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Introduction

A cluster algebra is a commutative ring that is characterized by a certain set of genera-
tors called cluster variables. These appear in sets called clusters that can be transformed
through a process of mutation, where one cluster variable in the cluster gets exchanged for
a new cluster variable that is distinct from the previous ones. The full set of cluster vari-
ables can be obtained recursively by mutating an initial cluster in all possible ways. The
concept of a cluster algebra was first introduced by Sergey Fomin and Andrei Zelevinsky
[ | and applied by Fock and Goncharov | , , | and Gekhtman, Shapiro
and Vainshtein | ) ] to the context of Teichmiiller theory.

This led to the systemized study of cluster algebras arising from oriented Riemann sur-
faces with boundary and marked points which began with Fomin, Shapiro and Thurston
[ , |. In this context clusters variables corresponds to arcs which are isotopy
class of curves and clusters correspond to triangulations which are maximal collections
of non-crossing arcs. Furthermore, the mutation of a cluster is equivalent to the flip of
an arc in a triangulation, that is replacing it by a different arc.

At the same time representation-theoretic approaches were developed that described
cluster variables as Caldero-Chapoton functions of quiver representations | , ,

, ]. In this case a quiver with potential is associated to the exchange
matrix B and the mutation corresponds to the mutation of the quiver with potential as
well as the mutation of the decorated representation which is assigned to the quiver with
potential.

In this work we focus on the expression for a cluster variable. In Chapter 1 we
give the algebraic background for the topic of cluster algebras and present one of the
most important results from | | and | ]: the Laurent phenomenon which states
that every cluster variable can be written as a Laurent polynomial in terms of cluster
variables of a specified cluster. In Chapter 2 we introduce cluster algebras that are
associated to surfaces with marked points. We then introduce the concept of a snake
graph and provide a new and elementary (but technical) proof for the cluster variable
formula for unpunctured surfaces (3.2) in Chapter 3. We introduce a recursive formula
for the number of perfect matchings and include the recently developed determinantal
formula | ]. We then provide an alternative proof for the equivalence of perfect
matchings and complete (7', z,)-paths [ ]. After that, we discuss important results
and introduce a new approach for the cluster variable formula of tagged arcs. This
formula might be valid for all possible tagged triangulations and tagged arcs, extending
the versions by | | and [ ] (see Appendix D). In Chapter 4 we present the
theory behind cluster algebras associated to quivers with potential and provide the cluster
variable formula which results from that. Finally, in Chapter 5 we present an example of
an initial triangulation and describe for every method we have introduced, how to obtain
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the formula for the given cluster variable z,. In Chapter 6 we extend on the cluster
variable formula using snake graphs and give two more examples to show the intricacies
that arise when dealing with tagged arcs. In the final chapter we put this work into the
context of modern mathematical research and refer to related research.



Chapter 1

Algebraic definition of cluster
algebras

1.1 Concepts

Definition 1.1.1. The coefficient group P is a torsion-free abelian group, written multi-
plicatively as per standard notation.

In practice it is useful to restrict ourselves to a certain type of group which is called
a tropical semifield.

Definition 1.1.2. A tropical semifield Trop(u; : j € J) is a (multiplicative) free abelian
group with a finite set of generators u; (j € J) and an additional operation & such that

a; bj o H min{a]-,bj}
[« e][w =114 :

jeJ jeJ j€J
Definition 1.1.3. Let G be a (multiplicative) group and R a commutative ring. The
group algebra of G over R is an associative algebra consisting of formal linear combinations
of elements of G with coefficients in R such that the multiplication is induced by the
multiplication of the group. Disregarding the scalar multiplication the group algebra is
called the group ring RG.

Definition 1.1.4. The ground ring is the group ring ZP of P with integer coefficients.

Lemma 1.1.5 (| , Theorem 2.2.5.]). Let G be an abelian torsion-free group and R
be an integral domain, then the group ring RG is a domain.

Proof. Let a,b € RG such that ab = 0. Then a = 3 _,a,9 and b = > _,byg where
ay and b, are coefficients in R. Take the subgroup S = (g € Gla, or b, are not zero).
Then S is a finitely generated torsion-free abelian subgroup of G. This implies that S
is isomorphic to Z™ for some n € N. We consider the polynomial ring Rz, ..., z,| and
its field of fractions K(z1,...,x,). If we want to consider S as a multiplicative group
we can write its elements as Laurent polynomials in n variables. This leads to the ring
homomorphism

0 : RZ" — K(x1,...,2,)

Cly... Cp) = xS T
1 )y bn 1



which is an injection. Here cq,..., ¢, are the coefficients in R of the unit vectors in Z"
(note that in this case the zero vector is the identity). We have shown that RS = RZ" is
a subring of a field and therefore a domain. Thus, a or b is zero, which implies that RG
is a domain as well. O

Definition 1.1.6. The ambient field F is the field of rational functions in n independent
variables with coefficients in the field of fractions of ZP, i.e. in QP.

Definition 1.1.7. A cluster is an n-tuple x = (x4, ..., x,), such that z1,...,z, € F form
a generating set, i.e. they are algebraically independent over QP and F = QP(xy, ..., z,).

Definition 1.1.8. A seed X is a triple (x, p, B) consisting of a cluster x, the coefficient
tuple p = (p7,. .. ,pE), where pf,py,...,pt, p, are elements in P and the exchange
matriz B with integer entries which is a sign-skew-symmetric n X n matrix, i.e. b; =

bjz' =0 or bijbﬂ < 0.

Definition 1.1.9. A seed mutation py, where k € {1,...,n}, transforms a seed (x, p, B)
into a seed p(x,p, B) = (x/,p’, B') in the following manner:

e The k-th entry of the cluster gets changed to

P I g T
T T

where [b], = max{0,b}. For j # k the entries remain z; = z;. We call X’ = x; an
adjacent cluster to x.

e For the 2n-tuple p’ we have

piE =pl and

/4 +

b; by, Pi s
— = (pg)"== if by; > 0 and

P "p; (1.2)
/4 +

pf_ = (p,;)b’”'pz_ otherwise.

b; D;

We note that this does not define p’ uniquely, which will remain without conse-
quences for this thesis. However if IP is a tropical semifield we require the tuple p
to satisfy the normalization condition p;r ® p; =1, thus defining p’ uniquely.

e The entries of the exchange matrix B’ are
b;j:_bij le:kZOI'j:k’,
b;j = b;j + V)’“'%—;b"lb’”' otherwise.

A mutation might not exist if the resulting matrix is not sign-skew-symmetric. We
recognize that ug(pr(X)) = ¥ which implies that we can define an equivalence relation.
We say that ¥ and ¥/ are mutation-equivalent, and write ¥ ~ X' if it is possible to go
from ¥ to ¥’ through iterated mutations.

10



+
Remark 1.1.10. We are mostly interested in the ratio %, thus in the case where P is a

tropical semifield it is convenient to define'y = (yi, ... ,y;) such that
24
Yi = —.
D;
Considering the normalization condition p; ©p; = 1 we observe that p; = H]EJ u;’ and
p; = Hjej u?j where all exponents a; and b; are non-negative for j € J. Thus considering

only the negative exponents of y; we get

1
yy®l=—
p;
and thus,
+_ Y
Pi y; ®1

Using these new coefficients the mutation in the kth direction for'y becomes y;, = y,:l and

b ; b .
y; = Yo (g @ 1)t (1.3)

for j # k. For the cluster x we have

PR3 | S | ET
’ (Y © 1)z,

(1.4)

and x; = x; for j # k.

Definition 1.1.11. A seed (x,p, B) is called totally mutable if every resulting matrix
after unlimited mutations of B is still sign-skew-symmetric.

This is always the case if B is skew-symmetric (or skew-symmetrizable).

Lemma 1.1.12. A skew-symmetrizable n X n matriz, i.e. a matriv B = (b;;) such
that d;b;; = —d;bj; for positive integers di,...,d, remains skew-symmetrizable after a
mutation.

Proof. This follows immediately since if d;b;; = —d;b;; then

’bik’bkj + bik|bkj| . |bki|bkj - bkilbkj’

|bkilbjk + brilbji|
= —djbji — dy—————— = —d;b};.
If B is skew-symmetric, then d; = --- = d, and the result follows from the above
computations. ]

Definition 1.1.13. The entries of all clusters that can be reached by iteratively applying
a seed mutation to the original seed ¥ = (x, p, B) are called cluster variables.

Definition 1.1.14. The cluster algebra A(X) associated with an initial seed ¥ is the ZP
subalgebra of the ambient field F generated by all cluster variables.

11



Definition 1.1.15. A cluster algebra A(X) or a seed is of geometric type if the coefficient
group P is a tropical semifield and the exchange matrix is skew-symmetrizable.

Choosing P to be a tropical semifield allows us to include the exchange matrix B into
a larger m x n matrix B that also takes into consideration the coefficient tuple:

Lemma 1.1.16. For a cluster algebra of geometric type we can write

Py = H 2P and p; = H Ol (1.5)

i=n+1 i=n+1

or equivalently
bis
Yj = H ;" (1.6)
i=n+1

for some m > n € N and a (m — n) x n matriz (b;;) with integer entries such that the
mutation of p is equivalent to the mutation of the matriz B = (b;;).

Proof. The coefficients are elements of the tropical semifield thus they can be written

as pji = ix“ where t; > 0 are integers. Let us now consider a mutation in the k-th

direction. Since b;j = —b;;it i =k or j = k, it follows that p;ci =pi. If by; > 0 we get

+ m [b7;1+ m [bij)++[bik] +brj +
Ii I L | b, Pi
/— — - — - (pk ) —
P Dj P D
The result for by; < 0 follows equivalently. O]

Thus we can write a seed as a pair (X, B) where x is a cluster as before and B is an
m X n matrix with m > n where the upper n rows (the principal part) are the exchange
matrix as before and the lower part encodes the coefficient tuple.

1.2 The Laurent phenomenon

Definition 1.2.1. Laurent polynomials are linear combinations of positive and negative
powers of the variables with coefficients in F. Thus they are elements of FZ.

Definition 1.2.2. Let ¥ be a seed. As the upper bound U(YX) we denote the ZIP-
subalgebra of F given by the intersection of the Laurent polynomials of x and its adjacent
clusters. Thus,

UX) = ZPxF] N ZP[xF] N -+ N ZP[xE], (1.7)

where ZP[x*] = ZP[xy, 27!, ... 20, 27 Y.

Proposition 1.2.3. Let n > 2 and let P, be coprime with Ps, ..., P,. Then

Ux) = ﬂZ]P’[ml,x’l,x;...,a:jil,xj,x’. P vl § (1.8)

7Y+ »Mn
j=2
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Proof. We first show that

ZP[x*) N ZP[x{] = ZP[xy, 2}, x5, . .., xE]. (1.9)
Since 2 = &1 L the inclusion 72" follows. Let y € ZP[x %], Then there exists N < oo such
that
N N pm
1= 3 = 3 el
m=—N m=—N 1

for ¢,, € ZP[x3, ..., x¥]. If furthermore y € ZP[x{] then ¢, P* € ZP[x3, ..., x¥]. Thus

y—Zcmxl —1—20 m P € TPy, o), o, .. a].

Remark 1.2.4. We notice that the above implies the followz'ng statement: An element
y € F belongs to ZIP[xy, 2, 25, ..., xX] if and only if y = Zm —o Cm ™Y +Zm L Com P

such that each c,, € ZPlxy, ..., xt] and c_,, is divisible by P in ZP[xy,. .. ,:cf] We
can simplify this even further and state that y € F belongs to ZP[xy, o), o3, ..., k] if
and only if y = S.N__\ em@ such that each ¢, € ZP[xE, ... x| and such that c,, is
divisible by P ™ for megative m.
Thus, we have shown equation (1.9) and similarly
+
ZP[x*) N Z]P)[X;-t] = ZP[x7, . .. ,xﬁl,x], T T, , 7).
By taking the intersection we get
-
ﬂ [zF,...,@ ;tl,x],x],:vjﬂ,...,xf]. (1.10)
To finish the proof we need to show that
ZP[xf, ... ,xf_l,xj,xj, xjﬁrl, v N O/ o I -
+ + + -
=7ZPxy, 2}, 25, . .. ,xj_l,xj,xj,xﬁl, R

Without loss of generality we set j = 2 and set the ground ring to be ZP[z3, ...,z
The above equation reduces to

ZP[xy, o), 25| N ZP[aT, xo, 7)) = ZP[xy, o), 2o, ). (1.11)
The exchange relations of the two-dimensional clusters simplify to
7] = Py = qo1§ + 12 (1.12)
Toxh = Py = qua + 14, (1.13)
where b = |b1a|, ¢ = |ba1| and 1, g, 71,72 € P. We divide this into two cases. Firstly, let

b = c¢ = 0. This means that P, P, € ZP. We notice that ZP[z1, 2, x2, x}] consists of all
Laurent polynomials

_ mi ,,m2
Y= E Cm1,m2x1 Ty,
m1,m2€ZL

such that ¢, ., is divisible
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e by P, ™ if m, is negative;
e by P, ™ if my is negative;
e by P, "™ P, ™ if m; and my are negative.

