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Abstract

In quantum field theory, symmetries are traditionally associated with conserved currents and
charges. A more modern and more general characterization—valid also for discrete and higher-
form symmetries—identifies symmetry generators with topological defects: extended operators
whose correlation functions are invariant under smooth deformations of their worldvolumes. In
this framework, conservation laws are encoded in the topological nature of these defects rather
than in local currents.

The aim of this thesis is to investigate how such symmetry defects, and in particular those
associated with non-abelian R-symmetries, are realized in the context of holography. Understanding
their holographic realization is especially important for clarifying the ultraviolet fate of symmetry
defects in a theory of quantum gravity, where purely field-theoretic notions of topological operators
may receive nontrivial gravitational corrections. In this respect, top-down holographic models
provide a controlled and predictive playground in which these questions can be addressed.

Recent proposals suggest that these defects admit a gravitational description in terms of specific
probe brane configurations that are anchored at the AdS boundary but extend a finite distance
into the bulk. These objects can be viewed as a regularized version of a brane—antibrane system
and are conjectured to generate the full non-abelian R-symmetry group through their topological
properties.

In this work we test this proposal in an explicit top-down holographic background that has not
previously been explored from this perspective, namely type ITA string theory on AdS7 x M3. This
geometry is dual to families of six-dimensional superconformal field theories with non-abelian R-
symmetry. By constructing and analyzing the corresponding probe brane defects, we provide new
evidence for their role as holographic realizations of non-abelian symmetry generators and clarify
how R-symmetry is encoded in the bulk through topological brane configurations.
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1 INTRODUCTION

1 Introduction

Symmetries have always played a central role in theoretical physics, from the classification of parti-
cle spectra to the identification of conserved quantities and the construction of low-energy effective
descriptions. In ordinary quantum field theory, global symmetries are described by group actions on
local operators, and their associated conserved charges are supported on codimension-one surfaces.
Over the past decade, however, it has become clear that this picture is only a special case of a much
richer structure. The framework of generalized global symmetries [34] extends the notion of symmetry
well beyond the group-theoretic setting traditionally associated with it: symmetry operators need not
act on local operators alone, but can act on extended objects of arbitrary dimension (higher-form
symmetries); several such symmetries can combine into structures that are not simply direct prod-
ucts (higher-group symmetries); and, in certain circumstances, symmetry operators need not even be
invertible (non-invertible symmetries). This generalized perspective has proven remarkably powerful,
providing new tools to constrain renormalization group flows, classify gapped and gapless phases of
matter, and organize the possible global structures of a given quantum field theory.

A natural arena in which to realize and study generalized symmetries geometrically is string theory
and, more specifically, the holographic correspondence. In the context of AdS/CFT, symmetry op-
erators of the boundary field theory can often be constructed explicitly as branes wrapping suitable
cycles of the bulk geometry, or extending along its radial direction, [5]. This holographic dictionary
has been used to systematically derive the higher-form and higher-group symmetries of theories en-
gineered from D-brane and M-brane setups, and, more recently, has been extended to non-invertible
symmetries [6]. While this technology is well established for discrete symmetries, the holographic
realization of continuous symmetries - abelian and, in particular, non-abelian - has only begun to be
explored. Non-BPS branes have been proposed as candidates for continuous abelian symmetry oper-
ators [16], later reinterpreted as regulated brane/anti-brane pairs [25|, while the first steps towards
a holographic construction of non-abelian symmetry operators - realized as branes hanging from the
conformal boundary of AdS4y1 - have been taken in |11 |10].

The purpose of this thesis is to apply and test this emerging holographic construction of non-abelian
symmetry operators in a setup that has not been previously considered: type IIA string theory on
AdS7 x M3, where Mj is an S?-fibration over an interval. This family of backgrounds is holographically
dual to six-dimensional (1,0) superconformal field theories, whose R-symmetry contains an SU(2)
factor arising geometrically from the isometry of Ms, [4], [55]. We construct the charged operators
associated with this non-abelian R-symmetry, together with the corresponding symmetry operators,
following the general procedure of [11, 10|, and we show how the process of charge measurement is
realized microscopically in terms of a Hanany-Witten transition between the probe branes and the
brane sourcing the charge.

The thesis is organized as follows. Section [2illustrates the relationship between symmetries and topo-
logical defects, showing how the new shift in perspective allows us to describe symmetries in terms
of topological operators rather than conserved currents. This new theoretical framework is tied to
the notion of generalized global symmetries, which extends the concept of symmetry to higher-form,
higher-group and non-invertible symmetries. Throught this section we provide a brief reviews of gen-
eralized global symmetries, starting from ordinary global symmetries and their topological operators,
and progressively introducing higher-form symmetries, spontaneous symmetry breaking, screening,
gauging, 't Hooft anomalies, higher-group symmetries, discrete symmetries and BF theory, and finally
non-invertible symmetries. Throught this exposition, we will repeatedly refer to Maxwell theory as en-
lightening example where many notions related to generalized symmetries can be succesfully applied.
Section [3| collects the string-theoretic background needed for the rest of the thesis: the bosonic string
and its quantization, the superstring and its low-energy effective actions, the worldvolume actions of
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Dp-branes, dimensional compactifications and reductions, and the Hanany-Witten effect. Section []
reviews the AdS/CFT correspondence, from the conformal symmetry of the boundary theory and the
geometry of anti-de Sitter space to the precise statement of the duality and the holographic dictionary.
The final part of this section then turns to the interplay between symmetries and holography, which
forms the conceptual backbone of the original work: we discuss how the generalized symmetries of
a boundary theory can be read off from the bulk, first for discrete symmetries and then for continu-
ous, non-abelian ones. Section |5 is devoted to introduce 6-dimensional superconformal field theories
(SCFT’s), which represent our working stage for the computations carried on in the next Section.
After recalling the basic properties of 6-dimensional superconformal field theories, we describe how
the (1,0) theories of interest are engineered from the NS5-D6-D8 brane systems of Hanany and Zaf-
faroni, and we introduce the family of massive type ITA AdS7 x M3 backgrounds that provide their
holographic duals, together with the universal consistent truncation to seven-dimensional gauged su-
pergravity used throughout the rest of the work. Finally, Section [6] contains the original results of
this thesis: after introducing the class of type ITA AdS7 x M3 backgrounds, we construct the charged
and symmetry operators associated with the non-abelian R-symmetry and discuss how their linking
realizes the charge measurement process at the level of the underlying string and brane configuration.

To conclude, Section [7]succintly summarizes our results and proposes some ideas to extend our finding
to other string theory backgrounds.
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2 Symmetries and topological defects

Symmetries are a cornerstone of physics, offering a powerful framework for understanding the behavior
of physical systems. In recent years, the concept of generalized global symmetries has emerged as
a crucial tool in the study of quantum field theories and string theory [34]. Under this broader
perspective, the very notion of symmetry has expanded well beyond the group-theoretic framework
traditionally associated with it, paving the way for higher-form symmetries, higher-group symmetries
and, rather surprisingly, non-invertible symmetries.

Such shift in perspective has drastically changed of we conceive symmetries. Rather than looking at
them as an action on fields, we can identify them as topological defects supported on p-codimensional
cycles ¥4_p,. Their topological nature is garanteed by the fact that correlation functions with topo-
logical symmetry operators insertions are insensible to the any smooth deformation of ¥4_,.

This new approach to symmetries buys us new methods to study the symmetry structure of a given
QFT; in particular, as we will extensively show in Sections ] and [6] string theory and the celebrated
AdS/CFT correspondence allow us to retrieve, from a top down perspective, the symmetry data of
a theory, even when one does not know its exact lagrangian, as it is often the case for 6-dimensional
SCFT’s, see Section

In this section we give an overview of generalized global symmetries, their mathematical structure,
and their implications for our understanding of fundamental physics.

2.1 Review of Ordinary Global Symmetries

We start with a brief review of ordinary global symmetries in quantum field theory. A global symmetry
is a transformation that leaves the action of a theory invariant and does not depend on spacetime
coordinates. In particular, given an action S[¢] for a set of fields ¢ in d dimensions, a global symmetry
is a transformation ¢ — ¢ such that

Sl¢') = Slg). (2.1.1)
The composition of two global symmetries is also a global symmetry, and the set of all global sym-
metries forms a group, known as the global symmetry group of the theory. Global symmetries can
be continuous or discrete: loosely speaking, the parameters identifying the transformation vary over
a continuous or a discrete set, respectively. A standard result in quantum field theory is Noether’s
theorem, [54], which states that for every continuous global symmetry, there is a corresponding con-
served current and charge. Let S[¢] = [ d?zL(¢) and suppose that under an infinitesimal symmetry
transformation the fields undergo the change

o(x) = o(x) + edo(x), (2.1.2)

where d¢(z) is a small variation of the fields and € is a small parameter which characterizes the
transformation. To find the associated conserved current [35|, we first promote the parameter € to a
function of spacetime, €(x). The transformation is then no longer a symmetry of the action, and we
expect the variation of the action to be proportional to the derivative of €(z), i.e.

68 = / A%z j10,e(x), (2.1.3)

where j# is the Noether current associated with the symmetry. Regarding the transformation
as an arbitrary variation of the fields, we may employ the equations of motion to set S = 0. Using
the fact that e(x) is an arbitrary function and integrating by parts, we then infer that the Noether
current is conserved on shell,

ougt =0 (2.1.4)
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From the conservation of the current, we can define a conserved charge @) as the integral of the time
component of the current over a spatial slice,

Q= /dd—lxjo, (2.1.5)

From(2.1.4)) and employing the divergence theorem, it is readily shown that

aQ
<=0 (2.1.6)

In classical field theory, the conserved charge ) generates the symmetry transformation on the fields
via the Poisson bracket,

6¢(z) = {Q, o(2)}- (2.1.7)

In the quantum setting an analogous relation holds, with the Poisson bracket replaced by the com-
mutator. To see this [46][22], consider a local operator O(x) in a given representation R of the global
symmetry group, i.e.

00(z) =Tx(g9)O(z) (2.1.8)

where T are the generators of the symmetry group in the representation R and J is the variation of
the operator under the symmetry transformation g. Its correlation functions with other operators are
given by the path integral

w@y»:/pmMmen (2.1.9)

where - -- denotes the insertion of other operators at different points. Under a symmetry transforma-
tion g, the correlation functions must be invariant, i.e.

(60(z)---) =0 (2.1.10)

On the other hand, we can also express the variation of the expectation value of the operator O(x)
under the symmetry transformation g asﬂ

(60(z) ) = / D "1 [(60(x) +i0(2)0S[8]) + O(2)d(- )]

= /%eig[‘” KTE(g)O(x) —i—iO(x)/ddyj“(y)@ue(y)) +o(x)5(...)] . (2.111)

where in the second line we made use of (2.1.3)) (after integrating by parts). Then from the arbitrariness
of --- and €(y), we obtain the famous Ward-Takahashi identity for global symmetries,

(0" (2)0(y) ---) = 6%a — y)Tf(9)(O(y) - --) (2.1.12)

Integrating the above expression over a spatial slice, we can also express the Ward-Takahashi identity
in terms of the conserved charge @,

([Q.0()]---) =Tr(9)(O) ) (2.1.13)
thus obtaining the quantum counterpart of for O(z) = ¢(z).

'Here we are assuming that no quantum anomalies appear.
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2.1.1 Ordinary symmetries and topological operators

In order to establish the connection between ordinary global symmetries and topology, we now rephrase
some of the results of the previous section in a more geometric way. First, we can rewrite the conser-

vation law (2.1.4)) in terms of differential forms as in [45],
dxj =0, (2.1.14)

where * is the Hodge star operator and j is a one form obtained by lowering the index of the Noether
current. We can then define a topological operator Uy (X) associated with the symmetry transformation
g as the exponential of the integral of the Noether current over a codimension-1 manifold X2,

U,(5) = exp (i)\ /E *j). (2.1.15)

It is easy to see that the operator U,(¥) is topological, i.e. its correlation functions do not depend
on the shape of X, but only on its homology class. Indeed, consider a small deformation of ¥ to X/,
such that the two manifolds are homologically equivalent, i.e. ¥’ = X UJM for some manifold M (see
Figur. Then, we have

DY
Y1

Figure 1: The surfaces ¥4_1 and ¥/, cobound the region M, hence define the same homology class.

Uy(X') = exp (z)\/ *j) = exp (z)\/ *j —i—i)\/ *j) =Uy(X) exp <z)\/ d*j) =Uy(%),
3] b oM M
(2.1.16)
where in the last step we made use of the conservation law (2.1.14)) and Stokes’ theorem. The topo-

logical operators Uy(X) satisfy the following group multiplication law
Uy(£)Un(E) = Upn(Z) (2.1.17)

which can be verified by considering the Ward identity in the special case where the operator O(y) is
identified with the conserved current j¥(y), i.e.

(Ouiti(@)j () -+ ) = 0% — y)fa e (y) ) (2.1.18)

where fS are the structure constants of the symmetry groupﬂ We now turn to how the operator
Uy(X) acts on local operators. Consider a local operator O(x) in a given representation R of the
global symmetry group, and let ¥ be a codimension-1 manifold and consider a deformation which
brings ¥ to ¥/ intersecting the point 2 where the operator O is inserted (see Figure . Using Stokes’s

2Notice that ([2.1.18) is just a restatement of the fact that conserved currents belong to the adjoint representation of
the symmetry group
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’
Z(i—l

Ya-1

Figure 2: Deformation of the codimension-1 manifold ¥ into ¥’ sweeping across the operator insertion O(x),
with M the region bounded by ¥ U Y.

theorem and the Ward identity (2.1.18)), we then have
(Ug(2)0(2)Uy1 (X)) = <eXp (i)\a/ d*ja) O(a:)>
M
+oo (. .\
A [ d* g
_ <Z (,L fM' *J ) O(IE)>
n!

n=0

_ <+§ (X" [y 3uj;5(y)ddy)" o(x)> (2.1.19)
o n!

_ <+i:’° (iXa [os 6‘1(3;‘— y)Th(9)" O($)>
n=0 :

= (exp (iAaTR(g)) O(2))

where M is a d-dimensional manifold whose boundary is ¥ U X’ (with the orientation of ¥’ opposite
to that of ¥) and the group element g is related to the parameters A\, by g = exp(i\,7%). Equa-
tion (2.1.19) can be rephrased in the following way

Uy(2)0(z) = exp(iAaTE(9)) - O(2)U(S) (2.1.20)

where we have omitted the brackets denoting the vacuum expectation value for simplicity. Hence, the
symmetry operator acts on local operators by linking with their support.

The interpretation of the symmetry operator Uy(X) is subject to the choice of the submanifold ¥ on
which it is defined. In particular, if 3 is chosen to be the whole space at a given fixed time, then
the operator Uy(X) can be identified with the conserved unitary operator acting on the Hilbert space
H. However, if 3 is localized in one of the spatial directions and extends in time, then Uy(X) is a
defect which modifies the quantization conditions resulting in a g-twisted Hilbert space H,. For a
more general ¥ the interpretation is more subtle; however, since we will deal with the euclideanized
version of the theory, the words operator and defect will be used interchangeably, [34] [60] [46|.

Finally, anticipating the discussion of the next section, we will define ordinary global symmetries as
0-form symmetries.

2.2 Higher form symmetries

This new paradigm shift provides powerful generalizations, for instance, the notion of higher-form
symmetries, which extends the concept of global symmetries to transformations that act on operators
supported on higher-dimensional submanifolds. Following [19], a p form symmetry is defined by a set
of invertible and topological operators U defined on a codimension-(p + 1) submanifold. Furthermore,
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the above operators realize a group structure, denoted by G®), meaning that each element g of the
group is associated with a topological operator Uy(X4—p,—1) and the group multiplication law describes
the composition of operators, i.e.

