP structure, its configuration enhances the orbital
overlap between neighboring atoms, permitting stronger exchange interactions and

therefore a higher Curie temperature.

! Hexagonal Closed-Packed
2 Body Centered-Cubic

3 Face Centered-Cubic



In Tron (alpha), each atom is surrounded by 8 nearest neighbors. The distance and
orientation between atoms allow a strong overlap of the orbitals producing a strong
exchange interaction and consequently higher Curie temperature.

In nickel, each atom possesses 12 nearest neighbors, but the geometric structure reduces
the effective overlap, making an interaction weaker and a lower Curie temperature.
Gadolinium shows that even if it is characterized by HCP structure, the material presents
a low Curie temperature. This explains that Curie temperature cannot be determined only
by crystallography but also through the electronic configuration. Gadolinium is a rare-
earth metal that magnetic moments come from 4f electrons which are more localized.
These orbitals hardly overlap between neighboring atoms, so the exchange interactions

are weak.

3.3 GEOPHYSICAL IMPLICATIONS

Within the Earth’s crust, temperature increases progressively with depth until reaches a
critical value known as the Curie temperature. The level at which this temperature is
attained is called the Curie isotherm or Curie surface, which highlight the transition
between two magnetic states of the rocks: above this surface, the temperature is lower
than Curie temperature and minerals preserve a ferromagnetic order. Below Curie
surface, the minerals of the rocks lose their magnetic properties. The Curie surface

represents the limit between magnetically active and inactive layers within the crust.

The position of this surface depends mainly on the geothermal gradient which describes
how temperature rises with depth and on the heat flow that escapes from the Earth’s
interior. When the geothermal gradient is high, rocks reach the Curie temperature more
quickly, resulting in a shallower Curie depth. Conversely, a lower geothermal gradient
causes the Curie temperature to be reached at greater depths. This relationship makes the
Curie depth a useful tool for inferring the thermal state of the crust, since regions with
high heat flow tend to show shallow Curie surfaces, while colder and more stable areas
exhibit deeper ones.

Because of the relationship between temperature and heat flow, the Curie depth is widely

used as a thermal and geodynamic indicator. It provides valuable information about the



lithosphere’s internal structure, revealing variations in temperature, composition, and

tectonic activity. A shallow Curie depth typically reflects elevated heat flow and active

tectonic settings, such as volcanic or extensional regions. Whereas a deeper Curie depth

corresponds to thermally stable, older continental rocks. In geophysical studies, this

parameter helps interpret the mechanical behavior of the crust and its evolution through

time.

In nature, zones that are characterized by shallow Curie surfaces include:

Volcanic arcs are defined by the presence of magma,

Subduction zones when tectonic plates move under another. Sinking plate melts
and creates magma leafing high temperatures like the Andes or Japan,

Rift systems where mantle upwelling and crustal thinning produce intense heat
flow such as East African Rift,

Continental margins are affected by extension or magmatic intrusion. An

example of this situation is the Red Sea.

21






SPECTRAL ANALYSIS OF MAGNETIC
ANOMALIES

The spectral analysis of magnetic anomalies is a fundamental approach to estimate the
depth and geometry of magnetic sources within the Earth’s crust, by analyzing the
frequency content of magnetic field data. It is based on the principle that the magnetic
field observed at the surface can be expressed as the superposition of contributions from
sources located at different depths. The approach originated from the analytical work by
Bhattacharyya & Leu (1964, 1966) where equations were derived to describe the
magnetic field produced by rectangular prismatic bodies with arbitrary magnetization.
Developing further from this study, Spector & Grant (1970) established a statistical model
to relate acromagnetic field to the depth distribution of magnetic sources. Their model
assumes that the ground consists of many independent rectangular ensembles, vertically

oriented parallelepipeds.

Each ensemble is characterized by parameters that describe the geometry and magnetic
properties (Figure 7):

e Frequency distribution

e Depth (h)

e Width (a)

e Length (b)

e Depth extent (t)

e Direction cosines of magnetization (L, M, N)

The ensembles are distributed randomly in space, as overlapping individual blocks with

different dimensions and magnetization.

23



They are assumed to be statistically independent, and their total magnetic field can be
expressed as the sum of their individual contributions, allowing the magnetic effects of

each ensemble to be separated.
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Figure 7: Rectangular and vertical-sided parallelepiped: an interpretation model of

magnetic sources (Spector and Grant, 1970).
4.1 POWER SPECTRUM AND DEPTH DEPENDENCE

By transforming the magnetic anomaly data from spatial to the frequency domain through
the 2D Fourier transform, Spector and Grant (1970) demonstrated that the power
spectrum of the magnetic field provides a direct quantitative measure of the depth of the
magnetic sources by its frequency components. The power spectrum A(k) is defined as
the squared amplitude of the Fourier transformed magnetic field, azimuthally averaged

over wavenumber k:
A(k) = (|F (u,v)|?)

Where u and v are the spatial frequencies in the x and y direction and k = /kx* + ky*

represents the radial wavenumber.



In addition, Blakely (1995) formulated the amplitude spectrum of the total magnetic field

due to an infinite horizontal layer with magnetization as a function of x and y as:
A(kx, ky) = 2 Cm Am|Om||0f|e "%t (1 — e~ IKI(Zb=20)) 1)

Cm is a constant, Am is the amplitude spectrum of the magnetization, ®m is the
directional factor related to magnetization, ®f is the directional factor related to

geomagnetic, Zb and Zt are the bottom and the top of the magnetic source, respectively.

The application of Fourier transform allows the decomposition of magnetic anomalies
into their wavenumbers k. In practice, both the power and amplitude spectra can be used

to provide depth information and that depends on the objective and the data used.

In a log-log plot, deep magnetic sources are associated with small wavenumbers (long
wavelengths) which dominate the low-frequency portion of the spectrum. Conversely,
shallow magnetic sources are associated with large wavenumbers (short wavelengths),

dominating the high frequency portion.
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Figure 8: Plot of spectral energy vs wavenumber (modified from Aigbogun and
Olorunsola, 2018).

This relationship arises because magnetic anomalies generated by deeper bodies are more

spatially smooth, producing spectral energy concentrated at lower frequencies.
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Spector and Grant (1970) showed that, for a random distribution of independent magnetic
ensembles, the ensemble-averaged power spectrum decays exponentially with
wavenumber according to:

A(k) = Ce™2kh

C is a constant related to the magnetization intensity and geometry, and h represents the

mean depth to the top of the ensemble.

For the amplitude spectrum radial averaging, assuming Am as a constant and the

magnetization as a random and uncorrelated function, Equation 1 can be simplified as:

A(k) = Ce—th(l _ e—k(Zb—Zt)) )

In a semi-logarithmic plot of A(k) versus k, the linear decay slope is therefore
proportional to depth. This permits the depth to magnetic sources to be estimated from

the spectral decay rate of aeromagnetic data.

4.2 INTERPRETATION OF MULTIPLE ENSEMBLES

The total aeromagnetic field results from the superposition of contributions from several
ensembles located at different depths. Therefore, the overall power spectrum can exhibit

multiple linear segments with distinct slopes.

Each linear segment in the logarithmic power spectrum corresponds to a separate
ensemble characterized by a specific mean depth range. Furthermore, the spectral slope
becomes steeper (more negative) for shallow magnetic sources, indicating a strong decay
of energy with wavenumber, while deeper magnetic sources show gradual slopes because
they are dominated by low-frequency components.

Through identifying and separating the spectral segments, it becomes possible to
discriminate between shallow, intermediate and deep magnetic sources within the same
survey zone. This step is fundamental to understanding the decomposition of the magnetic

field into discrete depth-related spectral contributions.



This concept is the basis of later Curie point depth methods, where the lowest frequency

(deepest) ensemble is associated with the depth to the Curie isotherm.

4.3 EXTENSION OF MODEL

Building upon the statistical formulation proposed by Spector and Grant (1970),
Bhattacharyya and Leu (1975) introduced analytical formulations describing prismatic
bodies with arbitrary magnetization. Their work was crucial for the advancement in the
interpretation of magnetic data, relating statistical spectral models to the magnetic source

geometry.

In this extension, the authors developed a Centroid Method and its modified version,
which estimates the depth to the top (Zt) and the depth to the bottom (Zb) of magnetic
sources. They demonstrated that the slope and intercept of the logarithmic amplitude

spectrum contain relevant information about the centroid depth (Zo).

Their model is fundamental for spectral-based methods widely used today in geothermal
studies, crustal modeling and regional magnetic interpretation. These approaches are key
for estimating the geothermal gradient, investigating the thermal structure of the

lithosphere and understanding tectonic processes related to the heat flow.
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FRACTAL PARAMETER

5.1 INTRODUCTION TO FRACTAL DIMENSION

The fractal parameter was first introduced by Mandelbrot (1967), who observed that the
measured length of a rocky coastline increases as the length of the measuring rod
decreases according to a power law, associating the power with a fractal dimension

(Turcotte, 1987).

In accordance with Mandelbrot (1967), the shapes of the seacoast involve curves where
each portion can be considered a reduced-scale image of the whole with a statistical

meaning.

“A fractal 1s, by definition, a set for which the Hausdorff-Besicovitch dimension strictly
exceeds the topological dimension” (Mandelbrot, 1983).

Hausdorff-Besicovitch is a fractal dimension (D) defined in 1919 by Hausdorff and then
contributed by Besicovitch. They mentioned two dimensions, D and Dt (Topological
Dimension), where both are embedded in the Euclidean space RE. The dimension Dr is
always an integer, for example 1D is related to a line and 2D for a plane. Instead, the
fractal dimension D need not be an integer, describes how a fractal scales and how its
details change with magnification. Both dimensions generally do not coincide. Nearly all
sets satisty D > Dt, meaning that as the fractal dimension increases, the surface becomes

more complex or rougher.
For example, a typical fractal geometry is the snowflakes. The figure starts with a regular

triangle of side 1 as a single scale, then triangles of side 1/3 have a smaller scale and

triangles of side (1/3)X which their scale decrease with time (Figure 9).
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Figure 9: Koch snowflake construction.

About commonly used mathematical definition of fractal distribution is based on the

scaling relationship between the number of objects and their characteristic size:

The number of the objects Ni with a characteristic linear dimension ri satisfies the
relation:

C

Ni = —
riP

Where D is the fractal dimension and C a constant of proportionality. But if the number

of objects N with a characteristic linear dimension is greater than r satisfies:

N== 3)

(A
4

-
f a’if"-_"+._

—_
=

Figure 10: Model for fractal fragmentation (Turcotte, 1987).
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This equation is fundamental for characterizing fractal distributions in nature, where
complex structures often exhibit predictable statistical patterns across multiple scales.
The Equation 3 could be related to the example of Koch snowflakes to calculate the fractal

dimension:

Each iteration is replaced by four segments (N) of length one-third of the original size (r).

