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Abstract

Precise control over quantum systems is essential to exploit their properties effectively, mitigating the
effects of external influences such as decoherence and noise. This is crucial for advancing quantum
technologies. Quantum optimal control plays a fundamental role in this development, providing a
family of techniques to optimise the behaviour of quantum systems through tailored external fields.
In this thesis, we introduce how to formulate and solve quantum optimal control problems, focusing
on how the selection of the basis function impacts the performance of chopped random basis (CRAB)
algorithms. We use the Quantum Optimal Control Suite (QuOCS) Python framework, applying the
dressed CRAB algorithm optimising a quantum state transfer in the presence of detuning, caused by
inevitable imperfections or fluctuations in the system or control field. We compare the effectiveness
of two bases with different properties: the Fourier and Sigmoid bases. Both bases perform well in the
absence of detuning. However, as the detuning value increases, the difference in their performance
becomes more pronounced, with the Fourier basis demonstrating superior effectiveness due to its
ability to exploit the frequency space more effectively. This confirms the importance of choosing an
appropriate basis, as certain properties may align better with specific problems. We use this insight
to optimise a pulse robust against detuning variations in an ensemble of qubits.

Il controllo preciso dei sistemi quantistici è fondamentale per sfruttare efficacemente le loro proprietà,
mitigando gli effetti di influenze esterne come decoerenza e rumore. Questo aspetto è di cruciale
importanza per il progresso delle tecnologie quantistiche. Il controllo ottimale quantistico gioca un
ruolo fondamentale in questo sviluppo, fornendo una famiglia di tecniche per controllare il comporta-
mento dei sistemi quantistici tramite campi esterni ottimizzati su misura. In questa tesi, presentiamo
come formulare e risolvere problemi di controllo ottimale quantistico, concentrandoci sull’impatto
della scelta della base di funzioni sulle prestazioni degli algoritmi a base casuale troncata (CRAB).
Utilizzando il framework Python Quantum Optimal Control Suite (QuOCS), applichiamo l’algoritmo
dressed CRAB per ottimizzare un trasferimento di stato quantistico in presenza di detuning, causato
da inevitabili imperfezioni o fluttuazioni del sistema o del campo di controllo. Confrontiamo l’efficacia
di due basi con proprietà distinte: la base di Fourier e la base Sigmoidale. Entrambe le basi por-
tano risultati soddisfacenti in assenza di detuning. Con l’aumentare del detuning invece, la differenza
nelle loro prestazioni diventa più evidente, con la base di Fourier che dimostra una maggiore efficacia
grazie alla sua abilità di sfruttare lo spazio delle frequenze in modo più efficace. Questo conferma
l’importanza della scelta di una base appropriata, dato che alcune proprietà possono adattarsi meglio
a problemi specifici. Sfruttiamo questa informazione per ottimizzare un impulso robusto alle variazioni
di detuning in un insieme di qubit.
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Introduction

Quantum physics is the study of nature at its fundamental level, describing reality at the smallest
scales. Since the first developments at the beginning of the 20th century, the theory of quantum me-
chanics has rapidly evolved following landmark discoveries such as Planck’s quantisation of energy [1],
Einstein’s explanation of the photoelectric effect [2], and Heisenberg, Schrödinger and Von Neumann
contributions, among many others, leading to the formulation of a quantum theory [3–5].

The theoretical foundations have since transitioned into practical applications, with interest in quan-
tum technologies steadily increasing over the past decades [6]. Typical quantum properties such as
superposition and entanglement offer distinct advantages over classical technologies in various fields.
Superposition allows quantum systems to exist in a combination of states before measurement. En-
tanglement describes the quantum correlation among a group of particles, where each particle’s state
is intrinsically linked to the others, even across large distances. In quantum computing this translates
to the possibility to store and process information differently, allowing significant speedups through
quantum algorithms for specific computations, such as Grover’s algorithm for search in an unstruc-
tured database [7] and Shor’s algorithm for number factoring [8]. Quantum communication enables
physically secure communication over long distances, employing quantum cryptography protocols for
quantum key distribution (QKD) [9] of keys generated with quantum random number generators [10].
Quantum sensing and metrology exploit the high sensitivity of quantum systems to external pertur-
bations, enhancing measurements with quantum clocks [11], spin sensors for magnetic fields [12], and
gravity sensors, among many others [13].

However, the development of quantum technologies poses significant challenges: quantum properties
are delicate and easily disrupted by external influences, necessitating protocols to mitigate noise, oper-
ational imperfections, and decoherence, the loss of information from a system due to interactions with
the environment. Overcoming the fragility of quantum systems is essential to transform theoretical
knowledge into practical applications. This requires precise control of quantum systems.

Quantum Optimal Control (QOC) [14] plays a critical role in achieving this goal, employing tailored
external fields to direct the dynamics of quantum systems. The development of QOC is driven by the
desire to fully exploit the potential of quantum systems by optimising a wide set of quantum operations,
such as reducing errors [15], speeding up operations [16], preparing and transferring quantum states [17,
18], making systems robust against noise [19], and optimising resource utilisation. This field includes
both analytical and numerical pulse-shaping methods [20–22].

We focus on the chopped random basis (CRAB) algorithm [22, 23] and its dressed version dCRAB [24].
CRAB is particularly versatile, allowing both open-loop (numerical) and closed-loop (experimental)
approaches, and it can be combined with either gradient-based or gradient-free updating algorithms.
In this method, the time-dependent control pulse is parameterised using a finite number of elements
randomly selected from a truncated basis set, hence the term chopped random basis. While some
bases are more popular and regularly chosen as default, different bases have been implemented and
employed for optimal control problems, showing how an educated choice can improve the results of
the optimisation [25].

The aim of this project is to explore how the choice of basis function influences the algorithm’s
effectiveness in finding an optimal solution for the QOC problem of a state transfer in the presence of
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constant detuning.