Using the expression in Remark 1.2.4 we get that ZP[xy, 2, 23] N ZP[x{, 24, 2] consists
of the polynomials
Y= Z le,mzl.;nlxgwa
m1,m2€ZL

such that ¢, m,, is divisible
e by P, "™ if m, is negative;
e by P, ™ if my is negative;
e by P, and P, ™ if m; and my are negative.
The equality follows since P, and P, are coprime. Now, let b, ¢ > 0. We first show that

ZP[x,, 25| N ZP[aT, 29, 7)) = ZP[xy, 29, 7). (1.14)

The direction ”2” follows since zf, = %. For the reverse inclusion let us assume that

y € ZP[x7, 29, 5], thus it can be written as

Y= alcn(x2, 1)),

meEZ

where ¢, (2, 7)) € ZIP[xo, 25]. If in addition we require that y € ZP[x,, x7] the coefficients
Cm (o, ) for negative m need to be zero. This is because P, has a term without x; which
implies that the negative powers cannot cancel out. Thus the result follows. We now
show that

ZP[x,, 2y, 23] = ZP[xy, o), 29, 4] + ZP[x1, 25]. (1.15)

The direction ”2” follows again since x}, = %. For the inverse direction we need to show

that o/Nay ™ are in ZP[x,, 2, 19, 24] + ZP[xy, x5 for all integers N, M > 0. However,

since .

T — qi _
! b 2 1 b 1
Loy = Py = qua] + 11 = - =25 — T—xla:Q
1 1

we see that

q1 @

1N b 1N Ny 1 /

T, = r—1x1x2 = N1 T mod ZP[x)].
1

In other words 25" € ZP[z}] + 2N ZP[x,, 23] and the same is true for x5 . Hence
xlle;M € Z]P)[:L‘/h ZE;] + Z]P)['rlv l'g:] - Z]P)[xh ljlu L2, x/Q] + Z]P)[xla 173:],

since #¥aN = PN € ZP[x5F]. We observe that equation (1.15) implies that ZP[x,, 2}, x4, 25] C
ZP[z,, 2, 23] and thus by symmetry

ZP[xy, 2y, 29, 5] C ZP[aT, 29, 7). (1.16)

14



Turning back to equation (1.11) we have

ZPlxy, 7}, 23] 0 ZP[af, 2o, )

(ZPlay, 7}, w2, 0] + ZP[wy, 3]) N ZPaF, 22, 1))

LT[, 0}, 35, 23] + (ZPlr, 23] O ZR[E, o, 7))

Bl 0, 22,4 + Bl 7, 7))

= ZP[xy, X}, xa, T5].
This concludes the proof. O]

Definition 1.2.5. The upper cluster algebra A(X) associated with a seed I is the inter-
section of the subalgebras U(X') for all seeds X' ~ 3.

Definition 1.2.6. A seed X is called coprime if the polynomials Py, ..., P, found in the
mutation of a cluster (1.1) are pairwise coprime in ZP[x], i.e. any common divisor of P,
and P; must belong to P.

Proposition 1.2.7. Let ¥ = (x, B) be a seed of geometric type. If the matriz B has full
rank, then all seeds mutation equivalent to Y are coprime.

Proof. Let B be of full rank. Let us assume that P; and P; are not coprime. Since both
of them are polynomials with two positive summands and each variable can only appear
in one of the summands. This implies that P, = P;. Then the columns b, and b; of B
are either equal or b; = —b;. Thus, all seeds such that B has full rank are coprime. We
now show that B’ is also of full rank by demonstrating that the matrix mutation in the
kth direction is equivalent to a series of row and column manipulations. Hence, B’ has
the same rank as B. For any br; < 0 we subtract the kth column multiplied by by; from
the jth column. Then for any b, > 0 we add the kth row multiplied by b;; to the ith
row. Thus for any b}; where i, j # k we get

ik | brj + biks| brj |
5 )

bij = bij + [=bijlybir + [bik]4 (brj + [—0rjl1brr) = bij +

We then multiply the k-th row and column by —1 such that b;; = —b;; for i = k or j = k.
The resulting matrix is precisely B’. The result follows by induction. O]

Theorem 1.2.8 (| , Theorem 1.5]). If two coprime seeds ¥ and ' are related by
a mutation ¥ ~ X' then their upper bounds coincide: U(X) = U(X').

Proof. Without loss of generality we assume ¥’ = ;. Comparing the expressions for the
upper bound (1.8) we need to show that they are equal, in other words we want to show
that

n
_ 1o - ;oo -
UX) = ﬂZP[$1,:1:1,x2 s T Ty Ty T gy e Ty
Jj=2
n
- _ 1t + "o+ +
= U) = [ 2Pz, @), 25, T, T, T Ty, - T
i=2

15



The cluster variable zf is achieved by mutating ¥, in the j-th direction and can be
different from z’;. We will show that for each j the above expressions are equal. Without
loss of generality we set j = 2 and define ZP[z3, ..., 2] to be the ground ring. Thus we
need to show that

LP[xq, 2, T, 5| = LP[xq, 2, T2, 5] (1.17)

We show that z} € ZP[x1,x, x9, 4] and the result follows by symmetry. The exchange
relations are

/ b ! c " /'\b
ToXy = 17 + 711, T1T] = qxs + 19 and xexhy = q3(x])” + 73,

for q1,q2,q3,71,72,73 € P and non-negative integers b and c¢. The mutation relations for
the coefficients (1.2) give

Letb:c:Oandpzzg—i:q—iGPthen

and the statement is true.
If b,c > 0, then

oy = x5 ' (g3(2})" + r3)

/ b
b L2ly — 1Ty

= x5 q3(2) - + 257

=y tgs (@) 2y — ey qugs (o)’ oty T qugary
=y a3(2)) 7 — g (0 (ga(22)° 4 72)" = 173)

= 7 s (2’2l — Tt qugsqe(20) 7 € ZP[xy, o), o, 2h).

]

Corollary 1.2.9. If all seeds > such that ¥’ ~ ¥ are coprime then U(X) = U(X) =
A().

Definition 1.2.10. The lower bound L(X) of a seed ¥ is the ZP-subalgebra of F gener-
ated by the union of x and its adjacent clusters, that is

L(X) =ZP[xq, 2, ... Ty, 2]
This leads immediately to a second definition of a cluster algebra.

Definition 1.2.11. The cluster algebra A(X) associated with a seed 3 is the ZP-subalgebra
of F generated by the union of all lower bounds £(¥') for ¥/ ~ ¥.

Definition 1.2.12. A cluster algebra A(o) or a seed is of geometric type if the coefficient
group P is a tropical semifield and the exchange matrix is skew-symmetrizable.

Corollary 1.2.13. Let X be a seed of geometric type. Then for any X' ~ 3 we have
LX) CAX) CAE) =UX). (1.18)

16



Proof. We first suppose that ¥ (an therefor ') is coprime. We first show that £(X') C

P

U(X'). This follows immediately because 2, = 2. Since this is true for all seeds such that

J
Y~ YandU(Y) = U(E) we get that A(X) = Uy L) CUX). Since A(X) = U(X)
according to Theorem 1.2.8 the result follows. If ¥ is not coprime we create an equivalent
seed by extending B(X) by the identity. We first show that multiplying the ¢th row by 0
for t > n commutes with the mutation. The matrix mutation in the kth direction consist
of an addition by columns and by rows as well as the multiplication of the kth column
and row by —1. The column operations and the multiplications certainly commute with
multiplying one row by zero. For the row addition we recognize that we add the b;;, times
the kth to the ith row if b, > 0. Since k < n we do not add the tth row anywhere. On
the other hand, if i = ¢ and we first multiply the ¢th row by zero, then by, = 0 and the tth
row is still zero. It follows by induction that we can multiply all rows indexed by t > n by
zero without changing the behavior of the mutation. This means, that the matrix B(X)
extended by the identity is equivalent to the matrix B (22) extended by an n x n matrix
with only zeros. However, this matrix is equivalent to B (X) since the polynomials get
multiplied by z{ = 1. The matrix B (3J) extended by the identity is certainly of full rank
and since it is equivalent to B(X) we can conclude that the previous results hold for an
arbitrary seed of geometric type. m

Thus, we have shown that the cluster algebra A associated with a seed (x,y, B) is
contained in the Laurent polynomial ring ZP[z%]. In other words every cluster variable
can be written as a Laurent polynomial in terms of the cluster variables in the original
cluster x. This occurrence is called the Laurent phenomenon.

Definition 1.2.14. A seed (x,y, B) (or the corresponding cluster algebra) has principal
coefficients if P = Trop(yi,...,yn), where (y1,...,yn) =Y.

Definition 1.2.15. Let x, be a cluster variable in a cluster algebra with principal coeffi-
cients. Then we can express x, as a rational function in terms of the initial seed (x,y, B),

in other words =, € Q(z1,...,Zpn, y1,...,Yn). By setting all cluster variables z; = 1 we
obtain a different rational function
Foyi, . yyn) =21, .., Lyr, o Un) € Q(uas -+, Yn)- (1.19)

This is the F'-polynomial of x.,.

Lemma 1.2.16. The F-polynomial of a cluster variable x., for a cluster algebra with
principal coefficients is a polynomial with integer coefficients in yi, ..., Y.

Proof. The Laurent phenomenon guarantees that the F-polynomial is a Laurent polyno-
mial. Thus we only need to show that the coefficients y1,...,y, do not appear in the
denominator. For a cluster variable x., let us write the F-polynomial F, = F,(y;) as a
Laurent polynomial in y; whose coefficients are integral Laurent polynomials in y \ {y;}.
We define the distance d(x., x) as the minimal number of mutations required to get from
a seed with cluster x to a seed containing z,. For d(z.,,x) = 0 the cluster variable z,
belongs to x. Thus F,(y;) = 1. Let d(x,,x) = n and let us assume that the statement is
true for all cluster variables z; with d(x;,x) < n. We will also require as a condition for
the induction that the constant term F;(0) is nonzero. Since x, = z}, for some k, where
all involved cluster variables (apart from x.) are of distance smaller than n we get

17



n H $[b¢k}+ + H x[*bikh—
B (yr © 1)y,

Ly

and thus
- (y) _ n HFi[bikH + HE[—bikH
I (yr ® 1) Fy,

The normalization condition implies that y; does only appear in one of the products and
hence F,(y;) is the quotient of two polynomials with nonzero constant term. Furthermore
F,(y;) is a Laurent polynomial. This implies that F(y;) is indeed a polynomial with
nonzero constant term. The result follows by induction. O]

1.3 The g-vector

We introduce a grading on the cluster algebra.

Definition 1.3.1. Let (x,y, B) be the seed with principal coefficients in a cluster algebra
A. We define a Z"-grading on A by setting deg(z;) = e; and deg(y;) = Be;, where e; is
the basis vector of Z" with a 1 in the ith position and zeros every where else.

Proposition 1.3.2 (| , Proposition 6.1]). Every cluster variable x., in a cluster al-
gebra with principal coefficients is homogeneous with respect to this Z-grading.

Definition 1.3.3. The g-vector of a seed of a cluster variable z, is the degree of its
Laurent expansion with respect to this grading.

Remark 1.3.4. Since the cluster variables are homogeneous in this grading we can simply
check the term of the cluster variable without any y-components and read off the exponents
of x1 to x,.
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Chapter 2

Geometric interpretation of cluster
algebras

2.1 Concepts

Definition 2.1.1. A bordered surface with marked points is a pair (S, M), where S is a
compact connected oriented 2-dimensional real manifold with (possibly empty) boundary
and M is a finite and non-empty set of marked points in S with at least one marked
point on each boundary component. We say that a marked point in the interior of S is
a puncture.

Definition 2.1.2. An arc z,, is a curve in S with endpoints in M such that
e 1, does not intersect itself, except that its endpoints may coincide;
e cxcept for the endpoints, x, is disjoint from M and from the boundary of S;
e 1, is not contractible into M or onto the boundary of S.

We consider isotopic arcs to be the same.

Remark 2.1.3. We will later show that arcs and cluster variables as well as triangula-
tions and seeds correspond bijectively (2.2.12). Furthermore, the mutation of a seed in the
kth direction corresponds to the flip (Definition 2.1.7) of the arc zy, of the corresponding
triangulation (2.2.11). In other words, arcs can be seen as a geometric interpretation
of cluster variables. For this reason we will not use a different notation for the arc of
a triangulation and the corresponding cluster variable. However, it is possible to view a
triangulation as a weighted graph where each arc 1, has the weight x; which is a cluster
variable.

Definition 2.1.4. T'wo arcs are compatible if there exist representatives of their respective
isotopy classes that do not intersect in the interior of S.