So, the equation can be written as:

Obtaining the Koch dimension D,

log 4

D= =1,2618
log 3

The essential feature of the fractal distribution is its scale invariance, and this

characteristic allows the different fractal scaling to be applied at different scales.

It is a particularly useful concept that allows us to generate synthetic landscapes that have
an aspect similar to the original landscape, so fractal dimension is a good measurement

for the roughness of the features that are characterized to have a fractal behavior.
5.2 RELEVANCE IN A GEOLOGICAL CONTEXT

Fractals are relevant in geology because many natural structures are self-similar and
characterized by an invariant scale. Rocks can be fragmented in a scale-invariant manner,
through natural and artificial processes, such as weathering, faulting, root wedging,

freezing and explosives or drilling.

Using a fractal parameter to describe geological structures provides a more realistic
representation of natural terrains, since most geological surface and fracture networks do
not conform to ideal Euclidean geometries. Traditional geometric descriptions often

oversimplify the irregularity of natural forms, whereas the fractal dimension quantifies
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how geometric complexity varies with scale, capturing the statistical roughness of rocks,

reliefs, and fault systems.

In nature, from large features like islands, hills and coastlines to microscopic aspects such
as microfractures networks in rocks or porosity, have shown a pattern that follow the
fractal scaling laws.

Recognizing fractal scaling in geological structures allows modelling of their

heterogeneity, predict permeability patterns and describe fracture connectivity.

Higher values of fractal dimensions produce rougher and more complex surfaces, while
lower values correspond to smoother reliefs. The Figure 11 illustrates how the use of
fractal parameters allows synthetic models to approach the natural variability of
geological landscapes. Similarly, fracture models in Figure 12 show how fracture density

and orientation follow fractal scaling across different volumes.

Figure 11: a) Ordinary Brown relief with surface fractal dimension of D=5/2 and
coastline dimension of D=3/2, b) Persistent fractional Brownian function of dimension

D=2.200 and coastline of D=1.200 (Mandelbrot, 1983).
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Figure 12: Discrete fracture network models. a) 5m x 5m x S5m b) 15m x 15m x 15m c)
30m x 30m x 30m (Ni et al., 2017).

These examples illustrate the fractal nature of geological structures across scales,
providing the conceptual foundation for applying fractal analysis to geophysical data,

which will be explored in the next section.

5.3 FRACTAL PARAMETER APPLIED TO MAGNETIZATION

Pilkington and Todoeschuck (1993) were the first to incorporate the fractal parameter into
the power spectra of the aeromagnetic data. They initially called scaling noise, proposing
that it provides a more realistic model for the power spectral of various parameters in
nature.

In geological terms, the fractal scaling approach recognized that magnetization and
susceptibility vary continuously across scales, rather than displaying sharp, discrete
contrasts. This perspective allows magnetic fields to be modeled in a way that more

accurately reflects the natural heterogeneity and complexity of the crust.

The spatial variation of a geophysical parameter, such as magnetization or density, often
exhibits scale-invariant behavior characterized by a power-law dependence. In the
frequency domain, this is expressed as a power spectrum proportional to 7, where fis
the wavenumber and S is the scaling exponent, also referred to as the fractal exponent.
From a practical point of view, the scaling exponent reflects the proportion between long

and short wavelength variations of the signal: a higher  value indicates a stronger
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dominance of long-wavelength components and hence a more correlated or persistent

structure (Maus and Dimri, 1995).

Pilkington and Todoeschuck (1993) demonstrated that for a correlated fractal
magnetization with scaling exponent o, the resulting magnetic field power spectrum
follows a frequency dependence of a + 1. For instance, a crust with o = -4 produces a
magnetic field spectrum with a slope of -3, which is much closer to real magnetic

anomalies compared to uncorrelated models.
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Figure 13: Synthetic magnetic crust consisting of 64x64x32 block of 1 km size a) with

uncorrelated magnetization values b) with anisotropic fractal magnetization

distribution (Modified from Pilkington and Todoeschuck, 1993).

The Figure 13 illustrates the difference between two magnetization models, one with
random magnetization (without fractal parameter) and the other with anisotropic fractal
magnetization. The power spectra demonstrate the effect of incorporating a fractal
parameter into the model improves the representation of the irregular distribution of
magnetization in the Earth’s crust. that neglecting the fractal parameter may lead to

incorrect interpretations.
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Later, Maus and Dimri (1995) confirmed that introducing a fractal parameter in the
inversion of magnetic spectrum provides enhance calculations, suggesting that low
wavenumber components may reflect scaling properties of the source distribution rather

than basement depth alone.

Blakely (1995) and following authors suggested that the fractal behavior of magnetization
may not be isotropic, meaning horizontal and vertical direction are expected to be
different. The scaling exponent tends to be more negative for horizontal than for vertical
wavenumbers, reflecting a greater horizontal continuity of a geologic surface with a
minimal influence of the depth extent. This anisotropy explains why a single fractal
exponent often fails to describe the whole 3D crustal structure. Nevertheless, with the
incorporation of fractal parameters in spectral inversion provides a powerful framework

for representing the true nature of Earth’s magnetic field.

Consequently, Bouligand et al. (2009) determine fractal parameters for some cases,
considering factors such as lithology, location, and spatial scale. In the table below, fractal
parameters values were related to lithology assuming intrusive, metamorphic, and

volcanic rocks which often present high values and sedimentary rock low values.

Table 3: Summary of published estimates for the fractal parameter B (Bouligand et al.,
2009).

a Lithology Location Scale Reference
Borehole Magnetic Susceptibility Data
24 Metamorphic (gneiss, metabasite) Bohemian Massif, Genmany 20 m—1 km Maus and Dimri [1995]
23-34° Metamorphic (gneiss, metabasite) Bohemian Massif, Germany 3 m-40 m Leonardi and Kiimpel [1996]
3.1-32" lgneous (granodiorite, dacite) Absaroka Mountain, United States 6 m-300m Gettings [2005]
332-3.96" Sedimentary (sandstone, dolomite) Omtario, Canadian shield 10 em-10 m Pilkington and Todoeschuck [1993]
4.08-4.72" lgneous (granite, gneiss) Omtario, Canadian shield 10 em—10 m Pilkingion and Todoeschuck [1993]
Mapping of Magnetic Susceptibility Measurements
4 Intrusive Sierra Nevada, United States 500 m—3 km Pilkington and Todoeschuck [1995)]
4 Metamorphic, mtrusive. volcanic Flin-Flon Snow Belt, Canada 500 m—-3 km Pilkington and Todoeschuck [1995]
Aeromagnetic Data
1.5¢ Sedimentary (sandstone) Bohemian Massif, Germany 6.4 km Maus and Dimri [1995]
28! Metamorphic (gneiss, metabasite) Bohemian Massif, Germany 6.4 km Maus and Dimri [19953]
3 lgneous (granite, few metabasite) Bohemian Massif, Germany 6.4 km Maus and Dimri [1993]
3. Metamorphic covered by sediments Sakatchewan, Canadian shield 50 km Maus and Dimri [1996]
3.8 Metamorphic and Intrusive Ontario, Canadian shield 8 km Gregotski et al. [1991]
39 Metamorphic covered by sediments Sakatchewan, Canadian shicld 50 km Gregotski et al. [1991]
4 Metamorphic covered by sediments Sakatchewan, Canadian shield 50 km Pilkington et al. [1994]
4f Vanable Canadian shield 500 km Pilkington and Todoeschuck [1993]
4.1° Metamorphic Ontario, Canadian shield 8 km Gregotski et al. [1991]
4 Variable Central Asia ~4000 km Maus et al_ [1997]
4 Principally lgneous South Africa (with LIP Karoo} ~1000 km Maus et al_ [1997]
55-58" lgneous Hawaii 17 km Maus and Dimri [1996]
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Authors as Ravat et al. (2007); Bouligand et al. (2009); Bansal et al. (2011); Li et al.
(2013); Salem et al. (2014); Li et al. (2017); Martos et al. (2017); Andres et al. (2018);
Martos et al. (2018); Carrillo-de la Cruz et al. (2020) and Kumar et al. (2020)
demonstrated how the integration of a fractal terms in their calculations permits the results

to be more representative of geological nature.
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CURIE POINT DEPTH METHODOLOGIES

Since it is difficult to directly obtain the temperature at great depth, scientists often use
indirect methods to estimate it. Commonly, the spectral analysis of magnetic anomalies
derived from aeromagnetic or satellite data. By processing the data, it is possible to
estimate the depth to the bottom (Zb) of the magnetic source, which is usually the same

as the Curie depth, where rocks become paramagnetic because of heat.
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Figure 14: Crustal thickness across the Red Sea: Zb is the depth to the bottom and Zt is
the depth to the top (Salem et al., 2014).

Several methods have been developed to calculate the Depth to Bottom of Magnetic
Sources (DBMS) through the analysis of the Radially Averaged Amplitude Spectrum
(RAAS). Methodologies such as Random and Uncorrelated Magnetization Model,
Spectral Peak Method, Forward Modelling of the Spectral Peak, Centroid, Modified
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Centroid and De-fractal methods were mentioned in these years (Carrillo de la Cruz et al,

2020).

The RAAS technique analyzes the full amplitude spectrum to establish the relationship
between long wavelengths (low wavenumbers) and deep magnetic sources.
Consequently, large windows size are typically used to capture the deepest magnetic
signals associated with the Curie depth. Selecting an appropriate window size is therefore

crucial, as it directly influences the accuracy and reliability of the depth estimations.

Among the previously introduced methodologies, the Centroid method, the Modified
Centroid, and the De-fractal method were selected because they offer notable
improvements over earlier approaches. In particular, the incorporation of fractal
parameters in the latter two methods enhances the geological realism and overall

reliability of Curie depth estimations.

The algorithms of both methods (Modified Centroid and De-fractal) run using these input

parameters:

e Aeromagnetic data, such as the total magnetic anomaly data to analyze

e Fractal parameter defining spectral decay,

e Curie temperature approximately 580°C where magnetization disappears,

e Surface temperature, required for heat flow and temperature profile modeling,

e Thermal conductivity, in heat flow equations,

e Radiogenic heat production, because it affects geothermal gradient modeling

e Scaling length for radiogenic heat production, because controls how radiogenic

heat decays at depth.

6.1 CENTROID METHOD

This method is the conventional approach started with Bhattacharyya and Leu (1975) and

calculates the amplitude spectrum assuming random and uncorrelated magnetization. The
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centroid method estimates the calculation of the depth to the bottom of the magnetic

source using the following equation (Okubo et al., 1985):

Zb = 27, — Zt (4)

where Zo is the centroid depth of magnetic source and Zt is the depth to the top.

Through RAAS is possible to define slopes at high and low wavenumbers to allow the
estimation of top and bottom depths. These parameters are estimated by fitting straight

line to the log of power spectral density versus the selected wavenumber ranges.

