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“Humanity’s deepest desire for knowledge is justification enough for our continwing quest.
And our goal is nothing less than a complete description of the universe we live in.”

- A Brief History of Time, Stephen Hawking






Abstract

The study of black hole physics is fundamental in the understanding of strong
gravity effects and, in general, serves as a crucial test for a quantum theory of
gravity. In this context, string theory provides an elegant framework for con-
ducting explicit calculations, achieving striking results such as the counting of
black hole microstates that reproduce the Bekenstein-Hawking entropy formula.
In order to find solutions in string theory, one possible approach is to study
its low energy limit: supergravity. A well-known aspect of supergravity black
holes is the “attractor mechanism”, namely the fact that the area of the horizon
of extremal solutions - and consequently, the entropy of black holes - does not
depend on the asymptotic values of the scalars but only on the charges. Over
the past decades, different configurations have been studied, starting from the
simplest case of ungauged theories. Progress was then made by studying black
hole solutions with an Anti-de Sitter (AdS) vacuum, which have important im-
plications for gauge/gravity correspondence. A significant class of solutions yet
to be explored includes gauged solutions where the cosmological constant has
not been fixed to be negative. A better understanding of these solutions may
have numerous consequences, including a deeper comprehension of the attractor
mechanism itself.

In this thesis, we analyse D = 4, N' = 2 gauged supergravity theories that
include both vector multiplets and hypermultiplets, without fixing a priori a
gauging choice that leads to AdS vacua. In this context, a first-order description
for the most general black hole solution in terms of the gradient flow of a real
superpotential was obtained, generalizing the previous results obtained for AdS
black holes. Moreover, the explicit construction of some simplified models with
one vector multiplet and one hypermultiplet was carried out, underlying their
limitations and suggesting possible extensions to be considered in future works.
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Introduction

Black holes are a fundamental prediction of the theory of General Relativity formulated by Albert
Finstein in 1915. After over a century of intense theoretical work, the first direct detection of grav-
itational waves from the merger of two black holes by the LIGO experiment [1], and the images of
accretion disks from the Event Horizon Telescope [2], provided striking experimental evidence for the
existence of these fascinating objects, displaying a stunning agreement with predictions from General
Relativity. Alongside all the experimental verifications the theory has gathered over the years, from
the first groundbreaking result on the precession of Mercury perihelion to the precise estimate of the
energy emission via gravitational waves for binary pulsars (see [3] for a review), these achievements
reinforce the theory’s foundational role in our understanding of gravity.

Despite its undeniable success, it is nowadays universally recognized that General Relativity cannot
represent the final description of the gravitational interaction. In particular, as fundamental as they
proved to be, black holes carry the seeds of the theory’s own failure. From singularities sitting behind
the event horizon to inconsistencies in their evaporation process arising from the contact of General
Relativity with Quantum Field Theories, black holes testify the need to go beyond General Relativity

and serve as the quintessential theoretical laboratory for a quantum theory of gravity.

The first cracks in the General Relativity description emerge already at the semiclassical level: one of
the most profound discoveries is that black holes are not entirely black; instead, they emit particles
with a thermal spectrum [4], a phenomenon known as Hawking radiation. This thermodynamic
analogy could be further formalized, getting to the “black holes laws of thermodynamics” and leading
to the identification of an entropy, S, proportional to the area A of their event horizon (measured in

Planck units), as expressed by the renowned Bekenstein—-Hawking formula:

_kpA

S===.
12 4

(1)
In analogy with known thermodynamic systems, this entropy is expected to have a statistical inter-
pretation in terms of microscopic configurations. Just as the properties of gases could be derived
from the collective behaviour of individual molecules, we would like to identify a set of microstate
geometries that could let black holes macroscopic properties emerge. However, due to a series of
no-hair theorems, such a task is beyond the reach of General Relativity. In particular, the classical
theory associates a unique geometry with a black hole for given properties like mass and charges,
leaving no room for the vast ensemble of microstates that the Bekenstein—-Hawking entropy suggests.
This mismatch clearly exposes the inadequacy of General Relativity in possessing the necessary de-

grees of freedom to be considered the ultimate theory for describing our Universe already at the
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classical level, pointing to the need for a more fundamental, UV-complete theory that could resolve

the contradictions and, eventually, reconcile gravity with the quantum world.

Over the last decades, string theory has emerged as the most promising candidate for a quantum
theory of gravity. In string theory, the fundamental entities are not point-like particles, but extended
objects that exist in a ten-dimensional spacetime. Additionally, it is the only theoretical frame-
work that intrinsically predicts the existence of the gravitational interaction, and therefore, it must
address the unresolved issues inherited from General Relativity to ensure its consistency. Notably,
starting from the groundbreaking work by Strominger and Vafa [5], there are compelling examples
for which string theory is able to provide a microscopic explanation of the Bekenstein—Hawking en-
tropy, shedding light on the nature of microstates accounting for black hole entropy. However, as it
often happens in theoretical physics, these successes frequently rely on strong simplifying assump-
tions, rendering the configurations studied somewhat idealized and making it imperative to intensify

searches for more complex and yet realistic models.

In this grand quest, a pivotal role is played by supergravity, the low-energy effective field theory that
emerges from string theory. Supergravity allows us to find explicit black hole solutions within the
four-dimensional spacetime we observe, effectively bridging the high-energy, ten-dimensional world
of string theory with our familiar four-dimensional Universe. In this thesis, we will focus specifically
on four-dimensional N' = 2 supergravity. While being distant from any potential phenomenological
application, our choice is inspired by the fact that N' = 2 supergravity strikes a balance between the
extremely rigid maximally supersymmetric N' = 8 theory and the poorly governable N' = 1 models,
thus allowing for results that could shed some light also onto more realistic situations, particularly

as we strive to comprehend scenarios in which supersymmetry is broken.

Being a direct extension of General Relativity, supergravity naturally encompasses all its solutions,
making it a valuable framework for the study of black hole physics. However, supergravity intro-
duces additional complexity due to new particles arising from supersymmetry. Notably, it includes
the gravitino, the spin-3/2 supersymmetric partner of the graviton, as well as a multitude of scalars.
The first results obtained in these theories heavily relied on the inputs from supersymmetry, which al-
lowed for greater control over the equations governing the solutions, reducing them from second-order
to first-order differential equations. Through a careful analysis, however, it was eventually realized
that the possibility of having a first-order description does not depend on the supersymmetry content
of the theory but rather on an intrinsic property of black holes themselves: extremality.

This realization led to several consequences, including the possibility of studying more intricate black
hole configurations, such as multi-centre solutions. These solutions are highly non-trivial due to the
intrinsic non-linear nature of General Relativity and they represent the fundamental building blocks
for the construction of black holes microstate geometries.

Another intriguing aspect of extremal black holes is their behaviour at the event horizon. Regardless
of the influence of scalar fields, the characteristics of the horizon are determined solely by the black

hole’s electric and magnetic charges. Specifically, scalar fields flow to fixed values dictated by the
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ratio of these charges, making the horizon an ”attractor” point. This feature, firstly explored in [6],
is usually referred to as “attractor mechanism” and has been crucial for understanding how black
holes entropy in supergravity depends only on the charges, as it should to explain its microscopic

origin.

Building upon these insights, after a thorough review of black hole physics within supergravity
theories, this work aims to extend the existing theoretical framework to encompass a broader class
of black hole configurations.

Specifically, we will analyse black holes solutions in four-dimensional N' = 2 supergravity with Abelian
gaugings. As we will present, these theories can describe a wide variety of physical scenarios, including
the presence of a non-vanishing cosmological constant and the possibility of partial supersymmetry
breaking. Our goal is precisely to include this richness, extending previous analyses that have been
limited to asymptotically flat spacetimes without gaugings or Anti-de Sitter backgrounds.

The work presented in this thesis represent a significant advancement, as we were able to study
the supersymmetry equations of the theory coupled to the most general allowed matter content.
In particular, we showed that the supersymmetry variations can be expressed as first-order flow
equations for the bosonic content of the theory in terms of a real function, W, which is directly
related to the ADM mass of the black hole. The obtained results successfully include previous
analyses and extend their range of applications.

This work represents a crucial and necessary first step towards a deeper understanding of black hole
configurations. Future investigations should focus on finding explicit solutions fulfilling the equation
we’ve derived, verifying the equations of motion by rewriting the action in a BPS squared form, and

exploring the near-horizon geometry of this new class of black holes.
This thesis will be structured as follows:

e in chapter 1, we will provide a broad overview of black hole physics. We begin our discussion
with black hole solutions in General Relativity, introducing the concept of extremality and
outlining their thermodynamic properties. Next, we will explore how string theory addresses
questions that remain unresolved from a classical perspective, examining the work of Strominger
and Vafa on microstate counting, the explicit construction of black hole microstates and the
Fuzzball programme, and the original interpretative framework provided by the AdS/CFT
holographic correspondence. Finally, we will examine how black hole solutions are realized

within Supergravity theories, introducing the attractor mechanism.

e Chapter 2 is dedicated to a comprehensive introduction to four-dimensional N' = 2 gauged
Supergravity. After an overview of all the basic ingredients of the theory, we will describe
how electromagnetic duality and R-symmetry constrain the scalar sector of the theory. We
will therefore proceed to define both Special and Quaternionic Kéhler manifolds, summarizing
their key features and properties. Next, we will review the general gauging procedure, the role of
symplectic invariance, and introduce holomorphic and triholomorphic prepotentials as essential
components of a gauged theory. With these foundations in place, we will present the bosonic
Lagrangian of the theory and the supersymmetry transformation rules for the fermionic fields.

Finally, we will properly define the concept of a vacuum and introduce the topic of spontaneous

3
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supersymmetry breaking.

e In chapter 3, we will delve into the study of black hole physics within D = 4, N/ = 2 super-
gravity theories. We will start our discussion from single-centre solutions in asymptotically
flat spacetimes, discussing the discovery of the attractor mechanism, the first-order description
for BPS solutions and the subsequent extension of the formalism to non-supersymmetric cases.
Then, we will explore the field of multi-centre black holes in Minkowski spacetime and their
string theory origin, focusing on both BPS and non-BPS states. To conclude, we will examine
BPS black holes in Anti-de Sitter spacetimes within gauged supergravity theories and their

related attractor mechanism.

e In chapter 4, we will develop a comprehensive framework for describing black hole solutions
in N' = 2 supergravity with Abelian gaugings, focusing on cases where the theory is coupled
to both vector multiplets and hypermultiplets, a scenario not previously explored in existing
solutions. After specializing the general theory to the specific gauging choices we made, we will
derive a set of first-order differential equations governing the solutions directly from the analysis
of fermionic supersymmetry variations. Moreover, we will verify that the whole solution could
be described in terms of a real superpotential. Finally, we will attempt to construct explicit
realizations for some simplified models, discussing the general procedure for finding the vacua
of the theory.



Chapter 1

Black Holes, String Theory and
Supergravity

In this chapter, we will delve into black hole physics, starting with a review of classical solutions and
their thermodynamics [7-10]. Next, we will examine how black holes are addressed in string theory,
the most promising quantum theory of gravity to date [11,12]. In particular, we will summarize how
string theory provides a microscopic interpretation of black hole entropy, the construction of black
hole geometries from stringy components and the Fuzzball programme [13-17], and the thoughtful
insights provided by the AdS/CFT correspondence [18-20]. Finally, we will review some basic aspects
of black holes in supergravity, the low-energy effective realization of string theory. Specifically, we
will understand how supersymmetry allows us to describe black holes solutions via first-order flow

equations and review the attractor mechanism [9,10,20].

1.1 Black Holes: Classical Solutions and Thermodynamic Proper-
ties

1.1.1 Charged Black Holes and Extremality Condition

One of the simplest and yet most instructive examples of black hole solutions we can consider arises

in Einstein—-Maxwell theory, which describes Einstein gravity coupled to an Abelian gauge field in 4

dimensions and whose Lagrangian density is given by
1
e 'Y =R- 3 (1.1)

where e denotes the determinant of the metric.
In this framework, we can consider the Reissner—-Nordstrom solution, whose metric describes a static,
spherically symmetric black hole of mass M, electric charge Q and magnetic charge P!:
oM P24 Q? oM P2+ Q2\ !
g = — (1= PPN e ( _2M PTG dr® 4 r2dQ?, (1.2)
r r2 r r2
where dQ? represents the metric on the unit 2-sphere.

For the specific choice of the parameters () = P = 0, this metric reduces to the one for the well-known

Schwarzschild solution.

'Here and in the rest of the chapter we will employ natural units, i.e. ¢ =h=kp = Gy = 1.

5



Chapter 1. Black Holes, String Theory and Supergravity

By looking directly at the metric (1.2), the Reissner-Nordstrom metric exhibits a singularity for
r = 0. Additionally, depending on the values of the charges, there might be additional singular
points, identified by setting ¢"" = 0:

ry =M+ /M2 — (P2 +Q2). (1.3)
As it becomes clear by computing the curvature invariant in terms of the Ricci tensor

(@ +P)°

r8

R, R"™ =4 , (1.4)

only » = 0 is a true curvature singularity, while r+ are coordinate singularities and represent the
horizons of this specific gravitational configuration.

If M? < P?4+@Q?, the two horizons disappear and the black hole is characterized by a naked singularity.
According to the cosmic censorship conjecture, this situation is believed to be non-physical, therefore,
for this specific class of solutions, the conjecture directly implies the bound M? > P? + Q2.

When the bound is exactly saturated, i.e. for M? = P? + @Q?, the two horizons coincide and the
black hole is said to be extremal.

To better understand the differences between these two classes of solutions, it is interesting to analyse
the near-horizon geometry as we vary the charges. Specifically, we can focus on the ¢'" = —gu

components, which approach

1_%_‘_]32—1—@2_(7“—7”4_)(7”—7“_) . Ty —T_

2 (1.5)
r r2 r2 ri

where we defined p = r — r; so as to measure the distance from the outer horizon.
In the non-extremal case, the resulting near-horizon geometry can be interpreted as the product of

a 2-dimensional Rindler spacetime with a 2-sphere. This becomes clear by rewriting the metric as:

2 Tt 2 2 2 2 102
dSNon—Extremal e a{(_d,]_ + d§ ) + T+dQ ) (16)
where we introduced a new set of coordinates p = €2°¢, t = 7oz and the constant o = ¥ TQJ; ;r‘.

On the other hand, in the extremal case, since the two horizons coincide, the near-horizon behaviour

is described by a quadratic function of p; in particular, introducing z = —MTQ, the metric becomes
2 T4 2 _dt2 + d22 2 2
ASExtremal —— M — a2 + M*dQ*. (1.7)

Therefore, extremal black holes may be regarded as solitons of classical general relativity, inter-
polating between two vacua of the theory: the flat Minkowski space-time, which is recovered at
spatial infinity » — oo, and the Bertotti—-Robinson metric, describing the conformally flat geometry
AdSy x S? in the near horizon limit.

Another insightful perspective on the extremal case can be obtained upon rewriting the metric (1.2)

in an isotropic form:

ds® = —H%(Z)dt* + H*(Z)d73. (1.8)

By imposing the equation of motions, H(Z) turns out to be a generic harmonic function which, in

principle, may have multiple centres:

M; 2 2 2
H:1+Zm, M? = P? + Q2. (1.9)

6



Chapter 1. Black Holes, String Theory and Supergravity

Given the intrinsic non-linear nature of General Relativity, this is a remarkable result and it relates
to the fact that extremality can be interpreted as a perfect balance between gravitational attraction
and electromagnetic repulsion.

As will become clear later on, extremal black holes represent a particularly interesting class of solu-

tions, especially as we move from classical general relativity toward a quantum theory of gravity.

1.1.2 Black Holes and Thermodynamics

Black holes are thermal systems that obey the laws of black holes thermodynamics.

The interplay between two seemingly distinct branches of physics originates from Hawking’s “Area
law” [21]. This result of classical general relativity states that the black hole horizon area cannot
decrease in any process. Moreover, when two black holes merge, the area of the resulting black hole
cannot be smaller than the sum of initial areas.

The compelling analogy between the area of the horizon and the entropy of a thermal system inspired
Bekenstein [22] to first attempt to unify black hole physics with thermodynamics. In his seminal
work, he concluded that black holes must indeed be characterized by some form of entropy so as not
to violate the second law of thermodynamic, and that this entropy should be related to the horizon
area via some universal coefficient.

A fundamental step forward towards the complete understanding of the matter was then taken

through the groundbreaking work of Hawking and Unruh [4, 23], showing that black holes actually

K
21

where k is the surface gravity. It’s worth noticing that for extremal black hole configurations, the

emit radiation (Hawking radiation) with a perfect black body spectrum at a temperature T =

Hawking temperature is actually vanishing, which implies their thermodynamic stability.
Dealing with a thermodynamic system for which we defined the energy (given by the mass of the

black hole) and a temperature, it is natural to define an entropy, such that

dSBH 1
= —. 1.1
dM T (1.10)
This leads to the formulation of the Bekenstein—Hawking entropy:
A
SpH = i (1.11)

where A is the area of the black hole horizon expressed in Plank units. This relation not only ties
thermodynamics to the geometric properties of a black hole, but also highlights a peculiar aspect
of General Relativity. In ordinary Quantum Field Theories, most physical quantities (like energy or
entropy) typically scale with the volume of the system. The fact that the black hole entropy depends
on the horizon area rather than the volume thus signals a fundamental distinction in the nature of the
gravitational interaction, suggesting that its description as a quantum theory should be profoundly
different from other known physical theories.

Moreover, this observation raises a more fundamental question: what are the internal, microscopic
degrees of freedom that the Bekenstein—-Hawking entropy is counting?

In most physical systems, thermodynamic entropy has a statistical interpretation, keeping track of

the microscopic degrees of freedom via Boltzmann’s relation
S =1logQ(M,Q,P), (1.12)

7



Chapter 1. Black Holes, String Theory and Supergravity

where €2 is the total number of microstates of the system for a given energy and fixed charges.

In General Relativity, as a consequence of the no-hair theorem, the black hole geometry is completely
specified by the charges measured at infinity, thus 2 = 1. On the other hand, for instance, based on
its horizon area, the black hole at the centre of the Milky Way (Sgr A*) should have about Q ~ e10%
microstates, leading to one of the largest discrepancies in modern theoretical physics.

Shedding light on formula (1.12) at a more fundamental level and resolving this discrepancy are

essential duties any quantum theory of gravity is called to fulfil.

