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Abstract

Ultracold atomic gases in one dimension are often described using the Lieb-Liniger model
of interacting bosons. The model is exactly solvable using techniques of integrability and
the Bethe Ansatz. In the repulsive regime, it describes a strongly correlated quantum
gas with finite compressibility. In the attractive regime, the model exhibits additional
richness in the form of bound states of constituent particles. The unique combination
of experimental feasibility and exact theoretical solvability, as well as the possibility to
compare the exact theory with various effective approaches, make the Lieb-Liniger model an
extraordinary platform to study the many-body physics of strongly correlated systems. The
thesis investigates the dynamical properties of the model in both the attractive and repulsive
regimes, by constructing particular solutions of the quantum theory that are the analogue
classical solitons. Therefore extensive comparisons are made between the exact results of
the quantum theory and those of the related mean field theory. A detailed discussion of the
ground state and the excitation spectrum of the system, using a combination of exact and
effective approaches, contributes to this main objective.
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Introduction

The experimental realization of ultracold quasi-one-dimensional atomic gases in optical lat-
tices, obtained by confining three-dimensional Bose-Einstein condensates in a long cylindri-
cal shape (Fig. 1), see e.g. Gorlitz et al. (2001); Greiner et al. (2001); Moritz et al. (2003);
Paredes et al. (2004); Kinoshita et al. (2004), has renewed the interest in the rather idealized
theoretical model of interacting bosons in one dimension, known as the Lieb-Liniger model
(Lieb and Liniger, 1963; Lieb, 1963). Rigorous analyses of the many-body Schrodinger equa-
tion indeed show that the low-energy states of such cylindrical atomic gases are described
by the Lieb-Liniger model® (Lieb et al., 2003; Seiringer and Yin, 2008).

Quantum physics in one dimension is very peculiar. In higher dimensions, quantum
many-body systems can only be described perturbatively, namely starting from the free
theory and summing a series of contributions coming from the expansion of the interac-
tion terms, or by mean field techniques. In one dimension, there are methods for treat-
ing interacting systems in a completely non-perturbative way. The Lieb-Liniger model,
in particular, belongs to a class of one-dimensional models that are exactly solvable via a
technique called Bethe Ansatz, which was originally introduced by Bethe to treat exactly
the nearest-neighbor interactions of the Heisenberg XXX spin chain (Bethe, 1931). These
exactly solvable models have the special property that a single interaction between multi-
ple particles can be described as multiple interaction between just two particles. In this
way, the Bethe Ansatz is able to turn the time-independent Schrédinger equation into a
system of algebraic equations (the Bethe equations) involving sets of complex numbers (the
rapidities) which uniquely identify the eigenstates of the Hamiltonian. This property can
be considered the distinctive feature of quantum integrable systems, although (unlike in the
classical world) there is not yet a universally accepted definition of quantum integrability
(Caux and Mossel, 2011).

The unique combination of experimental feasibility and exact theoretical solvability,
as well as the possibility to compare the exact theory with various effective approaches,
make the Lieb-Liniger model an extraordinary platform for studying the interplay between
theory and experiment and between different theoretical descriptions. From the theory
perspective, the purely one-dimensional case can also serve as a basis for the investigation
of effects beyond the mean field in higher dimensions.

This thesis is centered around the study of a specific phenomenon within the Lieb-Liniger
model, namely the existence of particular states representing the quantum analogue of
soliton solutions in classical field theories. We will perform this study in both the attractive
and repulsive interaction regimes, where the underlying physics is markedly different, and
carry out extensive analyses of the relationship between the exact ‘quantum’ solutions of
the model and the ‘classical’ solutions of the related mean field theory.

The contents are organized as follows. In Chapter 1 we present the Lieb-Liniger model
and its exact solution via the Bethe Ansatz, following the original treatment of Lieb and
Liniger, both in the attractive and repulsive cases. In Chapter 2 we study in detail the

!The cylinder does not have to be as narrow as the atomic diameter; it can be much wider if the excitation
energy in the direction orthogonal to the axis is large compared to the energy per particle.



/F»y
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Figure 1: A 2D lattice potential is formed by overlapping two optical standing waves along
the y axis and the z axis with a Bose-Einstein condensate in a magnetic trap.
The condensate is then confined to an array of several thousand narrow potential
tubes (inset). Adapted from Greiner et al. (2001).

ground state of the attractive model, deriving in particular its density profile, and compare
the exact result with that obtained from the mean field theory. We will see that the
ground state is represented by a bright soliton at rest, namely a localized density peak. In
Chapter 3 we construct single and double quantum bright solitons as superpositions of exact
eigenstates of the attractive model; we study their stability under time evolution and their
scattering properties by exploiting general results of scattering theory in one dimension and
the knowledge of the exact scattering phase shifts obtained from the Bethe Ansatz. We
compare the exact results with those for the scattering of bright solitons within the mean
field theory.

In Chapter 4 we turn to the repulsive model, studying the ground state and the elemen-
tary excitations using a combination of exact and effective approaches. We will show that
hole-like excitations of the model can be identified (to some extent) with dark soliton solu-
tions of the corresponding mean field theory. This motivates the search for quantum dark
solitons built from superpositions of hole-like excited states. In Chapter 5 we thus present
the construction of such quantum dark solitons and study their time evolution, discussing
how to improve their stability.



Chapter 1

The Lieb-Liniger model

1.1 Interacting bosons in one dimension

The subject of this work is a system of N spinless bosons in one-dimensional (1D) space,
interacting via an ultra-local delta function potential. The Hamiltonian is

ZaQ +20) 6w — ) (1.1)

1<j

where m is the mass of the particles and c¢ is the interaction coupling. A positive value
of ¢ denotes repulsive interaction, whereas a negative value of ¢ corresponds to attractive
interaction. As mentioned in the Introduction, such a system can be experimentally realized
by applying a strong transverse confinement to a 3D ultracold atomic gas. It is then useful
to relate the 1D interaction strength gip = 2c¢ to that of the analogous three-dimensional
model, that is gsp = 47h%as/m, where as is the s-wave scattering length (Landau and
Lifshitz, 1980). The coupling ¢ can be expressed in terms of an effective 1D scattering length
aip as ¢ = —h? /maip. Introducing the characteristic length of the transverse confinement
a; = y/h/mw,, where w, is the frequency of the confinement, for as < a; one has the
identification a1p = —ai /as. When the above condition is not satisfied, a;p should be
properly renormalized, taking the value aip = —a (a) /as — C), where C' = |((1/2)|/v/2 ~
1.0326, and ((z) is the Riemann zeta function (Olshanii, 1998; Cazalilla et al., 2011). The
resonant behavior of ¢ as a) /a; — C' is called confinement-induced resonance. Positive
values of ¢, corresponding to negative values of aip and repulsive interaction, are only
obtained in the interval 0 < as < ay /C.
The second-quantized version of the Hamiltonian (1.1) is

= [t (-52) ) + il @il @) (12)

where ¢(z) and its adjoint ¢ (x) are bosonic field operators satisfying the canonical com-
mutation relations

@), )] =@ -y, [P, d)] =0. (13)

The Heisenberg equation of motion for the field operator ¢ (z,t) = e_itﬁ/hiﬁ(:p)eitﬁ/h is then

ih O (x,t) = e~ itH/h [@(w), I:I] eitH/h — < 28 + 2¢9)i(z, t)@(m,t)) Oz, t).  (1.4)

m

The particle number and total momentum operators,

N = /dxi/ﬁ(x)zﬂ(x), P= —ih/dwdﬁ(m)@xzﬁ(x), (1.5)



commute with the Hamiltonian, [N, H] = 0 and [P, H] = 0, giving us the two simplest
conservation laws. There exist also higher-order conservation laws (Davies, 1990).

Hereafter we shall focus on the N-particle sector of the Fock space of the quantum field
theory defined by Eq. (1.2). The N-particle eigenstates | Uy ) of H can be parametrized in
terms of complex-valued wavefunctions ¥y (z1,...,xN) as

RIDE /da:1~-d:zN Un(zy,. .., en) 0 (z1) ... T (xn)]0), (1.6)

|0) being the normalized Fock vacuum defined by ¢ (z)| 0) = 0. The Bose statistics imposes
that the wavefunctions are completely symmetric in the exchange of positions. Projecting
onto the position basis, the eigenvalue problem for H is then given by the time-independent
Schrédinger equation

HMNWy (z1,...,25) = ExUn(z1, ..., 2x5). (1.7)

For convenience, from now on we choose units such that 7 =1 and 2m = 1, thus obtaining
the Lieb-Liniger Hamiltonian

N
HW) :Z_8§j+202(5(wi—.1‘j>. (1'8)
j=1

1<j

In the next section we present the exact solution of the Schrédinger equation for such
Hamiltonian, first obtained by Lieb and Liniger (1963), and subsequently deepened by
Yang (1967, 1968) and Sutherland (1968), based on the Bethe Ansatz. Our treatment
follows mainly Caux (2023).

1.2 Exact eigenstates

Let us begin with the N = 2 case, for which the Schrédinger equation is
(=02, — 02, + 2¢0(x1 — 2) — Bp] Wa(x1,22) = 0, (1.9)

with (21, x2) € R?. For x1 # o the interaction term vanishes and the eigenfunctions should
be given by plane waves. For 1 = x9, however, the delta function brings a discontinuity in
the first derivative of the wavefunction Wo(z1,z2) evaluated at xo — 1 = 07, so that!

(8962 — 8361 — C) \112(:131, 1:2) =0. (1.10)

ro—x1=01

To explicitly solve the Schrodinger equation, we restrict to a fundamental open domain
Dy : 21 < x9 with boundary dDs : x9 — 21 = 0. The restriction of Eq. (1.9) to Dy is

(—851 - 8332 - EQ) \1/2(1‘1, 1‘2)

=0 (1.11)
(z1,z2)€D2
and is simply solved in terms of free waves, e!(MZ1+2222) g et(M2z1+X122) for \; Ay generic
complex numbers representing quasimomenta. These plane wave solutions have total energy
and total momentum

FEs :)\%-l-)\%, Py =X + )Xo (1.12)

!This can be seen by rewriting the Schrédinger equation (1.9) using the coordinates x4 = %(ml + x2)
and 2_ = x1 — @2, so that [-02_ 4 2¢d(x—) — E2]U2 = 0, and integrating over x_ € [—¢, €] for ¢ — 0V,
This yields the condition

1 Ilfa:2:0+

—7(6“ — 812)\112 N + cWs =0,

2 ] —x2=—0 T1=T2

which, with the symmetry of the bosonic wavefunction, ¥s(z1,z2) = Pa(x2,x1), leads to Eq. (1.10).



Therefore we look for a solution in the form

2 (5517 l‘2|>\1, >‘2) (z1,22)ED2 - Alei(hml_i_}qm) + AzeiO\Qzl—H\wZ) (1'13)

for some complex amplitudes A;, A;. By imposing to Eq. (1.13) the boundary condition
(1.10), we obtain the following relation between the two amplitudes,

As o _C+ i(/\l - )‘2) _ _ei¢(/\1—>\2)

— = = 1.14
A1 Cc — i(/\l - )\2) ( )
where we have defined the scattering phase shift
1 c+ 1A
A)=-1 . 1.15
o) =51 (£52) (1.150)
If A is real, ¢ takes the form
A
¢(A) = 2 arctan <> . (1.15b)
c
Hence we rewrite the wavefunction (up to an overall phase and a normalization factor) as
Wy (z1, 22| A1, A2) — ei(A1$1+A2$2)*%¢(A1*A2) _ ei(A2r1+>\1932)+%¢()\1*>\2). (1.16)
(.1‘1,.1’2)6D2
Since ¢p(—A) = —¢(A), the wavefunction is symmetric in coordinates and antisymmetric in

quasimomenta. In particular, for \; = Ay it identically vanishes, and does not represent a
good eigenstate. Without prejudice to this property, we may as well make our wavefunction
symmetric under quasimomenta exchange by multiplying it by sgn(A2 — A1). We can then
extend the domain of validity of this form to all (x1,22) € R? by imposing total symmetry
under coordinate exchange. This gives

\112(1'1, CL’2|>\1, )\2) = sgn(xg — xl)sgn()\g — )\1)

X Z (=D exp (z)\lel +iAQ, T2 — §sgn(x2 —x1)p(Ag, — )\Qz))7
Qe
(1.17)

where 9 is the group of permutations of two objects and [(Q)] denotes the parity of Q.

The above construction is directly generalizable to N particles by defining the funda-
mental open domain Dy : 1 < 22 < --- < xn with boundaries §;Dy : xj41 — x; = 0r,
where the Schrédinger equation (1.7) is equivalent to

N
2 = JR—
<jz; _a:vj - EN> \I’N(X) xeDy - 0; (8l‘j+1 - aﬁl?j - C) \IJN(X)‘xeajDN = 0, (118)
with x = (21,...,2y). In this domain, the solution is
N
\I]N(Xp\) xeDn - Z AQ exp <Z Z )\ijj)7 (119)
Qery 7j=1

with A = (A1,...,An), and the boundary conditions impose the relations among the Ag’s
(cf. Eq. (1.14)),

Ag — )\Qj+1 — )\Qj +ic

—Ag, (1.20)
AQj1 — AQ; —ic <



where @’ is the permutation obtained from @ by interchanging the jth and (j + 1)th
components. We can then extend this solution to the region of RY in which at most
two coordinates exactly coincide, obtaining the Bethe wavefunction

UnxA) = ] senle; —zn)sen(d; — M)

N2>j>k>1
al i
X Z (—1)[62] exp (ZZ /\le'j + 5 Z Sgn(xj — xk)¢(/\Qj — AQk)) (1.21)
QEnN Jj=1 Nzj>k>1

We notice that Bethe wavefunction is a superposition of plane waves labeled by inter-
nal quasimomenta (also called rapidities), the relative amplitude of each plane wave being
determined by the scattering phase shift characteristic of the two-body interaction. The ra-
pidities obey a sort of Pauli exclusion principle, so that the wavefunction identically vanishes
if two rapidities coincide.

1.3 Bethe equations

Until now we have considered our system as being defined on the whole real line. In this
case the quasimomenta could in principle assume any value. In order to have a discrete set
of eigenstates we introduce a finite quantization length by putting the system on an interval
of length L and imposing periodic boundary conditions (equivalently, we put the system on
a ring of circumference L). Starting again with the N = 2 case, the periodicity conditions

read
\I/Q(.%'l + L,Q?Q’/\l,)\g) = \112(1'1,332 + L‘)\l, /\2) = \Ifg(xl,xg‘)\l,)Q). (1.22)

Taking for instance the first of these conditions and using the symmetry of the wavefunction,
we have

‘l’z(xg,xl +L|)\1,)\2) == \112(561,562|)\1,)\2). (1.23)
Imposing this condition to Eq. (1.17) yields the quantization conditions for the rapidities,

ML — _gmida—de)  gidel _ _gid(h-A2) (1.24)
or . .
p_ M- detic oy de—htic (1.25)
)\1—>\2—’LC )\2—)\1—20

These are the Bethe equations for the two-particle Lieb-Liniger model. In view of state
classification, it is more convenient to take the logarithm of Eqs. (1.24),

2
L

1 2
I, Ao + E¢(>\2 — )\1) = i]z, (1.26)

1
A1+ Z¢()\1 —Ag) = T

with I; € Z + %, j = 1,2, taking the role of quantum numbers of the theory. Notice that
taking the product of Eqs. (1.24), or equivalently, taking the sum of Egs. (1.26), we obtain

. ol
N L S VI v % IeZ, (1.27)

that is the quantization condition for the total momentum of Wo(z1, 22| A1, A2).
The above considerations generalize to an arbitrary number N of particles. The period-
icity conditions, combined with the symmetry of the wavefunction, give

\I’N(.Tl, ey X1, L1, TN, T+ L|)\) = ‘IIN(xl,. cy L1, TGy Tjpls e - ,xN\)\) (1.28)



for j =1,..., N, which lead to the Bethe equations

oML (_1)N—le—iZkN:1 d(Nj—Ak) — H w (1.29)
by Aj— A —ic

or in log-form

| N
/\j+zz¢()\j_)\k):f

2 Z+ 1L N even,
T, Le 2 (1.30)
P Z, N odd.
Proof. We have e N1 = (—1)N=1e=i X000 60\ —Ak) = in(N=1)=i 350, #(X=A) | that gives

N
NL—m(N=1)+) ¢\ — M) =2mn;, n; €L
k=1

Bringing the factor m(N — 1) to the right-hand side we obtain Eq. (1.30) with I; =n; 4+ (N —1)/2.
Therefore I; is half-integer for N even and integer for IV odd. O

A complete set of eigenstates is obtained by choosing all proper sets of quantum numbers
and constructing their associated Bethe wavefunctions. As can be seen from Eq. (1.21), the
eigenstate parameterized by the set of rapidities {\1,...,An} has total energy and total

momentum
N N
Ex=) X, Py=)_\. (1.31)
Jj=1 J=1

The closure relation, orthogonality and normalizability of Bethe states has been show by
Gaudin (2014, 1971a,b) and Dorlas (1993).

1.4 Attractive interaction

We now specialize the general results above to attractive interaction (¢ < 0), characterizing
the ground state and the excited states of the Lieb-Liniger model in this regime.

1.4.1 String solutions

Let us introduce ¢ = —c¢ > 0 as the interaction parameter, and rewrite Eq. (1.29) as
— /\5 —ic
1.32
H Ao — Ag +ic ( )

for a, 5 = 1,...,N. For a complex rapidity Ao, = o + s, Where p, = Rel, and
Mo = Im Ay, the Bethe equation is

e L—1a L :u’a B E) — >\/8 1.33
¢ H ~|—z(77a—|—c) g (1.33)

Now suppose to take the infinite volume limit, . — oo, while keeping the number of particles
N fixed. If 5, > 0, the left-hand side goes to zero as O(e~"=). The equality implies that
there must be a Ag such that A\g = 1o + (s — ) + O(e~"L). On the other hand, if 7, < 0
the left-hand side goes to infinity as O(e'”O"L), and there must be a rapidity Ag such that
Ag = i +i(1a +7¢) +O(e” ML) Thus we see that in the attractive case rapidities arrange
themselves into clusters in the complex plane, the elements of each cluster being evenly
spaced by ¢ in the imaginary direction. Such clusters are called strings and represent bound
states of particles.



To give a clearer physical picture, let us consider just two particles, and thus two rapidi-
ties A1 and \o. We parametrize the first one as A1 = p1 +1im1, up to deviations exponentially
small in system size. Assuming for instance that n; > 0, the Bethe equations are solved by
A2 = p1 +i(m — ). To have a real energy eigenvalue Eo = A} + A3, it must be Ao = A,
that gives 71 = ¢/2. Introducing the simplified notation A = u, the two rapidities are then

AL = A+ zg FO(e ), N =A— zg +O0(e7 712y, (1.34)

Assuming that 7; < 0 one would have found 7, = —¢/2, which simply leads to an exchange
of labels of the rapidities. Using A — Ao = i¢+ O(e~°%/?), we can now evaluate the relation
(1.14) between the two amplitudes of the Bethe wavefunction,

_)\1—)\2—i5

A, = LT A2 ¢
! Al — Ay tic

Ay = O(e™/%) ~ 0. (1.35)
Hence the Bethe wavefunction in the fundamental domain x7 < z9 is

Uo(x1,29) = A2 iM@1te2) =5 (z2—21) (1.36a)
and it can be extended to all (x1,z2) € R? by writing

Uy(m1, 20) = Ny eiN@1H2) g5 lr2—1] (1.36D)

where N5 is a normalization constant. The first term represents a free wave for the center of
mass, while the second term brings an exponential suppression in the separation between the
two particles. The wavefunction thus represents a bound state of two particles (2-string),
with binding length 2/¢. Eq. (1.27) gives e?** = 1, which means that ), the ‘center’ of
the 2-string, is quantized as the total momentum P of a single ‘collective’ particle, with
P =2\

For a given number of atoms N, we can construct eigenstates with fixed string content
by partitioning N into N; strings of integer length j € [1, N], the length of a string being
defined as the number of rapidities within it. Denoting the total number of strings as M,
we have

N=>jN;, M,=>_ Nj (1.37)
j j

We will parametrize string rapidities as

c

MNia :Ag+i2(j+1—2a)+¢5g;“ (1.38)
where j is the string length, o = 1,..., N; identifies the j-string under consideration and
a=1,...,7 is the internal index labeling rapidities within the string (Calabrese and Caux,

2007). Here 5% ~ e (comst)L are exponentially small deviations in system size. In general
the string deviations 55 are complex numbers, and depend sensitively on the particular
boundary conditions used, with the constraint that the full set of rapidities {\;"} remains
self-conjugate so that the energy eigenvalue is real. Perfect strings (i.e. with all 50 = 0) are
exact eigenstates in the limit L — oo with Ns/L — 0 for arbitrary N. It is then natural to
consider the limit L — oo at fixed N, in which the deviations can be dropped. Notice that
this is different from the usual thermodynamic limit, that corresponds to taking N, L — oo
at fixed density N/L. Here, despite N remaining finite, taking L — oo does not trivialize
the physics, as the N particles remain strongly correlated and bound to one another (we
will return on this in Section 1.4.5, where we discuss the norm of a string state). These
string states should be viewed as individual particles of mass j, with energy and momentum
of the string centered on M}, given by
J A . 2 i .

joy =D NN =G0 - i =1, Puay =) M =M. (1.39)

a=1 a=1



1.4.2 Bethe equations for strings

The Bethe equations (1.32) are written in terms of the string parametrization (1.38) as

iNGOL pri- Ag’b —
R U S v
(k%ﬁ,b)#(j,oc,a) @
H )\J )\k+zc( a+b_1)+25], —zékb
) , kb
(650 ) Mo = N (IR —a b+ 1) + 06k — igy
E yJ _ \k B i (o)
o= Ny tie(f5h —atb-1) s
= H ( H c(—a—ad —1)4da " (1.40)
(k,B)#(j,0) b=1 )\J_)\k+zc( a_|_b+1 ik a+1)+5j(aa)
a’'#a

where we have separated the product into inter-string, (k,5) # (j,«), and intra-string,
(k,B) = (j, «), parts, dropped all string deviations for inter-string factors, and introduced

the notation 5?);(“’“/) = 5&” — 5&“’ for the differences in the intra-string deviations. These
equations can be simplified by taking the product within the string considered. The left-
hand side becomes

J ) ) ‘ ,
H ML I ML iNAL (1.41)
On the right-hand side, the intra-string part gives

i i _ j(a,a’)
c(—a—a —1)+d = (—1)760+D) =1 (1.42)
| gil@d) ’

while the inter-string part, writing A = M, — )\E, gives a product over A # 0 of the factors

Aé—)x@%-ié(% a+b—1)

et i )\k+zc(——a+b+ 1)
= ik Ny p2NelppaN) - efapa(Nejn(A) = Ejr(N), (1.43)
where P
—icj
o) — /2 1.44
eV =37 icj/2 (1.44)

Egs. (1.40) have thus been reduced to the Bethe-Gaudin-Takahashi equations (Takahashi
and Suzuki, 1972), that are a set of M coupled equations for the string centers A2,

el = T Ej(N, — M) (1.45)
(k,B8)#(5,0)
Defining
1 2\
¢j(A) = —In(—e;(X)) = 2arctan = (1.46)
2 J
these can be rewritten in the log-form
, . . 7+ L N.even
iIMNL—Y @ My =271), Il e 2 ’ 1.47
P 3 ) =201 (b Sem )
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Figure 1.1: Three string states of a gas of N = 9 atoms. Black: the ground state consists
of a single N-string centered at )\évs = 0 (zero total momentum). Red: a single-
particle excited state obtained by giving momentum to the ground state N-
string. Blue: a two-particle excited state obtained by splitting the ground state
N-string into an M-string and an (N — M)-string (in this example M = 3).
with
D (N) = (1 = 6jk)Pj—k|(A) + 28 j—g42(A) + - + 204 k—2(A) + Djrk(N) (1.48)
representing the scattering phase shift of a j-string at a k-string, which satisfies
(N = Pr;(N), Qin(=A) = —Pji(N). (1.49)
In the limit L — oo, Eq. (1.47) simplifies to

N ol
Plja)y =Ny, = La,

(1.50)

which tells us that each individual string is quantized as a free particle of mass j.

1.4.3 Ground state

It is clear from Eq. (1.39) that the energy of a string state of length j is minimized for
AL = 0, that gives
=2
0 _ _ ¢ .2 ) _
E;7 = —1—](] - 1), P =0. (1.51)
The lowest energy state, i.e. the ground state of the system, will thus be obtained by
forming a bound state of all N particles centered on zero (McGuire, 1964) (Fig. 1.1), by

choosing

.C
Ag’a:zi(N+1—2a)+0(5), a=1,...,N. (1.52)
The corresponding energy and momentum are
62
By = —EN(NQ —1), Py =0. (1.53)

Being of order N3, the ground state energy is not extensive. It has been argued that
the attractive Lieb-Linger model therefore does not have a proper thermodynamic limit
(Takahashi, 1999), since in the limit of large N the energy per particle is proportional to
(€N)? — oo. Furthermore, it will be shown in Chapter 2 that the ground state density
collapses to a linear volume of order (¢N)~! — 0.
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We now derive the form of the Bethe wavefunction for the ground state. Substituting
Eq. (1.52) into Eq. (1.19), we find that in the fundamental domain Dy : 21 < -+ < zp,

z N
U (%) > Ag exp<—2 > (N +1-2Q) x> (1.54)

€Dy
XU QEnN a=1

with the amplitudes Ag satisfying

AQI — )\Qa+1 - )\Qa - 26 A o 1 + (Qll+1 - Qa)

o = — Ap, 1.55
)\Qu+1 - )\Qa +1c ? 1- (Qll+1 - Qa) @ ( )

This implies that there is only one non-vanishing amplitude, namely the one associated to the
permutation Q such that @E, 2,...,N—1,N]=[N,N-1,...,2,1]. In fact, Q, = N+1—a,

which means that (Q,,; —Q,) = —1 for any a, and thus the amplitude of any permutation
other than () vanishes. Therefore

_ N
Wyo(x) b Agexp <—g (2a — N —1) a:a)
x€UN a=1
c
= AQexp<—2 Z (xq — xb)>. (1.56)
N>a>b>1

This represents indeed a bound state of N particles, since for x; < ;11 the wave function
is exponentially small’>. Clearly, the validity of Eq. (1.56) can be extended beyond the
fundamental domain simply as

C
Uos(x) = Ny exp<—2 Z |zq — xb|> (1.57)
N>a>b>1

where Ny is a normalization constant.

1.4.4 Excited states

Excitations above the ground state are obtained either by giving momentum to the ground
state N-string, thus obtaining a single-particle excited state, or by partitioning it into
smaller strings to which individual momenta are given (Fig. 1.1). Each of these smaller
strings behaves like a collective particle; in this way we generate multi-particle excited states.

Single-particle states A single-particle excited state centered at y is given by

uN’a=u+i§(N+1—2a)+O(5), a=1,...,N, (1.58)

2We can easily convince ourselves of the equality of the two expressions above by looking at the structure
of the sum

Y oNsase>1(Ta — ) = (#n —21) + (v-1 — 1) + -+ (23 — 1) + (22 — 21)
+(zn —w2) + (xv—1 — 22) + - + (T3 — 2)
Jr
+ (xn — xN-1).
We see that x1 appears only in the first line, for N — 1 times, and always with negative sign; hence its
coefficient is —(N — 1) = (2a — N — 1)|qa=1. x2 appears in the second line, for N — 2 times, with negative

sign, and in the first line, one time, with positive sign; hence its coefficient is —(N —2)+1 = (2a— N —1)|q=2.
The same goes for all the other z,’s.

11



and its energy above the ground state is

P 2
on() = B(w) — By = N2 = T (1.59)
where P(u) = Np is the total momentum of the excited state. For these states there is
only one Bethe equation for the string center u, namely p = 2nI/NL, with I € Z, hence

the total momentum is quantized as for a free wave,
P=— I eZ. (1.60)

In the limit of large NV, the energy of these single-particle states becomes flat and quasi-
degenerate with the ground state.

The Bethe wavefunction of a single-particle excited state differs from the one of the
ground state, given by (1.57), simply by a factor of exp(ipu Zi\f:l Zg4), which can be rewritten
as exp(iPz), where x = Eivzl xq/N is the coordinate of the center of mass of the N atoms.
Therefore B

_ c
U p(x) :NNexp<sz‘— 3 Z |24 —xb]>. (1.61)

N>a>b>1

Two-particle states A two-particle excited state is made of an M-string centered at p
and an (N — M)-string centered at pg,

P = iSO 1 20) £ 00),  a=1,.., M, (1.62)
PN = iy +iS(N = M +1-20)+0(0),  a=1,....N - . (1.63)

The energy of this state is the sum of the two string energies, and with respect to the ground
state energy it is given by

waN—M (p1, p2) = wg/[:N—M + MM% + (N — M)M%

Py(pn)?* | Pyv-ar(p2)?
=whrnont et T (1.64)
where we have defined the rest energy
62
SN = TNM(N = M) >0, (1.65)

and Pyr(u1), Pv—ar(pe) are the two string momenta, whose sum gives the total momentum
of the state,

Pyrn—nr(p1, p2) = Prr(pn) + Py—pr(p2) = Mpy + (N — M)pe. (1.66)
The Bethe equations are

Mp L — @y nv—pr(p — p2) = 2y,

(1.67)
(N — M)poL + ®pr n—nr(pn — p2) = 2w,

with I, Is € Z. In the limit of large L, we can ignore the scattering phase shift and take 1
and uo as free parameters. The total momentum k = Pps.n_ s can then take on the values

27‘(([1 + IQ) 2l

k= = IeZ 1.68
7 T € (1.68)
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while the energy is bounded from below by
k’2
wirn-nr(k) = Wiry_a + N (1.69)
As it can be easily seen, the bound is saturated for g1 = po. Given the total energy w
and momentum k as external parameters, using Eqgs. (1.64), (1.66) and (1.69) we find two
solutions to the dynamical constraints, namely

) = % | S o sl ] (1.70)
py (k,w) = % T [N(NM—MJ : [w - W?M:N—M(kj)} : : (1.71)

Therefore, in the large L limit these states form a twofold-degenerate continuum beginning
at Wi,y (k) and extending to arbitrarily high energy, wi, v ,,(k) < w < oo. Again,
w= wf\/[:N_M(k) for p1 = pe. For finite L, this is of course not strictly a continuum; @1 and
W2 are quantized according to the Bethe equations and only discrete energy levels exist.

1.4.5 Norm of Bethe states

We complete the characterization of the eigenstates by reporting a formula for their norm.
Given a set of rapidities {A} solving the Bethe equations, the norm of the corresponding
Bethe eigenfunction is given by the Gaudin-Korepin formula (Gaudin et al., 1981; Korepin,
1982; Gaudin, 2014), in this case

A = C\NH e tnG (1.72)
where G is the Gaudin matrix, whose entries are given by
N
G AN = 03| L S K500 = K3y (1.73)
=1
with 90
K\ p) = m (1.74)

the Cauchy kernel. As shown by Calabrese and Caux (2007), this formula is adapted to the
string parametrization (1.38) as

TP = @™ T2 TI Fd = A (1.75)
' (k,8)>(j,a)

N+ ((e/2) (5 + k))?
A+ ((e/2)(G — k)*

The norm of a single N-string is thus simply
[{A}? = eLN? (1.77)

and that of an M : N — M state with rapidities p1, pg2 respectively for the M- and (N — M )-
strings,

where

Fir(\) = (1.76)

2 _ 272 a2 (= p2)/2)* + (N/2)?
oo} |2 = LAN — a2 e PP s (1.78)
The dependence on L of the norm of the Bethe wavefunction as LMs, M, being the
number of strings, reflects the fact that the strings are essentially independent, almost free
particles. The limit L — oo at fixed N is far from trivial, as the atoms tend to clump
together in wave packets of finite extent.

13



1.5 Repulsive interaction

We now specialize to repulsive interaction (¢ > 0), characterizing the ground state and the
excited states of the Lieb-Liniger model in this regime. For simplicity, we shall limit our
discussion to a thermodynamically large system. Useful references this section are Korepin
et al. (1993); Takahashi (1999).

1.5.1 Properties of solutions of the Bethe equations

Let us start by proving some important properties of the solutions of Bethe equations in
the repulsive case (¢ > 0).

