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Abstract

In this thesis we briefly expose the shortcomings of the Hot Big-Bang model, thereby explaining the inflationary
solution. Then, we describe a scalar single-field slow-roll model of Inflation, and introduce the topic of cosmological
perturbation theory. After having summarized the standard ways to deal with cosmological perturbations, we
introduce the gauge invariant scalar curvature perturbation field (, and explain why it is necessary to seek for
its correlation functions of order higher than two in order to discriminate between inflationary models. We thus
expose two important formalisms that allow us to treat cosmological correlation functions. The first one is the in-in
formalism, which enables one to compute correlation functions in a similar way to what its done in the S-matrix
approach. The second one is the ADM formalism, with which it turns out easier to take into account perturbations
of the involved fields, in the context of General Relativity. We then apply these formalisms to two-, three-, and
four-points correlation functions in the framework of single-field slow-roll Inflation, and of the I 2(¢)FF model,
where the kinetic term of a gauge field is coupled to the inflaton. Finally, we introduce the f (d))WW model,
which induces parity-violating signatures from the gravity sector. This model goes under the name of gravitional
Chern-Simons term, coupling the inflaton with the Weyl tensor W. We then compute several two-, and three-points
functions to highlight possible sources of parity violation. In the end, we compute the ((¢¢¢) trispectrum mediated
by tensor fields in the Chern-Simons model. This is indeed one of the main goals of this thesis: to see whether such
a graviton-mediated trispectrum carries a parity-breaking signature. We investigate this possibility in details under
several assumptions, discussing under which conditions (({(() turns out to be parity-violating.
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Introduction

During the past century, the Hot Big-Bang (HBB) model was proposed to explain the expansion of our Universe.
It described how the Universe evolved from its initial conditions to what we observe today, the presence of light-
elements and their abundances, and the Cosmic Microwave Background. This model relies on two main ideas:
General Relativity and the Cosmological Principle. Therefore, since the former gives us a law of gravity that
connects it to the amount of matter we have, and the latter provides us a guide to study (approximately) the
distribution of matter in the Universe, we can compute its dynamics, revealing how it evolved in time. Without
entering into the details regarding how differently the Universe evolves considering different types of matter, which
are specified by their equation of state w, the widely accepted picture shows a Universe that shrinks going back in
time, until it reaches a singularity, with density and temperature that tend to infinity.

Although several predictions of the HBB model were confirmed by observations, a lot of other issues remain un-
solved. The most important ones go under the name of the Hot Big-Bang model shortcomings. Specifically, these
can be summarize in three different “problems”: the horizon problem, the flatness problem, and the unwanted relics
problem. The first one rests on the fact that although the Hubble horizon delimiting the causally connected regions
shrinks going to earlier times, the largest scales we observe today are in perfect agreement with the cosmological
principle. Thus, how can it be that very large scales, which were not in causal connection between one another, now
show similar properties? The second problem has to do with the fact that the Universe should have been originated
with a very precise (fine-tuned) value of the parameter density, namely extremely close to unity, in order to be as
we observe it today. So a natural question is: why such a special value? The last problem, which was actually the
first to be observed, regards the spontaneous symmetry breakings (SBB) that could have happened in the very first
moments of the Universe. As the Universe expanded, it led to lower and lower temperatures, possibly undergoing
towards a series of SBBs. It is possible to show that from these breakings several topological defects would have
arisen, yielding to extremely high values of the density parameter, in conflict with what we observe today. All these
issues can be solved by admitting an early phase of the Universe’s evolution during which the Universe underwent
an extremely rapid accelerated expansion, called Cosmological Inflation [1]. In this scenario, in a very short period
of time, the Universe increased its dimensions by a factor of ~ 102°73%, By doing that, it is possible to show that the
comoving Hubble radius defining our horizon increases rapidly, thereby including all the largest scales we observe
today in a physically connected region of space. Then, it pushes the parameter density at the end of Inflation to
assume values extremely closed to one (at least if Inflation lasts for enough time), thereby solving the fine tuning
problem. Finally, Inflation would dilute away all the unwanted relics created through SBBs, hence decreasing their
densities to an acceptable level.

A simple model of Inflation is given by supposing the Universe to be dominated by the energy density of the vac-
uum associated to a scalar field’s potential. A very important success of such an inflationary model regards the
prediction of the CMB temperature fluctuations. By studying the power-spectrum, i.e. the Fourier transform of
the two-points correlation function, of the inflaton’s field, it is possible to connect it to the density and temperature
perturbations we have in the CMB, obtaining an estimate which is pretty close to what is observed. Being Inflation
such an important feature of our Universe, a great effort has been made to properly describe its mechanism. A lot
of models were proposed since its introduction, exploring possibilities with one or more quantum fields. However,
if on the one hand the analysis of the power spectrum gives us several important observables to test Inflation, on
the other one it does not tell everything about the mechanism underlying this theory. In fact, different models can
lead to similar predictions for their power spectra. By exploring the extremely high energies at which Inflation is
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viii CHAPTER 0. INTRODUCTION

supposed to take place, we would be able not only to properly describe the mechanism that created the Universe
we observe, but also, we could get access to energies we won’t ever be able to reproduce in a particle accelerator.
Therefore, these early stages could provide us a way to test also high energy theories beyond the current Standard
Model of particle physics and of gravity. For example, it could be possible to test theories that include corrections
to General Relativity, or that predict the presence of other heavy particles, or new fundamental forces. For instance,
we could get information about forces that break parity. Since the Sakharov conditions must be fulfilled to have a
matter-antimatter asymmetry, we need a force that violate the CP symmetry, as Weak Interaction is not able to
provide the observed amount of asymmetry. This new force may as well violate parity, so that by studying the very
first moments of Inflation, we could find the right answer also for this modern cosmological issue.

A way to do that is to look at higher order correlation functions of the field(s) responsible for Inflation. By admit-
ting the possibility of having non-zero higher statistics than the power spectrum, i.e. n-points correlation functions
(n > 2), we could robustly discriminate between different models of Inflation. Since a purely Gaussian random field
is completely described by its power spectrum, contributions coming from (connected) n-points correlation func-
tions are called non-Gaussianities. In this thesis, we explore the possibility of having signatures of parity violations
from the very Early Universe. There are in fact different ways to obtain parity-odd signals from an inflationary
background, also from the scalar sector. For example, one can look at the complex terms that can arise from the
scalar curvature trispectrum [2]. Also, it would be possible to search for such a signal by following the procedure
proposed by Liu et al. [3], where the presence of an additional scalar field introduces a dihedral angle between
the momenta in the Fourier space that eventually breaks parity. In this work, we adopt the first approach, by
including a modification of Einstein’s General Relativity. In this theory, a parity violating Chern-Simons term
appears in the gravitational part of the theory’s Lagrangian [4H7]. This correction arises naturally in an Effective
Field Theory approach to Inflation, where General Relativity is thought as an effective theory at energies lower than
a certain cut-off energy scale. By allowing other higher order corrections to be non-vanishing, the Chern-Simons
and the Gauss-Bonnet terms show up. Since in this thesis a particular emphasis is given to parity-violation, the
Gauss-Bonnet term is neglected. Specifically, the Gauss-Bonnet term affects the evolution of the inflaton’s field
without producing any parity-odd signature. On the contrary, the Chern-Simons term implies a different evolution
for right- and left-handed gravitons, which affects the primordial correlation functions that from the end of Inflation
imprint themselves in the CMB. Several parity-violating tensor and scalar-tensor mixed bispectra have already been
computed [8-H10]. Thus, we explore here the possibility of having the same induced parity-odd signal in a purely
scalar primordial trispectrum.

The thesis is organized as follows. In Chapter [l we recall how Inflation was introduced to solves the HBB short-
comings presented above. We also describe a simple single-field slow-roll inflationary model, and introduce the topic
of cosmological perturbation theory. In Chapter [2] we introduce the formalisms we used: the in-in formalism, and
the ADM formalism. For the former, we derive the perturbative formula we will use intensively during this work,
and the diagrammatic rules that can be inferred from it. For the latter, we briefly explain the reasons that led to its
introduction. Then, we compute known correlation functions for the Gauge invariant scalar curvature perturbation
¢, two different mixed bispectra we will encounter again in the fourth chapter. In Chapter [3] we replicate some
computations for the I?(¢)FF model of Inflation, in which the (small) anisotropy of the Gauge field produces a
non-vanishing signature of parity violation [2|. In Chapter |4 we finally introduce the f (¢)WW model, on which we
mainly focus to derive some original results for this thesis. We show how the introduced Chern-Simons term breaks
parity, and compute several non-Gaussian parity-breaking contributions. In the last section of this chapter, the
original calculation of the graviton-mediated scalar curvature trispectrum is shown. The computation is done firstly
by using standard de Sitter gravitons, and then by considering Chern-Simons modified ones. In the last chapter
(b)), we explain in a better way the topic of non-Gaussianities, and their importance in discriminating between
inflationary models. Also, we provide a brief introduction to the techniques that are used to constrain the amount
of non-Gaussianities from the observations of CMB and Large Scale Structures (LSS), and a brief summary of their
actual constraints obtained from the Planck 2018 [11], and eBOSS [12] missions.

In this thesis, where not explicitly specified, the following conventions are used: ¢ =h = Mp; =1



Chapter 1

Inflation

We start this thesis by reporting the basic elements which are going to be frequently used in what follows. After
having introduced them, we will briefly discuss the motivations that led to the introduction of the Inflationary
paradigm. In the end of the chapter, we will finally introduced the single field slow-roll model of Inflation.

1.1 Basic tools

The cosmological principle of modern Cosmology states that the Universe appears to be homogeneous and isotropic.
This means that whenever we are and wherever we are, we see the same properties in any direction at large scales
(~ 100Mpc). To describe such a kind of Universe, we use the well known Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric, whose line element is given by (Appendix

dr?
1—kr?

ds® = —2dt? + a2 (t) + 12 (d6? + sin® 0de?) |, (1.1)

where t is the cosmic time, a(t) is the scale-factor, which defines the uniform expansion of the Universe as a function
of time, and r, 8, and ¢ are spherical comoving coordinates. These quantities are said to be comoving since they do
not represent physical coordinates, which enlarge due to the scale-factor. On the contrary, they remain fixed and
do not change as the Universe expands. In order to connect these coordinates Acomouving to physical coordinates
Aphysical We have Aphysical = a(t) Acomoving. NOw, with the aim of understanding how the Universe evolves, we need
its equations of motion (EoM). We can calculate them through the variational principle, but we do not know the
exact action of all the possible fields present in the Universe. On the other hand, since the Einstein’s field equations
(EFE) contain also the EoM, we could just solve them for the metric we have. In order to do so, we also need the
energy-momentum tensor of the matter content. Instead of build the exact form of such an object, we can think
of it as a tensor that respects the symmetries of the metric we observe, and neglect the microscopic contribution
of the fundamental fields. Thus, we just consider the matter content in a macroscopic way. Namely, it has to be
homogeneous and isotropic. The energy-momentum tensor of a perfect fluid preserves these characteristics. By
labelling with u,, the four-velocity of the cosmic fluid’s particle and defining h,, = u,u, + g, With g, being the
metric, we have

T/,Ll/ = puyUy + phuua TMU =

oooé
cos o
o oo
= oo o

where p is the fluid’s density and p its isotropic pressure. Then, by applying Eqs. and [I.2 to the EFE

1



2 CHAPTER 1. INFLATION

1
G =Ry, — §gWR =81GT,., (1.3)
we get the well known Friedmann equations

8 k i AnG
H? = - == 1.4
37GP— . 3 (p+3p), (1.4)

where H is the Hubble parameter H(t) = Z(—g, which tells us at which rate the Universe is expanding, and k is
the curvature of the Universe (Appendix [A.1))
continuity equation

. From the Bianchi identity, i.e. from T4" = 0, it follows also the

p+3H (p+p) =0. (1.5)

Being the latter dependent on the other two Friedmann equations, we end up with a system of two equations in
three unknowns (a(t), p(t) and p(t)). Thus, as customary in these scenarios, we have to impose an equation of state

(EOS) p = wp. By solving Eq. we get

p+ 3%(1 Yw)p=0 = p(t)oca(t) 30+ (1.6)

and hence from the first of Eq. by putting k = 0,

alt) o t30Tw | (1.7)

We can now focus on three main cases: (i) the Universe is matter dominated, so that we get w = 0, p = 0, which
leads to p oc a™?; (i) the Universe is radiation dominated, from which it follows w = %, p oc a™*; (iii) the Universe
is dominated by the vacuum energy, implying w = —1, and a constant pﬂ In the second case, we observe an
additional a~! with respect to the first one, since the radiation suffers also from the cosmological redshift, that
further decreases its energy-density.

In order to proceed in describing the three flows of the Hot Big-Bang model, we need to introduce the concept of
cosmological Horizons. For our purposes, the most important kind of horizon is defined by the so called Hubble

Radius

Re= —. (1.8)

By defining the Hubble Time 7 = H~' as the time during which the scale factor doubles itself, then Eq.
represents the physical distance travelled by light in a Hubble time. We also define the Comoving Hubble Radius
by simply dividing R by a(t). Restoring natural units we then obtain rg(t) = . Once we calculate the Hubble
Radius, all the points outside this sphere are not causally connected to us, since the information has not had enough
time yet to travel from that point to us. This means that regions greater than a ”Hubble sphere” at a time ¢ cannot
be physically connected in their whole extension.

11t is easy to show that by considering the Eistein’s field equations and adding a constant —Aguv to their left hand side. Then,

by considering in those equations an effective stress-energy tensor Tﬁ,{f = 87GTuy — Aguv, and assuming it to be diagonal (at first
approximation this is supported by the cosmological principle), we find pp = —pa
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1.2 Shortcomings of the Hot Big-Bang model

In the Hot Big Bang (HBB) model of Stardard Cosmology, started to arise some issues in the ’60s. Specifically,
the three main concerns were the Horizon problem, the Flatness problem, and the Monopole problem. We start by
discussing the Horizon problem. K

From the previous section, we know that the Hubble radius, ry o ti&ﬁ':z), increases during both the radiation
dominated and the matter dominated epoch. We also know that for scales larger than that radius, we cannot
have casual connection. Nevertheless, we observe a highly homogeneous and isotropic Universe at any scale. For
scales that stayed disconnected for most part of their history, we see the same macroscopic homogeneity, isotropy,
temperature and polarisation of the CMB. How could it be that regions that could not communicate between
themselves turn out to be so similar? The Inflation paradigm solves this problem by admitting a period during which
the Universe underwent a tremendous accelerated expansion. It implies indeed d(¢) > 0, and hence 7y = — (fz((t t)) < 0.
Thus, it follows that during this period, the Hubble radius actually increased itself going backwards in time, at a
rate proportional to the acceleration of the scale factor. In principle, this solves the Horizon problem by revealing a
portion of the Universe’s history in which all the scales were in causal connection. To completely solve the problem,
we need Inflation to have lasted for a sufficient amount of time to guarantee a causal connection within the largest
scales we are observing today. Therefore, we also have to quantify how much the Universe expanded. In order to
do so, we introduce the so called Number of e-folds

N =log (f) (1.9)

a;

where ay and a; are respectively the scale factor at the end and at the beginning of Inflation. This quantity describes
how much a certain portion of the Universe expanded in logarithmic scale, or for which amount of time Inflation
lasted. To get an estimate of N, we simply start with the condition rg(t;) > rr(t9), i.e. by requiring that the
(comoving) Hubble radius at the beginning of Inflation was greater than the Hubble radius now. Then, it follows

1 1 af HZ- ayf
> = YU
CLiH,‘ CloHO a; Ho Qg

(1.10)

We want now to rewrite the right-hand side of the last equation as a function of quantities related to post-inflationary
epochs. Firstly, we use the first Friedmann equation to rewrite H;. We neglect the term proportional to the curvature
assuming it to be null and we are left with

H‘ s —§(1+wznf) H
72 -3(4w) (% = 1.11
X pXa H, ay H, ( )
Thus,
(4345 5)

T To H
(af > Z07f (1.12)

a; Ty Hy

where we used the approximation T o< a~' with T being the temperature of the Universe. We notice now that in
order to get @ > 0, from Eq. we must have w;,r < —%. We then have a positive exponent and, by using the
definition of the number of e-folds, we get

2 T, Hy
N> —— |1 — 1 — . 1.13
T 1+ Bwing| [Og<H0> * og(ﬂﬂ (1.13)
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Here, we have Ty ~ 2.7K~ 10713GeV, Hy ~ 107%2GeV [13|[14], from which log (Ty/Hp) = 67. Ty is the temperature
of the Universe at the end of Inflation, when it started to be dominated by radiation, in the so called Re-heating
phase. The value of the second logarithm we find in the right-hand side of the equation is model dependent and
it is one of the reasons behind the uncertainties in the number of e-folds. A rough estimate of Ty can be made by
considering again the first Friedmann equation and the expression for the radiation’s energy density

2

Py = 359 T" (1.14)

where g, is the relativistic degrees of freedom, which is definitely model dependent. Hence we get

, 8rGw? ¢

_ = (1.15)
1= 73309 T g,
with &= <107 14 [15]. Also the choice of w;y, s is largely model dependent. By choosing a cosmological constant
value, 1 e Wing ~ —1, at the very end we find
N = 60 — 70. (1.16)
This number translates in an expansion of the order of = ~ 1023, Hence, in order to solve the Horizon

problem, the Universe should have undergone a huge expanmon

Once stated the basic paradigm and computed a first constraint for the Inﬁation s duration, we pass to discuss the
Flatness problem |16]. We firstly define the so called critical density as p. = 22, which is the density the Universe
should have if it were flat. From this quantity, we also define the density parameter Q@)=L ((tt)) Then, if 2 were
greater, smaller, or equal to 1, we would have respectively a closed, open, or a flat Universe. It is now trivial to find

Q(t) — 1 = kr3(t). (1.17)

Since in a standard FLRW Universe the comoving Hubble radius increases with time, then if there were even a
tiny deviation of £ from 1 at the beginning of the Universe, we would expect it to increase. Therefore, we can
think of a close (open) Universe becoming more and more close (open) as the cosmic time passes. Nevertheless, the
observations today show |Qp — 1| < 0.4% (at 95% confidence level), which is completely consistent with a spatial
flatness. For what we said above, trying to extrapolate the parameter density backwards in time, we should find
even smaller deviations. At the Planck time, it results indeed |Qp; — 1| < 107%2. Also, it is possible to recast this
problem in terms of the life-time of the Universe. It turns out that a Universe can live up to ~ 10'%years only
if 2 assume very special value at the Planck time [17]. Therefore, we see that the Flatness puzzle is actually a
fine-tuning problem. Again, the inflationary paradigm solves this issue. In fact, by admitting a period of a rapidly
decreasing ry, any reasonable value of € different from 1 would be pushed towards this ”special” value anyway.
Even in this case, we can constraint the duration of this accelerated expansion by means of the number of e-folds.
Starting from Eq. we have [Q(tf) — 1] = |Q(tp;) — 1] < 107%, hence, by requiring |Q7, — 1| ~ O(1), we find

-1 A\ 2
||Q|tf~<z) =N — N 2>60-170. (1.18)
!

This scenario also allows us to neglect the curvature term in the Friedmann equations, as we done above. That is
because, within a certain range of values for k, which is dictated by Eq. thanks to Inflation we will always
end up with a flat Universe.

Finally, we briefly introduce the Unwanted relics problem, then providing a solution to it. We start to do so
by summarize the concepts of a Spontaneous Symmetry Breaking (SSB). In the Early Universe, a (spontaneous)
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symmetry breaking occurs when, for example, a phase transition takes place. At this point, the Lagrangian of the
theory remains symmetric for all the states but the vacuum, for instance, under a certain transformation. We can
imagine of having a potential of the type

V(6. T) = Vo(6) + 3aAs"T, (1.19)

with Vp = % (¢2 — 02)2. We see that at high temperature the potential resembles a characteristic parabolic-shape
o T2, with a global minimum at ¢ = 0. But as the Universe evolves expanding, it cools down. After having reached
a certain critical temperature 7, = —77, at which the global minimum becomes a saddle point, the potential changes

its shape towards a Gizburg-Landau one o (¢2 — 02)2. Now, the previous global minimum changes to an unstable
maximum, thereby causing the scalar field to roll down to one of the two new minima (+o0) where, in this case,
parity is broken. These phase transitions do not occur perfectly anyway, and there could be regions where this
passage does not happen. Then, the scalar field remains stacked in its original false vacuum. These imperfections
give rise to topological defects as domain walls (spontaneous breaking of a discrete symmetry), cosmic strings (SSB
of a U(1) gauge group), and magnetic monopoles (SSB of GUT theories) [18,/19]. The mechanism responsible for
the production of cosmological defects as a consequence of phase transition is known as the Kibble mechanism. By
considering domain walls as an example, it can be show that these are very massive and stable. In particular, they
imply a density parameter of the order of ), ~ i ~ 10 >> 1, which is in conflict with what we observe. Inflation
solves this puzzle, since its accelerated expansion would completely wash away the number density of such relics
(ngy oc a=3H*), Thus, although a large number of, e.g., domain walls could have been produced, they would be
diluted during the expansion of the Universe.

1.3 The paradigm

We already have pointed out that Inflation is capable of solving the shortcomings exposed above, and that in
order to achieve this goal it has to admit a period of accelerated expansion. We have also seen that this feature
corresponds to ask for an equation of state w;,; < —1/3. There are now several different models aiming to describe
Inflation [20]. For our purpose, we start with the simplest possible scenario: the single field slow-roll Inflation.

We can start by considering a model on Inflation driven by cosmological constant, for which w = —1 < —1/3.
Then, we add a constant term Ag,, to the right hand side of EFE. We have the right to do that, as it satisfies
both the mathematical consistency and the Bianchi identity. If on the one hand this term might figure as a mere
geometric term, on the other one we can describe it as the energetic contribution given by continuous creations and
annihilations of virtual particles in a curved space-time. In this view, A represents the vacuum energy-density of a
certain combination of quantum fields. By remembering the EoS associated to the vacuum energy, if we consider
the vacuum expectation value (vev) of the stress-energy tensor associated to that field, we get

(T5)) = (p+ p)uptiy + (B)Guw = —(PA) Gpuv- (1.20)

Then, by taking the vev of the EFE, we obtain

(G) =8nG(TEL) = 8nG(T ) + 87G(T,) = —87G{pA) gy, (1.21)

where we considered the classical part of the effective stress-energy tensor as vanishing in the vacuum, since no
particles are present. This shows us that also the vacuum fluctuations of quantum fields contribute to the cur-
vature of the space-time, and hence they cannot be neglected. By considering now a scalar field Lagrangian
L= —%g””@wﬁ&,d) — V(¢) in a flat spacetime, for its stress-energy tensor we obtain
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oL
90,9

=5 0"60"0 — gV (6).

T =

O p+ gL
(1.22)

By imposing a constant value of the vev of this field, in order to resemble the cosmological constant’s case, we have
(Ou¢) = 0, and hence

<TMV> = _<V(¢)>g#u7 (123)

which is exactly what we found above. We notice that we can impose (¢) to be constant only because ¢ is a scalar
field, whose value does not change if we perform either a rotation or a Lorentz boost. This encourages us to continue
with a model of Inflation driven by a scalar field. A clarification that is worth to be mentioned is the fact that we
cannot actually require a perfectly constant value of the vev. Although this is useful to show the starting point of
our simple model, eventually Inflation must end. Therefore, in full generality, we should instead require (¢) = f(t).
We thus proceed in analyzing the scalar field scenario. The potential’s form is dictated by the precise model, and for
the moment we leave it as general as possible. In curved spacetime, in order to find the corresponding stress-energy
tensor, we have to use its general definition 7}, = —\/%7 53,Sw . In spite of the fact that the total action of the system
is given by the gravity’s, the matter’s and the inflaton’s contributions, during Inflation, the dominant energy is that
of the latter. Hence, we remain with S ~ Sy = [ d*z\/=gLs. We get

2 o/— oL
e [0 i

_ a uv a 24
vVTa Loy , g (1.24)
= H¢ay¢ - gul/ |:29aﬁ6a¢aﬁ¢ + V(¢):| )
where the equation %ﬁ = —@ Juv Was used Being a quantum field, we expect the inflaton to have quantum
fluctuations d¢, which could hopefully explain also the density perturbations we observe in the CMB. Hence, at

first order we introduce these fluctuations in the inflaton’s field, which we rewrite as

O(Z,t) = Po(t) + dp(Z, ). (1.25)

Here, ¢g = ¢(t) represents the average classical background motion of our field, which has to respect the cosmological
principle, whereas d¢ are its quantum fluctuations, which can carry spatial dependence. To perform this splitting,
we have to require (§¢)? < ¢2 ({(5¢) = 0 by definition). Once these first tools are set, we start by focusing on ¢y.
From its stree-energy it follows

1.
Ty ™) = —5d8 ~V(9)
Té(¢0) —0= Tio(tﬁo) (1.26)
% 1, i
;) = (2¢% - vw)) ;.
TrA

2Given a matrix A, starting from dete? = e

both sides we are left with ddd%(gg"’")) =Tr (%) =Tr (9*¥dguv). Then, the results follows by substituting g = —v/—gv/—9¢
pv pv

, we have log (det eA) = TrA. Hence, once called gu, = (eA)m/, by differentiating
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T} is therefore diagonal, and by defining Tg (#0) _ Pty and T;(d)") = p¢(t)5§, we note two important things. Firstly,
Pe is just given by a kinetic term summed to a potential one, so that we can see ¢ as a particle propagating
along its potential curves. Secondly, there is a sign mismatch in the potential’s sign between p, and ps. The latter

observation is crucial to realize Inflation. In fact, if we could assume %3 < V(¢g), we would find an equation of state
w = —1. This is what is called the first slow-roll condition, and allows us to produce a quasi de-Sitter expansion of
the Universe, in complete analogy with the effect of a cosmological constant. However, we would eventually obtain
this condition to be fulfilled anyway, as from Eq. [I.6] the kinetic energy density contribution would rapidly decrease
as the Universe expands.

In order to properly study the dynamics of our field ¢(Z,t), we need its equation of motion, which turns out to be

(Appendix

% ov

b+ 3H¢p— “b:_a?'

A 1.27
. (127)
This resembles the usual Klein-Gordon equation when we consider H — 0. Thus, the expansion of the Universe
emerges through 3H ¢, that represents a friction term in the field’s dynamics. Now, we can couple this equation
with the first Friedmann’s equation, obtaining a system of two equations that allows us to describe the evolution
of the inflaton

{H2 =557 (%2 * V(“b)) (1.28)

do +3Hdo = — 57,

where we restricted ourselves to the background field, and we considered the inflaton’s energy density as dominant
with respect to all the other possible contributions. By applying the first slow-roll condition, we get the same
situation that we face considering a particle that moves under a constant potential and a viscous friction term. The
particle’s acceleration is exponentially decreased by the action of the viscous force, that in turn drives the system
towards a constant velocity solution. By remembering that V(¢) is nearly constant for our hypothesis, from Eq.
We get exactly the same scenario. After a brief initial period, the second slow-roll condition ¢y < 3H ¢y takes

place, and the inflaton’s dynamics tends towards a phase of slow-roll gi)o ~ — Yoo

577+ During this phase, V' (¢) mimics
an effective cosmological constant and Inflation occurs. Once the full model is specified, i.e. once V(¢) is stated,
through the equation above we can determine the dynamics of the inflaton and the subsequent expansion of the
Universe.

It is useful to specify now some quantities that quantify this ”Slow-Roll” dynamics. These are the so called first

and second slow-roll parameters and in their most general form read respectively

H é

€= ——= and = ——. 1.29
"= (1.29)

By exploiting the first Friedmann equation shown above and the slow-roll conditions, we get from the first parameter

o° _3 4
~ 4G —— = = . 1.
€~ 4rG = 3V (9) (1.30)
It thus follows that in our model H = 747TG¢2 < 0, which gives us either a constant or a decreasing expansion

in time, and that € is directly proportional to the ratio between the kinetic and potential energy of the inflaton.
Hence, thanks to the first slow roll condition, we need € < 1 to have an inflationary Universe. Also, we can rewrite
€as €~ ﬁ“//—lj < 1, with /" = 9/0¢. We then see that € tells us how much the potential energy is greater than
the kinetic one, or, in other words, when the potential is ”flat enough” to make Inflation starts. From the second
slow-roll condition it immediately follows that also the second parameter has to be n < 1. It is also possible to
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write it in another way, by introducing ny. We have in fact n = ny — e with ny = g H2 Although € seems to tell us
all what we need to have Inflation EL the second slow-roll parameter constrains the potential to be flat for ”enough
time”, thereby allowing a slow-roll phase for the sufficient amount of time depicted by the number of e-folds. We
have indeed that n,e < 1 implies 1y < 1 too, which in turn gives us V" /H? ~ V" /V < 1. Not only the potential
turns out to be flat enough, but also this behaviour is forced to last for a sufficiently long amount of time.

1.4 Inflaton’s perturbations

One of the primary goals of the inflationary paradigm was to explain the density perturbations %” that we observe

on large scales (> H~1). In order to do so we have now to consider the quantum contribution to the inflaton field,
which is the one that carries the space-dependence. This will be very useful also because in this work we would
like to consider cosmological quantum correlators. Hence, we need to quantize the inflaton field and to study its
dynamics. From Eq. we can decouple two independent equations

b0+ 3Heo = —V"(¢o) (1.31)
" . 2 .
56+ BHS$ — T166 = —V"(¢0)5¢
where we expanded V(¢) at first order in perturbations. By going now in Fourier space, we have Z—; — —’;—2,

where k is the wavenumber of considered mode function. In this way, by considering only superhorizon scales, we
have Agupn > H~ ' k <« aH and thus Z—j <« H?. Then, since H ~ 0/0t indicates the characteristic time-scale
of the Universe’s expansion, we can roughly approximate 3H 6(;5 ~ 3H?§¢. Therefore, the second equation of the
system becomes 5(,%5 +3H?6¢ = —V"5¢. In other words, we are considering the inflaton’s fluctuations as spatially
constant on small scales, a process known as coarse-graining. By considering a de Sitter expansion for simplicity,
and differentiating with respect to time the first line of Eq. [1.31| we obtain two identical equations for ¢y and & 0
This tells us that these equalities are not completely independent. In fact, one finally finds §¢(Z,t) = —5t(Z )qbo(
and hence

O(Z,t) = ¢o(t — 0L()). (1.32)

In fact, by expanding it to first order in §t we find the same equation. This is a quite interesting result, that shows
us that ¢ will assume the same value of ¢ in every spacetime’s points, with the same time-evolution but at slightly
different times. The inflaton’s fluctuations translate themselves into little time-deviations on the history of each
point of the Universe.

We proceed now by writing our fluctuations as a series of wave-functions. In order to do that, we should solve
the Helmholtz equation V2Q,, + k2Q, = 0, where  takes care of the curvature of the Universe. Since at the end
of Inflation we saw that x is almost perfectly null, no matter what initial Universg’s curvature we choose, we can
consider simply a spatially flat spacetime (n = 0). Then, we simply have Q, = ¢** and our fluctuations’ Fourier
transform reads 0¢(Z,t) f (zw)g ”“"”5(;5 k ,t) with §¢(k t) = do*(— lg, t) being the wave-function of wave-mode k.
Thanks to the previous result, we know that, at first order, wave-functions of different modes evolve independently
in time, so that for a given k-mode the equation of motion exactly resembles the one for the real fluctuations.
Namely,

. . k2
0 + 3HSdy, + ?5@ =-V"é¢s. (1.33)

3From requiring & = —(aH) = aH?(1 — €) > 0 we see that the condition € < 1 fulfills the Inflation’s requirements by itself

4In order to show that a certain level of dependence exists between the two lines of Eq. |1.31} we use the Wronskian. We have

(¢0, d¢p) = det (ﬁo gi) = ¢>05¢> — d)gé(i). By considering the time derivative of the Wronskian, we see clearly that it eventually
0

goes to zero, as W = —3HW, i.e. W o e 3Ht, The solution of W = 0 is given by [21] §¢(&,t) = —6t(Z)do(t)
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Passing now to the conformal time, the equation becomes

L, 02V

S} + 2359}, + k20pr = —a 952

O, (1.34)

where, here and after, * = 9/07 and H is the Hubble parameter expressed as a function of conformal time. By
rewriting the field as d¢ = ddr/a(t), we finally obtain

" 62‘/
Sl + |k — % + a28752 Sy, = 0. (1.35)

To properly quantize these inflaton’s perturbatinos, we proceed canonically. First of all, we need to define the
fluctuations’ conjugate momenta o7 (7,Z) = 83{)% 3 = a%0,6¢(t,T). Then, we proceed by computing their Poisson
brackets, hence we promote these to commutators (multiplied by ¢ since we are in natural units) and the fields to
operators. Firstly, we get {66(7, %), 8¢’ (1,%)} = a=26B) (Z — ) |22], while all the other brackets between these fields

are vanishing. Then, we promote d¢(7, ) and d7 (7, T) to operators in Fourier space

(1.36)

Here, as usual, ag, aT_E are the annihilation and creation operators respectively, where az[0) =0 (<0|aT_ P 0), with

|0) the vacuum state. By inverting the last equations, one could define the commutation relations between the
ladder operators, which reads

7

[GE’GT_;;} = (2m)36®) (E—i— 157) and  [ap,a5] =0= {aT al q} . (1.37)
By promoting now our Poisson brackets, we find
~ ! R d3kd3k/ izk Z@jﬂ/
[5¢(7,$)75¢ (T, y)} —/me e [

BEPE 1z 1o
=2 k 4 I t ! T
=qa / (27T)6 TRy |:ukuk/ |:CLE, aik-‘,:| — Upr U |:a, "y ail-c.”

