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In computational neuroscience, recurrent Neural Networks (RNNs) have re-
cently emerged as a flexible tool to model the dynamics of biological neural
circuits. Often, different types of RNNs can adequately model the data, but
build on different premises and lead to different descriptions of dynamics. In
this thesis, we will review an RNN approach commonly used to model neural
dynamics: a reservoir computing approach, where a high-dimensional, linear
RNN is trained via linear regression Using both simulated data and real data
from functional magnetic resonance imaging, the approach will be systemati-
cally analyzed, testing its accuracy in reproducing several types of dynamical
systems.






Introduction

The study of complex dynamical systems is a central pillar of contemporary sci-
entific research, with the human brain standing as one of the most challenging
and intricate systems to model. In recent decades, the field has seen a rapid evo-
lution of data-driven methodologies, particularly machine learning techniques,
which have proven highly effective at modeling complex datasets and deliver-
ing accurate temporal predictions. Within this landscape, Reservoir Computing
(RC) has emerged as a particularly powerful framework [1, 2, 3, 4]. By lever-
aging high-dimensional recurrent neural networks (RNNs) with fixed internal
couplings, RC can transform input time series into rich representations, captur-
ing a system’s dynamics with remarkable computational efficiency. In particular,
RC can be leveraged to construct “digital twins” - autonomous in silico replicas
that are statistically equivalent to a system under investigation [5]. Digital twins
serve as a paradigm for analyzing and simulating dynamical systems, offering
a platform for in silico experiments. In neuroscience, digital twins of the brain
may pave the way for personalized medicine and the design of targeted inter-
vention strategies, such as neurorehabilitation.

The pursuit of predictive accuracy in machine learning has often come at the
expense of interpretability. While inferred models may be accurate, they fre-
quently function as “black boxes”, obscuring the underlying physical principles
of the observed system. To bridge this gap, Koopman theory provides a valu-
able framework by mapping nonlinear systems into higher-dimensional linear
dynamics [6]. By inferring a finite-dimensional linear representation, researchers
can regain straightforward interpretability, gaining insights into the specific time
scales and dynamical modes of complex systems.
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This thesis reviewed and tested a novel route to constructing digital twins using
noisy linear recurrent neural networks (IRNNs) within the reservoir computing
framework, recently developed in Ref. [7]. We first review the underlying math-
ematical theory, which relates the spectral properties of the trained networks -
specifically their Laplace-transform poles — with the spectral properties of the
observed system. In particular, we discuss how the IRNN model yield a high
dimensional, linear representation of dynamics that can be directly related with
the corresponding Koopman operator.

A significant portion of this work then focuses on the application of this frame-
work to infraslow brain signals. Infra-slow oscillations are defined as brain ac-
tivity fluctuations in the range 0.01 < f < 0.1 Hz. Infraslow fluctuations (IFSs)
have been observed through many measurement techniques, including func-
tional magnetic resonance imaging (fMRI), electro- and magnetoencephalogra-
phy (EEG/MEG), and single unit recordings [8]. In particular, the BOLD signal
of fMRI is dominated by infraslow (< 0.1 Hz) fluctuations. ISFs are correlated
across brain regions and are commonly used to infer functional connections in
the brain [9]. ISFs are hypothesized to play a relevant role in modulating neural
excitability [10], organizing large-scale cortical activity [11], and orchestrating
brain function when coupled with faster oscillations.

While fMRI signals were already investigated in the reference article, here we
aim to perform a replication study using a different fMRI data set, potentially
highlighting some limitations of the approach. We show that stochastic IRNNs
can effectively recover the correct dissipative structure of brain dynamics even
when working with heavily filtered datasets and limited sample size conditions,
where established linear modeling techniques often produce spurious spectral
estimates. Moreover, we show that brain activity can be decomposed into a rel-
atively low-dimensional latent state space that provides a compact description
of dynamics in terms of a few latent modes oscillating at frequencies < 0.1Hz,
matching real physiological timescales.

Importantly, this work also explores the boundaries of the linear framework
by testing it against strongly nonlinear chaotic systems, such as the Lorenz and
Rossler systems. We find that the model struggles to replicate these dynamics, as
chaotic systems are characterized by infinite-dimensional, continuous-spectrum
Koopman operators that cannot be easily approximated by a finite-dimensional
linear system. In these cases, the predicted trajectories often fail to capture the
complex geometric structure of the attractors, instead collapsing into simplified



spiral-like orbits. This highlights that while the IRNN framework is highly ef-
fective for systems that are Koopman-linearizable, such as resting-state brain
activity, it represents a oversimplified "best attempt” when faced with genuinely
chaotic dynamics.

Overall, this thesis work aims to review a robust, data-driven framework for
brain modeling that captures the essential stochastic and dissipative nature of
neural activity. .






Methods

2.1 Dynamical modeling with Reservoir Computing

In this section, we will review in detail the approach in [7], which leverages the
reservoir computing framework to learn a linear dynamical system underlying
observed time series. This approach will be applied to simulated time series and
real time series from neuroimaing in Chapter 3.

Upon reviewing the basics of RC, we will describe how to use a linearized RC
for time series modeling, and finally present the details of the implementation
used in Chapter 3.

2.1.a Reservoir computing

Reservoir computing (RC) emerged in the early 2000’s as a powerful and effi-
cient machine learning paradigm specifically designed for processing temporal
or sequential data [1, 2, 3]. It is based on a type of recurrent neural network in
which the core component, known as the reservoir, consists of a large number of
interconnected nodes with fixed weights. When input data is fed into the sys-
tem, it propagates through this reservoir, generating a complex set of dynamic
responses that capture the temporal structure and dependencies within the data.
These internal states create a rich, high-dimensional representation of the input
without requiring the network itself to be trained. Instead of adjusting all the
network parameters, as is done in traditional recurrent neural networks, reser-
voir computing only trains the output layer, which maps the reservoir’s internal
states to the desired output. This significantly reduces computational cost, sim-
plifies training, and avoids issues such as vanishing or exploding gradients.



6 CHAPTER 2. METHODS

One of the key advantages of reservoir computing is its ability to model nonlin-
ear and time-dependent processes with relatively low effort and high efficiency.
Because the reservoir remains fixed, it can be reused across different tasks, and
training typically involves straightforward linear regression techniques. This
makes RC particularly suitable for real-time applications and systems with
limited computational resources. It has been successfully applied in various
domains, including speech and handwriting recognition, financial forecasting,
robotics, and the analysis of biological signals such as EEG data [4].

2.1.b RC: basic formulation

A Recurrent Neural Network (RNN) is an artificial neural network architecture
specialized in processing sequential data, characterized by cyclic connections
that allow the maintenance of an internal state (hidden state). While traditional
deep learning networks assume that input-output pairs are independent, in
recurrent neural networks the output depends on the sequence of previous
inputs. In fact, RNNs have a form of “internal memory” that allows them to use
information from previous steps in the sequence to influence the current output.
Given an input sequence w(t) € R, a RNN updates its hidden state r(t) € RY
according to the equation:

r(t) = &(Wr(t — 1)) + W"w(t) + b),

where W € RM*M and Win € RNV*M are learnable weight matrices, b is a
bias vector, and ® is a nonlinear activation function. The output y(¢) € R¥ is
computed as:

y(t) = W'r(t)

where W4 € REXN_ The weights can be trained to yield a target output y*(t),
ie.,
y(t) =y (#)

The reservoir computing approach uses a recurrent neural network (RNN) with
fixed internal connections, called the reservoir. In this context, the “echo state”
property emerges spontaneously from the collective dynamics of the RNN.
Assuming that standard compactness conditions are satisfied (input and state
spaces are closed and bounded) and that the network has no output feedback
connections (outputs are not fed back into the reservoir), the network possesses
echo states if the network state r(t) is uniquely determined by any left-infinite
input sequence w(t — 1),w(t — 2),.... In other words, the initial state does not
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matter: after processing a sufficiently long input sequence, the internal state de-
pends only on past inputs and not on the initial condition. This is fundamental
because it means the network “forgets” initial conditions and responds consis-
tently to inputs.

