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Introduction

The principle moving this thesis work is the analogy between the cost of a group and the
integral foliated simplicial volume. A classical homotopy invariant for closed connected
oriented manifolds is the integral simplicial volume ||M||z, computed by making use of
the usual singular homology with integer coefficients. If M is a closed connected oriented
n-dimensional manifold with fundamental class [M]z and ¢ = Zle ajo; € Cp(M;Z) is
a singular n-chain with integer coefficients, then the £!-norm of ¢ is ||¢||; = Zlelai] eN
and the integral simplicial volume of M is the infimum

|M ||z = inf{||c||1 : c € Cr,(M;Z) and [c] = [M]z}

Gromov proved a relation of this invariant with L?-Betti numbers through the inequality
[8, p. 297]:

S 6P (M) < (n+1) - [ M|z
=0

Unfortunately a drawback of the integral simplicial volume is that it is a quite coarse
invariant, because ||M||z > 1 for every manifold of positive dimension. This coarseness
led first to the idea by Gromov and then to the formalization by Schmidt of integral
foliated simplicial volume | M | [28, Definition 5.22]. This invariant satisfies ||M ||z >
| M| and still gives a finer upper bound

anb§2><M>s<n+1>- | M|
1=0

for the L2-Betti numbers |28, Corollary 5.28], [21, Theorem 6.4.5].

The philosophy behind the definition of integral foliated simplicial volume is to replace
homology with integral coefficients with homology with twisted coefficients. Our new
coefficient sets are now L>°(X,u,Z) spaces, where the (X, u)’s are probability spaces
on which the fundamental group of M acts in a measure preserving way, say via an
action o : m (M) ~ (X,pn). We replace integral cycles Zle ajo; € Cp(M;Z) with
(a, p)-parametrized cycles S2%_ | ; ® 6; € Cp,(M; L>°(X, 1, 7)) and the integral £'-norm
Zle |a;| with the («, )-parametrized ¢!-norm Zle Jx|wildp. We can define the (v, u1)-
parametrized simplicial volume | M | (@) of M and then, by taking the infimum among
all of the standard probability actions 71 (M) ~ (X, u), the integral foliated simplicial
volume | M |.
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This particular definition via measure preserving group actions necessarily leads to the
study of measurable group theory, i.e. the study of group actions on measure spaces or,
in our case, standard probability actions. Levitt and Gaboriau introduced and developed
the notions of measured equivalence relations and their cost, and then further the notion
of cost of a group, which can be seen as the dynamical analogue of the group rank.
Beginning from their definitions, the integral foliated simplicial volume and the cost of a
group share many analogies. In particular the proofs for the results holding for the cost
of measured equivalence relations can be used to model out proofs for results holding for
the integral foliated simplicial volume. For instance:

1. the cost of a measured equivalence relation and the parametrized simplicial volume
satisfy the same relation with respect to weak containment |13 Corollary 10.14],
[4, Theorem 1.5];

2. amenable groups are cheap of fixed price and aspherical closed amenable manifolds
are cheap of fixed price |22, Corollary 4.3.11], |4, Theorem 1.9];

3. the cost of a group (actually the cost minus one) and the integral foliated simpli-
cial volume satisfy analogous proportionality relations with respect to finite index
subgroups and finite index coverings, respectively |5, Théoréme 3], |23, Theorem
4.22].

In the theory of dynamical systems, ergodic actions might be viewed as “indecom-
posable” systems, thus are of particular interest. It is already known that standard
probability actions can be decomposed via particular collections of measures, called er-
godic decompositions. A compatibility result for the cost of measured equivalence re-
lations with respect to ergodic decompositions is already known [14, Proposition 18.4]:
if « : ' ~ (X, p) is a standard probability action and 8 : X — Erg(«) is an ergodic
decomposition of it, then

costMRa—/Xcostgz(Ra)d,u(x) (1)

The main result proposed by Loh and then proved in this thesis as Theorem [5.2.26] is its
counterpart for (a, pu)-parametrized simplicial volume:

Theorem. Let M be an oriented closed connected n-dimensional manifold with fundamen-
tal group T, let (X, ) be a standard Borel probability space with a measure preserving
action a : T'~ (X, p) and an ergodic decomposition B : X — Erg(a) of a; then

ML = [ A d)

The proof of this theorem uses the proof of the cost formula as a guideline and
relies on the existence of a countable subset

{e(I,Q) € Co(M; L®(X, 11, 2)) : T € Pin(N), Q € Pyn(Z xN)!1}

of the uncountable set of («a, u)-parametrized fundamental cycles for M that suffices to
compute | M | (@) More precisely in Lemma |5.2.25| we prove the following:
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Lemma. Let M be an oriented closed connected n-dimensional manifold with fundamental
group T and let o : T' ~ (X, p) be a standard action. Let us fix C > 0. With the same
notations as above, the following are equivalent:

1. | M| (ap) C;
2. there exist I € Pgn(N) and Q € Pan(Z xN)!| such that | ¢(I,Q) | (@) — o

A direct consequence of the ergodic decomposition formula for parametrized simplicial

volume of Theorem [5.2.26|is Corollary

Corollary. Let M be an oriented closed connected n-dimensional manifold with funda-
mental group I'; there exists an ergodic and essentially free standard probability action
a: T~ (X, pu) such that

| M| = | M|

A still open question is the fixed price problem for a group (Question [3.2.15): we
say that a group I' has fixed price if for all essentially free standard probability actions
a: '~ (X,u) and B : I' ~ (Y,v), we have that cost, R, = cost, Rg. It is still
unknown whether a countable group not of fixed price exists |5, Question 1.8]. The
fixed price notion has a counterpart in algebraic topology: we say that an oriented closed
connected manifold M has fixed price if for all essentially free standard probability actions
a: '~ (X,p)and B : T ~ (Y,v), we have that | M | (wm) — | M | ®¥) and again it is
still an open problem, whether a manifold not of fixed price exists.

Work organization

The contents of this thesis will be organized in the following way:

1. contains a summary of basic results in measure theory we will use in the
later chapters. Here we give the definition of standard Borel (probability) spaces,
which are the measure spaces we will be dealing with;

o

is an introduction to the theory of dynamical systems, with particular
focus on ergodic actions and the ergodic decomposition;

3. in we introduce the theory of measured equivalence relations and their
cost and state and prove the cost formula ;

W

. is about manifolds: we recall some definitions and introduce the classical

invariant of integral simplicial volume;

t

. will be completely dedicated to the construction of integral foliated
simplicial volume and the proof of the main theorem;

6. the contains the construction of two algebraic structures we used in the
previous chapters and a short survey on L?-Betti numbers.
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Notations and conventions

N

IN

5%

Autcg(X)

c

Countable
Deck(p)
Homg (X,Y)

IFSV

m
Msrbl
R-Mod
Mod-R

Containment relation for sets: if A and B are sets, then we write A C B
if every element of A belongs to B

Standard order relation in R. Also used for the notion of subspace
relation: if M is an R-module and N is an R-submodule of M, then
we write N < M

If I is a group and X is a set, then we write ' ~ X to indicate that
I" acts on X

The group of automorphisms of the object X in the category

the cardinality of the set R of real numbers

T set S is countable if there exists an injective function S — N

The group of deck transformations of a covering p : X — X

The set of morphisms in the category € from the object Xto the object
Y

Integral foliated simplicial volume

The Lebesgue measure on R"

The category of measurable spaces with measurable functions

The category of left R-modules

The category of right R-modules

The set of natural numbers, containing 0

The class of objects of the category %

The power set of A: if A is a set, then P(A) is the set of all its subsets.
There is a bijection between P(A) and {0,1}4

The finite power sets: if A is a set, then Pg,(A) is the set of all its
subsets with finite cardinality

The finite power set of cardinality n: if A is a set and n € N, then
P, (A) is the set of all the subsets of A with cardinality n
Parametrized simplicial volume

The set of real numbers

The category of sets

The ring of integer numbers

The fundamental group of the topological space X computed at the
point =

vil



Dictionary

The notions in Ergodic group theory we will find in this work and their counterpart in
Algebraic topology.

ERGODIC GROUP THEORY ALGEBRAIC TOPOLOGY
standard Borel probability space (X, ) oriented closed connected manifold M
standard action a : I' ~ (X, p) standard action « : w1 (M) ~ (X, p)

measured equivalence relation (R, i) on X twisted chain complex Cy(M; L™(X, u, Z))

graphing ® C [R,] (o, p)-fundamental cycle ¢ € Z,(M; L>®(X, p, Z))
cost,, ® [ c] (@
cost,(Ra) | M | (eor)
cost I’ [ M|

for an ergodic decomposition 3 : X — Erg(«)
costu(Ra) = [y costg, (Ra)du(z) | M@ = [ M| Pomdp(a)

viii



1. Basic measure theory

We are refreshing some known definitions and facts in Measure theory with particular
attention on a precise class of spaces, namely the standard Borel spaces, which are the
ones we will use to develop our Ergodic group theory.

1.1. The category of measure spaces

Most of the basic definitions and propositions can be found in Folland’s book [3, Chapter
1].

1.1.1. Measurable spaces

Definition 1.1.1 (measurable spaces). Let X be any set;

1. a o-algebra on X is a subset S C P(X) with the following properties:
a) @€ S,
b) closure under complement: if A € S, then X \ A € S;
c) closure under countable unions: if A, € S for all n € N, then (J, .y 4n € S.

2. a measurable space is a pair (X, S), where X is a set and S C P(X) is a o-algebra
on X;

3. let (X,S) and (Y,T) be measurable spaces; a measurable function f : (X,S) —
(Y, T) is a set-theoretic function f: X — Y such that f~*(B) € S for all B € T.

We denote by Msrbl the category of measurable spaces with measurable maps. Usual
examples of measurable spaces are the following.

Example 1.1.2 (trivial o-algebras). Any set X admits two trivial o-algebras, namely the
whole P(X) and {@, X}.

If X is a set and S C P(X), then the o-algebra generated by S is the inclusion-wise
smallest o-algebra (S) on X containing S.

Example 1.1.3 (Borel o-algebra). When X is a set with a topology 7 C P(X), we can
define the o-algebra of Borel subsets of X to be the o-algebra Zx C P(X) generated by
the topology 7.

In the following chapters we will mainly deal with standard Borel spaces.

Definition 1.1.4 (standard Borel spaces).



1. Basic measure theory

1. atopological space X is said to be Polish if it is completely metrizable (the topology
is induce by a metric with respect to which X is complete) and separable (it contains
a countable dense subset);

2. a standard Borel space is any measurable space that is isomorphic in Msrbl, i.e. as
a measurable space, to a Polish space with its Borel o-algebra.

Standard Borel spaces have bounded cardinality.
Lemma 1.1.5. If (X, d) is a separable and metrizable topological space, then | X| < c.

Proof. Let A C X be a countable dense subset and take two distinct points z,y € X.
Suppose by absurd that d(z,a) = d(y, a) for all a € A. By the density of A in X we can
pick a € A such that d(z,a) = d(y,a) < d(z,y)/2. But then the triangular inequality
d(z,y) < d(z,a)+d(y,a) < d(z,y) gives a contradiction. This means that every element
of X is uniquely determined by its distance from every point of A. In particular we get
an injection X < R4 and hence |X| < [R4| < [RN| = . O

1.1.2. Measures

Definition 1.1.6 (measure spaces). Let (X, S) be a measurable space;

1. a measure on X is a function p : .S — [0, +00] with the following properties:

%) 1) =0,
b) if {A,}nen C S is a family of pair-wise disjoint measurable subsets, then

() -En

neN

2. a measure space is a triple (X, S, u), where (X, S) is a measurable space and p :
S — [0, 4+00] is a measure on X;

3. let (X,S,u) and (Y,T,v) be measure spaces; a measurable function f : (X,5) —
(Y, T) is measure preserving if u(f~1(B)) = v(B) for all B C T measurable subsets.

When the o-algebra S on X is clear, we write (X, u) for (X, S, u).

Example 1.1.7 (Lebesgue measure). Let Br be the o-algebra of Borel subsets of R with
the usual topology. Then there exists a unique measure m : Br — [0, +oo] such that
m([a,b]) =b—a for all a,b € R with a < b. Moreover there exists a o-algebra Zg O %Br
and an extension of m to Zk which is also complete, i.e. if N € % and m(N) = 0,
then every subset of N belongs to Z& as well. We call m : %k — [0, +0o0] the Lebesgue
measure of R. A more precise construction can be found for instance in |3} p. 37].



1. Basic measure theory

Example 1.1.8 (counting measure). Let X be any set. The counting measure on X is the
function # : P(X) — [0, +00] defined by

|A|  if A is finite
400 if A is infinite

#(A) :{
forall A C X.

A probability measure (or just a probability) on X is a measure p: S — [0, +00] with
the property that p(X) = 1. In such a case we call (X, S, u) a probability space .

Example 1.1.9 (Dirac’s measure). Let X be a set an let z € X; the Dirac’s probability
measure centred at z is the function 4, : P(X) — [0, 1] defined by

1 if A
AV Sl
0 fzre XA
forall A C X.

More generally, a measure p : S — [0, +0o0] is finite if u(X) < +o00. A criterion we will
use to check whether two finite measures are the same is the following.

Proposition 1.1.10 (uniqueness of finite measures, [9] Theorem 1.3.5). Let X be a set
and let S C P(X) be non-empty and closed under finite intersections (S is said to be a
m-system); if p, v : (S) — [0,400] are finite measures such that

pls =vls and p(X) = v(X)
then p =v.

Measure spaces with measure preserving functions define a category. We denote by
Meas,, the category with:

e objects
Ob(Measp) = {(X, S, i) : (X, S) € Ob(Msrbl), pu : S — [0, +00] measure}
e morphisms

HomMeaSp(<X7 S7 N)a (Y7 T7 V)) -
= {f € Hommem (X, S), (Y,T)) : f measure preserving}

In the same way we denote by PMeas, the subcategory of Meas, of probability spaces
with probability preserving functions.
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Definition 1.1.11 (push-forward of measure). Let (X, S) and (Y, T') be measurable spaces,
let f:(X,S)— (Y,T) be a measurable function and let p : S — [0,400] be a measure
on X the push-forward of pu via f: X — Y is the function

ferr : T = [0, 400]
B u(f~(B))
which defines a measure on Y.
Definition 1.1.12 (p-null sets). Let (X, 1) be a measure space;

1. aset A C X is said to be null with respect to p (or p-null) if there exists a
measurable subset A C B C X such that u(B) = 0;

2. let  be a property on X; we say that ¢ holds p-almost everywhere on X if the set
{z e X :—p(x)}
is p-null.

Example 1.1.13 (equality almost everywhere). Let (X, 1) be a measure space, let Y be a
set. We say that the maps f,g: X — Y are equal almost everywhere and write f =g g
if the set {z € X : f(z) # g(z)} is p-null. It is straightforward to see that =¢ is an
equivalence relation on the set Homge (X, Y).

Example 1.1.14 (almost everywhere defined maps). Let (X, S, 1) and (Y, T, v) be measure
spaces; an almost everywhere defined map f : (X, pu) --» (Y, v) is a measurable map

f (X8 )= (Y, T,v)
such that:
1. X' €S and pu(X \ X') = 0;
2. 5’ is the o-algebra {AN X' : A € S} on X’ induced by the o-algebra S;
3. 1 is the restriction u|gr.

Some basic properties of measures are summarized in the next theorem, a proof of
which can be found for instance in [3].

Theorem 1.1.15 (basic properties of measures, [3] Theorem 1.8). Let (X, S, i) be a measure
space; then the following properties hold:

1. monotonicity: if A,B €S and A C B, then pu(A) < p(B);
2. sub-additivity if {An}nen C S, then p(U, ey An) < 320 w(An);

3. continuity from below: if {Aptneny € S and A, C Apiq for all m € N, then
limy, s oo p(An) = .U(UneN An);
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4. continuity from above: if {Ap}tnen C S, Ap 2 Apt1 foralln € N and pu(Ag) < +00
then limy, s oo p1(An) = p(Npen An)-

We call x € X an atom of the measure space (X, p) if u({z}) > 0. We say that (X, n)
is:
1. atom-free or nonatomic if for every x € X, the singleton {z} C X is measurable

and p({z}) = 0;

2. purely atomic if every measurable subset of X with positive measure contains an
atom.

Every measure space decomposes into a an atom-free part and a purely atomic part in
the sense of the following:

Theorem 1.1.16 (atomic decomposition, [11] Theorem 2.1). Let (X, p) be a measure space;
then there exist two measures fip, and jiqap on X such that

1. (X, ppa) is purely atomic and (X, prqf) is atom-free;

2. |t = fipa T [af-

Sketch of proof. If 91 is the family of all countable unions of atoms, then for all A C X
measurable subsets we define

fipa(A) = sup{u(AN M) : M € M}

and
tat(A) = sup{s(A NV N) : pipa(N) = 0} O

We will focus our interest mainly on standard Borel probability spaces. Indeed stan-
dard Borel spaces form a suitable category for measure theory in the sense of the following
two theorems.

Theorem 1.1.17 ([12, Corollary 15.2]). Let (X, %Bx), (Y, By ) be standard Borel spaces
and let f: X — Y be a measurable map; then

1. if f is bijective, then f~' : Y — X is measurable, which means that f is an
isomorphism in Msrbl;

2. if A€ Bx and fla: A=Y is injective, then f(A) € By and fla: A — f(A) is
an isomorphism in Msrbl.

Theorem 1.1.18 (|15, Theorem A.20]). Let (X, ) be an atom-free standard Borel proba-
bility space; then (X, p) is isomorphic in PMeas, to the space ([0,1],m), where m is the
usual Lebesgue measure.
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1.1.3. Products

The category PMeas, admits arbitrary products and, to see this, we start by constructing
products in the category Msrbl. Let us take a set I and a family {(Xj, S;) }ier € Ob(Msrbl)
of measurable spaces. Every non-empty subset J C I determines a canonical projection

T HieIXi — HieJXi'
Definition 1.1.19 (product o-algebra). Let {(X;, S;)}ier € Ob(Msrbl); then

1. the cylinder associated with (A;)ics € [[;c; S is the preimage W;l(HiEJ A;) C
Hie[ Xi;

2. the product o-algebra of the family {(Xj, S;) }ier is the o-algebra @), Si € P([[;c; Xi)
generated by all the cylinder sets.

Notice that the construction of @), ; S; makes every projection 7; : [[,c; X; — X; a
measurable function. This construction indeed yields a product in the category Msrbl.

Proposition 1.1.20 (universal property of the product o-algebra). Let {(X;, Si)}ier C
Ob(Msrbl) be a family of measurable spaces; the measurable space (]];c; Xi, @;cr Si)
(together with the projections on each factor) is a product of the family {(X;, Si)}ier in
the category Msrbl. More precisely, for every measurable space (Y,T) € Ob(Msrbl) and
for every family of measurable functions {f; : (Y,T) — (X, S;) }icr there exists a unique
measurable function f: (Y, T) = ([Lic; Xi, @1 Si)) such that w0 f = fj.