=a"2%i68) (& — 7)),

(urag + uZaT_E)(u%,a];, + u;c*,aT_kﬁ,) — (uprag + u?flaik_;)(uka,; + uZaT_E)]

(1.38)

where the last passage is valid only if our mode-functions obey the normalization condition

uy (T)ul — g (T)ug (1) = —i. (1.39)

Once the operators are defined, we have to specify what they act on. Besides, the physical meaning of an operator
is itself unclear until the states’ space in which it can act is not defined. This topic is one of the main caveat of
quantum field theory in curved spacetime. The first road one usually follows to define a space of all the possible
states is to define the vacuum state, thereby building up the entire space by letting the creation operator to act on
it. However, whereas it is quite an easy task in Minkowski space, in curved spacetime it is not. Normally, one could
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find the vacuum state as the one with the lowest energy. But in curved space-time, the Hamiltonian is in general
time dependent. Also, as long as (5};5(7'7 Z) remains the same, we could in principle chose the mode-functions to have
different forms. This of course would modify a(f) and hence the vacuum’s definition. In spite of all these difficulties,
we can overcome them by requiring that at very small scales the space-time approaches the Minkowski one. As
a consequence of the equivalence principle, we can in fact require that, locally, every point of any space-time we
chose resembles the Minkowski space-time. This of course would imply an uniqueness of the vacuum state, just as
in ordinary quantum field theories. The so obtained vacuum is called Bunch-Davies vacuum state [22}23], and it
implies a plane-wave solution for out mode-function

e*ik‘r

ug (1) = T

Now, we would like to properly solve the equation of motion for our field’s fluctuations. We start from Eq[I.35]
which represents nothing but the equation of motion for a harmonic oscillator with a frequency that changes in
time due to the expansion of the Universe. Before proceeding in finding the most general solution, we consider
for simplicity the case of a massless field in de Sitter (dS). In fact, this first approximation allows us to see how
inflaton’s fluctuations can freeze-out becoming classical perturbations of the spacetime. By choosing a massless field
in dS, §%/0¢* = mi = 0 and we have a constant H. From the latter it follows a o ef*, and hence, since dr = %

a’

(1.40)

one finds 7 = —ﬁ (with a proper choice of integration’s constants). Thus, it is possible to write %” = % The

equation of motion then reads

2
Sy + {kQ - 2} S¢p =0, (1.41)
TH
where we can put |d¢x| = |ug|. To show how quantum fluctuations inside the horizon freeze-out becoming classical,

we just have to restrict ourselves to two limits. In the so called subhorizon regime we expect scales of dimensions
Asup < TH, which implies k2 > %ﬁ and hence, the above equation reduces to d¢} (1) + k26¢5(7) = 0. On the
contrary, by considering the opposite scenario, in the superhorizon regime we have scales A > 7y, so that k? < %ﬁ
Therefore, well outside the horizon we will have d¢f (1) — %6(%(7’) = 0. The first equation is now easy to solve with
the initial condition dictated by our previous vacuum choice. Being a harmonic oscillator’s equation with a constant
frequency, its solution is a superposition of two plane-waves. By requiring it to resemble the Bunch-Davies solution,

we find uj"® = ﬁe’ikﬂ and hence ;U0 = j;%e’“”, where we inverted the relation d¢y = d¢r/a. On the other

hand, on superhorizon scales, we have a general solution uy (1) = B(k)a(r) + A(k)a(7) =2 ~ B(k)a(7) as the second,

decaying term gets washed out by Inflation. In terms of the field’s fluctuations then |§¢x(7)|*“? = B(k). In the

end, requiring the continuity of the solution, we force B(k) = \72’% Inside the horizon, by looking at macroscopic

spacetime regions, the fluctuations are averaged out due to their oscillatory behaviour. On superhorizon scales,
microphysics does not work anymore and hence the perturbations cannot annihilate between one another. In
other words, if inside a definite Hubble volume the continuous creation and annihilation of §¢; guarantees a vev
<5¢Z“b) = 0, as the Inflation takes place this Hubble radius shrinks, enclosing less and less physical space. Therefore,
the created fluctuations outside the shrinking horizon are no more in causal connection between themselves, and get
frozen-out. This is the mechanism that consents the creation of classical perturbations from quantum fluctuations.
Proceeding now in finding the exact (massless) solution in dS, we start again with

ull (1) + [l& — 52] ug (1) = 0. (1.42)

By rewriting ug(7) = 7Ug(7), we have

5In perfect dS, H is constant. We have: %/ = 4 (qa) = %(aQH) =2a%H? =

v = 7_%, where also the last equality holds only in

2
T
a perfect dS Universe
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2Uk(7')

T

+U(T) [kQ - 2} =0. (1.43)

T2

Ui (1) +

If we then change the variable over which we are derivating putting y = 7K, we find the first-order (I = 1) spherical
Bessel’s function

d? d 2
kQCTyQUk(y) + de—yUk(y) + Us(y) [1 - yQ] =0, (1.44)

which is resolved by a superposition of the two Hankel’s functions

I . 1
() = (—y)! (;jy) I (;jy) ) (1.45)

Hence, we can write our solution as a linear combination of these functions: Uy (y) = ¢1J;(y) + c2Ji(y). In our case,
we have [ = 1, from which it follows

cos sin sin cos
Ur(y) = &1 (— Yy 2y> — e ( Y4 2y> . (1.46)
Y Y Y Y

Thus, by using the exponential form of sinusoidal functions

- 1
T 2k272

ug(T) [6“” (—crkT —icy +icokT — co) + e 7T (—crkT +dcy — icokT — )] (1.47)

In general, to solve a n'" order differential equation, one needs to specify all the n integration’s constants. Thus, in
order to do that, we need n-independent equation. In this case, the second constraint we need can be found in the
initial conditions. In fact, we saw that at ¢ — —oo, the solution has to resembles the usual wave-plane solution of
canonical quantum field theories in Minkowski space. Hence, by looking at uy,(7)%"?, we see that for asymptotically
small wavelengths (|k7| >> 1), only the second term of Eq[1.47 must survive. This gives us ¢; = icy from the first
term. Then, by imposing our Bunch-Davies initial condition to the second term

. ) . 1
‘kT}ﬂmW[—clkTJrzcl — kT +ic] = Wors (1.48)

we get ¢; = —\/577 co = i\/gT. In the end, for the re-scaled mode-function uy(7) = ug(7)/a we find

e kT i aH .
U (1) = ——— (1 - ) = (i — kr)e k7
a.\H/2 k kTt ds a 2k3 (149)
2

=—— (14 ikr)e 7.

vV 2k3

From now on, we will use only the mode-function we have just computed. Therefore, we rename it as Uy (7) = ug(7).
We see that the last equation resembles both the limits we briefly sketched above. On superhorizon scales, it reduces
to the constant value |ug| =~ H/ V/2k3, while for subhorizon wavelengths it gives us the usual plane-wave solution
we wanted. Now that we have found the exact solution in a perfect dS Universe, one could extend this result to the
case of massive fields in a quasi-dS spacetime. The most general result, accounting for a non-vanishing inflaton’s
mass, is given by solving
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uk(T) +

2 3 m2
2 ¢ _
k — ?2 (1 + 26) + 27'2‘| = 0, (150)

where in this case the conformal time has been approximated as 7 = and the inflaton’s mass comes as an

1
i aH(1—¢)
effective term from the slow-roll parameter ny = %% < 1. Once solved, the solution shows a typical dependence
on k~¢v (Appendix . This unique feature of inflationary models is quite important, as it reflects itself in the
dependence on the momentum k of the (scalar) power spectrum.

However, up to now we considered only scalar perturbations in our model, owing to the fact that no matter what
metric we start with, the Universe will be described by a flat FLRW space-time. Even by neglecting possible quantum
fluctuations of the metric, according to Eistein’s equations, the inflaton’s perturbations produce perturbations in the
spacetime’s geometry by warping the stress-energy tensor. In turn, these geometric fluctuations back-react affecting
the inflaton’s dynamics, and so on and so forth. For this reason, we cannot think of inflaton’s perturbations without
looking also at the metric’s ones. In order to account for these geometrical contributions, we need to perturb the
equation of motion we found for the inflaton’s field (Eq. Before doing that, however, we need to introduce the
topic of cosmological perturbations, and the approaches one can use to study them.

1.5 Cosmological perturbations

As we saw, the inflaton’s field produces fluctuations while following its dynamics. These produce a back-reaction
from the gravitational sector, which affect their own evolution. Thus, in order to build a consistent model to ex-
plain, for instance, primordial perturbations, we need to take into account also the geometrical contributions that
can arise. Besides, since in this thesis a particular regard will be given to gravitons, which are nothing else than
metric perturbations, we must consider this topic before proceeding. Before passing to analyze the cosmological
perturbations’ contribution to our inflationary model, we first need to solve aa puzzle. Treating perturbations, one
usually deals with two different spacetimes. One is given by the unperturbed background, which in our case will
be the FLRW one, while the other represents the physical and perturbed Universe. In fact, if we want to study
a given quantity f, the perturbations of that will be Af = f — fo, where fy is our reference’s value, expressed in
a Universe that we consider as known. We call these two spacetimes M and M. We need to provide a relation
between these two ”worlds”, since the comparison between, e.g., two tensors or vectors can be done only if they
are expressed in the same spacetime. A gauge choice provides a one-to-one map between the z} and the z* points,
where the subscript 0 belongs to unperturbed quantities. A change between two gauge choices is called a gauge
transformation. This correspondence should not be misguided with an usual coordinates’ transformation. In fact,
besides inducing of course a coordinate transformation in M, a gauge transformation changes also the point in M,
corresponding to a certain point in the physical space. Thus, under a gauge transformation, the perturbation of a
quantity that undergoes a change of coordinates as a scalar might not be invariant [24]. Since in principle we do
not have a way to discriminate a gauge’s choice over another, the so called gauge issue, arises from to the fact that
this freedom we have in choosing the Mg-to-M map implies an ambiguity in the definition of the perturbation. For

example, by choosing two different gauges ¢ and ¢, for the same quantity f we might get Af = f — fo (fo i>f)

and A~f = f — fo (fo 2, f) with Af # ANf. Therefore, we need to know how to pass from a gauge to another, in
order to relate two differently-transformed quantities.

We start by considering a general change of coordinates z# — z'* = z# — £*. According to that, scalar,
; ; 1ol — 1\ _  Ox¥ o Ozt
vector and tensor/functlor}s Wlllu then tiansform as ¢'(z') = ¢(), V(2') = gmVu(z) (V* = S5VY), and
Iy ... (o0 . Ox’*1 ox'*n gzt dzhm .Un : : 3 i
Tt s (@) = G - Bavn 5omr - -+ gamw Lyja o () respectively. Now, we parametrize our spacetimes by in-

troducing a parameter s, such that, for k = 0, M,, = My is our idealized FLRW Universe. By identifying
then a point P € My, we choose a gauge ¢ which maps P into O = ¢,(P) € M,. However, we can also
choose another gauge ¢ such that O = ¢,.(Q) (Q € Mp). Being a gauge transformation invertible, we can write
Q = ¢.1(0) = ¢ (e (P)) = ¥, (P). Now, we fix a coordinate reference on the ideal spacetime z#, and intro-
duce a vector &* which defines k as the parameter describing the path along which we pass from z#(P) to z*(Q).
Namely, ¢* = %, so that we can write, at first order in &, z#(Q) = 2 (P) + k&*(z*(P)). Then, our ¥ is such
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that z#(P) L, M (P) 4+ k€#(k = 0). We see therefore that a gauge transformation is carried by the vector &*.
However, since we are still in the same geometry, we could have find the relation between the points P and@ simply
by introducing a change of coordinate z* — y* in a way that y*(Q) = «*(P). For what we saw above, a change of
coordinate, again at first order, can be written as y*(Q) = z#(Q) — k&*(x(P)). Thus, by using the expression of
our active coordinate transformation ¥ and Taylor-expanding the whole result up to first order in k, we have

y"(Q) = 2"(Q) — w¢" (27(Q) — K€" (rk = 0)) = 2" — K€"(2(Q))- (1.51)

As we see, this represents a simple coordinate transformation. Aiming to provide how tensors transform under a
gauge transformation, we consider now two tensor fields Z and Z whose contravariant components are respectively
ZM and Z* in the z-coordinate system. By imposing now that the x—components of the second field in P _are equal
to the y-components of the first one in Q we find Z#(z(P)) = Z"(y(Q)) = 8? Z"(z(Q)). From Eq it thus

follows

9 s

24 (@(P) = 5 (@) = r§(Q))| 2"(@(@) = B2 (@(Q) — 25 | 27 ((Q)
. ozr| o (., . 92"
=2(@(P) + K5 | €(P) =z (Z + 5 Pnf (P )> (L1.52)
o 8Z“ vipy L 08!
M@ (P) + R | € (P) = RG]

=Z"(2(P)) + f%sZ“( );

where we applied the active transformation z#(Q) = X*(P) + k€*(P) to express £"(Q), and expanded Z*(Q) at
first order in k. Finally, we see that the last equality compares two different vector fields in the same point P € M.
Here L ZF = GZ“ =&Y — gf:, ZV is the Lie derivative of Z* along f Therefore, our gauge transformation acts in
adding a Lie- derlvatlve term to our initial vector field Z#. By following the same line of reasoning, we find that
scalar, and tensor fields are gauge-transformed in the same way as vector fields, with a Lie derivative respectively
given by [25]

Lﬁf:fvp, f” and LETallﬁa _Tal Qg §H+

- Bm 1
S R SRR Py S (1.53)
Q1...0p Qp...Qn
+T /3 g/31 ’ Tﬁl---u £5m~

In this way, we solved the gauge issue, since now we are able to connect a (scalar, vector, or tensor) field expressed
through a gauge choice to the same ﬁeld underwent a different gauge map. In fact, we have Af=f—fo,Af=f—fo
where f = fo+ Af = f + Lef = fo+ Af 4+ Lef. Hence, in the end, Af=Af+ L¢ fo, where we restrict ourselves
to linear order in €.

1.6 Perturbations and gauges

Once understood how we can relate quantities expressed in different gauges, we can proceed to perturb our fictitious
FLRW metric. Also, we want to explore some gauge choice’s possibilities, and introduce a very useful alternative
that we are going to use vastly in the following sections. To introduce small perturbations to our usual metric,
we have to discriminate between scalar, vector, and tensor perturbations. In doing so, we decompose the metric’s
perturbations in these three categories, obtaining

SIn curved spacetime, the Lie derivative of a function f is again its directional derivative along a certain vector field. However, in
this case the usual derivative has to be changed with the covariant one. Considering again vector fields, one has L, w® = uﬁvﬁwa —
wPV gu® |25
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goo = — 02(7')

+o0o 1
1+ 22 ﬁz/;(”(f, 7)1

1
L@ (1.54)

0%
9ij {[1—22 (@)

Here, r represents the perturbation’s order, v and w; are the Lapse and Shift functions, while the two distinct
terms in the spatial part of the metric are respectively the non-vanishing and vanishing-trace tensor perturbations.
Specifically, the traceless x;;(#, 7) term contains also gravitational waves. We note that here the metric is written
as Yuv = Gy FLRW 4 0guv- Now, thanks to the Helmholtz theorem we can decompose a vector in its divergenceless

ﬁ

i —i—Z ,XE;) Z,T }

and irrotational components as w; = Owll + wi (O'w;it = 0). Also tensor perturbations can be decomposed as
xij = Dijx + xm + X“ + x”. Analogously, the first term acts as the scalar (traceless D;; = 9;0; — (1/3)8;;V?)
part, the two in the middle shows the divergenless vector part, and the latter is given by the transverse and traceless
tensor contribution. This indeed represents gravitational waves propagating in a FLRW Universe.

Since our aim is to perturb EFEs, thereby obtaining a more consistent model of Inflation that takes into account
the interplay between geometry and evolution of the inflaton’s field, we have to perturb the stress-energy tensor too.
To do so, we can approximate our tensor as a perfect fluid’s one: T, = (p+p)u,uy, +pguw, with T, = T;E?/) +6T .,
where the former is the usual stress-energy tensor for a perfect fluid at rest. So we proceed perturbing p, p, and u:

—+oo
i} 1
p(@, ) =p () + Z 00 p(@,7)

p(3,7) =p0 () + Z Lt (1.55)
(7)== (o + Z Lyuz ).
’ al\® — d ’

Again, we note that the first term for each decomposition represents the analogous quantities in a FLRW metric.
In fact, isotropy and homogeneity guarantee the unperturbed density and pressure to depend upon time only. In
the latter equality, 0f) /a represents the velocity of the cosmic fluid at rest, while the perturbation’s term expresses
the (generally) non-vanishing velocities of fluid’s elements. For the latter, it is possible to write V0 = —¢, Vi =
vl 4 V“‘ There are two ways that can be followed to deal with the gauge issue. The first one is to choose
a gauge, make there certain computations, and eventually go back to the original spacetime through the gauge-
transformation laws we found. The second approach is to find a basis of gauge-invariant quantities. We start by
exploring the first possibility.

By applying now a general linear gauge transformation &, (%, 7) = (a, 9;8 + d;), we have G, = g G0 +gar & +
9ua&l = Guv +&u+E& s as the covariant derivative of the metric tensor vanishes and we can consider a flat FLRW
metric. However, we can use a simpler trick to transform the several perturbations we introduced in the metric
tensor [26]. We can apply an infinitesimal gauge coordinate transformation # = z# + ¢*. Through that, the line
element is left unchanged ds? = ds?. Also, by considering first order perturbations only, the different perturbations
are decoupled from each otherﬂ and can be studied separately. In this context, looking at the 00-component we
find

"It can be shown that at linear order this is the case by computing uput = —1

(0)

8This can be easily seen by looking at how the metric tensor transforms. At linear order we can in fact approximate Juv = Guv
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@2(7) (1+20) d7* = a*(r) (1 + 20) dr (1.56)
with a2(7) = a(1 4 £°) ~ a?(7) + 2a92¢° and dr = 8(37150)(130“ = (1 +¢0)dr. Therefore

aX(r)dr? + 203 (7)dr*p =(a*(7) + 200'€") (1420 ) (dr? + 2dr%¢")
) (1.57)
~a?(T)dr? + 2a*(7)d7?) + 20> ()dT 50 + 2663 (1)d7?,

which implies ¢ = ¢ — 2£0 — ¢/0,
Now, by following the same approach, it is possible to find the expressions for all the other introduced perturbations,
which read

p=1—a ——a O =w, —a,;+ B +d;
P :
- 1 2 a' ~
p=p-gVii-—a Xij = Xij +2Dij B+ dij + dji (1.58)
dp=2op+pVa Vi=vVi—pghi_d
‘7” :‘/H_ﬂ/ Vil_:viJ__di’

where we decomposed v* by means of Helmholtz theorem. Once a, 8 and d’ are specified, the gauge is chosen. Just
from these results, one can see that a proper gauge’s choice might be particularly useful to solve a specific problem.
In fact, by changing the gauge-variables we introduced, we can get rid of several terms in the perturbed EFEs,
thereby getting a simplification of the equations one is using. Some example of notable gauges are the Poisson,
Synchronous, and the Uniform curvature gauge. R

The Poisson gauge is specified by the constraints wll = 0,%! = 0, and xi = 0. It corresponds to a gauge that
closely resembles a Newtonian treatment of gravity. In order to see this, one has to perturb the 00 and the 0 EFEs.
Then, by applying this gauge, it follows V2® H = 747rGa €m, which is very similar to the Poisson equation in
Newtonian gravity. Here, ®g = —p — fVQXH +4 w” — *X Il'is one of the two gauge invariant Bardeen gravitational
potentials [24] we will introduce in the next sectlon and €, = dp+ pl (VI +-wl) is the perturbations’ energy density.
In the Synchronous gauge, one has v=0al=0= @3, from which it simply follows 5900 = 6901 = 0. Namely,
in this gauge only the purely spatial part of the metric is perturbed, and hence all the observers share the same
proper time. The uniform curvature gauge is specified by requiring ¢ = 0, x!l = 0 = ;- It is defined by selecting
T-constant hypersurfaces where the spatial metric tensor is perturbed only by tensors i.e. only by ij This last
gauge will be useful to define a very important quantity that we are going to use intensively in this thesis: the
scalar curvature perturbation on uniform density hypersurfaces.

1.7 Gauge-invariant quantities

As we pointed out, the covariance of General Relativity implies a complete freedom in the gauge’s choice, until
we can find a gauge transformation that brings us from our initial background to the chosen gauge. This means
that only gauge-invariant quantities have an intrinsic physical meaning. Of course, this implies that the other
gauge-dependent quantities acquire a physical significance only when, under a certain gauge choice, they can be
related to some gauge-independent quantity [24]. We start the gauge-independent approach by focusing on scalar

in all the ~ £ terms. In this way, computing how the 00-component transforms, for instance, only the corresponding 00-terms are
considered. Hence, there is no mixing between different perturbations. This is not true anymore when the procedure is generalized to
greater orders.
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quantities. It is possible to obtain some gauge-independent variables from both the metric and the stress-energy
tensors. Let us first consider those arising from the geometric part of EFEs. From Eq[I.54] we see that through
Helmholtz’s theorem four scalar perturbations can be identified. That noticed, by specifying a gauge we can fix
two scalar functions. Thus, it follows that only two gauge-independent scalar quantities can be constructed from
the metric tensor. These are the so called Bardeen gravitational potentials, which read

a a
20, =20 + 2l 4 2%l — (x”' N x")
a a

(1.59)
oo 0@ 4
20 =—2¢p— VX' +2—w" — —x"I.
3 a a
In the zero-shear gauge, the shear scalar o = —wll + %XH vanishes. In these so defined hypersurfaces, we have
Vg =4, and &y = —¢ = —p — %VQXH. From these relations, we can see that the Bardeen’s gravitational

potentials identify the amplitude of the perturbation in the lapse function and the amount of deformation of the
perturbed hypersurfaces respectively. We pass now to the energy-matter sector (Eq , where we find [24]

oV, — 20l 4+ /I, (1.60)
em = 0p+ ph(vl + wlly, (1.61)
28, = 20p + p) <2w” - x’”) . (1.62)

As done above, to understand the physical meaning of these quantities, we chose a useful gauge. From the former,
by choosing the zero-shear gauge, we get V, = vl + w!l where w represents the velocity of an observer moving
normally with respect to 7-constant hypersurfaces, and vll is the scalar perturbation to the matter’s velocity. Thus,
in the Poisson slicing, V; corresponds to the magnitude of the matter’s proper velocity. By looking at the second
equation, and going in the comoving gauge (vl + wl = 0), we find €,, = dp. Therefore, it follows that e, can be
seen as the most natural definition of the energy-density perturbation of the matter. Another way to see that, is to
consider how we defined the comoving gauge. We saw that the condition v/l 4wl = 0 corresponds indeed to require
a vanishing matter’s momentum density, which is the case in its rest frame. The last gauge invariant quantity
defines another expression for the energy density perturbation. Going in fact to the zero-shear gauge, we find again
E, = 6p.

Let us now discuss the vector gauge invariant quantities. By looking only to geometrical contributions at first, we

L

have two vectors w;-,x; and a vector-condition given by a gauge choice (d; = & — 9;3). Thus, we are left with a

single possible gauge invariant vector

Yi=wi = Xi, (1.63)

which is related to the amplitude of the vector part of the geometric shear tensor quﬂ and describes effect related
to the frame-dragging effect in GR. As in the case of scalar quantities from the matter sector, we can identify two
different forms for the matter’s velocity perturbation

‘/'Si — il + X/iL and V’L — viL +wil, (164)

9The shear tensor ouw describes the shear viscosity that can form between two subsequent layers of matter’s fluid. It is given by
Ouv = %hz‘hf (ua;g + ug;a) - %@h,w, where © represents the isotropic expansion of the hypersurface we are considering (in FLRW,
© =3H), and hyy = guv + UmuUy is the projection tensor on spatial hypersurfaces orthogonal to
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which represent respectively the shear’s amplitude and the vorticity of the matter velocity field. In particular, as
we will briefly explain in what follows, Vj. is related to the angular velocity of a fluid element.

Finally, the tensor perturbations at linear order are all gauge invariant. This can be see by considering the gauge
transformation we constructed at the beginning of the section. In fact, it does not contribute with any tensor
contribution.

1.8 Perturbed Einstein’s Field Equations

In order to study the evolution of both the metric and all the other gauge invariant quantities, we need to consider the
perturbed EFEs. Thus, we have to perturb them, together with the Bianchi identity, which encodes the equations
of motion for the matter described by T+”. We start by perturbing at linear order only the geometrical part of the
EFEs, considering a null source of gravity. Since the entire computation is quite long, and lies outside the purposes
of this thesis, we just report here the main steps and final results. The first elements we need to perturb are the
Chrystoffel’s symbols. By considering only linear order contributions in the perturbations, we find

1 1 ar 1 aT 1 1 1
51“;5 ) — 559 W (gry + Gyr.p — goy.r) + 39 (5953377 + 5g§7),5 - 591(37)77) ) (1.65)

Then, by using Eq we get the following components for our (fully) linearly perturbed Chrystoffel’s symbolﬂ

i

ST = o S0 =+ S, 64y = Zw' +u + 0"y
T = —2afl¢5u‘ - (Oiw; + Ojwi) — 22’@%‘ — ¢'dij + af/xij + lxg»
a 2 a a 274 (1.66)
(51“6(]-1) = -0’8 + %@wi — %aiwjéxy
0T = 0,00}, — B8t + 9'pd, — %wiajk + %ajx;; + %akx; - %aixjk.

Thus, through these expressions we can find the perturbed Ricci tensor and hence the Ricci curvature. For the first
one we have

(1) _ (1) 17 T() D) pr T
GR() = or1) —or2\ 4 orary, + 1761y, — or T, — 17 orT(D, (1.67)
whose components, restricted to only scalar contributions, read [27]
(1) a i, i, | i " a , a ,
5R00 = E@,@w +816w —1-5181#4—390 —|—3Ego +3;¢
" 12 !
1
5R$) = af@ﬂ«d“ + %azw“ + 261‘%0/ + 2&611# + *akDfX”
a a a 2
o a , a ) a" a 2 a" a 2 . ko
OR; = |——¢' =5—¢/ —2—¢ -2 — | v -2—p—-2(—) —¢"+50" saf—aké?w dij+ (1.68)
a a a a a a

a a a 2 1 a
— 8@81'(.0/” + ZDZ‘jX,” + ;DinH + (a> Din“ + §Din”” + 6@83'(;7 — 816]1/} — 25616]'(.4)”4'

1 1 1
+ ié)kainX” + 5akaijXH - 5akakpijx\l.

10By considering only scalar contributions one would find exactly the connections reported in [27]. For example, we see that by
Helmholtz expanding the vector modes in the second line, the two w-contributions cancel each other out by inverting the order of the
derivatives.
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Finally, for the Ricci curvature SR = 6g*#M R4 + gO‘BdRSﬁ), we have

1 ’ ) ) ) / / " ) )
SRV = (—62&8% — 20,0 — 28,80 — 64" — G%W - 18%@’ - 12%¢ + 40;0") + akalpfxll) . (1.69)

Now that all the elements of the Einstein’s tensor G, have been perturbed at linear order, one can proceed in
perturbing that too. As always, it will be given by §G((llg = R(alg — % (gsﬁ)R + gagR(l)) Specifically, its components

read

1 N 2 / ’ 1 )
5GHM = — [6 (a) Y+ 65¢ +22 V2l - 292 — c’w*Di‘x']
a a a a 2
1 ! 1
660" = [—2“8@ — 20, — 8kDfX/”}
a a 2
iy _ 1 a , ,a a’\? 2 a " 2 @ o | 2,/

1 ) ) ) ! ) I 1 .
+ QakamD:;Xl)a; —9'0; + 9'0;¢p — 2%&' — 9wl + %D;.X’“ + iD;.X””Jr

+ 5 0k0 Diyll + 500, D™ Il — 2aka’€pjx|] :

We note that up to now these expressions are completely general. In fact, we did not apply any gauge to write
them, from which it follows how convenient a proper gauge choice can be in treating cosmological perturbations.
We then proceed in find the perturbed stress-energy tensor. However, instead of choosing a perfect fluid’s one, we
want to take into account possible anisotropies. In doing that our stress-energy tensor reads

Ty = puyty + phyy + 1, (1.71)

with II,,, transverse and traceless. We can of course rewrite it owing to Helmholtz theorem as all the other tensor
quantities we introduced above, getting II;; = Dijl'[” + Hij + Hjl’i + HZ; At the end we find

6TY = po + 6p(T, ) 5T = (po + po) (v' +w)
g
(1 + (Sp) + 2
Po Do

Here, we can see that the perturbed spatial stress-energy components, are given by the usual (perturbed) isotropic
pressure plus some anisotropic deviations. Also, we see that the i0 and 0i components, express the energy flux in
the i-th direction. As we pointed out above, at linear order we can decouple scalars, vectors and tensors. Hence,
for scalar perturbations, the perturbed Einstein’s Field Equations read

; ; ; (1.72)
615 = —(po +po) v 0T = po

/

/ /
3% (@ + az/)) - V? ((ﬁ + ao) = —4nGa’dp, (1.73)
a a a

/

C;ZZJ = —4rGa® (po + po) (U” + WH) , (1.74)

~l

@ +



1.8. PERTURBED EINSTEIN’S FIELD EQUATIONS 19

for the 00 and the 0¢ components respectively, and

/ 7\ 2 I
2 _,II

2 (a + (“) )1 b = 4nGa® (‘5” + v2> Po, (1.75)
a a Lo 3 Po

!
o +2%0 + ¢ — ¢ = 8rGa?1ll, (1.76)
a

) a , ad
¢ +2—¢ +—v+
a a

for the trace and traceless part of the ij components, where the former will correspond to pressure perturbations
and contributions from II}. Here, ¢ is the so called curvature perturbation defined above. To get a closer look to
these equations, we put ourselves in the Poisson gauge. Here, we have wl = ff‘ = X/l = 0. Therefore, from the

definition of the Bardeen’s potential and the curvature perturbation, it follows ®yg = —p = —p, ¥4 =, 0 = 0.
Hence, from Eq we have [24]

Dy + Uy = —8rGa’T1l, (1.77)

Although the right hand side of the latter can be not completely negligible due to the presence of propagating light
particles in the Universe, we will stick ourselves to the IIl = 0 scenario. By doing so, we can rewrite Eq as an
evolution equation for ®z, which reads

/

/ 7\ 2
}'{+3(1+c§)% L+ 2%+(1+3c§) (‘;) — V2| By =0, (1.78)

where we also assumed adiabatic perturbations. In such a way, we could write dp = cgép 4 0Pnon—adiabatic = Cg(sp.
We then used Eq[I.73]to relate dp to the gravitational potentials. The above equation corresponds to a propagation
equation for @z, which is seen as a scalar perturbation propagating with the adiabatic speed of sound c¢2, and
undergoing a frictional term %(D}I given by the expansion of the Universe.

For vector perturbations, we find, from the 0¢ perturbed EFEs,

V2; = 167Ga” (po + po) Vie, (1.79)

which represents a constraint equation for the vector ;. From the ij Einstein’s equations then, it follows an
evolution equation for ;. In particular, it shows that the vector components of the anisotropic stress-energy
tensor, act as a source term for ;. However, given a null anisotropic stress-energy tensor, this vector perturbation
is rapidly vanishing as the Universe expands, since its amplitude turns out to be proportional to a=3 [28|. Finally,
from the continuity equation given by the Bianchi identity, for vector modes we find

/

a
[(po + po) Vie] + 45 (popo) Vie = =V (HJ{k + Hf”“) ) (1.80)

which corresponds to the Kelvin’s circulation theorem. In fact, in absence of vorticity sources (right hand side equal
to zero), we find

(po + po) Vica®a = constant. (1.81)

Being now (po + po) a®V;c an energy times a velocity, from the latter we have that the angular momentum of matter
is conserved in time along the fluid’s trajectories.
In the end, for tensors perturbations, from the purely spatial and traceless perturbed EFEs, we find
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a/
42 = A = 16mGapol, .82

As for the vector case, the right hand side encodes all the possible source terms given by the anisotropic stress-energy
tensor. Except for possible contributions arising from this term, Eq[T.82]is identical in its form to the equation of
motion we found for the inflaton field. This is a pretty important and useful result, which allows us to describe the
dynamics of a graviton with a rescaling of the inflaton’s mode-function, as we are going to see in the next chapter.

1.9 The curvature perturbation

The intrinsic spatial curvature ) R reads in general

6k 12k 4
-+

3N p _
GR = a2

v2 2 (1.83)

where ¢ is the curvature perturbation we introduced above. By considering a flat spacetime (k = 0) we find
G- 1 g2 1.84)

Now, by going to the uniform curvature gauge ¢ = 0 = x/, it follows ¢ = 0 and hence ® R = 0, it is now clear
why it is called the uniform curvature gauge. For the same reason, usually ¢ is called curvature perturbation, as
a non-vanishing value of that can lead to perturbations in the intrinsic curvature. However, this quantity is not
gauge invariant, but it 1s deﬁned only in this particular gauge. In fact, given a generic gauge transformation, we
have ¢ = — §0 + +¥X - & 50 + ¢. Instead, we would like to obtain a gauge invariant quantity for curvature
perturbatlons

By looking at EqJ1.58] we see that dp transforms as bp=0bp+2 50 Therefore, if we considered %, we would have

op op 1

W - W + - (1.85)
By observing then that H = ¢ = a/, we could define
)
(=-&-H pp (1.86)

This is the so called curvature perturbation on uniform energy density gauge, since, by passing on the Uniform
density gauge (6p = 0), it resembles exactly the scalar curvature perturbation ¢. This is gauge invariant by
construction, and represents a very important quantity since it remains nearly constant outside the horizon. This
characteristic allows us to study (and eventually observe) its value directly at horizon crossing, thereby letting us
to probe the inflationary epoch. We note that it is not a case that the interplay between curvature perturbations
and energy-density fluctuations produce a gauge invariant quantity. Now, in order explicitly show tha ( is constant
outside the horizon, we take into account the energy-density continuity equation for scalar perturbations (it comes
from the perturbed 0-Bianchi identity 7" 9[‘), which reads

/

a ~
6p' + 3— (0p + 0p) — 3 (po +po) ¢’ + (po + po) V(v + wll + 5) = 0. (1.87)

By exploiting the gauge invariance of ¢, we impose the uniform energy-density gauge, getting
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/
+3(po+po) ¢ + S%Jp-i- (po + po) V2 (v” +wl + a) =0, (1.88)

where we can neglect the derivative term, as on superhorizon scales k are quite small and passing to Fourier space
V? — —k?, becoming negligible. Hence, we are left with

/

a 6p ~ _ail 6pnon7ad

. ~ , (1.89)
a po+po a po + Po

¢ =

where we decomposed dp into its adiabatic and non-adiabatic contributions and applied the chosen gauge. For
2

single field models of slow-roll inflation, however, we have dpnon_ad X ’;—Z(I) H, which tends to zero on superhorizon

scales, giving us a constant scalar curvature perturbation.

1.10 Correlation functions

Now that we have (breafly) introduced the topic of cosmological perturbations and how to treat them, we can proceed
in perturbing the inflaton’s field equation of motion. From Appendix we have (¢ = \/%79 (V=99"" 0 ), = DV

a(e)’
and hence
1 1
= —_ _(0) (0)pv — _(0)uv
§ () 2(79(0))3/25\/79 (\/ 9 %),V Sy (5\/ 99 ¢’“),u+ -
1 1 .
[ Y laid - /_ (0) (O)MV(S
! V=9 (V=909""0.), + v —9(0) ( g ¢’“),y
and
ov 9%V
687> = 5¢8752- (1.91)

By using the fact that §,/—g = —@ 9u 09", and considering only scalar perturbations at first order (which are
decoupled from all the other as we stressed before), we find [29)

o2V

ov
a7 " g

(5@5”‘*'20;/(5@5/—V26¢_w/¢/—3§0/¢/_VZWH¢I:_6¢ )
a 9¢

(1.92)
To find this equation, the slows-roll conditions (¢”1,¢"”p < 1), and the first order approximation of the inflaton’s
field (¢(7, %) = ¢(7) +dp(T, T)) were used. Also, from the first term of Eq contributions o< a~% arise, which can

be easily neglect since during inflation they would be rapidly washed out. In the spatially flat gauge (xI! =0 = ©)
then

2V

ov
a7 a5

9 (1.93)

59" + 2%5(;5’ —V25¢ -/ ¢ — V2wllg' = —5¢

This can be solved by introducing a new gauge-invariant variable. This is the so called Sasaki-Mukhanov variable [30]

/

Qo = 5¢+a%@, (1.94)
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which relates the perturbations of the inflaton’s field with the perturbations of the metric through the scalar
curvature perturbation ¢. This is the analogous of the curvature perturbation ¢ we introduced above. In the same
way, this new invariant takes into account the interplay between the fluctuations of our slow-rolling field with the
back-reaction of the metric. By defining now, as done for d¢ the rescaled variable Q¢ = aQ)4, the linearly perturbed
evolution equation we obtained reduces to

~ a” =
Qp + <k2 ——+ MiaQ) Qs =0, (1.95)
s !/
where we expressed our fields in the Fourier space. Here M2 = %Z)‘; — ng (%¢’2) plays the role of an effective

mass. It can be expressed at first order in the slow-roll parameters becoming My ~ H? (3n — 6€)E. We see that
this equation has the exact form of Eq[T.35] Thus, it can be solved in the same way, observing that here we have,
by using a?H? ~ 771

2

~ 14 1 ~
Qg + <k2 _ ¢T2 4) Q¢ — 07 (196)

with 1/2 =2 =3y +9¢ (vy = 5 —nv + 3¢, at O(e,n)).

Having found a way to properly describe how the inflaton’s field’s fluctuations evolve realistically, namely taking
into account also the back-reaction of gravity, we need to compare the theoretical predictions with observations. In
order to do that, we need to define some observables. We saw that the inflaton’s fluctuations are stochastic, and can
be described by a quantum field d¢(7, £) which describes at each point of the space-time the amplitude of the scalar
perturbations of ¢. These fluctuations, although having a null vacuum expectation value when considered alone,
can be correlated through different points of the space-time. We thus define the so called two-points correlation
function, which indicates the statistical dependence between two variables, to be

E(r) = {82+ 7, 1)6(Z, 7)), (1.97)

where it depends only on the distance between the two d-functions in a homogeneous and isotropic Universe. By
considering the above two-points correlation function and taking its Fourier transform, we can define the so called
power spectrum

o Blrdhy oo o )
¢ = (5(F+7,7)8(Z,7)) :/We G (5(F;, m)0(F3, 7))

Phid®hy i ear fr L
- / S R COR (1 +k2) PRI (1.98)
™

Pk i
= [ G P AR,

Here <6(/€_1)6(k;)> = <6+(k:_i)5_ (k_é)> = u (ky)u*® (ko) (27)363) (ky + k3) is simply a contraction between the two

fields of which we want to calculate the power spectrum. Therefore, we have Ps(ky) = u’®(k1)u*®(ko). It is then
possible to define the adimensional power spectrum A(k) by computing the Fourier transform of the variance, i.e.
the correlation function between the same field in the same spacetime point. Now that we have briefly introduced
a way to forecast a certain level of correlation between our stochastic variables, we can proceed in applying these
to our Inflation’s model. We had |d¢y| = % in the Fourier space. Therefore, it follows

HFrom its definition, computing the time derivative and expressing all in cosmic time, the terms not suppressed by second-order

slow-roll parameters are Vg = 3nH? = 3ny H? — 3¢H? and 738;—26' = —6eH?
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_ 2 _ |ug|?
Psg(k1) = [0u]" = —5—. (1.99)

In a perfect dS Universe, we found (Eq ) that on superhorizon scales we have |d¢y| = \/% from which it follows

P5¢7ds(k) = % To have a more realistic scenario, we can consider the Sasaki-Mukhanov gauge invariant variable
we defined above. By observing that its equation of motion Eq is identical in form to the inflaton’s one, we
can proceed in the same way to find its mode function outside the horizon. In the end we find

H k 3e—nv H2 k —3e+nv
|Qs(7)| = T <aH> = Py(k) = 55 <aH) : (1.100)

By considering now its adimensional power spectrum Ay (k) = (%)2 (%)27]‘/—66, we can define the so called spectral
index n(k)
dlog Ay (k)
ky—1= ————"—= 1.101
n(k) dlogk (1.101)

which describes the shape of the power spectrum. A spectral index n = 1 (Harrison Zel’dovich spectrum [31}/32])
would imply a scale invariant power spectrum, while a constant n would show a power-law evolving power spectrum.
A remarkable example of spectral index is given by the scalar spectral index of primordial density perturbations.
It is possible to show that the adimensional power spectrum for primordial energy perturbations As,/,(k) can be
related to the inflaton’s power spectrumE This provides a very important link between Inflation and its forecasts
on the fluctuations we observe in the CMB. Specifically, we have d5,,,(k) = %Aéaﬁ(k) and hence

L dlog Asyyp(k)
B dlogk

Ng —

= 2y — 6e. (1.102)

This shows us that inflationary models predict a scalar spectral index that deviates from a Harrison-Zel’dovich one
by O(e,n). From the observations, it was found [33]

ns = 0.9649 + 0.0042, (1.103)

which allows non negligible deviation from a scale-constant power spectrum. This can be understood by observing
that during the inflationary period, both H, and gb change very slowly (slow-roll conditions) but do not remain
perfectly equal. Since then different scales cross the horizon at different time, each fixed-scale power spectrum will
carry a slightly different value of H, ¢. We note that the spectral index and the power spectrum are extremely useful
observable quantities, that can be used to have direct information about the inflationary epoch. For instance [27],
through the (’s power spectrum, which we will formally introduce in the next chapter, and its observed value
Pe(k) ~ 2.95 x 10794 (with A = 0.6 — 1 depending upon the model), it is possible to constrain the value of the
Hubble parameter during Inflation. This turned out to be H ~ (0.9 — 1.2) x 10'5\/eGeV [34], which in turn allowed
to get an estimate for the energy scale of inflation V'/* ~ (6.3 — 7.1) x 10'6¢'/*GeV. Unfortunately, a (nearly)
scale-invariant power spectrum, can be expected even without admitting the existence of Inflation [35]. A strong
prediction of the inflationary model would be instead given by the relation between the scalar and the tensor spectral
index. By repeating the whole procedure sketched above, one can find the power spectrum for tensor perturbations
and compute the tensor to scalar amplitude ratio

12Through the §N formalism, it is possible to show that the shift in the number of e-folds produced by inflaton’s fluctuations from

point to point § N can be related to ¢, which is constant out of the horizon. We have in fact §N = —H% = (. Moreover, we can see

that at linear order 6N ~ —H %‘i’, which establishes a direct link between d¢ and dp
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r = 16e. (1.104)

In particular, this implies » = —8np, with np being the tensor spectral index. Observing it would be a clear proof
of Inflation, as no other Early Universe’s models forecast the same relation.