From Equation 2 in Chapter 4, the top depth Zt is calculated as:

In[A(k)] = InC — kZt (5)
And centroid depth Zo is:

In[A(k)/k] ~ InD — kZ, (6)

Centroid was used by several authors such as Bhattacharyya and Leu, 1975; Spector and
Grant, 1970; Okubo et al., 1985; Tanaka et al., 1999 and Li et al., 2010. At that time, this
method represented a significant advancement, but when other authors started to consider

a fractal parameter in the equations, they proved that the method had to be modified.
6.2 MODIFIED CENTROID
In the course of time, different scientists started to include a fractal parameter for the

calculation of the DBMS in their studies, generating models that are more geologically

realistic.
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Figure 15: Flowchart diagram to follow the processing steps of Modified Centroid

Method. Diagram created by the author.

In Figure 15, a schematic diagram is presented to illustrate the theoretical steps of this

methodology. Starting from a magnetic anomaly data, the RAAS is computed to establish

the relationship between long wavelengths and deep magnetic sources. The resulting

spectrum displays the wavenumber k on the horizontal axis and the spectrum amplitude

(A(k)) on the vertical axis.

Using the RAAS technique, two separate plots must be generated: one for estimating the

depth to the top of the magnetic source, and another for determining the centroid depth.

For the first case, the estimation of the top depth, the following equation is used:

ln(A(k)) ~F — |k|Zt —

—1
32 In|k|

The centroid depth equation is expressed as:

A(k) p—1

Where F and G are a constant.
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Once both plots have been generated, the next step is to fit straight lines to the appropriate
segments of the spectrum: high wavenumbers are used to estimate the depth to the top of
the magnetic source, while low wavenumbers are used to determine the centroid depth.
With the slopes derived from these two spectral ranges, the depth to the bottom of the

magnetic source can be calculated using the Equation 4.

After the depth estimations are obtained, a synthetic model is generated using the

following equation:

B_

1
5 In|k| + In[1 — e~ IKIEZb=ZD)]

In(A(k)) = E — |k|Zt —

By comparing the observed spectrum with the synthetic model, applying the fractal
parameter, and adjusting the fitted straight lines, the synthetic spectrum can be
progressively aligned with the observed one. These iterative refinements are essential to

achieving a consistent spectral match.

Finally, to assess the quality of the fit, the misfit value R is evaluated. Lower misfit values
indicate a better agreement between the synthetic and observed spectra, and therefore a

more reliable depth estimation:

R= [AZIL,(na - fmy? )

Where InA is the observed spectrum and fim is the synthetic model.
In these functions, the value of f interprets:

- B =1, means when the magnetization model is random and uncorrelated.

- B> 1, magnetization follows a fractal distribution.
However, the Modified Centroid method offers a more realistic approach, as it

incorporates a fractal parameter. It does not require pre-filtering of the spectrum and is

less subjective that conventional methods as it is present in Table 4.
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Table 4: Summary of Centroid and Modified Centroid Methodologies.

Method Fractal Parameter Fitting Results
Centroid No Linear simple Sub-estimated
Modified Centroid Yes Linear with range More realistic
adjusted

It is important to note that these procedures may involve certain limitations. For example,
spectral data at low wavenumbers can be particularly susceptible to noise, which may

affect the stability of the estimated slopes and consequently, the depth calculations.

Reliable depth estimation therefore depends not only on the intrinsic quality of the
spectral data but also on a sound understanding of the geological context. Careful
preprocessing, thoughtful window selection, and geological constrains are essential to

ensure meaningful and robust Curie depth interpretations.

6.3 DE-FRACTAL METHOD

Salem et al. (2014) introduced this method as an estimation to the top and bottom
boundaries of the magnetized layer, removing the effect of fractal magnetization of

magnetic sources from the observed power spectrum.

Removing the fractal effect from the spectrum can reduce the ambiguity of providing a

meaningful fractal parameter, providing a more reliable and realistic DBMS.
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Figure 16: Flowchart diagram to follow the processing steps of De-fractal method
(Modified from Salem et al., 2014)

For its practical implementation, the workflow follows the procedure outlined by Salem
et al. (2014), which consist of a sequence of processing steps designed to iteratively refine
the synthetic spectrum until a satisfactory match a low misfit value are achieved (Figure

16).

The method estimates Zt, Z0 and Zb from the fractal corrected spectrum by adjusting the
fractal parameter o to minimize the misfit.. Particularly, starts with o = 0, meaning that
no prior knowledge of the fractal behavior is assumed initially. Then, De-fractal

amplitude spectrum is computed by applying the De-fractal correction:

Ap(kx, ky) = Ap(kx, ky)k*/? (8)
where, Ar(k) is the amplitude spectrum under the assumption of a random magnetization
model, Ar(k) is the calculated RAAS, k is the magnitude of the wavenumber vector, and

the fractal parameter in two dimensions is defined as a = 3 - 1. A visual example of this

fractal correction is shown in the Figure 17.
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Figure 17: De-fractal correction in the spectrum (Salem et al., 2014)

Once the De-fractal amplitude spectrum is obtained, the next step is to estimate the
centroid depth of magnetic source (Zo) and the depth to the top (Zt). The centroid depth
is calculated using Equation 6, while the depth to the top is determined using Equation 5.
With these two parameters defined, the depth to the bottom of the magnetic source (Zb)

can be derived from Equation 4:

Ly = 27207,

After obtaining Zb and Zt, the synthetic spectrum can be constructed I using Equation 2.

The observed and synthetic spectra are then compared to evaluate their correspondence,
both visually and quantitatively. The misfit between the two spectra is computed using

Equation 7, which is the same expression employed in the Modified Centroid method.

If the observed and synthetic spectra exhibit good agreement and the misfit is low, the
procedure is considered complete. However, if the match is poor or the misfit remains
high, it is required to increase the fractal parameter a. A new De-fractal amplitude
spectrum is then recalculated, and the entire sequence of steps is repeated using the
updated o value.

It is important to note that excessively high a values may lead to overcorrection of the

spectrum, potentially introducing artifacts and degrading the accuracy of the depth
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estimates. Careful adjustment of alpha is therefore essential to obtaining robust and

reliable results.

Salem et al. (2014) identified several conditions and input data issues under which the

De-fractal method may fail or produce unreliable Curie depth estimates. These include:

e Poor quality surveys incorporated into a compilation grid, which can
introduce noise or inconsistent spectral characteristics.

e Inconsistencies when multi-survey compilations, particularly when merging
datasets modifies the long wavelength part of the spectrum.

e Variations in processing techniques applied to different components of the
compiled grid, resulting in spectral distortions.

e Significant data gaps within the selected analysis window, especially when
interpolation is inadequate or introduces artifacts.

e Inappropriate window size, which limits vertical resolution; as a general
guideline, the window should span at least six times the estimated depth to the
bottom (Zb).

e Regions that violate the underlying model assumptions, such as windows
containing multiple geological regimes with different fractal properties of
magnetization, or cases where a strongly magnetized upper layer overlies more

typical crustal magnetization.

6.4 COMPARISON MODIFIED CENTROID AND DE-FRACTAL APPROACHES

Both the Modified Centroid and De-fractal methods produce the following output

parameters:

e RAAS (Radially Averaged Amplitude Spectrum), derived from the magnetic
anomaly data.
e Scaled spectrum, used to estimate Zt and Zo of the magnetic source.

e Synthetic spectrum, constructed to match the observed spectrum
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e Misfit value (R), which represents the degree of agreement between the observed
and synthetic spectra.

e Temperature profile, estimated using a conductive heat transfer model.

e Curie Point Depth (CPD), representing the depth to the base of magnetic

sources.
It is important to note that the geothermal profile is not inherently part of the Curie depth
estimation methodology. Instead, it is an additional calculation that provides valuable

insight into the regional lithospheric thermal structure.

The following section presents a comparative assessment of Modified Centroid and De-

fractal methods, outlining their distinctions and similarities:

Table 5: Differences and similarities between Modified Centroid and De-fractal methods.

Differences: Similarities:

» Modilied centroid uses a fractal parameter . + Both included a fractal distribution of
De-fractal uses a = B-1 to de-fractalize the magnelization.
spectrum.

+ Same aim to calculate CPD.

» Modified centroid uses a direct fractal model.
De-fractal exclracts the effect of fractal
magnelization to correct the sprectrum. + Results are very similar

+ Same equations to calculate 7b and misfit R.

* Modilied centroid directly fits the fractal model to
the RAAS.
De-Iractal correcls the RAAS firsl.

Several authors have applied both methods using identical parameters and identical
wavenumber ranges, showing that there is no significant difference between the Modified

Centroid and De-fractal approaches, even when comparing their modeled spectra.
Despite the similarity in the results, each method may still present specific limitations that

can influence the accuracy of the estimates and consequently, the reliability of the

geological interpretation.
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PART II
SECOND PART: PYTHON CODE IMPLEMENTATION






DATA, PREPROCESSING & RAAS

This chapter outlines the Python implementation of the Modified Centroid and De-fractal
methods, which are used to estimate the Curie depth from magnetic anomaly data. Python
was chosen for its versatility and strong support for scientific computing. In particular,
libraries such as NumPy and Matplotlib enable efficient data processing and visualization
for these methodologies. These characteristics make Python an ideal programming

language for handling geophysical data and implementing spectral methods.

7.1 LOADING DATA

The magnetic anomaly data are stored in a binary grid file (.grd), the Geosoft Grid format,
a standard format for representing rasterized geophysical and elevation datasets. The
format consists of a header that encodes metadata, including data storage parameters,
geographic reference information and data-scaling factors, using a combination of signed
integers and double precision floating point values. The numerical grid values themselves

are contained in a binary raster structure that follows the header.

In the Python implementation, the gezgrd function opens the file and reads these header
parameters sequentially, interpreting the raw byte sequences as packed binary data. Once
both the metadata and grid values have been correctly decoded, the magnetic anomaly

dataset is fully reconstructed and ready for use in subsequent Curie depth modeling steps.

7.2 DETREND
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According to Blakely (1995), detrending in aeromagnetic data processing involves
removing the regional magnetic field component or long-wavelength variations that are
not directly related to local magnetic sources.

This procedure is essential because fitting and subtracting a best-fitting plane from the
magnetic grid isolates the residual anomalies associated with shallow or localized

magnetic bodies.

Without detrending, long-wavelength components may distort the RAAS and bias the
spectral slopes used to estimate the depths to the top and centroid of magnetic sources.

In the Python implementation, the code first verifies that Z is a two-dimensional array
containing numerical values. A Boolean mask is then created to identify valid data points

and ensure that missing values do not influence the regression.