The structure of this thesis is as follows:

• Chapter 1 illustrates the fundamental concepts of quantum optimal control, introducing its
theoretical background, the formulation of control problems, and intrinsic limitations. We also
discuss numerical algorithms, with a focus on the CRAB method.

• Chapter 2 explores the motivation and approach for using different truncated bases in Quantum
Optimal Control, focusing on the Fourier and Sigmoid bases.

• Chapter 3 applies the methods to the control problem of a state transfer for a qubit in the
presence of detuning, introducing the concept of robustness to address the issue of an ensemble
of qubits with different detunings.

2



Chapter 1

Quantum Optimal Control Theory

This chapter explores the fundamental concepts of quantum optimal control [14], covering its theo-
retical background, the formulation of a control problem, and its intrinsic limitations. Additionally,
we introduce numerical algorithms employed in quantum optimal control, focusing on the chopped-
random basis method (CRAB) [22, 23] which will later be used for the optimisations in Chapter 3.

1.1 Introduction

Control theory provides a mathematical framework to understand and regulate the behaviour of
controlled dynamical systems [26]. These are systems whose evolution is influenced by external inputs
we can control. The main goal is to determine how to manipulate the inputs to achieve a desired
outcome on the measurable outputs or on the final state of the system. Within this framework,
optimal control [27] describes a family of strategies to achieve the desired outcome in a way that
optimises a specific objective. The objective is defined through optimality criteria, which can involve
minimising time or energy consumption, maximising accuracy, or achieving any other measurable goal.
The control objective quantifies the effectiveness of the optimised pulse. If the control objective is
minimised we call it a cost function. For clarity, in the rest of this thesis, we refer to optimisations
involving the minimisation of the cost function.

Optimisation is common in mathematics and engineering and is most prominently addressed using the
calculus of variations, through the Euler-Lagrange equations [28]. An early example is the brachis-
tochrone problem, posed by Johann Bernoulli in 1696 [29], which involves finding the curve between
two points that minimises the travel time for an object moving under the influence of a uniform gravita-
tional field. Optimal control extends the calculus of variations to include systems with time-dependent
controls [27].

Quantum Optimal Control (QOC) [14] applies classical optimal control principles to quantum systems
and has been successfully implemented on various platforms, such as superconducting qubits [30],
colour centres in diamonds [15], trapped ions [31] and nuclear spin systems in nuclear magnetic reso-
nance (NMR) [32]. Over the past decades, this field has seen rapid development due to the increasing
interest in quantum technologies [6]. The developed techniques extend from specialised analytical
tools [20] to different numerical algorithms able to adapt to experimental limitations and uncertain-
ties [22, 33].

1.2 Formulation of the control problem

To formulate a control problem, we define a mathematical model for the system and its time evolution.
We consider a quantum system evolving under controlled dynamics through an externally applied
control field u(t) = (u1(t), u2(t), . . . , un(t)). Let H be the Hilbert space of the system and H the
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quantum Hamiltonian operator, which can be expressed in the bilinear form:

H(t) = Hd +
n∑

i=1

ui(t)H
c
i . (1.1)

Here Hd represents the time-independent drift Hamiltonian, including the constant terms we are not
actively controlling. Hc

i are the control Hamiltonians modulated by the control pulses ui(t), describing
the coupling to the applied control field, e.g. a laser pulse.

The Hamiltonian represents the total energy of the quantum system and describes its dynamics. We
restrict our focus to closed systems, not interacting with the environment via non-Hamiltonian terms.
Additionally, we simplify the notation to pure states, described as single vectors in the Hilbert space
H. The state of a closed pure quantum system at time t is represented by the vector |ψ(t)〉 ∈ H,
whose evolution is governed by the solution to the time-dependent Schrödinger equation:

i~
∂

∂t
|ψ(t)〉 = H|ψ(t)〉, (1.2)

where i is the imaginary unit and ~ is the reduced Planck’s constant. The solution to this equation
can be expressed in terms of the unitary evolution operator U(t), which defines the evolution of the
system from the initial state |ψ(0)〉 to the state at time t |ψ(t)〉:

|ψ(t)〉 = U(t)|ψ(0)〉 = e−
i
~
Ht|ψ(0)〉. (1.3)

The control problem consists of optimising u(t) over a given time interval according to a cost function
J or figure of merit. A proper cost function is a mathematical expression quantifying the goal we want
to achieve. It associates a cost with each possible control field. The general expression of J , known
as the Bolza form [34], is:

J(u, T ) = F (ψ(T ), T ) +

∫ T

0
L(t, ψ(t), u(t))dt. (1.4)

The state of the system at the final time T of the evolution is denoted as |ψ(T )〉, determined according
to Eq (1.3). The terminal cost F (ψ(T ), T ) is evaluated at the final time of the system’s evolution and
describes the optimisation goal. It can for example quantify the distance between the final state and
the target state. Running costs

∫ T

0 L(t, ψ(t), u(t))dt are evaluated over the entire pulse duration T

and are potentially included to discourage undesired control behaviours, such as surpassing power or
frequency limits, by adding penalty terms to the cost function. Stricter boundaries can be enforced
through control space restrictions, discussed in Sec. 1.3.2.

For simplicity, in this thesis, we consider Mayer-type [34] cost functions, where L = 0.

Various control objectives can be considered and have been studied. The most common control
problem is the state-to-state transfer: the goal is driving the system from an initial state |ψ(0)〉 to the
target state |ψT 〉 in a finite time T . The overlap between the final state |ψ(T )〉 and target state can
be quantified through the fidelity F:

F = |〈ψT |ψ(T )〉|2, (1.5)

which equals 1 if the target state is equal to the final state and 0 if they are orthogonal. As it
monotonously increases with the closeness between the target and final state, it represents a terminal
cost for state-to-state transfer. The control objective can involve minimising the infidelity I = 1− F.

