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Abstract

In quantum field theory, symmetries are traditionally associated with conserved currents and
charges. A more modern and more general characterization—valid also for discrete and higher-
form symmetries—identifies symmetry generators with topological defects: extended operators
whose correlation functions are invariant under smooth deformations of their worldvolumes. In
this framework, conservation laws are encoded in the topological nature of these defects rather
than in local currents.

The aim of this thesis is to investigate how such symmetry defects, and in particular those
associated with non-abelian R-symmetries, are realized in the context of holography. Understanding
their holographic realization is especially important for clarifying the ultraviolet fate of symmetry
defects in a theory of quantum gravity, where purely field-theoretic notions of topological operators
may receive nontrivial gravitational corrections. In this respect, top-down holographic models
provide a controlled and predictive playground in which these questions can be addressed.

Recent proposals suggest that these defects admit a gravitational description in terms of specific
probe brane configurations that are anchored at the AdS boundary but extend a finite distance
into the bulk. These objects can be viewed as a regularized version of a brane–antibrane system
and are conjectured to generate the full non-abelian R-symmetry group through their topological
properties.

In this work we test this proposal in an explicit top-down holographic background that has not
previously been explored from this perspective, namely type IIA string theory on AdS7×M3. This
geometry is dual to families of six-dimensional superconformal field theories with non-abelian R-
symmetry. By constructing and analyzing the corresponding probe brane defects, we provide new
evidence for their role as holographic realizations of non-abelian symmetry generators and clarify
how R-symmetry is encoded in the bulk through topological brane configurations.
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1 INTRODUCTION

1 Introduction

Symmetries have always played a central role in theoretical physics, from the classification of parti-
cle spectra to the identification of conserved quantities and the construction of low-energy effective
descriptions. In ordinary quantum field theory, global symmetries are described by group actions on
local operators, and their associated conserved charges are supported on codimension-one surfaces.
Over the past decade, however, it has become clear that this picture is only a special case of a much
richer structure. The framework of generalized global symmetries [34] extends the notion of symmetry
well beyond the group-theoretic setting traditionally associated with it: symmetry operators need not
act on local operators alone, but can act on extended objects of arbitrary dimension (higher-form
symmetries); several such symmetries can combine into structures that are not simply direct prod-
ucts (higher-group symmetries); and, in certain circumstances, symmetry operators need not even be
invertible (non-invertible symmetries). This generalized perspective has proven remarkably powerful,
providing new tools to constrain renormalization group flows, classify gapped and gapless phases of
matter, and organize the possible global structures of a given quantum field theory.

A natural arena in which to realize and study generalized symmetries geometrically is string theory
and, more specifically, the holographic correspondence. In the context of AdS/CFT, symmetry op-
erators of the boundary field theory can often be constructed explicitly as branes wrapping suitable
cycles of the bulk geometry, or extending along its radial direction, [5]. This holographic dictionary
has been used to systematically derive the higher-form and higher-group symmetries of theories en-
gineered from D-brane and M-brane setups, and, more recently, has been extended to non-invertible
symmetries [6]. While this technology is well established for discrete symmetries, the holographic
realization of continuous symmetries - abelian and, in particular, non-abelian - has only begun to be
explored. Non-BPS branes have been proposed as candidates for continuous abelian symmetry oper-
ators [16], later reinterpreted as regulated brane/anti-brane pairs [25], while the first steps towards
a holographic construction of non-abelian symmetry operators - realized as branes hanging from the
conformal boundary of AdSd+1 - have been taken in [11, 10].

The purpose of this thesis is to apply and test this emerging holographic construction of non-abelian
symmetry operators in a setup that has not been previously considered: type IIA string theory on
AdS7×M3, whereM3 is an S

2-fibration over an interval. This family of backgrounds is holographically
dual to six-dimensional (1, 0) superconformal field theories, whose R-symmetry contains an SU(2)
factor arising geometrically from the isometry of M3, [4], [55]. We construct the charged operators
associated with this non-abelian R-symmetry, together with the corresponding symmetry operators,
following the general procedure of [11, 10], and we show how the process of charge measurement is
realized microscopically in terms of a Hanany-Witten transition between the probe branes and the
brane sourcing the charge.

The thesis is organized as follows. Section 2 illustrates the relationship between symmetries and topo-
logical defects, showing how the new shift in perspective allows us to describe symmetries in terms
of topological operators rather than conserved currents. This new theoretical framework is tied to
the notion of generalized global symmetries, which extends the concept of symmetry to higher-form,
higher-group and non-invertible symmetries. Throught this section we provide a brief reviews of gen-
eralized global symmetries, starting from ordinary global symmetries and their topological operators,
and progressively introducing higher-form symmetries, spontaneous symmetry breaking, screening,
gauging, ’t Hooft anomalies, higher-group symmetries, discrete symmetries and BF theory, and finally
non-invertible symmetries. Throught this exposition, we will repeatedly refer to Maxwell theory as en-
lightening example where many notions related to generalized symmetries can be succesfully applied.
Section 3 collects the string-theoretic background needed for the rest of the thesis: the bosonic string
and its quantization, the superstring and its low-energy effective actions, the worldvolume actions of
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1 INTRODUCTION

Dp-branes, dimensional compactifications and reductions, and the Hanany-Witten effect. Section 4
reviews the AdS/CFT correspondence, from the conformal symmetry of the boundary theory and the
geometry of anti-de Sitter space to the precise statement of the duality and the holographic dictionary.
The final part of this section then turns to the interplay between symmetries and holography, which
forms the conceptual backbone of the original work: we discuss how the generalized symmetries of
a boundary theory can be read off from the bulk, first for discrete symmetries and then for continu-
ous, non-abelian ones. Section 5 is devoted to introduce 6-dimensional superconformal field theories
(SCFT’s), which represent our working stage for the computations carried on in the next Section.
After recalling the basic properties of 6-dimensional superconformal field theories, we describe how
the (1, 0) theories of interest are engineered from the NS5-D6-D8 brane systems of Hanany and Zaf-
faroni, and we introduce the family of massive type IIA AdS7 ×M3 backgrounds that provide their
holographic duals, together with the universal consistent truncation to seven-dimensional gauged su-
pergravity used throughout the rest of the work. Finally, Section 6 contains the original results of
this thesis: after introducing the class of type IIA AdS7 ×M3 backgrounds, we construct the charged
and symmetry operators associated with the non-abelian R-symmetry and discuss how their linking
realizes the charge measurement process at the level of the underlying string and brane configuration.

To conclude, Section 7 succintly summarizes our results and proposes some ideas to extend our finding
to other string theory backgrounds.
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2 SYMMETRIES AND TOPOLOGICAL DEFECTS

2 Symmetries and topological defects

Symmetries are a cornerstone of physics, offering a powerful framework for understanding the behavior
of physical systems. In recent years, the concept of generalized global symmetries has emerged as
a crucial tool in the study of quantum field theories and string theory [34]. Under this broader
perspective, the very notion of symmetry has expanded well beyond the group-theoretic framework
traditionally associated with it, paving the way for higher-form symmetries, higher-group symmetries
and, rather surprisingly, non-invertible symmetries.

Such shift in perspective has drastically changed of we conceive symmetries. Rather than looking at
them as an action on fields, we can identify them as topological defects supported on p-codimensional
cycles Σd−p. Their topological nature is garanteed by the fact that correlation functions with topo-
logical symmetry operators insertions are insensible to the any smooth deformation of Σd−p.

This new approach to symmetries buys us new methods to study the symmetry structure of a given
QFT; in particular, as we will extensively show in Sections 4 and 6, string theory and the celebrated
AdS/CFT correspondence allow us to retrieve, from a top down perspective, the symmetry data of
a theory, even when one does not know its exact lagrangian, as it is often the case for 6-dimensional
SCFT’s, see Section 5.

In this section we give an overview of generalized global symmetries, their mathematical structure,
and their implications for our understanding of fundamental physics.

2.1 Review of Ordinary Global Symmetries
We start with a brief review of ordinary global symmetries in quantum field theory. A global symmetry
is a transformation that leaves the action of a theory invariant and does not depend on spacetime
coordinates. In particular, given an action S[ϕ] for a set of fields ϕ in d dimensions, a global symmetry
is a transformation ϕ→ ϕ′ such that

S[ϕ′] = S[ϕ]. (2.1.1)

The composition of two global symmetries is also a global symmetry, and the set of all global sym-
metries forms a group, known as the global symmetry group of the theory. Global symmetries can
be continuous or discrete: loosely speaking, the parameters identifying the transformation vary over
a continuous or a discrete set, respectively. A standard result in quantum field theory is Noether’s
theorem, [54], which states that for every continuous global symmetry, there is a corresponding con-
served current and charge. Let S[ϕ] =

∫
ddxL(ϕ) and suppose that under an infinitesimal symmetry

transformation the fields undergo the change

ϕ(x) → ϕ(x) + ϵδϕ(x), (2.1.2)

where δϕ(x) is a small variation of the fields and ϵ is a small parameter which characterizes the
transformation. To find the associated conserved current [35], we first promote the parameter ϵ to a
function of spacetime, ϵ(x). The transformation is then no longer a symmetry of the action, and we
expect the variation of the action to be proportional to the derivative of ϵ(x), i.e.

δS =

∫
ddx jµ∂µϵ(x), (2.1.3)

where jµ is the Noether current associated with the symmetry. Regarding the transformation (2.1.2)
as an arbitrary variation of the fields, we may employ the equations of motion to set δS = 0. Using
the fact that ϵ(x) is an arbitrary function and integrating by parts, we then infer that the Noether
current is conserved on shell,

∂µj
µ = 0 (2.1.4)
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2.1 Review of Ordinary Global Symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

From the conservation of the current, we can define a conserved charge Q as the integral of the time
component of the current over a spatial slice,

Q =

∫
dd−1x j0. (2.1.5)

From(2.1.4) and employing the divergence theorem, it is readily shown that

dQ

dt
= 0 (2.1.6)

In classical field theory, the conserved charge Q generates the symmetry transformation on the fields
via the Poisson bracket,

δϕ(x) = {Q,ϕ(x)}. (2.1.7)

In the quantum setting an analogous relation holds, with the Poisson bracket replaced by the com-
mutator. To see this [46][22], consider a local operator O(x) in a given representation R of the global
symmetry group, i.e.

δO(x) = T aR(g)O(x) (2.1.8)

where T aR are the generators of the symmetry group in the representation R and δ is the variation of
the operator under the symmetry transformation g. Its correlation functions with other operators are
given by the path integral

⟨O(x) · · · ⟩ =
∫

Dϕ eiS[ϕ]O(x) · · · (2.1.9)

where · · · denotes the insertion of other operators at different points. Under a symmetry transforma-
tion g, the correlation functions must be invariant, i.e.

⟨δO(x) · · · ⟩ = 0 (2.1.10)

On the other hand, we can also express the variation of the expectation value of the operator O(x)
under the symmetry transformation g as1

⟨δO(x) · · · ⟩ =
∫

Dϕ eiS[ϕ] [(δO(x) + iO(x)δS[ϕ]) + O(x)δ(· · · )]

=

∫
Dϕ eiS[ϕ]

[(
T aR(g)O(x) + iO(x)

∫
ddyjµ(y)∂µϵ(y)

)
+ O(x)δ(· · · )

]
.

(2.1.11)

where in the second line we made use of(2.1.3) (after integrating by parts). Then from the arbitrariness
of · · · and ϵ(y), we obtain the famous Ward-Takahashi identity for global symmetries,

⟨∂µjµ(x)O(y) · · · ⟩ = δd(x− y)T aR(g)⟨O(y) · · · ⟩ (2.1.12)

Integrating the above expression over a spatial slice, we can also express the Ward-Takahashi identity
in terms of the conserved charge Q,

⟨[Q,O(y)] · · · ⟩ = T aR(g)⟨O(y) · · · ⟩ (2.1.13)

thus obtaining the quantum counterpart of(2.1.7) for O(x) = ϕ(x).

1Here we are assuming that no quantum anomalies appear.
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2.1 Review of Ordinary Global Symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

2.1.1 Ordinary symmetries and topological operators

In order to establish the connection between ordinary global symmetries and topology, we now rephrase
some of the results of the previous section in a more geometric way. First, we can rewrite the conser-
vation law (2.1.4) in terms of differential forms as in [45],

d ⋆ j = 0, (2.1.14)

where ⋆ is the Hodge star operator and j is a one form obtained by lowering the index of the Noether
current. We can then define a topological operator Ug(Σ) associated with the symmetry transformation
g as the exponential of the integral of the Noether current over a codimension-1 manifold Σ,

Ug(Σ) = exp

(
iλ

∫
Σ
⋆j

)
. (2.1.15)

It is easy to see that the operator Ug(Σ) is topological, i.e. its correlation functions do not depend
on the shape of Σ, but only on its homology class. Indeed, consider a small deformation of Σ to Σ′,
such that the two manifolds are homologically equivalent, i.e. Σ′ = Σ∪ ∂M for some manifold M (see
Figure1). Then, we have

Σd−1

Σ′
d−1

M

Figure 1: The surfaces Σd−1 and Σ′
d−1 cobound the region M , hence define the same homology class.

Ug(Σ
′) = exp

(
iλ

∫
Σ′
⋆j

)
= exp

(
iλ

∫
Σ
⋆j + iλ

∫
∂M

⋆j

)
= Ug(Σ) exp

(
iλ

∫
M
d ⋆ j

)
= Ug(Σ),

(2.1.16)
where in the last step we made use of the conservation law (2.1.14) and Stokes’ theorem. The topo-
logical operators Ug(Σ) satisfy the following group multiplication law

Ug(Σ)Uh(Σ) = Ugh(Σ) (2.1.17)

which can be verified by considering the Ward identity in the special case where the operator O(y) is
identified with the conserved current jν(y), i.e.

⟨∂µjµa (x)jνb (y) · · · ⟩ = δd(x− y)f cab⟨jνc (y) · · · ⟩ (2.1.18)

where f cab are the structure constants of the symmetry group2. We now turn to how the operator
Ug(Σ) acts on local operators. Consider a local operator O(x) in a given representation R of the
global symmetry group, and let Σ be a codimension-1 manifold and consider a deformation which
brings Σ to Σ′ intersecting the point x where the operator O is inserted (see Figure 2). Using Stokes’s

2Notice that (2.1.18) is just a restatement of the fact that conserved currents belong to the adjoint representation of
the symmetry group
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2.2 Higher form symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

Σt

O(x)Σd−1

Σ′
d−1

M

Figure 2: Deformation of the codimension-1 manifold Σ into Σ′ sweeping across the operator insertion O(x),
with M the region bounded by Σ ∪ Σ′.

theorem and the Ward identity (2.1.18), we then have

⟨Ug(Σ)O(x)Ug−1(Σ′)⟩ =
〈
exp

(
iλa
∫
M
d ⋆ ja

)
O(x)

〉
=

〈
+∞∑
n=0

(
iλa
∫
M d ⋆ ja

)n
n!

O(x)

〉

=

〈
+∞∑
n=0

(
iλa
∫
M ∂µj

µ
a (y)ddy

)n
n!

O(x)

〉

=

〈
+∞∑
n=0

(
iλa
∫
M δd(x− y)T aR(g)

)n
n!

O(x)

〉
= ⟨exp (iλaT aR(g))O(x)⟩

(2.1.19)

where M is a d-dimensional manifold whose boundary is Σ ∪ Σ′ (with the orientation of Σ′ opposite
to that of Σ) and the group element g is related to the parameters λa by g = exp(iλaT

a). Equa-
tion (2.1.19) can be rephrased in the following way

Ug(Σ)O(x) = exp(iλaT
a
R(g)) · O(x)Ug(Σ′) (2.1.20)

where we have omitted the brackets denoting the vacuum expectation value for simplicity. Hence, the
symmetry operator acts on local operators by linking with their support.

The interpretation of the symmetry operator Ug(Σ) is subject to the choice of the submanifold Σ on
which it is defined. In particular, if Σ is chosen to be the whole space at a given fixed time, then
the operator Ug(Σ) can be identified with the conserved unitary operator acting on the Hilbert space
H. However, if Σ is localized in one of the spatial directions and extends in time, then Ug(Σ) is a
defect which modifies the quantization conditions resulting in a g-twisted Hilbert space Hg. For a
more general Σ the interpretation is more subtle; however, since we will deal with the euclideanized
version of the theory, the words operator and defect will be used interchangeably, [34] [60] [46].

Finally, anticipating the discussion of the next section, we will define ordinary global symmetries as
0-form symmetries.

2.2 Higher form symmetries
This new paradigm shift provides powerful generalizations, for instance, the notion of higher-form
symmetries, which extends the concept of global symmetries to transformations that act on operators
supported on higher-dimensional submanifolds. Following [19], a p form symmetry is defined by a set
of invertible and topological operators U defined on a codimension-(p+1) submanifold. Furthermore,
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2.2 Higher form symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

the above operators realize a group structure, denoted by G(p), meaning that each element g of the
group is associated with a topological operator Ug(Σd−p−1) and the group multiplication law describes
the composition of operators, i.e.

Ug(Σd−p−1)Uh(Σd−p−1) = Ugh(Σd−p−1) (2.2.1)

The above equation is often referred to as the fusion rule of the symmetry operators. In the case of a
continuous p-form symmetry, a higher form generalization of Noether’s theorem ensures the existence
of a co-closed (p+1)-form current, jp+1, which allows us to give an explicit realization of the symmetry
operator, mimicking the construction given in the previous section. Explicitly

Ug(Σd−p−1) = exp

(
iλ

∫
Σd−p−1

⋆jp+1

)
. (2.2.2)

One of the key aspects of higher-form symmetries is that they always consist of abelian groups, at least
when p ≥ 1. We can easily show this by considering the fusion of two symmetry operators Ug(Σd−p−1)
and Uh(Σ

′
d−p−1); due to their topological nature, we can always perform a deformation which reverses

the order of the two operators without intersecting the two manifolds over which they are defined,
see Figure 3. Thus, we cannot have a sensible definition of ordering of operators, leaving the only

Ug Uh

∥

Ugh

=

Uh Ug

∥

Uhg

Figure 3: We can move the operator Uh (in red) to the left of Ug (in blue) in a way that the two do not intersect
each other at any point. Hence, there is no sensible ordering, making the symmetry group necessarily abelian
for p ≥ 1.

possibility of an abelian fusion rule, i.e.

Ug(Σd−p−1)Uh(Σ
′
d−p−1) = Uh(Σ

′
d−p−1)Ug(Σd−p−1).

We now specify how a p-form symmetry acts on operators; firstly, we notice that a p-form symmetry
operator Ug(Σd−p−1) can only link with operators supported on submanifolds of dimension at least p.
This can be proved by a simple dimensional argument; consider a q < p operator O(Mq) supported on
a q-dimensional submanifoldMq and a p-form symmetry operator Ug(Σd−p−1) defined on a (d−p−1)-
dimensional manifold Σd−p−1, then one can always deform Σd−p−1 to a manifold Σ′

d−p−1 in such a
way that it never intersects Mq. Therefore, a p-form symmetry can only act on operators supported
on submanifolds of dimension at least p. Thus, the first case that we are led to consider is the

9



2.2 Higher form symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

action of a p-form symmetry on a p-dimensional operator O(Mp). We proceed by showing that p-
dimensional operators are representations of the p-form symmetry group. Indeed, let us consider
a symmetry operator Ug(Σd−p−1) and an irreducible p-dimensional operator O(Mp)

3, and imagine
deforming Σd−p−1 past Mp; this leaves behind a topological operator O(x), being x the intersection
point of Σd−p−1 and Mp (see Figure 4):

Ug(Σd−p−1)O(Mp) = O(x)O(Mp)Ug(Σ
′
d−p−1) (2.2.3)

Since O(Mp) is irreducible, we must have O(x) = ρ(g) · I, where ρ(g) is a complex number which

O(Mp)

Ug

=

O(Mp)

O(x)

Ug

= ϕ(x) ×

O(Mp)

Ug

Figure 4: Moving the topological symmetry operator Ug across the irreducible p-dimensional operator O(Mp)
produces a local operator O(x), being x the intersection point between the topological operator and the charged
operator.

depends on the group element g and I is the identity operator. So we have

Ug(Σd−p−1)O(Mp) = ρ(g) · O(Mp)Ug(Σ
′
d−p−1) (2.2.4)

and using the fusion rule of the symmetry operators, we must have

ρ(g) · ρ(h) = ρ(gh),

which means that ρ furnishes a 1-dimensional representation of the p-form symmetry group. In
particular, this implies that

ρ(g) ∈ U(1) ⊂ C.

Since the irreps of any abelian group are one-dimensional, we can conclude that p-dimensional opera-
tors are representations of the p-form symmetry group. Equivalently, (2.2.4) can be recast as

Ug(Sd−p−1)O(Mp) = ρ(g)O(Mp), (2.2.5)

where Sd−p−1 is a (d−p−1)-dimensional sphere which links withMp at the point x and on the R.H.S.
we have shrunk Σ′ to a point (see Figure 5). For a continuous symmetry the Ward identity (2.1.12)
gives the local statement

d ⋆ jp+1(x)O(Mp) = δd−p(Mp) qO(Mp), (2.2.6)

where δd−p(Mp) is a delta function with support on the p-dimensional submanifold Mp and q is the
charge of the operator O(Mp) under the p-form symmetry4. Then, the action of the symmetry operator
can be realized as in (2.1.19).

A p-form symmetry can also act on operators of dimension greater than p. In that case the action is
richer and need not reduce to a phase; we will not need this case here, and refer the reader to [18] for
a full treatment.

3By which we mean that there are no topological operators which can be inserted at a point x ∈ Mp other than a
multiple of the identity

4Observe that p-form symmetries are always abelian, so the generators TR appearing in 2.1.13 are always c-numbers

10
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Ug(Σ
d−p−1)

O(Mp)

= ρ(g) ×

O(Mp)

Figure 5: Action by linking of the p ≥ 1-form symmetry operator Ug on the p-dimensional operator O(Mp).

2.2.1 Examples of higher form symmetries: Maxwell theory

To get acquainted with the concept of higher form symmetries, we now discuss a simple example:
Maxwell theory in four dimensions without matter. We recall that the action of Maxwell theory is
given by

S =
1

2e2

∫
f ∧ ⋆f, (2.2.7)

where f = da is the field strength of the gauge field a and e is the coupling constant. The equations
of motion derived from the action (2.2.7) are given by

d ⋆ f = 0, (2.2.8)

along with the Bianchi identity
df = 0. (2.2.9)

From the equations of motion (2.2.8) and the Bianchi identity (2.2.9), we can identify two conserved
currents, which are given by je =

1
e2
f and jm = − 1

2π ⋆ f . The current je is associated with the electric
1-form symmetry, while the current jm is associated with the magnetic 1-form symmetry. Indeed, we
can construct the corresponding symmetry operators as follows

Ue(Σ2) = exp

(
iλe

∫
Σ2

⋆je

)
= exp

(
i
λe
e2

∫
Σ2

⋆f

)
, (2.2.10)

and

Um(Σ2) = exp

(
iλm

∫
Σ2

⋆jm

)
= exp

(
−iλm

2π

∫
Σ2

f

)
, (2.2.11)

where λe and λm are the parameters associated with the electric and magnetic 1-form symmetries,
respectively5. Due to charge quantization, the parameters λe and λm are periodic, with period 2π,
which means that the electric and magnetic 1-form symmetries are indeed U(1) symmetries, denoted

by U(1)
(1)
e and U(1)

(1)
m , respectively6. We now identify the charged operators under the electric and

magnetic 1-form symmetries. Starting with the electric 1-form symmetry, we can easily see that the
charged operators are given by Wilson lines, which are defined as

Wq(C) = exp

(
iq

∫
C
a

)
= exp

(
iq

∫
M4

δ(C) ∧ a
)
, (2.2.12)

5Differently from the notation used in the previous section, the subscript m and e do not refer to some group elements,
but merely stands of ”magnetic” and ”electric”, respectively.

6The presence of the factors 1
e2

and 1
2π

in the currents is indeed related to the quantization of the electric and magnetic
charges.
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where δ(C) is the dual form to the curve C and q ∈ Z is the electric charge of the Wilson line. In
order to grasp the physical meaning behind the above operator, we can study how the equation of
motion (2.2.8) is modified in the presence of a Wilson line. Indeed, we can consider the path integral
of Maxwell theory with the insertion of a Wilson line Wq(C), which is given by

⟨Wq(C)⟩ =
∫

Da eiS[a]Wq(C). (2.2.13)

Now, we can perform a change of variable in the path integral by shifting the gauge field a by a small
amount δa, i.e. a→ a+ δa; this leads to

⟨Wq(C)⟩ =
∫

Da eiS[a]Wq(C)

=

∫
Da eiS[a+δa]Wq(C)e

iq
∫
δ(C)∧δa

=

∫
Da eiS[a]e

i
∫
δa∧

(
1
e2
d⋆f−qδ(C)

)
Wq(C).

(2.2.14)

Since the change of variable is just a relabeling of the integration variable, we must have that the
L.H.S equals the R.H.S of the equation (2.2.14), which implies

1

e2
d ⋆ f = qδ(C). (2.2.15)

Thus, the insertion of the Wilson line Wq(C) can be reinterpreted as a heavy probe particle of electric
charge q moving along the curve C. From equation (2.2.15) we can infer the action of the electric
1-form symmetry on the Wilson line Wq(C) in a way similar to that of (2.1.19), in particular we have

Ue(Σ2)Wq(C) = eiλeqWq(C)Ue(Σ
′
2), (2.2.16)

where Σ2 is a 2-dimensional manifold which links with the curve C and Σ′
2 is a homotopic deformation

of Σ2 which does not link with C. To identify the operators charged under the magnetic symmetry it
might be useful to employ a dual description of Maxwell theory, which can be retrieved in the following
way, [46] [35]. Take the action:

S =
1

2e2

∫
f ∧ ⋆f +

1

2π

∫
f ∧ dã, (2.2.17)

where ã is a 1-form gauge field7 and f is an unconstrained 2-form field. The corresponding equations
of motion for ã coming from the action (2.2.17) imply that f is closed, and from the quantization
condition on ã we can also infer that f is quantized, i.e.