(V.T) o (s Xi Qier i)

N
5 (Xj,55)

When we move to the category PMeas, of probability spaces, we also obtain product
measures in the following way:

Theorem 1.1.21 (existence and uniqueness of product measures, [2, Theorem 8.2.2]). Let
I be a set and let {(X;, Si, pi) }ier € Ob(PMeasp) be a family of probability spaces; then
there exists a unique probability measure p on the product space (] [;c; Xi, @;cr Si) ex-
tending the p’s. More precisely u is the unique probability such that the equality

plIT4 < IT x| = [T w4y
jeJ ieInJ jeJ
holds for every finite subset J C I and for every (Aj)jes € [1;c; 55

Such a p is called the product measure of the measures p;’s and is denoted by ), ;-
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1.2. Integrable functions

Integration of measurable functions allows us to build normed Z-modules. We are particu-
larly interested on the space L™ (X, u,Z) of essentially bounded integer-valued functions,
since they will be our new coefficients spaces for the twisted homology in [Chapter 5|

1.2.1. Integrals
If X is any set and A C X, then the characteristic function x4 : X — {0,1} of A is

defined by
(2) 1 ifze A
m:
XA 0 ifreX~A

Also recall that a function X — Z is simple if it is a Z-linear combination Zle MiX A,
of characteristic functions.

Since Z is discrete as a topological space, then its Borel o-algebra is the trivial one,
which means that every subset of Z is measurable. Hence if (X, u) is a measure space,
then a measurable function f : X — Z admits a writing of the form

€7
where A; = f~1(i) € X. We call such a writing the standard representation of f.

Definition 1.2.1 (integrals). Let (X, ) be a measure space and let f = 3, i - x4, :
X — N be a positive measurable function in its standard representation; we define the
u-integral of f as the sum

+0o0
[ fau=3"i-ua) € o, o
X i=0

For a measurable function f : X — Z we can compute the integrals [ x fTdu and
Jx f~du. In the case at least one of the former is finite, we can define the integral

/X fdp = /X frdu - /X fdp

We say that a measurable function f : X — Z is p-integrable (or just integrable) if
Jx fdp < +oo. Since |f| = fT 4 f~, f is integrable if, and only if, [|f|du < 4+oco. The
set of integrable functions

LNX, 1, Z) ={f: X = Z: f is measurable and [ |f|du < +oo}

inherits a natural Z-module structure and the integral operator [ (-)du : L1 (X, pu, Z) —
R is Z-linear. Moreover the relation of equality almost-everywhere is compatible with the
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Z-module structure (f =¢ g if, and only if, f —g =¢ 0) and with the integration operator
(if f =0 g, then fX fdu = fX gdp). By quotienting out by this equivalence relation, we
obtain the Z-module

Ll(X’MvZ) = gl(Xa%Z)/ =0

and a well-defined induced Z-linear function [y (-)dp : L'(X, p, Z) — R.

1.2.2. LP-spaces

The construction of the space L'(X, u,Z) can be generalized. Let us fix a real number
p € |0, +00[ and a measure space (X, u); the p-norm of a measurable function f : X — Z

1S
1/p
1l = ( / Iflpdu> € [0, +od]

Again we can define the space
LP(X, 1, Z) = {f € Hommgp (X, Z) « || f]lp < +oo}

of LP-integrable functions and the quotient LP(X, u,Z) = LP(X,u,Z)/ =¢. In order to
justify the therm “norm”, we first need to give a meaning to the concept of norm for
Z-modules.

Definition 1.2.2 (normed Z-modules). Let M be a Z-module; a Z-module norm (or just
a norm) on M is a function v : M — [0, +-00] satisfying the following conditions:

1. v(m) =0 if, and only if, m = 0;
2. homogeneity: v(am) = |a| - v(m) for every m € M and a € Z;
3. triangular inequality: v(m +n) < v(m) + v(n) for every m,n € M.

We call the pair (M, v) a normed Z-module. Some authors replace condition 2 with
the weaker condition of v(m) = v(—m) for all m € M. By replacing the ring Z with a
unitary normed ring (R, | -|), we can also define R-module norms in the same way.

Let p € |0, +o0o[ be a real number and let (X, 1) be a measure space. The function
I llp : ZP(X, 1, Z) — [0, +o00]
=l

is a seminorm on ZP(X, u1, Z) (every p-almost everywhere zero function has zero norm),
which induces a Z-module norm on the quotient LP(X,u,Z). The construction also
extends for p = +00 and gives the case that is most interesting to us.

Definition 1.2.3 (co-norm). The co-norm (or essential supremum) of a measurable func-
tion f: X — Z is

[flloo = inf{c > 0: p({z € X :[f(z)] > c}) = 0}

and we say that f is essentially bounded if || f|lcc < +o00.



1. Basic measure theory

The Z-module of essentially bounded functions X — Z is denoted by
LK L) = {f: X > L+ | fllae < +00}

and by quotienting out by the equivalence relation of equality almost-everywhere, we get
LOO(XMU?Z) = goo(XmuvZ)/ =0-

Remark 1.2.4. When (X, p) is a space of finite measure (e.g. a probability space), it is
straightforward to see that L™ (X, u,Z) C LY (X, u, 7).

A better and explicit description of L% (X, u,Z) will help us in working with these
classes of functions. We denote by B(X, Z) the submodule of .£*>°(X, u, Z) of the globally
bounded functions X — Z. An essentially bounded class of functions ¢ € L (X, u,Z)
admits a representative f € B(X,Z) of the form a simple function

N
f:ZZ"XAi
=M

for some M, N € Z and A; = f~!(i) C X measurable subsets. This exhibits {xp : B €
PBx} as a set of generators for B(X,Z) as Z-module. Let us denote by

the submodule of bounded functions that are equal to the zero function almost-everywhere.

Proposition 1.2.5 (explicit description of L>°(X, u,Z)). Let (X, ) be a standard Borel
space; there is an isomorphism of Z-modules L (X, u,Z) = B(X,Z)/N (X, u, 7).

Proof. The inclusion of universally bounded functions
B(X,Z) C (X, u,Z)
induces a Z-module homomorphism

a: B(X,Z) = L™(X, 1, 7)
fefl=

We claim that « is surjective: let us pick ¢ = [g]o, € L*(X,u,Z) for some g €
ZL°(X, u,Z), which means that there is A € Zx such that u(A) = 0 and g|x. 4 is
bounded. Hence ¢’ = g xx.a € B(X,Z) and ¢ = a(g’), which shows the surjectivity.
It is straightforward to see that Kera = N(X, u,Z). O



2. Ergodic group theory

When we make a group act on a probability space in a way that is compatible with
the measure space structure, we may ask which properties of the group translate into
properties of the action and see algebraic/geometric problems under the dynamical point
of view. Some of such actions, namely the ergodic actions, are particularly interesting in
our survey because they form the indecomposable build blocks of every other dynamical
system.

2.1. Dynamical systems

Dynamical systems are measure spaces together with a group (or monoid) action that is
measure preserving. The usual classical theory of dynamical systems is constructed by
considering actions of the group of integers Z or by the monoid of natural numbers N
and leads to applications in the field of mathematical physics. Here we are giving the
construction a more geometric flavour and are considering general groups: this different
point of view is usually called Measurable group theory.

2.1.1. Measure preserving actions

If T is a group, % is a category and X € Ob(%) is an object, then we say that an action
of I" on X in the category % is a group homomorphism I' — Auty(X). When X is a set
we have another equivalent description: a left action of I on the set X (in the category
Set) is a map

a:I'x X - X
(v, 2) =2
(the notation v - = is always preferred to a(~,z)) with the properties:
1.y-(0-2) =70 x;
2. Ir -z =ux;

for every x € X and for every v,6 € I". In our measure-theoretic environment we must
take the measure into account as well.

Definition 2.1.1 (measure preserving group actions). Let I" be a countable group and let
(X, 1) be a measure space; a left action o : I' x X — X is measure preserving if the maps

v X =X
THy-x

10



2. Ergodic group theory

are (measurable and) measure preserving for all y € T'.

We will usually write  : I' ~ (X, 1) to denote the action o of I on (X, ). In more
generality we can define measure preserving monoid actions in the same way.

Remark 2.1.2 (actions in Meas,). Let I" be a countable group and let (X, 1) be a measure
space. To give a measure preserving action I' ~ (X, p1) is equivalent to give a group action
in the category Measy, i.e. a group homomorphism I' = Autimeas, (X, 11).

From now on every group will be of countable cardinality, unless otherwise specified.
The classical prototypical example are the actions generated by a measure preserving
automorphism.

Example 2.1.3 (action induced by automorphism). Let (X, ;1) be a measure space and let
f X — X be an automorphism in Meas,, which means that f is a measure preserving
bijection with measure preserving inverse. Then the group Z acts on (X, ) via

ZxX = X
(n,x) = f"(x)

where f0 =idx and f" = (f~1)™" if n < 0. Since f is measure preserving, then so are
the f™’s and hence the action Z ~ (X, p) is measure preserving. More generally every
measure preserving g € Endpeas, (X, 1) induces a monoid action via

NxX—-X
(n,g9) = g"(z)

Terminology 2.1.4 (orbit, stabilizer and fixed space). For z € X and A C X we have the
usual notions of:

L.orbit T o ={y-zeX:yel}CXandT'-A=U{l"-a:a € A},
2. stabilizer 'y ={y el :v-x =x} <T;
3. fized space A' ={ac A:T,=T}.

Recall the an action I' ~ X is said to be free if I'y = 1p for all v € I'. In our
measure-theoretic environment the natural condition to ask is slightly different: we say
that I' ~ (X, u) is essentially free if

plze X Ty #1}) =0

Remark 2.1.5. If I" is an infinite group and I" ~ (X, i) is a measure preserving action
that is essentially free, then the measure space (X, 1) cannot contain atoms.

Definition 2.1.6 (standard actions). Let X be a topological space and let I" be a countable
group;

11



2. Ergodic group theory

1. a standard Borel probability space is a standard Borel space endowed with a prob-
ability measure;

2. a standard Borel I'-space (or standard I'-space) is a standard Borel probability
space (X, 1) equipped with a measure preserving left action I' ~ (X, ). In such a
case we say that I' ~ (X, ) is a standard action .

With an abuse of notation the terms “standard I'-space” and “standard action” are
used as synonyms. The category I'-Standard of standard Borel I'-spaces is the category
whose:

1. objects are standard Borel I'-spaces;

2. morphisms are Borel I'-homomorphisms, i.e. measurable, I'-equivariant, measure-
preserving maps between standard Borel I'-spaces.

Notice that by Theorem [[.1.17] measurable, I'-invariant, measure-preserving bijections
between standard Borel I'-spaces are standard I'-isomorphisms. In the following we are
mainly dealing with standard actions.

2.1.2. Main examples

As usual we set S! = R/Z to be the unit circle endowed with the quotient topology
induced by the projection R — S'. We view S' as a measure space with the Borel
o-algebra and the Lebesgue measure given by the push-forward of the Lebesgue measure
on [0, 1] via the map

[0,1] — St
T v+ 7= ]

A basis for the Borel o-algebra on S is given by the intervals {[a,b]g1 : ¢,b € [0,1[,a <
b}, where [a,b]g1 = {z +Z € S' : z € [a,b] C R}

Example 2.1.7 (rotations on the circle). Let us fix ¢ € R and define the function
f:(SY,m)— (S, m)
[] = [z + 9]
Then f is well-defined, measurable and measure preserving. Indeed
m(f~ (la,b]g1)) = m([a = 0,0~ I]g1) = m([a,]s1)

for all a,b € [0,1] with a < b. The rotation action on S' about ¥ is the action 7y : Z ~
(S',m) induced by the measurable isomorphism f : S* — S

Example 2.1.8 (digit shifts on the cycle). Let d € N and set

g:(St,m)— (St,m)
[z] — [d - 2]

12



2. Ergodic group theory

which is well-defined and measurable. When d > 1, the function ¢ is also measure
preserving. Indeed

g~ (0, b]1)) = L_J[ T Z] _
. d—1

:§m<[2+3,‘;+2]> =b—a=m(a,bs)

Except for the case d = 1, ¢ is not injective, hence we only obtain a monoid action
Dg: N~ (S*,m), called the digit shift action on S! of base d.

The explanation of the name “digit shift” is the following. When d = 10, the map
x + [10 - ] shifts the decimal expansion of the fractional part of = one digit to the left
and forgets the first decimal digit after the dot. For x = 2022.2022 we obtain

2022.2022 — [0.2022] » [2.022] = [0.022]

The essentially freeness of rotations and digit shifts on the circle is strictly related to
rationality /irrationality.

Proposition 2.1.9 (essentially freeness of rotations and digit shifts, [22, Proposition 1.2.9]).
Let z € S, 9 € R and d € N>y, then

1. the stabilizer of z with respect to the rotation ry : Z ~ (SY,m) is trivial if, and
only if, ¥ is irrational. In particular the action ry : Z ~ (S, m) is essentially free
if, and only if, ¥ is irrational;

2. the monoidal orbit of z in S' with respect to the digit shift Dg : N ~ (S',m) is
finite if, and only if, one (whence every) representative of z in R is irrational.

One last important example is the Bernoulli shift.

Example 2.1.10 (Bernoulli shift). Let I" be a countable group and let (X, u) be a probabil-
ity space. I' acts on the product probability spaces (X, u)'' = H')/EF(X7 w) via the action

x x0T — xT
(v, (3777)7761“) = (xnﬁ)nel“

which is called the Bernoulli shift action and is measure preserving with respect to the
product measure. When X = {0,1} and p : P({0,1}) — [0,1] is defined by u({0}) =
w({1}) = 1/2, then the action I' ~ {0, 1}! is called the standard Bernoulli shift.

Proposition 2.1.11 (essential freeness of the standard Bernoulli shift, [22, Proposition
1.2.43]). Let I' be a countable group;

1. if T # 1, then the standard Bernoulli shift T ~ {0, 1} is not free;

13



2. Ergodic group theory

2. if T is finite, then the standard Bernoulli shift T ~ {0,1}' is not essentially free;
3. if T is infinite, then the standard Bernoulli shift T ~ {0,1} is essentially free.

Proof. We only prove the third an more complicated claim, so let I' be a countable infinite
group. For y € '\ {1Ir} let A, = {z € {0,1} < T :~ -2 = x} be the set of the points
fixed by 7, so that

{z € {0,1}F Ty #1r =U{Ay iy eI~ {Ir}}

Since I is countable, it suffices to show that A, is a u®"-null set for every v € '\ {1r}.
For any S C T we define

B(S) = {z € {0,1}" : either 2, = 0 for all v € S or z, = 1 for all v € S}

and compute

pEH(B(S)) =

21-181if § is finite
0 otherwise

Let us now fix v € I' \ {1r} and let S be the subgroup of I' generated by v. We must
distinguish two cases:

1. if S is infinite, then A, C B(S), hence A, is p®I-null;

2. if S is finite, then there are infinitely many cosets of S in I'. Let (yn)nen € TN be
a sequence in I' such that every -, represents a different coset of I'/S. We have
that A, C N{B(y, - S) : n € N} and hence

n n
p®t(A,) < inf () B(yi - S) = inf (21_‘5|) =0

eN eN
n i=0 n

showing that A, is p®-null. O
This construction yields the following useful result:

Corollary 2.1.12 (existence of essentially free probability actions). Every countable group
admits an essentially free probability measure preserving action.

Indeed, when T is infinite, we can choose the standard Bernoulli shift I' ~ {0,1}",
whereas for I" finite we take the left coset translation action on the probability measure
space (I', i), where = #/|I'| is the normalized counting measure.

2.1.3. Comparing dynamical systems

After introducing our particular dynamical systems, we may ask, when possible, how
to compare them and seek a proper notion of equivalence. Let us begin by comparing
actions of the same group. Let (X, u), (Y,v) and (Z, p) be measure spaces;

14



2. Ergodic group theory

1. an almost everywhere defined map f : X --» Y is measure preserving if
fe(ttlpom(p)) = v
2.if f: X --»Y and g : Y --» Z are measure preserving almost everywhere defined
maps, then their composition
go f:Dom(f)n f~Y(Dom(g)) = Z

is almost everywhere defined and measure preserving;

3. we denote by Meas®® (resp. PMeas;®) the category whose objects are measure spaces

(resp. probability spaces) and whose morphisms are almost measure preserving
almost everywhere defined maps between measure spaces (resp. probability spaces).

Definition 2.1.13 (I'-equivariant maps). Let I" be a group and let ' ~ X and I' ~ Y be
group actions on sets; a function f : X — Y is I'-equivariant if

foy-z)=~-f(=)
for every x € X and v € T
In our measure theory setting we denote by r Meas3® the category whose:

1. objects are triplets (X, u, ), where (X, ) is a measure space and o : I' ~ (X, )
is a measure preserving I'-action;

2. morphisms are I'-equivariant measure preserving almost everywhere defined maps.

Again we say that two morphisms f,g € Hom, Meas;e((X, w), (Y,v)) are equal al-
most everywhere if the set {x € Dom(f) N Dom(g) : f(z) # ¢g(z)} is p-null. In
such a case we write f =g g and the relation =g is an equivalence relation in the set
Hom,, Measge( (X, ), (Y,v)), which is stable under composition of morphisms.

Definition 2.1.14 (conjugacy). Let ' be a group;

1. we denote by r Measg the homotopy category of r Meass® with respect to the equiv-
alence relation =¢. More explicitly:

a) Ob(pMeasg) = Ob(rMeas;®);
b) if (X, pu, ), (Y,v,B) € Ob(pMeasg), then

Hom[‘ Measg((X’ n,a), (Y,v,B)) = Hom,. MeaS‘:,e((Xv wsa), (Yov, 8))/ =0
2. two measure preserving actions o : I' ~ (X, p) and 8 : T' ~ (Y, v) are conjugate if
the triplets (X, i, @) and (Y, v, ) are isomorphic in p Measg.

Example 2.1.15 (digit shift and standard Bernoulli shift). Let I" be the monoid N of natural
numbers. The digit shift Dy : N ~ (S1,m) of base 2 and the standard Bernoulli shift
N ~ {0,1}Y are conjugate. To see this, we consider the two functions

15



2. Ergodic group theory

L. f:{0,1} — S! defined by

+oo
Tn

F(@nnen) = Y 5y

n=0

2. g:{[z] € S':x € R\Z[1/2]} — {0, 1} sending [z] to the 2-adic expansion of the
fractional part of x.

Those maps are almost everywhere defined, measure preserving and N-invariant. More-
over g o f =0 id{07l}N and f 0 g =g idsl.

Definition 2.1.16 (weak containment). Let I' be a countable group and let o : I' ~ (X, 1)
and B : I' ~ (Y,v) be standard I'-spaces; we say that « is weakly contained in S and
we write a < 3 if the following condition holds: for every € > 0, for every F' C I finite
subset, for every m € N and for every Aq,..., A, € X measurable subsets there exist
Bi, ..., B, €Y measurable subsets such that

(v (Ai) N Aj) = v(y7(B;) N By)| < &
for all v € F and for all 4,j € {1,...,m}.

A direct computation shows that weak containment is stable under the conjugacy
relation. If we want to compare measure preserving actions by different groups as well,
then we need to introduce the more general notion of orbit equivalence.

Proposition 2.1.17 (orbit relation). Let o : I' ~ (X, ) be a standard action; the orbit

relation
Ry={(z,y-z):zceX,7yel'} CX xX

1s an equivalence relation and is measurable in X x X.