We can extend Eq (1.5) to the optimisation of an observable O expectation value, for example using
J = 〈ψ(T )|O|ψ(T )〉.
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Other popular control problems include the optimisation of a unitary gate [35] and the maximisation
of entanglement, for instance through the von Neumann entropy [36]. It is also possible to set time
minimisation as a control goal [16, 37].

1.3 Restrictions and constraints

There are some limits to when control objectives are theoretically and practically achievable. This
section explores three primary restrictions: the controllability of the system, the restrictions introduced
by the topology of the control landscape, and the intrinsic limitation imposed by the quantum speed
limit.

1.3.1 Controllability

A quantum system is defined as controllable in a given set of configurations if there exists a time-
dependent control u(t) capable of driving the system from any initial configuration to any final con-
figuration within a finite amount of time [38]. Various degrees of controllability exist [39], depending
on the configurations under consideration (e.g. pure or mixed state controllability, gate controllabil-
ity). For an N-level closed system a necessary and sufficient condition for complete controllability, the
strongest requirement, can be determined with group-theoretical methods [40]. The drift and control
Hamiltonians determine whether the full space state is reachable.

It should be noted that a lack of controllability implies that only a subset of configurations can be
accessed, allowing some specific control tasks to remain achievable.

1.3.2 Control landscape

Once the system’s controllability is established, finding the optimal driving field can be arbitrarily
hard. In other words, after confirming the theoretical existence of optimal solutions, one can explore
the complexity of finding them.

The control objectives represented as a functional of the control field u(t) determine the control
landscape:

J(u) = F (|ψ(T )〉). (1.6)

The optimisation usually leads to the critical points of the landscape, for which the first-order func-
tional derivative with respect to the control field u(t) is zero at all times:

δJ(u)

δu(t)
= 0 ∀t ∈ [0, T ]. (1.7)

Therefore, the search complexity of the optimisation task is related to the landscape’s topology,
influencing the convergence of optimisation algorithms and the likelihood of finding optimal (global)
solutions [38].

An example of a generic control landscape is illustrated in Fig. 1.1. For finite-dimensional controllable
closed quantum systems with no constraints on the controls, the landscape is free of sub-optimal local
minima that could trap the optimisation algorithm, interfering with the search for optimal controls [38].
Instead, any additional sub-optimal points are all saddle points that do not impede finding optimal
solutions [42].

However, in practice, control problems are bounded by experimental limitations that can alter the
landscape’s topology. Significant constraints on the controls, such as limited bandwidth, control
power limitations, or noise, can restrict access to optimal solutions isolating portions of the landscape
or creating apparent traps that complicate the optimisation process.
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Figure 1.1: Example of control landscape considering two control parameters. In the case of minimisation, the
valley represents the locally optimal combinations of control. The black paths represent optimisations starting
from different initial guesses, typically moving towards the closest local minima. Figure taken from [41].

1.4 Pulse constraints

We present here some strategies for handling common pulse constraints inevitable in any experiment:
amplitude and time.

1.4.1 Amplitude restriction

One common constraint in quantum control is the amplitude of the control pulse. One approach to
incorporate amplitude constraints is to impose a cut-off on the control pulses, ensuring their amplitudes
remain within a specified range |ui(t)| ≤ umax

i :

ũi(t) =





ui(t) if −umax
i < ui(t) < umax

i

umax
i if ui(t) ≥ umax

i

−umax
i if ui(t) ≤ −umax

i

(1.8)

The disadvantage of this approach is introducing high-frequency terms to the pulse due to the emerging
edges, visible in Fig. 1.2.

Alternatively, we can maintain the original form of the pulse by applying a smooth amplitude restric-
tion. This includes mapping the pulse to fit within the available amplitude space using a continuous,
limited function, such as:

ũi(t) = umax
i sinui(t) (1.9)

This method avoids edges, minimising spectral distortions [43].

1.4.2 Time restriction

Limiting the duration of time pulses is another restriction that must be considered when implementing
the control pulse. The pulse will start at t = 0 and end at t = T , leading to u(t) = 0 if t ≤ 0 or t ≥ T .
Similarly to the amplitude restriction, this can be done through cut-off or by multiplying the pulse
by a window function, gradually reducing its amplitude to zero at the beginning and end of the pulse
duration, as illustrated in Fig. 1.2.

6



0 T

−umax

0

umax

Figure 1.2: Application of restriction approaches. The solid line represents the unconstrained pulse (grey) and
the cut-off approach (light blue) in both amplitude and time. The dashed line represents the application of a
scaling function and a super-Gaussian [44] window function, effectively reducing the edges and corresponding
high-frequency terms.

1.4.3 Quantum speed limit

The quantum speed limit (QSL) is a fundamental constraint rooted in the time-energy uncertainty
relation, setting an intrinsic time scale for unitary quantum dynamics [45]. It defines the maximum
speed at which a quantum system can evolve in its Hilbert space, setting a lower bound on the time
required for a quantum system to evolve from an initial state to a final one. This limit is generally
difficult to calculate.

Mandelstam and Tamm derived the first expression of the quantum speed limit time τQSL, considering
systems with a time-independent Hamiltonian [46]. Their derivation is connected to the variance of
the Hamiltonian of the quantum system ∆H2 = 〈ψ0|(H − E)2|ψ0〉, E = 〈ψ0|H|ψ0〉. For a process in
which the systems evolves from any initial state to an orthogonal final state, they found:

τQSL =
π~

2∆H
(1.10)

Margolus and Levitin [47] later derived an independent similar expression in terms of the Hamiltonian’s
expectation value, leading to the combined bound [48]:

τQSL = max

{
π

2

~

∆H
,
π

2

~

〈H〉

}
(1.11)

In the context of quantum optimal control, the QSL sets the time scale for an algorithm to converge
to an optimal solution [49]. Here τQSL is given by Battacharyya’s bound [50], the generalisation of
Eq. (1.10) for arbitrary angles:

τQSL =
arccos |〈ψ0|ψT 〉|

∆H
(1.12)

This ultimately means that even optimal evolutions cannot be achieved arbitrarily fast for a finite
energy of the control pulse. The effects become significant when the time approaches the theoretical
QSL.