The X and Y coordinates grids are generated to represent the column and row positions
of the dataset. These arrays are then reshaped into one-dimensional vectors (Xcolv,

Ycolv, Zcolv), keeping only the entries corresponding to valid data.

With the coordinate vectors defined, the next step is to determine the coefficients of the

best-fitting plane using linear least-squares regression:

Z p = XCoeff * X + YCoeff * Y + CCoeff

Where X, Y and C are the regression coefficients that define the regional magnetic plane.
Finally, the detrended anomaly grid (Z f) is obtained by subtracting the regional plane

from the original magnetic data:

Zf=Z-Zp

The function returns both the residual field Z f and the fitted regional plane Z p, which

are subsequently used in the Curie depth modeling workflow.

7.3 RADIALLY AVERAGE AMPLITUDE SPECTRUM
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As its name suggests, the Radially Averaged Amplitude Spectrum (RAAS) is the
direction independent mean spectrum, representing the average of all possible directional

amplitude spectra (Ruzanski, 2011).

It is a one-dimensional spectral representation derived from two-dimensional Fourier
Transform of the magnetic anomaly grid.

In practice, the spectral amplitude obtained from the 2D Fourier domain are grouped into
radial bins according to their wavenumber magnitude (Figure 18). The amplitudes within
each bin are then averaged, producing a single curve that expresses spectral energy as a

function of radial wavenumber.
The resulting RAAS curve is fundamental for estimating depth parameters in both the

Modified Centroid and De-fractal methods, as the slopes of specific wavenumber ranges

provide information about the depths to the top, centroid and bottom of magnetic sources.
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Figure 18: Radial binning of the Fourier Amplitude Spectrum.

Figure created by the author using Python.

In the code, before computing the RAAS, the magnetic anomaly grid must be checked

for its dimensions and appropriately padded.
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Figure 19: Overall schema of eight image patches that can be treated differently based
on the padding strategy (Tang et al., 2019).

Padding is a common signal processing technique used to standardize array sizes and
ensure optimal performance during Fourier-based operations. It involves adding extra
rows and columns of pixels around the edges of the dataset prior to applying the 2D
Fourier Transform (Figure 19). This steps helps prevent edge effects, preserves spectral

continuity and improves the stability of the resulting amplitude spectrum.

In this case a zeros-padding strategy was used, which consists in adding zeros in the
border.

Once padding is finished, the RAAS calculation is implemented using Numpy’s ffz2 and
[ftshift functions. The fft2 function computes the two-dimensional Discrete Fourier
Transform of the magnetic anomaly grid, while ffishift reorganizes component to the

center of the spectrum.

In practical terms, if the magnetic anomaly grid Z contains values in nanotesla (nT),
applying fft2 transforms the spatial domain data into the frequency domain. This allows
the identification of wavelength content within the magnetic map: long wavelengths (low
frequencies) correspond to regional trends and deep magnetic sources, whereas short
wavelengths (high frequencies) represent local anomalies, noise or shallow magnetic
bodies.

The fftshift function does not alter the spectral content; it only reorders the transform

output so that low frequencies are positioned at the center of the spectrum and high
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frequencies are located toward the edges. This spatial rearrangement improves

interpretability and facilitates subsequent radial averaging for RAAS computation.

Once the raw spectrum (A(k)) is obtained from:

A(k) = |F(u,v)|

It must be normalized to ensure that the Fourier amplitudes are not dependent on the size
of the grid This normalization is essential for preserving a consistent and physically
meaningful amplitude scale, especially when comparing spectra derived from grids of
different dimensions. The spectrum is therefore divided by the total number of grid points
(rows x columns).

Because the Fast Fourier Transform of real valued data produces symmetric positive and
negative wavenumbers with identical amplitudes, taking the magnitude [k| effectively
removes half of the spectrum. To conserve the total spectral energy, the normalized
amplitude spectrum is multiplied by two.

The resulting normalized spectrum is therefore:

. |F(u,v)|
A(k) normalized = 2
rows * columns

To compute the radial bins, a cartesian grid (X, Y) is first generated using meshgrid and
these coordinates are then converted to polar form using the function cart2pol.
This transformation provides the radial distance r (the wavenumber magnitude) for every
point in the 2D spectrum. For each radius r, a Boolean mask is created to select all spectral
amplitude values whose wavenumbers fall within that specific radial distance. These
subsets of values represent the amplitude contributions of each radial bin.
For statistical characterization of the spectrum, two quantities are calculated:

e Pf, the mean value of the logarithmic amplitude spectrum within the radial bin

at distance r.
e (F, the confidence interval of the logarithmic amplitudes, providing an estimate

of uncertainty associated with that bin.
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std(values)

Jlen(values)

CF[r] = 1.96

These statistical measures allow the RAAS curve to be represented not only as an average
amplitude for each wavenumber but also with associated confidence limits, improving

the robustness of depth estimations in the Modified Centroid and De-fractal methods.
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IMPLEMENTATION DETAILS AND FUNCTIONAL OVERVIEW

This chapter explains all the code and the functions that are important for the development

of both approaches to Curie depth estimation.
8.1 FRACTAL SPECTRAL FORMULATION

The fractal formulation module adjusts the RAAS to account for the power-law behavior
of magnetic sources. Natural magnetic fields often display fractal properties, meaning
that the amplitude spectrum follows a scale-dependent decay controlled by a fractal
exponent. If this effect is not compensated, the slopes used to estimate the top and centroid

depths become biased, leading to inaccurate Curie depth estimates.

In this module, the wavenumber array k, the logarithmic amplitude spectrum InA(k), and
the confidence intervals are taken as inputs. Two modified spectral curves are then
computed: one for the top-depth estimation and one for the centroid depth estimation. The
correction uses the term In(2nk), which reflects the relationship between spatial frequency

and wavenumber in the Fourier domain.

The function fractal formulation calculates the spectrum with their fractal parameter
included in their equations:

In the case of the Modified Centroid method, the top depth is:
1
MA(K)¢op = InA(k) + 5 (B — 1) In (2mk)

And for the centroid depth is:
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1
INA(K) centroia = INA(k) —In(2mk) + > (B — 1) In (2rk)
In the situation of the De-fractal method, the equations change. For the top depth:
1
lnA(k)wp = InA(k) + Ea In (27k)
Finally, the centroid depth:
1
INA(K) centroia = INA(k) —In(2mk) + Sa In (2mk)

8.2 FORWARD AND SYNTHETIC MODEL

The forward model is computed to verify the consistency of the spectral depth
interpretation.

Both methodologies generate a synthetic logarithmic amplitude spectrum that depends on
the estimated depths and a scaling constant.

In the Modified Centroid method, the forward model is compared against the corrected

spectrum that still includes the fractal parameter. Therefore, forward model equation

includes the fractal term:
G = (an)_%(ﬁ_l)e(—ZTL'th)[l — e—27rk(Zb—Zt)]

The observed logarithmic spectrum InA¢(k) is converted to linear amplitude in order to

perform the least-squares estimation:

d(k) — elnAt(k)
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The goal of this operation is to estimate a scaling constant £ that best matches the

synthetic amplitude to the observed corrected spectrum:
d(k) ~ efG(k)

The synthetic curve is then computed using the estimated scaling constant:
1
InAgyn (k) = E — 2nkZt — > (B — 1) In(2mk) + In (1 — e~2mk(Zb-20)y

In contrast, De-fractal method compares the forward model against the spectrum after
removing the fractal component. Because the fractal parameter has already been removed,

the forward model equation does not include the fractal term:

G = Ce—Zﬂ:th[l _ e—21‘[k(Zb—Zt)]

Then, as in the Modified Centroid method, the corrected logarithmic spectrum InA«(k) is
converted to linear amplitude:
d(k) — elnAt(k)
Then the scaling constant C is estimated using least-squares:
d(k) = e“G(k)
And the synthetic logarithmic spectrum is:

lnAsyn(k) =C —2nkZt +In (1 — e‘zﬂk(Zb—Zt))

Finally, the misfit is calculated using the Equation 7 from the Chapter 6, for both

methodologies.
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8.3 DEPTH ESTIMATION FUNCTIONS

Linear approximations are used to represent the segments of the RAAS associated with
the top and centroid depths. To isolate these segments, two Boolean masks are created to
select the relevant wavenumber intervals: one corresponding to high-wavenumber range
(used for estimating the top depth, Zt) and another corresponding to the low-wavenumber

range (used for estimating the centroid depth, Zo).

The curve_fit function is then applied to these subsets of the spectrum to determine the

slopes and intercepts of the best-fitting lines.

This module contains the necessary routines for estimating Curie depth using both the
Modified Centroid and De-fractal approaches. After applying the fractal formulation, the
algorithm performs linear regression over the selected wavenumber intervals to estimate
top and centroid depths.

The top depth (Zt) is derived from a straight line fit to the high wavenumber portion of
the RAAS. In this region, the spectrum is dominated by shallow magnetic sources,
producing a linear decay whose slope is directly related to the depth to the top of the
magnetic body.

Similarly, the centroid depth (Zo) is obtained from a second linear regression applied to
low wavenumber range portion of the corrected spectrum, where deeper magnetic sources
exert the dominant influence on the spectrum.

Finally, the bottom depth (Zb) interpreted as the Curie Point Depth (CPD), is calculated
using the classical relationship:

Zb=12Z,—7t
8.4 STATISTICAL CALCULATIONS
To quantify the uncertainty associated with the estimated depths to the top, centroid and
bottom of magnetic sources, statistical calculations were incorporated into the script.

First was computing the standard deviation 62 of top depth regression. The corresponding

absolute uncertainty in the top depth Zt is then obtained using:
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o2
(2m) (max|keop| — min[keop])

Ztorror =

A similar procedure is applied to the centroid depth. The standard deviation O1 is first
calculated from the regression over the wavenumber range and the uncertainty in the

centroid depth Zo is then determined by:

ol

(27'[) (max[kcentroid] —min [kcentroid])

Z0grror =

Finally, the uncertainty in the bottom depth Zb was estimated:

Zberror = \/(4’(Zoerror2)) + Zterrorz

The same statistical formulations are applied in both the Modified Centroid and De-fractal

methodologies, ensuring consistency in the uncertainty estimation across approaches.
8.5 FLIGHT ALTITUDE CORRECTION

Accurate knowledge of the flight altitude is essential for obtaining reliable depth
estimates from aeromagnetic data. The depth inferred from the slopes of the amplitude
spectrum are referenced to the sensor altitude, not to the ground surface. For this reason,
the flight height must be subtracted from all depth calculations in both implementations
to ensure that the final values represent true geological depths below ground level rather

than depths relative to the aircraft.

This correction is crucial for producing accurate and meaningful results, as leaving depths
uncorrected would systematically shift all estimates upward by the flight altitude,

potentially leading to misinterpretation of the subsurface structure.