However, another useful observable could be defined. Up to now, we introduced and talked about only two-points
correlation functions. These give us power spectra which are determined by the expansion rate during Inflation
and its time dependence, but they do not tell anything about possible interactions of the inflaton’s field with itself
or other quantum fields. Therefore, given several different models of Inflation with the same expansion rates and
time evolution, we will obtain very similar power spectra, which then result to be degenerate with respect to the
chosen model [36]. This third observable is given by the deviation from a pure Gaussian statistic in the CMB
anisotropies; namely, the presence of higher-order correlation functions. These deviations from Gaussianity are
called non-Gaussianities, and represent a sensitive probe of, for instance, the interactions undergone by the inflaton.
In doing so, they allow us to explore properties of the inflationary paradigm that are not accessible through the
two-points functions only. Non-Gaussian contributions are expected to be negligible in models of inflation where
all the following features are fulfilled: slow-roll, single field, canonical kinetic term (the speed of propagation of
inflaton’s fluctuations equals the speed of light), adiabatic Bunch-Davies vacuum choices. By imposing one (or
more) of these condition to be unsatisfied, large non-Gaussianities can arise. In order to see how non-Gaussianities
can discriminate between different models, one can consider for instance the connected three-points function. it
correlates, e.g., density perturbations at three points in space. Thus, when Fourier transformed, the bispectrum
correlates fluctuations with three wave-vectors through the Dirac’s delta that arise from the transform. Therefore,
these three vectors are forced to form a triangle in the Fourier space. A remarkable observation is that violations
of each of the conditions reported above result in a different signal, which is translated in a different triangular
shape [36]. The three main triangular configurations are given by the squeezed limit (ks < ko =~ k1), the equilateral
(k1 = ko =~ k3), and the folded (k3 ~ ko =~ 2k;) triangle. These three possibilities are given respectively by multi-
field models, models with non-canonical terms, and models with non Bunch-Davies vacuum choices, and represent a
sort of basis for all the other possibilities that one has to build an inflationary mechanism. Specifically, when more
than one condition sketched above is violated, a linear combination of these shapes can arise. Phenomenologically,
the level of non-Gaussianity for the squeezed limit in the Fourier decomposition can be parametrized by the non
linearity parameter fyp [37] through the equality

Py (%) = PL(Z) + fnr [PL(F) — (PL(F))], (1.105)

with ®; are Gaussian linear perturbations and @5 the Bardeen’s gravitational potential.

Another important example of non-Gaussianity is given by the four-points correlation function, or its corresponding
Trispectrum in the Fourier space. An important characteristic of this function is that it represents the minimum
n-point correlator (n > 2) that can explicitly show parity-violating signatures [2]. A theory is said to be symmetric
under parity if, under a space inversion ¥ — —&, its dynamics does not change. This inversion, in Fourier space,
corresponds to ask for k— — Therefore, a n-points correlator which is symmetric under parity transformations

has to be such that
<H<k2-> = <H<—/§,;>' (1.106)
i=1 i=1

As we are going to see, the curvature fluctuation ¢ shares the same mode function of the inflaton’s field, besides a
(real) rescaling. Thus, this equation, together with the fact that C; = (_g, guarantees the whole n-point correlator
to be real. Hence, if Eq[I.100] is not satisfied, i.e. if parity is violated, then the correlator includes imaginary
contributions. For a rotational-invariant scenario, this signal is null for n < 3, implying that the trispectrum n = 4
is the lowest-order correlator able to show parity-violating contributions.

13By computing the Fourier transform of (_z it is in fact sufficient to flip the sign of the momentum to get this relation
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In this thesis, a great effort will be given in the computation of the trispectrum for two kind of Inflationary models,
and their complex (parity-violating) contributions. In the next chapter we will introduce a formalism that allows
us to compute n-points correlation functions and their corresponding in the Fourier space.
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Chapter 2

Adopted Formalism

2.1 In-In formalism

2.1.1 Exact formula

Although we want to calculate correlation functions, this problem is quite different from what is done in QFT [38,39].
Firstly, we are interested in expectation values of products of fields at the same fixed time, rather than in calculating
S-matrix elements. Secondly, we do not impose conditions on the fields at very early and very late times, as in
QFT for the states at the beginning and at the end. We would rather require conditions only at very early times,
when k7 > 1. Finally, in inflationary theories, the fields we want to consider are, for instance, fluctuations of
the inflaton field, the metric, and other possible fields which can show up in different inflation’s models. In this
scenario, the time dependence of those fluctuations is governed by a fluctuations Hamiltonian. Therefore, in order
to calculate correlation functions, we use the so called ”in-in formalism”, which was firstly introduced by Schwinger
and Keldysh [40,/41]. In order to describe this formalism, we consider our operator @ to be the product of generic
fields d¢, and their conjugate momenta dm,, with a denoting different fields. In the Heisenberg picture, we want to
calculate

(Q) = (QQ(t)|). (2.1)

Here, t. denotes the time at which inflation ends, and |{2) represents the vacuum state for the interacting theory at
the far past tg. We start by considering a common quantized system, whose canonical variables ¢, (Z, t) and m,(Z, t)
satisfy the usual algebra

[¢a(f7 t)vﬂb(fa t)] = iaab(s(g) (f_ g) [¢a(f7 t)ad)b(?j’ t)] =0= [ﬂ-a(f? t)aﬂ-b(:‘z t)]a (2'2)

and the following equations of motion

O(Z,t) = i[H[(t), 7()], $a(@,1)]  7a(,t) = i[H[$(1), (t)], 7a(, 1)), (2.3)

where H is the Hamiltonian of the system. We consider now each field as decomposed in its background and
fluctuations, namely

Ga(Z,t) = Ga(T,t) +00a(T,t) o, t) = To(T,t) + dma (T, 1), (2.4)
where the background contributions are just (real or complex) numbers. In this way, Eq becomes

27
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[0 (7, )m(zz #)] = 16,0 (7 — 7) (2.5)
Y,

[06a(Z,1),000(4,1)] = 0 = [67a (T, 1), 03 (4, 1))

We now expand the Hamiltonian as

H(p(t),n(t)] = H +0H + 6*H + ..

+Z/d3 a¢> 5¢a (Z,1) +Z/d3 INE: )67ra(:?,t)+ (2.6)
[5¢( )7 7T( );t]v

where H includes second and higher orders in perturbations. By using this last expansion, Eq and noticing

that Eq implies qﬁa(a: t) = ?fl, Ta(Z,t) = g;c , we find

Gal#,t) = bu + 06, = i [H[6,7), 6+ 004] +i [SH6, ), 6 + 000] +i | H[06, 03], 6 + 364
= i[0H[6,),60u] + i [ (56, 0m:1) 60

—iy (/ d@%[m(@ 1), (7, t)a]> i [H[5, 6731, 660(7,1)]

b

(2.7)

oK r- q
S EORE |f1166,6m;1], 664(7, )] .

&527?;” +1 {ﬁ[éd), or], dmq (X, t)] . From these two equations, we finally find the

following equation of motion for the perturbations

Analogously, we obtain 7,(Z,t) = —

86, (%,t) = i | H[60, om:1], 6a(Z, t)} Sma(Z,t) = i [ﬁ[éd),éw;t], 57 (Z, t)} . (2.8)

This shows us that although H generates the time dependence of ¢,,7,, the time dependence of their perturbations
is actually carried out by H. This is a pretty important result, which tells us that in order to study the evolution
of fields’ fluctuations, we only need the perturbed Hamiltonian up to a desired order.

Since our final goal is to compute correlation functions, wee need an operator formalism. In order to construct it,
we proceed as in QFT, by introducing an unitary time-evolution operator U(t,ty) (UTU = 1), such that

5¢a(Z,t) = UMt 10)00a (T, t0)U (t, t0)  6ma(F,t) = U (¢, to)dma (T, to)U(t, to). (2.9)

From these equations, by differentiating both sides with respect to time and using Eq[2.8] it is easy to see that U
satisfies

d ~

aU(l‘f, f,o) = —iH[5¢(t0), (Sﬂ(to); ﬂU(t, to) with U(to, to) =1. (2.10)
In the scenarios we are interested in, we can take t; — —oo, by which we consider time early enough so that
the wavelengths we want to study are deep inside the horizon [38]. To explicitly calculate U, we can use again
perturbation theory, by further splitting H into two different parts,
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H[0g(Z, ), 0m(Z,t)] = HL[0p(Z, 1), 6m(Z,t)] + HL,,[66(Z, 1), om(Z, 1)), (2.11)

Here, Hj is the kinematic term, which describes the leading evolution of the perturbed fields, whereas Hy is the
interaction term. In this view, we want now to calculate U as a power series of the perturbation H;. In order to
do that, we continue to follow what is done in canonical QFT, by defining an interaction picture where fluctuation
operators d¢Z(#,t) and o7l (F,t) evolve as stated by Hy:

86, = i [HL[56" (1), 67 (1);1], 60 (2,0)] 6y =i [HS[66 (1), 6n (0; 4], 6 (,1)] (2.12)

with the initial conditions

59L(to) = 3a(te)  Oml(to) = malto): (2.13)

Before proceeding to find an expression for U, we note that the explicit dependence on time of H allows us to
consider the time argument of the fields 6¢’ and §7! to have any value. In particular we can choose it to be tg, so
that we have

Hy[6¢" (1), 6 (t); 1] = H{[0¢(to), 0m(to); 1]. (2.14)

Also, we observe that since Hy is quadratic in the fields, the operators of our interaction picture are free fields and
satisfy linear wave equations [38].
Now, by introducing a time-evolution unitary operator Uy as we did above, from Eq. it follows that

%Ug(ﬁ,to) == —iHé[6¢(t0)7(57T(t());t]U0(t,t0) with Uo(to,to) =1. (2.15)

In order to calculate the effects of the interaction H; in our correlation function, we need a way to express our
operator @ in this newly defined interaction picture. To do that, we rewrite Eq[2.1]in terms of the interaction fields
by making use of the unitarity of both the time-evolution operators

QU (t,10) Q[0 (T, to), 57a (Z, t0)]U (t, t0)|2)

= (QQU (¢, t0) U (t, to)Uy L(t, t0)Q[0da (T, to), 674 (Z, to)]Uo(t,to)Ugl(t,to)U(t,t0)|Q>
= (QIF ' (t,t0)Uy ' (t,10)Q0a (T, t0), 67a (&, t0)]Uo (t, to) F (¢, 0)|€2)

= (QF~(t,10)Q[6¢% (T, 1), 6, (Z, 1) F (t,0)|9),

(Q/Q[0¢a (T, 1), 0ma (7, 1)][82) =

(2.16)
where
F(t,to) = Uyt (t, to)Ul(t, to). (2.17)
By differentiating this latter equation and by employing Eqs[2.10} 2.15] and [2.11] we find
iF(t to) = —iH. ,(t)F(t,to) with F(to,to) =1, (2.18)

dt

and hence
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F(t,tg) = Texp (—i/tt Hfm(t)dt>, (2.19)

where T indicates the fact that all the time variables must be time-ordered. Finally, by calling T the anti time-
ordering operator, our correlation function becomes (38|39

Q) = (9 {Texp <z /tt H{m(t)dt)] Qo6 (1), 677 (1) [Texp (—i /tt ant(t)dtﬂ ). (2.20)

2.1.2 Vacuum choice

We would like to express this last equation in terms of the vacuum of the free theory, instead of using the interacting
theory’s one. In this case, thanks to the unitarity of the time-evolution operator F'(t,tg), we can simply substitute
|Q) with the Bunch-Davis vacuum state. To better show this feature, we consider the Bunch-Davis vacuum as our
initial ground state for Hy and we evolve it from %, to ¢:

e (1)) = =10 3 ) ] 0) = 7 e B0 10 ) ] ) =

. . 2.21
= T I)10) + 3 e ) al0), 20
n#Q

where we introduced a complete set of interacting states |n) making use of the completeness relation I = )" [n)(n|.
Here, E,,, Eq are respectively the eigenvalues of H for its eigenstates [n) and |©2). Now, since we would like to
calculate correlation functions by means of perturbation theory, we require H; to be small enough to expand our
operator F up to a certain order. By making this assumption, we are implying (2|0) # 0. In fact, by considering
a quite small perturbation, our initial state does not get changed completely. By returning to the last expression,
we notice that since |€2) represents the interacting vacuum, we have E,, > Eq, as by definition the ground state is
the state with minimum energy. Hence, by performing a time-shift € in the complex plane ¢ty — —oo(1 + i€), the
terms proportional to |n) get suppressed. The only contribution we are left with is the first one in Eq. which
is suppressed more slowly that the others. Thus, we get

1

— I . —iH(t—t)
|Q> tolig’loo efiEg(t*tO) <Q|O> € |0>
_ 7 1 —iH (t—to) ,+iHS (t—to)
= ) © WetiHa =) o) (2.22)
. 1
= ey L b))
since etiHo(t=to)|g) = Y+ Lt — to)"H{™|0) = |0) and F(t,to) = Uy ' (t,t0)U(t, o). Analogously, for the bra of

the state we obtain

Q= Tim (O1F (¢, t)

to—rico etiBa(t=10) (Q0)” (2.23)

By considering now Eq. we find [42]
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['exp | i t I I exo | —i ! s '
: P( /to(1+i6) Hinlt )dt>1 cor p( ~/to(l+ie) Hini (1) t)] 10), (2.24)

where |(©|0)|? are the usual ”vacuum bubbles” that accounts for the projection of |0) onto |Q) [43]. Since now
the overall scalar factor does not depend upon the choice of the operator @, we can put Q = I, obtaining 1 =
|<Q|O E (0|F~1F|0) = (©]0)| 72, from which it follows that we can replace the Bunch-Davis vacuum to the interacting

(QIRM)IY) = (0

b
(€102

one in our computation. A deeper and more detailed discussion about the exchange of the two vacua and the used
time-shift is reported in [42,43]. By reading Eq. from right to left, we see that the system starts in the
interacting vacuum |Q2) and evolves forward in time from ¢ to ¢ where the operator Q(¢) occurs. Then, it evolves
back to ¢y thanks to F~'. This is another difference with respect to the usual S-matrix approach. Here, the initial
states evolves in time, ”interacts” with the operator and then goes back to itself, rather than evolving further to a
final state. This is the reason why the formalism is called ”in-in”.

2.1.3 Perturbative expansion

For our purposes, it is easier to deal with cosmological correlation functions by expanding Eq[2:24]in the perturbation
H;. There are two equivalent ways to expand the above expression [39]. However, for what concerns the work done
in this thesis, we will focus only on the following one

Q1)) = i(—i)”/t dtn/tn dtn_l---/h dts O] [@1(0), 1y (00)] Bl t) ] o L u(00)]0). (2:25)
n=0 to to to

In order to prove the equivalence between the latter expression and Eq. [2.24] we proceed by induction. For
the zeroth order the equivalence is straightforward: H; 0 0, therefore Eq. as well as Eq , reduces

wnt

to (Q(t)) = (0|Q'(¢)|0). We now assume the two expressions are equivalent for the (N — 1)th order. Then, we
differentiate Eq. with respect to time t, obtaining

d d ~

Q) = Z(FE )@ (OF (1)) = i~ [Q'(0), Hiu(®)] F). (2.26)

Now, we can rewrite the right hand side of this expression up to order (N — 1) using EqJ2.25 because of our
assumption:

— (—iyv-1 /Edm_l--- /tzdm[ @@, HL®]. B (tw)] - ). (@227)

([ 0.1 @))
N-1 to to

Once inserted into Eq. this is nothing but the derivative of Eq. with respect to ¢ at Nth order, which in

fact reads

LiQun| = S /gdm [t = v /t:dtN_lm /t:Zdt1<[...1>, (2.28)

N dt to to

where we changed ¢ — £. Hence, the time-derivatives of the two expressions are equivalent up to order N. Since
the two equations give the same result for t — —oo to all orders, they are also equal for any arbitrary ¢ at Nth
order [38,/42].
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At this point, for each term arising from our expansion, we have to deal with (anti-) time-ordered products of
different fields, which can be not trivial at all. Nevertheless, there is another type of ordering product, that is a lot
simpler to deal with: the normal-ordering product N. In fact, this acts in changing the position of its operators in a
way in which all the annihilation operators are shifted to the right, and all the creation ones to the left. The order
of momenta on the left or on the right does not matter, due to the commutativity between the same operators.
In this way, we have for instance Nla(k)a(p)a'(Q)al (7)) = al(@)a’ (F)a(P)a(k). It is clear that if one wanted to
calculate the vacuum expectation value of a certain operator, the normal-ordering simplifies a lot the calculation,
since (0la’ = 0 = a|0). It exists a powerful theorem that connects these two types of products and allows us to
pass from the former to the latter. This is the so called Wick’s theorem whose proof and implications are provided
in [44H46]. Here, we limit ourself to discuss how this theorem is applied in the in-in formalism. Formally, we have

[ . [ ﬁ
T[A1As. An] =N[A1Ap Ap) + > AAN[ALL A A A+ ) Ay

i,j i,5,k,1

IS
=

=
=
~
ES
-
D><
=

i
b
&

+ > A1 Ay AiAj. Ay 1A,

all contractions
(2.29)

—
where A; means that the field is removed from the normal ordering, A, B ~ as/p + GL/B, and AB = (0|T'[A, B]|0)
is a scalar function, which can thus be put outside the N-product. We can observe now, that in an inflationary
background one does not have a single Feynman propagator taking care of the time-ordering, as in Minkowski
spacetime. Thus, in this scenario, the time-ordering can be considered only in the final integration [39]. Fur-
thermore, we notice that once the T-product is decomposed through Wick’s theorem, only the term where all
the fields are contracted survives between two vacuum states. In fact, being a contraction a scalar, we would get

1
(0][A1...A;A;Ag... A,)|0) = 0. Of course, the same is true if we leave two or more fields uncontracted.

2.1.4 Brief introduction to diagrammatic rules

The procedure to compute correlation functions by means of in-in formalism, is now quite similar to what is done

in usual QFT. In Eq. the Nth order term corresponds to a diagram with N vertices. Once the perturbed

Hamiltonians are expressed in Fourier space, each vertex can be labelled with space and time coordinates. Also, a

vertex has a number of attached lines depending upon the number of perturbed fields the corresponding hamiltonian
3 —

has. For instance, an interacting Hamiltonian H(7) < [ d> (p;ﬂ qu) ké(b (7, 7)00(q, 7)dp(k, T) will correspond to a vertex

with three external legs:

H(r) /O-----

There are then the external lines one could add to a diagram. These are represented by each field present in the
Q! (t) operator. These, are labelled by the different space-time coordinates that appear in the expectation value we
want to compute. For instance, the two fields (- (1) and 7}3 (71) are depicted as

1
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)< ----- and 7 (1) < M~~~

These represent external fields, and as we are going to see in the next sessions, they will be always considered out
of the horizon. Of course, all the external lines are connected to either a vertex or other external legs, just as in
Feynman diagrams. There is however a difference with respect to the usual Feynman rules. In the in-in formalism,
in fact, we do not have only one time-ordered product. We also have an anti-time-ordering operator, which takes
us back to the initial state. Therefore, we need to distinguish between ”positive” and "negative” vertices, arising
respectively from the time-ordering and the anti-time-ordering [38]. As a consequence, a diagram with N vertices
will give us 2V contributions, carried by the 2V ways of choosing a vertex to be ”positive” or "negative”. Each
"positive” ("negative”) or "right” ("left”) vertex will contribute a factor +i (—i). For the same reason, a line
connecting two "right” (”left”) vertices will correspond to the usual (opposite) Wick’s contraction. This property
of the in-in formalism, under certain circumstances, allows one to write a correlation function as a product of
commutators of the involved fields. In fact, as we are going to point out when we will study the f ((b)ﬁ F model, if
we have an equal number of vertices and attached fields, we can proceed as mentioned earlier. This is because if to
one vertex is attached only one field, it contributes with both the usual and the opposite Wick’s contraction (with
a minus sign), which is exactly the definition of the commutator between this field and the external one which is
attached to. In the model we are going to apply this observation, we can in fact remove the gauge-field from the
whole expectation value, leaving only the scalar curvature perturbation ¢ attached to each vertex. Of course, this
is just a trick that could simplify the procedure to get the final expectation value. Having only one field attached
to each vertex has not a physical meaning in terms of connected diagrams. We will give an example of this new set
of rules also in the section dedicated to the mixed bispectra.

Here, each vertex is represented as an empty circle, while the external fields as a full square. Both gravitons and
electromagnetic fields are depicted as wiggly lines. However, since we are going to study separately inflationary
models with vector and tensor fields, the correct interpretation will be always clear. In this thesis, we are going to
consider tree-level diagram only, thus we will never encounter any loop. For more details about the in-in formalism’s
diagrammatic rules and their derivation, one can look in [38].

2.2 The ADM formalism

The Arnowitt-Deser-Misner (ADM) formalism enables us to rewrite the Einstein’s field equations in a way that
allows a Hamiltonian formulation of General Relativity [47]. In doing that, as we will very briefly mention, the ADM
metric has the advantage of describing the Einstein’s theory of gravity reducing the number of degrees of freedom
to the minimum, by separating the physical from the fictitious ones [48]. The formalism is based on the idea that
the covariance of General Relativity under a coordinate change introduces some redundant variables, which make
it difficult to analyse the dynamics of the gravitational field, and define of its Hamilton’s equations.

Consider a classical mechanical system with a number n of degrees of freedom. Its action, can be written as

ty ty n
S= [ dL =/ dt <szq'z — H(p, q)) ; (2.30)
=1

ti t;

where here the dot indicates the usual time derivative. We see that L is expressed here linearly in time derivatives.
p; and g; can be treated as independent variables, and since by varying them we obtain the so called first-order
equations of motion, the above Lagrangian could be referred to as the first-order or canonical form. However, it
is possible to rewrite this action in a more compact way. By considering the time ¢ as a further degree of freedom
Gn+1, Which is treated as a function of a new parameter 7, we can write
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s s
S:/ dTLT:/

i

n+1
(Zmi) : (2.31)
=1

where here ' = d/dr. In order to make the two Lagrangians perfectly equivalent, we need to impose the constraint
equation p,11 + H(p,q) = 0. In fact, by starting from Eq{2.31} we have

Tf Tf
S :/ dr (p1qy + p2qs + .. + Pndy,) :/ dr (p1gi + ... + g, — H(p,9)q 1)
T, T,

k3

f n
T dgng n dq, Tn+1 dq
/T dr ar <§pl dgn /q_ dgn+1 Zpl Aot ;

i
n41 =1

(2.32)

which perfectly resembles Eq if we put t = gp41. Thus, we see that we can rewrite the usual action for a
classical system in a form that includes the time ¢ as a further degree of freedom. The price to pay in doing so is
that we introduced a new parameter 7, and we had to specify a constraint equation for p,1. It is possible to write
the parametrized action in a more general way. Instead of specify the constraint equation, one could replace it by
adding the additional term —N R(pn+1,p, q) to Eq Here, N(7) plays the role of a Lagrange multiplier, and by
varying it, we get the constraint equation R = 0. This in principle can be any equation with solution our condition
Pnt1 = —H |48]. The so written action

Ty n+1
S = / dr (Zplql’ — NR> (2.33)
i =1

is now covariant under a ”coordinate” transformation 7 — 7. If on the one hand the above action gained covariance,
on the other one in order to reach this result we had to introduced another degree of freedom, carried by the Lagrange
multiplier N. However, we know that IV, rather than being physical, arises from the performed parametrization. In
fact, by computing the equation of motion for g1, it follows ¢, ; = N ﬁil. Since no other equations determine
N, this shows that our multiplier is fully specified by ¢,+1 and viceversa. Therefore, these two interdependent
degrees of freedom are left arbitrary by the dynamics, so that we can choose whichever function ¢,4+1 of 7 and
use it as a new independent variable. This whole procedure has shown that one can go from a parametrized form
of the action to the first-order or canonical one by inserting the solution of the constraint equation and imposing
coordinate conditions, which are given by varying the action with respect to the newly-introduced variables. This in
turn leads to the introduction of an intrinsic coordinate g, 41, whose specification fixes N and hence the dynamics.
Eq[2.30]is then determined by g,+1 = ¢ (thus N = 0) and the imposition of the constraint equation p,; = —H.
In a parametrized form then, a theory is invariant under a re-parametrization, just as General Relativity is invariant
(in its expression) under a general change of coordinates. Following this line of reasoning, General Relativity can
be seen as in an ”already parametrized” form [48]. For this reason, it could be useful to rewrite the theory in its
canonical expression. It would allows to precisely determine its dynamical modes, as in the first-order form one
has the minimum number of physical fields. Moreover, a theory’s canonical form leads directly to simple Poisson
brakets relations, which are essential to quantize it. By looking at the first order action we wrote (Eq, we can
see that it immediately yields to the well known Hamilton’s equations ¢; = 0H/dp, p; = —0H/0q. These show two
important features of canonical form: firstly, the fields’ equations involve first-order time derivative; secondly, the
time has been single out, thereby recasting the theory in a 34 1 form [48]. The ADM formalism is based exactly on
these two goals. The first one can be achieved by rewriting the Hilbert-Einstein action in its Palatini’s form. This
was constructed by considering the metric g, and the connection I'f;, as two independent quantities [49]. From
what we saw above, by varying the action with respect to these two variables we gain the Einstein’s field equations
and the constraints which define the two fields with respect to one another. The Palatini action is given by



2.2. THE ADM FORMALISM 35

i / d*zg" R, (T), (2.34)

where g"” = \/—gg"" and R, is the usual Ricci tensor, which is now dependent only on I'j}, . By varying the action
with respect to the metric field, it is straightforward to find the EFEs, while the constraint equation between g,
and T'jj,, is found through the equations of motion for the connection [48]. In fact, we have

0S 1
Sgi :/d4$ (—29pyR+ R,uu) \/jg =0, (235)
where we used %ﬁ = —ggw, and, from R, (I') =Ty, —T},, + Fﬁyfgﬁ - Fﬁﬁrgw
uaR v 69#VR v o W wvr w w w v wr
g‘u ar‘f - 85 885]_"7“ = Fa‘rg P Flp/'rg - Frugpu - g‘rp + (F;,wg# + g,u ) 653 =0. (236)
wp wp

Now, for 7 = p we just find an equivalence between two contracted Christoffel’s symbols. However, since in principle
T # p, we obtain

g%+ TL,g* + T4, = g%, =0, (237)

which can be solved for the Christoffel’s symbols getting the usual I'jj, = %gaﬁ (Gnaw + Grau — Guv,a)-

For the second purpose, that is to split the space-time in 3 + 1 we can imagine to foliate the four-dimensional
spacetime into a one parameter family of three-hypersurfaces. We do not enter into the mathematical details of
that operation. We would rather briefly explain the physical interpretation of this procedure and its final result,
following the treatment done in [50]. As parameter, we choose the embedding time ¢, so that our spacetime can be
seen as M = {Et‘t € ]R}, and described by coordinates z* = (¢,2%). Each three-hypersurface is then specified by a
three-geometry 3g;; (¢, ,y, z). We consider now two constant-time three-slices. The upper would be the one at ¢ +d¢,
whereas the lower is given at t. In order to describe the embedding spacetime, we need to known the three-geometries
of each hypersurface, given respectively by 3g;;(t + dt,x,y, z) and 3g;;(t,z,y,2), and a way to describe how one
could go from the lower to the upper slice. To do so, since they are separated only in time, their separating proper
"distance” is simply the amount (lapse) of time between them, which in general can be written as N(t, z,y, z)dt. In
the same way, we need to fix a coordinate system in both slices. We put xj,,, = z* and , ., = 2* = N*(t, z,y, z)dt.
Here N* describe the coordinates’ shift that can occur moving through the foliation. The embedding four-geometry
is then described by the usual line-element ds? = —dt? + di? between z* = (t,2%) and a# + dz* = (t + dt, z° + dz?).
Here z#(t) is chosen to belong in the lower slice (the corresponding upper-point given by the previous relations),
and 2#(t + dt) in the upper one. For the time interval dt? we already found Ndt. For the spatial contribution, we
stay fixed to the upper hypersurface, getting dl*(t + dt) = («" + da*)(t + dt) — x,,(t + dt) = dx’ + N'dt. Therefore,
in the end we find [50]

ds? = —(N? — N;N")dt* +3 g;;dz'da? + Nydx'dt + Njda? dt, (2.38)

the corresponding metric and its inverse respectively being

. 1 NI

—(NQ—NiNz) Nj) v N2 N2
Juy = and gt = i y ind , 2.39
" ( N; 39i5 & (39 ) — LN];N) (2:39)

where one can easily derive the latter from the former by imposing g,..g*” = d},. Now, by inserting these metric
components inside the Christoffel’s symbols’ definition, one can find them expressed in the ADM formalism. Then,
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also the Riemann tensor, the Ricci tensor and scalar can be found in the same way, thereby giving a final expression
for the Hilbert-Einstein action in this newly defined metric. We report only the final results in the following. A
pretty useful result concerns instead the determinant of the metric, which readsﬂ

V=g = NyJdet(Pgiy) = N\/g. (2.40)

Before proceeding in showing the aforementioned results, we need to introduce a couple of variables which are
essential in the ADM formalism. We introduced this new way of expressing General Relativity with a parallelism
with classical mechanics, in which the two independent variables describing the dynamics of a system are the position
¢ and its conjugate momentum p. Here, we should do the same for each slice of the three-spacetime. However, while
the first variable we need is given by the three-metric 3g;;, the quantity which plays the role of a momentum is more
difficult to find, as it refers to a motion in time, which can happen only by exiting the three-surface. This quantity,
of fundamental relevance in this formalism, is the so called extrinsic curvature K;; [47,48]. Geometrically, it gives
the radii of curvature of a three-slice as observed from the embedding spacetime. Another way to define it, would
be given by imagining a series of normal vectors to a surface. These normal vectors are given by n, = (=N, 6)

(hence, n* = (%, —%) ). The extrinsic curvature provides the curvature’s radius of a slice by describing how these
normal vectors converge or diverge with respect to each other. In this sence, K;; represents the covariant spatial

part of the four-dimensional covariant derivative of the unit normal vector n,, |48|ﬂ Thus, we have

Kij = —ij = — @-nj + FZW/M = —FoijN
, , . (2.41)
5N ( ViN; +° V;N; — gij) )

where 3V, is the spatial covariant derivative referred to the three metric 3 9i;, which reads 3V¢Nj = 0O;N; -3 Lijx N k.
with 3T, = Tyij = % (Gik,j + Gjk,i — 9ij,k). Since we want to rewrite the action, we need to compute /—gR =
N+/3gR. The Ricci scalar reads

g 9 L NJ 2,
_ 3 . _ = 3. _“3 33y .
R="°R+ KK+ K/K] K+ 257 VKL = %Y PV, (2.42)
which gives us [51]
V—gR = /3gN (3R + K K" — K;’Kj) —2y/3gNV,, (Kin") —2/3g3AN. (2.43)

By rewriting this last result in way that allows the appearance of total derivative terms, which can hereby integrated
out in the action, in the end we find

— 3 3 ij i 77 J
S = /dtd o\/3gN ( R+ KK, — K;Kj) . (2.44)
LGiven a block matrix G' = é ?)) if D is invertible, then det(G) = det(A — BD~1C)det(G). In our case, we have det(guy) =

det(—(N2 - NZNJ Sgij))det(sgij)
2To show the unitarity of this vector, it is sufficient verify that npnt = —1
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2.3 ( correlation functions

We learnt that in order to calculate cosmological correlation functions by means of the in-in formalism, we need the
interacting Hamiltonian. Also, we saw that to calculate the correlator between n fields, we need the Hamiltonian
to be perturbed at n-th order. An exercise that can be done to get used to the in-in formalism and the ADM
metric is given by the computation of the bispectrum of the scalar curvature field (. The first step is to compute
the second-order action, which allows us to get the equation of motion for that field.

We consider the usual Hilbert-Einstein action referred to a slow-roll model of inflation (Sec. Since we have to
consider perturbations of the metric as well as of the field, it is more convenient to work within the ADM formalism.
By considering Mp; = 1, and defining F;; = NK;;, the aforementioned action reads

S = % /dtd%\/ﬁN (R +2X — 2V + N2 (BVEy; - )], (2.45)

where X = —%g“”@ud)@yqﬁ. Hence, by using the newly defined ADM metric (Eq , it follows

X = 3 [N72 (6 - 2ViG00 + N'NIDi60,0) — h0160,0] (2.46)
The action now reads
S = %/d%\/ﬁN [3R + N2 (EijEij _ E2) + N2 ((/) — Njaj¢)2 B hijai¢6j¢ _ 2V(q§)} . (2.47)

As we mentioned in the previous section, the ADM formalism allows us to recognise the physical fields from the
”parametric” ones. The lapse and shift functions N, and N; are our Lagrange multiplier, that tell us how we can
pass from a three-slice at time ¢ to another at time ¢ + dt [48]. Since their are not dynamical, we can find their
expression and putting them back into the action. In this way, we reduce the number of degrees of freedom by
two and we can study the dynamics of the remaining ones with fixed NV and N;. To do so, we can calculate their
equation of motion through the Euler-Lagrange equations, which now are given by

oL 4 9L oL
aN ~ VragnN and N’

oL
d3VEpNi

-3V, 0. (2.48)

From the former, we see that only the first term is different from zero, as there are no contributions proportional
to N ;. Therefore we find the so called Hamiltonian constraint to be

SR — % (Ei; B — E?) — % (¢'> - Ni8i¢)2 — W1 9;00;6 — 2V (¢) = 0. (2.49)

For the latter, we have E;; = E;;(N'). From Eq one finds

3Eij

ot
OE;; 1
) 3v;]\/'l D) (6580 + 07 6a) (2.50)
OBl _yin OB _ 4

93VNl " 93V,N! b

Now, only term in the Lagrangian that depend upon the three-covariant derivative of the shift functions is
(Ez-jE” — Ez). We have
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oL 0 g .  QEU . OE,
= L RY PRI — ig_ Y= jpmi _ YHim
03VLNl  93V,N! (E”E EﬁEJ) (2E 03V N! 2E5h 03 VkNl> (2.51)
N (2 — 2B
and
oL 1/ j
7 = 2N (¢ ~N aqu) 816, (2.52)
Hence, in the end the momentum constraint reads
Wy [N (B - Bl )| = N (6 - N'as) dio. (2.53)

Before proceeding in the treatment, it is useful to choose a gauge, in order to simplify the computation. Since we
want to calculate the power spectrum and the bispectrum for the scalar curvature field (, it is convenient to pass
to the comoving gauge

5¢ =0 and hij = 62p [62(61']' + Xz;] y (254)

where XZ; represents gravitational waves, and e” = a(t) is the scale factor, from which it follows H = ¢ = p. By
aplying it, since the only spatial-dependent contribution of the inflaton comes from its perturbations, we are left
with [3§]

SR— N2(Ej;EY — E?) — N™2¢? — 2V =0, (2.55)

VINTHE] - §]E)] =0, (2.56)

We note that no conditions have been expressed for the potential. The only thing we require is for it to satisfy
the slow-roll conditions, which implies V = 3H? — £¢?. To proceed in finding the expression for the lapse and
shift functions, we can approximate each of them at first order in scalar perturbations: N =~ 1+ 2®(¢, &), N* =
Ni+ 9'B ~ §'B. This is because, to calculate the quadratic and cubic action for ( it is not necessary to compute
N and N? to orders higher than one [52]. Besides, since we are interested only in the scalar part perturbations of
the metric, we can forget about the tensor contributions (xz; = 0). We start with the Hamiltonian constraint. The
first step to do so is to calculate the Chrystoffel symbol, for which we have.