1.2 A String Theory perspective on Black Holes

String theory is a theoretical framework for quantum gravity, where the fundamental constituents
of the theory are not point particles, but rather one-dimensional vibrating strings whose vibration
frequencies give rise to various particles. In addition to strings, the theory includes extended, non-
perturbative objects known as D-branes.

Since the study of black holes involves strong coupling, the need to go beyond simple string pertur-
bation theory renders D-branes fundamental ingredients for the study of black holes. In particular,
black hole solutions are interpreted as bound states of D-branes in a space-time compactified to four

or five dimensions.

1.2.1 Microstates counting

In 1996, Strominger and Vafa [5] provided the first striking theoretical evidence that the Bekenstein—
Hawking entropy formula could be matched with a microscopic counting of degrees of freedom. The
core idea behind their result is to compare the entropy related to the horizon area, as determined from
the low-energy effective theory (i.e. supergravity), with the counting of stringy-like states degeneracy.
To understand how this matching works, it is important to recall that, as it will be further described
later on, supergravity offers an effective description of superstring theory that is valid at the lowest
order in the string loop expansion and when the space-time curvature is much smaller than the typical
string scale [;. Therefore, as long as charged black holes are concerned, the supergravity description
is reliable when the horizon radius is much larger than the string scale, corresponding to the limit of
large charges. Schematically, by introducing the string coupling gs; and the number of D-branes N
2 this regime is identified by

gsIN > 1 and gs — 0. (1.13)
On the string theory side, the microstate counting can be effectively performed in the weakly coupled
open string picture. In particular, as long as g; — 0, D-branes do not source gravitons (i.e. closed
strings), therefore we can consider open strings on D-branes in flat spacetime®. Therefore, a reliable

calculation in string theory terms can be carried out in the regime
gsN <1 and gs — 0. (1.14)

To actually perform the matching, one should extrapolate this result and compare it to the one

obtained from supergravity within the same range of validity. The problem is that, in general, as the

2The supergravity charges are related to the number of D-branes, which act like electric/magnetic sources.
3Closed strings perturbation theory goes with powers of g, while open strings expansion parameter gets enhanced
to gsN.
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coupling increases, non-perturbative effects are expected to arise, potentially modifying the counting.
This problem could be avoided by examining BPS states of string theory, i.e. solutions that preserve
supersymmetry, at least partially. In this particular scenario, supersymmetry protects the degeneracy
counting, extending the validity of the result to arbitrary values of the coupling.

In the specific case studied by Strominger and Vafa, five-dimensional extremal black hole solutions
carrying an electric charge Qr and an axion charge (Qp were studied. The Bekenstein—-Hawking

entropy, as determined from the low-energy effective action, is

2
S =2y QL. 19

On the other hand, the leading order result for the logarithm of the bound-state degeneracy for large
Qp and fixed QF as obtained in Type IIB string theory compactified on K3 x S! reads

Sstzzt = 2'JT\/QH <;Q%‘ + 1)7 (116)

which leads to Spg = St for large charges.
This is actually a highly non-trivial test of string theory, testifying that, in principle, it has the right

microscopic degrees of freedom required for a consistent quantum gravity theory.

1.2.2 The Information Paradox and the Fuzzball proposal

As we have discussed, string theory successfully reproduces the Bekenstein—-Hawking entropy formula
by counting microscopic degrees of freedom. However, for it to claim its primacy as the final theory
of quantum gravity, more details are needed.

Specifically, not only do we want to count black holes microstates but also understand what these
microstates actually look like so as to address another fundamental problem arising from the contact
of General Relativity and Quantum Mechanics: the Information Paradoz.

This paradox arises from the fact that, since Hawking radiation originates just above the horizon,
the uniqueness of black holes in GR implies that the radiation is universal, thermal and featureless.
Consequently, it is impossible to reconstruct the interior state of a black hole from the final state of
the Hawking radiation. Therefore, the evaporation process cannot be described as a unitary trans-
formation of states in a Hilbert space, which is inconsistent with foundational postulates of quantum
mechanics.

In 2009, Mathur [24] showed that, under some general assumptions, the information paradox cannot
be solved by higher-order corrections to either GR or quantum field theory. Before this result, the
key to the resolution of the paradox was thought to reside in small corrections to the Hawking result
that, together with the extremely large evaporating time, could incrementally resolve the problem.
As a consequence of Mathur’s result, to solve the information paradox there should be some “order
1” modification to our current description of black holes. In particular, we should relax at least one
of these two hypothesis: locality of the interactions or absence of additional structures at the horizon
scale.

The Fuzzball and Microstate Geometry programs are promising attempts within string theory work-
ing with the latter hypothesis. In this context, traditional black holes are replaced with fuzzballs, a

new phase that emerges when matter is compressed to black-hole densities, consisting of branes and

9



Chapter 1. Black Holes, String Theory and Supergravity

other stringy ingredients; this new phase prevents the formation of a horizon or singularity, which
only arise when gravity is described using a theory that has too few degrees of freedom.

Ground states and sufficiently coherent excitations of these new configurations can be described
by supergravity and are referred to as microstate geometries. They have the huge advantage that
detailed computations can be done and one might reasonably hope that simple, semi-classical quanti-
zation of the supergravity phase space could provide further details of the quantum fuzzball, similar
to the way kinetic theory describes gases. Additionally, if one can find a smooth geometry with
no horizon that corresponds to every microstate, then a black hole would be nothing more than a
classical effective description of the statistical ensamble of microstate geometries.

The first success of this identification was obtained for the D1-D5 two-charge system [25], for which
the smooth supergravity solutions dual to microstates have been classified and shown to precisely
account for the entropy of this setup. As interesting as this result is, the two-charge system does not
give rise to a true black hole with non-zero horizon area.

The simplest generalization displaying a finite horizon area is given by the three-charge system. In
this framework, Bena and Warner [26,27] exploited supersymmetry to simplify non-linear supergrav-
ity equations to linear, first-order differential relations (i.e. BPS equations) which make it possible
to construct huge classes of solutions with the same supersymmetries and charges of the three-charge
black holes. Actually, the obtained solutions are generally BPS black rings, which are five-dimensional
black holes with an event horizon of topology S x S2. For the purpose of finding three-charge ge-
ometries dual to black hole microstates, one is actually interested in their zero-entropy limit 4; this
limit would actually lead to singularities but, via a peculiar geometric transition, one actually gets
a huge moduli space of smooth, horizonless “bubbled” geometries. As a result, the actual black hole
is replaced with multi-centre configurations and the position of the centers are constrained in terms
of the charges through “bubble equations”.

Therefore, despite many questions remain open, the fuzzball and microstate geometry approaches

have the potential to shed light on the physics of black-holes microstructure.

1.2.3 AdS/CFT correspondence

Both microstate counting and the interpretation of black holes as statistical ensembles of different
stringy configurations sit perfectly inside the picture of the AdS/CFT correspondence conjecture,
one of the greatest achievements of string theory. Broadly speaking, AdS/CFT correspondence is a
specific example of gauge/gravity duality, that is an equality between two theories: a quantum field
theory in d space-time dimensions and a gravity theory on a d + 1 dimensional spacetime, which has
an asymptotic boundary which is d dimensional.

The basic prescription for the correspondence is that fields on the gravity side (the bulk) act as sources
for the CFT fields on the boundary; schematically, to each operator O of the CFT we associate a
source h(z*) which is considered the boundary value of an on-shell bulk field h(z#, 291 (ie., h
solves the equations of motions of the gravity theory). With this construction, the foundational
statement of AdS/CFT is that:

W(h) _ [/ [ hO _ Spu(h)
€ <e >QFT c ’ (L17)

4As it is typical in statistical mechanics, a single microstate is expected to have vanishing entropy.
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for W (h) the generating functional for connected correlation functions and Sp,; the action for the
gravity theory.

The pivotal example of such a correspondence in the context of string theory was brought up by
Maldacena in 1997 [28], exploring the duality between N/ = 4 Super-Yang-Mills theory and the type
IIB string background AdS5 x S°.

To understand the motivation for such a correspondence, one must first recall that quantizing open
strings ending on a D-brane leads to massless excitations corresponding to a supersymmetry vector
multiplet. Moreover, a set of N D-branes carries a Yang-Mills theory with gauge group U(N) on its
world-volume.

The original Maldacena conjecture stems from the observation that the two theories can be obtained
through the same decoupling limit, o/ — 0, performed on the world-volume theory and the back-
reacted metric curved by the presence of D-branes. Specifically, N' =4 SYM theory can be realized
on N parallel D3-branes in Type IIB; in general, the world-volume theory interacts with the bulk
fields which live in 10 dimensions, but in the limit o/ — 0 the theory decouples from the bulk.

On the other hand, looking at the metric obtained by deformations of the background due to the
presence of D3-branes and taking the same limit, one ends up precisely with the product of AdSsx S®.

By a comparison of the parameters of the two theories, one finds that

x
Amgs = — 1.1
Tgs = 1 (1.18)
R2

where we introduced the t’Hooft coupling z = g)% uN. This reveals that the weak coupling regime
of the gravity theory (gs — 0) corresponds to the strong coupling regime of the CFT and vice-versa,
making this correspondence extremely useful and powerful.

In the context of black holes physics, the AdS/CFT connects the entropy of a black hole with the
ordinary thermal entropy of a field theory, giving a statistical foundation for black hole entropy and
reinforcing the interpretation of black holes as ordinary thermal states in a unitary quantum field
theory.

From the practical point of view, the entropy for extremal black holes should be recovered by enu-
merating supersymmetric states in the dual theory, that basically is equivalent to computing the
partition function for a suitable statistical ensemble. As it is common in statistical mechanics, get-
ting an explicit expression for the partition function may result in too hard a task, therefore one
usually relies on some supersymmetric indices or consider some limiting case [20] (e.g. the high

temperature limit allows to estimate the entropy for a two dimensional CFT via Cardy’s formula).

1.3 Supergravity

As already mentioned several times, supergravity theories arise as the low-energy effective actions of
superstring theories. Even as an infrared limit, its highly non-linear interactions enable supergravity
to capture certain non-perturbative properties of string theory, such as D-branes configurations.

Historically, inspired by the striking success of local gauge invariances in Standard Model physics,
supergravity was initially conceived as the gauge theory of supersymmetry. In particular, since

the supersymmetry parameter is a spinorial quantity, it was soon realized that the theory internal
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consistency naturally led to the inclusion of spin-2 particles, i.e. gravitons.
As a consequence, general relativity and its solutions are automatically included in supergravity,
leading to a natural embedding of black hole configurations. The essential new ingredients are

provided by supersymmetry, which requires the presence of additional vector and scalar fields.

1.3.1 Black Holes in Supergravity: an overview

At the two-derivative level, a generic Lagrangian describing the bosonic degrees of freedom for a

supergravity theory has the form

i, R O1 ighgi 4 L vyl
1L = 5 = 305(#)0.6' 0" + TTas($)FfLFT Y + TR ()

FAFE (1.20)

where g;;(¢) is the metric for the scalar o-model, Z is definite negative and describes non-minimal
gauge kinetic couplings, and R is the generalization of the #-terms.
Looking for single centre, static, spherically symmetric, charged and asymptotically flat black hole

solutions, we can introduce magnetic and electric charges, defined respectively as:

1 A A 1
F _ Gp = 1.21
47 /52 P A7 Jgo A=A (1.21)
where we introduced the dual field strengths G = ——6‘%\. These two-forms are related by the

usual electric-magnetic duality; as will be thoroughly reviewed in the following chapters, in a general
supergravity theory, this duality can be extended to a larger group of duality transformations that
leave both the Bianchi identities and the equations of motion invariant, playing a crucial role in the
construction of the theory itself.
To find explicit solutions for the theory, one can specify suitable ansatze for the metric and the vector
fields and obtain the equations of motion, resulting in a set of second-order differential equations.
However, if we focus on supersymmetry-preserving states, i.e. BPS solutions, one can actually
describe the fields dynamics through first-order differential equations.
Specifically, BPS states preserve a fraction, 1/2 or 1/4 or 1/8, of the original supersymmetries. This
implies the existence of a suitable projection operator S? = S acting on the supersymmetry charge
Qsusy, such that

(S - Qsvusy) |BPS state) = 0. (1.22)

Since the supersymmetry transformation rules of any supersymmetric field theory are linear in the
first derivatives of the fields, eq. (1.22) is actually a system of first-order differential equations. In
particular, since, as we will present in the following, fermions vanish on the solutions we typically
take into account, the supersymmetric variations of bosonic fields are automatically satisfied. On the
other hand, the request of vanishing fermionic variations furnishes a set of equations for the bosonic
fields content.

While the resulting BPS equations typically do not solve the full set of equations of motion for the
theory, they can be easily supplemented with Bianchi Identities or some conditions for the form-fields
to restore full equivalence.

Although BPS configurations will be the main focus of our work, it is important to highlight that
it is actually possible to obtain a first order-description also for solutions that do not preserve any

supersymmetry [29].
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1.3.2 Attractor mechanism

As we discussed previously, in the weak-coupling, low-energy limit, we can compute the entropy
for a black hole from the Bekenstein-Hawking formula. The area of the horizon can be explicitly
extracted from the relevant supergravity solution that, in general, will depend on many scalar fields.
As a consequence, in principle, the area may depend on many parameters, including asymptotic
values for the moduli. On the other hand, the microscopic entropy of extremal black holes is a
function of the conserved charges only, therefore the horizon should loose all the information about
the scalar fields.

This feature is explicitly realized through the attractor mechanism [6,30]: for extremal black holes,
scalar fields, independently of their value at spatial infinity, flow to a fixed point given in terms of
the charges of the solution at the horizon. Therefore, we conclude that the entropy of extremal black
holes does not depend on continuous parameters and it is given in terms of quantized charges only.
To get the physical intuition behind this result, we recall that for extremal black holes the horizon is
at an infinite proper distance from any observer; in particular, starting from the metric (1.2) adapted
to the extremal case and introducing the radius 7”12-_1 = M? = (P? + Q?), one immediately sees that

the length L of any radial curve (for fixed ¢, # and ¢) is indeed log-divergent:

L= /TH . EZTTH = co. (1.23)
T T
Therefore, as they descend down the AdSs infinite throat, scalar fields lose memory of their initial
conditions as a direct consequence of the request of having regular solutions. Specifically, their
derivative with respect to the radial coordinate should vanish while approaching the horizon, so as
to prevent their values from growing indefinitely.

By looking at the equation of motions for the scalars obtained from (1.20), this condition on the
derivatives actually implies that, at the horizon, the moduli reach a critical point of the black hole

potential Ver®:
81;VBH(¢)fIOI'iZOH7 Q7p) =0. (124)

Since the only parameters appearing in the minimization condition are the black hole charges, the

attractor values of the scalar fields are going to be given in terms of the charges

¢7I:10rizon = qb%lorizon (p) q) (125)

As a consequence, at the horizon, the black hole charges are the only parameters specifying the

solution and all the dependence on the asymptotic value of the moduli fields is lost.

5The black hole potential emerges once we integrate out formally ¢, § and ¢ from (1.20) and we describe our system
via an effective 1-dimensional action. It is completely specified once the scalar o-model and the charges of the solutions
are fixed.
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Chapter 2

N =2, D =4 Gauged Supergravity

Besides its string theory origin, supergravity represents an intrinsically rich and fascinating theory,
laying its foundations on deep geometrical principles and providing profound insights on black hole
physics. Since our main interest in this thesis is the study of black hole solutions in the context
of N' = 2 supergravity in four spacetime dimensions, we provide in this chapter a concise and
yet comprehensive introduction to the theory, mostly following the presentation in [31]1. After an
overview of the matter content and its general structure, we will thoroughly review the scalar sector of
the theory. In particular, we will describe how generalized electro-magnetic duality and R-symmetry
force scalar dynamics to be described via sigma models on Special Kéhler and quaternionic-Kéahler
manifolds [32]. These peculiar geometrical objects will be properly defined and the most important
geometric relations will be presented [31-33].

Next, we will describe the gauging of the isometries of the scalar manifold, an essential ingredient
in extended supergravity theories to obtain a non-vanishing scalar potential. After a general outline
of the required steps to gauge an isometry [32], we introduce momentum maps or prepotentials as
essential geometric constructions for the gauging, following our main reference.

The full bosonic Lagrangian of the theory and fermionic supergravity variations will then be presented
[31], thus collecting all the relevant definitions that will serve as a starting point for our subsequent
work.

Finally, we will properly define the vacua of a supergravity theory and present the supersymmetry

breaking mechanism in Minkowski backgrounds, mainly following the presentation in [33].

2.1 Matter Content and Geometrical Structure

As intricate as it may appear at first glance, the theory for N/ = 2 supergravity in four dimensions
can be successfully understood in terms of a few geometrical inputs.

To begin our examination, we first introduce the field content of the theory, which includes:

e a gravitational multiplet, described by the vielbein 1-form V%, (a = 0, 1, 2, 3), the spin-connection
1-form w®, the SU(2) doublet of gravitino 1-forms ¢4, 14 (respectively left and right chirality),
and the graviphoton 1-form AY;

"We will mainly follow the reference conventions, with some minor changes that will be pointed out throughout the
chapter.
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Chapter 2. NV =2, D = 4 Gauged Supergravity

e ny vector multiplets, each containing a gauge boson 1-form A! (I = 1,...,ny), a doublet of
spinors (gauginos) A, \i{ | and a complex scalar field 2° (i = 1,...,ny). The scalar fields z* can
be thought as coordinates on a manifold SM of complex dimension ny that supersymmetry

dictates to be Special Kahler;

e ny hypermultiplets, each carrying a doublet of spinors (hyperinos) (% (o = 1, ..., 2ny, with
lower /upper index denoting left/right chirality) and four scalar fields ¢*, (v = 1, ...,4ng),
which parametrize a quaternionic-Kéhler manifold QM of real dimension 4ny. Moreover, as

will be presented later in the discussion, any quaternionic manifold has a holonomy group

Hol(OM) C SU(2) ® Sp(2np, R),

and the index « of the hyperinos sits in the fundamental representation of Sp(2ng,R).

Given the rich matter content of the theory, the supersymmetric Lagrangian and the supersymmetry
transformation rules are indeed quite involved. However, a closer examination reveals that all the
couplings, the mass matrices and the vacuum energy are completely fixed by supersymmetry once

three geometrical quantities are specified:
1. a special Kéhler manifold SM describing the vector multiplets o-model;
2. a quaternionic-K&hler manifold QM describing the hypermultiplets o-model;

3. the choice of a gauge group G, that in general must be a subgroup of the isometry group of the
complete scalar manifold Mgcgier = SM ® OM, and its immersion in the symplectic group

Sp(2ny + 2,R) of electric-magnetic duality rotations.