∫
f ∈ 2πZ; thus, the above action is

physically equivalent to the original Maxwell action (2.2.7). Now, integrating out the field f in the
path integral, we can obtain a dual description of Maxwell theory in terms of the gauge field ã; in
particular, the equation of motion for f derived from the action (2.2.17) is given by

1

e2
⋆ f +

1

2π
dã = 0, (2.2.18)

which can be solved for f as

f =
e2

2π
⋆ dã. (2.2.19)

Substituting the above expression for f back into the action (2.2.17), we obtain

S =
e2

8π2

∫
dã ∧ ⋆dã. (2.2.20)

7Namely, ã ∼ ã+ dθ such that θ ∼ θ + 2π and
∫

ã
2π

∈ Z.
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In particular, defining
f̃ = dã (2.2.21)

and

ẽ2 =
4π2

e2
, (2.2.22)

we can see that the dual description of Maxwell theory is again a Maxwell theory, with f → f̃ and
e → ẽ. Being a Maxwell theory, the dual description also admits an electric and a magnetic 1-
form symmetry. In particular, focusing, say, on the electric 1-form symmetry, we have (cfr. (2.2.10)
and (2.2.11))

Ũe(Σ2) = exp

(
iλ̃e

∫
Σ2

⋆ȷ̃e

)
= exp

(
i
λ̃e
ẽ2

∫
Σ2

⋆f̃

)
= exp

(
−i λ̃e

2π

∫
Σ2

f

)
= Um(Σ2), (2.2.23)

where we have made use of equations (2.2.19), (2.2.21) and (2.2.22). An analogous relation holds
between Ũm and Ue. Thus, in the dual Maxwell theory the role of the electric and magnetic 1-
form symmetries is interchanged. As a consequence, the charged operators under the electric 1-form
symmetry in the dual description are given by the Wilson lines of the gauge field ã (called ’t Hooft
lines in the original description):

Tm(C) = exp

(
im

∫
C
ã

)
= exp

(
im

∫
M4

δ(C) ∧ ã
)
, (2.2.24)

where δ(C) is the dual form to the curve C and m ∈ Z is the magnetic charge of the ’t Hooft line.
This time the physical interpretation of the ’t Hooft line is that of a heavy probe particle of magnetic
charge m. The action of the magnetic 1-form symmetry on the ’t Hooft line is identical to that of the
electric 1-form symmetry on the Wilson line (see equation (2.2.16)).

2.2.2 Spontaneous symmetry breaking

It is well known that in quantum field theory, symmetries can be spontaneously broken, meaning that
the vacuum state of the theory does not respect the symmetry of the action. This phenomenon has
profound implications, leading to the emergence of massless excitations known as Goldstone bosons.
The same holds also in the case of higher-form symmetries, where the spontaneous breaking of a p-form
symmetry leads to the appearance of massless p-form fields, which can be interpreted as ”Goldstone
bosons” associated with the broken symmetry, [48], [51], [34]. The proof of the above statement is
a straightforward generalization of the one usually given for ordinary symmetries, and we will omit
it here, for the sake of brevity. We will, instead, focus on the consequences which arise from the
spontaneous breaking of a p-form symmetry.

We recall that in the case of ordinary symmetries, the spontaneous breaking of a symmetry is char-
acterized by the non-vanishing of the vacuum expectation value (vev) of a charged operator O(x), or
equivalently, by the non-vanishing of its two-point correlation function at large distances, i.e.

⟨O(x)⟩ ̸= 0 or lim
|x−y|→+∞

⟨O(x)O(y)⟩ ̸= 0. (2.2.25)

As concerns higher form symmetries, mimicking the above definition, we can say that a p-form symme-
try is spontaneously broken if there exists a charged p-dimensional operator O(Mp) whose asymptotic
correlation function does not vanish, i.e.

lim
R→+∞

⟨O(Sp(R))⟩ ̸= 0, (2.2.26)

where Sp(R) is a p-dimensional surface of radius R.

13
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We will now restrict our attention to line operators; we can see that the spontaneous breaking of a
1-form symmetry is characterized by the non-vanishing of the vacuum expectation value of a Wilson
line or a ’t Hooft line. In general, the vev of a line operator O supported on a curve C can show
two different behaviors, depending on the details of the theory. In particular, it could exhibit what is
known as an area law, meaning that the vev of the operator decays exponentially with the area A(C)
of the surface bounded by the curve C, i.e.

⟨O(C)⟩ = e−T ·A(C), (2.2.27)

or it could follow a perimeter law, meaning that the vev of the operator decays exponentially with the
length L(C) of the curve C, i.e.

⟨O(C)⟩ = e−T
′·L(C), (2.2.28)

where T and T ′ are constants which depend on the details of the theory. The distinction between
them is physical, but only after renormalization: a line operator carries a divergence proportional to
its length, and adding the corresponding counterterm defines a renormalized operator

ORen(S
1
Ren) = O(S1

Ren) · exp
(∫

S1
Ren

volS1
Ren

)
. (2.2.29)

This new regularized operator ORen has a non-vanishing vev, thus the symmetry is spontaneously
broken. In contrast, an operator following (2.2.27) even after renormalization has a vanishing vev,
thus the symmetry is unbroken. So, in conclusion, the fate of a 1-form symmetry depends on the
behavior of the vev of the line operators, which can be used as an order parameter to study the
symmetry breaking. Moreover, as we showed before, line operators correspond to the insertion of
heavy probe particles in the theory; specifically, if one considers a line operator on the particular
curve C shown in figure 6, then the vev of the operator can be interpreted as the amplitude for the
creation of a particle-antiparticle pair, which propagate along the two branches of the curve C and
then annihilate each other, [42]. Such amplitude is related to the potential energy V (R) of the particle-

C

T

R

Figure 6: The Wilson Loop is inserted along the path C, where R is the displacement between the particle-
antiparticle pair and T is the time between the pair creation and annihilation.

antiparticle pair, which is a function of the distance R between the two particles, by the following
relation

⟨O(C)⟩ = e−V (R)T , (2.2.30)

where T is the time interval during which the particles propagate. Thus, the two different behaviors
described above can be rephrased in terms of the potential energy V (R) of the particle-antiparticle
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pair; in particular, the area law (2.2.27) corresponds to a linearly growing potential

V (R) ∼ R,

which is a signature of confinement, while the perimeter law (2.2.28) corresponds to a constant po-
tential

V (R) ∼ const,

which is a signature of deconfinement.

So, we can conclude that the spontaneous breaking of a 1-form symmetry is related to the confine-
ment/deconfinement of the charged particles under the symmetry.

2.2.3 Spontaneous symmetry breaking in Maxwell theory

Pure Maxwell theory in four dimensions is again a simple, yet instructive, example of a theory with
1-form symmetry breaking. In Coulomb phase, the vev of a Wilson line (and by electric-magnetic
duality, also of a ’t Hooft line) is such that

V (R) ∼ 1

R
,

which, just like the perimeter law, signals a spontaneous breaking of the electric and magnetic 1-form
symmetries. Starting from the considerations made above, we should thus expect the existence of
a massless 1-form field: indeed, the photon is precisely this Goldstone boson. Actually, given that
both the electric and magnetic 1-form symmetries are spontaneously broken, we could erroneously
conclude that there should be two massless 1-form fields; however, as we are going to prove, the
existence of the massless photon is enough to account for the breaking of both symmetries. In fact,
as argued by [34], one could compactify the theory on a circle, thus obtaining a three-dimensional
theory; depending on whether the original four-dimensional symmetry operators wrap the compactified
direction or not, we would obtain either a 0-form or a 1-form symmetry in three dimensions from
both the electric and magnetic original 1-form symmetries. The resulting 0-form symmetries are
spontaneously broken8, leading to the existence of two massless scalar fields, which, upon uplifting to
four dimensions, rearrange themselves into the two polarizations of a single massless 1-form field, the
photon.

Of course the above discussion is valid only in the absence of matter; indeed, if we introduce electrically
charged matter, then the electric 1-form symmetry is explicitly broken9, while the magnetic 1-form
symmetry remains unbroken. However, rather counterintuitively, especially if compared to the case of
ordinary symmetries, the photon remains massless, even though it should now be treated as pseudo-
Goldstone boson. This somewhat surprising result can be inferred by looking at what happens to
the theory in the low energy limit: as shown by [26], when one explicitly breaks a Maxwell-like 1-
form symmetry that is spontaneously broken, the low energy effective theory, obtained by integrating
out the massive matter degrees of freedom, recovers the original 1-form symmetry, which is then
spontaneously broken, again leading to a massless photon10.

2.2.4 Screening of extended operator in higher form symmetries

As anticipated in the previous section, adding electrically charged matter to Maxwell theory (more
generally to a non abelian gauge theory) explicitly breaks the U(1)e symmetry. Actually, as we are

8While the 3d 1-form symmetries remain unbroken.
9We will state this more deeply in the following section, but it is readily shown simply by looking at the RHS of

(2.2.8), which is no more 0 in presence of electrically charged matter.
10Crucially, the EFT obtained by integrating out the massive modes is not itself sufficient to show that the U(1)e

symmetry is emergent in the IR; the authors of [26] clearly show this with a counterexample.
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going to see, the above statement is a bit too strong; in fact, part of the original 1-form continuous
symmetry could still survive, though only a discrete subgroup of it. Moreover, we could also consider
adding magnetically charged matter, which would explicitly break the U(1)m symmetry, or, more
generally, dyonic matter, which would explicitly break both the U(1)e and U(1)m symmetries. In
order to study the general fate of a p-form symmetry of a gauge theory in presence of matter, it is
useful to introduce the notion of screening of extended operators.

We say that an extended p ≥ 1 operator O(Mp) is screened to another extended p operator O′(Mp) if
there exists a local p− 1 operator Op−1(Mp−1) such that Op−1(Mp−1) can be inserted between O(Mp)
and O′(Mp). In particular, whenever O′(Mp) is the identity operator, we say that O(Mp) is totally
screened.

Another useful notion is that of Pontryagin dual group. As mentioned in section 2.2, a p-form symme-
try group G(p) is always abelian, and thus its irreducible 1d representations could be identified with
group homomorphisms

ϕ : G(p) → U(1).

The set of all such homomorphisms, equipped with the group multiplication of complex numbers,
forms a group called the Pontryagin dual group of G(p), which we will denote by Ĝ(p). Then the
charges of p-dimensional operators under the p-form symmetry group G(p) are just elements of the
Pontryagin dual group Ĝ(p).

Starting from these premises, we can now describe the fate of a p-form symmetry in presence of matter.
First, we notice that each pair of screened operators O(Mp) and O′(Mp) necessarily have the same
charge under the p-form symmetry group G(p) (see figure 7), e.g.

Q(O) = Q(O′) ∈ Ĝ(p).

This allows us to define an equivalence relation on the set of p-dimensional operators, by saying that

O′
p

Op

Op−1

Ug(S
d−p−1)

=

O′
p

Op

Ug(S
d−p−1)

Op−1

∥ ∥

Q(Op) ×

O′
p

Op

Op−1
Q(O′

p)

O′
p

Op

Op−1

Figure 7: The two configurations at the top are related by topological move, hence they are equivalent. On the
left, we measure the charge of Op, while on the left the charge of O′

p; it follows that their charges are equal.

two operators are equivalent if they are screened to each other. Let Dp be the set of equivalence
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classes of p-dimensional operators and suppose that it acquires the structure of a group from the OPE
of the operators. Then, we can define a p-form symmetry group G(p) such that its charges distinguish
different elements of Dp, namely

G(p) = D̂p. (2.2.31)

Consequently, the charges of the p-form symmetry group G(p) are given by

Ĝ(p) =
ˆ̂
Dp = Dp, (2.2.32)

where we have made use of the fact that the Pontryagin dual of a Pontryagin dual group is isomorphic
to the original group.

2.2.5 Screening in Maxwell theory

Once again, Maxwell theory provides an instructive playground for the arguments of the previous
section. In fact, let us study what happens to the electric and magnetic 1-form symmetries of Maxwell
theory in presence of a single matter field ϕ of electric charge q ∈ Z. The first striking fact is that
Wilson Lines of charge q can ”end”, meaning that they can be screened to the identity operator by the
insertion of a field ϕ at the end of the line, see figure 8. In fact, this configuration is gauge invariant,

Wq ϕ(x)

Figure 8: The matter field ϕ is inserted at the endpoint x of the Wilson line. Notice that this configuration is
gauge invariant, hence well defined.

since the gauge transformation of the Wilson line is exactly canceled by the gauge transformation of
the matter field ϕ. More in detail, after a gauge transformation like

a→ a− dθ,

the field ϕ transforms as
ϕ(x) → eiqθϕ(x).

Consider a Wilson line Wq(C) of charge q supported on a curve C which ends at a point x, then under
the gauge transformation we have

Wq(C) = exp

(
iq

∫ x

−∞
a

)
→Wq(C) · exp

(
−iq

∫ x

−∞
dθ

)
=Wq(C) · e−iqθ(x). (2.2.33)

So the combination
Wq(C)ϕ(x)

is gauge invariant. Following the reasonings of the previous section, we can conclude that the Wilson
line Wq(C), being completely screened, has no charge under the electric 1-form symmetry, which is
thus explicitly broken by the presence of the matter field ϕ. This can also be understood pictorially by
looking at figure 9. In general, one can add n powers of the field ϕ, resulting in the fact that Wilson
lines of charge nq are also totally screened. However, this does not mean that every Wilson line is
totally screened; take for example a Wilson line of (integer) charge p ̸= q; it is well known that for
any pair of integer numbers p and q there exist two integers, say m and n, such that

p = nq +m. (2.2.34)

Then, the combination
Wp(C)ϕ

n(x)Wm(C
′) (2.2.35)
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Wq
ϕ(x)

Ug

=
Wq

ϕ(x)

Ug

=
Wq

ϕ(x)

Figure 9: At the left the symmetry operator Ug links with the screened Wilson line Wq; then, it is moved to
the right and made to shrink to a point. The net effect reveals that the Wilson line possesses no charge.

with C a line ending in x and C ′ another line starting from x, is gauge invariant. Then, it is evident
that the set Dp of equivalence classes is simply given by Zq. Using the general result given in (2.2.31),
we have that the explicitly unbroken symmetry reduces to

G(1) = Ẑq = Zq, (2.2.36)

where in the last equation we have made use of the fact that the Pontryagin dual of a finite group
coincides with the group itself. So, to conclude, we see that the original U(1)e symmetry is explicitly
broken down to Zq, while U(1)m remains unbroken. Of course, we could repeat the same steps for
the case of magnetically charged matter, or, more generally, for dyonic charged matter. Such details,
which we will not cover, are found in [19].

2.2.6 Gauging of continuous higher form symmetries

Another interesting aspect concerning higher form symmetries is the notion of gauging. We recall that
when discussing ordinary symmetries, we are allowed to couple the theory to an external background
gauge field through the conserved current, ∫

A1 ∧ ⋆j1. (2.2.37)

From the fact that j1 is conserved (e.g. d ⋆ j1 = 0), we immediately deduce that such coupling is well
defined, i.e. is invariant under gauge transformations of the type:

A1 → A1 + dλ. (2.2.38)

Of course, we can readily generalize this result to p-form symmetries in the following way∫
Ap+1 ∧ ⋆jp+1. (2.2.39)

In a similar way as above, from the fact that jp+1 is co-closed, we may conclude that the following
transformations

Ap+1 → Ap+1 + dλp (2.2.40)

leaves the action invariant11.

So far the background field is a fixed source. To gauge the symmetry, we promote it to a dynamical
field and sum over its gauge inequivalent configurations. Concretely, let T a theory with partition
function ZT which enjoys a p-form global symmetry G(p), then the partition function of the new
theory obtained by gauging G(p), denoted by T/G(p), is given by

ZT/G(p) ∼
∫

D[Ap+1] ZT[Ap+1], (2.2.41)

where ZT[Ap+1] is the partition function of T coupled to the background gauge field Ap+1. As we are
going to show, it is not always true that the gauged theory is a well-defined theory.

11The field Ap+1 is a p + 1 gauge field. It is defined recursively as a local p + 1 form subject to the redundancy

Ap+1 ∼ Ap+1 + dλp, with λp a p form gauge field with flux properly quantized
∫ dAp+1

2π
∈ Z.
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2.2.7 Anomaly

Background fields can be useful to probe anomalies in quantum field theories. Let Z be the partition
function of a given theory featuring a p-form symmetry; if we couple the theory with a p + 1 gauge
field Ap+1, the partition function becomes a functional of Ap+1, e.g.

Z[Ap+1] =

∫
Dϕi exp (−S[ϕ,Ap+1]) , (2.2.42)

where
{
ϕi
}
denotes the set of all fields (not necessarily scalars) belonging to the original, ungauged,

theory. We will say that the theory is affected by an (t’Hooft) anomaly if

Z[Ap+1 + dλp] ̸= Z[Ap+1]. (2.2.43)

In particular, we can write

Z[Ap+1 + dλp] = e−i
∫
A[Ap+1,λp]Z[Ap+1], (2.2.44)

where A is such that A[Ap+1, 0] = 0. It should be noted that, in the literature, the term anomaly
may appear with a different meaning and refers to the concept of ABJ anomaly. The latter is related
to the fact that, upon quantization, a classical global symmetry may fail to be a symmetry of the
quantum theory. ABJ anomalies have been extensively studied through the so called ”triangle dia-
grams” in perturbation theory and the Fujikawa regularization of the path integral, see [2], [14] and
[32]. Evidently, whenever ’t Hooft anomalies are present, there is no way to gauge the global p-form
symmetry in a sensible way, thus such anomalies represent an obstruction to gauging.

A useful description of t’Hooft anomalies relies on the concept of anomaly inflow. We start by writing
the exterior derivative of the anomaly phase A[Ap+1, λp] as the gauge variation of a (d + 1)-form Â

depending only on the p+ 1 gauge field Ap+1,

dA[Ap+1, λp] = δλÂ[Ap+1], (2.2.45)

then we modify the partition function in the following way

Ẑ[Ap+1] = Z[Ap+1]e
i
∫
Nd+1

Â[Ap+1]
, (2.2.46)

being ∂Nd+1 =Md, where Md is the spacetime over which our original theory is defined. It is easy to
see that the new partition function is gauge invariant; in fact

Ẑ[Ap+1 + dλp] = Z[Ap+1 + dλp]e
i
∫
Nd+1

Â[Ap+1+dλp]

= Z[Ap+1]e
−i

∫
A[Ap+1,λp]e

i
∫
Nd+1

Â[Ap+1]+δλÂ[Ap+1]

= Z[Ap+1]e
i
∫
Nd+1

Â[Ap+1]
= Ẑ[Ap+1],

(2.2.47)

where in the third equality we have made use of (2.2.45) and Stoke’s theorem.

2.2.8 Anomalies in Maxwell Theory

We recall from section 2.2.1 that pure Maxwell theory features two 1-form symmetries with currents
as below,

je =
1

e2
f, jm =

1

2π
⋆ f. (2.2.48)
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We can couple the theory to two background gauge fields Be and Bm as follows

S[Be, Bm] =
1

2e2

∫
f ∧ ⋆f +

∫
Be ∧ ⋆je +

∫
Bm ∧ ⋆jm.

=
1

2e2

∫
f ∧ ⋆f +

1

e2

∫
Be ∧ f +

1

2π

∫
Bm ∧ f.

(2.2.49)

Moreover, we can also add any local counterterm depending only on the background gauge fields; in
particular we can add the following counterterm

Sct[Be] =
1

2e2

∫
Be ∧ ⋆Be. (2.2.50)

Then, our action becomes

S[Be, Bm] =
1

2e2

∫
f ∧ ⋆f +

1

e2

∫
Be ∧ f +

1

2π

∫
Bm ∧ f + Sct[Be]

=
1

2e2

∫
(f +Be) ∧ ⋆(f +Be) +

1

2π

∫
Bm ∧ f.

(2.2.51)

Now, suppose we perform a gauge transformation on the magnetic background gauge field as follows,

Bm → Bm + dλm, (2.2.52)

then we can clearly see that the action is invariant under such transformation; indeed, since both a
and λm are gauge fields, we have that their fluxes are quantized, meaning that

δλmS =
1

2π

∫
f ∧ dλm ∈ 2πZ. (2.2.53)

Let us now see what happens if we try to perform a similar variation concerning the electric background
gauge field,

Be → Be + dλe. (2.2.54)

In this case, the first term is unaffected if we consider a shift in the path integral of a as a→ a−λe12.
However, as regards the second term, it shifts the action by

δλeS = − 1

2π

∫
dλe ∧Bm. (2.2.55)

Such phase is not quantized, since fluxes of Bm need not be quantized, thus the action is not invariant
under the above transformation. Therefore, we can conclude that whenever the magnetic 1-form
symmetry is turned on, the electric 1-form symmetry is anomalous. Of course, we could have made
any another choice of local counterterms, for example we could also add the following piece

S′
ct[Bm] =

1

2π

∫
Be ∧ ⋆Bm. (2.2.56)

This choice leads to the following action

S[Be, Bm] =
1

2e2

∫
(f +Be) ∧ ⋆(f +Be) +

1

2π

∫
(f +Be) ∧Bm. (2.2.57)

12This is an allowed shift since λe is a gauge field.
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Now, it is evident that the action is invariant under the gauge transformation of the electric background
gauge field; however, the magnetic 1-form symmetry is no more anomalous-free. Indeed, under the
gauge transformation of the magnetic background gauge field, we have that the action shifts by

δλmS =
1

2π

∫
f ∧ dλm +

1

2π

∫
Be ∧ dλm, (2.2.58)

where the first term is the innocuous contribution that we have already seen above, while the second
one is a genuine anomaly term, since the flux of Be is not quantized.

To summarize, we can say that the electric and magnetic 1-form symmetries of Maxwell theory are
mutually anomalous, meaning that whenever one of them is turned on, the other one is anomalous.
This shows a particular property of mixed ’t Hooft anomalies, which is that local counterterms can
be added to the action in order to shift the anomaly from one symmetry to another, but they cannot
be removed completely.

Finally, we can employ the anomaly inflow mechanism to ”get rid” of the anomaly, by adding a 5d
term in the action,

S5d =
1

2π

∫
N5

Be ∧ dBm, ∂N5 =M4, (2.2.59)

which is such that its gauge variation cancels the anomaly of the 4d action, as

δλeS5d =
1

2π

∫
N5

dλe ∧ dBm =
1

2π

∫
M4

dλe ∧Bm. (2.2.60)

Thus, we see that the variation of 5d term exactly cancels the anomaly of the 4d action.

2.3 Higher continuous groups
In this section we introduce the notion of higher groups. For brevity, we will not give a rigorous
definition, focusing instead on their physical meaning and their relation to higher form symmetries.
Intuitively, a higher group is the structure that arises when several higher form symmetries of different
degrees are combined in a non-trivial way. More specifically, following [21], suppose we have a theory
that enjoys n higher form symmetries of degrees

p1 < p2 < · · · < pn.

To each of these symmetries we can associate a background gauge field Api+1, which is a pi + 1 form
gauge field. We say that the theory has a (pn+1) higher group symmetry Gpn+1 if the background gauge
fields Api+1 are not independent, but they are related to each other by a non-trivial transformation
law:

Api+1 → Api+1 + dΛpi +
∑
k<p

Λpk ∧ α
(i)
k ({Apk+1}) + Schwinger terms (2.3.1)

where the α
(i)
k ({Apk+1}) are (pi − pk +1)-forms and the Schwinger terms are non-linear contributions

of the gauge transformation parameters Λpk , restricted to depend only on the parameters of lower
degree pk < pi. This implies that the higher group symmetries possess a nested structure, of the type

Gpn+1 ⊂ Gpn+1
p1 ⊂ · · · ⊂ Gpn+1

pn−1
⊂ Gpn+1

pn , (2.3.2)

where Gpn+1
pi is the (pn + 1) higher group whose lowest degree symmetry is pi.

We now briefly show what physical constraints are imposed by the existence of a higher group symme-
try. First, we look at the symmetry breaking pattern of higher group symmetries. Suppose that the
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highest degree symmetry pn of the higher group is spontaneously broken; then, from equation (2.3.1),
the lower degree symmetries pi with i < n are spontaneously broken as well, since the transformation
law of the corresponding background gauge fields Api+1 is non-trivial. This means that the entire
higher group symmetry is spontaneously broken. From a simple generalization of the above argument,
we can see that the breaking of the higher form symmetry of degree pi implies the breaking of all the
higher form symmetries of degree pj with j < i.

This conclusion carries an interesting physical consequence. Consider starting from a UV theory
with no higher form symmetries which, upon flowing to the IR, develops an emergent higher group
symmetry. Since the higher group symmetry must obey the nested structure (2.3.2), denoting by Ei
the energy scale at which the pi higher form symmetry emerges, we must have that

E1 ≲ E2 ≲ · · · ≲ En, (2.3.3)

meaning that the higher form symmetries of lower degree emerge at lower energy scales, while the
higher form symmetries of higher degree emerge at higher energy scales.

This is a remarkable result: the emergence of higher form symmetries is not arbitrary, but is con-
strained by the higher group structure. In particular, it is a hierarchical process, in which higher
degree symmetries emerge first, followed by those of lower degree.

2.4 Discrete symmetries
Even though we have only shown explicit examples of continuous higher form and higher group sym-
metries, the concept of generalized symmetries is not limited to the continuous case; indeed, when
we defined p-form symmetries in Section 2.2, we did not specify whether the symmetry group G(p)

was continuous or discrete. This means that most of the results we have shown so far are also valid
for discrete symmetries, with the only exception of the Goldstone theorem, which, as for ordinary
symmetries, demands the symmetry group to be continuous.

The contrast with continuous symmetries concerns the explicit realization of the symmetry operators
themselves: while a continuous p-form symmetry provides a conserved (p+1)-form current from which
the operators can be built explicitly, discrete symmetries do not come equipped with such currents,
so realizing their operators is trickier.

A precise mathematical description of discrete symmetries would require us to introduce discrete gauge
theories, as reviewed in [30]. However, in order to avoid delving too much into the mathematical details,
we will follow a more physical approach, which somewhat hides the mathematical technicalities, but
still captures the main physical ideas behind discrete symmetries, [22].

For instance, to keep the discussion simple, we will focus our attention to the group Zn, one of the
simplest discrete groups. What makes Zn special is that it can be realized as a subgroup of U(1),
which allows us to embed the discrete symmetry into a continuous one. A Zn connection is restricted
to have holonomies valued in Zn

exp

(
i

∮
γ
A

)
= e

2πik
n , k ∈ Zn, (2.4.1)

In particular, whenever γ is contractible, we have that the field strength F = dA is trivial, meaning
that the Zn gauge field is (locally) flat. This fact can be understood by simply noticing that a
continuous deformation of the contractible loop γ should correspond to a continuous change of the
holonomy, which is not possible since the holonomy is valued in a discrete group and so it would be
forced to ”jump” discontinuously. In particular, for contractible loops, we can shrink γ to a point,
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thus obtaining that the holonomy is trivial. Moreover, if γ = ∂D2 then we can use Stoke’s theorem
to write ∮

γ
A =

∫
D2

F = 0, (2.4.2)

which shows that the field strength F is (locally) trivial.