Proof. The fact that R, is an equivalence relations descends from the definition of group
action. To show that it is also measurable let us first notice that the diagonal Ay =
{(z,r) : * € X} is measurable in X? with the product o-algebra. Indeed if X is a
Polish space with its Borel o-algebra, then Ax is closed in X2, whence measurable. For
every v € T' the function v : X — X is measurable, hence the sets {(z,v-z) : = €
X} = (v xidx)"}(Ax) are measurable for all v € T' and so is the countable union

Ra = U’yEF(’y - X idx)il(Ax). Il

Definition 2.1.18 (orbit equivalence). Let o : I' ~ (X, p) and 8 : A ~ (Y, v) be standard
actions. We say that « and § are orbit equivalent and write o ~og B if there exist two
mutually inverse isomorphisms f: (X, u) = (Y,v) and g : (Y,v) — (X, u) in Measg such
that

J-2) CA- f(z) and g(A-y) CT'-g(y)

for p-almost every = € X and for v-almost y € Y.

It is straightforward to see that conjugate actions are also orbit equivalent, as one
might expect.
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2. Ergodic group theory

2.2. Ergodicity

Ergodic actions can be seen as the building pieces of general dynamical systems. Indeed
we will see in[2.2.14]that any standard action admits a decomposition into ergodic actions.
2.2.1. Ergodic actions

Definition 2.2.1 (ergodic actions). Let I' be a group and (X, u) a measure space; a
measure preserving action I' ~ (X, ) is said to be ergodic if either

p(A)=0or u(X ~A)=0
for all measurable subsets A C X such that I' - A = A.

For a measurable subset A C X to check that I' - A = A is equivalent to check that
I'- A C A. Indeed, if we know that I' - A C A, then for every a € A and for every v € T’
we have that v-a = b for some b € A. Thus a = y~! - b belongs to " - A.

Example 2.2.2 (coset translation). Let I" be a countable group and A < T' a subgroup of
finite index. The normalized counting measure #/|I'/A| gives I'/A a probability space
structure and the coset translation action

I'x /A —T/A
(7,0 A) =5 A

is transitive and hence ergodic. Indeed for every measurable subset A C T'/A we have
that
I'/AN ifA#£o
F . A _ / 1 #
%] ifA=o

Let us see why we call ergodic systems indecomposable: every I'-invariant measurable
subset A C X induces a dynamical system a4 : A ~ (A, ula) by simply restricting
the action to the measure subspace. Nevertheless this induced action tells us no new
information when p(A) € {0,1}. The mixing condition is stronger than ergodicity but it
sometimes easier to check.

Definition 2.2.3 (mixing actions). Let I" be an infinite group; a measure preserving action
' ~ (X, p) is mizing if
ggu(g (AN B)) = pu(A) - u(B)

for all measurable subsets A, B C X.

The limit in the definition explicitly means that for every ¢ > 0 there exists a finite
subset S C I' such that

(g - (AN B) — p(A) - u(B))| < e

forallge I'\\ S.
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2. Ergodic group theory

Proposition 2.2.4 (mixing implies ergodic). Let T' be a countable infinite group and let
a: T~ (X, u) be a probability preserving action; if a : T’ ~ (X, p) is mizing, then it is
ergodic.

Proof. Let A C X be a I'-invariant measurable subset. Since I'- A = A, we have that
v-ANA= A for all v € I' and the mixing property yields
p(A) = lim p(y - AN A) = p(A)?
~yel'

which gives that u(A) € {0,1}. O

Proposition 2.2.5 (standard Bernoulli shifts are mixing, [22} Proposition 2.1.9]). Let " be an
infinite group; the standard Bernoulli shift T ~ {0,1}! is a mizing probability preserving
action.

Proof. Let A, B C {0,1}!" be measurable subsets. We first consider the case in which
A and B are finite unions of cylinder sets, which means that there exist finite subsets
S,T C T and measurable subsets A’ C {0,1}% and B’ C {0,1}7 such that A = 7' (A’)
and B = ' (B’). Then T~!- S C T is finite and for all v € T ~\ 77! - S we have

by AN B) = (- w5 () g (B)) = el () g () 2

= u(mgh 1 (A) - p(rr ' (B) = ply - 75 (A) - p(ng (B')) = u(A) - u(B)
where (%) holds because S -~ NT = @. Sketch for the general case: every measurable
subset of {0,1}"" can be approximated by finite union of cylinders. More precisely for

every € > 0 and for every A, B C {0, 1} measurable subsets there exist A, B cC{0,1}"
which are finite union of cylinders and such that u(AAA), u(BAB) < e. O

Corollary 2.2.6 (existence of ergodic actions). Let I' be a countable group; there exist a
probability space (X, ) and an essentially free and ergodic probability preserving action
L'~ (X, p).

Proof. If T' is finite, then we use (X, u) = (I',#/|'|) with the coset translation action
I' ~ T', which is essentially free and transitive. If I" is infinite, then we use the standard
Bernoulli shift T' ~ {0, 1}1. O

2.2.2. Ergodicity and invariant bounded functions

Let (X, ) be a measure space; the oo-norm (or essential supremum) of a real-valued
measurable function f: X — R is

[flloc = inf{c>0: p({z € X :|f(x)] > a}) = 0}
and the R-vector space of essentially bounded functions X — R is

LOO(Xa :u) = {f S HomMsrbl(Xa R) : ||f||oo < +OO}/ =0

18



2. Ergodic group theory

A left measure preserving action I' ~ (X, pt) induces a left action on the space L*>°(X, u1) via

T x L¥(X, 1) — L¥(X, )
(v, )=y f

where (v f)(z) = f(y~!-x) for all z € X. A useful characterization of ergodicity holds
in terms of '-invariant essentially bounded functions.

Proposition 2.2.7 (ergodicity via invariant functions). Let (X, ) be a probability space
and let T' ~ (X, u) be a probability measure preserving action; then the following are
equivalent:

1. the action T' ~ (X, ) is ergodic;
2. if A C X is measurable and p(y - AANA) =0 for every v € T, then pu(A) € {0,1};

3. if f € L®(X, p) satisfies - f = f for all y €T (namely f belongs to L>°(X, u)"),
then f is essentially constant;

4. the inclusion of constant functions R — L>(X, u)" is an isomorphism of R-vector
spaces.

Proof. Let I' ~ (X, ) be a probability preserving action.

(1 =2) Let A C X be measurable and such that pu(y- AAA) = 0 for all v € I'. Define
A =T-AD A, sothat I'- A’ = A’. We have

(A) SM(A’):M<AU Uy-AAA) < p(A) + > p(y - ADA) = p(A)
yel ~el
which gives pu(A) = p(A’) € {0,1}, because I' ~ (X, p) is ergodic.

(2=3) Let f € L>®(X,u) such that v- f = f for all v € I". Take a measurable subset
Y C R and define A = f~(Y). For v € I' we have that

+oo
v ALAC |z e X1 1f(@) — (v Hla) > 1/n}

n=1

and pu({x € X : |f(z) — (v- f)(z) > 1/n|}) = 0 for all n € N>q, since f =¢ 7 f,
thus u(y - AAA) = 0. This means that u(f~1(Y)) = u(A) € {0,1} for all Y C R
measurable subsets.

(3=1) If A C X is I'-invariant, then so is x4 € L*(X, ). Thus y 4 is essentially constant
and hence p(A) =01if xa =0 0 and u(A) =11if x4 =0 1.

(3 < 4) By definition L®(X, u)' = {f € L®(X,p) :v- f = f for all y € T'}. O
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2.2.3. Spaces of measures

The set of finite (resp. probability, ergodic, ...) measures on a measurable space carries
a geometric structure. For a measurable space X we denote by:

1. SMeas(X) the R-vector space of all finite signed measures on X;
2. Prob(X) C SMeas(X) the subset of probability measures on X.

Let I" be a group. An action « : I' ~ X by measurable automorphisms induces an action
I' ~ Prob(X) via

I' x Prob(X) — Prob(X)
(Vs 1) =y p

where (v - u)(A) = u(y~1 - A) for all measurable subsets A C X. It is straightforward to
see that the fixed space Prob(X)! is the set of the probabilities s on X such that the
action o : I' ~ (X, ) is measure preserving. We denote by:

1. Prob(a) C Prob(X) the set of all I'-invariant probability measures on X, i.e. the
set of all probabilities p on X such that o : X ~ (X, ) is measure preserving;

2. Erg(a) C Prob(a) the set of all ergodic I'-invariant probability measures on X.

These sets carry some geometric properties, which we are investigating. If V is a real
vector space, recall that:

1. a subset C C V is convez if tu + (1 — t)v € C for all u,v € C and for all ¢ € [0, 1];

2. w is an extreme point of the convex subset C' C V if the following holds: if w =
tu + (1 — t)v for some u,v € C and t € [0, 1], then either w = u or w = v;

3. the convez hull (or convex envelope) of A C V' is the inclusion-wise smallest convex
subset of V' containing A.

Proposition 2.2.8 (ergodicity via extreme points, [22, Proposition 2.3.3]). Let I' ~ (X, p)
be a standard probability action; then

1. Prob(I' ~ X)) is a convex subset of SMeas(X);

2. the action T' ~ (X, ) is ergodic if, and only if, the probability measure p is an
extreme point of Prob(I' ~ X).

If X is a standard Borel space, we denote by % (X) the space of continuous functions
f:X — R. We endow € (X) with the supremum norm || - || to get a topological vector
space and we denote by % (X)# the functional analytic dual space of € (X), i.e. the
R-vector space of bounded linear functionals F': €(X) — R.
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2. Ergodic group theory

Theorem 2.2.9 (Riesz representation theorem). Let X be a standard Borel space; the Reisz
map on X

Rieszx : SMeas(X) — C(X)#
()

M'—>/ dp
X

Proof. The proof is based on the classical Riesz representation Theorem, see e.g. |3,
Theorem 7.17]. O

1 a bijection.

Riesz’s representation theorem allows us to bring a topology on the space SMeas(X).
We equip €(X)# with the topology of point-wise convergence, which means that a
sequence {Fy,},, € €(X)* converges to F' € € (X)" if

lim F,(f) = F(f)

n—-+o0o

for all f € ¥(X), which in turn means that
Jim_ Fu()() = F(H)()

for all f € €(X) and for all x € X. Then we equip SMeas(X) with the weak* topol-
ogy induced by Rieszx, namely the weakest (coarsest) topology on SMeas(X ) making
Rieszx : SMeas(X) — %(X)* continuous. More explicitly a sequence of signed finite
measures { i, }n C SMeas(X) converges to u € SMeas(X) if, and only if,

lim / Fdpin = / fdp
n—-+o0o X X

for all f € C(X). If T' ~ X is an action of a countable group I' by measurable auto-
morphisms, then we can also equip Prob(X), Prob(I" ~ X) and Erg(I' ~ X)) with the
subspace topology.

Corollary 2.2.10 (compactness of the space of probability measures, |22, Corollary 2.3.7]).
Let X be a standard Borel space; then Prob(X) is compact. Moreover if T' is a countable
group and I' ~ X is an action by measurable automorphisms, then Prob(I' ~ X) is
compact.

Corollary 2.2.11 (existence of ergodic measures). Let X be a standard Borel space, T' a
countable group and T' ~ X an action by measurable isomorphisms, then Prob(I' ~ X)
is the convex hull of Erg(I' ~ X). In particular:

1. if Prob(I' ~ X)) is non-empty, then so is Erg(I' ~ X);
2. if |[Erg(I' ~ X)| =1, then |Prob(I' ~ X)| = 1.

Proof. Let o : ' ~ X be a standard action. The space Prob(«) is compact and convex
in SMeas(X), thus it is the convex hull of the set of its extreme points |17, p. 88].
Moreover Proposition m gives that the set of extreme points of Prob(a) coincides
with Erg(a). O
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2. Ergodic group theory

2.2.4. Ergodic decomposition

Definition 2.2.12 (ergodic decomposition). Let I' be a group, (X, i) a probability space
and a : I' ~ (X, ) a probability preserving action; an ergodic decomposition of o : T'
(X,p) is aamap f: X — Erg(a) (we are writing 8, for 3(z)) satisfying the following
properties:

1. if A C X is measurable, then the evaluation map

evg: X — [0,1]
x> By (A)

is measurable;
2. if A C X is measurable, then p(A) = [ B.(A)du(x);
3. if yeI'and z € X, then 8., = 3,;
4. for every v € Erg(a) the set X, = {x € X : 8, = v} is measurable and v(X,) = 1.

Example 2.2.13 (ergodic decomposition of the Bernoulli shift). Let I" be a countable group
and let p: P({0,1}) — [0,1] be the probability measure defined by u({0}) = p({1}) =
1/2.

1. IfI' is infinite, then by Proposition the standard Bernoulli shift T' ~ ({0, 1}1, u®T)
is ergodic and thus an ergodic decomposition is given by 3, = u®' for all z €

{0,1}".

2. Let us find an ergodic decomposition when I' = Z /2 Z. The Z /2 Z-orbits are O; =
{(0,0)}, O3 = {(1,1)} and Os = {(1,0), (0,1)}. Let p; : P({0,1}2/2%) — [0,1] be
defined by

i =

#/|Ol‘ on Oz
0 on {0,1}2/27 Oy

for i = 1,2,3. Then the actions Z /2Z ~ ({0,1}2/2Z 11;) are ergodic and f :
{0,1}2/27 5 Brg(Z /27 ~ {0,1}72/27) defined by 8 = S22_ i - xo, is an ergodic

decomposition.

Standard I'-spaces admit an universal ergodic decomposition, i.e. a function g : X —

Erg(a), which is an ergodic decomposition of every I'-invariant probability measure on
X.

Theorem 2.2.14 (Ergodic decomposition theorem). Let T’ be a group, X be a standard
Borel space and o : I' ~ X be an action by automorphisms in Meas. Suppose moreover
that Prob(a)) # @ (i.e. X admits at least a T'-invariant probability measure). Then there
exists a map B : X — Erg(a), which is an ergodic decomposition for all of the T'-invariant
probability measures in Prob(a).
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2. Ergodic group theory

(0,1) (1,1)
®

©

(0,0) (1,0)

Figure 2.1.: Ergodic decomposition of Z /27 ~ {0,1}%/2%

The proof, which we are not presenting, relies on results of functional analysis and
probability theory. A sketch of it can be found in [22, Subsection 2.3.3].

Remark 2.2.15. The ergodic decomposition theorem often allows us to reduce problems
for general dynamical systems to the ergodic ones.
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3. Cost

When a group acts on a space, it identifies an equivalence relation, namely the one of
belonging to the same orbit. In particular when a countable group acts on a probability
space in a measure preserving way, we can talk about the cost of the equivalence relation,
which is meant to encode the “amount of information” needed to build the relation. This
datum was first introduced by Levitt ([19]) and further developed by Gaboriau. One can
have an accurate overview of the topic in Gaboriau’s paper [6].

3.1. Measured equivalence relations

In the measure-theoretic environment one has to consider only those equivalence relations
that are compatible with the measurable space structure and that are (in a suitable sense)
invariant with respect to the measure.

3.1.1. Standard equivalence relations

Definition 3.1.1 (Standard equivalence relation). Let X be a standard Borel space; an
equivalence relation R C X x X is said to be a standard equivalence relation if:

1. every equivalence class of R is countable;
2. R is measurable in X x X.

Terminology 3.1.2 (orbit, restriction and subrelation). There is a particular terminology
for standard equivalence relations miming the one of group actions. Let R be a standard
equivalence relation in X:

1. if z € X, then the R-orbit of x is the equivalence class
R-z={yeX:(z,y) € X}
of x. For a measurable subset A C X we define R-A=U{R-a:a€ A} C X,

2. if A C X is a measurable subset, then the restriction of R to A is the relation
R|4 = RN (A x A), which is a standard equivalence relation in A;

3. a standard equivalence relation R’ on X is a subrelation of R if R C R.

We have already seen an example of standard equivalence relation in Proposition[2.1.17]
By the theorem of Feldman-Moore every standard equivalence relation is of this form.
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Example 3.1.3 (Orbit relation). Let T' be a countable group, (X, u) a standard Borel
space and I' ~ (X, ) an action by measurable isomorphisms. The of the subset

Rr~x ={(z,y7-2): 2z € X,y€T}

is a standard equivalence relation. Notice that Rpr~x - =1 - for all x € X, justifying
the notation for the R-orbits.

A standard equivalence relation R on X is said to be aperiodic if all of the R-orbits
are infinite.

3.1.2. The Feldman-Moore theorem
Every standard equivalence relation is essentially an orbit equivalence relation.

Theorem 3.1.4 (Feldman-Moore, [22, Theorem 3.1.6]). Let X be a standard Borel space
and let R C X? be a standard equivalence relation; then there exists a countable group T
and an action o : I' ~ X by measurable automorphisms such that

R =R,
Sketch of proof. Let m: R — X be the projection on the first component.

1. 7 is measurable and 7~ 1(z) = R for all # € X. There are {X,,},en C P(X)
measurable subsets and {f, : X,, = X }en measurable functions such that R =
U{F, : n € N} for F,, = Graph(f,) and such that the restrictions «|g, : Fj, = X
are injective |27, Theorem 1.3]. By inductive elimination one can always assume
that F,, N F,, = @ for all m # n.

2. Let B, = {(y,2) : (z,y) € F,} and Fp,,, = F,, N F; 1. Note that if F,, =
Graph(fpm : Ay — X) and F,, = Graph(f, : A, — X), then F), , is the graph of
the restriction fm|x,,, : Xmn = Xom (here Xppp = {z € Xy 1 2 = (fno fn)(2)})
which is a measurable isomorphism.

3. Since X is a standard Borel space, there exist families {Aj}reny and {Bj}tren of
measurable subset such that X2 \ Ay = U{A4y x By : k € N}. In particular
A N B, = @ for all k € N. Define Fm,n,k = me N (Ak X Bk) for m,n,k € N
so that [}, ,, 1 is the graph of a measurable isomorphism fy, 1 : Dpp ik — Bk
with Dy i N Ry = 9. We can construct global measurable automorphisms
hmpg : X — X via

fm,n,k(-r) if z € Dm,n,k
hm,n,k(x) = 1 (SL’) ifx e Rm,n,k

m,n,k

x otherwise

and by construction R = Ax U Um,n,keN Graph(hp, p k). If I' < Autmeas(X) i
the subgroup generated by {hy, i : m,n,k € N}, then I is countable and R
Rr~x.

w0

ol
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Warning 3.1.5. In most situations standard equivalence relations do not arise canonically
from an orbit relation via the Feldman-Moore construction. For instance the notions of
stabilizers and essentially free actions have no natural counterpart for standard equiva-
lence relations.

3.1.3. Measured equivalence relations

We want to translate the notion of measure preserving group action in the setting of
standard equivalence relations.

Definition 3.1.6 (full group). Let X be a standard Borel space and let R be a standard
equivalence relation on X.

1. The full group of R is
[R] = {f € AUtMeas(X) : (l',f(l')) € Rforall z € X}

Composition of morphisms gives [R] a group structure.

2. A partial R-automorphism of X is a measurable isomorphism f : A — B for some
measurable subsets A, B C X such that (a, f(a)) € R for all a € A.

3. The full groupoid of R is the set [R] of all partial R-automorphisms of X. Compo-
sition of morphisms gives [R] a groupoid structure (i.e. a set with a partial binary
operation satisfying the group axioms).