In the following we will therefore illustrate the main features and properties of the scalar geometry

and the gauging procedure.

2.2 Scalar Geometry

2.2.1 Vector Multiplets

Electromagnetic Duality

The field equations for a general theory of Abelian vector fields in four spacetime dimensions reveal
the presence of an underlying electric-magnetic duality.

In the context of extended supergravity theories (namely, for N” > 1), since multiplets with vectors
contain scalar fields as well, this additional duality structure will directly constrain the other matter
content of the theory. In particular, it will force the scalar fields sitting in the vector multiplets to
parametrize a Special Kdhler manifold.

Let’s consider a 2-derivative Lagrangian containing ny Abelian vectors, A® (for A =1, ..., ny),
appearing through their field strengths F* = dA*. Additionally, we will consider arbitrary couplings

with other scalar fields? ¢’, so that the Lagrangian takes the general form:

_ 1 1 . 1 _
e = Ian(@)Fu F2 " + [ Rax(@)F F¥ 1 + SOFL, + ¢ Lear, (2.1)

2The discussion follows similar steps also for other bosonic or fermionic fields.
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where we introduced two field-dependent, symmetric matrices Zyy, and Ry (the former being nega-
tive definite to ensure unitarity), a generic tensor function, O4”, of the other fields containing at most
a single derivative, and L,est contains all the terms that do not depend on the vector field strengths.

By definition, the ny vector fields satisfy the Bianchi identities:
dFh = 0. (2.2)

Additionally, following the usual variational method, their equations of motion can be read from

0L
\Y%a SEmw A = 0. (2.3)
Introducing the dual field variables
~ 0L
GA pr — 2W7 (24)

for Ga w = %5WPUGT, the equations of motion (2.3) can be actually recast in terms of Bianchi
identities for the dual fields, i.e.

dGp = 0. (2.5)

Naively, the system of Bianchi identities and equations of motion seems invariant under generic,

constant GL(2ny,R) transformations,

FA
F' = SF, F:FE( ) (2.6)
Gx,

However, in order to preserve the very same definition (2.4) for G, S is actually constrained to be
an element of the subgroup Sp(2ny,R), as was first realized in the seminal work by Gaillard and
Zumino [34]; a modern, expanded presentation can be also found in [32].
Apart from the technicalities of the derivation, it is important to underline that the invariance of
the system dF = 0 does not imply an invariance of the Lagrangian. In particular, introducing the
complex kinetic matrix

Nas = Ras +iZas (2.7)

and the self-dual combination

ot = % (O - z’@) , (2.8)

one finds that they must transform under duality transformation as:

N'=(C+DN)(A+ BN)™ !, (2.9)

Ot =0T (4+BN), (2.10)
for

S = < g l'é ) € Sp(2ny, R). (2.11)

Since, in general, both A" and O depend on the scalar fields, these transformations can be interpreted
also as a non-trivial action of the duality group on the scalars. Explicitly, this implies that, given

the scalar manifold Mgca1ar, there exist a homomorphism
ts » Diff(Mgcatar) — Sp(2ny, R), (2.12)
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such that
VEe DiH(Mscalar) = Lg(f) = Sg S Sp(2nv,R). (2.13)

Moreover, for consistency, N (£(¢)) should transform as prescribed by (2.9).
Given the non-trivial action on the scalars, in order to ensure invariance of the full set of equations

of motion, the duality group should be further reduced, identifying the U-duality group Gy,
Gy C Sp(2ny,R). (2.14)

Interpreting scalar fields as coordinates on suitable manifolds, the U-duality group will coincide with
the symmetry group under which the reparametrization of the scalar fields leaves the Lagrangian
invariant, i.e., the isometry group of the scalar manifold Iso(Mgcalars)-

To summarize, in general, the global symmetry group leaving invariant the set of Bianchi identities
and equations of motion is Gglohal = Gu X Ginert, Where Giyert is the global symmetry group of those

fields that do not have direct couplings to vector fields (e.g., hypermultiplets in N = 2 supergravity).

Special Kahler Geometry

As already pointed out, the scalar fields z* and their complex conjugates can be thought as coor-
dinate on a Special Kéhler manifold; in view of the preceding discussion, we expect this result to
emerge from the interplay between supersymmetry and symplectic duality covariance of the Bianchi
identities and equations of motion for the ny + 1 vector fields>.

Let’s start by considering a complex (ny + 1)-dimensional Kahler manifold, namely a complex man-

ifold with an Hermitian metric g;3(2, Z) and closed fundamental two-form
K =igiydzt AdZ7,  dK = 0. (2.15)
This last relation implies the existence of a real function K (z¢, 27) dubbed Kdhler potential, such that
giz = 0;0;K. (2.16)

In general, this function is not globally defined but differs on different coordinate patches U, and Ug

by a Kdhler transformation:

Ka:Kﬁ“‘foaB"‘f;/B» (217)

where f,s is a holomorphic function on the overlap U, N Usg.
A Kahler manifold M admitting a line bundle £ — M such that its first Chern class equals the
de Rham cohomology class [K] of the Kéhler form is said to be Hodge—Kdhler. This implies that,

introducing the composite connection Q on the U(1)-bundle associated to the line bundle L,

Q= - [(0;K)ds" — (9;K)dz"] (2.18)

v
2
its curvature will be related to the Kahler form

49 =K, (2.19)

3In N = 2 supergravity coupled to ny vector multiplets we have a total of ny + 1 Abelian vectors, the additional
one being the graviphoton sitting in the gravitational multiplet.
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up to an exact two-form.

Hodge-Kahler manifolds are the scalar geometry of A/ = 1 supergravity, as required by local su-
persymmetry and invariance under Kéhler transformations [32]. Moving to A/ = 2, the symplectic
duality group will further constrain this kind of geometries, leading to the definition of Special Kdhler
manifolds.

To characterize Special geometry, let’s start by introducing a new holomorphic, flat vector bundle
SV — M of rank 2ny + 2 and structural group Sp(2ny + 2,R). Consider now a tensor bundle
H =SV ® L, whose typical holomorphic sections will be of the form:

XA
YV = < ), AX=0,1, ..., ny. (2.20)
Fy;

As a consequence, the transition functions between two different local trivializations of H on U, and
Up have the form
Vo= e Io8S 575, (2.21)

for S, a constant element in Sp(2ny + 2, R).
Moreover, to ensure a consistent definition, the transition functions are subject to the cocycle condi-
tion on a triple overlap:
elostlontho =1 =5,585.5.q. (2.22)
Definition. A (local) Special Kahler manifold is a Hodge—Ké&hler manifold equipped

with a tensor bundle H = SV ® L such that for some holomorphic section ¥ the Kéhler
potential is given by:

K =—log (i (V7)) = —log (#707) = ~log [i (X" Fy - FsX¥) |, (223)

where Q denotes the symplectic invariant matrix and (-,-) is a Hermitian and symplectic
metric on H.
Additionally, the sections satisfy:

(V¥ NV =0, (2.24)

for V;% = (0; + 0;K)? the Kahler covariant derivative of 7.

For ny > 1, the last identity implies the existence of a symplectic frame with a holomorphic

prepotential F(X™), i.e., there exist a symplectic transformation S € Sp(2(ny + 1),R) such that

N XA - ~ -
V=5 7V= 7 > and Fy = OF(X)/0X”, with F(X%) a homogeneous function of degree two.
by
Starting from ¥, we can also introduce a covariantly holomorphic section
LA
v — _ K2y 2.25
(1) =<7 (2.5
so that (2.23) can be rewritten as
1=i(V.V) =i (T My~ ML¥). (2.26)

By definition, it immediately follows that

&K) V =0. (2.27)
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Additionally, defining
A 1
Ui = <fl ) = ViV = (3Z + 82K> V, (2.28)
hy 2

one can introduce the period matriz or gauge kinetic matriz Ny, via the relations:
J— R— 72 R—
My = NpsL”, hsi = Nasf;. (2.29)

They can be explicitly solved introducing two (ny + 1) x (ny + 1) vectors

it hai
A 2 o 7
IT = <LA>7 har = <MA> (2.30)
and setting:
Nz =haro (£ (2.31)

Starting from its definition, it is possible to verify that the matrix N transforms exactly as prescribed
by (2.9). Moreover, the additional condition in eq. (2.24) ensures the symmetry and uniqueness of
Mrs.

Given all the ingredients introduced so far, it is possible to derive a set of useful relations, some of

which we will report in the following [35]:

ImNps LA LT = —%, (2.32)
(V.Ui) = (V,U;) =0, (2.33)

UAS = fZAf]_Egij — _%(ImN)—l\AE _IALT (2.34)
g9 = —1(Ui | Uy) = =2f} Im Nas 7. (2.35)

As a final remark, we notice that, as opposed to what happens for N' = 2 supersymmetry, we can-
not locally identify the z* with the X!(2) (since we have one X' more due to the presence of the
graviphoton). Instead, one can interpret the X! as homogeneous coordinates of a projective space
and 2z = X?/X° as the corresponding inhomogeneous coordinates (only for symplectic frames in
which a prepotential exists). For this reason, Special Ké&hler geometry is also referred to as projective

Special Kdahler and this specific coordinate system is usually dubbed as special coordinates.

2.2.2 Hypermultiplets

Since the N' = 2 hypermultiplets do not contain any fields with spin greater than 1/2, the scalar
geometry is directly constrained only by the supersymmetry algebra.

In particular, from the structure of the R-symmetry group (i.e., U(2)r), one finds that the linearized
supersymmetry transformations for ny hypermultiplets are invariant under Sp(2ng,R) x SU(2).
Additionally, since the SU(2) doublet of supersymmetry parameters is not constant, the SU(2) part
of the curvature has to be non-trivial [32].

Therefore, scalars ¢* sitting in hypermultiplets should span a manifold of real dimension 4ng with
holonomy contained in Sp(2n g, R) x SU(2) and non-trivial SU(2) curvature. As we will discuss, these
properties precisely define a quaternionic-Kdahler manifold.

Consider a real manifold QM of dimension 4ny equipped with a metric
ds® = huy(q) dg* ® dq°, (u,v = 1,..., 4ngy), (2.36)
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and three complex structures J* (z = 1,2, 3) satisfying the quaternionic algebra
JEJY = =6 + e"V* J>. (2.37)

Generalizing the usual construction for Kahler manifolds, the metric is hermitian with respect to the

complex structures:
VX, Y eT(OM) : h(J*X,JY)=hX,Y) (z = 1,2,3), (2.38)
hence we can introduce a triplet of two-forms
K* = K}, d¢" AN dq" = hyyw (J7),) dg* A dg®. (2.39)

This SU(2) Lie-algebra valued two-form is often referred to as HyperKdhler form, as it provides a
generalization of the usual Kéhler form (which is U(1) Lie-algebra valued). Unlike the Ké&hler form,
however, the HyperKahler form is not generically closed.

Let us now define a principal SU(2)-bundle S/ — QM and an associated connection w®.

Definition. 9OM is said to be quaternionic-Kdhler if the associated HyperKéhler two-
form is covariantly closed with respect to the connection w®:

VK" = dK® 4+ e™w¥ A K* = 0. (2.40)

Additionally, the curvature of the SU-bundle is proportional to the HyperKéahler form,
that is: .
O = dw” + 56xyzwy ANw® = —K*. (2.41)

By construction, the manifold QM has precisely the holonomy group required by supersymmetry:
Hol(OM) =SU(2) ® H, H C Sp(2nu,R), (2.42)

as it will be also clear by looking at the structure of the Riemann tensor.
We can now introduce flat indices running in the fundamental representation of SU(2) and Sp(2n g, R)

and the vielbein one-form
Ure =ydg", (A =1,2and o = 1,..,2ny), (2.43)

such that
huw = ULUPPC 56 4B, (2.44)

for Cop = —Cpq and eap = —epa the flat Sp(2ny,R) and SU(2) metrics, respectively.
Introducing also a Sp(2ng, R)-Lie Algebra valued connection A = AP the vielbein is covariantly

closed: .
o o ? X — A « (e
VU™ = dur + 5w” (eoxe™) " 5 AUB* + AP A UACy, =0, (2.45)

where (%) AB denotes the standard Pauli matrices.

Moreover, UA® satisfies the reality condition:
Una = UA)" = capCapld®P. (2.46)
Finally, we can introduce the inverse vielbein U’ ,, such that:
UL U = §v. (2.47)

v
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As already mentioned, it is actually interesting to flatten a pair of indices of the Riemann tensor
R",s and get
1
R, U UPP = —iﬂfsAC (02) o PCP 4 RYPeAB (2.48)

for Rfff the field-strength of the Sp(2n 7, R) connection. As anticipated, the structure of the Riemann
tensor explicitly realises the statement that the Levi—Civita connection associated with the metric
h has the correct holonomy group. Moreover, the previous equations actually imply that QM is an

Einstein space [36] with Ricci tensor given by
Ruw = —(2 4+ ng)hyy. (2.49)

At this point, it is useful to introduce some quaternionic identities that will be largely employed in

the following. First of all, let’s notice that one can actually write down a stronger version of (2.44):
(u;‘aufﬁ + ufaufﬁ) = hyyeB. (2.50)

Additionally, as a consequence of the quaternionic nature of the complex structures J* and the

relation between the SU(2) curvature and the HyperKéahler two-form, one can actually write:

REKEKY = —0"Yhy, + e K7, (2.51)
which can be equivalently recast also in terms of Q*
REQE QF = —5"Yhy, — V07, (2.52)

In particular, this last relation implies that the intrinsic components of the curvature two-form Q*
yield a representation of the quaternionic algebra. As a consequence, one can see that

7

5 (00) AB = —Ua NUP. (2.53)
Finally, exploiting egs. (2.50, 2.53) we can express the product of two vielbeins as:
1 1
CopU2oUBP = ihuvsAB + 5%(%)035“ . (2.54)

2.3 The Gauging

After having thoroughly reviewed the underlying geometrical features associated to the scalars, we
are now ready to review the gauging procedure. This step is actually crucial in the context of extended
supergravity theories, as gauging provides the only mechanism that can generate a scalar potential,
a crucial ingredient for moduli stabilization and supersymmetry breaking.

Before delving into technical details, we will shortly review the basic gauging structure and the role

of duality transformations.
2.3.1 Gauging and Symplectic Frames
An overview

By gauging we usually refer to the procedure of making local a global symmetry of a given Lagrangian.
In general, these symmetries coincide with the isometries of the scalar manifold Mg, and are

described in terms of Killing vectors k’j\»
5¢' = akh,  for  Vkaj =0, (2.55)
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where o denote infinitesimal symmetry parameters.
The first step towards a gauged theory is therefore the choice of a suitable gauge group G C
Iso(Mgcalar), whose dimension should not exceed the number of vectors in the theory.
Allowing for non-constant symmetry parameters, aA(x), requires the introduction of a number of
modifications of the theory. In particular, covariant derivatives for the scalar fields should be intro-
duced

Do’ = 00’ — ALK, (2.56)

and the Maxwell-type transformations for the vector fields should be replaced by
SAY = 0™ + fAga Al a®, (2.57)

for f the structure constants associated to G.
As long as the kinetic terms of the vector fields are concerned, gauge invariance demands the replace-

ment of Abelian field strengths with their non-Abelian counterpart
Fp, = 200, A + fhea Ay AL (2.58)

Rescaling the gauge vectors and making the gauge coupling explicit A — gA, one immediately realizes
that the adjustments introduced so far correspond to O(g?) modifications, which inevitably break
explicitly supersymmetry. After properly covariantizing also the kinetic terms for the fermions and
all the derivatives appearing in the supersymmetry transformation rules, additional adjustments are

required for the theory to completely restore its supersymmetry content:

1. the introduction of a “fermionic shift” involving scalar field-dependent terms at order O(g) in

the fermionic supersymmetry variations;
2. the addition of a fermion-fermion, Yukawa-like term of order O(g) in the Lagrangian;
3. a contribution to the scalar potential at order O(g?).

Even if we will not deal with the detailed calculations behind these steps, we point out that this
procedure is entirely general and will help us understand the origin of the various terms present in

the general Lagrangian and in the supersymmetry variations.

The role of Symplectic Frames

Up to this point, we have introduced two different relevant groups: the group of global symmetries
of a given Lagrangian, G, and the symmetry group of Bianchi identities and equations of motion,
i.e., the U-duality group Gy.

Taking a closer look, this actually implies that, for a fixed set of multiplets, a given theory may have
different Lagrangian realizations with different G,. The set of Lagrangians that cannot be mapped

to each other by local field redefinitions is identified with the double quotient space
GL(ny +1,R) \ Sp(2(ny +1),R) / Gy . (2.59)

This result follows from the simple observation that we can reabsorb a duality transformation through
a local field redefinition of the vector fields, which is accounted for by the GL(ny + 1,R) quotient,
but also via redefinitions of the other fields contained in the U-duality group Gy .
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Each different Lagrangian defines a distinct symplectic frame and is invariant under a particular
electric subgroup* of the Gy duality group. The choice of the symplectic frame is therefore important
to find a purely electric realization of the gauge group G (i.e., G C Gr).

In any case, before the gauging, the resulting equations of motion and Bianchi identities for any

Lagrangian defined through (2.59) are still equivalent, being related by symplectic field redefinitions.

2.3.2 Killing Prepotentials

All the modifications of the Lagrangian and of the supersymmetry transformation rules required
upon gauging a subgroup of isometries of the scalar manifold can be actually described in terms of
a generic geometric construction associated with the action of Lie-Groups on manifolds admitting a
symplectic structure: the prepotentials or momentum maps.

In the following, we will construct explicitly such objects on both Special Kahler and quaternionic-

Kahler manifolds.

Holomorphic prepotentials on Special Kahler manifolds

Let’s consider a set of Killing vectors k% (z) associated with the isometries of the metric g;; of a
Special Kahler manifold SM.
Given the complex nature of the manifold, we expect k:}\ to be holomorphic, i.e. 8jkj\(z) =0, so as
not to mix 2z* and z'. Moreover, they satisfy the usual Killing equation that, in holomorphic indices,
reads

Vikjan +Vjikia=0 and Vikja+V,k;a=0. (2.60)

The request for the isometry group to have an embedding into the symplectic group can be formulated
by writing that
LAV = ELO)V + E\OV = TAV + Vfar(2), (2.61)

where £, denotes the Lie derivative along k%, V is the covariantly holomorphic section introduced
in (2.25), T is an element of the real symplectic Lie algebra and fa corresponds to an infinitesimal
Kahler transformation.