The above discrete gauge field A can be described by an associated U(1) gauge field Â, called integral
lift, which is required to possess the same holonomies as A, namely

exp

(
i

∮
γ
A

)
= exp

(
i

∮
γ
Â

)
(2.4.3)

which implies ∮
γ

A

2π
=

∮
γ

Â

2π
modZ. (2.4.4)

Thus, the choice of lift is far from being unique; such choices are related to each other by large gauge
transformations of the form

Â→ Â+ Λ,

∮
γ
Λ ∈ 2πZ. (2.4.5)

Finally, given the fact that U(1) gauge field need not be flat, we can define the ”field strength” of the
discrete gauge field A as

F

2π
:=

dÂ

2π
modn. (2.4.6)

This definition is related (up to some normalization constant) to the so called Bockstein map, an
operation in discrete cohomology which serves as definition of ”field strength” for the discrete gauge
fields.

2.4.1 BF theory

One the most known examples of discrete gauge theories in physics is the so called BF theory. BF
theory is one of the earliest examples of a topological quantum field theory and its action was first
proposed by [43] in the context of quantum gravity.

Consider the following theory in a d-dimensional spacetime,

S =
n

2π

∫
Bd−p−1 ∧ dAp, (2.4.7)

where Bd−p−1 is a (d− p− 1)-form and Ap is a p-form. The action enjoys a gauge symmetry given by

Ap → Ap + dΛp−1, Bd−p−1 → Bd−p−1 + dΛd−p−2, (2.4.8)

where ∮
dΛq
2π

∈ Z, for q = (p− 1) or (d− p− 2). (2.4.9)

Moreover, since no Hodge star operator is present in the action, the theory is independent of any
metric, thus it is topological. Finally, the equation of motion, given by varying with respect to Ap
and Bd−p−1, are

n

2π
dBd−p−1 = 0,

n

2π
dAp = 0. (2.4.10)

Up to now, there is no reason to believe that this theory is really a Zn gauge theory, but it can be
proven as follows. First we will prove that the path integral, together with the quantization condition
of the U(1) fields strength ∫

dAp
2π

∈ Z
∫
dBd−p−1

2π
∈ Z, (2.4.11)
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forces the holonomies to be in Zn. In the path integral, the field configuration of Ap may be labeled

by the integer quantity k =
∫ dAp

2π . Thus, the path integral is something like

Z ∼
∫

DBDA e
in
2π

∫
Bd−p−1∧dAp

= N
∑
k∈Z

∫
DB eink

∫
Bd−p−1 = 2πN

∑
m∈Z

δ

(
n

∫
Bd−p−1 − 2πm

)
,

(2.4.12)

where N is some constant independent of Bd−p−1 coming from the trivial sector of Ap, and in the last
equation we have made use (of a generalization) of∑

k∈Z

eikθ = 2π
∑
m∈Z

δ(θ − 2πm). (2.4.13)

Therefore, the only relevant term for the path integral are those for which Bd−p−1 has discrete
holonomies. Therefore, BF theory is indeed a discrete gauge theory.

Now we observe that the theory possesses Z(p)
n and Z(d−p−1)

n global symmetries which are realized by
the following transformations:

Z(p)
n : Ap → Ap +

1

n
ϵp,

∫
ϵp = 2πZ, (2.4.14)

Z(d−p−1)
n : Bd−p−1 → Bd−p−1 +

1

n
ϵd−p−1,

∫
ϵd−p−1 = 2πZ. (2.4.15)

Indeed, by inspecting the equation of motion (2.4.10), we can argue that there exist two conserved
”currents”, namely

⋆jd−p =
n

2π
Ap, ⋆jp+1 =

n

2π
Bd−p−1. (2.4.16)

Even though such currents are not well defined (they transform under gauge transformations (2.4.8)),
the operators

U 2πk
n
(Σ) = exp

(
2πk

n

∫
Σ

n

2π
Ap

)
= exp

(
ik

∫
Σ
Ap

)
, (2.4.17)

Ũ 2πk
n
(Σ̃) = exp

(
2πk

n

∫
Σ̃

n

2π
Bd−p−1

)
= exp

(
ik

∫
Σ̃
Bd−p−1

)
, (2.4.18)

are still topological (from (2.4.10)) and gauge invariant.

Now we will argue that the corresponding charged operators are the Wilson lines of Ap and Bd−p−1:

Wm(Γ) = exp

(
im

∫
Γ
Bd−p−1

)
, (2.4.19)

Wm(Γ̃) = exp

(
im

∫
Γ̃
Ap

)
. (2.4.20)

Indeed, taking into account the symmetry transformations (2.4.14) and (2.4.15), we see that the Wilson
lines are Zn charged:
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Wm(Γ) → ei
m
n Wm(Γ) (2.4.21)

Wm(Γ̃) → ei
m
n Wm(Γ̃). (2.4.22)

Finally, in order to describe how the symmetry operators act on the charged operators we notice that
the insertion of, say, Wm(Γ) is equivalent to shifting the action by

δS = im

∫
Ap ∧ δ(Γ), (2.4.23)

being δ(Γ) the Poincaré dual to the manifold Γ. In turn, the flux of Bd−p−1 gets sourced,

dBd−p−1

2π
=
m

n
δ(Γ). (2.4.24)

Ultimately, this means (see equation (2.1.20) and (2.2.6))

U 2πk
n
(Σ)Wm(Γ) = e

2πikm
n Wm(Γ)U 2πk

n
(Σ′) (2.4.25)

where we have supposed that Σ links with Γ and Σ′ is a continuous deformation of Σ which does
not link with Γ. An analogous treatment holds for the charged operator Wm(Γ̃) and the symmetry
operator Ũ 2πk

n
(Σ̃).

2.5 Non-invertible symmetries
Finally, we would like to end this section by mentioning a further generalization coming from the
paradigm ”symmetries as topological operators”, that is the notion of non-invertible symmetries. Up
to now, we have only dealt with symmetries described by invertible operators, which are associated
to group structures (or higher group structures). However, the topological nature of the symmetry
operators admits a more general description, which is not necessarily associated to the notion of a
group. In turn, this leads to the novel concept of non-invertible symmetries, namely symmetries whose
operators are not tied to a group structure, but rather to a more general algebraic structure, which
is that of category. In the following we will omit the mathematical details of category theory, and
we will try to convey the main physical ideas behind the non-invertible symmetries. To begin with,
consider a set C (more properly a ”class”) such that any element (”object”) x ∈ C corresponds to a
topological operator Ux. Then, in sharp contrast with the symmetries discussed so far, the fusion of
two operators Ux1 and Ux2 does not necessarily lead to the operator Ux1x2 associated to the product
of the two elements x1 and x2 (such product is not even defined in general), but rather to a more
general form like:

Ux1 × Ux2 =


∑

i Uxi
T ⊗ Ux1x2
· · ·

, (2.5.1)

where T is the partition function of a topological quantum field theory (TQFT).

Non-invertible symmetries are mostly understood in (1+1)-dimension, where the categorical structure
behind them is under control. For example, they have been successfully employed in studying the Ising
model at the critical temperature exploiting the so called Kramers Wannier self-duality13, [27]. They
also provide a new perspective on the neutral pion decay, as discussed, for instance, in [46, 60].

13The Kramers-Wannier duality is a self-duality only at the critical temperature, otherwise it is just a map between
high temperature and low temperature phase, [46].
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3 Fundamentals of String Theory

String theory is a vast and rich topic in modern theoretical physics; given the breadth of notions and
facts surrounding it, we will simply outline the main ideas of string theory, concerning ourselves only
with those aspects that will play a major role in the later sections of this thesis work; such as the
AdS/CFT correspondence, 10-dimensional supergravity, and the holographic realization of symmetry
defects.

Born as a candidate framework for a consistent theory of quantum gravity, string theory posits that the
fundamental degrees of freedom are not point particles but one-dimensional extended objects, whose
vibrational modes reproduce the spectrum of particles and fields observed at low energies. Beyond its
gravitational content, the theory naturally accommodates gauge interactions and, through its web of
dualities and extended objects—most notably Dp-branes—provides a remarkably fertile setting in
which seemingly distinct physical systems are related to one another.

Among these developments, one of the most far-reaching is the realization that certain string back-
grounds admit an equivalent description in terms of a lower-dimensional field theory living on their
boundary. This is the essence of the AdS/CFT correspondence, reviewed in Section 4, which underlies
the holographic constructions at the heart of this work. The material collected in the present section
is therefore intended not only as a self-contained review, but also as the necessary groundwork for the
holographic realization of symmetry defects discussed later on.

What follows is based on the works of [13], [63], [56] and [57].

3.1 Bosonic string
The central idea of string theory is that, at the fundamental level, matter is not made of point-like
particles but of extended one-dimensional objects: strings.

Our first goal is thus to write down a suitable action describing the dynamics of such strings; the
simplest one we can conceive leads to bosonic string theory. The route we adopt to write the action
of a one-dimensional string moving in a D-dimensional spacetime mimics the familiar construction for
ordinary point-like particles. Indeed, the relativistic action of a (classical) particle is

S = −mc2
∫
γ
dτ

√
−gµν(X(τ))Ẋµ(τ)Ẋν(τ), (3.1.1)

where γ is the worldline swept by the particle as it moves in spacetime, and τ is an unphysical parameter
along the curve γ. The coordinates Xµ(τ) can be regarded geometrically as an embedding of the one-
dimensional worldline γ into the D-dimensional spacetime, and the action (3.1.1) is proportional to
the ”length” of γ. The least action principle then tells us that particles move so as to extremize their
worldline length. The same logic generalizes to any object extending in p spatial dimensions: the
one-dimensional worldline is promoted to a (p + 1)-dimensional worldvolume. Focusing on strings,
let Xµ(τ, σ) be the embedding of the two-dimensional worldsheet into spacetime; then, in analogy
with (3.1.1), the action of a string is (in natural units)

S = −T
∫
dτdσ

√
− det [gµν(X(τ, σ))∂αXµ(τ, σ)∂βXν(τ, σ)], (3.1.2)

where τ and σ are worldsheet coordinates and T is the tension (energy per unit length) of the string.
Here σ is a spacelike coordinate on the worldsheet and τ a timelike one; for a general p-extended object
one has p spatial coordinates and a single timelike one. The determinant is taken with respect to the
worldsheet coordinates, labelled by the indices α and β. Equation (3.1.2) is known as Nambu-Goto
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action14. The square root in (3.1.2) is somewhat problematic, especially in the quantum theory. For
this reason it is often useful to rewrite it in a different form: we introduce an auxiliary worldsheet
metric hαβ(τ, σ) and consider the action (with h := det(hαβ))

S = −T
2

∫
d2σ

√
−hhαβ∂αX · ∂βX, (3.1.3)

where

X ·X := gµνX
µXν , hαβhβγ = δαγ , (3.1.4)

and d2σ is shorthand for dσdτ .

It is easy to show that (3.1.3) is equivalent to (3.1.2). Varying the action (3.1.3) with respect to the
auxiliary field hαβ , we get

∂αX · ∂βX =
1

2
hαβh

γδ∂γX · ∂δX. (3.1.5)

Taking minus the square root of the determinant of both sides of this equation, we get√
− det (∂αX · ∂βX) =

√
−h1

2
hγδ∂γX · ∂δX. (3.1.6)

Hence (3.1.3) reduces to (3.1.2) once hαβ is set on shell. Action (3.1.3) is known as the Polyakov
action. The Polyakov action enjoys several symmetries:

• Poincaré Invariance:
δXµ = aµνX

ν + bµ. (3.1.7)

• Worldsheet reparametrization invariance:

σα → σ′α(σ), hαβ(σ) =
∂σ′γ

∂σα

∂σ′δ

∂σβ
h′γδ(σ

′). (3.1.8)

• Weyl invariance:
hαβ → eϕ(σ)hαβ , δXµ = 0. (3.1.9)

The first is a true global symmetry, while the last two are gauge symmetries. We also notice that the
embedding coordinates Xµ behave as scalars under worldsheet reparametrization, namely:

X ′µ(σ′) = Xµ(σ). (3.1.10)

Gauge symmetries are particularly useful when it comes to find an explicit solution to the equation of
motion coming from (3.1.3). In fact, exploiting such symmetries we are allowed to choose a particular
set of coordinates on the worldsheet for which the Polyakov action becomes simpler to handle. In
addition, it can be shown, [13], that in flat Minkowski spacetime we can reduce (3.1.3) to the simpler
gauge-fixed action:

S =
T

2

∫
Ẋ2 −X ′2, (3.1.11)

where

Ẋµ :=
∂Xµ

∂τ
, X ′µ :=

∂Xµ

∂σ
. (3.1.12)

14Actually, it is a gauge-fixed version of (3.1.2) which is referred to as Nambu-Goto action.
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Then, the corresponding equations of motion are(
∂2

∂σ2
− ∂2

∂
τ2
)
Xµ = 0. (3.1.13)

Furthermore, we observe that in order to properly define the above variational problem, we should
also supply the above equations of motion with some boundary conditions. As we will see, the choice
of boundary conditions will have non trivial physical implications. Suppose that the spacelike variable
σ is chosen to belong to the interval [0, π] (we can always do this.); then, upon varying (3.1.11) with
respect to Xµ, we also get a boundary term which is

−T
∫
dτX ′µδXµ |σ=π −X ′µδXµ |σ=0 . (3.1.14)

Such boundary term can be removed by choosing for eachXµ one of the following boundary conditions:

• Closed string condition:
Xµ(σ, τ) = Xµ(σ + π, τ). (3.1.15)

• Open string with Neumann boundary conditions:

X ′µ = 0 atσ = 0, π. (3.1.16)

• Open string with Dirichlet boundary conditions:

Xµ(σ = 0, τ) = Xµ
0 , Xµ(σ = π, τ) = Xµ

π , (3.1.17)

where Xµ
0 and Xµ

π are constant.

The first condition makes the string close on itself, while the remaining two b.c. are imply that the
string is open. In particular, the Neumann boundary condition means that no momentum flows to the
end of the string, while the Dirichlet condition fixes the ends of the string to be fixed. Pictorially, we
can visualize the difference between the two open string boundary condition by looking at Figure 10.
It is worth noting that Dirichlet boundary conditions breaks Poincaré invariance, however this does

σ = 0 σ = π

Xµ(σ, τ)

σ = 0 σ = π

Xµ(σ, τ)

Figure 10: On the left: Dirichlet boundary condition along the µ direction; on the right: Neumann boundary
condition along µ direction. The red and blue line represent the same string at different times.

not imply that such condition is unphysical, far from it. Indeed, as we will see later, the constant Xµ
0

and Xµ
π are the position (in the µ direction) occupied by two p-dimensional extended objects known

as Dp branes.
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3.1.1 Quantization of the closed bosonic string

In order to give a full quantum treatment of the closed bosonic string, we first need to find a classical
mode expansion of the solutions (3.1.13) fulfilling condition (3.1.15). Without showing all the details
(which can be found in [63], for example), below we simply write down the solution of the closed string
problem:

Xµ = Xµ
L +Xµ

R, (3.1.18)

where

Xµ
L =

1

2
xµ +

1

2
l2sp

µ(τ − σ) +
i

2
ls
∑
n̸=0

1

n
αµne

−2in(τ−σ), (3.1.19)

Xµ
R =

1

2
xµ +

1

2
l2sp

µ(τ + σ) +
i

2
ls
∑
n̸=0

1

n
α̃µne

−2in(τ+σ). (3.1.20)

Here, we have introduced the string length scale ls which is related to the tension T of the string as
below

T =
1

2πα′ , α′ =
l2s
2
, (3.1.21)

where α′ is usually referred to as Regge slope. Furthermore, the real parameters xµ and pµ found in
(3.1.19) and (3.1.20) correspond to the center of mass and total momentum of the string, respectively.
Finally, the modes αµn and α̃µn are complex numbers which must obey the following constraints

αµ−n = (αµn)
∗ and α̃µ−n = (α̃µn)

∗ . (3.1.22)

The above simply follow by imposing that Xµ is real.

In order to quantize our theory, we need to define the canonically conjugate momentum P µ and, after
promoting Xµ and P µ to operator, we must impose the following commutation relations[

Xµ(σ, τ), P ν(σ′, τ)
]
= −iηµνδ(σ − σ′), zero otherwise. (3.1.23)

In turn, this implies that
[xµ, pν ] = iδµν , (3.1.24)

while the Fourier modes αµm and α̃µm (which are now operators) obey the following

[αµm, α
ν
n] = [α̃µm, α̃

ν
n] = mηµνδm+n,0 (3.1.25)

and zero otherwise. By rescaling the operators α as

aµm =
1√
m
αµm, a†µm =

1√
m
αµ−m, for m > 0, (3.1.26)

and similarly for α̃, we see that equation (3.1.25) reduces to the algebra of the harmonic oscillator,
with a slight but significant distinction. Indeed, whenever µ = ν = 0 we may end up with something
like [

a0m, a
0
m

]
= −1 (3.1.27)

The presence of the minus sign can be catastrophic, since as readily seen, it leads to the existence of
negative norm states, i.e. states with negative probability. Such states are not physically sensible and
should not correspond to any physical degree of freedom; thus quantizing such theory is not straight-
forward. In the canonical approach we could follow two distinct routes to quantize the theory; either
we follow a covariant approach, reminiscent of the Gupta-Bleuler quantization of electrodynamics, or
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we could choose a suitable gauge, the light-cone gauge, in which only the true degrees of freedom are
manifest.

Loosely speaking, the first approach imposes some constraint on the Hilbert space of states which
identify (up to some equivalence classes) the real physical states of the theory. The advantage of such
approach is that Poincaré invariance is manifest throughout the whole procedure; the drawback is
that the spectrum of the theory is not as evident as in the light-cone gauge quantization. On the
other hand, the light-cone quantization method has the disadvantage of not being manifestly Poincaré
invariant; at the end of the computations we need to make sure that no quantum anomaly, capable of
breaking Poincaré covariance, has emerged.

Of course, both approach are equivalent and should bring the same results when carried out correctly;
in the following we briefly explain how light-cone gauge quantization works, while we defer to [37] for
the details of the covariant approach.

As already mentioned, light-cone gauge exploits the gauge freedom (reparametrization invariance) of
the theory in order to get rid of unphysical degrees of freedom. In fact, equation (3.1.11) has not com-
pletely fixed the gauge choice; meaning that we can still perform an additional gauge transformation.
First, introduce the spacetime light-cone coordinates

X± =
1√
2

(
X0 ± xD−1

)
, (3.1.28)

then, using the residual gauge freedom, we can set

X+ = x+ + l2sp
+τ̃ (3.1.29)

where τ̃ and σ̃ are the gauge transformed worldsheet coordinates. As regards X−, it is completely fixed
by the Virasoro constraint coming from the vanishing of the stress energy tensor. The striking fact
is that the oscillator modes α−

n and α̃−
n of X− are completely determined in terms of the transverse

oscillator modes αim and α̃im, with i = 1, ...(D − 2). Since only the spatial modes survives, it is
evident that our theory no longer hosts negative norm states. Thus, we’ve managed to decouple the
unphysical modes from the theory. However, there is still a question that we should ask, that is
whether the quantum theory still respects Poincaré invariance. To answer such question, we should
inspect if the Lorentz generators Jµν still obey the Lorentz algebra; the only non-trivial check is[

J i−, J j−
]
= 0. (3.1.30)

After a lengthy computation, it can be shown that equation (3.1.30) holds provided that the spacetime
dimension D = 2615. In the end, we come up with a rather remarkable fact: in order to get a consistent
quantum bosonic string theory, we need to consider a 26-dimensional spacetime16.

3.1.2 Spectrum of the closed string

The quantization procedure sketched in the previous section also furnishes the mass of each string
state; it reads

M2 =
4

α′ (N − 1) =
4

α′

(
Ñ − 1

)
, (3.1.31)

where N and Ñ are the right and left movers number level defined as

N =

D−2∑
i=1

∑
n>0

αi−nα
i
n, Ñ =

D−2∑
i=1

∑
n>0

α̃i−nα̃
i
n. (3.1.32)

15It also imposes the value of the normal ordering constant a appearing in the zero mode of the stress energy tensor
to be equal to 1.

16Although we have explicitly made reference only to the closed string, the same conclusions also apply to the open
string.
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In the closed string we have the level matching condition

N = Ñ . (3.1.33)

Now, starting from the ground state |0; p⟩ (defined as being the state annihilated by all the lowering
operators a which is also an eigenstate of the operator p with eigenvalue p), we can build any excitation
by applying the raising operators a† and then read its mass from equation (3.1.31). Here we will focus
only on the states with N = 0 and N = 1.

• Ground state tachyon

If we apply formula (3.1.31) to the ground state (for which N=0), we get a negative mass; the
ground state is a tachyon, meaning that we are expanding starting from an unstable maximum
of the potential. So far there are no convincing arguments that could suggest the presence of
a real minimum of the potential; indeed we are not even sure if bosonic string theory makes
sense at all. However, once we take into account fermions, we will see that the tachyon problem
disappears.

• N=1 level
The first excited states can be built by applying raising operator a†1 to the ground state; since

the level matching condition must hold, we also need to apply ã†1. Thus, the first excited states
are17

αi−1α̃
j
−1|0; p⟩, with i, j = 1, ...D − 2. (3.1.34)

In this case, (3.1.31) tells us that such states are massless; moreover, since α̃j−1 and α̃
j
−1 both be-

have as vector under SO(24), we have that (3.1.34) is a reducible representation of SO(24). This
fact should not come as a surprise; in fact, from the Wigner classification we know that massless
particles arrange themselves in irreducible representations of the little group. In D = 26, the lit-
tle group is just SO(24). Finally, to get the irreducible representations out of (3.1.34), the usual
procedure of symmetrization/anti-symmetrization gives us all the irreducible representations.
We end up with a particle in the singlet representation which we call the Dilaton; a particle in
the antisymmetric representation which is referred to as Kalb-Ramond 2-form and finally we get
a particle in the traceless symmetric representation. The latter is a spin 2 particle, which, by an
old argument originally due to Weinberg and Feynman, can be identified with the graviton.

3.1.3 Quantization of the open string

As far as the open string is concerned, much of the previous section carries over with minor changes.
We recall that in this case we are free to choose among Dirichlet or Neumann boundary conditions,
see equations (3.1), (3.1). Let us impose Neumann boundary conditions for the first p+ 1 spacetime
coordinates, that is to say

X ′a∣∣
σ=0,π

= 0, for a = 0, ...p, (3.1.35)

and Dirichlet boundary conditions for the remaining ones,

XI
∣∣
σ=0,π

= XI
0,π, for I = p+ 1, ...D − 1. (3.1.36)

Such a choice of boundary conditions breaks the Lorentz group,

SO(1, D − 1) → SO(1, p)× SO(D − p− 1), (3.1.37)

where, for the moment, we did not specify the value of the spacetime dimension D. As already
anticipated above, the ends of the strings are fixed to lie in a (p + 1) hypersurface in spacetime

17Recall that a† ∼ α−m with m > 0.
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(actually two hypersurfaces when XI
0 ̸= XI

π ); such hypersurface is commonly referred to as a Dp
brane, a new, dynamical p dimensional extended object. From now, after introducing the spacetime
light-cone coordinates

X± =
1√
2

(
X0 ±Xp

)
, (3.1.38)

the light-cone quantization procedure follows the same steps as before; the only difference is that,
thanks to the open string boundary conditions (either Neumann or Dirichlet), only one set of the
Fourier mode, say α, is independent. This means that when quantizing the open string we should only
care about left movers or right movers, but not both. Also in this case, in order to have a sensible
quantization of the theory, we are led to consider D = 26 and a = 1. The mass formula that we get
following all the steps of the quantization is

M2 =
1

α′

p−1∑
i=1

∑
n>0

αi−nα
i
n +

D−1∑
I=p+1

∑
n>0

αI−nα
I
n

 . (3.1.39)

As already said, no α̃ appears. At this point, we can study the spectrum of the open string, or, at
least, of the first excited levels.

3.1.4 Spectrum of open string

• Ground state

Like the closed string, the ground state |0; p⟩ (defined in the same manner as before) possesses
a negative mass, hence it is a tachyon.

• N=1 level
Making use of (3.1.39), we immediately see that the first excited states are massless. They fall
into two distinct groups; excitations longitudinal to the brane, namely

αa−1|0; p⟩, for a = 1, ...p− 1, (3.1.40)

and transverse excitations like

αI−1|0; p⟩, for I = p+ 1, ...D − 1. (3.1.41)

In the former case, we have massless spin 1 particles on the worldvolume of the Dp brane; they
are photon-like excitations. In the latter, we have a set of scalars on the worldvolume of the Dp
brane.

3.2 Superstring theory
There are many reasons not to be satisfied with bosonic string theory. Aside from the conceptual issues
brought by the existence of the ground state tachyon, we also see that all the excitations correspond
to bosonic particles; the theory cannot explain the existence of fermions in our universe. In order to
overcome the above difficulties, two approaches have been developed: the so called RNS formalism and
the GS formalism. Here we will briefly mention some aspects of the former one. However, regardless
of the method adopted, they are equivalent and both will turn out to require supersymmetry.

The idea of the RNS formalism is simply to enlarge (3.1.3) by adding a fermion term; then, the total
action in conformal gauge reads (setting T = 1

π ):

S = − 1

2π

∫
d2σ

(
∂αXµ∂αX

µ + ψ̄µρα∂αψµ
)
, (3.2.1)
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Here, ψµ are D Majorana fields that transform as vectors under the D-dimensional Lorentz group
SO(D − 1, 1), while ρα are a two dimensional representation of the Dirac algebra{

ρα, ρβ
}
= 2ηαβ , α, β = 0, 1. (3.2.2)

It could be shown, [13], that (3.2.1) is invariant under global worldsheet supersymmetry

δXµ = ϵ̄ψµ, (3.2.3)

δψµ = ρα∂αX
µϵ, (3.2.4)

where ϵ is a constant infinitesimal Majorana spinor. That is why the fermionic string theory is also
known as superstring.