Ug(Ed—p-1)Un(Za—p-1) = Ugn(Eq—p-1) (2.2.1)

The above equation is often referred to as the fusion rule of the symmetry operators. In the case of a
continuous p-form symmetry, a higher form generalization of Noether’s theorem ensures the existence
of a co-closed (p+1)-form current, j,41, which allows us to give an explicit realization of the symmetry
operator, mimicking the construction given in the previous section. Explicitly

Ug(Ed_p_l) = exp (Z)\/ *jp+1> . (2.2.2)
Edfpfl

One of the key aspects of higher-form symmetries is that they always consist of abelian groups, at least
when p > 1. We can easily show this by considering the fusion of two symmetry operators Ug(Xq—p—1)
and Uh(Zfi_p_l); due to their topological nature, we can always perform a deformation which reverses
the order of the two operators without intersecting the two manifolds over which they are defined,
see Figure Thus, we cannot have a sensible definition of ordering of operators, leaving the only

Figure 3: We can move the operator Uj, (in red) to the left of U, (in blue) in a way that the two do not intersect
each other at any point. Hence, there is no sensible ordering, making the symmetry group necessarily abelian
for p > 1.

possibility of an abelian fusion rule, i.e.
Ug(zdfpfl)Uh(zfi—p—l) = Uh(Eii—p—l)Ug(Edfpfl)'

We now specify how a p-form symmetry acts on operators; firstly, we notice that a p-form symmetry
operator Uy(Xq—p—1) can only link with operators supported on submanifolds of dimension at least p.
This can be proved by a simple dimensional argument; consider a ¢ < p operator O(M,) supported on
a g-dimensional submanifold M, and a p-form symmetry operator Uy (234—p—1) defined on a (d—p—1)-
dimensional manifold ¥4_,_1, then one can always deform X4, 1 to a manifold Eélfpfl in such a
way that it never intersects M,. Therefore, a p-form symmetry can only act on operators supported
on submanifolds of dimension at least p. Thus, the first case that we are led to consider is the
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action of a p-form symmetry on a p-dimensional operator O(Mp). We proceed by showing that p-
dimensional operators are representations of the p-form symmetry group. Indeed, let us consider
a symmetry operator Ug(Xq_p—1) and an irreducible p-dimensional operator O(Mp)ﬂ, and imagine
deforming ¥4_,_; past M)y; this leaves behind a topological operator O(z), being = the intersection
point of ¥4_,_1 and M, (see Figure 4)):

Uy(Sap1)0(My) = O(@)O(My) Uy (S ) (2.2.3)
Since O(M,) is irreducible, we must have O(z) = p(g) - |, where p(g) is a complex number which
O(x
U, (®) .
! U,
= [ = ¢x) x
o(M,) O(My) O(M,)

Figure 4: Moving the topological symmetry operator U, across the irreducible p-dimensional operator O(M,,)
produces a local operator O(x), being x the intersection point between the topological operator and the charged
operator.

depends on the group element g and | is the identity operator. So we have

Ug(Ra—p—1)0(My) = p(g) - O(Mp)Ug(5 1) (2.2.4)

and using the fusion rule of the symmetry operators, we must have

p(g) - p(h) = p(gh),

which means that p furnishes a 1-dimensional representation of the p-form symmetry group. In
particular, this implies that
plg) € U(1) c C.

Since the irreps of any abelian group are one-dimensional, we can conclude that p-dimensional opera-
tors are representations of the p-form symmetry group. Equivalently, (2.2.4) can be recast as

Uyg(Sa—p-1)0(Mp) = p(9)O0(My), (2.2.5)

where Sg_p_1 is a (d —p —1)-dimensional sphere which links with M), at the point 2 and on the R.H.S.
we have shrunk ¥/ to a point (see Figure |5). For a continuous symmetry the Ward identity
gives the local statement

dx jp+1(2)O(Mp) = 5d_p(Mp) qO(My), (2.2.6)

where 697 (Mp) is a delta function with support on the p-dimensional submanifold M, and ¢ is the
charge of the operator O(M),) under the p-form symmetryﬂ Then, the action of the symmetry operator
can be realized as in (2.1.19)).

A p-form symmetry can also act on operators of dimension greater than p. In that case the action is
richer and need not reduce to a phase; we will not need this case here, and refer the reader to [18| for
a full treatment.

3By which we mean that there are no topological operators which can be inserted at a point # € M, other than a
multiple of the identity
4 . . . .
Observe that p-form symmetries are always abelian, so the generators Tr appearing in [2.1.13| are always c-numbers

10



2.2 Higher form symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

U, (Bd-r-1)

- plg) X

O(M,) O(M,)

Figure 5: Action by linking of the p > 1-form symmetry operator U, on the p-dimensional operator O(M,).

2.2.1 Examples of higher form symmetries: Maxwell theory

To get acquainted with the concept of higher form symmetries, we now discuss a simple example:
Maxwell theory in four dimensions without matter. We recall that the action of Maxwell theory is
given by

5:2162/f/\*f7 (2.2.7)

where f = da is the field strength of the gauge field a and e is the coupling constant. The equations
of motion derived from the action (2.2.7) are given by

dx f=0, (2.2.8)

along with the Bianchi identity
df = 0. (2.2.9)
From the equations of motion ([2.2.8) and the Bianchi identity (2.2.9), we can identify two conserved
currents, which are given by j. = e% fand j,, = —% * f. The current j. is associated with the electric

1-form symmetry, while the current j,, is associated with the magnetic 1-form symmetry. Indeed, we
can construct the corresponding symmetry operators as follows

Ue(X2) = exp (Me/z *je> = exp <2226/2 *f) , (2.2.10)
Unm(X2) = exp (Mm/z *jm> = exp (—2)2\:/2 f) , (2.2.11)

where A, and )\, are the parameters associated with the electric and magnetic 1-form symmetries,
respectivelyﬂ Due to charge quantization, the parameters A, and A,, are periodic, with period 27,
which means that the electric and magnetic 1-form symmetries are indeed U (1) symmetries, denoted

and

by U(l)gl) and U (1)7%), respectivelyﬁ We now identify the charged operators under the electric and
magnetic 1-form symmetries. Starting with the electric 1-form symmetry, we can easily see that the
charged operators are given by Wilson lines, which are defined as

W,(C) = exp <iq /C a) — exp (iq ne /\a) , (2.2.12)

SDifferently from the notation used in the previous section, the subscript m and e do not refer to some group elements,
but merely stands of "magnetic” and ”electric”, respectively.

5The presence of the factors E% and i in the currents is indeed related to the quantization of the electric and magnetic
charges.
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where §(C') is the dual form to the curve C' and ¢ € Z is the electric charge of the Wilson line. In
order to grasp the physical meaning behind the above operator, we can study how the equation of
motion is modified in the presence of a Wilson line. Indeed, we can consider the path integral
of Maxwell theory with the insertion of a Wilson line W, (C'), which is given by

(W,(C)) = / Da S, (). (2.2.13)

Now, we can perform a change of variable in the path integral by shifting the gauge field a by a small
amount da, i.e. a — a + da; this leads to

Wy(C) = [ Dacw, (c)
— /Da eZS[a+6a]Wq(C)equé(C)/\(sa (2214)

_ /@a eiS[a]eif‘;aA(e%d*f*Q‘s(C)) Wq(C)

Since the change of variable is just a relabeling of the integration variable, we must have that the
L.H.S equals the R.H.S of the equation (2.2.14]), which implies

6—12d* f=q5(C). (2.2.15)

Thus, the insertion of the Wilson line W, (C') can be reinterpreted as a heavy probe particle of electric
charge ¢ moving along the curve C. From equation (2.2.15) we can infer the action of the electric
1-form symmetry on the Wilson line W, (C) in a way similar to that of (2.1.19), in particular we have

Ue(Z9)W,(C) = €P<1W,(C)U(Xh), (2.2.16)

where X is a 2-dimensional manifold which links with the curve C' and ¥, is a homotopic deformation
of X9 which does not link with C'. To identify the operators charged under the magnetic symmetry it
might be useful to employ a dual description of Maxwell theory, which can be retrieved in the following
way, |46] [35]. Take the action:

1 1 i
S:2e2/f/\*f+27r/f/\da, (2.2.17)

where a is a 1-form gauge ﬁeldlZ] and f is an unconstrained 2-form field. The corresponding equations
of motion for @ coming from the action (2.2.17) imply that f is closed, and from the quantization
condition on @ we can also infer that f is quantized, i.e. [ f € 27Z; thus, the above action is
physically equivalent to the original Maxwell action . Now, integrating out the field f in the
path integral, we can obtain a dual description of Maxwell theory in terms of the gauge field a; in
particular, the equation of motion for f derived from the action is given by

1 1
— —da = 2.2.1
axf+5-da=0, (2.2.18)
which can be solved for f as
2
e
= — xda. 2.2.19
f= 5 wda (22.19)
Substituting the above expression for f back into the action (2.2.17), we obtain
o2
S = 5 /d& A *da. (2.2.20)
8

"Namely, G ~ @+ df such that 0 ~ 0 + 27 and [ L € Z.
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In particular, defining

f=da (2.2.21)
and 42
2=, (2.2.22)
e

we can see that the dual description of Maxwell theory is again a Maxwell theory, with f — f and
e — é. Being a Maxwell theory, the dual description also admits an electric and a magnetic 1-
form symmetry. In particular, focusing, say, on the electric 1-form symmetry, we have (cfr. (2.2.10)

and (2.2.11))

Ue(X2) = exp (M/Z *je> = exp <z22/2 *f> = exp (—z;/z f) = Upn(32), (2.2.23)

where we have made use of equations (2.2.19)), (2.2.21) and (2.2.22). An analogous relation holds
between U,, and U.. Thus, in the dual Maxwell theory the role of the electric and magnetic 1-
form symmetries is interchanged. As a consequence, the charged operators under the electric 1-form
symmetry in the dual description are given by the Wilson lines of the gauge field a (called 't Hooft
lines in the original description):

T (C) = exp (zm /C a) — exp (zm ne Aa> , (2.2.24)

where §(C) is the dual form to the curve C' and m € Z is the magnetic charge of the 't Hooft line.
This time the physical interpretation of the 't Hooft line is that of a heavy probe particle of magnetic
charge m. The action of the magnetic 1-form symmetry on the ’t Hooft line is identical to that of the
electric 1-form symmetry on the Wilson line (see equation (2.2.16])).

2.2.2 Spontaneous symmetry breaking

It is well known that in quantum field theory, symmetries can be spontaneously broken, meaning that
the vacuum state of the theory does not respect the symmetry of the action. This phenomenon has
profound implications, leading to the emergence of massless excitations known as Goldstone bosons.
The same holds also in the case of higher-form symmetries, where the spontaneous breaking of a p-form
symmetry leads to the appearance of massless p-form fields, which can be interpreted as ”Goldstone
bosons” associated with the broken symmetry, [48], [51], [34]. The proof of the above statement is
a straightforward generalization of the one usually given for ordinary symmetries, and we will omit
it here, for the sake of brevity. We will, instead, focus on the consequences which arise from the
spontaneous breaking of a p-form symmetry.

We recall that in the case of ordinary symmetries, the spontaneous breaking of a symmetry is char-
acterized by the non-vanishing of the vacuum expectation value (vev) of a charged operator O(z), or
equivalently, by the non-vanishing of its two-point correlation function at large distances, i.e.

(O(z)) #0 or lim (O(z)O(y)) # 0. (2.2.25)

le—y|—+00

As concerns higher form symmetries, mimicking the above definition, we can say that a p-form symme-
try is spontaneously broken if there exists a charged p-dimensional operator O(A,) whose asymptotic
correlation function does not vanish, i.e.

i (0(S7(R)) #0, (2.2.26)

where SP(R) is a p-dimensional surface of radius R.
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We will now restrict our attention to line operators; we can see that the spontaneous breaking of a
1-form symmetry is characterized by the non-vanishing of the vacuum expectation value of a Wilson
line or a ’t Hooft line. In general, the vev of a line operator O supported on a curve C' can show
two different behaviors, depending on the details of the theory. In particular, it could exhibit what is
known as an area law, meaning that the vev of the operator decays exponentially with the area A(C')
of the surface bounded by the curve C, i.e.

(0(C)) = e T, (2.2.27)

or it could follow a perimeter law, meaning that the vev of the operator decays exponentially with the
length L(C) of the curve C, i.e.
(O(C)) = e T, (2.2.28)

where T and T” are constants which depend on the details of the theory. The distinction between
them is physical, but only after renormalization: a line operator carries a divergence proportional to
its length, and adding the corresponding counterterm defines a renormalized operator

Oten(Shen) = O(Shen) - exp ( /S 1 vols}m> . (2.2.29)

This new regularized operator Og., has a non-vanishing vev, thus the symmetry is spontaneously
broken. In contrast, an operator following even after renormalization has a vanishing vev,
thus the symmetry is unbroken. So, in conclusion, the fate of a 1-form symmetry depends on the
behavior of the vev of the line operators, which can be used as an order parameter to study the
symmetry breaking. Moreover, as we showed before, line operators correspond to the insertion of
heavy probe particles in the theory; specifically, if one considers a line operator on the particular
curve C shown in figure [6] then the vev of the operator can be interpreted as the amplitude for the
creation of a particle-antiparticle pair, which propagate along the two branches of the curve C' and
then annihilate each other, [42]. Such amplitude is related to the potential energy V (R) of the particle-

C

R

Figure 6: The Wilson Loop is inserted along the path C, where R is the displacement between the particle-
antiparticle pair and T is the time between the pair creation and annihilation.

antiparticle pair, which is a function of the distance R between the two particles, by the following

relation
(0(C)) = e VBT (2.2.30)

where T is the time interval during which the particles propagate. Thus, the two different behaviors
described above can be rephrased in terms of the potential energy V(R) of the particle-antiparticle
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pair; in particular, the area law ([2.2.27)) corresponds to a linearly growing potential
V(R) ~ R,

which is a signature of confinement, while the perimeter law ([2.2.28) corresponds to a constant po-
tential
V(R) ~ const,

which is a signature of deconfinement.

So, we can conclude that the spontaneous breaking of a 1-form symmetry is related to the confine-
ment/deconfinement of the charged particles under the symmetry.

2.2.3 Spontaneous symmetry breaking in Maxwell theory

Pure Maxwell theory in four dimensions is again a simple, yet instructive, example of a theory with
1-form symmetry breaking. In Coulomb phase, the vev of a Wilson line (and by electric-magnetic
duality, also of a 't Hooft line) is such that

which, just like the perimeter law, signals a spontaneous breaking of the electric and magnetic 1-form
symmetries. Starting from the considerations made above, we should thus expect the existence of
a massless 1-form field: indeed, the photon is precisely this Goldstone boson. Actually, given that
both the electric and magnetic 1-form symmetries are spontaneously broken, we could erroneously
conclude that there should be two massless 1-form fields; however, as we are going to prove, the
existence of the massless photon is enough to account for the breaking of both symmetries. In fact,
as argued by [34], one could compactify the theory on a circle, thus obtaining a three-dimensional
theory; depending on whether the original four-dimensional symmetry operators wrap the compactified
direction or not, we would obtain either a O-form or a 1-form symmetry in three dimensions from
both the electric and magnetic original 1-form symmetries. The resulting 0-form symmetries are
spontaneously brokenﬂ leading to the existence of two massless scalar fields, which, upon uplifting to
four dimensions, rearrange themselves into the two polarizations of a single massless 1-form field, the
photon.

