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Introduction

The reform of interest-rate benchmarks has changed the object on which interest-rate
derivatives are written. With the discontinuation of LIBOR, the reference rates in the
major currencies are now the overnight risk-free rates (RFRs), SOFR in the United States,
SONTA in the United Kingdom, €STR in the euro area, which are computed from actual
overnight transactions rather than from panel submissions. Term rates are built from
these overnight rates by compounding the daily fixings over the accrual period, and the
resulting rate is backward-looking: it is realized only at the end of the period over which
it applies, in contrast to the forward-looking LIBOR rate, which was fixed at the start of
the accrual period.

A LIBOR caplet’s payoff is determined at the beginning of its accrual period, so the
option is effectively settled before the period begins. A backward-looking caplet’s payoff,
by contrast, keeps accumulating randomness throughout the accrual window and is known
only at its end. The optionality therefore lives inside the accrual period, and any pricing
model must account for the uncertainty accumulated during it. Backward-looking caps
and floors are now the dominant non-linear RFR instruments, and the volume traded in
them has grown rapidly since the transition.

The natural way to model an overnight rate is to specify the dynamics of the short rate,
and within this approach the Gaussian Hull-White model has been the standard choice
for RFRs since Mercurio [15] first adopted it for SOFR. Explicit pricing of compounded,
in-arrears instruments in a Gaussian one-factor Hull-White model in fact can be found
before the reform: Henrard [9] derived such formulas in a one-factor Gaussian HJM
setting. After the transition, backward-looking caplet formulas under the Hull-White
model were obtained by several authors [10, 20, 22|, and the most general continuous-
time treatment is due to Fontana [8], who prices backward- and forward-looking caplets
and floorlets for general affine short-rate processes by Fourier methods. Like all Gaussian
short-rate models, the framework considered here does not generate an implied-volatility
smile and is calibrated only at the money [17]. What these contributions share is that they
are set in continuous time and rely on the apparatus of stochastic calculus, It6’s formula,
changes to a forward measure, partial differential equations, or Fourier inversion.

A separate part of the literature models the term structure directly in discrete time.

Filipovi¢ and Zabczyk |7] characterize when a discrete-time Markovian short-rate model
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admits an affine term structure, and the multi-period discrete-time pricing framework is
developed in textbook form by Pascucci and Runggaldier [16]. This line provides exactly
the tools required to price an option whose payoff is a function of a sum of Gaussian short
rates, yet it has not been used for backward-looking caplet pricing. The closest work
to the present one is the paper of Tunevich and Kalikaeva [12], who also price discrete
backward-looking caplets under the Hull-White model. Their model, however, retains the
continuous-time Hull-White short rate and discretizes only the compounding convention,

whereas the model adopted here is discrete at the level of the short rate itself.

This thesis prices backward-looking caplets and floorlets in a discrete Hull-White
model in which the short rate evolves by a first-order autoregressive recursion, the Euler-
Maruyama discretization of the Hull-White equation, which retains the properties of the
continuous time model because the noise is additive. Under the single-period conven-
tion p(k,k + 1) = e ", the compounded backward-looking rate telescopes exactly into
the exponential of the sum of the short rates over the accrual period, so that the com-
pounding is exact rather than an approximation. The entire pricing theory is then carried
out within the discrete affine term structure of this model, using only elementary prop-
erties of the Gaussian distribution: the closed forms follow from truncated univariate
and bivariate Gaussian moments, obtained by completing the square, and no step of any
pricing argument uses stochastic calculus. The continuous-time Hull-White equation and
its discretization, presented in Chapters 1 and 2, serve only to motivate and justify the
discrete model and are not used in any subsequent derivation. To the author’s knowledge,
this is the first fully self-contained, discrete-time derivation of backward-looking caplet
and floorlet prices that requires no stochastic calculus, and providing it is the principal

contribution of the thesis.

This elementary, fully explicit form is also what makes the rest of the analysis pos-
sible. We obtain closed-form prices for the backward-looking caplet and floorlet both at
the start of the accrual period and at any earlier valuation date, and the forward-looking
prices derive from the same computation as a special case. Because the two conventions
are produced by a single argument, they are seen to share an identical Black-type pricing
formula and to differ only through the variance entering it: the backward-looking price
uses the total variance vy, the forward-looking price the pre-accrual variance vy, and
the two differ by exactly the in-accrual variance v, n, so that vx = v + vy, nv. The
entire difference between the two conventions thus reduces to a single, explicitly charac-
terized term. This decomposition is the second contribution: it yields an exact integral
representation of the price gap, a closed-form expression for it at the money, and a com-
plete numerical study of its behavior in the model parameters, none of which requires

simulation, since every quantity is available in closed form.

The thesis is organized as follows. Chapter 1 introduces the discrete-time market, the

risk-neutral pricing framework, the one-step pricing recursion, and reviews the classical



one-factor short-rate models in order to motivate the choice of the Hull-White model.
Chapter 2 develops the discrete Hull-White model: its affine term structure, closed-form
bond-pricing coefficients, and calibration to the initial discount curve. Chapter 3, the core
of the thesis, derives the closed-form prices of the backward-looking caplet and floorlet at
the start of the accrual period and at earlier times, together with their forward-looking
counterparts and the variance decomposition relating them. Chapter 4 studies the result-
ing prices numerically, analyzing their sensitivity to volatility, mean reversion, strike, and
the length of the pre-accrual and accrual windows, and the gap between the backward-

and forward-looking prices.



Chapter 1

Stochastic Interest Rates in Discrete

Time

This chapter develops the discrete-time framework on which the rest of the thesis is built:
the bond market and the family of interest rates derived from it, the arbitrage-free pricing
relations that connect them, and the class of short-rate models from which the Hull-White
model will be selected. Working in discrete time is not merely a matter of convenience. It
provides a rigorous and self-contained setting that avoids the technicalities of stochastic
calculus while retaining full analytical tractability, and it is the natural formulation for
backward-looking rates, which are themselves defined as discrete products of overnight

fixings.

The fundamental traded assets are the T-bonds, contracts that guarantee the payment
of one unit of currency at a fixed future date 7' and whose prices encode the market’s
valuation of money across time. Because the interest rate underlying a derivative is
not itself a tradable asset, unlike the stock underlying an equity option, the pricing and
hedging of interest-rate derivatives rest on the bond market rather than on the rate

directly.

We begin in Section 1.1 by introducing the fundamental market quantities: the time
grid, zero coupon bond prices, and the various notions of interest rates that will appear
throughout the thesis. Section 1.2 develops the arbitrage-free pricing framework, intro-
ducing the risk-neutral measure and the one-step pricing recursions. Finally, Section 1.3.1
and Section 1.3.2 discuss the two main classes of interest rate models, short rate models
and forward rate models, and motivate the choice of a short rate model as the basis for

our analysis.



1.1 T-Bonds and Interest Rates Notation

We consider a discrete-time financial market defined over a finite time horizon [0, T]. The
interval [0,7] is divided into N subintervals of equal length, so that the time step is

A = T/N and transactions occur only at the dates
t, = nA, n=20,1,...,N.

For convenience, we refer to the n-th time instant indifferently by ¢, or simply by n, and
denote the n-th period [t,_1,t,] simply by [n — 1, n].

The fundamental traded assets in the interest rate market are the zero coupon bonds,
also called T-bonds.

Definition 1.1 (Zero Coupon Bond). A T-bond with maturity T = NA is a contract
that guarantees the payment of one unit of currency at time N and does not provide any
intermediate cash flow. We denote by p(n, N) the price at time n of the T-bond with
maturity N, for 0 <n < N < N.

By definition, p(N, N) = 1 for all N. At time n = 0, the family of prices {p(0, N)}N_,
is observable on the market and constitutes the term structure of zero coupon bonds,
also called the initial discount curve. We denote the market-observed term structure
by p*(0, N) to distinguish it from the theoretical prices p(0, N) generated by a given
mathematical model.

Starting from the prices of T-bonds, it is natural to define interest rates as quantities
that describe the return on investing over a given time interval. Consider three time
instants n < N < M and an investment at time n consisting of selling one unit of p(n, V)
in order to buy p(n, N)/p(n, M) units of p(n, M). This investment has zero cost at time
n and consists of paying 1 at time N to receive p(n, N)/p(n, M) at time M. The interest

rates defined below are consistent with this investment scheme.
Definition 1.2 (Interest Rates). Let n < N < M < N. We define the following rates:

1. The simple annualized forward rate L(n; N, M) for the period [ty,tyr], evaluated

at time n, is defined by the capitalization formula

p(n,N) _ - _
p(n,M)_1+L( N, M)(M — N)A,
or equivalently , (. )
. _ p\n,
L<n’N’M)_(M—N)A (p(mM)—l). (1.1)

We also write L(n,N) := L(n; NN + 1) = % (;;55%?1) - 1) for the one-period

simple forward rate.



2. The compounded forward rate R(n; N, M) for the period [ty,tr], evaluated at
time n, is defined by

P N) RN (1.2)
p(n, M)

We also write R(n,N) := R(n; NN + 1) = log pf’:}ﬁ)l) for the one-period com-

pounded forward rate.

3. The short rate r, == R(n,n) is the compounded spot rate relative to the period
[tn, tni1]. By definition,
p(n,n+1)=e". (1.3)

Remark 1.1. The short rate r,, is a random value that becomes known at time n. It is
said to be locally riskless in the sense that an investment in the one-period bond at time
n yields a deterministic return e over the period [t,,t,11], given that r, is known at
t,. Over longer horizons, however, the return is stochastic since future short rates are

unknown.

The short rate naturally gives rise to the money market account, which represents a

rolling investment strategy that continually reinvests at the prevailing short rate.

Definition 1.3 (Money Market Account). The money market account B,, is defined by

By =1 and the recursion B, = Bne™, or more explicitly

N-1
BN:Bnexp<Z7“k), 0<n<N<N. (1.4)
k=n

The money market account is a locally riskless asset: over each period [n, n+1] it grows
by the deterministic factor e™. Over multiple periods, however, its value depends on the
entire path of short rates and is therefore random at any future time. The associated

discount factor is defined as follows.

Definition 1.4 (Discount Factor). The discount factor over the period [t,,txn] is

B N-1
D(n,N)::B—;:exp<—Zrk), 0<n<N<
k=n

=

(1.5)

It is important to distinguish between p(n, N) and D(n, N): both represent the value
at time n of one unit of currency delivered at time N, but p(n, N) is the price of a traded
contract observable on the market at time n, whereas D(n, N) is a random quantity that
depends on the realized path of short rates from n to NV — 1 and is therefore not known at
time n. As we shall see in the next section, the relationship between these two quantities

is precisely established by the risk-neutral pricing formula.



1.2 Risk-Neutral Framework

In order to assign prices to interest rate derivatives in a way that is consistent with the
absence of arbitrage, we need to introduce the probabilistic framework underlying the
market model. We work on a filtered probability space (€2, F, P, (F,)), where P denotes
the real-world probability measure and the filtration (F,)N_, represents the information
available to market participants at each discrete date. We assume that r and p(-, N), for
N =1,..., N, are adapted processes and that the bond price processes p(-, N) are strictly
positive.

The central concept linking the absence of arbitrage to the existence of a pricing

measure is that of equivalent probability measures, which we recall here for completeness.

Definition 1.5 (Equivalent Probability Measures). Two probability measures P and Q
on (2, F) are said to be equivalent, written P ~ @, if they assign probability zero to the
same events, i.€.

P(A)=0 <= Q(A) =0  forallAe F.

By the Radon-Nikodym theorem (for the proof we refer to theorem 28.2 in [15]), if P ~ @

then there exists a strictly positive random variable Z = %, called the Radon-Nikodym

derivative of Q) with respect to P, such that
Q(A) = E[Z - 1] forall Ae F.

To introduce the pricing measure, we define the discounted price processes of the T-

bonds by
N
B(n,N) := p(%, ) o<n<n,

which represent bond prices expressed in units of the money market account, taken as

numeraire.

Definition 1.6 (Martingale Measure). A martingale measure with numeraire B is a
probability measure Q equivalent to P such that, for every maturity N = 1,..., N, the

discounted T'-bond price process is a QQ-martingale, i.e.
p(n,N)=Ep(n+1,N)| F], 0<n<N<N. (1.6)

The connection between absence of arbitrage and the existence of a martingale mea-
sure is provided by the First Fundamental Theorem of Asset Pricing. In the standard
finite-state discrete-time setting, absence of arbitrage is equivalent to the existence of an
equivalent martingale measure; see, for instance, [16, Theorem 1.14].

For the purposes of this thesis, the relevant framework is a finite-horizon discrete-

time market with a finite number of traded maturities N = 1,..., N. Although the time
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horizon and the number of traded assets are finite, the state space of the Hull-White
model introduced below is not finite, since the short rate is driven by Gaussian innova-
tions. The corresponding finite-horizon discrete-time result on general probability spaces
is due to Dalang, Morton and Willinger [5], who show that, under the appropriate no-
arbitrage condition, an equivalent martingale measure exists for vector-valued securities
price processes.

The following lemma provides an equivalent and more explicit characterization of the

martingale condition in terms of bond prices and the discount factor.

Lemma 1.1. The martingale condition (1.6) is equivalent to
p(n,N) = E9[D(n,N) | F,], 0<n<N<N, (1.7)

where by convention D(n,n) = 1.

Proof. (=) Suppose (1.6) holds. By the martingale property applied iteratively from n
to IV:
p(n,N) = E?[p(N,N) | F.].

Since p(N, N) = 1, we have p(N, N) = 1/By, so

B, =B By Fnl s

and therefore, since B,, is J,, measurable
Q| Bn Q
p(n,N)=FE B | Fr| = E¥[D(n,N) | F,] .
N

(<) Suppose (1.7) holds. Since r, is F,,-measurable, using (1.3) and the tower property

of conditional expectation:

p(n,N) = E°[D(n, N) | F,]
= E®[e™D(n+1,N) | F)
=e "EC[E®[D(n+1,N) | Foy1] | F]
—e " E9p(n+1,N)| F.

Dividing both sides by B,, and using B,1; = Bpe"™:

p(n, N) _ g0 {p(n+1,N)

Bn BnJrl ’ fn:| ’

which is precisely (1.6). O

The pricing formula (1.7) is the fundamental result that connects the market price of

11



a T-bond to the expected discounted payoff under (). The following proposition gives a

further equivalent characterization in terms of a one-period forward relationship.

Proposition 1.1. Let Q) be a measure equivalent to P. Then Q) is a martingale measure
if and only if

p(n7N) Q \T
—_— < < . .
ST E°p(n+1,N)|F)], 0<n<N<N (1.8)

Proof. Suppose first that ) is a martingale measure. Then, by Lemma 1.1,
p(n,N) = E°[D(n,N) | Fu].
Since 7, is F,-measurable and D(n, N) = e " D(n + 1, N), we obtain

p(n, N) = E°[D(n,N) | F,]
= e ™ E?[D(n+1,N) | F,
=p(n,n+1) E?[E°[D(n+1,N) | Foa] | 7]
=p(n,n+1)E9p(n+1,N) | F,

where in the last equality we used Lemma 1.1 again. Dividing both sides by p(n,n + 1)
gives (1.8).
Conversely, suppose that (1.8) holds for every 0 < n < N < N. We prove that

p(n,N) = E9[D(n,N) | F.], 0<n<N<N,

and then the conclusion follows from Lemma 1.1.
The claim is trivial for n = N, since p(N, N) = 1 and, by convention, D(N,N) = 1.