From here, light-cone quantization of the superstring proceed mostly as the bosonic case, with the
small caveat that now we must impose anti-commutation relations for the fermionic fields. This time
the quantization procedure forces us to impose D = 10. The only aspect that we would like to
stress about the superstring quantization concerns the boundary condition for the fermionic sector.
Upon varying the action (3.2.1) with respect to ψµ, one sees that the boundary contribution goes like
(suppressing Lorentz indices)

δS ∼
∫
dτ (ψ+δψ+ − ψ−δψ−) |σ=π − (ψ+δψ+ − ψ−δψ−) |σ=0 , (3.2.5)

where ψ+ and ψ− are the upper and lower component of ψ. A suitable choice of boundary conditions
allow us to get rid of (3.2.5).

For the open string, we demand that both term of (3.2.5) are zero independently. This is achieved by
imposing:

ψµ+ = ±ψµ−, atσ = 0, π. (3.2.6)

Since the overall sign is unphysical, we can choose, without loss of generality that

ψµ+ |σ=0 = ψµ− |σ=0 . (3.2.7)

Then, the relative sign at the other end of the string becomes meaningful. There two possible cases:

• Ramond boundary condition
ψµ+ |σ=π = ψµ− |σ=π . (3.2.8)

• Neveu-Schwarz boundary condition

ψµ+ |σ=π = −ψµ− |σ=π . (3.2.9)

Finally, as far as the closed string is concerned, we are free to impose periodic or anti-periodic boundary
conditions, namely

ψµ±(σ) = ±ψµ±(σ + π). (3.2.10)

In particular, periodic (R) and anti-periodic(NS) boundary conditions can be imposed on left movers
ψµ− and right movers ψµ+, separately.
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3.2.1 Spectrum of the superstring

The superstring spectrum obtained after quantization contains, in addition, a tachyon and further
states that spoil spacetime supersymmetry. To recover a supersymmetric spectrum, these states must
be truncated away — a procedure known as the GSO projection. One introduces a G-parity operator
in each of the NS and R sectors; the projection then retains only the NS states of positive G-parity,
while in the R sector one is free to keep either positive or negative G-parity.

In view of the next sections, devoted to the supergravity theories that arise as low-energy limits of
string theory, we briefly describe the massless spectrum of the closed superstring. Recall that the
closed superstring has four distinct sectors, according to the boundary conditions imposed on the left-
and right-moving fermions: NS-NS, NS-R, R-NS, and R-R. The GSO projection then leaves a choice:
one may impose the same G-parity in the two R sectors, or opposite G-parities. The two choices yield
distinct theories — type IIB when the R sectors share the same G-parity, type IIA when they have
opposite parity. In the end, the massless spectrum of the two theories is the following.

• Type IIA theory

From the NS-NS sector we get a 2-form gauge field, a singlet (the dilaton) and a rank 2 traceless
symmetric tensor (the graviton). The NS-R and R-NS sectors both contain a gravitino and a
dilatino; the gravitinos in the two sectors have opposite chirality. Finally, the R-R sector is made
of a one form and a three form gauge fields.

• Type IIB theory

The NS-NS sector of type IIB is identical to that of type IIA; the same also holds for the NS-R
and R-NS sectors, though this time gravitinos share the same chirality. The R-R sector hosts a
zero form, a two form and a four form gauge fields.

3.3 Low energy effective theories
Up to now, we have always assumed to be working with a string living in a flat, empty spacetime.
Now, we could ask what happens if the string sits in a background where the fields that we have found
above are turned on. Or said another way: does the string backreact to the presence of the fields
coming from the excitation of the string itself? The answer is positive.

In the bosonic case, we can see that the string naturally couples to the massless bosonic field as follows:

S = − 1

4πα′

∫
dσ

√
hhαβ

[
Gµν(X)∂αXµ∂βXν + iBµν(X)ϵαβ∂αXµ∂βXν + α′Φ(X)R(2)

]
, (3.3.1)

where Gµν , Bµν and Φ are the graviton, the Kalb-Ramond 2-form and the dilaton, respectively. Here
R(2) stands for the worldsheet Ricci scalar, not to be confused with the spacetime one. There is
an important fact that should be stressed here: the dilaton coupling found in (3.3.1) breaks Weyl
invariance. At first, this could sound unsettling since Weyl invariance was a gauge symmetry of our
theory, hence breaking it would make the theory no more self-consistent. Actually there is a way out.
We can treat (3.3.1) as an interacting 2-dimensional field theory where the fields B, G and Φ may
be thought of as coupling constants; it is known that in QFT the coupling constants change with
the energy scale and their evolution is governed by the beta function, one for each coupling. We can
then look at the vev of the trace of the stress-energy tensor T αα as a measure of the breaking of Weyl
invariance. As shown by [24], we have

⟨Tαα ⟩ = − 1

2α′βµν(G)h
αβ∂αX

µ∂βX
ν − i

2α
βµν(B)ϵαβ∂αX

µ∂αX
µ − 1

2
β(Φ)R(2), (3.3.2)

where the beta functions are, at one loop,
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βµν(G) = α′Rµν + 2α′∇µ∇νΦ− α′

4
HµλkHν

λk, (3.3.3)

βµν(B) = −α
′

2
∇λHλµν + α′∇λΦHλµν , (3.3.4)

β(Φ) = −α
′

2
∇2Φ+ α′∇µΦ∇µΦ− α′

24
HµνλH

µνλ. (3.3.5)

Here Rµν is the spacetime Ricci tensor and H3 = dB2.

We can now demand Weyl invariance by simply imposing

βµν(G) = 0, βµν(B) = 0, β(Φ) = 0. (3.3.6)

Equations (3.3.6) can be interpreted as equations of motion for the closed string fields. Moreover,
such equations can be derived by varying the following action:

S =
1

2κ20

∫
d26X

√
−Ge−2ϕ

(
R− 1

12
HµνλH

µνλ + 4∂µΦ∂
µΦ

)
. (3.3.7)

The above is referred to as low energy effective action of the bosonic string, where low energy reflects
the fact that it has been derived considering up to one loop corrections to the beta functions.

3.3.1 Supergravity theories

A similar story also holds for the superstring. In this case, the low energy effective actions must
describe the dynamics of Φ, Bµν , Gµν as well as the additional massless bosonic and fermionic fields.
Then, the total action can be split up into three distinct pieces:

S = S1 + S2 + Sfermi. (3.3.8)

Here, S1 is the same as (3.3.6) but in ten dimensions rather than 2618, while S2 and Sfermi depend on
the particular superstring theory we are dealing with. In particular, S2 takes into account the bosonic
fields, while Sfermi the fermionic ones. For the symmetry operators construction that we will explore
in section 6, we will only need to write down the bosonic actions.

• Type IIA theory

The bosonic action of type IIA theory is (in differential form notation):

S2 = − 1

4κ20

∫
d10X

[√
−G

(
|F2|2 +

∣∣∣F̃4

∣∣∣2)+B2 ∧ F4 ∧ F4

]
. (3.3.9)

Here F2 = dC1 and F4 = dC3 where C1 and C3 are the Ramond-Ramond 1-form and 3-form
gauge fields, while F̃4 = F4 − C1 ∧H3.

• Type IIB theory

The bosonic action of type IIB theory is instead:

S2 = − 1

4κ20

∫
d10X

[√
−G

(
|F1|2 +

∣∣∣F̃3

∣∣∣2 + 1

2

∣∣∣F̃5

∣∣∣2)+ C4 ∧H3 ∧ F3

]
. (3.3.10)

This time, F1 = dC0, F3 = dC2 and F5 = dC4 where C1 and C3 are the Ramond-Ramond 0-form,
2-form and 4-form gauge fields, while F̃3 = F3 − C0 ∧H3 and F̃5 = F5 − 1

2C2 ∧H3 +
1
2B2 ∧ F3.

Action (3.3.10) must also be supplied by the following self-duality condition

F5 = ⋆F5. (3.3.11)
18This is strictly true only for type II A and type II B theories, otherwise it is slightly different.
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3.3.2 Low energy actions for Dp branes

The previous analysis was carried out in the closed string setting. We now show how it can be extended
to the open string. Suppose we turn on the U(1) gauge field Aa living on the worldvolume of the Dp
brane; then, the action of the open string splits in two pieces

S = SNeumann + SDirichlet. (3.3.12)

The first term describes the fluctuation parallel to the Dp brane on which the string ends and it reads

S = − 1

4πα′

∫
d2 σ∂αXa∂αXa + i

∫
∂M

dτ AaẊa, a = 0, ...p. (3.3.13)

Instead, SDirichlet is made up fields obeying Dirichlet boundary conditions for which Ẋ
∣∣∣
∂M

= 0, hence

while it keeps the same bulk term of (3.3.13) with a → I = p + 1, · · ·D − 1, it lacks the boundary
contribution. Therefore, the Dirichlet part of the action does not play any role in the calculation of
the beta function, since it does not couple to the background field Aa.
Now, the vanishing of the beta function give us the following equation of motion, [1],

∂bFac

[
1

1− 4π2α′F 2

]ab
= 0, (3.3.14)

where

Fab =
∂Ab
∂Xa

− ∂Aa
∂Xb

. (3.3.15)

Equation (3.3.14) can be derived by the Born-Infeld action:

S = −Tp
∫
dp+1ξ

√
− det (ηab + 2πα′Fab) (3.3.16)

where ξ are worldvolume coordinates on the brane and Tp is its tension. Action (3.3.16) describes the
low energy dynamics of a Dp brane in the presence of a U(1) gauge field Aa on its worldvolume; it is
valid as long the gradient of the field strength F is small.
Above, we restricted to the case in which only the worldvolume gauge field A was turned on, but we
could also study what happens when the worldvolume scalar fields ϕI are present. This time, (3.3.16)
is replaced by the Dirac-Born-Infeld action, DBI for short,

S = −Tp
∫
dp+1ξ

√
−det (γab + 2πα′Fab), (3.3.17)

with

γab =
∂Xµ

∂ξa
∂Xν

∂ξb
ηµν . (3.3.18)

Finally, we could also include the brane backreaction to the closed string fields, Φ, B and G; this leads
to

S = −Tp
∫
dp+1ξ

√
−det (γab + 2πα′Fab +Bab), (3.3.19)

where

γab =
∂Xµ

∂ξa
∂Xν

∂ξb
Gµν , (3.3.20)
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and

Bab =
∂Xµ

∂ξa
∂Xν

∂ξb
Bµν . (3.3.21)

Up to now we have described the low-energy actions of Dp-branes in the bosonic theory; we now turn
to the coupling of such a brane in the superstring setting. Its action consists of two pieces: one is
the same as (3.3.19), while the other describes how the Dp brane interacts with the RR fields. In
particular, a Dp brane couples naturally to the (p+ 1)-form RR gauge potential through

µp

∫
Cp+1, (3.3.22)

Cp+1 denotes the pullback of the potential onto the worldvolume. Equation (3.3.22) is the higher-
dimensional generalization of the electric coupling of a pointlike particle; indeed, by Gauss law we
rewrite it as

µp =

∫
SD−p−2

⋆Fp+2, (3.3.23)

where Fp+2 is the field strength associated with Cp+1, and S
D−p−2 is a (D−p−2)-dimensional sphere

which surrounds the Dp brane19. Just as in electromagnetism, we may also ask about magnetic
sources. The magnetic charge is measured by the flux of Fp+2,∫

Sp+2

Fp+2. (3.3.24)

Here, the (p+2)-dimensional sphere can surround a (D−p−4) brane which is therefore the magnetic
dual of the original Dp brane. It is convenient to introduce redundant fields potential in our theory
by defining

⋆Fp+2 := FD−p−2 = dCD−p−3, (3.3.25)

so that the magnetically dual branes appear as electric sources for the dual potentials. However,
equation (3.3.22) is not the full story. In order to ensure invariance under T-duality20. the full
coupling of a Dp brane is the Wess-Zumino term

µp

∫ (∑
q

Cq ∧ e2πα
′F2+B2

)
p+1

, (3.3.26)

where only the differential forms with degree equal to p+ 1 survive in the worldvolume integral. The
sum over the gauge potentials Cq runs over odd or even q according to whether we are in type IIA or
type IIB theory.

3.4 Compactifications and Reductions
As mentioned above, superstring theory forces the spacetime to have 10 dimensions, 6 more than the
usual 4 dimensions we are accustomed to. This might sound like an invalidation of the theory, but such
a conclusion is too harsh. In this section we provide some arguments that make the extra dimensions
more plausible.

The main idea is that these additional dimensions are ”small” and compactified, so that a low energy
observer is not able to resolve them. In order to make such statement clearer, we will consider the

19Here, we are keeping the spacetime dimension unspecified; for the superstring we recall that D = 10.
20T-duality is the statement that string theory on a circle of radius R is physically identical to string theory on a circle

of radius α′

R
. More on this can be found in [57] and [13]
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simplest compactification for the bosonic string theory. We assume that the 26-dimensional spacetime
can be realized as

M26 = R1,24 × S1. (3.4.1)

The S1 has radius R so that
X25 ∼ X25 + 2πR. (3.4.2)

At length scale >> R, the dynamics of the internal compactified space S1 is essentially frozen; there-
fore, we will assume that all the fields depend only on the external coordinates belonging to R1,24.
Consider for example the Einstein metric Gµν ; it can be decomposed in terms of 25-dimensional fields
G̃µν , Aµ and ϕ,

ds2 = G̃µνdX
µdXν + e2σ(dX25 +AµdX

µ)2. (3.4.3)

The vector field Aµ is indeed a gauge field and it is related to the isometry of the S1. In fact, the
26-dimensional theory is invariant under diffeomorphism

XM → XM + VM (X), M = 0, ...25. (3.4.4)

We recall that under (3.4.4), the original 26-dimensional metric GMN is subject to an infinitesimal
variation given by

δGMN = LVGMN = V P∂PGMN + ∂MV
PGPN + ∂NV

PGMP , (3.4.5)

where LV denotes the Lie derivative along the direction of V . Suppose that V lies only on the 25th
direction and it is independent of X25; then, (3.4.5) becomes

δGµ 25 = ∂µV
25G25 25 = e2σ∂µV

25, (3.4.6)

which means
δAµ = ∂µV

25. (3.4.7)

Now, if we plug (3.4.3) into equation (3.3.7) we get21

S ⊃ 2πR

κ2

∫
d25X

√
−G̃eσ

(
R25 − 1

2
e2σFµνF

µν + ∂µσ∂
µσ

)
, (3.4.8)

being Fµν = ∂µAν − ∂νAµ. Thus, free gravity in 26 dimensions can be recast as gravity coupled to a
gauge field Aµ and a massless scalar field σ in one lower dimension.

Let us now relax the above assumptions, and allow again an explicit dependence on the internal
compactified direction. This will have a striking physical consequence. It is easier to work with the
scalar field Φ; we can expand it in Fourier modes on the circle:

Φ(Xµ, X25) =
+∞∑

n=−∞
Φn(X

µ)e
inX25

R (3.4.9)

In this way, the kinetic term of Φ in (3.3.7) becomes

S ⊃ 2πR

∫
d25X

+∞∑
n=−∞

(
∂µΦn∂

µΦ−n +
n2

R2
|Φn|2

)
. (3.4.10)

21Actually, (3.3.7) is written in what is known as ”String Frame”; since our metric ansatze (3.4.3) is in the ”Einstein
frame”, before plugging in the ansatze we should first change frame in (3.3.7).
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This means that a scalar field in 26 dimensions becomes an infinite tower of massive states for n ̸= 0,
with mass

M2 =
n2

R2
. (3.4.11)

The compactification procedure sketched above for the bosonic string theory is known as Kaluza-Klein
reduction. Of course, it could be generalized to arbitrary spacetime and employed in the superstring
case. The relevant features that we would like to stress are the following: firstly, isometries of the
internal space are mapped to gauge fields in the compactified theory (like Aµ above); secondly, the
mode expansion of the higher dimensional fields usually furnishes a massive tower of states in the
compactified theory.

3.4.1 Type IIA theory from eleven dimensional supergravity

Type IIA theory features even dimensional Dp branes; let us focus on D0 branes for the moment. It
can be shown that the tension (or better, the mass) of a D0 brane is, [62],

mD0 =
1

lsgs
, (3.4.12)

where gs is the string coupling constant and is related to the vev of the dilaton Φ. Suppose to consider
a state made of k D0 branes; the mass of this state is k times 1/lsgs. This somehow resembles the
Kaluza-Klein tower of massive states that we found in the previous example, see equation (3.4.11).
Pushing further the analogy, we could introduce the radius of the eleven dimension

L10 = lsgs. (3.4.13)

This could imply that at strong coupling, when L10 is much larger than the Planck scale, type IIA
theory admits an eleven dimensional interpretation. Indeed, consider the following action in 11 di-
mensions22

S =
1

2κ211

∫
d11X

√
−G11

(
R11 −

1

2
|G4|2 −

1

6

∫
A3 ∧G4 ∧G4

)
, (3.4.14)

where G4 = dA3. Plugging in (3.4.14) the ansatze

ds211 = e−
2
3
Φ
[
ds210 + e2Φ

(
dx10 − C1

)2]
, (3.4.15)

A3 = C3 −B2 ∧ dx10, (3.4.16)

we retrieve equation (3.3.9). Since (3.4.14) is not renormalizable, it should be considered as an effective
action of an unknown UV theory. Such theory has received the name of M-theory.

Moreover, we would like discuss how the M-theory branes are mapped to type IIA branes. First, from
the bosonic piece of the low energy M-theory action, we may argue that only two stable branes exist in
M-theory: the electrical charged brane under the gauge field A3 known as M2 brane, and its magnetic
dual, the M5 brane. So, the idea is to recover type II branes starting from these two. The uplift from
type IIA to M-theory is concisely shown in table 1.

It is worth pointing out that table 1 leaves out D6 and D8 branes. This is because their uplift to
eleven dimensions is not so simple. As for the D6, one can show that its uplift is a pure geometrical
solution in M-theory, [62], while D8 has no clear uplift to M-theory at all.

22It is just the bosonic content.
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Type IIA object Couples to M-theory origin Relation to circle

D0-brane C1 KK momentum mode momentum 1/L10 along z

Fundamental string (F1) B2 M2-brane wrapped on z

D2-brane C3 M2-brane transverse to z

D4-brane C5 M5-brane wrapped on z

NS5-brane B6 M5-brane transverse to z

Table 1: Uplift of type IIA branes to M-theory on a circle in the x10 ≡ z direction of radius L10. Objects
wrapped on the circle descend from an M-brane with one leg along z; unwrapped (transverse) objects keep all
legs in the ten non-compact directions.

Finally, one more ingredient that we need to introduce for our further discussions about symmetry
operators in holography, is the massive deformation of type IIA theory, known as Romans theory.
This massive deformation is obtained by turning on a non-zero constant flux for the RR 0-form F0,
and was first introduced by [58] from a supergravity perspective. Its stringy origin was later clarified
by Polchinski, who showed that the Romans mass is sourced by D8 branes. More specifically, the D8
branes are domain walls for the Romans mass, and the flux of F0 jumps by one unit when crossing a
D8 brane.

Crucially, there is no known uplift of Romans theory to M-theory, and the D8 brane is not a solution
of eleven-dimensional supergravity.

3.5 Hanany-Witten Effect
Due to its relevance throughout the remainder of the thesis, the last string-related topic we discuss
is the Hanany–Witten effect [39]. The original setup involves a D5-brane and an NS5-brane in type
IIB theory, with the worldvolume configurations shown in table 2.

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5 × × × × × ×
D5 × × × × × ×

Table 2: Brane configuration for the Hanany–Witten setup in type IIB. A × marks a direction along the brane’s
worldvolume; a blank marks a transverse direction. Both branes share the common worldvolume x0,1,2.

When we move the two branes along their common transverse direction, x6, they will eventually
cross. Both branes share the common worldvolume directions x0,1,2, and each is pointlike in x6; their
remaining worldvolume directions are mutually transverse. The statement of the Hanany-Witten effect
is that after the branes cross, a D3-brane stretching between them is created. To argue for this claim,
let XD and XNS be the worldvolumes of the D5 and NS5 respectively. Take the type IIB background
to be R3 ×M7, with

XNS = R3 × YNS , XD = R3 × YD,

where YD and YNS are compact, homologically trivial 3-dimensional manifolds in M 7. Recalling that
the D5 and NS5 are the magnetic sources for C2 and B2 respectively, and writing H = dB2, F3 = dC2
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locally, we define the linking number by

Link (YNS , YD) =

∫
YD

H

2π
, or equivalently Link (YNS , YD) = −

∫
YNS

F3

2π
(3.5.1)

On the worldvolume of the D5-brane, B2 is not gauge invariant: it mixes with the field strength F2 of
the worldvolume U(1) gauge field to form the gauge-invariant combination23

F2 = B2 − F2. (3.5.2)

When no other branes are present, dF2 = 0, and hence H|YD = dF2 is exact on YD. Since YD is closed,
Stokes’ theorem then forces

∫
YD
H = 0: if the NS5 and D5 begin in a separated configuration their

mutual linking number vanishes. Naively this would seem to obstruct their crossing, since crossing
changes the linking number by one unit and there is nothing to compensate it. The resolution is that
a D3-brane is created when the two branes cross, restoring conservation of the linking number. Let
the D3 have worldvolume R3 × C, with C a curve in M7, and let p be a point at which C ends on
YD. The endpoint of the D3 acts as a magnetic source for the worldvolume gauge field on the D5,
modifying the closure of

dF2 = ±δ(p), (3.5.3)

where the ”±” sign reflects whether the D3 begins or ends on the D5 worldvolume. Including k such
D3-branes, the restriction of H to YD becomes

H = dF2 −
k∑
α

ϵαδpα, (3.5.4)

with ϵα = ±1 the (orientation-dependent) sign of the α-th endpoint. Inserting this into (3.5.1), the
vanishing of the total linking number becomes the statement that the linking number of YD (with
respect to all NS5-branes), plus the net number of D3-branes ending on it, sums to zero. Thus a
nonzero linking number generated by the crossing is exactly cancelled by a created D3-brane: when
the initially separated D5 and NS5 are pushed through each other, a D3-brane connecting the two—
stretched along x6—is created.

We have explicitly proved the statement in the simplifying hypothesis that YD and YNS were compact
manifolds inM7. Though, one can reach the same conclusions even when we relax the above hypothesis
and take M7 = R7 and YD and YNS copies of R3 ⊂ R7.

Finally, as shown in [5], it is possible to generalize the Hanany-Witten effect in other string theory
setups which include type IIA and M-theory.

23Apart from normalization factors, this is the same gauge-invariant combination that appears in (3.3.19).
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4 AdS/CFT duality and Symmetries

In view of the central role that holography plays in this thesis, mainly concerning the construction of
R-symmetry defects, we devote this section to a brief review of the AdS/CFT correspondence and its
relation to symmetries.

Among the most remarkable developments in modern theoretical physics is the realization that certain
quantum field theories admit an equivalent description in terms of a gravitational theory living in one
additional spacetime dimension. This idea, known as the AdS/CFT correspondence or, more broadly,
as holography, was first proposed by Maldacena [50] and has since become one of the central tools for
probing the strongly coupled regime of gauge theories.

Since its original formulation the correspondence has been extended well beyond the maximally super-
symmetric case, to setups with reduced supersymmetry, to non-conformal theories, and to backgrounds
of the form AdSd+1 ×M for various internal manifolds M . Of particular relevance for what follows
is the way global symmetries are realized holographically: a global symmetry of the boundary theory
corresponds to a gauge symmetry in the bulk, and the generalized symmetries discussed in Section 2
are no exception. As we shall see, the topological operators generating such symmetries admit a nat-
ural description in terms of branes wrapping cycles in the internal geometry, which is the setting in
which the R-symmetry defects of this thesis will be constructed.

In this section we outline the main ideas underlying the AdS/CFT correspondence. Our aim is not to
give a complete account, for which we refer to [3, 66], but rather to convey how the duality works and
in what sense the two descriptions can be regarded as equivalent. We will focus throughout on the
standard example of type IIB string theory on AdS5×S5 and its dual N = 4 super Yang-Mills theory
in four dimensions, which is both the original setting in which the correspondence was formulated and
the one in which it is best understood.

Additionally, at the end of this section we will review how holography can be used to probe the
symmetry structure of a CFT using suitable constructions in string theory. In particular, we will
bring two examples, taken from [5] and [11].

4.1 Conformal Field Theories-CFT
We begin by introducing the field theory side of the story, starting from the definition of conformal
field theories (CFT). Actually, we have already met CFTs in the previous sections dedicated to string
theory, where we argued that the 2-dimensional sigma model of the worldsheet theory was a conformal
field theory.

In general, as the name suggests, a CFT is a field theory which is invariant under conformal transfor-
mations. The conformal group is the set of transformations which leaves the metric invariant up to
some positive scale factor,

gµν(x) → Ω2(x)gµν(x). (4.1.1)

At the infinitesimal level, assuming that

xµ → xµ + vµ(x) (4.1.2)

and

Ω(x) = 1 +
1

2
ω(x), (4.1.3)

conformal transformations of Minkowski space are subject to the following condition:

∂µvν + ∂νvµ = ω(x)ηµν . (4.1.4)
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Whenever the spacetime dimensions are d ̸= 2, the set of solutions of (4.1.4) is given by a small set of
functions at most quadratic in x. More precisely we have

δxµ = aµ + ωµνx
ν + λxµ +

(
bµx

2 − 2xµ(bx)
)
, (4.1.5)

where a, λ, bµ are constants and ωµν is a constant antisymmetric tensor. The first two terms are
simply the Poincaré transformations of the d-dimensional spacetime; as expected, Poincaré transfor-
mations are a subgroup of the larger group of conformal transformations. The third term is related
to dilatations, and the corresponding finite transformation is

xµ → λxµ. (4.1.6)

Finally, the last term is associated with finite special conformal transformations,

xµ → xµ + bµx2

1 + 2(bx) + (bx)2
. (4.1.7)

The number of corresponding generators is

(d+ 1) (d+ 2)

2
. (4.1.8)

There is also a discrete symmetry which acts as a conformal transformation,

xµ → xµ

x2
. (4.1.9)

Adding (4.1.9), one obtains the full (non connected) conformal group. For d = 2, (4.1.4) admits
infinite solutions. Indeed, this is the case for the sigma model theory we previously dealt with. For
the remainder, we will only take into account the case d ̸= 2.