In a continuous-time formulation, each unit j of the network (j = 1,..., N) has
an activity state r;(¢) evolving over time according to:

dr;(t)
dt

T = ®(hj) — 1,
where 7 is the decay constant and ®(h;) is the activation function, identical for
all units. The synaptic input h; is the weighted sum:

N M
hi(t) =Y Wikrk(t) + Y Wikw(t)
k=1 k=1

Due to the high dimensionality of the RNN state space, a simple linear transfor-
mation represented by W is often sulfficient to accurately map the RNN state
into a time series w(t) that is functionally related to the input.

Given R € RV*T (where the k-th row represents the time series of the k-th
unit over a training period of T steps) and € RX*T (whose rows contain the
K observables wy(t) to be reproduced), the linear mapping is computed using
ridge regression. The latter is a variant of linear regression that introduces a
quadratic penalty (L2 norm) on the coefficients to reduce their variance. The
model optimizes the following cost function:

JW) = Iy = XW||3 + B[WI[3

= squared error + (3 - coefficient penalty

where Y is the matrix of observations, X is the matrix of predictors, W is
the coefficient matrix, and the hyperparameter 3 < 1 controls the strength of
regularization. The closed-form solution is:

W* = (XTX + 1)1 X1y,

where I is the identity matrix. Regularization prevents non-invertibility of X7 X
when variables are correlated.
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2.1.c Linearized RC for dynamical system learning

A regular non-linear RNN obeys the following dynamics:

where ®(h(t)) is a non-linear activation function. In the case of weak recurrent
coupling or small input, we can approximate ®(h(¢)) ~ h(t), simplifying the
dynamics as:

This simplification is valid if the recurrent weights are small or if the input
driving the reservoir is weak. For a network driven by fMRI signals, as in
Chapter 3, the assumption is valid, as these signals are slow, smooth, and low-
amplitude with low frequency components.

Accounting for both recurrent and external input, the linearized RNN equation
is:

PO )+ winr) - x()
rdfj(;) = (W — Dr(t) + Winw(t)
Dividing by 7, we obtain
de(t) W1 1
. r(t) + 7_VV w(t).
de(ty W—1I_ . 1.

We can multiply the whole equation by the integrating factor e Tt

w-r1,1

r(t)=e ft;me(t)

w-r,dr(t) _wa, W —1
dt T

Now, noticing that the LHS is the derivative of the product e™ e ‘r(t), we obtain

W—It

—(e7 7 r(t) =e 7 %Wi”w(t)
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Integrating both sides, we get

td W1 /t w-r.1___.
—(e” 7 °r(s))ds = e 7 T-W"Mw(s)ds
e s = [ e g

t
_ _ 1. .
= r{t)=e 7 0r(ty) + / e (=9 S ingy (5)ds
to T
If the system is stable, and we assume ¢y — —oo (which corresponds to assuming
that the system has evolved for a sufficiently long time), then only the second
term survives and

t
_ 1.
r(t) —/ ewfl(t_s)—me(s)ds (2.1)
o T
From (2.1), we see that r(¢) depends on all past inputs w(t). Taking the i-th
element r;(t), one can see that the equation is a temporal filter:

t
ri(t) = / [e(Wfl)(tfs)/TWm]i w(s)ds

with weights given by the row matrix [e(W=1{!=9)/7)7"]  where recent inputs
correspond to larger weights. Thus, the reservoir implements a delayed filter
and it contains a rich memory of past inputs.

Notoriously, Takens [12] showed that if a dynamical system has dimension d,
then one can reconstruct a state space with the same dynamics using time delayed

observations
w(t)
w(t—1)
z(

w(t —27)

as long as m > 2d + 1, a method called delay embedding. Takens’ theorem and
Eq. (2.1) suggest that the reservoir will embed enough information to reconstruct
the dynamics of the driving input.
In agreement with this hypothesis, one can try to reconstruct the input from the
reservoir state, as

w(t) =~ WUy (t)

Assuming this is possible, one obtains an autonomous, continuous-time autore-
gressive (AR) model for w(¢). An AR model is a time series model where the
current value of a signal depends linearly on its past values. In discrete time, the
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definition is:
p
T = E ApTi_L + €
k=1

where the z; is the value of the signal at time ¢, a;, are the coefficients, ¢; is the
noise and p stands for the order of the AR model. For a continuous time signal
w(t), an AR model involves integration over a continuous range of delays:

w(t) = / Gls)w(t — s)ds
0
Substituting w(t) ~ W%r(t) in Eq. (2.1), we get

t .
w(t) _ / Woute(W—I)(t—s)/Tme(S)dS

—00

S W)= /0 T Gls)wl(t — s)ds

where G(s) = WouteW=Ds/Ty7in Thus, the reservoir computer behaves like an
autoregressive model with Green’s function given by G(s).

The model allows for a simple description in terms of independent modes. In-
deed, one can diagonalize the synaptic matrix as W = QAQ™!, where A =
diag(A1,...,An) is the diagonal matrix containing the eigenvalues and @) =
[q1 ... 4qn] is the matrix whose columns are the eigenvectors. The spectral de-
composition of W reads

N
T
W=> X\dnd
n=1
where ¢/, are the columns of Q7!,i.e., Q' = [¢'; ... y]. Therefore,

G(S) _ Wothe(A—I)s/TQ—IWm

N
= G(s) =) JpenTlelm
n=1

where J, = W%q,q/L W. Each exponential corresponds to one dynamical
mode of the system. The spectral radius p = max Re(),) must obey p < 1 to
ensure that all modes decay. Since G(s) has N exponential modes, the reservoir
behaves like an AR model with N modes. Generally, though, most of the J,, are
close to zero, hence only a few modes dominate the dynamics.

The system’s state is reconstructed using w(t) = W%r(t). Each row of W°"! is
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a linear decoder that reconstructs one observable from the reservoir. Only this
readout matrix is trained. To this aim, one can use ridge regression The solution
to this regression problem is

wout — QRT(RRT + 1)~
where R € RVXT and Q € RP*T are defined as

R = [r(tl) r(t2) }

Q= |wt) wit) .|

After using all the training data and fitting w(t) = W°“r(t), one can use the
trained W°"* to obtained an autonomous model of the dynamics of the input
w(t). Todoso, itis sufficient to drive the dynamics of the reservoir by substituting
the original input term with the predicted output:

Winw(t) — WTWur(t)

Then the reservoir dynamics become:

dI‘(t) o inyrrout
T = Wr(t) + WIW O e(t) — x(t)
dr(t) =
T = Wr(t) —x(1) @2)

where W = W + W W is the learned synaptic matrix.

dr(t) W1
d T
This is the “prediction mode” of the reservoir. The reservoir evolves without
external input, using instead its own generated output as the input for the next
step.

r

Spectral analysis and Koopman modes

At time ¢, the reservoir has a state:
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After training, the reservoir evolves as:

dr(t) W1
a T

r(t)

With a derivation analogous to that done for the synaptic matrix, we can diago-
nalize the trained W to obtain W = QAQ~! where Q are the eigenvectors and A
the eigenvalues.