Since the holomorphic Killing vectors preserve both the metric on SM and its complex structure,

they will also preserve the Kéhler form:
LAK =ipadK 4+ dip K = dip =0, (2.62)

for 75 denoting the interior product along k5 and where we exploited the Cartan formula for the Lie
derivative and the fact that dK = 0 for a Kéhler manifold.

This implies that, at least locally, there must exist functions 792 such that
ik = dPy. (2.63)

These functions are known as Killing prepotentials or momentum maps and they can be expressed
explicitly in terms of the Killing vectors and the K&hler potential as

. 1. _ 4 _

iPY = 3 (K\OK + k\O:K) = k\O; K = —k)\OK. (2.64)

4Although 6Liest = 0, under a generic transformation in Gy the vectorial sector of the Lagrangian gets modified.

The full Lagrangian is invariant, up to a total derivative, only under “electric” transformations, obtained by setting
B=0in (2.11).
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Exploiting Special geometry identities, one can actually recast the prepotential in terms of symplectic
invariants. In particular, focusing on electric gaugings, the symplectic image of the generators is

block-diagonal and coincides with the adjoint representation in each block, that is

Ty = < a0 ) . (2.65)

0 — 7
For this specific case we can write
PR =(VITAV) = e* (FAfAAZYE +FAfAAZXE) : (2.66)

As a final remark, we underline that to every generator of the abstract Lie algebra of the group G we
have associated a function 732. From a geometrical point of view, the prepotential is the Hamiltonian
function providing the Poissonian realization of the Lie algebra on the Special Kéhler manifold. In
particular, it holds®:

{PR, P} =4nK(A, 2) = fas' PR, (2.67)

where {P}, P2} are the Poisson bracket of P} with P& and K(A,X) = K(ka, ks;) denotes the value
of the Kéahler form along the pair of Killing vectors.
Equation (2.67) is usually referred to as equivariance condition and in components it reads

i

1
59i7 (kaks, — ksk}) = §fAzF7319- (2.68)

The triholomorphic prepotentials on Quaternionic manifolds

To construct suitable prepotentials on quaternionic-Kéhler manifolds, we have to generalize the
construction we carried out in the previous section. Specifically, in this context, the Kéhler form is
replaced by the SU(2) Lie-algebra valued HyperKahler two-form and, as a consequence, holomorphic
Killing vectors ought to be generalized to triholomorphic ones.
Triholomorphicity implies that the Killing vector fields leave the HyperKéahler form invariant up to
SU(2) rotations, that is

LAK? =™ KYWE and Lpaw® = VIVY, (2.69)

for W{ an SU(2) compensator associated to the Killing vector k¥. The previous relation can be
obviously expressed also in terms of the SU(2) curvature by virtue of its proportionality to the
HyperKéhler form.

In full analogy with the Special Kahler case, to each Killing vector we can associate a triplet of 0-form

prepotentials P% (¢) via the following relation:
iA Q" = VP = —(dP* 4 ™V*w¥P?), (2.70)
where V denotes the SU(2)-covariant derivative. In components, the relation reads
2k3Q7, = =V, Py. (2.71)

To find an explicit expression for the prepotentials in terms of the Killing vectors, starting from the

Killing equation and using the fact that the Ricci tensor on quaternionic-Kéhler manifolds takes the

5This relation actually holds only if the Lie algebra has a trivial second cohomology group, which is always the case
for semi-simple Lie algebras.
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form in eq. (2.49), one can notice that the prepotentials are actually eigenfunction of the covariant
Laplacian [36], that is
Vo, VPR —4ng Py = 0. (2.72)

This last relation, together with the defining equation in (2.70), leads to

1

Py =
A 2ny

VUL O e (2.73)

Finally, we point out that Killing prepotentials provide once again a Poissonian realization of the

gauge group Lie algebra; in particular, introducing the triholomorphic Poisson bracket
(Pr, Po} = inisk® + "*PUPE for %iAigK‘” = QT R, (2.74)
the equivariance condition now reads
{Pa, P} = F20sPR, (2.75)

or, in components

1 1
= PAPE — QL kkS = 2 anPA (2.76)

2.4 Lagrangian and Supersymmetry Variations

Having introduced the main concepts and geometric structures for the ungauged theory, and described
the key ingredients in the gauging procedure, we are now ready to present the Lagrangian and the
supersymmetry variations for N' = 2 gauged supergravity. Given that our following analysis will
focus on solutions with vanishing fermionic fields, we will concentrate on the bosonic part of the
Lagrangian and on the supersymmetry variations for the fermions. Our presentation will primarily
follow [31]; however, since we will employ the mostly plus signature, there will be a sign difference
whenever there is an upper spacetime index.

Schematically, the bosonic N = 2 supergravity Lagrangian can be split as
gbosonic = gk - V(zv z, Q)a (277)

where L} consists of the properly covariantized kinetic terms and V(z, 2, q¢) denotes the O(g?) con-

tributions to the scalar potential arising from the gauging®. Explicitly, each term reads:
1 ; - v A e
Ly = GR= V'V — ha VgV + i (NasE AE510 — Nys FEAFTSm) - (2.78)
V(2.2,0) = ¢ [(9khk + 4huokikS) LYL” + (g7 £ 17 = BLAL) PRPE] (2.79)

where we introduced explicitly the coupling constant g so as to clearly identify the terms due to

gauging.
The covariant derivatives appearing in the Lagrangian are

V2t =dz' + gAML (2), VZ' =dz' 4 gAM (2), (2.80)

Vqt = dg* + gA K (q). (2.81)

SAs we discussed, in principle we also expect order O(g) Yukawa-like contributions to the Lagrangian but they
vanish in the absence of fermions.
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Moreover, the vector field strengths appear as F) ;E,A = % (F f}l, + %5’“’”" F F{},), i.e. through their self-
dual and anti self-dual combinations, respectively.

As long as the supergravity transformation rules of the fermionic fields are concerned, we have:

otha, = TDuea— Tl;/y”sABeB +ignuy” Sape’; (2.82)
ONA = =iVt + G e e + g e, (2.83)
0o = —iUPPV ¢ "yeapCape + gNZen. (2.84)

In the above supersymmetry variations the field strengths appear in their anti self-dual combinations,

dressed by the scalar fields as follow:
T,, =2Lz\sL”F,"; Gl =-D'L'"IraF,} (2.85)

Moreover, as expected, contributions at order O(g) appears in the supersymmetry variations through

the mass matrices, given by

i
Sup = i(am)ACEBCPXLA, (2.86)
WiAB = ABRLIA 4 i(0,) PeCAPEg I TR, (2.87)
NA = Ul K4 LM (2.88)

The covariant derivative for the supersymmetry parameters reads explicitly
D L +1o + () A" (2.89)
n€A = €A 40‘}“ Yab€A 5 n€A Wu)A €B, .
for the U(1) and SU(2) gauged connection defined respectively as
O =Q+gamy (2.90)

and ‘
i
@42 = 5@ (o) A5, with & = wPdg® + gAMPE. (2.91)
Finally, as outlined when discussing the general gauging procedure, we would like to stress that the
scalar potential of the theory is indeed related to the fermionic shifts appearing in the supersymmetry

variation. In particular, it holds [33]

g 203 V(2,2,q) = ggW Wi, + 2NANG — 1254C S (2.92)
This relation is usually referred to as Ward Identity and can be generalized also to other supergravity
theories.
2.5 Vacua and Supersymmetry Breaking

A Lorentz preserving vacuum of a supergravity theory is a mazimally symmetric solution, i.e., a
solution exhibiting Minkowski, de Sitter, or anti-de Sitter spacetime geometry, depending on the
value of a cosmological constant A.

As a consequence of the combined request of Lorentz invariance and maximal spacetime symmetry,
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only spin-0 fields can develop a non-vanishing, uniform vacuum expectation value (v.e.v.), that is,

specifying our treatment to A/ = 2 supergravity,
(@) =2, (@"@)=d and  (Lu)=(Ny) = (") =(4) =0, (2.93)

for ( ) denoting quantities evaluated on the vacuum.
Denoting collectively ¢g = (z0, 20, qo), such a value for the scalar fields identifies a point in the moduli

space which extremize the scalar potential V(z, z, q):

ov
0z¢

_ o
o 0z"

v

= —1 =0, Vie{l,.,ny}, ue{l, .. dng} (2.94)
o) dq*

o)

and the value V'(zo, Zo, qo) provides the effective cosmological constant describing the background
geometry:
A= V(Z(),Eo,(]o). (295)

A given vacuum, identified by the critical values for the scalars, can preserve a certain amount of
supersymmetry of the original theory. In such cases, this implies that there should exist a local
supersymmetry parameter €4(x) along which the supersymmetry variations of the fermionic fields
vanish on the solution. The analogous condition on the supersymmetry variations of the bosonic field
content of the theory would be trivially satisfied since these are expressed in terms of the fermionic
fields which go to zero when evaluated on the vacuum.

By looking at the explicit expressions for the fermionic transformation rules given in eqs. (2.82)-

(2.84), on the vacuum one obtains

0hay = Duea+ignuwy ' Sape® =0,
N4 = gWHBep =0, (2.96)
6COL - gNo‘?EA = 07

for D, reducing to the Lorentz-covariant derivative.

These equation are usually referred to as Killing spinor equations and the background preserves a
number N/ < N of the original N supersymmetries of the theory if they admit N’ distinct solutions.
As it becomes clear from eq. (2.96), the presence of residual supersymmetries translates to conditions
on the mass matrices Sap, W*48 and N&“, that correspond, via their definitions, to geometrical
constraints on the scalar manifold and its gauged isometries.

In our work, we’ll be interested in solutions that preserve supersymmetry, at least partially. In
the context of N = 2 supergravity, this implies that solutions either preserve the whole N' = 2 or
spontaneously break the supersymmetry content down to N' = 1.

In the first case, it immediately follows from (2.96) that

Wit —0 and N2 =0. (2.97)

[0

Moreover, restricting our treatment to Minkowski vacua, from the Ward identity in (2.92) it is clear
that it should also hold
Sap =0, (2.98)

which effectively implies that both gravitini should remain massless on the solution.

On the other hand, in the case of spontaneous supersymmetry breaking N' = 2 — N = 1, the Killing
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spinor equations admit only one solution, that we identify with e€; without any loss of generality.
This implies that
witl =0, NLl=o, (2.99)

so that the Ward identity now becomes
g 265 V(z,7,q) = —12519Spe. (2.100)

The last equation is easily solved by writing

4 0
2 BC _ 2
9~SacS”" = ( o §,0520 | (2.101)

For the Minkowski case, this means that S4p eigenvalues should be non-degenerate and one of them

has to vanish, i.e., one of the two gravitini has to become massive while the second remains massless.
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Chapter 3

Black hole solutions in N =2, D =4
Supergravity

The aim of this chapter is to give a comprehensive overview of the state of the art in black hole physics
within D = 4, N' = 2 supergravity theories. In addition to tracing the historical developments in the
field, with this review we aim to describe the essential ideas and tools that form the foundational
background for the new solutions that we will present in the following chapter.

We will begin by reviewing black hole solutions in asymptotically flat spacetimes. In particular, we
will start from the original work on supersymmetric, single centre black holes [37], and the subsequent
discovery of the attractor mechanism. Then, we will explain how certain properties of these solutions,
initially thought to be exclusively related to supersymmetry, are in fact shared by all extremal black
holes [38]. Moreover, we will introduce the role of the superpotential as the object effectively de-
scribing the solution by a gradient flow, laying the groundwork for extending the formalism, mutatis
mutandis, to non-supersymmetric configurations through the introduction of a “fake-superpotential”,
as developed in [29].

We then shift our focus to the physics of multi-centre black hole solutions. Firstly, we will present
Denef’s pioneering work on BPS configurations [39], explaining how these solutions can be fully
characterized by harmonic functions. Secondly, we explore the challenges emerging in the attempt
of generalizing this framework to non-BPS solutions. Specifically, we will discuss how multi-centre
configurations can be uplifted to 11-dimensional supergravity. Then, by carefully choosing a com-
pactification scheme, we present how Denef’s results can be recovered and extended to the non-
supersymmetric case, introducing the idea of the “floating brane” ansatz and the role of U-duality
transformations [40,41].

Finally, we turn our attention to BPS black holes in Anti-de Sitter spacetimes within gauged super-
gravity theories [42]. In particular, we will examine how the attractor mechanism emerges in these
AdS configurations and explore how the Killing spinor equations lead to the first-order flow equations
that describe BPS solutions.

3.1 Asymptotically flat Black Holes

We will start our review by focusing on theories without gauging; as we described in the previous

chapter, this implies the absence of a scalar potential and, as a consequence, we will be able to study
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exclusively black holes configurations that are asymptotically flat.

3.1.1 Single Centre Solutions

Supersymmetric black holes... and beyond?

The efforts towards an understanding of black hole physics in the context of D = 4, N’ = 2 super-
gravity theories went initially exclusively into supersymmetric (BPS) configurations because, as we
presented in the first chapter, they open up a string theory perspective on the puzzle of black holes
entropy. Moreover, enforcing the vanishing of the supersymmetry transformations for fermions (as
sketched in (1.22)), BPS configurations are expected to admit a simplified description in terms of
first-order differential equations.

In this direction, the first results were obtained for static, spherically symmetric and magnetically
charged black holes by Ferrara, Kallosh and Strominger [37] in N' = 2 ungauged supergravity coupled
to ny vector multiplets.

As a first step, a suitable metric ansatz was chosen
ds? = —e2V Qg2 + 2V 72, (3.1)

for U an arbitrary function of the radial coordinate (r = V#2) only, and, via Bianchi identities

(dﬁ' = 0), the radial component of the magnetic field strengths were fixed to their values
EMN=P U0 for M =2e,%Fp (3.2)

At this point, inserting the obtained ansatze in the variations for the gravitino and the gaugino fields
and demanding that they vanish for some choice of the supersymmetry parameter, one can derive

the first-order differential equations:

4

\_ [(ZNp)(ZNp)(ZNZ)
U= _\/ INZND) © (3:3)
(ZA)/:_eU\/(ZNZ)(ZNP)(ZNZ)(ZAPO_pA)’ (34)

(ZN'Z)(ZNp)

where the primes denotes the derivative with respect to p = 1/r, ZA(2%) are the inhomogeneous

special coordinates on the Special Kéhler manifold (ie., Z° = 1 and Z° = 2*), p® represent the

magnetic charges and where we dropped contracted indices (e.g., the ZNp = ZMN, Asp™).

By looking at (3.4), it is immediately clear that, once initial conditions are specified at infinity

(p =0), Z"* will evolve until it reaches a fixed point. In particular, imposing that (Z*)" = 0, we find

b
0

Zfea = (3.5)

so that the fixed points are completely specified in terms of the charges of the black hole. This was
indeed the first example of the attractor mechanism mentioned in (1.3.2).

Additionally, upon integration of eq. (3.3), one finds that, at such fixed point, in the near-horizon
limit, the solution corresponds to the maximally symmetric charged Bertotti-Robinson universe.
These results were soon generalised to arbitrary electric-magnetic charges by Strominger [43].

Shortly after, Ferrara, Gibbons and Kallosh [38] realized that regularity requirements on the solutions
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for scalar fields were sufficient to explain the attractor mechanism, without employing supersymmetry
whatsoever.

To understand their result, let’s start by considering the general Lagrangian described in (1.20),
together with the ansatz for extremal black holes in eq. (3.1) expressed in terms of a new coordinate
r=0—rg) "

dr?z 1
d82 — _€2Udt2 + 672U L + 7d92 . (36)
¢ 72

As it is clear from the definition, in these coordinates the horizon sits at 7 — —oo.
Since we are interested in static, spherically symmetric solutions, one can actually reduce the system
by integrating out formally the (¢,6,¢) coordinates, ending up with a one-dimensional effective

Lagrangian [38]

) Yoo +e*Veu (4,0, 9), (3.7)

where we introduced the black hole potential Vpp arising in the integration procedure. It is defined

2 i
. <dU) do' de
as

. I+RIT'R —RI!
Vsn(pq,6) = —3Q"MQ =~ Q" (_* e )Q, for Qz@. (3.8)

For the solutions of the reduced system to actually solve the equations of motion of the complete

theory, we need to add an additional constraint (usually referred to as the Hamiltonian constraint)

dU\? det dep)
<d7’> ljdidﬂ - €2UVBH(¢apa Q) =0. (39)

By looking at the metric ansatz, in order to obtain a finite area solution, it is clear that it must hold:
—2U AN
e — g )T s T (3.10)
T

Moreover, we demand that the scalars kinetic term in the original Lagrangian remains finite as we

approach the horizon, i.e.,

. dot dg?
gijf)ugzﬁla”dﬂ = gij j) j 4 < oo, (3.11)
which, together with (3.10) implies that
dot dg?

Gij d(i dqf- (A>7'2—>X2 as T — —00, (3.12)
for X a real, finite constant. To better understand the physical consequences of such a requirement,
it is useful to introduce a “proper-distance” coordinate w = —log(—7)*, so that we obtain

o' de? 2
9 g d < T > —- X7 as w— —oo. (3.13)

It is therefore clear that the only compatible choice with the request of finite moduli near the horizon

is X? = 0 and, as a consequence,

d 7
¢ = 0. (3.14)
dw horizon
'In these coordinates, for extremal black holes the horizon sits at wg = —oo, at infinite proper distance from any

observer.
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Under this condition, solving the equations of motion for the scalars in the proximity of the horizon

one gets

¢ - <A> 8@251 lOgT + ¢horizon‘ (315)

Enforcing again a regular value of the scalars in the near horizon region, it follows that the fixed
value of the scalars must be an extremum of the black-hole potential
OV (p 4 (b%lorizon)
Ot

This last relation implicitly ties the values of the moduli at the horizon to the charges of the black

= 0. (3.16)

holes.
Therefore, with no use of supersymmetry, we were able to prove that scalar fields must reach a fixed
value on the black hole horizon and that this value is related to the charges of the black hole via
(3.16). We stress how the whole construction heavily relies on the extremal nature of the black hole.
The horizon of non-extremal black holes, in fact, sits at finite proper distance from an arbitrary
observer, thus the previous intuition does not apply.
Specializing now the discussion to N' = 2 supergravity, we interpret ¢' = 2* as the scalar fields sitting
in the vector multiplets parametrizing a Special Kéhler manifold, whose metric is denoted by g;;. In
this context, the black hole potential actually corresponds to the symplectic invariant I; of Special
geometry [44]:

Ve =11 = |2(z,p,9)]° + |DiZ(2,p,9) |, (3.17)

for Z = (Q,V) = (L*qxn — Map™) the N' = 2 central charge. The one-dimensional Lagrangian and

the Hamiltonian constraint now read

dU\? d2'd7 oy
“ip = (dT) gir g+ 0 (12(2p. 0 + [DiZ(2.p,9)) (3.18)
AU\ dztdz7 o ) )
(%) +o G - (2Gmal + D2 0F) =0 (3.19)
Making use of some properties of Special geometry, one can actually rewrite the Lagrangian as a sum
of squares
U 2 |dz e 2P d
=(—=xeI2 — +eV¢* Dzl £ — (Y12 2
#ip= (G +e121) + |5 e De2| + 4 (l2)), (3:20)
from which we immediately read the first-order flow equations
dUu dzt T =
i TV |2 and pr TeVg*D; 2. (3.21)

Although both sign choices are in principle admitted, only the lower sign leads to meaningful black
hole solutions. In particular, the flow equation for the warp factor should increase along the flow, as
it approaches one at infinity and becomes proportional to |7| near the horizon.