In the initial part of the script, the flight altitude provided in meters, can be set or modified
by the user. After the statistical calculations are completed, the corrected depths to the
top, centroid and bottom of the magnetic source are computed using three corresponding
equations that subtract the flight altitude from each parameter. These corrections ensure
that the final outputs represents depths consistent with the physical geology of the study

arca.

8.6 GEOTHERMAL PROFILE

The calculation of the heat flow of each window was incorporated into the geothermal
profile to enhance the consistency of Curie depth estimates with geological reality. This
additional step allows the thermal structure inferred from magnetic data to be compared
with conductive heat flow expectations, providing a more robust geophysical
interpretation.

The heat flow is computed using the Fourier’s Law:

dT (z)
0z

q(z) = —x

Assuming the boundary conditions that at the Curie depth Zb, the temperature equals the
Curie temperature Tc (580°C) and at the bedrock is z = zo the temperature is To (0°C),
may be solved the heat flow at surface (W/m?) (Martos et al., 2017):

s = x (Tc _TO)
1 7b

H,h? _7Zb
Hohr = —77=(1 = e ™y

Where X is the thermal conductivity (W/mK), represented as ¢4 in the code; Ho is the
radiogenic heat production (microW/m?), denoted as 4 in the scripts; 4, is the scaling
length of radiogenic heat production (km), referred to as b in the implementation.

Ravat et al. (2016) provide the temperature at any depth z, assuming boundary conditions
of T=T) at surface, surface heat flux gs and neglecting contributions from mass advection,

transient cooling or temperature-dependent conductivity:
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Z

gs*z Hoh,(h, —z) Hoh?e 7r
N N

)
T(z)=Ts+

In both the Modified Centroid and De-fractal approaches, the geothermal profile requires
the following input parameters: surface temperature, Curie temperature, surface heat
production, empirical heat-production depth distribution, thermal conductivity and the
Curie depth in meters.

The geothermal gradient follows Martos et al (2017) equation, which is the same
approach adopted by Carrillo de la Cruz et al (2020).

To assess credibility, Carrillo de la Cruz et al (2020) compared their geothermal gradient
estimates (derived from CPD methods) with values from the SMU Heat Flow Database
based on Bottom-Hole Temperature (BHT) measurements. They found that geothermal
gradients derived from both methods tend to be slightly higher than BHT-based estimates,

but overall, the results are very similar (Figure 20).

Geothermal Gradient (C/km)

.\_mdllicd De-fractal BHT
centrund

Figure 20: Boxplot displaying the results of geothermal gradient from BHT and using
Modified Centroid and De-fractal approaches (Modified from Carrillo de la Cruz et al.,
2020).
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Since the Python implementation follows the same geothermal formulation used by
Martos et al (2017) and Carrillo de la Cruz et al (2020), the resulting geothermal gradients
are expected to behave similarly. Therefore, the geothermal gradient computed from the

Curie depths may slightly overestimate that actual subsurface temperature.



PART III
THIRD PART: MODEL VALIDATION AND
APPLICATIONS






VALIDATION

To ensure the reliability of the Python implementations, it was necessary to benchmark
both the Modified Centroid and De-fractal methodologies against known reference
results. This benchmark was carried out using the dataset provided by the authors of the
reference tool Carrillo de la Cruz et al (2020)) and publicly available through their GitHub
repository (Juanxo90, 2024). Because this dataset has been extensively tested and

validated, it serves as an effective ground truth for comparison.

In addition to the synthetic benchmark, the tool was applied to a public-domain magnetic
anomaly dataset covering the Red Sea region, provided by the World Digital Magnetic
Anomaly Map (WDMAM) project. This dataset offers a real geological context
characterized by strong tectonic activity, significant crustal thinning and elevated
geothermal gradients (conditions under which Curie depth estimation is particularly

relevant).

9.1 REFERENCE DATASET

In the first validation case, the reference dataset “example.grd” was evaluated using the
Modified Centroid method of the reference tool. After multiple iterations, adjusting the
wavenumber ranges in the top and centroid regression plots and testing different values
of the fractal parameter [, the best result obtained with the reference tool is shown in

Figure 21.
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Figure 21: Best reference tool result using Modified Centroid method on the

“example.grd” dataset.

Figure created by the author using the reference tool.

Operating with a similar wavenumber range in the Python implementation of the

Modified Centroid method, the resulting of Curie depth was (Figure 22):
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Figure 22: Best Python result using Modified Centroid method on the “example.grd”
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Figure created by the author using Python.




The Curie depth estimated using the Modified Centroid method is 5.58 km in the
reference tool and 3.68 km in the Python implementation, resulting in a difference of

approximately 1.9 km. The discrepancy can be attributed to several factors, including:

e Wavenumber range: Small difference in the selected wavenumber interval (k) can
influence the slope of the spectral segments used in the regression. This affects the
synthetic spectrum and ultimately changes the estimated depths.

e Data processing: Curve fitting and numerical routines may exhibit slightly variations
in behavior depending on the library and programming languages, even when similar
libraries or methods are used. These small numerical discrepancies, including
interpolation, rounding behavior or optimization, can affect the final output.

¢ Forward model: Both tools compute synthetic spectra using expressions that involve
exponential terms. The least squares regression used to match the synthetic and
observed spectra may rely on matrix-based solvers or linear algebra routines,
depending on the platform. Differences in how these solvers handle matrix
conditioning, internal optimization strategies or numerical precision can introduce

small variations in the computed Curie depth.

Even if the differences arise, particularly when the computation formulas are nearly
identical, the theoretical methodology remains the same. Ultimately, this reflects the
classical issue of “non-uniqueness”, which the algorithm may converge toward different
local minima or acceptable solutions that are not identical but still represent a valid
approximations of the subsurface structure. Such behavior is common in geophysical
inversion and optimization problems, where multiple models can explain the same dataset
with comparable accuracy.

This issue can be mitigated by adjusting model complexity, refining parameter constraints
or applying alternative methods to compare results and assess their robustness. Cross-
validation with independent datasets, sensitivity tests and geological context are also
essential for distinguishing between plausible solutions and improving confidence in the
final interpretation.

In De-fractal method, the Curie depth was computed in the reference tool and Python

using the same dataset and very similar parameters settings.
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The corresponding results are shown in Figures 23 and 24.
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Figure 23: Best reference tool result using De-fractal method on the “example.grd”

dataset.

Figure created by the author using reference tool.
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Figure 24: Best Python result using De-fractal method on the “example.grd” dataset.

Figure created by the author using Python.
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The Curie depth estimates obtained using the De-fractal method are 3.55 km from the
reference tool and 3.96 km from the Python implementation, indicating a difference of
approximately 0.41 km. However, these results are not unique. When applying the same
wavenumber ranges in Python but modifying the fractal exponent to 3.7, the estimated
depth to the bottom decreases to 2.85 km, while the misfit remains unchanged at 0.16 (the

same value obtained using a fractal exponent of 3.3) (Figure 25).
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Figure 25: Another good Python result using De-fractal method on the “example.grd”
dataset.

Figure created by the author using Python.

This demonstrates that multiple configurations of the fractal parameter can produce
equally acceptable spectral fits and therefore both solutions are considered valid within

the non-unique nature of the method.

The De-fractal approach often yields a broader set of valid Curie depth estimations
because it introduces greater flexibility into the modeling process. By incorporating the
fractal parameter, the method can accommodate a wider range of spectral shapes and
small variations in the data that might not fit the stricter assumptions of the Modified
Centroid method. This inherent flexibility enables the method to capture the natural
variability of magnetic source distributions more effectively, leading to a wider but still

geologically plausible range of Curie depth solutions.
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9.2 RED SEA TEST

To test both Python implementations, a reduced to the pole (RTP) magnetic anomaly
dataset in grd format covering the Red Sea area was used. This data referred in the Python
version codes as “RTP_magnetic_wide” is obtained from the WDMAM (World Digital
Magnetic Anomaly Map) which is an international scientific project under the auspices
of ITAGA (International Association of Geomagnetism and Aeronomy) and CGMW
(Commission for the Geological Map of the World), aiming to compile and make

available the magnetic anomalies of the World (Choi et al., 2025).
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Figure 26: Tectonic and topographic map of the Red Sea. a) Bathymetric data. b)
Structural interpretation with seafloor spreading segments, major transverse structures
and exposed oceanic crust. c) Simplified tectonic map of the Arabian Plate and
surroundings. DSFZ: Dead Sea Fracture Zone; OFZ: Owen Fracture Zone. d)
Chronostratigraphic chart of the Red Sea (Delaunay et al., 2023).
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Considering the geological context, the Red Sea is a young ocean basin formed through
rifting and subsequent seafloor spreading driven by the northward movement of the
Arabian Plate relative to the Nubian and Somalian plates (Figure 26). This extensional
tectonic regime initiated during the Oligocene-Miocene and continues to shape the region
today. The basement of the Red Sea is covered by an extensive sequence of Miocene and
younger sedimentary rocks, including a thick Middle to Late Miocene evaporite unit that

exceeds 1 km in places (Delaunay et al., 2023).

The dataset used is characterized by 3000 x 3000 km size window (Figure 27) which was

selected following the methodology to ensure appropriate Depth to Curie values.
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Figure 27: Map of magnetic anomalies in Red Sea.

Figure created by the author using Petrel.

The regional dataset was subdivided into 16 domain windows, each measuring 750 x 750
km. For every window, both the Modified Centroid and De-fractal methods were applied
(Figure 28).
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Figure 28: Map of magnetic anomalies in the Red Sea location divided by sixteen

This subdivision step is crucial, as it enables the computation of the average depths

estimates for each individual window, which are then combined to generate a complete

Figure created by the author using Python.

Curie depth map for the study area.

Table 6 presents the results obtained from the Modified Centroid method, showing each

domain window with its corresponding fractal parameter, Curie Point Depth (CPD),

misfit value and estimated heat flow.

domain decomposition which each window are 750 x 750 km.

Table 6: Curie depth estimation applying Modified Centroid approach.

Domain

1

o 0 9 SN N A W N

72

B
53

5.9
4.5
6.2
6.0
5.1
3.9
5.8
6.9*

16,42
9,74
19,41
5,10
5,78
11,49
13,96
14,32
6,65

Zb (CPD)

Misfit R

0,36
0,45
0,31
0,08
0,41
0,41
0,29
0,53
0,40

Heat flow

87,739

135,518
77,428
247,080
219,178
117,361
99,761

97,765

191,890



10 5.0 6.55 0,13 194,611

11 4.7 6,50 0,29 196,025
12 53 18,66 0,58 78,723

13 6.1 1,67 0,97 739,809*
14 7.0 1,33 0,39 927,125*
15 6.4 1,60 0,53 770,081*
16 5.6 12,59 0,41 108,650

The results highlight four irregular windows, specifically in the domains 9, 13, 14 and 15,
whose values appear significantly anomalous. These windows display extremely shallow
Curie Point Depths, suggesting unrealistically high temperatures at depths approximately
1 km. The combination of excessively high temperature, elevated fractal exponents and
the irregular spectral shapes shown in the Figure 29 indicates that these estimates are not
geologically reliable.