Now assume that, for some n < N,
p(n+1,N) = E°[D(n+1,N) | Fpyi].

Using (1.8), the induction hypothesis, and the tower property of conditional expectation,

we get

p(n, N) = p(n,n+1) E°%[p(n +1,N) | F,]
= e mEY[E°D(n+1,N) | Foii | Fl
= E9[e™D(n+1,N) | F,]
= E°[D(n,N) | F,],

where we used that e™™ = p(n,n + 1) is F,-measurable. By backward induction, the

12



pricing formula holds for all 0 < n < N < N. Therefore, by Lemma 1.1, () is a martingale

measure. O

The following corollary generalizes the one-step relationship to arbitrary adapted pro-

cesses.

Corollary 1.1 (One-Step Pricing Recursion). Under a martingale measure Q, if a process
X = (Xn)n<n satisfies

X, =E°D(n,N)Xy | F.], n<N,
then X = (X,/By) is a Q-martingale. In particular, for allk <n < N:
Xy, = E°[D(k,n) X, | Fil, (1.9)
and in the case n =k + 1:
Xp =p(k, k+1) E°[ X1 | F], k< N. (1.10)
Proof. Since r, is F,,-measurable, we have:

X, = E?[D(n, N)Xy | F,]
= E9e™D(n+1,N)Xy | Fn]
=e¢ mEY[E?D(n+1,N)Xy | Foii] | F]
= e E9 X, | Fl.

Dividing both sides by B,,:

Xn Xn+1

X
n :e—rnEQ |:_ | Fn} :EQ|: n+1

Bn+1

Ful,
By, B, | }

so X, = EQ[)?RH | Fn], which shows that X is a @-martingale. Equation (1.9) then
follows from the martingale property applied iteratively. For (1.10), set n =k + 1 in the
first step above and use et = p(k, k + 1):

Xy = e " E9 Xy | Fil = plk, k+ 1) E9[ Xy | Fil - L

1.3 Stochastic Models for Interest Rates

In the previous sections we introduced the bond market, the family of interest rates de-
rived from the term structure of zero-coupon bond prices, and the risk-neutral pricing

framework. The pricing formula (1.7) shows that, once the dynamics of the short rate r

13



are specified under a martingale measure (), bond prices are determined as conditional
expectations of the discount factor. We now turn to the question of how to model these
dynamics. Although this thesis works in discrete time, it is useful to recall the historical
development of continuous-time short-rate models, since a direct Euler-Maruyama, dis-
cretization may fail to preserve some features of the original model, such as positivity,
support restrictions, or distributional properties. For this reason, the choice of the model

to discretize is itself non-trivial.

1.3.1 Short-Rate Models versus Forward-Rate Models

The stochastic modeling of interest rates can be approached from two fundamentally
different perspectives. One can either take the short rate as the primitive object of the
model, or one can take the entire family of zero-coupon bond prices as primary assets and

prescribe their joint dynamics directly. We discuss both approaches in turn.

Short-Rate Models

In a short-rate model one specifies the dynamics of the short rate r under a martingale
measure (). Once the dynamics of r are given, the prices of T-bonds are not assigned

independently: they are obtained via the no-arbitrage pricing formula

p(n,N) = E®

N-1
exp(—Zrk>'.7:n], 0<n<N<N\, (1.11)

k=n

where the T-bond is treated as a derivative of the underlying r with unit payoff at maturity.
The entire term structure {p(n, N)}y_, _n is therefore determined by the short-rate
process alone.

This approach offers clear conceptual appeal: a single Markovian state variable drives
the entire yield curve, leading to tractable and computationally efficient implementations.

However, as noted in [16], three structural issues are intrinsic to this framework:

(i) The short rate is not a traded asset, so the market is in general incomplete and the
martingale measure is not unique. The standard practice is to specify the dynamics

of r directly under a chosen @), thereby implicitly fixing the choice of measure.

(ii) The initial term structure {p*(0, N)} y—; x5 is an observable input that the model
must reproduce. In time-homogeneous models with constant coefficients this cali-

bration condition cannot in general be satisfied exactly.

(iii) A single state variable is unlikely to capture realistically the joint dynamics of all

bond prices.
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Forward-Rate Models

The forward-rate paradigm takes the opposite point of view: rather than modeling the
short rate and deriving bond prices, one directly assigns the dynamics of the entire family
of bond prices. The current term structure then becomes part of the initial condition of
the model and is matched by construction.

The price to pay for this generality is dual. First, since the dynamics of bond prices
are assigned exogenously, it is necessary to impose conditions ensuring absence of arbi-
trage. Second, the state variable is typically larger than in a one-factor short-rate model.
In a continuous-maturity framework the state is, in general, the entire forward curve
and is therefore infinite-dimensional. In the finite-maturity grid considered in this the-
sis, however, the state is finite-dimensional, although its dimension may still be large if
many maturities are included. From a computational standpoint, this makes forward-rate

models more demanding than the one-factor short-rate framework adopted below.

The Choice of Paradigm in This Thesis

For derivatives whose payoff depends on a single rate or on a limited section of the curve, as
is the case for the backward-looking caplets and floorlets studied in this work, the short-
rate approach is well suited and offers significant analytical advantages. We therefore

adopt this framework throughout the thesis.

1.3.2 Classical One-Factor Short-Rate Models in Continuous Time

We now review the most influential one-factor short-rate models proposed in the literature
(partially based on [3]|). Each model is presented in continuous time under the risk-neutral
measure (). As anticipated, this exposition is not merely historical: of the four time-
homogeneous models discussed below, the Dothan, Exponential-Vasicek and CIR models
do not preserve the key properties of the continuous-time model if they are transformed
through an Euler-Maruyama discretization. By contrast, the Vasicek model and its Hull-
White extension have additive Gaussian noise, for which the Euler-Maruyama scheme
preserves the properties of the continuous-time models. This is the decisive argument in
favor of the discrete Hull-White model adopted in this thesis.

The Vasicek Model (1977)

Vasicek [21] proposed the first analytically tractable continuous-time short-rate model.

Under the risk-neutral measure, the short rate follows an Ornstein-Uhlenbeck process:
dr(t) = k[0 — r(t)] dt + o dW (1), ro € R, (1.12)
where W = (W (t)):>0 is a @Q-Brownian motion.

15



Integrating equation (1.12), we obtain, for each s < ¢,

t
r(t) = r(s)e "2 1 ¢ (1- eik(t*‘s)) + o/ e AW (u). (1.13)

Therefore, r(t) conditional on Fj is normally distributed with mean and variance given

respectively by

E[r(t) | ] = r(s)e 0 6 (1= e™H0)

o (1.14)

Var [r(t) | Fs] = o7 [1— e 2H=)]

where k£ > 0 is the speed of mean reversion, 6 € R is the long-run mean and o > 0 is
a constant volatility. The solution shows that r, | F; is Gaussian with conditional mean
converging to 6 as t — oo and conditional variance converging to o%/(2k) as t — oo, a
feature known as mean reversion.

The Gaussian distribution is the source of both the model’s strength and its main
weakness. On the positive side, it leads to closed-form expressions for zero-coupon bond
prices and European options on bonds and it is an affine term structure model. On the
negative side, the short rate can take negative values with positive probability. More
importantly for practice, the three constant parameters k, f, ¢ constrain the family of ad-
missible yield curves and the model cannot be exactly calibrated to an arbitrary observed
initial term structure. This endogenous nature of the term structure is the principal reason

why the original Vasicek model is rarely used directly for calibration-sensitive derivative

pricing.

The Dothan Model (1978)

Motivated by the desire for a strictly positive short rate, Dothan [6] proposed modeling r

as a geometric Brownian motion:
dr(t) =ar(t)dt +or(t)dW(t), (1.15)

with ¢ € R and o > 0.

The dynamics are easily integrated as follows:

r(t) = r(s) exp { (a - %(;2) (t—s)+o(W(t)— W(s))} : (1.16)

for s < t. Hence, r(t) conditional on F; is lognormally distributed with mean and variance
given by

E[r(t) | Fi] = r(s)e”"™,
, (1.17)
Var [r(t) | Fs| = rg(s)eQ“(t_s) (e" (t=s) _ 1) )
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The rate is lognormally distributed and strictly positive. However, mean reversion
towards a non-zero level is absent: the rate either grows or decays exponentially depending
on the sign of a.

Analytically, the model is not affine and its bond pricing formula, while closed-form, is
rather complex since it depends on two integrals of functions involving hyperbolic sines and
cosines. No closed-form option pricing formula exists. Moreover, lognormally distributed
short-rate models suffer from the explosion problem: the bank account B; = exp( fot rsds)
has infinite expectation for any ¢ > 0, leading to infinite prices for certain instruments
(see, for instance, Sandman and Sondermann 1997, [18]). From the standpoint of dis-
cretization, the multiplicative noise or; dW; means that the standard Euler-Maruyama
scheme does not preserve positivity, a sufficiently negative shock produces a negative

Tni1, contradicting the model’s defining feature.

The Cox-Ingersoll-Ross Model (1985)

The Cox-Ingersoll-Ross model [4] combines mean reversion with strict positivity:
dr(t) = k[0 — r(t)] dt + o/r(t) dW (t), ro > 0, (1.18)

with k,0,0 > 0. The square-root diffusion coefficient vanishes at zero and, under the
condition 2kf > o2 (which ensures the drift is strong enough to keep the process away
from zero), r(t) remains strictly positive almost surely.

Despite the non-Gaussian distribution, the CIR model is affine: bond prices take the
form p(t,T) = A(t,T)e P& with explicit A and B, and European option prices are
available in closed form in terms of the non-central chi-squared distribution. Like Vasicek,
however, the time-homogeneous CIR model cannot be exactly calibrated to an arbitrary
initial yield curve. From a discretization standpoint, the square-root noise introduces a
fundamental difficulty: the Euler-Maruyama scheme may produce negative values of 7,1,

rendering o,/7, undefined at the next step.

The Exponential-Vasicek Model

The exponential-Vasicek model achieves positivity and mean reversion by requiring that
y(t) ;= Inr(t) follows an Ornstein-Uhlenbeck process: dy(t) = [0 — ay(t)] dt + o dW(t), so
that by Itd’s formula

dr(t) =r(t) |0+ % — alnr(t)] dt + o r(t) AW (t). (1.19)

Remembering the solution of the Vasicek model, the process r, for each s < ¢, is
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explicitly given by

9 t
r(t) = exp {ln r(s)e =) 4 = (1- e_a(t_s)) + a/ emalt=w) dW(u)} . (1.20)
a S
Therefore, r(t) conditional on F; is lognormally distributed with first and second

moments given respectively by

2
E[r(t) | Fs] = exp {ln r(s)e_“(t_s) + g (1 — e_“(t_s)) + Z_a (1 — 6_2a(t_8))} )
(1.21)
2 —a(t—s) 20 —a(t—s) o’ —2a(t—s)
E [r?(t) | Fs] = expq2Inr(s)e +E(1_€ )—l—;(l—e )

Therefore, contrary to the Dothan process, this r is always mean-reverting since

lim E [r(t) | Fs] = Q+U—2 (1.22)
tgono T s| = exXp 0 ) .

Notice that also the variance converges to a finite value since
20 o2 o?
lim V t s] = — 4+ — — | —=1]. 1.23
Jim Var [r(t) | Fs] = exp ( - + 2a> {exp (2(1) } (1.23)

The short rate is lognormally distributed, strictly positive, and mean-reverting towards
a finite level. However, bond prices and option prices cannot be expressed analytically.
The model is not affine, inherits the explosion problem of all lognormal short-rate models,
and the Euler-Maruyama scheme on r does not preserve positivity. The Black-Karasinski
model [2] extends this by allowing time-dependent coefficients to fit the observed term

structure, but retains all of these drawbacks.
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Chapter 2

The Discrete Hull-White Model

In the previous chapter we reviewed the principal one-factor short-rate models in the
literature. In this chapter we develop the discrete Hull-White model in full detail. We
begin by recalling the continuous-time Hull-White model and its key properties, then
motivate and carry out the Euler-Maruyama discretization. The core of the chapter is the
derivation of the affine term structure possessed by the discrete model: we obtain explicit

closed-form formulas for the bond pricing coefficients BY and A including the case of

n?
non-zero mean reversion a # 0, and derive an explicit calibration formula for the drift

parameters ®,, in terms of the observed initial term structure.

2.1 The Continuous-Time Hull-White Model

The Hull-White model [11] extends the Vasicek model (1.12) by replacing the constant
long-run mean with a deterministic function of time. Under a risk-neutral measure @,

the short rate satisfies
dr(t) = [9(t) —ar(t)] dt + o dW (1), (2.1)

where a > 0 is the speed of mean reversion, o > 0 is a constant volatility, and () is a
deterministic function to be calibrated. The key innovation relative to Vasicek is precisely
the time dependence of ¥(t): by choosing it appropriately, the model can reproduce
any observed initial term structure exactly, a property that was absent in all the time-
homogeneous models reviewed in Section 1.3.2.

The solution of (2.1) is obtained by the same integrating-factor technique as for the
Vasicek model. For s < ¢:

t t
r(t) =r(s)e = +/ e~ (u) du + U/ e~ dW (u). (2.2)

Since ¥ is deterministic and the stochastic integral is Gaussian, r; | F, is normally dis-
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tributed with .
EC[r(t) | Fo) = rge =9 —i—/ e~ =Y () du,
) B (2.3)

Var®[r(t) | Fo] = = (1 — e~ 2(-9),
2a
The conditional variance is identical to that of the Vasicek model and does not depend on
¥: the time-varying drift affects only the conditional mean, not the volatility structure.
This is a direct consequence of the additive noise in (2.1).

The Hull-White model inherits from Vasicek all the analytical properties that make

Gaussian short-rate models attractive:

e It possesses an affine term structure: zero-coupon bond prices take the form p(¢,T') =
A(t,T) e P& with explicit functions A and B.

e Closed-form pricing formulas exist for European options on zero-coupon bonds, and

consequently for caplets and floorlets.

e The model is analytically tractable for calibration: J(¢) can be expressed explicitly

in terms of the observed market instantaneous forward rate curve.

The price of this tractability is the same as in Vasicek: the short rate is Gaussian and
may take negative values with positive probability. For a suitable choice of the model
parameters, this probability can be made very small over the relevant maturities, although
it is not negligible for all possible parameter configurations.