The eigenvectors represent pure dynamical modes. The reservoir state is always
a linear combination of many eigenvectors:

r =v1q +v2q2 + - -+ UNAN

where v;, are the coefficients, which determine the weight of each dynamical
mode. In matrix form,

r=Qv = v=Q 'r

The advantage of this representation is that vy, is the amplitude of the dynamical
mode k. Because the eigenvectors diagonalize the system, when the system state
r is exactly the eigenvector gy, then replacing r = Qv one obtains:

dQv) W T dv  A-T
a 7 Qv at -~
Thus, the coefficients evolve independently and are decoupled:
% o :\k -1
a T

Uk

Solving this simple ODE, we get:
vr(t) = v (0)eMe DY (2.3)

Using the eigenvectors, we can compute an index of “mode relevance” from
= = W“(Q). Indeed, since the ouput is:

w(t) = W% (t)

and
r(t) = Qv(t)
w(t) = WoQv(t)
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we get
= >\k 1t/ (24)

The absolute value of the coefficient |=;;| determines the relevance of mode &
for time the input node j. As already mentioned, not all NV modes are generally
relevant. Using the relevance matrix =, we can generally identify a subset of k
modes that dominate the dynamics.

In the reservoir modes we derived in Eq. 2.1.c, let us define o}, := £~

v (t) = vg(0)e*

and in Eq. 2.1.c:
N

wi(t) = > Ejpvr(0)e”

k=1
We can show that the o}, are related to the poles of the Laplace transform of the
input signals. Indeed, by using the Laplace transform definition:

= /OOO f(t)e stat

L{Zjxvr,(0)e7 " }(s) Z/ Zjkvg(0)e’ e dt
0

Combining the exponentials and integrating,

we obtain

E]-kvk(O)
S — Ok

L{Zj3vk(0)e™ '} (s) =

We can find the Laplace transform of the whole signal exploiting the linearity of
the Laplace transform:

N
= kvk
L{w; () Z L{Zjkvr(0)e”™ " }H(s) Z ; — oy,
k=1

where o), = @ So the poles are at

A — 1
T

S =0 =
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If we partition the modes into relevant and irrelevant blocks

v(t) = [V viD)] . V= [V Vi ]

then
w(t) = \I]relvrel(t) + \I]irrvirr(t)

if the irrelevant mode have tiny weights then
w(t) ~ \Ijrelvrel(t)

Now, the observable effectively depends only on a subset of modes.

The linear modes identified with the RC approach can be related to the ‘Koopman
modes’ of Koopman analysis. For a general dynamical system, dynamics is non-
linear,

zip1 = F(zy)

In this thesis, we can consider z; to be the latent variable denoting the state of the
system, which we do not directly observe, and F'(z;) is unknown. Let g(z;) be
the observables, that are (generally higher-dimensional) functions of the latent
variables. Koopman theory states that one can find a linear operator K, termed
Koopman operator, acting on observables as

(Kg)(z:) = 9(F(21)) = g(24+1)

Even if F'(z;) is non-linear, the Koopman operator is linear and hence we can
get a linear evolution in the space of observables. In this framework, dynamical
systems can be systematically studied with linear techniques and, in particular,
are amenable to spectral analysis [13].

In principle, the Koopman operator lives in the infinite dimensional functional
space of observables, [14] [15] and it cannot be written as a finite matrix. How-
ever, we can introduce a finite-dimensional approximation where we choose a
finite set of basis functions [13], projecting the true Koopman operator into a
finite subspace. Approaches like these are described in [16] [14].

The reservoir state r; evolves linearly as
ri 1 = Wry + Wiw,

Since w(t) &~ W%r(t), the reservoir state effectively realizes a high-dimensional
projection of the dynamics. Thus, the reservoir space acts as the high-dimensional
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space where the Koopman operator, or an approximation of it, can act linearly. In
other words, the reservoir implicitly constructs a high-dimensional observable
space that can approximate Koopman-invariant subspaces. [13].

2.2 Implementation of the RC model

2.2.a Reservoir
Reservoir Structure

The reservoir is implemented as a ring reservoir where each neuron is connected
exactly to one neighboring neuron:

0 0 1
10 0
W=1y 1 0

So (Wr); = rj—1. This structure was shown to be very efficient. The ring matrix
ensures a peculiar eigenvalue spectrum. Let us consider the eigenvalue equation

Waq= M\

Since (Wq); = g;j—1, the eigenvalue equation becomes
gj—1 = Agj

This equation can be solved recurrently, obtaining
3 =A"q

Due to the circular boundary condition, ¢ = gp and applying the above equation
we get AV = 1. The solutions are the N-th roots of unity:

)\k’ — e?ﬂ'ik’/N

The corresponding eigenvectors are known analytically and are pure Fourier
modes, which makes the system very interpretable and close to Koopman-style
evolution. In the reservoir computer we scale the ringas W — pW , wherep < 1
to ensure the spectral radius is less than one, so then the eigenvalues become:
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)\k — peQWik/N

Network parameters

The network parameters used are summarized in Table 2.1, and detailed in the

following paragraphs.
Parameter Value Description
N 500 Number of reservoir units
o 0.5 Spectral radius of recurrent matrix W
T 1.0 (fMRI), 0.1 (toy system) Reservoir time constant
g’" 104 (fMRI), '™ = ﬁ (toy system)  Standard deviation of input weight matrix W
Onoise 10—6 Standard deviation of thermal noise (stochastic case)
B 10—9 Ridge regression regularization parameter
At samplinginterval _ o] Integration time step
Transient duration 20s Washout period before training
Training duration 271s Time window used to train readout weights
Prediction horizon 29s Time interval used for forecasting
Reservoir topology Ring Deterministic cyclic connectivity structure
Activation function ®(h) ®(h) =h Linear reservoir units

Table 2.1: Hyperparameters used for the linear reservoir computing model following
the setup described in Di Antonio et al. (2024).

Internal weight matrix

The reservoir size is 500 units, which is chosen as it is sufficiently large reservoir.
For the toy model, which has dimension 15, the reservoir’s dimension is much
larger so it can safely represent the necessary variables.

Input weight matrix

While the reservoir is not random (as it is a ring matrix), randomness comes in
through the input matrix, ensuring that the projection of the input into the reser-
voir space is random. The elements of the input matrix are random Gaussian:

Wit ~ N(0,9™)

Wiy, ensures that each neuron receives a random mixture of observed signals

M

o ik
h; = Z W7 w,
k=1
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For the toy model, g;,, is the inverse of the square root of the number of inputs.