Definition 2.1.5. An ideal triangulation is a maximal collection of distinct pairwise
compatible arcs.
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We observe that certain bordered surfaces with marked points do not allow us to
construct arcs. For this reason we will assume that a bordered surface with marked
points is none of the following:

e a sphere with a single puncture;

e an unpunctured monogon, digon or triangle, where an m-gon is a disk with m
marked points on the boundary.

Furthermore, we also exclude bordered surfaces with marked points that allow only a
single ideal triangulation without self-folded triangles (see the remark below), that is:

e a sphere with two or three punctures;

e a once-punctured monogon or digon.

Remark 2.1.6. An ideal triangulation cuts the surface into
(ideal) triangles. However, the three sides of those triangles
do not need to be distinct. Triangles that only consist of two Figure 2.1: A self-folded

distinct sides we call self-folded triangles (see Figure 2.1). triangle.

Definition 2.1.7. A flip of an arc =, in an ideal triangulation is a transformation that
removes z., and replaces it with a unique different arc which creates a new ideal triangu-
lation.

Definition 2.1.8. A boundary arc is a curve that lies entirely on the boundary and
connects two marked points without passing through a third.

Remark 2.1.9. Since boundary arcs participate in only one triangle they cannot be
flipped. It is common to include them in a triangulation but set their weight equal to
1.

2.2 From surfaces to cluster algebras

We now draw a connection from triangulations to cluster algebras. Note that the clock-
wise direction in a triangle is determined by tracing along the edges in the clockwise
direction.

Definition 2.2.1. A seed associated to an initial triangulation T (without self-folded
triangles) is characterized by

e a cluster xp = (xy,...,x,), such that each variable corresponds to an interior arc
of the triangulation;

e a coefficient tuple yr = (y1,...,y,) of elements of the coefficient group P;

e an exchange matrix B(7) such that b;; is the amount of triangles such that z;
follows z; in counter-clockwise direction minus the amount of triangles such that
x; follows x; in clockwise direction.
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From this we obtain the cluster algebra associated to the surface by mutating in every
possible direction.

Remark 2.2.2. The definition of the exchange matriz varies in the Literature. Whereas
[ | and | | use the same definition as above, in [ Jand [ | the orien-
tations clockwise and anti-clockwise are exchanged, essentially reversing the sign of B(T).
The resulting difference, which does not affect most results, is described in Remark 6.2.1.

Remark 2.2.3. Since each arc can be contained in at most 2 triangles the entries of

the exchange matriz are —2,—1,0,1 and 2. Furthermore the exchange matriz is skew-
symmetric.

Figure 2.2: A triangulation with b;o = 2

Remark 2.2.4. The above definition needs to be made more precise if self-folded triangles
are part of the triangulation. Two problems arise. Let us demonstrate them on a once-
punctured digon that may appear in an ideal triangulation.

o Let us observe the following flip.

€3

T4 ) )

Figure 2.3: Two triangulations related by a flip.
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We would like that this flip corresponds to the following mutation:

0 0 -1 1 0o -1 1 1
0 0 1 -1 N 1 0 -1 -1
1 -1 0 O -1 1 0 O
-1 1 0 0 -1 1 0 O

But this would tmply that arc x4 appears in a triangle with x1 and xo which it would
naturally do if it was not for arc x3. We solve this by defining arc x3 to be equivalent
to arc x4 except for the fact that at the puncture it has a different quality, i.e. it
loops around it. This quality we will call "notched” as opposed to "plain”. We
depict a notched arc in the following way.

Figure 2.4: An arc bounding a once-punctured monogon and its representation as a
notched arc.

o The second problem arises if we try to flip arc x4 in Figure 2.3. Starting from
either triangulation the cluster variable that we get by flipping arc x4 is given by
the exchange relation

TyTy = YsT1 + To.

This suggests that the corresponding arc should be the same as well. In the left
triangulation we naturally get a loop from the top vertex around the puncture in the
middle, or more precisely an arc from the top vertex to the puncture that is notched
at the puncture. FEztending this to the right triangulation suggests that loops, or
more precisely notched arcs, around a vertex should be compatible (see Figure 2.5).
This leads to the following definition.

1
T2 DKoxh T2

Figure 2.5: Given the triangulations in Figure 2.3 we perform a flip of z,.
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Definition 2.2.5. A tagged arc is an arc together with a label at each endpoint. This
label can either be plain or notched such that an endpoint lying on the boundary is
tagged plain and both ends of a loop are tagged in the same way. A tagged arc is not
allowed to cut out a once-punctured monogon.

Remark 2.2.6. The reason that a tagged arc cannot cut out a once-punctured monogon
1s evident for a plain arc. As we have discussed before, a plain arc that cuts out a once-
punctured monogon is represented by a notched arc. The question is if we can extend
this notion to a notched arc (at both ends) that cuts out a once-punctured monogon. We
claim that a loop around a single puncture that is notched at both ends is equivalent to an
arc that is notched at the endpoint of the loop (see Figure 2.6). This is because we expect
that tagged triangulations behave identically if we change all ends tagged plain to notched
and vice versa (see Theorem 3.4.2). Thus, the doubly notched loop becomes a plain loop

which corresponds to an arc notched at the puncture (In other words we get the case of
Figure 2.4).

changing the tagging
e
at both punctures

X

Figure 2.6: Representation of a loop cutting out a once-punctured monogon as a notched
arc (between two punctures) and the equivalent representation if the tagging is changed
at both punctures.

Definition 2.2.7. Two tagged arcs are compatible if their untagged versions are com-
patible and if they fall into one of the following categories.

e Their untagged versions are different and any vertex they share is tagged the same.

e Their untagged versions coincide and they are tagged the same at one vertex.

Remark 2.2.8. The reason why we require

that two arcs whose untagged versions co-

incide have at least one vertex tagged in the

same way can be demonstrated on a twice-

punctured monogon. If the two punctures

are connected by 4 differently tagged arcs

as portrayed in Figure 2.7 it is impossible

to perform a flip.
Figure 2.7: Twice-punctured monogon with
a triangulation where no arc can be flipped.
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Definition 2.2.9. A tagged triangulation is a maximal collection of pairwise compatible
tagged arcs. The exchange matrix B(T") of a tagged triangulation is defined as in Defini-
tion 2.2.1. In the case that the untagged versions of two arcs coincide we view them as a
loop around the puncture where they are tagged differently (see Figure 2.8). Thus they
appear both as the side of a single triangle.

T3 X4 T3 Ty

Figure 2.8: Both arcs 1 and x5 are viewed as the side x5 in the triangle with z3 and x4.

We observe that every ideal triangulation can be represented by a tagged triangulation.
Any time an arc of an ideal triangulation cuts out a once-punctured monogon we represent
it with a tagged arc that is notched at the puncture as shown in figure 2.4. Hence, the
results for tagged triangulations apply directly to ideal triangulations as well. Each tagged
triangulation consists of n = 6g + 3b+ 3p + ¢ — 6 arcs (without boundary arcs), where g
is the genus of the surface, b is the number of boundary components, p is the number of
punctures and c¢ is the number of marked points on the boundary of S (see appendix B).

Proposition 2.2.10. Any tagged arc can be viewed as the diagonal of a quadrilateral.
If this arc 1s flipped we replace it by the second diagonal of said quadrilateral. An arc
can appear as several sides of this quadrilateral. Furthermore two arcs whose untagged
versions coincide may make up one side.

Proof. In the general case, without arcs whose untagged versions coincide any arc z, is a
side of two triangles, that is the diagonal of a quadrilateral. If the untagged versions of
two arcs different from x, coincide we can treat those arcs identically since they appear
in the same triangles and influence the exchange matrix in precisely the same way. Thus,
we can view them as a loop cutting out a once-punctured monogon. This means that
we view them as the side of a triangle, where two vertices coincide (see vertices z3 and
T3 in Figure 2.9). If the arc z, coincides with a differently tagged arc x, we view z,
as the diagonal connecting the identically tagged vertex to itself of a quadrilateral that
involves x;, twice (see vertices x; and 77 in Figure 2.9). With this constructing the flip of
the arc x, corresponds indeed to replacing x, by the second diagonal of the quadrilateral
obtained by the construction above.
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) 3
VS AA 33737 Z3
X
.
- e 1
] x1
Ty

Figure 2.9: The arc z; is viewed as the diagonal of the quadrilateral with sides
'r_lax_lax27{x37x_3}'

Lemma 2.2.11. If T and T" are two tagged triangulations related by the flip of a tagged
arc k then B(T") = pui(B(T))

Proof. Let x, be the diagonal of a quadrilateral with not necessarily distinct sides xy, z., 4
and x.. Hence the only non-zero entries of the ath row of the exchange matrix are in the
columns b, ¢, d and e. Similarly for the ath column. Thus the only entries of the exchange
matrix affected by a mutation in the ath direction are the b;;, where 4,5 € {a,b,¢,d, e}.
We check that a flip of arc x, corresponds to a mutation in the ath direction:

Ty T

Te X
Tq € — T '7;51 Le
Tq Ty

Figure 2.10: The flip of the diagonal arc in a quadrilateral.

o 1 -1 1 -1 o -1 1 -1 1
-1 0 1 0 0 1 0 0 0 -1
1 -1 0 0 Of|=|-1 0 0 1 O
-1 0 0 0 1 1 0 -1 0 O
1 0 0 -1 0 -1 1 0 0 0

If z; = x; we can simply add the jth column to the ¢th column and the jth row to the
1th row and the result remains unchanged. O

The key idea of this chapter is the equivalence between cluster variables and tagged
arcs. The following theorem expresses this equivalence, combining Theorem 7.11 in
[ | and Theorem 6.1 in | ].

Theorem 2.2.12 (] , Theorem 3.14]). Let (S, M) be a bordered surface with
marked points, excluding a closed surface with a single puncture, and let A be the cluster
algebra associated to the exchange matrix of a tagged triangulation T'. Then the seeds
of A are in bijection with tagged triangulations of (S, M), and the cluster variables are
in bijection with the tagged arcs of (S, M). Furthermore, the flipping of a tagged arc
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x, between triangulations corresponds to the mutation that exchanges x. for x, for the
corresponding seeds.

Remark 2.2.13. In the above theorem we need to exclude closed surfaces (for example
a torus) with a single puncture since in every possible triangulation all arcs will either be
notched or plain. It is impossible to reach a triangulation where all arcs are notched from
a triangulation with all plain arcs through flips. Thus the tagged triangulations consist of
two isomorphic connected components. The mentioned bijections in theorem 2.2.12 hold
between the cluster algebra A and either one of the components.
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Chapter 3

(Geometric and combinatorial
strategies to find a cluster variable
formula

The process of finding a cluster variables associated to a surface with marked points
can be tedious. One can flip the edges of the ideal triangulation (i.e. mutate the seeds
of the cluster algebra) until the desired cluster variable appears. However, there are
different approaches which simplify the process which we will present in this chapter.
The main tool we discuss in this work is the construction of a snake graph (Definition
3.1.2) from arcs of the initial triangulation. The formula can then be obtained through
perfect matchings (Definition 3.1.3) of the snake graph or the determinant of a matrix
which is related to the snake graph (Definition 3.2.4). An alternative to the use of the
snake graph involves perfect paths (Definition 3.3.2).

3.1 Snake graphs and perfect matchings

The following definitions and results are taken from | | and apply only for unpunc-
tured surfaces.

Definition 3.1.1. A tile S}, describes a quadrilateral that consists of two triangles in a
triangulation that share the edge xy. This edge is called the diagonal of the tile whereas
the other edges are called sides.

Ly

Lk Le

Ld
Figure 3.1: The tile S

27



Remark 3.1.5. A helpful observation for the find-

ing and understanding of perfect matchings might be

the fact that every edge connects exactly two vertices.

Thus, every set of vertices covered by edges needs to be

even. Hence two consecutive tiles in the snake graph

can never have the edges covered as in Figure 3.3 as Figure 3.3: Impossible se-
the remaining vertices on either side would be odd. lection of edges.

Definition 3.1.2. Given a triangulation 7" of an unpunctured surface and an arc z,
that is not in 7', choose an isotopic representation of z, that minimizes the number of
crossings. Let z, have an orientation and let z; ,...,x;, be the arcs that x., crosses, in
order. And let S;,,...,S; , be the corresponding tiles which we consider to be pairwise
disjoint. The tiles S;, and S;, ., both have three edges that come from the same tile,
those are ;,, x;,, and a third one which we will call z,,. The snake graph Gr,. is the
planar graph obtained by

e reflecting each even tile,

e recursively gluing the tile S to ?ik along the edge z.,,

Tg+1

e deleting the diagonal of each tile.

Ligi

Ligi

mik

Figure 3.2: Gluing the tiles S;, and S
in both tiles is marked in bold.

along the edge x,,. The triangle that appears

Tk+1

Definition 3.1.3. A perfect matching P of a graph is a subset of edges such that each
vertex is covered exactly once by P. We define the weight w(P) of P to be the product
of all edges in P.