The following table summarizes the properties of the models discussed in Section 1.3.2

and highlights why the Hull-White model is the natural choice for the purposes of this

thesis.
Model Mean rev. r >0 Exact fit Affine TS
Vasicek v - - v
Dothan — v - -
CIR v v — v
Exp-Vasicek v v — -
Hull-White v - v v

It should be noted that the table refers to the standard time-homogeneous versions of
the models discussed above. In particular, the entry “Exact fit” for the CIR model refers
to the classical CIR specification. Time-inhomogeneous extensions of the CIR model, such
as the Hull-White extension, can also be introduced in order to fit a given initial term
structure. In this thesis, however, we focus on the Gaussian Hull-White model because
it combines exact fitting of the initial term structure with affine Gaussian dynamics and

particularly tractable discrete-time pricing formulas.
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2.2 The Euler-Maruyama Discretization

The derivatives studied in this thesis, SOFR caplets and floorlets, are written on backward-
looking compounded rates defined by a discrete product of overnight fixings. The under-
lying rate is not a continuous-time process: it is observed and compounded at a finite set
of discrete dates. A discrete-time model is therefore the natural and internally consistent
framework for pricing these instruments.

The standard method for obtaining a discrete-time model from a continuous-time
stochastic differential equation is the Fuler-Maruyama scheme. The idea is to replace the

infinitesimal increments dt and dW; with finite differences over a time step A:
dt — A, th — Wt+A - Wt ~ N(O, A)

Since a Gaussian random variable with variance A can be written as VA w with w ~

N(0,1), the scheme applied to the Hull-White SDE (2.1) gives:

Trnal = Tn + [@n — arn}A + oVAw,, Wh, i (0,1), (2.4)
where ®,, denotes the discrete-time analogue of the continuous-time drift function ¥(t) at
the n-th grid point.

A useful feature of this discretization is that it preserves the Gaussian structure of the
continuous-time model. In the continuous-time model, r; | F; is Gaussian for any ¢ > s;
the Euler-Maruyama scheme (2.4) produces a process that is also exactly Gaussian at ev-
ery step, with one-step conditional mean and variance that are first-order approximations
of the exact continuous-time conditional moments. This is a direct consequence of the
additive noise structure: the diffusion coefficient o does not depend on r;, so no nonlinear-
ity is introduced by the discretization. By contrast, for models with multiplicative noise,
Dothan (o), CIR (04/17), Exponential-Vasicek (o), the Euler-Maruyama scheme dis-
torts the distribution and may produce values outside the support of the continuous-time
process.

For notational convenience we define
c:=1—aA, (2.5)
so that the recursion (2.4) can be written compactly as
o1 = CTn + PuA 4+ 0V A w,y,. (2.6)

In the remainder of this thesis we work exclusively with this discrete-time model. We
assume throughout that a and o are constant, while ®,, is a deterministic sequence cali-

brated to the observed initial term structure, as derived in Section 2.5.
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Remark 2.1 (Stability of the autoregressive recursion). The recursion (2.6) has the form
of a first-order autoregressive process, 1,11 = c¢r, + @, A + oV A wy,, with autoregressive
coefficient ¢ = 1 — aA and a deterministic, time-varying intercept ®,A. Following the
standard analysis of AR(1) models in econometrics, the recursion is stable, equivalently,

the root 1/c of the lag polynomial 1 — ¢L lies outside the unit circle, if and only if
lel=11—-aA| <1 <= 0<aA<2.

Under this condition the influence of the initial value ry and of past shocks decays geomet-
rically, so the discrete process inherits the mean-reverting behavior of the continuous-time
model. The time-varying intercept ®,A affects only the conditional mean and not the
stability of the recursion. The lower bound aA > 0 holds automatically since a > 0
and A > 0, so the binding constraint is the upper bound a < 2/A. This bound is a
discretization effect: the exact one-step coefficient of the continuous-time dynamics (2.2)
is €7 € (0,1) for every a > 0, whereas the Euler-Maruyama scheme replaces it by
the first-order term 1 — aA, which can leave (0,1) when aA is large. For 0 < aA <1
one has ¢ € (0,1) and the decay toward the mean is monotone, matching the sign of
e~ for 1 < a/ < 2 the coefficient is negative and the scheme exhibits oscillations with
no continuous-time counterpart. We therefore assume throughout the natural regime
0 < aA < 1, which guarantees stability and reproduces the qualitative behavior of the

continuous-time Hull-White model.

Stability should not be confused with stationarity. Even under 0 < aA < 1, the
conditional mean E[r,, | Fo] is a geometrically weighted average of the entire calibrated
sequence ®y,...,P,_; and does not converge, since ®, varies with ¢. The process is
therefore non-stationary in mean, the non-stationarity originating entirely in the time-
varying intercept fixed by the calibration to the initial term structure, and not in the
instability of the recursion. The conditional variance, on the other hand, is unaffected by
the drift because the noise is additive, and under 0 < aA < 2 it converges to the finite
limit 0?/(a(2 — aA)), which recovers the continuous-time stationary variance o?/(2a) as
A — 0. Only the time-homogeneous case ¢, = ¢ would be asymptotically stationary,

with long-run mean ®/a.

2.3 The Affine Term Structure

We now show that the discrete Hull-White model possesses an affine term structure,
following the general framework developed in [16], and specializing it to the Hull-White
dynamics (2.4).
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2.3.1 Short Models and the Transition Kernel

As discussed in Section 1.3.1, in a short model the dynamics of r are specified directly
under a martingale measure (), and bond prices are obtained through the pricing formula
(1.11). We assume that r is a Markov process defined on a filtered probability space
(Q,F,Q,(F,)). We denote by @, the transition kernel of r,, seen as a Markov chain

under @: for each integrable function ¢ on R,

(Qu) () = E9p(rn) | Ful = / 2(0) Qo do). (2.7)

R

The Markov property ensures that the right-hand side depends on F,, only through r,.

For the discrete Hull-White model (2.4), the transition r, 1 |, is Gaussian:
Trgl ~ N(rn + (P, — arp)A, JQA) , (2.8)

so that Qn(7n, ) ~ Ny, 1 (@n—arn)a, 02A-

2.3.2 Bond Prices as Iterated Expectations

To compute bond prices we set ¢o(r) := e~ and define the family of functions (), with
0<n<N<N, by the backward recursion

()0%71(7”) = 17
(2.9)
e (1) = Qnoa(po-))(r), 1<n<N-1
Proposition 2.1. Under the martingale measure @),
p(n,N) =e ™ N (r,), 0<n<N<N, (2.10)

with @ defined in (2.9).

Proof. We proceed by backward induction on n, with N fixed. For n = N — 1:
PN = LN) = et = et 1= e (o),

since N | =1.

Suppose the statement holds for n, we prove it for n — 1. Since () is a martingale
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measure, by Proposition 1.1:

= e ™ 1EQ [B_T” o (rp) | fn_l}
=e " Qn (900 : ‘PnN) (rn—1) =€ ™" Sor]:[—l(rn—l)7

where we used the induction hypothesis, the definition of @),,_1, and the recursion (2.9).
O

2.3.3 Affine Models and the Moment Generating Function

The representation (2.10) expresses bond prices in terms of the functions ¢, but does
not yet give a closed-form expression. To obtain one, we introduce the moment generating

function of the transition kernel:

Qn(r,\) == /ReAQ Qn(r,do), r, A€ R. (2.11)

This corresponds to the usual moment generating function evaluated at —\, or equiva-
lently to the Laplace transform. This choice is convenient in interest-rate pricing, where
discount factors naturally involve negative exponentials. Since the exponential function
is positive, the integral in (2.11) is well defined (possibly equal to +00) for each r, .
The following proposition shows that if @n has an exponential-affine form, then the

functions ¢, and consequently the bond prices, also have an exponential-affine form.

Proposition 2.2 (Affine Term Structure). Suppose there exist functions f, and g, such
that

Qn(r,A) = exp(—fn(A) — gn(N) 1), r, A €R. (2.12)

Then for eachn, 0 < n < N, the functions Y defined in (2.9) have the exponential-affine
form
o) (r) = exp(=AY = BYr),  reR, (2.13)

where the constants AN, BN satisfy the recursion

A%—l = B%—l = 07
AN = AV + faa(1+ BY), (2.14)

BTJLV—I = gn—l(l + B?'JLV)

In particular, the bond prices are given by

p(n,N) =exp(—AY — (1+ BY)r,), 0<n<N<N. (2.15)
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Proof. By backward induction on n, with N fixed. Forn = N —1: p¥ | =1 = exp(—0—
0 - r), which matches (2.13) with AY_, = BY_, =0.

Suppose the statement holds for n; we prove it for n — 1. By the recursion (2.9):

eXA) = Querln - )0) = [ 2 (0)Quatrdo)
= /Re‘g exp(—A) — B} o) Qu-1(r,do)
e [, g
= @n,l(r, 14 B,{LV) )

Applying the assumption (2.12) with A = 1+ BY:

on (1) = exp(=A) = far(14+ BY) — gna(1+ BY)7)
= exp(_AiLVfl - BTJL\CI 7’) )

provided we define AY | and B | asin (2.14). The bond price formula (2.15) then follows
from Proposition 2.1. O

Definition 2.1 (Affine Term Structure Model). A short rate model for which (2.15) holds

is called an affine term structure model.

2.3.4 Application to the Discrete Hull-White Model

It remains to verify that the discrete Hull-White model (2.4) satisfies the hypothesis of
Proposition 2.2, i.e. that its moment generating function @n has the exponential-affine
form (2.12). This is established by the following lemma.

Lemma 2.1. For any pn € R and o2 > 0,

No?
/Re—kp/\/‘uyaz(dp) = exp (—)\u + 5 ) . (2.16)

Proof. This is the standard identity for the moment generating function of a Gaussian
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distribution N (1, 0?), evaluated at —A:

RY
/e_xg 1 eXp(_(@ 1) )d
R o\ 2T 202

1 / ( 202)\Q+Q2—2g,u+u2>d
= exp| —
oV 2T P 202 ¢

2o

202

-
(vt 2. a

Since for the discrete Hull-White model @Q,, (7, ) = M“n+(q>n—arn)A7 s2A, applying Lemma 2.1

with u = r, + (®,, — ar,)A and 0?A in place of o gives:

@n('f’n, A) = exp <_)‘(Tn + (D, — CL?’n)A) N >\2022A)

= exp (—CI)nA)\ + UQTAA2 — A1 —aA) rn>
- exp(—fn(/\) - gn(A) Tﬂ) ) (2'17>

with N

fu(N) = @, AN — —)\2 gn(N) = A1 — ad). (2.18)
Since (), has the exponential-affine form (2.12), Proposition 2.2 applies and the discrete
Hull-White model is an affine term structure model. Substituting (2.18) into the general

recursion (2.14):

A%—l = B]]\\][—l = 07
N N N a?A N2
An—l = An + (I)nflA (1 + Bn ) - T (1 + B ) , (219)

n

[ BY, = (14 BY)(1 - an).

The bond prices are given by

p(n,N) =exp(—AY — (1+ BY)ry), 0<n<N<N. (2.20)

Remark 2.2. The forward rates L(n, N) and R(n,N) can also be expressed in terms of

26



AN and BY. From (2.20) and the definitions in Section 1.1:

R(n, N) = (AN — ANy + (BNt — BNy, (2.21)
L(n, N) = % (exp ((AVH — ANy + (BN — BN)r,) —1). (2.22)

2.4 Explicit Formulas for BY and AY

The recursion (2.19) can be solved explicitly. We treat the two coefficients separately,

beginning with BY which is the simpler of the two.

2.4.1 The Coefficient BY

The recursion for BY reads
BY =0, BY =@1+BYe, (2.23)
where ¢ =1 — aA as defined in (2.5). To solve it, we introduce the auxiliary variable
C,:=1+B). (2.24)

In terms of C,,, the recursion becomes C,_; = 1+ ¢ C,, with terminal condition C'y_; = 1.

We unroll this backward recursion step by step.

Step 1. Cy_1 = 1.

Step 2. CN_Q =1+ CCN_l =1+4+c

Step 8. Cy_3=14+cCy o=1+c(l+c)=1+c+
Step 4. On_a=1+cCn_g=1+c+c*+c.

By induction, we have

I
Q.
I

Ch, m=N—-n>1, (2.25)

BY=C,-1= Y d= . n<N-2| (2206

For n = N — 1 we have BY_, = 0, consistent with (2.26) since the sum is empty.

Remark 2.3 (Correction of Pascucci-Runggaldier (4.29)). The explicit formula given in
equation (4.29) of [16] reads BY = (1 — aA)N""2(N —n — 1 — aA). This is correct for
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a = 0, where both expressions reduce to BY = N —n — 1, and also happens to agree with
(2.26) for N —n < 3. However, for a # 0 and N —n > 4, the two formulas differ. For

instance, when N —n = 4, the recursion gives
B,]LV =c+c2+cE
The formula in [16] gives
(3 —alA)=c*(2+c) =2+ ¢,
since aA = 1 — c¢. The difference is therefore
(c++) -2+ =c—c=c(l —c)=alc,

which is non-zero for a # 0 and ¢ # 0. Hence the formula in [16] cannot be correct in

general.

2.4.2 The Coefficient AY

The recursion for AY reads
2

A
AN =00 AL =AY+ @ A1+ BY) - = (L4 BY). (22)

This is a telescoping recursion: each step adds a term that depends on the already-known
coefficients BYY. Denoting
N A N \2
T = CpA (1 + Byyy) — 5 (1+Bi)" (2.28)

the recursion is AY | = AN + 7,1, with AY_, = 0. Telescoping from n to N — 1:

N—-2 QA
A= (q)kA (1+ Biya) = UT (1+ B;ﬁlf) , n<N-2 (2.29)
k=n

2.5 Calibration of ¢, to the Initial Term Structure

The drift parameters ®,, are determined by the requirement that the model reproduces

the observed initial term structure exactly:

p(0,N)=p*(0O,N), N=1,...,N. (2.30)



We derive an explicit formula for ®,, in terms of the observed compounded forward rates

R(0,n) = log pf’(o(fj;i)l).

2.5.1 Preliminary Notation

For convenience we define the partial sums of powers of ¢ = 1 — adA:

—_

Sy 1= A=

J

3

I—c™ 1—-(1—-aA)™

> .
— 3 . om>1, (2.31)

Il
=)

with the convention Sy = 0. Note that 1+ BY = Sy_,, by (2.25) and (2.24).

2.5.2 Derivation of the Calibration Formula

From the affine bond price formula (2.15), evaluated at time 0, we have
—1logp(0, N) = A} + (1 + B )ro = A + S, (2.32)

since 1 + B}’ = S.