1
gzn*\/iﬂ

For the toy model, we set g;, = 0.26. This keeps the variance of the injected signal
constant when the number of input changes. if W;,, were O(1), then the variance
would scale as Var(h;) ~ M. Thus, dividing by v'/M would keep the variance
at 1. For the analysis of fMRI data g;,, = 1, with a dimension of W;,, € RN XM
where M is the number of principal components of the BOLD signal that are
retained for analysis.

2.2.b Simulation, training, and validation
Numerical Integration

In general, the reservoir needs to be integrated with a timestep equal to one-
hundredth of the sampling interval. We update the states according to a discrete
time leaky Euler-style update

At

At
iy At = (1 — T)I't + 7(W1't + met) (25)

The homogeneous solution to this behaves like r(t) ~ ¢~*/7 due to the presence
of the leaky term —r(¢). Thus, the memory of the initial state decays expo-
nentially with 7: in particular, a small 7 implies that the reservoir dynamics
will have a short memory. The leakage time 7 should be tuned to align with
the typical time scale of the system. The magnitude of the discrete update is
roughly proportional to o = %. A small « can help make the system more stable.

Initially, we arbitrarily set rp = 0. During training, we discard the initial tran-
sient to ensure that any memory of the initial state has vanished. As At is the
reservoir integration time step, the number of transient steps for any system is
calculated as % where £ can be the time for the slowest decay rate. In fact, a
time around 5-10 time constants is typically sufficient to eliminate the effect of
the zero initialization.

Training - open loop

We build the matrix R € RV*T where T is the number of time steps (excluding
the transient phase). N is the size of the reservoir. At each time step, we take
the input w(t) and update the reservoir state using equation 2.2.b.
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The reservoir states are stored in the matrix

where each column is a nonlinear embedding of past inputs.
The target is the trajectory after the transient steps, i.e:

Yy e RMXT

where M is the system dimension, and 7" is the number of time steps after the
transient phase. Using ridge regression, we learn the coefficients of W,,; such
that it fits to the ground truth trajectory:

Woutr(t) =~ w(t)

The ridge regression step is implemented using the scikit-learn package.

Stochastic extension of the model

The dynamics of a linear RNN are dissipative. If the real parts of the eigenvalues
are negative, then all modes decay exponentially. In the autonomous mode, in
the absence of any external input, the reservoir’s dynamics system dies out. To
maintain the system in a non-zero activity state, one can introduce a noise term
n(t), modifying Eq. (2.1.c) as

dre(t) =
T = Wr(t) —r(t) +n (2.6)

The noise addition turns the equation into a stochastic differential one. The
noise is an Ornstein-Uhlenbeck process with a small (in the limit, vanishing)
correlation time, hence essentially uncorrelated white noise:

E[n(t)n(t)] = o 15(t 1)

When we solve the SDE we get:

Comparing this to Eq. (2.1) we see how the deterministic input data is replaced
by stochastic noise. Since w = Wouly,
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w(t) = WO“t/eA(t_s)n(s)ds

The reservoir’s output is now noise filtered by the learned dynamics of W,;.
With this additional noise, the system becomes a stationary stochastic process.
To simulate the system in the presence of noise, we use the Euler-Maruyama
scheme.

The Ornstein-Uhlenbeck process is implemented by sampling n(t) ~ N(0,0?)
where 7(t)dt is a random increment over time dt. If we divide Eq. (2.2.b) by 7,

we obtain: 3

= %Wr + %n(t)
As commonly done for stochastic differential equations, we can introduce the
Wiener increment dW; ~ N (0, dt) which corresponds to a Gaussian increment
with variance proportional to dt (in the limit of small dt). The noise term can be

expressed as:
1 o
—n(t)dt = —dW,
T T

So, the equation becomes:

dr = ﬂ —|—gth
-

T

with dW; = Vdtg, & ~ N(0,1). We use the Euler-Maruyama discretization for
Solving stochastic differential equations. The general equation is:

Tiyde =Tt + f(rt)dt + qg- \/di't E

Finally, the discrete update that we implement in our code is:
dt ~ o
ryjgqge =Tt + ?(—I‘t + Wrt) + ;\/%ﬁ (27)

The variance of noise per step is now ‘T’—;dt. This ensures that as dt — 0 the noise
goes to zero and approximates a continuous system.

With the latent states generated using this scheme, we can now generate the
observable @; = W°u%y,.

2.2.c Prediction

The input data are divided in a training set and a testing/prediction set. The
training procedure as described in section 2.2.b, where we drive the reservoir



20 CHAPTER 2. METHODS

with the real signal w(t), collect states r(t) and solve for W°“! by ridge regression,
is applied on the training set. Then, the prediction set is used for forecasting.
Once W2 is fixed, we stop feeding external data as input to the system. The
network now evolves in “autonomous mode”, receiving as input its own output
along with endogenous noise, following the update step described in Eq. (2.2.b).
The output is still generated using the same readout map. The last reservoir state
obtained during the training phase is used as the initial state for autonomous
simulation. In this way, the reservoir state contains the embedded recent history
of the signal.

Short-horizon forecast

The model’s predictive performance is assessed in two ways. On a short time
horizon, we test the model’s ability to exactly forecast the upcoming values of
the time series.

The model is allowed to run autonomously for a short time window, and we
compute two metrics: the correlation between the generated output and ex-
perimental data, and the root-mean-square (RMSE) deviation. The correlation
checks if the model recreates the temporal pattern correctly, while the RMSE
checks whether the signal amplitudes are also well aligned. For each compo-
nent 7 in the test interval:

1
- N Wi L 5 (1) — wi(1))2
corr; = corr(w;, w;), RMSE; \/T Et (Wi(t) — wi(t))

An average performance metric is obtained by averaging over all components.

Long-horizon generative validation

Despite its ability for short-term forecast, the model cannot predict the input
time series arbirarily far in the future.

However, in a second validation step we run the reservoir for an time equiva-
lent to the training time to test whether the stochastic autonomous IRNN can
reproduce the statistics of brain activity (rather than the exact time series). We
assess a degree of statistical fidelity by comparing the Functional Connectivity
(correlation matrix) across voxel pairs and Dynamical Functional connectivity
(time-evolving FC structure). The details of Functional Connectivity and Dy-
namical Functional connectivity are presented in the next section.
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Noise Amplitude Optimization

The amplitude of endogenous noise has a strong impact on the model’s accuracy
and predictive ability. We performed a logarithmic sweep over the endogenous
noise amplitude and evaluated three quantities: the maximum real part of the
autonomous poles, short-horizon prediction accuracy, and functional connectiv-
ity (FC) accuracy.

2.2.d Functional connectivity

Functional connectivity is the Pearson correlation between two BOLD signals
over a time window:

FCup(t;T) = corr[Xa(t;T), Xp(t; T)]

Here we compute FC with ¢t = 0s and 7" = 300s. So for the long-horizon
validation we take the entire 300s simulated segment, compute the voxel-by-
voxel Pearson correlation matrix, do the same with the real 300s segment and
compare the two matrices.

2.2.e Dynamical Functional Connectivity

We calculate F'C(t), a time-varying connectivity matrix. DFC can capture tem-
poral variability. We use a sliding window of 60s, [t,t + 60] and compute the
functional connectivity in each window F'C;;(t;T) = cor[Xa(t;T), Xp(t;T)] to
get one FC matrix per window. We slide this window to get a sequence of FC
matrices. We build the Functional Connectivity Dynamics (FCD):

FCD(t1,t2) = Similarity between FC(t1) and FC(t2)

by flattening the upper triangle of FC and computing the correlation.