1. For ¢ > 0, all solutions to the Bethe equations are real.

Proof. Consider a set {\;}, j = 1,..., N, solution to the Bethe equations, and pick from this set
the rapidity Amax with maximal imaginary part, so that Im Apax > Im A; for any j. Using the fact
that, for ¢ > 0,

A+ic| [ (ReAZ+(ImA+c)? 17 [>1, ImAa>0,
A—ic| [ (ReA)2+ (—Im A+ ¢)? <1, Imi<o,

the Bethe equation for Apa.x gives

—Aj +ic
1)\de H max Z
Amax — Aj — ic

On the other hand,

|ei)\L’ _ ’eiLRe/\e—LImA| _ ‘e—LIm/\ _

<1, ImA>0,
>1, ImA<O,

with minimal imaginary part, we can show in the same way that Im Ap,;, > 0, and thus Im A; > 0
for any j. Hence it must be Im A\; = 0 for any j. O

which means that Im Apax < 0, and thus Im A; < 0 for any j. If instead we pick the rapidity Amin

2. For ¢ > 0, if I; > I} then \; > A, and if I; = I, then \; = A;. On the other hand, if
Aj = Mg then I; = I;. Thus A\; = A if and only if I; = I;. Since the Bethe wavefunction
vanishes if two rapidities coincide, and in that case does not represent an eigenstate, a
proper set of quantum numbers {/;} does not contain coincident I;’s.

Proof. Subtracting the Bethe equation for Aj from the one for \; we get

A =Nt 7 S [60 = M) = 00 — An)| = (1~ Te) (1.79)

m

Since the scattering phase shift (1.15b) is monotonic, the first and second terms on the left-hand
side have the same sign, which then is the same sign of I; — I;;. Furthermore, I; — Iy = 0 implies
Aj — A = 0. Finally, A; — A = 0 obviously implies I; — I}, = 0. O

3. For ¢ > 0, rapidity differences are bounded by

27 |I; — I 2
el e B B b W W I gt .
Proof. Consider the Cauchy kernel
1 do(N) 1 ¢ 1
= ——- = < < —. .
¢ 2 dX |yeg  TCA 2+ 22’ 0sCh = T (1.81)

Then ¢(A1) — Pp(A2) = 27rf dAC(X) satisfies 0 < ¢(A1) — p(A2) < (2/c¢)(A1 — A2). Substituting this
into Eq. (1.79) proves the statement. O
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4. For ¢ > 0, given a proper set of quantum numbers {I;}, the solution for the set {\;}
exists and is unique (Yang and Yang, 1969).

Proof. The Bethe equations are the extremum conditions for the Yang-Yang action

S({A}) = ZA2 +) BN = M) — 2L, (1.82)
i<k
where
A A A2
D(N) = / dp () = 2\ arctan (c) —cln (1 + c2> . (1.83)
0

In fact, equating

SHAD = NL+ > 6N — M) — 27

k

to zero for all j gives the set of Bethe equations. The Hessian of the Yang-Yang action,

9?8 Ak — Am
Sik = W =0y, [)\kL + %:2 arctan (c) — 271]4

2c 2c
e _
”[ P 5oy —Am>2+c2] VP

is positive definite, since for any v € RV \ {0} we have the quadratic form

2c

> S = ot 3ok e LN T E

2
_Zv2L+Z k) —A'_A:)”CQ

i>k

> 0.
c>0

Thus, S is a strictly convex function in RY, and the solution to the extremum condition for a given
proper set of quantum numbers is unique. O

1.5.2 Thermodynamic limit of the Bethe equations

According to the theorems of Section 1.5.1, in the repulsive case the Bethe equations map
a proper set of (integer or half-integer) quantum numbers {I;} to a set of real rapidities
{A\;}. No two quantum numbers in the set {I;} coincide, so they can always be ordered
as Iy < Is < --- < Iy, which by monotonicity implies that A\; < Ao < --- < Ay. If the
interaction parameter c¢ is neither 0 nor oo, the Bethe equations are a system of N non-
linear coupled equations which cannot be solved in closed form, as changing one quantum
number changes all the rapidities. Taking the thermodynamic limit allows us to make
some progress. Since for a quantum number difference I; — I; ~ 1 the difference in the
corresponding rapidities is A; — A; ~ 1/L, in the thermodynamic limit L — oo, N — oo,
N/L finite, rapidities become dense on the real line.

Given a proper set of quantum numbers {I;}, we introduce the discrete set of points
{z; = I;/L}, and define a function A(z), x € R, such that A(z;) = A;, where {\;} solves
the Bethe equations with {I;},

N

> d(Aws) — Awr)) = 27z, (1.84)

k=1

1
M _
('/”U]) + L

At this stage the value of A\(x) remains arbitrary for x # ;. However, since z; becomes
continuous as L — oo, this suggests constraining A(x) for any x € R according to

M) + / dy (A () — A(y))p(y) = 2mz, (1.85)
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where

1 & Ly 1 n
_ i\ _
j=1 ne{l}
is the density of occupied quantum numbers, the set of occupied quantum numbers being

denoted by {/}. In a similar way we can define the density of unoccupied quantum numbers,
or ‘holes’; pp, and the total density py,

me) =7 X 0(e= ). o= s rmia =7 S 5(s-1). 08

where {T } denotes the set of unoccupied quantum numbers, which is complementary to {I}
with respect to the set of all possible quantum numbers, that is {T'} = Z + % for N even or
{T'} = Z for N odd. In the thermodynamic limit, these densities become smooth functions
of x, and in particular

pi(z) — /dy z—y)=1. (1.88)

The continuum Bethe equations (1.85) define a continuous differentiable mapping be-
tween the x- and A-spaces. Thus we can rewrite the densities as function in A-space as

P =T ) = ) (1.89)
2N = o) + (V) = () o2 = %, (1.90)

and we can rewrite Eq. (1.85) as
A+ /dX oA = N)p(N) = 21z(N). (1.91)

Differentiating with respect to A, and using the definition of the Cauchy kernel C(X) (1.81),
gives

p(N) + pr(N) = 2i +Cxp(N), (1.92)

T
where * denotes the convolution f x g(A) = [dX f(A—X)g(N). Eq. (1.92) is a functional
relation between p(A) and pp(A). Thus, given any function py (), it determines a function
p(A) which is uniquely associated to an eigenstate of the Lieb-Liniger Hamiltonian. Once
p(\) has been found, the particle, momentum, and energy densities of the corresponding
eigenstate are
%: /dAp(A), %: /d)\Ap()\), %: /dM%(A). (1.93)

1.5.3 Ground state

For any ¢ > 0, the ground state is obtained by choosing the maximally compact set of
quantum numbers symmetric with respect to zero,

N-—1 N—1 N+1 ,
{ID}n=4— =T 4% . j=1,...,N. (1.94)
2 2 [ v

2
This is obviously true for ¢ — oo, which is known as Tonks-Girardeau limit (Tonks, 1936;
Girardeau, 1960). In this regime, the scattering phase shifts go to zero and \; = (27 /L)I},
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thus Ey = (2n/L)2S Y, I? is minimized by choosing the quantum numbers (1.94) and

Jj=17"j
takes the value

7T2

3L2
This is equivalent to the energy of a 1D system of non-interacting spinless fermions®. Any
other choice of {I;} gives a larger energy. By the continuity and unicity of the Bethe
solutions {\;(c)} with respect to ¢ for a given {I;}, and the fact that the energy eigenvalues
are non-degenerate, we conclude that there cannot be a level crossing, hence the same
quantum numbers describe the ground state for any ¢ > 0 (Yang and Yang, 1969).

Given the quantum numbers {IJQ}, by varying ¢ the values of the rapidities will change,

Eps=-—5N(N?*~-1) (c— ). (1.95)

but will remain ordered; in particular, since Ay is the largest rapidity, Z]kvzl d(AN—Ak) >0,
and the Bethe equation for Ay yields Ay < (27/L)Iy. Similarly, since A; is the smallest
rapidity, Ay > (2n/L)I;. Therefore for any ¢ > 0,

2 2
%11<A1</\2<"'<)\N<%IN. (1.96)

In the thermodynamic limit and at arbitrary ¢ > 0, to obtain the ground state we thus look
for a density function p(A) that is non-zero only within a finite interval [—Ap, Ap],

S0 = {ptm, A< Ar,

0, Al > Ap, and  pp(A) = pe(A) = p(A). (1.97)

We immediately see from Eq. (1.93) that this state has zero momentum. This can also be
seen from the fact that, since arctan(A/c) 4+ arctan(—A/c) = 0, in the repulsive case

N or
Py :ZAJ- = fZIj, (1.98)
7j=1 7j=1
and therefore Pys = Z;VZI (=252 +4) = 0. With the ground state density function (1.97),
the integral equation (1.92) becomes the Lieb equation
p(A) — / dNCA=N)p(N) = —, IA| < Ap. (1.99)
—\r 27

The Fermi momentum Ap can be viewed as an independent variable which (indirectly)
specifies the particle density n = N/L according to

n = /AF X (). (1.100)
“Ap

Egs. (1.99) and (1.100) should be solved self-consistently for the required particle density.
In the Tonks-Girardeau limit the Cauchy kernel vanishes and therefore

p(N) = %G(AF ), Ar=mn (c—o0). (1.101)

These correspond to the momentum distribution and the Fermi momentum of a 1D system
of non-interacting spinless fermions.

3The wavefunction of a system of N non-interacting spinless fermions is a Slater determinant of N
free waves exp(ikz), where the allowed values of k are determined by the periodic boundary conditions;
k = 2mj/L, with j any integer. The single-particle energies are €, = k2. For N odd, the ground state is
obtained by choosing the values of j in the Fermi interval —%(N -1)<j< %(N — 1), and has the energy

$(N-1)

i 2 2
(F) _ ] T 2
EL = E (—) = 5 N(N* - 1).

j=—3(N-1)
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1.5.4 Elementary excitations

We now turn to the excitations. Lieb (1963) found two distinct types of excitations, which
in the Tonks-Girardeau limit correspond to particle and hole excitations of the ideal Fermi
gas. The two types of excitations are constructed analogously in the finite interaction case,
namely by adding a particle with given rapidity to the ground state or by removing a particle
from the Fermi interval. Here we present the construction and obtain the fundamental
equations for the momentum and the energy of the excitations. A more detailed analysis
and their numerical and analytical solutions will be presented in Chapter 4.

Type I excitations A one-particle excitation over the N-particle ground state (‘Type I’
excitation) is obtained by constructing the (N + 1)-particle state with quantum numbers

N N N N
N+1

This state is realized starting from the ground state of N + 1 particles and moving the
particle at the right edge of the Fermi interval by m steps, i.e. giving it the quantum
number In11 = N/2 + m (alternatively, one may choose I} = —N/2 —m):

crO0O0COC00000O000O0O0 -

The total momentum is P = (27/L)m. Since adding a particle turns integer quantum num-
bers into half-integers, and vice-versa, the total momentum is produced by a rearrangement
of all quantum numbers (and rapidities) with respect to the N-particle ground state.

We denote the rapidities of the new state by {\1, ..., Ay, k}, where k > A is the rapidity
of the added particle, and the rapidities of the N-particle ground state by {A{,..., )\9\,}.
The Bethe equations

N

LX) =21 (—NH + ) Z¢> (1.103a)
N +2 al
LX\; =27 <— +j> Z¢ Aj — A1) (;5()\J — k), (1.103Db)

show that the rapidities will shift by a small amount \; — )\? = d;/L, where d; is given by
N
dy = —m = 60y — k) = 3 [60y = M) — 60\ = X))]

1 & 2c
=1 — (N — k) — Zw(d —d;) + O(N/L?). (1.104)

This can be rewritten as

N
2

Introducing the density p(A) and defining the function d()\j, k) = d;, we can again extend
the definition of d(\, k) to all X\ as

AR AR

d)\’C()\—X)p(X)} = —7r—qb()\—k)+27r/ AN C(A = X)p(N)d(N, k).

d(\ k) {1—!—27? / 3
) (1.105D)

,)\F
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Making use of the Lieb equation, on the left-hand side we have the quantity 27wd(\, k)p(X).
Defining the displacement function of the Type I (particle-like) excitations

Dyp(\ k) = d(X k)p(N) (1.106)
we thus obtain
AR 1
Dy(\ k) — / AN C(A = X)Dy(N k) = —— [w - k)}, N < Ap, k> Ap.
) s
" (1.107)

The change in momentum with respect to the ground state is

_k+Z)\ ~ ) =k+ - Zd _k+/ d\ Dp(\ k), (1.108)

AR

while the change in energy, including the chemical potential p, is

AR

N
wik) =k —p+> N -QN) =k —p+ 2/ dA X Dy(\, k). (1.109)
T —Ap

These equations demonstrate the collective nature of the excitations, which cannot be simply
assigned to the single particle we added. The addition of a particle with bare momentum
k and bare energy k? produced a reorganization of the entire system, which collectively
acquires momentum (1.108) and energy (1.109). This is a manifestation of the non-local
nature of the excitations of a one-dimensional system and provides a concrete example of
the concept that one-dimensional systems are intrinsically strongly interacting, regardless
of the actual strength of the coupling constant.

In the limit ¢ — 0", u — 0, Ap — 0, (A — k) — —m, and C(A — X') — 0, thus D, — 0,
pr =k >0, and

wi(pr) = pf. (1.110)

In the limit ¢ = oo, p = A% = (7n)? and ¢(A — k), C(A — X) — 0, thus D, — —1,
pr=k—Arp=k—mn >0, and

wi(pr) = p} + 2mnpr. (1.111)

Type II excitations A one-hole excitation above the N-particle ground state (‘Type I’
excitation) is obtained by constructing the (N — 1)-particle state with quantum numbers

N N N N

{I-}N_lz{——l—l,...,—m—l,—m—l—l,...,} , (1.112)
! 2 2 2 2 vy

that is, by punching a hole in the Fermi interval:

c0O000C000000000O0 -

This state also has momentum P = (27/L)m. We have removed the quantum number
I° = (N —1)/2 —m in the Fermi interval, considering 0 < m < N/2 (namely, the hole is on
the right side of the Fermi interval). We denote by ¢ the associated rapidity, which is such
that |¢| < Ap. Following the same logic as for Type I, we therefore have

N
dj = 7+ 60\ — q) 12 (d; — i) + O(N/L?), (1.113)

_|_ 2
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which leads to the equation for the displacement of the Type II (hole-like) excitations,

Ar 1
D(va) = [ aNCO - X)DNg) = o [m 400 -0 N <An 0<q <
-\
) (1.114)
The change in momentum with respect to the ground state is
AR
pul)) ==q+ [ D), (1.115)
—Ap

while the change in energy is

AR

wir(g) =~ +p+2 [ dAXDL(N, ). (1.116)
“Ap

In the limit ¢ — 0%, u — 0, Ap — 0, C(A = X) — 0, and ¢ < Ap — 0, hence
¢(A —q) = msgn(A), Dp, = 0(\), pu = —¢ — 0, and
wrr(prr) = 0. (1.117)
In the limit ¢ — oo, g = A% = (7n)? and ¢(A — ¢), C(A — X) — 0, thus D, — %,
pn = —q+ Ap = —q + mn € [0,7mn]. Extending the definition of ¢ to the whole interval
[—Ar, Ar] (namely, the hole can also be on the left side of the Fermi interval), we have
pn = —q + mn € [0, 27n], and

wH(pH) = —p121 + 271'an1, pII € [0, 27TTL]. (1.118)

Particle-hole excitations The linearity of the Egs. (1.107) and (1.114) for the dis-
placement functions of Type I and Type II excitations implies that we can describe more
general excitations as superpositions of these two fundamental excitations. In particular,
all the excitations over the physical vacuum in the zero-charge sector (i.e., excitations with
the number of particles N in the excited state the same as the number of particles in the
ground state) can be constructed as a superposition of equal numbers of particles and holes.

Consider for instance a single particle-hole excitation, obtained by picking out one par-
ticle with rapidity ¢ € [-Ap, Ap| and giving it rapidity k > kp. The rearrangement of the
rapidities will be described by the displacement function D, (A, k, ) satisfying the integral
equation

AR

Don(\ by q) — / AN C(A = N)Dya(N, ki q) = % oA —q)— 60—k, (1119)

“Ap

By linearity, it is evident that this displacement function is equal to the sum of a single-
particle and single-hole displacement functions,

Don(A k,q) = Dy(M k) + Di(X, q). (1.120)

The momentum and energy of the particle-hole excitation will then be

AR
AP =k —q+ d\ Dy (M, k, q) = pr(k) + pu(q), (1.121)
-2
F A
AE =k —¢+ 2/ AAA Dy (N kb, q) = wi(k) + wii(q)- (1.122)
—Ap
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This construction generalizes directly to an arbitrary number of particle and hole excitations,
with the constraint that the number of particles equals the number of holes if we are to
describe the excitations in the zero-charge sector,

AP = Z pi(k) + ZPH(Q)» (1.123)

particles holes
AE= > wi(k)+ Y wilg). (1.124)
particles holes
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Chapter 2

Ground state in the attractive case

In the limit of a large number of particles, the ground state of the attractive Lieb-Liniger
model should be well described by a Hartree mean field approximation. In this approxi-
mation, the ground state wavefunction is the solution of a nonlinear Schrédinger equation
(NLSE) with cubic nonlinearity, the Gross-Pitaevskii equation (GPE). As shown by Za-
kharov and Shabat (1971) using the inverse scattering method, this equation admits an
extensive family of analytical solutions, called n-solitons, which describe the scattering pro-
cess of n bright solitons (fundamental solutions) one by another, and are such that asymp-
totically, i.e. for ¢ — 400, they break up in n individual solitons. In this chapter we are
interested in the static problem, described by the fundamental soliton solution. We will
prove that this is the only' non-trivial normalizable solution of the time-independent GPE.
Once the solution is known, we can calculate the energy and density profile of the ground
state, and compare the results of the mean field theory with the exact results obtained via
the Bethe Ansatz. Moreover, we will see that giving momentum to the soliton of the ground
state we obtain an approximate single-particle excited state.

2.1 Hartree mean field

The Hartree mean field approximation consists in assuming that all particles occupy the
same single-particle state, ¢(x), so that we can write the N-body wavefunction in the form
of a product (Hartree, 1928),

N
j=1

The expectation value of the Hamiltonian (1.1) in this state, treated as a functional of
the (as yet undetermined) normalized single-particle wavefunction ¢(z) and its complex
conjugate ¢*(x), is the so-called Hartree functional,

EN[¢7¢*] = /d$1 de \Il}k\/(xlv 7$N)H(N)\IIN(x17 . 7~TN)

=N [ dojos0(@) P+ OV - elo(a) 4] (2.2)

The variational theorem ensures that, whatever the ‘trial wavefunction’ ¢(x), this expec-
tation value provides a rigorous upper bound to the exact ground state energy of the sys-
tem (Cohen-Tannoudji et al., 2020). To find the optimal form for ¢(z), we thus mini-
mize the Hartree functional with respect to independent variations of ¢(z) and its com-
plex conjugate ¢*(x), subject to the normalization condition [ dz |¢(z)|*> = 1. This con-
straint is conveniently taken care of by the method of Lagrange multipliers. One defines

!Except for the degeneracy due to the translational invariance of the GPE.
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Qn[¢, ¢*] = Enlo,¢*] — uN [ dz|p(x)|? and imposes 6Qn[¢p, ¢*] = 0 at fixed uN. This

gives
|02+ 2(N = Delg(@)| o(a) = 1 o(a), (2.3)

which is the time-independent Gross-Pitaevskii equation (GPE) (Gross, 1961; Pitaevskii,
1961). Multiplying both sides by ¢*(x) and integrating, we find for the Lagrange multiplier
1 the expression

o= / dz[[0,6(x)? + 2N — Delo(x) ] (2.4)

Comparing Egs. (2.4) and (2.2), we see that Ex — Enx_1 = u, thus the Lagrange multiplier
w1 has the physical meaning of the chemical potential of the system. Moreover one can write

Exlé,¢"] = Nu— N(N — 1) / dr ()" (2.5)

Therefore the GPE is a nonlinear Schrodinger equation with cubic nonlinearity, and with
the chemical potential replacing the energy eigenvalue.

It is now convenient to rescale the wavefunction ¢(z) so that it is normalized to the
total number of particle N. Introducing ¥(z) = vV Né(z), so that [dz | (x)> = N, and
neglecting terms of order 1/N, Eq. (2.3) becomes

=02 + 2elu (@) ¥(@) = pep(a). (2:6)

The time-dependent version of this equation is, by analogy with the standard Schrédinger
equation,

0 (1) = | =02+ 2elib(a, | (a1, (2.7)
and an obvious solution is
P(z,t) = (x)e (2.8)

Eq. (2.7) may be derived directly from the least action principle ¢ [dt L = 0 for the
Lagrangian (Pethick and Smith, 2008)

L") = 5 [ do (0w —000") = Exli, ]
= [ s | 0o~ vaw) - jouP - ol 29)

that is equivalent to consider Eq. (2.7) as the equation of motion of a classical field with
Hamiltonian H = Ey = [dzH,

i0(@, ) = W

It may also be obtained from the Heisenberg equation of motion (1.4), by approximating
the field operator v (z,t) by its expectation value in the state (2.1). Indeed, |¥y) =
[P @)N0) = (N)72 [day -~ dan p(wr) -+ d(an)i (1) - PH(2n)]0), thus under the
assumption that N > 1, which implies ¢(¢)| ¥x ) ~ vV No(z)| ¥ ), the average of ) (x, t)
is <‘I/N ‘ 1&(.1‘,75) ‘ \I/N> = \/N¢<$,If) = w(l'?t)'

(2.10)
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Figure 2.1: The two possible behaviors of the potential V() for x> 0 and p < 0.

2.1.1 Bright solitons

For attractive interaction (self-focusing nonlinearity), Eq. (2.6) reads

—"'(x) — 2e |y (@) Py () = p(z), (2.11)

where the primes denote derivatives with respect to . We are interested in normalizable
solutions, that must therefore vanish asymptotically. This implies that ¢)(x) must be real up
to a constant phase factor. To show this, let us insert in Eq. (2.11) the polar representation
Y(z) = A(x)e?® | with A(x) > 0 and #(z) real. This yields the two coupled equations

—A"(x) + A(z)[0'(z)]? — 2643 (z) = pA(z), (2.12a)
0" (z)A(z) +20'(z) A’ (x) = 0. (2.12b)

The second equation can be rewritten as " (x)/60'(x) = —2A'(z) /A(x) and thus immediately
integrated, yielding 6'(z) = a[A(x)]~? for an arbitrary real constant a. Inserting this in
(2.12a) we get

—A"(x) + o?A73(z) — 2643 (x) = pA(z). (2.13)

Considering this equation in the asymptotic region, where A(z) and its derivatives are
required to vanish, we conclude that it must be @ = 0 and thus 6(x) = 0y = const.
Hereafter we can ignore this constant phase factor and consider ¥ (z) as a real field. Eq.
(2.11) can then be rewritten as

_OV(Y)
o’
Now this is a second-order differential equation that can be easily integrated by quadra-
tures. The 1D GPE is thus a classical integrable model. If we think of z as ‘time’ and
as the coordinate of a unit-mass point particle, then (2.14) is just Newton’s second law for
this particle’s motion in a potential given by V(v), and ¥ (x) is the corresponding trajec-
tory. Such mechanical analogues are quite common in the treatment of classical solitons
(Rajaraman, 1982). The total ‘energy’ of the motion, conserved as x varies, is given by

1)[)2

V' (z) = with V() 5

(n+ev?). (2.14)

£ = %(1#’)2 + V(¢) = const. =0, (2.15)

since the boundary conditions discussed above require that V(1) — 0 and ¢’ — 0 for
x — +o0o. It follows that a non-trivial solution exists only for p < 0. In fact, for > 0 the
potential V(7)) has a unique minimum for ¢) = ¢y = 0, where it takes the value zero (Fig.
2.1). The boundary conditions demand a zero-energy trajectory beginning and ending at
o in the far past and far future (z = £o0). It is clear that in this case the only possible
trajectory is the equilibrium one, namely the trivial solution ¥ (x) = 1. Instead, for u < 0
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Figure 2.2: Probability density of the bright soliton v,(x) for different values of the inter-
action parameter ¢ and arbitrary number of particles V.

the potential V' (¢) has a local maximum for ¢ = v, where it takes the value zero, and two
local minima (Fig. 2.1). There are now two non-trivial zero-energy trajectories beginning
and ending at vy, which corresponds to the particle moving to the right (left) up to the
point ¥; (—1) where the potential crosses the value zero, and coming back to ¢9. Therefore

we take = —|p|. From (2.15) we get ¢' = +1/—2V (1), that gives

/zd:c:i/w(x)w. (2.16)
o G(o) V| plp? =t

We take as ‘initial condition’ ¥’(zg) = 0, so that xo represents the time at which the particle
inverts its motion; hence V(¢ (x¢)) = 0 and ¥ () = /|u|/¢. Changing integration variable
from ¢ to ¢ = \/¢/|u|v, we obtain

41 ¢(=) d¢ F1

Vil o=@ Vil

that gives ¢(x) = /|u|/¢ sech [\/|u|(x — z¢)]. The value of y is then fixed by imposing the
normalization condition [ dx |1 (x)|* = N; this yields |u| = —u = N?¢?/4 and finally

Nvec Ne¢ ;
f sech [20(:6 - xo)] et (2.18)

r — Ty =

arcsech (), (2.17)

Ps(z) =

where we have reintroduced the constant phase factor exp(ify). The arbitrariness of xg
originates from the translational invariance of Eq. (2.11). This solution is called a bright
soliton and the corresponding probability density is shown in Fig. 2.2. The term ‘bright’
refers to the fact the amplitude of 1(x) is positive, but we postpone the discussion of the
term ‘soliton’ to Section 2.4.

2.1.2 Ground state energy

Substituting the solution vs(z) into En[1), 1*] we obtain the estimate for the ground state
energy,
62

GP) = /dl’ ‘ast —E|¢s($)’4} = _E

The superscript (GP) refers to the fact that we have considered the the energy functional
in the Gross-Pitaevskii approximation, where a factor of (1 — N~!) in front of the quartic

N3, (2.19)

25



term [t/ (z)[* is neglected (cf. Eq. (2.2))%. To evaluate the ground state energy in the proper
Hartree approximation, it is sufficient to correct the value of ¢ in the previous result by a
factor of (1 — N71), i.e. ¢ — (1 — N~1)e, which yields

62

B — — 5NV - 1)2 (2.20)

£gs

A variation of Hartree’s method is proposed by Calogero and Degasperis (1975) (CD),

where the expectation value of the center-of-mass Hamiltonian, H.,, = —N~19%/022
Ten, = Z;V: 1 /N, is subtracted from the expectation value of the N-body Hamiltonian.

The intention of this approach is to correct (at least partially) the error introduced by the
fact that the trial wavefunction (2.1) is not translationally invariant. The modified Hartree
functional is

B0,67] = N [ dal (1= V7)o@ - (V= 1)eloo)]]. (2:21a)

or in terms of ¥ (x), ¥*(x),

B, 47 = (1- N7 /d:c[!c%ﬂb(x)l2 —elu(@)l] (2.21b)

Thus the corresponding ground state energy differs from the one obtained in the GP ap-
proximation by a factor of (1 — N—1),

22
ED = —ENz(N —1). (2.22)
The comparison of these mean-field results with the exact ground state energy Eqs deduced
from the Bethe Ansatz, given by Eq. (1.53), is straightforward (Fig. 2.3).

For completeness, we now show how one can perturbatively correct the mean-field re-
sults. Of course, this is not of great interest for our problem, because we already know
the complete exact solution, but it may be of methodological interest for those cases where
the exact solution is not known. Let us consider the standard Hartree approximation. We
define the unperturbed Hamiltonian to include the mean field,

N

Hy =" |- + U(y)] (2.23)
i=1
where (N — 1)22 (N = 1)z
Uz) = —2(1 — N~ Hep(z) = . sech? [2 x] , (2.24)

and consider as a small perturbation the difference between the exact interaction potential

and the mean field,
N

V=-26) 6(x;—ax;)— Y Ul). (2.25)

i<j i=1

The second-order correction to ground state energy is then

o) 2
2) N W [ V][ W)
AE® =3 ST (2.26)
% gs — 1In

2This nomenclature is not universal, and we only use it to distinguish this approximation from the one
in which one retains the factor (1 — N™') in front of the quartic term, which we will call the Hartree
approximation.
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Figure 2.3: Ratio between the mean-field results Eé's“) (2.19), (2.20), (2.22), and the exact

result Fgs (1.53) for the ground state energy of the attractive Lieb-Liniger gas.

All these energies are negative, thus EéSCD) and ng), which are obtained from
the minimization of the expectation value of the Hamiltonian, provide an upper
bound to the exact ground state energy, according to the variational theorem.
This is not true for EQSP), since it is obtained by further approximating a term in
the expectation value. Nevertheless, the latter provides the best approximation
of the exact result, the error being of 1% already for N = 10 and of 0.25% for
N = 20.

where | \I/gs{) ) is the Hartree ground state, in which all the particles occupy the single-particle
state | ¢s ), Eég) is the corresponding energy (2.20), and {| ¥; )} is a complete set of excited
eigenstates of Hy constructed from symmetrized products of single-particle eigenfunctions
satisfying (Cohen-Tannoudji et al., 2020)

02 + U()|on(2) = endnle). (2.27)

The energies F; are the sums of the eigenvalues €, of the occupied single-particle states.

The potential (2.24) belongs to the class of Péschl-Teller potentials, whose Schrodinger
equation (2.27) has long been known to be exactly solvable (Poschl and Teller, 1933; Landau
and Lifshitz, 1981). With a = (N — 1)¢/2, the Schrodinger equation is

¢" () + (2a’sech?(ax) + €) ¢(z) = 0, (2.28)

and with the change of variables ¢ = tanh(ax) € (—1,1), v = \/—¢/a2, ¢(€) = (1 — £2)V/2,
and u = (1 — &)/2, we obtain

w(l —w)w”(u) + (v + 1)(1 — 2u)w'(u) — (v — 1) (v + 2)w(u) = 0. (2.29)
This is an hypergeometric differential equation and its solutions are given in terms of the
hypergeometric function o F} (a, b; ¢; 2)°.
For negative €, v € RT, and the finite solution for £ =1 (i.e. z = 400) is
1-¢

6(6) = (1— €)%, <u IR AT 2) | (2:30)

For ¢(§) to remain finite also for { = —1 (i.e. *x = —00), we must have v — 1 = —n, where n
is a non-negative integer’. Then oF} is a polynomial of degree n, and the energy levels for

3See Olver et al. (2010), Ch. 15, for details.
“See Olver et al. (2010), Eq. 15.8.4.
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€ < 0 are determined by the condition 1 — v = n. The only possibility is ¥ = 1, which gives
e = —a? and ¢(z) = [1 — tanh?(az)]"/? = sech(ax), that is exactly the soliton of the GPE.

For positive €, v is imaginary, and we can set v = ik with € = o?k?. In this case we
have two independent solutions around £ = 0 (i.e. = 0), namely

$1(8) = (1 - )" R (zk — 1, ik +2; ik + 1 1;’5> = ¢_x(x) (2.31)
and
o= -y () (e 8 cae. e
where

tanh(ax) — ik

1—ik '
These solutions are finite for any k > 0, therefore the spectrum is continuous for positive
energy. If we allow k to take on any real value, the eigenfunctions are, up to a phase factor
independent of x,

br(z) = 2iketkaz (2.33)

ik(N—1)ez/2 tanh[(N — 1)ex/2] — ik
1+ ik

or(z) =e : (2.34)

with eigenvalues
=2
€ = CZ(N —1)22, (2.35)

Having determined the eigenfunctions and the spectrum of Hy, one can then explicitly
compute the second order energy correction AE?) | finding (Yoon and Negele, 1977)

—2
AE® ~ —0.9956 %N(N —1). (2.36)

This correction accounts for almost half of the difference between the exact Egys and the

Hartree estimate ng) ,

=2
Ep — B = —%N(N —1) ~ 2.0088 AE®, (2.37)

2.2 Ground state density profile

Knowing both the exact and the mean-field ground state wavefunctions, we can compare
the corresponding density profiles. The number density operator is

N
plx) = 6z — &) (2.38)
i=1

and its average in the ground state is

N
plx) = Z/dx1-~-de5(xxi)|\IJN(x1,...,xN)\2
1=1

:N/da:g---de\\IJN(a:,acg,...,xN)2. (2.39)

In the mean-field approach, the ground state wavefunction (2.1) is factorized in the product
of N identical single-particle states. Within the GP and CD approximations, the normalized
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single-particle states are ¢4(x) = N~V/2¢4(x), where tb,(z) is the bright soliton (2.18).
Therefore
PGP P (@) = Ng(2)]* = [vs(w) . (2.40)

The maximum of the density occurs at x = zg and is

C
plGF CP) (0) = ZNQ. (2.41)

In the Hartree approximation, the value of ¢ appearing in Eq. (2.18) is corrected by a factor
of (1 — N~1), thus

() () — 2
P = )P (242)

and _
p ™) (z0) = ZN(N ~1). (2.43)

The exact ground state wavefunction obtained from the Bethe Ansatz is instead given
by Eq. (1.57). Since it is translational invariant, i.e. Wgs(x) = Wqs(x + b1) for any real b,
the average density of the ground state satisfies p(z) = p(x + b), and therefore is uniform
and equal to

pes(z) = N/dxg coodry | Wes(x, @, . .. ,:):N)\2 = —, (2.44)

However there is a way in which the exact ground state wavefunction can be associated with
the bright soliton known from the mean field description. In fact, a bright soliton structure
emerges when one measures the particles’ positions, although, due to the translational
invariance of the many-body ground state, in each realization of the measurement process
the soliton is centered at a random position, corresponding to the center of mass position of
the measured particles (Staron et al., 2020). Therefore, the average density of the ground
state in many realizations of the measurement is indeed uniform, but a single determination
of the particles’ positions fixes a specific position for the center of mass, and this gives rise
to a bright soliton-like density profile.