The one-period compounded forward rate observed at time 0 is

p(0,n)
R(0,n) = log ————. 2.33
(0.m) = log £ (233
Using (2.32), we obtain
R(0,n) = (A5 = AF) + (Sns1 — Sa)7o
= (AJT — Ap) + c"ro, (2.34)
because S, 11 — S, = c".
We now compute Aj™' — AZ. From (2.29) and the identity
1+ B, = Sn—k-1,
we have N
- o2 A
A = <<I>kASN_k_1 - TSJQV—’f*) : (2.35)

=
Il

0
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Therefore,
. n—1 O'2A ) n—2 O'QA ,
Aptt—An =% (@kASnk - TSM> - Z; (@kASnkl - TS"“>
= A q)k (Snfk - Sn,kfl) - T (szfk - S7217k71)7 (236)

where we use the convention Sy = 0. Since

Sn—k - Sn—k—l - Cn_k_la
and the second sum telescopes, we obtain
n—1 0'2A
APt — Ap =AY e 753. (2.37)
k=0
Substituting (2.37) into (2.34) gives
n—1 0‘2A
R(0,n) = c"rg+ A " @' — Tsﬁ, (2.38)
k=0

We now consider the difference R(0,n + 1) — ¢R(0,n). From (2.38),

R(0,n+1) —cR(0,n) = [c"+1r0 +A Z rc"F — UTS;‘;H
k=0
n—1 2A
—c|d"rg+ A Z e UTSZ : (2.39)
k=0

The terms involving 7y cancel, and the sums involving ®g, ..., ®,_; also cancel. Hence

2
A
R(0,n+1) — cR(0,n) = Ad, — ‘77(55+1 —cS2), (2.40)

Therefore,

2A
AD, = R(0,n + 1) — cR(0,n) + ”7(55+1 — ¢S?). (2.41)

It remains to simplify the last term. Since

_1—cm

Sm )
1—c
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we have

Thus

(1 —c"™)2 — (1 —c)?

2 2
Sn+1 - CSn - (1 _ C)2
(=1 =t
a (1—0¢)?
1 — 62n+1
T

2

A
AD, = R(0,n+1) — cR(0,n) + 22 S

2

(2.42)

(2.43)

Dividing by A, and recalling that ¢ = 1 — aA and Sy, 11 = (1 — #*1)/(aA), we obtain

_ R(O,n+1)—(1-aA)R(0,n) o° S
®, = A + o5 (1= (1 —ad)™].
Using “0.n)
pu,n
* :1 AT
R*(0,n) = log P On D)

(2.44)

the calibration formula can be written directly in terms of the observed initial discount

curve as

1
o, =

~ Nog AT )
AL pnre) ©

2

p'(0,n+1) p*(0,n) o

% nt 1] T2

(1 . Can) ’

where ¢ = 1 — aA.
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Chapter 3

Backward-Looking Rates and

Derivative Pricing

The previous chapter developed the discrete Hull-White model and established its affine
term structure. We now turn to the central problem of this thesis: the pricing of interest
rate derivatives written on backward-looking compounded rates, of the kind that underlie
SOFR-based caps and floors.

The chapter is organized as follows. We first recall the classical framework for caps
and floors under forward-looking rates (Section 3.1) and introduce the backward-looking
compounded rate together with its measurability properties (Section 3.2). The core of the
chapter then derives closed-form prices for backward-looking caplets and floorlets under
the discrete Hull-White model, first at the start of the accrual period (Sections 3.3-3.5)
and then at any earlier time (Section 3.6).

Within the same section we also price the forward-looking caplet and floorlet at earlier
times, obtained as a special case of the same bivariate Gaussian lemma. This makes the
two conventions directly comparable: their prices turn out to share an identical Black-type
structure and to differ only through the conditional variance. We exploit this to give a
decomposition of the backward-looking variance into a pre-accrual and an in-accrual part,
and to prove, via Jensen’s inequality, that the backward-looking caplet always dominates
its forward-looking counterpart with identical terms. The chapter concludes (Section 3.7)
with an alternative simple-rate specification, for which we explain the structural obstruc-

tions that prevent a closed-form solution.

3.1 Caps, Floors and the Forward-Looking Rate
Consider a sequence of maturities (N;);—1, s with N; € N and

1<Ny<N;<---<Nj;y<N.
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Suppose that an agent has to pay interest on a unitary notional capital in each of the
intervals [N;_1, N;]. Payments are made at the end of each interval, while the interest rate
is established at the beginning. The rate applicable to the j-th interval is the forward-

looking simple rate

LY = L(N;j_1; Nj_1, N;) = 1 (ﬁ - 1> : (3.1)

&% Njfla N]
where

aj = (Nj—Nj_l)A, jzl,...,J, (32)

is the accrual factor for the j-th interval. Note that L is Fy,_ -measurable: it is known
at the beginning of the accrual period. This is the defining feature of forward-looking
rates; the superscript “fr” will distinguish it throughout from the backward-looking rate
L?r introduced in Section 3.2.

A caplet with strike K on the j-th interval protects the agent against rises in the

interest rate above K. Its payoff at time N; is
a; (LY — K)*, (3.3)
and its price at time n < N;_; is
Capletgr(n) = E?[D(n, N;) ozj([ér - K)Y|F.]. (3.4)

A floorlet has payoff o, (K — Lgl")+ and provides protection against falling rates.
A cap (respectively floor) is a portfolio of caplets (respectively floorlets) over all in-

tervals:

J J
Cap(n) = Caplet!(n),  Floor(n) =Y Floorlet! (n). (3.5)
j=1 j=1

Remark 3.1 (Forward-looking rates and measurability). The rate L? is Fy,_,-measurable
because it depends only on the bond price p(N;_1, N;), which is known at time N,_;.
Consequently, in the pricing formula (3.4), the payoff aj(Lg-r — K)* is known at time
N;_1 and Corollary 1.1 can be applied with Xy | = (L — K)* to price the caplet by

backward recursion from N;_;, using only the one-step pricing formula.

3.2 The Backward-Looking Compounded Rate

The transition from LIBOR to overnight risk-free rates such as SOFR has introduced
a fundamentally different rate structure. Unlike the forward-looking rate L;r, which is
determined at the beginning of the accrual period, the new rates are backward-looking:

they are computed as compounded overnight rates and are only known at the end of the
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accrual period.

To lighten the notation for the derivation, we fix one accrual interval [N;_y, N;| and
define
m = N;_1, N :=N;, a; = (N —m)A. (3.6)

The discount factor over the period [m, N] is

D(m,N) = exp (— Z_ rk> : (3.7)

k=m

We now define the backward-looking rate that the caplet is written on. Following the
contractual construction of compounded SOFR (see, for instance, [19]), one starts from
the overnight rate. Over the elementary period [k, k 4 1], the overnight rate py is the rate

that the one-period bond return implies, namely

1( 1 1) valently 14 A = (3.8)
=—|——=-1), equivalen = —, .
PE= AN\ ok + 1) 4 Y = ke k4 1)

where A is the day-count fraction of the period. The contractual compounded SOFR
rate over the accrual interval [m, N| is then obtained by a backward-looking compounded

average,
L /N
L?r = a—j <kl__[ (1+Apy) — 1) : a; = (N —m)A, (3.9)

so that H,ivz_n}b(l + Apg) is the realized gross return on a unit notional rolled overnight at
the prevailing rate from m to N, and «; is the accrual factor of the whole interval.

This product is fully determined by the one-period bond prices, since each per-period
factor is 1 + Apr, = 1/p(k,k + 1) by (3.8). Under the single-period convention p(k, k +
1) = e~™ adopted in (1.3), the per-period gross return is 1/p(k,k + 1) = €™, and the

compounding product telescopes into an exponential of the single-period rates:

N-1 N-1 N-1 N-1

H (1+ Apy) = H kD k; 1 H et = exp( rk> = m (3.10)

k=m k=m k=m =m

ol

The backward-looking rate (3.9) thus takes the equivalent form

L= O% (m _ 1) - ai (exp(grk) _ 1) . (3.11)

J

Remark 3.2 (Measurability). The key structural difference between L and LY is their
measurability. The forward-looking rate Lﬁr is F,,-measurable: it is known at the start of
the accrual period. The backward-looking rate L;?r depends on the entire path of short

rates 7, "mit, - -, n_1 and is therefore only Fy_i-measurable: it is known at the end of
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the accrual period. This distinction has important consequences for pricing, as the payoff

is no longer a function of the bond price at the beginning of the period.

3.3 Pricing of the Backward-Looking Caplet

The backward-looking caplet with strike /& on the j-th interval has payoff oy (L — K)*

at time N. Its price at time n < m is
Caplet?r(n) = E?[D(n, N) ozj(L;?r - K)Y|F.]. (3.12)

In this section we compute the price at time m = N;_1, the start of the accrual period. The
derivation proceeds through a sequence of intermediate lemmas: a reduction of the payoff
to a truncated lognormal form, the conditional Gaussian law of the accrual exponent,
a bond-price identity for its conditional moment generating function, and a univariate

truncated-Gaussian moment. These are then combined in Theorem 3.1.

3.3.1 Payoff Reduction and Conditional Law

Lemma 3.1 (Payoff reduction at the start of the accrual period). Let k; := 1+ o, KK
N-1
k=m

and X, N = ri. The price at time m of the backward-looking caplet admits the

representation
Caplet?r(m) = E© [(1 — k; e_vaN)Jr | }"m} : (3.13)

Proof. We first simplify the payoff. Using the definition of L;?r:

1 +
(PP — KV = —— 11— .
a;(Lj" — K) <D(m,N) 1 oz]K)
= (D(m, N)™' — k)", (3.14)
where we define
k’j =1 + OéjK. (315)
Evaluating (3.12) at n = m,
Caplet? (m) = E9 [D(m, N) (D(m, N)™ — k)" |fm] . (3.16)

Since D(m, N) > 0 almost surely, we can multiply through:
D(m, N) (D(m,N)™* —k;)" = (1 —k; D(m, N))" . (3.17)

Therefore

+

Caplet?r(m) = E9 [(1 — kje )T Fm} ,

35



where we define

XN = ) T, (3.18)

]

Lemma 3.2 (Conditional Gaussian law of X,, n). Conditionally on F,,, the accrual

exponent X,, y s Gaussian,

X’rn,N ’ ]:m ~ N(Mm,N» Vm,N)u (319)
with
N—-2
oy = (L+BY)rm + A (14 BN,) @, (3.20)
qg=m
N—-2
Vo = 0N (14 BN,)% (3.21)
qg=m

Proof. From the forward iteration of the Hull-White recursion (2.6), for h = 0,1,..., N —
m — 1:

m~+h—1 m+h—1
Toah = T + A Z A [ oV A Z cmrhTmay, (3.22)
Therefore
N—m—1
XoN =D Tmin (3.23)
h=0

We collect the coefficients. The total coefficient of 7, is ZN "t =14 BY

m?

using
(2.25). Each ®,, with ¢ € {m,..., N — 2}, appears in r,1,7¢42, ..., n_1 With weights
1,c,c?,...,cN7972 50 its total coefficient is AZN I = A(1+ Bq+1) Similarly, each
w, appears with total coefficient ov/A ZN 12 = oAl + BJ1). Thus:

N-2

Xy =(1+BY)rm + A (14BN, @ —I—cr\/_z 1+ BN ) w (3.24)

q=m

Conditionally on F,,, the only random part is the last sum. Since the w, are iid N'(0,1),
we conclude that X, v | Frn ~ N(tmn, Vmn) With g, v and v,y given by (3.20)—
(3.21). O

Lemma 3.3 (Bond-price identity for the conditional moment generating function). The

conditional moment generating function of X,, n evaluated at —1 recovers the bond price,
EQ[eXmn | Fp] = e tmantavmn — o= An=(4Brrm — p(m N, (3.25)
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Equivalently,
—lmN + 5 Vmn = logp(m, N). (3.26)

Proof. From the explicit formula for AY in (2.29), we can verify that
i,y = AN + (1+ BN ) 1y + 2vim v

Therefore, using the identity E®[e=] = e #/2 for X ~ N(u,v), we obtain (3.25); this
is the conditional moment generating function of X,, y evaluated at —1, and it recovers
the bond price directly. Taking logarithms in (3.25) gives (3.26). ]

3.3.2 A Univariate Truncated-Gaussian Moment

The closed-form price requires one truncated exponential moment of a univariate Gaus-
sian, which we isolate as a lemma. It is the one-dimensional version of the bivariate

computation used later in Section 3.6.

Lemma 3.4 (Truncated exponential moment of a univariate Gaussian). Let X ~ N (u, v)

with v > 0. Then for every k € R,

_ v_ —V—K
Ele 1ixsn] = €2 “‘I)<MT> ; (3.27)

where ® denotes the standard normal cumulative distribution function.

Proof. Writing out the integral:

_ 1 <, T — p)?
Ele X 1{xsn] = \/ﬁ/ e exp(—%) dx. (3.28)

We complete the square in the exponent:

(x — p)? 2ux + 2% — 2ux + p?
—T — — —
2v 2v
)
N 2u '
Thus,
(x—p)? _ (@—(u—v)* v
BB el tion (3.29)

Substituting (3.29) into (3.28):

v 1 o0 - - 2
E[e‘Xl{XM}] :e2_“\/%/ exp(—<x O;u V) )da:

:eS—“cb(”_—\/”;_“). 0
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3.3.3 Closed-Form Caplet Price

Theorem 3.1 (Backward-Looking Caplet Pricing). Under the discrete Hull-White model
(2.4), the price at time m = N;_y of the backward-looking caplet with strike K on the j-th

accrual interval [N;_y, N;| is

Caplet®(m) = ®(dY) — k; p(m, N) &(d5), (3.30)
where
1
10g<—) +iv. N
. . N 2 )
dgj) — k] p(m7 ) , (331>
Vm,N
a9 =d¥ — omn, (3.32)
and
kj =1+ OéjK, Q= (N] - Nj_l)A, (333)
N—2
Vmy = 0?0 (14 BY,)”. (3.34)
q=m

Proof. By Lemma 3.1, the price at time m is (3.13), and by Lemma 3.2 X, x| Fp, ~
N (. Ny Vi n)- The payoff is positive when

1
e~ XmN < - = Xy > logk;.

J

L—kje XN >0 <=

Therefore, writing the positive part explicitly:
Caplet?r(m) = 9 [(1 —k; e_X’"’N) 1(x,, n>logh;} ’fm]

= Q(Xmn >logk; | Frn) — kj EC[e ™ ¥ 1(x, ystogh} | Fm] - (3.35)

First term. Since X, v | Fr ~ N (LN Vi N):

Q(Xpn > logh; | Fp) = @ (“’"Ny;lzgkf) . (3.36)

Second term. Applying Lemma 3.4 with X = X,, v, t = N, V = VN, and Kk =
log k;:

(3.37)

Ym,N m — Um _10 k
EQ[eme,N]_{XmYN>logkj}‘fm] =e SN i, N @(M N — Vm,N g J)_

/' Vm,N
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By Lemma 3.3,

Ym,N

e 2 MmN =p(m,N). (3.38)

Combining the two terms. Using (3.38),

Caplet?(m) = @ (M) — k; p(m, N) ® (“’”’N - ”’Z’N —loghy ) . (3.39)
v Vm,N \ Ym,N

The arguments of the two Gaussian cumulative distribution functions still involve the
conditional moment ,, n, which is not directly observable on the market. By Lemma 3.3,

however, this quantity is tied to the bond price through the identity (3.26). Rearranging

(3.26) as pmn = —logp(m, N) + 3, v and substituting into the numerators of (3.39)
yields
1
v —logh; = log[ ———— ) + Lun, 4
iy oy = 1on (i )+ o (340)
so that (3.39) reduces to (3.30) with d’ and d5’ as in (3.31)~(3.32). 0

3.4 Floorlet Pricing

The backward-looking floorlet with strike K on the j-th interval has payoff a; (K — L];-’r)Jr

at time N. Using the same notation as before:

Floorlet;-’r(m) = [D(m, N) (kj — D(m, N)_I)Jr |]—"m}

_ EQ[(/{Z]- o~ Xmn _ 1)+ }}—m} ‘ (3.41)
The payoft is positive when X,, y < logk;. An analogous computation gives:

Theorem 3.2 (Backward-Looking Floorlet Pricing). Under the discrete Hull-White model,
the price at time m = N;_y of the backward-looking floorlet with strike K is

Floorlet™ (m) = k; p(m, N) ®(—dy’) — ®(—d?"), (3.42)

where d7 and d5 are defined in (3.31)~(3.32).
Proof. The payoff is positive when kje=Xm~ —1 > 0, i.e. X,, v < logk;. Splitting:
Floorlet)" (m) = k; E?[e™ ¥ 1(x,, y<togh,} | Fim] — Q(Ximn <logh; | Fin) -

For the first term, the same completing-the-square argument as before gives k; p(m, N) (I)(—dgj )),
For the second term, Q(X,, n < logk;|F,) = <I>(—d§j>), 0O
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3.5 Caplet-Floorlet Parity

Proposition 3.1 (Caplet-Floorlet Parity). Under the discrete Hull-White model, for any
strike K :

Caplet?r(m) - Floorlet?r(m) =1—Fk;p(m,N). (3.43)

Proof. At time N, the caplet and floorlet payoffs (before discounting by D(m, N)) are

Teap = (D(m, N) ™ = k)",
Toor = (kj — D(m, N)*1)+.