We will denote by Jµν the generators of Lorentz transformations, Pµ the generators of translations, D
the one related to scaling transformations and Kµ for special conformal transformations. The above
generators close the following algebra:

[Jµν , Jρσ] = iηµρJνσ ± permutations

[Jµν , Pρ] = i(ηµρPν − ηνρPµ)

[Jµν ,Kρ] = i(ηµρKν − ηνρKµ)

[Jµν , D] = 0

[D,Pµ] = iPµ

[D,Kµ] = −iKµ

[Kµ, Pν ] = −2iJµν − 2iηµνD (4.1.10)

Interestingly, if one packages all the generators into

JMN =


Jµν

Kµ − Pµ
2

−Kµ + Pµ
2

−Kν − Pν
2

0 D

Kν + Pν
2

−D 0

 M,N = 1, . . . , d+ 2 (4.1.11)

and computes the algebra of JMN , then one can see that they are the generators of spacetime rotations
in d + 2 dimension with signature (2, d). This implies that the conformal group is homomorphic to
SO(2, D)24. In the special case of d = 4, the conformal group is SO(2, 4) which admits SO(2) ×
(SU(2)×SU(2)) as compact subgroups. SO(2) is related to the dilation generators D, while SU(2)×
SU(2) corresponds to the Jµν Lorentz generators. Then, any field in the CFT is labelled by the
eigenvalue ∆ of D and the pair (j1, j2). To conclude, we observe that the conformal algebra (4.1.10)
can be enlarged to accomodate supersymmetry; more on this will be discussed in Section 5.

24Actually this is strictly true at the level of algebras.
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4.2 AdS spacetime
Let us now turn to the other side of the correspondence: AdS spacetime. AdSd+1 is the maximally
symmetric solution of Einstein equations in d+ 1 dimensions with negative cosmological constant. It
can also be described as the hyperboloid of equation

X2
0 +X2

d+1 −
d∑
i=1

X2
i = R2, (4.2.1)

embedded in flat R2,d with metric

ds2 = −dX2
0 − dX2

d+1 +
d∑
i=1

dX2
i . (4.2.2)

By construction, the space has SO(2, d) symmetry, just like the conformal group. A set of global
coordinates is given by

X0 = R cosh ρ cos τ

Xd+1 = R cosh ρ sin τ

Xi = R sinh ρΩi,

(
i = 1, ...d,

d∑
i

Ω2
i = 1

)
. (4.2.3)

To avoid closed timelike curves deriving from the periodicity of τ ∈ [0, 2π], we can consider the
universal cover of AdS, with −∞ < τ < +∞.
In what follows, it is useful to introduce a more convenient set of coordinates,

X0 =
1

2u

(
1 + u2(R2 + x⃗2 − t2)

)
Xd+1 = Rut

Xi = Ruxi, i = 1, ...d− 1

Xd =
1

2u

(
1− u2(R2 − x⃗2 + t2)

)
(4.2.4)

The AdS metric in this coordinate, known as Poincaré coordinates, is

ds2 = R2

(
du2

u2
+ u2(dxµdx

µ)

)
. (4.2.5)

In this set of coordinates, each slice of u = constant is a d-dimensional Minkowski spacetime, hence
the name. This set of coordinates is not global, and the singularity at u = 0 is merely a coordinate
singularity, since it can be eliminated by an appropriate choice of coordinates (as, for example, in
(4.2.3)). The plane at u = ∞ is the boundary25 of AdSd+1.

When adopting (4.2.4), the subgroup SO(1, 1) × SO(1, d − 1) of the full isometry group SO(2, d) of
AdSd+1 is manifest, while the SO(2)× SO(4) subgroup is manifest when (4.2.3) is used instead.

4.3 The correspondence
The most celebrated example of the holographic correspondence relates type IIB string theory on the
AdS5×S5 geometry to N = 4 supersymmetric Yang-Mills theory, a four-dimensional conformal gauge

25Actually, the conformal boundary.
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theory living on the boundary of the anti-de Sitter space. It emerges naturally from the near-horizon
limit of a stack of N D3-branes, which can be described either through the open strings ending on the
branes, giving the gauge theory, or through the curved geometry they source, giving the gravitational
background. The equivalence of these two descriptions is the content of the duality. Its most striking
feature is that it relates weak and strong coupling: when the gauge theory is strongly coupled and
hard to treat perturbatively, the dual gravitational description becomes weakly coupled and tractable,
offering a remarkable window into regimes that would otherwise be inaccessible. More specifically,
take N coincident D3 branes and study the system at low energies, below the string scale ls; then,
only the massless modes can be excited. We can analyze the system from two different perspectives.
Referring to section 3.3, we know that we can use low energy effective actions to describe the dynamics
of the massless excitations of the closed strings, the open strings and their reciprocal interactions. The
complete action is

S = Sbulk + Sbranes + Sint. (4.3.1)

The first term is (3.3.10), supplemented by the corresponding fermionic terms and higher derivative
corrections, whereas the second one is an improved version of the low-energy Dp-brane action encoun-
tered in Section 3.3.2, now specialized to p = 3, plus some higher derivative corrections. Although the
action of a single D3-brane is essentially the abelian Dirac-Born-Infeld theory (plus the topological
Wess-Zumino term (3.3.26)) already discussed, the situation changes when N D3-branes are made
to coincide: the open strings stretching between different branes give rise to additional light degrees
of freedom, and the worldvolume gauge symmetry is enhanced from U(1)N to U(N), [57]. In the
low-energy limit the resulting theory is precisely N = 4 super Yang-Mills with gauge group U(N) (or
SU(N), once the decoupled overall U(1) is removed), which is the gauge theory appearing on one side
of the correspondence. Finally, Sint describes the interactions between the bulk modes and the brane
ones.
We are interested in the low energy limit of our theory; in order to see more clearly what happens in
this regime, it is convenient to perform the limiting procedure in the following way:

ls → 0,
(
α′ → 0

)
(4.3.2)

gs, N fixed.

In this limit, κ ∼ gsα
′2 → 0, hence all terms with positive powers of κ are neglected. Specifically, Sint,

being proportional to κ or higher powers, is totally discarded, while, as anticipated, Sbranes reduces
to N = 4 Super conformal Yang-Mills theory while Sbulk becomes free supergravity. Summing up, the
low energy theory is composed of two decoupled systems:

N = 4 SCFT ⊕ Free supergravity.

Now, we can adopt a different point of view to study the low energy limit of the same system.

Branes can be seen as solitons sourcing the closed string fields massless modes; it was shown in [44]
that we can find a D3 brane solution of type IIB supergravity given by

ds2 = f−
1
2 (−dt2 + dx21 + dx22 + dx23) + f

1
2 (dr2 + r2dΩ5),

F5 = (1 + ⋆)dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ df−1,

f = 1 +
R4

r4
, R4 = 4πgsα′N. (4.3.3)

From (4.3.3) we can deduce that the energy Ep of a particle measured by a static observer at constant
position r and the energy E of the same particle measured by an observer at infinity are related by

E = f−1/4Ep. (4.3.4)

This means that objects closer and closer to r = 0 have less and less energy as seen by the observer
at infinity. Then, from the point of view of an observer at infinity we have two kinds of low energy
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excitations: massless particles propagating in the bulk with long wavelength >> R and excitations
of any kind brought closer and closer to r = 0. We will argue that these two kinds of excitations are
decoupled. Indeed, the bulk excitations decouple from the near horizon geometry (r → 0) because
the wavelength of the particle is much larger than the gravitational size of the brane (which is of
order ∼ R); on the other hand, excitations that live near r = 0 find it harder and harder to climb
the gravitational potential and escape to the asymptotic region. In the end, we are led to the two
decoupled systems

Near horizon geometry ⊕ Free supergravity.

By comparison with the previous findings, it is natural to identify the near horizon geometry with the
superconformal Yang Mills theory mentioned above.

The near horizon limit of (4.3.3) is

ds2 = α′
[

U2

√
4πgsN

(
−dt2 + dx21 + dx22 + dx23

)
+
√
4πgsN

dU2

U2
+
√
4πgsN dΩ2

5

]
, (4.3.5)

where U := r/α′ and in the limiting process we kept r/α′ fixed. The geometry of (4.3.5) is that of
AdS5 × S5. We can finally formulate the famous conjecture, that is U(N) super-Yang-Mills theory in
3 + 1 dimensions is the same as (or dual to) type IIB superstring theory on AdS5 × S5. Moreover,
one could see, [66], that the strong coupling regime with large N of the CFT is mapped to the weakly
coupled regime of gravity in the near horizon limit, and vice versa.

4.4 The holographic dictionary
Having described the physical insights that led us to formulate the AdS/CFT correspondence in type
IIB theory, we conclude this section by illustrating how physical observables of the CFT are actually
computed from the dual AdS gravity description.

As suggested by Witten, [64], since the bulk isometries SO(2, 4) of AdS5 act conformally on its
boundary, it is reasonable to infer that the four-dimensional spacetime in which the CFT lives is
dual to the (conformal) boundary of AdS. The precise dynamical statement of duality is the famous
GKP-Witten formula, [64], [38], which realizes this map at the level of generating functionals. One
takes the boundary value of each bulk field to be the source ϕ0(x) that couples to the dual operator
O in the CFT action, and equates the two partition functions:〈

exp

∫
d4xϕ0(x)O(x)

〉
CFT

= Zstring

[
ϕ(x, z)

∣∣
z→0

→ ϕ0(x)
]
, (4.4.1)

The left side is the CFT generating functional of connected correlators of O; the right side is the full
string (in the supergravity limit, gravitational) partition function in AdS, evaluated with Dirichlet-
type boundary conditions that impose the source ϕ0 as the leading near-boundary data of ϕ. In the
regime of large N and large ’t Hooft coupling mentioned earlier, where the bulk is weakly curved
and classical, the right side reduces to e−Son-shell[ϕ0] with Son-shell the supergravity action evaluated on
the classical solution determined by ϕ0. CFT correlation functions are then obtained by functional
differentiation with respect to the sources,

⟨O(x1) · · ·O(xn)⟩ =
δn Son-shell

δϕ0(x1) · · · δϕ0(xn)

∣∣∣∣
ϕ0=0

. (4.4.2)

Finally, in order to identify which bulk AdS field ϕ is mapped to the CFT operator O, one can
resort to symmetry arguments. The idea is that ϕ and O should share the same SO(2, d) quantum
numbers. In particular, whenever the CFT operator is a conserved quantity associated to a global
symmetry G, the most natural coupling comes by covariantizing the action by adding appropriate
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AdS gauge fields. Thus, a remarkable aspect of the correspondence is that bulk gauge symmetries are
mapped to global symmetries of the CFT. For instance, in the type IIB duality described earlier, the
SO(6) ∼ SU(4) isometries of the internal manifold S5 descend to gauge symmetries of the effective
AdS5 theory obtained after compactifications; by the holographic duality they are translated to the
global SU(4)R symmetries of the dual CFT.

4.5 Symmetry defect operators and Hologra-
phy

A growing body of work has established holography as a powerful tool for describing the symmetry
structure of a low-energy theory. In [5, 7], for instance, it was shown how the symmetry operators of
theories holographically dual to a given string-theory setup can be constructed systematically from
probe-brane configurations. This holographic method is well understood for discrete symmetries, and
only recently attempts have been made to extend it to the continuous case. The authors of [16]
proposed a way to encode abelian continuous symmetries holographically, identifying non-BPS Dp
branes as candidates for the holographic duals of the symmetry operators. More precisely, they
showed that even after the non-BPS brane has decayed it leaves behind a U(1) parameter, which
suggests that such branes may indeed realize continuous symmetries. Building on this observation,
and appealing to a regularization procedure borrowed from QFT, the authors of [25] argued that such
non-BPS D(p − 1) branes originate from the decay of a Dp/Dp system, thereby furnishing a way to
regulate the symmetry operator.

Non-abelian symmetries were first addressed in this context by [11] which, together with [10], points
towards a systematic approach to symmetries in holography. The key insight is that the brane/anti-
brane pair mentioned above can be realized as a single BPS U-shaped brane hanging from the conformal
boundary of AdSd+1, while the charged operator is dual to a Dp brane whose external direction
coincides with the radial direction of AdSd+1. These works also supply a string-theoretic mechanism,
based on the Hanany-Witten effect, that accounts for how charge measurement is realized in the
underlying string setup.

In what follows we illustrate a few explicit examples of top-down holographic realizations of defect
operators, drawing on the constructions of [5] and [11] for the abelian discrete case and the continuous
non-abelian case, respectively.

4.5.1 Holography for discrete abelian symmetries

The linchpin behind the construction of [5] is that branes, in a precise topological limit, can reproduce
the topological subsector of the original gravity action in AdSd+1, which in turn encodes the symmetry
structure of the dual CFT. The reduced topological field theory is tied to the notion of Symmetry
Topological Field Theory (SymTFT), which has recently emerged as a powerful tool for analyzing the
symmetry structure of quantum field theories, especially for discrete symmetries,[19].

Assuming that the symmetry group S factorizes into abelian discrete symmetries,

S =
∏
p

G(p),

with Gp =
∏
i Znp

i
, then, denoting with Bi

p+1 the corresponding background gauge fields, the topolog-

ical subsector is expected to be captured by the following (d+ 1)-dimensional action:

S =

∫
Md+1

∑
p

∑
ij

npijb
i
p+1 ∧ db̂jd−p−1 +A

(
{bip+1}

)
, (4.5.1)
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where the first terms are BF-couplings between the (now dynamical) gauge fields b and their duals b̂,
and A is a possible anomaly term. Note that we adopt here the continuum description introduced in
Section 2 to represent the finite-group cocycles associated with the discrete symmetry.

The top-down reconstruction of the this topological subsector of bulk gravity proceeds as follows.
Start from a string theory whose holographic solution is

MD+1 = AdSd+1 ×Xn,

with D = 9 for type II theories and D = 10 for M-theory. The goal is to reduce over the internal
compact manifold Xn, retaining only the topological couplings. This “topological limit” corresponds
to a low-energy regime in which only the topological couplings survive and higher-derivative terms are
negligible.

The topological (D + 1)-dimensional bulk action can be recast as a (D + 2)-dimensional theory de-
pending only on the field strengths F (i) rather than on the gauge potentials. It usually takes the
form

SD+2 =

∫
MD+2

[
1

2
κijF

(i) ∧ dF (j) − κijF
(i) ∧ J (j)

]
, (4.5.2)

where the F (i) are the (D + 2)-dimensional fluxes descending from the original (D + 1)-dimensional
theory, while the J (i) are built from the (D + 1)-dimensional brane source insertions. After com-
pactification on the internal space one obtains a (d + 2)-dimensional theory, namely action (4.5.1),
formulated on a one-dimension-higher auxiliary manifold.

One may further enrich (4.5.2) by adding Chern-Simons terms CS({F (i)}), polynomial in the fluxes
F (i). The closed form CS({F (i)}) is related to the physical (D + 1)-dimensional Chern-Simons terms
through the descent procedure,

SD+1 ⊃
∫
MD+1

I
(0)
D+1, dI

(0)
D+1 = CS({F (i)}). (4.5.3)

As an example, the topological sector of type IIB theory is captured by the auxiliary eleven-dimensional
action

SIIB =

∫
M11

F1 ∧ dF9 − F3 ∧ dF7 +
1

2
F5 ∧ dF5 +H3 ∧ dH7 +H3(F1 ∧ F7 − F3 ∧ F5), (4.5.4)

where we have introduced the Hodge-dual fields F7, F9 and H7. This action must be supplemented
by a source term for each flux; the corresponding Bianchi identities in the presence of sources, which
we omit for brevity, are collected in Appendix A of [5]. To carry out the compactification on the
internal space, we expand the flux content on representatives of the non-trivial cohomology of Xn.
The BF-terms of the reduced (d+2)-dimensional auxiliary action can arise either from the expansion
of the Chern-Simons terms or from the F (i) ∧ dF (j) terms in (4.5.2).

Let us now put these general ideas into practice. Consider the Klebanov-Strassler solution [47], dual
to 4d N = 1 SU(M) SYM. This is the back-reacted configuration of N D3 branes probing the resolved
conifold, i.e. the cone C(T 1,1) over the Sasaki-Einstein space T 1,1, together withM D5 branes wrapping
the S2 ⊂ T 1,1. The relevant flux quantization is∫

S3

F3 =M (4.5.5)

The expansion ansatze are given by

F (1) = F3 =M volS3 + f (1,1) volS2 + f (1,2) ,

F (2) = H3 = f (2) ,

F (3) = F5 = F
(3)
bkrg + f (3,1) ∧ volS2 + f (3,2) ∧ volS3 ,

(4.5.6)
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where the volume forms are normalized as∫
S3

volS3 = 1,

∫
S2

volS2 = 1,

∫
T 1,1

volS3 ∧ volS2 = 1, (4.5.7)

the f (i) are differential forms with legs only along the external space, and F
(3)
bkrg denotes a non-vanishing

background value of the F (3) flux. Inserting (4.5.6) into the Chern-Simons term H3∧F3∧F5 of (4.5.4)
yields the (d+ 2)-dimensional BF term

Sd+2 =

∫
Md+2

M f (2) ∧ f (3,1), (4.5.8)

with d = 4. Had we included source terms for the fluxes,

dH7 = J (2) : J (2) = j(2,1) ∧ volT 1,1 + . . .

dF5 = J (3) : J (3) = j(3,1) ∧ volS3 + . . .
(4.5.9)

then we would obtain

SBF+sources
d+2 =

∫
Md+2

[
M f (2) ∧ f (3,1) − j(2,1) ∧ f (2) − j(3,1) ∧ f (3,1)

]
. (4.5.10)

Finally, regarding equation (4.5.1) as a SymTFT, one should also add condensation defects to (4.5.1);
these are realized by coupling the SymTFT to lower-dimensional Dijkgraaf-Witten type theories,

SSymTFT ⊃ np

∫
Md+1

bp+1 ∧ db̂d−p−1 +
∑
k≥1

∫
Md−k

(
bp+1 ∧ ad−k−p−1 + np ad−k−p−1 ∧ dâp

)
, (4.5.11)

This admits a stringy interpretation in terms of Dp/Dp brane pairs: adding the action for a brane/an-
tibrane pair (again described by an auxiliary one-dimension-higher action) and performing the reduc-
tion above reproduces the extra terms in (4.5.11)26.

4.5.2 Continuous Non-abelian symmetries from branes

To conclude, we discuss how [11] constructs an explicit string-theory realization of topological symme-
try operators for continuous, non-abelian symmetries in holography, a case that had remained largely
unexplored.

The setup is type IIB string theory on AdS5 × S5, dual to 4d N = 4 super Yang-Mills, the same
Maldacena conjecture that we already met. The relevant symmetry is the global SO(6) R-symmetry
of the dual SCFT, inherited from the isometry group of the internal S5.

We first present the general features of the construction of [11], later expanded in [10], and then
specialize to the AdS5 × S5 case treated in [11]. In Section 6 we apply the same construction to
propose a holographic realization of the symmetry structure in the more exotic AdS7 ×M3 solutions
of type IIA theory, introduced in Section 5.

4.5.2.1 Low energy description
We start from a low-energy theory on AdSd+1, obtained by reducing the bulk string theory over the
internal manifold. The (d+ 1)-dimensional action reads27

Seff ⊃
∫
AdSd+1

[
−1

2
τIJF

I ∧ ⋆F J +CSd+1(A, dA)

]
, (4.5.12)

26As before, only the terms relevant to the topological limit are retained.
27The truncation retains only the bosonic content of the original string theory. It is not a consistent truncation, but

it suffices for our purposes.
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where τIJ is a set of constants and CSd+1 is the (d+1)-dimensional Chern-Simons term, whose precise
form will not be needed below.

Identifying the radial coordinate of AdSd+1 with Euclidean time, we analyse the low-energy effective
dynamics in the Hamiltonian framework. Varying the action with respect to the time components of
AI gives the Gauss-law constraint GI = 0, with

GI = τIJD ⋆ F j +GCSI . (4.5.13)

Here GI is a d-form evaluated on a constant-time slice of AdSd+1, and GCSI is the Chern-Simons
contribution to the constraint. The symbol D denotes the gauge-covariant derivative,

D ⋆ F I = d ⋆ F I − fJK
IAJ ∧ ⋆FK . (4.5.14)

Evaluating (4.5.13) at the conformal boundary of AdSd+1 and imposing Dirichlet boundary conditions
on the gauge fields AI , the constraint reduces to

GI = τIJd ⋆ F
J , (4.5.15)

where GCSI has been dropped since it is polynomial in AI , which vanishes at the boundary. The bulk
gauge transformations generated by (4.5.13) then act as global symmetries of the dual theory, with
conserved current GI . We can now write the boundary symmetry operators of this global symmetry,
in analogy with Section 2. Let θI be a set of constant parameters and B a d-chain on the boundary
of AdSd+1 with ∂B =Md−1; using the exactness of GI at the conformal boundary, we obtain

U(θ,Md−1) = exp

(
θI
∫
Md−1

τIJ ⋆ F
J

)
. (4.5.16)

4.5.2.2 Regularization by thickening
As explained in Section 2, measuring a charged operator amounts to linking it with a suitable sym-
metry operator. However, as stressed at the beginning of Section 6, this description breaks down for
continuous global symmetries, owing to divergences that must be regulated. As we shall see, this reg-
ularization is precisely what motivates the holographic construction of the symmetry operator in [10].
Following [12], we use a simple example to illustrate how such divergences are handled. Consider the
action of a complex scalar field ϕ,

S[ϕ] =

∫
ddx (∂µϕ†∂µϕ− V (|ϕ|)). (4.5.17)

This action is invariant under the U(1) symmetry ϕ→ eiαϕ, whose associated conserved current is

j = i(ϕ†dϕ− ϕdϕ†), (4.5.18)

with corresponding symmetry operator

U(α,Σ) = exp

(
iα

∫
Σ
⋆j

)
. (4.5.19)

Take Σ to be, for simplicity, the hypersurface at constant t = 0. We wish to compute the correlation
function

⟨ϕ(t1, x⃗1) · · ·ϕ(ti−1, x⃗i−1)e
iα

∫
t=0 d

d−1x j0ϕ(ti, x⃗i)⟩, (4.5.20)

with t1 < · · · < ti−1 < 0 < ti. The field redefinition

ϕ = eiαΘ(t)ϕ′ (4.5.21)
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removes the insertion of U(α,Σ) and correctly assigns a factor eiα to every operator ϕ inserted at
t > 0. The variation of the kinetic term, however, generates a divergent contribution proportional to
[δ(t)]2, so a suitable regularization of (4.5.21) is required. To this end we introduce the one-parameter
family of functions

fλ(t) =
1

1 + e−
t
λ

, (4.5.22)

and note that
lim
λ→0

fλ(t) = Θ(t). (4.5.23)

We regulate the divergence by thickening the symmetry operator,

eiα
∫
t=0 d

dxj0 → ei
∫
ddx(αf ′λ(t)j0−α2f ′λ(t)|ϕ|2). (4.5.24)

The regularized field redefinition
ϕ = eiαfλ(t)ϕ′ (4.5.25)

now removes the defect and assigns each field its correct phase, with no divergent terms. Taking λ→ 0
then recovers the action of the original topological operator. One might still question the topological
nature of the regularized operator (4.5.24). Inserting it, however, is equivalent to switching on the flat
background gauge field

A = dfλ(t) = f ′λ(t)dt. (4.5.26)

In this background the divergence of the stress-energy tensor reads

∂µT
µν = F νµ

(
i(Dµϕ)

†ϕ− iϕ†Dµϕ
)
. (4.5.27)

Since F µν = 0 for (4.5.26), the stress-energy tensor is conserved and (4.5.24) is therefore topological.
This also clarifies the role of the “seagull” term |ϕ|2A2 in (4.5.24): it is exactly the remnant of the
covariantization of the kinetic term of the complex scalar. The lesson of this simple example is that,
to handle the divergences properly, the symmetry operator must be regulated, and this can be done
by “thickening” the operator itself—a remark that lies at the heart of its holographic realization.

4.5.2.3 Hanging branes as symmetry operators
In light of these arguments, [10] proposed that the thickening regularization points to a family of d-
dimensional objects whose “zero-width limit” reproduces the unregulated (d−1)-dimensional symme-
try operator (4.5.16). Concretely, the symmetry operators are conjectured to correspond to U-shaped
branes hanging from the conformal boundary of AdSd+1. As shown in [25], such a U-shaped hang-
ing brane can be viewed as a Dp/Dp pair: in the zero-width limit the two branes undergo tachyon
condensation and decay into a non-BPS D(p− 1) brane on the boundary, which is identified with the
unregulated symmetry operator. A similar construction appears in [29], where the continuous symme-
try operators are identified with particular fluxbrane configurations wrapping cycles at the asymptotic
boundary of the internal manifold; Appendix A of [29] shows that these configurations can be realized
as soliton backgrounds of a D-brane/anti-D-brane pair, in agreement with the symmetry-operator
construction of [10, 11].

The detailed form of the probe Dp brane realizing the regulated symmetry operator is theory-
dependent, but its general structure can be described. Its support wraps the submanifold γ1×Md−1×
Xp−d+1, where Md−1 ⊂ ∂AdSd+1, γ1 is a small arc dipping into the bulk of AdSd+1 and joining two
boundary points, and Xp−d+1 is the internal manifold wrapped by the brane.
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4.5.2.4 Charged operators
Turning to the charged operators, the effective AdSd+1 action (4.5.12) admits Wilson-line operators
transforming in a representation of the gauge group. Such Wilson lines can be defined as the parallel
transport of the gauge field along a curve γ in AdSd+1; for our purposes, however, it is more convenient
to use an equivalent description in which the Wilson line is a quantum-mechanical model supported
on M1 and coupled to the bulk gauge field A. Its action is, [10],

SWL =

∫
M1

⟨q, χ−1dAχ⟩, withχ−1dAχ = χ−1dχ+ χ−1Aχ. (4.5.28)

Here χ is a G-valued function localized on M1, χ
−1dAχ takes values in the Lie algebra g of G, and q

is an element of the dual algebra g∗; the bracket ⟨·, ·⟩ denotes the natural pairing between g and g∗.