Of course the above discussion is valid only in the absence of matter; indeed, if we introduce electrically
charged matter, then the electric 1-form symmetry is explicitly brokenﬂ, while the magnetic 1-form
symmetry remains unbroken. However, rather counterintuitively, especially if compared to the case of
ordinary symmetries, the photon remains massless, even though it should now be treated as pseudo-
Goldstone boson. This somewhat surprising result can be inferred by looking at what happens to
the theory in the low energy limit: as shown by [26], when one explicitly breaks a Maxwell-like 1-
form symmetry that is spontaneously broken, the low energy effective theory, obtained by integrating
out the massive matter degrees of freedom, recovers the original 1-form symmetry, which is then
spontaneously broken, again leading to a massless photon[ﬂ

2.2.4 Screening of extended operator in higher form symmetries

As anticipated in the previous section, adding electrically charged matter to Maxwell theory (more
generally to a non abelian gauge theory) explicitly breaks the U(1). symmetry. Actually, as we are

8While the 3d 1-form symmetries remain unbroken.

9We will state this more deeply in the following section, but it is readily shown simply by looking at the RHS of
(2.2.8)), which is no more 0 in presence of electrically charged matter.

°Crucially, the EFT obtained by integrating out the massive modes is not itself sufficient to show that the U(1).
symmetry is emergent in the IR; the authors of [26] clearly show this with a counterexample.
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going to see, the above statement is a bit too strong; in fact, part of the original 1-form continuous
symmetry could still survive, though only a discrete subgroup of it. Moreover, we could also consider
adding magnetically charged matter, which would explicitly break the U(1),, symmetry, or, more
generally, dyonic matter, which would explicitly break both the U(1). and U(1),, symmetries. In
order to study the general fate of a p-form symmetry of a gauge theory in presence of matter, it is
useful to introduce the notion of screening of extended operators.

We say that an extended p > 1 operator O(M,,) is screened to another extended p operator O'(M,) if
there exists a local p — 1 operator Op,_1(Mp—_1) such that O,_;(M,_1) can be inserted between O(M),)
and O'(M,). In particular, whenever O’(M,) is the identity operator, we say that O(M),) is totally
screened.

Another useful notion is that of Pontryagin dual group. As mentioned in section a p-form symme-
try group G?) is always abelian, and thus its irreducible 1d representations could be identified with
group homomorphisms

¢:GP - U(1).

The set of all such homomorphisms, equipped with the group multiplication of complex numbers,
forms a group called the Pontryagin dual group of G®, which we will denote by G). Then the
charges of p-dimensional operators under the p-form symmetry group G®) are just elements of the
Pontryagin dual group G®.

Starting from these premises, we can now describe the fate of a p-form symmetry in presence of matter.
First, we notice that each pair of screened operators O(M,) and O'(M,) necessarily have the same
charge under the p-form symmetry group G® (see figure , e.g.

Q(0) = Q') € GIP).

This allows us to define an equivalence relation on the set of p-dimensional operators, by saying that

0, o,
Uy(S4P1)
Ops
= Op1
[},(5 d—p—1 )
O, o,
o o
Q(0,) x o, Q) o,
o, 0,

Figure 7: The two configurations at the top are related by topological move, hence they are equivalent. On the

left, we measure the charge of O, while on the left the charge of O},; it follows that their charges are equal.

two operators are equivalent if they are screened to each other. Let D, be the set of equivalence
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classes of p-dimensional operators and suppose that it acquires the structure of a group from the OPE
of the operators. Then, we can define a p-form symmetry group G® such that its charges distinguish
different elements of D,,, namely

G®») = D,. (2.2.31)

Consequently, the charges of the p-form symmetry group G® are given by
GW =D, =D,, (2.2.32)

where we have made use of the fact that the Pontryagin dual of a Pontryagin dual group is isomorphic
to the original group.

2.2.5 Screening in Maxwell theory

Once again, Maxwell theory provides an instructive playground for the arguments of the previous
section. In fact, let us study what happens to the electric and magnetic 1-form symmetries of Maxwell
theory in presence of a single matter field ¢ of electric charge ¢ € Z. The first striking fact is that
Wilson Lines of charge g can ”end”, meaning that they can be screened to the identity operator by the
insertion of a field ¢ at the end of the line, see figure |8 In fact, this configuration is gauge invariant,

W, o(x)

Figure 8: The matter field ¢ is inserted at the endpoint x of the Wilson line. Notice that this configuration is
gauge invariant, hence well defined.

since the gauge transformation of the Wilson line is exactly canceled by the gauge transformation of
the matter field ¢. More in detail, after a gauge transformation like

a—a—db,

the field ¢ transforms as 4
$(x) = ¢ g(x).

Consider a Wilson line W, (C') of charge ¢ supported on a curve C' which ends at a point x, then under
the gauge transformation we have

W,(C) = exp <iq / ’ a) S W,(C) - exp (—z’q / ' d9> — W, (C) - e, (2.2.33)

—0o0 —00

So the combination
Wq(c)¢(x)

is gauge invariant. Following the reasonings of the previous section, we can conclude that the Wilson
line W,(C), being completely screened, has no charge under the electric 1-form symmetry, which is
thus explicitly broken by the presence of the matter field ¢. This can also be understood pictorially by
looking at figure [0} In general, one can add n powers of the field ¢, resulting in the fact that Wilson
lines of charge nq are also totally screened. However, this does not mean that every Wilson line is
totally screened; take for example a Wilson line of (integer) charge p # g¢; it is well known that for
any pair of integer numbers p and ¢ there exist two integers, say m and n, such that

p=ng+m. (2.2.34)

Then, the combination
Wy (C)¢" ()W (C') (2.2.35)
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Figure 9: At the left the symmetry operator U, links with the screened Wilson line Wy; then, it is moved to
the right and made to shrink to a point. The net effect reveals that the Wilson line possesses no charge.

with C a line ending in  and C’ another line starting from z, is gauge invariant. Then, it is evident
that the set D), of equivalence classes is simply given by Z,. Using the general result given in ([2.2.31]),
we have that the explicitly unbroken symmetry reduces to

aV=z,=z2, (2.2.36)

where in the last equation we have made use of the fact that the Pontryagin dual of a finite group
coincides with the group itself. So, to conclude, we see that the original U(1), symmetry is explicitly
broken down to Z,, while U(1),, remains unbroken. Of course, we could repeat the same steps for
the case of magnetically charged matter, or, more generally, for dyonic charged matter. Such details,
which we will not cover, are found in [19].

2.2.6 Gauging of continuous higher form symmetries

Another interesting aspect concerning higher form symmetries is the notion of gauging. We recall that
when discussing ordinary symmetries, we are allowed to couple the theory to an external background
gauge field through the conserved current,

/A1 A *J1. (2237)

From the fact that j; is conserved (e.g. d * j; = 0), we immediately deduce that such coupling is well
defined, i.e. is invariant under gauge transformations of the type:
A1 — Al + dA. (2.2.38)

Of course, we can readily generalize this result to p-form symmetries in the following way

/Ap-i-l N *Jpi1. (2.2.39)

In a similar way as above, from the fact that j,y; is co-closed, we may conclude that the following

transformations
Ap+1 — Ap+1 + d)\p (2240)

leaves the action invariant™]
So far the background field is a fixed source. To gauge the symmetry, we promote it to a dynamical
field and sum over its gauge inequivalent configurations. Concretely, let T a theory with partition

function Zg which enjoys a p-form global symmetry G, then the partition function of the new
theory obtained by gauging G, denoted by T/ G®) is given by

2y /G ~ /D[Apﬂ] Z3[Apta], (2.2.41)

where Zg[Ap41] is the partition function of T coupled to the background gauge field A, 1. As we are
going to show, it is not always true that the gauged theory is a well-defined theory.

"The field Apiy is a p + 1 gauge field. Tt is defined recursively as a local p + 1 form subject to the redundancy
dApt1

Apt1 ~ Apt1 + dXp, with X, a p form gauge field with flux properly quantized [ —= e Z
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2.2.7 Anomaly

Background fields can be useful to probe anomalies in quantum field theories. Let Z be the partition
function of a given theory featuring a p-form symmetry; if we couple the theory with a p + 1 gauge
field Ap41, the partition function becomes a functional of 4,41, e.g.

2] = [ D6 exp (~5[6, Apea)) (2.2.42)

where {qb’} denotes the set of all fields (not necessarily scalars) belonging to the original, ungauged,
theory. We will say that the theory is affected by an (t'Hooft) anomaly if

Z[Ap+1 + dXp) # Z[Apta]. (2.2.43)
In particular, we can write
Z[Api1 + dAy) = e ANl 214 ) (2.2.44)

where A is such that A[A,11,0] = 0. It should be noted that, in the literature, the term anomaly
may appear with a different meaning and refers to the concept of ABJ anomaly. The latter is related
to the fact that, upon quantization, a classical global symmetry may fail to be a symmetry of the
quantum theory. ABJ anomalies have been extensively studied through the so called ”triangle dia-
grams” in perturbation theory and the Fujikawa regularization of the path integral, see [2|, [14| and
[32]. Evidently, whenever 't Hooft anomalies are present, there is no way to gauge the global p-form
symmetry in a sensible way, thus such anomalies represent an obstruction to gauging.

A useful description of t’Hooft anomalies relies on the concept of anomaly inflow. We start by writing
the exterior derivative of the anomaly phase A[Ap;1, A, as the gauge variation of a (d 4+ 1)-form A
depending only on the p 4 1 gauge field A,11,

dA[Api1, \p] = \A[Ap11], (2.2.45)

then we modify the partition function in the following way

2 Ap) = ZAppae’ Taya Mol (2.2.46)

being ONg11 = My, where My is the spacetime over which our original theory is defined. It is easy to
see that the new partition function is gauge invariant; in fact

Z[AP+1 + d/\p] = Z’[APJrl + d)\p]ei de+1 A[Ap+1+dAp]

_ Z[Aerl]e—ifA[ApH)\p} ei deH AlAp1]+6xA[Ap+1] (2.2'47>

~

= 2 Ap e e Mot _5pa )

where in the third equality we have made use of (2.2.45)) and Stoke’s theorem.

2.2.8 Anomalies in Maxwell Theory

We recall from section that pure Maxwell theory features two 1-form symmetries with currents
as below,

. 1 . 1
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We can couple the theory to two background gauge fields B, and B, as follows
1 . .
S|[Be, By = 262/f/\*f—|—/Be/\*]€ —|—/Bm/\*]m.

ZQ;/f/\*f+€12/Be/\f+217r/Bm/\f-

Moreover, we can also add any local counterterm depending only on the background gauge fields; in
particular we can add the following counterterm

(2.2.49)

1
Sct[Be] - 262/B6 /\*Be. (2250)

Then, our action becomes
1 1 1
S[BeaBm] = 22/fA*f+2/BeAf+2/BmAf+Sct[Be]
¢ ¢ T (2.2.51)

1
=53 (f+Be)A*(f+Be)+27r/Bm/\f-

Now, suppose we perform a gauge transformation on the magnetic background gauge field as follows,

Bun — B + d\, (2.2.52)

then we can clearly see that the action is invariant under such transformation; indeed, since both a
and A, are gauge fields, we have that their fluxes are quantized, meaning that

1
Sy, S = 27T/f AdAy, € 27Z. (2.2.53)

Let us now see what happens if we try to perform a similar variation concerning the electric background
gauge field,
B. — Be + dAe. (2.2.54)

In this case, the first term is unaffected if we consider a shift in the path integral of a as a — a — AJ7]
However, as regards the second term, it shifts the action by

1
5 S=—— [ AB,. 2.2,
S 27?/ Ao A (2.2.55)

Such phase is not quantized, since fluxes of B,, need not be quantized, thus the action is not invariant
under the above transformation. Therefore, we can conclude that whenever the magnetic 1-form
symmetry is turned on, the electric 1-form symmetry is anomalous. Of course, we could have made
any another choice of local counterterms, for example we could also add the following piece

1
! [Bum] /Be/\*Bm. (2.2.56)

- 27
This choice leads to the following action

S[Be,Bm]:1/(f+Be)/\*(f+Be)+1/(f+Be)/\Bm. (2.2.57)

2e2 s

12This is an allowed shift since ). is a gauge field.
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Now, it is evident that the action is invariant under the gauge transformation of the electric background
gauge field; however, the magnetic 1-form symmetry is no more anomalous-free. Indeed, under the
gauge transformation of the magnetic background gauge field, we have that the action shifts by

1 1
Ox,, S = /f ANdhgp + — /Be A d\, (2.2.58)
2 2

where the first term is the innocuous contribution that we have already seen above, while the second
one is a genuine anomaly term, since the flux of B, is not quantized.

To summarize, we can say that the electric and magnetic 1-form symmetries of Maxwell theory are
mutually anomalous, meaning that whenever one of them is turned on, the other one is anomalous.
This shows a particular property of mixed 't Hooft anomalies, which is that local counterterms can
be added to the action in order to shift the anomaly from one symmetry to another, but they cannot
be removed completely.

Finally, we can employ the anomaly inflow mechanism to ”get rid” of the anomaly, by adding a 5d
term in the action,

1
S5q = o B. ANdB,,, ONs5= My, (2.2.59)
i N5

which is such that its gauge variation cancels the anomaly of the 4d action, as

1 1
N5 M4

Thus, we see that the variation of 5d term exactly cancels the anomaly of the 4d action.

2.3 Higher continuous groups

In this section we introduce the notion of higher groups. For brevity, we will not give a rigorous
definition, focusing instead on their physical meaning and their relation to higher form symmetries.
Intuitively, a higher group is the structure that arises when several higher form symmetries of different
degrees are combined in a non-trivial way. More specifically, following [21], suppose we have a theory
that enjoys n higher form symmetries of degrees

p1<p2<---<Dpn.

To each of these symmetries we can associate a background gauge field A,,41, which is a p; + 1 form
gauge field. We say that the theory has a (p,+1) higher group symmetry GP»*! if the background gauge
fields A,,+1 are not independent, but they are related to each other by a non-trivial transformation
law:
Apit1 = Ap 1 +HdA,, + Z Ap, A a,(;)({ApkH}) + Schwinger terms (2.3.1)
k<p

where the al(j)({ApkH}) are (p; — pr + 1)-forms and the Schwinger terms are non-linear contributions
of the gauge transformation parameters A,,, restricted to depend only on the parameters of lower
degree pi < p;. This implies that the higher group symmetries possess a nested structure, of the type

pntl pntl — . pntl pntl
G CGr™ C--CGrT  CGT, (2.3.2)

where Ggf“ is the (p, + 1) higher group whose lowest degree symmetry is p;.

We now briefly show what physical constraints are imposed by the existence of a higher group symme-
try. First, we look at the symmetry breaking pattern of higher group symmetries. Suppose that the
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highest degree symmetry p,, of the higher group is spontaneously broken; then, from equation ,
the lower degree symmetries p; with ¢ < n are spontaneously broken as well, since the transformation
law of the corresponding background gauge fields A, i is non-trivial. This means that the entire
higher group symmetry is spontaneously broken. From a simple generalization of the above argument,
we can see that the breaking of the higher form symmetry of degree p; implies the breaking of all the
higher form symmetries of degree p; with j < i.