Using the identity 2+ — (—z)* = z with z = D(m, N)™! — k;:
TMeap — Tfloor = D(m7 N)il - k]"
Multiplying both sides by D(m, N) and taking the conditional expectation:

Caplet?'(m) — Floorlet?" (m) = E?[D(m, N)(D(m, N)™" = k;) | Fpn]
= E®[1—k; D(m,N) | Fun)
=1—k; E?[D(m,N) | F]
=1—Fkjp(m,N),

where the last step uses the pricing formula (1.7). O

Remark 3.3. The parity relation (3.43) can also be verified directly from the closed-form
formulas (3.30) and (3.42), using ®(z) + ¢(—=x) = 1.

3.6 Pricing at Earlier Times

The formulas derived in Sections 3.3 and 3.4 give the price of the caplet and floorlet at
time m = N;_i, the start of the accrual period. We now show that the price can be
obtained in closed form at any earlier time n < m as well. The result has exactly the
same structure as Theorem 3.1, with the constant 1 replaced by the bond price p(n,m)

and the conditional variance enlarged by a pre-accrual contribution.

Throughout this section we abbreviate
EQ[-]:=E°- | Fl.
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3.6.1 Setup and Payoff Reduction

Fix n < m < N. Recall from Section 3.3 that
N—1
X =Y 10, kji= 14K,
k=m

and that the caplet payoff at time N, multiplied by D(m, N), equals (1 — kje~*m~)*. To

handle the additional discounting between n and m, we introduce the pre-accrual sum
Yom = Tk, (3.44)

so that

N-1
D(’I’L’ N) = exXp (— Tk‘) — e_Yn,m—XmJ\r.

The caplet price at time n is

n

Caplet?r(n) = E9 [e_y"*m_vaN (eX’"vN — kj)Jr]
= E2[e7m 1 (x,, votonky) — Ky BR e XN L siegky] - (3:45)

The problem reduces to the computation of two truncated exponential moments of the

bivariate Gaussian vector (Y}, ,, X, n) conditional on F,.

Remark 3.4 (Bivariate Gaussian structure). By iterating the Hull-White recursion (2.6)
forward from time n, both Y, ,, and X, x are functions of r,,, of the deterministic sequence
(®,), and of the innovations wy,, wp41, . .., wn—_2, which are i.i.d. standard Gaussian under
(. Conditionally on F,, the variable r, is known, and the only remaining randomness is

Gaussian. Hence (Y,,m, X;n.n) | Fn is bivariate Gaussian.

3.6.2 A Bivariate Gaussian Lemma

The two expectations in (3.45) are particular cases of a single Gaussian computation,
which we isolate in the following lemma. It generalizes the completing-the-square argu-

ment used in the proof of Lemma 3.4 to the bivariate case.

Lemma 3.5 (Truncated exponential moment of a bivariate Gaussian). Let (Y, X) be a

Gaussian vector with mean (py, pix) and covariance matric

s= (" 7)),
YoVx

41



with 33 positive definite. Then for every a,b,k € R,

/Lx—i—a’y—irbux—/s)

VX

E[anJbel{XM}] = exp(a,,uy + bux + %(GQVY + bux + 2ab’Y)) (I)(
(3.46)

Proof. Set Z = (Y, X)", u= (uy,px)", and u = (a,b)", so that aY + bX = u'Z. Since
Y. is positive definite, Z admits the density

1
 or/det

so the quantity to compute is

fz(2) exp(—%(z - M)TEfl(z - u)) ,

E[e“Tzl{XM}} :/{ "% f4(2) dz. (3.47)

T>K}

Step 1: Completing the square. We expand the quadratic form

(5= = S) TS e — = Su) = (2 — )T — ) — (5 — ) 5 S
SEETAD ) Yt TN S TAD 3) Y V11
= (2= )" (z =) = 2u" (z — p) +u B,

where we used ¥ 7'¥ = [ together with the fact that the scalar (z — u)"u equals its

transpose u' (2 — p). Rearranging,

u(z—p)—Le—p)' S e—p) =z —p—Zu)' T (2 — p— Tu) + 2u' S

Adding u" i to both sides and using u'z = u' (2 — pu) +u' p gives

ulz =3z =) T e —p) = —5(2 = p = ) "Bz — g = Zu) +uTp+ juT Tu. (3.48)

Step 2: Tilting. Exponentiating (3.48) and dividing by 27v/det 3, the integrand in (3.47)
factorizes as
7% () = expluT i+ 1) £u(2),

where

1
ful2) = 2m/det

is the density of a Gaussian vector with mean p + Xu and covariance ¥. Since the

exp(—1(z — p— Su) =7 (z — p— Zu))
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exponential prefactor is constant in z, we may take it outside the integral (3.47):

E[e“Tzl{XM}} =exp(u' p+ tu'Su) /{ } fu(2)dz = exp(u’ p+ $u" Su) PY(X > k),
T>K
(3.49)

where P" denotes the probability measure under which Z has density f,, that is Z ~
N(p+ Su, ).

Step 3: Marginal of X under P*. The shifted mean is

Y= m (w7 ay _ py + avy + by
px v vx) \b px +ay + buy

The covariance is unchanged, so the marginal distribution of the second component X
under P* is
X ~ Mpx + ay + bux, vy).

Standardizing,

(3.50)

bus —
P“(X>m):q)(#x+a7+ vx /{).

VX

Step 4: Conclusion. The two scalar terms in the exponent of (3.49) are

uTu = apy + bux, u Su = <a b) (VY 7 > (a) = a’vy + bPux + 2abry.
v Uy b

Substituting these into (3.49) together with (3.50) yields (3.46). O

Remark 3.5 (Alternative approach via the N-forward measure). An alternative to Lemma 3.5
is to change the probability measure toward the N-forward measure Q%, defined by taking
the N-maturity bond as numéraire. Under Q~, the discounting D(n, N) is absorbed into
the change of measure and the caplet price reduces to p(n, N) E@"[(eXm~ — k;)*]. The
Hull-White model preserves the Gaussian distribution of the short rate under any forward
measure change [3]: only the conditional mean is shifted by a deterministic function of
time, while the conditional variance is unchanged. Since X,, y is a linear functional of
the short rate path, it remains Gaussian under Q" with the same conditional variance
vy as under @, making e*=~ lognormal and yielding a formula of the same Black-76 [1]
structure as Theorem 3.3. This forward-measure approach is standard in continuous-time

Gaussian interest rate models [3] and is carried out explicitly for backward-looking caplets

in the Hull-White model by Hofmann [10].
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3.6.3 The Conditional Variance

Lemma 3.6 (Conditional variance of X,, y given F,,). For n < m < N, the conditional

variance vy = VarQ(Xm,N | Fn) is

m—1

N—-2
vx =0’A[(L+ B Y 20 4y (14 BN, (3.51)
q=m

a=n

Proof. Tterating the Hull-White recursion (2.6) forward from time n, for h =0,..., N —
m — 1:

m+h—1 m+h—1
P, = T e A E "R, 4+ oV A E i1y (3.52)
g=n q=n
Summing over h,
N—-m-—1

Xm,N = E Tm+h
h=0

the r, and ®, contributions are deterministic conditionally on F,, and do not affect the

variance. The random part is

N—m—1m+h—1

oV A g g cmth=1-a Wy
h=0 q=n

We collect the coefficient of each innovation w, by distinguishing shocks before and inside

the accrual period.

Pre-accrual shocks (¢ = n,...,m —1). The shock w, appears in every rp s, h =
0,...,N —m — 1. Its total coefficient in X,, y is

N—m—1 N—m—1
E Cerhflfq — Cmflfq 2 Ch — Cmflfq SN*’I’TU
h=0 h=0

where Sy := 327"} ¢ as in (2.31).

In-accrual shocks (@ =m,...,N —2). The shock w, first enters 7,1, so it appears in

Tm+n only for h > ¢ —m + 1. Its total coefficient in X, y is

N—m—1 N—q-2
m+h 1—
E 1= C SN,qfl.
h=q—m+1 =0

Since the innovations are i.i.d. standard Gaussian, the conditional variance is the sum
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of squared coefficients:
m—1 N-2
vx =0’A |3, > ATy sy (3.53)
q=n q=m

Recalling from (2.26) and (2.31) that Sy_, = 1+ B}y and Sy_q_1 = 1+ B)Y,;, we obtain
(3.51). O

Remark 3.6 (Structure of the variance). The variance (3.51) is the sum of two non-negative

contributions:

e The pre-accrual term (1 + BY)? Z;n;nl c2m=1=49) accounts for the uncertainty accu-

mulated from n to m, which propagates into the future short rates that determine
Xm.N-

e The in-accrual term ZN 2(1+Bq+1) is the variance already obtained in Section 3.3

for the price at n = m.

For n = m the pre-accrual sum is empty and (3.51) reduces to vy, y.

3.6.4 The Caplet at Earlier Times

We now combine the bivariate lemma and the conditional variance into the main result

of this section.

Theorem 3.3 (Backward-looking caplet price at earlier times). Under the discrete Hull-
White model (2.4), for every n < m = N,_y < N = Nj, the price at time n of the

backward-looking caplet with strike K on the j-th accrual interval is

Caplet}"(n) = p(n,m) ®(dy’)) — k; p(n, N) ®(d5)), (3.54)

p(na m) 1
log | A7) 1
) Og(k‘jp mN)) T G) _ ) _
dl,n = \/E ’ d?,n = dl,n —VVx, (355>

and the conditional variance s

where

N-2
(1+BN)?> Xm0 43 "(1+ BN,)?| . (3.56)
q=m

Proof. By Remark 3.4, (Y}, , X;un) | Fo is bivariate Gaussian. Denote

py =BVl  px = E9X,n], (3.57)
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Vy ‘= VarQ(Ynjm | .Fn), Vx (= varQ(Xm,N ’ fn)a V= COVQ(Yn,m’ Xm,N ‘ ‘Fn)’ (358)

and apply Lemma 3.5 conditionally on F,.
First term. Setting a = —1, b =0, and x = logk; in (3.46),

Hx —7—1082]%‘)
\/ VX )

The prefactor admits a direct probabilistic interpretation. Since —Y,,,, | F,, is Gaussian

E@ [e_Y"’ml{Xm7N>1ogkj}} = exp(—,uy + %Vy) <I>( (3.59)

with mean —py and variance vy, its moment generating function evaluated at —1 is

exp(—,uy + %Vy), which by Lemma 1.1 equals the bond price p(n, m):
exp(—py + svy) = EZ[e7™ ] = p(n,m). (3.60)

Second term. Setting a = —1, b = —1, and x = log k;,

~Yn,m— — v —vx —logk;
B L, ] = el -+ ) o (L0 )

Vx

(3.61)
By the same argument applied to the random variable Y, ,,, + X, n, the prefactor equals

exp(—py — pix + 3 (v +vx +27)) = BZ[e7 T V] = p(n, N). (3.62)

Combining (3.45) with (3.59), (3.60), (3.61) and (3.62) yields

Caplety (n) = p(n,m) @(dy,) — k; p(n, N) ®(dy),), (3.63)
with oo k
di, =BT ) = aP) — oy (3.64)

VVx
The arguments d?}l and déjzl in (3.64) involve the conditional moments px and -, which
are not yet visible market quantities and have long analytical forms. We now show that
the combination puy — can be expressed entirely in terms of the bond prices p(n, m) and
p(n, N), which yields a cleaner formulation. From (3.60) and (3.62),

p(n,m)
log p(n, V) = (_MY + %W) - (—MY — px + %(Vy +vx + 27)) = fx — 7 — %VX,
so that ( |
p(n,m)
— 7 =log——" + 3vx. 3.65

Substituting (3.65) into (3.64) gives (3.55). Finally, the conditional variance vy is com-
puted in Lemma 3.6, which is (3.56). O
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Remark 3.7 (Comparison with Theorem 3.1). As n approaches m, the pre-accrual sum
Y, m vanishes, p(n,m) — 1, and the conditional moments reduce to those of Section 3.3.

The formula (3.63) therefore reproduces Theorem 3.1 exactly.

Remark 3.8 (Consistency with the one-step recursion). The price (3.54) is consistent with

the one-step recursion
Capletljr(n) =p(n,n+1) EY [Capletlj?r(n +1)], n<m,

which is itself a consequence of Corollary 1.1. The closed-form expression makes the
recursion redundant for analytical purposes, since the price at every intermediate time
is a deterministic function of the bond prices p(n,m) and p(n,N) and of the model

parameters through vx.

3.6.5 The Floorlet at Earlier Times

Theorem 3.4 (Backward-looking floorlet price at earlier times). Under the discrete Hull-

White model, for everyn <m < N,

Floorlet" (n) = k; p(n, N) ®(~ds),) — p(n,m) ®(~dy)), (3.66)
where d?ﬁl and déjzl are as in Theorem 3.3.

Proof. The floorlet payoff at time N, multiplied by D(m, N), equals (kje~=~ —1)*. The
price at time n < m is therefore

Floorlet;’r(n) = kj B2 [e7 T N i ctogky] — B [eTT M Lk, v<toghy) ]

n

Applying Lemma 3.5 (with the indicator 1x,, \ <log;} Producing ®(—-) in place of ®(-))
and the prefactor identifications (3.60) and (3.62) yields (3.66). O

Remark 3.9 (Caplet-floorlet parity at earlier times). The caplet-floorlet parity of Proposi-
tion 3.1 extends to any n < m: subtracting (3.66) from (3.54) and using ®(x)+P(—z) =1
gives

Caplet?r(n) — Floorlet?r(n) = p(n,m) — k;p(n, N),

which is the analogue at time n of the parity relation (3.43). The same identity can be
obtained directly from the payoff decomposition 27— (—z)* = z applied to D(m, N) ™' —k;

at time N, followed by discounting under the pricing measure.
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3.6.6 The Forward-Looking Caplet at Earlier Times

The same bivariate Gaussian technique prices the forward-looking caplet of Section 3.1
at any time n < m = N;_;. We develop it here as a special case of Lemma 3.5, both to
complete the pricing of the contracts introduced in Section 3.1 and, more importantly,
because the resulting formula has the identical structure of Theorem 3.3 and differs from
it only through the conditional variance. This isolates the effect of the backward-looking
convention on the price and will be the basis for comparing the sensitivities of the two

prices.