QOC can be used to determine the controls that drive the system at the quantum speed limit [49].

Additionally, there is a lower limit on the information that needs to be encoded in the control pulse
for the optimisation to be successful over a certain error. The dimension of a QOC problem, or the
number of independent degrees of freedom in the control pulse, should at least match the dimension
of the problem [19, 51].
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1.5 Numerical algorithms

Iterative numerical algorithms allow us to handle complex control problems, which are hard or im-
possible to solve analytically. Numerical methods parameterise the pulse by expanding it into a series
of functions. This can include smooth basis functions, such as the Fourier basis, or the discretisation
of the pulse in time slices [33]. The coefficients of the expansion are treated as optimisation variables
and iteratively optimised. We refer to them as control parameters. The optimisation starting point
in the control landscape is defined as the initial guess. The choice of the initial guess can be random
or physically motivated. One can also employ a different optimisation with fewer parameters and use
the optimised pulse as the initial guess for the original problem [52]. Once the system has evolved,
the algorithm checks whether the control objectives have been reached, and either stops or initiates
another iteration.

Quantum optimal control algorithms are categorised according to different criteria. A first distinction
is whether the cost is derived from a mathematical model (open-loop optimisation) or obtained di-
rectly from the system in an experimental setup (closed-loop optimisation) [15, 53]. The closed-loop
configuration utilises the direct feedback of the system. The cost function is measured and not com-
puted, allowing remarkable results even for complex (measurable) systems. The external control field
is applied and then updated at each iteration according to the measured value of the control func-
tion. Open-loop algorithms are typically applied when an accurate theoretical model of the system’s
Hamiltonian is available. The outcome from open-loop optimal control might serve as an initial guess
for subsequent closed-loop optimisation [54].

Gradient-based methods, such as Krotov [55] and GRAPE [56] employ the information about the
gradient of the cost function with respect to the control parameters to iteratively refine them. This
makes them efficient when the information on the gradient is available and can be easily calculated, as
they make use of all the available information. Gradient-free methods are more suitable for complex
systems with computationally expensive cost functions [57], or whenever computing the gradient is
difficult or impossible. Not needing information on the gradient makes them viable for closed-loop
optimisation.

1.5.1 The CRAB algorithm

The chopped random basis algorithm (CRAB [22]) was originally proposed as an optimisation method
for complex quantum many-body dynamics as it can be combined with a gradient-free approach. It has
since been successfully applied to various control problems and systems, in both closed and open-loop
optimisation, and combined with gradient-based and gradient-free methods [23].

The idea behind CRAB is to expand the control pulse with a truncated basis function, also referred
to as a chopped basis. This means that only a randomised selection of Ns elements of the original
basis function is utilised, restricting the optimisation to a subspace of the original control landscape.
Each element f(s, ~A; t) is characterised by a superparameter s and the optimisation parameters ~A.
An example of superparameters is the frequency for the Fourier basis, described in more detail in
Sec. 2.2.1. The number of parameters to optimise depends on the choice and formulation of the basis.
The control field is therefore expressed as:

u(t) =

Ns∑

i=1

ui(t) =

Ns∑

i=1

f(si, ~Ai; t)[+f0(A0; t)], (1.13)

where f0(A0; t) is a term only relevant for the Sigmoid basis, described in Sec. 2.2.2. The parameters
~A are then optimised, via any method of choice, to minimise the figure of merit. The randomness in
the choice of the basis elements has been shown to enhance the algorithm convergence compared to
employing selected relevant values [22].

Chopped bases are useful in the presence of relevant constraints, such as bandwidth limitations, which
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Figure 1.3: Example of how the landscape transforms by changing the basis. In (a) the optimisation ends at the
local minimum indicated by the red circle, utilised as the initial guess for the next superiteration. The change
of the landscape in (b) allows the dCRAB algorithm to escape the trap. The black triangle indicates the initial
test points for Nelder-Mead. The worst vertex (red star) is reflected and substituted with the new improved
test point (yellow star) for the next iteration. Figure adapted from [60].

can be included, effectively restricting the optimisation to the accessible sub-space of the total control
space.

The optimisation is performed using gradient-based methods or direct search methods. Direct search
methods do not require the cost function to be differentiable, as they only rely on the values of the cost
function without needing its gradient or attempting to estimate it [58]. One example of a commonly
used direct search method is the Nelder-Mead algorithm [59]. This algorithm is simplex-based. A
simplex is defined as a group of n + 1 vertices in an n-dimensional space, e.g. a triangle in a two-
dimensional space. During each iteration, the objective function is evaluated at each vertex, which
are used as test points. The test points are ordered according to their proximity to the goal. The one
further from the goal is referred to as the worst vertex and is reflected through the centroid of the
remaining n points to find a new substitute test point candidate. If the new test point is better than
the old one, it proceeds to the next iteration starting from the new simplex. Otherwise, the check is
repeated for an extended or contracted reflection, and eventually, if no better directions are found, the
whole simplex is shrunk to restrict the considered area and eventually converges to the optimal point.
Calculations terminate when the stopping criteria are met. This might include exceeding a determined
number of iterations or reaching the convergence criteria such as the target control objective or the
limit set for the precision of the difference in the evaluation of the cost function. One example of
iteration for the Nelder-Mead algorithm in a two-dimensional space is illustrated in Fig. 1.3 (b).

However, confining the search basis to Ns dimensions might lead the algorithm to converge towards
sub-optimal points known as false traps.

Here δJ (Eq. (1.7)) vanishes for all the δu in the truncated basis expansion, but not considering all
the variations in the original control space. A false-trap is an extremum only in the subspace defined
by the truncated basis function. An example of a false-trap is illustrated in Fig. 1.3 (a).