Definition 3.1.7 (measured equivalence relation). Let X be a standard Borel space; a
measured equivalence relation on X is a pair (R, ), where:

1. R C X? is a standard equivalence relation on X;
2. p is an R-invariant measure on X, which means that every f € [R] is py-preserving.

Proposition 3.1.8 (characterisation of measured equivalence relations). Let X be a standard
Borel space, let ' ~ X be an action by measurable isomorphisms and let p be a measure
on X ; the following are equivalent:

1. the measure u is Ry~ x-invariant;

2. the measure p is invariant with respect to the action ' ~ X ;

3. if f: A — B is a partial Rp~x-automorphism of X, then u(A) = u(B).
Proof.

(1 = 2) For every measurable subset A C X and every v € I, the function v- : A — A is
an Rp x-partial automorphism of X, hence measure preserving.
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(2=3) Let f: A — B be a partial Rp~ x-automorphism of X. f acts by v € " on the
measurable subset Ay, = {a € A : f(a) = 7 -a} and we have that A = U{A, :
v € I'} and B = U{f(A,) : v € T'}. With inductive elimination we can extract
measurable subsets A7 C A, for every v € I' such that A = U{A’ : v € I'} and
B = U{f(A):v €T} Since I is countable and I' ~ X is p-preserving, we get

wA) = (AL =Y (v A = u(B)

yel vyel

(3=1) If f € [Rp~x] and A C X is measurable, then the restriction f| -1y : f71(4) = A
is a partial R-automorphism of X and hence f.u(A) = u(f~1(A4)) = u(A). Thus
W is Rr~ x-invariant. ]

Example 3.1.9 (orbit relations as measured equivalence relations). Let I' ~ (X, 1) be a
standard action. The pair (Rx~x, 1) is a measured equivalence relation on X.

Definition 3.1.10 (morphisms of measured equivalence relations). Let X and Y be standard
Borel spaces and let (R, ) and (S,r) be measured equivalence relations on X and Y
respectively; a morphism of measured equivalence relations f : (R,u) — (S,v) is a
measure preserving map f : X’ — Y such that:

1. X' C X is measurable and p(X ~ X’) = 0, i.e. f is defined almost everywhere
on X;

2. if (a,b) € RN (X’ x X'), then (f(a), f(b)) € S.

A morphism f : (R, u) — (S, v) of measured equivalence relations is an isomorphism if
there exists a morphism of measured equivalence relations g : (S,v) — (R, 1) such that

gof=0idx and fog=¢idy
The notion of ergodicity has a counterpart for measured equivalence relations.

Definition 3.1.11 (ergodic measured equivalence relation). Let X be a standard Borel
space; a measured equivalence relation (R, ) on X is ergodic if

u(A)=0or u(X ~A)=0
for all A C X measurable subset such that R- A = A.

Proposition 3.1.12 (ergodicity of orbit relations). The following are equivalent for a stan-
dard action T' ~ (X, p):

1. the action T' ~ (X, ) is ergodic;
2. the measured equivalence orbit relation Ry (x ) ts ergodic.

Proof. Rr~x - A =T - A holds for every measurable subset A C X, so the notions of
ergodicity for dynamical systems and measured equivalence relations coincide. O

27



3. Cost

3.2. Cost of measured equivalence relations

The cost of a measured equivalence relation is the measure-theoretic counterpart of the
size of a minimal generating subset. When the relation is the orbit relation of a measure-
preserving group action, then its cost is also connected with the group rank.

3.2.1. Generating equivalence relations
Graphings are the generating sets of standard equivalence relations.

Definition 3.2.1 (graphings). Let X be a standard Borel space and let R C X x X be a
standard equivalence relation.

1. Let ® = {y; : A; = Bi}ier C [R] a family of partial R-automorphisms of X,
which means that Graph(y;) C R for all i € I; the equivalence relation generated

by ® is the inclusion-wise minimal equivalence relation (®) C X x X such that
Graph(yp;) C (®) for all i € I.

2. A graphing of R is a countable family ® C [R] of partial R-automorphisms of X
generating R, i.e. such that (®) = R.

3. A family ® = {¢; : A; = B;}ics C [R] is reduced if for all i € I we have that:
a) pi(z) # x for all x € Ay;
b) if j € I~ {i} and x € A; N A;, then p;(x) # ¢;(z);
c) if j € I~ {i} and x € A; N By, then p;(z) # <pj_1(a:).
Example 3.2.2 (orbit equivalence relation). Let X be a standard Borel space and let
a: ' ~ X be an action by measurable automorphisms. If S C I' is a generating set,

then
(I)S:{S- :X—>X}565

is a graphing for R,,.

This example combined with Feldman-Moore theorem shows that every standard
equivalence relation admits a graphing.

The notion of generating a standard equivalence relation can be seen under a more
geometric point of view. Let X be a standard Borel space and R a standard equivalence
relation on X; the (simple undirected) graph G(®) = (V, E) associated to the family
O ={p;: A; = B;}ier C [R] is is the graph with:

1. set of vertices V = X;
2. set of edges F = {{z,¢i(x)} : x # ¢i(x),xr € A;,i € I}.
By the construction of G(®) the following conditions are equivalent for a family ® C [R]:

1. @ is a graphing of R;
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2. the connected components of the graph G(®) are exactly the equivalence classes
of R.

A simple undirected graph G = (V, E) is a tree if every two vertices of G are connected
by a unique path. We say that a graphing ® C [R] of R is a treeing of R if all of the
connected components of G(®) are trees.

3.2.2. Cost of measured equivalence relations

The cost encodes measure-wise the amount of information needed to generate a measured
equivalence relation.

Definition 3.2.3 (cost of a measured equivalence relation). Let X be a standard Borel
space and let (R, ) be a measured equivalence relation on X;

1. if ® = {¢; : A; = Bi}ier C [R] is a graphing of R, then we define the p-cost (or
just the cost, if the measure is clear) of ® as

cost, (@) = ZM(Ai) € [0, 4+o0]
i€l

2. the cost of the measured equivalence relation R is the infimum

cost, (R) = inf{cost,(®) : ® is a graphing of R}

Example 3.2.4 (identity relation). The identity relation Ax = {(x,z) : * € X} on a
standard measure space (X, p1) is generated by the graphing @, hence cost, Ax = 0.

Example 3.2.5 (orbit relation). Let I be a countable group generated by S, let X be a
standard Borel space and let I' ~ X be an action by measurable automorphisms. The
family

{S X=X } sES

is a graphing for the orbit relation Rp~ x. In particular we obtain that
cost,(Rr~x) < 5|

and by taking the infimum among all of the generating subsets of I' we get that
cost,(Rr~x) < d(T)

Proposition 3.2.6 (cost is attained by treeings, [22, Proposition 3.2.11]). Let (R, ) be
a measured equivalence relation on a standard Borel space X with finite cost and let
® C [R] be a graphing of R that is not a treeing, modulo p-null sets; then there exists a
treeing ¥ C [R] such that

cost,, (V) < cost,(P)

In particular, if ® is a graphing of R such that cost,(®) = cost,(R), then ® is a treeing.
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Definition 3.2.7. Let X be a standard Borel space and let R be a standard equivalence
relation on X;

1. a measurable subset A C X is a section of R if every orbit of R intersects A, namely
AN(R-z)# @ for all z € X

2. a measurable subset A C X is a fundamental domain of R if every orbit of R
intersects A in exactly one point, namely |[AN (R -z)| =1 for all z € X;

3. the standard equivalence relation R is said to be smooth if it admits a fundamental
domain.

Lemma 3.2.8 (|19, Proof of Proposition 1]). Let T' ~ (X, u) be a standard probability
action and suppose that every orbit of I' contains exactly q € N points; then there exists
a family { Ay }nen of measurable subsets of X such that:

1. for all x € X there is exactly one n € N such that ' - x N A,, # &;

2. for every i € N there evists ¢ — 1 elements gt,. .. ,gf}_l € I' such that the sets
Aigi - Ais ,gé_l - A; are pairwise disjoint.

In the case I' is a finite group, the set A = (J,,cyy An is a fundamental domain for the
orbit equivalence relation Rr~x and pu(A) = 1/q. When the cardinality of the orbits
of I in X is not constant, a similar argument shows that Rp~x admits a fundamental
domain as well.

Proposition 3.2.9 (cost of sections, [22, Proposition 3.2.13]). Let X be a standard Borel
space and (R, p) be a measured equivalence relation on X; if A C X is a section of R,
then

costy, R = costy,|, (R]4) + u(X \ A)

Corollary 3.2.10 (lower bound for aperiodic relations). Let X be a standard Borel space
and let (R, ) be a measured equivalence relation on X such that p(X) < +o0; then

cost, R > p(X)

Proof. Let ® C [R] be a graphing. Since R is an aperiodic standard equivalence relation,
then R admits a sequence (A, )nen of measurable subsets of X such that

1. the sequence is decreasing: A,11 C A, for every n € N;
2. the sequence vanishes asymptotically: (), .y An = 9
3. Ap,NR-x # & for every n € N and for every z € X.

Such a sequence is called a vanishing sequence of markers for R and its existence is
granted by the Marker lemma [14, Lemma 6.7]. Each marker A,, is a section for R and
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hence Proposition [3:2.9] yields

cost, ® > sup {COStu\An (R|a,) + (X ~ An)}
neN

= sgg{costuun (R|a,) + mw(X) — u(An)} (because p(X) < +00)
= sup{u(X) (A} (becanse (N, An = 2)
= p(X) (continuity form above)
Then taking the infimum among all graphings gives cost, R > p(X). O

Proposition 3.2.11 (cost of smooth relations). Let X be a standard Borel space and let
(R, i) be a smooth measured equivalence relation on X with fundamental domain A C X
and finite measure p(X) < +o00; then

costy, R = pu(X \ A)

Proof. Since A is a fundamental domain for R, the restricted equivalence relation R|4 =
RN (A x A) is the identity relation A4 and hence Proposition [3.2.9| gives

cost, R = cost ), (Ax) + (X N A) = u(X N A) O

ula

Putting together Lemma and Proposition [3.2.11| we have that if o : ' ~ (X, p)
is a standard action, then the orbit relation R, admits a fundamental domain A C X
and

costy Ry = (X N A) =1— pu(A)

3.2.3. Cost of groups

We use the notion of cost for a measured equivalence relation to introduce a measure-
theoretic version of the group rank.

Definition 3.2.12 (cost of groups). Let I' be a countable group; the cost of the group I’
is

cost(I") = inf{cost,(Rq) : v : T' v (X, p)

is an essentially free standard probability action} € [0, +o00]

Notice that the definition of cost is well posed, since, if I' is a countable group, then
there always exist a measure space (X, pu) and a free measure preserving action I' ~

(X, ).

Remark 3.2.13. For a fixed group I' the family of all isomorphism classes of standard
probability actions I' ~ (X, i) is a proper set. A quite rough estimate would work as
follows: from Lemma [I.1.5] we get that every Polish space has at most the cardinality of
the continuum, hence is in a bijection with R. The family of all possible og-algebras over
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R is a subset of PP(R), and hence has cardinality bounded by \22R\. If S is a o-algebra
on R, then there are at most |[0, 1]°| many probability measures on the measurable space
(R, S) and there are at most |RI*E| many actions I' ~ R. Of course this estimate is

very coarse and could be refined, for instance by recalling that atom-free standard Borel
probability spaces are measurably isomorphic with ([0, 1],m) (Theorem [I.1.18]).

Terminology 3.2.14 (cheap groups and fixed price). We say that the group I':
1. is cheap if ' is infinite and cost' = 1;

2. has fized price if cost ' = cost(Rp~(x,y)) holds for all T' ~ (X, 1) essentially free
standard probability actions.

Question 3.2.15 (fixed price problem). It is still an open question, whether there exists
or not a countable group not of fixed price |5, Question 1.8].

Example 3.2.16 (cost of finite groups). Let I' ~ (X, i) be a standard action by a finite
group. When the action I' ~ (X, p) is free, one can find a fundamental domain A C X
for Rr~x constructed as in Lemma of measure 1/|T'| and hence costT' =1 —1/|T.

Example 3.2.17 (cost of Z). The group Z is cheap of fixed price. Let a: Z ~ (X, ) be
an essentially free standard probability action. On one hand cost, R, < 1 = d(Z). On
the other hand a : Z ~ (X, ) is aperiodic because essentially free, hence cost, R, >

u(X) =1 by Corollary (3.2.10

Example 3.2.18 (cost of free groups, [5, Corollary 1]). The free group of rank k has fixed
price and cost k.

3.3. Cost and ergodic decomposition

A decomposition formula holds for the cost of measured equivalence relations with re-
spect to ergodic decompositions. In order to prove this formula, we first need to show
that countably many graphings suffice to compute the cost.

We need to introduce some notation. Let I' be a finitely generated group and let us
choose a generating subset S C T of finite cardinality. Let I' ~ (X, Zx, u) be a standard
probability action. Let us fix:

1. an enumeration (v, )nen of T

2. a countable algebra {A,, : n € N} C #x of measurable subsets that is dense in the
o-algebra XBx.

Let us clarify condition 2: {A, : n € N} is dense in Ay if for every B € Ay and for
every € > 0 there exists n € N such that u(BAA,,) < €. For instance one could take the
algebra generated by a countable basis for the topology on X.

For I CN x N, M € N and v € I we introduce the notation:
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1.Or={vw- :An— X :(mn) el};

2.0 ={97' 0 0F :0<k <MV, 0, €Or,e1,...,66 € {0,1}};

3. D(v,I,M)={z e X :v-z#0J(z) for all ¥ € Oy ps};

4. @rp =01 UL{s |pera : D(s,I,M) = X :s € S}.
Remark 3.3.1 (cost estimate for ®; /). The construction of ®; s gives a nice explicit
estimate for cost,,(®7,ar). Indeed

costy, @7 p = cost, (O U{(s - [pes,r,a)) 15 € S}) =

= costy, Or+ Z costu(s : |D(S,I,M)) =
seS

= 3 wldw) + S u(D(s,1.00) < 1] + 18]

(m,n)el ses

Proposition 3.3.2 ([14, Proposition 18.3]). Let I" be a countable group and let oo : I' ~ X
be a measurable action on a standard Borel space; then the set

{n € Prob(a) : cost;, Ry < +00}
is analytic (continuous image of a Polish space) and the map

{1 € Prob(«) : cost, Ry < +00} — [0, 400]
> costy, Ry

1s measurable.

Lemma 3.3.3 (finitary characterisation of cost). With the above notation the following are
equivalent for ¢ > 0:

1. costy, Ry < c;
2. there exist a finite subset I C N x N and M € N such that cost,(®rr) < c.

Proof. First of all we have to show that the ® j;’s are indeed graphings for R,. Let us
take (z,7-z) € Ry with x € X and vy € I'. If v-2 = () for some ¥ € Oy, then
(x,7 - z) € Graph(?), whereas if vy - z # J(x) for every ¥ € Oy, then (z,v - ) belongs
to the equivalence relation generated by {s- : D(s,I,M) — X : s € S}, because S a
generating set of I'.

The implication (2 = 1) is trivial, so we are only proving (1 = 2). Let us fix
0 <e < (c—cost, Ry)/(141S]). Then we can find I € N x N such that |14, Poposition
18.1;

1. there exists Y C X such that Y¢ is p-null and (O;|y) = Ra|y;
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3. Cost

2. cost, O < costy, Ry + €.

Since in general I C N x N can be an infinite set, let us set I, = IN{0,...,n}? for every
n € N. For every n € N and every s € S let us set

E(s,I,n)={z € X :(x,s-2) ¢ (Or,)}
Since E(s,I,n) 2 E(s,I,n+ 1) for every n € N and (O1)|y = Ra|y, we have that
lim w(E(s,I,n)) =pw(N{E(s,I,n) :neN}) =0

n—-+o0o

and hence we can find n € N such that u(E(s,I,n)) < € for every s € S. Moreover,
since E(s,I,n) = N{D(s,I,,M) : M € N}, we can also find an M € N such that
w(D(s,In, M)) < e for every s € S. Then
cost, (®r, m) = cost,(Or,) + cost,({s- : D(s,In, M) = X : s € S})
< cost,(Or,) +¢- 9|
< cost, Ro +¢- (1 +15])
<c

proves the claim. O

Theorem 3.3.4 (cost and ergodic decomposition). Let o : I' ~ (X, pu) be a standard
probability action and let 5 : X — Erg(a) be an ergodic decomposition of the action; then

costy,(Rq) :/)(costgm(Ra)du(m)

Proof. Let us only consider the case of I' a countable group with finite set of generators
S C I'. Moreover we assume that the action o : I' ~ X is essentially free. From
Proposition [3.3.2] we get that the function

X — [0, +o0]
x — costg, (Rq)

is measurable and bounded by |S| (Example [3.2.5)), hence integrable. Let us prove the
claimed equality via two inequalities.

(>) For every graphing ® = {p; : A; — B, }ier of R, we have
cost,, (®) = Z,u(Ai) = Z/ Bz (4)du(z) =
iel el /X

Z/XZBI(Ai)dM(JU):/XCOS%(Ra)d“(x)

iel

By taking the infimum among all graphings ® C [R] we obtain

cost, (Rq) = (Dicn[[%ﬂ Xcostgz(@)du(:c) > /XCOS% (Ra)dp(z)
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3. Cost

(<) Let us fix € > 0 and define the measurable set
Ar v ={x € X : costp, (Prar) < costg, (Ra) + ¢}

for M € N and I C N x N. The finitary characterization of cost of Lemma [3.3.3

gives that
X = U{A[’M :MeNand I € Pﬁn(N X N)}

By an enumeration h : Ps,(N x N) x N — N we can get a disjoint union
X = U{B[,M :MeNand I € Pﬁn(N X N)}
into measurable subsets with the following properties:
a) Brvm C Ara;
b) I'- By ym = Brov;
C) ifx e B[’M, then Xﬁz - BI,M;

for all M € N and I € P5,(N x N). For instance one could take for By js the set of
all ¥ € X such that h(I, M) = min{n € N:x € Ajp-1(,)}. Let us define

® = U{®; 1], ,, : M €Nand I € Pu(N x N)}

Then ® is a graphing for R, such that, if x € By s, then

costg, ® = costgz(fblxﬁx) = Bz(X35,) =1
costp, (Prmlx,, ) = disjoint union

costg, 1y < Bz(Xp,) =1

costg, Ro +¢ Brv € Arum

Hence we get that
cost, ® = / costg, (P)du(x) < / costg, (Ra)du(z) + ¢
X X

and we can take the limit for e — 0" to end the proof. O

Corollary 3.3.5. Let " be a countable group; there exists an essentially free and ergodic
standard probability action « : T' ~ (X, p) such that

cost I' = costy, Rq

Proof. If cost I' = 400, then there is nothing to prove, so let us assume that I" has finite
cost. By definition of cost as an infimum, for every n € N\ {0} there exists an essentially
free standard probability action a, : I' ~ (X, p,) such that

1
costy, Ra, < costI' + -
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3. Cost

Up to adjustments of the measure spaces (X, i1,)’s we may assume that the actions a, :
T ~ (Xy, ftn) are also free. Let us consider the product (X, u) = (IT/25 Xn, &2 11n)
endowed with the free diagonal action av: T' ~ (X, p) constructed from the «,,’s (which

means that v - (2,)2 = (7 2,);27). Then

cost I < cost,, R, < inf{cost,, Ra, : n € N {0}} = costT

For an ergodic decomposition 5 : X — Erg(a) by Theorem we can find x € X such
that costg, R, = cost, R,. ]
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4. Manifolds and simplicial volume

Manifolds are topological spaces that locally “look like” euclidean spaces and are the
objects of study of algebraic topology. After some basic definitions we are proving that,
under certain reasonable conditions, countably many singular simplices suffice to generate
the homology of the manifold (Lemma. In the last part of the chapter we will define
two classical homotopy invariants for manifolds: the simplicial volume and the integral
simplicial volume.