Recall from Section 3.1 that the forward-looking rate applicable to the interval [m, N]

1 1
Lr=— —1
o G )

which is F,,-measurable, and that the caplet pays «;(L — K)* at time N. As in (3.14),
the payoff reduces to

18

T 1 "
Oéj(Li- - K)+ = <p(m, N) - k?j) y k?j =1+ OéjK, (367)

and its price at time n < m is, by (3.4),

Capletﬁr(n) =

n

D(n, N) (m _ k;j) 1 | (3.68)

The feature that distinguishes the forward-looking case from the backward-looking one
is that the payoff (3.67) is already F,,-measurable, so the discounting from m to N can be
carried out first. Writing D(n, N) = D(n,m) D(m, N) and conditioning on F,, (the tower
property applies since F,, C F,,,), the factors D(n, m) and the payoff are F,,-measurable
while E9[D(m, N) | F,) = p(m, N) by (1.7), hence

Capletﬁr(n) = E9|D(n,m) (

I S N
k) ED wnm]

p(m,
= EZ[D(n,m) (1 — k;p(m, N))*], (3.69)

= E9 | D(n,m) p(m, N) (;N) - kj) 1

where the last step uses p(m, N) > 0 to move p(m, N) inside the positive part. The
problem has thus been reduced to the conditional law of the single bond price p(m, N),

which by the affine representation (2.20) is an exponential of 7, alone.

Define
W = —logp(m,N) = A} + (1 + BJ) rm, (3.70)

48



so that 1 — k;p(m,N) > 0 if and only if W > logk;. Using D(n,m) = e ¥»m with
Yom = S0 ry asin (3.44), and p(m, N) = e, the price (3.69) splits into two truncated
exponential moments,

Capletir(n) = E9 [e_Y"’ml{WMngjﬂ —k; E¢ [e_Y"*m_Wl{WMogkj}} ) (3.71)

n n

This is formally identical to the backward-looking decomposition (3.45), with the path-
sum X, nv replaced by the single-rate functional W. The reduction to the bivariate

Gaussian lemma is therefore immediate.

Lemma 3.7 (Forward-looking conditional variance and pre-accrual decomposition). For
n < m < N, the variable W in (3.70) satisfies vy := Var®(W | F,,) = (14+BN)2 Var®(r,, |
Fn), and explicitly

m—1
v = oA (14 BY)? Z c2m=1-a9), (3.72)

q=n

Proof. By (3.70), W is an affine function of r,, with deterministic coefficients, hence
v = (1+ BY)? Var(r,, | ). (3.73)

Iterating the recursion (2.6) forward from time n,
m—1 m—1
rm=c" "r, + A Z MU, + oV A Z My, (3.74)
q=n a=n

the first two terms are deterministic conditionally on F,, and the innovations w, are i.i.d.

standard Gaussian, so

m—1
Var®(ry, | F,) = oA Z c2m=1-a), (3.75)
q=n
and consequently (3.72) follows from (3.73). O

Theorem 3.5 (Forward-looking caplet price at earlier times). Under the discrete Hull-
White model (2.4), for every n < m = N;_y < N = N,, the price at time n of the

forward-looking caplet with strike K on the j-th accrual interval is

Caplet’ (n) = p(n,m) ®(dY)) — k; p(n, N) ®(dY), (3.76)

1,n

where

v — kip(n,N)/) ~° v = v
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and the conditional variance vy is given explicitly in Lemma 3.7.

Proof. Conditionally on F,,, both Y,,,, and W are affine functions of 7, and of the in-
novations wy, . ..,wn—1 (for W, through r,,); hence (Y,,,,, W) | F, is bivariate Gaussian.

Denote

py = E9Y, ), pw = ECW], vy = Var® (Yo | F), vw = Var®(W | F,),
(3.78)
and vy 1= Cov®(Yym, W | F,). Applying Lemma 3.5 with (Y, X) = (Yy.m, W) to the
two terms of (3.71) gives, with x = log k;,

VoW

B[ Lavonoi] = expf - + ) o

(3.79)

NW_'YW_VW_lngj
)
(a=-1, b=-1).

(3.80)

EZ e W iwsiognyy] = exp(—py — pw + 5(vy + 1w + 29w)) (I)(

The two prefactors are again bond prices. The first is the moment generating function of

—Y,, m evaluated at —1, which by Lemma 1.1 is
exp(—py + 2vy) = E@[e7™ ] = p(n,m), (3.81)

exactly as in (3.60). For the second, note that e Y=~V = D(n, m) p(m, N) = E¢[D(n, N) |
Fml, so

exp(—py — piw + 5(vy +vw +29w)) = E¢[e V] = EZ[D(n, N)] = p(n,N). (3.82)
Substituting (3.81) and (3.82) into (3.71) yields

Caplet] (n) = p(n,m) ®(dy) — k; p(n, N) ®(dg),). (3.83)
with loe k

i) _ Bw —yw — logk; i) _ G

dy) = o o =i - Vi

Exactly as in the proof of Theorem 3.3, the conditional moments p and 7y need not be

computed separately: subtracting the logarithms of (3.81) and (3.82) gives

P
pln, N) 1 T T
so that pw — vy = log g EZ% + 2vw and the arguments collapse to bond prices and the
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conditional variance alone, yielding (3.77). The explicit form of vy is given in Lemma 3.7.
O

3.6.7 Forward versus Backward: the Variance Decomposition and

Price Dominance

Proposition 3.2 (Variance decomposition). For every n < m < N, the backward-looking

variance vy of Lemma 3.6 and the forward-looking variance vy of Lemma 3.7 satisfy

N—-2
Vx = VW"‘Vm,Na Vm,N :O'QA Z(l—f—Bé\il)Q, (384)

q=m

where vy, N 1S the in-accrual variance (3.21) obtained for the backward-looking caplet at

time m. In particular vy is exactly the pre-accrual term of vx.

Proof. Comparing (3.72) with the backward-looking variance (3.56),

m—1 N-2
_ 2 N\2 2(m—1—q) N 2
vx =0°A|(1+ B,) E c +>» (1+B)"|,
q=n q=m
A\ - > N - 7
pre-accrual in-accrual

shows that the forward-looking variance is exactly the pre-accrual term of the backward-

looking variance, which is (3.84). O

Proposition 3.3 (Backward-looking caplets dominate forward-looking ones). Fiz an ac-
crual interval [m, N| = [N;_1, N;| and a strike K, and let k; = 1+ a; K. Then for every
n<m,
Caplet?(n) < Caplet?r(n),

with equality if and only if D(m, N) is F,,-measurable (equivalently, vy, xn =0).

Proof. Consider first n = m. The function ¢(z) := (1 — k;z)* is convex on (0, 00), being
the maximum of the affine functions 0 and 1 — kjz. The forward-looking caplet at m is
the discounted intrinsic value Capletﬁr(m) = (1—k;jp(m, N))* = ¢(p(m, N)), and by the
pricing formula (1.7) p(m, N) = E?[D(m, N) | F..]. The backward-looking caplet at m
is Caplet?r(m) = E9[¢(D(m, N)) | Fn] by (3.16)—(3.17). Conditional Jensen’s inequality

applied to the convex ¢ gives
Caplet?(m) = gb(EQ[D(m, N) | fm]) < E? [(b(D(m,N)) | Fm} = Caplet;’r(m).

For general n < m, both prices are obtained by applying E9[D(n,m)- | F,] to the

respective time-m prices (Corollary 1.1). Since D(n,m) > 0 and conditional expectation
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is monotone, the inequality is preserved. Equality in conditional Jensen holds precisely

when D(m, N) is F,,-measurable, which in the Gaussian model means v, y = 0. [

This is a standard result known in the continuous time literature, for instance see [14].

Remark 3.10 (Forward versus backward: a pure variance effect). Theorems 3.3 and 3.5
have the identical Black-type structure: the same prefactors p(n,m) and p(n, N), the
same constant kj;, and a?g]i, cZngL are obtained from dg}l, ngQL by the single substitution
vx + vy. By Proposition 3.2 the two prices therefore differ only through their total
variance, the gap being governed entirely by the in-accrual variance v, y > 0.

Seen from time n < m, the forward-looking rate Lgr carries only the uncertainty
accumulated over the pre-accrual window [n, m], through which the fixing p(m, N), and
hence Lg-r, is determined; once m is reached the rate is locked and no further randomness
enters its payoff. The backward-looking rate L';r, by contrast, keeps compounding the
overnight fixings r,,...,ry_; throughout the accrual window [m, N], so it carries the
same pre-accrual uncertainty plus the in-accrual uncertainty v, y. Since the Black-type
price is increasing in the total variance and the two contracts share the same forward and
strike, the backward-looking caplet is always at least as valuable as the forward-looking
one with identical terms.

This is sharpest at n = m, where vy = 0: (3.76) then collapses to the discounted
intrinsic value Capletgr(m) = (1—k;jp(m,N ))Jr, reflecting that L} is already fixed, whereas
the backward-looking caplet retains at n = m the strictly positive variance v,, x and hence

optionality (Theorem 3.1).

3.6.8 The Forward-Looking Floorlet at Earlier Times

Theorem 3.6 (Forward-looking floorlet price at earlier times). Under the discrete Hull-

White model, for everyn < m < N,

Floorletﬁ-r(n) = k;jp(n,N) @(—cfgi) — p(n,m) ®(—d")), (3.85)

1n

where d¥)

Tn and dé]) are as i Theorem 3.5.

n

Proof. The forward-looking floorlet pays «a;(K — L?”)Jr at time N. The same payoff re-

duction and collapse of the m-to-N discounting give

Floorlet?(n) =By [D(n, m) (kj p(m, N) — 1>+} = k; B} [e_yn’m_wl{Wdogkjﬂ —Ey [G_Y"’ml{w<1ogkj}} 5

n

the exercise region now being {W < log k;}. Applying Lemma 3.5 (the indicator 1y <iogk;}
producing ®(—-)) together with the prefactor identifications (3.81) and (3.82) yields
(3.85). O
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Remark 3.11 (Shared caplet-floorlet parity). Subtracting (3.85) from (3.76) and using
O(x) + D(—x) =1 gives

Capletg-r(n) - Floorletgr(n) = p(n,m) — k; p(n, N),

which coincides with the backward-looking spread obtained from Proposition 3.1.

3.7 Absence of a Closed Form under Simple-Rate Com-
pounding

The pricing formulas derived in the previous sections were obtained under the single-period
convention p(k,k + 1) = e~ ", for which the compounded backward-looking rate equals
1/D(m, N) — 1 exactly and the accrual factor reduces to exp(3 4" r4). We now consider
the alternative specification in which the single-period rate is treated as a simple rate,
so that the accrual factor retains the product form Hg;ﬁll( 1+ 7). We discuss whether a
closed-form price is available under this specification, and show that the product structure

obstructs it.

3.7.1 Fully Simple-Rate Specification

Define
N—-1

Ay = [[(+m),  Dm,N)=A. (3.86)

k=m
The caplet price under this specification is

Caplet? (m) = E? [(1 — kAT }fm} . (3.87)

From the forward iteration (3.22) of the Hull-White recursion, each r,,, is an affine

function of r,, and the innovations wy,, ..., wWmnis—1. Therefore
N-1
[T +m) = P(2), (3.88)
k=m

where P is a polynomial of degree N —m — 1 in the (N —m — 1)-dimensional Gaussian

vector z = (Wp, .. .,wn_2). The caplet price can then be written as

/{Z:P(z)>kj} (1 N P%z)) ov-m-1(2) dz, (3.89)

where py_,_1(2) = Hi]\:lmfl ©(z;) is the density of an (N — m — 1)-dimensional vector

of independent standard Gaussians.
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The integral (3.89) does not lead to a tractable closed-form expression analogous to the
one obtained under the compounded convention. The main obstruction is that the exercise
region {P(z) > k;} is no longer described by a linear inequality in a Gaussian random
variable, but by a polynomial inequality in several Gaussian variables. Consequently, the
problem cannot be reduced to a one-dimensional Gaussian tail probability.

For long accrual periods, the boundary of the region {P(z) > k;} is determined by a
high-degree polynomial equation. In general, such boundaries cannot be represented in a
simple analytical form, and even in low-degree cases the resulting expressions would be
too complicated to yield a useful pricing formula. Moreover, the integrand contains the
reciprocal term 1/P(z), which further prevents the integral from being expressed in terms

of elementary functions or standard Gaussian distribution functions.

3.7.2 Mixed Specification

Consider instead a mixed specification in which the compounding factor is kept in its

simple-rate product form, while the discount factor is modeled through exponential com-

pounding:
N-1 N-1
Amn = [J (1 +7),  D(m,N)=exp <— > rk> : (3.90)
k=m k=m
The corresponding caplet price is
Caplet?r(m) = E© [e’ PIARLE (Apy — k)" | ]-"m} : (3.91)
Conditionally on F,,, the variable r,, is known, while r,,.1,...,7y_1 depend on the

Gaussian innovations

2= (W, ..., wy_g) € RN"™1,

Therefore, the sum Zg:_ni r, can be written as a linear function @(z), while the com-
pounding factor A,, y can be written as a polynomial P(z) of degree N —m — 1. The

price then takes the form
/ e Q@ (P(2) — k) on-m_1(2) dz, (3.92)
{z: P(2)>k;}

where py_,,—1 denotes the density of an (N — m — 1)-dimensional standard Gaussian
vector.

The exponential factor e~?() is not the main difficulty: since (%) is linear, it can be
absorbed into the Gaussian density by completing the square, as in the proof of the closed-
form caplet formula. The obstruction comes instead from the exercise region { P(z) > k;}.
Unlike the compounded convention, this region is not described by a linear inequality in a

Gaussian random variable, but by a polynomial inequality in several Gaussian variables.
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Consequently, the pricing problem cannot be reduced to a one-dimensional Gaussian tail

probability, and no tractable closed-form expression is available in general.

Remark 3.12. The simple-rate product destroys the linear-Gaussian form that made the
closed-form formula possible. Under the compounded convention, the exercise condition

is
N—1

Z ry > log k;,

k=m
which is a linear inequality in a Gaussian random variable. The pricing problem therefore
reduces to the computation of truncated Gaussian expectations. By contrast, under the

simple-rate specification, the exercise condition becomes
P (Z) > kj

where P is a polynomial in several Gaussian shocks. The boundary of the exercise region
is then a nonlinear hypersurface, and the resulting integral does not reduce to standard
Gaussian distribution functions.