The ”dressed” version of CRAB (dCRAB [24]) addresses this issue by initiating a new CRAB opti-
misation, called superiteration, using the solution from the previous iteration as an initial guess and
employing a different random selection of basis elements.

The control pulse at the jth superiteration is formulated as:

uj(t) = uj−1(t) +

Ns∑

i=1

u
j
i (t), (1.14)
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where uj−1(t) is the optimised control pulse obtained from the previous superiteration, and uji (t) are
the random basis elements introduced in the current superiteration, as calculated in Eq. (1.13). This
formulation ensures that the new control pulse consists of one part containing the already optimised old
pulse and another part exploring a new direction, enhancing the exploration of the control landscape
and reducing the likelihood of getting trapped in local minima.
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Chapter 2

Exploration of different bases

While the Fourier basis is a common choice in implementing the dCRAB algorithm introduced in
Sec. 1.5.1, alternative bases with different shapes and properties such as Sigmoid, Chebyshev poly-
nomials [61], or piece-wise constant elements [55, 56] can also be used. This chapter explains the
motivation behind exploring different bases and provides details about the considered bases: Fourier
and Sigmoid basis. Finally, we will describe our approach to comparing the bases.

2.1 Motivation

As mentioned in Sec. 1.5.1, a chopped basis restricts the search for the control to a subsection of the
total control landscape. Different bases confine the search to different sections and may align better
with specific control tasks or physical systems. Accessing a smoother part of the landscape with fewer
local minima can enhance the chances of finding a global optimum and allow for faster convergence.

The choice of basis also determines which shapes are complex or simple to generate. The properties
and shape of a basis can lead to representing an optimal control field using fewer basis elements.
For instance, square pulses are hard to produce with Fourier basis elements but easier for Sigmoid
functions. This consideration is significant for problems where the expected shape of optimal solutions
has predictable or known properties [25, 62].

Furthermore, as discussed in Sec. 1.4, quantum control fields are subject to various physical con-
straints such as maximum amplitude and bandwidth limits. Some bases naturally incorporate these
constraints, making it easier to ensure that the optimised control fields are physically realisable. For
example, in the Fourier basis, it is simple to limit the bandwidth by restricting the choice of basis
elements. This can also help exclude basis elements that would not contribute to the optimisation,
such as high or low-frequency values, impacting the optimisation efficiency.

2.2 Approach

To explore how the choice of truncated basis functions impacts the solution to the control problem, we
test them on a simple problem: a state transfer in the presence of detuning (Chapter 3). Specifically,
we compare the Fourier and Sigmoid bases, which have distinct properties. We examine their impact
on convergence behaviour and solutions quality using the dCRAB algorithm, described in Sec. 1.5.1
and implemented in the QuOCS [63] software suite. To mimic an experimental optimisation process, in
Chapter 3 we employ the dCRAB algorithm combined with a gradient-free optimisation, considering
a qubit modelled after NV centres in diamonds [64].

We begin this section by describing the two bases and their properties, followed by a discussion on
comparability considerations.
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Figure 2.1: Example of decomposition of the same pulse with Fourier and Sigmoid basis. Figure taken from [63].

2.2.1 Fourier basis

The Fourier basis is commonly used with dCRAB. The randomly generated superparameter is the
frequency s. Each basis element is composed of a sine and a cosine function at frequency s and is
expressed as:

f(s, [A1, A2]; t) = A1 sin st+A2 cos st. (2.1)

This results in two parameters to be optimised for each basis element. Consequently, the total number
of parameters to be optimised in the optimisation process is Np = 2Ns.

In QuOCS [63] the frequencies are determined as s = 2πωi

T
, where T is the time duration of the

pulse, and ωi is randomly generated following a uniform distribution within the selected interval. The
frequency limits are implemented by directly setting boundaries on the random generation of the
superparameters, ensuring ωi ∈ [ωmin, ωmax].

2.2.2 Sigmoid basis

Sigmoid functions are curves that smoothly transition between two values. We consider Sigmoid
functions defined by the integral of a Gaussian. The basis is composed of smooth time steps, where
the randomly generated superparameter s is the time of the step. The width σ influences the rise-time
and bandwidth of the pulse. In Sec. 2.2.3 we discuss how to limit the frequency through a restriction
on the width.

The Sigmoid basis element is given by:

f(s,A; t) =
A√
2πσ

∫ t

−∞
e−

1

2
( t

′
−s

σ
)dt′ =

A

2

(
1 + erf

(
t− s√
2σ

))
, (2.2)

f0(A0; t) = f(0, A0; t). (2.3)

This leads to one parameter to be optimised for each basis element, plus the initial amplitude A0,
resulting in Np = Ns + 1 parameters to be optimised.

In QuOCS [63], the width σ is a hyperparameter that is preliminarily set to a constant value (default
0.1). The superparameters s = τ are randomly generated with a flat distribution in the selected
interval [τmin, τmax].
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2.2.3 Comparability considerations

To ensure a fair comparison, the bases should cover comparable ranges of the function space. Therefore,
similar restrictions will be applied to each basis.

For the Fourier basis, as mentioned in Sec. 2.2.1, the frequency range can be directly set in the settings
as ω ∈ [ωmin, ωmax]. However, for the Sigmoid basis, there is no such direct method. Since the rise-
time of the functions is determined by their width, we can analyse the spectrum of a Sigmoid pulse
by calculating its Fourier Transform (FT). This leads to the bandwidth limiting envelope [60]:

Y∞
max(ω) = Amax(τN − τ0)e

− 1

2
σ2ω2

, (2.4)

calculated for a square pulse with amplitude Amax and limiting any constructable pulse. The Sigmoid
basis is therefore bandwidth-limited through a Gaussian envelope. We can impose a frequency limit
by setting [25]:

σ =

√
−2 ln ǫω
ωmax

. (2.5)

This ensures that:
|Y∞

max(ω)|
Amax(τN − τ0)

= ǫ

ω2

ω2
max

ω ,

effectively reducing the relative amplitude of any component with ω ≥ ωmax to ǫω at most.