Remark 3.1.4. In this work we will not delete the diagonals in the figures of snake
graphs since they correspond to the label of each tile. Additionally, each diagonal has the
same label as the adjacent boundary edge of the neighboring tiles. Howewver, it is crucial
to know that they are not part of the snake graph and the perfect matchings.

Definition 3.1.6. There are exactly two perfect matchings that only contain boundary
edges of the graph G'r,,. We denote the one containing the edge to the left of the starting
point of x, by P_ and the other one by P;.
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For an example of snake graphs, perfect matchings and the perfect matching P_ we
refer to Section 5.2.

Lemma 3.1.7. Let P be a perfect matching of the graph Gr.,.. The symmetric difference
P_o& P = (P-UP)\ (P-NP) is the boundary of a (possibly disconnected) collection of

tiles U s Si;.

Proof. We assume that P # P_ since P. & P_ = () (and therefore the boundary of a
collection of zero tiles). Fach edge in P_\ (P_N P) is connected on either side to exactly
one edge in P\ (P- N P). On the other hand each edge in P\ (P- N P) is connected on
either side to exactly one edge in P_ \ (P- N P). Thus we obtain a path graph. Since

G'r,., is finite these path graphs are non-intersecting cycles. It follows that the symmetric
difference P_ & P represents the boundary of a collection of tiles. n

Definition 3.1.8. Let J = Ujej ?ij be the collection of tiles bordered by P- & P. We
define y(P) to be the following monomial in y:

=[[v (3.1)
jeJ
To prepare the main theorem we need to state the Lemma from page 40 of | ]

concerning intersection numbers.

Definition 3.1.9. Let x, be an oriented arc which is not in a triangulation 7" and let
x;, € T be the first arc that x., crosses. The intersection number I(T,x.) is the number
of intersection between arcs in 7" without z;, and z,.

Lemma 3.1.10 (| 1). Let T" be the triangulation where x;, is flipped. Then I(T", x.)
is strictly smaller than I(T,x.).

Proof. Let i(x,, ;) be the number of intersections between x., and x; and let =}, be the
arc obtained by flipping z;,. Let z¢ be the arc that makes up the side of the initial tile
that connects the starting point with z;,. Then

i(y, 25,) = i(2y, x7,) +i(2, x0) + K, where K =1,2.

This is true because the arc ., crosses w;, if and only if it crosses either zj, or z directly
before or after except for the first and possibly the final intersection (thus the term K).
Thus, for the intersection number we obtain

I(T,xy) — I(T", 2y) = i(xy, %) — i(xy, 2 ) = i(xy,20) + K >0
[

Theorem 3.1.11. The cluster variable x-, can be written in terms of an initial triangu-

lation as w(P)(P)
3 p B

e 5

where the sum is over all perfect matchings of the graph Gr.., and @ F(x,) is the F'-

polynomial of Y “;C(P—x_ where the addition is replaced by &®.
1 *d

Ty =
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() o
T

Figure 3.5: Both z; and x5 would lead to consecutive crossings but are disallowed.

Proof. We show this by induction on the intersection number (T, z.,). For the base case
where I(T,z,) = 0 the arc x, crosses only a single arc in 7. Furthermore, there has to
be exactly one intersection. Thus, we need to show that equation (3.2) holds for a single
tile, that is a simple mutation. Let xy be the arc that is crossed by x, in the tile given
Figure 3.4.

Zq

o Le

Lh

Figure 3.4: The base case for induction being a single tile.

Then from the mutation relations we obtain
TaZe + YoTpTd
Ty = ————
(yo @ 1)zo
The perfect matching P_ consists of the edges x, and x. and the only other perfect
matching consists of the edges x;, and 4. Thus (3.2) gives the same result as the mutation
relation above.

Let T be a triangulation with intersection number I(T,z,) = d and let us assume
that equation (3.2) holds for all intersection numbers I(7, z.,) that are smaller than d.
We perform a mutation in the i;st direction to get a different triangulation 7" and a
snake graph G, . The intersection number I(7”, z,) is smaller than d by Lemma 3.1.10
which implies that Equation (3.2) holds for 7. The arc z;, appears in the first crossing
but it might as well appear in another crossing. However those crossings cannot be
consecutive since that would imply that either the number of crossings is not minimized
or a boundary component has no marked point (see Figure 3.5). This means we can
describe each possible way that z., can cross z;, and demonstrate that the formula for z.,
is not affected by any case.

e We first check how the beginning of the graph G, gets altered if we mutate in
the 7;st direction. We consider the case where x;, is the top side of the first tile
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and leave the other case, since the computations are very similar. This implies
that y;, = ¥, (yi, © 1), following the mutation rule for y-coefficients. When the flip
occurs the first tile gets deleted and the rest of the graph gets reflected. The first
tile changes in the following way.

371 ) :CZ'Q

X9 X | L

Figure 3.6: The original graph G, and the graph G, after flipping z;, .

We can divide the perfect matchings of Gr,., into two groups. The first group
consists of the lower side of the second tile, i.e. the perfect matchings contain the
factor z,2;,. Since the graph Grv . is reflected (compared to G, ) they correspond
to the perfect matchings of Gz, containing the left side of the first tile, i.e z;. The
equality of the cluster formula of x., for T"and 7" follows since we need to divide the
perfect matchings in G, by z; as it corresponds to the first crossing. The second
group consists of the perfect matchings of G, that contain the factors y;,z124 or
7224, and correspond to the perfect matchings of G7v .., containing

;o 11Ty + Yiy Ta2Ti,
. (yil S 1)13,;1

5

If we do not choose the left side of the first tile for a perfect matching in Gr,.,
then the first and the second tile are included in J and we need to multiply zox;,
by yi,yi,- In the same way the first tile is included in J’ and we need to multiply
x;, by yi, = Yi, (v, ®1). This explains why the factor (y;, © 1) cancels out and the
equality follows. The computations also apply to the last tile in the case that x;
is also the last arc that z. crosses.

Now let us check the case z;, = x;,, where z;, does not correspond to the first or
the last crossing. Here there are two cases: the tile S;, gets deleted or not.

— The tile S;, gets deleted: For this to happen S;, needs to be at a turn of G7,_ .
We exemplify the computations at a right turn. The graph changes in the
following way:
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X
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Ly
xa ___> x;k:
Ty,
Lip 3 M

Figure 3.7: The original graph G, and the graph G, after flipping z;, = x;,. Cor-
responding edges are colored the same.

Again we have the correspondence of factors in the perfect matchings.

/

correspond to z; ,

xbxik_l Y xaxik+1

x;,%;,_, corresponds to x;, .,
Ty,

., correspond to ;.

One of the factors zyx;,_,, 7474, ,, needs to be multiplied by y;, . We exemplify

the computations for the case that S;, is odd and thus not reflected. First of
Yip_1Yi ) .

all we get yi, . = ¥, (v, ®1) and yj, = (zi-l;}al)l‘ The left side of S;, is

part of the matching P_ in Gr,., thus we get the factor y; =, We also

. If 2}, is part of the matching P’ in G, the tile

TpTiy 1 TYig Taliy 4 g
S;, ., isincluded in J’ (but not S;, ) and the factor (y; @ 1) cancels out. If

xik+1 .

o
have x; = (i oD,
Tk+1

however, z;_is not part P. then S;  is included in J’ if and only if S;, | is
included in J’ and again the factor (y;, ® 1) cancels out. Also in this situation

we can conclude that if equation (3.2) is true for Gv . it is true for Gp,. .

— The tile S;, does not get deleted: For this to happen S;, needs to not be at
a turn. We exemplify the computations for the case that S;, is an odd tile in
a horizontal stretch. By flipping the arc z;, the horizontal stretch gets turned
into a vertical stretch in the following way.
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Figure 3.8: The original graph G, and the graph G, after flipping z;, = x;,. Cor-
responding edges are colored the same.

We claim that
w(P)y(P') (v @ 1) o~ w(P)y(P)

x22 o e x’Ld yll P x'il ... ‘rld

Pl

but then @ F'(z.,) = (yiyil) @D F(z,) since (yiyl—_@l) only contains negative expo-
1 21

nents and the factor cancels out and this implies the formula for x., does

i
not change. We observe that y;, . =y, (i, ® 1) and y;, | = i, , (yi, S 1).
Again we have the correspondence of factors in the perfect matchings.

x;, xp, corresponds to x;kxb,
x;, o corresponds to :c;k Zq,

o
.

Tip oy Tiy_y > Talp COITESPONA tO 27 T

T4, x;, correspond to Ty, Ty, TaTy.

The sides x;,, and x;,_, in the tile S;, are not part of the perfect matching P_
(since Sj, is an odd tile) but in S;, they are. Thus in the first correspondence
S;, is not in J but Sgk is in J'. Furthermore, since the tile S;kH is also
included in J’ we multiply with a factor of y;, ., (y;, ® 1). At the same time
the tile S;, ,, is included in J which implies that the factor y;, ., appears on
both sides. Thus, we have

T OYi U (Y © 1) wy (Y, v © 1) _ Wi 1) Vi Ty
%C Yiy Yiy Ty,

The second correspondence follows similarly. In the third correspondences
S;, is not included in J for the matchings with z,z,. All the other tiles are
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included in J and J’. This means we need to multiply the primed side by
Yig,_1 Yig 41 (Wi 1)
Yiy

and the unprimed side by y;, ;.. Thus

x;kx;kyikﬂyikﬂ (yil & 1)2 — yikﬂyik“(yil D 1)2
x;kyil * Yiy
(yi1 D 1) Ligy1Lip_1Yin + ZTaTp

Yigp_1Yigs1
y’i1 zik

For the forth correspondence none of the tiles involved are in J and just S} is
in J' if x, and x; are in the perfect matching. We need to include the factor
i, = yi_ll. Thus
Ligr1Lig_y + $ambyi:1 o (xik+1xik—1 + xaxbyi_ll)(yh D 1)
‘r;k B (xikﬂxiquil + I‘a.Ib)
(yi, ® 1) w5,
Yiq Ly, '

Thus, also in this case Equation (3.2) gives the same result for 7" and for 7".

e Finally, z;, can appear as the side of a tile without appearing as the diagonal of
an adjacent tile, that is z;, is the shared edge of two tiles. This corresponds to
an addition of a tile in Gz, compared to Gr,, . However, this is equal to the
transformation where S;, gets deleted, with the roles of x;, and z}_ being reversed.
Since we are not working with principal coefficients this reversal of roles does not
change the computations.

Thus in every case we can conclude that the formula for z., is the same for 7" and for 7"

and the result follows by induction. O
Corollary 3.1.12 (] , Theorem 3.1]). The cluster variable x., can be written in terms
of an wnitial triangulation with principal coefficients as
w(P)y(P)
Ty=) (3.3)
P Ill DY de

where the sum 1s over all perfect matchings of the graph G, .

3.2 Perfect matching number and determinantal for-
mula

It might be a challenging task to find and enumerate all possible perfect matchings. Thus,
in this section we present a recursive formula to calculate the number of perfect matchings
and a method to avoid the enumeration altogether.

Proposition 3.2.1. Let us consider a finite snake graph G (without loops) with tiles Sk,
where k goes from 1 ton. Let ag =1 and ay = 2. Let ay, = ax—1 + ay,,,,—2, where kyay
1s the last index such that Sy, Si_1 and Sx_o are in a line. Then a, describes the number
of perfect matchings for the graph G.
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Figure 3.9: Edges that have to be part of any perfect matching that contains the two
edges adjacent to xp.1 in the tile Siiq.

Proof. Let G}, be the snake graph we obtain by restricting G to the first £ tiles. Gy is just
a single edge and has thus only a single perfect matching. The first tile, that is G; has two
perfect matchings. From the perfect matchings of GG}, we can create perfect matchings of
Gj+1 by simply adding a single edge xp.1. This describes all perfect matchings of G4
apart from the ones that do not contain this edge. These matchings have to contain
the two adjacent edges to 1 in the tile Sp 1. If Sipi1, Sk and Sp_; are in a line, this
corresponds to the number of matchings of GG;_; since the remaining vertices of G are
already covered by the edges neighboring x;.;. If they are not in a line each edge that
does not belong to G, ..o either belongs to all or no such perfect matchings, see Figure
3.9. Hence, this case corresponds to the number of perfect matchings of Gy, . 2. The
result follows by induction. m

Following the paper of de Loera Chavez | | we present a formula that avoids the
enumeration of perfect matchings altogether.

Definition 3.2.2. Let G be a loop free, finite snake graph with minimal perfect matching
P_. For each tile S;, in G with diagonal z;,:

e We pick a boundary edge of S;, that is not in P_ (if it is possible) and multiply it
by ¥i,.-

e If all boundary edges of S;, are in P_ we multiply the two remaining edges by /v,
and pick one boundary edge that is not in P_ from S;, , and one from S;, ,, and
multiply them by ,/y;, as well.

The resulting labeling of the edges in G is called a principal weighting.