To compare the two FCD of the real and the generated data we compute the
Jensen-Shannon Distance, JSD(FCD,.cq1, FCD,p0der)-
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2.3 Data

2.3.a Simulated data
Toy model for Koopman analysis

We will first focus on the simple ODE system:

T =Crx

y=Cyy+ Cpe(z )
wherex € R%,y € R1?. C, has tobe diagonal. We generate this system using RK4.
This system was chosen specifically because it is Koopman-linearizable. A non-
linear dynamical system is koopman-linearizable if the Koopman operator is

finite-dimensional.

The only non-linear term here is * ® x, so we define a new variable:

z2=x0x

This gives us 5 new variables for as there are 5 = variables. To compute the
dynamics of z we take the derivative:

2 =2C.z
So now the new vector is:
a
g= |z
)

T Cy 0 0 T
0

Y Cye 0 C

<

is completely linear. Therefore this system has a finite-dimensional Koopman
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representation. The Koopman generator here is the matrix:

C, 0 0
K=]0 20, 0
Cpe 0 C,

Hence for this Non-linear toy model we already know the true Koopman op-
erator. The true Koopman eigenvalues are C;, 2C,, eig(C,). We want to see if
the reservoir learns the same eigenvalues by comparing the spectra. Once the
reservoir is trained and the outputis w = W, r, we can compute the eigenvalues
and show whether the reservoir acts like a Koopman operator estimator.

To simulate the ODE system, we integrate the equations usinf the Runge-Kutta
method. The latter estimates the state at time ¢ + dt by evaluating the derivative
function at multiple intermediate points within the integration interval. Given
a state z(¢), the RK4 scheme computes four intermediate slopes:

k1 = f(zt)

dtgen,
k2:f<zt+ ;e kl)

dtgen
k3—f<Zt+ ; kQ)

ky = f(Zt + dt, k3)

The updated state is then computed as

dtgen,
Zip1 = Z¢ + g (k1 + 2kg + 2ks + ky)

This formulation provides fourth-order accuracy in the time step dtgen. dtgen
is the time step of integration of the system. This is not responsible for any
iteration in the reservoir dyamics and its purely for data generation. Determines
how coarse or fine our generated data is - used in Toy model and Chaotic.

the matrices C, and C, were chosen such that their eigenvalues have small real
parts, mostly negative. The non-linear coupling matrix C,, was also scaled to
prevent uncontroled growth in the quadratic term.
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Table 2.2: Parameters used for the toy dynamical system and reservoir computer exper-
iments.

Parameter Value

System variables z € R5, y € RI0

Cs diag(—0.08, —0.06, —0.05, —0.04, —0.03)
Cy diag(—0.09, —0.08, —0.07, —0.06, —0.05, —0.04, —0.035, —0.03, —0.025, —0.02)
Cyz 0.02110x5

Integration method Fourth-order Runge-Kutta (RK4)
Simulation time step dtgen = 0.01

Number of simulation steps 8 x 103

Training split 70%

Reservoir dimension N, = 500

Input dimension 15

Spectral radius p=0.5

Input scaling o =0.26

Reservoir time constant 7=0.1

Reservoir integration step dt =104

Washout step 2

Non-linear chaotic Systems

As a simple example of chaotic system, we will consider the classical Lorentz
system,

i =o(y—x)
y=z(p—2)—y
z=xy— Bz

The Lorenz system is strongly nonlinear. Applying the linear RC method, we
expect tiny errors to accumulate, due to its poor ability to model chaos.

2.3.b Real data from fMRI

We analyzed real time series from the work of Kim et al. [17], in which functional
magnetic resonance imaging (fMRI) was used to record the brain activity of 16
participants, each of whom underwent several (27) recording runs. In some
(20/27) runs, participants were presented with a sequence of visual stimuli
divided into different categories (faces, scenes, objects, etc.); in the remaining
runs, they were at rest (i.e., in the absence of stimuli). The authors identified a
set of 32 areas (mainly occipital and parietal) that exhibited a marked response
to specific categories of visual stimuli.

For all details on the experiment as well as data preprocessing, see Kim et al.,
2022. The data analyzed here refer to a single brain area during a single resting-
state run (300 s of recording) from a single subject. The temporal resolution of
the recording was 1 s, and the analyzed area includes a total of 1108 cortical
vertices: we therefore have a set of 1108 time series, each consisting of 300 data
points.
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2.3.c Dimensionality reduction of BOLD signals

fMRI data is usually spatially redundant. Within one cortical area, many of
the voxels are not independent measurements are they are often measuring
the same underlying population-level processes. They are also blurred by the
hemodynamic response and various preprocessing steps that involve smoothing.
BOLD is not the underlying phenomena but rather a proxy, so it contains various
noise and small voxel-level fluctuations that may not reflect meaningful neural
dynamics.

We use Principal component analysis to reduce dimensionality, as many voxel
signals are redundant and some of the observed variability can be noise. This
way we can compress the signal before feeding into the reservoir. The reservoir
will see a denoised representation and the input dimension is reduced making
the learning task easier. After applying PCA , for each sessions s we get the
eigenvalues

if we define

then 7 is the fraction of the total variance captured by the i-th principal compo-
nent in session s. We can calculate the cumulative explained variance curve for
one session as:

cs(k):Zrz(s), kE=1,...,mg
i=1
We take the average cumultive explained variance across the sessions. We com-
pute the standard deviation across the sessions to plot the band as ¢yean(k) =
o.(k). Selecting for principal components that explain 99.5% variability, we are
left with 45 principal components. This is much larger than the 4 principal com-
ponents of an individual cortical area of the data obtained in the paper. Again
in the original paper, they use 11 cortical areas leading to 4 x 11 = 44 principal
components. While our 45 components is comparable to this, their 44 is com-
posed of top 4 components of each section leading to less variable data overall.

We split the first 280s as training data and the last 20 seconds as the test time. Fit
PCA to the training data and get the main directions of wyy4in. Project test data
onto first k principal coefficients and reconstruct the signal of the last 20 seconds
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Figure 2.1: The cumulative explained variance as a function of the number of principal
components, averaged across 7 sessions. The solid curve represents the mean cumulative
explained variance ¢, (k), while the shaded region is one standard deviation across the
sessions. The plot marks the number of components required to reach 99.5% variance.

&), Compute the residual
Aw = Wiest — a)(k)

and see how corrrelated that residual is with the original signal on the unseen
last 20s. For each session s, we compute using Pearson Correlation:

y(s)(k:) =1- corr(Aw,iS),w(S))

In contrast to the findings reported in the original study, the residual compo-
nents beyond the 99.5% explained variance threshold do not appear to be purely
noise. At approximately 45 principal components, we observe that 1 —corr ~ 0.5,
indicating that the residual signal remains substantially correlated with the orig-
inal data. This suggests that the discarded components still contain structured
information rather than representing purely noise. Consequently, PCA in this
setting does not achieve a clear separation between signal and noise.