The same amplitude and time restrictions are applied as well. We shrink the pulses by applying the
smooth amplitude restriction implemented in QuOCS (see Sec. 3.1) and multiplying them by a flat-top
super-Gaussian [44] window function before optimisation, as shown in Fig. 1.2.

In addition, the same number of Nc parameters are optimised, corresponding to Nc = 2Ns for the
Fourier basis and Nc = Ns + 1 for Sigmoid.
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Chapter 3

Application

3.1 Quantum Optimal Control Suite

The Quantum Optimal Control Suite (QuOCS) [63] is an open-source software package implemented
in Python. It includes quantum optimal control algorithms such as GRAPE and dCRAB, as well
as some direct search algorithms, offering a customisable interface. QuOCS performs both open and
closed-loop optimisations, as it is designed to be easily integrated with experimental control setups.

3.1.1 Main settings

The main settings include the choice of the algorithm, whether the objective is minimisation or max-
imisation, the number of superiterations (SI), restrictions on the maximum number of function evalu-
ations, time limits, and the figure of merit goals for each superiteration. This also includes the choice
of the direct search method and its stopping criteria.

Amplitude constraints for the pulse are available, allowing the selection of upper and lower limits and
the option to restrict through cut-off or shrinking. Considering the pulse ui(t) with a maximum (or
minimum) amplitude value umax,i(t) and the amplitude limit umax, the shrink function is implemented
as:

ũi(t) =

{
ui(t) if umax,i(t) < umax

umax

umax,i(t)
umax,i(t) otherwise

(3.1)

A user-defined initial guess and window function can be implemented as well.

We use the dCRAB algorithm combined with the Nelder-Mead method [59], minimising the infidelity
I with a figure of merit goal J = e−10 and a maximum number of total evaluations set to 3000. We
employ the window function combined with the shrink option.

3.1.2 Bases settings

The bases implemented in QuOCS are Fourier, Chebyshev, Piece-wise constant, and Sigmoid.

The settings for the bases include the number of vectors used for the expansion and the limits on the
superparameters, which are sampled from a uniform distribution by default. For the Sigmoid basis,
the width and offset (default value 0.1) can be selected.

Our optimisations employ Sigmoid and Fourier bases implemented here, with amplitude and superpa-
rameter limits discussed in Sec. 3.2.2. Unless stated otherwise, all optimisations are performed with
three superiterations and optimising Np = 4 parameters, leading to two basis vectors for Fourier and
three for Sigmoid.
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Figure 3.1: Visualisation of qubit states on the Bloch Sphere. The state |0〉 is represented by the unit vector ~z,
the state |1〉 by -~z. |ψ〉 represents the generic state. Any point on the surface of the sphere is associated with a
pure state, points inside of the sphere represent mixed states. Image taken from [66].

3.2 Single qubit with detuning

A qubit, short for quantum bit, is the basic unit of quantum information. Physically a qubit can be
any two-level quantum system, such as a system’s ground and excited state, a spin system, or two
orthogonal polarisation directions of a photon. The two levels are represented in the computational

basis as |0〉 =
(
1
0

)
and |1〉 =

(
0
1

)
, spanning the entire Hilbert space of the system H

2 [65]. Generally,

a pure qubit state exists in a superposition of the basis states, expressed as:

|ψ〉 = α|0〉+ β|1〉, α, β ∈ C, |α|2 + |β|2 = 1. (3.2)

The Bloch sphere is a three-dimensional unitary sphere that serves as a geometric representation of
the qubit space. Here, a pure qubit state can be represented by introducing the notation:

|ψ〉 = cos
θ

2
|0〉+ sin

θ

2
eiφ|1〉 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, (3.3)

with the angles θ and φ defining a point on the sphere (Fig. 3.1).

In this section, we consider a state transfer for a single qubit in the presence of detuning. In quantum
computing, a state transfer refers to an operation performed on a qubit, typically involving the rotation
of its state vector on the Bloch sphere from an initial state to a target state.

We model the qubit based on nitrogen-vacancy (NV) centres in diamonds [64], spin systems used
for quantum sensing [41], and other quantum technologies [67]. An NV centre is a point defect
in diamonds, where one of the carbon atoms is replaced by a nitrogen atom, accompanied by a
neighbouring vacancy site. The NV centre forms a spin triplet system. A static external magnetic
field B‖ is applied in the ~z direction (the NV axis) to lift the degeneracy of the excited level ms = ±1.
The two qubits level are the ground state |0〉 ms = 0 and the exited state |1〉 associated to one of the
two ms = ±1.

We can manipulate the qubit’s state by applying an external microwave pulse. In the absence of
detuning, this manipulation is achieved using a square pulse with the appropriate length and amplitude
(Sec. 3.2.1).

When a control pulse is applied to manipulate the qubit state, its frequency ωc should match the
qubit’s natural frequency ωnv needed to drive the transition |0〉 ↔ |1〉. However, in practical scenarios,
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deviations can occur, leading to detuning. Detuning happens when the frequency of the control pulse
ωc does not precisely match the qubit’s natural frequency ωnv due to experimental imperfections,
fluctuations in control parameters, or interactions with the qubit’s environment. For instance, an
inhomogeneous magnetic field B‖ along z. As a result, the operation may not have the desired
effect on the qubit’s state. To mitigate the effects of detuning, time-dependent control pulses can be
optimised and implemented using quantum optimal control techniques.

We first analyse and analytically solve the equation for a constant pulse to illustrate how a constant
detuning influences the operation. Then, for increasing values of detuning, we explore time-dependent
optimal pulses as alternatives. As a final step, we optimise a pulse robust against detuning to address
the issue of state transfer for an ensemble of qubits with different detunings. The optimisations are
performed using the dCRAB algorithm, employing both the Fourier and Sigmoid bases separately.