To show this, the value of the normalization constant Ny of We(x) shall be fixed in
such a way that the norm squared of the wavefunction for a fixed value z of the center of
mass position x¢ . = Z;VZI xj/N is equal to unity (Calogero and Degasperis, 1975; Castin,
2009). Without loss of generality we can take xg = 0, that is equivalent to consider the
coordinates x; as the positions with respect to the center of mass. Thus the normalization
condition reads

/dwl codry (@em.)|Ves(21, - - - ,xN)]2 =1. (2.45)

Exploiting the bosonic symmetry of the wavefunction, the integral to compute is N! times
the integral over the fundamental domain Dy : x1 < --- < xy, where the wavefunction
can be conveniently expressed in the form Wye(z1,...,2n8) = Ny exp(—g Z;V:1 ajxj), with
a; =2j— N —1 (see Eq. (1.56)). Thus

N N
1
N! Ny ? /D dxy - - decs(N Zx]> exp(—cZajxj) =1 (2.46)
N j=1 j=1

With the change of variables, of Jacobian equal to unity, z; = Zi:l ug, the condition
that (x1,...,2n) is in Dy becomes that us,...,uy are positive, and u; can vary over the
entire real line. Using Zé\]:l T = Zﬁvzl S uk = Z,ivzl(N + 1 — k)uy and Z;Vﬂ a;rj =
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SN2 - N =) ue = 0 (O (27 = N = D)ug = S0 (N + 1= k) (k — D,
Eq. (2.46) is then

Y N+1—k al
1—NINN|2/du1/ du2 duN6<ZN )exp( ZN—i—l— —1)uk>
R+

k=1 =2

A NN|2H/ duy, o~ F 1R (k=D
k=20

N
= N! /\fN|2cl_Nkl;[2 Vi1 —lk)(k 0
= N!Ny2et= N (N —1)]72 (2.47)
Therefore T (V- 1)
NIF=¢ — (2.48)
The average of the density operator is now
pes(x) = N/dxl s dr N O(Tem.)0(x — x1) [ Wes(21, - . -, :1/:1\/)|2 (2.49)

where z clearly represents the distance from the center of mass. Bringing the factor N1
outside of d(xc.m.), we obtain

pes(x) = N* NN P&V In(cx), (2.50)
where we have defined

IN(t):/dtl---dtN5<§: >5(t—t1 exp(

Jj=1 Jj>

N
k|t] tk|) :WZ:INm(t), (2.51)
N

INm(t):/JroodtN tth]\,_lm/t2 dtﬁ(Z )5(t—tn exp( Zog@) (2.52)

Clearly In(t) is an even function of ¢; hereafter we assume, for convenience that ¢ > 0.
Let us now consider the Fourier transform of T Nn( ), that is I, Na(v) = [dte ™ N, (t).

Writing 5(25.\[:1 tj) = 1 [ dw exp zwz tj), we get

+o0 tN
INn / / dtn e(lw an)tn / dtn_1 e(iwfaN)tN,l o
—00

n+1 o t2 A
. / dt,, e(zw—w—an)tn . / dt, e(zw—oq)tl
— oo —o0

S (1 o)) 9(3 (s 0f?))

7j=1 k=1 k=1

N-1 j -1

- <N 3 (A - a,ﬁ"’)) , (2.53)
=1 k=1
where
oz,(cn) = qp + W, (2.54)
1 N (n) w

a- Ly (2.55)

k=1
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and Jy, is the Kronecker delta. Since Zi:l Orn is equal to unity if 7 > n and equal to zero
if j < n, we have

N i )
N H Z:l <N — o — w5;m>
N

e ) o (59)

J=n

i N—-1n—1 N-1
— N(N = n)(n — DI(—1)N- <N> [Tl — NN =] [] [v+iNj]  (2.56)
j=1 j=n

and therefore
(_1)niN+1NN72 N-1

IvalV) = N =i =1 jHl (v=u") (2.57)
where
o[ izt
We can now evaluate the Fourier anti-transform
Inal®) = [ 57 e Fua(v) (259)

using Jordan’s lemma and the residue theorem. Assuming that ¢ > 0, ¢t = ¢! Re(¥)t—Im(v)t

goes to zero for Im(v) — 400, thus we close the integration contour in the upper half-
plane, and the integral is given by the sum of the residues at the poles v; = iN(N — j),
j=1....,n—1,

n—1 N-1
( 1)71 N+1NN 2 B 1
IN,n(t>:Z(N_n a1 4 e NNEDETT (v — i) ™ (2.60)
k=1
k#j

The product on the right-hand side is

N-1 e |l N )
H (vj—w) = H(VJ — Vk) H (vj — vi) H (vj — vi)
k=1 k=1 k=j+1 k=n
k#j
N-1
(iN)*N H H T +E-g) (2.61)
k=j+1 k=n
N9 ; (N+n—j7-—1)!
= (iN)2"N(=1)i*! , . (2.62)
G=Din—-j-DICN -j—-1)
Substituting this into Eq. (2.60), and the result into Eq. (2.51), we obtain
1)n+1 n—l J(N — i —1)le~N(N=j)t

In(t) = ‘1'; Nl -1 S T HEN <

It is convenient to perform the change of variables j = N —m, n = N — r, which yields

N-1 m—1
B (—1)mtle—mNt (=1)"(N+m—1-r)!
In(t) = (N - 1)!;::1 (N +m— DN —m -1} 2 rl{m— 1=V — 1)l (2:64)
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because now the sum over r can be performed using Saalschiitz’s theorem on generalized
hypergeometric functions,

- (@) (b)r (1),  (c—a)u(c—b)n
; r'(c);(1+a+b—c—n), ()n(c—a—10),’ (2.65)

where (a), =ala+1)(a+2)---(a+n—1)=T(a+n)/T'(a), n > 1, (a)g =1, is the rising
factorial or Pochhammer symbol (Slater, 1966). To apply this formula to our case, we set
a=1—N,n=m—1,and ¢ = b+ 2, and take the limit b — +oo. Eq. (2.65) then gives

m—1

J(N+m—1-=r)!  (b),
7“' m—l—r) (N—-1-=-n)(b+2),
) rm) b1 N
(N +m) (b+2)m—1

ﬁM

(2.66)

and in the limit b — +oo the terms containing b simplify. Therefore the sum over r in Eq.
(2.64) gives mN, and

| ( 1)m+1 —mNt
In®) NZ N+m—1)(N—m—1)!'

(2.67)

Substituting this into Eq. (2.50) and using the expression (2.48) for |[Ny|?, we arrive at

N-1

N')2née_nNE|$|

n+1

S , 2.
pes(@) = D (= (N+n—1I(N-—n—1) (2:68)

n=1
a result originally obtained by Calogero and Degasperis (1975). The maximum of the density

occurs at x = 0 (i.e. at the position of the center of mass) and is

et (N)?ne B ¢N?(N —1)
(N+n—1)!(N—-n—-1)! 2 2N-3)

Pes(0 (2.69)

||P12

We can verify that in the limit N — oo the exact pgs(x) reduces to the mean field result
|95 (x)|? (with o = 0). Using Stirling’s approximation,

(N!)2 N n\1/2—N-n n\1/2—=N+n
(N+n—1)!(N—n—1)!_N2<1+N) (1_N>
~N?*[1-n*+O(NY)], (2.70)

) ( n2)7 ZOO (_1)n+1 —2nt __ 4sech2( )

n=1

and the identities (1 —n?) = (1 —
= 3se h (t), we obtaln indeed

S (~ 1) (L = n2)e

n=1

pas( z) N2 ]\z ech2<]\; > {1 —% [1 - gsech2<]\276 xﬂ +O(N2)}. (2.71)

In Fig. 2.4 we compare the exact and the mean-field results for few particles. We notice
the mean-field results systematically underestimate the central value of the density and
therefore the sharpness of the peak. The GP and CD approximations work better than the
standard Hartree approximation, and as expected, in the limit of a large number of particles
the mean field results approximate increasingly better the exact result.
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Figure 2.4: Comparison between the mean field results p(GP> €P) (2.40), pM) (2.42), and the
exact result pgs (2.68) for the ground state density of the attractive Lieb-Liniger
gas. Here the coordinate x represents the distance from the position of the
center of mass. The functions are plotted for NV =5, 10, 15, 20 and ¢ = 1.

2.3 Moving soliton as a single-particle excited state
Given the stationary solution ¥s(z), a solution for the time-dependent GPE is

s, t) = thy(x)e ", p=—N?%¢/4. (2.72)

Here the time dependence is contained in the overall phase factor, thus ¢ (z, t) still describes
a bright soliton at rest. However there is an infinity of solutions of the time-dependent GPE
which differ from (2.72) by a Galilean transformation, and describe a bright soliton moving
at arbitrary constant velocity v. These can be obtained exploiting the Galilean invariance
of the Lagrangian (2.9). Under a Galilean transformation,

r— T =ux—uvt, (2.73a)
Vs(, 1) = (3, 1) = @Dy (& — vt, 1), (2.73b)

and the Lagrangian is invariant provided that
0,09 (x,t) =v/2, 010(x,t) = —[0,0(z,1)]? = —v?/4, (2.74)
from which we have

1 1 1
O(x,t) = VT = ZUQt =\r — 111275, A=uv/2. (2.75)
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Therefore the solution in the moving frame is

Yna(z,t) = Pg(x — vt t) = exp [z <)\:B — iv%)] P(x — vt,t)

NVe
2

sech |:]\;C(.’IJ —x0 — ’Ut):| ei[90+)\x+(]v262_v2)t/4]' (276)

The corresponding normalized single-particle wavefunction is ¢y (z,t) = N~V (2, 1),
in terms of which the N-body wavefunction is Wy (x,t) = sz\il dna(x4,t), and the associ-
ated momenta and energy are

=2 2
E, = /dv'U [’ax¢NA($at)’2 _5’¢N>\(93a75)’4} = —%Ng + % (2.78)

Here the energy has been calculated in the GP approximation, but can be calculated simi-
larly in the Hartree and CD approximations using the appropriate energy functionals. The
result is that E; is given by the ground state energy (in the approximation considered) plus
P2/N, where P; = N is the total momentum. This is the same structure of the exact
result for the energy and momentum of a single-particle excited state, constructed by giving
momentum A to the ground state N-string (see Eq. (1.59)). Therefore, just as by giving
momentum to the ground state N-string we obtain an exact single-particle excited state, by
giving momentum to the soliton of the GPE that approximates the ground state we obtain
an approximate single-particle excited state.

2.4 Solitons and solitary waves

We are now in position to justify why we call ‘soliton’ the solution of the GPE. We start by
clarifying the meaning of this term in the context of classical field theory, and distinguish
between solitons and solitary waves, following Rajaraman (1982); Scott et al. (1973).

The names ‘solitary wave’ and ‘soliton’ refer to some special solutions of nonlinear equa-
tions of motion (or wave equations) of classical fields. The simplest wave equation is the
one originally discovered by d’Alembert,

OFu(z,t) — v20%u(x,t) = 0, (2.79)

where u(z,t) is a real field in one space dimension, and v is the velocity. The properties
of this equation are very well known. Its elementary solutions are the right- and left-
propagating plane waves eFi(k#=wt) = gatisfying the dispersion relation w = vk. Being a
linear equation in the field u(z,t), a linear combination of two solutions is also a solution.
Therefore any function of the form u(x — vt) that is sufficiently well-behaved to admit
a Fourier transform wu(k) is a solution of Eq. (2.79), since it can be written as a linear
combination of the elementary solutions,

w(z —vt) = / % [a(k:) eilka=wt) 4 (k) e iho—wt) | (2.80)

These solutions have two features that are relevant to our discussion:

(i) Choosing appropriately u(k) (e.g. in the form of a Gaussian) we can construct a
localized wave packet u(x — vt) that will travel with uniform velocity v and no distortion
in shape. The fact that the wave packet travels without deformation is of course due to the
fact that all its plane-wave components have the same phase velocity v = w/k, i.e. that the
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dispersion relation is linear in k. For this reason, a system with a linear® dispersion relation
is said to be non-dispersive.

(ii) Thanks to the linearity of the wave equation, given two localized wave packet solu-
tions uy (x —vt) and ug(z+vt), their sum us(x,t) = uy(x —vt) +ug(xz+vt) is also a solution.
For t — —o0, us(z,t) consists of the two wave packets widely separated and approaching
each other essentially undistorted. Around ¢ = 0, they collide, but after the collision they
will asymptotically (for ¢ — +00) separate into the same two wave packets, retaining their
original shapes and velocities.

These two features, namely (i) the shape and velocity retention of a single wave packet
and (ii) the asymptotic shape and velocity retention of several wave packets after scattering
with one another, hold for Eq. (2.79) because this particular equation is both linear and
non-dispersive. The question is whether more complicated equations, which may contain
dispersive and nonlinear terms, admit solutions that enjoy feature (i) and maybe even (ii).
Solutions that enjoy feature (i) are called solitary waves. The (small) subset of these which
exhibit also feature (ii) are called solitons. While all solitons are also solitary waves, the
converse is clearly not true.

Generally speaking, for some equations where both dispersive and nonlinear terms are
present, their effects might balance in such a way that solitary wave solutions are possible.
Dispersion without nonlinearity destroys the possibility of solitary waves, because the vari-
ous plane-wave components will propagate at different velocities v(k) = w(k)/k, leading to
a broadening of the wave packet. On the other hand, nonlinearity without dispersion also
prevents the existence of solitary waves, because the wave packet steepens to the point of
breaking. This can be easily seen from the simplest example of nonlinear, non-dispersive
wave equation,

Ou(z,t) + v(u)dpu(x,t) =0, (2.81)

where the velocity v(u) = vg + au™, m > 0, depends on the amplitude u. Assuming
for instance that a > 0, the formal solution u(z,t) = u(z — v(f)t) shows that the points
of the wave that have grater amplitude travel faster. Thus the wave steepens and then
breaks. However, with both dispersion and nonlinearity, solitary waves can again form from
a balance between the tendency of the wave packet to broaden due to dispersion and to
become steeper due to nonlinearity.

We shall now give a more quantitative definition of the properties (i) and (ii), in terms
of the energy density (rather than the fields themselves)®.

A solution of the equations of motion will be said localized if the corresponding energy
density at fixed time is localized in space, i.e. it goes to zero at spatial infinity sufficiently
rapidly as to be integrable. For a theory where Efu] = 0 if and only if u(x,t) = 0, such a
localized solution also has the fields themselves localized in space.

Given localization in this sense, we define a solitary wave as a solution of the equations
of motion whose energy density, as well as being localized, has a space-time dependence of
the form

e(x,t) = e(x — vt) (2.82)

where v is some constant velocity. Notice that any time-independent localized solution is
automatically a solitary wave, with the velocity v = 0. As we have seen, assuming Galilean
(or Lorentz, in high-energy context) invariance, once a static solution is known, moving

®Not to be confused with the (non)linearity of the wave equation, which is independent from the
(non)linearity of the dispersion relation.

SUnfortunately there is no universal consensus on the definition of solitary waves and solitons, and
different authors often adopt (slightly) different definitions. Since our definition will be given in terms if the
energy density, this means that we are considering field theories that have an energy density e(z,t) which
is some function of the fields u(z, t), and whose space integral is the conserved total energy functional F[u],
i.e. the classical Hamiltonian.
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solutions are trivially obtained by boosting, i.e. transforming to a moving coordinate frame.
It is clear that the solution of the GPE is a solitary wave in the sense of this definition.

A soliton is a solitary wave with an additional requirement regarding its properties under
scattering. Let the system have a solitary wave solution whose energy density is eq(z — vt).
Consider any other solution which in the far past consists of n such solitary waves, with
arbitrary initial positions x; and velocities v;, i« = 1,...,n. The energy density of this
solution will be

n
e(z,t) = Z@o(m — x; — vit), t — —oo0. (2.83)
i=1

The solution will then evolve in time according to the equations of motion. If the evolution
is such that

n
e(x,t) = 250(1‘ —x; — vit + Xi), t — +oo. (2.84)

i=1
where x; are constants, this solution is called a soliton. Therefore solitons are those solitary
waves whose energy densities are asymptotically (as t — +o0) restored to their original
shapes and velocities. The constants y; account for the possibility of a bodily displacement
compared with their prescattering trajectories, which should be the sole residual effect of

the collisions.

It is evident that finding a soliton is much more difficult than finding a solitary wave.
Assuming Galilean or Lorentz invariance, given a nonlinear and dispersive wave equation,
to find a solitary wave solution it is sufficient to look for a localized static solution. In
contrast, to verify that a solution is a soliton, we must find many time-dependent solutions
consisting of an arbitrary number of solitary waves, and check that (2.83) and (2.84) are
satisfied. Thus it is very hard to tell if a given wave equation admits soliton solutions, let
alone evaluate them explicitly’.

In the case of the GPE, Zakharov and Shabat (1971) have shown that the fundamental
hyperbolic secant solution is really a soliton, according to our definition. However, it has
also been shown that even a small modification of the nonlinear term of the equation, such
that i0p) = [—02 + cF(|[?)]y, with F(¢£) = —2¢2 + O(€?) for € — 0, and (2.76) is still a
solution, implies that in the scattering between two such solitary waves their structure is
no longer preserved after the collision (Perelman, 2011).

"Since condition (2.84) is very stringent, it is likely that most of the localized solutions discussed in
literature are only solitary waves, although in the absence of information on all time-dependent solutions
for such systems this is difficult to prove or disprove conclusively.
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Chapter 3

Soliton scattering in the attractive case

Being exact eigenstates of the attractive Lieb-Liniger model, string states are stable under
time evolution and thus under scattering with one another, in the sense that their energy is
the same before and after the collision. This reminds us of classical solitons. However, string
states are not really the quantum analogues of classical solitons, since being eigenstates of
a translationally invariant system they are not localized in space. We shall see that it is
possible to construct a localized bound state wave packet as a linear superposition of string
states with different momenta. This wave packet will no longer be an eigenstate, and thus
will not be perfectly stable, unlike its classical counterpart. However, if it is constructed in
such a way that the dispersion is only relevant over very long times, it will be a quasi-soliton.
In the following, we take the license to call these objects simply solitons.

Hereafter we construct spatially localized wave packets of n bound atoms as linear
combinations of n-string states with Gaussian-distributed momenta (fundamental solitons).
We discuss their stability in time and show how they are related to the classical solitons
considered previously. We will then construct higher-order solitons and study the scattering
problem exploiting the exact phase shifts obtained from the Bethe Ansatz and general results
from scattering theory. In the last section of the chapter, we present the construction of
soliton states and study the scattering properties within a mean field approach, and compare
it with the exact approach.

3.1 General results of scattering theory

Since what we are really interested in are the asymptotic states of the solitons before and
after scattering, instead of studying the whole dynamics we can make use of some general
results from scattering theory, which allow us to relate the relevant observables to just the
scattering phase shifts, which are known exactly from the Bethe Ansatz.

3.1.1 Scattering of two particles in one dimension

Let us consider two particles with asymptotic momenta p; and p2 and dispersion relations
E;(pj), 5 = 1,2, in an infinite volume. The statement of the Bethe Ansatz is that in the
asymptotic region where the two particles are very far apart, i.e. when the distance between
them is much larger than the range of interaction, the eigenfuncitons of the system are plane
waves,

B ei(mﬂﬁﬁmﬂfz)7 T] K X2 31
SDPLPQ (.Z'l,.’I}Q) - S(p1’p2)ei(p1$1+m$2)’ T > X9 ( . )

where )
S(p1, pa) = eX(P1P2) (3.2)
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is the scattering matrix and x(p1,p2) is the scattering phase shift (Vlijm et al., 2015). At
zero density, the energy of these eigenfunctions is simply

E(p1,p2) = E1(p1) + E2(p2). (3.3)

For elementary particles, Eq. (3.1) is a consequence of the conservation of energy and mo-
mentum in one dimension, and is therefore valid for any model with sufficiently short-range
interactions. Instead, if one of the particles is not elementary but is a bound state, the
previous form of the post-scattering eigenfunction is not true anymore in general, since the
bound state might decay, and the scattering be diffractive. Eq. (3.1) therefore assumes that
the scattering process occurs without particle production. This is the case for integrable
models such as Lieb-Liniger, where bound states cannot decay, but are protected by inte-
grability. Hence the Bethe Ansatz describes a complete set of asymptotic eigenfunctions
and Eq. (3.1) holds also for quasiparticles corresponding to spatially localized wave packets
of bound states excitations.

Now we turn to the scattering problem. At time t = 0 the two quasiparticles are very
far apart and have almost well defined positions (71, Z2) and momenta (p;,p,), and move
with group velocities

OF;
v; = —2 , j=1,2. (3.4)

apj Pj=Dp;
Without loss of generality we may assume that T; < Ty. Therefore if v1 < v9 the evolution
is always free, while if v; > vy at some time the two quasiparticles will become close and
interact. With these assumptions, the initial state two-body wavefunction is factorized,

Y(z1,22) = Y1(21)P2(z2). (3.5)

Its unitary time evolution is given by

dpi d
vl et / 2 Clpr,po)e B, L (01, 2), (3.6)
where
C(p1,p2) = /dﬂfl dza p, p, (21, 22)Y1(21)2(22). (3.7)

To make progress, we can make the following approximations:

(1) Since the initial state 11 (x1)12(x2) is sharply peaked around 7; and To, with 71 < Ta,
the only relevant contribution to (3.7) comes from the regions around these two points.
We may then substitute to ¢p, p,(21,22) the asymptotic form (3.1) valid for 7; < Z».
Expressing 1;(x;) in terms of the Fourier transform Jj (pj),

d
¥i(x;) :/ i (pg)e™a®i (3.8)
we then obtain

C(p1,p2) = ¥1(p1)Pa(p2). (3.9)

(ii) Since the functions J(pj) in Eq. (3.9) are sharply peaked around p;, we may expand
the dispersion relations Ej(p;) around these momenta in the integrand of Eq. (3.6),

Ej(pj) = Ej(p;) +vj(p; —p;) + %%‘(@)(Pj - ;)% (3.10)

where §; = 62Ej /8p§. Furthermore, for z; > z9, i.e., long after the scattering, when
we are again in the asymptotic region, we may substitute the asymptotic form (3.1) for
©p1.po (@1, 2) into (3.6), and similarly expand the scattering phase shift,

lXij(T)l:T?Q)(pi — D) (pj — ;) (3.11)

X(p1,p2) ~ x(P1,Da) + Xi(P1,P2) (Pi — ;) + 5
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Position =z

Figure 3.1: Qualitative representation of the one-dimensional scattering of two wave pack-
ets. In the asymptotic regions before and after the scattering the centers of
the wave packets translate rigidly with their original velocities, but exhibit a
displacement of positions. The scattering region is represented in gray; there
the wave packets cannot be identified individually.

where x; = 0x/0p; and x;; = 0?x/ Op;Op;, and we sum over repeated indices.
Using these approximations, we can write the pre-scattering (r; < x2) two-body wave-
function as

xh To,t /dpldpn wl pl)¢2(p2)e—it[E1(P1)+E2(p2)]ei(p1x1+p2x2) (3.12)

with Ej(p;) given by (3.10), and the post-scattering (z1 > z2) wavefunction as

(1, o, t @@ L (p1) o (p2)e B PO+ E2(p2)lgiX(p1.p2) gi(pra1 +p2w2) (3.13)

with E;(p;) given by (3.10) and x(p1,p2) by (3.11).

3.1.2 Displacement, spreading, and correlation of wave packets

We are now in position to compute the motion of the center of each wave packet, which is
given by

25() = (3;)(t) = /d:vl dava 0 (1, w2, £) 2 (1, 2, 1), (3.14)

before and after the scattering. In the asymptotic regions the centers of the wave pack-
ets translate rigidly. However the scattering between the two quasiparticles introduces
a displacement proportional to the derivative of the scattering phase shift, x;(p;,Ps) =

(8X/apj)|p1=ﬁ1,p2=;ﬁ2 (Fig- 3~1)a so that

T; + vt before scattering,
(1) :{ T & (3.15)

Zj + vt — xj(P1,Dg) after scattering.
This result is independent of the specific form of the wave packets (see the proof below).
The scattering has also an effect on the width of each wave packet. To compute the

spreading in time, we now assume that the functions ¢;(z;) are normalized Gaussian wave
packets centered around T;,

1 (z;—=
2 4 — +ip,x;
Yj(xj) = <2> e G " (3.16)
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with [ daj |¢;(x;)]* = 1 and Az = [ daj (x;—;)?|¢;(x;)]> = a3 /4. The Fourier transform
of (3.16) is

- —ip;x; 2\F o—ta2(p;—P;)2—i(p;—P,)T;
Vi) = [ dajip(xy)e " = (2mag) e 3 HPITR AR (3.17)
. . dpj it 2 _ . .
and is normalized as [ 5% |¢j (pj)‘ = 1. We can now evaluate explicitly

A:L“jz(t) = <(§:J — xj)2>(t) = /dml dxg ™ (x1, 2, 1) x?¢(w1,x2,t) - m?(t) (3.18)

where x;(t) is given by Eq. (3.15). We find

2 5242
% + -1 before scattering,
a
9 1
=15 S (3.19)
hd S Ll; 4 XH721 after scattering,
4 a%; o

where 47 is evaluated in p; and x;; in (Py,P,). An analogous formula holds for Az3(t).
Moreover, scattering builds up correlations between the (initially uncorrelated) Gaussian
wave packets. The correlator

(AxlAa:Q)(t) = <(ﬁ51 — x1) (f)g — 1’2)>(t)

= /dl‘l d:L‘2 77[)*(1'1, T, t) T X9 ¢(l’1, T2, t) — l‘l(t)l'Q(t) (3.20)
reads
0 before scattering,
(Az1Azo)(t) = X11 — 01t X229 — ot , (3.21)
X12 5 + o2 after scattering,
1 2

where §; is evaluated in Py, 62 in Py, and x;; in (Py, Pa).
All the quantities above carry information about the derivatives of the scattering phase
shift and the dispersion relations and can be in principle measured in scattering experiments.

Proof. Hereafter we prove Egs. (3.15), (3.19) and (3.21). Let us start from x4 (¢). Using the relation
[ dwy eiP2m92)72 = §(py — ),

x1(t) = /dxl dzo Il/@@ (@ ¢2(q2) it[E1(q1)+E2(g2)] o —ix(q1,92) o —#(q1 71 +q222)

oL AP 5 Vo () e HE (p1)+ Eap2)]ix(p1.p2) i1 +pas2)
2 2w

dqy dpydps ~,,  ~ ~ , . ,
= [ v [ ST i 00 )l Bl o)

Now [ dzy x4 ePr=a)1 — _27i§'(p; — qy), where the prime denotes the distributional derivative of
the § function. Changing integration variable from p; to u = p; — ¢1 and making use of Egs. (3.10)
and (3.11), we obtain

x1(t) = —z/d(ql C;m ¥1(q1) Wz (P2 }

% /du 5/<u) 121 (CII + u)ei[X1—Ult+%(X12+X21)(P2—ﬁ2)]ue%(X11—51t)(u+2!h—251)u
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and since [ dud’(u)f(u) = —f'(0),
dar ~ ~
o) =i [ SEG @) @) + vt - .

having taken into consideration the normalization of {/ij and the symmetry of the integration interval.
The remaining integral is

d - d . ,
[ S ditadian = [ [ awvi@ensL [ay e

dar
~i / d dy ¥ () y 1 (y) / Gre ey
—i/dxl/}i‘(x):rwl(ac) = —iT

and therefore z1(t) = Ty +v1t — x1, which proves Eq. (3.15). An analogous formula holds for x(t).
Now consider Ax?(t). Following the same procedure of the previous derivation,

Azi(t) +23(t) =
dq; dpy dpa ~ ~ ~ , , .
/dxl i / q1(2§33 2 ¢T(ql)¢1(171)|¢2(p2){Qez(m7q1)mleﬂt[El(pl)fEl(ql)]eZ[X(pl’pZ%X(ql’M)]~

In this case [dzy 22 e!P1=1)21 = 276" (p; — go), thus

Az3(t) + 23(t) = / d(ql d)p2 V1 (q1 Wz D2 |

X /du 5//(’&) 1;1 (ql + u)ei[Xl*’Ult‘l’%(X12+X21)(p2*ﬁ2)]ue%(Xll*élt)(u+2q172ﬁl)u

and since [dud”(u)f(u) = f”(0), calculating explicitly the derivatives of ¢y from Eq. (3.17),

taking into consideration the normalization of ¢; and the symmetry of the integration interval, and
performing the Gaussian integrations, we obtain

2 2 B 9
Az2() + a2(t) = O 4 Dz Fxe)” O = o)

z t—x1)>

Exploiting the symmetry of second derivatives (Schwarz’s theorem) this reduces to (3.19). An
analogous formula holds for Az3(t).
Now consider Ax;(t)Axzo(t). Following the same procedure,

(Az1Az2)(t) + 21(t)72(t) =
d ~ . . )
/dml dxo 71 332/ ¢ 492 ¢1( 1)w;(qz)elt[El(Q1)+E2(Q2)]e—1X(Q17‘12)6—1((119314'(12902)

/@@ 1/11 p1)¢2(p2) 1t[E1(p1)+E2(P2)]eiX(p1,Pz)ei(PlﬂllerzIz).

Now [ dxq @y eilP1—a)z: [ dag xo eiP2—a2)r2 — —(2m)28' (p1 — 1)’ (p2 — ¢2). Changing integration
variables from p; to u = p; — ¢1 and from py to s = pa — g2 and making use of Egs. (3.10) and
(3.11), we obtain

A1‘1A$2)( )+J31( ) (t) =

/ dql dq2 )¢2 (q2) /du 5/(u) 1;1((]1 + u)ei[Xl—v1t+%(X12+X21)(%-52)]“8%(X11—51t)(u+2¢h—251)u

% /ds 5’(8) wz(qz + S)ei[XQ—v2t+%(X12+X21)((J1—@)]Se%(X22—52t)(8+2qz—2172)se%(X12+X21)us

/%% OE( ql)%(qg)/dué’(u) U1 (g1 +u)ei[Xl*U1t+%(X12+X21)(Q2*ﬁ2)]ue%(><11*51t)(u+2¢h*251)u
T 27
s=0:|

X |:(X12 +X21)t2(g2)u + € (1;2(612 + s)ei[XT”QH%(X”J’X?l)(‘11_51)]%%(X”_‘S?t)(‘“*?q?_%z)s)
2 ds
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dqy dq
= —5 (x12 + X21) /71721/)1 013 (g2)

x 7(%@1 +u)e ba—m+%(mﬁm)(qrw]ue%(xll—alt)<u+2q1—2ﬁl>u)

u=0

& (MqQ " S)Q%[erzH%(X12+X21)(Q1*ﬁl)]se%(X22*52t)(8+2qr252)8)

s:O.