In practice, the price under this specification can still be computed numerically, for
example by Monte Carlo simulation or numerical integration. This is feasible because the
number of compounding dates N — m is finite, but the analytical closed form obtained

under the compounded convention is lost.
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Chapter 4

Numerical Analysis of

Backward-Looking Caplet Prices

The previous chapter derived closed-form prices for backward-looking caplets and floorlets
under the discrete Hull-White model, both at the start of the accrual period (Theorem 3.1)
and at any earlier valuation date (Theorem 3.3), together with the variance decomposition
vx = Vw + Uy N that separates the pre-accrual and in-accrual sources of uncertainty
(Proposition 3.2). All of these results are analytic: the price at any date is a deterministic
function of the observed bond prices and of the model parameters a and o. This chapter
exploits that fact to study, purely numerically, how the price responds to the volatility,
the mean reversion, the strike, and the length of the pre-accrual and accrual windows.
Because every quantity is available in closed form, no Monte Carlo simulation is required
and, as explained in Section 4.1, the drift sequence ®,, never enters: the calibration to
the initial term structure has already been absorbed into the bond prices that appear in

the pricing formulas.

The chapter is organized as follows. Section 4.1 fixes the time grid, the base-case
parameters, a stylized discount curve, and the normalization used throughout, and records
the closed forms in the notation used by the implementation. Section 4.2 then studies the
backward-looking caplet one parameter at a time, beginning with a curve-independent
illustration of the variance decomposition and ending with the joint effect of time and
curve shape. Section 4.3 builds on that to describe the gap between the backward- and
forward-looking caplets analytically, reducing it to a single integral and, at the money,
to a closed form in the variance ratio v, n/vw. Section 4.4 closes the chapter by tracing
that gap across the model inputs, so that its analytical description and its numerical

illustration stand side by side.
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4.1 Numerical Setup

4.1.1 Time Grid, Base-Case Parameters, and the Volatility Con-

vention

We work on the daily grid A = 1/360, consistent with the ACT /360 day-count convention
used for SOFR, so that one step represents one calendar day and a three-month accrual
corresponds to L = N — m = 90 steps. Unless stated otherwise, the base case uses a
pre-accrual window of the same length, m = 90, and a mean reversion a = 0.75. Since
this chapter carries out a sensitivity analysis over a reasonable range of parameters rather
than a calibration to market data, a = 0.75 is taken as a representative value. It is also the
choice made in the numerical study of discrete backward-looking caplets by Iunevich and
Kalikaeva [12]. It sits well inside the stability regime 0 < aA < 1 discussed in Section 2.2:
here aA =~ 2.1 x 1073, so the autoregressive coefficient ¢ = 1 — aA ~ 0.9979 lies strictly
in (0,1), close to its upper boundary.

A word is needed on the volatility parameter, because the short rate in this model
is a per-period quantity. By definition r, = —logp(n,n + 1) is the rate compounded
over a single step of length A, so its natural annualized counterpart is 7, := r,/A. The
one-step conditional standard deviation of 7, under the recursion (2.6) is ov/A; that of
T is therefore o/ VA, and accumulating the innovation variance over the 1 /A steps of

one year gives an annualized short-rate volatility

Cann = %, equivalently O = Oam A. (4.1)

We fix the base case by the interpretable quantity: an annualized short-rate volatility
of oann = 100 basis points, i.e. 0 = gamA ~ 2.78 x 107°. This is the parameter that
enters the variance formulas of Chapter 3; quoting it through (4.1) avoids the otherwise
misleading appearance of an extremely small number and ties the volatility sweep below

to a recognizable scale.

4.1.2 Stylized Discount Curve and Price Normalization

Two distinct curves are built from the bonds and must not be confused. The price curve
N — p(0, N) = e ¥W™INA i5 decreasing in N for any non-negative yield function, simply
because a more distant unit payment is discounted over a longer horizon; longer-dated
zero-coupon bonds are always cheaper. The yield curve N — y(IN), by contrast, may
slope either way, and it is to this object that the terms “upward” (normal) and “inverted”
refer. The distinction matters because the yield-curve shape affects the experiments below
only through the moneyness of the contract, and, as we now explain, in most of them it

does not enter at all.
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The price at n = 0 of the backward-looking caplet (Theorem 3.3 with n = 0) is

r ;p(O,N) 2
Caplet? (0) = p(0,m) ®(d1)~k; p(0, N) ®(dp),  dy = 4 NG ,

dg = d1 —\/VXx.
(4.2)
The bonds enter only through the prefactors p(0,m), k;p(0, N) and through the moneyness

term log kfé?b%)' Writing p(0, N) = p(0,m)/(1 + a; K*), where
L (p(0,m) >

K*:=L0O0O;m N)=———+£%—1 4.3

( ) a; (p( ) 43

is the time-0 forward rate of (1.1) and hence the at-the-money (ATM) strike, the price

factorizes as

~ 1+()4jK

Caplet™(0) = p(0,m) C(K;vx),  C(K;vx)=®(d) — T O, (44

with dy = [log T2%

through the single scalar K*, not through the level of the bonds; the prefactor p(0,m) is

+ %Vx] /+/Vx. The normalized price C depends on the curve only

a positive constant whenever the maturities are held fixed, and rescales the price without
altering the shape of any sensitivity. We therefore report C (equivalently, the price per
unit p(0,m), in basis points) in the volatility, mean-reversion and strike experiments,
where the maturities are fixed. In particular, at the money the moneyness term vanishes

and
CA™M () = &L y/rx) — o(—1yox) = 20(Ly/x) — 1 (4.5)

depends on vy alone. The full curve is reinstated only in the time experiment of Sec-
tion 4.2.5, where the maturities move and the yield-curve shape genuinely affects the
price; there we take the linear yield y(IN) = yo + s NA with base level yo = 3% and slope
s set to 0 (flat), +0.4% per year of maturity (upward) and —0.4% (inverted).

4.1.3 Closed Forms in Implementation Notation

For the implementation we collect the variance components from Lemmas 3.6-3.7 and
Proposition 3.2 in terms of the partial sums S, of (2.31), recalling 1 + BY = S; and
1+ Bé\_[H =SN_g-1 With L=N —m:

L-1
C2m

1—
Vm,N:UQAZSgQ, VW:02AS%1—

02 s Vx = Uy + Vm,N - (46)
=1

Two features of (4.6) drive the entire analysis and are worth stating before any plot. First,

the variance is curve-independent: no bond price appears in vy, v, y or vx. Second, the
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volatility factorizes as a pure scale,
vx =0®-AH(a;m, L), (4.7)

with H independent of o, so that o sets the level of the variance and a (through ¢ and
the sums Sy) sets its shape.

All variance components are evaluated directly from the closed forms (4.6), with the
partial sums S, taken from their definition (2.31). Every result below is produced by the

accompanying R script.!

Quantity Base-case value

Time step A 1/360

Pre-accrual / accrual length m, L 90, 90 (3M / 3M, daily)

Mean reversion a 0.75

Annualized volatility oann 100 bp (0 = oannl =~ 2.78 x 107°)
c=1—aA, ¢ S, 0.99792, 0.829, 82.1 (vs. L = 90)
Pre-accrual variance vy 1.09 x 107° (\/vw = 1.04 x 1073%)
In-accrual variance vy, y 4.47 x 1077 (\fUmny = 6.69 x 1077)
Total variance vy 1.53 x 107% (vx =1.24 x 107?)
ATM normalized caplet CAT™ 4.94 x 107* (= 4.94 bp of p(0,m))

Table 4.1: Base-case parameters and the resulting variance components and ATM caplet
price. At the base maturities the pre-accrual component accounts for 70.9% of the total
variance and the in-accrual component for 29.1%.

4.2 Sensitivity of the Backward-Looking Caplet

We now study the backward-looking caplet price as a function of one input at a time,
holding all others at the base case of Table 4.1. Moving a single parameter at a time
is what lets each figure be read directly against the closed-form structure of Chapter 3.
We begin with the variance itself, which is the channel through which o, a, and the time

windows act, and which is moreover entirely free of the curve.

4.2.1 The Variance Decomposition

Figure 4.1 plots the three variance components of (4.6) directly, with no price and no
curve. Panel (i) fixes the accrual length at L = 90 and varies the pre-accrual horizon m.

As m grows, the pre-accrual variance vy rises and saturates at the limit oA S% /(1 — ¢?)

!The R code reproducing all figures and numerical results of this chapter is available at https:
//github.com/Seba-Pinotti/discrete-hull-white-caplets-floorlets.
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obtained by letting ¢*™ — 0 in (4.6): uncertainty accumulated further and further in
the past is discounted by the mean reversion and contributes a bounded amount. The
in-accrual variance v, n, in contrast, is exactly flat in m: for fixed L it is translation-
invariant, since the summands S? depend only on the accrual length and not on its
position on the grid. The total vy is their sum, and the figure is thus a direct rendering
of the decomposition vx = vy + v,y of Proposition 3.2: one growing and saturating
component, one constant component. Panel (ii) varies the accrual length L and shows
Vm,n increasing in L, the convex growth reflecting that each additional accrual date adds

a squared partial sum S? to the sum.

(i) fixed accrual L =90 (ii) in-accrual variance
Qo
—_— vy o™
— vy (pre-accrual)
—— vpn (in-accrual)
™ 0
©
= &
— <
— o~ 9 o
q) S -
2 z
@ £
= -
©
> - .
o / o
\ | \ | \ | \ | | | \ | \ | \ |
0 100 300 500 700 0 50 100 200 300
pre-accrual length m (days) accrual length L=N-m (days)

Figure 4.1: Variance decomposition vx = vy +v, v, curve-independent. (i) Fixed accrual
L = 90: the pre-accrual variance vy, grows and saturates while the in-accrual variance

Vm.n s flat in m; their sum is vy. (4i) In-accrual variance v, x as a function of the accrual
length L.

At the base maturities the pre-accrual component already dominates, accounting for
about 71% of vx (Table 4.1); this is a consequence of the base pre-accrual window being
as long as the accrual window, so that vy has had time to build up most of its saturation
value. The relative weight of the two components shifts as the windows are varied, and
it is precisely the in-accrual component v, xy that will distinguish the backward-looking

caplet from its forward-looking counterpart in the following sections.

4.2.2 Sensitivity to Volatility

Figure 4.2 shows the ATM normalized caplet as a function of the annualized volatility

Oamn, With maturities fixed at the base case. By (4.7) the variance is exactly quadratic
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in 0, so \/vx is linear in o and, by (4.5), the ATM price is the standard Black response
2@(%@) — 1 to a volatility input. The curve is increasing and, over the realistic range
shown, very nearly linear: for the small total volatilities involved (y/rx ~ 1.2 x 107 at
the base case), ® is close to its linear regime around the origin, so CAT™ ~ /iy /(27) to

leading order.

caplet vs o (ATM, fixed maturities)

ATM caplet (bp of p(0,m))

base

I I I I
0.5 1.0 15 2.0 25

annualized short-rate volatility oy (%)

Figure 4.2: ATM backward-looking caplet (normalized, in basis points of p(0,m)) as a
function of the annualized short-rate volatility o, = 0/A, at fixed base-case maturities.
The dotted line marks the base case g,,, = 100 bp.

Remark 4.1 (Small-volatility ATM limit). The approximation CA™ ~ /iy /(27) is the
first-order Taylor expansion of the exact ATM price (4.5) around zero volatility. Writing

x = % vy and expanding the standard normal distribution function around the origin,
®(z) = B(0) + p(0)z + L' (0) 2% + O(2%) = 1 +

where the constant term is ®(0) = 3, the linear coefficient is the density at the origin
©(0) = 1/4/2m, and the quadratic term vanishes because ¢'(0) = —0- (0) = 0, so the
leading correction is of order z2. Hence 2®(z) — 1 = 2x//27 + o(z?), and substituting

T = %w/VX the factor 2 and the inner % cancel:

CA™M () = 20(Lfox) — 1 = \/LQ_W - 3VUx +o(vx) = \/§+ ovx)-

4.2.3 Sensitivity to Mean Reversion

The mean reversion acts differently. Whereas o sets the level of the variance, a sets its
shape: through ¢ = 1 —aA and S; = (1 —¢*)/(aA), a larger a produces a smaller ¢, com-
presses the partial sums Sy, and hence reduces the variance, with the compression biting

harder over longer windows. Figure 4.3(i) shows the ATM caplet decreasing smoothly in
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a, and panel (ii) decomposes the effect: both vy and v, v fall with a, but the pre-accrual
component falls considerably faster. This asymmetry is structural: vy carries the fac-
tor S% and the geometric pre-accrual sum (1 — ¢*™)/(1 — ¢?), both of which contract as
a grows, whereas v, y contracts only through the S? in its sum. Mean reversion thus

reshapes the split between the two variance sources.

capletvs a variance components vs a
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Figure 4.3: Sensitivity to mean reversion. (i) ATM normalized caplet (bp of p(0,m))
versus a. (i) Variance components vy, vy, v and their sum vy versus a. The dotted line
marks the base case a = 0.75.

4.2.4 Sensitivity to the Strike

Figure 4.4 sweeps the strike K around the ATM level K* of (4.3), taken here at a repre-
sentative K* = 3.5%, and plots both the caplet and the floorlet. The caplet is decreasing
and convex in K, the floorlet increasing and convex, as expected from their payoffs. The
two cross exactly at the money: at K = K* one has k; = p(0,m)/p(0, N), so the parity

relation of Proposition 3.1,
Caplet?r(O) - Floorlet}’r(()) =p(0,m) — k; p(0, N),

vanishes and the two prices coincide. The figure is thus also a numerical check of parity:
the crossing point is pinned to K™* independently of the volatility and mean reversion,
which enter only through vy and shift the common height at the crossing but not its
location. Because the floorlet is tied to the caplet by parity, we do not study it separately

in the remaining experiments, its sensitivities are those of the caplet plus a deterministic
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term linear in the bond prices.

caplet & floorlet vs strike

g 4
— caplet — floorlet
o |
. <
£
2 o
o [ I
P
o
Qo
2 o |
N
[}
=2
a8 o i
o -
T T T T
2 3 4 5
strike K (%)

Figure 4.4: Backward-looking caplet and floorlet (normalized, bp of p(0,m)) versus strike
K, at fixed base-case maturities and variance. The dotted line marks the ATM strike K™,
where the two prices cross by caplet-floorlet parity (Proposition 3.1).

4.2.5 Sensitivity to Pre-Accrual and In-Accrual Time

The final experiment combines the curve-free variance growth of Section 4.2.1 with the
moneyness drift that arises when the maturities are moved along a sloped yield curve.
Here we report the actual price (4.2) rather than the normalized one, since the curve is
the object of interest, and we hold the strike fixed at an external value K = 3.01%, chosen
as the ATM forward at the base maturities on the flat curve, so that on the flat curve
the contract remains close to the money as the windows are varied. Figure 4.5 shows the
result on the upward, flat, and inverted yield curves of Section 4.1.2.