This conclusion carries an interesting physical consequence. Consider starting from a UV theory
with no higher form symmetries which, upon flowing to the IR, develops an emergent higher group
symmetry. Since the higher group symmetry must obey the nested structure , denoting by FE;
the energy scale at which the p; higher form symmetry emerges, we must have that

EySEy S S En, (2.3.3)

meaning that the higher form symmetries of lower degree emerge at lower energy scales, while the
higher form symmetries of higher degree emerge at higher energy scales.

This is a remarkable result: the emergence of higher form symmetries is not arbitrary, but is con-
strained by the higher group structure. In particular, it is a hierarchical process, in which higher
degree symmetries emerge first, followed by those of lower degree.

2.4 Discrete symmetries

Even though we have only shown explicit examples of continuous higher form and higher group sym-
metries, the concept of generalized symmetries is not limited to the continuous case; indeed, when
we defined p-form symmetries in Section we did not specify whether the symmetry group G®
was continuous or discrete. This means that most of the results we have shown so far are also valid
for discrete symmetries, with the only exception of the Goldstone theorem, which, as for ordinary
symmetries, demands the symmetry group to be continuous.

The contrast with continuous symmetries concerns the explicit realization of the symmetry operators
themselves: while a continuous p-form symmetry provides a conserved (p+ 1)-form current from which
the operators can be built explicitly, discrete symmetries do not come equipped with such currents,
so realizing their operators is trickier.

A precise mathematical description of discrete symmetries would require us to introduce discrete gauge
theories, as reviewed in [30]. However, in order to avoid delving too much into the mathematical details,
we will follow a more physical approach, which somewhat hides the mathematical technicalities, but
still captures the main physical ideas behind discrete symmetries, [22].

For instance, to keep the discussion simple, we will focus our attention to the group Z,, one of the
simplest discrete groups. What makes Z,, special is that it can be realized as a subgroup of U(1),
which allows us to embed the discrete symmetry into a continuous one. A Z,, connection is restricted

to have holonomies valued in Z,,
2mik
exp (z%A) =en , keZ,, (2.4.1)
¥

In particular, whenever ~ is contractible, we have that the field strength F' = dA is trivial, meaning
that the Z,, gauge field is (locally) flat. This fact can be understood by simply noticing that a
continuous deformation of the contractible loop 7 should correspond to a continuous change of the
holonomy, which is not possible since the holonomy is valued in a discrete group and so it would be
forced to ”jump” discontinuously. In particular, for contractible loops, we can shrink =~ to a point,
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2.4 Discrete symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

thus obtaining that the holonomy is trivial. Moreover, if v = 0D2 then we can use Stoke’s theorem

to write
j(lgA :/ F =0, (2.4.2)
v Do

which shows that the field strength F is (locally) trivial.

The above discrete gauge field A can be described by an associated U(1) gauge field A, called integral
lift, which is required to possess the same holonomies as A, namely

exp (1 7{ A> = exp (z 7{ A) (2.4.3)

A A
7{ = 7{ — modz. (2.4.4)
527 ~y 2T

Thus, the choice of lift is far from being unique; such choices are related to each other by large gauge
transformations of the form

which implies

A— A4 A, 7{/& € 21Z. (2.4.5)
v

Finally, given the fact that U(1) gauge field need not be flat, we can define the ”field strength” of the
discrete gauge field A as R

F dA

— = — . 2.4.

o o mod n (2.4.6)
This definition is related (up to some normalization constant) to the so called Bockstein map, an
operation in discrete cohomology which serves as definition of ”field strength” for the discrete gauge
fields.

2.4.1 BF theory

One the most known examples of discrete gauge theories in physics is the so called BF theory. BF
theory is one of the earliest examples of a topological quantum field theory and its action was first
proposed by [43] in the context of quantum gravity.

Consider the following theory in a d-dimensional spacetime,

n
S =5 /Bd_p_1 AdA,, (2.4.7)
where By, is a (d —p — 1)-form and A, is a p-form. The action enjoys a gauge symmetry given by
Ap — Ap + dAp_l, Bi—p-1— Bg—p-1+ dAd_p_27 (2.4.8)
where

dA,
2—62, forg=(p—1)or(d—p—2). (2.4.9)

7T

Moreover, since no Hodge star operator is present in the action, the theory is independent of any
metric, thus it is topological. Finally, the equation of motion, given by varying with respect to A,
and By_,_1, are

n n
5-0Bip1 =0,  5-dA, =0. (2.4.10)

Up to now, there is no reason to believe that this theory is really a Z, gauge theory, but it can be
proven as follows. First we will prove that the path integral, together with the quantization condition

of the U(1) fields strength
dA, dBg—p—1
——eZ | —F—¢€Z 2.4.11

/ 2 < / 2 €4 ( )
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2.4 Discrete symmetries 2 SYMMETRIES AND TOPOLOGICAL DEFECTS

forces the holonomies to be in Z,,. In the path integral, the field configuration of A, may be labeled
by the integer quantity k = | %. Thus, the path integral is something like

Z ~ /DBDA i [ Ba_p-1/dAy
(2.4.12)
g [ oy )
keZ gt

where N is some constant independent of Bg_,_; coming from the trivial sector of A,, and in the last
equation we have made use (of a generalization) of

> e =21 > 5(6 — 2mm). (2.4.13)
kezZ meZ

Therefore, the only relevant term for the path integral are those for which B;_,_; has discrete
holonomies. Therefore, BF theory is indeed a discrete gauge theory.

Now we observe that the theory possesses Z%p ) and Z,(ld_p -l global symmetries which are realized by
the following transformations:
1
ZP A, A+ —e,, /ep =217, (2.4.14)
n
(d—p—1) 1
Zn : Bd,p,1 — Bd,p,1 + ;Gd,pfl, €d—p—1 = 2nZ. (2415)

Indeed, by inspecting the equation of motion (2.4.10[), we can argue that there exist two conserved
”currents”, namely

Y Bypor. (2.4.16)

. n .
*Ji—p = 7—Ap, *p+l = 5

2T

Even though such currents are not well defined (they transform under gauge transformations ([2.4.8)),

the operators
27k n )
U%(Z) = exp (n/z 271'Ap) = exp (Zk/zAp> , (2.4.17)

Uams (£) = (2“k/ L By 1> = exp (m/Bd . 1) (2.4.18)

are still topological (from (2.4.10))) and gauge invariant.

Now we will argue that the corresponding charged operators are the Wilson lines of A, and By_,_1:

Wi (T) = exp (zm /F Bd_p_1>, (2.4.19)

Wyn() = exp <zm /F Ap) : (2.4.20)

Indeed, taking into account the symmetry transformations (2.4.14]) and ([2.4.15)), we see that the Wilson
lines are Z,, charged:
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Win(T) = €% W, (T) (2.4.21)

Win(T) — €'n W, (T). (2.4.22)

Finally, in order to describe how the symmetry operators act on the charged operators we notice that
the insertion of, say, W,,(I') is equivalent to shifting the action by

5S = im / Ay A (D), (2.4.23)

being 6(I") the Poincaré dual to the manifold I'. In turn, the flux of By_,_1 gets sourced,

dBd—p—l m

= —0(I). 2.4.24

ol My (2.4.21)
Ultimately, this means (see equation ([2.1.20]) and ([2.2.6))

User (D) Wi (D) = €0 Wiy (D) Uz (X)) (2.4.25)

where we have supposed that ¥ links with I and ¥’ is a continuous deformation of ¥ which does
not link with I. - An analogous treatment holds for the charged operator Wy, (T') and the symmetry
operator Uszzk (X).

2.5 Non-invertible symmetries

Finally, we would like to end this section by mentioning a further generalization coming from the
paradigm ”symmetries as topological operators”, that is the notion of non-invertible symmetries. Up
to now, we have only dealt with symmetries described by invertible operators, which are associated
to group structures (or higher group structures). However, the topological nature of the symmetry
operators admits a more general description, which is not necessarily associated to the notion of a
group. In turn, this leads to the novel concept of non-invertible symmetries, namely symmetries whose
operators are not tied to a group structure, but rather to a more general algebraic structure, which
is that of category. In the following we will omit the mathematical details of category theory, and
we will try to convey the main physical ideas behind the non-invertible symmetries. To begin with,
consider a set € (more properly a ”class”) such that any element ("object”) z € € corresponds to a
topological operator U,. Then, in sharp contrast with the symmetries discussed so far, the fusion of
two operators U,, and U,, does not necessarily lead to the operator U,,,, associated to the product
of the two elements x; and z2 (such product is not even defined in general), but rather to a more
general form like:

Zi Uwi
Upy X Uy, =T @ Upyay (2.5.1)

where T is the partition function of a topological quantum field theory (TQFT).

Non-invertible symmetries are mostly understood in (14 1)-dimension, where the categorical structure
behind them is under control. For example, they have been successfully employed in studying the Ising
model at the critical temperature exploiting the so called Kramers Wannier self—dualityrﬂ [27]. They
also provide a new perspective on the neutral pion decay, as discussed, for instance, in [46, 60].

13The Kramers-Wannier duality is a self-duality only at the critical temperature, otherwise it is just a map between
high temperature and low temperature phase, [46].
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3 FUNDAMENTALS OF STRING THEORY

3 Fundamentals of String Theory

String theory is a vast and rich topic in modern theoretical physics; given the breadth of notions and
facts surrounding it, we will simply outline the main ideas of string theory, concerning ourselves only
with those aspects that will play a major role in the later sections of this thesis work; such as the
AdS/CFT correspondence, 10-dimensional supergravity, and the holographic realization of symmetry
defects.

Born as a candidate framework for a consistent theory of quantum gravity, string theory posits that the
fundamental degrees of freedom are not point particles but one-dimensional extended objects, whose
vibrational modes reproduce the spectrum of particles and fields observed at low energies. Beyond its
gravitational content, the theory naturally accommodates gauge interactions and, through its web of
dualities and extended objects —most notably Dp-branes— provides a remarkably fertile setting in
which seemingly distinct physical systems are related to one another.

Among these developments, one of the most far-reaching is the realization that certain string back-
grounds admit an equivalent description in terms of a lower-dimensional field theory living on their
boundary. This is the essence of the AdS/CFT correspondence, reviewed in Section @ which underlies
the holographic constructions at the heart of this work. The material collected in the present section
is therefore intended not only as a self-contained review, but also as the necessary groundwork for the
holographic realization of symmetry defects discussed later on.

What follows is based on the works of [13], [63], [6] and [57].

3.1 Bosonic string

The central idea of string theory is that, at the fundamental level, matter is not made of point-like
particles but of extended one-dimensional objects: strings.

Our first goal is thus to write down a suitable action describing the dynamics of such strings; the
simplest one we can conceive leads to bosonic string theory. The route we adopt to write the action
of a one-dimensional string moving in a D-dimensional spacetime mimics the familiar construction for
ordinary point-like particles. Indeed, the relativistic action of a (classical) particle is

S = —m02/dT\/—gW(X(T))X#(T)XV(T), (3.1.1)

where 7 is the worldline swept by the particle as it moves in spacetime, and 7 is an unphysical parameter
along the curve . The coordinates X*(7) can be regarded geometrically as an embedding of the one-
dimensional worldline v into the D-dimensional spacetime, and the action is proportional to
the ”length” of . The least action principle then tells us that particles move so as to extremize their
worldline length. The same logic generalizes to any object extending in p spatial dimensions: the
one-dimensional worldline is promoted to a (p + 1)-dimensional worldvolume. Focusing on strings,
let X#(7,0) be the embedding of the two-dimensional worldsheet into spacetime; then, in analogy
with (3.1.1]), the action of a string is (in natural units)

S = —T/drda\/— det (g (X (7,0)) 0o XH(T,0)08 XY (T,0)], (3.1.2)

where 7 and o are worldsheet coordinates and T is the tension (energy per unit length) of the string.
Here o is a spacelike coordinate on the worldsheet and 7 a timelike one; for a general p-extended object
one has p spatial coordinates and a single timelike one. The determinant is taken with respect to the
worldsheet coordinates, labelled by the indices o and 8. Equation is known as Nambu-Goto
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3.1 Bosonic string 3 FUNDAMENTALS OF STRING THEORY

action@ The square root in (3.1.2)) is somewhat problematic, especially in the quantum theory. For
this reason it is often useful to rewrite it in a different form: we introduce an auxiliary worldsheet
metric hqg(7,0) and consider the action (with h := det(hqag))

S = —g / 2o/ —hh*P 9, X - 95X, (3.1.3)

where

XX =g, X'X", h*Phg, =65, (3.1.4)

and d2¢ is shorthand for dodr.

It is easy to show that (3.1.3)) is equivalent to (3.1.2]). Varying the action (3.1.3) with respect to the
auxiliary field h,g, we get

1
0o X - 05X = 5hafgmﬁavx 95X (3.1.5)

Taking minus the square root of the determinant of both sides of this equation, we get

\/ —det (9,X - 9pX) = \/—h%h”’é&yX - 95 X. (3.1.6)

Hence ([3.1.3)) reduces to (3.1.2) once hqp is set on shell. Action (3.1.3)) is known as the Polyakov
action. The Polyakov action enjoys several symmetries:
e Poincaré Invariance:

SXH = al XV + bt (3.1.7)

e Worldsheet reparametrization invariance:

o’ Do’
o fox he = ———hn (o). 3.1.8
7" o), hapl) = N ) (318)
o Weyl invariance:
hap — € Dhyg,  IXH =0. (3.1.9)

The first is a true global symmetry, while the last two are gauge symmetries. We also notice that the
embedding coordinates X* behave as scalars under worldsheet reparametrization, namely:

X'"(o') = X"(0). (3.1.10)

Gauge symmetries are particularly useful when it comes to find an explicit solution to the equation of
motion coming from . In fact, exploiting such symmetries we are allowed to choose a particular
set of coordinates on the worldsheet for which the Polyakov action becomes simpler to handle. In
addition, it can be shown, [13], that in flat Minkowski spacetime we can reduce ( to the simpler
gauge-fixed action:

S = Z/XQ - X" (3.1.11)

where 5k 9k
XH .= . XM= . (3.1.12)

or do

1 Actually, it is a gauge-fixed version of (3.1.2) which is referred to as Nambu-Goto action.
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Then, the corresponding equations of motion are

2 2
<an2 - 8872> X+ =0. (3.1.13)

Furthermore, we observe that in order to properly define the above variational problem, we should
also supply the above equations of motion with some boundary conditions. As we will see, the choice
of boundary conditions will have non trivial physical implications. Suppose that the spacelike variable
o is chosen to belong to the interval [0, 7] (we can always do this.); then, upon varying (8.1.11) with
respect to X*, we also get a boundary term which is

-T / drX"6X,, |,_. — X"6X,, | (3.1.14)

o=0"
Such boundary term can be removed by choosing for each X* one of the following boundary conditions:

e Closed string condition:
XH*(o,7) = X"(o + 7, 7). (3.1.15)

e Open string with Neumann boundary conditions:

X*=0 ato=0,m. (3.1.16)

e Open string with Dirichlet boundary conditions:

Xt(o=0,7) =X}, Xt (o=mT1)=X!

il

(3.1.17)
where X' and X% are constant.