For G = SO(n+ 1) the action (4.5.28) simplifies considerably:

SWL =
1

2

∫
M1

qab
(
χ−1dAχ

)ab
, (4.5.29)

where a, b = 1, . . . , n+1 are fundamental SO(n+1) indices and χ is an SO(n+1) matrix, i.e. χ−1 = χT .
The Lie algebra g of SO(n + 1) consists of antisymmetric matrices, and since the Cartan-Killing
metric induces the isomorphism g⋆ ∼= g, qab may likewise be taken to be antisymmetric. The Wilson
line is mapped to a charged operator of the dual CFT by imposing Dirichlet boundary conditions
on the bulk gauge field A at the conformal boundary of AdSd+1; see Figure 11. The key point is

∂AdSd+1

M1

O(x)

Figure 11: The Wilson line is mapped to a charged operator O(x) of the dual CFT, sitting at the conformal
boundary of AdSd+1 and supported on the line M1 extending into the bulk.

that a suitable probe-brane configuration in the bulk can reproduce the action (4.5.29). Specifically,
whenever the internal space contains an Sn factor from which the gauge group SO(n + 1) descends,
the action (4.5.29) is recovered holographically from the topological Wess-Zumino couplings of a brane
wrapping a maximal Sn−2 ⊂ Sn and extending along the radial direction of AdSd+1. One must also
account for the fluctuations of the brane along the Sn directions, encoded by scalar fields Y i on the
worldvolume subject to the constraint Y iY i = 1. Their profile is

Y a(τ, σi) = χab(τ)Y
b
(0)(σ

i), (4.5.30)

where (τ, σi) are worldvolume coordinates, with τ parametrizing the radial direction of AdSd+1 and
σi the wrapped Sn−2. The functions Y a

(0) describe the brane wrapping28 the Sn−2 at fixed τ , while

χ(τ) is SO(n+ 1)-valued, i.e. χχT = 1.

28One could equally consider configurations in which the brane wraps the (n − 2)-sphere w times; we set w = 1
throughout.
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4.5.2.5 R-symmetries in AdS5 × S5

Finally, following the reasoning above, we collect the results of [11] in the specific setting of AdS5×S5

type IIB theory.

For the charged operators, [11] show that a D3 brane wrapping the radial direction M1 ⊂ AdS5
and a maximal 3-sphere S3 ⊂ S5 correctly reproduces the expected low-energy action (4.5.29) of an
operator charged under SO(6)R. The internal S3 is obtained by setting two of the six yi coordinates
parametrizing S5 to zero: denoting by Σab the maximal 3-sphere at ya = 0 = yb with a ̸= b, the
general internal cycle wrapped by the D3 is

Σ =
1

2
nabΣ

ab, (4.5.31)

with nab = −nba a set of integers and Σab = −Σba understood in the chain sense.

For the symmetry operators, the relevant string configuration is a bound state of a D5 brane and
a five-dimensional Kaluza-Klein (KK) monopole; the need for the KK monopole will be explained
shortly. According to the general construction, the D5 wraps γ1 ×M3 × Σ2, with M3 ⊂ AdS5 and
Σ2 ⊂ S5. To define Σ2 it is convenient to write S5 as a Hopf fibration over CP2, introducing complex
coordinates

zw1 = y1 + iy2, zw2 = y3 + iy4, z = y5 + iy6, (4.5.32)

with z = eiψ. The S5 metric then takes the form

ds2S5 = ds2CP2 + (dψ +A)2 , (4.5.33)

where the first term is the Fubini-Study metric on CP2 (parametrized by w1 and w2) and the connection
one-form A satisfies

dA = 2J, (4.5.34)

with J the Kähler form on CP2. Since CP2 has non-trivial homology in degree 2, we may define Σ2 as

Σ2 = PD

[
dA

2π

]
CP2

. (4.5.35)

When uplifted to the total space S5, Σ2 becomes a trivial cycle, as expected since Sn has no non-
trivial homology in degrees below n. After some computation, the D5 configuration above yields the
symmetry operator

UD5(αD5,mab,M3) = exp

(
αD5mab

2g2flux

∫
M3

⋆5F
ab

)
, (4.5.36)

where ⋆5F
ab is the AdS5 Hodge dual of the SO(6) gauge field strength and

αD5 =

∫
γ1

a1, (4.5.37)

with a1 the U(1) worldvolume gauge potential on the D5. The integer coefficients mab reflect the
particular way the Hopf fibration is realized, i.e. how the ya coordinates in (4.5.32) are permuted, and
gflux is a numerical constant.

The five-dimensional KK monopole shares its worldvolume with the D5, and it can be shown [11] that
it gives rise to the symmetry operator

UKK(αKK ,mab,M3) = exp

(
αKKmab

2g2E.H

∫
M3

⋆5F
ab

)
, (4.5.38)

where gE.H is another numerical constant. The role of the KK monopole becomes clear upon combin-
ing (4.5.36) and (4.5.38), which gives

UD5−KK(α,mab,M3) = exp

(
αmab

2g2

∫
M3

⋆5F
ab

)
, (4.5.39)
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where g is the effective coupling constant of the low-energy AdS5 action; this reproduces the correct
normalization29.

4.5.2.6 Charge measurement
Finally, [11] showed that the holographic counterpart of charge measurement is provided by an F1
string via the Hanany-Witten effect, generated when the D3 and D5 branes cross each other.

This can be seen in the following way. The worldsheet of the F1 string consist of a semidisk bounded
by the arc γ1 and th conformal boundary of AdS5. Now, if we focus on the topological terms of the
F1 string action, we recall that F1 couples with the U(1) worldvolume gauge field a1 of the D5 brane
on which it ends. The relevant term is

SF1 ⊃
∫
∂W2

a1, (4.5.40)

where W2 is the worldsheet of the F1 string. The boundary of the F1 worldsheet is a segment on the
conformal boundary and the arc γ1; however the gauge field a1 is supported only on the latter, so the
exponentiated action reduces to

exp

(
iΣ3 · Σ2

∫
γ1

a1

)
= exp (iαΣ3 · Σ2) , (4.5.41)

where we have recalled that α =
∫
γ1
a1 and we added the internal intersection number Σ3 ·Σ2 between

the 3-cycle Σ3 wrapped by the D3 and the 2-cycle Σ2 wrapped by the D5.

It can be proved that, [11], the exponential above reduces to

exp

(
1

2
θabNqab

)
, (4.5.42)

thus different choices of the symmetry operator (corresponding to different θab) can be used to probe
the R-charge of the D3 branes.

29This requires assuming α ≡ αD5 = 2αKK .
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5 6d-SCFT’s and their holographic re-
alizations

In the previous section we introduced the notion of CFT, reviewed some elementary facts about
conformal invariance, and highlighted the correspondence between the AdS isometry group in d + 1
dimensions and conformal invariance in d dimensions. This ultimately led us to the formulation of
the AdS/CFT duality, of which the one proposed by Maldacena [50] is an example. More precisely,
Maldacena’s conjecture, reviewed in Section 4.3, relates a supersymmetric conformal field theory
(SCFT) to type IIB theory on AdS5 × S5, which also enjoys supersymmetry. This is not the only
instance in physics where SCFT’s play a major role: they are ubiquitous in high-energy physics as
well as in condensed matter physics. It is not surprising, then, that SCFT’s have been intensively
studied in recent years.

Among all SCFT’s, perhaps the most intriguing are those living in six dimensions. Indeed, as shown
by [52], the superconformal algebra can be constructed only when the spacetime dimension d is less
than or equal to six; consequently, 6-dimensional SCFT’s are the highest-dimensional theories in
which conformal invariance and supersymmetry can coexist. For a long time it was believed that such
theories could not exist; however, as pointed out by [59], the so-called “tensionless string theories”
engineered from string constructions in [61, 65] turned out to be genuine examples of 6-dimensional
SCFT’s.

One of the most challenging aspects in the study of 6-dimensional SCFT’s is that, to date, no La-
grangian description of any of these theories is known. This is due to several exotic features shared
by such theories, such as the fact that the coupling constants of marginal operators are expected to
diverge at the non-trivial conformal fixed point [59], as well as the presence of tensor multiplets, which
makes it difficult to write down a Lorentz-covariant Lagrangian.

Despite these difficulties, many string-theory constructions have proved successful in building 6-
dimensional SCFT’s from a top-down perspective. As far as our thesis work is concerned, in this
section we will briefly show how the authors of [40, 23] engineered 6d SCFT’s from a system of NS5-
D6-D8 branes in type IIA theory. In particular, as conjectured by [33] building on the work of [4],
these 6d SCFT’s should be dual to massive AdS7 solutions of type IIA theory. Before diving into the
stringy realizations of such theories, however, we will briefly illustrate some basic properties common
to any 6d SCFT, following the review [41].

5.1 Basic properties of 6d SCFT’s
The conformal algebra (4.1.10) is no longer sufficient when supersymmetry is present; we must sup-
plement it with N fermionic supercharge operators Q and N superconformal operators S, alongside
the generators R of the symmetry that rotates the supercharges. Roughly speaking, the Q’s can be
thought of as the “square root” of the translation generators P ,

{Q,Q} ∼ P, (5.1.1)

while the S’s are the “square root” of the generators K of the special conformal transformations,

{S, S} ∼ K. (5.1.2)

Since it is not relevant for the remainder of our discussion, we omit the full superconformal algebra. We
simply state that in six dimensions the superconformal algebra is osp(6, 2|N), with bosonic subalgebra

osp(6, 2|N) ⊃ so(6, 2)× sp(N), (5.1.3)
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where so(6, 2) is just the conformal algebra in six dimensions and sp(N) is the algebra of the R-
symmetry.

The Q’s and the S’s defined above transform as spinors of positive and negative chirality, respectively,
under the so(5, 1) Lorentz algebra, and combine into a single spinor of positive chirality of so(6, 2). In
addition, they belong to the fundamental representation of the R-symmetry algebra sp(N).

In six dimensions, the number N of supercharges is constrained to satisfy

N ≤ 2,

hence SCFT’s in six dimensions come equipped with either N = 1 or N = 2 and are denoted by (1, 0)
and (2, 0) theories, respectively. This nomenclature stems from the fact that in six dimensions one
can impose a pseudo-Majorana condition together with a chirality condition, which yields pseudo-
Majorana-Weyl spinors:

Qα,i = ΩijCαβQ
β,j†. (5.1.4)

In the above relation, Cαβ is a suitable charge-conjugation matrix built from the Clifford algebra of
so(5, 1), and Ωij plays an analogous role in the R-symmetry algebra.

It is useful to recall that in 6-dimensional (1, 0) theories (not necessarily conformally invariant) the
low-spin massless states that appear after string compactifications are

• The gravity multiplet, which has one graviton of spin (1, 0), two gravitinos of spin ( 12 , 1) and
one additional field of spin (0, 1), a chiral two-form with self-dual field strength.

• The tensor multiplet, which has one tensor field 2-form B (with anti-self-dual field strength
H) of spin (1, 0), two fermions of spin ( 12 , 0), and one scalar of spin (0, 0).

• The vector multiplet, which has one vector field of spin ( 12 ,
1
2) and two fermions of spin (0, 12).

• The hypermultiplet, which has two fermions of spin ( 12 , 0) and four scalars of spin (0, 0).

This implies that the only low-spin degrees of freedom of the 6-dimensional (1, 0) SCFT’s are those
of the tensor multiplet, the vector multiplet and the hypermultiplet, whereas the gravity multiplet is
discarded, since 6-dimensional SCFT’s are non-gravitational theories.

In the N = 2 case, the only low-spin massless states belong to the (2, 0) tensor multiplet, which is
made up of five scalars transforming in the 5 of the sp(2) ≃ so(5) R-symmetry. Moreover, any N = 2
supermultiplet can be decomposed in terms of N = 1 supermultiplets: the (2, 0) tensor multiplet can
be regarded as a combination of a (1, 0) tensor multiplet and a (1, 0) hypermultiplet.

As mentioned at the beginning of the section, interacting field theories involving tensor multiplets can
hardly be cast in a Lagrangian description; for instance, if one tries to write a kinetic term for the
two-form tensor field B, the usual term

L = −1

2
dB ∧ ⋆dB (5.1.5)

is immediately seen to vanish, owing to the anti-self-duality relation ⋆dB = −dB.

Among the available low-spin multiplets in (1, 0) theories, the only ones containing scalar fields are
the tensor multiplet and the hypermultiplet. The moduli space therefore splits into two branches:
the tensor branch, in which the scalar fields of the tensor multiplet acquire a non-vanishing vacuum
expectation value (VEV), and the Higgs branch, in which the scalar fields of the hypermultiplet acquire
a VEV.

One crucial aspect worth mentioning is the role played by anomalies in realizing consistent 6-dimensional
SCFT’s. Suppose that at least one of the scalar fields has been given a VEV; then a mass scale is
introduced and the theory ceases to be conformally invariant. We have thus moved away from the
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conformal fixed point and obtained a new theory, which is still a chiral theory in an even-dimensional
spacetime. Theories of this kind are generically plagued by chiral anomalies. Such anomalies are en-
coded in the four-point functions ⟨jµ1α1j

µ2
α2j

µ3
α3j

µ4
α4 ⟩, where jµiαi is the current associated with the symmetry

αi (these four-point functions are the 6-dimensional analogue of the three-point functions encountered
when studying chiral anomalies in 4d). Depending on whether the currents in the four-point function
belong to the same symmetry or to distinct ones, we speak of pure and mixed anomalies, respectively.
The anomalies of the non-conformal theory are related to those of the 6d SCFT, and thus impose
constraints on the superconformal theory. All of these anomalies are encoded in the so-called anomaly
polynomial, which is an 8-form I8 constructed from the field strengths Fα associated with the sym-
metries α. The anomaly polynomial I8 is related to the anomalous variation of the six-dimensional
action I6 by the descent procedure, which reads

I8 = dI7, δI7 = dI6. (5.1.6)

anomalies receive both one loop contributions as well as contributions from the variation of the two-
form potentials associated with the tensor multiplets. In six dimensions this is often referred to as the
Green-Schwarz-Sagnotti-West mechanism. Thus we may write the anomaly polynomial as

I8 = I1−loop
8 + IGS

8 . (5.1.7)

In particular, it can be seen, [41], that the Green-Schwarz contribution to the anomaly polynomial is

IGS
8 =

1

2
AijIiIj , (5.1.8)

where Aij is negative definite symmetric matrix30 and Ii is a 4-form constructed from the field strengths
of the symmetries of the theory. In particular, the Green-Schwarz contribution to the anomaly poly-
nomial always contains a term of the form∑

ij

cijTr(F
2
i )

2

, (5.1.9)

where Fi is the field strength of the i-th symmetry, with i and j running over both gauge and global
symmetries. Typically, whenever an anomaly involves a gauge symmetry, it spoils the consistency of
the theory and therefore must be cancelled.

We conclude this brief overview of 6-dimensional SCFT’s by pointing out that the BPS states of such
theories correspond to tensionless strings. First, we note that the objects charged under the two-form
B are strings. This can be seen as follows. Whenever electric sources of the B field are present, the
corresponding field strength H satisfies

d ⋆ H = ⋆J (5.1.10)

where J is the 2-form current localized on the worldvolume swept out by the charged object. Hence,
such an object extends along a 1-dimensional space, i.e. a string. Moreover, given the aforementioned
self-duality relation, the same string is also a magnetic source for the B field. Finally, if one includes a
central charge Z in the superconformal algebra, the states charged under Z are precisely these strings.

5.1.1 Type IIA top down construction of (1,0) theories

In this section we explore one of the many attempts to engineer 6d SCFT’s from string theory. We
review the so-called Hanany-Zaffaroni setup [40, 23], which can be regarded as a higher-dimensional
T-dual analogue of a similar setup studied in [39].

30Depending on the conventions adopted, it may be a positive definite symmetric matrix
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Consider, in flat type IIA theory, N NS5 branes wrapping directions (012345), each located at a
fixed position x6i along the sixth direction, together with a stack of ri D6 branes wrapping directions
(0123456) and stretching between two NS5 branes along the sixth direction. In addition, we place a
stack of ni D8 branes wrapping directions (012345789) at a point along x6 located on the worldvolume
of the D6 branes connecting the i-th and the (i+ 1)-th NS5 brane. See Figure 12.

NS51 NS52 NS53 NS5N−1 NS5N

r1 r2 rN−1

n1 n2 nN−1

· · ·

x6

x61 x62 x63 x6N−1 x6N

NS5 D6 D8

Figure 12: Pictorial representation of the Hanany-Zaffaroni setup in type IIA theory. For illustration purposes
the stacks of D6 and D8 branes are represented by displaced lines, in the actual string construction they are all
coincident.

Because of the branes, the original Lorentz symmetry SO(1, 9) is broken to SO(1, 5)× SO(3); this is
precisely the bosonic content of the algebra of supersymmetric (1, 0) theories in six dimensions. The
first factor is the Lorentz symmetry in six dimensions, while SO(3) is identified with the Sp(1) ≃ SU(2)
R-symmetry31.

We now focus on the effective theory living on the common (012345) directions of each stack of D6
branes, obtained by performing a Kaluza-Klein reduction on the compact x6 direction. The above
analysis suggests that this effective theory is indeed a six-dimensional (1, 0) supersymmetric theory.
More specifically, for each interval between the i-th and the (i+1)-th NS5 brane, the low-spin content
consists of

• Vector multiplets, provided by the stack of D6 branes, which give rise to an SU(ri) gauge
theory in each interval.

• Bifundamental hypermultiplets, i.e. pairs of hypermultiplets in the fundamental and anti-
fundamental representations of the gauge groups SU(ri) and SU(ri+1). They arise from the
oscillations of strings localized on each NS5 brane, whose ends terminate on two adjacent D6
branes32.

• Fundamental hypermultiplets, which originate from the oscillations of strings stretched be-
tween D6 and D8 branes. They transform in the fundamental/anti-fundamental representation
of the gauge symmetry SU(ri) and in the anti-fundamental/fundamental representation of the

31Notice the difference with equation (5.1.3): there, since the theory was also conformal, the Lorentz group was
enhanced to the conformal group.

32Strictly speaking, the vector multiplet would lead to a U(ri) gauge symmetry. However, through a Green-Schwarz
mechanism, at low energies all the U(1) factors become massive, so the gauge groups are just SU(ri).
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global symmetry U(ni), respectively. The global U(ni) arises from the (frozen) vector multiplet
on the worldvolume of each D8 stack.

• Tensor multiplets. The NS5 branes provide a (2, 0) tensor multiplet, but one of them (the
one parametrizing the centre-of-mass motion of the system in the directions transverse to the
NS5 branes) is decoupled. As stressed above, the (2, 0) tensor multiplet decomposes into a
(1, 0) tensor multiplet and a (1, 0) hypermultiplet. The four scalars ϕi, i = 6, 7, 8, 9 of this
multiplet correspond to the four transverse directions of the NS5 branes, xi, i = 6, 7, 8, 9. In
particular, x6 belongs to the (1, 0) tensor multiplet, while the remaining ones belong to the (1, 0)
hypermultiplet.

In general, the parameters associated with infinitely extended branes are frozen from the point of view
of the six-dimensional observer. This is why, for example, the vector multiplet of the D8 branes realizes
a global symmetry rather than a gauge one. At first sight this seems to contradict the fact that the
bifundamental multiplets arising from NS5 oscillations are dynamical in our theory. The resolution is
that, although infinitely extended, the NS5 branes wrap the very same six dimensions in which the
supersymmetric theory is defined; hence, oscillations of the NS5 worldvolumes are dynamical fields for
the six-dimensional observer.

The matter content of the gauge theory is succinctly summarized by a quiver diagram, such as the
one shown in Figure 13; for this reason, such theories are also called quiver gauge theories. Moreover,
since the associated quiver diagrams are linear chains, these theories are known as linear quiver gauge
theories.

r1 r2 · · · rN−1

n1 n2 nN−1

Figure 13: Quiver diagram representing the (1,0) supersymmetric theory obtained by Kaluza-Klein redution
on the (012345) directions of the D6’s worldvolumes. Squared boxes represent flavour groups SU(ni), whereas
circle boxes represent gauge groups SU(ri). In addition, the lines connecting two consecutive gauge groups
represent the hypermultiplets in the bifundamental representation, while the lines connecting each gauge group
to the corresponding flavour group stand for the fundamental hypermultiplets.

It can be shown [39] that the gauge coupling constant of each gauge group SU(ri) obeys the relation

1

g2i
=
x6i+1 − x6i
gsl3s

= ϕ6i+1 − ϕ6i , (5.1.11)

where gs is the string coupling and ls is the string scale.

In general, the matter content of (1, 0) supersymmetric theories is heavily constrained by anomalies;
it can be shown [28] that anomaly cancellation requires

ni = 2ri − ri+1 − ri−1. (5.1.12)

This can be derived from an anomaly matching argument. In particular, we recall from the earlier
discussion that the anomaly polynomial is made up of two pieces: the one-loop contributions and
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the Green-Schwarz contribution. It is shown in [28] that the one-loop contribution to the anomaly
polynomial is

Itot =
1

24

[
N−1∑
i=1

[
(−2ri + ri−1 + ri+1 + fi)

(
trF 4

i +
p1
2
trF 2

i

)
− 12ri c2 trF

2
i

]
− 3

∑
i,j

Cij trF
2
i trF

2
j +

(
2(N − 1)−

∑
i

r2i

)(
c22 +

1

2
c2p1

)
+
N − 1

240
(23p21 − 116p2)

+
7p21 − 4p2

240

(
N − 1 +

1

2

∑
i

ri(−2ri + ri−1 + ri+1 + 2fi)

)]
.

(5.1.13)

with
Cij = 2δij − δi,j−1 − δi,j+1. (5.1.14)

The term proportional to
(
trF 4

i +
p1
2 trF

2
i

)
can be removed by applying condition (5.1.12). The pieces

proportional to Cij trF
2
i trF

2
j and ri c2 trF

2
i can be recast as

−1

8
CijIiIj +

1

2
C−1
ij rirj c

2
2, Ii ≡ trF 2

i + 2c2C
−1
ij rj . (5.1.15)

Of the above equation, only the first term is proportional to the gauge field strengths. By comparison
with (5.1.8), we see that this term can be cancelled by the Green-Schwarz contribution to the anomaly
polynomial. The second term appearing in (5.1.15) as well as the surviving pieces of (5.1.13) then
yield the physical anomaly of the theory, related only to the global symmetries.

Finally, we note that the tensor branch of these gauge theories is parametrized by the scalar ϕ6, i.e. by
the relative distances between the NS5 branes along the x6 direction. Collapsing all the NS5 branes
yields a highly non-trivial conformal theory; from (5.1.11) we see that the gauge coupling becomes very
large at the conformal fixed point. We have thus succeeded in realizing a non-trivial 6-dimensional
(1, 0) SCFT.

5.2 Holographic duals
The existence of six-dimensional superconformal theories can be probed holographically by looking
for supersymmetric AdS7 vacua of ten- and eleven-dimensional supergravity. In M-theory the answer
is classical and rigid: the only possibility is the Freund–Rubin solution AdS7 × S4 and its orbifolds,
dual to the (2, 0) theories. The remaining options are therefore AdS7 ×M3 backgrounds of type IIB,
or of type IIA with nonvanishing Romans mass F0, which does not lift to eleven dimensions. Both
cases were settled by [4].

5.2.1 The pure spinor approach

The strategy is an adaptation of the generalised complex geometry methods developed for Mink4×M6

and AdS4 × M6 vacua [36]. One starts from the system of [49], equivalent to supersymmetry for
Mink6 ×M4 solutions and written in terms of a pair of pure spinors ϕ1,2 defining an SU(2)× SU(2)
structure on M4. An AdS7 vacuum is then obtained by regarding AdS7 as a warped product of Mink6
with a line,

ds2AdS7
=
dρ2

ρ2
+ ρ2 ds2Mink6 , eA4 = ρ eA, ds2M4

=
e2A

ρ2
dρ2 + ds2M3

, (5.2.1)
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so that any AdS7×M3 solution is a particular Mink6×M4 solution. Decomposing the four-dimensional
pure spinors along dρ yields a closed system of equations for the three-dimensional bilinears ψ1 =
χ1 ⊗ χ†

2 and ψ2 = χ1 ⊗ χc †2 , built out of two unit-norm spinors on M3.

The decisive simplification is that spinorial geometry in three dimensions is elementary enough that
the algebraic constraints on ψ1,2 can be solved explicitly: the two spinors are parametrised by a single
spinor χ and an angle ψ, and the resulting bilinears are expressed through a vielbein {ea} and two
further angles θ1,2. Two consequences follow immediately. First, the zero-form parts of the differential
system reduce in type IIB to cosψ cos θ1 = cosψ sin θ1 = sinψ eiθ2 = 0, which admits no solution:
type IIB is excluded at once, without any further analysis. Second, and unusually, in type IIA the
one-form parts of the system determine the vielbein itself, rather than its exterior derivative, in terms
of derivatives of the parametrising functions. The local form of the metric and of the fluxes is therefore
fixed without imposing any Ansatz on the internal geometry, and one finds that M3 is necessarily an
S2 fibration over a one-dimensional base — as expected, since the SU(2) isometry of the fibre is the
R-symmetry of the dual (1, 0) theory.

Introducing x ≡ cosψ sin θ1, supersymmetry forces the dilaton and x to be functionally dependent on
the warping, ϕ = ϕ(A) and x = x(A), and reduces the entire problem to two coupled ODEs, namely
F0 = const together with the relation x dx = (1 + x2)dϕ − (5 + x2)dA. Using the proper distance r
along the base as a coordinate, the internal metric and the ODE system read

ds2M3
= dr2 + 1

16e
2A
(
1− x2

)
ds2S2 , (5.2.2)

dϕ

dr
=

1

4

eA√
(1− x2)

(
12x+ (2x2 − 5)F0e

A+ϕ
)
,

dx

dr
= −1

2
e−A

√
1− x2

(
4 + xF0e

A+ϕ
)
,

dA

dr
=

1

4

e−A√
1− x2

(
4x− F0e

A+ϕ
)
. (5.2.3)

All remaining fields are algebraically determined; in particular

F2 =
1
16

√
1− x2 eA−ϕ

(
xeA+ϕF0 − 4

)
volS2 , H = −

(
6e−A + xF0e

ϕ
)
vol3. (5.2.4)

Bianchi identities and equations of motion are then automatically satisfied. A reformulation in which
all fields are generated by a single function of a rescaled coordinate z, obeying a third-order equation
sourced by F0, was introduced later [28] and will be used in Section 6.

Compactness is analysed directly on (5.2.2). Since ∂r(xe
3A−ϕ) ≤ 0, the coordinate r cannot be

periodically identified, so the only option is to shrink the S2 at two endpoints, giving M3
∼= S3.