It can be shown that these flow equations derived without any input from supersymmetry precisely
reproduce the ones reported in egs. (3.3)-(3.4).

As a final remark, it is important to notice that the critical points of the black hole potential coincide

with the critical point of the central charge Z. In particular, extremal points such that
DiZ=0 and Z#0 (3.22)
give rise to supersymmetric black holes.
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Non-BPS black holes and “Fake Superpotentials”

As we reviewed in the previous section, the attractor mechanism and the existence of first-order
flow equations seem to be related to the extremal nature of black hole solutions rather than to their
supersymmetry content. This realization, along with advancement in the study of non-BPS domain-
wall solutions, inspired the quest for a first-order formalism also for non-supersymmetric extremal
black holes.

Ceresole and Dall’Agata [29] found out that non-BPS configurations could indeed be described by
first-order differential equations by replacing the central charge Z by another function W(z), dubbed
“fake-superpotential” .

To see this, we can start by generalizing the results obtained before. In particular, we notice that the
Hamiltonian constraint (3.9) actually relates the black hole potential, the derivatives of the scalar

fields and the warp factor U. As a consequence, finding a real “superpotential” W (z, z) such that
Ve = W? + 470, W ;W (3.23)

the Hamiltonian constraint is identically satisfied and the equations of motion take the form

= +e W and = +2eY g* oL W. (3.24)

This is evident upon rewriting the one-dimensional Lagrangian as

Dip = (U’j:eUW)2+ Zi’i2eUgii’c8]_cW‘2$% (eUW). (3.25)

By identifying the superpotential W with | Z|, this generalization immediately reduces to the BPS
case that we analysed previously.

Going beyond the supersymmetric case, we are interested in theories for which the Hamiltonian con-
straint admits multiple solutions. In particular, the black hole potential might not univocally identify
a superpotential, allowing for different equivalent choices of W, only one of which correspond to the
central charge Z. When such a “fake superpotential” exists (which is not simply proportional to
Z), the first-order equations would not imply anymore preserved supersymmetries since they would
differ from the Killing spinor equations. Therefore, critical points of the form ;W = 0 would give
rise to stable non-BPS black holes.

Specializing our discussion for N' = 2 supergravity, we present one possible strategy for the construc-
tion of W [29]. In particular, starting from the matrix M appearing in the definition of Vpy (3.8),

we can define an additional symplectic matrix M via the relation
D C 0 -I
M=QM =Q , for Q= (3.26)
B A I o

A=-Dl'=Rz7', C=717', B=-T-RI'R. (3.27)

and

Notice that M? = —I.
By looking again at the definition for Vpzpr, we see that we can perform a symplectic rotation of the

charge vector () — S@Q without changing the value of the potential, provided that
STMS =M = STQMS = QM — [S,M] =0, (3.28)
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where we made use of the fact that STQS = Q.
Therefore, by looking at the relation among Vpy and the central charge (eq. (3.17)), we deduce that,
anytime we find a constant symplectic matrix S that commutes with M, we can define a new “fake

superpotential”
W=QTSTQV (with W = [W)) (3.29)

giving rise to the same potential as Z and such that its critical points describe non-supersymmetric
black holes.

3.1.2 Multicentre solutions

After the study of single centre black holes in asymptotically flat spacetimes, it is natural to look
for solutions that allow for multiple black holes sitting at different centres. These configurations are
particularly interesting because they seem to play a significant role in the study of black hole physics
within the String Theory framework, the aforementioned microstate geometries programme (chapter
1.2.2) being one representative example of application. Therefore, it is of compelling importance to

study and classify both supersymmetric and non-supersymmetric multicentre solutions.

Supersymmetric case

Pivotal results in this direction were obtained by Denef [39], which succeeded in completely classifying
supersymmetric, multicentre configurations. To summarize the main findings contained in its work,

let’s start by considering a general metric ansatz for stationary solutions
ds? = —V (dt + widxi)g +e 2V (dxi)2 , (3.30)

where both U and w are arbitrary functions of &, with the only requirement that U, w — 0 as r — oo
to recover asymptotically Minkowski. Notice that setting w = 0 and r? = (5¢j:1:ia:i, we recover the
single centre ansatz employed before.
By rewriting the action in the usual BPS squared form (just like it was done in eq. (3.20)), one
finds that the entire gravitational solution for N sources sitting at positions Zj, each with charges
(p?, gAa 1), is described in terms of a symplectic vector of harmonic functions H of the form
H=-> _9 o (e V)| o (3.31)
for V' the usual covariantly holomorphic section of Special geometry, Q; the vector of electric-magnetic
charges of the i-th centre and « a real-valued function.

In particular, defining the 1-form

N N
1
=— (A", V) =D (Qn,V) dry=> Zjdr, for 71=——, (3.32)
=1 =1 & — i
we can get the flow equations:
U = —e"Re(e ™), (3.33)
dzt = —eUgijeio‘D]{, (3.34)
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which precisely generalize the ones obtained in eq. (3.21) for the single centre case, together with
the phase constraint
- 1
Q + da = eVIm (e'() = —§e2U (dH,H), (3.35)

for Q the U(1) connection on the Kahler manifold.
Explicitly, for N = 1, identifying a = arg Z, one gets

¢ = Zdr, (3.36)
and
dv = —é¥|Z|dr,
, N - (3.37)
dzt = VgD, zdr = —2¢Y 70| 2| dr,

where in the last equality we used the fact that e* = Z/Z. Written in this form, the obtained
equations exactly reproduce the ones for single centre configurations, as written in eq. (3.24).
Moreover, the additional non-static contribution to the metric is also determined starting from 7,
via

*o dw = (dH, H), (3.38)
for x¢ the 3D Hodge dual with respect to the flat metric.
As a final remark, just like standard General Relativity, it is interesting to define the angular mo-

mentum vector J from the asymptotic form of the metric

_ b 1
w; = 25ijk!] ’r73 + O 7"73 , as 71 — 0oQ. (339)
Employing the flow equation for w, one finds that
T=3Y (Qr,Qs) =, (3.40)
2157 7771

for 775 = 7 — £5. This implies that multicentre configurations can be characterized by intrinsic
angular momentum, even when centres are at rest. This is actually a more general phenomenon,

arising for example also in the context of ordinary electrodynamics.

Non-supersymmetric configurations: to String Theory and Back

Just like we did for the single centre solutions, we would like to understand how the results obtained
for BPS multicentre configurations extend to the non-BPS case. Unfortunately, this problem has
proven to be significantly more challenging then other studied scenarios since, even for the simplest
solutions involving two centres, solving the non-linear Einstein’s equations is too difficult of a task
without any input coming from supersymmetry.

The first results were obtained by Goldstein and Katmadas [45] by noticing that the very same equa-
tions governing five and four dimensional supersymmetric multicentre black holes could also describe
non-BPS solutions by opportunely changing a few signs. Actually, these type of solutions are usually
called “almost-BPS” since, except for global constraints, they locally preserve supersymmetry.

A supergravity approach for constructing more general non-BPS solutions, encompassing also the

advancements introduced in [46], was provided by Bena, Giusto, Ruef and Warner [40], who employed

37



Chapter 3. Black hole solutions in A = 2, D = 4 Supergravity

a “floating brane” ansatz to simplify the problem. Specifically, they realized that an insightful per-
spective on non-supersymmetric configurations could be obtained by studying five dimensional U(1)3
supergravity solutions which could be uplifted to solutions of D = 11 supergravity and that, when
further compactified to four-dimensions, correspond to solutions for the STU model in N' = 2 su-
pergravity. By imposing that a probe M2 brane in the supergravity ansatz experiences no net force
(hence the term “floating brane”), the equations of motion factorize, enabling the derivation of more
general solutions. Finally, working in this framework, Dall’Agata, Giusto and Ruef [41] were able
to generate new solutions via the action of U-duality, getting to the most general class of extremal
non-BPS multicentre under-rotating? solutions of the STU model.
In the following, we will therefore review how these solutions are obtained, starting from the higher-
dimensional supergravity theory and showing how the multicentre solutions are recovered by suc-
cessive compactifications, first to five and then to four dimensions. Our presentation will mainly
follow [41] and [10].
Consider eleven-dimensional supergravity® carrying M2 and M5 branes, together with KK6 monopoles
and momentum charges. We will focus on compactifications on a Calabi-Yau and a circle, CYg x ST,
for the specific choice

76

CYs = ———
6 ZQXZQ

~ (T3)? (3.41)

since this configuration leads to the STU model in four-dimensions.

The ansatze for both the metric and the 3-form potential from the M-theory perspective reads:

3 2

_ 7z
ds?, = —Z72(dt + k)? + Z ds?(z) + Z o ds?, AB) Z
1=1 I=1

dt +
(— i —i—aI)AdTI, (3.42)

for (¢, &) the coordinates of 4-dimensional spacetime, Z the warp factors which define Z = (Z; Z2Z3)1/ 3
ds? denotes the metric on a Ricci-flat 4-dimensional Euclidean space and ds? and d77 are respectively
the metric and the volume form on the I-th 2-torus.

Subsequently, we choose to specialize ds? to the one for a Gibbons-Hawking space, i.e.

1 N2

ds} = o (d¢ + A) 4V ds3(F), where *dA==+dV, (3.43)

ds3(&) denotes the 3-dimensional flat space, v ia a U(1) isometry of the metric and V' is the harmonic
function generating the NUT charge. Each sign choice corresponds to a different orientation of the
spacetime manifold and, consequently, to different solutions. In particular, the plus sign corresponds
to BPS configurations while the minus sign is related to non-supersymmetric solutions.

Finally, having specified the four-dimensional base space, we can also specialize the one-forms a; and

k appearing in the metric ansatz
ar=Pr(dyp+A) +w', k=pdy+A)+w, (3.44)

for w! and w 1-forms on ds?(7).

At this point, one can explicitly write down the equations of motion that regulate the solutions of

2Geometries of the under-rotating type are the ones that, like the extremal Reisner-Nordstrém black hole, have a
conformally flat three-dimensional base.
3We briefly recall that D = 11 supergravity describes a graviton, a gravitino and a 3-form gauge field.
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the eleven-dimensional supergravity theory for the BPS case, which read

Crik

dxdZ; = dxd(VPsPxk), (3.45)
*dw! = —d (VPy), (3.46)
*dw = Vdu — pdV — VZidFPr, (3.47)
and the non-BPS case, for which we have
Crix
dxdZ; = 5 Vdxd(PsPg), (3.48)
*xdw! = Pdv — vdpy, (3.49)
*dw = d(pV) = VZidPy. (3.50)

As anticipated before, the resulting theory obtained from the reduction on the circle identified by
the v direction and on the CYj could be described via the N' = 2 STU supergravity model, i.e., a

theory coupled to three vector multiplets whose scalar manifold is given by

Mscalar = |: U(l)

(3.51)

The 11-dimensional ansatze employed before imply a constrained form for both the 4-dimensional

metric and the three scalar fields, which will explicitly read

ds?; = =V (dt + w)? + e 2Vdsd(@), for e 2V =\/VZ3 - V2,2 (3.52)
and
; (VZiPp—Vp) —ie 2V

where Z;Pr is not summed over I. Similar expressions could be also found for the vector fields AN,

As long as the BPS case is concerned, one can explicitly verify that the equations of motion (3.45)-
(3.47) admit solutions in terms of 8 harmonic functions { HM H A}, exactly reproducing the results
obtained by Denef [39)].

For the non-supersymmetric case, on the other hand, the full solution (which can be found in [46]
and we do not report here for conciseness) cannot be fully expressed in terms of harmonic functions.
Moreover, it can be shown that, in this case, regularity conditions of the solutions translate into
equations for the distance between the centres, implying that such configurations describe bound
states of black holes.

To conclude, we would like to analyse the role of U-duality transformations on the obtained solutions.
Specifically, as shown in [41], duality transformations acting on BPS solutions simply rotate the
harmonic functions among themselves. More interestingly, the same transformations act non-trivially
on non-supersymmetric solutions. This implies that, in principle, one could choose a specific “seed”
solution and, via U-duality, construct new non-BPS configurations.

The construction we have presented here for a compactification on (T?’)2 which leads to the STU
model can be clearly generalized by following the standard procedures for obtaining N = 2 four-

dimensional supergravity theories from Calabi—Yau compactifications.
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3.2 Anti-de Sitter Black Holes

Up to this point we have focused our attention on ungauged supergravity theories and black hole
solutions in asymptotically flat space-times.

In this section, mainly following [42], we will be interested instead in BPS black holes in four-
dimensional anti-de Sitter space (AdS), where the presence of a non-trivial cosmological constant is
made possible by suitable gauging choices.

Motivations for studying supersymmetric AdS black holes arises in different context. Firstly, they
provide an additional benchmark for the universality of the attractor mechanism. Secondly, in the
light of AdS4/CFT3 correspondence, controlling the gravitational solution is fundamental for the
computation of the microscopic entropy and for a comparison with Bekenstein—-Hawking formula.
Lastly, within the framework of flux compactifications in String theory, it is important to determine
whether the attractor mechanism is still at work in gauged supergravity theories, so as not to desta-
bilize the vacuum.

The first results for supersymmetric, static black hole solutions in AdS backgrounds were obtained
in [47,48], although both works are significantly limited by the assumption of constant scalars profiles,
which led to naked singularities and irregular geometries. A major breakthrough was obtained by
Cacciatori and Klemm [49], who focussed on N' = 2 gauged supergravity with vector multiplets only
and U(1) gauging provided by Fayet—Iliopoulos terms. Their results were later fully generalized by
Dall’Agata and Gnecchi [42], providing a completely covariant solution that allows for both electric
and magnetic gauging, and describing the entire black hole solutions by means of first-order flow
equations governed by a superpotential W, echoing the approach adopted for the asymptotically flat
case.

Therefore, in the final part of this chapter, we will review the results of [42] to gain a deeper under-
standing of the physical content of this class of solutions, and to establish the starting point for the
results we will present in the next chapter.

As anticipated, let’s start by considering dyonic black hole solutions of N/ = 2 U(1) gauged super-
gravity coupled to ny vector multiplets, a linear combination of which will gauge a U(1) factor via
Fayet—Iliopoulos (FI) terms. Starting from the general Lagrangian in eq. (2.77), for this class of

models we can write
1 A | 1 -
& = JR-gy0"20,7 + ZIHWAEF,fVFE wog 1Re/\/,@FMAVFE v, (3.54)
where the scalar potential can be written in terms of the superpotential £ as
V, = g“D;LD;L — 3|L|%, for L =(G,V), (3.55)

where G = (gA, gA) denotes the FI terms and V is the usual covariantly holomorphic symplectic
section of Special geometry.

At this point, we specify the metric ansatz
ds? = 2V 4 2 (dﬂ + ewdQ?) (3.56)

and the appropriate expressions for the vector fields, so that

0L

/52 FA = 4mph, /52 Ga = 4mqy  (where GAE(sF—A),

(3.57)
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for Q = (pA, qA) the black hole magnetic and electric charges. As always, we will assume spherical
symmetry of the solution, so that the scalars 2%(r) and the warp factors U(r) and 1 (r) are functions
of the radial coordinate only.

Just like we did for the asymptotically flat case, by employing the anstaze introduced before, we can

obtain a 1-dimensional effective action for the theory
Sld _ /dT {621/) |:U/2 _ ¢/2 +gijzilzj/ + 62U—4'¢)VBH + 6_2U%:| _ 1}
—|—/d7‘d [627’/) (20" — U’)} :
dr

where the primes denote derivatives with respect to the radial coordinate and the black hole potential

(3.58)

is the same as eq. (3.17).
To extract the first-order flow equations describing the solutions, one could rewrite the action as a

sum of BPS squares by using Special geometry identities. The result of such an approach gives

. |
S1a = / dr {2e2<U—¢>5TM5 — ¥ (o' + Q) +2¢7 U Re (L))

— e [y — 27U Tm (e7°L)]" = (1 4 (G, Q) (3.59)
—Qdir [ew_U Im (e_iaﬁ) +eY Re (e_mZ)] } ,

where we introduced
E7 =2¢* (e VTm (e7V))' T — 2@ UGTAM " + 467V (! + Q) Re (e V)" +QT,  (3.60)

for Q the U(1) composite connection of Special geometry.

Therefore, the action has been rewritten as a sum of squares, provided that the charges fulfill the

constraint
(G.Q) =-1. (3.61)
The resulting flow equations are
U = —eV"2Re (e*mZ) + e VIm (e*iaﬁ) ,
v = 2 UIm (e7*L), (3.62)
M= —emg’j [eU_ijZ + ie_UDjZ} ,
together with the phase constraint
e w (3.63)

T Z4ieUL
An important outcome of this analysis is that, just like we saw for the ungauged case, we can introduce

a superpotential

W =¢el |z —ie2VUt (3.64)
so that the flow equations become:
v o= —g¢"Wouw,
W= —g"ouW, (3.65)
2= =2g"0,W,
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for gy = —gyy = e?v, Gi; = ewgij—. Notice that, for G = 0, i.e. turning off the gauging, we recover
exactly the ungauged superpotential.