Calculating explicitly the derivatives of Jj from Eq. (3.17), taking into consideration the normaliza-

tion of Jj and the symmetry of the integration interval, and performing the Gaussian integrations,
we arrive at

(Axleg)(t) + x1 (t).%‘g

+ — Ot — ot _ _
(f) = 222 2 - [X11a2 =+ X22a2 S| @ vt =) @+ ot~ xa).
1 2

Exploiting the symmetry of second derivatives this reduces to Eq. (3.21). O

3.2 n-string states

Consider the n-particle sector of the Fock space, and let {)\(")} denote the set of rapidities
of an n-string centered at A1) = p/n, where p is the total momentum of the string. We will
denote by | n,p) the corresponding eigenstate, which in the position basis is represented by
a Bethe wavefunction of the form (1.61),

. c
U, (x|{AM}) = U, (x) = Ny, exp (sz ~3 Z |z; — a:k|>, (3.22)
n>j>k>1
where x = (21, ..., ), Ny is a normalization constant and x = »77_, x;/n is the position

of the center of mass of the n atoms. Thus
1 - .
In,p) = N /dfﬁl coday Uy (w1, ) T (1) T (2)] 0). (3.23)

These are simultaneous eigenstates of the Hamiltonian, the momentum operator and the
total number operator,

A C 2

Hln,p) = <—12n(n2 — 1)+ 7;) In,p), (3.24)
Pln,p) =pln,p), (3.25)
N|n,p)=n|n,p), (3.26)

and can be normalized in such a way that
(n',p"[n,p) = ndund(p—p). (3.27)

In fact, if n’ # n then (n/,p'|n,p) = 0, because states of different n involve a different
number of field operators. For equal n’s, using the same change of variables as in Eq. (2.47),

we get

(n,p'|n,p) = n!|N,|? dry---dzy, exp(—cZ(Zj —n—1)z; + i (p—1p) Zm]>

Dy i=1 1

J Jj=
=n! |N,)? /du1 dusg - - - duy exp[—cZ(n—i—l—k) (k—l—i— )uk]
(R+ n—1 =2
0 “+o0
= n! [N, |? H / duy, e~ Ct1=k) (k—1+i(p—p')/nejuy / duy e =P
k=2"0 —o0

=n! N2 e [(n — D)2 28 (p — p'), (3.28)
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hence the normalization condition (3.27) is obtained by fixing

n—1)!

2 _ =n—1 (
B (3.29)

Naturally we will take N,, = [N,,|.

3.2.1 Matrix elements

It is useful to compute the matrix elements of the field operator and the density operator
between two string states.

Field operator The matrix elements of the field operator @@(z) between an n-string and
an (n + 1)-string state are

(n,p'|9(2) [n+1,p)

= m /dm’l cday dy - dn g O (2, ) Va1 (21, Tegn)
X (0] () - (an) () (@1) - P (@n41) |0)

n+ 1)! .
( ) dxy - dry U, (1, Tn) Vg1 p(T1, -+, T,y 2), (3.30)

Vvnl(n+1)!

where in the last step we have used the symmetry of the wavefunction. By the same
property, the integration over R" is equal to n! times the integration over the domain of
ordered positions |, _o{z1 < -+ < &y < 2 < Tpy1 < -+ < T, }. Denoting the strings’
centers as A = p/(n + 1) and X = p'/n, we get!:?

(n,p'[¥(2)|n+1,p)

n z T2 400 400
=Vn+ IN;Nopin! Y / d:cm-~-/ dml/ A1 - / day,
m—=0 —© —00 z Tpn_1
X exp[i()\ - )\’)ij +iAz —EZ(Z]’ —n—1)z; — 5(2m —n)z+ 52:5] ~3 Z xj]
Jj=1 Jj=1 j=1 j=m+1
n
: / 1
_ * | —\n G [AFn(A=N)]z
=Vn+ 1NNy n! (2/¢)"e > TR
m=0
i 1 ‘m 1
X - = - —— . 3.31
j1;[12(n—j)+1+z(2/c)()\—)\’) JI;[1 2(n—7)+1—i(2/e)(A=N) ( )
!The summations in the exponential are obtained as follows. We let {Z1,...,%m, 2, Tmt1,---,Tn} =
{z1, ..., Ts, Tst1, Tst2, ..., T1}, Write Z;zl(Qj —l=Dz;=37_,2j—1-Dz; +[2(s +1) =l = lzsy1 +

Z§:S+2(2j — 1 — 1)z;, reparametrize the last summation as Zé;ls+l(2j — 1+ 1)z;, and finally substitute

Tst1 = 2, 8 = m, | = n+ 1. We thus get (2m —n)z+ > (2j —n —2)x; +3°7_ (2j — n), which we
reexpress as o (27 —n— Dz; + (2m —n)z =370 x; + 300 L @
*To compute the integrals, notice that [*/* dz; exp(a;z;) yields a;l times exp(a;z;+1), which enters in

the integration over x;1; therefore a; = Zf;:l ak, for j = 1,...,m. For the integrals over & +1,...,Zn, it is
convenient to change labels as j — j—m, so that 3°7_ ., (2j—n—1)z; — >>7_"(2j —n+2m—1)z;. Then

f;:ol dz; exp(—aj;z;) gives a]-_1 times exp(—a;z;j—1), which enters in the integration over z;_1; therefore

n—m .
aj =3 = ak forj=1,....n—m.
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Now the sum over m can be rewritten as

n

- 1 1
[H (2n — 25+ 1)2+ (4/2)(\ — )\’)2] mz: m!(n —m)!

=1 =0
< ] Reo-p+1+i2@O0-N] [ ROo-j)+1-i@2/2)A - X))
j=m+1 j=n—m-+1

n a 1
=2 H L(2n —2j + 1)2 + (4/)(X — X)2

n - ]‘
= g—pramo—we .

where we have used the identity

n

Z L nﬁn(Qj —1+ia) ﬁ(2j —1—jda) =2", (3.33)
m!(n —m)! i e

m=0

and, in the last step, relabeled j — n—j+1. Substituting (3.32) and (3.29) into Eq. (3.31),
we arrive at

ei(p—p')z

(0, |9(2) |0+ 1,p) = Spr/n(n + 1)nl(n — 1)!

2%\@
- 1
v a@mm e

(3.34)

in agreement with Nohl (1976); Wadachi and Sakagami (1984). The same result may be
obtained from the Algebraic Bethe Ansatz (Calabrese and Caux, 2007). Using the identities

n 1 - n J - 1)
jl;[l (2j_1)2+$2 o 2]—1 ” ];[ 2]—1 —|—l’2’ (335)
e e N
nlglgojli[l @1 a2 e ( 2 ). (3.36)
1 22(nt)? 17 @) 72
lim =— "7 _ — lim — |——"7" | = .
nooon [(2n — DI nbeon [(Qn 1)!!} i (3.37)

in the limit n — oo the matrix elements (3.34) reduce to

2 n—00 nin+1 i(p /
(3 1) 11+ 1,p) "2 G| E 0 e | 2 (2T (aas)

Density operator We can compute in a similar way the matrix elements of the density

operator p(z) = §f(2)i(2),
(n,p' | p(2)|n,p) = n/dxl codrp 1 V(21 a1, 2) W (T, Tnm1, 2). (3.39)

We remark that for p — p’ = 0 this matrix element does not reduce to the static density
(2.49) that we considered in Section 2.2, because here we are not fixing the position of the
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center of mass; in fact (n,p’ | p(2) | n,p)|p—p=o is not localized in space. As before, we have

(n,p"[p(2) [n,p)

n—1 400 400
= n|N,|*(n —1)! Z / ATy, - / dml/ AT - / dz,_1
m=0"" 2

n—1

n—1

xexp{i(,\_,\’)aixjjuz) (2j — n)z; —c(2m —n+1) z—l—ch]—c > g:j]

=1 =
n—1 1
_ —=1-n Z( z
=n|No[*(n - 1)e p—7) mz::om'n_l_ —
mn n—1-m
1 1
X
jl_[n—]-f—(/)()\ )\’ 31;[1 n—j—(/)()\ )\/)
With the identity
n—1 1 n—1-m m
Z m!(n—1—m)! H (j-f—ia)H(j—m) =n,
m=0 ]:1 le
the sum over m reduces to
n—1 n-1l
1 1
”jl;[l (n—j)*+ (A =N)2/e ng 72+ (1/e)(A = N)?’

and we thus obtain

n—1

R n!
<n’,p’|p(z) ’n7p> = 5nn’(

Using the identities

n—1

e
i J2+a22 [(n—1)12 i J2 4+ a?

n—1 )
. iz
71,11~)I{.10 JUl m =TT CSCh(T('fIf),

in the limit n — oo the matrix elements (3.43) reduce to

n—o00 n

(08 1) 1.9) " B e 05— est] Ly — )

3.3 Bound state wave packets

3.3.1 Building the fundamental soliton

: 1
(p—p')z | |
e - — .
m o I (/e (p = p')?

j=m+1

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

To create, at a reference time ¢ = 0, a localized wave packet | 1(0)) of n bound atoms with
almost well-defined momentum p and well-defined position Z, we sum over many n-string

states with momenta p taken from a Gaussian distribution around p,
g(p) = (2ra?)ie 19D ~ilp-P)T,

45
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The parameter « is related to the width of the distribution, a larger o corresponding to a
more sharply peaked Gaussian. The n-string wave packet (fundamental soliton) is thus

dp

60) = [ 52 9)n.p) (3.45)

and depends on the free parameters Z, p and a.

Although not strictly necessary, we can also sum over string states with different n,
obtaining a wave packet with an average number of particles m. Because of the phase-
number uncertainty relation, this makes our bound state wave packet to also have almost
well-defined phase (Auletta et al., 2009). We will thus consider

60) =Y an [ 52 gw)ln.p), (349

with 3", |an|? = 1. The natural choice for a,, is

SPRE 2_ 5
an = ﬁ e ) ¢I7 =m, (3.50)

so that the overlaps of |1(0)) with the n-string states |n,p) are

1 L

S p[9O) = P0)anl = () e (351)
That is, the probability amplitude (normalized to n?) of finding n particles in the bound

state wave packet follows a Poisson distribution with expectation value 7.
In terms of wavefunctions,

P(x,0) = / dp (27ra2)ie_io‘Q(p_T’)z_i(p_ﬁ)fZan\Ilnp(x). (3.52)

Substituting to W,,,(x) its expression (3.22) and performing the integration over p, we obtain
the n-string wave packet in real space,

¥(x,0) = < 2 > o E T, (3.53)

Ta

where YT(x) = Y, anN, e~ @225k 1% =2kl pepresents the suppression in the separation
among the atoms constituting the bound state. The effective binding length is £ = 2/e.
Thus the shape of the bound state wave packet in real space is that of a Gaussian centered
around T, g(x) = (2/7?042)%*(9”*5)2/“2”@, of width

Az(0) = \// dz (z — T)2|g(2)|2 = % (3.54)

and whose amplitude is modulated by an exponential decay with characteristic length &.
This average distance between the constituent atoms provides a lower bound on how local-
ized the wave packets can be, since for o < £ the wave packet will begin to lose its Gaussian
shape in real space in favor of a simple exponential decay around 7.
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3.3.2 Stability of the fundamental soliton

The wave packet (3.49) prepared at ¢ = 0 evolves unitarily in time according to
46 = 19(0) = Fan [ s atw.lnp). (3.55)
where

g(p,t) = (2ma?)1e— 10" (PP —ilp-P)To—itE™ (p) (3.56)

and E(™ (p) is the energy of the n-string eigenstate | n, p), given by Eq. (3.24). Correspond-
ingly, the Gaussian profile in real space at time ¢ > 0 will be

g(a:,t) — (271_042)& / ;1£ e—ioﬂ(p*ﬁ)2,i(1’*70)§efitE(n)(p)eipx‘ (357>
™

Let us consider the equation of motion for the center of mass of the wave packet. This
is given by x(t) = (& ), where & is the center-of-mass’ position operator and (- - )y is

the quentum sverege (6() 0160
Wt Y(t
@00 0

for a generic operator O in the Schrédinger picture. We have?

Z]an]2/dxg () 3 g(2,t) = T + <Z]an] Unp> (3.59)

(O)p =

where

OE™ (p)
dp

_

v(n,p) = (3.60)
p=p

is the group velocity of an n-string wave packet. Since we are summing over different n’s,
the group velocity of our fundamental soliton is the average of the v(n,p) with Poissonian

weights |ay,|?,

2p
_ 2 _ _
= n ,p) = C(m)=, 3.61
v(n, p) En |an]” v(n,p) = C(7)— (3.61)
where anf? B
S an _ _5 (", sinht+cosht—1
Cn)=mn g Lo =Te /0 dt , (3.62)

is a O(1) correction, which takes the maximum value Cpax =~ 1.29436 for 7 = 4 and tends
monotonically to 17 for m — co.

As anticipated, the wave form of the bound state wave packet is not constant in time.
Two effects contribute to the spreading of the wave packet. The first is related to the fact
that the wave packet is constructed from string states having different momenta. Since
E™)(p) has constant positive curvature 6(n) = 92E™(p)/dp®> = 2/n, the width of the
Gaussian profile would increase over time according to Eq. (3.19). Moreover, we are sum-
ming over many n-string Gaussian wave packets with different string lengths; each of these
n-string wave packets moves at a different group velocity (3.60), further favoring the spread-
ing. The width thus increases over time as

\/Z |an|2 dx g*(z,t) 22 g(z,t) — x(t)? = Z + D(m) 62(52)752’ (3.63)

3For details on the calculations of 2(t) and other averages of interest for a Gaussian wave packet, see the
proofs of Section 3.1.2.
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where the factor

2 —
D(n) :QZ“;”J =nle " 3F5(1,1,1; 2,2,2; A) (3.64)
n

accounts for the effect of the different string lengths. Here 3F3 is a generalized hyperge-
ometric function?. D(m) takes the maximum value D,y =~ 2.47802 for 7 = 4 and tends
monotonically to 17 for @ — co. The broadening of the bound state wave packet of initial
width Az(0) = «/2 is thus slower the larger the product ma. In particular, for the same
number 7 of atoms, an initially very localized wave packet (in real space) widens more
rapidly than an initially less localized one.

3.3.3 Classical limit

In the previous section we have constructed spatially localized bound state wave packets
from a linear combination of n-string eigenstates. We now might ask what the relation is
between these wave packets and the classical solitons considered in Section 2.3. In general,
the relation between a (nonrelativistic, bosonic) quantum field theory and the corresponding
classical field theory is obtained by showing that, taking the expectation value of the field
operator in a the limit of a large number of particles, one obtains a classical solution, i.e.

(a|d(2) ) =5 a(2). (3.65)

I our case, (=)} = (1) [9(2) | 9(1)) i
Do = Y aanss [ L2 g0 09(p. s 15(2) [+ 1.p)

* n(n C n(n + 1 d ' d *
= 3 aanentrt Rt [T [ D )

4e 21 21 T
/
y e—z‘bn?/(nﬂ)—p'?/n]teup—p')(z—msech[” ( P P>] 7 (3.66)
c\n+1 n

where g,(p) = (27‘(’&2)%6_(12(17_@2/4 (cf. Eq. (3.47)), having used in the second line Eq.
(3.38) for the large n limit of the matrix elements. Here it is convenient to consider, instead
of the total momenta p and p’, the corresponding string centers A = p/(n+1) and X = p'/n.
The integrand then reads

g:()\’)gr()\) e—i[(n—i—l))\?_n)\’2]tei[(n+1))\—n)\/}(z—x)sech|:7r()\ o )\/):| ’ (367)
C

where
gE(N)gr(\) = (2ma?)ze @/ DEA-PP (X =p)%] (3.68)

Changing variables to A; = 3(A — \') and A2 = $(A + X), in terms of which A = A\; + Ay
and A = A\ — A1, Eq. (3.66) becomes

B@oy ~ 3 0 e a D o o [ AN dho @2 )i+ mra-p)

C 2m 21
n

% ei[(2n+1)A1(z—a:)+Az(z—m)—/\%t—/\§t—(4n+2)A1A2t]Sech[%)‘l] . (3.69)
C

“See Olver et al. (2010), Ch. 16, for details.
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With two further assumptions, namely (i) ¢*t < 1, so that we can ignore the term i\3t
in the phase, and (ii) A\ ~ (na)~! > ¢ so that we can neglect the exponential term
e~ (an)?A2/ 2 we can carry out the integration over Ai, which gives the Fourier transform of
the hyperbolic secant. Renaming Ay as A, and multiplying by an overall factor of 27 in
order to adjust the normalization, we thus get

(WD(2))p(e) Za anﬂr/d)\ (a?/2)(nA~p)*

1
X (n +21)ﬁ sech[ . +2 §)C(Z T - 2/\t)} D+ AN (3 70)

Approximating one last time n 4+ 1 ~ n + % ~ n, and recognizing that 2\ = 2p/n = v, the
group velocity, the final result is

~ noa
<¢( )> o)~ ‘an‘Q /d}\ (a2/2)(nA—p)>
nﬁs
2

X

echncbz —T- v()\)t)} PETRROEE R (31

In the last line we have precisely the classical soliton of Eq. (2.76). This shows that in
the large n limit, the expectation value of the quantum field in the bound state wave packet
is the average of a set of classical soliton solutions with Gaussian-distributed momenta and
Poissonian-distributed number of particles (Lai and Haus, 1989b). The difference in phase
velocity and group velocity among the classical solitons implies a spreading of the phase and
the amplitude of the quantum average. With a simple change of variables, we can shift the
time dependence from the argument of the hyperbolic secant to the Gaussian factor; then we
see that the width of the momenta distribution is doubled after a period tqis ~ 2/n¢ AX. The
dispersion effect is thus proportional to the ‘bandwidth’ AX of momenta. Comparing tg;s
with the soliton period ¢, ~ 27/n?e%/4, we have tqis/ts ~ né/4mrAN. In order to localize the
soliton in Eq. (3.70), we imposed the condition ¢ << AX. Here we see that if ¢ < A\ < ng,
then the soliton is localized and the dispersion effect is relevant only after many soliton
periods. This also means that the width of the hyperbolic secant pulse is much smaller than
the inverse of the momentum bandwidth’.

3.4 Scattering of bound state wave packets

3.4.1 Higher-order soliton states and scattering phase shifts

Consider the (n1 +ng)-particle sector of the Fock space. To construct a two-soliton state we
start from a two-particle excited state, i.e. an eigenstate whose rapidities are partitioned
into two strings of length nq, and no,

Aj = —+zf(n1+1f2j) j=1,...,n1, (3.72a)
ni

Mig = P2 4o+ 1-2),  j=1,....na. (3.72b)
ny 2

SCompare this with the case of a linear wave function, where a bandwidth of order 1/Az is necessary to
construct a pulse of width Ax, because the distribution of momenta is the Fourier transform of the pulse in
real space.
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The two-particle excited state is

’ n1,P1; N2, P2 > = /dxl T dwm-&-m\y{"jiﬂj}(mla s 7$n1+n2)1/ﬁ(x1) T iT(an—m)‘ 0>

= (m +n2)!/ dx U g,y ()T (21) - (20,401 0) (3.73)

ni+ng

where Dy, 4p, 1 21 < -+ < T, 44, and, in this domain,

. ni —
_ P [
\Il{njpj}(x)‘xeDnl+n2 = > Ag eXp(m z;%;l D) > (2g-1 — ”3@,:1)>
=

QEMn, +ny n1>j>k>1
ip n1+mn2 ¢
2
X exp| — TH-1— — Tr-1—TH-1) ). (3.74
p(23 agr-f X (g -ag)) G
Jj=ni+1 ni+n2>j>k>n1+1

Here we have converted the permutation over A’s into the permutation over z’s. The sum
is extended to all permutations of [n1 + na,...,n; + 1,n1,...,1] such that the order of
[n1+na,...,n1 + 1] and [ng,..., 1] is unchanged, otherwise the amplitude Ag vanishes for
the same reason we discussed in Section 1.4.3. As always, the ratios between non-vanishing
Ag’s are then fixed by the Bethe equations.

The two-soliton state | (2 (0)) is prepared at the reference time t = 0 as two Gaussian
wave packets with initial average positions and momenta (Ej,ﬁj), j = 1,2, constructed
separately at large distances from the ni-string and ne-string within a two-particle excited
state,

_ [ dp1dpe

19 (0)) = o o 9(p1)g(p2)| n1,p1; M2, p2), (3.75)

where )
g(pj) = (2ma?)i ¢ 1 PP ~ilbi=Py)T; (3.76)

depends on the free parameters T, p and «. The unitary time evolution is then
1@ (1)) = e~ IBV E)FED m2)lt) (D () ), (3.77)

For simplicity, in this case we do not sum over different n’s, but consider n-string wave
packets with fixed particle content. As can be deduced from the discussion in Section 3.3,
this does not significantly change the physics. The results for wave packets constructed by
summing over n are obtained from those for wave packets with fixed n by averaging the
dependencies on n according to the probability distribution chosen for n. Of course the
indeterminacy of n introduces variances in the results, which can be calculated.

Since the ni- and no-string wave packets are initially localized and well-separated, the
two-soliton state at ¢ = 0 is composed of two well-separated fundamental solitons, with
{ijq :j = 1,...,n1} grouped together and {ijq :j =mn1+1,...,n2} grouped to-
gether. Thus the wavefunction Uy, .,y in Eq. (3.75) factorizes into the product Wy, p, Wypsp, -
The time evolution then makes the two solitons collide, and long after the collision they
are again well-separated. For t — 400 the wavefunction differs from the one at ¢t = 0
just for a phase factor —exp(—i®,,n,(p1,p2)), that is equal to the ratio between Agy =

A[nl,...,1,n1+n2,...,n1+1] and Ain = A[n1+n27...,n1+1,n1,...,1]7

\Il{nj'pj}(xla cet 7xn1+n2)
Ui (@155 0y ) Waope (Tny+15 - -+ s Tyt )s before collision, (3.78)
o —i® , - :
—ePmns (11 p2)\11n1p1 @1y T ) Wnopo (Tny 41, - -+, Tny+ny ), after collision.
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The scattering phase shifts of two strings of arbitrary length is obtained from the scat-
tering kernel ®,,,,,, (1.48) of the Bethe-Gaudin-Takahashi equations, which can be rewritten
more explicitly as

2\

(I)nan ()\) = 2(1 — (5711”2) arctan |:c|m_n/2|

+ 2arctan | ———
¢(ny +na)

min(ni,n2)—1

2
+4 arctan | — — . 3.79
2 7] 37

3.4.2 Displacement of trajectories

Analytic expressions for the displacement of the trajectory of each wave packet, as function
of the interaction strength ¢ and the incoming momenta p;, Dy, are obtained by taking
derivatives of the Bethe Ansatz scattering kernel, according to Eq. (3.15). For the scattering
of an ni-string wave packet with a ne-string wave packet, the displacements are given by

8(1)71171,2 ()‘(nl)(pl) - >‘(n2)(p2))

(n1,m2)

X; (P1,P9) = — (3.80)
! 8]7] P1=P1,P2=P2
where A" (p;) = p;/n;. Eq. (1.49) implies that they satisfy
(nn) o~ — N (nn) (mm) =\ _(man) 381
X1 (P1,P2) = —Xxs  (P1,P2)s X1 (P1,P2) = =Xy (D2, P1)- (3.81)
Explicitly,
3= 2 7l — o
X P = (= S G R D —
E(nl—i—ng)
(D1 /11 — Pa/n2)? + [(¢/2)(n1 + n2)]?
min(ni,ng)—1 _
¢ (|n1 — na| + 20)
+2 - - - . 3.82
2 G P @ —mrap ¢

=1

Notice that, in terms of the group velocities, (p, /n1—Py/n2) = 5(v1—v2). The displacements
as functions of ny, no for fixed v1 — v9 have the trend shown in Fig. 3.2. At fixed ny, no,
the displacements are given by a summation of Lorentzian functions of (p;/n1 — py/ne2).
They are maximized for p;/n; — Py/ng, or v — vy, i.e. in the limit of an infinitely slow
scattering process, where

min(ni,ng)—1

1
\nl — ng‘ + 20
(3.83)

, (—1)4 1 1
maXXE'MM):? (1_6n1n2)\n1—n2\ Tt 2 )
J =1

Given n1, ng, the absolute value of the maximal displacement is larger the smaller ¢ is. On
the other hand, given ¢, a larger total number of particles n; + ns generally produces a
smaller maximal displacement (Fig. 3.3).
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Figure 3.2: Pseudocolor plots of the absolute value of the displacement of the first soliton,
Ix1], as a function of nj, ng, for Av = v; —ve =1, 5, 10, 20 and ¢ = 1. Notice
that the colorbar limits are different for each plot.
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Figure 3.3: Pseudocolour plots of the absolute value of the displacement of the first soliton,
Ix1], as function of py, Py, for (n1,n2) = (2,3),(3,5),(5,5), (10,10) and ¢ = 1.
Notice that the colorbar limits are equal for the first two plots, and different for

the last two plot.

93



By way of illustration, we give below the explicit expressions of the displacements for
some few-particle cases,

X(l’l)(f? Do) = _L
S
(2,2) — — _ 1 1
X (p,p)=—86[ - ]
Lo 422 + (py — P2)? | 1682 + (P, — D)2
(33),— — _ 2 4 3
X (p » D ) = —6c |: — — — + — — — + — — — )
Lo 92 + (py — D3)? 362+ () — D)2 81 + (By — Po)?

1 9 3
T
1662 + (p, — Po)?  64¢% + (p; — Dp)?  144¢% + (p, — Dy)?

X§4’4) (P1,P2) = _16‘3{

2
- :
256¢% + (py _p2)2}

(12) - — _ 1 3 ]
X P1,D2) = —4c { ——— + — —— ,
! 71.72) ¢+ (2p, —P2)2 9¢% + (2p; — p2)2

(12) - - ~ 1 3
X (p,p)=26[ ——— + — — ]
S 2+ (2p, —D2)? 92+ (2P — Dy)?

xgl’?’) (P1,P2) = —4c

1 1
- ——% T = — ;
4+ 3(3p, — 1) 4¢ + (3P —p2)2]

1,3),— — 4c
xé )(P17P2):§

1 1
- ——— T = —— -
2% + 5(3p1 —12)? 4 + 5(3p p2)2]

3.4.3 Spreading and correlations

Second order derivatives of the scattering kernel,

82(1)711712 ()‘(nl)(pl) - )‘(nQ)(pQ))
Op;Op;

(nl 7"2)

Xij (P1:P2) = —

: (3.84)

P1=P1,P2=P2

allow us to evaluate the spreading of the wave packets and their correlation after scattering
according to Egs. (3.19) and (3.21). Explicitly,

X" (5 1) = F?T?(m/m — Pa/n2)
B E\nl — n2]
. [(1 o) [ Ty — a1 (/2| — ] 2P
¢(n1 +na)

+

[(P1/m1 = Pa/m2)? + ((€/2)(n1 + n2))??

min(n1,n2)—1 ¢(jn1 — no| +20)

+2 — — — . 3.85
lz:; [(P1/n1 = Pa/n2)? + ((€/2)(|n1 — nal + 21))?]? (3.85)

In particular,
Xz(?l’nﬂ(ﬁp@) =0 for Py /n1 = Dy /2. (3.86)

3.5 Mean-field soliton scattering

Similarly to the static case, where the Hartree mean field approximation (or its variations)
approximates well the exact ground state for a large number of particles, we expect also
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the scattering of quasi-solitons to be well described by a mean field approximation if the
number of particles composing each wave packet is large.

The fundamental soliton state in the mean field approach is given by an Hartree product
with all the particles having the same classical soliton wavefunction (2.76),
n

|t / 0z o (z, ) ()| 10). (3.87)

-]

n!
Notice that the wavefunction is ¢ (z,t) = n~ Y24, (x, 1), so that | 1(t) ) is normalized to
unity®. This the mean field analogue of the n-string state defined by Eq. (3.23). However,
since ¢z (z,t) already localized in space, there is no need to sum over different momenta
to obtain a localized wave packet. In the limit of large n,

n—oo

($s(®) [9(2) [ $5(1)) "= thpa(z:t), (3.88)

that is the mean field analogue of Eq. (3.71).
A two-soliton state is constructed in the same way, now taking as single-particle wave-
function a two-soliton solution of the time-dependent GPE,

10 bnynan (T, 1) = [—02 — 2(n1 + 12)e|Bnynon (T, )] Brymon (2. 1). (3.89)

The structure of the general n-soliton solution is discussed by Zakharov and Shabat (1971),
and the explicit expression for the two-soliton solution can be found in Yoon and Negele
(1977); Dolan (1976). The total wavefunction is thus

ni+nz

ngcl)'rLQ (xlv <o 7xn1+n27t) = H ¢n1n2)\(x]" t) (390)
j=1

and the two-soliton state is

[0 (1)) =

t)¢T(x1) o '¢T(xn1+n2)‘ 0).

(3.91)

As before, the actual expression of the two-soliton wavefunction is unnecessary, since

long before and long after the scattering it factorizes into the product of two well-separated
fundamental solitons. That is, the total wavefunction (3.90) is asymptotic to

1
\/ﬁ /dl'l ce dxn1+n2qj7(1€1)n2 (;L’l, ey Ty dng,
1 2):

ny ni+ng
0
VO @1 T, ) = Y [[énn @ t) [ dnare(g, 1) (3.92)
Q j=1 j=n1+1
where @ are the permutations of [1,...,n1,n1+1,...,n1 +ng] with the grouping of bosons
into [1,...,n1] and [n1 +1,...,n1 4+ ng] unchanged. The corresponding two-soliton state is

’ ¢§2) (t) > = Nn1n2 /dml e dxn1+n2\1j7(101)n2 (xla o ,xn1+n2,t)1ﬁT(.7)1) T Q])T(xnﬁr?w” 0>
1 2

- | [asun @it @) | [ @ o woiw] o) e

The connection between ¢pn,n,n and @n,r,, Pnyn, 18 (Zakharov and Shabat, 1971)

Nl ¢n1 A1 (l‘, t) + N2¢n2>\2 ('7;7 t)a before COHiSiOH,

¢n1n2)\($7t) = 50 50 o
N1€°% b, (. — 821, t) + Noe 2y, , (x — dxa,t), after collision,

(3.94)

SHere we consider the wavefunction in the GP or CD approximation; as usual, the result in the Hartree

approximation is recovered by setting ¢ — (1 — n™ ')
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where N = y/n;j/(n1 + na) ensures the correct normalization, and the phase shifts and
position displacements are (Lai and Haus, 1989a)

— —zarctan M arctan M a
50, = —2arct L’nl_m’] + 2arct [C(n1+n2)], (3.95a)
50y = —00;, (3.95b)

_ 2 [ =20+ (@ /4) (m — o) .
1= e | G B ) (8.950)

. _i . ()\1 — )\2)2 + (62/4)@”&1 — n2)2
51‘2 - 77,261 |:(/\1 — )\2)2 + (62/4)(711 + TL2)2:| (3'95(1)

We can verify that the displacement obtained from the Bethe Ansatz approaches the mean
field result in the limit of large nq,

X(nl,ng) . _i aq)nlnz ()\1 - >\2)

1 - ni 8)\1
I P ¢ln1 — na| 2 (n1 + no)
- nq |:(1 6n1n2) ()\1 — )\2)2 + [(5/2”%1 — 722”2 + ()\1 — )\2)2 + [(6/2)(721 + n2)]2

min(ni,ng)—1

6(|n1 — ng‘ + 21)

+ 2 _
2o TR () (] 5 2
n1—00 1 ni+nz cr
= Tm dz 2 =2 2 =
N1 Jing—ng| (A1 = A2)* + (2/4)x

51, (3.96)

In Figs. 3.4 and 3.5 we compare the Bethe Ansatz and mean field results for the displacement
of the first soliton as a function of the incoming momenta or group velocities. The first
observation is that the mean field result has a pathological behavior for n; = no and any
finite ¢ in the limit of a zero collision velocity, since it diverges logarithmically. For nq # no,
the mean field approach approximates quite well the Bethe Ansatz already for a relatively
small total number of particles, such as n; + ng = 10. In general, the approximation works
better for larger collision velocities.
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Figure 3.4: Pseudocolour plots of the absolute value of the displacement of the first soliton,
Ix1], as function of p;, Psy, for (n1,n2) = (3,7),(5,5) and ¢ = 1, obtained from
the Bethe Ansatz (left column) and the mean field approach (right column).
The white line cut in the mean field plot represents the divergence for n; = no
and p; — pa.
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Figure 3.5: Absolute value of the displacement of the first soliton as a function of vy, for
several values of (n1,n2) and ¢ = 1, along the line p; = —(n2/n1)p2, orthogonal
to the line p1/n; = pa/ng (i.e. v1 = v9) where the displacement is maximal.

The mean field result diverges logarithmically for vo — 0 when n; = no.
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Chapter 4

Ground state and excitations in the
repulsive case

In the repulsive case, the excitation spectrum of the Lieb-Liniger model has two distinct
branches, corresponding to particle-like (Type I) and hole-like (Type II) excitations. The
coexistence of these two types of elementary excitations leads to a significant broadening of
the dynamical response functions, clearly visible for strong interactions (Caux et al., 2007;
Meinert at al., 2015). Particle-like excitations, which exist also in 2D and 3D, are of the
same nature of Bogoliubov modes, which represent their weakly interacting limit. Hole-
like excitations, instead, have no counterpart in Bose systems in higher dimensions. They
cannot be obtained directly in the framework of Bogoliubov or mean field theories, however
their dispersion relation can be identified with that of dark soliton solutions of the mean
field theory.

In this chapter we discuss in detail the energetics of the repulsive model, comparing
the exact results with various effective approaches, and we investigate the correspondence
between classical dark solitons and Lieb’s Type II excitation, which motivates the search
for quantum dark solitons we will consider in the next chapter.