4.1. Singular homology

Let us recall some basic definitions and facts about homology we will need in our survey.

4.1.1. The singular homology modules

Definition 4.1.1 (standard simplices). Let n € N;

1. the standard simplex of dimension n (or standard n-simplex) is the subset

A — {(xo,...,acn) e R ag, ...,z >0 and S = 1} C R

2. for all 0 < i < n, the i-th face of the standard n-simplex A™ is the image of the
map ¢, : A1 — A" defined by

6;(.%0, PN ,$n,1) = (I‘o, Ceey mi,l,O,xi, PN ,ajn,l)
for all (wg,...,2,_1) € A" L

Definition 4.1.2 (singular simplices). Let us fix a topological space X, a commutative ring
R with unit and n € N;

1. a singular n-simplex of X is any continuous function A™ — X. We denote by S,,(X)
the set of all n-simplices of X. If ¢ : A™ — X is a singular n-simplex of X and
0 < i < n, then the i-th face of o is the singular (n —1)-simplex coel : A"~ — X;

2. the R-module of singular n-chains of X with coefficients in the ring R is the free
R-module C,(X; R) generated by S, (X);

3. the n-th boundary is the R-module homomorphism 0,, : Cp,(X; R) — Cp_1(X; R)
defined by

n

On(0) =D (-1) oo,
=0
on the generators o € S, (X) and then extended by R-linearity.
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4. Manifolds and simplicial volume

The sequence of R-modules and R-module homomorphisms {(Cy,(X; R),d,) : n € N}
defines a chain complex, which means that 9, 1 0 d, = 0 for all n > 1. With abuse of
notation we shorten this condition with 92 = 90 9 = 0.

Terminology 4.1.3 (cycles and boundaries). There is a traditional nomenclature:
1. Ker 9, is called the submodule of singular n-cycles of X and is denoted by Z,,(X; R);

2. Im 0,41 is called the submodule of singular n-boundaries of X and is denoted by
Bn(X; R)

Definition 4.1.4 (singular homology). Let X be a topological space; the singular homology
of X is the homology H.(X; R) of the chain complex C,(X; R). More explicitly, for all
n € N the singular homology n-th R-module of X is defined by

Kerd, Z,(X;R)

H,(X;R)= =
(X3 R) Imoy,+1  Bn(X;R)

We can generalize the former construction by replacing the ring R with an arbitrary
R-module G. We simply construct the chain complex

Ci(X;G) = Cu(X;R) @R G
and then define the singular homology of X with coefficients in G' by
Hn(X;G) = Ho(Ciu(X5G))
In the case R = Z it is common to write Cy(X) for Cy(X;Z) and Hy(X) for H,(X;Z).

4.1.2. Computing homology

If X is a topological space and A C X is a topological subspace (i.e. the inclusion A «— X
is a continuous map), then we have a short exact sequence

0— Cu(A;R) —» Cu(X;R) —» Cu(X;R)/Cx(A;R) — 0
of R-modules chain complexes. The homology n-th R-module of X relative to A is
Hn(X, A; R) = Hp(Ci(X; R)/Ci(A; R))

The excision lemmas and the Mayer-Vietoris long exact sequence are useful tools for
computing the homology modules by exploiting the short exact sequence above.

Lemma 4.1.5 (first excision lemma, [26] p. 106]). Let X be a topological space and U, A C
X topological subspaces such that U C A°; then

Hoy(X N U,A\U) = Hy (X, A)

for every n € N.
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4. Manifolds and simplicial volume

Lemma 4.1.6 (second excision lemma, [26, p. 106]). Let X be a topological space and
A, B C X topological subspaces such that X = A° U B°; then

H,(A,ANnB)= H,(X,B)
for every n € N.

Theorem 4.1.7 (Mayer-Vietoris long exact sequence, [26, Theorem 6.3]). Let X be a topo-
logical space and A, B C X topological subspaces such that X = A°UB°; then there exists
a long exact sequence of R-modules

- Ho(AN B) — Hp(A) ® Hy(B) = Ho(X) — Hy 1(ANB) — -

4.2. Triangulations

Let vg,...,vq € RY be affinely independent points (or points in general position), which
means that the vectors vy — vg,...,v4 — vo are R-linearly independent. We denote by
[v0,...,vq] C RY the g-simplex spanned by vy, . .. , Vg, i.e. the convex envelope

{Zgzotivi eRN:t;>0foralli=0,...,q and Sl oti= 1}
of the points vy, ...,vg. If s =[vg,...,v,] is a g-simplex, then:
1. its vertex set is Vert(s) = {vo,...,vq};

2. a simplex s is a face of s if Vert(s’) C Vert(s). A face s’ is said to be proper if
Vert(s') C Vert(s);
3. ¢ = dim s is the dimension of s.

If vo,...,v4 € RY are not necessarily in general position, then of course one can define
a simplex s = [vg, . .., vy spanned by these points, but its dimension might be smaller or
equal than ¢. In such a case we say that s is an r-simplex if there exist ug, ..., u, € RY
in general position spanning s.

Example 4.2.1 (standard simplices). The standard g-simplex of Definition is the
simplex spanned by the ¢ + 1 points 0, e; = (1,0,...,0), e = (0,1,0,...,0),... in R%.

Definition 4.2.2 (simplicial complex). A simplicial compler in RY is a finite family K of
simplices of RY such that:

1. if s € K, then every face of s belongs to K;

2. if s,t € K then sNt is either empty or a face of both s and ¢.

For i € N we denote K() = {s € K : dims = i} the family of i-simplices of K. The
0-simplices of K are also called the vertices of K. If K is a simplicial complex in RY,
then its underlying space is the union

K| =[] scRY
seK

of its simplices.
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4. Manifolds and simplicial volume

Definition 4.2.3 (triangulations). A topological space X is said to be triangulable (or a
polyhedron) if there are a simplicial complex K and a homeomorphism h : |K| — X.
The pair (K, h) is called a triangulation of X.

Example 4.2.4 (triangulation of the sphere). If s is an n-simplex and § is the simplicial
complex formed by all of the proper faces of s, then there exists a triangulation ($, h) of
the sphere S~ 1.

Let s be a ¢-simplex; the open ¢-simplex associated to s is the interior of s, hence
defined by
S ifg=0
SO = . . q
s\Ns§ ifg>1

If K is a simplicial complex, then its geometric realizations admits a disjoint decompo-
sition as |K| = L{s° : s € K}.

Definition 4.2.5 (star of a point). If K is a simplicial complex and p € Vert(K), then we
define the star of p as

Star(p) = U{s” : s € K such that p € Vert(s)} C |K]|

In other words Star(p) is the union of all of the simplices of K that are neighbourhoods
of p.

Definition 4.2.6 (simplicial maps). Let K and L be simplicial complexes; a simplicial
map f : K — L is a function f : Vert(K) — Vert(L) on the vertices such that
[f(v0),..., f(vg)] € L for all [vg, ..., v € K.

Notice that the points f(vp), ..., f(vy) might not be affinely independent, even when
the points vy, ..., v, are.

Simplicial complexes together with simplicial maps form a category Simp, where com-
position of simplicial maps is the usual composition of functions. The geometric realiza-
tion | - | : Simp — Top gives a functor in the following way. If f : K — L is a simplicial
map, then for all s € K let fs : s — |L| be the affine (hence continuous) map determined
by flvers(s)s 1. fs(Qoimgtivi) = >oigtif (vi), where s = [vg,...,v,]. Condition 2 of
Definition says that fs = f; in the overlapping s Nt and hence the f4’s can be glued
to a unique continuous function |f| : |K| — |L|. If f: K — L is a simplicial map, then
the geometric realization |f|: |K| — |L| is called a piecewise linear function.

Definition 4.2.7 (simplicial approximation). Let K and L be simplicial complexes, ¢ :
K — L be a simplicial map and let f : |K| — |L| be continuous; then we say that ¢ is a
simplicial approzimation of f if f(Star(p)) C Star(¢(p)) for every vertex p of K.

Notice that if ¢ : K — L is a simplicial map, then the geometric realization |p| :
|K| — |L| is a simplicial approximation of ¢.
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4. Manifolds and simplicial volume

Figure 4.1.: The zeroth, first and second barycentric subdivisions of the 2-simplex

Definition 4.2.8 (barycentric subdivision). Let s = [vg, ..., v,] be a g-simplex and let K
be a simplicial complex; then:

1. the barycentre of s is the point

1
bszz v; €8
z,:Ol—kq

2. the barycentric subdivision of K is the simplicial complex Sd(K') with Vert(Sd(K)) =
{b® : s € K} and simplices [b°1,...,b%] forqg € N, s1,...,5, € K and 51 < --- < 5.
Remark 4.2.9. Some remarks about the above construction:
1. s = b® holds for every 0-simplex and hence Vert(K) C Vert(Sd(K));
2. |Sd K| = |K| holds for every simplicial complex K;

3. the identity id|g : [Sd K| — [K| admits a simplicial approximation ¢ : Sd K — K.
One defines ¢ : Vert(Sd K') — Vert(K) to be the identity on Vert(K) and with the
property that ¢(b%) € s for all s € K.

One can define iterated barycentric subdivisions by setting SA%(K) = K, SdY(K) =
Sd(K) and Sd*(K) = Sd(Sd*}(K)) for i > 2.

Theorem 4.2.10 (simplicial approximation theorem, [26, Theorem 7.3]). Let K and L be
simplicial complexes and let f : |K| — |L| be a continuous function; then there exists a
simplicial approximation @ : SA? K — L of f for some q € N.

4.3. Manifolds

Manifolds are topological spaces that are locally similar to a euclidean space and the
main object of algebraic topology.

4.3.1. Topological manifolds

Let n € N~ {0}; we say that a non-empty topological space M is an n-dimensional
manifold (or manifold of dimension n or simply n-manifold) if:

1. M is an Hausdorff and second countable;
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4. Manifolds and simplicial volume

2. every x € M admits an open neighbourhood homeomorphic with the n-dimensional
open ball B(0,1) = {v € R": || < 1}.

The dimension n of a manifold M is intrinsically characterized by the local homology
Z-modules: for all z € M and 7 > 1 we have that

H;(M, M ~\ {z}) = H;(R",R" < {0}) (excision)
=~ H,1(R"~{0}) (R™ is contractible)
>~ Hi (5" (R" ~ {0} = 5™7)
and hence

Z ifi=n

0 otherwise

H;(M,M ~A{z}) = {

Compact manifolds are usually called closed manifolds. Though a little confusing, this
distinguishes from the concept of compact manifold with boundary, which we will not
talk about.

Remark 4.3.1 (connected manifolds). Connectedness for manifolds is equivalent to path-
wise connectedness. Indeed every manifold is locally path-connected, being locally home-
omorphic to an open ball in RY, and spaces that are connected and locally path-wise
connected are also (globally) path-wise connected.

4.3.2. Orientation

If we want to give a definition of orientation for manifolds, then we may start by defin-
ing an orientation on R”, which should be compatible with the following principle: an
orientation must be preserved by rotations and must be reversed by reflections. Let us
take x € R™ and observe that

I

H,(R",R"~\ {z}) = H, (R" )= H, (" )=z

where we may see S™ ! as a sphere centred at . A rotation in S”~! is homotopic to
idgn-1, whereas a reflection has degree —1. Let us say that a local orientation of R" at
the point z is one of the two generators of H,(R",R" \ {x}). Notice that if y € R™ and
B C R™ is a ball containing x and y, then

Ho(R™,R" ~ {z}) = H,(R",R" < B) = H,(R",R" ~ {y})

which means that a local orientation at x determines a local orientation at y. We can
generalize this definition to the manifold case.

Definition 4.3.2 (Orientation). Let M be an n-dimensional manifold and let = € M;

1. a local orientation of M at the point x is a generator wy, of H, (M, M ~\ {z});
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2. an orientation (or global orientation) of M is a function
w:M— H H,(M, M~ {z})
zeM
satisfying the following conditions:
a) w(z) = wy is a local orientation of M at z for all x € M,
b) for all z € M there exists a radius r > 0 for an open n-ball B = B(z,r) C M
such that the natural map

Hy, (M, M ~ B) = Hp(M, M ~ {y})

sends wp to wy for all y € B, being wp the generator of H,(M,M ~\ B)
corresponding to w, under the map

H,(M,M \ B) — H,(M,M ~ {z})

A manifold M is said to be orientable if it admits an orientation and, if w : M —
Hayenr Ho(M, M~ {z}) is an orientation on M, then we call the pair (M,w) an oriented
manifold .

4.3.3. Countable characterization of manifold homology

Under certain reasonable hypotheses countably many singular complexes in a manifold
suffices to compute the homology.

Remark 4.3.3 (fundamental group of closed manifolds). As a side result of the proof of
Lemma we will see that every closed connected orientable manifold has countable
fundamental group. Indeed we will see (thou not prove) that every closed manifold
is homotopy equivalent to a simplicial complex. Simplicial complexes have a finitely
presented fundamental group, hence countable in particular.

Lemma 4.3.4. Let M be a closed connected orientable manifold with fundamental group
I' and universal covering p : M — M; for every k € N there exists a subset of singular
k-simplices Si(M) C Homop(AF, M) = Sp(M) with the following properties:

1. S} (M) is countable for every k € N;

2. the family {8, (M)} gen is closed under taking faces, i.e. if & € Si(M), then Gocl, €
Sy (M) for every k € N and for every 0 < i < k;

3. Si(M) is closed under the action of T for every k € N, i.e. if ¢ € Si (M) and
v €T, thenyod € S, (M);

4. let CL(M;Z) = {(?IQ(M;Z),ak)}keN be the chain complex of the free Z-modules
generated by {S;.(M)}ren; the inclusion

C'(M;Z) < C(M,Z)

is a homotopy equivalence of Z[I'|-modules chain complezes.
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Proof. One can show that every closed manifold is homotopy equivalent to a simplicial
complex. This result is highly non-trivial and it is based on the following facts:

1. every closed manifold is homotopy equivalent to a countable CW-complex |25,
Corollary 1;

2. a refinement of the former point gives that every closed manifold is homotopy
equivalent to a finite CW-complex [16];

3. every finite CW-complex is homotopy equivalent to a simplicial complex with the
same dimension |10, Theorem 2C.5].

This shows that we may restrict to the case M is a triangulable manifold. As a side
result we get that M has a countable fundamental group I' in particular. If (K, h) is a
triangulation of M, then for every i € N there also exists a triangulation (Kj;, h;) of M,
where K; = Sd’ K. The universal covering map p : M — M lifts every triangulation
(K, hi) to a triangulation (R’i, l”zz) of M. We set

A = JxEn)®

1€N

If s, € Ag, then s € (K’i)(k) for some ¢ € N and is homeomorphic to the standard
k-simplex A¥. say via the homeomorphism O, A¥ — s;.. Then we associate to s, the
singular k-simplex 3 = h; o oy, : AF — s — M. We define S,;(M) to be the family of
all simplicial k-simplices associated to the elements of Aj. Clearly S; (M) is countable
and S7(M) = {S}(M)}ren is closed under taking faces. Moreover S}, (M) is closed under
the action of T' 2 Deck(p), since p : M — M lifts (Kj, h;) to (K;, h;). The last point of
the proof is much more delicate and is treated in Theorem {4.3.5 O

The statement and the proof of Theorem are modelled out the ones of a lemma
that Lee uses to prove that smooth homology and singular homology coincide for smooth
manifolds |18, Lemma 18.8]. Since it is very technical, we are only sketching this proof.
Here I = [0, 1] denotes the unit interval.

Theorem 4.3.5. With the same notations and hypotheses of Lemma [.3.4): for every
k € N and every singular k-simplex & : AF — M there exists a continuous map h :
A¥ x I — M such that:

1. there exists &' € Si(M) such that h is a homotopy between & = h( -,0) and
o =h(-,1);
2. for every face map 5}; s AP 5 AR we have
h&os}; = h& o (52 X id[)
which explicitly means hso.i (7,t) = hs (et (x),t) for all (z,t) € A1 x I;

Foest
O'OEk

3. if& € Sj(M), then hz(-,t) =& for allt € 1.
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Sketch of proof. Let us fix a singular k-simplex ¢ : A¥ — M. We are proving the result
by induction on k € N. If £ =0, then ¢ : {z} — M is a point. Let us fix another point
g€ MNAgyand let ¢ : I — M be an arc connecting &(z) and ¢ (M is connected). Then
we set hs(x,t) = @(t) for every t € I. Note that condition 2 is trivially satisfied, since
there are no face maps form A°. Let now be & > 1 and suppose that the theorem holds
for every singular k’-simplex for every 0 < k' < k—1. If 5 € S,’C(M ), then we just set
hs(-,t) = & for every t € I, so we may assume that & ¢ S (M).

1. Let
S=(AF x {0 u @Ak xT)Cc AF x T

and define a function hg : S — M via

a(x) if v € A and t =0
ho(x,t) = _1 , k1
hoet (€)1 (@), 1) if (2,1) € gl (ART) x T
The inductive hypothesis for {Goet : AF=1 — MYk "o shows that hg is well-defined
on the overlapping (A*F x {0}) N (8Ak x I), hence continuous in particular by the
Gluing lemma.

2. The space A* x I admits a retraction r : A¥ x I — S and hence we can extend
ho to some continuous map h : A¥ x I — M by setting h = hgor. Then h is a
homotopy between o and another singular k-simplex o', which does not necessarily
lie in S} (M) but satisfies the condition 2: the restriction of h to each boundary face
et (AF- 1) x {1} belongs to S;_;(M) for all 0 < i < k by the inductive hypothesis
applied to 7 o e}%.

3. Our final task is now to modify h to get a homotopy between & and a simplex
lying in SIQ(M ). By the same argument of Whitney’s approximation theorem [18,
Theorem 6.26], there exists a homotopy relative to OAF = Uf:o gt (AF=1) between
&' and some ¢” € S} (M). A convenient gluing of this latter homotopy with h gives
a homotopy hs between ¢ and ¢” satisfying the conditions 1-2-3. O

4.3.4. Simplicial volume

The simplicial volume is a homotopy invariant for manifolds, whose definition is due to
Gromov |7, p. 8.