The residual correlation increases gradually with the number of retained com-



2.3. DATA 27
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Figure 2.2: The mean residual noise across sessions as a function of the retained ex-
plained variance in the PCA reconstruction, The shaded band indicates one standard
deviation.

ponents and approaches unity only at much higher dimensionalities. This be-
havior indicates that the BOLD signal in this dataset is distributed across a
higher-dimensional subspace, rather than being concentrated in a small num-
ber of dominant modes. As a result, the assumption that the signal can be
effectively captured in a low-dimensional representation with noise-dominated
residuals does not hold as strongly in this case. From a modeling perspective,
this has implications for downstream performance. While increasing the num-
ber of components retains more signal, it also reintroduces noise, leading to
a trade-off. Empirically, retaining 99.5% of the explained variance provided a
better balance for reservoir computing, yielding lower average Jensen-Shannon
divergence (JSD) across sessions compared to a more aggressive threshold of
99.9






Results

In this Chapter, we report on the application of the linear RNN model described
in Sec. 2.1, inspired by reservoir computing, to simulated and real data. Upon
discussing a toy model and a simple chaotic system (Sec. 2.3.a), we will focus
on the model’s ability to capture spatiotemporal dependencies in brain activity
time series from fMRI (Sec. 2.3.b).

3.1 Toy system

We begin this chapter by discussing the toy model described in Sec. 2.1. The
model involves a 15-dimensional, nonlinear dynamical system. The peculiarity
of the system is that it can easily be mapped into a 20-dimensional, linear dy-
namical system by considering an extended observable space that includes the
15 original variables, and 5 additional observables coinciding with the squares
of the first 5 variables. Therefore, the system admits a Koopman operator with a
discrete, finite spectrum characterized by 20 non-zero eigenvalues. As the reser-
voir is trained to learn linear dynamics able to reproduce the input time series,
the expectation is that the dynamics of the trained reservoir will approximately
match the linear dynamics predicted by the Koopman operator. In particular,
the dominant eigenmodes of the dynamics should match the system’s Koopan
modes.

Accuracy.

We simulated trajectories over a time horizon of 7' = 90 time units, using a fixed
integration step of At = 1073 resulting in 9 x 10* discrete time steps. Trajectories

29



30 CHAPTER 3. RESULTS

Eigenmodes of learned linear system Eigenmodes of learned linear system

030 0.05 @ © 0.30
& s & g
s 00 0258 5 000 @ - ®—- 025§
E g it
= ¢ £ 3
0202 565 @ @ 020%
@ @

-200 -175 -150 -125 ~-100 075 -050 -0.25  0.00
Re(0)

Figure 3.1: (a) Learned eigenvalues of the closed-loop linear system. The color indicates
the mode relevance, quantified by the contribution of each mode to the reconstructed
observable. A mall subset of highly relevant modes forms a cluster near the 0 on the real
axis, while a large number of weakly relevant modes form a broad ring corresponding
to intrinsic reservoir dynamics. (b) The gray markers denote the theoretical eigenvalues
of the underlying toy system, which align with the high relevance learned modes.

were divided into a training and a testing part using a 70-30 split. In the training
set, the RC model reached perfect accuracy (R* = 1.0, MSE = 2.5 x 107%7). We
also used the validation set as a prediction set, by initializing the network in
the final state of the training set, and using the RC model in the “autonomous”
mode, whereby the reservoir’s output is fed back into the reservoir as input, in
a closed-loop configuration. In this way, we tested the model’s ability in truly
predicting the time evolution of the system. In the prediction set, the RC model
again reached perfect accuracy (R? = 1.0, MSE ~ 1073!). This indicates that
the toy system dynamics are simple and stable enough to be captured almost
exactly by the learned linear readout.

Mode relevance

Having assessed the model’s effectiveness in approximating the toy system’s
dynamics, we scrutinized the learned linear dynamics more in depth. To this
aim, we computed the eigenvalues of the RC model, and compared them with
the Koopman spectrum of the system, which can be promptly computed from
the linearized version of the toy system. For each mode (eigenvalue), one can
compute an index of “relevance” between 0 and 1 weighing the mode’s overall
contribution to the dynamics (Sec. 2.1.c).
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Figure 3.2: Mode relevance ranked over all 500 learned eigenmodes of the closed-loop
system. The relevance decays rapidly for the leading modes and then exhibits a long tail
of weakly contributing modes, indicating that the learned dynamics are concentrated in
a small subset of dominant modes but are not separated by a sharp cutoff. The 15th rank
is marked as reference points corresponding to the number of poles of the toy system,
respectively
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Figure 3.3: Time evolution of a representative state variable of the toy system. Solid
lines denote the training data, while dashed lines indicate the ground-truth trajectory
in the test region. Markers show the reservoir reconstruction during training (teacher-
forced regime) and the autonomous prediction in the test regime. The model accurately
reproduces the training dynamics and continues to follow the system trajectory in the
test phase. The dynamics exhibit a rapid transient decay followed by convergence toward
a stable steady state, which dominates the long-time behavior.

The results are shown in Fig. 3.1a, where the eigenvalues are plotted in the com-
plex plane, with a color informed by the relevance of the corresponding modes.
One can immediately notice two structures: a large ring on the left, comprising
low-relevance modes, and a smaller cluster on the right, comprising modes with
much greater relevance. Thus, only a small subset of the N = 500 modes are
dynamically important.
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The eigenvalues in the large ring have a large negative part, which means that the
corresponding modes are strongly damped. These are mostly background reser-
voir modes that were inherited from the untrained reservoir spectrum (which
is perfectly circular, due to the reservoir’s ring structure) and are only weakly
relevant to the observable dynamics. Eigenvalues in the small cluster have a
slightly negative real part (approaching 0 form the left), a small imaginary part
and high relevance. Therefore, these are important modes that decay slowly
and persist for longer. Their greater relevance means that they dominate the
observable reconstruction.

In Fig. 3.1b we offer a closer inspection into the cluster, also displaying the
theoretical eigenvalues (gray). It is immediate to notice the alignment of the
relevant modes with the theoretical Koopman models of the toy system. Hence,
the learned system has recovered with sufficiently high accuracy the effective
finite-dimensional linear representation of the underlying nonlinear dynamics.

3.2 Lorenz and Rossler systems

Next, we trained the RC model on two paradigmatic chaotic systems, the Lorenz
and Rossler systems (Sec. 2.3.a). Contrary to the previous case, here we expect
the RC model to struggle significantly to reproduce the input time series. Chaotic
systems correspond to an infinite-dimensional, continuous-spectrum Koopman
operator - thus, they cannot be easily approximated by a finite dimensional,
discrete spectrum linear system.

We simulated trajectories of length 7' = 10° of the Lorenz system. Trajectories
were divided into a training and a testing part using a 90-10 split. In the training
set, the RC model reached near-perfect accuracy (R? = 1, MSE = 9.4 x 1079).
However, when using the model in the “autonomous” mode, the performance
was dismal (R? = —2.48, M SE = 256.37).

Prediction failure is shown in Fig. 3.5a-c. The predicted trajectory does not follow
either lobe of the Lorenz attractor, instead collapsing towards a flat, spiral-like
orbit.

In Fig. 3.5d we show the spectrum of the trained reservoir. Unlike the toy model,
the learned representation does not yield an extremely sparse spectrum. The
dominant dynamics are carried by a band of slowly damped oscillatory modes.
This is consistent with the behavior of the autonomous rollout, which converges
to a simplified spiral-like structure. Moreover, the Lorenz spectrum includes
modes with high relevance but large negative real part, which can introduce
stronger damping directions in the learned linear dynamics.
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We replicated the same analysis for the Rossler system. We simulated trajec-
tories of length 7' = 2000 steps. In the training set, the RC model reached
near-perfect accuracy (R? = 1, MSE = 7.87 x 107°), degrading in the testing set
(R? = 0.046, MSE = 17.82).