3.2.1 Analytical solution for a constant pulse

The Hamiltonian H incorporates the qubit’s energy and its interaction with the control field. The
specific form of the detuning term depends on the qubit system’s implementation and the influences
considered. For NV centres it typically involves the qubit’s transition frequency ωnv = B‖γnv, depend-
ing on the static magnetic field and the gyromagnetic ratio of the NV centre γnv, and the control field
frequency ωc. We consider a constant detuning value ∆ = ωc − ωnv. The Hamiltonian in the rotating
frame of B⊥ (using the rotating wave approximation) is then:

H =
~

2
(∆σz +Ωσx), (3.4)

where σx,z are the Pauli X and Z operators, and Ω is the amplitude of the rectangular pulse applied
to the system. The eigenenergies and respective eigenstates of H are [68]:

E+,− = ±~

2

√
∆2 +Ω2; |ψ+〉 =

(
cos

(
θ
2

)

sin( θ2)

)
, |ψ−〉 =

(
− sin

(
θ
2

)

cos( θ2)

)
; tan θ =

Ω

∆
. (3.5)

Considering an evolution from the initial state |ψ(0)〉 = |0〉, we can determine the fidelity between the
state at time t and the target state |ψT 〉 = |1〉:

F(t) = |〈ψ(t)|1〉|2 = Ω2

∆2 +Ω2
sin2

(√
∆2 +Ω2

t

2

)
. (3.6)

The fidelity oscillates over time. Since sin2 x ≤ 1 ∀x, we find that F(t) ≤ Ω2

∆2+Ω2 < 1 when ∆ 6= 0.
This means we can reach the target state only when ∆ = 0. Eq. (3.6) then gives the relation:

F0(t) = sin2
(
Ω
t

2

)
. (3.7)

with F0(t) = 1 for ∆ = 0, t = k π
Ω , k constant integer value.

For a fixed pulse length T , we can define Ωπ, corresponding to a π rotation on the Bloch Sphere in
the absence of detuning, leading to the state transfer we aim to achieve, as:

Ωπ =
π

T
. (3.8)

In the optimisations of Sec. 3.2.2 we consider this as a unit for both the amplitude constraint of the
control field and the values of detuning, setting T = π for convenience.

The calculated fidelity in the range ∆ ∈ [−10, 10] for a constant pulse of length T = π and unitary
amplitude is represented in Fig. 3.5.
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Figure 3.2: Convergence behaviour of 100 optimisations for the three considered bases. The median optimised
infidelity is depicted, along with a shaded area representing the 25th and the 75th percentile. On the left, for
∆ = 0, the Sigmoid bases perform significantly better in terms of convergence time. On the right, for ∆ = 5Ωπ,
Fourier performs better, with Sigmoid σ1 not converging to an optimal solution for some cases and σ2 not
converging at all in the considered percentile range. In both cases T = π and umax = 5Ωπ.

3.2.2 Optimisation of a time-dependent pulse

Following Eq. (1.1) the Hamiltonian of the system is:

H =
~

2
(∆σz + u(t)σx) (3.9)

The goal of the optimisation is finding the control field u(t) that minimises the infidelity I.

Once we set the time duration of the pulse T , the amplitude constraint determines whether optimal
solutions are achievable for determinate detuning values (see QSL on Sec. 1.4.3).

We use Ref. [69] as orientation, optimising only the σx component of the pulse and exploring a looser
amplitude restriction umax = 5Ωπ for all optimisations.

The frequencies of the Fourier basis have also been restricted based on empirical tests, with the optimal
range ωi ∈ [−5, 5]. Higher frequencies negatively impacted the optimisation convergence. The Sigmoid
basis is similarly constrained by setting its width σ1 to satisfy Eq. (2.5), with ωmax = 5 and ǫω = 0.2.
As the inability of Sigmoid to exploit the frequency space as efficiently as Fourier seems to impede
the search for optimal solutions, we compare the results with a different Sigmoid basis with a broader
width σ2 = 0.1, corresponding to ωmax = 18.

In the absence of detuning, all three bases achieve optimal values. Fig. 3.2 illustrates their convergence
behaviour. The two Sigmoid bases have similar convergence patterns. The Fourier basis between the
50th and 75th percentile requires more iterations to converge. The visible plateau indicates that some
pulses need more than one superiteration to reach the optimal solution. This does not seem to apply
to Sigmoid, suggesting a smoother landscape with fewer false traps for the considered system.

As detuning increases within ∆ = [−10, 10], the fidelity varies as depicted in Fig. 3.5. Considering
∆ = 5 as an example, Fourier and Sigmoid with σ1 still achieve optimal results, while Sigmoid with
σ2 fails to reach an optimal value in most of the optimisations, as illustrated in Fig. 3.2. Since
the best Fourier pulses show a more oscillatory behaviour, this might be due to the Sigmoid basis
being constrained by its Gaussian spectrum, which tends to produce more low-frequency values. This
observation is supported by σ2, with a broader frequency range, performing significantly better than
σ1. This behaviour becomes more pronounced as the detuning increases. Fig. 3.3 illustrates examples
of both the best and worst pulses for Fourier and Fig. 3.4 the best pulses for the two Sigmoid bases, for
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Figure 3.3: Best (orange) and worst (red) optimised pulses for Fourier and their path on the Bloch sphere, for
an optimisation with T = π, umax = 5Ωπ and ∆ = 10Ωπ. The black vector represents the initial state, and the
orange and red vectors are the respective final states.

Figure 3.4: Best optimised pulses for the Sigmoid bases with width σ1 (blue) and σ2 (green) and their path on
the Bloch sphere, for an optimisation with T = π, umax = 5Ωπ and ∆ = 10Ωπ. The black vector represents the
initial state, and the blue and green vectors are the respective final states.

the maximum detuning value considered ∆ = 10, along with the evolution of the respective systems
on the Bloch Sphere.