As we already mentioned, the same flow equations could be actually obtained also by imposing
that the supersymmetry variations for the fermionic fields vanish. In particular, by finding suitable
projectors relating spinorial components of the supersymmetry parameters, it is possible to translate
supergravity variations to first-order differential equations for the bosonic content of the theory.
Moreover, each independent projector condition will halve the number of preserved supersymmetry.
In this particular case, the relevant supersymmetry variations could be obtained by adapting the

general ones in eqs. (2.82)-(2.83):

_ )
Shpa = Dpea — e, e” — §£5AB’YV77uuva

. . , , (3.66)
SN = —i@uzzv“eA + G;lf'y””«sABeB + D'L5*Bep.
Employing the metric ansatz in (3.56) and taking
A U As r
Ftr = 9 (I ) (REFP - C]E) )
1 (3.67)
F, = —-ptsing
06 5P sin
as ansatz for the field strengths, we can explicitly write down the variations.
Let’s start by considering, for example, the time component of the gravitino di:4 = O:
1 1 . .
562UU/’}/016A + §A{‘9A5A050363 + %egU*MZ’yleABeB — %eUﬁéABVOeB =0. (3.68)

To actually identify the right projectors it is convenient to rewrite the equation in the following
fashion:

Ues = e 2V AL grdacy'7e%Bep +ieV "2V 2% apeP —ie VLo apy €D, (3.69)

Written in this form, it is evident that by imposing the two projector conditions
Ves =ie®cage® and ~Aleq = 04565, (3.70)

we can rewrite dy 4 = 0 as a single differential equation multiplying the same spinor €4. In particular,

we obtain
(—U’ +ie U Algy — U2 zemio _ U ,ce*m> €x=0, (3.71)

whose real part matches precisely the first equation in (3.62). By similar arguments applied to the
other variations, employing again the same projectors in eq. (3.70), one is able to reproduce all the

flow equations (as described thoroughly in Appendix A, [42]).
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Chapter 4

Black Holes in N =2 U(1) Gauged
Supergravity with Hypermultiplets

In the previous chapter, our review highlighted a significant gap in the current understanding of
black hole physics within supergravity theories: the absence of a systematic study of the equations
governing solutions that include hypermultiplets.

Hypermultiplets are expected to arise naturally in generic string compactifications, making their in-
clusion essential for a complete description of black hole solutions. Unlike ungauged supergravity, in
which their dynamics decouples from the rest of the system, in gauged theories, quaternionic scalars
may be charged and thus actively participate in the solutions. Despite some progress in this direction,
such as the construction of new solutions with non-trivial hypermultiplets in [50], a comprehensive
treatment using a superpotential has yet to be developed.

In this chapter, we aim at filling this gap by extending the work of [42], developing a general frame-
work that could describe black hole solutions in supergravity theories with Abelian U(1) gaugings
coupled to both vector multiplets and hypermultiplets.

We begin by illustrating how the general N' = 2 theory adapts to the specific gauging choices of
our interests. Then, we outline the key properties of the solutions we seek to describe. With these
foundations in place, we then proceed to write down the most general supersymmetry variations,
specifying the ansatze for the solutions. Subsequently, we will identify the necessary projectors
required to extract first-order BPS equations that govern the solution. These equations will naturally
reduce to those found in [42] when the hypermultiplets are turned off. Finally, we present some
attempts to construct explicit solutions for simple cases involving one hypermultiplet and one vector
multiplet, describing the general procedure for finding vacua whenever moduli parametrize coset

manifolds and the limitations that the simple models considered present.

4.1 N =2, D =4 supergravity with Abelian gaugings

In this chapter we consider 4-dimensional N = 2 gauged supergravity theories coupled to ny vector
multiplets and ny hypermultiplets, specifically focusing on U(1) Abelian gaugings of the quaternionic-
Kahler manifold isometry group. Therefore, we begin our examination by detailing how the general

theory presented in chapter 2 is adapted to this specific setup.
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One direct simplification arises at the Lagrangian level and in the supersymmetry variations for the
gaugini. In particular, the choice to only consider Abelian gaugings of the quaternionic isometries
effectively implies the cancellation of all the terms proportional to the holomorphic Killing vectors k?\
Therefore, recalling the general expressions reported in egs. (2.78), (2.79) and (2.83), and removing

the book-keeping gauge parameter g (that is, setting it to one), we obtain

1 , - 1 1 ~
L = SR—gy0"2 0,7 — huVug" V" + ZZAEF,{;VFE mog ZRAEF[}VFE . (4.1)
V(2,2,q9) = 4huk{ESLALY + (g7 1 ) — BLALY) PYPS: (4.2)
and
N4 = —i@uzi’y”eA + G;lf'y“l’eABeB + WiABep, (4.3)

for WHAB that reduces to
WiAB = i(0y) BeCAPEGI A, (4.4)

The other variations, instead, maintain their general forms presented in (2.82) and (2.84).
Now, let’s consider the equivariance condition for the triholomorphic prepotentials, which in compo-

nents is given by

1 1
S PEPE — QL kRKE = S 2 PE. (45)

The request of having an Abelian gauge group immediately translates into the need for vanishing
structure constants, i.e., fAAZ =0.

Additionally, the expression can be further simplified as we will require that at least one of the gauged
isometries remains unbroken on the vacuum, i.e., k{ = 0 for some choice of A. The need for such a

condition can be understood by examining the kinetic term for the quaternionic scalars:
L D huwVpq"VHq" = ...+ huy ki kG AL AT, (4.6)

where we extracted the contribution to the vector field masses arising in the gauging procedure.

It is therefore clear that the request of an unbroken isometry on the vacuum ensures that at least
one vector field A continues to be massless, allowing for a consistent definition of the black holes
charges.

As a consequence, assuming without any loss of generality that k' = 0 along the solution, since
we will focus on U(1)xU(1) gaugings, the only non-trivial contribution proportional to the SU(2)
curvature will be of the form QF k5k5, which vanishes due to antisymmetry.

It is important to note that this condition poses stronger constraints than simply requiring the Killing
vectors to commute.

Combining these two requests, eq.(4.5) becomes
e PYPE = 0 (4.7)

or, equivalently,

ﬁA X 732 =0. (4.8)
The prepotentials are therefore parallel in SU(2) space and they admit a decomposition of the type
Pi = 9a(0)Q"(q), (4.9)
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for Q" identifying a direction in SU(2) and satisfying Q*Q* = 1.

Introducing Pauli matrices, we can also define

Qa” =i(Q%02) 4", (4.10)

so that
QABQBC = —52 and QABQBC = 5%, (4.11)

as it follows from (aw)AB(Gy)BC = 5%52 + iexyz(az)AC
Additionally, we can define £* = P/x\LA and its complex conjugate £* = 731{[7\. Exploiting the

decomposition in eq. (4.9), these quantities can be also rewritten as
LO=ga A Q" = LQ" and L' =g L'Q"= LQ". (4.12)

Finally, it is useful for our purposes to derive a simple equality for £. Consider the SU(2)-covariant
derivative acting on L
VLY = (0,L) Q% + LV, Q"

A (4.13)

= L*V,Pj%,
where in the first line we have used the decomposition introduced in (4.12) while the second follows
from the £* definition itself.
Then, since @*V,Q% = 0 as a direct consequence of Q*Q* = 1, contracting both sides of the previous
relation with Q% we end up with

oL = LAQ*V P, (4.14)

Finally, recalling the defining relation for the prepotentials given in eq. (2.71), we get

DL = —2L2 Q%KY Q7 (4.15)

vu”

Similar calculations lead to
0L = —2L Q%KY Q% (4.16)

4.2 Analysis of Supersymmetry Variations

Working within the context of four-dimensional N' = 2 U(1) gauged supergravity coupled to both
vector multiplets and hypermultiplets, we now present the general analysis of supergravity variations
of the fermionic fields and how these lead to a set of differential equations describing supersymmetric
black hole configurations.

Specifically, after outlining the properties of the solutions we aim to describe, we will choose appro-
priate ansatze for the metric and the vector fields, specify the supergravity variations and identify
the projection conditions that leads to BPS equations. To conclude, we will show how the whole

solution can be described in terms of a suitable superpotential W.

4.2.1 Expected properties of the solutions and Ansatze

We are interested in the analysis of static, spherically symmetric, single centre black holes in an
asymptotically flat spacetime. Notice that, working in the context of gauged supergravity, the last

assumption actually poses a constraint on the scalar potential given in eq. (4.2). In particular,
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following the general treatment presented in chapter 2, V (2, z, ¢) should exhibit a minimum (2§, 75, ¢})
such that
V(Z(), 20, qo) =0. (4.17)

Additionally, as mentioned in the derivation of eq. (4.7), we require that at least one of the gauged
isometries (or, equivalently, a linear combination of them) remains unbroken on the vacuum, i.e.,
k} = 0 for some choice of A.

As a last request, we would like our solution to preserve supersymmetry, at least partially.

We remark that the combined request of having a vanishing scalar potential and some residual su-
persymmetry on the solution could be only fulfilled in the presence of hypermultiplets. In particular,

setting ny = 0, we can still obtain a U(1)"V ! gauging via Fayet-Iliopoulos terms
PX = &R, (4.18)
which correspond to constant gauge prepotentials. The scalar potential would then read
V(z,2) = (¢7f M7 — 3L L”) GE8. (4.19)

Although a particular choice of the prepotential F'(X) on the Special manifold could possible result

in V' =0, it has been proven [51] that this class of models completely breaks supersymmetry.

Ansatze for the solution

Consider the generic ansatz for the metric
ds? = =2V 2 4 ¢720() (dr2 + ew(T)dQQ) , (4.20)

valid for static, spherically symmetric, single centre black hole solutions. Working in the framework
of gauged supergravity, the additional warp factor 1 is required to compensate for the curvature
contributions expected to arise from the varying non-trivial cosmological constant.

A suitable vielbein choice for this metric is given by
eV = eldt, el = e Ydr, e? =e¥Ydg, e? = e Usind do, (4.21)

so that g, = eZegnab, for 7, the Minkowski metric.

Following the standard procedure, we can derive the spin-connection from the torsion-free condition

De® = de® +wi Neb =0, (4.22)
from which we get
O =U eZUdt, Wy = wog =0,
wly = (U' — 1//) e¥do, wls = (U’ — ¢') e¥ sin 0de, (4.23)
w?3 = —cos fdy,

where the primes denote derivatives with respect to the radial coordinate.
As long as the vector fields are concerned, for spherically symmetric solutions we can introduce

electric potentials y* and write
AN = A (r) dt + p" cos 0 dop, (4.24)
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so that
FA=d4r = (XA)/ dr Adt — pPsinfdd Ade  and / FA = amph. (4.25)
SQ

An analogous construction could be also carried out for the dual fields Ay, introducing magnetic

potentials ¢ and

Ap = oa(r) dt + ¢* cos 6 do, (4.26)
from which
Ga=22 _qay and [ Gy=4 (4.27)
A= spr —ddaa 2 OA = TqA- .

By employing the equations of motion, one could actually integrate out the electric potentials and
rewrite them in terms of the charges and the real/imaginary part of the gauge kinetic matrix Nyy.
Specifically, imposing that

dGy =d (RAEFE - IAEFZ) =0 (4.28)

and enforcing the duality relation between F* and G, one gets

(XA)/ = U (Ifl)AZ (g2 — Rsrp") . (4.29)
Therefore, in components
A= % Q2U~20 (I—l)AE (Rerp” — as).
A 1, . (4.30)
Fy, = —5P sin 6.

As we have seen in chapter 2, in the supersymmetry transformation rules the field strengths actually
appear in their dressed versions, as defined in (2.85).
Thus, as a first step, we introduce the antiself-dual combination

i

a1
F A= 3 (Flﬁ‘y — 2eWpUFAP") . (4.31)

Starting from the field strengths components in eq. (4.30) and the metric ansatz, we can write

1
A = U [(Zfl)AE (Rsrp" —gs) + ipA} ,
‘; o (4.32)
Fpt = s [ (Rerp’ - am) + i)
At this point, we can explicitly compute
T, = 2I\wL*F*
- %eZU*w [L™(Rsr + iZsr)p" — L¥gs]
. 4.33
_ %QQU—M) [LENEFPF _ quz] ( )
- _lou-2 z,

where in the last equality we have used the fact that My = N, A»L> and recalled the definition for
the central charge Z = (Q,V) = L¥¢s — Mxp".
Identical calculations lead to

1

Ty, = §sin0 Z. (4.34)
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As long as G;j is concerned, through similar calculations
G, = —DL'Ir\F A
_ _%62U72w [DiI_LFNrApA _ DiEFqF] (4.35)
_ i V-2 hiZ

where we employed the fact that D*Mp = NyxyDL*. Similarly,

» P
0y = ZsmHDZZ. (4.36)

As a final remark, we emphasise how, given the spherical symmetry of the solutions, we will assume
all the scalar fields to depend on the radial coordinate only, i.e., 2! = 2%(r) and ¢* = ¢%(r).

We now have all the ingredients to write down explicitly the fermionic supersymmetry variations.

4.2.2 Fermionic Supersymmetry Variations

We can now begin our analysis by specializing the general supersymmetry transformations presented
in egs. (2.82)-(2.84). In this way, the general structure of the Killing spinor equations will emerge,

allowing us to determine the appropriate projectors to extract the BPS equations.

Gravitini

Consider the transformation rule for the gravitini:
0Yay = Duea— TH_V’}/VEABEB + inMVWVSABeB =0. (4.37)

The mass matrix S4p, recalling the decomposition in eq. (4.9) and the definition for @ 42, can be
rewritten as
1 1. 1
Sap = §(Um)AcsBc73/a\cLA = §(ZQJCO':L~)ACEBC£ = iQABE- (438)

Let’s start by looking at the time component of the variation; recalling that v# = eh 7%, we can write

SYar = Diea— Ty eape® +imy' Sape®
) 7

5 (WF + APPR) (00) 4 et

1 1
= Owea+ Zﬁab (Wac)t VbCGA + §Qt€A +

- i (4.39)
- T, eZ’y“aABeB — §£ efl’yaQABeB

1 1 7 _ )
= b (W), 7" €ea + §A?9AQAB€B + 563[] 2 Zeapyte? — §€U£70QABEB =0,

where in the last equation we assumed the supersymmetry parameters to be time independent, and
exploited the fact that Q; = wf = 0, as a consequence of 9;2° = 9;q* = 0.

Writing down the only non vanishing spin-connection component, we end up with
0par = —%U’eZU’yOIEA + %Aé\gAQABeB + %GBU*MZEAB’yleB - %eUEWOQABeB = 0. (4.40)
Since 7 = 494! and (71)2 =— (70)2 =1, the last equation can be rewritten as
Uey = ieU_szAB'yOEB - iﬁe_UQABVIGB - e_QUAé\gAQAB’ylvoeB. (4.41)
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Let’s now turn to the #-component, that is
— — AP B, . 0 B _
0ag = Dyea—Tp V" eape” +inggy Sape” = 0. (4.42)

Using again the fact that Qp = wj = 0, and recalling from our ansatz (4.24) that Aé\ = 0, we obtain

1 1 T
0ag = Opea+ 50%2712@1 - §€U Y Zeapyie? + iew VLQapY P (.43
. 4.43
1 1 7
= Opeq + 3 (U =) e¥y12ey — ieU_wZ eapv€P + §e¢_U£ Qapye® =0.

In a completely similar fashion, we find for the ¢-component

1 1
0Ma, = Opea+ 3 (U’ — 1//) sin e‘b’ymeA + 3 sinf eV Z 5AB'y2eB+
(4.44)

1 1 1 )
+ 3 sinf ¥ YL QAB'y3eB + iAggAQABeB ~3 cos 0 7236,4 =0.

It is worth noticing that, setting aside the last two terms, the equation for the (p-component is
basically proportional to the #-one, as expected by spherical symmetry. As we will see, the additional
terms will provide a constraint on the black hole charges.

As long as the gravitini are concerned, the only missing variation is the radial one. In this case
w® = 0 = A2 and we will have non-vanishing contributions from both the U(1) and the SU(2)
connections. Explicitly

0par = Drea—Tyy'eape” +in,"Sape”

i
2

02)  Pwen + ie_UﬁQAB’YlfB - ieU_wZEABvoﬁB, 44
A T 2

7
= Orea+ EQrfA + 5

so that, all in all,
i

5 (@) (wioy) s en + %e_UﬁQABVIGB - %eU_M’ZsAB’yOeB =0. (4.46)

wmzam+%@m+

Gaugini
Moving on onto the gaugini variation, we recall that
SANA = —i@uziv“e/‘ + G;ﬁy““a—:ABeB + WiABeB, (4.47)

and the mass matrix W48 now reads

WHAB = i(0,)PeCPig T DIA = QAP G D,L. (4.48)
Therefore
N = 02 426G,y e B ep + 2G9_<;799”€ABGB +¢7D;LQ B ep
A 1 _ o (4.49)
= —ieV (zz)/fyleA + ieQU_wDZZ ("' +iv*®) e?Bep + ¢ D;LQM P e = 0.
Hyperini

Finally, looking at the hyperini
6o = —iufﬁvﬂquy“sAB(CageA + N(feA
= —UPP [(¢")' 7"+ ALkiy"] eapCage® + 22Uk L ex (4.50)

= —Z'Ufﬁ (qu)/’yTEAB(CageA + QUCI?UkXI_/AEA =0.
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In the last equality we used the fact that, under our working assumptions, the combination Aﬁk}‘\ is
always vanishing. Specifically, whenever £} is related to a preserved isometry, k}{ = 0; on the other
hand, for broken isometries the corresponding vector fields Al/} become massive and we set them to
zero on the solution.

This equation can be actually recast in a much more instructive form by contracting it with another

vielbein A%, In particular, we can write
YA (iufﬁ (@°) 4" eapCage? — 2u§5<ca5kxEAeB) —0, (4.51)

so that, recalling the quaternionic identity

1 i
CopU2oUBP = ihuvsAB + 5%(%)035“, (4.52)

we end up with
huweAB + iwa(am)cBeAC} [i (¢°) eVeppyie? — 2kep] =0, (4.53)

for k% = k:XEA.

4.2.3 Projectors and BPS equations

Having written down explicitly all the relevant equations, the next crucial step is to identify the
appropriate projectors for the supersymmetry parameters. Specifically, as already mentioned in the
context of AdS black holes, due to the non-trivial spinorial structure of the equations arising from the
supersymmetry variations, it is necessary to identify suitable projectors that can reduce the number
of independent e components, allowing for a rewriting in terms of first-order differential equations
for the bosonic fields alone.

To establish their correct form, let’s start by looking at the time-component for the gravitini variation
har =0 = Ueq=ieV "2 Ze 5708 —iLe VQupye® — eV AL g QAP+ 1 ep. (4.54)

Written in this form, recalling that both e 45 and Q4p square to unity (modulo a minus sign), it is

clear that imposing

ey x eapel and yleg o Qape® (4.55)

we should be able to rewrite the supersymmetry variation as a first-order differential equation for
the bosonic content of the theory multiplying the same spinor € 4.