The first condition makes the string close on itself, while the remaining two b.c. are imply that the
string is open. In particular, the Neumann boundary condition means that no momentum flows to the
end of the string, while the Dirichlet condition fixes the ends of the string to be fixed. Pictorially, we
can visualize the difference between the two open string boundary condition by looking at Figure
It is worth noting that Dirichlet boundary conditions breaks Poincaré invariance, however this does

XH*(o,T) XH*(o,T)
\
oc=0 o= oc=0 o=

Figure 10: On the left: Dirichlet boundary condition along the p direction; on the right: Neumann boundary
condition along p direction. The red and blue line represent the same string at different times.

not imply that such condition is unphysical, far from it. Indeed, as we will see later, the constant X/

and X7 are the position (in the p direction) occupied by two p-dimensional extended objects known
as Dp branes.
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3.1.1 Quantization of the closed bosonic string

In order to give a full quantum treatment of the closed bosonic string, we first need to find a classical
mode expansion of the solutions ([3.1.13) fulfilling condition ([3.1.15)). Without showing all the details
(which can be found in [63], for example), below we simply write down the solution of the closed string
problem:

XH =X+ Xh, (3.1.18)
where 1
Xp =o'+ flsp“ T —0) fl Z —ale2m(T=0) (3.1.19)
n;ﬁO
1
Xp =57+ lQp“ (r+0) *l Z e 2T, (3.1.20)
n7£0

Here, we have introduced the string length scale [; which is related to the tension T' of the string as
below

o~

1 , 12

T=— == 3.1.21

2w’ “ Ty ( )

where o’ is usually referred to as Regge slope. Furthermore, the real parameters z* and p* found in

(3.1.19) and (3.1.20)) correspond to the center of mass and total momentum of the string, respectively.
Finally, the modes o}, and @&}, are complex numbers which must obey the following constraints

o, = (o) and &, = (at)". (3.1.22)

—n
The above simply follow by imposing that X* is real.

In order to quantize our theory, we need to define the canonically conjugate momentum P* and, after
promoting X* and P* to operator, we must impose the following commutation relations

[ X*(o,7),P"(o',7)] = —in*6(0 — o), zero otherwise. (3.1.23)

In turn, this implies that
[#*, pu] = @6}, (3.1.24)

while the Fourier modes a};, and &, (which are now operators) obey the following

[y, ] = [ah,, &) = mn" 60 (3.1.25)

n

and zero otherwise. By rescaling the operators « as

at = ﬁag, alt = ﬁoﬁm, for m > 0, (3.1.26)
and similarly for a, we see that equation (3.1.25) reduces to the algebra of the harmonic oscillator,
with a slight but significant distinction. Indeed, whenever ;= v = 0 we may end up with something
like

[a%,,ab,] = —1 (3.1.27)

m? 'm

The presence of the minus sign can be catastrophic, since as readily seen, it leads to the existence of
negative norm states, i.e. states with negative probability. Such states are not physically sensible and
should not correspond to any physical degree of freedom; thus quantizing such theory is not straight-
forward. In the canonical approach we could follow two distinct routes to quantize the theory; either
we follow a covariant approach, reminiscent of the Gupta-Bleuler quantization of electrodynamics, or
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we could choose a suitable gauge, the light-cone gauge, in which only the true degrees of freedom are
manifest.

Loosely speaking, the first approach imposes some constraint on the Hilbert space of states which
identify (up to some equivalence classes) the real physical states of the theory. The advantage of such
approach is that Poincaré invariance is manifest throughout the whole procedure; the drawback is
that the spectrum of the theory is not as evident as in the light-cone gauge quantization. On the
other hand, the light-cone quantization method has the disadvantage of not being manifestly Poincaré
invariant; at the end of the computations we need to make sure that no quantum anomaly, capable of
breaking Poincaré covariance, has emerged.

Of course, both approach are equivalent and should bring the same results when carried out correctly;
in the following we briefly explain how light-cone gauge quantization works, while we defer to [37] for
the details of the covariant approach.

As already mentioned, light-cone gauge exploits the gauge freedom (reparametrization invariance) of
the theory in order to get rid of unphysical degrees of freedom. In fact, equation has not com-
pletely fixed the gauge choice; meaning that we can still perform an additional gauge transformation.
First, introduce the spacetime light-cone coordinates

X*= \}i (X0 +£2P71), (3.1.28)

then, using the residual gauge freedom, we can set
Xt =at +2pt7 (3.1.29)

where 7 and & are the gauge transformed worldsheet coordinates. As regards X —, it is completely fixed
by the Virasoro constraint coming from the vanishing of the stress energy tensor. The striking fact
is that the oscillator modes «,, and &, of X~ are completely determined in terms of the transverse
oscillator modes o, and a&!,, with i = 1,...(D — 2). Since only the spatial modes survives, it is
evident that our theory no longer hosts negative norm states. Thus, we've managed to decouple the
unphysical modes from the theory. However, there is still a question that we should ask, that is
whether the quantum theory still respects Poincaré invariance. To answer such question, we should

inspect if the Lorentz generators J#¥ still obey the Lorentz algebra; the only non-trivial check is
[J7=, J7] = 0. (3.1.30)

After a lengthy computation, it can be shown that equation ([3.1.30) holds provided that the spacetime
dimension D = 2@ In the end, we come up with a rather remarkable fact: in order to get a consistent
quantum bosonic string theory, we need to consider a 26-dimensional spacetime@

3.1.2 Spectrum of the closed string

The quantization procedure sketched in the previous section also furnishes the mass of each string
state; it reads

4 4 7«
M= (N-1)=—~ (N—1), (3.1.31)
where N and N are the right and left movers number level defined as
D-2 o D2 o
N=> >a',a, N=) > a ai. (3.1.32)
i=1 n>0 i=1 n>0

151t also imposes the value of the normal ordering constant a appearing in the zero mode of the stress energy tensor
to be equal to 1.

16 Although we have explicitly made reference only to the closed string, the same conclusions also apply to the open
string.
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In the closed string we have the level matching condition

N =N. (3.1.33)

Now, starting from the ground state |0;p) (defined as being the state annihilated by all the lowering
operators a which is also an eigenstate of the operator p with eigenvalue p), we can build any excitation
by applying the raising operators a' and then read its mass from equation . Here we will focus
only on the states with NV =0 and N = 1.

¢ Ground state tachyon

If we apply formula to the ground state (for which N=0), we get a negative mass; the
ground state is a tachyon, meaning that we are expanding starting from an unstable maximum
of the potential. So far there are no convincing arguments that could suggest the presence of
a real minimum of the potential; indeed we are not even sure if bosonic string theory makes
sense at all. However, once we take into account fermions, we will see that the tachyon problem
disappears.

e N=1 level
The first excited states can be built by applying raising operator ai to the ground state; since
the level matching condition must hold, we also need to apply cﬂ. Thus, the first excited states
ard]

ol j&? |0;p),  withi,j=1,..D—2. (3.1.34)

In this case, tells us that such states are massless; moreover, since &l ; and &l 1 both be-
have as vector under SO(24), we have that is a reducible representation of SO(24). This
fact should not come as a surprise; in fact, from the Wigner classification we know that massless
particles arrange themselves in irreducible representations of the little group. In D = 26, the lit-
tle group is just SO(24). Finally, to get the irreducible representations out of , the usual
procedure of symmetrization/anti-symmetrization gives us all the irreducible representations.
We end up with a particle in the singlet representation which we call the Dilaton; a particle in
the antisymmetric representation which is referred to as Kalb-Ramond 2-form and finally we get
a particle in the traceless symmetric representation. The latter is a spin 2 particle, which, by an
old argument originally due to Weinberg and Feynman, can be identified with the graviton.

3.1.3 Quantization of the open string

As far as the open string is concerned, much of the previous section carries over with minor changes.
We recall that in this case we are free to choose among Dirichlet or Neumann boundary conditions,
see equations , . Let us impose Neumann boundary conditions for the first p 4+ 1 spacetime
coordinates, that is to say

X" =0, fora =0, ...p, (3.1.35)

o=0,7

and Dirichlet boundary conditions for the remaining ones,

X7 =X{ forI=p+1,.D-1. (3.1.36)

o=0,7

Such a choice of boundary conditions breaks the Lorentz group,
SO(1,D —1) = SO(1,p) x SO(D —p —1), (3.1.37)

where, for the moment, we did not specify the value of the spacetime dimension D. As already
anticipated above, the ends of the strings are fixed to lie in a (p + 1) hypersurface in spacetime

"Recall that a' ~ a_,, with m > 0.
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(actually two hypersurfaces when X! # XI ); such hypersurface is commonly referred to as a Dp
brane, a new, dynamical p dimensional extended object. From now, after introducing the spacetime

light-cone coordinates
1

+ _ - 0 D

X+ = 7 (X" +£X7), (3.1.38)
the light-cone quantization procedure follows the same steps as before; the only difference is that,
thanks to the open string boundary conditions (either Neumann or Dirichlet), only one set of the
Fourier mode, say «, is independent. This means that when quantizing the open string we should only
care about left movers or right movers, but not both. Also in this case, in order to have a sensible
quantization of the theory, we are led to consider D = 26 and a = 1. The mass formula that we get
following all the steps of the quantization is

p—1 D-1
M? :é ZZai_nail—i— Z Zo/_naé . (3.1.39)
I

i=1 n>0 =p+1n>0

As already said, no & appears. At this point, we can study the spectrum of the open string, or, at
least, of the first excited levels.

3.1.4 Spectrum of open string
e Ground state

Like the closed string, the ground state |0;p) (defined in the same manner as before) possesses
a negative mass, hence it is a tachyon.

e N=1 level
Making use of (3.1.39)), we immediately see that the first excited states are massless. They fall
into two distinct groups; excitations longitudinal to the brane, namely

a1]0; p), fora=1,..p—1, (3.1.40)
and transverse excitations like
ol 0;p),  forl=p+1,..D—1. (3.1.41)

In the former case, we have massless spin 1 particles on the worldvolume of the Dp brane; they
are photon-like excitations. In the latter, we have a set of scalars on the worldvolume of the Dp
brane.

3.2 Superstring theory

There are many reasons not to be satisfied with bosonic string theory. Aside from the conceptual issues
brought by the existence of the ground state tachyon, we also see that all the excitations correspond
to bosonic particles; the theory cannot explain the existence of fermions in our universe. In order to
overcome the above difficulties, two approaches have been developed: the so called RNS formalism and
the GS formalism. Here we will briefly mention some aspects of the former one. However, regardless
of the method adopted, they are equivalent and both will turn out to require supersymmetry.

The idea of the RNS formalism is simply to enlarge (3.1.3)) by adding a fermion term; then, the total

action in conformal gauge reads (setting 7' = %)

1 _
S = —%/d%— (0% X, 00 X" + Fp*0athy) (3.2.1)
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Here, ¢* are D Majorana fields that transform as vectors under the D-dimensional Lorentz group
SO(D —1,1), while p* are a two dimensional representation of the Dirac algebra

{00} =227, ag=0,1. (3.2.2)
It could be shown, |13], that (3.2.1)) is invariant under global worldsheet supersymmetry
SXH = e, (3.2.3)

IYPH = p“0, X" e, (3.2.4)

where € is a constant infinitesimal Majorana spinor. That is why the fermionic string theory is also
known as superstring.

From here, light-cone quantization of the superstring proceed mostly as the bosonic case, with the
small caveat that now we must impose anti-commutation relations for the fermionic fields. This time
the quantization procedure forces us to impose D = 10. The only aspect that we would like to
stress about the superstring quantization concerns the boundary condition for the fermionic sector.
Upon varying the action (3.2.1]) with respect to ¥*, one sees that the boundary contribution goes like
(suppressing Lorentz indices)

55 ~ / dr (V80 — 0% ) |,y — (W00 — ¥ 6%) [, (3.2.5)

where 1, and 1_ are the upper and lower component of ¥. A suitable choice of boundary conditions

allow us to get rid of (3.2.5)).

For the open string, we demand that both term of (3.2.5)) are zero independently. This is achieved by
imposing:
Y =t ato =0,m. (3.2.6)

Since the overall sign is unphysical, we can choose, without loss of generality that
i ly—o = i lg—o - (3.2.7)
Then, the relative sign at the other end of the string becomes meaningful. There two possible cases:

¢ Ramond boundary condition
ANV (3.2.8)

e Neveu-Schwarz boundary condition

i P S (3.2.9)

Finally, as far as the closed string is concerned, we are free to impose periodic or anti-periodic boundary
conditions, namely
P (o) = 2Pl (o + 7). (3.2.10)

In particular, periodic (R) and anti-periodic(NS) boundary conditions can be imposed on left movers
" and right movers wi, separately.

33



3.3 Low energy effective theories 3 FUNDAMENTALS OF STRING THEORY

3.2.1 Spectrum of the superstring

The superstring spectrum obtained after quantization contains, in addition, a tachyon and further
states that spoil spacetime supersymmetry. To recover a supersymmetric spectrum, these states must
be truncated away — a procedure known as the GSO projection. One introduces a G-parity operator
in each of the NS and R sectors; the projection then retains only the NS states of positive G-parity,
while in the R sector one is free to keep either positive or negative G-parity.

In view of the next sections, devoted to the supergravity theories that arise as low-energy limits of
string theory, we briefly describe the massless spectrum of the closed superstring. Recall that the
closed superstring has four distinct sectors, according to the boundary conditions imposed on the left-
and right-moving fermions: NS-NS, NS-R, R-NS, and R-R. The GSO projection then leaves a choice:
one may impose the same G-parity in the two R sectors, or opposite G-parities. The two choices yield
distinct theories — type IIB when the R sectors share the same G-parity, type IIA when they have
opposite parity. In the end, the massless spectrum of the two theories is the following.

e Type IIA theory

From the NS-NS sector we get a 2-form gauge field, a singlet (the dilaton) and a rank 2 traceless
symmetric tensor (the graviton). The NS-R and R-NS sectors both contain a gravitino and a
dilatino; the gravitinos in the two sectors have opposite chirality. Finally, the R-R sector is made
of a one form and a three form gauge fields.

e Type IIB theory

The NS-NS sector of type IIB is identical to that of type ITA; the same also holds for the NS-R
and R-NS sectors, though this time gravitinos share the same chirality. The R-R sector hosts a
zero form, a two form and a four form gauge fields.

3.3 Low energy effective theories

Up to now, we have always assumed to be working with a string living in a flat, empty spacetime.
Now, we could ask what happens if the string sits in a background where the fields that we have found
above are turned on. Or said another way: does the string backreact to the presence of the fields
coming from the excitation of the string itself? The answer is positive.

In the bosonic case, we can see that the string naturally couples to the massless bosonic field as follows:

S = —ﬁ / d°VhhP [GM”(X)aaXMaﬁxy +iB" (X)e*P 0, X ,,05 X, + o/(I)(X)R(z)} . (3.3.1)
where G*, B, and ® are the graviton, the Kalb-Ramond 2-form and the dilaton, respectively. Here
R® gtands for the worldsheet Ricci scalar, not to be confused with the spacetime one. There is
an important fact that should be stressed here: the dilaton coupling found in breaks Weyl
invariance. At first, this could sound unsettling since Weyl invariance was a gauge symmetry of our
theory, hence breaking it would make the theory no more self-consistent. Actually there is a way out.
We can treat as an interacting 2-dimensional field theory where the fields B, G and ® may
be thought of as coupling constants; it is known that in QFT the coupling constants change with
the energy scale and their evolution is governed by the beta function, one for each coupling. We can
then look at the vev of the trace of the stress-energy tensor 7} as a measure of the breaking of Weyl
invariance. As shown by [24], we have

1 , 1 o , 1
(T3) = =5 Bu (G 0a X105 XY — o B (B)e 0, X" 00 X" — - H(®)R®), (3.3.2)
where the beta functions are, at one loop,
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/

Bu(G) = /Ry + 20/V,,V, & — O‘ZHMH,, M (3.3.3)
/
Buv(B) = —%VAHAW +a/VAOH,y,,, (3.3.4)
O/ 2 a, A
B(®) = —5 Ve o'V, OVHD — ﬂHHMHW : (3.3.5)

Here R, is the spacetime Ricci tensor and H3 = dBs.