Definition 4.3.6 (¢!-norm). Let X be a topological space and let (R,| - |) be a normed
ring; the ¢'-norm of the singular m-th chain Zle rio; € Cp(X; R) (where all of the o;’s
are distinct) is defined by

R n

= Iril

1 =1

k
E Ti0q
i=1

Remark 4.3.7. It is straightforward to see that the function |- ||# : Cp,(X; R) — [0, +o0]
is an R-module norm.
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The norm || - |¥ on C,,(X; R) induces a seminorm-like function (again denoted by
| - 1) on the homology H,,(X;R) by

la||f = inf{||a||f : @ € Zn(X; R) such that a + B(X; R) = a}

for all « € H,,(X; R). The function ||-[|¥ : H,,(X; R) — [0, +o0o| generally fails to satisfy
the homogeneity of the norm (Example 4.3.12)).

Definition 4.3.8 (simplicial volume). Let M be an oriented closed connected n-dimensional
manifold;

1. let [M]z be the integral fundamental class of M , i.e. the positive generator of
H,(M;Z) = Z; the integral simplicial volume of M is

IM]lz = |[M]z]|T € N
2. let [M]r be the real fundamental class of M, i.e. the image of [M]z via the change
of coefficients homomorphism H,,(M;Z) — H,(M;R); the (real) simplicial volume

of M is
IM||r = |[M]r|If € [0, +o0]

Terminology 4.3.9 (fundamental cycles). Let M be an oriented closed connected n-
dimensional manifold; we say that:

1. ¢ € Co(M;Z) is an integral fundamental cycle (or just a fundamental cycle) if
¢+ B(M;Z) = [M]z in Hy(M;Z);

2. c € Cp(M;R) is a real fundamental cycle if ¢ + B(M;R) = [M]r in H,(M;R).
Example 4.3.10 (simplicial volume of S!). For every d € N~ {0} let
og: Al = St
(1—t,t)—[d-1]

be the singular 1-simplex that wraps d times around the circle S'. Then 1/d - oq €
C1(SY;R) is a fundamental cycle for S' and thus

1S < inf{||1/d-o4|®:d € N~ {0}} = inf{l/d:d € N~ {0}} =0

Remark 4.3.11. By construction ||[M|| < ||M||z holds for every manifold. Indeed every
integral fundamental cycle is also a real fundamental cycle.

Example 4.3.12 (lack of homogeneity). The singular 1-simplex o7 : A! — S! is an integral
fundamental cycle for S?, as well as a real fundamental cycle, thus [|St||z = 1. The cycle
2 - o1 represents 2 - [S']z, hence |2 - [S1]z]|% < 2-||SY||z. Nevertheless an equality does
not hold: let us define

fa: 8t = St
[t] — [2¢]
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4. Manifolds and simplicial volume

and consider the singular 2-chain

A% 5 St
(to,tl,tQ) — [tg — to]
Let us compute the boundary of 7:
OoT =Toe) —Toeh + 7106
= ((u,v) = [v]) = ((w,v) = [v = 1]) + ((uv, ) = [-u])
= 01— ((u,0) = [v= (1 =0)]) + (v, v) = [-(1 = 0)])
=s5-01— faooy

and hence 2 - o1 + B1(S!) = fa o o1 + B(S') = Hi(f2)(o1 + B1(SY)) in the homology
Hy(SY). In particular |12 [ = [|[f2 0 1] F = 1.
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5. Integral foliated simplicial volume

The integral foliated simplicial volume is a homotopy invariant for manifolds introduced
by Gromov and could be viewed as a “dynamical version” of the simplicial volume. The
integral coefficients for the singular complexes are replaced by spaces L*°(X, u,Z) of
essentially bounded functions, where the (X, pu)’s are standard probability spaces on
which the fundamental group of the manifold acts. In the last part of the chapter we will
state and prove the decomposition formula for the parametrized simplicial volume with
respect to ergodic decompositions, which is the aim of this thesis work.

5.1. Twisted coefficients

We are following Hatcher’s construction for the homology with local coefficients |10,
Section 3.H]. The definition and properties of the group ring are given in in the
Appendix.

In the following let X be a path-connected topological space with universal covering
p: X = X and fundamental group I'. From the isomorphism Deck(p) = I it is already
known that T' acts on X on the left: if # € X, = p(#) € X and g € m1(X, ), then
one sets g - T = fq(Z), where f; : X — X is the unique deck transformation identified by
Z+ (1), being §: [0,1] = X the unique p-lift of g such that §(0) = Z.

Proposition 5.1.1. The left action I' ~ X induces a left action T ~ Cy(X;Z) for every
k € N, which makes C(X;Z) into a chain complex of left modules over the ring Z[T'].

Proof. The action I' ~ X induces an action T' ~ C’k(:)N(;Z) by sending a singular k-
complex ¢ : A" — X to the composition go : A" — X for g € I'. This action makes
Crx(X;Z) into a left Z[I']-module in a natural way:

n m n m
D aigi- Y bigj=> > aibj(giod;)
=1 7=1 =1 j=1

for all 71, ajg; € Z[T] and for all Y7, b;6; € Cr(X;7Z). To see that C,(X;Z) is a
chain complex in Z[I']- Mod it suffices to prove that

6k : Ck(X,Z) — Ckfl(X;Z)

is a Z[I'-module homomorphism for every n € N~{0}. Let us take >-M | a;g;, b ckhi €
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5. Integral foliated simplicial volume
Z|T'] and Z;V:1 bjoj, S di € Cy(X;7Z) and let us compute

On(Yoity aigi - Yooy bjog + Y oh_y exhy - Sy dim) =
= n(zi,j a;bj - giooj+ Ek,l crdy - hom) =
=221 4ibjOn(gi 0 0j) + 3k ckdiOn(hy 0 1)

and recall the commutativity of the diagram

WXz -2 (X Z) ——

Al =

—— Cu(X;7) — Cro1(X;7) —>

for all continuous maps f : X — X to derive that On(giooj) = gioOn(oj) and Oy, (hyom) =
hi 0 On(71). The relation 9 = 0 trivially still holds. O

Definition 5.1.2 (homology with local coefficients). Let X be a path-connected topological
space with universal covering p : X — X and fundamental group T; if A is a right Z[I']-
module with structure given by the representation p : I' — Autyz(A), then we define

Cn(X; Ap) = ARz Cu(X;Z)

The homology H.(X;A,) of the complex C,(X; A,) is called the homology of X with
local coefficients in A or, more precisely, the homology of X with coefficients twisted by
the representation p.

Example 5.1.3 (trivial module structure). Let us consider the case in which A is a Z-
module with the trivial right Z[T'J-module structure, which means that ay = a for all
v € Z[I'] and for all a € A, or equivalently the representation p : I' — Auty(A) is given
by p(g) =id4 for all g € T'. In such a case we want to show that

Hn(X;A,) = Ho(X; A)
is just the ordinary homology with coefficients in the Z-module A.

Indeed if o : A™ — X is a singular n-simplex, then the set of all of its p-lifts ¢ :
A" — X forms an orbit of the action I' ~ Cy(X;Z). The tensor product relation of
A @z Co(X;7Z) gives

a0 =ayR0=aQ Y0
which means that all of the lifts G : A™ — X get identified in Ch(X; Z) @z A. Hence we
can identify A ®zr C,(X;Z) with the usual chain complex A ®z Cp,(X;7Z) = Cp(X; A),
namely the singular chain complex of X with coefficients in the Z-module A.
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5. Integral foliated simplicial volume

5.2. Integral foliated simplicial volume

We begin this section by constructing the integral foliated simplicial volume as the in-
fimum of parametrized simplicial volumes: the main source for the definitions and the
first basic properties is Schmidt’s work [28| Section 5.2|. In the second part we are look-
ing at the relation between the parametrized volume and the ergodic decomposition of
the actions. In particular in Theorem we get a decomposition formula for the
parametrized simplicial volume.

5.2.1. Definition of integral foliated simplicial volume

Definition 5.2.1. Let M be a closed connect§d oriented n-dimensional manifold with
fundamental group I' and universal covering M — M:

1. let a: T' ~ (X, p) be a standard T'-space; then the I'-space structure on X induces
a right action of I on the space L>(X, u,Z) by

L=(X, 1, 2) x T — L®(X, i, Z)

where (f - v)(z) = f(y- ) for all x € X. The inclusion of constant functions
7 — L*°(X, u,Z) induces the change of coefficients homomorphism

i : Cu(M;Z) 2 Z@gryCu(M; Z) — L™(X, p, Z) @iy Cu(M; Z)
ARG~ a-Xx Q0
2. the (a, p)-parametrized fundamental class of M is the image
(M) = Hy (i) ([M]z) € Ha(M; L™(X, p, Z))
and all of the cycles in the chain complex
Co(M; L®(X, 1, Z)) = Cu(M; Z) @pyry L™ (X, 11, Z)
representing [M](®#) are called the (o, p)-parametrized fundamental cycles of M.
Remark 5.2.2 (canonical form for the twisted chains). By the Z[I']-balancedness of the map
@ : L®(X, pt, Z) X Cpy(M; Z) — Cr(M; L®(X, 1, 7))
we may always write the elements of Cp,(M; L°(X, u,Z)) in the form Zle i ® ; for
some ¢; € L>(X,pn,Z) and 6; € Sy, (M) with the property that ¢; # &; for every
i,j € {1,...,k} with i # j. The explicit algorithm is the following: for every a, a €7,
0,0 € L®(X,u,Z) and 5,5" € Sy (M) we have that

1. writings of the form p® (a-5+a’-5’) are always replaced with p-a®d+p-a’ ®5';
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5. Integral foliated simplicial volume

2. writing of the form ¢ ® & + ¢’ ® & are always replaced with (¢ + ¢') ® &.

Let M be an oriented closed connected n-dimensional manifold with fundamental group
I" and universal covering p : M — M and let o« : ' ~ (X, ) be a standard I'-space;

Definition 5.2.3 (reduced form). A chain Z?Zl 0i®6; € Co(M; L>®(X, pu,Z)) is in reduced
form if pod; #pogjforalli,je{l,...,k} with i # j.

The condition of being in reduced form means that the singular simplices ¢; and &;
do not lift from the same singular simplex in M.

Lemma 5.2.4 (existence of reduced form). Every («, p)-parametrized chain admits a rep-
resentative in reduced form;

Proof. Let ¢ € Cp,(M; L>(X, u,7Z)) be represented by Z?:l v ® ;. If Zle Y ® F; is
not in reduced form, then k& > 2 (because chains in the form ¢ ® & are trivially reduced)
and there must exist two different indices i, j € {1,...,k} such that po&; = poa;. After
a permutation of the indices we may assume that ¢ = k — 1 and j = k. In such a case
Ok = - 0k—1 for some v € I'. Then the expression

©1 R0+ + P2 @ Fk—2 + (Pr—1+ Yk - 7) ® Fp—1

represents ¢ and involves k — 1 summands. By iterating the argument we obtain a
representative in reduced form. ]

The twisted counterpart of the integral £!-norm is the («, ut)-parametrized ¢!-norm.

Definition 5.2.5 (parametrized ¢!-norm). The («, u1)-parametrized £*-norm of the m-chain
c € Crp(M; L>®(X, p,Z)) is the infimum

k k
| ¢ | (" = inf {Z /X|<pi|du : Z%‘ ® 0; reprsents ¢ in Cm(M;LOO(X,u,Z))}
i=1

=1

Lemma 5.2.6 (properties of parametrized £'-norm). Let ¢ € Cp,(M; L®°(X, u, 7)) be an
(e, p)-parametrized chain of M ; then

1. the infimum defining the (o, p)-parametrized £*-norm is attained by the represen-
tatives in reduced form, namely

k k
[ c| (@r) — inf {Z /X|goi|d,u : Z%’ ® &; is in reduced form and represents c}
i=1 i=1

2. if Zle i ® 7; and 25/:1 @9 ® &; are both in reduced form and represent c, then

k K’
| pildp = /W‘\du

ol



5. Integral foliated simplicial volume

3. the function | - | (@M : Cpp(M; L®(X, 1, Z)) — [0, +00] is a Z-module norm.
Proof.

1. let Zle p; ® 0; be a representative of ¢. If it is not in reduced form, then k > 2
and (up to a permutation of the indices) & = v - 51 for some v € I'. Then

P1®G1+ -+ Pr_2®Fk—2 + (Pr—1+ Yk - 7) ® Tr—1

represents ¢, involves k — 1 summands and

(%)
/!«pk1+<pk-’7!duS/\<pk1!du+/\wk-v!dﬂ—/!¢k1\du+/!¢k\du
X X X X X

where (%) holds because the action is measure preserving. We can repeat this
argument a finite number of times until we obtain a representative of ¢ in reduced
form.

2. let E?:l ¢i®0; be arepresentative of ¢ in reduced form. By an explicit construction
of the tensor product every other representative of ¢ in L*°(X, u, Z) @zr) Cim(M; Z)

is obtained from Zle v; ® 7; by adding Z-linear combinations of the expressions

(G +5)—pR5— 5
(p+¢)R®—pR—¢ ®c
P YR —pRYy-0

for ¢, ¢' € L®(X,u,Z), 5,6" € Spu(M) and v € T'. According to Remark
expressions of the first and second type in the form

0@ (F+6)and o6+ @5

are not taken into account in our description of the elements of C,, (M s L(X, 1, Z)),
whereas changing ¢ - v ® ¢ with ¢ ® v - & does not change the quantity fX|cp|du,
because the action of I is measure preserving.

3. we need to check the Z-module norm axioms:

a) the zero-chain is represented by 0 ® & for any & € S,,,(M) and thus has zero
norm. If ¢ # 0, then a reduced representative of ¢ contains at least a summand
of the form ¢ ® & for some ¢ € L®(X,p,Z) ~ {0} and some & € S,,(M),
hence has strictly positive norm.

b) let Zle w; ® 0; be a representative of ¢ in reduced form and let a € Z. Then
Zle a - @; @ o; represents a - ¢ and

k k
Iacl(ayﬂ):Z/|aS@l|d/L:‘a|Z/’¢l|duz‘a| Icl(avﬂ)
i=17%X i=17%X
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5. Integral foliated simplicial volume

c) let ¢, € Cp(M; L (X, u, Z)) and let Ele ;i ® ; and Efi,’j;l p; ® 05 be
representatives of ¢ and ¢ respectively in reduced form. Then Zfilk V; ® 7y

represents ¢ + ¢ but is generally not in reduced form and hence

k+k'

[+ | @ <Y Joildu= el @0+ ||
i=1
proving the triangular inequality. O

Definition 5.2.7 (integral foliated simplicial volume). Let M be an oriented closed con-
nected n-dimensional manifold with fundamental group I' and universal covering p :
M — M;

1. let a: T~ (X, 1) be astandard T-space and let [M](®#) be the (o, p)-parametrized

fundamental class of M; the («, u)-parametrized simplicial volume of M is the
infimum

| M| (@8 =inf{ | c] @ ce Cu(M; L®(X, 1, 2)), [c] = [M]@M}

of all of the (a, u)-parametrized ¢!-norms of the (c, uu)-parametrized fundamental
cycles of M;

2. the integral foliated simplicial volume of M is the infimum

|M| = inf |M]@H
a:'n(X,p)

where a: I' ~ (X, p) ranges in the set of Borel I-isomorphism classes of standard

T"-spaces.

Remark 5.2.8. Let I' be a countable group. The class of isomorphism classes of standard
I-spaces forms a set |28, Remark 5.26]. This claim relies on the fact that there exists a
universal standard I'-space Ur, i.e. a standard I'-space in which every standard I'-space
embeds by a morphism in I'-Standard |1, Theorem 2.6.1].

Terminology 5.2.9 (cheap manifolds and fixed price). Similarly to the cost of groups we
say that an oriented closed connected manifold M:

1. is cheap if | M| =0;

2. has fized price if | M | (wn) — | M| (B:) holds for all essentially free standard
actions a: I' ~ (X, p) and g: T ~ (Y, v).

Question 5.2.10 (fixed price problem for 1FSV). We can state an analogous fixed price
problem for integral foliated simplicial volume. Let M be an oriented closed connected
manifold with fundamental group I'; if & : ' ~ (X, ) and 8 : I' ~ (Y,v) are free
standard probability actions, then is it always true that | M | (m) — | M | B)7 As
in the case of the group cost, the fixed price problem for manifolds is still open |20,
Definition 1.3].
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5. Integral foliated simplicial volume

5.2.2. First properties of the integral foliated simplicial volume

Proposition 5.2.11 (comparison with (integral) simplicial volume). Let M be a closed con-
nected oriented n-dimensional manifold with fundamental group I' and universal covering
p: M — M ; then

Ml < | M] <||M|z

Proof.
1. Let a : T' ~ (X, ) be a standard I'-space and consider the function
S :Cp(M; L>®°(X, 1, Z)) — Cp(M;R)
@6 = ([x pdp) - (pod)

Then @ is well-defined: if v € I', then ¢ -y ® ¢ and ¢ ® v - & are both mapped
to [  pdp. Moreover it is a Z-modules homomorphism by the Z-linearity of the
integral operator [y (-)du : L>(X, 1, Z) — R and makes the diagram

Co(M;Z) 205 O (M; L¥(X, 1, Z))

|o

i Cn(M;R)

commutative, where i : C,,(M;Z) — C,(M;R) is induced by the inclusion Z < R.
In particular

Hy(®)([M]?) = Ha(® 0if)([M]z) = Ha(i)([M]z) = [M]r

which says that ® maps («, p)-parametrized fundamental cycles to real fundamental
cycles. Let ¢ = Zle i ®6; € Cp(M;L>®(X,pn,Z)) be an (a, p)-parametrized
fundamental cycle of M in reduced form. Then

k
%du‘ﬁ / ildp = 1| *H)
/. > [ Jel

and by taking the infimum among all of the (a, u)-parametrized fundamental cycles
of M we obtain |[M||gr < | M | (# for every standard probability action a: I' ~

(X, ).