4.1 Thermodynamic Bethe Ansatz

The dispersion relations of Type I and Type II excitations depend on the corresponding
displacement functions, which quantify how the rapidity of the additional particle or hole
influences all the other rapidities of the system. They can be written in a more explicit form
by using the Thermodynamic Bethe Ansatz, that is a formulation of the thermodynamics of
the system in terms of the densities of rapidities which define Bethe eigenstates, and taking
eventually 7' = 0.

The equilibrium thermodynamics of our system is encoded in the partition function. In
the grand canonical ensemble, this is given by

7 — uN > By — N
Z ="Tr exp(—HT'uN) = Z Z exp <—{I}NT'M> , (4.1)

N=0{I}n

where p is the chemical potential, T' is the absolute temperature, and {I}y represents a
proper set of quantum numbers at fixed number of particles IV.

In the thermodynamic limit, we can transform the explicit summation over all possible
configurations of quantum numbers into a functional integral. In order to do so, we partition
the real line for z = I /L into ‘boxes’ By, = [Ta, Ta+ A%y = Tot1], @ € Z, with the condition
L' < Az, < 1. In each such box, for each individual eigenstate specified by the densities
p(xa), pr(xa), and pi(x,), there are Lpi(zq)Ax, allowed quantum numbers, Lp(zq)Azq
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particles, and Lpp(zq)Azq holes. We can then rewrite the sum over quantum number

configurations as
Yy ()= Y ¥ () (12

N=0{I}x a=—co na (I}, B,

i.e. we take the product over all boxes, and for a given box we sum over the possible
occupations and over the sets of occupied quantum numbers given the occupation. In the
thermodynamic limit, ‘in-box’ rearrangements of quantum numbers do not affect the result
to leading order, i.e. (...) is insensitive to the choice of {I/L},, € B,. Thus we factor out

Z . (Lpt(x)Azy)! (4.3)

{(L}n.€B T (Lp(za) Az (Lpn(wa) Azy)!
LI [e%

By assumption, LAx, > 1, so all these factorials are very large and we can use Stirling’s
approximation, Inn! ~ nlnn — n, to write

> 1 = efAveSaln (4.4)
{%}na €Ba
where
Sa(za) = [(p + pr) In(p + pp) — plnp — ppIn Ph] (Ta)- (4.5)

This leads us to rewrite the partition function as a functional integral weighted by an entropy
functional,

7 / Dlp(z)] 5P~ F (Elo(@))-uNlp@) | (4.6)

where [Dlp(z)](...) =[Ior fol dp(xq)(...) and the entropy functional is

+00
S@l =L [ " de[(o+ ) lnto+ ) = plup = pulnpy] (@) (4.7)
—0o0
Since it is more convenient to work with densities in rapidity space rather than quantum
number space, we formally perform the functional transformation

p(z), pu(z) — p(A), pr(N) (4.8)

p(@)+pn(x)=1 P(AN)+pn(N)=55+Cxp(N)

and rewrite Z as the functional integral of a Gibbs weight G|[p, pp,] (from now on, except if
explicitly stated otherwise, p = p(A) and pp, = pp(N)),

Z= / Dip, pu] e~ CloP/T, (4.9)

where [ Dlp. pul(--..) = [ Dlp(NID[pn(N)] det |35 ] 8o(A) + pu(X) = € p() = 55)(-.)

and

Glp, pn) = Elp] — T'S|p, pn] — nN|p], (4.10)

with

+00 +0o0
Bl =L [ “apn),  Nel=L[

o > (4.11)
Slp, pn) = L/ dX [(ﬂ + pn)In(p + pn) — plnp — ppInpn| (A).
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In the limit L — oo, the functional integral can be evaluated in a saddle-point approxima-
tion, i.e. at the minimum of G. Imposing G = 0 for arbitrary variations dp (the variations
0p and 0pj, are related by the Bethe equations, dp — C x dp = —dpp,) yields the Yang-Yang
equilibrium condition (Yang and Yang, 1969),

e\ =X —p—CxTln [1 + e_€(/\)/T} : (4.12)

where €()) is the function defined by

Ph(/\)]
€(A) =TIn [ . 4.13
ey s (413
Substituting this into the expression of G we finally obtain the grand canonical potential of
the system,

T,L oo

M = _T/ dr In [1 +e—E(A)/T] ) (4.14)
L oo 2m

Eqgs. (4.12)—(4.14) encode all the equilibrium thermodynamics of the system.

4.1.1 Lieb and Yang-Yang equations

Let us now consider the e function for the ground state, which we shall denote ¢,. The
Yang-Yang equation (4.12) for ¢4 is

Pg.h
N =XN_—p+CxTl 9’) 4.15
€g(A) p n<p9+pg,h (4.15)

where p, and p, j, are the densities of particles and holes of the ground state, respectively.
The former satisfies the Lieb equation (1.99). Introducing the Cauchy kernel restricted to
the Fermi interval,

CEYNN) = 8(Ar — A C(A = X)B(Ar — X)), (4.16)
and its inverse £), such that
(1 + UF)) * (1 - c<F>) AWN)=8(A—N), AN ER, (4.17)

the Lieb equation can be rewritten in a form that is valid for all A,

0 —
(1) wpyir) = 20— A, (1.18)
and solved as
1 OAr—|\) 1 [
_ L ) BTGVt Y R B GIWY
ps(N) = 5= (1+[, >*9(AF ) e /_AF AN LENN).  (4.19)

Since py = 0 outside the Fermi interval, and p,;, = 0 inside it, in the limit 7" — 0 the
Yang-Yang equation becomes

AR
€g(A) — /_)\ d\N C(\ — )\/)69()\/) =eo(N), A €eR, (4.20)

where €g(A) = A2 — p. The chemical potential y is fixed by the condition

eg(£Ap) = 0. (4.21)
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Let us now define a function e(=)(\) such that
(1 - c<F>) €O =), e )= (1 + c<F>) x co(N). (4.22)

Clearly this function is equal to €,(\) inside the Fermi interval, while it is equal to ep(\)
outside the Fermi interval. Therefore, we can rewrite Eq. (4.20) as

AR
es(\) = eo(N) + / ANCA=X)eDN),  AeR. (4.23)
“Ap
This is the solution of the zero temperature Yang-Yang equation, and it is determined once
the function ¢(=)()\) inside the Fermi interval is known'. The function e,()\) satisfies the
following properties:

ey(N) = (=), (1.24a)
Oxeg(A) > 0, for A >0, (4.24b)

€g(A) <0,  for Al < Ar, (4.24¢)

€g(A) >0, for Al > AR, (4.24d)

eg(\) = eo(A) + O\ 72), for A — £oo. (4.24¢)

Finally, notice that using Eqs. (4.19) and (4.22) we can rewrite the total ground state
energy Fg — N, which includes the contribution from the microcanonical ensemble, Fy =
L fj‘fF dAA?pg(N), and from the chemical potential, —uN = —uL fj‘fF dX pg(N), as

)\F L >\F
Ey— uN = L/ dXeg(N)pg(A) = / dXeg(N). (4.25)
“Ap 2 —Ap

4.1.2 Dispersion relations of particle and hole excitations

Eq. (1.107) for the displacements of Type I excitations is written in terms of the restricted
kernel C(F) as

(1 - c<F>) O k) = - 2AF = 1A [sgn(k)w o — k)}, k| > Ap.  (4.26)
2
The formal solution is
AF
Dy(k) = =5 [ X’ [5(A SN 4 LB, x')} [sgn(k:)w N — k)]
sgn(k) AR
= - / Y / AN [5@ N 4 LP)(, X’)] OV — N). (4.27)
k —Ar

The momentum (1.108) of a Type I excitation can then be written

o) =k —— [ ax / =X+ £ [sentky + 6 b)), (4.28)

and using the Lieb equation to perform the integration over A\ we obtain

AR
pr(k) =k + /_A ) [qﬁ(k ) - sgn(k)ﬂ} peN) =pk), |k > Ap. (4.29)

'Notice that e4()\) is a smooth function, and it is different for ey(\) outside the Fermi interval, since

f_)‘fF d\ C(A — X)el=)(\') gives a finite contribution. Consequently, ¢=)()) is discontinuous in [A| = Ap.
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The energy (1.109) of a Type I excitation can be written

AR €
wi(k) = eo(k) + /_ . i e 29) Dy(\ k), (4.30)

and since Dp(\, k) vanishes identically for [A\| > Ap, we can equivalently write

oo deg(N
wi(k) = eo(k) +/ dA 62& )Dp()\, k)
sgn(k)oo AF 400
= eo(k) —/k d/\’/A d/\”/ d\ de;g\/\) {5(/\—/\”) +£<F)(/\,>\”)] C\" = X)
AR —0o0
sgn(k)oo de.(\ dea(\
= eo(k) —/k dX [ igig ) _ 62; )} . (4.31)

Finally, using property (4.24e) to simplify the last integral, we obtain
wl(k) = eg(k), ’k‘ > Ap. (4.32)

Thus the function €4(k) represents the energy of a fundamental particle-like excitation above
the ground state.
The same considerations applied to Type II excitations lead to similar equations,

AR
pule) = =g | " ax[ota =) —senla)e] o,(3) = =pla). (13

wir(q) = —€g(a),  lal < Ap. (4.34)

Then for a generic number of particle and hole excitations,

AP= Y p(k)- > pla), (4.35)
particles holes

AE= Y k)= lq). (4.36)
particles holes

4.1.3 Sound velocity and effective masses

At small momenta, and for arbitrary interaction strength, the dispersion relations of Type
I and Type II excitations may be expanded in series of p as

2

w(p) = vp + ;:n* +0(p%), (4.37)
where
v= O (p) and I O w(p) (4.38)
8}9 p—0 m* apQ p—0

are respectively the group velocity and the inverse effective mass of the elementary excita-
tions. From Egs. (4.29), (4.32), (4.33), and (4.34) it is clear that

v == and m* =mj = —mj;. (4.39)

Let us first consider the group velocity. We have

o )| _ dw(k) (ap(k)>_1
Op ok ok

(4.40)

p—0 k—Ap
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and from Eq. (4.29),

AR
Op(k) =1+ 27r/ AAC(AF = A)pg(A) = 27mpg(Ar). (4.41)
ok k—Ap —AF
Therefore 1 de, (k)
€g

(4.42)

_27TP9(>\F) Ok k:)\F‘

This group velocity is actually the sound velocity in the Lieb-Liniger gas.
By a well-known macroscopic argument, the sound velocity v is related to the isoentropic
compressibility kg of the system,

1 oP oP
—=-L = — 4.43
kS <8L > ( on > g (4.43)
by the Newton-Laplace equation

1
v = 4] —, (4.44)
OKS

where o0 = mn is the mass density. In our units, where 2m = 1, we thus have

e () = (%), s

By definition, the pressure is the derivative of the internal energy at fixed entropy and
number of particles. At zero temperature, P = —0Fy/0L, where Ej is the ground state
energy. Introducing the dimensionless coupling constant (Lieb parameter)

Slo

— (4.46)
we may parametrize the ground state energy as Eo(y) = Nn?(v)e(y), where e(y) represents
the dimensionless ground state energy per particle. Substituting the definition of the pres-
sure into Eq. (4.45) and writing % E/0L? = (c?/N?)0*Ey/0~?%, we then obtain the exact
thermodynamic relation (Lieb, 1963; Lang et al., 2017)

de v? 9%
s = 2 —2y— — 4.4
v n¢%w> 150 + 5 55 ), (1.47)
In the Lieb-Liniger model,
AF 2
dA X" pg(A
f ) (4.48)
f dX pg(A

but remarkably, one does not need to compute e(7y) to find vs, as the latter can be expressed
simply in terms of the ground state density evaluated in A = \g:

.
[27pg(Ar) 1*°

where vy = 27n is the Fermi velocity in the Tonks-Girardeau regime. This equality, which
is proved in Appendix A, is based on the fact that the pressure is also the derivative of the
grand canonical potential (4.14) with respect to the volume at fixed temperature,

“+oo
p__(96wTL) :T/ @m[ e W/T] T2} / dheg(N),  (4.50)

Vg =

(4.49)
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and on the properties of the functions e,(\) and py(A). Eq. (4.49) also establishes the iden-
tity between the macroscopic definition of the sound velocity in terms of pressure variations,
and the microscopic definition as group velocity of the elementary excitations. In fact, as
shown in Appendix A, Egs. (4.49) and (4.42) are identical.

The inverse effective mass is

v () a5 ()

(4.51)

p—0 k—Ap

We compute it explicitly in Appendix A, showing that it can be written as

1 v 0
= VR, (4.52)

or equivalently

1 0 1
— (1= 4.53
2m* < "oy > VK’ (4.53)
where the parameter v/ K is defined as
VE = 2mpy(Ap) = (= (4.54)

We notice that m* is positive; therefore Type I excitations have positive effective mass,
corresponding to upward curvature of the dispersion relation, while Type II excitations
have negative effective mass, corresponding to downward curvature.

4.2 Numerical solutions
By integrating the Lieb equation, one can easily verify that pr(+Ap) 0. Moreover

€g(£Ar) = 0. We can use these properties to reexpress Egs. (4.29), (4.32), (4.33), and
(4.34) in the unitary form

p(k) = 2w

A * an dea) ‘ : (4.55)

/)\k dApg()\)’ : w(k) = ) D

F

where |k| > Ap (|k| < Ar) for the Type I (Type II) excitations?, and Ap is fixed by

N AF

n=" - / 0 py(N). (4.56)
_AF

We notice that the momentum p of Type II excitations takes value in the interval [0, 27n].
The associated energy is zero at the endpoints of this interval. The upper endpoint p = 27n
(which is equal to twice the Fermi momentum in the Tonks-Girardeau limit) corresponds
to a hole rapidity k = —Ap, and is called ‘umklapp point’. The maximal energy associated
with the Type II excitations lies at k& = 0, corresponding to p = 7n. Since for |k| < Ap,
p(—=k) = 2mn — p(k) and w(—k) = w(k), we have wy(p) = wi(2mn — p), therefore the
dispersion curve of Type II excitations is symmetric with respect to p = mn, exacly as in
the Tonks-Girardeau regime.

We can now conveniently switch to dimensionless variables, obtaining

k/)\p k/AF
/ dz fe(x) / dzx fo(x)
1 1

2Notice that in Eq. (4.55), pg(\) is not strictly the ground state particle density in A-space, because that
vanishes outside the Fermi interval, but is the solution of the Lieb equation (1.99) for A € R. Outside the
Fermi interval, pg(\) corresponds to the ground state hole density in A-space.

p(k) = 2mAp ;o wk) =2)0% : (4.57)
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where f.(z) = 1[f(z) + f(—2)] and fo(z) = [f(z) — f(—z)] are, respectively, the even and
the odd part of the function f(z) solving the Fredholm integral equation of the second kind

1
f(z) =g(z) + /1 dy K(x —y) f(y),

1 Q c
= — K = =— >0.
o) =gotm K@= s>

(4.58)

The value of f(z) for any real z is thus determined once f(x) is known in the interval [—1, 1].

The Fermi momentum is L 1
Ap = n(/ dx fe(a;)> , (4.59)
-1

the ground state density of rapidities is

pg()‘/)‘F) :fe(x)a T e [*171]7 (460)
and the ground state energy is Ey = Nn?e(v), where
1 2
dr x° fo(x
e(v) = Ly doa felo) (4.61)

[J2) da fo(@) 2

Fredholm integral equations have been widely studied in mathematics for many years.
There is therefore a well-developed theory, of which Farina et al. (2022) review the funda-
mental points. Eq. (4.58) has exactly one solution, which although not known in closed
form, can be constructed via the convergent iterative process

1

fol@) = g(@),  fulz) = g(x) + / dy Kz — y) fas (8). (4.62)

-1

This is equivalent to the Liouville-Neumann expansion
S
D+ [ dykate - v)go) (163)
n=0 -1
where the iterated kernels IC,, are defined by Ko = K and

1
Kn(x —y) = / ds K(z — s)Kn-1(s — y). (4.64)

-1

To solve Eq. (4.58) numerically, a convenient route is offered by Nystrém’s method,
which consists of discretizing the integral with a quadrature scheme

/ dz h(z Zw] (z;), (4.65)

with weights w; and the quadrature points (‘nodes’) x; such that ;1 = —1, ) = 1 and
x; < xj41. Collocation at x = x; then gives the M x M linear system

ij —xj)f(zj) = g(x;), i=1,..., M. (4.66)

Having solved this system, the solution of Eq. (4.58) for any real x is given by Nystrom’s
natural interpolant
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Ground state density of rapidities for different values of the interaction param-
eter ¢ at unit filling.

Spectrum of Type I excitations for different values of the interaction parameter
¢ at unit filling. For comparison, the finer red line represents the dispersion
relation in the Tonks-Girardeau limit, w = 2mp + p?, while the finer blue line

corresponds to the dispersion relation of non-interacting bosons, w = p?.
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Spectrum of Type II excitations for different values of the interaction parameter
¢ at unit filling. For comparison, the finer red line represents the dispersion
relation in the Tonks-Girardeau limit, w = 2mp — p?, while the finer blue line
corresponds to non-interacting bosons, which do not have hole-like excitations.
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An implementation of Nystrom’s method in MATLAB is provided by the Fie package
developed by Atkinson and Shampine (2008). In Figs. 4.1-4.3 we show the numerical
solutions for the ground state density function and the spectra of Type I and Type II
excitations at unit filling (n = 1) for different values of the interaction strength ¢, obtained
using Fie?. The ground state energy is plotted in Fig. 4.5, where the exact result is
compared with various effective approaches that we will discuss shortly.

Over the years there have been many efforts to obtain analytical approximations of
the ground state energy in the weak and strong interaction regimes. Relevant works on
weak interaction are the ones by Tracy and Widom (2016); Prolhac (2017); Marino and
Reis (2019); Ristivojevic (2019). In particular, the latter provides an expansion of e(7)
in powers of v up to the order 4°. Relevant works on strong interaction are the ones by
Ristivojevic (2014); Lang et al. (2017). The latter provides an expansion of e(y) in powers
of 1/~ up to the order 1/4%°. Such high-precision results on the ground state energy, namely
on the ground state density of rapidities, are relevant also for the excitation spectrum, as
the energy of the excitations can also be written (Petkovi¢ and Ristivojevic, 2018)

Ikl k, A\
where (X) = [, dX py(X,)), and
1 A / / /
Pk N) = o + /_A dk' C(k — K)p(K', \). (4.69)

This remarkable result shows that knowing the ground state density of rapidities one can
directly infer the whole excitation spectrum, and therefore the spectrum at arbitrary mo-
mentum is fully determined by the properties of the ground state.

We will not go into the details of the sophisticated analytical approximations mentioned
above. For moderate to strong interaction, we present below a relatively simple result
obtained from the first step in the iterative solution of Eq. (4.58). In the next section, the
case of weak interaction is addressed through effective theories, in particular the Bogoliubov
theory and the hydrodynamic (or Luttinger liquid) approach, which are independent from
the exact Bethe Ansatz solution.

4.2.1 Moderate to strong coupling expansion

Since the kernel K(x) is at most 1/ma, for moderate to strong interaction the first few
terms of the expansion (4.63) should provide a sufficiently accurate approximation of f(z).
In particular, if we limit ourselves to just the first step of the iterative procedure, we get

1 « 1
Je(z) = o [1 * arctana (2 + 042):| ’ (4.70)
B 1 2 a (x —1)%2 4 a?
fO(CC) =X |:1 + ; arctan <042—|—;L‘2—1>:| + % hl [(;3_1-1)24-@2] . (471)

Substituting the first equation into Eq. (4.61), we obtain the dimensionless ground state
energy per particle

2arctana)? [1 o 1
e= ( i + 1 — oarctan— || . (4.72)
T 3 arctana o
3The unit filling fixes )\gc') =Ap(c=o0)=mand p € [O,QA;;FG)} = [0, 27], but does not entail a loss

of generality. The results for generic v can be obtained from the results for (¢ = v, n = 1) by rescaling the
momenta as p — np and energies as w — n’w.
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Figure 4.4: Comparison between exact numerical results and the analytical expressions
(4.73a)-(4.73¢) of the dispersion relations of Type I and Type II excitations
at unit filling. The insets show the very small-momentum region.

In the Tonks-Girardeau limit e(y) tends to the constant value 72/3, consistently with Eq.
(1.95) in the thermodynamic limit. The comparison of Eq. (4.72) with the exact result is
shown in Fig. 4.5.

Substituting Eqgs. (4.70) and (4.71) into Eqgs. (4.55) and (4.59), we obtain

Ap = 2narctan «, (4.73a)
t
b=k arc an(a/x), (4.73b)
arctan o
1 2c
c? 2x% — 2 1 4 X (x —1)2+a?
— t — —In(1+— Zln | A4—m—— 4.73
+ 5 ot e g am (14 ) + S [ o 070
arctan(%)
pu=k+Ap [1 + X] (4.73d)
arctan «
wir = |wil, (4.73e)

where x = k/A\rp € [1,400) for Type I and x € [—1,1] for Type II excitations. Eq.
(4.73a) is the self-consistent equation for A\r = Ar(c), and once A is known the last four
equations allow us to determine the dispersion relations parametrically as w(k)[p(k)], with
k in the appropriate interval. It is worth mentioning that in the limit of large momenta
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(p > p§ = ny, for finite 7), the Type I dispersion relation simplifies to
w(p) = p? +4n’y — 2%+ 0(p~?). (4.74)

As can be seen in Fig. 4.4, the analytical expressions (4.73a)-(4.73¢) approximate quite
well the exact dispersion relations already for v ~ 4. For such value of v, the sound
velocity is underestimated by about 3% and the maximum energy of Type II excitations is
underestimated by about 4%. In principle, a better approximation could be obtained with
an additional step in the iterative procedure, but in practice it is a huge challenge to express
p(k) and w(k) in closed form, so one has to resort to more sophisticated methods (Lang et
al., 2017).

4.3 Effective approaches for weak interaction

In this section we discuss some effective approaches that allow to determine the ground state
energy and the excitation spectrum in the weak interaction regime independently from the
exact solution obtained via the Bethe Ansatz. We emphasize that these effective approaches
can reproduce only the Type I dispersion relation.

4.3.1 Bogoliubov approach

Expressing the bosonic field operators occurring in the Lieb-Liniger Hamiltonian (1.2) in
terms of the operators that create and destroy a particle with well-defined momentum via

the Fourier transform? )
P(x) = VI Z ape’™”, (4.75)

where a, and ap satisfy the canonical commutation relations [ap, = 0p s [Gp, ay] =0,
Eq. (1.2) becomes
2515 ¢ SN
H= Zp aTap +7 Z gy Oy - (4.76)
PP’ q

Assuming that at zero temperature the zero-momentum mode is macroscopically occupied®,
ie. <d8&0> = Ny ~ O(N), we can treat perturbatively the quartic interaction term in Eq.
(4.76) following Bogoliubov’s theory for quasi-degenerate Bose gases. The key observation
is that in the thermodynamic limit

0/\/

do| Nos {Ny0} ) = v/ No | No — 1, {Nyz0}) \/E|No,{ Npzo}), (4.77)
T

and similarly for a;. These operators may therefore be regarded as ordinary c-numbers,
equal to /Ny (Bogoliubov, 1947). In terms of the field operator, this means that

b(@) = o+ = Zape = Yo + 00(a), (4.78)
p#ﬂ
where g = 1/No/L. Since di)(z) is assumed to be small, one retains in Eq. (4.76) only
those terms that are no more than quadratic in a, and d; for p # 0, finding
cN?

Hpog = <+ Z [ p? + 2cn) ala, + cn (apa_p +aba T_p)} (4.79)
p#0

4Notice that with our conventions, a, is the Fourier transform of ¢ (z)/v/L.
SWe will return on the validity of this assumption at the end of Section 4.4.1.
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Clearly such approximation can only be valid for weak interaction. This Hamiltonian can
be diagonalized by a Bogoliubov transformation (see Appendix B), which leads to

HBog = FEp+ Z WBog B (480)
p#0
where I;p and ISIT) are bosonic operators,
wBog(P) = VP*(P* + 4cn) (4.81)
is the spectrum of elementary excitations, and
cN? 1 9
Ey = I + 5 ; [wBog(p) -Dp - 26”] (4.82)
P

is the ground state energy. (The first term represents the ground state energy at tree-level
or zeroth-order in perturbation theory).

These results demonstrate that, within the assumptions made, the original system of
interacting bosons can be described by the Hamiltonian for non- interacting quaslpartlcleb
having the dispersion relation wpeg(p) and bosonic nature. The operators b and bp represent
the annihilation and creation operators of these quasiparticles. From thls perspective, a
physical particle created by &L is described as a superposition of quasiparticles, according to
a;[, = upb + vpb_p (see Appendix B). At small momenta, 1, ~ ny/¥/p > 1 and v, ~ —uy,
therefore d;r; ~ Ny /Y p‘l(BIT, — I;_p) and a physical particle is described by a very large number
of quasiparticles. This is equivalent to say that a single quasiparticle excitation corresponds
to a collective excitation of many physical particles. Instead, at high momenta wu, ~ 1
and v, ~ 0, so that &}: ~ B;r, and the quasiparticles become indistinguishable from the real
particles.

Going to the continuum limit, the ground state energy reads

L [* 4
Eo = cn’L + 2/ dp [\/pQ(p2 + 4en) — p? — 2077,} = Nn?y <1 — 3\ﬁ> . (4.83)
™ Jo s

This is the analogue in one dimension of the well-known Lee-Huang-Yang result for the
ground state energy of a 3D weakly interacting Bose gas (Lee and Yang, 1957; Lee et al.,
1957). The zero-temperature chemical potential is

- =9 1— = 4.84
n= G =2y (1-17) (184)

and the dimensionless ground state energy per particle is

)= (1= 50v7). (1.8

The latter is compared with the exact result in Fig. 4.5. Substituting Eq. (4.85) into the
thermodynamic relation (4.47), we obtain for the sound velocity

1
Vs =20y [y — %73/2. (4.86)

This is different from the ‘bare’ sound velocity occurring in the Bogoliubov spectrum (4.81),
that is instead
_ 8wBog(p)

- = 2n/7, (4.87)

p—0
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Figure 4.5: Dimensionless ground state energy per particle as a function of v. The exact
result is obtained numerically from Eq. (4.61). The large v approximation is
given by Eq. (4.72). The prediction of Bogoliubov’s theory is Eq. (4.85), while
the tree-level result is e(y) = . In the Tonks-Girardeau limit, the exact e(y)
approaches 72 /3 ~ 3.29.

and provides a much better approximation of the exact result, accurate up to the remarkable
value of 7 ~ 10 (Fig. 4.6). Using Eq. (4.86) in Eq. (4.53) we then get an approximation
for the effective mass valid in the same range of +,

1 127y — 5v3/2

2 ::[213/3w(2wq/—»73/2ﬂ3/4' (4.88)

4.3.2 Hydrodynamic approach

The collective nature of elementary excitation motivates a field theoretic description in terms
of collective fields, which is known as ‘hydrodynamic approach’ or ‘bosonization’ (Haldane,
1981a; Giamarchi, 2003; Cazalilla et al., 2011). Appendix C provides a summary of the
bosonization method, where all the results necessary for the purposes of this section are
obtained. In the case of the repulsive Lieb-Liniger model,

- / i (0201 (2)02) + 1 @) @) @), e>0, (4.89)

the collective fields are the density p(z) and the phase f(z), in terms of which the field
operator is written

b(a) = v/p(a)e . (4.90)
The canonical commutation relations of the field operator impose
[p(@), ] = bz — )7, (.91
which is satisfied by
[ﬁ(m), é(m')} =id(z — 2'). (4.92)

In a translationally invariant system, the ground-state density is constant and equal to
po =n = N/L. At small excitation energies, we can account for small density fluctuations
consistently with Eq. (4.92) by writing the density operator as

p(x) ~n— —0,¢(x), (4.93)
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with the fields  and ¢ satisfying the commutation relation [0, (), 0(z')] = —imd(x — 2').
Eq. (4.93) is only valid in the weak interaction regime, characterized by v < 1, since this
is only the p = 0 component of the density, which in general contains an infinite series

of harmonics of 2[rpoxr — ¢(x)] (Cazalilla et al., 2011). In this regime, the Lieb-Liniger
Hamiltonian is thus

T ~ X n—l A.f AIL'2 1 21'2 -y 332
i [ |(n- 20,00 ) Q0@ + o @@P + S0P (@)

Am2n T

H contains two operators of scaling dimension two, ((?zé)Q and (896@2))2, one operator of
scaling dimension three, (9,)(9:0)2, and one operator of scaling dimension four, (92¢)2.
At lowest momenta, the excitation spectrum is determined by the most relevant® operators,
namely those with scaling dimension two. Retaining only these operators, we obtain the
effective Hamiltonian

m:/mh@%W+“@mwﬂ, (4.95)

describing a Luttinger liquid with renormalized velocity u = 2n,/y = (\/7/7)vFr, and Lut-
tinger parameter K = 7/,/7 = vp/u (see Appendix C). Therefore the excitation spectrum
is linear, with the sound velocity u,

wo(p) = up, u = 2n,/7. (4.96)

This sound velocity coincides with that of Bogoliubov, Eq. (4.87). Notice that since a
Luttinger liquid exactly describes both the excitations of free bosons and of fermions with
linear spectrum, Hy does not uniquely determine the statistics of quasiparticle excitations.

At lowest momenta, the first correction to the effective theory Hy comes from the leading
irrelevant operator, namely the one of scaling dimension three, which gives the Hamiltonian

Hp = Hy— % / dz 0, p(x)(0,0(x))2. (4.97)

This is the Hamiltonian of a Luttinger liquid with a band curvature term and can be mapped
to a basis of free fermionic quasiparticles having the spectrum w = up + p?/2m*, where the
effective mass m* is related to the Luttinger parameters by m*~! = 77 19(uv/K)/dn (see
Appendix C and in particular Eq. (C.60)). Therefore Hp yields the fermionic excitation

spectrum
2

we(p) =up+ —,  m* = 2/m/3y (4.98)

2m*’
We notice that the relation u = 27n/K between the Luttinger parameters for the Lieb-
Liniger model allows us to rewrite Eq. (C.60) for the effective mass in the form

1 0 U

which coincides with the exact relation (4.53). This is a very significant result. It tells us that
for the Lieb-Liniger model, the phenomenological relation between the effective mass and the
sound velocity in the Luttinger theory, which is an effective description for weak interaction
and small momenta, actually holds for arbitrary interaction strength. This means that the
effective description correctly captures the degrees of freedom of the system even at strong
interaction, although the Luttinger parameter must be properly ‘renormalized’ to agree with

5 An operator is more relevant, in the sense of the renormalization group, the smaller its scaling dimension
is. Relevant operators determine the low-energy properties of the theory.
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Figure 4.6: Sound velocity as a function of . The exact result is obtained numerically from
Eq. (4.49). The sound velocity of the Bogoliubov spectrum, which coincides
with the sound velocity in the Luttinger liquid theory, is given by Eqgs. (4.87)
and (4.96). The sound velocity obtained from the macroscopic compressibility
using Bogoliubov’s e(7y), Eq. (4.86), is indistinguishable from the exact result
up to v ~ 10. In the Tonks-Girardeau limit, the exact vs/n approaches 2.

the exact value. Both in the effective and exact descriptions, the dispersion relation up to
order p? is thus completely characterized by the sound velocity vs = vp/K (Matveev and
Pustilnik, 2016); in the effective theory K = 7/,/7, while for arbitrary interaction strength
K = [21py(Ar)]?. As expected, the former relation agrees with the exact one in the limit
of weak interaction (Fig. 4.6), see also Pustilnik and Matveev (2014).