1
Ffj = ihkl(hilvj + hjl,i — hijJ) = 8]<5lk + &Céf - 6’“(6” (257)

Hence, for the spatial Ricci curvature we obtain

=qa 2 25Y [2818]C — 8]@8]6((51] — 3816](: + (6j<5f + 81462 — 6146”) 30,C ( )
2.58
— (k€L + DiCO, — Do) (9;C0% + DGOt — ¥ Coy) |

= —4a" 20,0 ¢ + 0(¢?),
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where the Taylor expansion at first order e™2¢ ~ 1 — 2¢ was used. In the same way, by observing that N* =
SKLOB ~ 0(C), for the extrinsic curvature E;; we have

17, -,
Eij = _5 |:h” — hlkaij — hjkaiNk — N"“[“)kh”]
= —%0?624 |:2(H + C)éw — (Sikaij — jkaiNk — Nkéijak( (259)

1 .
= —5a® [(H + HC + )b — 0B + 0(¢?).
Then, by considering E! = E;;h?" it is easy to show that

E? = (E!) = 9H? + 18H( — 6H(0,0"B) + 0(C?), (2.60)

whence it follows that

EEY — E* = —6H? — 12H{ + 4H(9*B) + 0(¢?). (2.61)

Now we have all the ingredients needed to compute the Hamiltonian constraints. We just have to sum up all the
terms and truncate them at first order in scalar fluctuations. We get

— 0x0* [a™2C + HB] — 3H [2q>H - g‘] + B = 0. (2.62)

For the momentum constraint we have to evaluate only Ef, since the other element we need has already been

computed above. By using again the metric to raise indices we have

Bl = EghY = —(H + {)§] + 8;0' B + 0(¢?). (2.63)

Then, by considering N~=! ~ 1 — 2®(¢, ¥), we obtain

3Y; [(1 —20) ((H +0)6] — 8,078 — 61 (3H + 3¢ — alalB))} ~0
. . , , (2.64)
Wy [<2H +( - 2H®)S] - 0.0 B + 6]9,0'B| = 0.

As we saw above, the Crystoffel’s symbols are of order one in scalar fluctuations. Hence, when we apply the
covariant derivative on the left hand side, they can be forgotten. In fact, they act only on the tensors present in the
equation, which are already of order one in scalar perturbations. By focusing for a moment only on these tensor
terms we have —8j8i8jB + Fgl&alB — FézalajB + 8181813 + Fflaké)lB - Fé,ﬁlakB ~ —c’)ié)jc?jB + 8181({9ZB = 0.
Therefore our momentum constraint turns out to be simply

20;(2H® — () = 0, (2.65)

whence we can easily obtain the expression for ® at first order in scalar perturbations:

o) = (2.66)

<
=
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Putting now this form of N inside Eq leads to

00" [a™*¢C+ HB| — @2%% =0
- e (2.67)
kp _ _ % k r >
0,0"B = Hak(r“)c-i-QH

At the very end, we can rewrite the lapse and shift functions at first order in scalar perturbations as [38]

NY=9,B, B= — 3+ o0 G (2.68)
where % =¢€,a8s Mp; = 1.

2.3.1 Quadratic action and ( power spectrum

As a first example for the application of the in-in formalism, we calculate the power spectrum for the scalar
curvature field . It corresponds to the two-point correlation function, therefore we need the corresponding action
to be perturbed up to second-order in . The usual action of the inflaton’s field minimally coupled with gravity
and expressed in the ADM formalism reads

S = % /d‘lx\/ﬁN (3R ~ N"%E E9 - FE*) 4+ (1+N"%)¢* - 6,0'2) , (2.69)

which can be rewrite as
S = /d% {\/EN SR — % (B, EY — E?) + (x/EN - ﬁ) ¢ — 6\/ENH2} : (2.70)

Now, we proceed by perturbing each piece up to O(¢?). Instead of expanding each term up to the desired order
thereby simplifying the expression, we will firstly derive all the exact forms of the different factors. In this way
calculations remain more restricted in the number of terms and we can make some simplifications more easily. The
exact expressions for the spatial Ricci’s curvature,the square root of the determinant of the metric, and the extrinsic
curvature tensor I;; are given respectively by

R =a"%e"% (—40;0'¢ — 20,9'C) (2.71)
Vh = y/det (a2e28;;) = a®e¢, (2.72)
B, = a2eX [(p +¢- ak<8k3> 5y — aiajB} . (2.73)

Therefore, we have, by remembering that N, N* ~ O(¢) (Eq/2.68)

¢ 616’{] , (2.74)

(\/EN) ®_ —2a [aigaig +2¢8;0°C + i
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(2) . 2 .
vh s | ¢ ¢ 2

Vh
N

)
(Eij BV — E2)> =a® (12H6i§6iB —6¢? +4¢0;0'B + (8,0, B)* — (aiaiB)Q)

. N\ 2 . (2.76)

37£(.i7')3 S) 388 90

+a (3( H) 4HO;0'B — 12H( ) + 6a°H (H) 3H + 2(

By inserting all these blocks into the action, we find
S = / d%{ —2a0;0°¢C — 2a0;0°C (2( + é) —12a®H0;¢0'B — 12a*H(0;0' B+
(2.77)
—a® [(8;0;B)* — (0;0'B)*] — 9a°¢*H* + 27a3H2},

where we used € = —f—;. Now, by integrating by parts to get rid of some terms, which can be rewritten as total

derivatives (i.e. non-dynamical terms), we can simplify the action a lot. For instance, we focus on the last two
terms of the first line. Specifically, the second one can be rewritten by using the Leibniz rule as —12a> H(9;0'B =
0;[—12a®HCO'B] + 12a3H9;¢0'B. Thus, the last term simplifies to zero with the third piece of the action, while
the total derivative term can be neglected. In this way, in the end one finds [52]

5@ — / dtd®z ae [a%’? - aigaig} . (2.78)

Now that we have the second-order action of the scalar curvature field, we can use it to find its equation of motion.
By varying the action with respect to our field we obtain [52]

d _
. (a*e¢’) — a®ed;0°¢ = 0. (2.79)
Since it describes the motion of a free-field, we can decompose it in Fourier modes getting
= L
) = [ e o). (280)
Before continuing to find the (’s power spectrum, we need to find its mode function. To do that, as we done for

the inflaton’s field, we have to solve its equation of motion. First of all, we start to quantize the field by rewriting
it as an operator

Ce(m) = g (T)ag +ug(r)a’ 5= C;(T) + ¢ (7). (2.81)

Thus, by passing in the Fourier space and neglecting O(e?) terms, we find
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!
ugc + 2a—u;§ + k2ui =0, (2.82)
a

which is exactly the equation we found for the inflaton’s perturbations. To properly quantize (, we need now to
specify its conjugate momenta and then its commutation relations. For the former, we find 7¢ = QaQeu;f. Therefore,
as Poisson brackets we obtain {¢(Z,7),'(7,7)} = (2a%€) 16 (# — §/). By promoting these to commutators we find
the same normalization condition we obtained for the inflaton’s perturbations (Eq. Hence, at the very end,
we see that the scalar curvature field resembles the dynamics of a free scalar massless field, once the rescaling v/2e
is taken into account. We thus have

(1 +ikT)e 7. (2.83)
We are now ready to find the {’s two-points function, which reads

(G (T)Ga(7)) =(01C (PG (710} = (01G5% (PG (7)]0)

. H?
(2m)°6% (ky +k2)46k3(1+k 7).

(2.84)

2.3.2 Cubic action and ( bispectrum

In the same way we computed the second-order action for the scalar curvature field, we can now derive its cubic
action. Since the procedure is much more long that the one for the quadratic action, we highlight the main passages
of the calculation. The same procedure could be followed to compute the cubic action for tensor and tensor-scalar
perturbations. We start from Eq[2.70] and we proceed in perturbing these terms up to third order in ¢. To do
that, again we start from the exact solution of Christoffel’s symbols, three-dimensional Ricci scalar, and extrinsic
curvature (Eqs[2.42[2.72)2.73). Then, the first term in the action reads

(Van*R) P _ e <1 + é) a2 2 (—40,0'¢ — 20,0°C)

@) (2.85)
— 20 (O + COGOC + 7CG00C+ 1 00'C)

where the Taylor expansion e¢ ~ 1+ + % + % was used and only third order terms were considered. In the same
way, for the remaining pieces of the action we find

(\/EN) ©_ (ch n 311{“2) 7 (2.86)

(3) .\ 3
(f) -’ 3@—;’;&&;«'2—(;) , (28)
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\/E (3) C C 2 C 3 2
(N (EijEij—E2)> =a®e3¢ |1 - H+<H> —<H> [—6(H+§'—ak§8k3)

4 (H Ty akgakB) 8:0°B + (0,0, B)(9'0" B) — (aiaiB)Q]

— 0| = 2TH?C* — 2TH( + 36HCOCO" B + 18HCX (940" B)

— 40,,C0*BO;0'B + (34 - é) (0;0;BO'9" B — (9;0'B)?) } ,

‘ N2 N

where the expansions N~! ~ 1 — % + (%) - (%) and e3¢ ~ 1+ 3¢ + %CQ + %CS were used. We proceed now
in writing the action in a form in which many terms are re-written as total derivatives. In this way they do not
contribute to the action, being non-dynamical. We start to do so with the first term we expanded. From the last

(3)
two contributions of (\th 3R) , by using the Leibniz rule of derivation in order to remove time derivatives from

¢, we have

a ;. .o A io rgis 2 29.00¢ + Lio.co : - '
~42000:0°C — 2520010 =~ 20p {E@aza ¢+ 500:C0 <} +2aC20;0°C + 2— 423 0'¢ a<28 ¢+ (280
i - i 2H t
+2000:C0'C + 457COCD'C — Tr5aCD,CO'C.

We see that the first and the fourth terms of this equation and the first two ones of Eq simplify away, thereby
giving us

(3) H , H : , . 2 g .
(VANPR)™ = =207:C0,0'C — 207:620:60'C = 200 { 7= (C?0,0'C + C0,C0'C) | + T7C200'C + 7¢O

= 200 { 57 (C00C+C0c0') } + 20, { 5 (C0°C) | - 25 HC0D'C — 110D
. , . , 2.90
(o' +cocod) b+ 20 { S0 0 20 { L iicoic) + 2 cocoic P

¢)
. 2
= =200 { 7 (?0,0'C + €0,C0'C) | + 201 { -15¢* |[HO'C — Fo'¢] | - 2a<¢> COCO'C.

{
=200 {
{

m\@

We used the Leibniz rule to unify the last two terms of the first hne and again to expand the term o H(? in the

which implies H = —M P12¢ . For the other

second line. At the end we used the slow-roll condition d) 5

terms we have:

3H’
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% (BB — 52)Y =a8 [ — 2TH(? — 2TH(E + 18HO,C20% B + 18H(? (9,0 B) +
— 40,,¢0*B8;0'B + (:ag - é) (0;0;B0'%" B — (9;0'B)?) }
(2.91)

_|_

—a? l_mkgakBaiaiB + <3< - é) (0,0;BO'® B — (9;0'B)?)

+ 0 [18a*HC20" B - 99y [Ha®C*] + o 9H (],

where, in the first line, we integrated the first and the third term and we used the Leibniz rule on the second one;

(3) S [9 91 ;
o 2 a3 23 g 2 2
( 6VANH ) — _6a LC +526C } H?, (2.92)
and
1 \/>'2 (3) 312 2 C CQ
(N+N h¢) = 19¢3¢% — ¢ +3<H2¢ . (2.93)
By combining them we find
1 ©j 2 2 1 12 3 ¢2 C ~2 d 12 3 33
VRS~ (BB = B2) = 6NH? + (N + ) 62 b = 3¢ — 2 | ¢+ 9a° [2H+¢}< — 180y [Ha®¢?] +
+ Ok [18a*H(?0"B] + a® | —40,¢0*B9,0'B + <3< - é) (0;0;B0'9" B — (9;0'B)?)
(2.94)
Thus, the action reads
1 4 3 C L2 3 k
=3 d*z2ea” | 3¢ — I (* —2ea’C0xCO"C+
. (2.95)
+ a® | —40,C0" BO;0'B + <3< - é) (0;0;B0'0'B — (0;0'B)?) | + D,
where
Do = — [18a3Hg3 n 2%@(48’“3)} + O, [18a3HC28’“B + 2%@(?]8’“( - p'a’“g)} +
(2.96)

+ 9a®[2H + $%)¢% + a% [2H + ¢*]C0:COFC.

We see that the Dy contribution contains all the non-dynamical terms we inserted so far to rewrite the action.
Now, one can realize that while the first line is suppressed by ¢, the second line does not show this trend at all. In
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order to make clear the true dependences on €, we replace B = fﬁg + x with 9;0"x = €(. By following the same
procedure sketched above, i.e. by trying to make total derivative terms manifest (Appendix [B.1)), at the very end
we find

S :% / d4x{2e2a3<'2c +26%aC0kC0"¢ — 4ea® (0RO x+

e, | (2.97)
+2ea3(C%0y d)if + ;Iq;] — 3a3C%C + ea®CoRLo 0"y + F + @},

where the last two terms represent respectively contributions proportional to the EOM of {, namely % [26613(} —

2ead,0F¢ = 0, and total derivatives. Since several terms are proportional to the ’s equation of motion [52], we can
perform a trick that allows us to write the action in a further simplified expression. In fact, we can rewrite Eq[2.97]
as

S =M3, /d4${62a3<2§ + 2aC8;CO°¢ — 262a3CD;¢O¢ (87%) +
tead(e — )¢ — %a?’e?’ [g’@ — ¢, (8—25) — 9 (8—24*)} ¥ (2.98)

+2¢ {jt (a3é) - aaﬁic} f(C)},

with
f(©) =2 [e—n] ¢+ «__1 [0:€0"¢C — 0720,0; (¢’ ()] +
2 H 4CL2H2 ! v (299)
1 ) . . . .
3¢ |00 (972) —0720.0; (9o (97%C) )] .
where n = _d%H is the second slow-roll parameter. Since now f(¢) is quadratic in the scalar field, we can perform

a shift ¢ = (, + f(¢,).- This shift introduces cubic and quartic contributions to the expression we found for the
action, which can be neglected. Moreover, because of the shift, we gain a third-order contribution also from the
second order action for {. In fact, we have

) 1 .
SE7) = [ dtaate <<2 - aQaica%)

~ / d*z2¢a® <g’n f- %aignai f> (2.100)

~— /d4xf(§n)2e {Z (agc'n) — aaiaiCn}v

where in the penultimate passage we neglected higher order terms in the shifted field, and in the last passage we
used the Leibniz rule to remove the time derivative on the function f. Furthermore, we neglected total derivatives
terms that arose from the manipulation we done on f. Hence, when we shift the field, we gain another contribution
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from the second order action which cancels away with the last line of Eq Moreover, we note that the second
line of that equation is suppressed by the slow-roll parameters with respect to the first line (O (63, 773)). Hence, in
the end we can write

S = / d*zé? {a%’fcn + aCnOkCn 0¥ G — 203C,00C, 0" (072C,) + } , (2.101)

where the dots indicate the O(e?) terms.
Now that we have the third-order action, we can compute the bispectrum for scalar curvature fluctuations. To do
so, we exploit the in-in formalism we introduced above through Eq For the interaction Hamiltonian we find

d*p d3p2d5p3 o pzkp
vaftc = / d5 / (pl P2 +;D3) C':Lpﬁ C;Lpé Cnpé - kapg Cnpﬂl Cnpé Cnpa - p3 . Cnpl C’ﬂpz Cnpg
(2.102)

However, before diving into the computation, we remember that we want to find the bispectrum of (, rather than
the one of the shifted field (,, which reads

(6666 (MG M) = (Curbuibors ) + (G un (Gue) ) + (G f (Gur) G ) + (F (G Suinois) -
(2.103)

Therefore, one should in principle compute the first term of the latter by means of in-in formalism, and the remaining
three fourth-order terms just by contracting the different fields between themselves. We follow [53] in the procedure.
Since the entire computation is quite long, we report here only the computation of the cubic part for two reasons.
Firstly, only this term has to be solved through the in-in formalism; secondly, a similar computation for the ({¢f(¢))
contribution will be explicitly done in the next session studying mixed correlators.

By applying Eq we find

d3 !/ !
<H<nk>—ze [ ane [ {’1 22 16 oo o oo+

k p2kp3 )
— P2kP3 [an_i an; an; s Cnpi Cnps Cn—pi 71)3] - QT [anl Cn;cz an37 Cn;nl Cnpo Cn e p2] > (2.104)

3
T ddp d3 k
. 9 2 167 P2 k D2kDP3
= d ————=(Ch — Cy—2 C
ie [m TG / (@) (C1 — parp5Ca 2 3)s

where we can send 7 — 0, as we are interested in the bispectrum when it is out of the horizon. Now, we proceed by
applying the Wick’s theorem to solve each term arising from the commutators. In order to do that, the following
results are useful

1 2

Coip (T = 0) s (1) = (27)36®) (ki + pj)4ek3 (1 — ikyy )e*im, (2.105)
1 . H?2
Coip (T — O)C;p;, (1) = (2m)36®) (ki +p; )?szr Letkim (2.106)
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In the end, by remembering that a Wick’s contraction is nothing else than the v.e.v. (¢T¢™) of our field, we get

| |
that the opposite contraction ¢, (Tl)Cfnk-: (1) is just the complex conjugate of Eqf2.1050 Then from EqJ2.104{ one
obtains
953 (] ®) (1) ®) (5, H°
Cy =(2m)"6" (k1 + p1)0* (k2 + p2)0™ (ks — p1 — p2) f
206 ], k7 (2.107)
[k:fkgrf(l — kary )i (brthaths) _ c.c.} + 5 perms in k;,
- N N H6
Cy =(2m)°6® (ky + p1)0®) (ks + p2)8®) (ks — pi — P2) o5 =13
203 [ k; (2.108)
[(1 —iky71) (1 — ikor )(1 — ikary )i (Fitkaths) _ c.c.] +5 perms in k;,
and

H6
3
20 I, & (2.109)

[k%k?ﬂ'f(l — ikgry)eimtRitkeths) _ ¢ ¢ | 45 perms in k;.

Cs =(21)°6@ (k1 + 51)6® (ko + 12)0) (ks — pi — p3)

We observe that it is now possible to find immediately also all the terms that follow from the different permutations.
Besides the Dirac’s deltas in fact, the multiplicative factors in front of the square brackets are symmetric in
the momenta. Once integrated over the Fourier space, it is easy to switch the momenta and find all the other
combinations. For Cj, since two of the internal fields are equal (two time-derivatives), the possible permutations
are reduced to three and a factor x2 shows up. This is because, after having contracted the non-derivative external
field, the result is symmetric under the exchange of the other external legs. The same reasoning would be true also
for the other two terms, but a slightly different procedure has to be considered for those, due to the fact that they
are multiplied by internal momenta. Therefore we have

B, d3 o o o H6 )
I = /Mc1 = (27)36® (B + kg + ki) w2 272607 [K2R2(1 — ikgmy )+

(2m)S 2063 [ [, K} (2.110)
+ k3k3 (1 —ikim) + kik3 (1 — ikom)] — c.c.,
I = /dBPldgp?(—p PEC) = —(@m) "D (s + Ky + ) 2 oy R - B K- )
2 (27)° 2kP3C2 1 2 3) 563 L k? 2 K3 1° K3 1° K2 (2.111)
[(1 — ilel)(l — ikQTl)(l — ikng)eiktﬁ} — C.C.,
and
Epidips  porph 3¢ T H° 2 iker [ 12017 1 .
I3:/ (27T)6 -2 p% 03:—(271') (5( )(kl +k2+k3)W2Tle g 1{k‘1(1€2'k3)[2—’t7’1(k‘2+k‘3)]

k3 (ky - 3) [2 — imi (b + k)] + k3 (kr - k) [2 — im (k1 + kg)]} —cc.,
(2.112)
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where k; = k1 + ko + k3. Now, to find the bispectrum for the shifted field we have to integrate over conformal time.

We have, by putting D = (2#)36(3)(k_i + ko + k;)%, and approximating a(7) ~ _ﬁ)

0
/ dT1 D/ d7'1 k:2k2+k‘2k3+k2/€3) zktn_i_

oy H2 (2.113)

— i1y (k1k3k3 + kokik3 + kskik3)e™™ — c.c..

Before proceeding it is worth to mention a technique which comes in hand when we have to integrate complex
exponential functions. The Minkowski spacetime is described by the well known line-element ds? = —dt? + dx? +
dy? + dz?. The analogue four-dimensional Euclidean space, instead, is given by ds? = dt? 4 dx? + dy? + dz>. By
observing that the Minkowsi’s metric resembles the four dimensional Euclidean one if ¢ — it’, a Wick rotation
allows us to pass from the former spacetime to the latter, where the problem one is facing might be easier to solve.
Once the problem is solved, by applying the inverse transformation it is possible to express the solution in the
original spacetime. It is possible to see the Wick’s rotation in terms of an analytical continuation of the signature
parameter w, by writing n,g = diag(w, 1, ...,1) with w € C [54]. E| By Wick rotating the whole expression, thereby
integrating by parts the second line, it follows

0 2 2.2

d D ici ki k; it Kk E
/ g =2 Zisi bk | 2 k7T ) (2.114)

H? H? kt k;
The exact same treatment can be followed to find the integrated Is. Which reads
/0 dr I 22.2 QZi;j,k;éi k2 (- Kr,) N D ikt k2 (kj - i) (K + k)
o TEH2 T TTH? ki k2

(2.115)

kaf Zkszf—Zk‘lJerl k3Zk? :

7,<j
where we used the fact that thanks to the Dirac’s deltas k; - k; = 1k —k? — k2] (i,4,k = 1,2,3). For the second

integrand, one more step is necessary, since a 7, ! dependence comes out from the scale factor’s approximation we
have done. In fact, one has

0 0
d D - - d
/ LIQ = — — (Zi>]‘ki . j) / 7_1 [1*27’1]@ — T (k1k2+k1k3+k2k3) +’Lk1k2k37’1} ik — C.C.

T2 H? H? ' oo T2
D 5 . 0 eik?t‘l'l eik)t‘rl X .
= — 2 (Zl>]kl . j) / dTl T2 — Zkt - — Zkikjelktn —+ iklkgkngelktTl — C.C..
—o0 1 i<j
(2.116)
ow, the first term o e integrand can be integrated by part, giving us [ dme*mir? = —r7 et 4
Now, the first ¢ f the integrand can be integrated by part, givi 0 dretkmir? L giker

ik fo dﬁr_l e This allows us to get rid of the second term of EqJ2.116| Now we are left with

3We note that this is mathematically consistent only if the transition to the Euclidean space starts from a Minkowski one. In
fact, if one considered a curved time-dependent spacetime, or a non-diagonal metric with non vanishing dtdz-coefficients, by Wick
rotating the temporal coordinate the Euclideanization would not be fulfilled. Therefore, in such cases, the Wick rotation has not a
clear mathematical explanation. It is possible though to redefine it in a more formal way, which allows one to operate this trick also
in non-Minkowskian space-times 55|
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0 0
dr D . . .
/ 7'127[11’212 - ﬁ Tis ki lkt‘r +/ dry ik1koksTie kem Zkikje kemi ) el
oo . 2
D ’ icikiki Rk
= Sisski (cos (ke ) + isin (k1)) +12<J 4t 3 3) _ e (2.117)
H2 J . kt kt

Zz< H k
- —227 (zmk ) (kt—i— ét k2 )
where in the end we considered the complex conjugate, which simplified all the real contributions, and took the

limits for 1 — —oo and 71 — 0. From the former the first term reduces to zero, while from the latter we get the
snin)
At the very end, by summing together all the terms we have found so far (once multiplied by i€?) and the contribution

that comes from the field’s shifting, we obtain [52]

well known result limy, )0 tk;

<Ck]<k-}<k}> (27) 36 (Zk> 95¢ 2H k3 2(e Zk3+62k2k +€ Zksz ' (2.118)

'L<J

Here the first contribution inside the square brackets is given by the fourth-order term carried by the field-shifting.

In particular, only the first term of the function f(¢) will contribute to the bispectrum, as the other ones are

vanishing if the total three-points function is considered well outside the horizon. In fact, by looking at Eq[2.99]

we see that all terms but the former include derivative of ¢ and hence of its mode-function. The contributions

proportional to ¢’ vanish simply because the temporal derivative introduces a T-proportionality, while the ones that
1

contain only spatial derivatives vanish because of the scale-factor they have in front (in dS a ~ ——).

2.4 Mixed bispectra

As we are going to talk about an inflationary model in which gravity is modified at high energies, it is useful to start
working with gravitons and their correlation functions. Hence, we will focus here on two-points functions between
scalars and tensors. In particular, we will calculate the bispectra (y(¢), which will be the analogous vertex we are
going to consider for the final result of this thesis, and (yy¢), which will be encountered again while studying the
f(¢)WW model.

Before jumping into the calculation, we need to find the mode functions of tensor fields, as we want to calculate
these two-points functions in Fourier space. We could in principle repeat the whole reasoning we did for the (’s case,
starting from the tensors’ equation of motion and hence quantizing the field. However, here we follow a different
approach [52]. For our fields, we would like to resemble the usual harmonic oscillator’s mode function, for which we
already know the solution. To do so we exploit the action of a canonically normalized scalar field in de Sitter space,
thereby imposing it to describe our fields. In order to find the perturbations’ equation of motion at first order, we
need the action perturbed up to second order in the specific perturbation. The kinetic part of the action of a free
scalar field f is

S = % / dzdra® [f? — (01f)?] (2.119)

where again ' = a%' For our curvature perturbations, we have instead

S = % / d*zdra®2e [¢* — (8,()?] . (2.120)
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Thus, to easily describe ¢ as f, and hence quantize it with the usual mode functions for such a field, we consider
(= \/fﬂ For the tensor field one more step is required. The second order action for the gravity component is given

by

1
5= 167G

1
/dBIdTa2Z [’y{j%{j — OYi0ij] - (2.121)

By opening now the two fields in Fourier space, we notice that each tensor field contributes with two scalar fields.
By remembering the property €;;(k)%¢;;(k)® = 26°° , we find the following action for each real, massless, scalar field

1 1
(s) _ 3 2~ /1S\2 _ (9. .~8)\2
S = 60 /d xdra 5 [(’yg) (9i77) } . (2.122)
Therefore, by considering Mgl =1, we get v = V167G f = V2f, where ui(T) = \/12}%(1 + ik7)e 7. Finally, we
can quantize the two fields as
(1) = ug(r)aﬁ + ug*(T)aT_ﬁ ’y;(T) =uy) (T)a% +uy* (T)asjﬁ, (2.123)
with
< _ _iH ; —ipT v _ ; —ipT
uy (7) = 1+1pr)e , ul(T) = 1+ipT)e , 2.124
»(7) \/Z?pg( pT) »(7) \/ﬁ( pT) (2.124)
and where the usual commutation relations hold
laga’ ] = 6@ (5 + @) (27)*,  [ap,a”L] = 6@ (7 + @57 (2m)°. (2.125)

The former is referred to the scalar field, whereas the latter to the tensor one. All the other scalar-scalar and
tensor-tensor commutators vanish. We are now ready to start our computations.

{(7y¢) bispectrum

From the famous paper of J. Maldacena [52], the action for a single field slow-roll inflation expressed in terms of
the so called shifted field (¢ reads

1 .
S = /d4w§eHa5'y;j7;j8_2CC + ... (2.126)
where
c c c 1 ij L L oo 2 _ij
C=¢"+f(¢9), f()= —35%i 7 Ea (7ij0™97) + ... (2.127)

Here, the dots indicate terms that are higher order in the slow roll approximation. In order to evaluate the two-
points function between a scalar and two tensors, we thus have to take into account this shift. Specifically, we have
to evaluate two different terms:

<C(‘fv T)’Vij (57 T)%j (2: T)> = <<C(fﬂ T)’Vij (377 T)'Yij (27 T)> + <f(Cc(f’ T))%j (gv T)%j (57 T)> . (2'128)
(1) (2)
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In Fourier space we get

Bh1dPkod3ks K i3
(1) - /I(QTHB kl Jk2 kdzewelj Cklrykz’yk?3> (2129)

ss’

where

C(f,T)z/(;l:;}eiﬁ'fgﬁ(r), %j(a‘:‘,f):/(dp W’Ze” (P)75(7) (2.130)

To evaluate the first term of Eq. [2.128] we proceed using the in-in formalism we introduced above:

d3pd3qd3k eHa® 1 e
<Ck17k27k3 /d3 / T/a/ (2)9 DT+ Ze ﬁ)elm 9 k243 (T k17k2ryks’7;7 ,y(/z CI 1)

r,r!

(2.131)

= — f d3wl;n; and 7 — 0 since we are looking for the bispectrum well outside the

2-lc Ic 1
where 07°( = k’-’C H; .,

horizon. By expanding now the time-ordered product inside the integral through the Wick theorem [38,39] we have

T

(TG V5 W G = AT (G i G )) — e
(2.132)

! 1w’

<Ck:1ryk2ryz37p 7q C C> <<]€17k272371) '}/q C C> — C.C..

A contraction between two fields is nothing but vacuum expectation value of the time-ordered product of the two
fields [39]. As we pointer out in Sec. in an inflationary background we can evaluate fields’ contractions forgetting
about the time-ordering and leave this complication to the final integration in time. By remembering that 7 — 0,
since we want to calculate the bispectra well outside the horizon, and decomposing each Fourier mode in its ladder
operators, one has

b3 (710 = {75 (7). 7~ (7))

= (167G)(27)36®) (5 + )6 (\;%(1 + z’pT)e“”> <\_/%(1 - iQT’)e“‘”) (2.133)

2
= (167Q)(27)%8®) (5 + g 5”Lq27'e+“ﬂ
(
2v/p¢?

(OI¢H(T)CE (T)0) = (|57 (7). ¢G5~ (T')b

/
- oH . —ipT —iH ; iqr’
= (2m)36®) (5 + @) < = (1L +ipr)e™™” ) ( (1 —igr')e™™ ) (2.134)
H? o
= 2m)*0® (F+ §)——==q’re .
de p3q3
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where 7’ is the conformal time of the internal fields, i.e. those carried by the interacting Hamiltonian, so in this
case ' does not refer to a time-derivation. Hence, by taking all the contractions we finally get

HG
16e /KT k3 RSPO GRS
(690053 + 20 (s + o7 + 0 (3 + D0 (ks + Por's™ ) = c.c..
(2.135)

p2q2k27_136i7 (p+q+k)

(TICE Vg v GF]) = (167G (2m) 6O (R + )

Now, by putting it inside the integral, we note that the different deltas act in the same way on the momentum-
dependent factors. In fact, the permutation ks <+ k3 would just produce a switch between two momenta, which can
be rearranged in a single order since all the remain terms commute. We thus obtain

, g7 . L, Buw e 0 .,
<Cl€1'yli27}f:3> _ —iiﬁlm(—kQ)sﬂm(—kB)s (27T)3/€§k§/762w(k1+k2+k3) (/ dr'aBetiT ke 13 _ C.C) )

AT (RD) (2m)? oo
. H' s s 31.21.25(3) (1) - - 70 / 1 +it'ky 13
= —zwelmelm@w) k3k50% (k1 + ko + k3) - dr s ) 'S — cc.
7—0

. H4 s s’ g g — i’
= zmelmelm(Qﬂ)gkgk:?(S(g)(kl + ko + k3) (/Oo dr'eTim R c.c.) ,

(2.136)

where k; = >, k;. By applying now a Wick rotation 7/ — —i7” we have a simple integral of an exponential factor
multiplied by —¢, which simplifies to 1 with the ¢ in front. Finally, summing also the complex conjugate that gives
us a factor x2, we obtain

c s . . 5 H4 k2k2 s o
(Cersys) = (27)360) (ky + ko + kg)mél%t?’elmqm. (2.137)

For the second term we have to express the shifting function in Fourier space, just as the other tensor fields. Doing
that we obtain

d3pd3qd3k2d3k$3 P25 T s g ’ ’ 1 . ’ 1 q2 - 4
_ Z(p+q) Ligk k 5 s ror AT 5 S - S A8
(2) = / )2 e'P\PTa) W2 1213 Zefjﬁij €Elm€im 32 Vg WZ*Z’)’,;S> + 16 7+ 2 <’Y£ﬂ,} 7,;2’)’};;> .

(2.138)

2
Here the factor Iﬁ-lil-iq? shows up from the term 972(v;;0%v;;) in the shifted action. To evaluate now the correlation

functions inside the parenthesis, we must use the Wick’s theorem again. However, in order to obtain only connected
diagrams, we avoid contractions between & and itself. So that the only contractions will be

T 7', S SI e 7‘, S S/ s 'l", S 5/
VBE Y e = e V)t R YT (2.139)

where

N

(Yo(T)7= (7)) = (167G)(2m)36@) (5 + ka)o™* ( il (1 —l—ipT)e_ipT> ( —i (1 —ik‘QT)eisz> . (2.140)

v/ 2p3 2k3
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3 3 3
Considering again the limit 7 — 0, we have, by putting [ D = [ %ﬂ’?‘me“’memw ““2?/6““32

2

s (1N s 117 1 1 q o s s
B /DZ Eij(kQ)eij(kS) Z elm(ﬁ)GW((D { <7P7q ’Ykﬂkg) 16W<’Yﬁ’hj ’Y,gg’Y,g_g)]

' H4(2m)8 1 1 2
]‘Gﬂ—G 27T /DZ zg kQ lj k3 Zelrm(melrm(@# <_32+_.q> X

31.3
s,8’ ror! p3q3k2k3 16 |p + @I

x (5“5’“ 56O (o + )0 (s + @) + 6757563 (g + DO® (K + p’))

Plod’ks _ H*(2m)¢ 2 1 k3+K32 P
= (167G 2/ z(k2+k:3)x ikl zkgz k k 4 A n).
HOmE | “amm© 2 el k)l ) 3R\ 32 165 1 A Cim(—R2)efm (—F3)

s,s’

(2.141)

Considering now that (167G)? = (2Mp?)? = 4, we obtain

dgk d k 72 xr 1 3 z S e S, e H4 k2 + k2 e
(2)/(227T)?) i(ka+k3)Z k2 iksZ Zeij(@)eij(k‘“’)m <1+|k2+1€32> T (— kg)Elm( k3).  (2.142)

s,s’

Now, in order to make the expression more symmetric in the momentum space, we can multiply and divide by k3,
and integrate over k; under the condition that ki 4+ ko + k3 =0

By ko d®k / - oy HY Bk /
(2) — /ﬁelkl e k2'l]elk32 Z Efjefj(27r)35(3)(k1 —|— kQ + kS)W <_2 ! (kQ + kB)) Cfmefm

d3k1d3k2d3k3 i f o] ik Z s S A8
_ / Tekl T haZ N e (o )el (k) (fi (COVE )

s,s’

(2.143)

In the end, we can rewrite the full two-points function in the momentum space by summing together the two
contributions getting [52]

s .8 3¢(3) (1. e e H* kg 1 2 k%k% s s
<Ck1’7k2’7k3> = (2m)°6" (k1 + ko + kB)m 5 + kl(k + k3) ky €mElm: (2.144)
(v¢¢) bispectrum
For the y((-bispectrum, we have instead [52]
S = /d4m6a7ijai§8j(, (2.145)

from which the interacting Hamiltonian reads
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Hznt(t) = f/d‘sfeaywﬁzgaj(

d’p1d°pad’p v o V20 iz
/dgxea/ ! )29 : Ziﬁij(pl)lzpngﬁpl( )G ()G (E)e Wipa i) (2.146)

Bp1dBpyd® L iy
= calt) / e I W+ ) 3 € () (DG (DG 1),

where we expanded each field in its Fourier modes. Thus, we simply have

(iCC) = i / 0t (T [Hins(t), 753 (7, DC (7, ) (5, 1)

[ PhidPkod®ks oo ~ ot
—i [ ERGEER GRS S ) [ (T B 0606 0]) @

s=+ -0
Pk dkodPks ik Tk G4+ 2) N as
:/T MR AR Z:tefj(kl)<7k:<kgckg>'

Again, we want to calculate our bispectrum when it is well outside the horizon. Thus, by considering the mode
functions given by Eq. 2.124] one has

— .. H?
Vi (775 (1) = (2m)76) (h + k2)d™ —mmr (L iy 7)™ 07 (2.148)
i)
for a connection between two gravitons, and
/ 35 (0 1y 1 —iky !
CI& (T )Ckg (1) = (2m)°6" (k1 + kz)m (1+ ikiT') e (2.149)

for a scalar-scalar one.