Definition 3.2.3. We define the following orientation on a snake graph G.

e The boundary edges are oriented cyclically and counterclockwise, apart from the
left edge, which is reversed;
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e Every other edge is oriented from right to left or bottom to top.

Definition 3.2.4. Let G be a snake graph with principal weighting and orientation
and let V' = U U W be a bipartition of the vertex set, that is U = {uy,...,us} and
V = {uv1,...,vs} are sets of vertices such that every edge is between an element of U and
an element of V. The principal biadjacency matriz B,(G) := (by);; is an s X s matrix,
where (b,);; corresponds to the label of the edge between w; to w; with positive sign if
the edge is oriented from u; to w; and with negative sign otherwise.

An example for a snake graph with principal weighting and orientation and the cor-
responding principal biadjacency matrix is shown in Section 5.3.

Theorem 3.2.5 (] , Proposition 3.3]). The cluster variable ., can be written in
terms of an initial triangulation with principal coefficients as
_ det B,(G)
/Y o 1'21 DY $Zd ’

where B,(G,) is the principal biadjacency matriz of the snake graph G., corresponding to

Ly

3.3 Complete (T, z,)-paths

Again we refer to | | and restrict ourselves to unpunctured surfaces.

Definition 3.3.1. A T-path o = (ay,...,q,) is a concatenation of arcs and boundary
arcs of a triangulation 7', i.e. o; € T and the starting point of a;,; is the endpoint of «;.

Definition 3.3.2. Let z, have an orientation and let pq,...,ps be the intersections
between z., and 7" in order. A complete (T, x. )-path o is a T-path such that

e The even arcs are the paths crossed by x, in order, i.e. ag, = x;, for all £;

e Each segment of z., between the two consecutive crossings p, and py; is homotopic
to the segment of o that starts at pg, goes along s to the starting point of aog.1,
then along ag, 1 to the starting point of agg, o, and then along awy 1 until the point

Pr+1-
In Section 5.4 we give examples for complete (7', x,)-paths.
Definition 3.3.3. The Laurent monomial z(ca) of the complete (T, z.,)-path is given by
(o) = H Ta, H z,) (3.4)
i odd 1 even

Definition 3.3.4. Each arc ayy, of a complete (T, . )-path « shares a triangle with a0
which we call Ag. We define the set J = {k : o goes along ag in Ay in the clockwise
direction}. The y-polynomial of a complete path « is given by

y(@) =[Tv, (3:5)

jeJ
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Lemma 3.3.5. There is a one to one correspondence between perfect matchings of the
graph Gr. and complete (T, x, )-paths.

Proof. Adding the diagonals to a perfect matching one obtains a complete (T, x.,)-path.
Since every triangle has three different sides (the surface is unpunctured), complete
(T, z)-paths that belong to different perfect matchings are different. Thus we have
established an injection from perfect matchings to complete (T, z.,)-paths. Let us study
the possible complete (7, z,)-paths. We observe that each complete (T, z.,)-path is com-
pletely defined by the orientation of the even arcs. This is because given an endpoint of
an even arc and an endpoint of the following even arc there is at most one arc connecting
them. The only time when there is no connecting arc is when the selected endpoints of
both arcs coincide. This corresponds precisely to the case of perfect matchings. Adding
the diagonals to the graph G, choosing a direction for them and then connecting those
diagonals with ordinary edges defines a unique perfect matching (if it exists). Again the
only possibility that two consecutive diagonals cannot be connected is if the endpoint of
the first one is identified with the starting point of the second one in the surface. Thus,
there is the same number of perfect matchings and complete (T, z.)-paths. The result
follows because there is an injective correspondence. O

Theorem 3.3.6 (| , Theorem 3.2]). The cluster variable x., can be written in terms
of an initial triangulation with principal coefficients as

zy =y z(a)y(a) (3.6)

«

where the sum is over all complete (T, ., )-paths.

Proof. We need to show that given a complete (7', z,)-path a we have y(a) = y(P) for
the corresponding perfect matching. If we add the diagonals to the perfect matching P_
we observe that that the odd ones go from the top left corner to the bottom right corner
whereas the even diagonals are directed in the opposite way. If we change the direction
of the diagonal of a certain tile Sy at least one boundary arc of that tile gets selected or
deselected for the new perfect matching. At the same time no other boundary arcs are
affected. Thus y; is a factor in both y(«) and y(P). By changing the orientation of the
diagonals one by one we can obtain all perfect matchings and the result follows. O]

3.4 Extension to punctured surfaces

In this section we present a version of the snake graph formula for tagged arcs inspired by

the loop graphs in | | and based on | |. We note that the approach presented
here is conceptually easier and will leave out a lot of the machinery of Musiker, Schiffler
and Williams | |. However, for a notched arc it involves the use of the cluster

variable formula twice. Once, for a loop or a band and a second time for the corresponding
plain arc. Furthermore, one of the snake graphs can be considerably bigger.

3.4.1 Simply notched arcs

We want to extend the snake graph formula (Equation (3.3)) to punctured surfaces. For
a plain arc z, and an ideal triangulation without self-folded triangles the formula (and
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the proof) of Theorem 3.1.11 easily extends. However, we realize that the strategy of
using snake graphs fails already for an arc that cuts out a once punctured monogon. To
study the shortcomings of this method we reexamine the once-punctured digon and the
resulting snake graph of 25 which just consists of one tile (Figure 3.10). We recall that
x4 appears twice as a side of the tile with diagonal x3.

T2
0 0o -1 1
10 0 1 -1 3 s
B=11 0 0 1
-1 1 0 0
Ty

Figure 3.10: Triangulation of a once-punctured digon with exchange matrix B. An
additional arc z% and the corresponding snake graph.
The snake graph suggests that with principal coefficients we have

T1%T4 + Y3T224

{(z5) := x%(snake graph) =
T3
However, recalling the formula for the mutation of a cluster variable (1.4) we get

/ T + Y32
Ty = —"7—.
T3

For a notched arc, this intuitively suggests the formula

Ty = (3.7)

where ((z.) is the result of the snake graph cluster variable formula for the loop that
corresponds to the notched arc and r(z,) is the cluster variable of the "radius” of .,
that is, the untagged arc corresponding to x,. This formula was shown using lambda
lengths in Lemma 8.2 in | ] and we include a proof in C. We compute an example
using this formula in Section 6.1.

3.4.2 Doubly notched arcs

In a similar fashion one can extend this process to to a doubly notched arc by computing
the cluster variable formula o(x,) for a self-intersecting band around the two punctures,
that is a closed curve that has the shape of an 8 (the intersection with itself, however,
is ignored in the snake graph). In this case the snake graph becomes a band as well,
possibly twisting like a Mobius strip. This is due to the fact that in the snake graph all
even tiles are reflected. Thus, if the band snake graph consists of an odd number of tiles
it has to be a twisted band. Since we have no clear beginning- and endpoint we specify
the perfect matching P_ to be the perfect matching only consisting of the boundary edges
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that are the left or right edges of the not reflected tiles and the top or bottom edges of
the reflected tiles. The snake graph of the corresponding plain arc r(z,) appears twice in
the band snake graph. We set the constraint that any perfect matching of the band snake
graph needs to be a perfect matching for at least one of these copies when restricted to
them (Thus it is still impossible that two edges of adjacent tiles which both have the
shared edge as a neighbor are part of the same matching). With this construction of a
snake graph cluster variable formula o(x,) for a band around the two punctures that the
notched arc connects, we compute the cluster variable corresponding to a doubly notched
arc T, as

o(w)
= ) 3.8
Ly T’( ZEW) ( )
where once again r(z,) is the cluster variable of the plain arc corresponding to x. (see
Appendix C). We compute an example using this formula in Section 6.2.

Remark 3.4.1. For the doubly notched arc and in accordance with Definition 4.18 in
[ | the initial triangulation may not contain an arc that is coinciding with x.,.
However, we hypothesize that the same formula works with a slight alteration (see Ap-

pendiz D).

3.4.3 Changing the initial triangulation

We are now at the point where z,, can be an arbitrary arc but the initial triangulation has
to be ideal and without self-folded triangles. However, the following Proposition gives a
straightforward workaround. We exemplify this in Section 6.1.

Proposition 3.4.2 (] , Proposition 3.16]). Let (S, M) be a surface with marked
points and let T = (x1,...,x,) be a triangulation. Let TP = (xf,... 2) be the trian-
gulation obtained from T by changing the tagging of all arcs at the puncture p. Let A
and AP be the cluster algebras with principal coefficients y;, respectively y¥, and initial
triangulation T', respectively TP. Then the cluster expansion of xf with respect to xP in
AP is obtained from the cluster expansion of x., with respect to x in A by substituting x;
with ¥ and y; with y?.

Proof. In both cases we start from the same exchange matrix at the initial triangulation
and obtain x., respectively 22 by the same sequence of flips, or equivalently mutations.
O

3.4.4 Coinciding arcs

Thus we can change the tagging at each puncture and thereby extend the formula to all
tagged triangulations such that every arc is tagged the same way at any given puncture.
This leaves us with the case where the untagged versions of two arcs coincide (see Figure
3.11). We present a slightly simplified version of section 4.1 in | |. Let z7 and x4
be the two arcs that are tagged differently at a puncture. Firstly, it is possible that the
arc =, begins (or terminates) at that puncture. This corresponds to the tile in Figure
3.12. We associate the factor y; to this tile.
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I3 T3

i)
x x
3 / L4 T1T2 4 1 L4

)

Figure 3.12: The tile corre- Figure 3.13: Alternative
sponding to z starting at the tile corresponding to z,
central vertex in figure 3.11. (see Remark 3.4.3).

Figure 3.11: Two arcs that
are tagged differently at a
puncture.

Remark 3.4.3. Instead of the tile shown in Figure 3.12 it is also possible to use the tile
gwen in Figure 3.13. The advantage is that it is more natural to associate the coefficient
y1. At the same time the boundary edge of the neighboring tile that is adjacent to the
diagonal of this tile would not have the same label instead being labeled x1xo which might
lead to confusion.

If the arc x,, crosses x; and x, we assign the tile in Figure 3.14 which consists of three
squares in an L-shaped formation, the arcs without labels have the value 1. The tile
counts as a single tile and is reflected as a whole, we refer to chapter 5 for an example.
For the y-monomial we assign the middle tile the value g3, ' and both remaining tiles the
value y5 (Note that the indices 1 and 2 are interchangeable, that is we can also assign the
values y; 'y, and y1). We show an example with both newly introduced tiles in Section
6.1. In conclusion, we have presented a cluster variable formula for any possible tagged
arc x, and almost all possible tagged triangulation (see Appendix D).

X4
X3
T1T2
L1 T2
X3
X4 L1T2

Figure 3.14: The tile corresponding to the crossing of x; and x5 by .
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Chapter 4

Representation theory interpretation
of cluster algebras

In this chapter we recall the theory of decorated representations of quivers with potential
and their respective mutations following the papers of Derksen, Weyman and Zelevinsky
[ : | and Labardini Fragoso | ) |. Through this we obtain a cluster
variable formula using a different branch of mathematics, namely representation theory.

4.1 Quivers with potential and their mutations

Definition 4.1.1. A quiver is a quadruple (Qo, Q1, h,t), where Qg is the set of vertices
and () is the set of edges. The two function h : Q1 — Qo and t : Q1 — )y assign to each
edge a head and a tail. It is represented as a directed graph with a : ta — ha for a € Q.

Definition 4.1.2. Let B be an n x n skew-symmetric matrix with integer entries. We
define a quiver Q(B) associated to B on a set of vertices {1,...,n} such that for any two
vertices ¢ # j there are [b;;]; arrows from j to i in Q(B).

Remark 4.1.3. Let B be the exchange matriz of a seed in a cluster algebra from surface
triangulations. Then the quiver Q(B) can be seen as connecting the midpoints of every
two arcs contained in the same triangle with an arrow going in the clockwise direction
inside the triangle.

Definition 4.1.4. Let K be the base field. We define two vector spaces of K-valued
functions on Q° and Q' respectively. The wvertex span R = K% and the arrow span
A = K@ The vertex span R is a commutative algebra under the pointwise multiplication
of functions. On the space A we define the following R-bimodule structure: For e € R
and f € A and for all a € ()7 we have

(e f)(a) = e(ha) f(a) and (f - e)(a) = f(a)e(ta), (4.1)
where ha is the source of a and ta is the target.

Definition 4.1.5. For each positive integer d let A? be the R-bimodule given by the
tensor product in R of d copies of A.

A= AQgp...QrA. (4.2)
~—_——
d
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Let A° = R. The complete path algebra R({A)) of Q is given by
R((A)) = [T A" (4.3)
d=0

Remark 4.1.6. We note that all paths within Q of length d form a K -basis of A%, the
path basis. By a path we mean the product of arrows ay - - - a,, in Q1 such that ta;, = hag.1.
For A’ = R the path basis is simply {e;|i € Qo}. Thus, the elements of the complete
path algebra are K-linear combinations of elements of those path bases.