Regularity at the poles requires{
x = 1, eA+ϕ = 4

F0

}
at rN,

{
x = −1, eA+ϕ = − 4

F0

}
at rS, (5.2.5)

which is manifestly impossible for F0 = 0: massless solutions necessarily develop D6-brane (or O6-
plane) singularities at the poles, and indeed the unique F0 = 0 background is the reduction of AdS7×
S4/Zk, with k D6-branes and k anti-D6-branes at the two poles. Genuinely regular, compact solutions
therefore exist only in massive type IIA, and require D8-brane sources. Across a D8 stack the fields are
continuous while their derivatives jump; supersymmetry then fixes the position of the stack through
a condition on q ≡ 1

4

√
1− x2eA−ϕ in terms of the flux integers on the two sides. The D8-branes

carry worldvolume flux and are thus D8/D6 bound states, stabilised at their calibrated position by
the balance between the DBI tension and the Wess-Zumino coupling to the RR flux. [4] constructed
such solutions numerically for one and two D8 stacks and conjectured, correctly, that arbitrarily many
stacks are possible.
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5.2.2 Field theory interpretation and anomaly match

The holographically dual field theories to such AdS solutions were identified by [33] as the linear
(1, 0) quivers engineered by the NS5–D6–D8 systems of [40, 23]. The dictionary is direct: the interval
swept by r is the holographic image of the direction x6 along which the D6-branes are suspended; the
quantised Romans mass n0 = 2πF0 counts the D8-branes, so that its jumps across a stack reproduce
the number of flavours attached to a node; the two-form flux integer n2 counts the D6-branes, hence
the rank of the corresponding gauge group; and the number of NS5-branes, i.e. the number of tensor
multiplets, is the quantised H-flux N = 1

4π2

∫
S3 H, which is precisely the winding number of the

periodic B-field variable used to enforce flux quantisation. In this identification the supergravity
statement that F0 is piecewise constant, with n2 varying linearly in between, is the continuum version
of the gauge anomaly cancellation condition (5.1.12) obeyed by the ranks of the quiver. Supergravity
is reliable when the quiver is long, so that the discrete sequence of ranks is well approximated by a
smooth profile.

The correspondence was tested quantitatively by [28]. On the field theory side the anomaly polynomial
of a linear quiver can be computed exactly, by summing the one-loop contributions of vector, hyper and
tensor multiplets over the nodes and adding the Green–Schwarz term required to cancel the reducible
anomalies; the coefficient controlling the number of degrees of freedom grows cubically with the ranks,
in analogy with the N 3 behaviour of the (2, 0) theory. In the limit of a long quiver the sum over nodes
becomes an integral over the interval, and the result reproduces the holographic free energy computed
from the on-shell action of the corresponding AdS7 background, node by node in the continuum sense
rather than merely at leading order. This provides a rather sharp check of the whole construction.

Finally, every solution in the class admits a consistent truncation to minimal gauged supergravity in
seven dimensions [55], so that any seven-dimensional solution uplifts on an arbitrary M3 of the family.
This is what makes the class a practical starting point for the study of probe branes and defects, to
which we turn in the next Section.
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6 R-symmetries from holography
in AdS7 ×M3 type IIA theory

This section is devoted to the main work of our thesis. Having introduced the basic notions of the
AdS/CFT duality as well as the interplay between topological defects and holography in Section 4,
we can finally apply such tools to study the R-symmetry structure of the (1,0) 6-dimensional SCFT’s
dual to AdS7 ×M3 type IIA solutions reviewed in Section 5.

More specifically, adopting a similar strategy to the one developed by [11, 10] and reviewed in Section 4,
we will provide some evidence in favor of the fact that D0 branes and F1 strings are holographically
dual to R-charged operators, whereas the symmetry operator is encoded in a particular D8 brane
configuration.

6.1 Universal consistent truncation
To begin with, we recall from Section 5 that type IIA theory admits an infinite family of AdS7 solutions,
classified in [4]. Each solution features an internal compact space M3 realized as an S2 fibration over
an interval. With a suitable choice of coordinates on the interval, the 10-dimensional metric is given
by (5.2.2), while the dilaton ϕ, the warping factor A and the supersymmetry parameter x obey the
system of ODEs (5.2.3). The explicit form of the RR 2-form flux and the NS-NS 3-form is given
in (5.2.4).

The precise 6-dimensional dual SCFT depends on the particular solution of (5.2.3), which encodes
the quiver data of the corresponding Hanany-Zaffaroni setup. However, as proven in [55], all these
solutions share a common 7-dimensional minimal gauged supergravity sector, whose Lagrangian is

L = R− 1

2
∗ dφ ∧ dφ− V (φ) ∗ 1

− 1

2
e

4√
10
φ ∗ F4 ∧ F4 −

1

2
e
− 2√

10
φ ∗ Fi2 ∧ Fi2 +

1

2
Fi2 ∧ Fi2 ∧A3 − hF4 ∧A3,

(6.1.1)

where Fi2 is the field strength of the SU(2) gauge field Ai,

Fi2 = dAi − 1

2
gϵijkAj ∧Ak. (6.1.2)

The SU(2) gauge symmetry arises from the isometry of the S2 fiber of the internal space M3; as in
the AdS5 × S5 case, this gauge symmetry is mapped to the global R-symmetry of the holographically
dual 6-dimensional SCFT.

The Kaluza-Klein reduction ansatz that realizes the compactification from AdS7 ×M3 to minimal 7-
dimensional gauged supergravity (6.1.1) was provided in [55]; for our purposes it is useful to report here
the reduction ansatz for the metric and fluxes. Unlike [55], we are interested only in the unperturbed
vacuum solutions, so in our expressions we set X = 1 ( =⇒ w = 1).

The ten dimensional metric is

ds210 =
ℓ

8
g2e2Ads2AdS7

+ ℓds2M3
, ds2M3

= dr2 +
1− x2

16
e2ADs2S2 . (6.1.3)

Here, Ds2S2 is the covariantized S2 metric,

Ds2S2 = DyiDyi, Dyi = dyi + ϵijkyjgAk, (6.1.4)
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where yi are cartesian coordinates which parametrize S2,

yiyi = 1. (6.1.5)

The Neveu-Schwarz potential B is

ℓ−1B =
1

16
e2A x

√
1− x2 vol2 − eA dr ∧

(
m− 1

2
gyiAi

)
, (6.1.6)

where vol2 = 1
2ϵ
ijkyiDyj ∧ Dyk, and m is defined by dm = − 1

2volS2 , with volS2 the usual (non-
covariant) volume form on S2. From (6.1.6) we obtain the field strength H = dB,

ℓ−1H = −6 e−A volM3 − ℓF0e
ϕxvolM3 −

1

4
eA dr ∧ yigFi2 −

1

16
e2Ax

√
1− x2 gFi2 ∧Dyi (6.1.7)

Finally, we will also need the reduction formulas for the Ramond-Ramond gauge fields,

F2 = −q(vol2 + yigFi2) +
1

16
ℓF0e

2Ax
√

1− x2vol2, (6.1.8)

ℓ−1F4 = − q

16
e2A
√
1− x2yigFi2 ∧ vol2 −

q

4
eAdr ∧ ϵijkgFi2yjDyk, (6.1.9)

where q = 1
4e
A−ϕ√1− x2. In (6.1.9) we have kept only the terms containing Fi2, since the remaining

pieces are not relevant for our discussion.

6.1.1 The z coordinate

To simplify our computations, it is convenient to change the parametrization of the internal interval
of M3 from the r coordinate to the z coordinate introduced in [28]. For the remainder of the thesis,
we will carry out our calculations in z coordinate, however Appendix B contains the massless F0 = 0
case studied by means of the original r coordinate.

To begin with, [8] showed that the system of ODEs (5.2.3) can be reduced to a single differential
equation for a new function β(y),

(q′)2 =
2

9
F0 q ≡ −4y

√
β

β′
(6.1.10)

where prime denotes differentiation with respect to the variable y (not to be confused with yi), defined
by,

dr =

(
3

4

)2 e2A√
β
dy. (6.1.11)

In terms of β, the functions A, ϕ and x are

eA =
2

3

(
−β

′

y

) 1
4

eϕ =
(−β′/y)

5
4

12
√
4β − yβ′

x2 =
−yβ′

4β − yβ′ . (6.1.12)

Reference [28] then defines the z coordinate by

dy = 9πq dz. (6.1.13)
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In this coordinate the internal interval corresponds to z ∈ [0, N ]. From (6.1.13) and (6.1.10), one finds

y = − α̇

18π
, q = − α̈

162π2
(6.1.14)

where α ≡ √
β and the dot denotes differentiation with respect to z. The function α is piecewise

smooth on each interval z ∈ [i, i+1], i = 0, . . . , N − 1, and its explicit expression was found in [28] to
be

α(z) = αi − 2(9π)yi(z − i)− (9π)2

2
ri(z − i)2 − (9π)2

6
(ri+1 − ri)(z − i)3, z ∈ [i, i+ 1], (6.1.15)

where yi and αi are integration constants.

With this new function, the value of the piecewise constant function F0 is expressed as

F0(z) = − 1

162π3
...
α (z) =

1

2π
(ri+1 − ri), z ∈ [i, i+ 1]. (6.1.16)

The last term can be read as a discrete derivative of the gauge-group rank along the quiver; hence
regions where the rank remains constant correspond to massless regions.

Using equations (6.1.14), (6.1.13), (6.1.11) and (6.1.12), the ansatz formulas for the fluxes become

F2 =
α̈

162π2
(
vol2 + yigF

i
2

)
+ ℓF0

πα̇α

α̇2 − 2αα̈
vol2 (6.1.17)

ℓ−1F4 =
α̈

162π2
παα̇

α̇2 − 2αα̈
yigF

i
2 ∧ vol2 +

α̈

162π
dz ∧ ϵijkgFi2 ∧ yiDyk + · · · (6.1.18)

ℓ−1B =
παα̇

α̇− 2αα̈
vol2 − 2πdz ∧

(
m− 1

2
yigA

i

)
(6.1.19)

ℓ−1H = π

(
−1 + ∂z

[
αα̇

α̇− 2αα̈

])
dz ∧ vol2 − πdz ∧ yigFi2 −

παα̇

α̇− 2αα̈
gFi2 ∧Dyi. (6.1.20)

while the metric is

ds210 = ℓπ
√
2g2
√

−α
α̈
ds2AdS7

+ ℓπ
√
2

√
− α̈
α

(
dz2 +

α2

α̇2 − 2αα̈
Ds2S2

)
. (6.1.21)

6.1.2 Computations of Hodge duals Ramond-Ramond fields

Before showing how the charged and symmetry operators are actually built, it is useful to compute
explicitly the Hodge-dual Ramond-Ramond gauge fields. Following the democratic formulation [17]
employed in [55], we have

F8 = ⋆10F2, F6 = − ⋆10 F4. (6.1.22)

For convenience, it is useful to define

L1 = ℓ
1
2π1/221/4

(
− α̈
α

)1/4

, L2 = ℓ
1
2π1/221/4

(
− α̈
α

)1/4( α2

α̇2 − 2αα̈
Ds2S2

)1/2

, (6.1.23)

which are the radii of the internal interval I and of S2, respectively.

Using formulas (A.0.13) and (A.0.17) from Appendix A, we immediately find

F8 ⊃
α̈

162π2
yig ⋆10 F

i
2 =

α̈

162π2
gyiL1L

2
2 ⋆7 F

i
2 ∧ dz ∧ vol2 (6.1.24)
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F6 ⊃ −ℓ α̈

162π2
παα̇

α̇− 2αα̈
yigL1L

−2
2 ⋆7 F

i
2 ∧ dz − ℓ

α̈

162π
gϵijkL

−1
1 ⋆7 F

i
2 ∧ yi ⋆2 Dyk (6.1.25)

where again we have kept only the terms containing Fi2. The symbol ⋆2 denotes the Hodge dual with
respect to the unit-radius S2 metric. Using equation (3.13) of [9],

⋆2Dy
i = ϵijkyjDyk, (6.1.26)

we can recast (6.1.25) as

F6 ⊃ −ℓ α̈

162π2
παα̇

α̇− 2αα̈
yigL1L

−2
2 ⋆7 F

i
2 ∧ dz − ℓ

α̈

162π
gL−1

1 ⋆7 F
i
2 ∧Dyi, (6.1.27)

where we used that on the unit 2-sphere yiyi = 1 and ymDym = 0.

6.2 Charged operators
In this section we derive the brane configurations that realize the charged operators of the SU(2)
R-symmetry of the 6-dimensional SCFT dual to type IIA theory on AdS7 ×M3. We initially follow
closely the procedure of [10], although our analysis will contain a new ingredient absent from [10].

For dimensional reasons, the only candidate brane that can holographically represent an R-charged
operator in the dual theory is a D0 brane wrapping a single point in the S2 factor of the internal
space M3 and sitting at position z in the radial direction of AdS7. Strictly speaking, according to the
general construction, the probe brane should wrap S0 ⊂ S2, i.e. a pair of points in S2 rather than a
single point. However, as explained in [10], wrapping either S0 or a single point merely corresponds
to building representations of SO(3) or of SU(2), respectively. Since we are interested in SU(2)
representations, we consider a single point in S2.

The topological Wess-Zumino coupling of a D0 brane is

SD0 ⊃
∫
M1

C1, (6.2.1)

however, it is easier to write this action by inflow, using the relation dC1 = F2 −BF0 ≡ F̃2, so that

SD0 ⊃
∫
N2

F̃2, (6.2.2)

with ∂N2 =M1. Upon using (6.1.17) and (6.1.19), we find

F̃2 =
α̈

162π2
(
vol2 + yigF

i
2

)
(6.2.3)

The other ingredient we need is the pull-back of F̃2 onto the worldvolume of the D0 brane. Recall
that the embedding of the brane in the S2 fiber is encoded by equation (4.5.30), where this time the
Y a
0 are constants. Denoting by P [ω] the worldvolume pull-back of a form ω, the covariant derivative

appearing in (6.1.4) pulls back to

P [yi] = χij Y j
0 ,

P [Dyi] = dχij Y j
0 + gP [Aik]χkj Y j

0 = dAχ
ijY j

0 ,
(6.2.4)

where we have defined
dAχ

ij = dχij + gP [Aik]χkj . (6.2.5)
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To make contact with the notation of [10], we have rewritten the gauge field as Ai = 1
2ϵ
ijkAjk, i.e. we

have switched from the adjoint to the fundamental representation. The covariant derivative in (6.1.4)
thus reads

Dyi = dyi + gAijyj , (6.2.6)

whose pull-back is indeed (6.2.4). It is also convenient to define

Θij = (χ−1dAχ)
ij . (6.2.7)

Since χ ∈ SO(3) (so that χT = χ−1) and Aij = −Aji, we immediately have Θij = −Θji. Now,

from (6.2.3), the pull-back of F̃2 onto the worldvolume of the D0 brane is (writing Fi2 as 1
2ϵ
ijkF

jk
2 )

P [F̃2] =
α̈

162π2

(
1

2
ϵijkP [yiDyj ∧Dyk] + g

2
ϵijkP [yiFjk2 ]

)
(6.2.8)

We start with the first term of (6.2.8) which, upon using (6.2.4), reads

1

2
ϵijkP [yiDyj ∧Dyk] = 1

2
ϵijk χiaY a

(0) dAχ
jb Y b

(0) ∧ dAχkc Y c
(0)

=
1

2
ϵijk Y a

(0)Y
b
(0)Y

c
(0) χ

iaχjlχkm(χ−1dAχ)
lb ∧ (χ−1dAχ)

mc

=
1

2
ϵalm Y a

(0)Y
b
(0)Y

c
(0) (χ

−1dAχ)
lb ∧ (χ−1dAχ)

mc

=
1

2
ϵalm Y a

(0)Y
b
(0)Y

c
(0)Θ

lb ∧Θmc, (6.2.9)

where in the third line we used det(χ) = 1. Since the indices run from 1 to 3, the antisymmetrization
over four indices vanishes identically:

ϵ[alm Y
b]
(0) = 0, =⇒ ϵalm Y b

(0) − ϵblm Y a
(0) − ϵabm Y l

(0) − ϵalb Y m
(0) = 0, (6.2.10)

hence
ϵalm Y b

(0) = ϵblm Y a
(0) + ϵabm Y l

(0) + ϵalb Y m
(0). (6.2.11)

Plugging this into (6.2.9), we obtain

1

2
ϵalm Y a

(0)Y
b
(0)Y

c
(0)Θ

lb ∧Θmc =
1

2
Y a
(0)Y

a
(0)Y

c
(0) ϵ

blmΘlb ∧Θmc

+
1

2
Y a
(0)Y

l
(0)Y

c
(0) ϵ

abmΘlb ∧Θmc

+
1

2
Y a
(0)Y

m
(0)Y

c
(0) ϵ

albΘlb ∧Θmc.

(6.2.12)

The term in the third line vanishes, since Θmc is antisymmetric in m, c while Y m
(0)Y

c
(0) is symmetric.

As for the term in the first line, using Y a
(0)Y

a
(0) = 1, the skew-symmetry of Θ and the skew-symmetry

of the wedge product, it can be cast as

−1

2
ϵmlbY c

(0)Θ
cm ∧Θlb. (6.2.13)

Finally, exchanging b and l in the first Θ, the term in the second line becomes

−1

2
ϵabmY a

(0)Y
l
(0)Y

c
(0)Θ

bl ∧Θmc, (6.2.14)

which, up to a relabelling of indices, equals the left-hand side with a minus sign. Altogether, we find

1

2
ϵijkP [yiDyj ∧Dyk] = −1

4
ϵmlbY c

(0)Θ
cm ∧Θlb. (6.2.15)
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We now turn to the second term in (6.2.8), which reads

g

2
yiϵijkFjk2 =

g

2
χiaY a

(0)ϵ
ijkF

jk
2 =

g

2
Y a
(0)ϵ

ijkχiaχjeχkf (χ−1F2χ)
ef =

g

2
ϵaefY a

(0)(χ
−1F2χ)

ef . (6.2.16)

Hence, the worldvolume pull-back of F̃2 becomes

P [F̃2] =
α̈

162π2

(
−1

4
ϵijkY l

(0)Θ
li ∧Θjk +

g

2
ϵijkY i

(0)(χ
−1F2χ)

jk

)
(6.2.17)

It is convenient to write Y i
0 = 1

2ϵ
ijk Y jk

0 ; then, using the identity

ϵijkϵlmn =

∣∣∣∣∣∣
δil δim δin

δjl δjm δjn

δkl δkm δkn

∣∣∣∣∣∣ , (6.2.18)

expression (6.2.17) becomes

P [F̃2] =
1

2

α̈

162π2
Y ij
(0)

(
g(χ−1F2χ)

ij − (Θ ∧Θ)ij
)
. (6.2.19)

We now observe that (omitting indices)

dΘ = d
(
χ−1dAχ

)
= dχ−1 ∧ dχ+ gdχ−1 ∧Aχ− gχ−1dAχ, (6.2.20)

moreover(
χ−1dAχ

)
∧
(
χ−1dAχ

)
= −dχ−1 ∧ dχ− gdχ−1 ∧Aχ+ gχ−1A ∧ dχ+ g2χ−1A ∧Aχ, (6.2.21)

where we used dχχ−1 = −χdχ−1. Since

F2 = dA+ gA ∧A, (6.2.22)

comparing (6.2.20), (6.2.21) and (6.2.22) yields the identity

d
(
χ−1dAχ

)ij
=
(
g(χ−1F2χ)− (χ−1dAχ)

2
)ij
. (6.2.23)

The worldvolume pull-back of F̃2 therefore takes the final form

P [F̃2] =
1

2

α̈

162π2
Y ij
(0) d

(
χ−1dAχ

)ij
, (6.2.24)

and the D0-brane action becomes

SD0 ⊃
∫
N2

P [F̃2] =

∫
N2

1

2

α̈

162π2
Y ij
(0) d

(
χ−1dAχ

)ij
=

1

2
qij
∫
M1

(
χ−1dAχ

)ij
, (6.2.25)

with

qij =
α̈

162π2
Y ij
(0) = −ri + (z − i)(ri+1 − ri)

2
Y ij
(0). (6.2.26)

where the index i is such that z ∈ [i, i + 1]. This has exactly the same functional form as (4.5.29),
confirming that this configuration describes the correct charged operator under SU(2)R.

Unlike the cases studied in [10], however, this is not the end of the story: as we now show, F1 string
configurations can also holographically describe operators charged under the R-symmetry. Consider
an F1 string whose worldvolume wraps the radial direction M1 of AdS7 and extends between two
consecutive stacks of D8 branes located at z = jb and z = jb+1. This time it is more convenient to
describe the F1 action directly in terms of the B field potential,

SF1 = − 1

2π

∫
M1×[jb,jb+1]

B +

∫
M1

ab+1 − ab, (6.2.27)

68



6.2 Charged operators
6 R-SYMMETRIES FROM HOLOGRAPHY

IN AdS7 ×M3 TYPE IIA THEORY

where we have added a boundary term describing the oscillations of the string endpoints on the two
D8 stacks at z = jb and z = jb+1. As shown in [15], the D8 branes usually carry D6 charge dissolved
on them; this is needed to balance any discontinuity across z of the Page charge F̃2 (see equations
(3.15) and (3.16) of [15]). However, the Page charge depends on the gauge choice for the B field;
adopting the ansatz (6.1.19), we see that it is continuous across the entire z interval,∫

S2

F̃2

2π
=

∫
S2

1

2π

α̈

162π2
vol2 = − (ri + (z − i)(ri+1 − ri)) , (6.2.28)

which is continuous in z. This means that, with this particular gauge choice, the D8 sources need not
carry D6 charge; hence the second term in (6.2.27) vanishes.

Let us look more closely at the non-zero terms of (6.2.27). The only contributions from the B
field (6.1.19) are those with a leg along z, so that

SF1 =

∫
M1×[jb,jb+1]

P

[(
m− 1

2
yigA

i

)
∧ dz

]
, (6.2.29)

where P again denotes the worldvolume pull-back. The position of the F1 string along the S2 fiber is
parametrized exactly as in the D0-brane configuration; therefore,

P [yiA
i] = χijY j

(0)A
i. (6.2.30)

Introducing Ai = 1
2ϵ
iabAab, this becomes

P [yiA
i] =

1

2
ϵiabχijY j

(0)A
ab

=
1

2
ϵiabY j

(0)χ
ijχamχbn(χ−1)mk(χ−1)nlAkl

=
1

2
ϵjmnY j

(0)(χ
−1)mk(χ−1)nlAkl

=
1

2
Y mn
(0) (χ−1)mkAklχln =

1

2
Y mn
(0)

(
χ−1Aχ

)mn
, (6.2.31)

where in the second line we wrote Aab = (χχ−1)ak(χχ−1)blAkl, in the third line we used detχ = 1,
and in the fourth line we defined Y ij

(0) = ϵijkY k
(0) and recalled that χ−1 = χT .

It is now useful to compute the pull-back of m; it is easier to inspect first the pull-back of its exterior
derivative,

P [dm] = P

[
−1

2
volS2

]
. (6.2.32)

This is almost identical to (6.2.15); we simply replace the covariant derivative dA by the ordinary
exterior derivative d. Taking the − 1

2 prefactor into account, we have

P [dm] = P

[
−1

2
volS2

]
=

1

8
ϵijkY l

(0)(χ
−1dχ)li ∧ (χ−1dχ)jk =

1

4
Y ij
(0)

[(
χ−1dχ

)
∧
(
χ−1dχ

)]ij
. (6.2.33)

Moreover, making use of the fact that d(χχ−1) = 0, we notice that[(
χ−1dχ

)
∧
(
χ−1dχ

)]ij
= −

[
(dχ−1χ) ∧ (χ−1dχ)

]ij
= −(dχ−1 ∧ dχ)ij = −d(χ−1 ∧ dχ)ij . (6.2.34)

Therefore

P [dm] = −1

4
Y ij
(0)d(χ

−1dχ)ij , (6.2.35)

and since the pull-back commutes with the exterior derivative, we conclude that

P [m] = −1

4
Y ij
(0)(χ

−1dχ)ij , (6.2.36)
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up to total-derivative terms.

Inserting (6.2.36) and (6.2.31) into (6.2.29), the F1 string action becomes

SF1 = −1

4
Y ij
(0)

∫ jb+1

jb

dz

∫
M1

(χ−1dχ+ χ−1gAχ)ij =
1

2
qij
∫
M1

(χ−1dAχ)
ij , (6.2.37)

with

qij = −1

2
(jb+1 − jb)Y

ij
(0). (6.2.38)

This shows that F1 strings holographically realize charged operators.

That both D0 branes and F1 strings are charged under the R-symmetry should not come as a surprise.
According to [15], each 6d SCFT dual to a type IIA solution on AdS7 ×M3 contains two types of
R-charged operators, string mesons and baryons, which in the string-theory description are dual to
F1 strings and D0 branes, respectively.

Reassuringly, the authors of [15] have shown that the Cartan U(1) R-charge of an F1 string stretched
between two consecutive stacks of D8 branes at z = jb and z = jb+1 is

QR(F1) =
jb+1 − jb

2
, (6.2.39)

in agreement with (6.2.38).

If instead we compare the D0 R-charge computed in [15] with our equation (6.2.26), we find a discrep-
ancy. This should not worry us: the D0 charge depends explicitly on the gauge choice for the field
B. This subtlety was absent in the F1 case, since any gauge choice for B would ultimately produce
a non-zero boundary term in the F1 action, coming from the D6 charge dissolved in the D8 sources,
and one would recover the same R-charge as in (6.2.38).

We can trace this ambiguity in the D0 R-charge to the fact that, in general, such states are non-BPS,
as pointed out in [15]. To render them BPS, we attach F1 strings to them: if the D0 lies to the left of
the massless region, we add 2πF0 strings whose left ends attach to the D0 brane and whose right ends
attach to the stack of D8 branes at position z = ip, where [ip, ip+1] is the integer interval on which the
gauge-group rank is constant and maximal, denoted rmax. If the D0 lies to the right of the massless
region, the strings are attached in the opposite way.

Take, for instance, the first case, with the D0 at position z ∈ [i, i + 1]. From equation (6.2.37), the
U(1) R-charge of the 2πF0 F1 strings stretching from the D0 brane to the D8 brane is

−1

2

∫ ip

z
2πF0dz = −1

2
(ri+1 − ri)

∫ i+1

z
dz − 1

2
(ri+2 − ri+1)

∫ i+2

i+1
dz−

− · · · − 1

2
(rmax − ri+l−1)

∫ ip=i+l

i+l−1
dz, (6.2.40)

where we assumed that ip lies l positions away from the D0 brane. Summing the first two terms
of (6.2.40) gives

1

2
(ri+2 − ri − (z − i)(ri+1 − ri)), (6.2.41)

while, from the third and fourth terms onward, each successive pair sums to

1

2
(ri+k − ri+k−1), k = 3, · · · , l. (6.2.42)
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Hence

1

2

∫ ip

z
2πF0dz =

= −
[
1

2
(ri+2 − ri − (z − i)(ri+1 − ri))

]
− 1

2
[ri+3 − ri+2]− · · · − 1

2
[rmax − ri+l−1] =

= −rmax − ri − (z − i)(ri+1 − ri)

2
. (6.2.43)

Adding this to (6.2.26), the U(1) R-charge of the D0-F1 bound state is (up to an overall sign)

QR(F1 +D0) =
rmax

2
, (6.2.44)

just as in [15]. An entirely analogous treatment holds when the D0 brane lies to the right of the
massless region.