Hence, by means of Wick’s theorem, we find

(GG 666 ) = (ﬁananﬂ}iq Gl 1 Cmln T Cale — “-)
HS 1
Mp,16¢2 /1T, k3p?
« o—iT! (Pr+p2+pa) (5(?») (B3 + F2)8®) (13 + K3) + 63 (55 + k3)6@ (53 + kﬁ)) —cc.,
(2.150)

~(2m)°6 (k1 + i ) 0" (1+ ipy7) (1 + ipa) (1 + ips7’)

where we considered 87rG =M EZQ. Now, by considering the conformal time rather than the cosmic one, and

approximating a(7) ~ - H, we obtain
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d*p1d®pad®ps H° - Pip}
s caCn) =ied™ [ d /a2/7 2m)°6 ) (5 + p3 + P3) ——5 0P (k1 + 1) —== Y _ €55(P1) %
<7k1<:kz€k3> / n (26 (2m) (P1 +p2 3)1662 (k1 +p1) T, k07 2 L (1)
X (1437 (p1 + pa + p3) — 72 (prp2 + p1ps + paps) — i7" pipaps) eI K x

X (6(3) (15 + k)0 (73 + k) + 6@ (15 + k)™ (93 + 152)) —c.c.
-\ HY KLk
_ 35(3) | 2 s 2R3
i(2m)°d (% k1> 1666”(151)Hl pe X

1 .
X 2/d¢’—/2 (L4 i7" (k1 + ko + k) — 7% (kiko + kiks + koks) — i7" kikoks) e & — c.c.,
T
(2.151)

since the Dirac’s deltas, when applied on the second last line, give us the same term, which is taken into account
in the 2 factor in front of the time-integral. We named also K as the sum of the three external momenta k;. By
focusing only on the time integral I(7), we have

12 !

7—0 e—iT/K e—iT’K ., o,
I :/ dr’ + iK — e T K (kyko 4 k1ks + koks) — ikikokse™ ™ 51" — c.c.

1 i K 0 ) 0 /e—iT/K ) 0 /e—i‘r’K ) 1 'K 0
A \_OO‘ZK/_OQ‘” 7 “K/_OOC” RO DL S N (2.152)
1>]
1 |0 1 /0 "
—'kkka " KTt o d//KT —c.c..
1R1KR2KR31 (KT e . 7K - T € c.c

Here, we integrated by part the first term, so that the second piece that we obtain cancels out with its opposite.
Also, we Wick-rotated the last two terms. Finally, by rewriting the first term in terms of sinusoidal functions, we
get

(2.153)

. doisgkiki  kikoks
I1=2 [K i -2 } ,

since all the real terms sum themselves to zero due to the complex conjugate. At the very end, we find [52]

Zi>j kik; n k1kaks
K K?

- - o 2H*
<7;]Ck§<k§> = (27)35(3) (kl + k2 + k3> . (2.154)

71_[2(%?) €;;(k1)ksks [—K +

Diagrammatic rules: application

Just to directly apply the diagrammatic rules we mentioned above, we try to reproduce the last result by starting
from the diagram of the interaction. We have
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where

1 Tio o T —

YV T (1) = () = el Cr (i) (m3) = (CF¢T) = .— -»>-1

i

are the "right” Wick’s contraction (in our case in fact 7; = 7 — 0, 7; < 7;). For the ”left” ones, it is sufficient to
take the opposite contraction. Thus, our bispectrum will have 2 contributions, which in the end, as we saw, will be
one the complex conjugate of the other. We have

\
<’YZI $e Srs > = "ol LA~

from which, by applying the diagrammatic rules and integrating over time, it follows

T7—0

(ste) == [ dmalyicc Gar )+ (it a7 e
T—0 3 3 3
) d’rl d pld p2d p3 . . . . [Sﬁ r | — | — r s | — |
:211 T )6 53 (pi + p5 + p3) Vi V5 S S S — Vi Vi $o S S S |
(2.155)

where the factor x2 arises from the symmetry of this specific problem. Being indeed tensor and scalar fields
considered as uncorrelated, they evolve independently, and we can contract an external momentum k; with only
two internal ones getting the same result.



Chapter 3

I°(¢)FF parity violating trispectrum

We present here a first example of parity violating trispectrum. Firstly, we briefly present the I 2(¢)FF model.
Secondly, we calculate the power-spectra needed for the computation of the bispectrum and the trispecturm. Finally,
we will show the parity violation led by this model. We will refer our entire discussion to [25657]. We start studying
the model by introducing its action [57}58]

1

/J%J[ ”R @@W¢V@)+F@)<2FWEW+ZFWEWH, (3.1)

et

where ~ is a constant parameter, F* = 9t A” — §” A" is the field strength of A# and FH = QVlFQB is its dual

tensor. While all the coupling terms affect the inflaton’s dynamics, only the last one can produce signatures of
parity violation, as it is a pseudo-scalar quantity [57]. Since the deep study of this model is not the primary goal of
this work, we report here only the most important steps that are needed to compute the correlation functions we
want. We perturb the field, allowing for the presence of fluctuations, getting ¢(7,Z) = ¢o(7) + dé(7, &) and hence
I(¢) = Ip(¢) + 0I(7,Z). It is shown that the second order term in the field fluctuations is actually subdominant
with respect to the other ones, and thus we can neglect it in our calculations. Another useful assumption is to
put Ip(¢) o< a™(7) during Inﬂatlon and that it becomes a constant when Inflation ends. We also introduce now
10(7' A’ B = Io("’)

the electromagnetic convention E=-— V x A, and put ourselves in the Lorentz gauge, where

Ag=V-A=0.

As we wish to reproduce some parity violation, we need to set v # 0. But as we stated in the first chapter, a non
vanishing vev for a vector field is not symmetric under rotations leading to an anisotropic expansion of the Universe.
However, for v = 0, it was shawn that the vector field’s energy density must be much smaller than the inflaton’s
one, for the model to be consistent with the CMB results. The situation gets even more delicate with v # 0, and
hence we can neglect the geometric contributions than can arise from the vector field spoiling the FLRW metric [59].
By introducing now the canonical vector field V= Io(T)/Y and expanding it at first order, we see that the gauge
field’s vev must satisfies \76’ — 17‘3,17}) = 0, which leads to a vanishing and a constant vev for go and Eo respectively.
Specifically, the latter depends upon the Iy’s dependence on the scale factor. For n = —2, Eo(T) = Evev. We skip
now the construction of the mode-functions of our fields, whose procedure can be found in [57,/58]. The results that
are important for our purposes are

e™ 3H? 3

TN = s

5B (1, k), (3.2)

and

o7
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. . 4 271'{ R R
(6E; (1, )0, (K, 7)) ~ (27)36¢) (k:l + kQ) ﬂ E—Skf3e§+)(k1)e§-+)(k2), (3.3)
where £ = —ny We reported only the one-point correlation function between two electric fields since, as the previous
equation shows, on superhorizon scales the magnetic components are much smaller than the other ones. In this
model, the power spectra of curvature perturbations depend upon the corrections given by the interaction with the
vector field [60]. For example, the direction dependence of the vector field’s vev is straightly shown in the curvature
power spectra, as we will see. We set ourselves in the spatially flat gauge, where the only contributions to the spatial
part of the metric are given by gravitational waves dg;; = thij. We use the scalar curvature perturbations defined
as ( = —H %p ~ —%&é. In principle, the vector contributions enter in perturbing the ggo and gg; components of
the metric, but since the subsequent couplings are suppressed, with respect to the topological §¢J A?-couplings, it is
possible to set dggg = dgo; = 0 [57,58./60]. Then, since we are interested in studying the power spectra given by the
gauge field-curvature interactions, we can just look at the interaction Hamiltonian that carries these information.
In other words, by writing (C¢) = (¢()o + {¢¢)1, we focus ourselves on the correlators at first order in the gauge
field. By treating the vector field perturbatively, we expand the different terms in the I?-coupling searching for
contributions up to §¢dA?. We get

01y(9) Iy [ 09 Iofo
I? = 2] =202 (-——=— )~ A4
6 (I*(9)) (o) 90 Yo 0, ; 2 (3.4)
FMFE,, =—a 20, A0, Aja™?2 4+ (0;A; — 0; A;) (O Ay — 01 Ag) a= 25 67!
2 2 ] ] 3.5
_ “152' +2 “?2' —2EsE" + 2B 6B — §E;6E' + §B;6 B’ (3.5)
and
— o\ ? 3
7 was _7 wap _ | oA (VXA @
86 FﬂF/u/ 26 8148145 2 2( o2 o2 Iglo
(3.6)
3
~— 2o (0B B + E"SB + 56|
IO
Thus, we can separate the so perturbed action in the Ad¢pdA and §¢pdA? contributions
S04 — / ardte (~200) Lo, [(E.(O)aEi - BYB") — 5 (BB + B"3E")| (3.7)
H IO 7 7 k3 7 ’
<5A 3 Iy J1 i i i
drd’z g (6E SE' — 6B;6B') — v0E;6B| . (3.8)

For studying the perturbed power spectra for gravitational modes, one has to follow the same procedure perturbing

V=09 = /=g + 69,/ —gg"" getting

1
§(hoA%) / drd*zal§égun/—gg9"" (—4FWF,W)

- / drdza*13a®hi; g7 [ oI ( 2B"6B + 2E)§E' + 6B,0B’ + 6E; 5E)}
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By focusing now only on scalar correlation functions, we can neglect the magnetic modes, as we saw they contribute
much less than the electric ones. Hence, we can find the two interaction Hamiltonians that follow from Egs.
By simply expanding each field in the Fourier space and substituting them inside the corresponding action,
knowing that S = [dtd*zL = — [ draX, we get

QEvev d3p )
G6A) ~ i i(= =
1o ~ 2 [ SR G oo, (3.10)
and
1% 33/
coaz 20V [ d°pd°p ) )
H T HAA (27)6 5E( T)SE; (P, )C_p/ (T)¢_ F—p (7). (3.11)
’ —H7T)? ’
We used also the relation % = [ (7HHT))] = 2%. It is now useful to diagrammatically represent these Hamiltonians,

that are depicted by
H(C‘SA) = ’V\O— - and H(C(SAZ) — —_—

As, in the computation of the bispectra we did in the previous chapter, we will disassemble all the following
correlation functions in several contractions. However, as we are going to see in what follows, we will decompose
our expectation values in products of the our fields’ commutators at different times. For the scalar field we have

— —

([0 (7). G, () |y =001 {ui (r)ui, (72) [0, at ()] + i, (ra)uea (72) [ (= 2), (k)] } [0)
=uk1<n>u;;2<rz><[ (ki) at (=) |) = wi, (r1Jun, (72)(a(k2), ' (=)

}> (3.12)
—(27)35®) (k?l Ty ( (1 + ik ) (1 — ki) tha(rata) _ c.c.) :

),a
H?
dek3

By expanding now the exponentials up to third order in —k;7; < 1 (i.e. when the modes are well outside the
horizon), all the real term cancel between themselves, and we are left with

([0 (), G, ()]) = @50 (i + ) (78 — ). (313)

For the tensorial modes the same procedure holds, but the mode functions, as we saw, are given by qu (r) =
ui (7)v2e. We are now ready to calculate the power spectra.

Power spectrum

At tree-level the only two-points contribution that can arise from the scalar-vector interaction is given by

GO =1R--O~0---1
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By means of the in-in formalism, we thus have

<f[<k:(7)> = —/Tdn /Tl dTQ<HH< ), HCOA) (7 )] ,H<<5A>(72)]>. (3.14)

Now, at first order in perturbations scalars and vectors evolve independently between each other, so that we will
have only contractions between the same kind of fields. Moreover, in the integration over time, only the long-
wavelength contributions survive, as the small-wavelength cancel each other out due to their rapid oscillation [2].

This means that the dominant terms are given by considering the time interval [Tm = f% L1, 7T — O}, so that

we can consider the gauge field as classical and hence commutating. Thanks to this fact, and to Wick’s theorem,
the expectation value can be divided in two separate expectation values |2, 57]|H One then obtains

2 _ 4 vev vev dTl dTQ
<E<E"(7)>1_ <H2> R /; [—

[ B 581,78 ) ([ (0] [ 006l

4 2 vVev vVev dTl dTQ
= <H> EIE; / N /W
k

d3d3ps i j e 3H2\? (2%)36(3) (p1 + p3)
/ (1%)6 Hi ()i () ( 53/2> <2ﬁ> i (3.15)

ran 2
x<2w>6[(—”q) (7 — )7 = 2)SOF, — 51)8D (e — ) + <zae>k;>]

EUE'UE'UCU dT dT
(H‘*) / 1/1 e =)

N N R 27r£ H8
(+)i (+)i (+)i (+)i e
(R (k) D) I )| g

where we simply substitute the corresponding contractions’ and commutators’ expressions to the various expectation
values. By sending now 7 — 0, as we are intersted in the power-spectrum when it is well outside the horizon, the
time integrals reduce to

4 2 FHB8e2mE E(S)l(k ) (S)J*(kAl)Epe”EVe” 0 dr "o
(2 564 (ke + ke T i J / ot @2
<H Ck > (2m) (k1 + 2) HY) 167e2e3 S;_ 5 ,

—kyt T Syt T2

(3.16)

where we used the property ej(—/%) = e;*(/%), with s =+, —. We note that if we had the same upper bound for the
To-integral, we would resemble the exact definition of the number of e-folds Ny, calculated from k-mode’s horizon
exit to the end of inflation, just as done by the 7j-integration. There is however a well known result that relates
nested time integrals to a simpler time integral in which the boundaries are the same for all the integrated variables.
It is well known in fact that ["dr [T dro--- [T dry f(T1, .., 70) = & [T f(71,...7). Therefore, from the whole
integration in time, we get a factor %N,fl as the Dirac’s delta forces the two momenta to be the same in modulus.
For the directional part we have

I1We note that in this model we can reduce the entire scalar expectation value to the product of scalar commutators because there
is an equal number of vertices and scalar correlation functions. This is true for all the following correlation functions
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N N N = ~ ~ 2 N N
S ()™ () EVEYSS) (e + K2) = {1 - (k1 : E) } (EY)? 5G) (ky + k), (3.17)
s=-4,—

where we applied the well known equality >, ef(l%)e;*(l%) =0;; — kk’
Thus, in the end it followsEI

2
E2 &2 N? N2 .
|| - = (27)3 ——vev__ L1 — (k- BV} [ 6O (Kky + ko). 1
<i_1Cki(T)>1 (2m) 2re2Mp, €3 k3 { ( ! ) ] ( 1+ 2) (3.18)

Bispectrum

Analogously, we want now to calculate the 1-st order perturbation of the three-point scalar correlation function.
The tree-level contribution to this bispectrum is given by

(M ga(m), = B

where we have that each vertex identifies a different interaction-time. By the definition of ensemble average, from
which we built our discussion regarding correlation functions, we need to take into account all the possible scenarios.
Therefore, we have to split our bispectrum in three contributions, accounting for the three different possible series
of interactions we have. Namely, we can have the first H(¢%4) acting at 71, the second one at 7, and H C5A at T3,
or the exact opposite, or yet another combination. Hence, we write our bispectrum as

<HC}§L(T)> = <HC1§[(T)> +<HCI5}(T)> +<HC,€-2(T)> , (3.19)
=1 1 =1 1 =1 1 =1 1

. abc ;
with <H?:1 G (T)> =i [Tdr, [T dn [T dr. < [anzl i (1), H(Ta)} ,H(Tb)] ,H(TC)] > For each vertex we will
1
use the corresponding Hamiltonian calculated above. We have to use here both types of Hamiltonian, since we

introduced a vertex that connects two internal vector fields. By following the same line of reasoning exposed above,
for each piece of Eq. we can decompose the whole expectation value in two separate ones, respectively for the

211
scalar and vector part. Considering as an example <H?=1 < (T)> , we have
1

2We expect D €(®)i(k1)e(*)*I (k1) to be equal to a certain tensor D;;. Now, we exploit two properties of polarization vectors
to identify D;;. Since € (]})5:(]%) = 67, then we have e(")i(k) Dt e (fey)el)*i (ky) = ey)(l%), and the analog would be true if
we multiplied by ("7, Therefore, D;; should have a form which reduces to a Kronecker delta when contracted with one polarization
vector. The general form is therefore D;; = §;;4c;;, with cije(’")i(fc) = 0. Another property of polarization vectors is that l;:ie(’")i(l;:) =
0. Hence, in the end we can write the equality used above

3In [57], the authors do not have a factor (27)3 since they adopted a different convention for the Fourier tranforms and hence the
mode functions.
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3 211 .
] T T1 T2 _ d3 n 2 . . . .
HC@(T) :—Z/ dT1/ de/ dT3/H"51 12p i T (OE:i(pi, 1)0 B (p3, 1) 0 E* (93, 72)0 E' (P, 73))
-1 L (2m) 71

x %Z?i;w [{[66: (™) )] ) [6 (), )] ) (66,7, (7)) + 5 perms in ]
(3.20)

where have already dissembled the scalar fields’ expectation value in their commutators, by means of Wick’s theorem.
32EY°Y BYeY

Just for simplicity, we redefine Haotr = By;. Then, from Eq. it follows

- " iH2\® [T h T“‘ S (3 —13)
<l1_[1<k7 (T)> = — iBj(27)° <_66) / dT1/ dTQ/ drs H1 Tm
= 1 me—

R . B B (3.21)
/d3p15(3)(k1 —pi — p3){(0E;(pi, 71 )0E (k1 — pi, 71 )0 E* (ka, 72)0 E' (K3, 73))

+ 2 perms in k_JE

We focus now on the expectation value between vector fields. Again, owing to Wick’s theorem, and by looking only
to connected diagrams, we have

—F— 1 —F——
(6E;0E'SE*$E'Y =6 E;6E'6 E*6E' + §E;6E'6 E*6 F'

Ame 2\ 4
_ 6 (o koo (+) o L€ 3H 1
=(2m)5e M (1) e DR (ke e T (k1 — p1)e (K3) @ (2ﬁ) T (3.22)

(891 + K208 (ki = 5 + k3) + 6 (pi + k)6 (ki — pi + k)

Integrating out the different Dirac’s deltas, we end up with two equal contributions. Namely, the last line of Eq.

321 reads

31 d? e (BHANT 2 oy e () (R
d’p1d°pa(...) = RO k3k36 (k1 + ko + k3)et " (k2)e ™" (k2 )e; 7 (ks)e ™" (ks). (3.23)
23

This shows explicitly a symmetry of the system. That is, if we exchange the two external legs connected to the
HS%4 _vertex, we obtain the same result. Once the external field connected through H¢%4 is fixed, the choice of the
other two gives us the same factor. Therefore, since we have only three momenta, the total number of independent
diagram is three and a factor x2 shows up. Hence, at the end we have

3 211
. . . H2Evevaev AmE 1 o R A R
<HC/€Z (7')> =(2m)%6G) (k1 + k + /f3)3 M (k) (Ry) el ™ (i) e (Iis)
=1 1

€
2.3 6 1.31.3
2m%¢ &% Eksks
T o R R 3 Tg) (3.24)
dT1 ] d’TQ ] d’Tg ]
7] 5 T3

+ 2 perms in k_'l
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Again, we can send 7 — 0, and apply the same trick as above to reduce the nested integral in a single one. However,
while we have two time integrals that resemble exactly the definition of the number of e-folds, respectively for the
modes that exit the horizon at —é and —,7137 the integral over 71 depends upon the three moment, which are
constrained by the Dirac’s delta. Since we want to be sure to consider only long-wavelength contributions, and as

1 1 C5A?

k1 = |ko + k3|, we require 7 > Max {—ﬁ, T ks] Namely, since a H -vertex connects three momenta, we

want to pick the higher time of horizon-crossing and set it to be the lower bound of our final integration in time.

3 211 .
— - o H?2E?2 A€ N, N, Min [Ni . Ni.. N, N A IR .
[[cem )  =@rPs® ( + ko + k) —yrew C “hathe in Ny Ny, N (g, COR (1)) () OV Ry
=1 ! 1 4mée ¢ kzkg

+ 2 perms in k_E
(3.25)

In principle, we would have to calculate all the other terms of Eq. However, we notice that for each term we
would get exactly the same three contributions depicted in the latter equation. Therefore, we can simply skip the
whole calculation and multiply the result above by 3. We just have to follow the same reasoning for the nested time
integral and relabel its variables in order to end up with an identical result for each term [57]. At the very end, we
find

3 .
-~ - o 3H?E?, e*"¢ Nj, Ni,Min [Ny, , Ny, , Ni.,]
IlCﬂT :271'35(3)]{3 +ky+k vev 3 2 1 29 seﬁr
<l_1 kz( ) ) ( ) ( 1 2 3) 423 €6 k‘gkg ka,ks3 (3.26)

+ 2 perms in k;;,

with € = = B Bperel ) (k) e (kp)el ™) (K3 )e ! (K3).

Since we just want to show how this type of calculation is done, we will not go through the procedure to rewrite
the directional part in a more compact way. Besides, we are going to do that explicitly in the next subsection. The
final equation, in the two opposite limits v = 0,y # 0 is computed in [57].

We note that the two terms arising from a different way to contract the scalar fields can be immediately written
as the one above. Namely, by just substituting the old H¢%4- and H ¢54_connected fields’ momenta with the new
ones. While the latter will appear only in Min[Ny, , N, Ni,], the former will define Cj; -, the other two number of

e-folds and the ~ 1/k3k’3 factor.

Trispectrum

Now, we study the four-points correlation function for the scalar-curvature field. Again, we restrict ourselves to the
single tree-level contribution we can draw, which reads

Again, the full trispectrum is given by
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(3.27)

In complete analogy with what we have done so far, we proceed in writing explicitly the trispectrum. For the same
reason explained above, we can separate the whole expectation value in two simpler ones. Then, we proceed in
applying Wick’s theorem, thereby simplifying each of them in several scalar commutators. We have

2211
ﬁg-‘(T) _64Evevaev / dT1 /Tl dTQ /T2 dT3 /T3 dT4 / d3p1d3q1d3p2d3qu3p3d3p4 (27‘_)12 —iHQ 4
e} ku ) H16 (2m)18 6eM?2,

(SE"(pi,m)0E;(di, 1) E7 (P, 72)0E; (G5, 2) 0E* (93, 73)0 E (91, 1a) ) (7% — 79) (73 — 75)

(7 =) =78 (k1 —pi — i) 0 (b3 — 13— @ ) 0 (ks — 1) ) (i - )
+ 23 perms in k_;

_64EzevElve7j ﬁ Ti—1 @(TS B 7_3) d3p1d3p2 _iH? 4

= 16 J T i (2m)8 6eM?3,

=1

(O (7, m)SEi(k — 51, 71)0 B (53, m2)0 (R — 73, m2)S ™ (K3, 7)0 B (i, 74) )

+ 23 perms in lgl,
(3.28)

where we expanded the scalar expectation value by using Eq. and put 79 = 7. Since the complete calculation is
quite long, we proceed reporting the most important passages. For simplicity, we forget about the 23 permutations
for the moment, and depict only the contribution explicitly written above. This corresponds to the diagram

C]{l Ck;
| |
\ /
\ ’
\ ’
\\ ,
T1 T2
1 I
Ckg Ck "

By expanding the expectation value of the vector fields we find, neglecting the non-connected diagrams
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10276\ 3 € (5 (oy = ) (52)eI (g 2 po)e IR ()P (I
<...>:(2W)9(9H ) @0 (= 1)y @) (ks = po)e () )

Amg? (p1|k1 — pilp2lks — Palkska)3/?
x {5(3) (Pi +P3) [5(3)(/51 — i+ k)0 (kg — 15 + ka) + 8P (k. — pi + k)0 (ks — p3 + k_é)}
6O (5 + K3 — 13) |69 (1 — 7 + K3)0) (53 + k) + 6 (k1 — i + K)o (5 + k)|

6O (i + ka) 0 (ki = i + ks — 13)0) (5 + Ka) + 89 (k1 — 7t + 12)6) (2 — i + k)| (3.20)

6@@H%DHWM pi 4 k2 — 3)0®) (5 + kz) + 6 (ky m+mWW@—m+@ﬂ}

- N3 ()L AR .
=(27)%6® Zk: 9H4e2m¢ 46( Vi (g)e(HF (Kg)el )J(k4)e(+)l(k4)x
- i Kk

XYme§%@g+ (ks )el ™ wm}

3 3
k24 k23

From the last line, we see that if we exchange the two external legs connected to the simplest vertex, the result
remains the same. This is because all the indices are actually dummy and can be relabelled. This reduces the
number of independent diagrams to 12, and multiplies the whole result by a factor 2. By calling now the directional
part C¥iFi (k) we see that for every diagram we have

>

€N (Je) e () e (1) e (1) [ (ha)el” (km+e§-“<k;j>e§*>(k;j>

eki,kj (kk) _ 4EﬁevEﬁev ,
£ o 7 i

(3.30)

where k;,k; are the momenta connected to the simplest vertex, while kj, is one of the other two. Thanks to this
observation, we can now write all the other 11 permutations easily. However, since kj can be referred either to k;
or ko without having any differences in the final result, we get that by exchanging the two H 54 _external lines we
obtain the same form of C. Therefore, the number of independent diagrams further decrease to 6, while another
factor x2 shows up. In the end, we thus have

2211 4 4 ‘
35H4El2 67r£ Ti-1 . .
<HC,W > (2m) 35(3) (Z > 7r3M8 64 & (H/ TZ(Tg — Tf)) Ck3k4(k2)—|—5 perms in k;. (3.31)
i=1 i

Now, for the nested time-integrals, we proceed as above. We extend each integral’s upper bound to the same value
7 — 0 while dividing by 4! = 24 Then, we use the same approximation applied in the previous section, which
constraints our integral to 7; > —+-. Just to briefly recap, we neglect the short-wavelength contributions since due
to their highly oscillatory behav1our they cancel each other [2]. Therefore, we have

Ti Max[ = i’i] ks Max[,?,ifL} )L oL

1 1
> k3 K v kg k13 k3 k3

(3.32)
L. .
:ﬂMln [Nk,17Nk:37Nk‘24] Min [Nkz,N]m, Nkls] Nk3Nk4.
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In the very end, by calculating all the other terms of Eq. |3.27| the total trispectrum t:J’ZE depicted in the diagram
3,4
above reads [2]E|

- -~ - o o\ 35 HYE? e07C . -
ki,k2 _ 3¢(3) vev ks, ka

tFR2 —(97)35 (k Ko+ b+ F ) 2 € ekakaf

Gk~ PR AR ) T S (k2) (3.33)

Min [Nk:kag;Nkm] Min [Nk}27Nk:47Nk13] Nk3Nk;4.

Here the parity violation can be explicitly seen by rewriting the € function using
{61']‘ - ];zifj + Z'Gijk];}k . (334)

By considering for instance Gk;’kl(k;) of the result above, and restricting ourselves to just the first term arising

from Eq[3.30] we find
I (€544 (k) = W{ b [B o K] (B — ki [ Ra] (B8 = [ k] (B ) +
o [Exkg} <E~154) o [Ex kgg} (E.154) By [Exk;g] (E.zsg)+
b [B x| (- o) (B o) + o [B ¢ ] (ko) (B 52) +

Ry [l Ra] (B 8s) (B Ra) + s [ (B Ka) (ma)}}.

(3.35)

This result can be then translated into the induced CMB trispectrum, which, thanks to the presence of the vacuum
expectation value EY¢Y, breaks the rotational invariance. This was explicitly done in |2]. Now that we have
reproduced a result analogous to what we have to treat in this work, we can proceed in studying our specific
model.

4The numerical factors between the original result differ from the one reported here. In [2], a factor 1/215 arises from the three
vector-vector contractions, since there it was used & = 2|y|.



Chapter 4

The f(¢)WW model

In order to describe a quantum field theory, a typical way to proceed is to specify a Lagrangian for a particular
field, thus constructing its action and use it to find the field’s equation of motion through the action principle. The
Lagrangian of a theory has to be always an invariant under any spacetime and Lorentz transformations. This is
because we want the same Lagrangian to describe the same physical theory everywhere and after any Lorentz’s
boost, which implies that it has to be a scalar. For example, in the familiar Lagrangian for a point-form body of
mass m in classical mechanics one finds only scalar terms. In fact, the only vector that shows up is easily contracted
with itself giving us its squared modulus. This is the velocity vector, which is given by the first time derivative of
the position Z. Also by considering quantum electrodynamics we find a Lagrangian which contains first derivative
terms of the type 0,A", which are contracted with one another by the Minkowski metric. In general relativity,
the theory’s main feature is the metric g, itself. However, it is not possible to find scalar invariants out of first
derivatives of the metric. To understand why, it is sufficient to notice that to be an invariant £ has to have a value
that is independent upon the coordinate system’s choice. Thanks to the equivalence principle, however, nearby a
point it is always possible to find a coordinate system where all the first derivatives of the metric Vanishﬂ Hence, by
building up a Lagrangian proportional to 04¢,., one obtains a theory with an action that can be either null or not
depending upon the chosen coordinate. The Hilbert-Einstein action is instead built by considering only covariant
terms proportional to second-derivatives of the metric tensor. The only covariant term that respects these requests
is the Ricci’s scalar R = R, g"". The action then reads

2
SHE = —MQPl / d*z/=gR, (4.1)

where /—g = \/—det (g,,,) makes the integration’s measure covariant. A usual way to modify the Einstein’s theory
of gravity is to go to higher order terms in the derivatives.
When we introduced the theory of Inflation, we started from the following action

M2
PLR — 9" 0u60,6 ~ V(9)| 12)

S = /d‘*x\/fg {—

This theory allowed us to depict a first model for explaining the observed fluctuations in the CMB matter density.
These entail the Hubble parameter and the physical wave-number k/a at horizon exit to have a value H = k/a ~
Ve x 2 x 10MGeV [61], with € the first slow-roll parameter. Being this value much less than the Planck’s mass one
(Mp; =~ 2.4 x 1018GeV), we are allow to consider General Relativity as our underlying theory for gravity. However,

IFor example, Riemann normal coordinates constitute a local inertial frame, where the neighborhood of any point ¢ of a space-
time resembles Minkowski: g, (2q) = Nuv, 8ag‘w|”c =0
+q

67
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at horizon crossing H (and hence k/a) is not negligible compared to whichever energy scale characterizing the theory
underlying Inflation [6], and at early times the physical wave-number of perturbations can be exponentially larger
than at horizon crossing. Therefore, it might be useful to go beyond the Einstein’s theory of relativity and consider
some correction to its action. In order to do that, we can consider Eq. as the first term of an Effective Field
Theory expansion. Then, whatever fundamental theory this will be, it will contain some higher derivatives terms
that are proportional to negative powers of some large cut-off energy scale M. From the first slow-roll parameter
=t = b
as gf) = \/2eMp;H. This means that in a Hubble time, it undergoes a change % = /2eMp;. We expect that M
cannot be much smaller than v/2eMp;. In fact, by following the above evolution of ¢ (i.e. §¢), we find an order of
magnitude of the inflaton’s energy scale at a Hubble time before the horizon crossing. As we started our discussion
by saying that at early times we expect the Inflation’s energy scale to be not entirely negligible compared with other
possible underlying theories, we impose this limit to be reasonable for our corrections. Therefore, it follows that the
expansion parameter % has to be not much greater than \/ZILPL ~ 6 x 1075 |6]. We will assume M ~ V2eMp;.

é, it follows that the background field ¢, described by the above Lagrangian, evolves in time

Our Lagrangian now reads

M2
Lo = VG | TR = 307 0,00,6 — V(6)] . (1.3

The leading correction to the so-written theory, will be given by a sum of all possible covariant terms with four
spacetimes derivative and unitary coefficients. We thus have [6]

AL =v=g | f1(6) (¢" 0,00,0)° + f2($)g"" 0,00, 606 + f3(6) (O6)° + fa(d) R 8,00, ¢+

+ I(0)Rg™ 060,61 fs(6) R0 + Fr(O)R + [o( @) R Ry + Jo( WP Wy |+ )
+ flO((Zs)EWMW,?uBWpoaﬁ-
In the last two terms, instead of Riemann tensors, we used the Weyl tensor, which is defined as
Wivap = Ruvap — % (GuaBup = gupBva = Gualup + gusBya) + % (9nagvs = guagup) - (4.5)

The last term of our Lagrangian’s correction does not change if it is written using the Weyl tensor [6}8], while for
the second last term it is sufficient to redefine f7; and fg. The Weyl tensor is nothing but the traceless part of the
Riemann tensor, and it turns out to be more convenient than R,,,.g in Eq@ to perform future computations.
Before proceeding in analyze the theory in its entirety, we would like to get rid of some additional terms. In fact,
by not doing that, we would find more than the usual two adiabatic modes for single-field inflation with strange
commutation relations (e.g. ¢ would commute with qb), or we would ended up with dynamical auxiliary fields,
as their time derivatives, although not in Ly, enter in the correction ALy. We can actually neglect some terms
since, from the point of view of effective field theory, Eq. represents just the lowest additional term in a M ~¢
expansion (a < 0), and we have to get rid of all the contributions that cannot be expanded in this way [62]. We
thus eliminate all the time derivative of the auxiliary ADM-fields by using

2
O¢ = V'(¢) and Ry, = — (Mlp) 0u$0ud — V(6)Gpws (4.6)

which are the field equations derived from the leading terms in the action. This procedure, somehow, corresponds
to find the physical dynamics of the fields we are interested in (through the Euler-Lagrange equations), and then
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impose it to all the other possible corrections. The latter, come into play as higher order terms to a dynamics
that has to be satisfied. Hence, considering again the example of auxiliary fields, if the physics we observe at
leading order does not see them as dynamical, all its correction cannot making them so. In this way, one obtains
a consistent series expansion of the (unknown) underlying theory. By using the dynamics expressed by Eq we
can rule out all the terms in Eq[4.4] with the exception of the first one and the last two. For a detailed analysis of
all the neglected terms, one can look at |6]. Therefore, in the end, with proper redefinitions of ¢, V(¢), and fi, the
final Lagrangian will be

£ = Lo+ V=g [£1 (5" 0u00,8) + oW " Wiy | + Fr0€ "W Wigas. (4.7)

Here, the last second term represents a Gauss-Bonnet contribution, which modifies the dynamics of the inﬂatorﬂ
and the last one is a Chern-Simons term, which breaks parity. These two terms, as well as the third one, are
coupled to the inflaton’s field through the f,, coupling functions, which in principle must be fixed by quantum
gravity. However, since it does not exist yet a consistent theory for quantum gravity, it is impossible to determine
these couplings. Therefore, we will deal with these functions just by leaving them free [7]. The first term of the
above equation represents a counterterm to ultraviolet divergenless, which has to be considered when the leading
terms of Eq[4.3] are expanded beyond tree-level. However, in this work we are not interested in those limits, hence
we can forget about it. Thus, our Lagrangian reads

M2 Qv
L= V=g | TR = T0,00,0 = V(0)| + Jo( )W Wi + Fro(@)™* Wil Wogap.  (48)

In particular, we will pay attention to the Chern-Simons term, since it is the one that breaks parity. In addition
to that, however, it has other useful properties [8]. Once computed in a flat FLRW space-time, it is automatically
zero, since the metric is conformally invariant El This implies that the Chern-Simons term does not modify the
background dynamics of the inflaton. Hence, in absence of the Gauss-Bonnet contribution, we will be able to use
the usual mode function for ¢. Moreover, the Chern-Simons term is invariant under Weyl transformation of the
metric, which will be useful in the following computations. In the end, we note that this term is a total derivative
one, hence the coupling fig is extremely important to have signatures of the theory in the studied dynamics [64].
Thus, the Lagrangian we will use is given by the usual one, with the addition of the Chern-Simons term

M? 1
L=+—g 2P LR— 59”“%@%@# —V(®)| +f (¢)6"””"Wﬁ‘f Wooas- (4.9)

In the following, we will adopt the ADM formalism we introduced in Sec[2.2] and fix ourselves in the spatially-flat
gauge, where the three dimensional metric is given by

Gij = a® [0i; + vijl with Y=0= 8i'yij. (4.10)

The advantage of this slicing is that the terms dominant in the slow-roll hypothesis are clear in studying primordial
non-Gaussianities. On the other hand, the scalar curvature on uniform energy-density hypersurfaces ¢ does not
appear explicitly. In fact, all the scalar perturbations as set to zero. In details, we can pass to describe non-
Gaussianities in that variable through a non-linear relation [52]

2In fact, it can be rewritten as fg(¢)R2GB = fo(¢) (RWQBR“W’& — 4RaﬁR°‘B + RQ). By expressing each term in the flat FLRW
metric, thereby solving the Euler-Lagrange equation for ¢, a new term %HQ(H + H2)f9’¢ arises, which in principle is not vanishing
and hence directly contributes to define the evolution of the inflaton’s field |7]

3 Actually, it is possible to show that also by considering a curvature k = +1, we would get a vanishing Weyl tensor 163]



70 CHAPTER 4. THE F(qb)WW MODEL

3 1¢ 14°) ,
C_Cl‘f' <2(;.§_H+4I{2> <1+

(4.11)
Loy

i g 1 i 1. i pAj 1o hin
12 20,0; (0'0107¢1) + ﬁ@Ba ¢1— ﬁa 20,0; (0'BY (1) — E%‘ja (s

1.
+ EQ ¢ —
where ¢ is the classical inflaton’s field, H is the usual Hubble’s parameter and B is one of the auxiliary fields
introduced in Sec[2.2] Also, here

G = —Z&b. (4.12)

From the equation above, we can remove the whole second line, as after horizon crossing it is vanishing [52].
Moreover, the ¢? contribution of the first line represents a disconnected term [8]. Therefore, in the following
calculation we will consider ( ~ —%&ﬁ.