We can now demand Weyl invariance by simply imposing

Equations (3.3.6)) can be interpreted as equations of motion for the closed string fields. Moreover,

such equations can be derived by varying the following action:
1 1
§=55 / d* X/ ~Ge ¢ (iR — EHWHW + 48H<I>8“<I>> : (3.3.7)
0

The above is referred to as low energy effective action of the bosonic string, where low energy reflects
the fact that it has been derived considering up to one loop corrections to the beta functions.

3.3.1 Supergravity theories

A similar story also holds for the superstring. In this case, the low energy effective actions must
describe the dynamics of ®, B,,,,, G, as well as the additional massless bosonic and fermionic fields.
Then, the total action can be split up into three distinct pieces:

S =51+ 52+ Stermi- (3.3.8)

Here, Sy is the same as but in ten dimensions rather than 2@ while S3 and Sepmi depend on
the particular superstring theory we are dealing with. In particular, S5 takes into account the bosonic
fields, while Steprm; the fermionic ones. For the symmetry operators construction that we will explore
in section [6] we will only need to write down the bosonic actions.

e Type IIA theory

The bosonic action of type IIA theory is (in differential form notation):
1 - 12

2 /leX [\/—G <|F2]2 n ’F4‘ > By AFyA F4] : (3.3.9)
Ko

Here Fy = dC4 and~ Fy = dC3 where C7 and C3 are the Ramond-Ramond 1-form and 3-form

gauge fields, while Fy = Fy — C A Hs.

Sy =

e Type IIB theory

The bosonic action of type IIB theory is instead:

1 -2 11~ 2
Sg:—p dx |:\/—G (’Fl‘Q—i-‘Fg’ +§‘F5‘ > +C4/\H3/\F3:| . (3310)
Ko
This time, F; = dCy, F3 = dCs and Fj = dCy where Cq and Cj are the Ramond-Ramond 0-form,
2-form and 4-form gauge fields, while F3 = F35 — Cy A H3 and F5 = F5 — %Cg N Hs + %Bg N F3.
Action (3.3.10) must also be supplied by the following self-duality condition

F5 :*F5. (3311)
8This is strictly true only for type II A and type II B theories, otherwise it is slightly different.
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3.3.2 Low energy actions for Dp branes

The previous analysis was carried out in the closed string setting. We now show how it can be extended
to the open string. Suppose we turn on the U(1) gauge field A, living on the worldvolume of the Dp
brane; then, the action of the open string splits in two pieces

S = SNeumann + SDirichlet- (3312)

The first term describes the fluctuation parallel to the Dp brane on which the string ends and it reads

1 .
S=— /d2 00X 0 Xy + z/ dr A*X,, a=0,..p. (3.3.13)
dmad oM
Instead, Spirichier is made up fields obeying Dirichlet boundary conditions for which X ‘ = 0, hence

while it keeps the same bulk term of witha -1 =p+1,---D — 1, it lacks ﬁfe boundary
contribution. Therefore, the Dirichlet part of the action does not play any role in the calculation of
the beta function, since it does not couple to the background field A,.

Now, the vanishing of the beta function give us the following equation of motion, [1],

1 ab
OpFoec | m—m———=1| =0, 3.3.14
’ [1 - 47r20/F2} ( )
where
04, 0A,
Fp=— — . 3.3.15
"7 oxe axt (3:3.15)
Equation (3.3.14)) can be derived by the Born-Infeld action:
S =-T, / dPHLe/— det (o + 27/ Fp) (3.3.16)

where £ are worldvolume coordinates on the brane and Tj, is its tension. Action describes the
low energy dynamics of a Dp brane in the presence of a U(1) gauge field A, on its worldvolume; it is
valid as long the gradient of the field strength F' is small.

Above, we restricted to the case in which only the worldvolume gauge field A was turned on, but we
could also study what happens when the worldvolume scalar fields ¢! are present. This time,
is replaced by the Dirac-Born-Infeld action, DBI for short,

S = —Tp/dp+1£\/—det (Yab + 27/ Fp), (3.3.17)

with
oXH oXxY

b = ——— ——— T 3.3.18
Finally, we could also include the brane backreaction to the closed string fields, ®, B and Gj this leads
to

S=-T, / dpﬂf\/—det (Vab + 27/ Fop + Bap), (3.3.19)

where

oXHoX"Y

Yab = T@T@GMV’ (3.3.20)
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and
OXH XY

b = T@TS’BW‘ (3.3.21)
Up to now we have described the low-energy actions of Dp-branes in the bosonic theory; we now turn
to the coupling of such a brane in the superstring setting. Its action consists of two pieces: one is
the same as (3.3.19]), while the other describes how the Dp brane interacts with the RR fields. In
particular, a Dp brane couples naturally to the (p 4+ 1)-form RR gauge potential through

iy / Cpi1, (3.3.22)

Cp+1 denotes the pullback of the potential onto the worldvolume. Equation (3.3.22) is the higher-
dimensional generalization of the electric coupling of a pointlike particle; indeed, by Gauss law we
rewrite it as

fp = / *Fpyo, (3.3.23)
SD—p—2

where F,.2 is the field strength associated with Cp1, and SP~P=2 is a (D — p — 2)-dimensional sphere
which surrounds the Dp brane{r_gl Just as in electromagnetism, we may also ask about magnetic
sources. The magnetic charge is measured by the flux of F, o,

/ Fpyio. (3.3.24)
Sp+2

Here, the (p+ 2)-dimensional sphere can surround a (D — p —4) brane which is therefore the magnetic
dual of the original Dp brane. It is convenient to introduce redundant fields potential in our theory
by defining

*Fp+2 = FD_p_2 = dCD_p_3, (3.3.25)

so that the magnetically dual branes appear as electric sources for the dual potentials. However,
equation (3.3.22) is not the full story. In order to ensure invariance under T—duality@ the full
coupling of a Dp brane is the Wess-Zumino term

iy / (Z Cy A eQM’FﬁBZ) : (3.3.26)
q

p+1

where only the differential forms with degree equal to p + 1 survive in the worldvolume integral. The
sum over the gauge potentials C; runs over odd or even ¢ according to whether we are in type IIA or
type IIB theory.

3.4 Compactifications and Reductions

As mentioned above, superstring theory forces the spacetime to have 10 dimensions, 6 more than the
usual 4 dimensions we are accustomed to. This might sound like an invalidation of the theory, but such
a conclusion is too harsh. In this section we provide some arguments that make the extra dimensions
more plausible.

The main idea is that these additional dimensions are ”small” and compactified, so that a low energy
observer is not able to resolve them. In order to make such statement clearer, we will consider the

9Here, we are keeping the spacetime dimension unspecified; for the superstring we recall that D = 10.
207_duality is the statement that string theory on a circle of radius R is physically identical to string theory on a circle
a/

of radius %. More on this can be found in 57| and [13]
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simplest compactification for the bosonic string theory. We assume that the 26-dimensional spacetime
can be realized as
M2 = RL2 xS, (3.4.1)

The S! has radius R so that
X% ~ X% 4 27R. (3.4.2)

At length scale >> R, the dynamics of the internal compactified space S' is essentially frozen; there-
fore, we will assume that all the fields depend only on the external coordinates belonging to R1:24.
Consider for example the Einstein metric G, ; it can be decomposed in terms of 25-dimensional fields
GW, A, and ¢,

ds? = G dX dXY + ¥ (dX® + A, dX")2. (3.4.3)

The vector field A, is indeed a gauge field and it is related to the isometry of the S 1 In fact, the
26-dimensional theory is invariant under diffeomorphism

XM xMpyMixy, M=0,..25 (3.4.4)

We recall that under (3.4.4), the original 26-dimensional metric Gy is subject to an infinitesimal
variation given by

SGun = LvGun = VEPopGun + 0uVEGpy + 8NVPGMP, (3.4.5)

where Ly denotes the Lie derivative along the direction of V. Suppose that V lies only on the 25th
direction and it is independent of X?°; then, (3.4.5) becomes

6Guas = 0,V*Gasa5 = €70V, (3.4.6)
which means
§A, = 0,V>. (3.4.7)
Now, if we plug (3.4.3) into equation (3.3.7)) we geﬂ
2nR 25 = o (p2 1 2 v
§5 = [ dPXV -G (R = ST, FY + 900" ), (3.4.8)

being I, = 0,A, — 0, A,. Thus, free gravity in 26 dimensions can be recast as gravity coupled to a
gauge field A, and a massless scalar field o in one lower dimension.

Let us now relax the above assumptions, and allow again an explicit dependence on the internal
compactified direction. This will have a striking physical consequence. It is easier to work with the
scalar field ®; we can expand it in Fourier modes on the circle:

25 =2 inx25
(XM, XP) = Y Bp(XH)e" R (3.4.9)

n=—oo

In this way, the kinetic term of ® in (3.3.7)) becomes

+oo 2
n
SO 27rR/d25X > <auc1>naﬂ<1>_n + 2 \<I>n|2> : (3.4.10)
n=-—oo

2 Actually, (3.3.7) is written in what is known as ”String Frame”; since our metric ansatze (3.4.3) is in the ”Einstein
frame”, before plugging in the ansatze we should first change frame in (3.3.7).
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This means that a scalar field in 26 dimensions becomes an infinite tower of massive states for n # 0,
with mass

(3.4.11)

The compactification procedure sketched above for the bosonic string theory is known as Kaluza-Klein
reduction. Of course, it could be generalized to arbitrary spacetime and employed in the superstring
case. The relevant features that we would like to stress are the following: firstly, isometries of the
internal space are mapped to gauge fields in the compactified theory (like A, above); secondly, the
mode expansion of the higher dimensional fields usually furnishes a massive tower of states in the
compactified theory.

3.4.1 Type ITA theory from eleven dimensional supergravity

Type IIA theory features even dimensional Dp branes; let us focus on DO branes for the moment. It
can be shown that the tension (or better, the mass) of a DO brane is, [62],

1
lsgs’

mpo = (3.4.12)

where g; is the string coupling constant and is related to the vev of the dilaton ®. Suppose to consider
a state made of k£ D0 branes; the mass of this state is k times 1/l59s. This somehow resembles the
Kaluza-Klein tower of massive states that we found in the previous example, see equation .
Pushing further the analogy, we could introduce the radius of the eleven dimension

Ly = lsgs. (3.4.13)

This could imply that at strong coupling, when Lig is much larger than the Planck scale, type ITA
theory admits an eleven dimensional interpretation. Indeed, consider the following action in 11 di-

mension . X ,
S = 22/d11X\/ —G11 <R11 - §|G4|2 _ 6/A3 A Ga A G4> , (3414)
K11

where G4 = dAs. Plugging in (3.4.14)) the ansatze

ds?, = ¢ 5% [dsfo +e2® (o' — 01)2} : (3.4.15)

A3 =C5— By A dxm, (3.4.16)

we retrieve equation (3.3.9)). Since ((3.4.14) is not renormalizable, it should be considered as an effective
action of an unknown UV theory. Such theory has received the name of M-theory.

Moreover, we would like discuss how the M-theory branes are mapped to type ITA branes. First, from
the bosonic piece of the low energy M-theory action, we may argue that only two stable branes exist in
M-theory: the electrical charged brane under the gauge field A3 known as M2 brane, and its magnetic
dual, the M5 brane. So, the idea is to recover type II branes starting from these two. The uplift from
type IIA to M-theory is concisely shown in table

It is worth pointing out that table [I] leaves out D6 and D8 branes. This is because their uplift to
eleven dimensions is not so simple. As for the D6, one can show that its uplift is a pure geometrical
solution in M-theory, [62], while D8 has no clear uplift to M-theory at all.

221t is just the bosonic content.
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Type IIA object Couples to M-theory origin Relation to circle
DO-brane & KK momentum mode momentum 1/L1( along z
Fundamental string (F1) Bs M2-brane wrapped on z

D2-brane Cs M2-brane transverse to z

D4-brane Cs Mb5-brane wrapped on z

NS5-brane Bg Mb5-brane transverse to z

Table 1: Uplift of type IIA branes to M-theory on a circle in the z'® = 2 direction of radius Liy. Objects

wrapped on the circle descend from an M-brane with one leg along z; unwrapped (transverse) objects keep all
legs in the ten non-compact directions.

Finally, one more ingredient that we need to introduce for our further discussions about symmetry
operators in holography, is the massive deformation of type ITA theory, known as Romans theory.
This massive deformation is obtained by turning on a non-zero constant flux for the RR 0-form Fy,
and was first introduced by [58] from a supergravity perspective. Its stringy origin was later clarified
by Polchinski, who showed that the Romans mass is sourced by D8 branes. More specifically, the D8
branes are domain walls for the Romans mass, and the flux of Fy jumps by one unit when crossing a
D8 brane.

Crucially, there is no known uplift of Romans theory to M-theory, and the D8 brane is not a solution
of eleven-dimensional supergravity.

3.5 Hanany-Witten Effect

Due to its relevance throughout the remainder of the thesis, the last string-related topic we discuss
is the Hanany—Witten effect [39]. The original setup involves a D5-brane and an N S5-brane in type
1IB theory, with the worldvolume configurations shown in table

Db | x x X X X X

Table 2: Brane configuration for the Hanany—Witten setup in type IIB. A x marks a direction along the brane’s
worldvolume; a blank marks a transverse direction. Both branes share the common worldvolume 2%%2.

When we move the two branes along their common transverse direction, 2%, they will eventually
cross. Both branes share the common worldvolume directions %12, and each is pointlike in z%; their
remaining worldvolume directions are mutually transverse. The statement of the Hanany-Witten effect
is that after the branes cross, a D3-brane stretching between them is created. To argue for this claim,
let Xp and Xyg be the worldvolumes of the D5 and NS5 respectively. Take the type I1IB background
to be R3 x My, with

Xng = R® X Yys, Xp =R?xYp,

where Yp and Yyg are compact, homologically trivial 3-dimensional manifolds in M 7. Recalling that
the D5 and NS5 are the magnetic sources for Co and Bs respectively, and writing H = dBs, F3 = dCs
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locally, we define the linking number by

Fj

o (3.5.1)

H
Link (Yns, YD) :/ o orequivalently Link (Yng,Yp) = —/

Yp 4T Yns

On the worldvolume of the D5-brane, B is not gauge invariant: it mixes with the field strength Fs of
the worldvolume U(1) gauge field to form the gauge-invariant combinationﬁ

Fy =By — Fh. (3.5.2)

When no other branes are present, d¥, = 0, and hence H ‘YD = dF5 is exact on Yp. Since Y} is closed,
Stokes’ theorem then forces fYD H = 0: if the NS5 and D5 begin in a separated configuration their
mutual linking number vanishes. Naively this would seem to obstruct their crossing, since crossing
changes the linking number by one unit and there is nothing to compensate it. The resolution is that
a D3-brane is created when the two branes cross, restoring conservation of the linking number. Let
the D3 have worldvolume R? x C, with C' a curve in M7, and let p be a point at which C ends on
Yp. The endpoint of the D3 acts as a magnetic source for the worldvolume gauge field on the D5,

modifying the closure of
dFy = +0(p), (3.5.3)

where the ”4” sign reflects whether the D3 begins or ends on the D5 worldvolume. Including &k such
D3-branes, the restriction of H to Yp becomes

k
H=dF,— Y €adpa, (3.5.4)

[e7

with €, = £1 the (orientation-dependent) sign of the a-th endpoint. Inserting this into (, the
vanishing of the total linking number becomes the statement that the linking number of Yp (with
respect to all NS5-branes), plus the net number of D3-branes ending on it, sums to zero. Thus a
nonzero linking number generated by the crossing is exactly cancelled by a created D3-brane: when
the initially separated D5 and NS5 are pushed through each other, a D3-brane connecting the two—
stretched along x%—is created.