Specifically, we introduce two independent projector conditions relating the spinor components as
es = ie?®e 4geP, (4.56)
and
1 _ ia B
Yea=eQape”. (4.57)
For consistency, we should also impose that

0_A . _ZQ€AB€

Vet = —ie B and yled = e QABep. (4.58)
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These requirement can be actually recast in terms of two projectors II® and II', defined on the

four-dimensional spinor (eg4, eA) as
€A 2\ e — je—ian0cABep
and fea 1/ eq — ey Qapel
. (eA> ) <€A _ e—ia,leABeB>' (4.60)

Conditions (4.56)-(4.58) thus correspond to

n0<6j;> = 0 and chg‘) - o (4.61)

€

The only necessary non-trivial checks are to confirm that II° and II' truly define projectors and that
the two projections are mutually independent.

The first check comes from explicit calculations:

A )
[(HO)2 e] = %HO [GA - z'e_w‘vOsABeB]
_ % [eA _jemi0y0AB ey _ 9jo—ian0-AB (HOE)B]
_ i [eh — iem 0B ey — jem0AB (cp 1 i O pcC)] (4.62)
_ % [eh — jemi0cAB ]
= (HOG)A,
where we exploited the fact that (70)2 = —1.
Analogously, for IT':
A .
[(H1)2 e} _ %Hl [GA _ e_w"leABeB]
_ i (A — emion1QAB ey — 2e- i1 QAB (IThe) ]
_ i [eA _ ey lQAB e _ pmian10AB (EB _ eia,leBc6C)] (4.63)
1 .
_ 5 [EA _ €_Za’)/1QAB€B]
—  (e)?,

as (71)2 =1 and QBQpc = 5(“}. Similar calculations hold for the lower components of both (Hoe) A
and (Hle) A
To verify instead the independence of the two conditions, we can compute the commutator of the

projectors and check that it vanishes. In particular, focusing for simplicity on €4:

1 . 1 -
[HO, Hl} €4 = §H0 (eA — em’leABeB) — 51_[1 (eA + ze’a'yOaABeB)
_ BC_1.0 @ BC. 0.1
= 4QAB5 vy ec + 46ABQ el (4.64)
1
= 2 [QapeB° — eapQPC] v %
= 0.

o1



Chapter 4. Black Holes in N' = 2 U(1) Gauged Supergravity with Hypermultiplets

One last crucial information is the dimension of the space II° and II' project on. Specifically, this

can be determined by computing
Tr(I°) =4 and  Tr(II') =4, (4.65)

where the trace is taken on both the spinor and the SU(2) space and the fact that Tr (y*) = 0 was
explicitly employed.

Since we start from 8 independent supercharges, these results imply that each projector will halve
the number of independent degrees of freedom. Therefore, imposing two compatible projectors, the
resulting solutions will preserve only 1/4 of the original supersymmetry (in this case, the solutions

are said to be 1/4-BPS). This can be also explicitly verified by computing
Tr (II'11%) = 2. (4.66)

Finally, turning off the contribution from the hypermultiplets, i.e., Q* = §%2, the condition on v'e4
becomes

Yleq = e Qapel = @ (i5’”20w)AC€BCeB = 5 45€el, (4.67)
precisely recovering the projector in eq. (3.70) employed in [42] for the study of AdS black holes.
Gravitini

Starting once again from the time-component of the gravitini variation, we have

Uey = ieU_wZEABWOeB - i,Ce_UQAB'yleB — e_QUAngQAB'qu/OeB
= ieUﬁQwZé‘AB(—iefmche(j) — iﬁe*UQAB (eiiaQBcec) +
— e 2V AL gAQ AP (ie™epce”) (4.68)

= U emaze, —jemLe Ve, — 6_2UAé\gAQAB (ieio‘EBc) (e_iO‘QCDeD)
= —U™Wemaze, —jeLe Vey + ieiZUAé\gAeA.
Therefore, we can write
(U’ + eV Wemlaz e Uemiop ie*QUA?gA) €ea=0 (4.69)

and, separating the real and imaginary part, we obtain equations for the warp factor U(r) and the

vectors time component:

U = —eU2Re (e_mZ) + e YIm (e_mﬁ) (4.70)

and

Atgale) = V7Im(e7Z) +e"Re(e7L) | (4.71)

Let’s now apply the same projectors to the -component. As we will see, this will lead to the flow
equation for the warp factor .

In particular, recalling that

1 1 )
0hag =0 :  Opea+ 3 (U’ — wl) ew’leeA —ieU*wZ 5,437363 + %ed’*Uﬁ QAnyZeB =0, (4.72)

(@) (i2)

we study each term separately:
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(i) looking at the first term,

— %eU_d’Z eapyel = éeU_we_iaZf’ (iemsABeB) = %eU_¢e_ia273706A. (4.73)

Then, since in our conventions v5 = i7°y'v2+3, we can rewrite i739Y = —72~y1~s5, so that
%eU*we*mZ’y:gfyoeA = —%eU*we*iO‘Z’le%eA = —%eU*we*iaZ’leeA, (4.74)

given that y5e4 = €4;
(i) in this case, we straightforwardly obtain
%’ed’*Uﬁ Qapyie® = %’ezﬁ*Ue*mEVQ (eiaQABGB) = %ewaefmﬁvmeA. (4.75)
Therefore, equation (4.72) becomes
e ) .

Opea + > {1// — U — Vel z ¢ ie*Uefw‘ﬁ} yley = 0. (4.76)

At this point, by making use of the equation for U’ in (4.70) and decomposing both e~**Z and e~ L

into real and imaginary part, we get

(i ) ) .
Opea + £ ¢ —2e YIm (e7"°L) +1i (e_URe (e7"*L) — eV "*Im (e"“Z))] yleg =0, (4.77)

2
from which we can extract
¢ =2e YIm (e7*L) | (4.78)
together with the constraint
e YRe (e7L) = eV *'Im (e "*2) (4.79)

and the condition

[Opea =0} (4.80)

We can now turn to the p-component:

1 1
0ap, =0 Oyea+ [2 (U’ — ¢') sin 0 ed”yl?’eA + 3 sinf eV V2 5,4372634-

4.81
—|—% sinf ¥ VUL QABWSEB] + %AggAQABeB — %cos@ ’)/23€A =0. ( )
Consider the expression included in square brackets:
% (U' — wl) sin@ e¥~y3ey + %sin@ VY Z e g2l + %sin@ VUL QapyPel

= 6; sin 6 :(U’ — ) yBey —ieV el 2,2 (iemaABeB) +ieVetoLy? (eiaQABeB)}
= 627/) sin 6 :(U' — 1//) B —ieV "m0 24206 4 44 ere*m,C’yBleA}
= e;b sin 6 -1// — U = Ueiaz 4 ieiUe*mE} ey,

) (4.82)

where in the last equation we used iy27° = v3y1qs.

From a direct comparison with eq. (4.76), it is evident that the whole expression vanishes once we
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consider the supersymmetry equations (4.78)-(4.79). As anticipated, this is a direct consequence of
the spherical symmetry of the solution.

The analysis of the w-component thus reduces to
1
0, €A + AngQA GB—§COSQ’V GAZO. (4.83)

Recalling that eg 4€8¢ = §¢ 4, we can rewrite the second term as

fAAgAQA €p = fAAgAQA%CeB
1

= §A¢9AQAC (epce®?) e
; (4.84)
= §A£9A [€°Qa%pc (—ie e Pep)]
i
= 5 AZon (97" ea = wagA( )7V y5€.
So, given the ansatz for the vector field (4.24), we are left with
1
Op€a + 5 cosf [1 +pAgA(q)] v¥2e4 =0, (4.85)
resulting in
Opea =0}, (4.86)
together with the constraint on the charges
p'galg) = -1} (4.87)
The only variation yet to be studied is the radial one. Speciﬁcally,
i i (A
0ar =0 = Orea+ §QTEA + i(qu)/(wiaw)ABeB + *6 YLQapy'e? —§6U 2 Zeapy'e? = 0.
(4) )
(4.88)
Also in this case, we can employ the projectors to rewrite each single term:
(i) , :
—e VLQapy'e? = %e_UEQAB (e_mQBCec) = %e_Ue_mE €A, (4.89)
(i)
] i . 1 ,
- %eU_wZeABvOEB = —%eU_QszAB (—ie_w‘eBcec) = §eU_2¢e_w‘ZeA. (4.90)
The resulting expression
i i i » 1 ~
Or€q + §QTEA + i(q“)'(wfjax)ABeB + 56_U6_Za£614 + ieU_zwe_mZeA =0 (4.91)

can be further simplified by employing the usual trick of decomposing e ~**Z and e~**L into real and

imaginary part, and recalling equation (4.70) for the warp factor U, getting to

. . 1 . ' . _
8,@;4-%@,«6,4—1-%(q“)’(wioz)ABeB—§U/6A+%e_URe (e7*L) eA—l—%eU_wIm (e7**Z) ea = 0. (4.92)
To conclude, we can define
QO = QO,+e¢ YRe (e*iaﬁ) + eV 2Im (ein‘Z)

) 4.93
= 0,+2 YRe (efm‘ﬁ) ) ( )
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where we used the constraint in eq. (4.79), so that the equation for the radial component of the

supersymmetry parameters can be written in the compact form

1 - .
Orea— 5 (Ul — iQ) €A+ %(arqu) (wioz) 4 en = 0], (4.94)

If the combination (¢“) (w¥o,) AB vanishes, we exactly recover the result obtained for AdS black
holes [42].

Gaugini

As long as the gaugini are concerned, we can extract a differential equation for the scalar fields z*
through properly employing the projectors defined in eqs. (4.56)-(4.57).

In particular, A" = 0 implies
. 1 _ o
— eV (22)/716‘4 + 562U72¢DZZ (701 + i’y%) eABep + g”D]—EQABeB =0. (4.95)
The second term of the equation can be rewritten as

1 _ ; o A
5eQU—tzZ (701 + i723) gABeB _ %€2U—2weszZ (701 + z'723) (_ie—zagABEB)
% o2U =20 jia i

_ %ew—weialy? (701 + 701%) ,YOEA’

Z (v + iy AV (4.96)

where the last step follows from the definition of ~s.

Recalling now that {vs5,v*} = 0 and vse4 = —e?, we can further simplify the last equation and write

%e2U—2¢eio¢Diz (701 i 70175) O = j2U=20 i [IZAOIA0A _  2U=20 ia iz 1A (4.97)
The term proportional to D;£ in eq. (4.95) can be recast as
giij,C_QABGB = gijeij,C_ (emeABeB) = gijeij[/yleA, (4.98)
so that the whole variation becomes
[—ieU (zl)/ + 2V DIZ 4 gijeio‘DJ—E} Vet =0, (4.99)

from which we conclude

(zi)/ = €% gID; [6U§—|—iew_UE] ! (4.100)

Hyperini
Let’s finally consider the hyperini variation:
¢ =0 {huveAB + Z'QﬁU(Ux)CBEAC} [i (¢°) Yeppryte? — 2kYeg| = 0. (4.101)
Projecting the spinor components of the supersymmetry parameters
{huveAB + iwa(UI)CBeAC} [z (¢°) eYepp (emeDNeN) — 2];31)63] (£102)

= [hweAB + Z'in(a'x)cBEAC} [(qv)/eUe_ia(ayQy)BD - 2%”55} ep =0,
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where in the last equality we've used the explicit definition for @ 4p and renamed some dummy
indices.

We will now show that this seemingly involved expression could be actually recast in a matrix
equation of the form B/*Pep = 0. Specifically, multiplying the quantities in the square brackets and

expanding the product of two Pauli matrices (O’x)AB(O'y)BC = (5zy5g + isxyz(aZ)AC, we end up with
BYABSD 4 B (io,) BDEAB} ep =0, (4.103)
where we defined the following quantities:

BY = ielem 0% Q% (¢°) — 2ky, (4.104)
B: = —ieVe™ Q7 huy (¢°) +ieVe ™ £4,.Q8,QY (¢°) — 292, k", (4.105)

In principle one should impose BY = B? = 0 separately but, employing the identities of quaternionic
geometry, one can show that actually they are not independent conditions. In particular, the first
equation is solved by writing

Fu = 5eVe ™ Q5,Q" (¢ - (4.106)

Then, plugging this expression in the second equation we get
@ () = 20 Q@ (") + W2, 05, Q" ") = 0. (4.107)
Finally, recalling the relation (2.52) for the contraction of two SU(2) curvatures
BT QY = — 6 hy, — ™27, | (4.108)

equation (4.107) identically vanishes.

As a side comment, it is interesting to notice that this pattern is not exclusive of the physical setting
we are analysing. In particular, the same formal structure arises also in the study of domain wall
solutions in five dimensional N' = 2 supergravity [52].

To extract a flow equation for the quaternionic scalars, we can plug the expression (4.106) in the

relation obtained in (4.16) and get

oL = —2Q7 |zl hUQLQY ()| 2,

. —1 /
= jeVei (qt) [P0, Q%] QT QY (4.109)
= ieVe™ (¢") [~hud™ — Q] Q"QY
= —ieVe™ by (qt)/y
where we used the fact that Q*Q* = 1 and the additional term proportional to the antisymmetric
™% vanishes in the contraction with the symmetric combination Q*QY.

Finally, we can invert the obtained relation and write

(q*) = ieVe®h ™, L | (4.110)

As we will present shortly, we can describe the whole solution by introducing a suitable superpotential

W. As a consequence, equation (4.110) will further split, yielding also a constraint on the phase .
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4.2.4 Superpotential description

From our review on the previously known black hole solutions in supergravity carried out in chapter
3, we have realized that every scenario admits a description in terms of a properly defined super-
potential W. It is therefore interesting to verify that the equations we have derived in the previous
section fall into the same pattern.

Let’s start by considering the constraint (4.79) obtained from the variation of the gravitini 6-

component, i.e.,
e YRe (e_mﬁ) =V 2Im (e_iO‘Z) . (4.111)

This relation can be actually recast into an expression that identifies the phase « as:

, _ je2(w-1)
o Zoie L (4.112)
Z +ie2W=-U)C

Written in this form, we realize that we can interpret e’® as the phase of a complex quantity W

whose norm is given in terms of the superpotential W defined as
W = ew, for W=eV ‘Z — ie2(¢_U)£‘ (4.113)
or, equivalently,
W =e"Re (e ™Z) + e VT¥Im (e L) . (4.114)

For convenience we also define the complex conjugate quantity W = e~ *“W.
The whole set of differential equations for the warp factors and the scalars can be actually rewritten
in terms of W.

In particular, let’s start by rewriting the equation for U(r) as
U = —eV"2Re (e_io‘Z) + e YIm (e_mﬁ)
= e [eURe (e72) — e "UIm (e_iaﬁ)} (4.115)
=~y [VRe (¢7Z) + ¢ VIm (e70L)]

so that we end up with

U = —e oW (4.116)

In a similar fashion, we can recast the condition on % (r) in the form
¢ = 2 VIm (e*mﬁ)
= % [262w_UIm (e_mﬁ)]

. 4.117
= 6_211’81/, [eQw_UIm (e_w‘ﬁ)} ( )
= 20, [URe (e72) + ¢ VIm (e7L) |,

where the fact that 9, [eURe (e*mZ)] = 0 was explicitly used.
Therefore, we immediately read
W o= e oW |, (4.118)
As long as the scalars are concerned, consider the equation for z* :
(zi)' = —e Welaghd ﬁj— [eU? + iew_UZ] = —e Weiagh 777. (4.119)
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To rewrite this last expression in terms of W, we can employ the phase constraint in eq. (4.112).

Specifically, by taking derivatives of both sides with respect to the scalars, one can obtain

1 w

‘ — -1 — 1
8562““ = Wajw — W%W = 62Za |:2 (85K) W —

— 0|, 4.120
s (4.120)
where in the second equality we employed the fact that DWW = [9; — % (%K) W =0, as it follows
directly from the definitions of Z and L.

After some trivial calculations, the previous relation can be rewritten as

20,0 = _Vlv [8] - % ((%K)] W. (4.121)
As a consequence, we immediately obtain
g D-W = QgijﬁjW, (4.122)
so that
(2 = —2egUo,W | (4.123)

Finally, since 0,2 = 0,U(r) = 0,¢(r) = 0, we can rewrite the equation for the quaternionic scalars

(") = iV *ho,L
= e Vel puy, [eU§ + iew_UZ}
. . (4.124)
— 6—2wezahuvav [e—zaW]
= e RWH,W —ie 2R P, .
Separating real and imaginary part, we end up with
@) = e*hoW| and [dua = 0] (4.125)

As anticipated, together with the flow equation for the scalars g%, we learn that the phase a associated
to the projectors does not depend on the quaternions.

Therefore, to summarize, considering Abelian U(1) gaugings of the isometries of the hypermultiplets
scalar geometry, solutions for spherically symmetric, static and charged BPS black holes are described

by the following first-order differential equations:

U = —e2oyw,
W= oW,
. g _ (4.126)
(" = —26721[)9”8]-‘/{/,
(@9 = e *no,W,
together with the constraints
Aé\g/\(q) = U2y (ein‘Z) +eYRe (efio‘ﬁ) ,
Qo Z —ietv=Ulg
Z +ie2W-U)’ (4.127)
phgale) = -1,
Oyae = 0.
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4.3 Searches for Explicit Solutions

In this last section, we’d like to present our attempts to build explicit models as benchmarks for the
equations we have obtained. In particular, we will focus on supergravity models coupled to one vector
multiplet and one hypermultiplet, restricting ourselves to scalar geometries that could be described
as coset spaces.

Before entering into the details of such models, we point out that for these simple setups we will not
be able to study solutions that partially break supersymmetry. Specifically, as discussed in chapter
2, the spontaneous N' =2 — N = 1 pattern implies that one gravitino has to become massive. The
residual A/ = 1 supersymmetry, as observed for the first time in [53], then forces the massive gravitino
to sit into a massive N = 1 representation for spin-3/2 fields' and, consequently, also two vectors
have to become massive. Therefore, since models with ny = ny = 1 are coupled to two vectors only,
this scenario is clearly in contrast with our request of having at least one preserved isometry (i.e.,
one massless vector).