The model’s output in the validation phase is shown in Fig. 3.6a. The model is
not able to capture the nonlinear geometric structure of the attractor, but instead
collapses to a simple spiral like orbit or ring - possibly, the best attempt of a
linear system to learn the underlying chaotic dynamics. In Fig. 3.6b we show the
spectrum of the trained reservoir. Again, the spectrum indicated the presence
of weakly damped rotational/oscillatory components.
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Figure 3.4: Three-dimensional trajectories of the Lorenz system. Left: Training regime
(teacher-forced), showing the ground-truth trajectory (line) and the reservoir reconstruc-
tion (markers), which closely overlap and indicate near-perfect fitting of the training
data. Right: Test regime (autonomous prediction), showing the ground-truth trajectory
(blue) and the model prediction (orange).
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Figure 3.5: Eigenvalue spectrum of the learned closed-loop linear operator for the Lorenz
system. Each point represents a learned mode, with color indicating its relevance to
the reconstructed observable. A large number of weakly relevant modes form a circular
structure corresponding to intrinsic reservoir dynamics, while a subset of highly relevant
modes clusters near the real axis.
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Figure 3.6: Reconstruction and spectral analysis of the Rossler system using the reser-
voir model. Left: Three-dimensional trajectories showing the ground-truth dynamics
(blue) and autonomous prediction (orange). The predicted trajectory captures the over-
all structure of the attractor but deviates over time due to the chaotic nature of the
system. Right: Eigenvalue spectrum of the learned closed-loop linear operator, with
color indicating mode relevance.
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3.3 Neural time series from fMRI

Having thoroughly analyzed artificial data, we turn our attention to real data
from fMRI. Our data consist in BOLD signals of ~ 1000 voxels in visually related
areas, coming from seven scanning sessions of the same human participant. As
explained in 2.3.c, we trained the RC model using principal components of the
voxel-level BOLD signals explaining 99.5% of the variance (on average over ses-
sions, 45 + 0.8 PCs were needed).

We evaluated the model’s performance from its ability to reproduce key features
of the original data - specifically, static and dynamic functional connectivity
measures. Overall, the model achieved an average functional connectivity (FC)
correlation of 0.73 4+ 0.07 across sessions, indicating a good reconstruction of the
overall connectivity structure.

In contrast, the Jensen-Shannon distance (JSD) between the distributions of dy-
namic functional connectivity (FCD) in the real data and in the simulated data
generated by the model is 0.65 & 0.07, indicating a substantial mismatch in con-
nectivity dynamics. These results suggest that the model successfully captures
the static structure of functional connectivity, but it fails to reproduce the tem-
poral variability of connectivity patterns, generating dynamics that are overly
homogeneous across time.

The best performance was obtained at a noise level of ¢ = 10~¢, which provides
a balance between short-term prediction accuracy and long-term dynamical fi-
delity.

Noise tuning

We systematically evaluated the effect of injected noise on the learned dynamics
by varying its amplitude over several orders of magnitude. As shown in Fig. 3.7,
increasing noise leads to a transition from weakly unstable to stable dynamics,
as indicated by the maximum real part of the eigenvalues becoming negative.
This stabilization is accompanied by an improved reconstruction of the long-term
statistical structure, reflected in higher functional connectivity (FC) similarity.
However, increasing noise simultaneously degrades the short-horizon prediction
accuracy, as measured by the correlation between predicted and ground-truth
trajectories. This reveals a clear trade-off between short-term predictive fidelity
and long-term generative accuracy.
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Figure 3.7: Effect of noise amplitude on stability, prediction accuracy, and functional
connectivity. Left: Stability of the learned dynamics quantified by the maximum real
part of the eigenvalues maxR (o), where negative values indicate stable dynamics. Mid-
dle: Short-horizon prediction accuracy measured by correlation between predicted and
ground-truth signals. Right: Functional connectivity (FC) similarity between generated
and real data. Increasing noise stabilizes the system (left) and improves FC reconstruc-
tion (right), but leads to reduced prediction accuracy (middle), highlighting a trade-off
between dynamical stability and short-term predictive fidelity. The last panel highlighs
the Jenson-Shannon distance of the Functional connectivity, using windows of 60 sec-
onds at various noise levels. Results are averaged across 7 sessions, with shaded regions
indicating variability across the sessions.

Based on this trade-off, we selected a moderate noise level of ¢ = 1076 sub-
sequent experiments, as it provides a balance between short-term prediction
accuracy and long-term fidelity. In addition, a higher noise regime (¢ = 107%)
was considered to specifically evaluate the model’s ability to reproduce long-
term dynamics and functional connectivity.

Reconstruction quality

In Fig. 3.8 we show the real and model-reconstructed time series for a single PC.
It can be immediately observed that the model achieves a near-perfect fit in the
training phases, but its short-term forecasting capability is limited. In Fig. 3.9
we show the real and predicted time series for the dominant components. The
model is able to reproduce their general oscillatory structure, indicating that the
reservoir captures the underlying dynamics to some extent. However, a con-
sistent phase mismatch between predicted and real signals is observed across
several components. The predicted trajectories follow similar frequency pat-
terns, but their peaks are shifted relative to the ground truth. This misalignment
leads to reduced correlation values and increased RMSE, despite qualitative
similarity in signal structure (Fig. 3.10a-b). This phenomenon is further illus-
trated in Fig. 3.10c, which shows the temporal evolution of prediction accuracy.
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The model achieves high correlation in the short-horizon regime (first few time
steps), indicating that it can accurately track the trajectory initially. However,
correlation rapidly decays as the prediction horizon increases, eventually ap-
proaching zero and even becoming negative at longer times. This behavior
reflects the accumulation of phase error over time: small initial misalignments
grow progressively, leading to increasing divergence between predicted and
true trajectories despite preserving the overall oscillatory structure.There is also
variability in performance across components, with the model accurately recon-
structing while others exhibit weak or even negative correlation.

Long horizon result

We generated simulated time series from the model by running it in autonomous
mode for an additional 300s. The reservoir produced stable autonomous dy-
namics (as per our choice of €). As shown in Fig. 3.12, the model successfully
reproduces the overall oscillatory structure of the data. However, the generated
trajectories exhibit a gradual increase in amplitude over time, in contrast to the
bounded nature of the empirical signals.

The learned system operates close to the stability boundary, with slightly positive
real parts of the eigenvalues leading to slow divergence. The maximum real part
of the eigenvalues at the chosen noise level of 1076 is 0.01 & 0.0056. Although
this does not strongly affect short-horizon prediction, it may result in unstable
dynamics in the very long term and possibly contribute to discrepancies in
statistical measures such as dynamic functional connectivity.

To evaluate the long-term statistical behavior of the model, we compared the
functional connectivity (FC) of the generated signals with that of the empirical
data. As shown in Fig.3.13, the reservoir is able to reproduce the large-scale cor-
relation structure of the data even when run autonomously for extended time
horizons. Despite the divergence observed at the trajectory level, the predicted
FC matrices closely resemble the ground-truth connectivity patterns. This is
further supported by low Jensen-Shannon divergence (JSD) values, indicating
strong agreement between the distributions.