Such anomalous spectral characteristics may arise from the dominance of strong shallow
magnetic anomalies, data quality issues or the windowing effects that distort the long
wavelength portion of the spectrum. These factors limit the applicability of Curie depth
estimation within those windows.

Moreover, the low misfit values obtained for these domains are associated with the high
fractal parameters which can generate overcorrected spectral solutions and reinforce the
interpretation that the results are not representative of the true subsurface conditions.
Excluding these data, the Curie depth obtained through Modified Centroid method ranges

from 5 to 19 km approximately.

Table 7: Curie depth estimation applying De-fractal approach.

Domain a Zb (CPD) A’ Misfit R Heat flow
1 52 12,05 -4,37 0,29 112,728
2 5.6 6,37 -3,37 0,45 200,012
3 4.2 16,04 -3,37 0,28 89,348
4 5.1 5,58 +0,48 0,08 226,637

* Difference between Modified Centroid and De-fractal Curie depth values.

* Irregular values
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5 5.0
6 4.8
7 33
8 6.0
9 6.9%
10 4.1
11 3.9
12 5.6
13 5.5
14 59
15 4.6
16 5.7

5,78 0

9,94 -1,55
12,73 -1,23
10,63 -3,69
3,53 -3,12
6,24 -0,31
5,88 -0,62
14,61 -4,05
0,92 -0,75
1.61 +0,28
3,41 +1,81
9,56 -3,03

0,44
0,38
0,25
0,48
0,38
0,14
0,27
0,52
0,52
0,46
0,47
0,33

219,178
133,081
107,616
125,529
352,462
203,745
215,596
96,187
1336,165*
767,874*
364,675
137,724

For De-fractal results presented in Table 7, the same pattern observed in the Modified

Centroid method appears, which several windows, particularly domains 9, 13 and 14

exhibit anomalous behavior. Since both the Modified Centroid and De-fractal methods

independently identify these same windows as problematic, the irregularities can be

confidently interpreted as genuine anomalies rather than method specific artifacts.

The Curie depth obtained using De-fractal method range approximately from 5 to 16 km,

indicating that both methodologies yield broadly consistent results, with an average

difference of about 2 km between them.

InAtki2nk]
)

Depth of the top

000 002 004 006 008 010 012 014 016
K €1/ km)
Depth of the centroid

000 002 004 006 008 010 012 014 016
K (1 / km)

Figure 29: Spectrum in the window 14 for the top and centroid depths in De-fractal
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Figure created by the author using Python.

The Figure 30 presents two 2D Curie depth maps derived from the results of both
methodologies. In Petrel, the depth values are displayed as negative numbers and range
approximately from +700 m to -22,000 m, reflecting variations in the depth to the Curie

isotherm across the study area.
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Figure 30: Modified Centroid and De-fractal Curie depth maps.

Figure created by the author using Petrel.

The Modified Centroid map shows a greater range of variation and more pronounced
depth values compared with De-fractal map. In particular, it exhibits very low values,
approaching -22 km in the upper-right area, indicating that the Curie depth is deeper in
this region. Conversely, higher values approaching 0 m appear in the lower-left portion

of the map, reflecting much shallower Curie depths.

The deepest Curie depth values indicate a colder thermal structure, which is consistent

with the regional geological context. These areas lie in onshore and are located farther
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from the active rift zone, where lithospheric cooling is expected. In contrast, the
extremely shallow estimates ranging from 0 to 2 km are interpreted as anomalous and
geologically unrealistic. This interpretation aligns with the earlier data analysis presented
in Table 6, where windows 9, 13, 14 and 15 were identified as anomalous due to irregular

spectral behavior, high fractal parameters and unrealistic thermal implications.

When the irregular windows are excluded, the remaining results show Curie depths
ranging from approximately 5 to 10 km along the central part of the Red sea. These
shallower Curie depths provide a robust indicator of the regional thermal state. The rift
axis corresponds to a hotter lithospheric structure, consistent with active seafloor

spreading, elevated heat flow and thinning of the crust beneath the Red Sea.

In the case of De-fractal method, the resulting Curie depth map presents smoother
variations and does not exhibit the extreme values observed in the Modified Centroid
output. Nevertheless, the overall spatial pattern is broadly consistent with the distribution
of contour lines obtained from the Modified Centroid method. In the De-fractal results,
the minimum Curie depth is approximately -18 km, and the maximum is around 2 km,
both extrema occur in the same general locations identified by the Modified Centroid
approach. This agreement supports the reliability of the large scale thermal structure

despite methodological differences.

In summary, both Modified Centroid and De-fractal approaches reveal deeper Curie
depths within continental regions and shallower values along the rift zone. Despite the
presence of some anomalous windows, the overall spatial pattern aligns well with the
regional tectonic and thermal framework, supporting the reliability of both

methodologies.
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CONCLUSION

Curie depth, the depth at which the ferromagnetic minerals lose their magnetism, is a
fundamental constraint for understanding the geothermal gradient, the thermal structure
of the crust and the underlying tectonic processes. As such, it plays an important role in

geothermal energy exploration and in assessing lithospheric thickness.

In this thesis, two methodologies were considered to estimate Curie Point Depth (CPD);
the Modified Centroid and De-fractal approaches, both selected for their ability to
incorporate fractal magnetization distributions. Although these methods were developed
through the combination and refinement of earlier spectral techniques, they are
distinguished by the explicit inclusion of a fractal parameter in their calculations. In both
cases, identical input parameters are used for the forward modeling process, ensuring
that synthetic spectrum can be directly compared with the observed spectrum under

consistent conditions.

The key difference between the Modified Centroid and De-fractal methods lies in how
they treat the fractal behavior of magnetization. The De-fractal approach explicitly
removes the effect of fractal magnetization by applying a random magnetization model
to correct the spectrum, whereas the Modified Centroid method incorporates the fractal
model directly into its calculations. As a result, the De-fractal method adjusts the observed
spectrum before estimating depths, while the Modified Centroid method accounts for

fractal variability within the forward modeling itself.

Both the Modified Centroid and De-fractal methodologies were implemented in Python,
and their performance was evaluated against a reference implementation. The results
show that the Python versions produce similar outputs when compared with the reference
tool. These discrepancies arise primarily because each implementation relies on different
numerical routines, optimization strategies and internal handling of mathematical
operations inherent to their respective programming environments. Another significant

source of divergence is the selection of the wavenumber range: in the Python
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implementation, this selection is more controlled and explicit, which can influence the

regression slopes and consequently, the resulting depth estimates.

Two dataset were used to validate the Python implementations: the grid from the
reference tool and a second dataset provided by WDMAM. The results from the first
dataset confirm that the Python versions produce coherent and consistent outputs when
compared with the reference tool, despite numerical differences. For the second dataset,
the Curie depth estimates obtained for the Red Sea region using both Python methods are
geologically plausible and align well with the known regional context. These findings
corroborate that both methodologies perform as expected and are capable of producing

reliable Curie depth estimations.

Both the Modified Centroid and De-fractal methods perform well and produce robust
results. The Modified Centroid approach is simpler to apply and computationally
efficient; however, its estimates can be affected by low wavenumber noise in the model
spectrum, which may influence the accuracy of depth calculations. In contrast, the De-
fractal method is a more advanced technique that compensates for the fractal behavior of
crustal magnetization, leading to improved modeling of natural heterogeneity.
Nevertheless, it can introduce complications when the fractal parameter o becomes
excessively high, potentially overcorrecting the spectrum or yielding multiple acceptable
solutions when misfit is used as the sole evaluation criterion. Despite these limitations,
both techniques remain valuable tools for estimating Curie depth. When applied carefully,
they provide meaningful insights into the lithosphere’s thermal structure and contribute

to more reliable geological interpretations.

Furthermore, this implementation is particularly advantageous for the company in
identifying potential geothermal resources or zones of tectonic activity. Low Curie Point
Depth values often indicate regions of high heat flow, which can serve as strong
indicators of prospective exploration targets in geothermal and energy transitions

applications.
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APPENDIX: Modified Centroid script

from matplotlib import pyplot as plt
import numpy as np

from scipy.optimize import curve fit

# MODIFIED CENTROID METHOD
filename = ('C:/Users/MCassina/depth curie/example.grd')

# Input values

beta = 0 # Fractal exponent

f altitude = 0 # Flight altitude in km

min t =0 # Min value of the k range in the plot of Top depth
max t = 0 # Max value of the k range in the plot of Top depth
min ¢ = 0 # Min value of the k range in the plot of Centroid depth
max ¢ = 0 # Max value of the k range in the plot of Centroid depth

def getgrd2 (filename) :
*confidential*

return 7, x0, y0, de, dv, nb elem, nb vect

def detrend 2d(Z):
# 2D array or there's more than one column
if Z.ndim != 2 or Z.shape[l] < 2:
raise ValueError ('Z must be 2D array')

mask = ~np.isnan(Z2) # Boolean mask where Z has valid (non NaN) data

if not np.any(mask):
raise ValueError ("Z contains only NaN values")

rows, cols = Z.shape

# Coordinate grid
X, Y = np.meshgrid(np.arange(cols), np.arange (rows))

# Make the 2D data as 1D vector

Xcolv = X[mask] # Only valid data

Ycolv = Y[mask]

Zcolv = Z[mask]

const = np.ones like (Xcolv) # Vector of ones for constant term
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# Find the coefficients of the best plane fit
N = np.vstack((Xcolv, Ycolv, const)).T
coeffs, * = np.linalg.lstsg(N, Zcolv, rcond=None)
XCoeff, YCoeff, CCoeff = coeffs
Z p = XCoeff * X + YCoeff * Y + CCoeff
Z f = np.full like(Z, np.nan)
Z f[mask] = Z[mask] - Z p[mask]
return Z £, Z p
def raasfunction (image, dx):
# Process image size information
rows, cols = image.shape
# Adjust PSD size

dimMax = max (rows, cols)

if dimMax $ 2 != 0:
dimMax += 1 # padding

padded = np.zeros((dimMax, dimMax))

start_y = (dimMax-rows) //2
start x = (dimMax-cols) //2
padded[start y:start y+rows, start x:start x+cols] = image

# Compute amplitude spectrum

image fft = np.fft.fftshift(np.fft.fft2 (padded))
amplitude spectrum = (2*(np.abs(image_fft))/(rows*cols))
logAS = np.log(amplitude spectrum)

# Compute radially average power spectrum

Xy = np.arange (-dimMax//2, dimMax//2)