Whenever the D0 is placed in a region where F0 = 0, its R-charge is independent of B and hence
gauge-invariant. Evaluating (6.2.26) in the massless region, where ri = ri+1 = rmax, we again find

QR(D0) =
rmax

2
. (6.2.45)

This concludes our discussion of holographically R-charged operators; we now turn to the study of
symmetry operators.

6.3 Symmetry operators
In this section we investigate the possible symmetry operators for the SU(2)R symmetry.

We argue that the brane configuration implementing the SU(2)R symmetry in the SCFT dual to
type IIA theory on AdS7 ×M3 is a D8 brane. Following the general construction of Section 4, the
worldvolume wrapped by the D8 brane is a subspace Σ9 = γ1 × N5 ×M3, with N5 ⊂ ∂AdS7, M3

the entire internal manifold, and γ1 an arc penetrating in the bulk which connects two points in the
conformal boundary. As we did for the charged operators, we again introduce an auxiliary higher-
dimensional manifold M10 = N2×N5×M3 with ∂N2 = γ1 to describe the D8-brane action by inflow.
The Wess-Zumino couplings then read

SD8 =

∫
M10

F8 ∧ 2πf2 +
1

2
F6 ∧ (2πf2 +B)2 + · · · , (6.3.1)

where we have omitted terms that do not contain ⋆7F
i
2, as they are irrelevant for our purposes. We

also assume that the U(1) worldvolume gauge field strength f2 decomposes as

f2 = da1 + fM3
2 , (6.3.2)

where a1 is chosen to saturate the integration over γ1,∫
γ1

a1 = β, (6.3.3)

and fM3
2 is a 2-form with purely internal legs. We will show that, regardless of the specific form of

fM3
2 , several terms in (6.3.1) vanish.

Starting with the term ∼
∫
F8 ∧ f2, this vanishes since, from (6.1.24), it is proportional to

∼
∫
S2

yivolS2 = 0. (6.3.4)
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We next consider the contributions from ∼
∫
F6 ∧ (2πf2 + B)2. Expanding the square gives three

terms, two of which again vanish. Indeed, take∫
F6 ∧B ∧ f2. (6.3.5)

Using the ansätze (6.1.25) and (6.1.6), the only terms containing ⋆7F
i
2 that arise from (6.3.5) are

proportional to

∼
∫
S2

yivolS2 , (6.3.6)

and

∼
∫
S2

dyi ∧m. (6.3.7)

The first vanishes, and (6.3.7) vanishes as well:∫
S2

dyi ∧m =

∫
S2

yidm = −1

2

∫
S2

yivolS2 = 0, (6.3.8)

where in the first equality we used Stokes’ theorem together with ∂S2 = ∅.
Next, consider

∼
∫
F6 ∧B ∧B. (6.3.9)

Clearly, no non-zero term containing ⋆7F
i
2 can arise from (6.3.9).

We are thus left with

SD8 ⊃
1

2(2π)6

∫
M10

F6 ∧ f2 ∧ f2. (6.3.10)

Given the structure (6.1.25), we turn on the following internal fM3
2 field strength

fM3
2 = K(z) yjvjvolS2 +R(z) viϵijky

jdyk ∧ dz, (6.3.11)

with vj a fixed direction on the unit sphere. The functions K(z) and R(z) must be chosen in a way
to ensure that the field strength fM3

2 is closed; in this regard, note that

dfM3
2 = K ′(z) yivivolS2 +R(z) viϵijkdy

i ∧ dyk ∧ dz. (6.3.12)

Since viϵijkdy
j ∧dyk is a top-dimensional form on S2, it must be proportional to volS2 ; more precisely,

viϵijkdy
i ∧ dyk = 2

(
v1dy

2 ∧ dy3 + v2dy
3 ∧ dy1 + v3dy1 ∧ dy2

)
. (6.3.13)

Using yiyi = 1 and yidyi = 0, we obtain the identities

y1volS2 = dy2 ∧ dy3

y2volS2 = dy3 ∧ dy1

y3volS2 = dy1 ∧ dy2. (6.3.14)

For instance, the first relation follows from

y1volS2 = y1
(
y1dy

2 ∧ dy3 + y2dy
3 ∧ dy1 + y3dy1 ∧ dy2

)
= y1

(
y1dy

2 ∧ dy3 + y2dy3 ∧
(
−y

2dy2 + y3dy3

y1

)
+ y3

(
−y

2dy2 + y3dy3

y1

)
∧ dy2

)
= y1

(
y1dy

2 ∧ dy3 + (y2)2

y1
dy2 ∧ dy3 + (y3)2

y1
dy2 ∧ dy3

)
= dy3 ∧ dy2 (6.3.15)
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The others follow analogously. One can then write

viϵijkdy
i ∧ dyk =

= 2
(
v1dy2 ∧ dy3 + v2dy3 ∧ dy1 + v3dy1 ∧ dy2

)
= 2

(
v1y1 + v2y2 + v3y3

)
volS2

= 2(viyi)volS2 . (6.3.16)

Hence, equation (6.3.12) can be written as

dfM3
2 = (yivivolS2 ∧ dz)(K ′(z) + 2R(z)). (6.3.17)

Requiring dfM3
2 = 0 forces K and R to obey

R(z) = −1

2
K ′(z). (6.3.18)

Equation (6.3.10) then becomes

SD8 ⊃
1

(2π)6

∫
N2

da1

∫
N5×M3

F6 ∧ fM3
2 =

β

(2π)6

∫
N5×M3

F6 ∧ fM3
2 . (6.3.19)

Before proceeding, we note that, making the L1 and L2 factors in (6.1.25) explicit, one has

F6 ⊃
ℓ1/2g

162 · 21/4π3/2α
1/4(−α̈)3/4(⋆7Fi2) ∧

[
α̇

α
yidz + dyi

]
=

=
ℓ1/2g

162 · 21/4π3/2
(−α̈
α

)3/4

(⋆7F
i
2) ∧ d(αyi). (6.3.20)

Let us now focus on the integration over the internal M3 space; since dfM3
2 = 0, we can write it as∫

M3

(−α̈
α

)3/4

d(αyi) ∧ fM3
2 =

∫
M3

3

4

( ...
αα− α̈α̇

α

)(
− α̈
α

)−1/4

yidz ∧ fM3
2 , (6.3.21)

where we have dropped the total-derivative term d
[(
− α̈
α

)3/4
αyi ∧ fM3

2

]
. This shows that the only

term in (6.3.11) contributing to the integral is the one proportional to volS2
33.

In summary, the action of the D8-brane symmetry operator is

SD8 ⊃
β

(2π)6
T

∫
N5

⋆7F
i
2

∫
S2

yiyjvjvolS2

∫ N

0

( ...
αα− α̈α̇

α

)(
− α̈
α

)−1/4

K(z)dz, (6.3.22)

where T = ℓ1/2g
162·21/4π3/2 .

The function K(z) can be any regular function on z ∈ [0, N ] that makes the integral nonzero. Its
detailed shape is not fixed, a part from being regular across M3. In addition, the profile of the z-
function α depends on the specific quiver data; as an example, we focus on the uniform quiver gauge
theory of Section 5.1 of [15]. The brane setup is depicted by the quiver diagram in Figure 14. This
configuration uplifts to N coincident M5 branes on C2/Zk, whose near-horizon limit is M-theory on
AdS7×S4/Zk. This is dual to a six-dimensional N = (1, 0) SCFT living on the worldvolume of the M5
branes [31]. When k = 1, the (1, 0) supersymmetry is enhanced to (2, 0) and we recover the celebrated
6d (2, 0) SCFT / AdS7 × S4 duality found by Maldacena in [50].

33The second term in (6.3.11) is of course still needed to preserve the closedness of fM3
2 .
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k k k . . . k

k k

x1 x2 x3 xN−2

y y′

Figure 14: The uniform linear quiver gauge theory representing N M5-branes on C2/Zk.

The expression for α in the uniform-quiver case was computed in the z coordinate in [15] and reads

α =
(9π)2

2
kz(N − z). (6.3.23)

From (6.3.23) we readily obtain

α̇ =
(9π)2

2
k[N − 2z], α̈(z) = −(9π)2k. (6.3.24)

Plugging these into the z integral in (6.3.22), we find, after some algebra,∫ N

0
dz

(9π)2k

21/4
N − 2z[

z(N − z)3/4
]K(z). (6.3.25)

Choosing, for instance, K(z) =
[
z(N − z)7/4

]
, which is regular with regular derivative on the z interval

(so that fM3
2 is well defined), the integral reduces to

(9π)2k

21/4

∫ N

0
(N − 2z)(N − z) dz =

(9π)2k

21/4

∫ N

0

(
N2 − 3Nz + 2z2

)
dz =

(9π)2k

21/4
N3

6
. (6.3.26)

Finally, using ∫
S2

yiyjvolS2 =
4π

3
δij , (6.3.27)

the D8-brane action reduces to

SD8 ⊃ θi
∫
N5

⋆7F
i
2, (6.3.28)

with

θi = vi
β

(2π)6
T
4π

3

(9π)2k

21/4
. (6.3.29)

As (6.3.28) shows, a probe D8 brane reproduces an R-symmetry operator holographically. The different
choices of the function K(z) as well as the different values of β, give us all the different R-symmetry
operators.

6.4 Charge measurement
Finally, we briefly describe how the charge measurement takes place at the string level. The physical
channel by which the probe-brane symmetry operator detects the charged operator is the Hanany-
Witten effect. Table 3 collects the directions wrapped by the D0 and D8 branes. By comparison with
the Hanany-Witten setup in type IIA theory found in [5], we can infer that the above configuration is
a good candidate for a Hanany-Witten transition. Indeed, when the D0 worldline is pushed through

74



6.4 Charge measurement
6 R-SYMMETRIES FROM HOLOGRAPHY

IN AdS7 ×M3 TYPE IIA THEORY

AdS7 M3

z x0 x1 x2 x3 x4 x5 r θ ϕ

D0 ×
D8 × × × × × × × × ×

Table 3: Brane configuration in type IIA on AdS7 ×M3. Here, z is the radial direction of AdS7, x
0,...,5 are the

boundary directions, r spans the internal interval Ir, and θ and ϕ are coordinates on S2.

the hanging D8 brane, a fundamental F1 string is created, signalling that the charge measurement
has occurred.

The same mechanism, however, cannot be applied to the R-charged F1 string: there is no extended
object with which an F1 string can undergo a Hanany-Witten transition. One might then wonder
how its charge is measured holographically.

Nevertheless, according to [15], the D0 and F1 charged operators are not entirely unrelated. The
operators to which they are dual—baryons and mesons, respectively—are such that products of baryon
operators can be expressed in terms of products of string mesons. This relation has a holographic
counterpart: an instantonic D2-brane wrapping all of M3 mediates the process by which D0 branes
are converted into F1 strings, and vice versa. We therefore argue that, after converting F1 strings
into D0 branes via this instantonic D2 brane, their R-charge is measured by the same hanging D8
brane.
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7 Conclusions and Outlook

Our work has shed some light on the R-symmetry structure of the SCFT’s dual to type IIA theory
in the AdS7 × M3 background. Our findings for the charged and symmetry operators match the
expectations stated in the conclusions of [10], with the addition of an extra charged operator—the F1
string—whose presence agrees with the results of [15].

Moreover, it is known that the massless type IIA theory in AdS7 ×M3 admits an uplift to M-theory
on AdS7 × S4 (or an orbifold thereof), whose dual SCFT enjoys an SO(5)R symmetry descending
from the isometry of S4 [4]. It would therefore be interesting to see whether our construction could
help unveil the holographic realization of the R-symmetry in M-theory.

However, D0 and D8 branes do not have simple uplifts to M-theory. Nevertheless, we suggest that
the additional probe operators we have found could provide some insight into the M-theory setup.
Indeed, as explained in Section 6, D0 branes and F1 strings are not entirely independent; rather than
trying to uplift the D0 configuration, one might extract the M-theory R-charged operator from the
F1 string. Although exotic, this is consistent with the fact that suitable M2 branes could realize
R-charged operators holographically in M-theory. More precisely, in the consistent bosonic truncation
of M-theory on AdS7 × S4 of [20], the field strength of the M-theory 3-form is (up to normalization)

G4 ∼ ϵa1···a5ya1Dya2 ∧ · · ·Dya5 + 2gϵa1···a5ya1F a2a3 ∧Dya4 ∧Dya5 + · · · (7.0.1)

where F ab is the field strength of the SO(5) gauge symmetry of the corresponding effective 7-
dimensional supergravity. Using the general procedure of [10], one can show that an M2 brane
wrapping the submanifold Σ3 = M1 × S2, with S2 ⊂ S5, is a good candidate to realize R-symmetry
charged operators. It is therefore plausible that type IIA F1 string configurations uplift to M2 con-
figurations.

As for the symmetry operator, the situation is more delicate. There is no known way to uplift a D8
brane to eleven-dimensional M-theory; moreover, even if such an exotic uplift existed, it would be of
little help in understanding how the charge measurement actually takes place in M-theory, since the
only known Hanany-Witten transition in M-theory involves an M2 brane and an M5 brane. We hope
to address these questions in a future work.
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A Hodge dual formulas

In Section 6.1.2 we need to evaluate the Hodge star operator of differential forms defined on product
space of (pseudo-)Riemannian manifolds. Here we will provide some useful formulas to make the
computations simpler. First, [53], given a (pseudo-)Riemannian manifold M of dimension n, we define
the Hodge dual operator ⋆ as a linear map

⋆ : Ωr(M) → Ωn−r(M),

where Ωq(M) denotes the space of differential q-forms on M . It acts on a coordinate basis vector as

⋆ (dxµ1 ∧ · · · ∧ dxµr) =
√

|g|
(n− r)!

ϵν1···νrνr+1···νng
ν1µ1 · · · gνrµrdxνr+1 ∧ · · · ∧ dxνn . (A.0.1)

Then, given an r-form ω,

ω =
1

r!
ωµ1···µrdx

µ1 ∧ · · · ∧ dxµr , (A.0.2)

We have,

⋆ω =

√
|g|

r!(n− r)!
ωµ1···µrϵ

µ1···µr
νr+1···νndx

νr+1 ∧ · · · ∧ dxνn . (A.0.3)

An important relation involving the Hodge dual is the following [53]: given ω, η ∈ Ωr(M),

ω ∧ ⋆η =
1

r!
ωµ1···µrη

µ1···µr
√
|g|dx1 ∧ · · · ∧ dxn =

1

r!
ωµ1···µrη

µ1···µrvolM . (A.0.4)

Let us take an n-dimensional manifold M = M1 ×M2, with M1 and M2 two (pseudo-)Riemannian
manifolds of dimension n1 and n2, respectively. Then, clearly

ds2M = ds2M1
+ ds2M2

, (A.0.5)

while the volume form of M is
volM = volM1 ∧ volM2 . (A.0.6)

In particular, choosing a set of coordinates {xµ}n1
µ=1 on M1 and {xν}nν=n1+1 on M2, we have that the

metric tensor of M is block diagonal,

gM =

(
gM1 0
0 gM2

)
, (A.0.7)

so that the metric determinant g is simply given by the product g = g1g2.

Let us now take ω ∈ Ωp+q(M) such that

ω = α ∧ β, α ∈ Ωp(M1), β ∈ Ωq(M2). (A.0.8)

Then, using (A.0.1) we can show that

⋆ω = ⋆(α ∧ β) = 1

p!

1

q!
αµ1···µpβν1···νq ⋆ (dx

µ1 ∧ · · · ∧ dxµp ∧ dxν1 ∧ · · · ∧ dxνq)

=
1

p!

1

q!
αµ1···µpβν1···νq

√
|g|

(n− p− q)!
ϵ
µ1···µpν1···νq

ρp+q+1···ρndx
ρp+q+1 ∧ · · · dxρn

=
1

p!

1

q!
αµ1···µpβν1···νq

√
|g1|
√

|g2|
(n− p− q)!

ϵµ1···µpν1···νqρp+q+1···ρndx
ρp+q+1 ∧ · · · dxρn . (A.0.9)
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where in the last line we used the fact that the metric is block diagonal and µj ̸= νk for all j, k. The
set of indices {ρp+q+1, · · · , ρn} runs over all M indices; we now split it into two sets, one for M1 and
one for M2. First, we notice that the non-zero contributions to the Levi-Civita symbol come from
terms where n1−p indices among the {ρp+q+1, · · · , ρn} are taken fromM1, while the remaining n2−q
are taken from M2. The number of ways we can do this is given by the binomial coefficient(

n− p− q

n1 − p

)
=

(n− p− q)!

(n1 − p)!(n2 − q)!
, (A.0.10)

where we used n = n1 + n2. Thus, we can write (A.0.9) as

⋆(α ∧ β) = 1

p!

1

q!
αµ1···µp βν1···νq

√
|g1|

√
|g2|

(n1 − p)! (n2 − q)!
ϵµ1···µp ν1···νq µp+1···µn1 νq+1···νn2

× dxµp+1 ∧ · · · ∧ dxµn1 ∧ dxνq+1 ∧ · · · ∧ dxνn2

= (−1)q(n1−p) 1

p!

1

q!
αµ1···µp βν1···νq

√
|g1|

√
|g2|

(n1 − p)! (n2 − q)!
ϵµ1···µp µp+1···µn1 ν1···νq νq+1···νn2

× dxµp+1 ∧ · · · ∧ dxµn1 ∧ dxνq+1 ∧ · · · ∧ dxνn2 , (A.0.11)

where µj and νk are indices of M1 and M2, respectively.

Finally, since the Levi-Civita symbol features two distinct set of indices, we can split it into two
Levi-Civita symbols, one for M1 and one for M2,

ϵµ1···µp µp+1···µn1 ν1···νq νq+1···νn2
= ϵ

(M1)
µ1···µp µp+1···µn1

ϵ
(M2)
ν1···νq νq+1···νn2

. (A.0.12)

In conclusion, we have the following useful formula for the Hodge dual of a product form,

⋆(α ∧ β) = (−1)q(n1−p) ⋆1 α ∧ ⋆2β, (A.0.13)

where ⋆1 and ⋆2 are the Hodge duals on M1 and M2, respectively.

Another formula used in Section 6.1.2 relates the Hodge dual of two conformally related metrics. Let

ds2 and d̃s
2
be two metrics of the n-dimensional manifold M related by a conformal factor Ω,

d̃s
2
= Ω2ds2. (A.0.14)

Then, the corresponding volume forms are related by

ṽolM = ΩnvolM . (A.0.15)

Denoting by ⋆̃ the Hodge dual taken with respect to the metric d̃s
2
, given any two r-forms ω and η

on M , from (A.0.4) we have

ω ∧ ⋆̃η =
1

r!
ωµ1···µrη

µ1···µr ṽolM

=
1

r!
ωµ1···µrην1···νr g̃

µ1ν1 · · · g̃µrνrΩnvolM

=
1

r!
ωµ1···µrην1···νrg

µ1ν1 · · · gµrνrΩn−2rvolM

= Ωn−2rω ∧ ⋆η. (A.0.16)

Finally, from the arbitrariness of ω, the following relation holds

⋆̃η = Ωn−2r ⋆ η. (A.0.17)
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B Massless type IIA symmetry defects
in r coordinate

In this appendix we repeat the computation of the charged and symmetry operators carried out in
Section 6, this time working in the r coordinate. We restrict throughout to the massless case F0 = 0.

B.1 Massless relations
We recall that massless type IIA theory on AdS7×M3 uplifts to M-theory on AdS7×S4 (or an orbifold
thereof), as can be seen by reducing along a suitable isometry of S4 [4]. In this case the following
relations between x, A and ϕ hold,

x = cos(α), x =
√
1− e4(A−A0), ϕ = 3A− ϕ0, (B.1.1)

where α ∈ [0, π], and A0 and ϕ0 are integration constants related to the overall radius R of the
eleven-dimensional metric,

A0 =
1

2
log

(
R3

2

)
, ϕ0 = 3 log(R). (B.1.2)

Differently from [4], we are just considering the case k = 1, which correspond exactly to AdS7 × S4;
one can easily generalize to k ∈ N and obtain solutions whose uplifts is AdS7 × S4/Zk.

Using these relations, we can show that the function q appearing in the ansatz for the RR fluxes is
identically equal to 1/2,

q =
1

4
eA−ϕ

√
1− x2 =

1

4
e−2A0e3A−ϕ =

1

4

2

R3
R3 =

1

2
(B.1.3)

B.2 Hodge dual relations
We first rewrite the Hodge-dual relations in the r coordinate. Starting from the ansatz (6.1.3) for
the ten-dimensional metric in the r coordinate and using the results of Appendix A, we immediately
obtain (recall that q = 1/2)

F8 ⊃ −1

2
yigR1R

2
2 ⋆7 F

i
2 ∧ dr ∧ volS2 (B.2.1)

F6 ⊃ − 1

32
xe2A

√
1− x2yigR1R

2
2 ⋆7 F

i
2 ∧ dr −

1

8
eAϵijkgR−1

1 ⋆7 F
i
2y
j ∧ ⋆2dyk, (B.2.2)

where

R1 = ℓ1/2, R2 = ℓ1/2
√

1− x2

16
eA. (B.2.3)

Using once more the identity employed in (6.1.27), we can rewrite (B.2.2) as

F6 ⊃ − 1

32
xe2A

√
1− x2yigR1R

2
2 ⋆7 F

i
2 ∧ dr −

1

8
eAgR−1

1 ⋆7 F
i
2 ∧ dyi. (B.2.4)

B.3 Charged Operators
The computation of the D0-brane action closely parallels the one already presented in Section 6.
Indeed, in the massless case the RR 2-form flux is simply

F2 = −1

2
(vol2 + yigFi2). (B.3.1)
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Writing the D0-brane action in terms of an auxiliary two-dimensional manifold, we then have

SD0 ⊃
∫
N2

F2 = −1

2

∫
N2

vol2 + yigFi2, (B.3.2)

with N2 defined as in (6.2.2). This is identical to (6.2.2) up to an overall factor. Repeating the same
steps that led to (6.2.26), we find

SD0 ⊃
1

2
qij
∫
M1

(
χ−1dAχ

)ij
, (B.3.3)

with

qij = −1

2
Y ij
(0). (B.3.4)

For the F1 string, we now adopt the same inflow method used for the D0 brane. Specializing the H
field-strength ansatz (6.1.7) to the massless case gives

ℓ−1H = −6 e−A volM3 −
1

4
eA dr ∧ yigFi2 −

1

16
e2Ax

√
1− x2 gFi2 ∧Dyi (B.3.5)

Recalling that the worldvolume swept by the F1 string is M1 × Ir, we can write its action as

SF1 ⊃ − 1

2π

∫
N2×Ir

H =
1

2π

∫
N2×Ir

[
6ℓ e−A volM3 +

ℓ

4
eA dr ∧ yigFi2

]
=

1

2π

∫
N2

∫
Ir

[
6ℓeA

1− x2

16
dr ∧ vol2 +

l

4
eAdr ∧ yigFi2

]
.

(B.3.6)

Exploiting the massless relations (B.1.1) together with the second line of (5.2.3), we obtain

eA = (1− x2)1/4eA0 , dr = −1

2

eA√
1− x2

dx, (B.3.7)

from which we have

eA(1− x2)dr = −1

2
e2A(1− x2)

1√
1− x2

dx = −1

2
e2A0(1− x2)dx. (B.3.8)

eAdr = −1

2
e2A0dx. (B.3.9)

Finally, since x = cos(α) with α ∈ [0, π], we have x ∈ [1,−1], so that∫
Ir

6ℓeA
(1− x2)

16
dr =

6

16
ℓ

∫ −1

1
−1

2
e2A0(1− x2)dx =

ℓ

4
e2A0 (B.3.10)

and ∫
Ir

ℓ
1

4
eAdr =

ℓ

4

∫ −1

1
−1

2
e2A0dx =

ℓ

4
e2A0 . (B.3.11)

Putting everything together, (B.3.6) becomes

SF1 ⊃
ℓ

8π
e2A0

∫
N2

vol2 + yigFi2, (B.3.12)

exactly as for the D0 brane. Following the same steps as before, we then find

SF1 ⊃
1

2
qij
∫
M1

(
χ−1dAχ

)ij
(B.3.13)
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with

qij =
ℓ

8π
e2A0Y ij

(0). (B.3.14)

We now wish to compare these results with those of [15]. The comparison can still be carried out,
although in this coordinate it is somewhat less transparent than in the z coordinate.

We begin with the D0 brane. In the massless case, [15] find that its Cartan U(1) R-charge is

QR(D0) =
rmax

2
; (B.3.15)

and that

rmax = −
∫
S2

F2

2π
. (B.3.16)

Inserting our expression for the RR 2-form flux, we obtain

rmax =
1

2

∫
S2

vol2
2π

= 1, (B.3.17)

so our result for the D0 brane agrees with that of [15].

An analogous treatment holds for the F1 string. According to [15], its R-charge in the massless case
is

QR(F1) =
N

2
, (B.3.18)

where N is given by

N = − 1

4π2

∫
M3

H. (B.3.19)

In our case

− 1

4π2

∫
M3

H = − 1

4π2

∫
M3

−6ℓe−AvolM3 = − 1

4π2

∫
S2

volS2

∫
Ir

−6ℓeA
1− x2

16
dr =

ℓ

4π
e2A0 (B.3.20)

Comparing with (B.3.14), we see that the two descriptions again agree.

B.4 Symmetry operators
The computation of the symmetry operator is identical to the one in Section 6. As in equation (6.3.22),
the Wess-Zumino term of the D8 brane in the r coordinate reads

SD8 ⊃
β

(2π)6

∫
N5

⋆5F
i
2

∫
S2

vjyiyjvolS2

∫
Ir

dr
ℓ−1

2

x√
1− x2

K(r), (B.4.1)

where the r integral is∫
Ir

dr
ℓ−1

2

x√
1− x2

K(r) = −ℓ
−1

4
eA0

∫ −1

1
dxx(1− x2)3/4K(r(x)), (B.4.2)

and we have again used the massless relations. Choosing a regular function K(r), we recover the
expected structure of an SU(2)R symmetry operator.
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