2. The change of coefficients C,,(M;Z) — C,(M;L>*(X,u,7)) induced by the in-
clusion of constant functions Z < L*°(X,pu,7Z) is an isometry with respect to
the (o, p)-parametrized ¢!-norm and maps integral fundamental cycles to («, u)-
parametrized fundamental cycles. Hence | M | (*#) < ||M||z. O

k

1Mz < [2()IF =

i=1

Proposition 5.2.12 (integral foliated simplicial volume of simply connected manifolds, |28,
Proposition 5.29]). Let M be an oriented closed connected n-dimensional manifold; if M
1s simply connected, then

| M| = ||M]|z
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5. Integral foliated simplicial volume

Proof. Let (X, u) be any standard Borel probability space. Then w1 (M) = 1 acts on
(X, p) via the only possible action, namely trivial action, and hence

A singular chain ¢ = S 0 @ 0y € L®(X, 1, Z) @z Co(M;Z) identifies an integral
singular chain ¢, = Ele vi(x) - 0; € Cp(M;Z) for almost every x € X and, if ¢ and ¢
are homologous in L (X, 1, Z)®7Cy (M; Z), then so are ¢, and ¢, in Cy,(M; Z) for almost

every x € X. Moreover parametrized fundamental cycles induce integral fundamental
cycles for almost every x € X, hence for every ¢ = Zle p; ® o we have that

k
leallz =) _lpi(2)] = [1M]|z
i=1

for almost every x € X. We obtain that

() -
c| ‘¥ = i(x T
lcl i§:1j/X\soz< )ldp(z)

k
- /X > leite)date)

> / 1M lzdp(a)
X
= | Mz

for every (o, u)-parametrized fundamental cycle ¢ € C,,(M; L (X, p, Z)). The inequality
| M| <|M]z is always true. O

Proposition 5.2.13 (comparing parameter spaces). Let M be an oriented closed connected
n-dimensional manifold with fundamental group T', let o : T' ~ (X, ) and B : T ~ (Y, v)
be standard T'-spaces and let f : X — Y be a measurable I'-equivariant map with the
property that

u(f7H(B)) < v(B)
for all measurable subsets B CY. Then
| M | (onp) < | M | B.v)
Proof. The Z[I']-chain homomorphism
F = [* ®ide, ) : Cu(M; L®(Y,0,2)) — Cu(M; L®(Y, 1, 2))
pRFT—pofRF

together with the property u(f~1(B)) < v(B) for all measurable subsets B C Y gives
that | F(c) | () < 1| YY) for every chain ¢ € C,(M;L>®(Y,v,Z)). By using B =
f(X) we obtain that
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showing that f is v-almost surjective. In particular f* maps v-almost constant functions
to p-almost constant functions with the same value. Hence F' maps integral fundamental
cycles to integral fundamental cycles and hence (3, v)-parametrized fundamental cycles
to (a, p)-parametrized fundamental cycles, since every (3, v)-parametrized fundamental
cycle can be written in the form ¢z 4+ dd for some integral fundamental cycle ¢z and for
some (n+1)-cycle d. Taking the infimum over all (3, v)-parametrized fundamental cycles
of M we get | M| B > | M| (@n), O

Proposition 5.2.14 (products of parameter spaces). Let M be an oriented closed connected
n-dimensional manifold with fundamental group I';

1. if {oi : T~ (X3, i) bien is a family of standard T'-spaces, then also the product
Z,() = (HXZ-,(X);M)
ieN  ieN

with diagonal action a : I' ~ (Z,() (where v - (x;)ien = (7 - Ti)ien) is a standard
I'-space and
| M| (@9 <inf | M | (@)
1€N

2. let a: T~ (X, pn) be a standard I'-space and let (Y,v) be a standard Borel proba-
bility space; then
| M| (o \p®r) _ | M| (ct,)

where the action o : T ~ (X x Y, u®v) is induced by a : T ~ (X, p).
Proof.

1. One just needs to apply Proposition [5.2.13] to the projection p; : Z — X; for every
1€ 1.

2. The trivial action r m (Y v) gives (Y,v) a standard T'-spaces structure, so that
| M| @5#®) < | M| (“*). On the other hand let

k
Z i @6 € Co(M; L®(X X Y, p®@ v, 7))

be an (o, u ® v)-parametrized fundamental cycle for M in reduced form. If we fix
an integral fundamental cycle ¢z € C,(M;Z), then there exists an (n + 1)-cycle
d e Cpy1(M; L®(X XY, uxv,Z)) such that ¢ = ¢z +dd. For v-almost every y € Y
the chain

cy_chz Y) ® 63 € Cp(M; L(X, 1, Z))
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is well-defined and an («, u)-parametrized fundamental cycle of M, being equal to
cz + 0(dy). Fubini’s theorem gives

!
e | (ore) = / pild(p @ v
;é; ;xxy| |d( )

k
_ /Y /X ;m(x,y)du(x)du(y)
~ [l
Y

and in particular there exists y € Y such that | Cy | (or) < el (o p@v) Taking
the infimum among all of the (o, u ® v)-parametrized fundamental cycles gives
| M| @m8) = | M| (om), 0

Corollary 5.2.15. Let M be a closed connected oriented n-dimensional manifold with
fundamental group T'; there exists a standard T'-space o : T' ~ (X, ) with essentially free
action such that

| M = | M|

Proof. Let ag : I' ~ (Xo, po) be a standard I'-space with essentially free action, whose
existence is granted by Corollary [2.1.12] For every k € N~ {0} let o, : I' ~ (X, i) be
a standard I'-space satisfying

| M| (@rbn) < | M| +%

Then the diagonal action a : I' ™~ ([ [en Xk, Qpen k) given by v+ (zx)ken = (V- k) ken
is essentially free and

1
| M| (@®rie) < inf | M| @) <inf | M| 4+~ = | M|
kEN keN k

by the first point of Proposition [5.2.14] O
As we may guess, ergodic actions are of particular interest in this context as well.

Proposition 5.2.16. Let M be an oriented closed connected n-dimensional manifold with
fundamental group T' and let a : T ~ (X, p) be an ergodic standard probability action;
then the change of coefficients i, : Cp,(M;Z) — Cy(M; L™= (X, p, Z)) induces an isomor-
phism

H(iy) « Hn(M;Z) — Hp(M; L(X, 1, Z))
in the n-th homology Z-module.

Proof. Recall that H,(M;Z) = Z, because M has dimension n. The generalized Poincaré
duality for local coefficients gives H,,(M; L>°(X, u, 7)) = H°(M; L>°(X, u, Z)), being the
right hand side isomorphic with Homgyry(Z, L>°(X, u1,Z)) by the universal coefficients
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theorem for cohomology, having Z the trivial Z[I']-module structure |26, Theorem 12.11].
Let us study the Z-module Homgr|(Z, L*>°(X, u, Z)): a Z[[']-module homomorphism F" :
Z — L*°(X, pu,Z) (which is uniquely determined by the image of the generator 1 € Z)
must be Z-linear and satisfy

for every v € T. 1In particular F(1) € L®(X,u,Z)'. On the other hand let ¢ €
L>®(X, u,Z)" be a T-invariant essentially bounded class of functions. Then the function

Fo:7Z — L™(z, 1, 7Z)
N SR

is a homomorphism of Z[I']-modules. Thus the associations

Homgr)(Z, L®(X, 1, Z)) — L=(X, u, Z)"
Fr F(1)
F, ¢

are mutually inverse Z-modules homomorphism. Since the action o : I' ~ (X, p) is er-
godic, we also have that the inclusion Z < L*°(X, p, Z) is an isomorphism by Proposition

showing the claim. O

5.2.3. Integral foliated simplicial volume and ergodic decomposition

We wish to investigate the relation between the (o, p)-parametrized simplicial volume
and an ergodic decomposition 5 : X — Erg(«) of the action o : I' ~ (X, ). What we
already know is that the infimum defining the integral foliated simplicial volume can be
computed taking into account only standard I'-spaces with an ergodic action.

Proposition 5.2.17 (ergodic parameters, [4, Proposition 4.14]). Let M be an oriented closed
connected manifold with fundamental group I' and let (X, ) be a standard Borel proba-
bility space; for every measure preserving action o : T' ~ (X, ) and for every e > 0 there
exists a probability measure (' on X such that the action o : T' ~ (X, ) is (measure
preserving and) ergodic and

| M| @) < | M@ 4e

In particular for every € > 0 there exists a standard I'-space (Y,v) with ergodic action
B:T ~ (Y,v) such that
| M| P < | M| +e

Remark 5.2.18 (explicit construction of Cy(M; L (X, u,Z))). Let us denote by B(X,Z)
the Z[I'-module of bounded functions X — Z and by

N(X,u,Z)={f € B(X,Z) : f =0 p-almost everywhere}
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the submodule of globally bounded functions that are zero u-almost everywhere, so that
L>(X,u,Z) = B(X,Z)/N(X, 1, Z) as Z[I']-modules. Since the C;(M;Z)’s are free Z[I'}-
module, we can tensor
0— N(X,u,Z)— B(X,Z) — L>™(X,u,Z) — 0
to get an isomorphism of chain complexes
B(X,Z) @z Cs(M; Z)

=L (X7 s Z) ®Z[F] C*(M> Z)
explicitly given on the generators by (f + N(X,u,Z)) ® 6 = [f]=, ® ¢ for f € B(X,Z)
and ¢ € S;(M).

Remark 5.2.19 (integrals and ergodic decomposition). Let o : I' ~ (X, i) be a standard I'-
space and let 5 : X — Erg(«) be an ergodic decomposition of «. Let us take f € B(X,Z)
and write it in the form f = ZZ]\LMZ - X4, for some M, N € Z, where A; = f~1(i). By
the definition of ergodic decomposition we obtain

N
/deuz/)(i;z-xmdu
N
=) i pu(A)
=M
N
:;wz /X B (Ad)dp(x)

N
= [ i s duto)
X =M

- /X ( /X fdﬁx)du(w)

Proof. (of Proposition . Let us set n = dim M and take ¢ > 0. By the definition
of | M| " as an infimum there exists an (a, p)-parametrized fundamental cycle ¢ =
S (i + N(X, 1, 2)) @ 63 € Cp(M; L®(X, 1, Z)) such that

k
Z/\firdus | M| 4 e
j=i7X

Let us fix an integral fundamental cycle ¢z € C,(M;Z). Since both ¢ and ¢z represent
[M](@H) we can find an (n41)-chain d € C,, 11 (M; L®(X, p, Z)) such that c—cz = dd. By
the above explicit description of Cy, (M, L*° (X, i, Z)) we may suppose that the coefficients
f1y-++, fr of ¢ and the coefficients of d are in B(X,Z) and that there exist a I'-invariant
p-null subset A € X and ¢ € B(X,Z) ®gn C,(M;Z) such that

c—cz=0d+ xa-c € B(X,Z) ®z[r] C(M;Z)
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By Theorem [2.2.14] there exists an ergodic decomposition 8 : X — Erg(a) for a : T' ~
(X, p). In particular

:/Xﬁx(A)d,u(a;) and /ngfiyduzfx/xgmdﬁmdu(x)

and hence we can find z € X such that

k
B:(A) = 0 and / Z|fz|d,6’z_/X;fidu

Let us define ¢, to be the class of (the representative ¢z + dd + x4 - ¢ of) ¢ in

B(X,Z) @zpr) Cn(M; Z)
N(Xu 627 Z) ®Z[F] Cn(M7 Z)

1

Cn(M; L=(X, B2, Z))

From the equality ¢ — ¢z = 9d + xa - ¢ in B(X,Z) @] Cn(M;Z) and the fact that
B:(A) = 0 we obtain that

c, —cy =0d, € Cn<M;LOO(X7 ,BZ,Z))

which says that ¢, is a (X, 5,)-parametrized fundamental cycle of M. By the inequality

k k
| c | (F) <2/ rfidﬁz</ S lfildu < | M| +e
i=17X X =1

we conclude. 0

Warning 5.2.20. In the former proof to a cycle ¢ € C,,(M; L™ (X, u,Z)) we associated
a cycle ¢, € C,(M; L>®(X, 5,,7)). This association is not unique, since ¢, does depend
on the bounded functions representing the coefficients of ¢. The next basic example will
clarify the issue.

Example 5.2.21. If (f+ N (X, u, Z))®6 is an (v, p)-chain, then (f+xa+N (X, p, Z))® &
the same chain in C,,(M; L*°(X, p, Z)) for every measurable subset A C X with u(A) =
but it is generally not true that (f+ N (X, (,,Z))®6 and (f + x4 +N(X B, 7)) @6
the same chain in C,,(M; L*>°(X, .,7)). Indeed the equality 0 = = [ B.(A)d
only implies that 3,(A) = 0 for y-almost every z € X.

o are
()
The following construction will overcome this problem. Let a : I' ~ (X, pu) be a

standard I'-space and let 5 : X — Erg(a) be an ergodic decomposition of .

1. Let us fix an integral fundamental cycle ¢z of M, so that every (o, p)-parametrized
fundamental cycle ¢ of M is of the form ¢ = ¢z + dd for some (n + 1)-chain
d € Cpy1(M;L>®(X, u,7)).
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2. Explicitly let Zle(fi + N(X,u,Z)) ® 7; be a representative of d, so that

k
cz+0d=cz+ > (fi + N(X,p, 2)) @ 07;
=1

represents ¢ (we will not explicit a representative for ¢z to avoid a heavy notation).

3. For every hq,...,h; € N(X,pu,Z) and every z € X,

k

> (fi+hi+ N(X,B:,2) @ 7
i=1

represents an («, 3;)-parametrized (n 4 1)-chain for M and hence
ez + % (fi + hi+ N(X, B, Z)) @ 07 =
=2+ 0 (S0 (fi+hi + N(X, 8, 2) @ 7)
represents an («, 3, )-parametrized fundamental cycle for M.

4. Let us define

nr(e) = it | en+ 0 (T b it N gz @) |7

h; € N(X,u,Z) and Zle (fi + N(X,u,Z)) ® 7; represents d}

as the infimum of the (a, B;)-parametrized £!-norms of all of the («, 3, )-parametrized
fundamental cycles constructed from ¢ = ¢z + 9d.

Remark 5.2.22 (inf of the n),”(c)’s). Since every (a, p)-parametrized fundamental cycle
c=cz+0de€ Z,(M; L>®(X, u,7)) of M defines a subset

{ez+0 (S (it hi+ N(X, 5,2)) 07:)
hi € N(X, i, Z) and S (f; + N(X, 1, Z)) ® 7 represents d}
of (a, By)-parametrizes fundamental cycles for M, we obtain an upper bound
inf{nﬁl(c) . ¢ is an (o, p)-parametrized fundamental cycle of M} > | M | (@F=)

for the (o, 8;)-parametrized simplicial volume.

Remark 5.2.23. While the quantity fX\f|dﬁx is not an invariant for the equivalence
class f+ N(X,pu,Z) € L®(X, u, Z), its integral [y ([y|f|dBz)du(z) is. Indeed in view of
Remark 5.2.79 we have

J(foinas)auto) = [ 1= [[1 -+ migu= [ ([ 17+ nias, ) auta)

for every h € N(X, u,Z).
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Proposition 5.2.24. Let o : T' ~ (X, ) be a standard T'-space with ergodic decomposition
B: X — Erg(a) and let ¢ € Z,(M; L>®(X, p,Z)); then

e e = /X = () dp(z)

Proof. The proof is a matter of elementary but tedious computation. Let ¢ = ¢z + 0d
as usual with ¢z = 371} a; ® 6; € Z®zCr(M;Z) in reduced form and d = 377_, (f; +
N(X,u,Z)) ® 7j. Computing the differential of d we get

n+1
dd = Z(fj—l—NX,u, @Z o€n+1>

7=1
r n+l

=3 DR i+ N(X o, 2)) @ Fj ok

j=1 k=0
Up to a permutation of {1,...,q} we can find ¢’ € {0,..., ¢} such that:
1. pod; # po(Fjoek ) forevery 1 <i < ¢’ and every (j, k) € {1,...,7}x{0,...,n+1};

2. for every ¢’ + 1 < i < q there exists (j,k) € {1,...,7} x {0,...,n + 1} such that
pod; = po(Fjoek ;). Insuch a case there exists y; € I such that 6; = ;- (Fj0er ;)
and

ai-Xx ®6; =a;-Xx @i (Fjoer)
=a;-xx % ® (Foehy)
=a;-xx ® (Fjoepyy)
because X is trivially I'-invariant.

By an inductive reducing process we can find {(j;, k;) g:q’+1 C{1,...,r}x{0,...,n+1}

and J C ({1,...,7} x {0,...,n+ 1}) ~ {(ji ki) }{_ ., such that

!

q q
D (ai+ NX,pZ) @6+ > (uj, + N(X,p, Z)) @ (7, 0 iy )+
i=1 i=q'+1
+ Y (0 +NX,p,2) @ (F0eh)
Gk)es

is a representative for ¢ in reduced form, where the u;,’s are of the form a; + f1 - y1 +

“+ fm - Ym and the v;’s are of the form fi -~] + - + fi - for some v;,v; € T
For every {hg41,...,hq} U{h; : (j,k) € J} C N(X,u,Z) and for every x € X, the
(a, By )-parametrized fundamental cycle

!

q q
D (@i + N(X, B, 2) @6+ > (wj, + hi+ N(X, Be, 2)) @ (7, 0 el )+
i=1 i=¢'+1

+ > (Wit hj+ N(X, 8, 2) ® (F 0k ,)
(j,k)eJ
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is in reduced form. The invariance for the integrals granted by Remark [5.2:23] gives

[ c| @m) = |al|+ Z /|U32|d#+ Z /|UJ|dM (reduced form)

i=q¢'+1 (j,k)eJ

/(Z!az\—i— Z /]uﬂdﬁx Z /]vj]dﬂgc)du x) (ergodic decomposition)

i=q'+1
:/anﬁf(c)du(x) (Remark [5.2.23)

and allows us to conclude. O

5.2.4. An ergodic decomposition formula for | M | (*#)

We aim to achieve an ergodic decomposition formula for the parametrized simplicial vol-
ume that is analogue to the ergodic decomposition formula of Theorem [3.3.4] we have for
cost. Let M be an oriented closed connected n-dimensional manifold with fundamental
group I' and universal covering M — M.

Let (X, Bx, n) be a standard Borel probability space and let o : I' ~ X be a standard
action. Let us fix:

1. a family S,(M) = (Si(M ))kzeN of countably many singular simplices of M with
the properties of Lemma Let us enumerate the set of (n + 1)-simplices
n+l(M) = (7} PAMH M)ZGNa

2. an integral fundamental n-cycle ¢z € C,,(M;Z) for M;

3. a countable algebra & = {A; : j € N} C P(%x) that is dense in the o-algebra #x
in the following sense: for all measurable subsets B C X and for all € > 0 there is
a j € N such that y(BAA;) < e. Replacing & with {g-A4; C X : g €I',j € N},
we may always assume that o is closed under the action of T'.

With these new data we want to give an analogue of B(X,Z), N(X,u,Z) and
Co(M; L>*(X,u,Z)), hence we denote by:

1. Z(M;Z) and Bl (M;Z) the submodules of singular k-cycles and k-boundaries of
M with respect to the chain complex C.(M;Z) for all k € N;

2. B'(X,Z) the submodule of B(X,Z) generated by {xa, : j € N};

3. N'(X,u,Z) the submodule B'(X,Z)NN (X, u,Z) of B'(X,Z) of bounded functions
that are zero p-almost everywhere. The inclusion u : B (X,Z) «— B(X,Z) yields a
well-defined Z-linear map on the quotients

a: B'(X,Z)/N'(X, 1, Z) = B(X,Z)/N (X, 1,Z)
4+ N(X, 1, Z) > £+ N(X, 1, 2)

63



5. Integral foliated simplicial volume

making the diagram
B'(X,Z) —— B(X,Z)

| |

B'(X,7) B(X,7)
N(Xuw2Z) —a ' NX.uZ)

commutative. Moreover % is a monomorphism: if a(f + N'(X,u,2)) = f +
N(X,p,Z) = N(X,u,Z), then f € N(X,u,Z) N B (X,Z) = N'(X,u,Z). Hence
we are allowed to view classes in B'(X,Z)/N'(X, u,Z) as classes in L>(X, u,Z).

4. C.(M;B'(X,Z)/N'(X, p, Z)) the tensor product of Z[I'|-modules

B'(X,7Z)

NI, 7) o0 )

for all k£ € N. Note that B'(X,Z) is indeed a right Z[I']-module, since <7 is closed

under the action of T'.

Our aim is to extract and parametrize countably many (a, u)-parametrized fundamen-
tal cycles of M that suffice to compute | M | (@) Let us proceed in the following way:

1. take I € Psy(N);
2. take Q = (Qi)ier € Pan(Z xN)I1;
3. denote by d(I, Q) the element

_ B(X,2) )
! ) / .
E < Z q- XA, +N (XHU’?Z)) T € N/(X,M,Z) ®Z[F] Cn+1(M7Z)
el \(q,r)€Q;

4. every cycle of the form ¢(I,Q) = ¢z + 9d(1,Q) is an (o, p)-parametrized funda-
mental cycle of M.