[X, Y] = np.meshgrid(xy, xv) # Make Cartesian grid

def cart2pol(x, vy): # Convert to polar coordinates axes
rho = np.hypot(x, vy) # Radius
theta = np.arctan2(y, x) # Angle in radians

return rho, theta
rho, = cart2pol(X, Y)
rho = np.round(rho) .astype (int)
# Radially average

max_r = int(np.min([np.max(rho), dimMax//2]))
Pf = np.zeros(max r + 1)
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CF = np.zeros (max r + 1)
nm = np.zeros (max r + 1)

for r in range(max r + 1):

mask = (rho == 1)
values = logAS[mask]
if len(values) > 0O:
Pf[r] = np.nanmean (values)
CF[r] = 1.96 * np.nanstd(values) / np.sqrt(len(values))
nm[r] = len(values)
else
Pf[r] = np.nan
CF[r] = np.nan
nm[r] = 0

# Wavenumber

kn =1 / (2 * dx)
k = np.linspace (0, kn, dimMax//2 +1)

cv2 np.column stack((k[1l:],Pf[1:], CF[1:], nm[1:]))

cv2[cv2[:, 2] <= 1]

cv3

return cv3

def fractal formulation (a2, beta):

k = a2[:, 0]
1InA = a2[:, 1]
ci = a2[:, 2]

log term = np.log(2 * np.pi * k)

# Fractal formulation

InA t
InA c

InA + (0.5 * (beta - 1)) * log term # 7t
InA - log term + (0.5 * (beta - 1)) * log term # 20

return k, 1nA t, 1nA c, ci

Zz, x0, y0, dx, dy, ncols, nrows = getgrd2 (filename)

Z detrended, = detrend 2d(Z)
dx = dx/1000.0
a2 = raasfunction(Z detrended, dx)

k, InA t, InA c, ci = fractal formulation(aZ, beta = beta)

def model function(x, m, c):
return m * x + c

t mask = (k > min t) & (k < max t)
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k top = (k[t mask])

InA top = (lInA t[t mask])

c mask = (k > min c) & (k < max c)

k centroid = (k[c mask])

InA k centroid = (1lnA c[c mask])

paramsl, = curve fit (model function, k top, 1nA top)

params2, = curve fit(model function, k centroid, 1nA k centroid)

m fitl, ¢ fitl = paramsl # Slope and Intercept Top depth

m fit2, c fit2 = params2 # Slope and Intercept Centroid depth

# Calculation Depth to the bottom (Zb)

Zzt = - m fitl / (2 * np.pi)
20 = - m fit2 / (2 * np.pi)
Zb = (2 * z70) - 7t

# Statistics

# Standard deviation Zt

sd2 = np.sqgrt(np.sum((lnA top - (m_fitl * k top + c_fitl)) ** 2) /
(len(k top)))
Zt err = sd2 / ((2 * np.pi) * (max(k _top) - min(k top)))

# Standard deviation z0

sdl = np.sqgrt(np.sum((1lnA k centroid - (m_fit2 * k centroid + c_fit2)) ** 2) /
(len(k_centroid)))

m fit2 err = sdl / ((2 * np.pi) * (max(k centroid) - min(k _centroid)))

# DBMS uncertainity

Zb_err = np.sqrt((4 * (m _fit2 err ** 2)) + (Zt_err ** 2))

# Flight altitude correction

Zt = 72t - f altitude

Z0 = Z0 - £ altitude

Zb = Zb - £ altitude

# Forward model and Synthetic model
# Confidence Interval

n=a2[:, 1]

cl = np.where(k == k top[-1]) [0][0]
sx = k[:cl+1]
sy = nl:cl+l]

d = np.exp(sy)
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* K

(-0.5 * (beta - 1)))
(Zb - Z2t)))

G ((2 * np.pi * sx)
(1 - np.exp(-2 * np.pi * sx *
G = 1)

E = np.log(np.linalg.lstsqg(G,

G.reshape (-1,

d,

def func(E,
return
k))) +

k) :
(E - (2 * np.pi * k * Zt) (0.5 *
(np.log(l - np.exp(-2 * np.pi * k *

*

* np.exp (-2 * np.pi * sx * Zt)

rcond=None) [0] [0])

*

(beta - 1)) (np.log (2 * np.pi

(zb - 2t))))

fml = func(E, sx)
fml all = func(E, k) # Synthethic spectrum
mf = np.sgrt(np.mean((sy - fml) ** 2)) # Misfit
# Geothermal profile
# Parameters definition
Ts = 20 # Surface temperature (°C)
Tc = 580 # Curie temperature (°C)
A =2.5%* le-6 # Surface heat production (microW/m3)
b =10 * 1000 # Empirical heat production depth distribution (m)
th = 2.2 # Thermal conductivity (W/mK)
Zb = 1000 * Zb
gs = ((th * (Tc - Ts)) / Zb) + A * b - ((A * (b ** 2) / Zb) * (1 - np.exp(-Zb
/ b))) # Heat flow at surface (W/m2)
zb = Zb / 1000
if zb < 20:
dlim = (np.ceil(zb/2)) * 2
else:
dlim = (np.ceil(zb/5)) * 5
z = np.arange (0, 1000 * dlim + 1, 1)
Tcrust = Ts + (z * gs / th) + (A * b * (b - z) / th) - (A * (b ** 2) *

np.exp(-z / b) / th)

# Spectrum Z plot

plt.figure()

plt.imshow(Z, cmap='gist rainbow r',
plt.colorbar (label="nT")

plt.title ('MAGNETIC - z')

plt.show()

# Top & Centroid depth plots

plt.figure(layout="'constrained')
plt.subplot(2,1,1)

plt.plot(k, InA t, 'ko-', markersize=3)
plt.xlabel ('k (1 / km)")

origin="'lower',

interpolation="'nearest')

*
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plt.ylabel ("1In [A(k)]")
plt.title('Depth of the top')
plt.grid(True)

plt.subplot(2,1,2)

plt.plot(k, 1InA c, 'ko-', markersize=3)
plt.xlabel ('k (1 / km)")

plt.ylabel ("1n [A(k) / 2pik]")
plt.title('Depth of the centroid')
plt.grid(True)

plt.tight layout ()
plt.show ()

# List of spectrum and wavenumber

print ('1nA t:\n', 1nA t)
print ('k:\n' , k)
print ("\nlnA c:\n', 1nA c)

# Plots

fig, ax = plt.subplots(2, 2, figsize = (16, 8))
fig.suptitle('Modified Centroid Method', fontsize=30, fontweight='bold')

# Top depth

[0,0].plot(k, 1nA t, 'ko-', markersize=3)
[0,0].plot(k top, model function(k top, m fitl, c fitl), 'r-')
[0,0].set _xlabel('k (1 / km)")
ax[0,0] .set _ylabel ('ln [A(k)]")
[0,0].set _title('Depth of the top'")
[0,0].grid(True)

# Centroid depth

x[1,0].plot(k, 1nA c, 'ko-', markersize=3)

x[1,0].plot (k centroid, model function(k centroid, m fit2, c fit2), 'r-'")
x[1,0].set_xlabel('k (1 / km)'")

x[1,0].set_ylabel ('ln [A(k) / 2$\pi$k]

x[1,0].set title('Depth of the centroid')

x[1,0].grid (True)

# Synthetic and Observed spectrum

ax[0,1].plot(k, a2[:, 11, 'b-', label='Observed Spectrum')
ax[0,1].plot(k, fml all, 'r-', label='Synthetic Spectrum')
ax[0,1].plot(k, a2[:, 1] + ci, 'k-', label='95% confidence interval',
alpha=0.7)

ax[0,1].plot(k, a2[:, 1] - ci, 'k-', alpha=0.7)

ax[0,1].legend()
ax[0,1].grid(True)

ax[0,1].set _ylabel('ln [A(k)]")
ax[0,1].set _xlabel('k (1 / km)"')
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ax[0,1].set title('Observed vs Synthetic Spectrum')
# Text

text = (f'Values: \n'
f'\nFractal exponent = {beta:.2f}\n’
£f'zt = {Zt:.2f} km \uOOBl {Zt err:.2f} km (Top depth \uOOBl error)\n'
£'20 = {z0:.2f} km \uOOBl {m fit2 err:.2f} km (Centroid depth \u0O0Bl
error)\n'
f'Z2b = {zb:.2f} km \uO0Bl {Zb err:.2f} km (Bottom depth \uOOBl error)\n'
f'Misfit = {mf:.2f} \n'
f'gs = {(gs*1le3):.4f} mW/m2 (Heat flow)")
ax[l,1].text(0.01, 0.9, text, fontsize=12, wrap=True, va='top')
ax[1l,1].get xaxis().set visible (False)
ax[1l,1].get yaxis().set visible (False)

# Geothermal

term = fig.add axes([0.73, 0.2, 0.25, 0.7])

term.plot (Tcrust, z/1000, 'b-', label='Geotherm')

term.plot ([0, max(Tcrust)], [zb, zb]l, 'k--', label=(f'Curie Point Depth =
{zb:.2f} km'"))

term.plot ([Tc, Tcl, [0, dlim], 'r--', label=(f'Curie Temeprature = {Tc} °C'))
term.set xlim([min(Tcrust), max(Tcrust)])

term.set ylim([0, dlim])

term.invert yaxis()

term.set title('Steady-state 1D geotherm')
term.set_xlabel('Temperature(°C)')

term.set ylabel ('Depth (km)")

term.grid (True)

term.legend ()

plt.tight layout (rect=[0, 0, 0.7, 17)
plt.show ()
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APPENDIX: De-fractal script

from matplotlib import pyplot as plt
import numpy as np
from scipy.optimize import curve fit
# DEFRACTAL METHOD

filename = ('C:/Users/MCassina/depth curie/example.grd')

# Input values

alpha = 0 # Fractal exponent

f altitude = 0 # Flight altitude in km

min t =0 # Min value of the k range in the plot of Top depth
max t =0 # Max value of the k range in the plot of Top depth
min ¢ = 0 # Min value of the k range in the plot of Centroid depth
max ¢ = 0 # Max value of the k range in the plot of Centroid depth

def getgrd2 (filename) :
*confidential*
return Z, x0, y0, de, dv, nb elem, nb vect
def detrend 2d(Z):
# 2D array or there's more than one column
if Z.ndim != 2 or Z.shape[l] < 2:
raise ValueError ('Z must be 2D array')

mask = ~np.isnan (Z) # Boolean mask where Z has valid (non NaN) data

if not np.any(mask) :
raise ValueError ("Z contains only NaN values")

rows, cols = Z.shape

# Coordinate grid
X, Y = np.meshgrid(np.arange(cols), np.arange (rows))
# Make the 2D data as 1D vector
Xcolv = X[mask] # Only valid data
Ycolv = Y[mask]
Zcolv = Z[mask]

const = np.ones_like (Xcolv) # Vector of ones for constant term

# Find the coefficients of the best plane fit
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def

90

N = np.vstack((Xcolv, Ycolv, const)).T
coeffs, * = np.linalg.lstsqg(N, Zcolv, rcond=None)
XCoeff, YCoeff, CCoeff = coeffs