A2, where

Remark 4.1.7. Each space A? can be written as the direct sum A? = D jcq, AL

AZ;‘ 1s spanned by all the paths of length d that star in i and end in j.

Definition 4.1.8. The cyclic part A%, = @,c, Al of A (for d > 0) is the span of all
cyclic paths of length d.

Definition 4.1.9. Let a be an arrow. The cyclic derivative 0, is defined for every cycle

Qa1 ...qq as
l

Oulay...qq) = Z O Okt 1 - - - QYO .. QU1 (4.4)
k=1

where 9, ; is the Kronecker-delta. By linearity and continuity we can extend the cyclic
derivative to all potentials such that J, is a K-linear map from R((A)) ., to R((A)). We
can extend this definition to a path a/f of length 2, where «, € @1 (this also works for
longer paths), by setting

l
8aﬂ(a1 ce Cl{l) = Z 5aﬁ,akak+1ak+2 NN G 71075 ERE @ 7 "y I (45)
k=1

Definition 4.1.10. A potential is an element of the vector subspace R((A))eye = [ 152, A%, C
R((A)). Thus, it is a possibly infinite linear combination of cycles in Q.

In this thesis we require that no two cycles appearing in the decomposition of a
potential S with non-zero coefficient can be obtained from each other by rotation.

Definition 4.1.11. A quiver with potential QP(Q,S) is a quiver () without loops, in
other words A;; = 0 for all © € @)y together with a potential S.

Definition 4.1.12. A quiver with potential (Q,S) is non-degenerate if every quiver
with potential obtained from (@, S) by applying a finite sequence of mutations has an
underlying quiver without oriented 2-cycles.

Definition 4.1.13. Two potentials S and S’ are cyclically equivalent if S — S’ lies in the
closure of the span of all elements of the form a;---aq — as - - - aqa, where a; ---aq is a
cyclic path. In other words S and S’ are generated by cyclically equivalent cycles.

Definition 4.1.14. e A quiver with potential (Q,.S) is trivial if the potential has
degree 2, that is S € A? and if every arrow b € Q; is a K-linear combination

b= 4eq, Ta0a(S).
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e A quiver with potential (@, S) is reduced if the expression of S involves no 2-cycles,
i.e. the degree-2 component of S is 0.

Definition 4.1.15. A right-equivalence between two quivers with potential (@, S) and
(@', S") with the same vertex set Qg = @ is an isomorphism ¢ : R((A)) — R((A’)) such
that ¥|gr = id, and ¢(9) is cyclically equivalent to S’.

We use the following theorem from | ] to justify the fact that we can choose
the reduced part of a quiver with potential.

Theorem 4.1.16 (| , Theorem 4.6]| , Theorem 5.4]). Let Q be a quiver with-
out loops. For each potential S there exist a reduced quiver with potential (Q,S)req =
(Q',S") and a trivial quiver with potential (Q,S)iw = (Q",S”) such that Q@ = Q' & Q"
and Y (Q'®Q", 5"+ 5") — (Q,S) is a right-equivalence.

Definition 4.1.17. The mutation of a quiver with potential with respect to a vertex
k € @y not incident to any 2-cycle of () is characterized by the following steps;

e The premutation [ix(Q) of the quiver @ is achieved by

1. introducing an arrow [ab] : t(b) — h(a) for every path ab such that t(a) = k =
h(b);

2. replacing each arrow c incident to k£ with an arrow ¢* in the opposite direction.

e The premutation fi;(S) of the potential S is given by

WS =81+ Y bbala (4.6)
a,beQq,
t(a)=k=h(b)

where [S] is obtained by replacing every pair of arrows a and b in S with t(a) =
k = h(b) by their composite arrow [ab]. For an arrow a € ); we denote the arrow
in the opposite direction by a*.

e The mutation of (Q), S) with respect to k is the reduced part ux(Q, S) := (fix(Q), fx(S))red-

4.2 Decorated representations and their mutations

Definition 4.2.1. The Jacobian ideal J(S) of a potential S is the topological closure of
the two-sided ideal of R((A)) generated by {0,(5)|a € @1}, and the Jacobian algebra
P(Q,S) is the quotient algebra R({A))/J(S).

Definition 4.2.2. A decorated representation or Q) P-representation M = (Q, S, M, V') of
a quiver with potential (@, S) is a pair (M, V'), where V is a finite dimensional R-module
and M is a finite dimensional R((A))/J(S)-module.

Definition 4.2.3. Let M = (M,V) and M’ = (M',V")) be decorated representation
of two quivers with potential (@, S) and (@', S’) with the same vertex set Qy = Q. A
right-equivalence between M and M’ is a triple (p, 1, n), where:
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e ¢©: R((A)) — R((A")) is a right-equivalence between (@, S) and (@', 5");

e ¢ : M — M’ is a vector space isomorphism such that 1 o uy = ¢(u)yyr o ¢ for
u € R{(A));

e 7:V — V' is an isomorphism of R-modules.

Remark 4.2.4. We now extend the ”splitting theorem” (4.1.16) to decorated represen-
tations. We recall that there exists a right-equivalence of quivers with potential 1 :
(Q @ Q"5+ 5" — (Q,S), where (Q',S") is reduced with arrow span A’. We de-
fine a R((A"))-module M' by setting M" = M as a K-vector space with the action of
R{(A")) given by uM' = p(u)M. In other words, we are restricting the representation M
to (Q)',S"). This gives the reduced decorated representation M,.q = (Q',S', M', V).

Definition 4.2.5. Let M be a () P-representation. Let k be a vertex of ) that is not
contained in a 2-cycle and let ay,...,as be all arrows that start in k while by, ..., b, are
all the arrows that end in k. We define the two spaces M;, (k) and M, (k).

Min(k) = @D M(ta), Mou(k) = € M(ha). (4.7)
ha=k ta=k
We define the maps o« : My, (k) — M (k) and 3 : M (k) — My, (k) by setting
b

a=(ar ... a;) andS=1]:|. (4.8)
by

Finally, we introduce the map v : Moy (k) — M;, (k) by setting
Vi = Ousb; S- (4.9)

Definition 4.2.6. The mutation p,(M) of a decorated representation M = (Q, S, M,V))
is characterized by the following process. Let ji,(Q)) and fi,(S) be the premutations of Q
and S respectively. First we define a premutation fi,(M) = (fix(Q), fix(S), M, V) of M.

e For i # k we set M(i) = M(i) and V(i) = V(i);
e We define M (k) and V (k) by

ker v &V (k). V() ker 5

= 4.1
im g ker 5 Nim « (4.10)

M (k) = cokerf, @

For every arrow c of ji,(Q) we define the linear map cg7 : M(t(c)) — M (h(c)) by setting
e c;; = ¢y for every arrow ¢ not incident to ;
e [baly; = byrayy for all arrows a and b in @ with h(a) = k = t(b);
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e For all arrows @ = (b%, ..., b") that start in k we set @ : M, (k) = My (k) — M(k)

such that
—T
a=1 01, (4.11)
0
where 7w : M,,; — coker(3 = lem—‘mﬁt is the canonical projection.

e For all arrows 8 = (a%,...,a*) that end in k we set B : M (k) — My (k) = My, (k)
such that

B=H w 0), (4.12)
where 7 : coker§ = Meut — M, (k) is induced by v which is possible since im 3 C

(o}
im 8
ker v

kery [ , Lemma 10.6], 0 : ¥ — ker «v is any K-linear map such that the

im y

o . ag
composition ¥ %y ker o — kera

= =2 s the identity and ¢ : ker a« — M, is the inclusion.
v im ~

Finally, we define the mutation (M) = fig(M),eq of M to be the reduced part of

Definition 4.2.7. The g-vector gy = (g1,-..,9n) € Z" of a Q) P-representation M =
(M, V) is given by

gr = dimker v, — dim M (k) + dim V' (k). (4.13)
Definition 4.2.8. The dimension vector d,; of a quiver representation M is given by
dy = (dim M (1),...,dim M(n)).
4.3 Cluster variable formula
Definition 4.3.1. A CW complex is a space X constructed as follows:

1. Let X° be the a discrete set whose points are the 0-cells.

2. The space X* is obtained from X*~! by attaching a (possibly infinite) number of
k-cells each homeomorphic to a closed disk D¥ in the k-dimensional Euclidean space
along its boundary dD¥. This attachment is defined through the pushout

[1,0DF —— X*1

| l . (4.14)

I, Df —— X*

Thus, one obtains the space X* by gluing k-dimensional closed disks along their
boundary to X*~1.

3. The space X is obtained as the colimit of the X*. In other words it X is the union
of the X* together with the weak topology, where U C X is open if and only if
U N X" is open in X* for each k.
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Definition 4.3.2. The Euler or (Euler-Poincaré) characteristic xg(X) for a finite CW
complex (X) is defined as the alternating sum

Xe(X)=a —a tay..., (4.15)
where a;, is the number of k-cells.

Definition 4.3.3. Let M be a quiver representation of a quiver with n vertices and
let e be an integer vector of length n. A subrepresentation N of M is an n-tuple
(N(1),...,N(n)) such that N(i) is a subspace of M (i) and for every arrow a : i — j we
have ap(N(i)) C N(j). The quiver Grassmannian Gre(M) is the set of all subrepresen-
tations N of M with dimension vector dy = e.

Remark 4.3.4. Since each N (i) is a subspace of M (i) the quiver Grassmannian Gre(M)
is a closed subvariety of the product of ordinary Grassmannians [[;_, Gre,(M). Thus it
is a projective algebraic variety and therefore a CW-complex (For more details we refer

to [Hof09]).

We want to calculate the formula for a cluster variable z. that is part of a seed
Y which is reached by mutating the initial seed ¥ with principal coefficients a total of
d times, in other words ¥’ = pu, - - - ju, (X). We associate a non-degenerate quiver with
potential (@', S’) to the seed ¥ as well as a decorated representation M’ = (0, V), where
V,, is zero except for the one dimensional field C at vertex . Mutating this representation
back gives the following representation

My = (Mo, Vi) = pagy - ‘MkpM;~ (4.16)

Remark 4.3.5. In the above derivation we can guarantee that for each quiver @)
there exists a non-degenerate quiver with potential due to the following lemma.

Lemma (| , Corollary 7.4]). If the base field K is uncountable, then every
2-acyclic quiver admits a non-degenerate potential.

Furthermore, if the quiver is associated to an ideal triangulation without self-
folded triangles of a surface with non-empty boundary we can easily find such a non-
degenerate potential.

Definition. A quiver with potential (@), S) is rigid if every potential on @) is cyclically
equivalent to an element of J(5).

Lemma (| , Corollary 8.2]). Any rigid quiver with potential is non-degenerate.

Proposition (] , Theorem 31]). The quiver associated to a triangulation without
self-folded triangles of a surface with non-empty boundary together with a potential
that is generated by the cycles that correspond to triangles in the original triangulation
1s rigid, hence non-degenerate.

The following theorem combines the expressions of equation 1.6 and Theorem 5.1 in
[ | with Corollary 6.3 in | ].
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Theorem 4.3.6. Let B = (b;;) be the exchange matriz of the seed ¥ in a cluster algebra
with principal coefficients. Then, with the above construction, we can write the cluster
variable x., as

vy = x40 3 x(Gro(M)) [T, [T 20)7. (4.17)
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Chapter 5

Giving an example for each approach
to a cluster variable formula

We demonstrate the different approaches to obtain an expression for a cluster variable
z, on a 2-dimensional disc with 6 marked points on the boundary. In Figure 5.1 we
show the triangulation that corresponds to the chosen initial seed > and the arc that
corresponds to the cluster variable z,. Note that the boundary arcs are shown as line
segments, however, they are isotopic to the corresponding boundary segments.

T4 X9
I
x2
Ts s
Ly
X3
L6 X7

Figure 5.1: Initial triangulation and cluster variable x.
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The corresponding exchange matrix is

0 -1 0 -1 1 0 0 0 1
1 0 1 0 -1 0 0 -1 0
0 -1 0 0 0 1 -1 1 0
1 0 0 0 0 0 0 0 -1
B=|-1 1 0 0 0 0 0 0 o0 (5.1)
0 0 -1 0 0 0 1 0 0
0o 0 1 0 0 -1 0 0 0
0 1 -1 0 0 0 0 0 0
-1 0 0 1 0 0 0 0 0

5.1 Using the mutation of cluster variables

Since S is a simply connected surface we can apply the following algorithm.

Proposition 5.1.1. Let T be a triangulation on a simply connected surface S and let x,,
be a cluster variable. We choose a direction on x., and let x;,,...,x;, be the arcs in T'
that x., crosses. Then x, € pu;, ... i, (T).

Proof. This follows immediately by induction on d. If d = 0 then x, € T. Since z;, in
i, (T') does not cross z., it follows by induction that z., € p;, ... i, , (i, (T)). O

Thus we mutate in the direction 1, then 2, then 3. The resulting triangulations
1 (1), popa (1), papopin (T') are portrayed in figure 5.2.