We have explicitly proved the statement in the simplifying hypothesis that Yp and Yyg were compact
manifolds in M7. Though, one can reach the same conclusions even when we relax the above hypothesis
and take M7 =R’ and Yp and Y g copies of R® ¢ R7.

Finally, as shown in [5], it is possible to generalize the Hanany-Witten effect in other string theory
setups which include type IIA and M-theory.

23 Apart from normalization factors, this is the same gauge-invariant combination that appears in ([3.3.19).
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4 AdS/CFT duality and Symmetries

In view of the central role that holography plays in this thesis, mainly concerning the construction of
R-symmetry defects, we devote this section to a brief review of the AdS/CFT correspondence and its
relation to symmetries.

Among the most remarkable developments in modern theoretical physics is the realization that certain
quantum field theories admit an equivalent description in terms of a gravitational theory living in one
additional spacetime dimension. This idea, known as the AdS/CFT correspondence or, more broadly,
as holography, was first proposed by Maldacena [50] and has since become one of the central tools for
probing the strongly coupled regime of gauge theories.

Since its original formulation the correspondence has been extended well beyond the maximally super-
symmetric case, to setups with reduced supersymmetry, to non-conformal theories, and to backgrounds
of the form AdS;11 x M for various internal manifolds M. Of particular relevance for what follows
is the way global symmetries are realized holographically: a global symmetry of the boundary theory
corresponds to a gauge symmetry in the bulk, and the generalized symmetries discussed in Section 2]
are no exception. As we shall see, the topological operators generating such symmetries admit a nat-
ural description in terms of branes wrapping cycles in the internal geometry, which is the setting in
which the R-symmetry defects of this thesis will be constructed.

In this section we outline the main ideas underlying the AdS/CFT correspondence. Our aim is not to
give a complete account, for which we refer to [3, 66|, but rather to convey how the duality works and
in what sense the two descriptions can be regarded as equivalent. We will focus throughout on the
standard example of type IIB string theory on AdSs x S and its dual N = 4 super Yang-Mills theory
in four dimensions, which is both the original setting in which the correspondence was formulated and
the one in which it is best understood.

Additionally, at the end of this section we will review how holography can be used to probe the
symmetry structure of a CF'T using suitable constructions in string theory. In particular, we will
bring two examples, taken from [5| and [11].

4.1 Conformal Field Theories-CFT

We begin by introducing the field theory side of the story, starting from the definition of conformal
field theories (CFT). Actually, we have already met CFTs in the previous sections dedicated to string
theory, where we argued that the 2-dimensional sigma model of the worldsheet theory was a conformal
field theory.

In general, as the name suggests, a CFT is a field theory which is invariant under conformal transfor-
mations. The conformal group is the set of transformations which leaves the metric invariant up to
some positive scale factor,

G () = () g (2). (4.1.1)

At the infinitesimal level, assuming that

at — ot (z) (4.1.2)
and )
Qz)=1+ §w(x), (4.1.3)

conformal transformations of Minkowski space are subject to the following condition:

Ouvy + 0pvy = w(x) Ny (4.1.4)
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Whenever the spacetime dimensions are d # 2, the set of solutions of (4.1.4)) is given by a small set of
functions at most quadratic in z. More precisely we have

6y = ay + wur” + Avy, + (ba® — 23, (b)) (4.1.5)

where a, A, b, are constants and wy, is a constant antisymmetric tensor. The first two terms are
simply the Poincaré transformations of the d-dimensional spacetime; as expected, Poincaré transfor-
mations are a subgroup of the larger group of conformal transformations. The third term is related
to dilatations, and the corresponding finite transformation is

xt — Azt (4.1.6)
Finally, the last term is associated with finite special conformal transformations,
B4 pH 2

1+ 2(bx) + (bx)?’
The number of corresponding generators is
(d+1)(d+2)

4.1.8
. (4.1.8)
There is also a discrete symmetry which acts as a conformal transformation,
xl’t
xt — ol (4.1.9)

Adding (4.1.9)), one obtains the full (non connected) conformal group. For d = 2, (4.1.4) admits
infinite solutions. Indeed, this is the case for the sigma model theory we previously dealt with. For
the remainder, we will only take into account the case d # 2.

We will denote by J,,, the generators of Lorentz transformations, P, the generators of translations, D
the one related to scaling transformations and K, for special conformal transformations. The above
generators close the following algebras:

[Jyuws Jpo) = iNyupdye = permutations
[Juvs Pp] = i(up Py — mupPp)
[, K] = (77up — Mp k)

J,

D,

D,

]
ol

[ WaD] =
Byl
Kyl
Pl =

K

Interestingly, if one packages all the generators into
Ky—-PF, K,+F

—QZJW — 2in,, D (4.1.10)

Juw

2 2
Turx = _g 0 D M,N=1,...,d+2 (4.1.11)
K, + P,
T+ -D 0

and computes the algebra of Jasn, then one can see that they are the generators of spacetime rotations
in d + 2 dimension with signature (2,d). This implies that the conformal group is homomorphic to
SO(2 D)@ In the special case of d = 4, the conformal group is SO(2,4) which admits SO(2) x
(S U (2) x SU(2)) as compact subgroups. SO( ) is related to the dilation generators D, while SU(2) x
SU(2) corresponds to the J,, Lorentz generators. Then, any field in the CFT is labelled by the
eigenvalue A of D and the pair (j1,j2). To conclude, we observe that the conformal algebra
can be enlarged to accomodate supersymmetry; more on this will be discussed in Section [5]

24 Actually this is strictly true at the level of algebras.
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4.2 AdS spacetime

Let us now turn to the other side of the correspondence: AdS spacetime. AdSgy1 is the maximally
symmetric solution of Einstein equations in d + 1 dimensions with negative cosmological constant. It
can also be described as the hyperboloid of equation

d
Xg+ X, -> XP =R, (4.2.1)
=1
embedded in flat R*% with metric
d
ds® = —dX§ —dX3,, + Y dX7. (4.2.2)
=1

By construction, the space has SO(2,d) symmetry, just like the conformal group. A set of global
coordinates is given by

Xo = R coshp cost
Xgy1 = R coshpsint

d
X; = R sinhpQ;, (z =1,..d, Y Q= 1) : (4.2.3)

To avoid closed timelike curves deriving from the periodicity of 7 € [0,27], we can consider the
universal cover of AdS, with —oco < 7 < +00.
In what follows, it is useful to introduce a more convenient set of coordinates,

Xo= (1+u?(R*+ 2 —17))

2u
Xd+1 = Rut
X; =Ruz', i=1,.d—-1
1
Xo= 4 (1 —w*(R* — 3% +¢%)) (4.2.4)
u

The AdS metric in this coordinate, known as Poincaré coordinates, is
2 2 du® 2 u
ds“ =R o + u*(dx,dzt) | . (4.2.5)

In this set of coordinates, each slice of u = constant is a d-dimensional Minkowski spacetime, hence
the name. This set of coordinates is not global, and the singularity at u = 0 is merely a coordinate
singularity, since it can be eliminated by an appropriate choice of coordinates (as, for example, in
(#2:3)). The plane at u = oo is the boundary?’| of AdSy;1.

When adopting (4.2.4)), the subgroup SO(1,1) x SO(1,d — 1) of the full isometry group SO(2,d) of
AdSg41 is manifest, while the SO(2) x SO(4) subgroup is manifest when (4.2.3) is used instead.

4.3 The correspondence

The most celebrated example of the holographic correspondence relates type IIB string theory on the
AdS5 x S5 geometry to N = 4 supersymmetric Yang-Mills theory, a four-dimensional conformal gauge

25 Actually, the conformal boundary.
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theory living on the boundary of the anti-de Sitter space. It emerges naturally from the near-horizon
limit of a stack of N D3-branes, which can be described either through the open strings ending on the
branes, giving the gauge theory, or through the curved geometry they source, giving the gravitational
background. The equivalence of these two descriptions is the content of the duality. Its most striking
feature is that it relates weak and strong coupling: when the gauge theory is strongly coupled and
hard to treat perturbatively, the dual gravitational description becomes weakly coupled and tractable,
offering a remarkable window into regimes that would otherwise be inaccessible. More specifically,
take N coincident D3 branes and study the system at low energies, below the string scale [4; then,
only the massless modes can be excited. We can analyze the system from two different perspectives.
Referring to section [3.3] we know that we can use low energy effective actions to describe the dynamics
of the massless excitations of the closed strings, the open strings and their reciprocal interactions. The
complete action is

S = Sbulk + Sb'ranes + Sint- (431)

The first term is , supplemented by the corresponding fermionic terms and higher derivative
corrections, whereas the second one is an improved version of the low-energy Dp-brane action encoun-
tered in Section [3.3.2] now specialized to p = 3, plus some higher derivative corrections. Although the
action of a single D3-brane is essentially the abelian Dirac-Born-Infeld theory (plus the topological
Wess-Zumino term ) already discussed, the situation changes when N D3-branes are made
to coincide: the open strings stretching between different branes give rise to additional light degrees
of freedom, and the worldvolume gauge symmetry is enhanced from U(1)Y to U(N), [57]. In the
low-energy limit the resulting theory is precisely N = 4 super Yang-Mills with gauge group U(N) (or
SU(N), once the decoupled overall U(1) is removed), which is the gauge theory appearing on one side
of the correspondence. Finally, S;,; describes the interactions between the bulk modes and the brane
ones.

We are interested in the low energy limit of our theory; in order to see more clearly what happens in
this regime, it is convenient to perform the limiting procedure in the following way:

ls >0, (/ —0) (4.3.2)
gs, N fixed.

In this limit, x ~ g;a/2 — 0, hence all terms with positive powers of k are neglected. Specifically, S;ys,
being proportional to x or higher powers, is totally discarded, while, as anticipated, Sprqnes reduces
to N = 4 Super conformal Yang-Mills theory while S, becomes free supergravity. Summing up, the
low energy theory is composed of two decoupled systems:

N =4 SCFT & Free supergravity.

Now, we can adopt a different point of view to study the low energy limit of the same system.

Branes can be seen as solitons sourcing the closed string fields massless modes; it was shown in [44]
that we can find a D3 brane solution of type IIB supergravity given by

ds? = f72(—dt® + dz? + da? + dad) + f2(dr? + r2dQs),
Fs = (1 +%)dt ANdxy Adxg Adeg Adf L,
4
f=1+ RT, RY = 4mgsa/N. (4.3.3)
T

From (4.3.3) we can deduce that the energy E, of a particle measured by a static observer at constant
position r and the energy E of the same particle measured by an observer at infinity are related by

E=f"YVE, (4.3.4)

This means that objects closer and closer to » = 0 have less and less energy as seen by the observer
at infinity. Then, from the point of view of an observer at infinity we have two kinds of low energy
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excitations: massless particles propagating in the bulk with long wavelength >> R and excitations
of any kind brought closer and closer to r = 0. We will argue that these two kinds of excitations are
decoupled. Indeed, the bulk excitations decouple from the near horizon geometry (r — 0) because
the wavelength of the particle is much larger than the gravitational size of the brane (which is of
order ~ R); on the other hand, excitations that live near r = 0 find it harder and harder to climb
the gravitational potential and escape to the asymptotic region. In the end, we are led to the two
decoupled systems
Near horizon geometry @ Free supergravity.

By comparison with the previous findings, it is natural to identify the near horizon geometry with the
superconformal Yang Mills theory mentioned above.

The near horizon limit of (4.3.3) is

2 2
ds? — o \/ﬁw (—dt? + dai + da3 + da3) + \/ArgsN dUlz + /4mgsN dQ2| (4.3.5)

where U := r/a/ and in the limiting process we kept r/a’ fixed. The geometry of is that of
AdS5 x S°. We can finally formulate the famous conjecture, that is U(N) super-Yang-Mills theory in
3 + 1 dimensions is the same as (or dual to) type IIB superstring theory on AdSs x S°. Moreover,
one could see, [66], that the strong coupling regime with large N of the CFT is mapped to the weakly
coupled regime of gravity in the near horizon limit, and vice versa.

4.4 The holographic dictionary

Having described the physical insights that led us to formulate the AdS/CFT correspondence in type
IIB theory, we conclude this section by illustrating how physical observables of the CFT are actually
computed from the dual AdS gravity description.

As suggested by Witten, [64], since the bulk isometries SO(2,4) of AdS5 act conformally on its
boundary, it is reasonable to infer that the four-dimensional spacetime in which the CFT lives is
dual to the (conformal) boundary of AdS. The precise dynamical statement of duality is the famous
GKP-Witten formula, [64], [38|, which realizes this map at the level of generating functionals. One
takes the boundary value of each bulk field to be the source ¢g(z) that couples to the dual operator
O in the CFT action, and equates the two partition functions:

(exp / d*x 6o(2) Oz) )

The left side is the CFT generating functional of connected correlators of O; the right side is the full
string (in the supergravity limit, gravitational) partition function in AdS, evaluated with Dirichlet-
type boundary conditions that impose the source ¢¢ as the leading near-boundary data of ¢. In the
regime of large N and large 't Hooft coupling mentioned earlier, where the bulk is weakly curved
and classical, the right side reduces to e~ Sen-snen(®0] with S, o .1 the supergravity action evaluated on
the classical solution determined by ¢o. CFT correlation functions are then obtained by functional
differentiation with respect to the sources,

CFT = Zstring[qb(-raz)lz_}(] - gbo(l‘)], (441)

_ o" Son—shell
6do(x1) - 0o (n) | 4o

Finally, in order to identify which bulk AdS field ¢ is mapped to the CFT operator O, one can
resort to symmetry arguments. The idea is that ¢ and O should share the same SO(2,d) quantum
numbers. In particular, whenever the CF'T operator is a conserved quantity associated to a global
symmetry G, the most natural coupling comes by covariantizing the action by adding appropriate

(O(21) -+ Oan)) (4.4.2)
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AdS gauge fields. Thus, a remarkable aspect of the correspondence is that bulk gauge symmetries are
mapped to global symmetries of the CFT. For instance, in the type IIB duality described earlier, the
SO(6) ~ SU(4) isometries of the internal manifold S° descend to gauge symmetries of the effective
AdS5 theory obtained after compactifications; by the holographic duality they are translated to the
global SU(4)g symmetries of the dual CFT.

4.5 Symmetry defect operators and Hologra-
phy

A growing body of work has established holography as a powerful tool for describing the symmetry
structure of a low-energy theory. In [5l 7], for instance, it was shown how the symmetry operators of
theories holographically dual to a given string-theory setup can be constructed systematically from
probe-brane configurations. This holographic method is well understood for discrete symmetries, and
only recently attempts have been made to extend it to the continuous case. The authors of [16]
proposed a way to encode abelian continuous symmetries holographically, identifying non-BPS Dp
branes as candidates for the holographic duals of the symmetry operators. More precisely, they
showed that even after the non-BPS brane has decayed it leaves behind a U(1) parameter, which
suggests that such branes may indeed realize continuous symmetries. Building on this observation,
and appealing to a regularization procedure borrowed from QFT, the authors of [25] argued that such
non-BPS D(p — 1) branes originate from the decay of a Dp/Dp system, thereby furnishing a way to
regulate the symmetry operator.