At larger momenta, we expect the operator of scaling dimension four to be more impor-
tant than the one of scaling dimension three. The first correction to Hy will then be

Hp=Hy+

/ dz (02p(x))%. (4.100)

4dm2n

The excitation spectrum of this theory is most easily obtained in a functional integral
approach. The Euclidean action

Sp = /de:c [w(x,f)afw(x,f) +HB} - %Z (0-q ¢-q)Cq' (ZC‘) , (4.101a)
a q

where q = (p, wy), is Gaussian, with

2 iwep
Gyl = (”” 2 ) . (4.101b)

) 2 4
wyep cp p
27 2 + 472

The single-particle Green’s function is simply G¢, and the excitation spectrum is given by
its poles, which are the solutions of det Gal = w% + p%(p? + u?) = 0. Rotating to real

frequencies by iwy — w, we thus obtain that Hp describes bosonic quasiparticles with the
Bogoliubov spectrum

wp(p) = VP2 (P* + u?) = up@. (4.102)

Below and above the crossover momentum py = u = 2n,/7, the Bogoliubov spectrum
simplifies to

up +p*/2u, p < po,
wp(p) ~ (4.103)

u?/2+p%  p = po,
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Figure 4.7: Particle-like excitations in different regions of the momentum-interaction plane.
In the pink regions elementary excitations are fermionic quasiparticles, while
in the cyan region they are bosonic. The crossover momenta are p* ~ 3/
po ~ /7, and py ~ 7, while the value of the Lieb parameter separating the
weak and strong interaction regimes is v ~ 1. For weak interaction and small
momenta, we have the Luttinger dispersion relation (4.98). Above the crossover
momentum p*, the Bogoliubov spectrum (4.102). For strong interaction and
small momenta, the ‘Luttinger-like’ dispersion relation given by Eq. (4.37),
with Egs. (4.49) and (4.53). In region I the dispersion relation is given by Eq.
(4.74), while in region II terms of order p* and higher are important (for v > 4
Eqgs. (4.73a)-(4.73¢) provide a quite accurate approximation). The separation
(dotted line) between the regions II and ‘Luttinger-like’ is just qualitative.

and wp(p) and wp(p < po) cross at p* = (3n//7)y>/4.

We can thus distinguish the excitation spectrum of the repulsive Lieb-Liniger model in
different regions of the momentum-interaction plane (Fig. 4.7). For weak interaction and
small momenta, the system is described by the Luttinger liquid paradigm. Elementary exci-
tations are fermionic quasiparticles characterized by a linear dispersion with sound velocity
vy = u and a quadratic correction controlled by the effective mass m*, which is related to
vs by Eq. (4.99). At larger momenta, between the values p* ~ ~3/% and py ~ V7, the
cubic correction in the spectrum becomes dominant with respect to the quadratic one, and
fermionic quasiparticles transform into Bogoliubov phonons. Finally, above py the Bogoli-
ubov spectrum is quadratic up to a constant term 2n?~y, with the effective mass equal to
the physical mass of the particles.

For moderate and strong interaction, the Bethe Ansatz shows that for small momenta
the dispersion relation is still ‘Luttinger-like’, i.e. it is linear with a quadratic correction
controlled by the effective mass, which is related to the sound velocity by the same relation
valid at weak interactions. Ristivojevic (2014) has shown that the next term in the expansion
in powers of p, of order p?, is controlled by a coefficient o(y) ~ =3, therefore the momentum
interval in which the dispersion is Luttinger-like increases with the interaction strength.
In fact, in the Tonks-Girardeau limit the exact dispersion relation is Luttinger-like with
vs = vp and m* = m. Instead, at finite v and momenta larger than pj ~ -, according
to Eq. (4.74) the dispersion relation is quadratic up to the constant 4n%y — mn2, with
the effective mass equal to the physical mass. This is qualitatively similar to the large-
momenta limit of the Bogoliubov spectrum, however the constant terms are different; the
one for strong interaction is larger than that for weak interaction. This is consistent with
a picture of fermionic quasiparticles at strong interaction, which due to the Pauli principle
are expected to have higher energy than bosonic ones for a given momentum. Indeed, we
have just seen that a change in the nature of quasiparticles is signaled by the fact that the
cubic correction becomes dominant over the quadratic one. Since the cubic correction is
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o(y)p3, with () ~ 73 to leading order, the crossover momentum would be p% ~ 73,
which however for v > 1 is higher than pfj ~ 7. We see from the Eq. (4.74) that at such
large momenta the cubic correction is not present at all. Therefore, at strong interaction
we do not have a change in the statistics of quasiparticles, as there is simply no room for
bosonic quasiparticles to develop.

4.4 Mean field approaches and dark solitons

In addition to Bogoliubov’s perturbative approach and the hydrodynamic approach, some
relevant physical aspects of the model in the weak interaction regime are captured by the
Hartree mean field approach, which we have already used previously in the attractive case.

4.4.1 Gross-Pitaevskii equation

As discussed in Section 2.1, in the mean field approach the many-body wavefunction is
assumed to be a product of single-particle wavefunctions satisfying the Gross-Pitaevskii
equation (GPE)

iz, 1) = [—ag + 2c]w(x,t)\2]w(x,t). (4.104)

To ensure consistency between the time-dependent GPE and the time-independent one,
under stationary conditions 1 (z,t) must evolve in time as

U(x,t) = P(x)e ™, (4.105)

The underlying assumption of is that there is (at least approximately, for weak interaction)
a macroscopic occupation of the state described by v (z, t), in the same spirit of Bogoliubov’s
approach. The validity of this assumption will be addressed shortly. It is then not surprising
that if one considers small-amplitude oscillations over the stationary and spatially-uniform
solution, ¥ (z,t) = [o + 6(x,t)]e” ", and linearizes the GPE in &t (x,t), one obtains
exactly the Bogoliubov spectrum of elementary excitations (Pethick and Smith, 2008).

In the attractive case, the GPE admits a class of analytical solutions describing bright
solitons, i.e. localized and shape-invariant density peaks over a uniform zero-density back-
ground. A similar class of analytical solutions exists in the repulsive case, but this time it
describes dark solitons, i.e. localized and shape-invariant density depressions over a uniform
constant-density background. Here we discuss just the fundamental (one-soliton) solution;
the n-soliton solution was obtained by Zakharov and Shabat (1973) using the inverse scat-
tering method, similarly to the attractive case. However, in contrast to the attractive case,
where a bright soliton can be observed even in the ground state, a dark soliton always rep-
resents a collective excitation imprinted on the uniform ground state, for a dark soliton with
non-vanishing amplitude necessarily has non-zero momentum (see the discussion below).

For repulsive interaction (self-defocusing nonlinearity), the time-independent GPE reads

—¢"(@) + 2| () PP(2) = pip(z), >0, (4.106)

where the primes denote derivatives with respect to x. Let us look for a real solution with
the properties that ¢'(z) — 0 and |¢(x)] — o = const. (non-zero) for x — +oo. The
analogue mechanical problem is

2
_a‘g?, with  V(¢) = % (1 —cy?). (4.107)

The potential V(1)) is sketched in Fig. 4.8, and it is clear that a non-trivial solution with
the required properties exists only for g > 0. In particular, it must be 9V (¢g)/0¢ = 0,

(z) =
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Figure 4.8: The two possible behaviors of the potential V() for u < 0 and p > 0.

that gives p = 2¢y)2, and the total ‘energy’ of the motion must be
1

€= (W) +V({®) =V() = 7% (4.108)
We can now integrate Eq. (4.107) by quadratures. We have ¢/ = i\/iq/ﬂ hence
@ +1 (Y@ gy
dr = — 4.109
/370 \ﬁ xo wo Q;Z)Q ( )

Taking as ‘initial condition’ ¢'(z¢) = V2&, so that V(1(z¢)) = 0 and ¢ (o) = 0, we obtain

arctanh (%?) , (4.110)

bs(z) = \/zctanh [\/g(x:po)} ftanh< T > (4.111)

Here we have used the fact that the chemical potential is related to the amplitude of the
wavefunction for x — oo by p = 2ch3, but according to Eq. (4.84) it is also (to leading
order) p = 2cn, where n is the background density. We thus have the identification ng =n.
In the last step, we have introduced the quantity

1
Vi 2en’

which is called the coherence (or healing) length. It represents the distance over which the
wavefunction tends to its bulk value (¢, in our case) from a localized variation. Eq. (4.111)
describes a black soliton, namely a localized density depression which reaches the value zero
in x = z¢ (Fig. 4.9).

The GPE also possesses solutions for which the associated density depends on the spatial
coordinate x and the time ¢ through the combination x — vt. These represent propagating
dark solitons, and have the form

1
x_xo_\f/ 1#2:1/10\/5

and therefore

€=

(4.112)

Vs(z,t) = g(x — vt)e . (4.113)
Substituting this expression into Eq. (4.104), we get
—io (F) + pps(F) = = (2) + 2¢lebs (8) Pehs (), (4.114)

where the primes denote derivatives with respect to & = x — vt. We separate ¥s(Z) into real
and imaginary parts by writing

Us(@) = o | £(@) + ig(@)] (4.115)
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Figure 4.9: Probability density of the black soliton () for different values of the interac-
tion parameter ¢ and arbitrary background density n.

with the condition that f?(Z) + ¢?(%) = 1 for & — 4o00. Let us consider the case for which
the imaginary part is a constant, g(Z) = go. Substituting Eq. (4.115) into Eq. (4.114) then
yields the two equations

F'(@) = p (@) + 95 - 1) @), (4.116a)
1@ = =5 (@) + g~ 1) go. (4.116b)

We notice that the first equation is formally equivalent to Eq. (4.106) upon the substitutions
z— %, p— p(l —g2), and 2¢ — p. Its solution is therefore

f(Z) =1/1 — g3 tanh [ “(1;93)(;}; — xo)] : (4.117)

We then have to ensure consistency between the Eqs. (4.116a) and (4.116b). Multiplying
the first one by f/(#) and integrating gives 2[f’(%)]? = u(f%(%) + g2 — 1)2. The comparison
with the second equation yields the condition

v2

ﬂ .
As one last step, we can relate the chemical potential to the velocity of Bogoliubov phonons
by u = \/2u. Putting things together, the soliton wavefunction is (Tsuzuki, 1971)

v [ v? x —x9 — vt —iu?t/2

with &, = £/4/1 — v2/u?. The associated density is

it o ()

=1 — (N — Ninin) sech? <x—f§0§—vt) , (4.120)

where nuyin = [¢s(z = 20 +0t,t)|? = nv?/u? is the minimal value of the density, correspond-
ing to the bottom of the soliton dip. The integrated density is

/dst(x DP = N -2 LTV 2/“2 = N — gy L imin (4.121)
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Since u? = 4cn, the propagation velocity v of the soliton is given by v = 2,/Chmin, that is
the bulk sound velocity evaluated at the density npi,. The latter is zero when the soliton
is stationary (black soliton), while for non-zero v the minimum density is grater than zero,
and we call ¥(z,t) a gray soliton. In Fig. 4.10 we present the time evolution of the density
of dark soliton for different propagation velocities. It is worth emphasizing that the velocity
of gray solitons cannot exceed the bulk sound velocity, while there is no similar limitation
on the velocity of bright solitons in the attractive Bose gas, as the height and width of a
bright soliton are independent from the velocity at which it propagates.

The density notch is associated to a flip of the phase of the wavefunction. The phase is

v xr — xg — vt
T coth <\/2£’§v>] (4.122)

for x > xo + vt, and O(x,t) + w for x < xg + vt. The change of phase along the soliton is
therefore

O(x,t) = arctan [

Af = 0(+00,t) — 0(—00,t) = 2arctan (\/Jﬁ) — 7 = —2arccos (%) ) (4.123)
For a gray soliton moving in the positive x direction the phase change is negative. In the
case of a black soliton (v = 0), one observes a single phase flip A = —7 at the position of
the density dip.

The energy associated to the soliton can be obtained by substituting the expression of
Ys(z,t) into the Gross-Pitaevskii energy functional £ = [dz (\&Ew\Q + C|¢]4), which we
introduced in Section 2.1. Actually, to allow for the deficit of particles in the soliton, we
consider the quantity E—uN = [ dx (\&w\Q +clyl* — ,u|1/)2]), namely the zero-temperature
grand canonical potential, rather than the energy F itself (Pethick and Smith, 2008)7. In
the absence of the soliton, assuming the background density to be uniform, (E — uN)unis =
en?—pn. The difference A(E—uN) between the grand canonical potential with and without
the soliton is thus

E, = A(E - uN) = / da [|0u e, O + ¢ (s, D = )], (4.124)

which yields the soliton energy

2\ 3/2
B = oy (1 - ”) . (4.125)

Identification of the soliton momentum requires a more careful discussion, as one needs to
take into account two separate contributions (Syrwid, 2021). The first is of course the ‘local
momentum’ associated to the field ¥q(z,t),

v2

PL=—i / o (o, 00,05, 1) = 20 [1 - (4.126)

?a
which is produced in a region of the order of &, around the density dip. The second contribu-
tion is related to the asymptotic change of phase of the soliton. This effect is well understood
if one consider the system on a ring with circumference much larger than the soliton width;
then the requirement of a single-valued wavefunction enforces the appearance of a coun-
terflow at large distances, which compensates the phase difference (4.123). Concretely, in
the hydrodynamic formulation of the Gross-Pitaevskii equation, the space-dependent phase

“For a direct derivation of the dark soliton energy using a limiting procedure that conserves the number
of particles, see Zhao et al. (2020).
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Figure 4.10: Time evolution of the probability density of dark solitons with different prop-
agation velocities. We set cn = 1 (thus v = 2) and g = —5.

O(x) of the wavefunction is identified with the particles’ velocity field V (z) according to
V(z) = (h/m)0,0(x) (Pethick and Smith, 2008). This is associated to a momentum density
p(z) = mnV(z) = hndyH(z) and a total momentum P = hn [ dz9,0(x) = hnAf. To
compensate the phase difference as required by periodic boundary conditions, we thus need
a counterflow carrying opposite momentum, which in our units (A = 1) reads

AP = —nAf = 2n arccos (%) . (4.127)

The total momentum of the soliton is then

2
P, =P + AP =2n [arccos <E> - B\/ 1-— u2] . (4.128)
uw/  wu v

One can easily check that Ps satisfies the relation v = dEs/dPs, or Py = f %”%U(”), and
therefore is the canonical momentum of the soliton.

Due to its localization and stability, a simple description of the dark soliton is that
it behaves as a mass defect (a ‘hole’) moving with velocity v and momentum P;. The
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Figure 4.11: Dispersion relation of dark solitons of the Gross-Pitaevskii equation (continu-
ous lines) compared with the dispersion relation of Lieb’s Type II excitations
(discrete markers), for different values of the interaction parameter ¢ at unit
filling.

additional counterflow momentum AP can be interpreted as contribution accounting for
the reorganization of particles around the moving soliton. This description sounds quite
similar to the definition of Lieb’s Type II excitations. Indeed, as first noted by Kulish et
al. (1976), the dispersion relation of a classical dark soliton closely follows that of Type II
excitations. Evident clues to this correspondence are that P, takes values in the interval
[0,27n] (Ps = 0 for v = w and Ps; = 27n for v = —u), exactly as the momentum of
Type II excitations, and that Es has downward curvature, thus negative effective mass, and
vanishes at the endpoints of the momentum interval. The correspondence becomes exact in
the weakly interacting limit (Ishikawa and Takayama, 1980). We can prove it analytically
by using the expansions for a < 1 of the functions fe(z) and f,(z) occurring in Eq. (4.57),
obtained by Popov (1977) and Reichert et al. (2019), respectively:

V1= 12 N 1 +ln(1%ﬂ) —xln(%f—i)

2ra 472y/1 — 22

fe(x) = + O(), (4.129a)

V1 — 22 n x [1 + In (1%”)] + (1 —22?%) ln(%)
a PRy

Retaining only the first term of each expansion, Eqgs. (4.57) and (4.59) give

folz) = +0(a). (4.129b)

Ar = dan, (4.130a)
1
P = 2T\ —— (arccosx —xV1-— X2) , (4.130b)
Ao
1 +2)3/2
wir = QA%(?)X), (4.130¢)
a

with x = k/Arp € [-1,1]. Eq. (4.130a) fixes Ap = 2y/cn, and the dispersion curve
wir(x)[pr(x)] obtained parametrically from Eqgs. (4.130b) and (4.130c) is identical to the
dispersion curve Es(v/u)[Ps(v/u)] obtained from Eqs. (4.125) and (4.128). In Fig. 4.11 we
compare the dispersion relation of dark solitons with the Type II dispersion relation obtained
numerically. Rather surprisingly, this correspondence remains quite good well beyond the
range of ¢ within which the mean field is expected to provide an accurate description of the
system.
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Our discussion has focused on the zero-temperature case, however further insights into
the correspondence between dark solitons and Type II excitations of the Lieb-Liniger model
come from exploring the statistical distribution excitations at finite temperature (Karpiuk
et al., 2015). Let us just give an idea of how to proceed. The equilibrium properties of the
system can be described in terms of a gas of two kinds of quasiparticles, corresponding to
Type I and Type II excitations. The total energy of the system is

g({nmvﬁpn}) = Z anwI(pI) + Z ﬁpIIwH(pH)) (4.131)

p11

where np; and 7, are the number of Type I excitations with momentum p; and the number
of Type II excitations with momentum pyy, respectively, and wi(pr) and wi(prr) are the
corresponding spectra, which are obtained based on the Yang-Yang equation (4.12). The
quasiparticles’ states are populated according to the probability distribution

P{npys i }) = oI, (4132)
where Z is the partition function, and then one can compute the average number of Type
IT excitations at a given temperature as a function of the momentum. This number should
be compared with the statistical distribution of dark solitons within the mean field ap-
proach. The latter can obtained with the following method. Using a Monte Carlo algorithm
(Witowska et al., 2010), one prepares an ensemble of classical fields corresponding to a
given temperature, in which the density p(z,t) associated to a classical field is a sum of
regularized dark soliton densities,

p(x,t) = polz —x; — vjt), (4.133)
j

where ps(z,t) = |1s(z,t)|* —n, and z; and v; are the initial position and the velocity of the
jth soliton, respectively. The Fourier transform of the density in both position and time is®

plk,w) = Z e~ ki 5 (ks 0;)0(w — vik), (4.134)
J

where ps(k;v;) is the Fourier transform of a single solitonic density, which depends on the
soliton velocity as a parameter. The square of p(k,w) is then

Bk, w)|? =D Aj 1Dk 05)* 6(w — vik),
i

=N +2 Y coslh(a, )

J1>72

(4.135)

where N; is the number of solitons with velocity v;. Since in the thermal ensemble the
initial positions of solitons are random, averaging Eq. (4.135) over many realizations one
obtains
1Bk, ) ) = 37 Ny ki 0) 2 8 — vjk). (4.136)
J

It follows that the ratio (|p(k,w)|*)/ |ps(k; w/k)|? yields the number of solitons with velocity
v = w/k. Implementing this soliton-counting procedure (and introducing a phenomenolog-
ical correction at higher temperatures to take into account soliton collisions), Karpiuk et

SExplicitly, p(k,w) = >, [ dadt ps(z — x; — vit)e ™", Introducing the variable & = x — z; — a;t,
this can be written as p(k,w) = 3, e ([ dE ps(2)e” ™) [dte' "Mt which gives the result.
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al. (2015) have matched the thermal distribution of dark solitons with that of Type II
excitation, providing further evidence that Type II excitations are solitonic in nature.

The question remains whether the relationship between dark solitons and Type II ex-
citations is valid also for stronger interactions. In order to address this problem, in the
next section we present a generalized mean field approach, leading to nonlinear Schrédinger
equations (NLSEs) with different nonlinearities depending on the interaction strength, and
which reduce to the usual Gross-Pitaveskii equation (GPE), namely a NLSE with cubic
nonlinearity, in the limit ¢ — 0. The hope is that this approach can extend the effectiveness
of the mean field theory to the moderate and strong interaction regimes. However, that is
probably too optimistic’. The main concern is that mean field theory relies on the intro-
duction of an ’order parameter’; i.e. a single-particle wavefunction which is assumed to be
able to collectively describe the bosonic system. While this is typically the case in 3D, at
temperatures below the critical temperature of Bose-Einstein condensation (BEC), whose
occurrence is signaled by the presence of off-diagonal-long-range-order (ODLRO) in the
one-body density matrix p(z,y) = ({f(2)d(y)) (Penrose and Onsager, 1956; Pitaevskii and
Stringari, 2016), in 1D the situation is more delicate. In 1D, ODLRO is absent at any 7" > 0
and for any ¢ > 0, and therefore we never have true BEC. However, for small interaction, at
T = 0 we have a mesoscopic condensation (or quasi-condensation) characterized by a finite
condensate fraction, a phenomenon that, for all practical purposes, can be considered as an
ordinary condensation (Colcelli et al., 2018, 2020). For this reason, the mean field approach
works reasonably well for weak interaction even in 1D. For stronger interaction, however, we
do not even have mesoscopic condensation. It is therefore difficult to base the generalized
mean field approach on solid ground. We will discuss its effectiveness by comparing it with
the exact result, but we can already expect, for instance, that the agreement between the
dispersion relation of mean-field solitons and Type II excitations in the strong interaction
regime will not be as good as the agreement we observe for weak interaction.

4.4.2 Generalized Gross-Pitaevskii equation

A modified GPE in 1D was first introduced by Kolomeisky et al. (2000) for the Tonks-
Girardeau regime. Despite initial criticisms by Girardeau and Wright (2000)'°, the idea was
soon after generalized by Dunjko et al. (2001); Ohberg and Santos (2002) and successfully
applied to the problem of an expanding 1D cloud, and was later used by Lieb et al. (2003)
to study the 3D to 1D dimensional crossover. The idea is the following. The standard mean
field approach starts from the Gross-Pitaevskii energy functional,

Ecelo, 0] = [ da [0, + clu(a)]] (4137
where the nonlinear term ¢y (x)|* corresponds to the tree-level approximation of the ground
state energy density, Ey/L = cn? (for a uniform system, the energy is minimized by |(x)| =
\/n = const.). Minimization of the associated action leads to the GPE. In the generalized
mean field approach, we conserve the relationship between the nonlinear term and the
ground state energy density, but instead of using the tree-level result for the latter, we use
the exact ground state energy density of the Lieb-Liniger model, that is Eq/L = n3err(7).

9See also the next footnote.

Girardeau and Wright pointed out that if a 1D atomic cloud in the ground state of a harmonic trap is
split and later recombined, the mean field treatment of Kolomeisky et al. predicts interference, whereas the
exact analysis does not. Thus the mean field approach endows the order parameter with phase information
that is beyond the real degree of coherence present in the system. This is consistent with the lack of off-
diagonal-long-range-order in the 1D Bose gas, which instead is normally required for the introduction of
an order parameter (macroscopic occupation). This is a problem that also affects the 1D Gross-Pitaevskii
approximation, although, as we have discussed, we expect it to be less severe for weak interaction.
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This leads to the energy functional

Boarlp. ) = [ da [ww ¥ |w<x>\6eLL<M;)|2)} | (4.138)

Applying the least action principle in the usual way (see Section 2.1), one obtains the
generalized Gross-Pitaevskii equation (GGPE)

iy (x, t) = {—@% +3[¢|*err, <W}C’2> — cyPef, (1;‘2” P(a,t). (4.139)

Similarly to what is done with the standard GPE, we can determine the spectrum of
the elementary excitations of the GGPE by linearizing on small amplitude oscillations over
the stationary and spatially uniform solution ¥y = y/n. Thus we consider

Yz, t) = [Vn+o(z,t)] e, (4.140)

where prr, = 0Ey/ON = 3n’err(y) —cnefq () is the exact chemical potential. Substituting
this expression into the GGPE we obtain

10k (2, ) = [—aﬁ + UEL] ov(x,t) + UIELM*(:C, t), (4.141)

where v, is the exact sound velocity (4.47). Taking the Fourier transform of Eq. (4.141)
and its complex conjugate yields the homogeneous linear system

w4 p? 4 YL YiL 50
( WP 2 ><5¢(p,w)> 0, (4.142)

2 2 e
ULTL w—i—p2—|—vLTL oY (p,w)

which has non-trivial solution only if the the determinant of the matrix of coefficients is
zero. This gives the excitation spectrum of the GGPE,

w(p) = \/P*(P* + i), (4.143)

which differs from the Bogoliubov spectrum just by having the exact sound velocity of the
Lieb-Liniger model vy, in place of u = 2n,/y.

In the limit v < 1, Eq. (4.139) reduces either to the GPE (using the tree-level result
e(v) ~ 7) or, by using the Bogoliubov result e(y) ~ v — 4432 /37, to
263/2

™

Bp0(a,t) = | <02 + 2 — 2= ol uia), (4149
that is a NLSE with quadratic-cubic nonlinearity. In the Tonks-Girardeau limit, instead,
where er;, approaches the constant value 72/3, Eq. (4.139) coincides with the equation
originally proposed by Kolomeisky et al. (2000),

0 (w,t) = |02 + w2l w(a, ), (4.145)

that is a NLSE with quintic nonlinearity. Since our next discussion will focus on the con-
struction of quantum dark solitons in the Tonks-Girardeau limit, we now consider this
specific equation, which should represent a sort of classical limit of the strong interaction
regime. For brevity, in the following we shall refer to it as the Kolomeisky equation.

The sound velocity and the chemical potential in the Tonks-Girardeau limit are vy, =
2mn and pry, = 72n?, respectively. As usual, we look for a solution of the form t,(z,t) =
Vs(x — vt)e Lt Substituting this into Eq. (4.145), we obtain

—ivy(F) = =y (&) + 77 (Js(&)]" — n?) vs(2), (4.146)
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where the primes denote derivatives with respect to & =  — vt. We can parametrize ()
in polar coordinates as

)s(F) = VnA(@)e®, (4.147)

with the assumptions that |A(Z)] — 1 and 6'(Z) — 0 for & — +oo. This yields the two
coupled equations

2
VA0 = —A" + A(0')* + U}TL(A4 — 1A, (4.148a)
vA' =2A'0" + A¢". (4.148Db)

The second one is a linear first-order differential equation for §’, which can be integrated to
obtain ' = (v/2)(1 — A~2). With some work, one can then integrate the first equation to
finally obtain

3(1 —v?/v}
A2z, t) =1 (L= v'/oiy) (4.149a)
2+ /14 3v2/v?; cosh [QWm/l —v2/vd (x — g — vt)

(3U2/U%L)/A2 —1

\/1+ 302 /v

These equations describe a gray soliton propagating with velocity v, which bears some
similarities with the gray soliton of the GPE. The density |¢s(x,t)|? = nA?(x,t) takes the

minimal value
Tonin = |ts(z = 0 + v, 8)[2 = n (« /1 +30v2/02, — 1) : (4.150)

which goes to zero for zero propagation velocity (black soliton). The density notch is
associated to a flip of the phase of the wavefunction, whose total change along the soliton is

1
O(x,t) = garecos (4.149b)

3w jvd —1

Af = arccos | ————— (4.151)
\/ 14 3v2/vE
and takes value between —m (for v = 0) and zero (for v = wvrp). Following the same

procedure of Section 4.4.1, we can then compute the energy and momentum of the dark
soliton of the Kolomeisky equation, which are given by

2 2+4/3(1 —v?/vE))
> In

E, = V3mn? <1 — UT
/14302 /v

UL
27,2
V/ULL E 3v* /v -1
/ = 4 narccos / LL

1 — v2/p2 ’
(1 —v?/vfy) mn \/1+ 302 /vy |

The dispersion relation, which is determined parametrically as Fq(v/vpp)[Ps(v/vLL)], is
compared with the exact dispersion relation of Type II excitation in the Tonks-Girardeau
regime, w(p) = 2np — p?, in Fig. 4.12. As we can see, the agreement is only qualitative at
moderate and large momenta, however for p < 1 the two dispersion relations have the same
linear behavior. This is ensured by construction in the generalized mean field approach,
since we use the exact value of the sound velocity vry,.

Using different expansions for err,(7), the GGPE takes on various particular forms that
might be more or less appropriate for describing the system in a given interaction regime.

, (4.152a)

P, =— for 0 <v<wpn.  (4.152Db)
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Figure 4.12: Dispersion relation of dark solitons of the Kolomeisky equation (continuous
line) compared with the dispersion relation of Lieb’s Type II excitations
(dashed-dotted line) in the Tonks-Girardeau regime at unit filling.

The corresponding dark soliton solutions will likely have to be found numerically, as recently
discussed by Kopyciniski et al. (2022). The agreement between such classical solitons and
quantum dark solitons in the same interaction regime remains to be investigated. In the
next chapter we begin the construction of quantum dark solitons and propose a new way
to search for wave packets that enjoy the stability of classical solitons while remaining
sufficiently well localized.
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Chapter 5

Quantum solitons in the repulsive case

The correspondence between the dispersion relations of classical dark solitons and Lieb’s
Type II excitations (which is exact in the limit of weak interaction and arguably only
qualitative for moderate and strong interactions) motivates the search for quantum dark
solitons built from a superposition of Type II excited states. This has been subject of intense
research in recent years (Sato et al., 2016; Shamailov and Brand, 2019; Golletz et al., 2020;
Kaminishi et al., 2020; Ishiguro et al., 2022; Kinjo et al., 2022, 2023). Current literature
has mainly focused on the construction of localized wave packets from a superposition all
possible one-hole states, weighted in various ways (for instance, according to a uniform
or a Gaussian distribution). Such wave packets, although well localized, do not enjoy the
stability under time evolution that one would like to find in the quantum analogue of a
classical soliton. In this chapter we will analyze these aspects in detail and propose a
possible solution to the above mentioned difficulty, based on the inclusion of a selective
superposition of multi-hole states. Unlike the previous chapters, the results of the present
one are based on the algebraic formulation of the Bethe Ansatz, which we present in the
first section.

5.1 Algebraic Bethe Ansatz

Although the Coordinate Bethe Ansatz provides a convenient framework for finding the
eigenstates of the Lieb-Liniger model, it is not suited for computing overlaps between states
or matrix elements in a tractable way. We have seen in previous chapters that already in the
attractive case, even though the Bethe wavefunctions are quite simple, since the rapidities
are organized in string clusters, the explicit computation of matrix elements of the field
operator or the density operator is rather cumbersome. In the repulsive case, where the
wavefunctions are more complicated, similar computations are totally infeasible. To this
end, a different approach has been developed, which we refer to as the Algebraic Bethe
Ansatz (Sklyanin et al., 1979; Korepin et al., 1993).

Rather than starting from a given Hamiltonian and finding its eigentstates, the purpose
of the Algebraic Bethe Ansatz is to start from an Hilbert space H and construct a complete
set of operators {Qn} which are in involution, i.e. satisfy [Qn, Qm] = 0 for any n,m. One
of this operator will be identified with the Hamiltonian of the model, ensuring that {Qn}
is a complete set of conserved charges. Instead of constructing the charges one at a time,
one looks for a generating function for them all. This is called the transfer matrix, and is
an operator-valued function taking as argument a spectral parameter A, of the form

7(A) = exp (g (Z’;QnA”> : (5.1)

The problem of finding a complete set of operators in involution is then equivalent to the
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problem of finding a transfer matrix satisfying
[T(A), 7(n)] =0 for any A\, p. (5.2)

To solve this problem, one introduces an auxiliary space A along with a new operator-valued
function T'(\) acting on the tensor product space A ® H, called the monodromy matrix,
such that

T(A) =Tra T(N). (5.3)
Then Eq. (5.2) is satisfied provided that
[Tra, T1(A), Tra, To(p)] = Tra,ea, [T1(AN)T2(r) — T2(1)T1(A)] = 0, (5.4)

where the indices denote on which auxiliary space the operators act'. By the cyclicity of
the trace, we can satisfy Eq. (5.4) by finding an intertwining operator for the monodromy
matrix, i.e. an invertible operator-valued function Ri2(\, i) acting on A; ® Asg, called the
R-matrix, such that

Rio(A, W) T (M) T2(p) = To(p)T1(A) Riz(A, p). (5.5)

Consistency of the intertwining relations for three monodromy matrices is ensured by the
condition that the R-matrix satisfies the Yang-Baxter equation

Ria(A, ) Raz(A, v) Ras(p, v) = Raz(p, v) Raz(A, v) Raa(A, ). (5.6)

This automatically guarantees that all higher products are also consistently defined. Thus
the problem of constructing a quantum integrable model reduces to defining a monodromy
matrix 7'(A) and finding a corresponding R-matrix satisfying the Yang-Baxter equation.