Z p = XCoeff * X + YCoeff * Y + CCoeff
Z f = np.full like(Z, np.nan)
Z f[mask] = Z[mask] - Z p[mask]

return Z £, Z p

raasfunction (image, dx):

# Process image size information

rows, cols = image.shape

# Adjust PSD size

dimMax = max (rows, cols)

if dimMax $ 2 != 0:
dimMax += 1 # padding

padded = np.zeros((dimMax, dimMax))

start_y = (dimMax-rows) //2
start_x = (dimMax-cols) //2
padded[start y:start y+rows, start x:start x+cols] = image

# Compute power spectrum

image fft = np.fft.fftshift(np.fft.fft2 (padded))
amplitude spectrum = (2*(np.abs(image_fft))/(rows*cols))
logAS = np.log(amplitude spectrum)

# Compute radially average power spectrum

xy = np.arange (-dimMax//2, dimMax//2)

[X, Y] = np.meshgrid(xy, xv) # Make Cartesian grid

def cart2pol(x, vy): # Convert to polar coordinates axes
rho = np.hypot (x, vy) # Radius
theta = np.arctan2(y, x) # Angle in radians

return rho, theta
rho, = cart2pol(X, Y)
rho = np.round(rho) .astype (int)
# Radially average
max r = int(np.min([np.max(rho), dimMax//2]))
Pf = np.zeros(max r + 1)

CF = np.zeros (max r + 1)
nm = np.zeros (max r + 1)




for r in range(max r + 1):
mask = (rho == r)
values = logAS[mask]
if len(values) > O0:

Pf[r] = np.nanmean (values)
CF[r] = 1.96 * np.nanstd(values) / np.sqrt (len(values))
nm[r] = len(values)
else:
Pf[r] = np.nan
CF[r] = np.nan
nm[r] = 0

# Wavenumber

kn = 1 / (2 * dx)
k = np.linspace (0, kn, dimMax//2 +1)

cv2 np.column stack((k([1l:],Pf[1:], CF[1:], nm[1:]))

cv2[cv2[:, 2] <= 1]

cv3
return cv3

def fractal formulation (a2, alpha):
k = a2[:, 0]
1nA = a2[:, 1]

ci = a2l:, 2]

# Fractal formulation

InA t = np.log(np.exp(lnA) * ((2 * np.pi * k) ** (alpha / 2.0))) # Zt
InA ¢ = np.log((np.exp(lnA) * ((2 * np.pi * k) ** (alpha / 2.0))) / (2 *
np.pi * k)) # 20

return k, 1nA t, 1nA c, ci
Zz, x0, y0, dx, dy, ncols, nrows = getgrd2(filename)
7 detrended, = detrend 2d(Z)

dx = dx/1000.0
a2 = raasfunction(Z detrended, dx)

k, InA t, 1InA c, ci = fractal formulation (a2, alpha = alpha)

def model function(x, m, c):
return m * x + cC

t mask = (k > min t) & (k < max t)
k top = (k[t mask])
InA top = (lnA t[t mask])

c mask = (k > min ¢c) & (k < max c)




k centroid = (k[c mask])

InA k centroid = (lnA c[c mask])
paramsl, = curve fit (model function, k top, 1nA top)
params2, = curve fit(model function, k centroid, 1nA k centroid)

m fitl, c fitl = paramsl # Slope and Intercept Top depth
m fit2, c fit2 = params2 # Slope and Intercept Centroid depth

# Calculation Depth to the bottom (Zb)

zt = - m fitl / (2 * np.pi)
20 = - m fit2 / (2 * np.pi)
Zb = (2 * Z0) - Zt

# Statistics
# Standard deviation Zt

sd2 = np.sqgrt(np.sum((lnA top - (m fitl * k top + c fitl)) ** 2) /
(len(k _top)))
Zt err = sd2 / ((2 * np.pi) * (max (k_top) - min(k top)))

# Standard deviation Zz0

sdl = np.sqgrt(np.sum((lnA k centroid - (m_fit2 * k centroid + c_fit2)) ** 2) /
(len(k _centroid)))

m fit2 err = sdl / ((2 * np.pi) * (max(k centroid) - min(k _centroid)))

# DBMS uncertainity

Zb_err = np.sqrt((4 * (m _fit2 err ** 2)) + (Zt_err ** 2))

# Flight altitude correction

Zt = 72t - £ altitude

Z0 Zz0 - f altitude
Zb Zb - f altitude

# Forward model and Synthetic model
# Confidence Interval

n=a2l:,1]

cl = np.where(k == k _top[-1]) [0][0]
sx = k[:cl+1]

sy = InA t[:cl+1]

d = np.exp(sy)

G = np.exp (-2 * np.pi * sx * Zt) * (1 - np.exp(-2 * np.pi * sx * (Zb - Zt)))
G = G.reshape(-1, 1)
C = np.log(np.linalg.lstsg(G, d, rcond=None) [0][0])

def func(C, k):
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return (C - (2 * np.pi * k * Zt) + np.log((l - np.exp(-2 * np.pi * k * (Zb

- zZt)))))

fml = func(C, sx) # Synthetic spectrum
fml all = func(C, k)

mf = np.sgrt(np.mean((sy - fml) ** 2)) # Misfit

# Geothermal profile
# Parameters definition

Ts = 20 # Surface temperature (°C)

Tc = 580 # Curie temperature (°C)

A =2.5 * le-6 # Surface heat production (microW/m3)

b =10 * 1000 # Empirical heat production depth distribution (km)
th = 2.2 # Thermal conductivity (W/mK)

Zb = 1000 * Zb

gs = ((th * (Tc - Ts)) / Zb) + A * b - ((A * (b ** 2) / Zb) * (1 - np.exp(-Zb
/ b))) # Heat flow at surface (W/m2)
zb = Zb/1000

if zb < 20:

dlim = (np.ceil(zb / 2)) * 2
else:

dlim = (np.ceil(zb / 5)) * 5

z = np.arange (0, 1000 * dlim + 1, 1)
Tcrust = Ts + (z * gs / th) + (A * b * (b - z) / th) - (A * (b ** 2) *
np.exp(-z / b) / th)

# Spectrum Z plot

plt.figure()

plt.imshow(Z, cmap='gist rainbow r', origin='lower',6 interpolation='nearest')
plt.colorbar (label="nT")

plt.title ('MAGNETIC - z')

plt.show()

# Top & Centroid depth

plt.figure (layout='constrained')
plt.subplot(2,1,1)

plt.plot(k, InA t, 'ko-', markersize=3)
plt.xlabel ('k (1 / km)")

plt.ylabel ("In [A(k)]")
plt.title('Depth of the top')
plt.grid(True)

plt.subplot(2,1,2)
plt.plot(k, 1InA c, 'ko-', markersize=3)
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plt.xlabel ('k (1 / km)")
plt.ylabel ("1n [A(k) / 2pik]")
plt.title('Depth of the centroid')
plt.grid(True)

plt.tight layout ()
plt.show ()

# List of spectrum and wavenumber

print ('1nA t:\n', 1nA t)
print ('k:\n' , k)
print ("\nlnA c:\n', 1nA c)

# Plots

fig, ax = plt.subplots(2, 2, figsize = (16, 8))
fig.suptitle ('Defractal Method', fontsize=30, fontweight='bold'")

# Top depth

ax[0,0].plot(k, 1nA t, 'ko-', markersize=3)

ax[0,0] .plot (k top, model function(k top, m fitl, c fitl), 'r-"')
ax[0,0].set _xlabel('k (1 / km)'")

ax[0,0] .set ylabel ('ln [A(k)]")

ax[0,0] .set title('Depth of the top')

ax[0,0].grid(True)

# Centroid depth

[1,0].plot(k, 1InA c, 'ko-', markersize=3)

[1,0].plot(k centroid, model function(k centroid, m fit2, c fit2),
ax[1l,0].set_xlabel('k (1 / km)")

[1,0].set _ylabel(r'$\1n [A(k) / 2\pi kI$")

[1,0].set_title('Depth of the centroid')

[1,0].grid(True)

# Synthetic and Observed spectrum

ax[0,1].plot(k, a2[:, 11, 'g-', label='Observed Spectrum')
ax[0,1].plot(k, InA t, 'b-', label='Corrected spectrum')
ax[0,1].plot(k, fml all, 'r-', label='Synthetic Spectrum')
ax[0,1].plot(k, a2[:, 1] + ci, 'k-', label='95% confidence interval',
alpha=0.7)

ax[0,1].plot(k, a2[:, 1] - ci, 'k-', alpha=0.7)
ax[0,1].plot(k, InA t + ci, 'k-', alpha=0.7)
ax[0,1].plot (k, lnA_t - ci, 'k-', alpha=0.7)
ax[0,1].set x1im ([0, 0.2])

ax[0,1].legend()

ax[0,1].grid(True)

ax[0,1].set ylabel ('In [A(k)]")
ax[0,1].set_xlabel('k (1 / km)")

ax[0,1].set title('Observed vs Synthetic Spectrum')
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# Text

text = (f'Values: \n'
f'\nFractal exponent = {alpha:.2f}\n'
f'2t = {Zt:.2f} km \uO0Bl {Zt err:.2f} km (Top depth \uOOBl error)\n'
£'20 = {Z0:.2f} km \uO0OBl {m fit2 err:.2f} km (Centroid depth \uO0B1
error)\n'
£'2b = {zb:.2f} km \uOOBl {Zb_err:.2f} km (Bottom depth \u0OO0OBl error)\n'
f'Misfit = {mf:.2f} \n'
f'gs = {(gs*1le3):.4f} mW/m2 (Heat flow)")
ax[1l,1].text(0.01, 0.9, text, fontsize=12, wrap=True, va='top')
ax[1l,1].get xaxis().set visible (False)
ax[1l,1].get yaxis().set visible (False)

# Geothermal

term = fig.add axes([0.73, 0.2, 0.25, 0.7])

term.plot (Tcrust, z/1000, 'b-', label='Geotherm')

term.plot ([0, max(Tcrust)], [zb, zb]l, 'k--', label=(f'Curie Point Depth =
{zb:.2f} km'))

term.plot ([Tc, Tcl, [0, dlim], 'r--', label=(f'Curie Temeprature = {Tc} °C'))
term.set xlim([min(Tcrust), max(Tcrust)])

term.set ylim ([0, dlim])

term.invert yaxis()

term.set_title('Steady—state 1D geotherm')
term.set_xlabel('Temperature(°C)')

term.set ylabel ('Depth (km)")

term.grid (True)

term.legend ()

plt.tight layout (rect=[0, 0, 0.7, 17)
plt.show ()
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