In such a way we get
|, Q) | “" <3 3 Jal - u(4,)
iel (‘LT)EQi
with equality when d(I, @) is in reduced form.

Lemma 5.2.25 (finitary characterization of PSV). Let M be an oriented closed connected
n-dimensional manifold with fundamental group I" and let o : T' ~ (X, ) be a standard
action. Let us fix C' > 0. With the same notations as above, the following are equivalent:

1. | M|@w <oy

2. there exist I € Pgn(N) and Q € Pan(Z xN)!| such that | ¢(I,Q) | (@) o,
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Proof. The implication (2 = 1) is trivial, thus we are only proving (1 = 2).
From Lemma the inclusion ¢, : CL(M;Z) — C.(M;Z) is a Z[I']-chain homotopy
equivalence. Let us denote by ¢, : C,(M;Z) — C.(M;Z) a Z[T']-chain homotopy in-
verse of t,. By tensoring C,(M;Z) and C’.(M;Z) with L>°(X, 1, 7Z) we obtain that also
C.(M; L®(X, 1, Z)) and CL(M;L®(X, p,Z)) = L™(X, u, Z) ®zr] C!(M;Z) are chain
homotopy equivalent via idze(x ,,7) ®@¢« (see Proposition and the commutativity
of the diagram

idpoo(x,u,z) @pPn

Zn(M; L=(X, i, 7)) » Zy(M; L>(X, p, 7))

| |

Ho(M; L®(X, 1. Z)) H (M; L%(X, 1, 2)

shows that, if ¢ € Z,(M; L>(X,u,Z)) is an (o, p)-parametrized fundamental cycle for
M, then so is (idpeo(x u,z) @9n)(c) € Z;,(M; L¥(X, i, Z)).

Let us fix an (a, p)-parametrized fundamental cycle ¢ € Z,(M;L>*(X,u,7Z)) with
[c¢] @ < C. We claim that we can always assume that ¢ € Z/(M;L®(X,u,Z)):
indeed if ¢ = Z?Zl 1; ® &; is in reduced form, then the image 25:1 Y @ &, of ¢ under
id o0 (x,,7) ®pn might not necessarily be in reduced form and hence

(ep)
| (id oo (x,,2) @pn)(C) | (@r)

k
< ;/X\wudu —

(ov,)
= Jel@w <0

k
Z P ® 5}
j=1

k
D i35
i=1

Since ¢ is an fundamental n-cycle, it is of the form ¢ = ¢z +9d for some d =3, hi ®
7€ Ol (M;L*>(X,u,Z)). By writing all of the h;’s in the explicit form
B(X,7Z)
N(X,p,Z)

h; = Z Qi'XBri_'_N(Xv/'LvZ)GLOO(XJ'L?Z)g
(qismi)€Q;
for some Q; € Ppn(Z xN) with measurable subsets B,, C X for all (¢;, ;) € Q; and for
all 4 € I, we obtain a new description of ¢ in the form

CZCZ“‘Z Z Qi'XBri+N(X7M7Z) ®87~_z,
el \(qi,ri)€Q:

Let us take 0 < e < C— | ¢ | ") let ¢ = max{|Q;| € N:i € I} and let m = max{|q;] €
N : (¢,7i) € Qi,i € I}. The density property of the algebra o/ gives that for every
measurable subset B,, there exists an A € &/ such that

&
BrAA) < ————
1 ) Tg-m
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By changing the enumeration (A;)jeny of &/, we may always assume that A,, € &
approximates By, for all (g;,r;) € Q; and for all ¢ € I. Let us consider

C(IaQ):CZ+ad(I’Q):CZ+Z Z quArl—i_N(Xvu’Z) ®a7:z/

1€l \(gi,mi)€EQs

Then we have that

(et,)
IC_CI Q Z XBr XAr1)®a7:1/,
’LE[ qu‘z €Q
< Z (xB., = XA,,)|dp
thl EQZ
= Z |gi| - n(Br, AAy,) <€
el ((h 7i)€Q:
and finally the reverse triangle inequality
(o) (o) _ (o)
el |e(1.Q) | | < Je—e(r.@) | " <<
gives that | c(1,Q) | (n) oy lcl (@n) < C. O

Theorem 5.2.26 (ergodic decomposition formula for psv). Let M be an oriented closed
connected n-dimensional manifold with fundamental group T, let o : T ~ (X, ) be a
standard action with an ergodic decomposition B : X — Erg(a); then

| M | ) = /X | M | P dp(a)

As a strategy of proof we will follow the proof of Theorem as a guideline.

Proof. Let ¢ = Y0 (fi + N(X,1,2)) ® 6; € Co(M;L>(X,p1,7Z)) be an (o, p1)-
parametrized fundamental cycle in reduced form. In view of Proposition [5.2.24] the map

T nﬁz (c)

is measurable and the infimum of measurable functions is still measurable |3 Proposition
2.7]. Hence the function

X — [0, 4+o00]
x| M| (@Fs)

is measurable and it is bounded by [|M ||z by Proposition [5.2.11} Hence it is integrable
in particular. Let us prove the equality via two inequalities.
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By Proposition [5.2.24] for an (a,pu)-parametrized fundamental cycle ¢ €
Cn(M; L>®(X, u, 7)) we have

o] (e = /X n (¢)du(z)

Since nj," (¢) > | M | (%) for all z € X and for every (a, u)-parametrized funda-
mental cycle ¢ (as pointed out in Remark [5.2.22)), we also have

|c|<w>=/x  (e)dp(z) > /|M| @) dpu(z)

by monotonicity of the integral operator. Taking the infimum among all of the
(o, p)-parametrized fundamental cycles gives

| M| (m) = 1nf|c| ) 1nf/ B (e)dp(x /|M| Bz) g (z)

Fix € > 0 and define the subsets
Arg={z € X injr(c(1.Q) < | M| %) 1}

which are measurable, since the functions i | M| @P) and z — ni (c(I,Q)
are measurable. By Lemma 5| (for every x € X, use p = f, and C =
| M | @F+) 4 ) we obtain

X =U{Arq: I € Psu(N) and Q € Py (Z xN)I1}

With an enumeration A : |J,cn Pu(N) X Pan(Z xN)" — N we can obtain X as a
disjoint union of measurable subsets

X =U{Brg: I € Psn(N) and Q € Py, (Z xN)I}

with the properties that:

a) Bro C Arg;

b) I BLQ = BLQ;

C) ifx e BLQ? then Xﬁz - BLQ
for all I € Py, (N) and Q € Py, (Z xN)HI. For instance one could take

Bro={zeX:h(I,Q)=min{fn e N:xz € Ap-14,}}

Hence one gets

+oo
1= N(X) =H <|_| Bh—l(n)> = Z:U’ (Bh—l n
n=0

neN
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Since the series is convergent, there must exist N € N such that
1(By-1(0)) + -+ + w(Bp-1vy) 2 1 —¢
Define the («, p)-parametrized fundamental cycle ¢y as
N
SOWICTIPHETES ) 3l (D PEeRNEE o) B
n=0 il \(q,r)€Q;

where (I,Q) = h™(n). Define B = Bp,-1(0y U+ U Bp-1(n), so that u(B) > 1 —¢
and hence ;1(B¢) < e. Observe that for x € By g we have

n(en) = nb (enlx,,) (Bz(Xp,) =1)
= n “(e(1,Q)lx,,) (disjoint union)
= nﬁ% (I, Q)) (Bx(X5,) =1)
< | M| (@5 (Brq € Arq)
whereas
ni (en) = m (enlx,,) = mi(cz) < L ez | @) = |leglz

for all y € B€. Finally we obtain
e | (@) = /X = (e )dp(z)
_/B n (en)dp(x) + /Cngx(cN)du(m)
< [ QUM 4 ) + el - n(5°)
< /B | M| ©8)dpu(z) + < - u(B) + llezlz - <
< /X | M]3 dpu(@) + (1+ |lezllz) - e

and letting ¢ = 07 we conclude that | M | (¥ < Jx 1M (@) qy (). O

Corollary 5.2.27. Let M be an oriented closed connected n-dimensional manifold with
fundamental group I'; there exists an ergodic and essentially free standard probability
action a : T' ~ (X, p) such that

| M = | M|

Proof. Corollary gives the existence of an essentially free standard probability
action o : T'~ (X,v) such that | M | = | M | @), Let 8: X — Erg(a) be an ergodic
decomposition of this action. Then:
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1. since the action is essentially free, there exists a measurable subset A C X such
that v(A) =1 and B,({z € X : 'y # 1}) = 0 for every a € A;

2. there exists a measurable subset B C X such that v(B) €]0,1] and | M | (F=)
| M| for every x € B. Indeed, if we assume by contradiction that | M | (@Bz)
| M| for v-almost every x € X, then

<
>

M| = |M|<W>:/ | M| @5 dy(x) > | M |
X

gives an absurd.

Since v(ANB) =1—-v(A°UB®) >1— (v(A°) +v(B°)) >1—(0+1) =0, in particular
AN B # @ and thus we can find z € X such that the action o : I' ~ (X, 3,) is ergodic
and essentially free. O
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A. Appendix

This appendix is meant to collect some useful notion, which will not be developed in
depth.

A.1l. Some algebraic structures

A.1.1. Tensor products

Here we want to recall the notion of tensor product for modules over a fixed ring R,
which may not be commutative.

Definition A.1.1 (R-balanced maps). Let M € Mod-R, let N € R-Mod and let G €
Z - Mod; we say that a function 7 : M x N — G is an R-balanced map if

7(my + ma,n) = 7(my,n) + 7(ma,n)
T(m,n1 +n2) = 7(mmny) + 7(m, na)

T(mr,n) = 7(m,rn)
for all m,m1,mo € M, n,ni1,no € N and r € R.

Definition A.1.2 (tensor product). Let M € Mod-R and let N € R-Mod; a tensor product
of M and N is a pair (7, 7), where T' € Z-Mod and 7 : M x N — T is an R-balance
map, satisfying the following universal property: for every G € Z- Mod and for every R-
balance map f : M x N — G there exists a unique Z-modules homomorphism f T — G
such that fOT = f.

MxN—s¢

-
/
Tl g
s
-

-
— ~

T---"1¢F
A tensor product of modules exists and is essentially unique.

Proposition A.1.3 (existence and uniqueness of the tensor product). Let M € Mod-R, let
N € R- Mod; then

1. a tensor product (T, 7) of M and N exists;

2. if (T',7') is another tensor product of M and N, then there is a unique isomorphism
o: T — T in Z-Mod such that poT =1".

By this existence-uniqueness result it is common to denote by (M ®pr N, ®) “the” tensor
product of M and N. We state and proof a result we used in the proof of Lemma [5.2.25
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Proposition A.1.4. Let C, = {(Cp,cn)}nez and D, = {(Dy,dy)}nez be chain com-
plexes in the category Mod-R and let A € R-Mod with associated chain complex
A, ={(A,ida) }nez; if Cx and D, are homotopy equivalent, then C, ®@p Ax and D, Qg Ax
are homotopy equivalent.

Here C, ®p A, denotes the chain complex {(C),, ®r A, ¢, ® id4) }nez-

Proof. As C, and D, are homotopy equivalent, there exist chain maps f : Cy — D, and
g: D, — Cy such that go f ~ idg, and f og ~ idp,. This means that there exists
a family of R-linear homomorphism {h,, : C,, = Cp41}nez such that g, o f, —id¢, =
hpn—10¢p + cpy1 0 hy for all n € Z. We get that

(gn & idA) ° (fn & idA) - ian ®idy =
= (gn o fn - 1an) ®idg = (hn—l O0Cp+Cpy10© hn) ®idyg =
= (hn—l X idA) o (Cn X idA) + (Cn+1 &® idA) o (hn & idA)

which shows that (¢®ida,)o(f®ida,) ~ ide, ®ida,. The other relation is analogue. []

A.1.2. The group ring

The notions of group ring is the essential algebraic structure for the definition of homology
with twisted coefficients in Section [5.1]

Definition A.1.5 (group ring). Let R be a ring with unity and (I',-) be a group; the
group ring of T' over R is the free R-module R[] generated by T', endowed with the
multiplication that is the R-linear extension of the multiplication of (T, -), i.e.

> aigi- Y bihy =YY (aibj)(gi - hy)
i=1 j=1 i=1 j=1
for all a;,b; € R and for all g;, h; € T".

The triple (R[I'], +,-) is indeed a ring. There are two remarkable functions associated
to this construction:

1. the ring homomorphism

R — R[I

r—r-1p
which exhibits an R-algebra structure for R[I'];
2. the set-theoretic inclusion of I' as standard basis

t:I'— R[T]
g—1r-g
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Example A.1.6. When I" = 1 is the trivial group, we have that R[1] = R.

Example A.1.7. When (T',-) = (Z,+) is the ring of integers, we obtain that the group
ring R|[Z)] is isomorphic with the R-algebra R[t,t!] of Laurent polynomials.

Warning A.1.8. Let us assume R to be commutative ring. Then R[I'] is a commutative
ring if, and only if, I" is an abelian group.

Lemma A.1.9 (universal property of group rings, [24, Proposition 3.2.7]). Let R be a ring
and let T be a group; the group ring R[] satisfies the following universal property: for
every R-algebra S and for every group homomorphism f:T' — S* there exists a unique
R-algebra homomorphism f : R[I'] — S such that f = fou

A.2. L2?-Betti numbers

This part is meant to be a very short summary on the concept of L?-Betti numbers,
which was the base point for Gromov to define the integral foliated simplicial volume.
A.2.1. The von Neumann algebra

We consider now group rings over the field C. Every such a group ring C[I'] inherits an
scalar product (-,-) : C[I'] x C[T'] — C[I'] defined by

PIEES RN ED D
~el yel’ yel
where the coefficients z, and w,’s are almost all vanishing.

Definition A.2.1 (space £2I'). We denote by ¢°T" the completion of C[I'] with respect to
(the metric induced by) the scalar product (-,-) : C[I'| x C[I'] — CIT'].

More explicitly 2T can be realized as the complex Hilbert space L?(T", #, C) of square-
summable functions I' — C with respect to the counting measure # endowed with the
scalar product (-,-) : £2T' x £2T' — £2T". More often the space L?(T',#,C) is denoted by
(T, C).

Example A.2.2 (finite groups). £2T" = C[I'] whenever I is a finite group.

Example A.2.3 (the group Z). Fourier analysis shows that (2Z = L?([-n,7],m,C) as
Hilbert spaces.
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The group I acts on £2T from the left via
I x 6°T — ¢°T
(% f) = f'y

where f,(z) = f(xy) for all € I'. By extending this action by C-linearity we can see
£°T as a C[I'}]-module.

Definition A.2.4 (Hilbert modules). Let I" be a countable group;
1. an Hilbert T'-module is a pair (V,T' ~ V'), where:

a) V is a complex Hilbert space;

b) I' ~ V is a C-linear isometric left group action, i.e. v-: V — V is a C-linear
isometry for all v € T';

c) there is an isometric embedding of I'-spaces V — (£?T')" for some n € N.

2. let V,W be Hilbert I'-modules; a morphism V — W of Hilbert I'-modules is a
I'-equivariant bounded C-linear map V — W.

We denote by B(¢2I') the C-algebra of the bounded C-linear operators £°I' — ¢°T". We
endow ¢°I" with the weak topology, which means the weakest topology on ¢?I' making
the functions (f,-) : #2T' — C continuous for all f € ¢°T.

Definition A.2.5 (group von Neumann algebra). Let I" be a countable group; the group
von Neumann algebra of T is the weak closure NT of C[['] in B(¢°T).

Here C[I'] < B({?T") by associating to every a € C[['] the multiplication M, : *T' —
T, which is a left T'-equivariant isometric C-linear map.

Definition A.2.6 (von Neumann trace). Let I' be a countable group; the von Neumann
trace associated to I' is the function

trr : NI' — C
a = (X{iry o(xqip}))
The von Neumann trace defined above is indeed a trace:

Lemma A.2.7 (properties of trp, [21, Theorem 1.1.12]). Let ' be a countable group; then
trr : NI' — C satisfies the following properties:

1. trace property: trr(aob) = trp(boa) for all a,b € NT;
2. faithfulness: trr(a* o a) = 0 if, and only if, a = 0;
3. positivity: trr(a) > 0 for all a € NT such that {f,a(f)) >0 for all f € (*T.

Definition A.2.8 (von Neumann dimension). Let I' be a countable group and let V' be a
Hilbert I'-space with isometric embedding i : V — (¢2T')"; the von Neumann dimension of
V is defined as dimyr V = trr p, where p : (¢2T')" — (¢2T')" is the orthogonal projection
onto (V).
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Lemma A.2.9 (well-definition of dimyt V, [21, Proposition 1.2.1]). Let T be a countable
group and let V be a Hilbert T'-space with isometric T-embedding i : V — (£2T)"; then

1. dimpyr V is well-defined: if j : V. — (£2T)™ is another isometric I'-embedding and
q: (L?T)™ — (£20)™ is the orthogonal projection on j(V'), then trr p = trr q;

2. dimyp V € [0, +o0].

A.2.2. L?>-Betti numbers
Definition A.2.10 (equivariant CW-complexes). Let I be a group;

1. a free I-CW-complez is a pair (X, «), where X is a CW-complex and a: I' ~ X
is a free action such that:

a) « permutes the open cells of X;

b) if e is an open cell of X and v € I' \ {1}, then v-eNe # @.

2. let (X,a) and (Y,B) be free I'-CW-complexes; a morphism (X,a) — (Y,3) of
I'-CW-complexes is a I'-equivariant cellular map X — Y.

For I a group recall the following notions of finite type:
1. a CW-complex is of finite type if for every n € N it has finitely many open n-cells;

2. a free I'-CW-complex is of finite type if for each n € N it has finitely many I'-orbits
of the open n-cells.

Definition A.2.11 (L>2-Betti numbers of spaces). Let I' be a countable group and let (X, «)
be a free -CW-complex of finite type;

1. the action o : T' ~ X induces an action on the cellular chain complex C¢!(X; 7).
The cellular L?-chain complex of X is defined as the twisted chain complex

CAT A X) = 2T @ CN(X; Z)
2. for n € N, the reduced L?-homology in degree n is
H( ~ X) = Ker 0@ /Tm 8%,

where 02 = idg2r ®0y, is the bounday operator of c? (' ~ X);
3. the n-th L2-Betti number of X is the von Neumann dimension

b ~ X) = dimyp HO(I ~ X)
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Notice that in the definition of reduced L?-homology we are quotienting by the closure
of Im 87(21 so that H7(L2) (I' ~ X) is a complete space, and thus an Hilbert I'-module.

When X is a CW-complex of finite type with fundamental group I' and universal
covering X — X, " acts on X by deck transformations and we usually write bg)(X ) for

bslz) T~ X ). The basic estimate moving the definition and study of integral foliated
simplicial volume is the following.

Proposition A.2.12 (L2-Betti numbers estimates, [21, Theorem 6.4.5]). Let M be an ori-
ented closed connected manifold; then

b P (M) < | M|

for every k € N.
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