For the Lieb-Liniger model, the auxiliary space A is isomorphic to C2. The monodromy
matrix is represented as the 2 x 2 matrix

(AN B
TW‘(C(A) D(A))’ (5:)

whose elements A, B, C, and D are operators depending on a spectral parameter A and
acting on the Hilbert space. Their commutation relations are fixed by the intertwining
relation (5.5) with the R-matrix

Fw ) 0 0 0
0 gy 0 0
0 0 0 f(uN)
in which N b )
A —ptic _ e
fam = ——— . and  g(A p) = — (5.8b)

The operators A, B, C', and D are used to construct the states in Hilbert space. We first
notice that the transfer matrix is

7(A) = TraT(\) = A(\) + D). (5.9)

Simultaneous eigenstates of all conserved charges are obtained by seeking eigenstates of
the transfer matrix itself, i.e. the operator A(\) + D(\). We assume the existence of a
pseudovacuum | 0) that is an eigenstate of A(A) and D(\),

AN[0) =a(N)]0)  and  D(N)]0) =d())]0), (5.10)

"More precisely, T1(\) = T(\) ® 12 and To() = 11 ® T(\) are operators acting on A1 ® A> ® H, and
T1(A\)T2(p) is a shorthand notation for 77 (\) ® T2 (u)
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with a(\) = e V2 and d(\) = 22, while B(\) and C()) act respectively as creation
and annihilation operators,

(0|BA) =0 and  C()\0)=0. (5.11)

Repeatedly applying B(A) to the pseudovaccum then gives rise to new states,

[{Ahw) H B(A (5.12)

which are eigenstates of the transfer matrix provided that the set of rapidities {A}y solves
the Bethe equations

)\l+zc
j=1,...,N. 1

Once the Bethe equations are solved for the rapidities, the eigenstate is fully characterized.
Its norm is given by the Gaudin-Korepin formula (1.72),

2c
jk

>k Jk‘

which can be proven by using the commutation relations between B and C' operators. (Here
and in the following sections, we use the shorthand notation Aj; to denote the difference
Aj — Ak, and the absence of limits in a sum or a product means that it extends from 1 to V).
Based on this algebraic description of the eigenstates, a crucial theorem by Slavnov (1989)
provides a formula for the overlaps between two states of the form (5.12), in which at least
one satisfies the Bethe equations. This theorem underpins the matrix element expressions
that we discuss in the following section.

5.2 Density matrix elements

We are interested in the matrix elements of the density operator p(z) = ¥ (z)i(z) between
two arbitrary Bethe states | {u}n) and |{A}n ). These are clearly related to the matrix
elements of the integrated density

€T
Qo) = [ dyilo) (515)
0
representing the number of particles in the interval [0, z]. We thus consider the form factor

{mn | Q@) [{M)n)
Kpdwll KA NI

The matrix elements of Q;(x) obtained from the Algebraic Bethe Ansatz are (Izergin and
Korepin, 1984; Slavnov, 1990)

({udn 1 Qi) [{A ) = (77 = 1) Q({u}, {A)), (5.17)

where P =} .(\; — ;) is the difference in momenta between | {A\}n ) and [{u}n ), and

. + - )\jk +ic detN((Sjk + Ujk()\p»
o () =TI m>g<w_&) OB oy

Ex({u},{A}) =

(5.16)
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Here ), is an arbitrary element of the set {\}y, and the quantities Vji, Ujy, are defined by

fm — Aj £ ic

+
T = 1
VJ ™ )\mj +ic <5 9)
Z(M_A) Hm — Aj
Ujt(hp) = 35— Vj]‘ H( Yo =) (Kjk — Kpie). (5.20)
m#j
In particular, the matrix elements of p(x) are
9 1Pz
p(x) = - Fn({p}, {A}) = ePp(0), (5.21)
e POl ()
1 Y
p(0) = H (5.22)

et n Il A NI

Strong coupling expansions In the limit of large ¢, we can simplify the above result by
expanding the various quantities up to the order 1/c.

* Ezpansion of rapidities. Substituting ¢(\) = 2arctan(%) = % + O(c™3) into the Bethe
equations (1.30), we obtain

27r1A 27r1.A ON 2P
Zgb = <1 CL) + C{L} +O(e?), (5.23)
where Py = 2L 5 I is the momentum of the state | {\}x ).
* FExpansion of Kj;,. We have
2 2 20
Ko — __Z ] O 5.24
ik )\?k + C2 c C + ( ) ( a‘)
and thus 5
Kjk — ka = —gAjp(Ajk + /\pk) + 0(675). (5.24b>
* Erpansion of Vji. We have
pm — Aj £ic -2
V= =] |1 F - (ttm — Am) + O
cI e S L sl =+ 06)
1F LS (= Am) + O =1+ L 4 0 ?) (5.252)
c 4 c ’
where P = P{)\} — P{M}’ and thus
_ 2P\ N _
[T =vi) = (C) +0(c2Y). (5.25b)

* Ezpansion of Ujy,. Inserting the expansions (5.23), (5.24b), and (5.25a) into (5.20), we
get

In =1} = Ble=2)"" 12
X H ’ I —JA L |: 3)‘JP()‘jk +)‘pk>:| +---= 0(0_2). (5.26)
m#j mo 7



* Expansion of §2. According to (5.26), to leading order dety (d;x + Ujx) ~ 1, and since Ajp,
is at most O(1), [, ,(Ajk +ic) ~ (ic)N*. Using also (5.25a) and (5.25b) we thus obtain
Z-N2+N—1CN2—N+1(273)N—1

T L )

(5.27)

x Expansion of the norm. To leading order the determinant is simply LY, and since
2 .
Hj>k(>‘32'k + )~ Hj>k c? = V"N we obtain

AR = (5250
Myl =+ 0.28a

[ljse )‘?k

Therefore oo el o

= 7>’“ijkN LI (5.28b)

I{udw A} ML
From (5.27) and (5.28b) we obtain the expansion for large ¢ of the density matrix element,

N(N+1)pN 7 9 \N-1TT. 2 I\
p(0) = 1 P <> H]>k; |1l 1A N (5.29)
L cL Hj,k(,uj — Ak)

Let us look more carefully at the relationship between the quantum numbers of the states
|{p}n)and |{A\}n). State | {\}n) can be obtained from state | {xt}n ) by punching n holes,
with n an integer between 1 and NV, and adding an equal number of particles. In other words,
the set of quantum numbers {I*} differs from the set {I*} by n elements. We parametrize
the quantum numbers {I#} in increasing order, so that I{* < I} < --- < I§,. To minimize
the number of [ ;"s that are different from I j“ ’s for the same value of j, we parameterize

{I /\} so as to keep unchanged the indices of the quantum numbers that remain occupied,
while we parameterize in increasing order the new quantum numbers. For example,

O0.0..O0.0...O0.0.0000.0000{Iﬂ}
j= 1 2 3 4 56 7 8 9 10

o
o
(¢)
o
[
[
(¢)
[ ]
[
o
[ ]
o X
[
o
(¢)
[ ]
o
o X

ooooooooo{]’l}
] = 2 3 1 4 5 7 8 6 10 9

We will denote by 5% the set of indices j corresponding to the new quantum numbers. The
number of elements in ¢ is n. In the example above, n = 3 and . = {1,6,9}.

With this convention, several terms in the product on the right-hand side of Eq. (5.29)
simplify. We can write the product in the denominator as

LT = 2e) =TT = 2 [Tk = 26 TT (s = Me). (5.30)
7.k J <k >k

We compute each of these three factors separately, splitting the product over j or k into
the product over {1,..., N} \ ¢ and . Recalling that

B Do, oo

2T A

wi— M= (7 = 1)

2N
cL
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we see that for j ¢ J or k ¢ 5, (i) if j = k, then Il'! — I} = 0 and px — A\, = —2P/cL +
O(c™2); (ii) if j # k, then p; — Ag = A\j — Mg + O(c™ ). Therefore

N—-n

1;[(%' —A\j) = (—?LD) jgf(ﬂj =), (5.32a)
H(Mg — M) = (=N H(A — Hk)
<k 7>k

= (—)NV=D/2 H (15 — 1k) H (Aj — ) +0(c™)

bin g
= ()N T (g = i) TT (s = M) +0(c™h), (5.32b)
aw o

H(Mj - ) = H (Nj = Ax) H (15— M) + O(c™), (5.32¢)
N

where / is the number of elements in the product [];o; rer(Aj — pr). Substituting these
expressions into (5.29), and noting that N+ (—1)NG=N)/2 — 1 we thus obtain

=Py [ 2\ ij>jkf |Njk‘Hj>jl;|>‘jk’
p(0) = () ~1 @sgn< ok ik 11 sk )\-k> = JE2 . (5.33
(0) 7 \zg) D Hk@f i HJ@K j H‘j,l;?g(ﬂj_ ) (5.33)
JEIH

One-hole differences Consider for instance the simplest case n = 1, when the states
|{\}n) and |{u}n ) differ by only one quantum number. We can always take this quan-
tum number to be the one of index N, i.e. J = {N}, and the other quantum numbers
parameterized in increasing order. Then the products on the right-hand side of Eq. (5.33)
simplify to? (uy — An)~! = (=P)7!, and the density matrix elements, which we denote as
p1(0), read

1 1 B —1)|Ch,nl
p1(0) = i3 Sgn(Hj>k Mjk)\jk) = ngn( fCV=11 IKZk@/k) = ()L’ (5.34)

where |C}, 1| is the number of particles (i.e. occupied quantum numbers) between the two
holes’ quantum numbers, [, = I])\‘, and Iy = I%;, in agreement with Sarvi (2023).

Multi-hole differences We can treat in a similar fashion the cases n > 1, by taking
A ={N,N—-1,...,.N —n+1}. Then

(—P)" < 2 >"_1 (n—1)/2 ( )Hj>k |1kl Ajil
PO =""\ez) Y H;@'} SUR | TEYS

2We use the fact that

(5.35)

jkeA

[T >k lmsnl IT j>k [Nkl
ket JEI

[T ik (i —Ax)
JESF

Sgn(H i>k Mk [T j>k )‘jk>
k¢ A JEI

ka'g;; |Mjk|l_[kj6>3kg\>\jk|
= sgn >k HikAjk - :
on (I 00 )wa—mn_j&w—mnkjg;f(uj—xk)
J
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Notice that the factors p; — Aj, in the denominator are always non-zero, therefore the matrix
elements are well-behaved. The equation implies that in the Tonks-Girardeau regime the
density matrix elements between Bethe states differing by more than one quantum number
are zero.

5.3 Type II wave packets

We now wish to construct a localized wave packet out of many Type II states. Let us begin
by setting some conventions. We call ‘n-hole Type II state’ a Bethe state in the N-particle
sector, constructed from the ground state of the N-particle system, e.g.

.00 0O 0O0O®o © ®® ®© ® © © €860 O O O O - ..

by removing one particle and adding it to the first empty slot to the right of the Fermi edge,
and repeating the process for n distinct hole positions, e.g.

.00 0 0O0Oi®e @ O® €0 O © e ®© ® O O - .-

The N-particle ground state is specified by the quantum numbers

N +1

{I;?}:{—2+j}N, j=1,...,N. (5.36)

The quantum numbers of the n holes in the ground state interval are
N +1 .
n

with h; € {1,..., N}, and the quantum numbers of the resulting n particles to the right of
the ground state interval are

{If}:{NQ_1+j}n, i=1,...n (5.38)

The quantum numbers of the n-hole Type II state are thus
(v = {1 U{TPh \ AT}, (5.39)

and according to Eq. (1.98) the corresponding momentum is

N n
Pg—?;fj—zg[wjuj;hj], (5.40)

where h denotes the set {hy,...,h,}. For finite interaction strength, the energy of the state

is EP = Zjvzl /\3, where {);} is the set of rapidities to which the Bethe equations map the

set of quantum numbers {I;}. In the Tonks-Girardeau regime, this simplifies to

ER = <2L7T>QZN:IJ2 (¢ = o0)
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where Fgq is the ground-state energy (1.95).

We can construct a spatially localized ‘Type II wave packet’ |(t)) as a linear superpo-
sition of n-hole Type II states | P'), according to

1 _rh
[Y(t)) = NG Z Ape Bt B, (5.42)

{I"}n
where & is the number of Type II states in the superposition and the coefficients A? =
(PP 14(0)) should be tuned in order to obtain the desired density profile at t = 0. The
density profile is given by p(z,t) = (¥(t) | p(z) | (t) ), and since by translational invariance

pla) = Prp(0)eif,
ple,t) = o SO (AR ) Al P PR BE (B (o) PR). (5.9
h,h’

In the logic of a ‘flat summation’, we take the coefficients A? to be simply A} = e~ 3 *o,
where z( is a constant position. This results in the density profile

pla ) = g S P ED BB P | (0) | PR, (5.44)
h,h’

which is centered around L/2 — xy.

In addition to the choice of the number n of holes and the sum weights AP there is
further freedom that comes from the possibility of choosing which subset of the n-hole
Type II states to include in the superposition that defines | (t)). The standard choice is
to include in the summation all possible states, the number of which is (J: ) in a system
of N particles. We will call this a ‘flat superposition’ of states. This choice endows the
wave packet with two properties that are of contrasting utility in the search for soliton-
like robustness. On the one hand, summing over states with the widest distribution of
momenta produces a maximally localized wave packet. On the other hand, the large energy
difference between these states leads to a rapid dephasing and decay of the wave packet,
which seriously compromise the correspondence with a classical soliton.

The pseudo-parabolic form of the Type II dispersion relation offers an enticing oppor-
tunity to build very long-lived wave packets, exploiting the singularity of the density of
states which occurs for hole rapidities close to zero, i.e. for hole quantum numbers close
to the center of the Fermi interval. To see this, let us consider first a 1-hole state with
hole rapidity A, and expand the dispersion relation around A = 0: w(X) >~ w(0) — A2,
where a = —d?w(0)/dA? > 0. In the thermodynamic limit, the number of states with hole
rapidity within A and A + d\ is dI = g(\)dA, where g(\) is the density of states (in the
Tonks-Girardeau regime, g(A) is simply L/27). The number of states with energy between
w and w + dw is then

I dw\ ™" dw
dl = —dw =g\ | — dw X ——. 5.45
o= () e (5.45)

For A — 0 the density of states is indeed divergent, exhibiting a Van Hove singularity. This
provides us with a large number of states with closely spaced energies, and thus with the
possibility of constructing a very long-lived wave packet. In order to do so, we will restrict
the summation to hole quantum numbers close to zero, creating a ‘selective superposition’
of states. While restricting the distribution of momenta will necessarily lead to a wider (less
localized) wave packet, the idea is to compensate for this problem by considering multi-hole
states. In this case, denoting by A1,..., A, the holes’ rapidities, the Type II dispersion
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relation w = w(Aq,...,\,) is represented by a n-dimensional pseudo-paraboloid, and a
small energy interval at the maximum of this hyper-surface contains more states than the
equivalent interval in the 1-hole case.

In the following, we start implementing this program in the Tonks-Girardeau regime,
where Eq. (5.34) is all we need to compute the expectation value of the density operator in
the wave packets, and some analytical results can be obtained. These will serve as a useful
benchmark for numerical results that may be obtained more generally by calculating all
matrix elements directly from the Algebraic Bethe Ansatz and which will allow to extend
the construction of wave packets to finite interaction strength.

5.3.1 One-hole Type Il wave packets

Consider a wave packet constructed from a flat superposition of 1-hole Type II states | Plh )
which have momentum P = (27/L)h and energy Ef — Egs = (27/L)*h(N + 1 — h). The
density matrix elements are given by (PP | p(0)| PI) = (=1)I%w| /L, where |Chp| (the
number of particles between the holes h and &') is simply |Cj, p/| = [Ih =T |—1 = |h—h|—1.
Therefore ( Pl | 5(0) | P') = —ei™"—") /[, Substituting these expressions into Eq. (5.44),
we get

1 27, , L 27 ,
_Lh#zhlexp{—ZL(h—h)[x—l’o—F2—L(N"’l—h—h)t]},
(5.46)

where > /(- +) means V| Z/:_ll( )+ EhN:h,H(- -+)]. In particular, at t = 0 we
have (taking for convenience xzy = L/2),

N
pl(l‘,t) = f

22
N—|— 1 1 Zeii(Zﬂ,/L)(hih/)x _ N+ 1 LSIH (N’]T.’E/L)

p1(x,0) = —— 7T~ NLW’ (5.47)

L NL
h,h!
which coincides with the expression obtained by Sato et al. (2016) through a mapping to
free fermions. In the thermodynamic limit, the quantity z = h/L becomes continuous and
takes values in the interval [0, n], where n is the particle density. Therefore

im. 1 " " .
pi(z,t) R / dz/ dz exp {—2mi(z — 2')[z — 2n(n — 2z — 2')t]} . (5.48)
n Jo 0

At t =0, we get )
Th.Lim. sin®(nmx)
prla,0) "= = =

which coincides with the thermodynamic limit of Eq. (5.47).

Some comments are in order:

i. As expected, the ‘flat’ 1-hole Type II wave packet describes a single localized density
depression, of width (measured at the base) equal to 2/n. The density takes values between
1/L and (N 4 1)/L, and thus between zero and n in the thermodynamic limit (Fig. 5.1).
This is physically clear if we think that what we are actually doing is removing a particle at
a given position zg and adding it back with a fixed momentum, hence delocalized in space.
Then, similarly to what happens in a liquid, a localized depletion causes the overall level of
the liquid to rise.

1. There is decent qualitative agreement between the density profile of the 1-hole Type
IT wave packet at t = 0 and that of the black soliton solution of the Kolomeisky equation
(NLSE with quintic nonlinearity), given by Eq. (4.149a). In particular, the widths of the
two profiles are quantitatively close. However, the mean field approach predicts a smooth
density profile, whereas p;(z,0) is characterized by long-range oscillations of wavelength

: (5.49)
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Figure 5.1: ‘Flat’ 1-hole density profiles p;(z,0) for N = L = 8, 20, and in the thermody-
namic limit, in the Tonks-Girardeau regime (left panel). On the right panel,
p1(2,0) in the thermodynamic limit (labeled ‘1-hole’) is compared with the
black soliton solution of the generalized Gross-Pitaevskii equation in the Tonks-
Girardeau regime, Eq. (4.149a).

7/Ar = n~!, whose amplitude decays with the inverse square of = —x¢ (Friedel oscillations),
which are yet another sign of the fermionization of the 1D Bose system in the Tonks-
Girardeau regime. There are at least two reasons for this difference. The first is that the
GGPE is an effective bosonic theory, while the system is essentially fermionic. The second
is is to be found in the failure of the assumptions underlying the mean field description in
the strong interaction regime. In addition to the difficulty related to the introduction of
an order parameter, which we have already discussed, there is the fact that a mean field
or hydrodynamic approach is founded on the assumption of local equilibrium, i.e. on the
possibility of describing collectively a group of many atoms distributed over a length much
shorter than the length scale of density variations. In the present case, such length scale
is of the order of the soliton width, i.e. n=! = L/N. But due to the fermionization which
occurs in the Tonks-Girardeau regime, the average interparticle distance is also L/N. In this
situation, where the average interparticle distance is of the same order of the length scale
of density variations, we cannot expect the mean field to go beyond a merely qualitative
description of the system.

114. Concerning the dynamical evolution of the wave packet, we first notice that since we
are summing over h, b’ in the full interval [1, N], the density profile remains symmetric with
respect to x = zq for any t. Therefore, the density depletion is produced at rest. What we
observe is that, under time evolution, the initial depletion at x = x¢ is soon redistributed
throughout the whole system. The time t* it takes for the depletion to disappear depends
only on the particle density n, with a higher density corresponding to a shorter lifetime. In
the thermodynamic limit, this can be seen by evaluating Eq. (5.48) for x = x¢y = 0, which

e erf [ (—1)Y4mn/t] exf [ (1) 4mn/2 ]
4dmnt

p1(0,t) =n+ , (5.50)

where erf is the error function. For n = 1, for instance, the disappearance time, identified
as the value of ¢ > 0 for which p;(0,¢) has its first local maximum, is t* ~ 0.5815.

At finite size, however, the disappearance of the initial depletion is not definitive, because
the time evolution shows a recurrence, called quantum revival® (Fig. 5.2). The revival time
trey can be identified as the smallest value of ¢ > 0 such that exp(iEt) = 1 for any

3See e.g. Robinett (2004) and Zhao and Wu (2019) for discussions of the concept of quantum revival.
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Figure 5.2: ‘Flat’ 1-hole density profiles p;(x,t) for N = L = 8 (left panel) and N =L =9
(right panel) in the Tonks-Girardeau regime, plotted for —L/2 < x < L/2
and 0 < t < tyey. The recursion time is tree = L?/47 ~ 5.09 for L = 8 and
trey = L?/2m ~ 12.89 for L = 9.

h € [1, N], that is

L2

2 1= for N even,
troy = = (5.51)
2mgedh(N +1—=h)] | L2 for N odd.

Since t.oy scales with L?, in the thermodynamic limit we will have no revival.

Let us now discuss an example of a selective wave packet at finite size and in the ther-
modynamic limit. In the first case, we construct the wave packet restricting the summation
over h, b’/ between [(N + 3)/4] and [(3N + 1)/4|. For N even, this is exactly one-half of
the original interval [1, N]. The normalization constant & should be adjusted accordingly to
N/2. In the thermodynamic limit, we construct the wave packet restricting the integration
over z, z' between to [2n/5, 3n/5], which corresponds to one-fifth of the original interval,
and appropriately adjusting the normalization constant to n/5. The wave packets thus con-
structed are compared with the corresponding flat wave packets in Fig. 5.3. As anticipated,
selective wave packets are wider (and therefore shallower) and longer-lived. Halving the
intervals available for hole positions produces a wave packet twice as wide and with four
times the disappearance time. We remark that as long as the interval available for hole
positions is symmetric with respect to the midpoint (N + 1)/2, the depletion will still be
produced at rest.

5.3.2 Multi-hole Type II wave packets

Consider instead a wave packet constructed from a flat superposition of 2-hole Type II
states \PQh’h ), which have momentum ch’h = (2r/L)(h + h + 1) and energy E;“h — By =
(2m/L)2[M(N + 1 —h) + (1 + h)(N + 2 — h)]. In the Tonks-Girardeau regime, the hole h
must be common to all the states in the superposition. The density matrix elements are
then given by (P;"" | 5(0)| ") = (=1)/%nn' &l /L, where |C}, 4| (the number of particles
between the holes h and k') is |C), ;s 5| = [h — k'] — 1 if h is not between h and k', whereas
|Chwil = |h — R —2if h is between h and h/. The difference amounts to a global
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Figure 5.3: Comparison between the ‘flat’ and ‘selective’ 1-hole density profiles p;(x,t) for
N = L = 20 (upper panels) and in the thermodynamic limit (lower panels), in
the Tonks-Girardeau regime. The selective wave packets are obtained restricting
the summation over h, ' between [(N + 3)/4] and [ (3N + 1)/4] in the case
N = 20, which corresponds to 1/2 of the original interval, and restricting the
integration over z, z’ between to [0.4n, 0.6n| (with n = 1) in the thermodynamic
limit, which corresponds to 1/5 of the original interval.
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change of sign of the matrix elements (that is a signal of the fermionic nature of the Lieb-
Liniger model in the Tonks-Girardeau regime), which are thus given in the two cases by
(PQhI’h | p(0) | ch’h> = fFe”(h_h')/L. Beside the crucial difference in the matrix elements,
since |P2h /’h> and \PQh ’h> still differ by just one hole, the constitutive exponential carrying
the space-time dependence of the p(z,t) is the same as in the 1-hole case, namely

2 L 2
Fow(@,t) = exp {—z'L”(h’ —h) [a: —w+ g - %(N +1—h-— h’)t] } . (5.52)
The density is therefore
N 1 < N
pa(w,t) =7 + <7 > FFaw)(zt), = <2> : (5.53)

h,h,h!
where the summation is, according the above discussion,
Z/B,h,h’ FF =Y { Dol 2w s (CF) + Xhanan(=F) + X i (+F)]
+ Zh<ﬁ[2h’<h(_‘r) + Zh<h’<ﬁ(_~’r) + Zh’>ﬁ(+]:)] }

In the thermodynamic limit, the constitutive exponential becomes

Fow(x,t) = exp {—2mi(z — 2)[x — 2n(n — z — 2/)t]} (5.54)
and the density is
im. 2 _
p2(z,t) Thlim 4 712/ dzdzdz' (FF, ) (), (5.55)
D

where the integration is the continuous version of the summation above,

Jpdzdzde 5 F = [ dz{ [Idz [ dz' (=F) + [y dz' (+F)]}
+f02 dz [foz dz' (—=F) + f; dz' (+F)] }.

The density profiles at ¢t = 0 of flat 2-hole and 1-hole wave packets are compared in Fig. 5.4.
Instead of a single density depletion centered at z = x¢y = 0, we now have a double depletion.
The dynamical evolution of a flat and a selective 2-hole wave packet in the thermodynamic
limit is compared in Fig. 5.5. The comments made for 1-hole wave packets also apply here.

It is clear that the above construction can be generalized to n-hole Type II wave packets
with arbitrary number of holes n. The density in the Tonks-Girardeau regime will be given
by

N 1 N
pn(z,t) = T + SL Z (FFnp)(z,t), G = (n> , (5.56)
hl’“')hnfly
hh'
where hy,..., h,_1 are the n — 1 holes that must be common between | P2) and | PY") in

order for ( P2 | 5(0)| P?) to be non-vanishing. As in the 2-hole case, the matrix element
leads to the contribution —F (respectively, +F) if the number of h’s between h and A’ is
even (respectively, odd).

In the thermodynamic limit, we have the possibility to consider a very large number of
holes. We expect that this, combined with the selection of hole positions around the center
of the Fermi interval, should produce very long-lived wave packets. Further investigations
are ongoing in this direction.
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Figure 5.4: Comparison between the ‘flat’ 2-hole and 1-hole density profiles, pa2(z,0) and
p1(x,0), for N = L = 8 in the Tonks-Girardeau regime.

p2(z,1) p2s(Z,1)
0.2 0.4 0.6 0.8 0.6 0.7 0.8 0.9
I | I |
2 2

1.5 1.5
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Figure 5.5: Comparison between the ‘flat’ and ‘selective’ 2-hole density profiles po(z,t)
in the thermodynamic limit, in the Tonks-Girardeau regime. The selective
wave packet is obtained restricting the integration over z, z, 2’ to the inter-
val [n/4, 3n/4] (with n = 1), which corresponds to 1/2 of the original interval.
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Conclusions and outlook

In this thesis we have discussed the construction of quantum bright solitons and quantum
dark solitons in the Lieb-Liniger model, in the attractive and repulsive regimes, respectively.
A detailed analysis of the ground state and the excitations using a combination of exact
and efficient techniques has been helpful for this purpose.

In the attractive case, rapidities are organized in strings in the complex plane, which
greatly simplifies the form of the Bethe wavefunctions. This has allowed us to proceed
analytically using the Coordinate Bethe Ansatz, and to study the soliton scattering by
exploiting general results from scattering theory and the knowledge of the exact scattering
phase shifts appearing in the Bethe equations. We have found that in the limit of a large
number of particles, the density profile of quantum bright solitons reduces to that of bright
solitons of the Hartree mean field theory. The results for the scattering within the mean field
theory are in good agreement with those of the Bethe Ansatz even for a moderate number of
particles in each soliton, and the agreement is better for higher collision velocities. However,
the Bethe Ansatz is able to cure a non-physical divergence of the displacement of trajectories
predicted by the mean field approach in the limit of a very slow scattering of two identical
solitons.

In the repulsive case, things are much more complicated, and we had to resort to the
Algebraic Bethe Ansatz. The exact correspondence between the dispersion relation of hole-
like (Type II) excitations and that of the dark solitons of the Gross-Pitaveskii mean field
theory in the weak interaction limit, and the existence of a similar correspondence, although
only qualitative, with a generalized mean field theory for strong interaction, prompted us
to try to construct Type II wave packets that enjoy the robustness of classical solitons.
We showed that the procedure usually considered in the literature is not satisfactory from
this point of view, and we suggested how this difficulty could be solved by the inclusion of
multi-hole states with quasi-degenerate energies exploiting the Van Hove singularity that
characterizes the Type II dispersion relation. The first steps in this direction have been
presented in the last chapter, with the derivation of some analytical results in the Tonks-
Girardeau limit. Looking ahead, we intend to continue the implementation of this improved
procedure by considerably increasing the number of holes and by extending the treatment to
the case of finite interaction strength, which will necessarily have to be treated numerically,
due to the extremely large number of matrix elements entering the computations. An
important simplification of this process would be provided by finding semi-analytic relations
for the ratio of matrix elements involving states differing by a few quantum numbers. Some
preliminary results in this direction are reported in Appendix D. The analytical results
in the Tonks-Girardeau limit that we have already obtained will serve as benchmark for
this numerical treatment. Soliton scattering in the repulsive regime could then be studied
numerically by directly simulating the dynamics of multi-solitons, in the same way we
simulated the dynamics of a single soliton.
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Appendix A

Sound velocity and effective masses

In the first part of this appendix we prove Eq. (4.49) for the macroscopically-defined sound
velocity and its equivalence to the microscopic definition given by Eq. (4.42). In the second
part we derive Egs. (4.52) and (4.53) for the effective mass.

Sound velocity The sound velocity is defined macroscopically as

2
S - ) Al
Us =\ Toms (A1)

where kg is the compressibility. Its inverse is given by

1 P P AR A
:na:na“a:—”a“/ ix Pa). (A.2)
Ks on on Ou 2ron J_y, o
where for the last equality we have used Eq. (4.50). We compute this as follows.
* From Eq. (4.20) we have
Deg(A Ar Deg(N
9es(N) / avep - 2N _ o cp (A.3)
o “Ap o

where we have used the fact that the boundary terms involve e,(£Ar) = 0. Comparing
this with the Lieb equation (1.99) immediately gives

deg(N)

o = —27mpg(N), Al < Ap. (A.4)
* From Eq. (1.100) we have
on 9 /AF O\ /AF dpg(N)
— = dXpg(A) = 2p4(AF)—=— + dA . A5

The quantity OAp/Ou can be rewritten starting again from Eq. (4.20),

Oeg(N) _/AF rory _ n26N) _ op
vl AN CO=N) = =g (A.6)

The right-hand side is independent of A, therefore we can invoke the Lieb equation to get

op 1 0N
OAr  2mpg(N) OAp

(A.7)
where the right-hand side is the same constant for any A in the Fermi interval.
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It remains to compute dp,y(A)/Op. From the Lieb equation we have

Ipg(A)
op

AR /
= pgAR) [CON = Ar) + COA + Ap)] a;j + /A AN C(\ — X)apgif ). (A.8)

This can be solved by using the inverse kernel £LF)(), ), yielding

Ipg(N) _ OAF [ (F) (F)
5= O [LO0AR) + L0, AR (A.9)
and in particular, using Eq. (4.19),
AR 0pg(N) OAF
dN =25 = 2py(Ap)—— 2mpg(AF) — 1]. Al
[ S = 20,00 [y 1] (A.10)

Substituting Eqgs. (A.7) and (A.10) into Eq. (A.5) we thus obtain

1 A
O _ _ Oeg(N) (A.11)
8’0 871'2/)2()\}?) a)\F A=Ap
and from this, together with Eq. (A.4), the inverse compressibility
2
— 9eg (M) . (A.12)
KRS 8w pg()\F) a/\p A=\p

To further simplify the last result, we consider the following equalities. For |A| < Ap,
deriving Eq. (4.22) with respect to A we obtain

2\ = ;A (1 - c<F>) s eg(\) = (1 - c<F>) + {;6;()\) (A.13)

(the last equality follows from an integration by parts and the fact that the boundary
terms vanish), hence

AR
9esN) _ oy 4 / dX 2N LE (AN, (A.14)
) Ap

Similarly, for pg(A\) we have

0= ;A (1_c<F>)*pg<A) (1 _c<F>) %A (N +9(Ar) [CA=AR) —C(A+Ap)] (A.15)
and therefore
aﬂgiﬂ = pyr) [~£P O Ap) + LE (0, —2p)] (A.16)

On the other hand, the particle density can be written

Ar Aro [0 dpg(N) Opy(N)

= = — =9 — 9

n /_)\Fd)\pg()\) / dx [a/\()\p () ~ A28 ] ey Or) /AFd)\)\ L
(A.17)

Thus Eqs. (A.14) and (A.16) yield the useful relation
Oeg(N)

= pg(Ar)—2 : Al

n=pr) 75| (A1)
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* Since we obviously have
_ deg(N)
Op

ey

, (A.19)
A=Ap

Eq. (A.18) allows us to rewrite the inverse compressibility in the equivalent forms

1 deg(A 2 3
— - < €(A) ) L (A.20)
ks 8TpZ(Ar)\ O |yoa, 8m2p5(Ar)
The sound velocity is then
1 Oeg(A) n
Vg = =— . A.21
2mpgOr) 0N |yy, 27208 (4-21)

This concludes the proof of Eq. (4.49), where n is expressed in terms of the Fermi velocity
vp = 2mn, and of the equivalence between Eqgs. (4.49) and (4.42). It is worth noting that
Eq. (A.7) is then equal to

ou
el R A.22
Dp | (A.22)

Effective mass We now look at the inverse effective mass

1 (p) - (apu))‘? [8%(» (V) (ap@))‘l a%(A)}

. (A.23)

)\‘>)\F

oA ON? oA oA ON?

m* op?
where w(A) = €4(\) (Eq. (4.32)). From Eq. (4.41) we have Op/0A|a—xp, = 27pg(AF) and

809()‘)
o\

9*p(\)

2 =27

/\—>)\F

= 271y (Ar) LE) (Ap, —Ap), (A.24)

A—})\F

having used for the last equality Eq. (A.16). From Eq. (A.18) we have Oeg/OA x5, =
n/pg(Ar), and then from Eq. (A.13),

3269()‘) _ n (F) (F)
= —47rpg()\)—pg()\F) [ﬁ M Ap) + £ (A,—Ap)}. (A.25)
It follows that
1 1 2n
= Narp, () — — 2P (A, - ] A.26
= T T (700 = 5y =ae) (420

To express this in terms of physical quantities, let us consider the total derivative of the
sound velocity vs with respect to Ap, i.e. the derivative with respect to Ap with A thought
of as depending on Ap in such a way that OA/OAp|y=), = 1. Then

dvs 1 [8269(/\) %e4(N) ]
d)\F 27['pg(/\F) 8)\2 A=\p 6)\F8)\ A=Ap
_ 1 deg(A) [apg()‘) 9pg(A) ] ' (A.27)
2mp(AF)  ON o L 0N hoa, OAF |yonp

Using Eq. (A.22) to write /0 \r = vs0/0u, and exploiting the previous results for the
various derivative quantities, we obtain

0vg
ONF

dvs —9 2n ,C(F)

=2— — 2 PV \p,—Ap) =242
d\p 02 (\r) (Aps =Ar)

(A.28)
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Defining VK = 27p,(Ar), this can also be written as

dug 5 2v3d\/f_2 4038\/E

dr VK dr T VK O

The inverse effective mass is then

m*  drp,(\r) dAp

Exploiting Egs. (A.11) and (A.19), which give

% s
on K’
Eq. (A.30) becomes
1 1d
L 144, R),

m* T dn

and writing 9/0n = (—v%/c)d/d, this is equivalent to

1 _({_.4\ L
om* 7d’y VK’
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Appendix B

Bogoliubov theory

In this appendix we show how to arrive at the Hamiltonian (4.79) using the Bogoliubov
prescription &;5, ap — /Ny, and how to diagonalize it with a Bogoliubov transformation,
leading to Eqgs. (4.80)-(4.82) (Landau and Lifshitz, 1980).