This result suggests that while the model struggles to maintain accurate phase
alignment in individual trajectories, it nevertheless captures the underlying sta-
tistical dependencies between components.
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Figure 3.8: Training and autonomous prediction dynamics for the first principal com-
ponent (PC1). The reservoir is trained on the first 271 time points in seconds, resampled
at a temporal resolution of dt = 0.01. The vertical dashed line marks the transition from
teacher-forced training to autonomous prediction. Beyond this point, the predicted tra-
jectory is compared against the ground-truth continuation, showing good short-term
agreement followed by gradual divergence.
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Session 1: PCA component prediction (top 10 PCs)
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Figure 3.9: The ground-truth trajectories (solid) are compared with model predictions
(dashed) over the unseen short horizon of 29 seconds, for the top 4 principal components.
The model captures the short-term temporal structure of the dominant components, but
deviations increase over time, indicating reduced long-term predictive accuracy.
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Figure 3.10: Evaluation of reservoir prediction performance. (a) Correlation between
predicted and true signals across sessions. (b) Root Mean Square Error (RMSE) across
sessions. (c) Temporal evolution of prediction accuracy, showing mean correlation and
variability over time.
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Prediction performance across Top 10 principal components
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Figure 3.11: The results show strong variability in reconstruction quality across compo-
nents, with some accurately captured and others exhibiting weak or negative correlation
due to phase misalignment.

Dynamical Functional connectivity using Jenson-Shannon Distance

To evaluate the ability of the model to reproduce temporal fluctuations in func-
tional connectivity, we compared the distributions of Functional Connectivity
Dynamics (FCD) values obtained from empirical and simulated data. The FCD
matrix captures the similarity between functional connectivity patterns com-
puted over sliding time windows, and its distribution reflects the temporal vari-
ability of connectivity structure.

As shown in Fig. 3.14, the empirical distribution is concentrated around low-
to-moderate correlation values, with a peak near 0.2 and a long tail extending
toward higher correlations. However, the model distribution is systematically
shifted toward higher correlation values, suggesting that the simulated connec-
tivity patterns are more similar over time compared to the empirical data.

The model matches the overall Functional connectivity very well but fails to
reproduce the temporal variability of Functional connectivity. The model’s Dy-
namical Functional Connectivity is concentrated around higher values (0.7 - 0.9)
while the data is much lower. Compared to the real signal, the generated one
exhibits a reduced FC variability over time.
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Real signals across sessions (selected PCs)
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Figure 3.12: Comparison of real and generated signals across sessions for selected prin-
cipal components. The top panel shows the empirical signals, while the bottom panel
shows trajectories generated in autonomous mode after training, with noise amplitude
€ = 107¢, for an equivalent duration of 300 seconds.
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Figure 3.13: Functional connectivity of predicted data of reservoir run autonomously
for the same length as data (300-600s).
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Figure 3.14: Comparison Dynamic functional connectivity (FCD) matrices for empirical
and generated data with noise 1le-6. Each matrix represents the similarity between
functional connectivity patterns computed over sliding time windows of size = 60s.

Mode relevance

In Fig. 3.16 we show the poles of the trained RC model. Only a subset of the
poles moved towards the imaginary axis with a high relevance concentrated in
that region. These modes are slow and persistent.

The range of the high-relevance modes lies between 0 and 0.08Hz. These fre-
quencies are in line with the main frequencies in the BOLD spectrum.

3.4 Discussion

In this chapter, we applied the RC model described in Chapter 2 to simulated
time series as well as real brain signals from fMRL

Our simulation analysis showed that the model can perfectly reconstruct the
dynamics of a Koopman-linearizable toy system, whereas it struggles with sim-
ple chaotic systems that eschew a description in terms of finite-dimensional,
linear dynamics.

Our results on real data (brain signals from fMRI) seem more nuanced. By
running the RC model in autonomous mode for a long time window, we can
assess the model’s ability in reproducing statistical properties of the training
signals (the model’s direct forecasting ability can be assessed only on a short-
horizon basis, for which a ground-truth continuation of the signal is available).
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FCD Distributions (JSd = 0.66)
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Figure 3.15: Distribution of Functional Connectivity Dynamics (FCD) values for empir-
ical data (red) and model-generated signals (blue). Each distribution is obtained from
the upper triangular entries of the FCD matrix, which measures the similarity between
functional connectivity patterns across sliding time windows. The Jensen-Shannon dis-
tance between the two distributions is 0.66.

The model can generate smooth signals with the right average correlation struc-
ture, but not the right degree of dynamic connectivity variation. This does not
trivially reflect a sub-optimal choice of the noise amplitude (which was set to
107° for all analyses). In fact, using a lower or higher amplitude did not lead
to better DFC reconstruction (Fig. 3.7). Therefore, improvements may demand
further changes, including increasing the size of the reservoir or the amount of
available training data.

What we find is a strong sensitivity of the model to hyperparameter selection,
particularly to the amplitude of injected noise. While noise is introduced as a
stabilizing factor, we see that its role is more nuanced. Specifically, we observe a
non-monotonic relationship between noise amplitude and model performance
across multiple evaluative criteria.

Functional connectivity accuracy is not strongly sensitive to noise amplitude as
it depends on the average covariance over time. At low noise levels the model
tends to produce diverging trajectories, which is evident in the stability analysis
in figure 3.7. At high noise levels, the noise dominates the dynamics and the
model does not learn. Therefore, there is a sweet spot ensuring both stabil-
ity and reproduction accuracy. Since the optimal noise values may depend on
multiple other parameters (e.g., reservoir size and ridge regression tolerance /3)
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Figure 3.16: Eigenmode spectrum of the learned linear system. (a) Full spectrum show-
ing separation between fast-decaying and slow modes. (b) Zoomed view highlighting
dominant modes near the imaginary axis.

non-monotonically, we could expand upon this direction using a grid search
over several parameters. A more extensive parameter search may reveal that the
current minimal value (107%) of the noise amplitude may not be optimal under
a different choice of the other parameters.

Overall, we qualitatively reproduced several of the results in the reference pa-
per [7], including: the model’s accuracy in reproducing the training data, the
model’s dependence on external noise, and the model’s accuracy in predict-
ing the (static) functional connectivity. However, we obtained a significantly
lower performance in short-horizon prediction as well as DFC reconstruction.
Actually, a direct comparison between our results and those of Ref. [7] is not war-
ranted, because we did not analyze the same dataset. While we also analyzed
fMRI data, the imaging parameters, the region(s) considered, and the number of
voxels analyzed are not equivalent to those of the reference paper. Additionally,
the two data sets may have undergone slightly different preprocessing. These
are inherent differences between our analysis and that in Ref- [7], that cannot
be mitigated by parameter optimization. Because of the differences in the train-
ing signal, ss expanded upon in section 2.3.c, we had to retain a much larger
number of components (~ 45 compared to ~ 4) to explain a sizable fraction of
the variance, implying that our system is effectively much higher dimensional.
Consequently, the reservoir must reproduce a larger number of modes, includ-
ing some with relatively low variance. This may considerably alter the temporal
variability of correlation structure across windows.
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