To better understand the behaviour of the Sigmoid basis, we conducted additional optimisations with
increased numbers of superiterations for ∆ = 5, σ = σ1, yet observed no significant improvement.
This suggests that the issue is not related to encountering false traps in the optimisation process.
Increasing the number of basis vectors leads to better results, however, it also extends the convergence
time considerately. For a total number of optimised parameters Np = 10, the median infidelity
approaches that of the Fourier basis for Np = 4.

3.2.3 Robustness for ensemble of qubits with different detunings

In the previous section, the control pulse was optimised for singular values of detunings. This approach
only guarantees optimal state transfer when the detuning coincides with the value considered in
the optimisation. However, in reality, quantum ensembles of qubits can exhibit variations in the
parameters that characterise the dynamics of the systems, including detuning. Since it is generally
impractical to employ different control pulses for individual qubits, a pulse that is robust against
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Figure 3.5: On the left, comparison of the median fidelity over 100 optimisations for the three pulses and
calculated fidelity for the constant pulse and best optimised robust pulse. On the right, the shape of the best
optimised robust pulse over 20 optimisations, run with T = π, umax = 5Ωπ, M = 10, and ∆max = 5.

detuning is necessary to ensure optimal fidelity for the entire ensemble.

To address the variability in detuning across a quantum ensemble, we adopt a robust optimisation
strategy. Following Ref. [69], we assume the detunings to follow a Gaussian distribution centred at
zero with standard deviation σ∆. The probability density function for a single qubit is given by:

p(∆i) =
1√

2πσ∆
e
−

∆
2
i

2σ2
∆ . (3.10)

The goal is to optimise a robust cost function J that averages over the infidelity contributions from
different detuning values within a specified range:

Jrob = 1−
∫
d∆p(∆)|〈ψT |ψ(T,∆)〉|2, (3.11)

where |ψT 〉 is the target state and |ψ(T,∆)〉 is the state evolved under the control pulse u(t) for a time
T with detuning ∆. Including the probability distribution p(∆i) ensures the optimisation to favour
smaller values of detuning, as they are most likely to occur.

We consider around 98% of the distribution imposing the full width at half maximum (FWHM) as
the limit for the detuning values, |∆i| ≤ ∆max = 2

√
2 ln 2 σ∆.

To simplify computational complexity, we discretise the Gaussian distribution into M evenly spaced
detunings values within the considered range. The cost function of the optimisation process is there-
fore:

Jrob,M = 1− 1

N

M∑

i=1

p(∆i)F(∆i), N =
M∑

i=1

p(∆i), (3.12)

Where F(∆i) represents the fidelity for the detuning ∆i and N normalises the probability weights.

We perform 20 optimisations for 10 detuning values in the range ∆i ∈ [−5, 5] employing the Fourier
basis, which has proved to be the most efficient among the considered bases. The best optimised pulse
is then used to calculate the fidelity over the broader range ∆i ∈ [−10, 10] for comparison with the
previous results, shown in Fig. 3.5 together with the pulse shape.
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Conclusion and outlook

In this thesis, we applied quantum optimal control to state transfers in the presence of detuning, com-
paring different truncated bases. We started by establishing the theoretical background for formulating
quantum optimal control problems including its inherent limitations and the potential constraints on
the optimised pulses. An overview of the main numerical methods employed in QOC was provided,
with a particular focus on the dCRAB algorithm. We described two truncated bases, the Fourier
and Sigmoid bases, which were applied in the subsequent optimisation. Following a discussion of the
employed methods, we compared their efficacy. Here, we briefly introduced NV centres in diamond
and the concept of detuning, defining the considered control problem. We analytically determined
the ideal amplitude for a constant pulse and optimised time-dependent pulses for increasing detuning
values. In our study, we compared the performance of the Fourier basis with two versions of the
Sigmoid basis: one with a similar frequency range and one with a broader spectrum. In the absence
of detuning both Sigmoid bases showed a smoother control landscape, consistently achieving optimal
solutions at the first superiteration. In the presence of detuning, the Fourier basis outperformed both
Sigmoid bases. Here, the Sigmoid with a narrower spectrum could only achieve optimal solutions over
a limited detuning range compared to the other bases. This outcome, combined with the observed
pulse shapes, suggests that Fourier’s ability to effectively exploit the frequency space contributed to its
better performance. Finally, we employed the Fourier basis to optimise a pulse robust against detun-
ing, i.e. a pulse that would faithfully transfer the state for a range of detunings. This could be applied
to an ensemble of qubits with different detunings, for instance in the presence of an inhomogeneous
magnetic field.

This study confirms the importance of choosing an appropriate truncated basis to enhance the efficacy
of the quantum optimal control algorithm to solve a given problem. We discussed a simple problem
involving a single qubit. Recent results indicate that, for specific problems, the relative performance
of the bases remains consistent as the number of qubits increases within the same problem class.
Therefore testing simplified versions of the problem can help determine the most suitable basis to
employ in optimisations involving multiple qubits [25].

While our focus was on pure states and closed systems, the generalisation to mixed states could be
done by using density matrices and Lindbladians. Addressing open quantum systems efficiently is a
more complex and active area of research, starting from their controllability [70]. Further analysis of
the control landscape could provide deeper insight into the convergence behaviour of the basis, guiding
the selection of other bases to test. Future work could improve the control over the considered system
by adding a σy component on the pulse as in Ref. [69], or explore the application of this approach to
different optimal control problems and different types of qubits, such as superconducting qubits [71].
The optimisation of state transfer can be extended to produce optimal single qubit gates by replacing
the state fidelity with the gate fidelity [37].

In summary, we conclude that the choice of bases affects the convergence speed and quality of the
results. Choosing a basis with the right properties can lead to smoother landscapes or optimal solutions
even in smaller search spaces, leading to a speed-up in the convergence process and better figures of
merit. Quantum optimal control is a valuable tool, further research in this field will continue to
advance the capabilities and applications of quantum technologies.
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