As a result, we will look for N' = 2 preserving solutions employing the constraints derived in egs.
(2.97)-(2.98), together with the general assumptions under which we have derived the flow equations.
In particular, by looking at the explicit expressions for the mass matrices, for Abelian gaugings one
finds that the request of A/ = 2 supersymmetry implies the following constraints on both the Killing

vectors and the prepotentials:
PiLA =0,  PID'LA =0, @ KLLA =kYLM =0, (4.128)

Actually, recalling the definiton in eq. (2.30), the first two equations could be recast as

fh A
PK<5A> =Pifr =0 (4.129)
and, being f}x invertible, this implies
Py =0. (4.130)

We remark that these relations characterize the asymptotic vacuum. Then, in general, the black
hole solution will lead to the partial or complete breaking of supersymmetry, which could then be

enhanced at the horizon.

4.3.1 Vacua on Coset Manifolds

Before specializing our discussion to a specific choice for the scalar manifold, we would like to outline
some basic properties of coset spaces (for a full review on the topic, see [32]) and describe how the
search for the vacua of the theory can be simplified thanks to their structure.

Let’s start by recalling that a homogeneous space is a manifold with a metric whose isometry group,
G, has a transitive action on the space, i.e., any point on the space can be reached from any other
by the group action. The subgroup H of G that leaves a point of the manifold fixed is called the
isotropy group. Any homogeneous space can be therefore described as the coset space G/H, that is

the set of equivalence classes of elements of G with respect to the right action of H elements:

g~g¢g, if g=gh for ¢g,¢d €G hecH. (4.131)

"We recall that, for N' = 1, the matter content of such a multiplet is given by: one spin-1 /2 fermion, two vectors
and one spin-3/2 field [9].
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The dimension of such a space is therefore given by d = dim(G) — dim(H).

As we previously described, vacua of supergravity theories are identified by extremizing the scalar
potential, i.e. by finding the values of the moduli that minimize the potential obtained for a given
gauge choice. In general, this implies solving a set of coupled equations involving both the moduli
and the gauging parameters and solving them analytically usually results in too hard of a task.

For scalars parametrizing a coset manifold? a different approach can be followed, simplifying the
standard procedure and allowing for a more general scan of the theory vacua [54].

In particular, following the presentation given in [33], let’s start from the observation that the poten-
tial actually depends on both the scalars and the choice of a gauge group G C G, so that V =V (¢, G).
Additionally, V is a singlet with respect to the group action, that is

VLeG, V(L LG)=V(s,G), (4.132)

for L a coset representative, and L¢ and LG denoting the action of a group transformation on the
scalars (as described via the Killing vectors) and on the gauging (as dictated by the Lie Algebra
associated to G), respectively.

This implies that, if V (¢, G) has an extremum for ¢y,

oV (,9)

=0, 4.133
9¢ o) ( )
then V' (¢, LG) will display a critical point at Ly,
ovie.Lg)|  _ (4.134)
9¢ Lo

with the same value of the potential.

As a consequence, when working with coset manifolds, we can map any generic vacuum ¢q of a given
theory defined by G to a chosen base point of the moduli space via a transformation L(¢g) € G.
Then, the base point will now be a vacuum for the theory defined by L(¢¢)G. This implies that,
when searching for vacua with given properties (residual supersymmetry, cosmological constant, mass
spectrum, etc.), we can compute all the relevant quantities at the base point and vary the gauging

parameters only, thus systematically exploring all the possible gauging choices.

4.3.2 Explicit Examples

We will now describe our attempts to find explicit realizations of the solutions for the equations we
derived from the supersymmetry variations. As we anticipated, we will consider supergravity models
coupled to one vector multiplet and one hypermultiplet.

As long as the Special geometry is concerned, we focused our attention on

_su(, 1)
Mvector - m (4135)

Following [55], we can describe the manifolds by choosing the holomorphic sections as

s FO = ’L'Z, F1 = Zz. (4136)

N | .

2This is always the case for N > 3 supergravity [32].
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Employing the relations introduced in chapter 2, we can therefore derive the Kahler potential

K = —log [z (YAFA - FEXE)} = —log(z + 2), (4.137)
and the metric
1
== L (4.138)

on the Special-Kéahler manifold.

Ferrara - Girardello - Porrati Model

One possible choice for the hypermultiplet geometry is given by the “Euclidean anti-de Sitter” space
(EAdS), defined as

MEpaas = Sso(gtg) (4.139)
Together with the Special-Kéhler manifold introduced before, this is precisely the model studied by
Ferrara, Girardello and Porrati (FGP) [55]. The quaternionic geometry is determined from the SU(2)
connection w” = w; dg" and their field strength Q* = QF dg" A dg”, which read

1 1
=—— 5 QF =
Yz 2((]0)2

2(q0)2"™
Following the quaternionic identities, one finds that the metric is given by

T _

1

£mY?, (4.140)

u - 0w

1
hyy = 2(610)2 duw (4141)
and a consistent choice for the vielbein 224 is
Ut = isc“ﬁ (dg° — iaqux)A (4.142)
50 5 .

As long as the isometries of the quaternionic manifold are concerned, it is useful to exploit the
isomorphism that ties the conformal algebra to the one for SO(4,1). Employing the parametrization

of the former, we introduce the generators:

P! translation),

D
Ki

(

M (rotations),
(scale transformations),
(

special conformal transformations),

with 4,7 = 1,2, 3, for a total of ten isometries.

The corresponding Killing vectors could be written explicitly as
kpi = 0; Ou, (4.143)
ki = ki, = 302 — 203, kary = ki, = ¢ 03 — P01, kg, = kry, = 201 — q' 0, (4.144)
kp = q"0u, (4.145)
ki, = 2q"q" — 6" 0mng™q". (4.146)
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Finally, the SO(4,1) algebra is recovered by identifying
MY =10, pi=Td475 K =T4_T5 D=T1%, (4.147)
or, inverting these relations,

| . ) 1 . . . 1 . .
TV = MY, T" = (P + K, % = (P = K7, ™ =D. (4.148)

It is therefore useful to introduce the following Killing vectors combinations
1
k= 5 lkpi & k] (4.149)
In the gauging procedure, we can consider arbitrary linear combinations of Killing vectors (as long

as they commute). In the basis we have just introduced, the most general Killing vectors read

3 3
kpa = Z [CLA’ik‘;r + bA’ik‘;} +cakp + ZrA,ikRi (A =1, 2), (4.150)
i=1 i=1
for ap, ba, CASTA,; real numbers.
We choose as base point for our scalar manifold ¢° = 1 = Rez and ¢! = ¢°> = ¢° = Imz = 0.

With this choice, one can explicitly verify that:
kY =kg, =0, k=6, kp =6% (i=1,2,3), (4.151)
and the associated prepotentials (computed employing eq. (2.73)):
Pr,=Php=0, P{;=6%  PhHL=-0" (i=1,2.3). (4.152)

We notice that, for the chosen origin of the moduli space, the only non-vanishing Killing vectors are
the one associated to non-compact isometries. As long as the prepotentials are concerned, instead,
the opposite is true, with the compact isometries yielding the only non-trivial contributions.

For this model, the conditions for a maximally supersymmetric Minkowski vacuum introduced in

egs. (4.128) - (4.130) read:
an; =7rai, Al =0, by LM =0. (4.153)

As long as the vector masses are concerned, since at the base point the metric on the quaternionic

manifold becomes h,, = %O}w, the request of having at least one massless vector can be written as
det(hupk{ k%) =0  —  (k1)?(k2)? — (k¥kou)? = 0, (4.154)

which takes the form of a saturated Cauchy—Schwarz inequality.

At the base point, this translates into a condition on the non-compact components of the two Killing
vectors; in particular

= Ak}

U
k2,non—compact 1,non—compact>

that is
Cy = )\Cl, bg’i = Abl,i ()\ S R). (4.155)

Having obtained the general constraints our gauging choice should fulfil, we can now try to build

some explicit realizations.
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As a first step, we notice that thanks to the quotient with SO(4) we can partially simplify the
expression for one of the two Killing vectors. In particular, looking at eq. (4.148) we realize that T
and T% are actually related via an SO(4) rotation, so we can choose the latter as the only relevant
non-compact direction and turn off all the others, i.e., by; = 0. At this point, we realize that we
still have an SO(3) redundancy in our description among 7% and 7% that can be further eliminated.
This is also confirmed by the fact that in the previous step we only used 3 out of the 6 degrees of
freedom coming from SO(4).

Choosing i = 3 as the only relevant direction (a;;; = a12 = r1,3 =0), we end up with

k1 = a13k+ 3+ cikp +r11kR, + 71,2kR,,

while the other one should be kept generic.
At this point, imposing the first condition in eqs. (4.153) and (4.155), we end up with:

k1 = c1kp,

ky = Acikp + ag1 (k41 + kr,) +a22(ky2 + kr,) + a23(k+ 3 + kRs).

Before imposing the second condition in (4.153), we observe that the commutator between these two
vectors vanishes if and only if ¢; = 0 or ag; = 0, resulting in parallel Killing vectors. Thus, we

conclude that this model cannot provide an explicit realization of the solutions of our interest.

Universal Hypermultiplet

Another possible choice for the quaternionic geometry is given by the universal hypermultiplet, whose

manifold is defined as

Muyn = SUU(é)l) (4.156)

In our discussion we will mainly follow the description of the geometry given in [52], adapting all the
definitions to our conventions.

Explicitly, denoting with (V, 0,0, 7) the scalar fields on the manifold, the SU(2) curvatures are given
by

1
Ol = W[(dcr +260d7) A dO + dr A dV],
1
02 = W[(da —27d) Adr +do A dV], (4.157)
1 1
3 _ = _ _
Q= 2df A dr — 5[(do — 27d6 + 20d7) AdV],
while the metric reads
dv? 1 1
ds? = o + Jp7z [do +20d7 — 27d6]* +  [dr® + d6°] . (4.158)
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Tbe SU(2,1) isometry group of the metric is generated by the following Killing vectors:

0 0 0 0
o 1 - 20 - 27 - 0
k1 = , ko= , k3= , ka= ,
1 0 2 0 3 1 4 .
0 1 0 0
2Vo

02—(V—|—92+T2)2
ks = o2 | ke=| o6 —7(V+62+72) |, (4.159)
o+ 0 (V +6*+72)

T/2
AL
—or — VO —0 (0% + 7
| etV (07 477 foo = " _‘;gﬁuf/;ﬁ)
! L(V -6 +372) C L)
—20T — 0 /2 2 ’

The first three vectors correspond to some constant shift of the coordinates, the fourth is the generator
of the rotation symmetry between the # and 7 coordinates and the fifth generates dilatations. The
remaining three Killing vectors correspond to some highly non-trivial isometries of the metric.

To let the underlying coset structure emerge more clearly, it is actually convenient to define the

following combinations

Ty = 3 (ko — 2kg), /3
SU(2) ¢ Ty = i(l{% — 2k7), U(1) {Tg = (kg + k1 + k¢) (4.160)
T3 = i(k‘l + k¢ — 3k4),

SU2,1) | Ts = —i (k1 — ke),
U(2) Ts = —i% (ks + 2k7)
Ty = —iz (k2 + 2ks) .

(4.161)

that realize explicitly the SU(3) algebra. Notice that the generators Ty, T5, Ts and 7% are imaginary,
so that the corresponding real algebra is SU(2,1).

Dropping the imaginary units, we will employ this base to build the prepotentials. In particular,
choosing as a base point (V, o, 6, 7) = (1,0,0,0)), we find that:

Ty = 6",
Ty = -6,
T =Ty =Ty =T¢ =0, v = _%5712’ (4.162)
TY = —56"3
and
Pr =" Py =52 PI=-6"  P'=0 (i=4,5,6,T,8). (4.163)
For a generic Killing vector kp = Z?:l ay T, the condition in (4.130) implies that
ay =0, fori=1,2,3. (4.164)

At this point, we can consider the request for the presence of a massless vector and, following the

same reasoning adopted in the FGP model, we get that, at the base point,

— ay=M\d}, fori=4,56,7and XA €R. (4.165)

u _ U
T2,non—compact - )‘Tl,non—compact
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Imposing all the conditions established so far, the two Killing vectors take the forms

7
k=Y aiT; + diTs,
= (4.166)
ky =\ aiT; + a§Ts.
=4

Again, before even imposing the other conditions for a N/ = 2 supersymmetric vacuum, requiring
the Killing vectors commutator to vanish we realize that the only possibility is that the two Killing
vectors are parallel.

Therefore, we conclude that both models considered are too simple to capture the physics we would

like to describe, and further analyses should be conducted allowing for more complex models.
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Chapter 5

Summary and Outlook

In this last chapter, we would like to briefly summarize the content of this thesis and explore possible
extensions of the results we have presented.

The aim of this work was to describe the most general black hole solution in the context of N = 2
U(1) gauged supergravity coupled to both vector multiplets and hypermultiplets, extending the
results presented in [42] for vectors only. Such scenarios naturally emerge in the context of flux
compactifications in string theory, and their comprehension is therefore crucial for obtaining a com-
prehensive view of black hole physics in a theory of quantum gravity.

With this goal in mind, chapter 1 was devoted to a wide introduction to black holes, introducing
some basic notions coming from the classical theory of General Relativity and presenting how string
theory effectively describes them as a collection of D-branes, allowing, with some caveats, to cor-
rectly identify the microscopic geometries that could account for the Bekenstein—-Hawking entropy.
Additionally, we briefly discussed the embedding of black hole solutions within supergravity theories,
giving a first general introduction to the concepts of BPS equations and the attractor mechanism.
In chapter 2, we specialized the discussion on the theory we chose to focus on. In particular, we pro-
vided an overview of four-dimensional N' = 2 gauged supergravity, properly introducing Special and
Quaternionic Kahler geometries as essential geometrical ingredients of the theory and describing the
general gauging procedure for the isometries of the scalar manifold. The complete bosonic Lagrangian
and the fermionic supersymmetry variations were then presented, together with a proper definition
of the theory vacua and an introduction to the topic of spontaneous supersymmetry breaking.
With the theoretical framework in place, we reviewed in chapter 3 the current understanding of
black holes in both ungauged and gauged N = 2 theories. Starting from the seminal work in [6], we
presented how both BPS and non-BPS black holes allow for a first-order description in terms of a
real superpotential W. The same also applies to multicentre black holes, though the non-BPS case
is much more involved and requires some insights from the string theory point of view. Finally, we
briefly described the work in [42] for AdS black holes, obtained in the context of N =2 U(1) gauged
supergravity coupled to vector multiplets only.

Finally, in chapter 4 we addressed the question that inspired this work. The first necessary step was
to show how the general theory gets simplified under the joint assumptions of dealing with U(1)xU(1)
gaugings and having one preserved isometry or, equivalently, one massless vector on the solution. In

particular, we realized that the equivariance condition forces the triholomorphic prepotentials to be
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parallel in SU(2) space, thus allowing for a rewriting of the form

Pr=9a(0)Q"(q)  (for Q"Q" =1) (5.1)

together with the definition of
L% =PILN = LQ*. (5.2)

Starting from the general fermionic supersymmetry variations, we were then able to derive a set of
first-order differential equations describing static, spherically symmetric black holes in an asymptot-
ically flat background. Subsequently we showed that, just like all the other known scenarios, the
whole solution encompassing both vector and quaternionic scalars could be described in terms of a
real superpotential

W=e|z—ie2v U, (5.3)

The resulting equations take the form of gradient flows

U = —e oW,
Vo= O, (5.4)
(Z) = —2e"g0,W,
(¢") = e *ho,W,
or algebraic constraints
Ang(q) = U2y (e_iaZ) + eYRe (e_iaﬁ) )
o E—idU)
© T Ziiewor (5.5)
phgale) = -1,
Oy = 0.

Since the equations were obtained by imposing two independent projectors on the supersymmetry
parameters €4, the resulting solutions will preserve only 1/4 of the original supersymmetry content,

though they may have enhanced supersymmetry at the horizon and at infinity.

Despite the progress presented in this thesis, several important directions for future research remain
open. First, there is a need to refine our search for explicit realizations of the class of black holes that
we discussed. As demonstrated in chapter 4, models involving one hypermultiplet and one vector
multiplet, together with our request of one preserved isometry, do not allow for any supersymmetry
breaking patterns. Additionally, the requirement for full AV = 2 supersymmetry to be preserved at
infinity imposes too stringent a constraint, forcing the Killing vectors chosen in the gauging proce-
dure to be parallel. Therefore, a crucial step forward would be to consider larger models with at
least three vector fields that could potentially fulfil our requests.

Another possible direction is to rewrite the bosonic action in a “BPS squared form” to show that the
flow equations we’ve derived directly imply the equations of motion. As explored in chapter 3, flow
equations can be directly derived from the action after formally integrating out the (¢, 6, p) compo-
nents and rewriting the resulting effective action as a sum of squares. Applying a similar procedure

to our setup does not present any conceptual difficulties, so we expect such a rewriting to be feasible.
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Finally, it would be particularly insightful to perform a near-horizon analysis of the solutions, so as
to generalize the one conducted in [42] (which did not consider hypermultiplets). Specifically, given
the flow information on the warp factors and scalar fields, we would expect the attractor mechanism
to be at work also in this scenario, for scalars reaching a critical point at the horizon so as not to
diverge and spoil the regularity of the solution. Such an analysis should eventually shed some light
onto the details of the mechanism, extracting the explicit conditions at the horizon and determining

their general properties.

To conclude, over the last century, black holes have proven themselves to represent profoundly rich
and intricate objects within the broader and highly ambitious project of formulating a final theory
of quantum gravity, one of the most compelling challenges contemporary theoretical physics has to
face. In this context, the work presented in this thesis represents a small contribution in the pursuit
of more realistic black hole solutions. And as vast as the complexities involved in the quest might
appear, so too are the potential rewards, with each step bringing us even closer to a complete and

unified understanding of the Universe we live in.
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Appendix A

Normalizations and conventions

Minkowski metric:

Tab = (_a =+, +, +)

e Decomposition of tensors in self-dual and antiself-dual parts (9123 = 1):

1 ?
T;j:y = 5 (Tl“’ + QE#VPO—T'OU> .

Clifford algebra:
Ay =20 AT =29,

¥5 = —ivom1y273 = 170y 2.

e Decomposition of fermions in chiral and antichiral parts:

)\iA )\iA

V5 Ca = Ca )
YA Ya
N Ny

Yl ¢ | =—| ¢“
A A

e SU(2) and Sp(2n) metrics:
ABepe — 64, AB _ _BA,

C¥Cgy = —62,  C* =-_C

For any SU(2) vector P4 we have
eapPB = Py, ABpg = —pA.

The same conventions apply to Sp(2n) vectors.
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