Figure 5.2:

We first check how the y-coefficients change. We note that (a(b®1))®1=ab®ad 1.

2 hn Yo s
() i Yo(yh ® 1) Us
fopin (5) Y1Y2 Dy2 D 1 1 Yhys _ yoys(yr 1)
Y1 Y1 @ 1) | vh D1 1y Dy ® 1
Table 5.1:

20



Now we are able to calculate the cluster variables according to equation (1.4).

, Y1T2Ty + T5T9g
xl = -———

(1 @ 1)ay
o Yo' g + T3Tg _ Y1Y2TaaTg + YaTsTyTy + T1T3Tg
? (y5 © 1), (Y1y2 B Y2 B 1)x129

From this we can calculate z, as

/i "
Y37 + Ty

T =
! (yé’ @ 1)$3
_ yly29333%$4957 + Y2Y3X2X5T7T9 + Y1Y2T2T4Texg + YoT5TeTLy + T1X3T6Ty
(1192y3 B Y2ys D 11y2 B y2 B 1)z12023

The computation involving the auxiliary addition needs some elaboration, to show
the previous equality we need to show that

(y5 1) (Y12 B Y2 B 1) = Y112y B Yoys B Y1y B Y2 B 1

Let us define y;, = m, then

1 1
(15 ® 1)(11y2 ® 12 ® 1) = (Yrtoys(yy © 1) ® 1)% = (YrY2y3y1 ® YrYoys @ 1)%

1
= Y2Ysyr D Y2ys D y_ = Y1Y2Y3s D Y2y3 D Y1y2 D y2 B 1
k

Naturally, if we suppose that the y-coefficients are principal we can ignore the term
with the auxiliary addition and we simply have

2
_ Y1Y2Y3TT4T7 + Y2Y3LaX5T7Tg + Y1Y2L2T4Tely + YoX5TeTgly + T1U3T6Lg
y = :

XT1T2X3

5.2 Using perfect matchings of snake graphs

Supposing that x; is the first arc crossed by ., we show in figure 5.3 the resulting snake
graph, where the perfect matching P_ is depicted in bold.

L2 Z3 X7
X2 Z3
xXr xr
) L1 L5 s 0
Ty X1 X2

Figure 5.3: Snake graph
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As we can see in the figure above the summand without the y-coefficients will be
w(P_) = x1x376%T9. In table 5.2 we show for each remaining perfect matching (in bold)
the symmetric difference P_ & P (shaded area), as well as y(P) and the weight w(P).

Pand P.oP w(P) y(P)
) I3 i
) I3
T x 2
N 5 Ts 6 TyTal7 Y1Y2y3
Xy X T2
) T3 Z7
i) I3
X9 Zg LoXlsL7d
x1 Zs5 xg 2L5L7L9 Y2Ys
Ty I T3
4D T3 Z7
T2 &
T T
K T5 s 6 ToT4Texy Y1Y2
T4 1 T2
X9 I3 X7
T2 Zs3
T9 T T T3 Lo T5TeIgTg Y2
Ty x1 T2

Table 5.2: Perfect matchings and the resulting terms for the cluster variable formula

If we suppose that the y-coefficients are principal we obtain the following expression
for the cluster variable:
w(P)y(P) _ Y12Y3T3L4TT + Yol3Tals L7y + Y1YaTalsTels + YolsTeLsTy + T1T3L6Ty
iy v Ty T1X2X3

Ty =
P

If the y-coefficients are not principal we need to divide by @ F(x,) = y1%2y3 @ y2ys P
h1y2 S y2 & 1.
5.3 Using the determinantal formula

We show in Figure 5.4 the snake graph with orientation and a possible principal weighting
which results in the matrix

i) \/%ZLZ; 0 0

B — | Bt —V/Y2r5  —I3 0
P 0 —I VY2Ts T2
0 0 VY2Y3Tr  —Tg
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Y122 X3 vV Y2Y3Tr

4
M

L6

[ 4

:,Eg‘\ A\/%x5 A\\/@%S 4

(N N
r 4 >

\/y_,21L’4 T T2

Figure 5.4: Snake graph with orientation and principal weighting. The perfect matching
P_ is shown in bold.

Thus we obtain

B det B, B 1

2
v = = (Y25 T6X8T9F+Y2Y3TaT5L7L9+Y1 Yo LalaLeTs+Y1YoYsToXaLr+T 1 L3T6Lg).
T1X2T3 T1X2T3

T

5.4 Using complete (7, z,)-paths

We again choose the direction of x,, such that x; is the arc that is crossed first. We recall
that factors in the y-polynomial y(«) of a complete (7', z,)-path a corresponds to all even
paths of a that cross z., in the direction that corresponds to the clockwise direction in the
triangle that is shared with the following arc of o and to the anti-clockwise direction in
the triangle that is shared with the previous arc of a. We also recall that the monomial
x(a) corresponds to the odd arcs divided by the even arcs.

In table 5.3 we portray the 5 possible complete paths in the first column, the cor-
responding monomials z(a) in the second column and the y-polynomials in the third
column. Thus we obtain the following formula for the cluster variable x., using principal
coefficients.

I',y:

Y1Y2Y3TaT4T7 + YoY3TaXsTrTy + Y1YoTaTsTels + YalsTeTsTy + T1T3L6T0
Z z(a)y(a) = :

T1T2T
o 14243

To obtain a formula for z, if the y-coefficients are not principal one can proceed as with
the perfect matchings.
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Complete (T, z.)-path a z(«) y(a)
T1T3T6T
" 123TeT9 0
T1T2X3
Ty ZT9
71|
x5 IA/ T 2
' T8 LoTaly Y1Y2Y3
T1T2X3
I3
T T7
i Tg
1
xﬁ,
r{zs x2 o LoX5X7Xg Yoy
_— 2Y3
T1T223
X3
T T7
Xy Tg
71|
T
5 ) T2 s To2X4 Ly i
_— 1Y2
T1T9T3
I3
T T7
Xy Tg
1
Ly
5 2l T5TeTgTg y
_— 2
T1T2X3
T3
Tg 7

Table 5.3: Complete (7', ., )-paths and the resulting terms for the cluster variable formula.
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5.5 Using decorated representations of quivers with
potential

We construct the quiver for the triangulation pspop (7)) that contains z, in Figure 5.5.
For the sake of simplicity we will only consider the interior arcs and set the boundary
arcs to be 1. In accordance with the labeling of the arcs we will write the quiver as

Q=1—3—2

Figure 5.5: The triangulation pgpsopu (7') with the corresponding quiver.

Since there are no cycles in the quiver, the potential is simply zero. We associate to
the quiver the representation M, = 0 — 0 — 0 with the decoration V, = (0,C,0).
Thus M! = (0,V,) as desired. We perform the first mutation uz(M’). We recall that
for the premutation of the quiver we need to add the arrow ¢* := [ba] from 1 to 2 and
reverse the two other arrows. Thus we get

1 —2—2
i3(Q) = X A :
3

For the premutation of the potential we need to add the newly created triangle, hence
fi3(.S) = bac. We have that M (3) = V (k) = C, since both ker o and cokerf3 are zero. We
also have that V(3) = 0. All the other spaces and all the maps are zero and the decorated
representation ji3(M’) = (fis(Q), f13(S), M, V) is already reduced.

For the the second mutation of the quiver fiou3(Q) we need to add an arrow from 1
to 3 and reverse the two arrows adjacent to 2, thus

1+— 2

fiapis(Q) = \\3/ .
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The potential becomes fious(S) = c*c + b*c*a*. We have that M(2) = C, since
coker § = C (recall that M,,(2) = M(3) = C and M(2) = 0.). The decorations are
zero. The map @ is the identity since im § = 0. The reduced part of this decorated
representation is fipuz(M) = (p2p3(Q),0,M,0), where the representation M of the

quiver pous(Q) is given by

M= P

where both maps are the zero maps.
Finally, we get the premutation

fir piofis(Q) = by

The potential fiyjia/13(S) is zero and M(1) = C, since kera = C. The decorations are
still zero and the map (5 is the identity since im v = 0 and hence, 0 =+ = 1. We obtain

the representation

c—LX ¢

M = V
C
Again, the decorated representation is already reduced. We observe that dim ker
is 1 for k = 1,3 but 0 for k = 2. The decorations are zero and M (k) = C for k = 1,2, 3.
Thus, the g-vector becomes

gm = <Oa _150)

Let us list the different subrepresentations: (0,0, 0), (0,C,0), (0,C,C), (C,C,0),(C,C,C).
These are all just single points and the corresponding Euler characteristics are all 1. We
recall that the exchange matrix of the initial seed for the interior arcs is

0 -1 0
B=|1 0 1
0 -1 0

Thus,

1y = x40 3 x(Gre(M) [ [ (v [ o)

j=1 =1
o1 “1..-1 1. -1 1, -1 1.2 -1
=2y (L + 2w @37 + Yoysx] ToTy + Y1Yal] Tok3 + Y1lolysly TrT3 )

_ y1y2y3x§ + YoY3To + Y1YoZTo + Y2 + X123
123 ’

This is precisely the same formula we would get from the other approaches by setting
Ty =25 =Tg =Ty =2xg =Tg = 1.
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Chapter 6

Examples for the cluster variable
formula considering tagged arcs

6.1 A snake graph with simply notched arcs

In this example we provide a visualization for the important parts of the computation
of cluster variables corresponding to tagged arcs. Firstly, we show how to incorporate
two coinciding arcs into the snake graph. Secondly, we demonstrate the formula for a
simply notched arc and finally, we show how to simplify the computation considerably
by changing the tagging at a vertex.

Let us consider the triangulation and the additional simply notched arc z., in Figure
6.1 on the left side. On the right side we show the arc corresponding to the variable ¢(x.,)

I3

Figure 6.1: The triangulation 7" and the arc x., (left) as well as the arc corresponding to
((z,) (right).

The snake graph of r(z,), that is, the plain arc corresponding to x.,, consists of two
tiles. One tile for starting at the puncture where the two arcs coincide and are differently
tagged and a second tile for crossing x,. The snake graph is shown in Figure 6.2 on the
left side. The coefficient for the lower tile is y5. On the right side of the same figure we
show the tile corresponding to the crossing of the coinciding arcs x5 and xg.
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T3 xl
T4
T5X6 2 T4
L5T6
T
L5L6 WIS
T4 T5X6
T6 X4
T 4 T5T¢

Figure 6.2: The snake graph of r(z,) and the tile corresponding to the crossing of x5 and
Tg.

Thus,

_ T3T4 + Y5T1X3 + YaYsT2T5T6

r(zy) =

In Figure 6.3 we construct the snake graph for ¢(z.).

45

I5T6 T4 T9
T5T Ly
T5Te 0 1 T3
T5T6
T5X6
5L
T3 T4 T 546
T4
U
Figure 6.3: The snake graph for /().
This gives
i 1 2,2 2 2 2,2
(zy) = Ry (2525 + YsT1X5T4 + YaYsToX3TalsTe + Y1250 + YsYeTTL3
1T5%6

2 2 2 2.2 2
+ YaYsYeT1T2T3T5T6 + Yy TalalaTsTe + YiT1L2T3T5T6 + YsYsYeTrL5L¢)
Thus we obtain

_ () _ Z3%4 + Y6123 + YaYsT2T5%6
() T4
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To verify this result we invoke Theorem 3.4.2 and change the tagging at the puncture
of all arcs. Thus we get the following triangulation and arc z. in Figure 6.4 on the left.
On the right the corresponding snake graph is shown. This way we get the same equation
as above in a single step.

x3

Ly T4 -
x3 T T5T6
T4 x1
T
Tg x5 56
L4
x5
¥ x1 ) x5

Figure 6.4: The triangulation with changed tagging at the puncture and the corresponding
snake graph.

6.2 A snake graph for a doubly notched arc

It might be helpful to compare the given approach with the formulas provided by Wilson
and Musiker, Schiffler and Williams. Thus we present the following triangulation which
is used in Section 5.3 in | | as well as Example 5.10 in | |. In addition to the
triangulation we show on the left side of Figure 6.5 the doubly notched arc x., and on the
right side the self-intersecting band corresponding to o(z,).
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Ty Z5
T11
Z
T3 \" x3
) X2
Ty Ty
I

Figure 6.5: Triangulation 7" and a doubly notched arc z,.

We first compute the cluster variable of the corresponding plain arc. The snake graph,
T5T7 + YgTak
say R, is just a single tile (Figure 6.6) which gives r(z,,) = Hx—m'
6

Iy

L6 L7
L5

L4

Figure 6.6: The snake graph R of the plain arc r(x.).