As done in studying the (’s dynamics in the previous sections, we should now constrain the two auxiliary fields
introduced by the ADM formalism. We notice that now another gravity term is present in the action, and that in
principle this can modify our previously defined N and N;. However, before jumping into the full computation,
let us discuss if the newly introduced Chern-Simons term is really going to modify the first order values of IV,
N;. Certainly, as N is scalar, it will not be touched by the parity-breaking Chern-Simons contribution. Even N;,
through the Helmholtz theorem can be written as a parity-even scalar B and a vector part N;. We remind that in
Sec2.2 we found

NY = 9,8, with B=———+ 8%, (4.13)

so that only the scalar part of N; contributed. Now, either N; remain an auxiliary field, or it becomes dynamical
thanks to the action of the Chern-Simons term. For the former, at first order in perturbations (¢, ;;) we cannot
construct any non-trivial transverse vector, and hence we can put N; = 0. For the latter, instead, we would have an
additional evolving vector perturbation, which in principle could interact with both d¢, v;;. However, the goal of
the thesis does not concern the study of other degrees of freedom. Therefore, we will stick to the standard gravity

(N; = 0) case [§].

4.1 Parity-violating correlation functions

Our purpose is to find if there are some parity-violating signatures in the ( trispectrum given by two connected
vertices of the type scalar-scalar-graviton. In order to do that, we need to perturb the interaction Hamiltonian up
to second order in scalar and at first order in tensor perturbations. Before doing that, however, it is interesting
to study other possibilities of parity breaking in this modified gravity theory. Also, since we are going to consider
a tensor-tensor contraction, it is useful to start by studying the power-spectra of these modified gravitons. As we
said above, since we are not going to consider the Gauss-Bonnet term in our action, the inflaton’s field behaves as
reported in Chapter [I] For the full derivation of the scalar mode-function in a theory described by Eq/4.8] one can
look in [7].

If on the one hand the Chern-Simons term does not affect the quadratic scalar part of £, on the other hand
it does so in the quadratic tensor section. We thus need to find the second-order perturbed action for tensor
perturbations. A very useful observation is that since our choice for the metric reproduces a vanishing Weyl tensor,
we have to compute only a first order perturbed W, 5. Therefore, the only term which we have to compute

is f (gzﬁ)e“””"W’?f (Tl )Wag,,a (Tl ), Furthermore, we can put N = 1, N; = 0 as we do not want to consider scalar

perturbations. Thanks to that and by using conformal time, we find g, = azfym, (with 9o = —1). We can actually
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compute the Weyl tensors only on v,,. By noting that since we wrote the Chern-Simons term in a Weyl invariant
way, through a Weyl transformation g,, — 6’2“’9,“,, and by choosing w = log a we have indeed g, — g:“/ = Y-
The resulting second-order action reads [3]

57 = [ar g 2 [k = 82 k)P (414)
(2m)* ik
with
M? kf((;S) M? kohus
42— Mpi _ M2 [y Frnys 41
Ts= 5@ < -8, 21, 50 ( ASMCS), (4.15)

and where we expanded each gravitational wave in its Fourier modes through

- &’k ikz s (1.
vi; (&, 7) = / € k €15 (k)ys(k, 7). (4.16)
(2m)
s=L,R
Here we expressed the gravitational waves as decomposed in their left (s = —2) and right (s = +2) polarizations
The polarization tensors are defined as 61:;/ L \}5 (6;'; + zelxj) and the following properties hold

eij (k)e (k) =€ (k)ed (k) = 0
er; (k) (k) =2
ek (—k) =eE (k) (4.17)
klemljefs)J(l%)— zAskefZ;(l%)
i (k) =vs(k),

with Ay = £1 if s = +2 (s = R/L) respectively. In Eq}4.15, we introduced the Mcg = Sf(¢)

so-called Chern-Simons mass and it represents the energy cut-off of this effective model [7]. We also notice that from
the mentioned equation, we can already put some constraints on the gravitons’ equation of motion. In particular,
for physical momenta k/a higher than our cut-off M¢g, we see that if Ay = +1, A%S becomes negative. This would
imply the appearance of modes with a negative kinetic energy, i.e. ghost fields. In principle, ghosts might imply an
ill-defined quantum theory at high energies and create severe problems in finding a consistent UV completion (i.e.
the generalization of an effective field theory above its energy threshold). Also, ghosts can create serious instabilities
in the evolution of perturbations [65]. To avoid the problems that might arise from possible ghosts, we consider
gravitons with momenta below our cut-off energy kpnys < Mcs at the beginning of inflation. Now, we need to put
also kpnys > H when Inflation starts, in order to have Appys well inside the horizon, and hence be able to consider
perturbations arising from a Bunch-Davies vacuum. Therefore, by requiring these two conditions, we end up with
o <lat the beginning of Inflation.
As done in Sec. we can find the mode-function for our gravitons by rescaling the field vs. In fact, by putting [8]

Hs = AT,S'st (418)

41t is straightforward to see that the decompositions obtained through the usual +,x and through L,R polarizations give the

same final form for the Fourier transform of ~;;. In order to see this, one can use the definition of left- and right- polarization ten-
sors and the fact that v = % (vt —iy7) and 4L = % (vt +v7) 5]
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we find

A/2 A/
L0 = Af F - KPAG F = Sl 2k A:S — ki, (4.19)
T,s sS
whose correspondent Euler-Lagrange equation read
QLM LM A s
Top T op Hie <k2 - Az) ) i =0 (4:20)

"
T

Ar

where the new == term plays the role of an effective potential. Now we have

A Ary)? 1 k M2,k H
T: _a(dre) _a (aaM;l (1—)\ >+“ PL) >

Ar, 2 A%, 243, “aMos 2 "aMos (4.21)
kH
=aH A577
aH + Mg
where the first order approximation in MLcs < 1 has been used, and M¢g has been considered constant in time.
Then, by considering a (quasi) dS Universe |7], we have 7 = fm and hence
Al 1+e kH
S o As 7 4.22
AT,s T + QMCS ( )
Ar, 1 kHa 1 kH \? kH (1
Ls _2HE ), a+2(1+e)2+A§( ) SPILLAE L
Ars T Mcs 7 Mcs Mcs 7 (4.23)
2+ 3e kH
- 7'2 TMCS '
Therefore, in the end, we find
vz -1 kH
e p=0 4.24
My + ( 2 + Moot s ) (4.24)

with vp =~ % + €, and € being the usual slow-roll parameter. The equation above differs from what we found for

tensor perturbations (Sec ) just by the effective term /\SéMics' It is indeed this term that explicitly breaks the
parity, since it introduces a difference in the evolution for right- and left-polarized modes. Now, we proceed by
quantizing the field, as done several times up to now. We have

pt (k,7) = (k, 7)a® (K) + u* (k, 7)ot (< k), (4.25)

with

a*(k), aTT(—/EI)} = (27)36® (1%' + k") 5o and [[asa%'), a”( 7)} —0= [aST(—E), a’“T(—k‘?)} . (4.26)
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Then, we can rewrite Eqf4.24] in terms of the mode-functions we just defined, thereby solving it for those. Once
imposed a Bunch-Davies vacuum, the exact solution reads [7},§]

—k 3 [P . 1 H . _H
us(k>T) =2 %6_1(1_ 2T)e_szU (2 +uvr — Asm, 1+ 21/T, 221{37') €4AS MIéS, (427)

where U (% + v — )‘SMics’ 1+ 2vp, 2ik7) is the confluent hypergeometric function [66]. By expanding the solution
at zero-th order in k7, i.e. going on superhorizon regimes, the solution reads

S s 1 —i T (1—2v F(VT) —kT 8-2vr L {
U (k77_) up — 2k27'2]€e g T)T%) 2 et Mcs (428)

Now that we have the mode-functions both inside and outside the horizon, we can start considering some observables.
As done in the previous chapter, we begin by considering the power spectra given by our parity-violating gravitons.
One has

TN AT (10 N\ 9T (T ALY TS 7 N, s (1) 9T (T uj|?
5 (7)) = 3 ey (B (8 ) — (o725 (R4 1) 57 e e ) 8
’ ’ (4.29)
—(21)35°7 6 (/2 + /5/) 2 |“§|2 4ol 5'2 = (27)36575) (/Z + /5/) QAL
A7 g A7

where we used the properties given by Eqs[4.17] From here, we see that, as happens in the usual slow-roll scenario,
the total tensor power spectrum is considered as the sum of its two polarized power spectra, which read

r_ o luil? Lo luil?
A =2— and Af =2—5—. (4.30)
AT,R AT7L
Hence, by going well outside the horizon they become
Ar =_nu_ Ar _=
AR = 27Te4 Wes and AL = 27Te taics (4.31)

4 H? (71@7
k3 MZ, \ 2

slow-roll model, i.e. without the Chern-Simons term. Since we have imposed ML < 1, we can expand the
exponentials above, thereby defining a relative difference between right- and left-polarized power-spectra [7/8] (and
Refs. therein)

. . 3-2 . . .
respectively, with Ap = ) o being the total power spectrum of tensor perturbations in the standard

AR — AL H
=11 % 7 (4.32)
AT —|—AT 2 \ Mcg

as all the other components of the tensor mode-functions do not depend upon the chosen polarization. Since we
constrained the parameter H/Mcg to be very small during inflation, we expect a tiny parity-violating signatures
coming from the parameter just defined. Motivated by this reason, it could be interesting to investigate the quantity
of parity violation carried by higher order correlation functions.
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4.2 Parity-violating f(¢)WW bispectra

The only parity-violating bispectra that can arise from the Chern-Simons term are given by (yy7),{(v7(¢), and (v(¢).
This is because, as reported in Chapter [1} for purely scalar correlation functions the lowest order statistics carrying
parity violation is the trispectrum, whose computation is shown in the next session. As above, we will adopt the
in-in formalism to deal with these cosmological correlation functions, sending 7 — 0, since we are interested in the
observables when they are well outside the horizon. In the following, we briefly report the three correlators, which
was studied in details in [§]. We will limit ourselves to report the important steps, underlying the ones which are
important for our final computation of the ((¢¢() trispectrum.

4.2.1 (v7yy) bispectrum

As done several time up to now, we start by searching for the interacting Hamiltonian. This comes from the
interacting Lagrangian expanded up to third order in tensor fields. Since the Chern-Simons term we have vanishes
when evaluated in a FLRW background, we do not have to compute the Weyl tensor perturbed up to third order.
Hence we have

(2)
T Wpoaﬂ

1)
T

(1)
T Wpoaﬁ

+ Wl

L777 = f(g)e P [W;‘f ,

(2)} . (4.33)

Now, instead of explicitly compute the Weyl tensor up to second order in tensor fields, we can proceed getting an
idea of the strength of such an interaction. By using the properties of the Chern-Simons term, we can in fact see that
it can be rewritten f(¢) multiplied by a total derivative term: LYV = f(¢)V,A~. Here A% is the Chern-Simons
topological current, and it is given by [67.[68]

2

Aa — 6(15’}’5 ( gpavfgg + 3

ngrggrgc,) . (4.34)

Moreover, we can also rewrite £777 as V,, (f(¢)AY) — (Ouf(P)) A%, where the former term is non-dynamical and
the latter can be computed considering the background inflaton’s field, so that we can consider & = 0. Therefore,
we have £ = —f(¢)A° + V,, (f(¢)A%) , with only the first term that directly contributes to the dynamics of
our tensor fields. Now, for what concerns the explicit form of A°, we can perform a Weyl’s transformation making
A® to be dependent only on +;; and its derivatives. Hence, by considering H?" = —£777, by means of the in-in
formalism we find

7—0
- —

R E ) =i [ dng (@) [ o (i () A°m)]). (4.35)

— 00

Now, in order to solve the entire braket, we saw that we have to proceed by contracting all the fields through Wick’s
contractions. As always, a contraction between two tensor fields is given by

(o (T (7)) = (2m)26°7 6 (s + K3 ) w' (ke 7)™ (hz, 7), (4.36)
where now u®7(k, 7) = %. By taking the slow-roll parameters and %CS to be vanishing, we have —A; -~ 71v}§av

and the solution becomes [8]

1tH

u(k,T) = ————
.7) MpVE3

(1 + ikT)e ™7 (4.37)
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which perfectly resembles the solution in a dS space. Thus, by using this graviton’s mode function in the three-points
function above, it follows [§]

T—0

e ve) = / dr () <H M3 k3> f (ki i), (4.38)
—o0 Pl

where kr = k1 + ko + k3, and f(k‘l, 7'1) = (1 + iTl(kl + ko + /{ig) — Tl2(k‘1k12 + koks + klkg) — Z.klk‘gkng). ‘We observe
that a ~ _T% has been used since we are considering slow-roll parameters at lowest order. Furthermore, due to
this approximation, we can put H, and f to be nearly constant. From that it also follows that Mg is constant
too. We will come back to this assumption later on. By solving the time integral performing a Wick’s rotation, we
can rewrite the three gravitons correlation function as

S Ak Ar(ky) | M), (4:39)
i#£j

s T t
</7k341 Pyk.; 7]53 > M g

where M (k;) represents a function of momenta and Ay is the dS tensor power-spectrum we introduced before. We
note, that M (k;) comes from the integration over time of the polynomial function f, and hence it turns out to
be complex The parity violation is then encoded in this function. However, the whole correlator is multiplied by
< 1, giving us the same suppression suffered by the power spectra.

Mcs

4.2.2 ((vy7v) bispectrum

The interaction Hamiltonian we have to consider for this type of bispectrum has to contain perturbations up to
first order in scalar and second order in tensor fields. Starting from the Lagrangian we have [g]

(€] (€0)

Wptm,@ T

1
+IOW|

1)
T )

where the subscripts indicate the nature of a certain perturbation, and the superscript its order. In the gauge
we chose, scalar perturbations appear in the metric only through first order approximation of N, and N; [8]. By
expressing these by means of the slow-roll parameters, it follows that N, N; ~ \/ed¢. Therefore, all the terms
coming from scalar metric perturbations are suppressed with respect to d¢ thanks to slow-roll. The dominant term
in £°?77 is then the first one. It reads, once expressed in the Fourier space and integrated over d°z,

(2) (2)

(€]
aff
f( )WHV T

L6V —emvpo [ (822) )> 6¢W“5

+ oW |

Wpaa,@

Wpaaﬂ

" . (4.40)

Wooas ST

(2
aff
oWl

Wpaaﬁ

3773, 13 ~ g
Loy — § A /d kd pd 5( ) (k + P+ q‘) { (aJ;EZS)) D (;5 [’ysz’y?” + (p- @’ij(@’YSU (@} +
(4.41)

+a (7L poold) 5@ + (5 2 (@) }

In this vertex, we have terms that are proportional to the second derivative of the coupling function f with respect

to the inflaton’s field. This is not suppressed by MLcs as the other results, and hence, in principle, we can expect

a non-negligible amount of parity-violation. Also, we observe that since we got rid of the Gauss-Bonnet term, the

scalar mode-function resembles the usual one in dS (Eq. Thus, by approximating H and f(¢) to be nearly
1

constant during Inflation, and putting a ~ ——; as before, we have
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i Vi, 085 ) = — i(2)36 (/51 + kot 153) Im { [kl(h + Do) + ki (B - ) (Ts + 1) | € () ed™ (kz) — c.c.} +

+ (k] & 152) :
(4.42)

where the integrals I, I3, and I3 are time integrals of polynomial functions in 7, multiplied by a complex exponential
BT, since each of them contains a time derivative of the mode functions that simplifies the % factor. Thus, to
solve them it is sufficient to perform a Wick’s rotation. For the I, integral, instead, another step is necessary, since
in this case we are not able to get rid of the 71 at the denominator. In particular, we have

M3 ({p  H? 0% f(9)  dn 0 :
I, = Pl 2l KT i K / iKrT
T (-HMJ%Z%%) <¢ 0? ) [ e itk [ anens

=1 -

0
— H klkj/ dTlTleiKTTl — Zklkzkg/

i#j -

. (4.43)

dﬁTfelKT” }

Here, while for the last three integrals one can proceed as explained above, for the first one it is possible to use the
Exponential Integral Ei(z). We do not solve it explicitly now, as it is going to be necessary later on, when we will
consider an explicitly parity-breaking mode-function. The only thing we stress now, is that all these contributions
but the first give us a real contribution, which is cancelled thanks to the c.c. term in Eq[£:42] For the same reason,
we can restrict the result of Ei(z) to be purely imaginary, obtaining Fi(iK7p7) = —i7. At the very end one finds

(VEAESg-) = (2m)203) [ Yk, | 4n H° <¢3an(¢))(/< + ko) (Ky - ko)el (k)€ (ky) (4.44)
Tk — ") ML (25) 9¢? R g '

and

L. L - HS . 02 N Pr N T,
(VARS8 = —(2m)°6®) (; kn> 47TM}§Z T, (2k3) <¢ aj;ff)) (k1 + ko) (k1 - ko)e (k)€ (kz), (4.45)

because of the A\ that multiplies the whole result. It is then possible to show that the mixed correlators between
left- and right- polarized gravitons vanish [8]. As we see, this result is not suppressed by the parameter MLCS’ and
the parity breaking shows itself by a different evolution of the correlator with left- and right-gravitons. By using
Eq[A.12] we can express the above correlators as functions of the scalar curvature perrturbation. Then, as done for

the power-spectra, we can define a relative parity-violation coefficient

(vrYRC) — (ypyeg) _ 967 507 f(9)
(YVrRYRC) + (vz7() 25 H 92 (4.46)

from which we see that by requiring the second derivative of the coupling function to be large enough, we might
obtain a non negligible amount of parity violation. A complete analysis of the possible constraints that can be
inferred from this result is reported in [§].
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4.2.3 (((v) bispectrum

For the purpose of this thesis, this is the most important three-points correlation function, since the trispectrum we
are going to compute is given by the connection of two vertices of this type. The interaction Lagrangian reads [§]

oo asl® m 9 asl® ) Wsl® )
Léqbédw —Hvp [ J(;E;b) 6¢W B ngaﬁ J(;E;b) 6¢W B ngaﬁ f(¢)WWﬂ < ngaﬁ +
s @ s (1 > s @ (4.47)
+ f(qs)Wy,V T WPUOCB f(qS)W TWPUCY/‘} s + f(¢)Wuu s WPUCYB ST ?

where, as in the previous case, the subscripts and the superscripts identify the kind and the order of perturbation.
Again, for the same reasons expressed above, the dominant contributions are carried by the first two terms, which
depend only on linearly perturbed Weyl’s tensors and therefore can be easily computed. One obtains

coi0r = OO e (o5) o [(0166) 0 ). (148

af(e) _ flo) _ M3,

where we can substitute A= -. Thanks to the in-in formalism the correlator reads
99 o 8Mcs¢

- - - H° . ) i (8) 1 s s
(0050077 ) =(2m)*® (kl + ko + k3> \/EWGUIC > El(j V(Fs)elo) (s )0°" K bop ki3
C 5P B (4.49)
/ dm (1+i7’1(k31+k2)—k1k27'12) eiTlKT,

where again Kp = k1 +ko+ks. One can then solve the time integral through a Wick’s rotation, obtaining a complex
function that depends only on the modulus of the external momenta, namely

. 1 ki + ko k1ko
=i —— 2 . 4.
S ) <KT K2 + K3 ) (4.50)

By caling F = ¢k > e( ") (5) kl kopks;, in the end we find

, . A
S, — (21)353) E k 4.51
<Ck1cl€2’yk3 mb> ( 7'(') d ( — ) \/78MCSM133l€Hn ng:’ga ( 5 )

from which it is clear that the amount of parity violation is suppressed by the M factor in front.

4.3 Parity-violating f(¢)WW trispectrum

In order to compute the trispectrum (]_[?:1 (g (7)) for the model f (¢)WW, we proceed by applying the in-in
formalism to the following tree-level contribution
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where the subscript 1 indicates the leading order contribution to the scalar curvature’s trispectrum given by the
interaction Hamiltonian

SpSpy _ dpddy _

/
/

Since we want to compute the trispectrum for scalar curvature perturbations we rewrite the interaction Lagrangian

expressed in Eq}4.48| by using ¢ ~ —Hé(b, af(¢ = 81\12{5’;¢ and € ~ 2 Hz Mpl We find
_V2M},
£S5 — A )R [(9,0)ov..] . 4.52
int MCSH ( C) [( kC) ’Ylj] ( )

By expanding now all fields in Fourier space and integrating over dz, we find

VMR,

dskd3 e }
T S SR DGOGNE I E .

HCC’Y( ) —

int

In order to proceed in the calculation, we cannot rewrite the trispectrum as in 2] as a multiplication between the
v.e.v. of the gauge fields and the scalar commutators. This is because of two things. The first one is that we are not
interested (only) in the long-wavelengths approximation. Hence, we do not have a classical commuting tensor field,
and hereby we cannot put it outside the whole expectation value of the in-in formula. The second one is due to the
fact that we do not have an equal number of vertices and scalar contractions. As explained above, this does not
allow us to write the entire scalar expectation value as a multiplication between commutators of scalar at different
times. In details, we have two vertices and four scalar fields’ contractions, which gives us just four terms (two for
each vertex, , out of which we are not able to write four commutators (sixteen terms). Therefore, we will apply
directly the in-in formalism equation, getting

4

€ dri [™ dr B dPprdPnidPgdPpadin L

<||an(7)> MQP}I“/ 1/ 2/ Nnen 2;)132 P20 12 53) (i +p1 +nd)
n=1 cs

8O (g3 4 p3 +12) Y €5;(1) €y (112) €7 g prinai€ g5 pacnaa

s,r

4 , / , 4 / (4.54)
< <H Ck:1> Cq} Cp} 'Ynﬁl Cq} Cp} 'Ynl; - gq} Cpﬁ 77?81 <H Ck;> Ctﬁ CPB %L;JF
n=1 n=1
!’ 4 7 ! ’ 4
— (s Vit (H Ck;) Cai G Mo+ G G Voo G it Yo (H Cz@) >
n=1 n=1

where we did not show the times explicitly for simplicity of notation. However, it should be clear that the external
momenta k, are referred to the time 7, while the internal one to 71 and 75, as highlighted by their subscripts.
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Now, we split our computation in two parts. Firstly, we will evaluate the temporal contribution, i.e. the one
arising from the time integration. Secondly, we will calculate the directional term, from which we wish to see some
parity-violating signatures.

4.3.1 Temporal contribution

We start to study the temporal integration without any approximation. Hence, instead of following the example
of [2,57.[59] as in the previous chapter, we will consider the contributions coming from all wavelengths.

Since we are interested in the trispectrum when it is well outside the horizon, we can send 7 — 0, getting the
simplified expression. By using the usual dS mode-functions for both scalar and tensor fields, i.e. by considering

Mics at zero-th order as done above, for the scalar-scalar and tensor-tensor contractions we have respectively

| — . . 2 )
¢t (11)C= (72) :(27r)35(3)(k1 +k2)———5— (1 + ik (T —T2) + k%ﬁﬁ) e~th1(m1—72)
1 k2 4MPl€k1
0 (4.55)
—(27)38C) (br ko) ——
( TF) 6 (klvk2)4M123l6k£13a(/€177—1aT2);
and
I -~ - H? ,
fy;;f. (7'1)7;5 (Tg) :(27‘(‘)35”5(3)(14,‘1 + k2)72 k‘17’17’2€71k1(‘r177—2)
' ’ Mp, 4.56
e (4.56)
=(2m)36°"63) (k1 + ko) —-a” (K1, 71, 72),
MPl

where we restored the Mp; dependence. Now, we can substitute these expression into Eq. [£.54] obtaining

<ﬁ§gn (7_)> _ (2’ M%SJ\Z;T /T—>0 dry /Tl dro /d3q1d3p1d3Q2d3p2W
{a(k1,T1)a(k2,ﬁ)a(k3,7-2)a(k4’TQ)G"/(‘ G = Fil, )+

— a*(ky,7)a" (R, m)alks, a2)a(ke, p2)a (| = @ — Gl 72) + e p0) Ry + )0 (8 + i)
5 (k3 + )6 (ky + p2)6®) (=G — pi — @ — p3) + 23 perms in k,,

H F (K, ka, k3, k1)
Mg g M 27e? IL. k2

= — 2m)36®) (kg + k3 + K3 + k)

T—0

d 1 d

/ - = {A(khkz,k& kas k12) — A(—ky, —ka, k3, ka, k12)
T1 T2

- A(k17 k2a _k3a _k4a _k12) + A(_kla _kQa _k-?)a _k4a _k12)} + 23 perms in k:bv
(4.57)

where now

A(kl, kg, ]fg, k4, klg) = (]. - ’ilel)(l - ikQTl)(l - ikgTQ)(]. - ik47’2)]€127’17‘26i71(k1+k2_k12)6iT2(k3+k4+k12), (458)
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as we sent 7 to zero, and |¢1 + pi| = |k:_i + k;| = kq2. Also, we notice that the complex conjugate of a certain
a function is given by exchanging the momentum with its opposite. By applying this line of reasoning, we just
have to solve the first term of the integration in time, thereby extending the result by just flipping the sign of
the correspondent momenta. Furthermore, we can constrain ki3 to be strictly less than k'_i + k'_é because of the
Levi-Civita symbol contained in &F. We also notice that by flipping two external legs connected to the same vertex,
the result does not change. This implies an overall factor of x4 and a decrease of the permutations from 24 to 6.
We will be able to do that for the entire trispectrum because also the directional part exhibits the same symmetry,
as we are going to see. By extending the time-integration domain to 7 — 0 for each integral, hence dividing by
2! = 2, the first integrated element reads

1 T7—0 1 7—0
7/ d’TldTQAl :Il :5/ dTldTQ(l—iTl(kl'f'kg)—iTQ(k3+k4)—TlTQ(k1+k2)(k3+k4)—kleT%—kgkleg

2 —o0 —o0
+ 1T k3k‘4(/€1 + kQ) + i1 Tgklkg(k;; + k4) + k1kokskaTi T2) eim (kitkz—ki2) gira(ksthathiz)
(4.59)
By Wick-rotating now each time variables (as done in Eq. 5.42 of [8]), we have
1 1 ey + ko ks + Ky ey ko
I =—- + 3 +
(k1 + ko — k12) (ks + ka + k12) ki +ko— ko ks + kst ko (k1 + ko — k12)
49 ksky + 2 kiko(ks + ka) = kska(kr + k2) (4.60)
(ks + ka + k12)? (k14 ko — k12)%(ks + ka + k12)? \ k1 + ko — k12 ks + kg + K12 ’
P k1koksks (k1 + k2) (ks + k4)>
(k1 + ko — k12) (ks + ka + k12) 2 )

We see that I; = I(kq, ko, ks, k4, k12) is completely real, and for what we said above, we can infer that the entire
nested time-integral will be so. Also, by remembering the complex conjugate contribution we got before, we see
that even if there were a complex contribution, it would sum itself to zero. The final result will then be

G =I(ky, ko, k3, kay kr2) — I(=k1, —ka, k3, ka, kiz) — (K1, ko, —kz, —k; 4, —k12) + I(—k1, —ka, —kz, —kq, —k12).
(4.61)

4.3.2 Directional contribution

No matter what approximation we follow for the different fields’ mode functions, from the two tensors’ contraction
a Kronecker delta for the gravitons’ polarizations will appear. That understood, we can set our summation over
the s,r polarization to be restricted to the s one only. Then we are left with

F= Zel] (k12)e (klz) KK Kor (K12) i€ k5 kac(k3a) a (4.62)

where we applied the Dirac’s deltas coming from Wick’s contractions (i.e. 41, pi, ¢3, P2 — k_i, k; k_;;7 k_;) It is possible
to observe now, that if we exchange the order of two external legs attached to the same vertex, the trispectrum
remains the same. In fact, by using the relation

ke’ e; (k) = —idske;® (k), (4.63)



4.3. PARITY-VIOLATING F(¢)WW TRISPECTRUM 81

with Ay = £1, F reads

€5 (k12) el (kaa) ekt ko (K12) i€k kac(ksa)a = K2 (K ) et (KK RSk kS (4.64)

Therefore, the 23 permutations reduce to 6 ”independent” diagrams, leaving us with a factor 4 multiplying the
whole trispectrum. Now, in order to search for parity violation signatures, i.e. for complex contributions of the
trispectrum [2], we can rewrite the polarization tensors as polarization vectors, thanks to |69)

e (k) = V2e (k) (k). (4.65)

Here, R = +2 and L = —2. Thus, we have, by calling k1o = K here and after,

F = _€ijkk,llk2kKi€abck§nk4cKa |:€I(J+2) (K)E(*bQ) (K) + 6(*2) (K)€(+2) (K)

m lj mb

= TR b K€ kT g K o2 [el(“)(f%)e(-l)(f%)e(“)(f()eg‘”(f() +e VI (R ()T (K)]

m g m

(4.66)

For simplicity, we concentrate now only on the term between square brackets. By using the equation

1), - 1 PN .
EE 1)(K)6§-+1) (K) = 5 [513 — KZKJ + iEiijk B (467)
it reduces to
N _ N _ N N 1 A A N PN N

[ BN ) + ey DIV G )] =1 [0t = R+ i€mipKP | 805 — Kol + oy K7 + )
(4.68

1 A N A A N
+5 (G — R + ety K7 [0 — KKy + ey K7

From this relation, we can immediately see that all the imaginary contributions cancel between each other, since
a single permutation in the Levi-Civita symbol on the second line gives rise to the same complex term of the first
line but with a minus sign. In the same way, all the real terms get multiplied by a factor 2. In the end, by doing
all the multiplications thereby contracting with the different momenta in F, we obtain

F=— % {K’z [z - Fa) (R ) = (R - Fa)(K - ) (R - Fa)| = (R - o) (R - Ba) (K - Fz) + Ki [(& - F)+
- [ 2 (K x 1‘52)} [f? (K x 1%’4)} (1 - s) — [1? (K x 1%'4)] [El (ks x K)| K - Fot (4.69)
. [* (s % k4)] [K (k1 x k?,)} (K K)]

The contributions given by the second line are null, since we can perform a cyclic permutation of the momenta in
each term getting a cross product between two parallel vectors. Hence, we simply get
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1 - e a4 1 Lol
F=—= [K2 [(k1 Fg) (o - Ba) — (K - By)(K - Fos) (o - k4)] + 5 [1(& K+
‘ (4.70)
Ry Fa) (- Ra)(R - Ra) + [ - (R x R [ - (R ) ]
In the end, by combining the temporal and the directional contributions, we find
- 3¢ (T LT T LT H° K =\ G All
- =—(2

1;[ (. (1= 0) (2m)?6') (ky + ko + k3 + k“)?Méij%le? Hi(%z«”’)?(k")g (4.71)

+ 5 perms in k::L

We see that there are no traces of parity violation. This is because having two connected vertices induces a
cancellation of the imaginary part that a single vertex can produce. In details, a single vertex can exhibit a imaginary
contribution which is proportional to the graviton’s momentum. By connecting two indices, the momentum of the
second graviton is forced to be equal and opposite to the first one’s, hence giving us a null complex contribution.

4.3.3 Parity-violating mode-function: constant Mgg

A way to get a parity violation signature from our trispectrum would be considering the entire mode-function for
Chern-Simons gravitons. This shows in fact a phase that is explicitly parity-violating. To study this case, we can
proceed by considering two different scenarios: namely a constant Chern-Simons mass M¢g in time, and an evolving
one. For the directional dependence we expect an important difference with respect to the previous case. The new
parity-violating wave-function contains indeed a term which is explicitly fixed by the graviton’s polarization. To
proceed in the computation for a constant Chern-Simons mass, we need to make a few steps back, and remember
that at the beginning we found the graviton’s mode-function by shifting the field as v* = p®/Ap . While in the
previous cases we put H/Mcg ~ 0, now we relax this condition, obtaining

1 1 2 k
_ L V2 <1+As > (4.72)
Ars M2, a2 1.k Mpia 2aMcs

T( - sm)

where we expanded the expression of Az ; up to first order in % This is justified by the fact that this parameter

is very small since the beginning of Inflation, but also because the second order term would not carry any parity
violation. Also, not considering Mics as vanishing implies a modification of the mode-function expressed in Eq

Specifically, we do not have U(2,4,2ikT) anymore, but U (2 - )\SMLCSA, 2ik7’>, where we chose a perfectly dS

Universe (namely € ~ 0 as done before). For a very small parameter r, = )\SMLCS’ the confluent hypergeometric
function we have to solve can be Taylor expanded through Mathematica, reading

U(2 — 1y, 4, 2ikt) = U(2,4, 2ikt) — r U902, 4, 2ikT) + O(r?), (4.73)

where U(1:0:9) ig the first-derivative of U with respect to r,. However, the computation of this function is very long
and complicated, therefore, since r is still considered very small, we restrict ourselves to U(2, 4, 2ik7) for simplicity.
Thus, following the same procedure done in |7,8], our new graviton’s mode function reads E|

5In [7,[8], the authors used A, s expanded up to zeroth order in slow-roll and H/Mcg. Also, they assumed these factors to be
vanishing in the confluent hypergeometric function. By doing the same while considering H/M¢cg up to first order, we have equal
contributions simply multiplied by a factor [1 + As(k/2aM¢cg)]. Thus, since the mode-function v ® = u®/Ar ¢ here differs only by
this factor, we have the result expressed above
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i1H . khs Ao —=H
w(k,7) =———= (1 +ik7 (1+)\ —£v2 )e“Mcs
(k1) Mo 5 Je~ M

o7 J f (4.74)
2 . _4 ™ hys
zl+zk7’e””[1+/\( < + 2 )],
Mpl\/k3( ) *\4 Mcs 2Mcs
with 37— - <1, kphys/Mcs < 1, and hence
H TH k iH . H
W (k) = — k2T {1 + A ( 4 Phys ) - 14 ikr)e " T\ k : 4.75
(k) MpVE3 4Mcs = 2Mcs Mpl\/k3( ) 2Mcs (4.75)
Our tensor-tensor contraction then reads, up to first order in Mics
s(1. T s N e H? 4 mH
<’Y’ (kv,m)7 (k2,72)> ~(2m)36°763) (kl + kz) Ve |:k117172 +k 7'17'2/\372MCS+
H . H (4.76)
K3 Mo — kN
+ RIT1T2A, Mes (11 4+ 72) 1 (2MC’S(T1 +72)

= ) ) + (VY

where we used a(7;) ~ —(;H)~!. As shown above, once inserted the new mode-function into the in-in formula,
we end up with four different terms, each of which can be written as a constant factor in front, multiplied by a
directional and a temporal contribution. Here, the first term contributes with the usual parity-even trispectrum
we found earlier, so we can neglect it in the following computation. Before solving the several integrals in time, we
take a look at the directional contributions that arise from other three terms in the new power spectrum.

4.3.4 Directional contribution

By considering the K’s dependence as part of the temporal contribution, we have

S ) abci.m H
Fodd = E 6 Yl (K)eF bl ki I i€k kac K o s Mo (4.77)
for the second term of Eq and
Fodd = § e K)ETF ko K€ kT kg Ko A H (4.78)
A Em ’ *2Mcs’

for the other two. We see that the only difference is given by a factor m. So, from now on we refer to F,qq4 as the
parity-violating directional contribution in general, multiplying it by @ when it will be necessary.

As before, we expand the sum over the polarization tensors, but this time we get a minus sign between them carried
by As = Ar g = F1. In details, we find

Fota = =57 kikar Kie™ K kacKa |6 2 (K )6 (K) -

S E)eD )] (4.79)
cs

J

Thus, we apply again Eq obtaining the same result above, but with a minus sign between the two terms
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H . 1 ~ N N PN N
Fodd = —WkakllkaKiﬁabck:TkchKall{ [5ml - K, K + iEmlpr} {5bj - KbKj + Z'EquKq} +
cs (4.80)

[ = B + et K7 [530 5 Ry + e K] }

This flip in sign allows all the imaginary contributions to get a factor x2 while simplifying away the real ones. We
have

H - N N A A N A A N
Fodd = —@'QM e”kk’llekKieabckgnk‘%Ka [5ml6quKq + 5bj€mlpr — KmKlequKq — KbKj'fmlpr , (4.81)

cs

which reads, once made the proper contractions

(4.82)

4.3.5 Temporal contribution

As far as the temporal contribution is concerned, by remembering that we are interested in trispectrum’s complex
terms only, we need to have real functions that multiply F,q4. This allows us to immediately get rid of the third
contribution in Eq[4.76] In fact, this reads

G5 = §K5 — — (As(k1, ko, k3, ka, K) — Az(—ky, —ka, ks, ks, K) + c.c.) (4.83)

1 /HO dry drs
— 00 T T2

with

Ag(kl, kg, ]{73, k4, K) = T17'2(7'1 + Tg)(l - ikl’ﬁ)(l - ikg’ﬁ)(l - ikg’]’g)(l - ik4TQ)€iT1(k1+k2_K)eiT2(k3+k4+K), (484)

and after a Wick’s rotation it gives us a complex function of the momenta. Moreover, because of the complex
conjugate, the whole contribution simplifies to zero.