With the Bogoliubov prescription, the interaction term in Eq. (4.76) becomes

> il iy = Ni+No Y (apa—p +afal, +dafa,) + 0@, (B.1)
pp'q p#0

Notice that terms containing a single a, operator with p # 0 are ruled out by momentum
conservation. Since the original Hamiltonian conserves the total number of particles N, we
prefer to express Ny in terms of N by using the relation

N=No+ Y afap. (B.2)
p#0

To quadratic order, NZ ~ N? — 2N ZP#O d;dp, while Ny ~ N in the second term of Eq.
(B.1), so that

> il gayiy = N2+ NS (apa-y +atal, + 2afa,) + 0@, (B3)
pp'q p#0

The Hamiltonian then becomes the one of Eq. (4.79),

A cN?
Hpos = “= + 3 [0 + 2en) iy + en (apa— +alal, )| (B.4)
p#0

The reduction of the coefficient of &;[,&p from p? + 4cng to p? + 2en ~ p? + 2cny, is due to
the condition that the total number of particles be fixed. In the grand canonical treatment
this corresponds to the subtraction of the chemical potential, since for a uniform Bose gas
at zero temperature the chemical potential (at tree level) is pu = 2cng.

Eq. (B.4) can be written in the symmetrical form

- cN? A A s F R
Hpog = - + Z [(pQ + 2cn) (a;ap + aipa,p> + 2cn (apa,p + a;aipﬂ (B.5)
p>0

and can be diagonalized by an appropriate canonical transformation. We introduce new
operators b, and b;r? by the transformation

dp = upby +vpb . Ay = upb_y + vpbl, (B.6)
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where u,, and v, are real coefficients to be determined. Requiring that the new operators

satisfy canonical commutation relations, [l;p, 5;,] = 0p,p and [Bp, Bp/] = 0, imposes that
2 2
u, — v, = 1. (B.7)

We notice, parenthetically, that such condition allows us to write the inverse transformation
corresponding to Eq. (B.6) as

b_p = Upd_p — vpal (B.8)

F .t
by = uply — vpal -

p7

Substituting Eq. (B.6) into Eq. (B.5), and introducing the shorthand notations ey = p?+2cn
and €1 = 2cn, we obtain

. cN? bib. + b b
Anog = S 37 2080+ 2uper + (2 + 02)eo + 2upmger] (B, + 1 by

p>0
+ [(u2 + v2)er + 2upvpe] <13pl;_p + IA)LIA)T_I,H . (B.9)
The non diagonal term proportional to (i)pl;,p + l;;r,l;T_p) can be made to vanish by imposing
(u?) + v]%)el + 2upvpeg = 0. (B.10)
If we choose to parametrize u, and v, as
uy = cosh ), vp = —sinh 6, (B.11)

which is consistent with Eq. (B.7), condition (B.10) becomes

L — tanh26,. (B.12)
€0
This gives 6, = Sarctanh(e; /ep) > 0, and
1 /e 1 /€9
u2:§(?+1), v2:§<:—1), €=/t — €. (B.13)
In particular,
2 2 _ € €1
- 2 d 2 =_= B.14
up T, = an UpUp o ( )
which substituted into Eq. (B.9) yield
N CN2 n St op
Ao =+ [e — et <bpbp + b_pb_pﬂ . (B.15)

p>0

This corresponds to Eqgs. (4.80)-(4.82).
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Appendix C

Luttinger liquids

This appendix provides a brief review of the bosonization method, which allows mapping a
low-energy effective theory of 1D interacting fermions (Luttinger liquid) to massless, non-
interacting bosons. The paradigm of the Luttinger liquid is actually a universal low-energy
theory of interacting quantum particles in one dimension. The excitations in this theory are
phonons, i.e. bosonic quasiparticles representing particle density waves propagating with
constant velocity. When including the effect of the curvature of the spectrum of physical
fermions, the bosonized theory is no longer free. However, by performing a Bogoliubov
transformation and following the bosonization procedure in reverse, we can map the system
of interacting bosons to a basis of (almost) free fermionic quasiparticles (‘fermionization’).
This last mapping is our main point of interest and is what is needed to justify the results
of Section 4.3.2. Throughout this chapter 2 = 1, and to simplify the notation we omit to
write a hat above operators.

C.1 Bosonization without band curvature

We begin by reviewing standard bosonization (i.e. without band curvature effects), following
Giamarchi (2003); Haldane (1981b); Fradkin (2013). Let us consider a system of non-
interacting (spinless) fermions on a line segment = € [0, L]. The single-particle energy is
given as function of the momentum p (possibly taking discrete values due to finite size
quantization) by

(p — pr)

e(p) = om €F = “om +vr(p —pr), (C.1)

where pp is the Fermi momentum, vp = pr/m is the Fermi velocity and ep = p% /2m is
the Fermi energy. The Fermi momentum is determined by an external chemical potential
through the condition ep = p, or €(pr) = 0. The ground state of the systems consists of a
compact set of symmetrically-distributed occupied levels up to the Fermi surface, which is
composed of two disconnected points at £pp.

To construct an effective low-energy theory we focus on the sector spanned by states
sufficiently close to the Fermi points, for which we can neglect band curvature effects and
write the energy as

e(p) =~ vr(|p| — pF). (C.2)

We thus identify two types of modes, some living around momentum pg (right-movers) and
some others around —pp (left-movers). These two branches can be treated as two separate
types of fermions, whose dispersion relation is simplified to a purely linear form. This leads
to the Luttinger liquid model. To formalize this construction, let us consider the fermionic
field operator

1 1pT
Y(z) = VL zp:cpe ; (C.3)
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Figure C.1: The spectrum of left- and right-movers in the Luttinger model. The slope of the
dispersion relation is +vr and remains constant at all momenta. The ground
state is obtained by filling the right-moving states with negative momentum
and filling the left-moving states with positive momentum.

where the destruction operator ¢, is related to the Fourier component , by ¢, = v,/ VL.
These operators satisfy the canonical anticommutation relations

{cp, c;r?,} = Opp/» {cp, cp/} =0, (C.4a)
{¥@).9'(@)} =60 —2),  {¥@),v@E)} =0 (C.4b)
In Eq. (C.3), only the Fourier components close to +pp describe low-energy states. This

suggests that we restrict the summation to momentum modes in a neighborhood of +pp
introducing a momentum cutoff A, so that

Z cpeim + \/IZ Z cpeip‘”

—A<p—pr<A —A<p+pr<A

_ 1 3 [cRypeumpF)xHL’pez‘(pfpp)x]
VL 2
—A<p<A

= eiprwR(x) + e PFEY L (), (C.5)

() =

S

where we have defined cgrp = ¢piprs CLp = Cp—pp and the right- and left-moving fields

Ur(z) = 1 Z crpe'P” r=R,L, (C.6)

—A<p<A

splitting off the rapidly oscillating pieces etF% These new operators satisfy the canonical
anticommutation relations

{CT’,p; CI’,p'} = (57'77‘/6p7p/7 {C’I’,p7 CT/’p/} = 07 (C7a)
{¢r($)7 wi/ ({lfl)} = 5r,r’6(x/ - l’), {¢7’(w)7 wr’(fﬂl)} - 0: (C7b)
with the convention that » = +1 for r = R and r = —1 for » = L when used in mathematical
expressions. The free-electron Hamiltonian then becomes
Hy = Z e(p)c};cp ~ Z VED (c}%’pcRm - cTL’chm) . (C.8)
P —A<p<A

We can formally remove the momentum cutoff A, extending the energy spectrum of Lut-
tinger model to +o0o. The ground state |0) of the Hamiltonian (C.8) is then a Fermi sea
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of right- and left-movers built on the vacuum |vac) of the ¢, operators, and is defined by
the relations

10) = [[ ek [ cf.plvac),

p<0 p>0
crp|0) =0, p>0, cLpl0) =0, p<O. (C.9)

The removal of the cutoff comes at the cost of having an infinite number of occupied states
and thus an infinite ground state energy. To make sense of this, we define the Hamiltonian
via normal ordering’,

Hy = vap <: c}r%’pcR,p = cTL7ch,p :)
p
— —ivp / o [ Wh@)0rn(e) : — ] (@) (2) ] (C.10)

where : --- : represents normal ordering with respect to the ground state |0), so that the
ground state energy is zero.
The densities of right- and left-movers are

pr(x) = ph (@) (e) = 7 3 pelp) e, (C.11)
P
where the Fourier component p,(p) is
peo) = [ dowl(a)un(a) e = 30l ey (C.12)
k
The number operators are therefore
M—;QMVWWLO (C.13)

and since p(z) is real, p}(p) = p,(—p). Let us now look at the commutator of the density
operators. Using the canonical anticommutation relations (C.7a),

[or(0), PL@)] = D [l 4, erbraps €y Crina—p]

k1,k2
= e /0 e ) /
- k1 Crk2—p' Yk1+p k2 rko CTk1+pCk1 k2 —p
k1,k2
= Z cf c s—cl e / (C.14)
- r.koa—p T,ka—p r,ko r,ka+p—p : °
ko

Naively one would perform a change of variables in the second term of Eq. (C.14) and find
that the commutator is zero. However, because of the infinite number of occupied states,
the bare density operators contain infinity and Eq. (C.14) is in fact the subtraction of two

'Tn a normal ordered product, the destruction operators (with respect to the vacuum |0)) are put on
the right and creation operators on the left. For two operators A and B that are linear combinations of
creation and destruction operators, normal ordering the operators is equivalent to subtracting the average
value in the vacuum,

:AB:= AB - (0| AB|0).
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such infinities. We can only make a change of variable in the normal ordered densities,
obtaining

[Pr (p)7pl(p,)] = Z (1 Cj«,]@,pcr,szpl T Ci,kgcﬂk2+p*p' :>
ko
+ Z (<0 | Cl,kz—pcnk‘z—p’ 10) — (0] C;r’,kzchkz-ﬂ-p—p’ | 0>>
k2

=0 > (101l 4, perbap|0) = (0l ey 10)) (C.15)

ko

(0] cl wCr.k | 0) is equal to one if the state with momentum £ is occupied and zero otherwise.
Depending on whether we are considering right- or left-movers, we have

1 for rk <0,

i _ _ =
0lc e |0) = 0(—rk) = C.16
< |Cr,kc k | > ( r ) {O for rk > 0. ( )

The momentum ks is quantized as ko = 2wn/L for integer n (taking, for instance, periodic
boundary conditions), therefore », [0(rp — rk2) — 0(—rk2)] = rpL/2m, which leads to

[pe(0). 2L ()] = b8y 25 (c.17)

This fundamental relation, together with pr(p > 0)|0) =0, pr(p < 0)|0) = 0, shows that
we can define canonical bosonic destruction and creation and operators according to

b, = (L| ’) Z@Tppr b}:(L’m) Zerp p#£0. (C.18)

All fermionic operators can be expressed in the boson basis, which is proved to be
complete (Giamarchi, 2003). Consider first the Hamiltonian. Using the fermionic anticom-
mutation relations (C.7a) (assuming, for instance, that p > 0),

[by, Ho] = <L2|7T>é > vpk [PR(P), CJ;%,kCR»k]

k
27
- < ) ZUFk [CR k' CRK +ps C;«zch k]
Lipl) =
or \ ¥
T \2 T
= vpp (L|p|) zk:cR’kCR’kﬂ) = vppbp. (C.19)

Since the basis generated by the b, operators is complete, this results defines completely
the Hamiltonian in the boson basis. From the bosonic commutation relations it follows that
the operator which satisfies Eq. (C.19) is

Ho >~ wp|plblby (C.20)
p#0

where ~ means up to factors commuting with b,. This shows that the energy of the free
fermions, that is normally quadratic in fermion operators, can also be expressed by (C.20),
which is quartic in fermion operators and quadratic in boson operators. This remarkable
property is the main interest of bosonization, because any interaction term, which is quartic
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in fermion operators, will also be quadratic in boson operators. Thus solving the interacting
problem is not more complicated than obtaining the free Hamiltonian.
The field operators can be determined by the same method. Since

{p Hp )71/}7’(1:)} N \E %eikx [Ci,kfcr,k’—pa Cr| = =P (2), (C.21)

by using the fact that if ¢ = [4, B] commutes with A and B, [4,e*P] = Ace*B, we get

27

() = nreZP(rpL )eP%pr(p). (C.22)

Here 7, are fermionic operators such that they commute with the boson operators and 77;[
adds one fermion of species r. They are known as Klein factors. In Eq. (C.22), the operator
N, suppresses a charge uniformly, while the factors in the exponential (which conserve the
number of fermions of each species) ensure that the charge will be moved, that is, added
at some points in space and removed at some others, to ensure that the charge is only
destroyed at point x.

Rather than working directly in terms of the boson operators, it is convenient to intro-
duce the real fields
L TS Loalpl/z-ie (p}z(p) + pTL(p)) : (C.23)

L L
p#0 p

(25(1'), 9(%) = :F(NR + NL)

Using these fields (or the boson operators) the exact expressions of the fermionic field
operator and the Hamiltonian are

Up(z) = " e—irm/Lei[G(ﬂc)—W(w)]’ (C.24)
2T

TUR

7 (Ng+ N). (C.25)

Hy =Y vrl|p|b}b, +
p#0

Here oo ~ 1/A is the regularizing cutoff that prevents the momentum from becoming too
large. Strictly speaking, one should take the limit & — 0. Using Eq. (C.18), the fields ¢(x),
O(x) can be rewritten in terms of the boson operators as
1
' L 21 ~
é(x) = —(Ng + NL)% - %T <p|> “e ol 2=t ),
p

7o (C.26)

1

T (& L|p| 21 - —ipx

O(@) = (Nr=No)T-+ T <27T> AU
p#0

Hereafter we shall take the limit L — oco. In this limit we easily get from Eq. (C.26)

(6(@)06)] = Tsan(a’ —x),  [B(x), u6(")] = imd(a —x).  (C20)

This shows that the conjugate momentum II(x) to the field ¢(z) is II(x) = 0,0(x)/7. From
Eq. (C.23) we get

Orp(x) = —m[pr(x) + pr(x)],  0:0(x) = 7 [pr(2) — pL(2)]. (C.28)

These can be inverted to write the densities as
1

pr(a) = —5-0ulo(@) —6)],  pu(e) = —-0l6() O] (C29)
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Figure C.2: Diagrams representing g4 and go processes. A full line represents a right-moving
fermion, a dashed line represents a left-moving fermion.

Using Eq. (C.18), the Hamiltonian can be rewritten as Hy = 27wvp [ dx (p%(z) + p%(2)).
Using Eq. (C.29) this becomes

Hy =3t / da [(8:0(2))% + (9.0(x))?] . (C.30)
Since we have now a mapping between fermions and bosons, we can look at the effect of
interactions. The interaction is of the form Hiy = [ dzV(z —2’)p(z)p(2’). Let us consider
for instance a contact interaction, that is V(x — 2’) = gd(x — 2’). For spinless fermions we
only have two types of low-energy processes (Fig. C.2):
(i) The ‘g4 process’, in which we scatter right-movers (left-movers) producing right-
movers (left-movers),

Hi(ng{‘) = g;/dx :pr(x) :pr(x):  or % dx : pr(x) = pp(z) :. (C.31)

(ii) The ‘ge process’, in which we scatter a right- and a left-mover producing a right-
and a left-mover,

HY = g, / da < pr(x) = pr(e) : (C.32)

The sum of these processes gives

i = 13+ 12 = o [ )00 + 1+ ) @u00)?] (39

and the Luttinger liquid Hamiltonian

1
Hiw = Hot = - [ do K@)+ p@o@)]. ©a
where u (the renormalized velocity) and K (the dimensionless Luttinger parameter) are
given by

2 2 1 + 94 _ _92
w = UF\/<1 + 94 ) i < 92 > , K = 2mup 2mup S 1. (035)
2mup 2mup 1+ Qfﬁp + 27?5F
Thus we see that the Hamiltonian remains quadratic even in the presence of interactions.
The physics of such an interacting system is thus described by free bosonic excitations.
As mentioned before, this is one of the main interests of the bosonization method. The
net effect of the interactions amounts to a modification of the velocity and of the relative
weights of the (0,0)? and (9,¢)? terms in the Hamiltonian. Notice that a g4 process affects

only the velocity.
The parameter u/K is related to the compressibility xg of the system, which is

10L 1 0o
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where ¢ = mn is the mass density. A uniform chemical potential adds to the Hamiltonian
the term

—,u/dac p(x), (C.37)

where p(x) = T (2)y(z) = pR(x)+pL(x)+e_2ipr¢E(z)¢L(x)—|— h.c.. The rapidly oscillating
factors e*2PFT vanish upon integration, thus in Eq. (C.37) we can safely take

p(x) = prle) + pr(x) = ~~ (). (C.38)

The mass density is then simply

m
=7 [ dotpla)) = - 06(00)) (39
since the average is independent of the point zp. In the bosonic representation, Eq. (C.37)
becomes
B /da? 0x9(x). (C.40)
77
One can absorb this term in the Hamiltonian (C.34) by shifting the field ¢ as
K
Pohine (¢) = ¢(@) + p, (C.41)
and therefore the compressibility is
100 mK
=—=—=—— C.42
TR Pur (C.42)

C.2 Bosonization with band curvature

We now go beyond the Luttinger liquid, and consider the additional term in the Hamiltonian
coming from band curvature, i.e. from the quadratic component of the spectrum (C.1),

2
p
Hy,. = E o (: cg’pcR,p o chch :)
P

- % / dz [ }(@)020n(@) s + 1 6] (0)020 () ] (C.43)

We derive the bosonized version of a general band curvature term following Pereira et al.
(2007). Consider the operator

5 (5) vl > (-5) we
i=0 k=0
= (=5) l@or @)

0 m=0

Pr(e.) = vl (a+5) v (v - 5)

Qg'ﬁg

8

n

1

m!(n —m)!

n

- Z _,3,)” "l ()0 (x) + - - (C.44)
n=0 :

where --- is a total derivative. According to Eq. (C.24), ¢, (x) ~ (2me)~1/2e/0()=ré(@))
therefore the operator P,(z, €) is also equal to

,Pr(.fU, 6) — Lefi[H(x+6/2)fr¢(x+e/2)}ei[@(xfe/Z)fM)(mfe/Q)]' (C45>

TE
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We can write the product of two exponentials in Eq. (C.45) as a single exponential by using
the Baker-Campbell-Hausdorff formula, edef = eA+B+ABI/2 - According to Eq. (C.27),
[—i0(z+5)+irg(z+5), i0(z—5)—ir¢(x—5)] = rim, hence in our case e B2 — erim/2 — pj,
Introducing the field

or(z) = —0(x) +ro(z), (C.46)
we can then rewrite Eq. (C.45) as
Po(z,€) = ———¢iler@te/D—pr(a—e/2)]
’ 2mie
0o .y . aj ¢
o i e\J Ohpr ()
B Qwiezﬂ[Q,Z (5) 4! ]
=0 j=13,...
T (20 Z/: /! €\ 25 Im; <8%80r(13)>mj
=——> . - = (C.47)
2mie £ 2! pa! [T; m;! (2) s J!
with j =1,3,... and Z —13,.. Mj = £, having used in the last line the multinomial theorem.

From (C. 44) and the Coeﬂi(:lent of the €" term in Eq. (C.47), we have

r(—=1)"n! < §)225 ™ J o (2)\ ™
sltoren (o) =" Y B T (2T e

n+1 N !
20127 ) Hjmj. i<13,.. j!

where the m;’s obey the constraint Z]’:l,&m Jjm; = n+ 1. In particular, for n = 2 the sum
contains only two terms, namely m; = 3, msg = 0 and m; = 0, mg = 1, which give

()00 (@) = = (0upr(2)) — 5= 0%r (@), (C.49)

The last term is a total derivative and can be omitted from the Hamiltonian. With Egs.
(C.46) and (C.49), the bosonized version of the Hamiltonian (C.43) is then

Hye= - / i [3(0,0(2))*0u () + (D0())°]. (C.50)

Thus we see that as soon as the band curvature terms are taken into account, an exact
diagonalization of the Hamiltonian Hyp, + Hy. in terms of the fields 6 and ¢ is no longer
possible, as the interacting fermion system is mapped to an interacting boson system. The
terms in Hy correspond in fact to three-boson interaction vertices.

A very effective way to treat this problem is to move to a basis of fermionic quasiparticles
(Rozhkov, 2005; Imambekov et al., 2012). To illustrate the origin of the fermionic quasipar-
ticle representation of the Luttinger model, let us first consider just Hip,. Performing the
Bogoliubov transformation

Ba) = VEO(),  dz) = ——o(a), (C51)

we can reabsorb the Luttinger parameter K, so that Hyp, in the new variables 6 and qz is
indistinguishable from the bosonized version of the Hamiltonian of free fermions with linear
spectrum and Fermi velocity u. The densities of such right- and left-moving quasiparticles
are

PrL(7) = ——0.(0 F0) = (1 — 64)pr.L + 6—pL,R (C.52)

21
where the phase shifts §, d_ are given by

1 VK _ 1
20K 2’ 20K
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We define the right- and left-moving fermionic quasiparticles by applying the bosonization
identity (C.24) on the rescaled bosonic fields, obtaining

Grla) ~ exp {i [6(2) = (@) | } = expli®,(2) 1 (2), (C.54)

where
X

Brule) = +2n [ dy (5apnlo) + 521 0). (C.55)

—0o0

In terms of quasiparticles, Hyp, is then
Hm:_w/mﬁﬁywm@mm—;@@mmA@J. (C.56)

The quadratic spectrum of the physical fermions, whose bosonized version gives Hi.,
leads to additional terms in the fermion quasiparticle Hamiltonian (Rozhkov, 2005, 2006).
Most importantly, there is a band curvature term

Hy = 72%71* /d$ {: @Z)E(m)@%i}}g(fv) e @Z;E(:C)BgﬁL(x) . (C.57)

The effective mass m™ is related to the Luttinger parameters by the phenomenological

expression
1 u 0
—_— == K C.58
where p is the chemical potential (Pereira et al., 2007; Imambekov et al., 2012)%. From Eq.
(C.42) for the compressibility we then have

on K
A .59
which allows us to rewrite the effective mass in the form
1 10
= —— K). .
m* won (u ) (C.60)
In addition, the quasiparticles are interacting through
7 . 5 et ~ — ~
mm:w/mﬁmmmwy@@m@y—mﬂ@m%@mwﬂﬂz, (C.61)

where f<8—x>g = f0rg9 — (0 f)g. However, since it involves particles on opposite branches,
at low energy this additional term is rather harmless. In the scattering between two quasi-
particles with momenta p + pr and —pp, Hiy in momentum space is proportional to p,
therefore for |p| < pp this interaction term produces only a small additional phase shift
of order |p|/pr < 1. We conclude that even in presence of band curvature of the physical

fermions, near the Fermi points the quasi particles are essentially free, with the spectrum

(p—pr)*

.62
2m* (CG)

é(p) = ulp —pr) +

2The fact that Eq. (C.58) coincides with the exact expression of the effective mass of the Lieb-Liniger
model, derived from the Bethe Ansatz in Appendix A, is highly non-trivial; see the discussion in the main
text, Section 4.3.2.
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Appendix D

Ratios of matrix elements

Given the Bethe state | {A\} ), let us now consider a different Bethe state | {\'}n ), obtained
from the former by changing some quantum numbers. We are interested in the ratio

p'(0)  {uin[p0)[{NIN) (D.1)

p(0)  ({uin [p(0) [{A}n )’

where it is understood that the Bethe states are normalized. According to Eq. (5.29), in
the large c¢ limit this is given by

p'(0) _ <73/>N Hj>k ‘)‘;k| Hj,k(ﬂj — k) (D.2)
p(0) P ILisleg = XN) Tlisk rl
The change in rapidities to order 1/L can be written as
No= )\ + 4 (D.3)
J L ’ :

where the displacements d; are determined by taking the difference of the Bethe equations
for ({I'}n,{N}n) and ({I}n,{A}n). In particular, according to Eq. (5.23),

2N |27 Py

dj = 277(—7]/' —1j) - e |:L(I§ —1Ij) - N

] +O(L2,c¢7?), (D.4)

where Pex = Ppyy — Ppyy. Substituting Eq. (D.3) into Eq. (D.2) and expanding up to the
order 1/L, we obtain!

p'(0) P\ 1 djk,
~ (1 — § IR

B P S Ajk

j>k

<2; 3y d]-) - (D.5)

i¢{h}

Now let {a} be the set of indices j corresponding to the quantum numbers such that
I;—1I; # 0, i.e. the quantum numbers by which the states {\} and {\'} differ (assuming that

!We use the fact that P’'/P = (1 + Pex/P),
/ N —1
14 (0) ( Pex) ‘ 1 djk ( 1 dk )
~ (14 e D | B = ,
p(O) P L >k )\jk L ik M5 — )\k
and that in the large c limit, according to Eq. (5.31),

> -dkA :_Z -de,-+,Z 'dj)\'+Zlij(ﬁ€>\k:_%Zdj+O(l).
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we keep unchanged the indices of the quantum numbers that remain occupied). Exploiting
Eq. (D.4) we then obtain?

= (%) Slmggo-new o] e

2 ]f — ]3
jE{a} Jk

As an illustration, let us consider the simplest case where the set {I'} differs from {I} by
only one element. Then I]/' —I; = Aydjq and Pey = 2mA,/L. We have to distinguish two
cases: (i) a € {h}, i.e. the quantum number by which {\} and {\'} differ belongs to the
set of quantum numbers by which {A} and {u} differ; (ii) a ¢ {h}. Eq. (D.6) gives

, p'(O) 270\ LP 21 A, 1
~ (1 — .
(i) o) e 1 s + 5 ) oA I ;; | (D7)
. p’(o) 2mAN\Y P 21Ny 1
(ii) ~ 1+ — (D.7b)
p(0) I L=Auba LP mel, L s Aak

At arbitrary interaction strength, things are more complicated. The ratio (D.1) is

PO MNP Y Y
p<o>‘||{X}Nuv>H(v+ )

. H[()\;k +ic)(py — Ak )} ( V)t -V, > detn (35 + Uji (M) 0.8
T Ll = N e i) JNVIT = Vi detn (96 + Ujie(Ap)) '
Expanding rapidity differences up to order 1/L as before, we have
= Kot LK, prE —yE - Ly “m_M’—“’”_AHl&B .. (D.9)
I me J i L X Amj L™
where
Ajkd;i
0K, = —4 02+ P (D.10)
J
1 ,um—)\-izc = )\izc
SVE = J ; D.11
J — )\mjiic< Amj £ ic )H Aij £ic ( )
1 (o — A
By = ——— <jdm' +d~> . (D.12)
J )\mj )\m] J J
This gives us
1
k() = Uik (Ap) + 7 0Ujk(Ap), (D.13)
2We have
S d=(N- n)2Fex 4 3" on(l) - 1)) (1 - %) +O(L2,¢7?)
i#hy C m ¢
j€{a}
and therefore
(55 = d-)l 2 S @ I>+<Nn>P“]1
PR T <)
Moreover,
dj—dy, ( 2N) -1
=or(1- =% - .
i>k Ajk " cL ije;fl‘j} Ajk
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where

SUsk(N\p) = iy = %) [H (’M) (0K jk — 0Kpi)

+ - .
Vit = Vi L N A
(30 08y TT 220 ) (0 Ko
: J )\l_] J p
m#j I#m
i Hi =N st - fom = A
N P e
v, FEANREY
(D.14)
The most challenging term to compute is the ratio of determinants
det(1 4+ U’) —1 -1
——— = =det (1 + L U1+ U . D.15
det(i 0y et F @+U)7) (D-15)
In general, the determinant of the sum of two IV x N matrices A and B can be written as
det(A+ B) = > det(A+ B)p,p. (D.16)
Pr,Pc

(Korepin et al., 1993). Here P is a partition of the rows of A + B into two subsets, rows
of type A and rows of type B, and Pg is a similar partition of the columns of A + B into
columns of type A and columns of type B. The partitions P; and Pg are independent,
except for the condition that the number ny of rows of type A is equal to the number of
columns of type A. The same is true for B, and we denote the number of rows and columns
of type B by ng (na +np = N). Given P, and Pc, the matrix (A + B)p, p, is obtained
from A + B as follows. For each matrix element (A + B);p, if row j and column & are both
of type A (B) we replace (A + B);i by Aji (Bji), whereas if row j is of type A and column
k is of type B, or vice versa, we replace (A + B);; by 0.

Now let us consider det(A+ B)p, p,. We can rearrange the positions of the rows in such
a way to move all the A rows to the top and all the B rows to the bottom. The parity of
this permutation will be denoted by [Pr]. In a similar way we can change the order of the
columns, moving all the A columns at the left and all B columns to the right. The parity of
this permutation will be denoted by [Pr] . After these permutations of rows and columns,
det(A + B)p, p. will acquire a factor (—1)PLI+1F0l and the matrix (A + B)p, p, will be

block diagonal,
A
( Pk 0 ) (D.17)
0 Bp, P

The matrix Ap, p, has dimension n4 X n4 and can be obtained from A by removing all B
rows and B columns according to the partitions P, and Pc. Similarly, the matrix Bp, p,
has dimension ng X ng and can be obtained from B by removing all A rows and A columns.
The determinant of the matrix (D.17) is equal to the product of det Ap, p, and det Bp, p.,
thus we can rewrite Eq. (D.16) in the form

det(A+ B) = > (—1)PeItFeldet Ap, p. det Bp, p.. (D.18)
PL’PC

We now apply this formula to rewrite the right-hand side of Eq. (D.15). In this case
A=1and B= L 'M, where M = §U(1 + U)~!. We notice that det 1p, p. is either zero
(if some columns or rows are zero) or one (if 1 p, p,, is still an identity matrix), thus we have

!/
1
det(1+L7'M)= > (—1)[PL1+[Pc]W det Mp, p,., (D.19)
Pr,Pc
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where the prime indicates that the sum is restricted to partitions such that det 1p, p, = 1.
At leading order we keep just the terms up to order 1/L, which corresponds to ny; = 1 and
ny = N — 1. For these values of ny; and nq, det 1 p, p. is zero unless the index of the only
M row is equal to the index of the only M column. In this case [Pr] = [P¢], which implies
that (—1)PeltlFel = 1) and Mp, p. is obtained from M by removing all elements except
one along the diagonal. We conclude that

-1 _ 1 2
det(1 + L™'M) = 1+ZZMM+O(1/L ). (D.20)

We have

1

_ _1\iHISTT. ij
ot T T D (=163 det(1 + U)™, (D.21)

M;; = Z U (1 +U)3!
J

where det(1 + U)% is the (4, ) minor of 1 + U, and therefore

det (1 +U") = 1 i+j 1,3
det(1+U) L+ L det(1 + U) > (15U det(1 + U)™. (D.22)

1:7j
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