On the flat curve (dashed) the ratio p(0,m)/p(0, N) is constant as the pre-accrual
window is lengthened, so the moneyness term in (4.2) is frozen and the price moves
only through the variance. Panel (i) shows the flat-curve price tracing the same growing
and saturating profile as vy in Figure 4.1(i): with moneyness held fixed, the caplet is
a monotone image of the total variance. The sloped curves add a tilt on top of this
common behavior. On the upward curve the forward rate over the accrual window rises
as the window is pushed out, the contract drifts in the money, and the price tilts upward.
On the inverted curve the forward falls, the contract drifts out of the money, and the price
is pulled down and eventually decays. Panel (ii), which lengthens the accrual window,
shows the same separation: the flat curve grows through the rising in-accrual variance,
while the upward and inverted curves diverge from it according to the direction of the
moneyness drift. The broad time sensitivity is common to all three regimes in that the
variance-driven growth of Figure 4.1 is always present, the curve shape then governs the

magnitude and the direction of the tilt, and on a sufficiently inverted curve the out-of-the-
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Figure 4.5: Backward-looking caplet price (bp) under upward, flat and inverted yield
curves, at a fixed external strike. (i) Pre-accrual sensitivity: fixed accrual L = 90,
varying pre-accrual length m. (ii) In-accrual sensitivity: fixed pre-accrual m = 90, varying
accrual length L. The flat curve isolates the pure variance effect. The sloped curves add
a moneyness tilt.

money moneyness drift can eventually outweigh that growth and pull the price back down.

The underlying mechanism of Chapter 3 is thus robust to the term-structure environment.

4.3 Analytical Description of the Backward—Forward
Gap

We now turn to the comparison that motivates the whole construction: the backward-
looking caplet, written on the rate compounded over the accrual window, against the
forward-looking caplet, written on the rate fixed at the start of that window. Chapter 3
established that the former is never cheaper than the latter (Proposition 3.3), the economic
content being that the backward rate carries the additional in-accrual uncertainty that
the forward rate locks out. This section makes that statement quantitative: it derives an
exact expression for the price difference, identifies the single quantity responsible for it,
and extracts a closed form.

The starting point is a structural observation already implicit in Chapter 3. Valued at a
date n < m before the accrual begins, both caplets carry the same forward bond prices and
the same strike, and differ only in the variance fed into the pricing formula: the forward-

looking caplet (Theorem 3.5) uses the pre-accrual variance vy, while the backward-looking
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caplet (Theorem 3.3) uses the total variance vy = vy + vy, v of Proposition 3.2. It is
therefore natural to regard the price as a function of the variance alone. Fix n, m, N and

the strike, write the log-moneyness

M :=log %, (4.8)
and define, for v > 0,
C(v) = p(,m) B(dy(v) — ky pln, N) (da(0)),  dup(v) = =2¥. (4.9)

Vu

The forward-looking caplet is then C'(vy ), the backward-looking caplet is C'(vx), and the
object of interest is the gap

G = C(Vx) - O(Vw) = O(VW + Vm,N) - C(Vw) (410)

Proposition 4.1 (Integral representation of the gap). For any strike and any valuation

date n < m,

o = [rmmelbi) ), e g,

BN . 2/

where ¢ 1s the standard normal density. The integrand is strictly positive, so G > 0

whenever vy, y > 0.

Proof. Since C'in (4.9) is differentiable in v on (0, 00), the fundamental theorem of calculus
gives G = fl:jf C’(v) dv. Differentiating,

ad, dds

C'(v) = p(n,m) ¢(d1) e i p(n, N) ¢(ds) T

The two density terms are equal. Indeed, from (4.9), dy +dy = 2M/\/v and d; — dy = /v,
S0 d% - d% = (dy + dg)(dy — dg) = 2M, whence
pldy) @y _ v _ Kip(n, N)

go(dg) =e€ =e = W, Le. p(n,m) Sp(dl) = jp(nv N) Sp(d2>'

Substituting this identity collapses C’ to C'(v) = p(n,m) ¢(dy) W, and since dy—dy =
Vv we have 0,(d; — d2) = 1/(24/v). Hence C'(v) = p(n,m) ¢(d;(v))/(24/v) > 0, which

is the integrand in (4.11); positivity of the integrand over the non-degenerate interval

[vw, vx| gives G > 0. O
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Remark 4.2 (The gap as priced in-accrual variance). The quantity

p(n,m) (di(v))
2/v

is the sensitivity of the price to the total variance, the option’s variance vega. Propo-

V(v) :=C'(v) =

sition 4.1 therefore reads: the backward-looking premium is the extra variance v, y in-
tegrated against the variance vega as the variance is raised from vy to vx. This is a
differential counterpart to the Jensen argument of Proposition 3.3: rather than compar-
ing two convex payoffs, one observes that the price climbs along a strictly positive vega
over exactly the interval of length v, ;. The premium vanishes if and only if v, y = 0,
that is, if and only if there is no in-accrual uncertainty and the two rates coincide. The
component v, n, shown in Section 4.2.1 to be the non-saturating, in-accrual part of the
variance, is thus the exact and sole source of the backward-looking premium. Everything

that makes v,,, y large increases the gap.

Proposition 4.2 (At-the-money gap). At the money, k; = p(n,m)/p(n,N), so M =0 and
—v/8
di(v) = $4/v. The integrand of (4.11) is then p(n,m) e

221 v

relevant here (v < vy ~107%, s0 e™/8 =1—-0(1077)),

, and for the small variances

GATM p%”) (M—M) (4.12)

The gap relative to the forward-looking caplet is then independent of the volatility, of the
bond level, and of p(n,m):

GATM m
et 1/”X 1 = N (4.13)
by

a pure function of the variance ratio Vy, n/vw .

Expression (4.12) is the difference of the two single-caplet at-the-money prices, each
in the small-volatility form CA™ (v) = p(n,m)/v/(27) of Remark 4.1. It agrees with
the exact gap to a relative error of 1.6 x 1077 at the base case. Numerically, the forward-
looking caplet is worth 4.16 bp of p(n, m) there and the backward-looking caplet 4.94 bp,
a gap of 0.78 bp, i.e. a premium of (4.13) ~ 18.8%.

The closed forms (4.12)-(4.13) and the integral (4.11) already determine how the gap
responds to each input. Section 4.4 then displays each dependence in turn. Since both
variances scale as o2 (equation (4.7)), the at-the-money gap (4.12) is exactly linear in o,
while the relative gap (4.13) is independent of it. The gap grows with the accrual length
L without bound: v, y increases in L while vy, as a function of L at fixed n and m,

saturates with S, so the ratio v, n/vw and hence the relative premium (4.13) diverge,
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from about 6% at a one-month accrual to roughly 134% at two years. The backward-
versus-forward distinction is therefore small for very short accruals and dominant for long
ones. The gap also grows, both absolutely and, more sharply, in relative terms, as the
mean-reversion parameter a rises: although a compresses v, n, it compresses vy faster
(Section 4.2.3), so the ratio v, n/vw governing (4.13) increases. Away from the money,
finally, the gap is governed by the vega weight ¢(d;) in (4.11), which is largest near the
money and decays for deep in- and out-of-the-money strikes, so the gap is a single-peaked,
non-monotone function of the strike, maximized around K*. The leading-order formula

(4.12) tracks the exact gap throughout.

4.4 Numerical Tests of the Gap

This section displays numerically the dependences derived in Section 4.3, reusing the same
closed-form engine and again moving one input at a time. All gaps are reported in the
normalized units of Section 4.1.2 (per unit p(0,m), in basis points), the valuation date is
n = 0, and the forward- and backward-looking caplets are evaluated at the pre-accrual
and total variances vy and vx = vy + v, v respectively, exactly as in (4.10). Where a
closed form is available we overlay it on the exact gap, so that formula and computation

can be read off the same axes.

4.4.1 Sensitivity to Volatility

Figure 4.6 sweeps the annualized volatility with all maturities held at the base case. The
left panel plots the exact at-the-money gap together with the leading-order formula (4.12).
The two are visually indistinguishable, the relative discrepancy being of order 10~7, which
is the promised validation of (4.12). The gap is exactly linear in o: both vy and vx scale
as 0 (equation (4.7)), so /Ux — /v is proportional to o and so is the gap. The right
panel shows the complementary fact predicted by (4.13): the gap measured relative to
the forward-looking caplet is a flat line, independent of o, pinned at 18.8% for the base

maturities. Volatility sets the absolute size of the premium but not its proportion.

4.4.2 Sensitivity to Accrual Length

Figure 4.7 varies the accrual length L at fixed pre-accrual window m = 90. The absolute
gap (left) grows without bound and convexly, while the relative gap (right) rises from
about 6% at a one-month accrual through 18.8% at the base three-month case, crossing
100% near a seventeen-month accrual and reaching roughly 134% at two years. The
mechanism is the one isolated in Section 4.2.1: the in-accrual variance v, y grows without
saturating, whereas the pre-accrual variance vy, saturates with Sy as a function of L, so

the ratio vy, n/vw governing (4.13) diverges. The backward-looking premium is therefore
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Figure 4.6: Backward-forward gap versus volatility (ATM, base maturities). Left: the
exact gap (line) and the leading-order formula (4.12) (circles) coincide, and the gap is
linear in ogw. Right: the relative gap (4.13) is independent of o.

a second-order effect for the short accruals typical of standard SOFR caplets, but becomes

first-order, and eventually dominant, for long-dated contracts.
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Figure 4.7: Backward-forward gap versus accrual length L (ATM, fixed m = 90). Left:
absolute gap. Right: relative gap, which crosses 100% (dashed) near a seventeen-month

accrual. The growth reflects the non-saturation of v, y against the saturation of vy .
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4.4.3 Sensitivity to Mean Reversion

The dependence on the mean reversion is more subtle than a one-line argument suggests,
and the two panels of Figure 4.8 are best read together. A larger a compresses both
variance components, so one might expect the premium to shrink. The absolute gap,
however, rises mildly with a (from 0.76 to 0.82 bp across a € [0.05,3]), and the relative
gap rises markedly (from 15% to 33%). The reason is the asymmetry established in
Section 4.2.3: mean reversion compresses the pre-accrual variance vy faster than the
in-accrual variance v, y, because vy carries both the factor S7 and the geometric pre-
accrual sum while v, y contracts only through its S7. Consequently the ratio v, n/vw,
which alone determines the relative gap (4.13), increases with a, and the absolute gap
X \/vw (\/m — 1) inherits a mild net increase as the rising ratio outweighs the
falling /vy . Stronger mean reversion thus makes the backward-looking feature relatively

more important, not less.
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Figure 4.8: Backward-forward gap versus mean reversion a (ATM, base maturities). Left:
the absolute gap rises mildly. Right: the relative gap rises clearly, since a compresses vy,

faster than v, xy and so raises the ratio v, n/vw.

4.4.4 Sensitivity to the Strike

Figure 4.9 sweeps the strike around the ATM level K* at fixed base-case variances. The
gap is a single-peaked, bell-shaped function of the strike, maximized at K* and decaying
to zero for deep in- and out-of-the-money strikes. This is the vega weighting ¢(d;) of
the integral representation (4.11): the extra variance v, y is most valuable where the

option’s variance vega is largest, that is, at the money, and is worth almost nothing
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once the strike is far from the forward and the payoff is locally linear. The premium is
therefore an at-the-money phenomenon, concentrated precisely where caplets are most

actively traded.

gap vs strike
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Figure 4.9: Backward-forward gap versus strike (base-case variances). The gap is single-
peaked at the ATM strike K* (dotted) and decays for deep in- and out-of-the-money

strikes, tracing the variance-vega weight of (4.11).

Taken together, the four experiments display exactly the behavior described analyt-
ically in Section 4.3. The premium scales linearly with volatility but is proportionally
volatility-invariant, it grows without bound with the accrual length, it is concentrated at
the money and, contrary to the naive expectation that compressing v, y shrinks it, it
becomes proportionally larger as the mean reversion increases, because the pre-accrual
variance is compressed faster still. In every case the single governing quantity is the ratio
Vm,n /vw of in-accrual to pre-accrual variance: the backward-looking premium is large ex-
actly when the in-accrual uncertainty is large relative to the uncertainty already resolved

before the accrual begins.
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Conclusion

This thesis has priced backward-looking caplets and floorlets in a discrete Hull-White
model in which the short rate itself, and not only the compounding convention, is discrete.
The short rate evolves by a first-order autoregressive recursion, the Euler-Maruyama
discretization of the Hull-White equation, and the entire pricing theory is carried out
inside the discrete affine term structure of this model, using only elementary properties of
the Gaussian distribution. The continuous-time material of Chapters 2 and earlier serves
only to motivate the discrete dynamics and to justify, through the additive-noise, why
the Hull-White specification is the one that survives discretization with its distributional
properties intact.

The contribution is twofold. The first is methodological. Under the single-period
convention p(k,k + 1) = e~ " the compounded backward-looking rate telescopes exactly
into the exponential of the sum of the short rates over the accrual window. This reduces
the caplet payoff to a function of a single Gaussian sum, and the closed-form prices, at the
start of the accrual period (Theorem 3.1) and at any earlier valuation date (Theorem 3.3),
follow from truncated univariate and bivariate Gaussian moments obtained by completing
the square. To the author’s knowledge this is the first fully self-contained, discrete-time
derivation of backward-looking caplet and floorlet prices that uses no stochastic calculus,
and it occupies a gap in the pedagogical literature alongside the continuous-time works.

The second contribution is the variance decomposition vx = vy + v,y (Proposi-
tion 3.2). Because the backward- and forward-looking caplets are produced by a single
argument, they are seen to share an identical Black-type formula and to differ only through
the variance fed into it: the forward-looking price uses the pre-accrual variance vy, the
backward-looking price the total variance vy, and the two differ by exactly the in-accrual
variance v, y. The entire distinction between the two conventions is thereby reduced
to a single, explicitly characterized term. This yields an exact integral representation
of the price gap (Proposition 4.1), a closed form for it at the money, and a complete
numerical study of its behavior in the model parameters (Chapter 4), none of which re-
quires simulation. The numerical analysis confirms that the ratio v, y/vw governs every
comparative-static property of the gap: the backward-looking premium is small for the
shortest accruals, is already material at standard three-month maturities, grows without

bound with the accrual length, is concentrated at the money, and, against naive intuition,
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becomes proportionally larger as mean reversion increases, because vy is compressed
faster than v, y.

The framework has clear limitations, all inherited from its modeling choices. It is
Gaussian, hence generates no implied-volatility smile and is calibrated only at the money,
with a short rate that may turn negative. It is one-factor, and the numerical study runs
on a stylized curve rather than on quoted prices, so the formulas are never confronted
with market data. The exact telescoping is moreover tied to the exponential single-period
convention: under the simple-rate specification of Section 3.7 the exercise region ceases
to be linear in the Gaussian shocks and the closed form is lost, leaving only numerical
evaluation.

These limitations can be explored in further work. The most immediate direction is
empirical: calibration to quoted SOFR caps and floors, with the predicted backward-
looking premium tested against the market. On the modeling side, the additive-noise
criterion that singles out Hull-White among the classical short-rate models also suggests
which extensions could remain tractable in discrete time. In particular, introducing non-
Gaussian innovations, jumps, or stochastic volatility would move the terminal distribution
away from the Gaussian setting considered here and would therefore provide a natural

route to non-flat Black-implied volatility smiles.
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