For the second term, we have the same temporal contribution found in the ML ~ 0 case (9} =G, = 9‘4”).
Lastly, for the last term we have a slightly more complicated integral to solve. In fact, if for the other three terms
a factor 717y simplified the (7172)~! dependence carried by the in-in formula in conformal time, here it does not
happen. We have

- 1 =Y dr dry -
Gy = —§K3/ 7_711?22 (Ay(k1, ko, ks, by, K) — Ag(=k1, =k, ks, ka, K) 4 c.c.), (4.85)

with

Ay(ky, ko, ks kg, K) = (11 + 72) (1 — ikymy) (1 — ikory ) (1 — ikate ) (1 — ikyry)eiTt (Fithe—K) gima(katkatK) = (4 g6)



4.3. PARITY-VIOLATING F(¢)WW TRISPECTRUM 85

Thanks to the presence of the complex conjugate, we can write G4 = 2Re [1:4(k1, ko, k3, kq, K) — Iy (—ky1, —ko, k3, Ky, K)]
with

B KS T—0 T—0 ) ) 1 1
]4(14;1, kg, ]4;37 ]{;4,K) = _2{ / dT1/ dTQBVM(k1+k27K)el'rz(k3+k4+K) ( + )
T2 T1

— 00 — 00

|:]. — iTl(kl -|— kQ) — 7;’7'2(]{3 + k4) — ’7'1T2(k1 -|— kg)(kg -|— k4) — k1k2T12 — k3k47'22+ (487)

+ iTlTQQk3]€4(k1 + kg) + iTlngklkz(kg + k4) + k1k2k3k47'127'22:| }

Then, we rewrite the integral as follows

B K3 T7—0 eiq—lKT T—0 ) ,
Li=-= (/ dry ) (/ drae ™K (1= imy (ks + ky) — k3k4722)) +

—o0 1 —o0

T7—0 ei7—2K§, T7—0 )
+ / dry (/ dTleanT (1 — ity (ks + ka) — k3k47'12)> +

— 00 T2 oo

T—0
+/ dridrae’ ™ KT eim2 K ( - sz‘l — (11 + 72) (k1 + ko) (ks + kq) — k1kor — kskamo+

— 00

)

+ 1Ty (klkz(k:; + k‘4) + k‘3/€4(l€1 + kz)) + Z'T12k1k‘2(/€3 + k4) + 7;7'22163/64(]61 + kz) + H kiT17—2(7—1 + 7'2))

(4.88)

where Kp = k1 + ko — K, K. = ks + k4 + K. We focus now only on the last two lines. We apply as usual a Wick’s
rotation, and send 7 — 0. In this way, we get a purely imaginary contribution, which can be neglected thanks to
the complex conjugate in Eq[4:85 In details, we would get a factor ¢ overall as each term contains an odd number
of time variables. We are thus left with the first two lines, which have the same form. Thereby, we can solve the
first one and generalize the result to the second. The second parenthesis gives us a purely complex result. One
can indeed Wick rotate the time variable getting, as before, an overall i factor. Hence, we have to multiply it by a
complex term, in order to end up with a real contribution. Specifically, we have

T—=0
o ) . 1 ks + ky ksky
droei™Kr (1 _ ko 4+ ky) — kakat2) = — _ 3 2 . 4.
[w Toe ( iTo(ks + kq) 3 472) Z(K} + Kég + K{,‘?’ (4.89)

The first parenthesis can be rewritten by promoting the 7; variable to a complex one 71 = i7{, and Wick rotating
the integration contour [8]. Thus, we have

T e—KTTl/ iKrT e—;c
lim dr, = lim dx , (4.90)

70" J i T{ KrT—0 €T

—100

where we also changed the variable x = Kr7y, dv = Krdr]. This is the so called ezponential integral in the complex
plane Ei(Kr7) [70], which is solved by

= (—z’KTT)”> , (4.91)

Ei(Krr) = lim (’y —In|iKpr| =) -

n=1
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with v =~ 0.5772156649 being the Euler-Mascheroni constant. Now, since we are interested in the real part of the
integral, we can restrict ourselves to the imaginary contribution of Ei(Kr7) = —v — limg,.r—oln|Kp7| + lgﬂ
namely ImEi(K7r7) = 4+i%. Thus, in the end we have

G =2Re [I; — ]
7'('I(3 k’l + kg
2 | (k1 + ke)2 — K2

+ (k1 + k2)

(k1 + ko)? + K2 ( . 2M>] (4.92)
(k1+/€2+K)2(/€1+/€2—K)2 (/ﬁ-‘rk’z)Q—Kz ’

By collecting all the pieces, we find

4 4 4
<HCEH(T—>O)>:<HCEH(T—>0)> +i<HCEn(T—>0)> : (4.93)

even odd

with

<H<En(7—>0)>

- TH? Im (Foqq) s - .7
= (27)36®) (Z kn) 0% M3 T]. (2K %3 ) [S2(kn) 4+ Ga(ky)] + 5 perms in ky,
odd - pics Ln\oky
(4.94)

where we also took into account the x4 factor coming from the symmetry of the problemﬂ and we rescaled the

G4 function in order to have an overall 7 factor. We note that now <Hn G contains another term given by
"/ even
the newly defined power-spectrum. We see that by using a modified graviton’s mode-function, we can obtain a non

vanishing parity-violating contribution. However, the price we pay for finding that, is a higher suppression of our

parity-odd trispectrum. The Chern-Simons factor encoded in the so defined gravitons results indeed in an overall
3 3

factor ]\/If; < which strongly suppresses any imaginary contribution, making the parity-odd signature completely

negligible.

4.3.6 Parity-violating mode-function: increasing Mgg

Let us now consider a time dependent Chern-Simons term. As reported in [10], a decreasing Mcg in time could
yield to high values of H/M¢g, that eventually would cause the appearance of ghosts during Inflation. Therefore,
we must consider only an increasing mass in time. In full generality, also the parameter £ = Ivjyccs % and w = Mﬂclg g
could be much greater than one and time dependent. In fact, it was shown that large values of ¢ and w, would
cause an enhancement of the parity odd contribution given by the (yy() bispectrum, that can therefore be seen
as a useful tool to test Chern-Simons gravity [10]. However, even if we do not consider too large derivative terms
for our Chern-Simons mass, namely £ ~ 1, we end up with a parameter H/Mcg that becomes smaller and smaller
during inflation. Through the definitions made just above we find [10]

Al 2 A H
S == (1- 22k 4.
A, 7 ( 5 TMCSA) , (4.95)

6The complex logarithm can be written as Inz = In|z| 4+ iArg(z), with Arg(z) is the argument of the complex number z, i.e. the
angle between the positive real axis and the line that identifies z in the complex plane. In this case, being z = K7, it is a purely
imaginary number, which therefore lies in the negative (7 < 0, K7 = ki + k2 — K > 0 for what said above) complex axis (Arg(z) =
—7/2)

"The directional contribution exhibits the same symmetry of the one computed for a dS tensor correlator. It is easy to see that
also all the new § functions are the same if we flip two left (right) momenta between themselves. Then, as before, this reduces the
number of independent diagram to 6.
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with

A= ! {{1—5-%—5} <l—>\k”hys>—)\ Fphys { +§+§2]} (4.96)
(1 - )‘skphyS/MCS)Q 2H ° Mcs ° 2Mcs '

In order to encode an evolution for M¢g in our trispectrum, we should solve the (shifted) graviton’s equation of mo-
tion with the effective potential given by this new A7 /At s. However, if initially we require kpnys/Mcs,H/Mcs <
1 to avoid ghosts, then, regardless how much £ and w are large, H/M¢cs washes away any parity-violating contri-
bution in the effective potential. For that reason, one should also expect that very soon the equation of motion for
gravitons resemble the usual ones in standard gravity. For this reason, we cannot consider the gravitons we used
above to find a non-vanishing parity breaking. The only contributions that would be able to carry a non-vanishing,
yet negligible, amount of parity violation outside the horizon are the ones that exit it at 7 close enough to the
beginning of Inflation. These would have a momentum given by k¥ = —H/7, that tends to zero if the conformal
time is chosen to be very large in modulus (as it should to guarantee some parity-breaking signatures). For all the
other modes with higher momenta, they do not exit the horizon immediately after Inflation starts. Thus, we would
have an amount of time 7 € (—oo, —1/k] during which they can be neglected in the nested time-integral due to
their highly oscillatory behaviour (as reported in [2,/57,59]), and a period 7 € [—1/k, 0] during which they are out
of the horizon. But with a large evolution of Mg, the so-carried parity-breaking would be negligible.

In [10], it was possible to encode an evolution of the Chern-Simons mass since from the (yy(¢) bispectrum one could

define a parameter II = 96 =H 28 aj;(f ) Hence, by using the definition of £, and M¢g, we have
1 1 HM" *f(¢) _ 3 f(¢)/0¢”
== V2 Pl —V2eM, B (D) /00" 4.97
=i (75) V7 59 " 05(6)/06 90

Therefore, it is possible to directly connect II to &, through [10]

M=——"¢, (4.98)

with © being the relative power spectrum’s parity violation. From that important constraints on Mgg follow. In
fact, by leaving it to be constant, one is forced to have |II| < %g (?, but if on the other hand ¢ is treated as a free
parameter, also the relative parity-violation carried by (yy() becomes free, and through the observation of II one
could constrain and test Chern-Simons modifications to General Relativity.

In our vertex, however, a similar term does not appear, and hence we are left with a more and more suppressed

trispectrum.
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Chapter 5

Observational constraints

We introduced non-Gaussianities (NG) and their importance in the first chapter of this thesis. In particular, we
stressed that while a power spectrum statistic, which is the higher correlation function we can hope for a perfectly
Gaussian field, is nearly degenerate with respect to different models of Inflation that can be proposed, NG can
instead underline differences between them, thereby helping us to discrimate the favourable ones. As we already
said, the three-points function (or its Fourier transform, the bispectrum) is the lowest-order statistics we can use
to search for NG, as well as the four-points function (or the trispectrum) is the lowest correlator that allows us to
search for a certain amount of parity-violation. However, up to now we considered only primordial NG, i.e. the
ones that emerge at the end of Inflation (7 — 0). Of course, we are not able to observe at such distances, and
therefore we need a way to connect these observables to what we can measure. In this last chapter, we briefly
present the different techniques that are used to constrain primordial NG and what are the actual limits set by the
observations. Also, although we have already introduces the concept of shapes, here we generalize a little bit this
topic, including also the shapes given by the trispectrum. In particular, this will allows us to see the importance of
writing correlation functions using shapes. Thus, we will briefly discuss the shapes of the bispectrum, while expose
those of the trispectrum in more details.

5.1 Shapes

We saw that the CMB temperature fluctuations can be seen as seeded by the quantum fluctuations of the inflaton’s
field, which therefore identify the CMB as a random field. Also, in the section dedicated to cosmological perturba-
tions, we understood how to link these inflaton’s fluctuations to a gauge invariant quantity we adopted for all the
subsequent discussion: the scalar curvature perturbations on uniform energy density gauge (. Therefore, by going
to the dp = 0 slicing, we can correlate the Bardeen’s gravitational potential ®g to the CMB anisotropies through
¢. Of course, the whole reasoning can be applied to CMB polarization perturbations as well. The primordial power
spectrum and bispectrum of the primordial gravitational potential are given respectively by

<¢>H(/~a)¢>H(/~@3)> — (21)36® (za n k}) Po(k1), (5.1)

and

(@1 (1) (k) @1 (3) ) = (2726 (K3 + K + K3 ) Ba(hn, b, ks). (5.2)
We see that while in the former the Dirac’s delta enforces a momentum conservation, in the latter equation we have
also the triangular condition kl +k2+k3 = 0. We already pointed out that each inflationary model predicts a different

shape of this triangle in Fourier space, and that all the possible triangles can be depicted as a linear combination
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of three most important shapes: equilateral, squeezed, and folded. The mpst studied of these configurations is the
second one, in which one could express the gravitational potential as splitted in a linear and a non-linear (NL)

contribution, as done in EqJ1.105l By expressing the non-linear term fx, [@% (Z) — <¢% (f)>] in Fourier space, it is
P

possible to write <<1>sz Py as a function of ® g power spectra [71]

(P ® i @i, ) = (2708 (K 4 By + K ) [Py (k1) Pay (2) + Py (52)Po (k) + Pay (31) Pay (ks)] . (5.3)

Then, by considering the different momenta’s permutations, one can define the bispectrum as

A2 KoK B
Bay (koka.ks) = 2fv i 2 T el (5.4)

We define the so called shape, the function §%9%¢¢#¢¢ given by

1
geaueezed (o ko kg) = v (k1ksks)? Be,,, (5.5)

with IV being a normalization factor. It is useful to write the bispectrum as a function of the shape, because it is
adimensional and invariant under a certain rescaling of all the momenta, in the case of scale-invariant bispectra. As
anticipated, this squeezed shape forms a basis for all the other, together with other two important ones. We have
the equilateral shape [39]

lateral ki k3 k3
Sequl atera k k k — 76 6
(k1 ez, ka) <k‘2k33 * k1ks3 - klkz) *

and the folded one

k2 k3 k ki ki ke ke ks Kk
Gfolded _ ¢ 1 2 3 ) (X2 M2 M 18. 5.7
Tolin + ks + ks +—+—+—+—+ + (5.7)

Even though the equilateral one is not directly derived by a particular model, it represents a phenomenologically
motivated ansatz for data analysis in higher derivatives models or Dirac-Born-Infeld Inflation. The folded one, as
already specified, is typical for inflationary scenarios with a non-Bunch-Davies vacuum choice [39}/71]. Fig shows
the shapes just introduced. It is then possible to identify several other shapes that lie between the three exposed
above. These, are called intermediate shapes. Also, it is possible to have different non-Gaussianities coming from
different mechanism in a single model. In such a case, one could expect a certain level of mixing between two or
more shapes.

As we focused mostly on the trispectrum, it is now useful to introduce the concept of shapes in the context of
four-points correlation functions. First of all, we expect the shapes to be far more complicated than the ones
for the bispectrum. This is because, as done by the three-points functions, the four-points function constrains
together four momenta, which can therefore escape from the planarity condition forced by the Dirac’s delta in the
bispectrum. Thus, we expect that in principle the four momenta might be also non-planar. However, in what
follows we restrict ourselves to the planar scenario, since the CMB experiments performed to measure trispectra’s
contribution contribute mainly from planar quadrangles [72].

We start by an inflationary model given by S = %fd‘lx\/Tg [MI%ZR +2P(X, ¢)} where X = —%g"”@u(boh'y(é is the
kinetic term of the inflaton’s Lagrangian P(X, ¢). In this way, we are not fixing the kinetic term, thereby leaving
it to be non-canonical. In fact, as we saw, a non-canonical kinetic term can produce higher NG contributions. The
scalar curvature trispectrum is given, at leading order, by two contributions: the first one arises from a fourth-order
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Figure 5.1: Figure 1: the figure shows an example of a plot for the (a) local, (b) equilateral, and (c) folded shape [39]. The
first shapes was obtained by computing the scalar curvature perturbation bispectrum of the curvaton model, while the

other two are respectively given by Egs. and

scalar vertex, while the other one comes from two connected third-order scalar vertices, as the one we encountered
studying the f(¢)WW model. In this case, however, the field that connects the two vertices is (. We start from
the second contribution. The cubic Lagrangian is given by

£® = <2P,XX¢ + 6P,XXX¢3) a’6¢” — §P,XX¢G5¢(V5¢)2
(5.8)

A . . .
= —20° D5+ as (11— 2) 0,0,

with cg = % being the sound speed, A = X2RXX + %X?’RXXX, and o0 = XPx + 2X2RXX = Hc—ge We
thus have two different interaction Hamiltonians we need to use in the in-in formalism. Before proceeding in doing

that, however, we have to compute the mode-function for our model. This turns out to be

1H
u

= g (1 ikesT) ethesT, (5.9)
€Cg

We see that the fact that the kinetic term is not canonical introduces a speed of propagation c¢; < 1 in the
field’s mode-function, as anticipated earlier. The commutation relations do not change, so that we can write

<§k~1§k~2> = (2m)36®) (k‘_i + k‘é) u(k‘_i)u* (k;_i) After having applied the in-in formula, thereby contracting all the

free-fields, for the first interaction Hamiltonian

3 3 . . . 3
() = 20 [ T G2, m)élws m)dwi m) 2m)*5 (Zm) , (5.10)
n=1

n=1

we have

H - 9 /\\?> k 1 1

1 _ 9¢(3) 3 [ 2 12

=(2m)”d E ko | P, +
<C<CC> ( 7T) ( ” > ¢ 8 (0’) k1k2k3k4 |:(k1 + k‘g + k‘12)3 (/{3 =+ k?4 =+ klg)s

1 (6(k1+k2+k12)2+3k1+k2+k12 1

— 23 in ky,
(k1 + ko + k12)3 K? K4 + K3) ] perms 1n

(5.11)
+2

where k12 = |k_i + k;| and K = k1 + ks + k3 + k4. For the second interacting Hamiltonian
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)é(p_i,Tl)C(p2?Tl)C(p3,Tl 27) 350) <Zp> (5.12)

and for all the other mixed trispectra (CCCC)ab (a,b = 1,2), the computation is the same. For more details one
should look in [72].
Now, we have to consider the fourth-order vertex interaction. By defining the parameter

1 2
:§X2P,XX+2X3P,XXX+§X4P,XXX7 (5.13)

the fourth-order perturbed Lagrangian reads 73]

L(4>—a3“ B = 0(1 = 2))9iC0'(C? + —o(1 = )DiC0'C;¢O
= 2 B3A 01— )OI + ol — E)COCO,C -
= 5(14) L(;‘) .
Then, by proceeding again applying the in-in formalism, we get [72]
A2 H4 k2
(€60 |y =36 (—9 ) Ll
L§4) K5
212 (1. I
1/ 1 kika (’fs ' k4) (ks +ka) | ksks
=——13-—- 1 1+3 12
<<C<C> ‘Lé4)+ﬁé4) 8 < o 02 + > K3 |: + K + K? :| + (515)
1 (ae8s) (k- k1) ikt kikokska = 1 kikoksk
+i 1+Z,<J1J+3123427+121234
32\c2-1 K K2 k K*
+ 23 perms in k:L
In the end, by recollecting all the pieces, and passing to the proper gauge, we find
<§4> 271') P3 ®) (Z k ) H ]{/‘3 k17 k27 k3a k47 lea k14) (516)
with
AN’ A1 1 ? A2 A1 1
T = () T + — (2—1)T52+ (2—1> Tes + (M—92>T51+ <3—2+1>T62+ (2—1>Tc3,
o o\ c? c? o o o c2
(5.17)

where the subscripts s, and ¢ indicate the contributions coming from the third-order connected vertices and the
fourth-order vertex respectively. An interesting observation, is that by requiring the parameter %, C%,% > 1, the

first four terms dominate, as they are of order O ((A\/0)?,(1/c2)?, (u/0)?). This tells us that we have four possible
shapes which are determined by three parameters [72]. Before proceeding to study them, we want to quantize the
magnitude of the NG coming from this trispectrum. In order to do so, as done for the parameter fx, we define
tn 1, for each shape as
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<§4>R = (2m)?P2s® <Zk ) ZotNLs (5.18)

where RT means that the trispectrum has been computed in the regular tetrahedron limit (k1 = ko = k3 = kg =
k12 = k14 = k). The only difference between ¢y, and fxy is that while the latter is defined once the local limit is
chosen for the bispectrum, the former is not, as even in the local configuration, as we are going to see, there is not
a single shape [72]. In details, the size of the different shapes now read

A2 A1 1 2
sl - s2 [N s3 .
L _0'25()(0) 32, 0.4200 (cg 1) 53, = 0.305 (cs 1>
) (5.19)
A A2 A1 1
t5;, =0.0352 ;—902 52, = 0.0508 35—E+1 52, = 0.0503 g—1 )

Finally, before going to analyze different shapes, it is useful to introduce the local limit for the trispectrum, as done
for the bispectrum. This is given by the following ansatz [74}/75]:

(@) =+ Shwe (G~ () + 5pows (- 3(B) ). (520)

and the resulting trispectrum becomes T = ff\, 1 Tioc1 +9n1rTioc2, whence we see that even in the local limit we have
more than one shape. The corresponding sizes are t/95 = 2.16f%;, and 99 = 1.08gy. We are now ready to
study the trispectrum’s shapes in different limits.

First of all, we have to constrain the domain if the shape functions by means of the consistency relations. There
are two of them for the trispectrum, one for the sqeezed limit and one for the folded limit. A detailed analysis
of the consistency relations applied to the current model has been done in [72]. After having checked them, we
can consider the shapes under certain limits, setting them to zero when the corresponding momenta do not form a
closed tetrahedron.

The first limit we apply is the equilateral limit (k1 = ko = ks = k4). The corresponding plot are shown in Fig
The external momenta are chosen to be k1 = ko = k3 = k4, and the dominant Ty, Tso, Ts3, Te1, and local Tjoe1,
Tioc2 shapes are considered as functions of kj2/ky and k14/k;. One can see that Tj,e1 blows up at the boundaries.
This is important since it helps to distinguish these shapes from Tj,.; originated by fyr,.

The second limit we choose is the folded limit (Fig, where the condition k13 = 0 is imposed. In this limit one
has k3 = k4 and ki = ko. Again, the non-local dominant shapes and Tj,.2 are plotted as functions of k4/k; and
k14/k1. We observe that Tj,eo is the only one that does not vanish as k4 — 0. This feature can thus be used to
disriminate between the plotted shapes.

The third limit we consider is the so called specialized planar limit (Fig. Here, one puts k1 = ks = k14, while

imposing the tetrahedron to be a planar quadrangle. Once defined our tetrahedron to have angles at one vertex
FERCpNE Bkt ok 0 ki,
2k1k1a 2kokqa ? - 2k ko
1 —cos? 6 — cos? B — cos? a+ 2 cosf cos Bcosa > 0, it is possible to find the following constraint for k1o [72]:

cosf = , cosf = , by imposing these conditions, and the inequality

Kok
b= K2+ 2k (Roky £/ (4R2 — K3)(4R? — K2) ). (5.21)
212

Only the plus sign solution is considered, since it is possible to relate the minus sign one to another plus sign by
changing the limit to k1 = ko = k14. The shapes are then plotted as functions of ko/k1, and k4/k1. We note
immediately that as ko — k4, k13 vanishes, causing Tj,.1 to increases rapidly along the diagonal of the plot. All
the other shapes remain finite. Also, towards the origin (kq, ks — 0), all the non-local functions vanishes rapidly
(O(k3,k2)), while the local ones do not.
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Finally, we consider a limit close to the double-squeezed limit (Fig, by imposing k3 = k4 = k12 — 0, and
the tetrahedron to be planar as before. The same shapes as above are shown as functions of ki2/k; and ki4/k;.
Also, the shapes are divided by Hi:l k., in order to sharpen the differences between local and non-local ones. The
latter, do not show any divergence, while the former do exhibit such a behaviour both in the limits k4 — 0, and
k4, kig — 1.

With the exception of the first considered limit, the configurations we studied forces the tetrahedron to be planar.
As already pointed out, this is an important scenario as the main contributions from the CMB signals come from
planar quadrangles [39]. We also note that while important differences arose between local and non-local shapes,
the latter were often pretty similar between themselves. However, some differences can be pointed out. First of
all; in the double squeezed limit (Fig7 we can notice that while the shape arising from the fourth-order vertex,
T.1 goes to zero as O(k3), the other third-order vertices ones vanish as O(k2) [72]. Moreover, it is possible to note
immediately a difference in the behaviour at k4 — 1 and at k4 — 0. In the latter limit in fact, T,; vanishes, while
Ts1,Ts2, Ts3 do not. Furthermore, as usually done in data analysis, the parameters that define the shapes can be
tuned in order to enlarge the differences between the considered shapes.

Just from this little summary, we can see how important the shapes can be in discriminate between different
contributions to the trispectrum. By admitting strong four-points NG for the scalar curvature perturbations, we
can in fact study its shapes and hence understand which parameters (\/o, 1/¢2, /o) mainly contribute to that.
Then, this would clearly indicate specific properties of the action we chose for our inflationary model. In order to
make a concrete example, we consider the following Lagrangian, typical for models of DBI Inflation [76},77):

L=—fHO)WV1-2X[f(¢) + [ (d) — V(9), (5.22)

with X the kinetic term defined as above. Here, ¢; < 1, g = %(1/02 — 1), and £ = i C% -4 Ciz — 1), from
which we expect large trispectra because of the non-kinetic term. From Eqs we see that the dominant terms
in the trispectrum are Ty1,Ts2,Ts3, and T.q as they are ~ O(c;4). The estimator ¢y, then reads t95! ~ 0.542/c%.
As a comparison, we consider a k-inflation model (78], with

(-X +X?)
L~ 0 (5.23)
.2 _ .2
with again ¢; < 1, % = 1_2°S ,and £ = 1=¢. | Here the dominant contribution is given by Ts3, with tIfVL ~ 0.305/ct.

Even though we saw that the differences between T§; are quite small in all the limits we considered, one can see that
through T, it is possible to discriminate between the two models, as in the latter this contribution is subdominant
with respect to Ti3.

5.2 Observations

Since we talked about how to recognize and discriminate models through their own shapes, it is now worth it
to mention how we can directly observe NGs and their properties. Two main observables are used to constraint
primordial NG and parity violation: the Cosmic Microwave Background (CMB) and Large Scale Structures (LSS).

5.2.1 The Cosmic Microwave Background

The first way to test primordial NG is to look at the fluctuations of the CMB. It is possible to consider both
temperature and polarization fluctuations. We will focus on the former, but an analogous analysis can be done for
the latter. The CMB temperature fluctuations’ field can be seen as a two-dimensional field on a sphere, and defined
as
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AT oo 1
T(ea ¢) = ; m;l aleVlm(& ¢) (524)

This corresponds to decompose the entire field in a multiplication between a spherical harmonics Y}, and a corre-
sponding amplitude a;,, along each direction (6, ¢) in the sky. Here, I, indicates the n-pole expansion, namely how
the fluctuation distributes itself in the sphere. [ = 1 (monopole) corresponds to have a maximum of AT at one
pole and a minimum at the opposite one, [ = 2 to two opposite maxima and so on. In other words, it is possible
to link [ to the angular scale variation of the fluctuations. A big [ means that temperature fluctuations changes on
small angular scales, while tiny [ indicates that a certain fluctuation varies slowly as the angular direction changes.
m expresses the orientation of this distribution. From the equation above, we see that all the information for each
direction is encoded in the harmonic modes a;,,,. As for any other random field, it is possible to describe the CMB
temperature fluctuations through correlation functions. The most studied one is given by the CMB power spectrum

<a’l1m1a72m2> = 011611126m1m27 (525)

where the Kronecker’s deltas ensure that multipoles with different wave-numbers are non correlated, and C; encodes
the amplitude of the power spectrum. Then, by observing % at different scales, thereby computing Cj, it is
possible to reconstruct the entire power-spectrum of the CMB, which turns out to be strongly dependent upon
several cosmological parameters. This of course helps us to get important estimations and constraints on them.
Also primordial NG are imprinted in the CMB, and can therefore be studied through its observations. In order to

—

provide a link between these observables, one can convolute ®(k) with a transfer function A;(k), getting |71]

3 ~ ~
G, = dre(—i)! / (;iﬂ];?)Al(k)}ﬁm(k)@(k), (5.26)

where the transfer function encodes all the effects that can be observed in the CMB. Then, the CMB bispectrum

is given by

. d3k1d3kod3k
Birlblfrf’?zms = <al1m1a12m3al3m3> = (47T)3(_7')l1+l2+l3 / %Ah (kl)Alz (kQ)Ala (k3)
(2m) (5.27)

<q)H(k_i)q)H(k_é)q)H(k_£’>)> }/llml (]51)}/127712 (k?Q)nsm3 (]{?3)7

which can be rewrite by means of Bessel’s functions j;, (k,x) as

2\° . A A A
Bilmllzrif)gmg = (ﬂ') /x2dx/H(d3kZAl1(kl)]ll(klx)) B@(klvk%k?:)/in’Y—llml(‘r)lezm2(m)Y—lsm3(x)
i=1

(5.28)
= Gi}mllzrlrggmg blllzlga
where by, 1,1, is the so called reduced bispectrum, and GUi/2s  “is the Gaunt integral, whose explicit expression
reads
il — [ a0y N7 Y, o J@RL+D)RL+1)(2I3+1) (13 1y 3 Ll I3
mimaomsz — z llml(x) 12m2(x) l3m3(x)* An 0 0 0 my mo ms)”

(5.29)
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Here, the matrices denote the Wigner-3j symbols. The reduced bispectrum is more convenient than the initial
one, since all the geometric factors associated to the Gaunt integral can be factorized out thanks to homogeneity
and isotropy of the cosmological principle. However, inside the integral, two important physical constraints are
present, that cannot be seen anymore in the reduced bispectrum. Firstly, it enforces the rotational-invariance
forcing |1 — ;| <l <13 +1;. Secondly, the sum of multipoles /; has to be even to guarantee invariance under
parity transformation; namely it enforces I; 4+ lo + I3 to be even. In the end one can write

2\? . . .
blyiols = <7T> /xde/dkldkgdkg(k1k2k3)23q>(klkgkg)All(kl)Al2(k2)Al3(k3)jll(klx)jb(kgx)jls(lﬂgm), (5.30)

which is the key equation for the CMB analysis of primordial NG. In fact, it relates the primordial bispectrum to
the reduced CMB’s one. Then, this can be rewritten in terms of the shape function S introduced above for the
bispectrum, thereby providing the relation between CMB’s analysis and primordial bispectrum’s features we need
to discriminate between inflationary models. All the analysis can be generalized to the trispectrum case. For a
detailed analysis of the whole procedure and the explicit representation of different inflationary models, one can
look at [71]

5.2.2 Large Scale Structures

Another way to test primordial NG is to analyse the matter distribution. It is customary to define a density
parameter §(Z) = 2@)=P Tt is set to be § = —1 in voids at late times and § > 1 in collapsed objects, as dark
matter halos. Primordial NG induces signatures in the statistics of the matter density field. In fact, through the
Bardeen’s gravitational potential, they can be related to the matter density perturbations thanks to the Poisson
equation. At linear order in perturbation theory we have [79]

—

5(k, 2) = alk,2)®p(k, 2), (5.31)
where a(k,z) = 202/;25752?(@ gg((zo*))7 with z being the redshift, D(z) the linear growth function, T'(k) the transfer

function and g(z) o« (1 + z)D(z) the potential growth function. Therefore, through Eql5.31] we can relate the
primordial statistics to the matter density’s one, getting, for example

Po(k,2) = a* Py, (k, 2.), (5.32)

where z, indicates the redshift corresponding to primordial times during which primordial NG left the horizon.
Primordial NG can therefore imprints observable signatures in the large scale structures (LSS) [80]. However, there
are two main contributions that makes these possible constraints difficult to be set. First of all, the matter density
distribution is highly non-Gaussian itself. Because of the gravitational instability, it indeed departs from a Gaussian
distribution even if the initial conditions are Gaussian |71]. Gravitational instability produces in fact a non-zero
bispectrum, which, in the next-to-leading order in cosmological perturbation theory, reads [80]

B(ky, ko, ks) = 2 | P(ky) P(k2)J (K1, k2) + P(k2)P(ks)J (ka, ks) + P (k1) P(ks)J (k1, k3)| , (5.33)

with, in a dS Universe,

TR =%+ 5,

ke k1

5 k}-k}(kl /<;2>

| N

- o\ 2
k1 - ko
(5:5) -
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being the gravitational instability kernel. Unfortunately, this contribution turns out to be larger than the one given
by primordial NG.

The second issue is related to the fact that in principle primordial NG act on the late-time dark matter density
bispectrum. However, since we do not observe directly the dark matter’s distribution, we have another non-Gaussian
term coming from bias that contributes against the signal we want to detect.

Another probe of primordial NG can be inferred by looking at the so called rare events: namely large voids or
galaxy clusters. These are objects that form from the tail of the nearly Gaussian initial matter density distribution
and hence are largely sensitive even to small deviations from Gaussianity [80L|81]. In particular, it was shown that
the abundance of voids is sensitive to non-Gaussianity. In fact, this abundance turns out to be dependent upon the
skewness S (i.e. the three-point function) of primordial NGs [82]:

4 2 2
dn 9 [m1 o—82/20%, {‘dlnaM [|(5v| _ Szom (5v _2571) _1)] N 1dS; (51; B 1)}7 (5.35)

drR ~ 272\ 2 R% dinM | |om 6 oy o3 8WUM o3,

where §, is the critical underdensity responsible for the production of a void, o,; is the rms mass function, and
R is the radius of a sphere whence the mass M has been removed creating a void. We see that in principle S5
could be dependent on the mass scale M. If it were not true, then the second term of the above equation would
simply vanish. The disadvantage of this probe is that, since the three-point function is given by the integral over
the bispectrum, this the effects of primordial NGs are less sensitive to the shapes.

A different possibility of obtaining NG’s constraints is given by the clustering of dark matter halos. Primordial
NG in fact seems to affect the process of clustering of these objects by inducing a scale-dependent bias for halos
on large-scales [83]. Moreover, this probe is also reactive to the primordial NG’s shape. Equilateral types of NG
indeed produce effects which are strongly suppressed with respect to local types [80].

5.3 Parity-violation probes

We would like to end this last chapter by highlighting how parity violations can be seen through the two main
observables we depicted earlier. Starting from the CMB observations, we see that by applying a parity transforma-
tion to the scalar curvature perturbation, we get (z — (_j as pointed out before. This transforms the harmonic

coefficients we used to decompose the CMB fluctuations as az, — (—1)'a;, [2]. Hence, after a parity inversion we
will have, for the CMB trispectrum,

hitlatlatls <allm1al2m2alsm3al4m4> . (536)

<allm1al2m2alsm3al4m4> - (71)
Therefore, we can set the two condition )", 1, = even if the CMB induced trispectrum is invariant under parity
transformation, and )", 1, = odd if it violates parity. In terms of CMB polarizations, these can be then decomposed
in even and odd contributions, making it possible to define parity-violating observables, for instance, from the
product of opposite-parity polarizations [84]. Also the temperature bispectrum can be seen as a possible observable
of parity-violation. In fact, if a scalene triangle projected on the observed CMB sphere is observed more often than
its mirror image, them we would have a sign of parity-breaking, since these two triangles cannot be superimposed
in a 2D space.
By following this last approach, a new idea has been proposed for searching for parity-violating signals also in LSS.
In the model we studied in this thesis, parity violation led to a difference in the evolution of two chirality states
of GWs, somehow indicating a preferred one. This then induced a parity violation in the correlation functions of
scalar curvature perturbations, which can be related to density fluctuations as we seen above. As done for ATMB
the idea for LSS is to use four-points correlation functions in a 3D space, since, as for the three-point functions
(triangles) in a spherical 2D space, it is the lowest order correlator that cannot be rotated in its mirror image.
Therefore, by using the 3D distribution of galaxies, one can search for parity-violations in terms of a preferred
configuration for the induced tetrahedra (with sides of the order ~ 1 — 100Mpc [85]). Since these large structures
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are thought to be seeded by density fluctuations, which in turn are strictly related by primordial perturbations, we
can in principle relate the (possibly) observed ”3D parity violation” to the primordial one.

5.4 Actual constraints

The last released results regarding primordial non-Gaussianity are given by the Planck collaboration’s analysis of
Planck full mission. In particular, it analysed in details temperature and E—mode polarization of the CMB in order
to obtain constraints on primordial NG (PNG). The entire analysis can be found in [11]. In this work, also lower-!
multipoles (4 < [ < 40) were considered with respect to the Planck mission’s alaysis of 2015. The following values for
the local, equilateral, and orthogonal bispectrum amplitudes was found: fie¢ol = —0.945.1, feauilateral — _o64 47,

and forthog‘mal —38 £ 24 at 68% confidence level, which consistently resemble the constraints from the previous
analysis. Despite the consideration of lower multipoles in polarization, these results do not show improvements
in the errors because of two main reasons. Firstly, even though the local shape is expected to be more sensitive
to low-l, it is actually less dependent upon the polarization, implying that none of the three shapes are sensitive
enough to low multipoles. Secondly, the most realistic simulations of this analysis introduced higher noise levels.
However, the polarization bispectra have been well constrained and are now reliable.