Let O be the snake graph of o(z,) (Figure 6.7). Note that the perfect matching on
the right of Figure 6.7 is not allowed, since the restriction to either copy of R does not
result in a perfect matching. The allowed perfect matchings lead to the following sum.
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1
2.2 2 2 3. .2 2
0(1,) = ————5——(T3T50527 + YeT3T4T5T5T7T8 + YaToT5T6T7 + YaY6T2T4T5TeT 78
X3T4T5LgLTLY

+ YST3TT6TITy + YeYsT3TaT5L6T7TT + YaYsTaToTaTg + Y1YsYsTalaTaTrTsTy
+ y3y4x4x§$6$3x10 + y3y4y(590421$5$6$7$89010

+ Z/3y4y8$490§$$$9$10 + y3y4yeysxi$5x7xsx9xm

F YAYR ST T I Ty T + YaYeYsToT TSI

+ Y1YeYrYsToTaToTT7Ts + YaYg YrYsToT 1 T5T6Ts

+ Y3YaYeYsTIT5TTTToT10 + Y3YaYgYsThTaloT 10

+ Y3YaYeYrYsTIT5T6T7TST10 + Y3YaYeYrYsToTeTa 10

+ Y3YaYsYsYsTaT4T5TTTTTy + Y3YaYsYg YsT3T1T6 Ty

+ Y3YaYsYeYrYs TaTaTsTalr s + YsYaYsYYrysT3TiTaxs)

Z5 T
x T xT
i) T3

Te L4 T3

ZIs

g \F6  [T4

Xy

X7 x8 L6

X9

T L7 xs

xg

T T
Ts 6 7

L4

Figure 6.7: Snake graph of a doubly notched arc, the perfect matching P_ and a perfect
matching that is not allowed.

61



Thus we obtain

B 0(377) o 1 2 2
Ty = = (T325T507 + YaToT5T6T7 + YsT3T5T6T7Lg
(xy)  T324T5T6T7Ts8

2
+ YaYsToT5T7Ty + Y3YsTaTsLeL7L10 + Y3Y4YsLaTsL7T9L 10
2 2
T YaYsYsT2LaT5T8L9 + YaYeY7YsToalaTsLeTs + Y3YaYeYsTyTL9T10

+ y3?/4yﬁ?/798$4219€6$8$10 + Y3YaYsYeYsT3T4TeTeTy + y3y4y5y6y7ysw3x4a?§xs)

Remark 6.2.1. Comparing the result to the example in [ |, we can observe the
difference that arises from the different definition of the exchange matriz. In the mutation
equation
o n H x’Ebik]"F + H l,g—bik]-&-
" (yr ® 1)z,

we can clearly see how one monomaial in the denominator is multiplied by y. whereas the
other one is not. By changing the exchange matriz from B to —B the other monomial
gets multiplied by yi. This implies each summand of the cluster expansion in the example
above should contain y; if the same summand does not contain y; in the solution given by
[ |. This is exactly what we see. We can compare for example the sizth summand
Y3YaYsTaTsT7ToZ1g in the above formula with the corresponding summand in | /:

YsYeYrTaTsT7To (Note that in the paper of Musiker, Schiffler and Williams they set 19 = 0
but x4 not).
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Chapter 7

Conclusion and outlook

The study of cluster algebras is a very diverse subject and manages to combine different
branches of mathematics. In this work we have passed from classical algebra to geome-
try and combinatorics, we mentioned aspects of graph theory and representation theory.
Nonetheless, we have only touched the surface of research when it comes to cluster alge-
bras. The concept invites a very diverse set of applications. We would like to mention the
paper by Canakci and Schiffler | | proving a bijection between continued fractions
and snake graphs. Another very different direction systematizes cluster algebras arising
from surface triangulation as certain types of string algebras called gentle algebras using
tilting theory | |. The cluster algebra structure has been described in string
theory and dynamical systems as well. Thus, it is evident that this work describes only
a very specific niche of cluster algebra theory. When it comes to generalizations of the
described concepts we have mentioned that the exchange matrix can be taken to be skew-
symmetrizable or even sign-skew-symmetric instead of skew symmetric. By introducing
an exponent in the mutation equation of the clusters Chekhov and Shapiro | ] intro-
duced generalized cluster algebras and proved, for example, that the Laurent property
applies to these structures as well. They arise, if we allow the surface with marked points
to contain orbifold points as well, that is if the surface has singularities. In the same
spirit it is possible to allow different decorated representations for quivers with potential
[ |. It is currently researched how to take quiver Grassmannians for certain infinite
dimensional modules which results in a different function which is called the F-series.
Returning to the topic of this work, the cluster variable formula, we would like to
mention its relevance within the research. At first glance it seems irrelevant to find a
direct expression for a cluster variable since the process of repeated mutation leads to the
same result and can be easily automatized by an algorithm. However, the study of these
formulas has led to a better understanding of the cluster variables themselves. In the first
paper about cluster algebras Fomin and Zelevinsky proposed the following conjecture:

Conjecture 7.0.1 (Positivity conjecture). For any cluster algebra A, any seed 3, and
any cluster variable x, the Laurent polynomial expressing x in terms of X has coefficients
which are non-negative integer linear combinations of elements in IP.

By studying cluster variables for tagged arcs Musiker, Schiffler and Williams | ]
managed to prove the positivity conjecture for cluster algebras from surfaces of geometric
type. Using the cluster variable formula obtained through representations of quivers with
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potential led among others to the that all cluster monomials are linearly independent
[ ] and to a new description of bases of certain cluster algebras | ]

In conclusion, the subject of cluster algebras is a very recent development. The key
idea is to start from a single seed and then describe all possible seeds obtained from it.
This simple idea can be connected to a myriad of fields of math and natural science and
generates excitement for the possibilities of future research.
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Appendix A

Different definition for the mutation
of a decorated representation

We provide an alternative definition of the mutation of a decorated representation as it
is the one chosen by Derksen, Weyman and Zelevinsky | |. For more details on
alternative definitions we refer to | ].

Definition A.0.1. The mutation ux(M) of a decorated representation M = (Q, S, M,V))
is characterized by the following process. Let ji,(Q)) and fi,(S) be the premutations of @
and S respectively. First we define a premutation i, (M) = (fx(Q), ix(S), M, V') of M.

e For i # k we set M(i) = M(i) and V(i) = V(i);
e We define M (k) and V (k) by
.\ Kery ker o — ker

(A.1)

For every arrow c of ji,(Q) we define the linear map cz7 : M(t(c)) — M (h(c)) by setting
e ;7 = ¢y for every arrow ¢ not incident to k;
e [balz; = byrayy for all arrows a and b in @ with h(a) = k = t(b);
e For all arrows @ = (b}, ...,b}) that start in k we set @ : M,y (k) — M (k) such that
—7p
o= _07 , (A.2)
0

where p : M,,; — ker~ is any K-linear map such that the composition ker~y —
M,, = ker~ is the identity and « : M,,; — cokerff = ]l\fn—wﬁt is the canonical
projection.

e For all arrows 8 = (aZ,...,a’) that end in k we set 3 : M(k) — M, (k)

B = (0 L Lo O) , (A.3)
where o : ll‘r‘;ﬂ — ker v is any K-linear map such that the composition X&e 2y
B! im

ker a

ker v — 3 is the identity and ¢ : ker a« — M;, is the inclusion.

m 7y
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Finally, we define the mutation (M) = fig.(M)yeqg of M to be the reduced part of
fir(M) = (i (Q), e (S), M, V).
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Appendix B

Proof for the number of tagged arcs
in a triangulation

Proposition B.0.1. Each triangulation consists of n = 6g+ 3b+ 3p+ ¢ — 6 arcs (with-
out boundary arcs), where g is the genus of the surface, b is the number of boundary
components, p is the number of punctures and c is the number of marked points on the
boundary.

Proof. First of all, we apply Proposition 3.4.2 and change all the taggings at vertices
where all arcs are notched. Then we flip the remaining notched arcs which necessarily
leaves us with an ideal triangulation without self-folded triangles and the same number
of arcs. The Euler characteristic y of the surface S can be calculated from the genus g
and the number of boundary components b as xy = 2—2g —b. At the same time it is given
as the alternating sum of the number of k-cells. In this case we have the vertices which
are the O-cells, the arcs (including boundary arcs) which are 1-cells and the ”triangles”
which are the 2-cells. We will call their numbers m, n + n;, and [, respectively. Thus
X =1 —n — c+ m, where ¢ is the number of boundary arcs, since it equals the number
of marked points on the boundary. Naturally, m is the sum of the number of punctures
and marked points on the boundary. Furthermore, each boundary arc is part of a single
triangle and each interior is part of two triangles. Thus, the ratio is 3] = 2n 4+ c¢. We
compute:

xX=2—-29g—b=l-n—c+m=Il—n—c+p+c=>l—n+p.
We multiply by 3 on both sides.
6—6g—3b=3l—3n+3p=—n-+c+ 3p.

Which gives
n==6g+3b+3p+c—6.
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Appendix C

Proof of the expansion formulae for
notched arcs

We first show the formula for a simply notched arc.

Lemma C.0.1. Let ., be an arc notched at the puncture p and let r(x.,) be the corre-
sponding plain arc. Let {(x.,) be the cluster expansion of the corresponding loop around

p, then
_ U(zy)

O ()

Proof. Let L be the snake graph of ¢(x.,) and let R be the snake graph of r(z,), with
respect to an initial triangulation 7. The part of L that traces around the puncture and
is distinct from R forms a zigzag pattern. This implies that each perfect matching of L
has to restrict to a perfect matching to at least one of the ends of L that is isomorphic
to R. For each perfect matching of L that only differs on this copy on R we choose the
unique representative that is a y-symmetric matching (see [ , Definition 4.14]).
For all perfect matchings of L that restrict to perfect matchings on both copies of R we
proceed similarly for the first copy. Taking the unique representative accounts to dividing
by all perfect matchings of R, that is it accounts to dividing by r(z.,). O]

We prove formula (3.8) using the results from Musiker, Schiffler and Williams. We
will not repeat the definitions here and refer the reader to | .

Lemma C.0.2. Let x, be a doubly notched arc between two punctures p and q and let
T be a triangulation that does not contain an arc which coincides with x, and such that
all arcs are tagged plain at p and q. Let o(x,) be the cluster variable expansion with
snake graph O corresponding to the 8-shaped band around the two punctures, where we
only consider perfect matchings of O that restrict to a perfect matching on at least one
copy of R (defined as above) and let r(x,) be the cluster variable of the the plain arc
corresponding to x., then

) (C.1)

r(x,)

Proof. As in the previous proof we can choose the unique representative of all perfect
matching that restrict to a perfect matching on the first copy (respectively only the second
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copy) of R that correspond to -symmetric matchings. These matchings are naturally
correspond to a pair of y-compatible matchings (| , Definition 4.18]). O
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Appendix D

Conjecture for a doubly notched arc

We conjecture the follow statement to extend the formula for doubly notched arcs to

triangulations that contain the untagged version of z,.

Conjecture D.0.1. The statement of Lemma C.0.2 can be extended for triangulations
containing a plain arc that coincides with x.,. We put a different constraint on the perfect
matchings, namely we disallow the perfect matchings that select exactly one edge of both

tiles that correspond to the crossing of r(z.).

We reexamine the example from Section 6.2 However, this time we include the arc
xg = r(x,) instead of zg in the initial triangulation (Figure D.1). This results in the
snake graph shown in Figure D.2. The two perfect matchings that are not allowed can

be seen in Figure D.3.

x7
0
/
T3 &) Ts Lg
T10
:Eg $5
z3
x
LE% 4 ) T5
Z4
z7
s X T4
s T5
T
-7523 Z7 T9 m%
Figure D.1: Alternative triangula- Ty L7

tion with band arc o(x.).

Figure D.2: The snake graph of o(z.,).
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Figure D.3: Disallowed perfect matchings. The tiles that correspond to the crossing of
r(z.) are shaded in grey.

To simplify computations and avoid possible confusion with non-principal coefficients
we set all y-coefficients equal to 1. We obtain the following cluster variable formula.

~o(zy) 1 1

V() al wawaxs () irras
+ 237475(5)?T7w8 + w325 (7)) 22h + Toxaws(2)) s + 25 (24) 18710
+ 2922 (1) %17 + 24w5(25) w7110 + T334 (2f) w89 + 1375 () L7709
+ woxs () g + w4 () T 10)

(w322 (2f)?22 + 237475 ()) 207208

We recall that zf = r(x,) = 222428 hepce

6

1
2 2 2
Ty = —————(T3T5T507 + T3TaTEls + TaTyTsTeTs + TiTeTsT1o
X3X4X5TeL7TY
2
+ XX TeX7 + T4T5LeX7T10 T T3T4TeLXL9 + T3T5LeXL7 L9

2 2
+ LoTET7Tg + ToT4T5T8Tg + TyT5T7ToT10 + T3T8TOT10)-
This coincides with the solution in Section 6.2.

Remark D.0.2. If the above conjecture is in fact true we have described a cluster vari-
able formula for all possible triangulations and additional arcs x-, apart from the case
where ., is doubly notched and both r(x,) and a coinciding simply notched arc are in the

triangulation. However, it is feasible that a slightly altered version of the given technique
may apply to this case as well.
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