Also the constraints on the trispectrum have been refined. We saw that in the local form the trispectrum can
be written in terms of two parameters fIQV 1, often related to the parameter 7xz, and gnyr. The results following
from the data analysis of Planck 2013 and 2018 find the fllowing apmplitudes: 7y < 2800 (95% CL) [86], and
ghosal = (5.8 £6.5) x 10* (68% CL) |11]. The analysis of the Planck 2018 mission reached a better level of
sensitivity for what concerns the amplitude of higher order correlation functions’ amplitudes, and produced the first
(only) polarization-based CMB bispectrum constraints. The obtained results are consistent with the expectations
from the standard single-field slow-roll model, and strongly constrain the parameter space of other models, since
usually they produce higher values of NG. However, these goals are not enough to rule out or confirm scenarios
alternative to Inflation. It was suggested by several studies that future experiments should seek for fio¢el ~ 1,
which would allow us to confirm or not many multi-field models of Inflation. By requiring a similar precision for
non-local amplitudes, on the other hand, it would enable us to distinguish slow-roll single-field models from the
more complex ones we briefly sketched in the previous chapters.

The latest constraint on f]l\?ial comes from the extended Baryon Oscillation Spectroscopic Survey (eBOSS) quasar
samples, reporting an estimation —51 < fi¢¢! < 21 at 95% CL. Later, J.P. Dai and J.Q. Xia [87] used the
multitracer technique in a simulated catalog of halos to probe the local-type amplitude of PNG. They reached a
reduction of 73% of the errors of fi$% which makes the next generation of large field galaxy surveys a powerful
tool for constraining PNGs.

The actual constraints on parity violation in the Universe have instead been obtained by measuring the rotation
of the polarization’s plane of photons. Thus, parity-violation has been tested as coming from the electromagnetic
sector [88]. Considering for instance a Maxwell’s Lagrangian coupled with a Chern-Simons term, as studied briefly
in Chapter 3, we expect right- and left- handed photons to evolve asymmetrically. This difference in the evolution,
denoted with « mixes the modes of CMB polarization, generating correlations between them that would be zero
otherwise. The estimates provided by the data analysis of Planck 2015 mission are « ~ (0°.31 —0°.35) +0°.05 (68%
CL). These results show a very small rotation angle, which is consistent with no rotation, i.e. no parity violation.
However, in [89] new estimates have been found from Planck 2018, which rule out the possibility of having a null
birefringence angle at 99.2% CL. The new value for the angle results to be a &~ 0°.35 + 0°.14. Another way to
constraint Parity violation, arising from through the CMB analysis is to look at the so called tensor nonlinearity
parameter fi¢7, defined as

flens = hm 7}5“_(5) (5.37)
NL ok Fequzl(kl) :
) equil
with quml = (%)3 ffq’j“ . This parameter can be decomposed in its P-even and P-odd contributions. Its analysis
NL

is reported in [11], and gives us a result which is consistent with no parity violation in the primordial Universe.




Chapter 6

Conclusions

In this thesis we introduced the topic of cosmological Inflation, thus describing a single-field slow-roll model. Then,
we addressed the cosmological perturbation theory, explaining the two ways one can follow to deal with the gauge
issue in General Relativity. We introduced the very important gauge invariant quantity ¢, stressing how it can be
related directly to the scalar curvature perturbations, and hence to the Bardeen’s gravitational potential, which can
be directly linked to CMB fluctuations. In the second part (Chapters[2|and [3) we explained in details the formalism
we used, providing detailed calculations of several known results, both from the single-field slow-roll model of
Chapter [1] [52], and from a more complex model, where the inflaton’s field interacts with a primordial gauge field,
which can be seen as the electromagnetic one [2,[56}/57.59,60]. We explicitly showed how parity violation can be
carried out from the calculation of the (’s trispectrum, i.e. the Fourier transform of the four-points correlation
function, following [2]. In the original part of this work, we wanted to search for parity violation signatures from the
gravitational sector in the Early Universe. In fact, this possibility could give us important hints about corrections to
General Relativity at high energies. We concentrated in computing the scalar curvature perturbation’s trispectrum
mediated by gravitons, since the four-points correlation function is the lowest order scalar statistics that allows us
to get parity violation. Thus, we introduced an Effective Field Theory approach [6] showing up some corrections to
General Relativity at the high energies characterizing Inflation. Hence, we proceeded by building up the tools we
needed for the final computation of ((¢¢¢) in this beyond-Einstein’s gravity model. Then, we computed different
two-points and three-points correlation functions in this framework [8], highlighting how for just one bispectrum the
complex contribution arising from parity violation was not highly suppressed by the Chern-Simons mass. Finally, we
proceeded with the central computation of the thesis. We started by considering simply de Sitter gravitons, as the
interaction vertex already carried a parity-violating term: eijkkiel(;)(ﬁ) = i/\skel(s)k(fc). However, this trispectrum
did not show any parity-odd signature, i.e. any complex term. This was given by the fact that the correlation
between the two gravitons forced one of them to have the opposite momentum with respect to the other, which
once reflected to the polarization tensor compensated the parity-violation carried by the other vertex. This fact
could have be seen a priori, since by using the equation written above, it could be seen than, besides some other
real terms, each vertex would have corresponded to a de Sitter one. We computed it in details anyway. Then, we
considered Chern-Simons gravitons instead. In order to do so, we divided the problem in two cases: we considered a
constant Chern-Simons mass, and then allowed it to be time dependent. In the first case scenario we just proceeded
as before, but with another mode-function for the tensor fields. This explicitly showed two corrections that violate
parity. Then, we performed again a detailed computation of the trispectrum, obtaining a clear signature of parity-
violation. This was because in the summation of the gravitons’ polarizations, the parity-breaking corrections flipped
the sign of the polarization tensors giving us a complex contribution from the trispectrum’s directional part. The
disadvantage of this procedure was that, by using a Chern-Simons modified mode-function for gravitons, we added a

3
further Mg é factor to the final result. Being (¢{(() ( Mli S) , our trispectrum resulted to be strongly suppressed,

as Mics < 1. In the second case scenario, things got even worse. In fact, it was shown that in order to avoid ghost
fields, an evolving Chern-Simons mass can only be increasing in time. However, since at the beginning of Inflation
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we already had to impose Mics < 1 [7,8], this evolution results in a complete suppression of all the parity-violating
signatures of our three-vertex. Besides, as pointed out in [10], all the Chern-Simons related terms in the tensor
fields’ equation of motion would get rapidly washed out, leaving to very small deviation from General Relativity,
which can be consider as the underlying theory. Hence, also the gravitons’ mode function would be given by the
usual de Sitter one. The only contribution that not only does not undergo a strong suppression, but also can
enjoy an increasing Chern-Simons mass, is the ((y7) bispectrum, which can then be seen as an important tool
to investigate Chern-Simons corrections to the current theory of gravity [10]. Another way to search for parity-
violation would be given by following the procedure proposed by Liu et al. [3]. They added another scalar field in
their trispectrum computation, in order to enforce the presence of a dihedral angle in the momentum space. Under
a parity transformation, this angle transforms as ¢ — —¢, implying sin (¢) — —sin (¢), which breaks parity. It
would be possible to encode this idea in our model by adding another (scalar) field to our initial Lagrangian, thereby
computing the same scalar curvature trispectrum but with different vertices. Namely, we would still get an internal
graviton correlator, but, by naming the new scalar field o, we would get vertices of the type { —o —~y, where o would
be then connected to another external (. Another possibility, we cannot concretely apply yet, would be given by a
successful procedure to deal with ghosts |7]. In this way, we could consider also a (slowly) decreasing Chern-Simons
mass, which can therefore enhance our parity-odd signatures. A final observation it is worth to make is that the
exact same procedure we adopted can be generalized to all other types of fields. Perhaps it could be possible
to analyze gravitational waves from Inflation, and see what we should expect from their correlators in different
inflationary models. In fact, as reported in [90], the gravitational waves from Inflation will be potentially detectable
from the future LISA mission, making it complementary to CMB analyses to probe the very Early Universe.
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Appendix A

A.1 Friedmann-Lemaitre-Robertson-Walker metric

The cosmology principle states that wherever we are and whenever we are, the Universe at large scales (~ 100 Mpc)
appears to be homogeneous and isotropic. The observations of the CMB highlight a relative variation of temperature
of the order ‘STT ~ 10~°. Thanks to this principle, at each cosmic time ¢, all the imaginary observers see the same
macroscopic Universe. Hence, by starting from the usual four-dimensional line element ds? = —dt?+dI?, we can focus
only on the space coordinates of the Universe, the time ones implying only a possible rescaling. Moreover, because
of the isotropy hypothesis, we can think the metric to be symmetric. Now, since the Universe is homogeneous,
we are able to find a constant Ricci scalar to be the same in every point. In order to see this, one can think that
being the density of the Universe distributed in a highly homogeneous way, also the curvature will be more or less
constant everywhere. This Ricci scalar can be greater, smaller or equal to zero. The latter case would produce a
familiar four-dimensional Euclidean space, with line element

ds? = guvdatda” = —dt? + dz? + dy® + d2>. (A.1)

We consider instead R > 0. The opposite case is analogous. An example of a space with a positive curvature
is the sphere. Hence, we simply want to generalize a spherical surface in three dimensions to a three-sphere. In
order to do that, we just start with the usual three-dimensional sphere’s line element di?> = d#? (where in Cartesian
coordinates & = (x1,x2,x3)) and we add a fourth generic dimension w:

di* = d? + du®. (A.2)
Now, we want to constrain this new dimension in order to get a three-sphere. Thus, we simply introduce Z?+u? = a2,
with a constant in space, which is the usual equation for a spherical surface. In such a way, by differentiating, we
get

2% - dF+2udu =0 = du=-—". (A.3)

our constraint now becomes f;%hys + uﬁhys = 1. By inserting the newly constrained uypys in Eq. |A.2, and forgetting

We then re-scale these quantities in order to have physical quantities, getting & = aZpnys and u = auppys. Therefore,
=
the new relabelling for simplicity, we obtain

(A4)

B o, #2di?
A2y = 0 (Ao, + duly, ) = a® (dx2 + ) :

1— a2
Finally, by changing our Cartesian coordinates to spherical ones (di? = di? + r2dQ?, #dZ = 7d7r), we find
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2 7.2 2
2 _ 2 2 2,02, T dr _ o dr 2 102
di* =a (dr + r2dQ —|—1T2>—a (1T2+rdﬂ). (A.5)
For R < 0, one finds the same result with a plus sign instead of a minus sign in the denominator of the first term
on the right hand side. An example of surface which have a negative curvature is the hyperboloid. In this case we
would add the fourth dimension as constrained by #2 —u? = 1. Finally, by introducing also the time dimension, we
obtain the famous FLRW metric

ds* = —dt* + d*(t) + r2dQ?| (A.6)

1—kr?
where k = —1,0, 41 if the curvature is negative (open Universe), null (flat Universe), or positive (closed Universe)
respectively.

A.2 Inflaton’s equation of motion

From the variational principle we can easily find the Euler-Lagrange equation for the inflaton field, which in a
curved space reads

oL 0L
= vy, - =0. A.
0¢ Vu 00,9 0 (A7)
From that, considering a scalar field’s Lagrangian, it follows
ov
- 85;’) +V,u (9" 050) =0, (A.8)

where V,0"¢ = 0,0"¢ + F” a% with F”ﬂ = %g’”gw s We consider now the equality 0g/—g = fﬁaﬁg. We

det |gur+0y gurdz”|—det |gur| _ qdetm+6“5gq“‘*aquw =
B

note that it is possible to write dgg ~ e . Hence, since we can
make the first approximation under the limit of dz# — 0, we have det (I + EX) = 1 +Tr(X)e+ 0(e?) ~ 1+ Tr(X)e.
By calling e = z¥ < 1, in the end one gets

a _
Ov=9="2g"gurs = Thy="=0 (A.9)

Therefore, the inflaton field’s equation of motion finally reads

1
7= (V=go") , = s (A.10)
Then, if we consider a FLRW metric with k£ = 0, we simply find
- Ve aVv

If we started with a non-flat FLRW Universe, we would find the same equation of motion, the only difference being
the expression for the Laplacian, that can however be expressed as above by using coordinates of a non-flat space.
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A.3 Quasi de Sitter Universe

In a quasi dS Universe, we cannot consider H as a constant anymore. Therefore, we need to look back at the
approximation we made for the conformal time 7 ~ —#. This time, by considering a slowly evolving Hubble’s

parameter, we have H(t) ~ H(to) + H(to)t. Hence

a(t) =exp (/ Hdt> =exp (/H(to) + H(to)tdt) = exp (/ H(ty) — eHz(to)tdt>

2 (A.12)
=exp (Hot — eH§2> ,
where we used € = —H /H?, which vanishes in dS. Now, by considering the last equation and dr = dt/a(t), we can
Taylor-expand the conformal time as 7 ~ 7(e = 0) + fli{ o€ Here 9 = —HO+(T) and
d d t? 1 2\ (Hot)?
o =— [ exp | —Hot + eHi = ) dt = —/exp —Hot + eHj — (Hot) d(Hot)
dele=0 de 2 —o Ho 2 2 . (A13)

1 Hot)? 1
:FO/e:cp(—Hot) ( ;) d(Hot) ~ FO/exp —Hytd(Hot),

where in the last passage we neglected the term o (Hyt)? as it if subdominant in the time-integral’s domain
(tin = 107305, trin 10733s). Therefore, in the end, we find

1
N ——. A.14
TR TUH1 - o (A-14)
The equation of motion for a massive inflaton field in quasi dS is given by
a//
up (1) + [k‘z — + mia2] ug (1) = 0. (A.15)

As the mass comes from an already small slow-roll parameter, in the last term we can consider an usual dS conformal
time. We have then

2l (1) + {k%Q - (1,2 - i)] ug (1) =0, (A.16)

where 12 = % +3¢—3ny (v= % + e —ny). This is again a Bessel’s type equation. By solving it, on superhorizon
scales we find

H (k\
00L*"? = — | — . A7
pont = () (A1)



Appendix B

B.1 Third-order action simplification

We report here an example of simplification for the several terms that arise from the first form of the third-order
action for the scalar curvature field (. By rewriting all the B fields in terms of ¢ and y, three sets of terms arise;
namely, with a a3, a, and a~! dependence. We have

S :/d4za3e <3< — é) 2 —ate? <3C — é) (2 —2a%el0;¢O ' x + a® (3( — C) 0:0; 0" x+

(g 2> ¢ ) 0;CO'C + ae <3§ — C) (o,0°¢ — 22 <3§ — C) 0;0,C0"7 (+ (B.1)

F AL 00N, + _ <3g - C) 0:05c0'07¢ — (8:0°¢)°] - 4%81-(8%&,-87‘( + Dy.

The whole procedure is very long, so we will just sketch the example for the oc a~! terms. The entire computation
can be found in [53]. We have

—1 -1 —1 -1 -1

a o a P2 a . ) a " i a”" . P2
F = —5300:0,¢0'0°C = 53¢ (8:0°¢)" - A 060" (0,07 ¢ — e COD;CO' P+ € (8:0°¢)". (B.2)
The last two terms can be rewritten thanks to the Leibniz rule. These then reads

-1

“H—_;éaiajcaiajc = o [—gcaiajgaiajg] - 33 ca 9;¢0'07¢ — 3% 7 T H(0:0;,00'07¢ + 2% 73 ca 9;C0'd7¢, (B.3)

and

-1 -1

a1 . ..
¢ (aiaic)Q] + € (007) + 3—H< (8,0¢)% - 2—( (@:0°¢) (9,0°C) . (BA)

0 = a5

By calling A their sum, we have
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A= C}; ¢ [a 0,CON¢ — (aiaig)ﬂ n 3‘%6@* [aiajgaiajg -~ (aiaig)ﬂ n .
N B.5
+ {Hgg [(aia’ic)2 - aiajgaiajg] } + o, {¢ [a%ajaﬂ‘g - ajg'ajaic;} } +C,

with

C = 2% (0:0) [0,0°Co¢ - 0,0/ '] (B.6)

After some basic algebraic simplifications, A can be written as

-1

a_l . iai a . i 2
A== 00,0 P C+ (9;0°C)

_ la~?t a~?
- 3 H? H?
-1

a-!
+ 80 { 73 {(@8%)2 _aiajgaiajg}}jL 20, {HJC [azca & — 8]C6 azq}

¢[o05c0'07¢ — (0:0°0)"] + Szec [B0,c0'0¢ — (0:0°Q)] +

+ F lH - ‘Z;] ¢ [(aialc)Q . aiajcazaﬂg} ,

(B.7)

where, by restoring the Planck mass M ;lz = 1 inside the first brackets of the last line, we have the slow-roll

condition H = M;f%. The first term of the latter, when summed to all the other a~!-terms, gives us a new set of
total derivatives, which can be found, again, by applying the Leibniz rule. At the very end, the part of the action
proportional to a~! can be written as

S = / d%“H—je [0:€0°C0;07¢ — €0;0; (0°CO7¢)] + N. (B.8)

where N includes all the non-dynamical terms. For all the other contributions the procedure is identical to the one
sketched above, with just a few differences for the o< a set of terms.
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Figures

Figure C.1: Equilateral limit: the four external momenta are considered to be equal. The dominant Ts1,7Ts2,Ts3,7c1 and
the local Tioc1, Ti0c2 shapes are plotted as functions of ki2/k1, ki14/k1
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Figure C.2: Folded limit: k12 is considered to be vanishing. The dominant T5s1,75s2,7s3,7c1 and the local Tj,c2 shapes are

plotted as functions of ki4/k1, ka/k1
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Figure C.3: Specialized planar limit: the external momenta are considered to be k&1 = k3 = kia. The dominant
Ts1,Ts2,Ts3,T-1 and the local Tioe1, Tioc2 shapes are plotted as functions of ka2 /k1, ka/k1
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Figure C.4: Almost double squeezed limit: the external momenta are considered to be ks = ks = ki2. The dominant
Ts1,Ts2,Ts3,Tc1 and the local Tioe1, Tioco shapes, once divided by Hi:l kn, are plotted as functions of ka2/k1, ka/k1



Acknowledgments

I want to thank Professor Nicola Bartolo and Dr. Alessandro Greco for the availability they showed to me during
this work. Their help was crucial for me to understand the technical details of the adopted formalism. Also, different
useful discussions with them helped me to better comprehend several topics of modern Cosmology.

Then, firstly I want to thank my parents, for both the precious possibility they gave me to study, and their strong
support over these years. Secondly, I have to thank my closest friends Filippo, Alberto, and Luca, for all the days
we spent studying and discussing. I want to thank also my girlfriend Vittoria for the great support, and Bianca,
Francesco, and Davide for the days off spent hanging on rocks. Also, I thank the University mates I met during
this part of my life. However, a special thanks goes to each person that somehow helped me during my University
path, a part of this goal belongs also to them.

112



Bibliography

1]

A. H. Guth, “Inflationary universe: A possible solution to the horizon and flatness problems,” Phys. Rev. D,
vol. 23, pp. 347-356, Jan 1981.

M. Shiraishi, “Parity violation in the cmb trispectrum from the scalar sector,” Physical Review D, vol. 94, Oct
2016.

T. Liu, X. Tong, Y. Wang, and Z.-Z. Xianyu, “Probing p and cp violations on the cosmological collider,”
Journal of High Energy Physics, vol. 2020, Apr 2020.

A. Lue, L. Wang, and M. Kamionkowski, “Cosmological signature of new parity-violating interactions,” Physical
Review Letters, vol. 83, pp. 1506-1509, aug 1999.

S. Alexander and J. Martin, “Birefringent gravitational waves and the consistency check of inflation,” Physical
Review D, vol. 71, Mar 2005.

S. Weinberg, “Effective field theory for inflation,” Physical Review D, vol. 77, Jun 2008.

M. Satoh, “Slow-roll inflation with the gauss-bonnet and chern-simons corrections,” Journal of Cosmology and
Astroparticle Physics, vol. 2010, p. 024-024, Nov 2010.

N. Bartolo and G. Orlando, “Parity breaking signatures from a chern-simons coupling during inflation: the case
of non-gaussian gravitational waves,” Journal of Cosmology and Astroparticle Physics, vol. 2017, p. 034-034,
Jul 2017.

N. Bartolo, L. Caloni, G. Orlando, and A. Ricciardone, “Tensor non-Gaussianity in chiral scalar-tensor theories
of gravity,” JCAP, vol. 03, p. 073, 2021.

N. Bartolo, G. Orlando, and M. Shiraishi, “Measuring chiral gravitational waves in chern-simons gravity with
cmb bispectra,” Journal of Cosmology and Astroparticle Physics, vol. 2019, p. 050-050, Jan 2019.

Y. Akrami et al., “Planck 2018 results. IX. Constraints on primordial non-Gaussianity,” Astron. Astrophys.,
vol. 641, p. A9, 2020.

E. Castorina, N. Hand, U. Seljak, F. Beutler, C.-H. Chuang, C. Zhao, H. Gil-Marin, W. J. Percival, A. J. Ross,
P. D. Choi, K. Dawson, A. de la Macorra, G. Rossi, R. Ruggeri, D. Schneider, and G.-B. Zhao, “Redshift-
weighted constraints on primordial non-gaussianity from the clustering of the eBOSS DR14 quasars in fourier
space,” Journal of Cosmology and Astroparticle Physics, vol. 2019, pp. 010-010, sep 2019.

D. J. Fixsen, “The Temperature of the Cosmic Microwave Background,” The Astrophysical Journal, vol. 707,
pp- 916-920, nov 2009.

N. Aghanim, Y. Akrami, M. Ashdown, J. Aumont, C. Baccigalupi, M. Ballardini, A. J. Banday, R. B. Barreiro,
N. Bartolo, and et al., “Planck 2018 results,” Astronomy & Astrophysics, vol. 641, p. A6, Sep 2020.

R. Goswami and U. A. Yajnik, “Reheating constraints to modulus mass for single field inflationary models,”
Nuclear Physics B, vol. 960, p. 115211, 2020.

113



114

[16]
[17]

[18]

[19]

BIBLIOGRAPHY

S. W. Hawking and W. Israel, General relativity: an Einstein centenary survey. Cambridge, reprint ed., 1979.

A. H. Guth, “Inflationary universe: A possible solution to the horizon and flatness problems,” Phys. Rev. D,
vol. 23, pp. 347-356, Jan 1981.

A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects. Cambridge Monographs on
Mathematical Physics, 1994.

S. Weinberg, “Gauge and global symmetries at high temperature,” Phys. Rev. D, vol. 9, pp. 3357-3378, Jun
1974.

V. Vennin, J. Martin, and C. Ringeval, “Cosmic inflation and model comparison,” Comptes Rendus Physique,
vol. 16, no. 10, pp. 960968, 2015. Cosmic inflation / Inflation cosmique.

A. H. Guth and S.-Y. Pi, “Fluctuations in the new inflationary universe,” Phys. Rev. Lett., vol. 49, pp. 1110—
1113, Oct 1982.

S. Weinberg, Cosmology. Cosmology, OUP Oxford, 2008.

T. S. Bunch and P. C. W. Davies, “Quantum field theory in de Sitter space - Renormalization by point-
splitting,” Proceedings of the Royal Society of London Series A, vol. 360, pp. 117-134, Mar. 1978.

J. M. Bardeen, “Gauge-invariant cosmological perturbations,” Phys. Rev. D, vol. 22, pp. 1882-1905, Oct 1980.

J. L. Friedman and N. Stergioulas, Lie derivatives, forms, densities, and integration. Cambridge Monographs
on Mathematical Physics, Cambridge University Press, 2013.

A. Riotto, “Inflation and the theory of cosmological perturbations,” 2017.

N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, “Non-gaussianity from inflation: theory and observa-
tions,” Physics Reports, vol. 402, no. 3, pp. 103266, 2004.

H. Kodama and M. Sasaki, “Cosmological Perturbation Theory,” Progress of Theoretical Physics Supplement,
vol. 78, pp. 1-166, 01 1984.

V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto, “Gauge-invariant second-order perturbations and
non-gaussianity from inflation,” Nuclear Physics B, vol. 667, no. 1, pp. 119-148, 2003.

V. F. Mukhanov, “Quantum theory of gauge-invariant cosmological perturbations,” Zh. Eksp. Teor. Fiz, vol. 94,
no. 1, 1988.

Y. B. Zeldovich, “A Hypothesis, Unifying the Structure and the Entropy of the Universe,” Monthly Notices of
the Royal Astronomical Society, vol. 160, pp. 1P-3P, 10 1972.

E. R. Harrison, “Fluctuations at the threshold of classical cosmology,” Phys. Rev. D, vol. 1, pp. 2726-2730,
May 1970.

Planck Collaboration, “Planck 2018 results - x. constraints on inflation,” A&A, vol. 641, p. A10, 2020.

C. L. Bennett and et al, “First-year wilkinson microwave anisotropy probe ( WMAP ) observations: Preliminary
maps and basic results,” The Astrophysical Journal Supplement Series, vol. 148, pp. 1-27, sep 2003.

S. Dodelson, Modern cosmology. San Diego, CA: Academic Press, 2003.

E. Komatsu, N. Afshordi, N. Bartolo, and et al., “Non-gaussianity as a probe of the physics of the primordial
universe and the astrophysics of the low redshift universe,” 2009.

D. S. Salopek and J. R. Bond, “Nonlinear evolution of long-wavelength metric fluctuations in inflationary
models,” Phys. Rev. D, vol. 42, pp. 3936—-3962, Dec 1990.

S. Weinberg, “Quantum contributions to cosmological correlations,” Phys. Rev. D, vol. 72, p. 043514, Aug
2005.



BIBLIOGRAPHY 115

[39]

[40]

[41]

[42]

A

=

X. Chen, “Primordial non-gaussianities from inflation models,” Advances in Astronomy, vol. 2010, p. 1-43,
2010.

”

J. Schwinger, “Brownian motion of a quantum oscillator,” Journal of Mathematical Physics, vol. 2, no. 3,

pp. 407-432, 1961.

L. V. Keldysh, “Diagram technique for nonequilibrium processes,” Sov. Phys. JETP, vol. 20, p. 1018, 1965.
[Zh. Eksp. Theor. Fiz. 47, 1515 (1964)].

M. Baumgart and R. Sundrum, “De Sitter Diagrammar and the Resummation of Time,” JHEP, vol. 07, p. 119,
2020.

M. Baumgart and R. Sundrum, “Manifestly Causal In-In Perturbation Theory about the Interacting Vacuum,”
JHEP, vol. 03, p. 080, 2021.

G. C. Wick, “The evaluation of the collision matrix,” Phys. Rev., vol. 80, pp. 268-272, Oct 1950.
F. Mandl and G. Shaw, Quantum Field Theory. A Wiley-Interscience publication, Wiley, 2010.

M. E. Peskin and D. V. Schroeder, An introduction to quantum field theory. Boulder, CO: Westview, 1995.
Includes exercises.

R. Arnowitt, S. Deser, and C. W. Misner, “Dynamical Structure and Definition of Energy in General Relativ-
ity,” Physical Review, vol. 116, pp. 1322-1330, Dec. 1959.

R

R. Arnowitt, S. Deser, and C. W. Misner, “Republication of: The dynamics of general relativity,” General

Relativity and Gravitation, vol. 40, p. 1997-2027, Aug 2008.

A. Palatini, “Deduzione invariantiva delle equazioni gravitazionali dal primo principio di hamilton,” Rendiconti
del Circolo Matematico di Palermo (1884-1940), 1919.

C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation. San Francisco: W. H. Freeman, 1973.
A. Golovnev, “Adm analysis and massive gravity,” 2013.

J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,” JHEP,
vol. 05, p. 013, 2003.

H. Collins, “Primordial non-gaussianities from inflation,” 2014.

V. D. Ivashchuk, “Wick rotation, regularization of propagators by a complex metric and multidimensional
cosmology,” 1997.

M. Visser, “How to wick rotate generic curved spacetime,” 2017.

N. Barnaby, R. Namba, and M. Peloso, “Phenomenology of a pseudo-scalar inflaton: naturally large nongaus-
sianity,” Journal of Cosmology and Astroparticle Physics, vol. 2011, p. 009-009, Apr 2011.

N. Bartolo, S. Matarrese, M. Peloso, and M. Shiraishi, “Parity-violating cmb correlators with non-decaying
statistical anisotropy,” Journal of Cosmology and Astroparticle Physics, vol. 2015, p. 039-039, Jul 2015.

N. Barnaby, R. Namba, and M. Peloso, “Observable non-gaussianity from gauge field production in slow roll
inflation, and a challenging connection with magnetogenesis,” Physical Review D, vol. 85, Jun 2012.

N. Bartolo, S. Matarrese, M. Peloso, and A. Ricciardone, “Anisotropic power spectrum and bispectrum in the
f(phi)f2 mechanism,” Physical Review D, vol. 87, Jan 2013.

N. Bartolo, S. Matarrese, M. Peloso, and M. Shiraishi, “Parity-violating and anisotropic correlations in pseu-
doscalar inflation,” Journal of Cosmology and Astroparticle Physics, vol. 2015, p. 027-027, Jan 2015.

D. N. Spergel, R. Bean, O. Doré, M. R. Nolta, C. L. Bennett, J. Dunkley, G. Hinshaw, N. Jarosik, E. Komatsu,
L. Page, H. V. Peiris, L. Verde, M. Halpern, R. S. Hill, A. Kogut, M. Limon, S. S. Meyer, N. Odegard, G. S.



116

BIBLIOGRAPHY

Tucker, J. L. Weiland, E. Wollack, and E. L. Wright, “Three-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Implications for Cosmology,” apjs, vol. 170, pp. 377-408, June 2007.

J. Z. Simon, “Higher-derivative lagrangians, nonlocality, problems, and solutions,” Phys. Rev. D, vol. 41,
pp. 3720-3733, Jun 1990.

M. Tihoshi, S. V. Ketov, and A. Morishita, “Conformally flat FRW metrics,” Progress of Theoretical Physics,
vol. 118, pp. 475-489, sep 2007.

R. Jackiw, “S. s. chern and chern-simons terms,” 2005.

B. Himmetoglu, C. R. Contaldi, and M. Peloso, “Ghost instabilities of cosmological models with vector fields
nonminimally coupled to the curvature,” Phys. Rev. D, vol. 80, p. 123530, 2009.

“NIST Digital Library of Mathematical Functions.” http://dlmf.nist.gov/, Release 1.1.4 of 2022-01-15. F. W. J.
Olver, A. B. Olde Daalhuis, D. W. Lozier, B. I. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V.
Saunders, H. S. Cohl, and M. A. McClain, eds.

R. Jackiw and S.-Y. Pi, “Chern-simons modification of general relativity,” Physical Review D, vol. 68, Nov
2003.

D. Grumiller and N. Yunes, “How do black holes spin in chern-simons modified gravity?,” Physical Review D,
vol. 77, Feb 2008.

M. Shiraishi, “Probing the early universe with the cmb scalar, vector and tensor bispectrum,” Springer Theses,
2013.

E. Masina, “Useful review on the exponential-integral special function,” 2019.

M. Liguori, E. Sefusatti, J. R. Fergusson, and E. Shellard, “Primordial non-gaussianity and bispectrum mea-
surements in the cosmic microwave background and large-scale structure,” Advances in Astronomy, vol. 2010,
2010.

X. Chen, B. Hu, M.-x. Huang, G. Shiu, and Y. Wang, “Large primordial trispectra in general single field
inflation,” Journal of Cosmology and Astroparticle Physics, vol. 2009, p. 008008, Aug 2009.

M.-x. Huang and G. Shiu, “Inflationary trispectrum for models with large non-gaussianities,” Physical Review
D, vol. 74, Dec 2006.

N. Kogo and E. Komatsu, “Angular trispectrum of cmb temperature anisotropy from primordial non-
gaussianity with the full radiation transfer function,” Physical Review D, vol. 73, Apr 2006.

T. Okamoto and W. Hu, “Angular trispectra of cmb temperature and polarization,” Physical Review D, vol. 66,
Sep 2002.

E. Silverstein and D. Tong, “Scalar speed limits and cosmology: Acceleration from d-cceleration,” Physical
Review D, vol. 70, Nov 2004.

M. Alishahiha, E. Silverstein, and D. Tong, “Dbi in the sky: Non-gaussianity from inflation with a speed limit,”
Physical Review D, vol. 70, Dec 2004.

C. Armendariz-Picén, T. Damour, and V. Mukhanov, “k-inflation,” Physics Letters B, vol. 458, p. 209-218,
Jul 1999.

A. Slosar, C. Hirata, U. Seljak, S. Ho, and N. Padmanabhan, “Constraints on local primordial non-gaussianity
from large scale structure,” Journal of Cosmology and Astroparticle Physics, vol. 2008, p. 031, Aug 2008.

L. Verde, “Non-gaussianity from large-scale structure surveys,” Advances in Astronomy, vol. 2010, p. 1-15,
2010.

C. Wagner and L. Verde, “N-body simulations with generic non-gaussian initial conditions II: halo bias,”
Journal of Cosmology and Astroparticle Physics, vol. 2012, pp. 002-002, mar 2012.



BIBLIOGRAPHY 117

[82]
[83]
[84]
[85]

[86]

[87]
[83]
[89]

[90]

M. Kamionkowski, L. Verde, and R. Jimenez, “The void abundance with non-gaussian primordial perturba-
tions,” Journal of Cosmology and Astroparticle Physics, vol. 2009, pp. 010-010, jan 2009.

N. Dalal, O. Doré, D. Huterer, and A. Shirokov, “Imprints of primordial non-gaussianities on large-scale
structure: Scale-dependent bias and abundance of virialized objects,” Physical Review D, vol. 77, Jun 2008.

A. Lue, L. Wang, and M. Kamionkowski, “Cosmological signature of new parity-violating interactions,” Phys.
Rew. Lett., vol. 83, pp. 1506-1509, Aug 1999.

R. N. Cahn, Z. Slepian, and J. Hou, “A Test for Cosmological Parity Violation Using the 3D Distribution of
Galaxies,” 10 2021.

P. A. R. Ade, N. Aghanim, C. Armitage-Caplan, M. Arnaud, M. Ashdown, F. Atrio-Barandela, J. Aumont,
C. Baccigalupi, A. J. Banday, R. B. Barreiro, J. G. Bartlett, N. Bartolo, and et al, “Planck 2013 results. XXIV.
constraints on primordial non-gaussianity,” Astronomy &amp; Astrophysics, vol. 571, p. A24, oct 2014.

J.-P. Dai and J.-Q. Xia, “Constraints on primordial non-gaussianity using the multitracer technique for skew
spectra,” The Astrophysical Journal, vol. 905, p. 127, Dec 2020.

N. Aghanim, M. Ashdown, J. Aumont, C. Baccigalupi, M. Ballardini, A. J. Banday, R. B. Barreiro, N. Bartolo,
and et al, “Planck intermediate results,” Astronomy & Astrophysics, vol. 596, p. A110, dec 2016.

Y. Minami and E. Komatsu, “New extraction of the cosmic birefringence from the planck 2018 polarization
data,” Physical Review Letters, vol. 125, nov 2020.

N. Bartolo, C. Caprini, V. Domcke, D. G. Figueroa, J. Garcia-Bellido, M. C. Guzzetti, M. Liguori, S. Matarrese,
M. Peloso, A. Petiteau, A. Ricciardone, M. Sakellariadou, L. Sorbo, and G. Tasinato, “Science with the
space-based interferometer LISA. IV: probing inflation with gravitational waves,” Journal of Cosmology and
Astroparticle Physics, vol. 2016, pp. 026-026, dec 2016.



	Abstract
	Contents
	Introduction
	Inflation
	Basic tools
	Shortcomings of the Hot Big-Bang model
	The paradigm
	Inflaton's perturbations
	Cosmological perturbations
	Perturbations and gauges
	Gauge-invariant quantities
	Perturbed Einstein's Field Equations
	The curvature perturbation
	Correlation functions

	Adopted Formalism
	In-In formalism
	Exact formula
	Vacuum choice
	Perturbative expansion
	Brief introduction to diagrammatic rules

	The ADM formalism
	z correlation functions
	Quadratic action and zpowerspectrum
	Cubic action and zbispectrum

	Mixed bispectra

	iFFmodel parity violating trispectrum
	The fWW
	Parity-violating correlation functions
	Parity-violating fWWbispectra
	gggmine bispectrum
	zggmine bispectrum
	zzgmine bispectrum

	Parity-violating zzzzmine trispectrum
	Temporal contribution
	Directional contribution
	Parity-violating mode-function: constant constantmcs
	Directional contribution
	Temporal contribution
	Parity-violating mode-function: increasing increasingmcs


	Observational constraints
	Shapes
	Observations
	The Cosmic Microwave Background
	Large Scale Structures

	Parity-violation probes
	Actual constraints

	Conclusions
	Appendices
	
	Friedmann-Lemaitre-Robertson-Walker metric
	Inflaton's equation of motion
	Quasi de Sitter Universe

	
	Third-order action simplification

	Figures
	Acknowledgments
	Bibliography