Non-abelian symmetries were first addressed in this context by [11] which, together with [10]|, points
towards a systematic approach to symmetries in holography. The key insight is that the brane/anti-
brane pair mentioned above can be realized as a single BPS U-shaped brane hanging from the conformal
boundary of AdSg.1, while the charged operator is dual to a Dp brane whose external direction
coincides with the radial direction of AdSg;1. These works also supply a string-theoretic mechanism,
based on the Hanany-Witten effect, that accounts for how charge measurement is realized in the
underlying string setup.

In what follows we illustrate a few explicit examples of top-down holographic realizations of defect
operators, drawing on the constructions of 5] and [11] for the abelian discrete case and the continuous
non-abelian case, respectively.

4.5.1 Holography for discrete abelian symmetries

The linchpin behind the construction of 5] is that branes, in a precise topological limit, can reproduce
the topological subsector of the original gravity action in AdS441, which in turn encodes the symmetry
structure of the dual CFT. The reduced topological field theory is tied to the notion of Symmetry
Topological Field Theory (SymTFT), which has recently emerged as a powerful tool for analyzing the
symmetry structure of quantum field theories, especially for discrete symmetries, [19].

Assuming that the symmetry group 8 factorizes into abelian discrete symmetries,
s=[]c%,
p

with GP =[], Z,», then, denoting with Bzi7 11 the corresponding background gauge fields, the topolog-
ical subsector is expected to be captured by the following (d + 1)-dimensional action:

S= [ S b A A ([, (45.)
Mg

ij
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where the first terms are BF-couplings between the (now dynamical) gauge fields b and their duals I;,
and A is a possible anomaly term. Note that we adopt here the continuum description introduced in
Section [2 to represent the finite-group cocycles associated with the discrete symmetry.

The top-down reconstruction of the this topological subsector of bulk gravity proceeds as follows.
Start from a string theory whose holographic solution is

Mpy1 = AdSqi1 x Xy,

with D = 9 for type II theories and D = 10 for M-theory. The goal is to reduce over the internal
compact manifold X,,, retaining only the topological couplings. This “topological limit” corresponds
to a low-energy regime in which only the topological couplings survive and higher-derivative terms are
negligible.

The topological (D + 1)-dimensional bulk action can be recast as a (D + 2)-dimensional theory de-
pending only on the field strengths F(®) rather than on the gauge potentials. It usually takes the
form

Spas = / [1% FO pdpl) — oy 70 5 g0 (4.5.2)
Mpyo

where the F(®) are the (D 4 2)-dimensional fluxes descending from the original (D + 1)-dimensional
theory, while the J® are built from the (D + 1)-dimensional brane source insertions. After com-
pactification on the internal space one obtains a (d + 2)-dimensional theory, namely action (,
formulated on a one-dimension-higher auxiliary manifold.

One may further enrich (4.5.2) by adding Chern-Simons terms CS({F®}), polynomial in the fluxes
F®. The closed form CS({F®}) is related to the physical (D + 1)-dimensional Chern-Simons terms

through the descent procedure,

R B T )] (4.5.3)
Mp1

As an example, the topological sector of type IIB theory is captured by the auxiliary eleven-dimensional
action

1
Srip = Fl/\ng—F3/\dF7—|—§F5/\dF5+H3/\dH7—|—H3(F1/\F7—F3/\F5), (454)
My

where we have introduced the Hodge-dual fields F%7, Fy and Hy. This action must be supplemented
by a source term for each flux; the corresponding Bianchi identities in the presence of sources, which
we omit for brevity, are collected in Appendix A of [5|. To carry out the compactification on the
internal space, we expand the flux content on representatives of the non-trivial cohomology of X,,.
The BF-terms of the reduced (d + 2)-dimensional auxiliary action can arise either from the expansion
of the Chern-Simons terms or from the F® A dFY) terms in .

Let us now put these general ideas into practice. Consider the Klebanov-Strassler solution [47], dual
to4d N =1 SU(M) SYM. This is the back-reacted configuration of N D3 branes probing the resolved
conifold, i.e. the cone C(T'!) over the Sasaki-Einstein space T1!, together with M D5 branes wrapping
the S2 ¢ TH!. The relevant flux quantization is

y Fy=M (4.5.5)

The expansion ansatze are given by
FO = By = Mvolgs + fOY volge + f1:2)
F® = Hy = §? (4.5.6)
FO = Fy = FQ) + £ Avolgs + f32) A volgs,
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where the volume forms are normalized as

A3 V0153 = 1, /;2 V0152 = 1, Al ) VOls3 /\V0152 = 1, (457)

the £ are differential forms with legs only along the external space, and Féiig denotes a non-vanishing

background value of the F®) flux. Inserting (4.5.6) into the Chern-Simons term H3 A F3 A Fy of (4.5.4)
yields the (d 4 2)-dimensional BF term

Sara = M O A e, (4.5.8)

Mgy2

with d = 4. Had we included source terms for the fluxes,

dH7 = J(2) : J(Q) = j(2’1) /\V01T1,1 4 ...

4.5.9
0Fs = O . 7 — 16D Aol b (4.5.9)

then we would obtain

S sources _ /M [Mf(z) A FBD D A F@) B A f(?”l)] (4.5.10)
d+2

Finally, regarding equation (4.5.1) as a SymTFT, one should also add condensation defects to (4.5.1);
these are realized by coupling the SymTFT to lower-dimensional Dijkgraaf-Witten type theories,

SSymTFT D np/ bpr1 Adbg_p 1 + Z/

(bp—H Nag—f—p—1+Npad—f—p-1N d&;,), (4.5.11)
Mg E>17 Ma—k

This admits a stringy interpretation in terms of Dp/Dp brane pairs: adding the action for a brane/an-
tibrane pair (again described by an auxiliary one-dimension-higher action) and performing the reduc-
tion above reproduces the extra terms in 4.5.11@

4.5.2 Continuous Non-abelian symmetries from branes

To conclude, we discuss how [11] constructs an explicit string-theory realization of topological symme-
try operators for continuous, non-abelian symmetries in holography, a case that had remained largely
unexplored.

The setup is type IIB string theory on AdSs x S°, dual to 4d N = 4 super Yang-Mills, the same
Maldacena conjecture that we already met. The relevant symmetry is the global SO(6) R-symmetry
of the dual SCFT, inherited from the isometry group of the internal S°.

We first present the general features of the construction of [11], later expanded in [10], and then
specialize to the AdSs x S° case treated in [11]. In Section |§| we apply the same construction to
propose a holographic realization of the symmetry structure in the more exotic AdS7 x M3 solutions
of type ITA theory, introduced in Section

4.5.2.1 Low energy description
We start from a low-energy theory on AdSgy1, obtained by reducing the bulk string theory over the
internal manifold. The (d + 1)-dimensional action readﬂ

1
Seff D / |:—27'[JFI A xF7 + CSyq+1(A,dA) |, (4.5.12)
AdSyi1

26 As before, only the terms relevant to the topological limit are retained.
2TThe truncation retains only the bosonic content of the original string theory. It is not a consistent truncation, but
it suffices for our purposes.
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where 777 is a set of constants and CSg41 is the (d+ 1)-dimensional Chern-Simons term, whose precise
form will not be needed below.

Identifying the radial coordinate of AdS411 with Euclidean time, we analyse the low-energy effective
dynamics in the Hamiltonian framework. Varying the action with respect to the time components of
AT gives the Gauss-law constraint G = 0, with

Gr=T117D* F7 + GS%. (4.5.13)

Here Gy is a d-form evaluated on a constant-time slice of AdSyy1, and G?S is the Chern-Simons
contribution to the constraint. The symbol D denotes the gauge-covariant derivative,

D+« Fl =dxFI — fiTAT AxFE, (4.5.14)

Evaluating (4.5.13) at the conformal boundary of AdS411 and imposing Dirichlet boundary conditions
on the gauge fields A, the constraint reduces to

Gy =1ryd*F7, (4.5.15)

where G?S has been dropped since it is polynomial in A’, which vanishes at the boundary. The bulk
gauge transformations generated by then act as global symmetries of the dual theory, with
conserved current Gy. We can now write the boundary symmetry operators of this global symmetry,
in analogy with Section 2 Let 67 be a set of constant parameters and B a d-chain on the boundary
of AdSg4+1 with 0B = My_1; using the exactness of G at the conformal boundary, we obtain

U0, Mg—1) = exp 91/ rryxF7 ). (4.5.16)
Mg_1

4.5.2.2 Regularization by thickening

As explained in Section 2] measuring a charged operator amounts to linking it with a suitable sym-
metry operator. However, as stressed at the beginning of Section [6] this description breaks down for
continuous global symmetries, owing to divergences that must be regulated. As we shall see, this reg-
ularization is precisely what motivates the holographic construction of the symmetry operator in [10].
Following [12], we use a simple example to illustrate how such divergences are handled. Consider the
action of a complex scalar field ¢,

Sto) = [ d'z (0619,0 ~ V(6. (1517)
This action is invariant under the U(1) symmetry ¢ — e'®¢, whose associated conserved current is
j=i(¢'dp — pdo'), (4.5.18)
with corresponding symmetry operator
U(a,X) = exp (ia/gj*j) . (4.5.19)

Take X to be, for simplicity, the hypersurface at constant ¢ = 0. We wish to compute the correlation
function

<¢(t17 fl) o (b(ti—l’ fi—l)eia L:O ddilxjo(b(ti? f2)>7 (4520>
with £1 < -+ <t;_1 < 0 < ¢;. The field redefinition

¢ = e OW g (4.5.21)
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removes the insertion of U(a, ) and correctly assigns a factor e'® to every operator ¢ inserted at
t > 0. The variation of the kinetic term, however, generates a divergent contribution proportional to
[6(1)]?, so a suitable regularization of is required. To this end we introduce the one-parameter
family of functions

1
Hht) = ———, (4.5.22)
1+e X
and note that
lim fy(t) = ©(t). (4.5.23)
A—0

We regulate the divergence by thickening the symmetry operator,
eia figdizjo _y i [ da(afi()jo—a?f(6)I9*) (4.5.24)

The regularized field redefinition '
¢ = Ny (4.5.25)

now removes the defect and assigns each field its correct phase, with no divergent terms. Taking A — 0
then recovers the action of the original topological operator. One might still question the topological
nature of the regularized operator . Inserting it, however, is equivalent to switching on the flat
background gauge field

A =df\(t) = fi(t)dt. (4.5.26)

In this background the divergence of the stress-energy tensor reads
9, T = Fvn (z’(D,@)T 6 — iquDm) . (4.5.27)

Since F* = 0 for , the stress-energy tensor is conserved and is therefore topological.
This also clarifies the role of the “seagull” term |$|?A? in : it is exactly the remnant of the
covariantization of the kinetic term of the complex scalar. The lesson of this simple example is that,
to handle the divergences properly, the symmetry operator must be regulated, and this can be done
by “thickening” the operator itself —a remark that lies at the heart of its holographic realization.

4.5.2.3 Hanging branes as symmetry operators

In light of these arguments, [10] proposed that the thickening regularization points to a family of d-
dimensional objects whose “zero-width limit” reproduces the unregulated (d — 1)-dimensional symme-
try operator . Concretely, the symmetry operators are conjectured to correspond to U-shaped
branes hanging from the conformal boundary of AdS4y1. As shown in [25], such a U-shaped hang-
ing brane can be viewed as a Dp/Dp pair: in the zero-width limit the two branes undergo tachyon
condensation and decay into a non-BPS D(p — 1) brane on the boundary, which is identified with the
unregulated symmetry operator. A similar construction appears in [29|, where the continuous symme-
try operators are identified with particular fluxbrane configurations wrapping cycles at the asymptotic
boundary of the internal manifold; Appendix A of [29] shows that these configurations can be realized
as soliton backgrounds of a D-brane/anti-D-brane pair, in agreement with the symmetry-operator
construction of [10, (11].

The detailed form of the probe Dp brane realizing the regulated symmetry operator is theory-
dependent, but its general structure can be described. Its support wraps the submanifold v x My_1 X
Xp—d+1, where My_1 C 0AdSi41, 71 is a small arc dipping into the bulk of AdS;y; and joining two
boundary points, and X,,_441 is the internal manifold wrapped by the brane.
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4.5.2.4 Charged operators

Turning to the charged operators, the effective AdSy.1 action admits Wilson-line operators
transforming in a representation of the gauge group. Such Wilson lines can be defined as the parallel
transport of the gauge field along a curve v in AdSyy1; for our purposes, however, it is more convenient
to use an equivalent description in which the Wilson line is a quantum-mechanical model supported
on M and coupled to the bulk gauge field A. Its action is, [10],

Swi = / (g, x tdax),  withx 'dax = xtdx + x Ax. (4.5.28)
My

Here x is a G-valued function localized on M, Y~ 'd4x takes values in the Lie algebra g of G, and ¢
is an element of the dual algebra g*; the bracket (-,-) denotes the natural pairing between g and g*.

For G = SO(n + 1) the action (4.5.28)) simplifies considerably:

1

_ ab
Swir = 2/ qab (X 'dax)”, (4.5.29)
My

where a,b = 1,...,n+1 are fundamental SO(n+1) indices and x is an SO(n+1) matrix, i.e. y 7! = x7.
The Lie algebra g of SO(n + 1) consists of antisymmetric matrices, and since the Cartan-Killing
metric induces the isomorphism g* 2 g, ¢, may likewise be taken to be antisymmetric. The Wilson
line is mapped to a charged operator of the dual CFT by imposing Dirichlet boundary conditions

on the bulk gauge field A at the conformal boundary of AdS;y1; see Figure The key point is

OAdS 41

O(x)

I

M,

Figure 11: The Wilson line is mapped to a charged operator O(z) of the dual CFT, sitting at the conformal
boundary of AdS4y1 and supported on the line M; extending into the bulk.

that a suitable probe-brane configuration in the bulk can reproduce the action . Specifically,
whenever the internal space contains an S™ factor from which the gauge group SO(n + 1) descends,
the action (4.5.29) is recovered holographically from the topological Wess-Zumino couplings of a brane
wrapping a maximal S”~2 C S™ and extending along the radial direction of AdSg,;. One must also
account for the fluctuations of the brane along the S™ directions, encoded by scalar fields Y on the
worldvolume subject to the constraint Y?Y? = 1. Their profile is

Y(r,0%) = x%(7) Y(%) (o"), (4.5.30)

where (7,0") are worldvolume coordinates, with 7 parametrizing the radial direction of AdSy;; and
o' the wrapped S™" 2. The functions Y(%) describe the brane Wrappin@ the S"~2 at fixed 7, while

x(7) is SO(n + 1)-valued, i.e. yx* = 1.

280ne could equally consider configurations in which the brane wraps the (n — 2)-sphere w times; we set w = 1
throughout.
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4.5.2.5 R-symmetries in AdS; x S°
Finally, following the reasoning above, we collect the results of [11] in the specific setting of AdS5 x S°
type IIB theory.

For the charged operators, [11] show that a D3 brane wrapping the radial direction M; C AdSs
and a maximal 3-sphere S C S® correctly reproduces the expected low-energy action of an
operator charged under SO(6). The internal S® is obtained by setting two of the six y’ coordinates
parametrizing S° to zero: denoting by 2% the maximal 3-sphere at y* = 0 = y® with a # b, the
general internal cycle wrapped by the D3 is

1
Y= §nabzab, (4.5.31)

with ng, = —np, a set of integers and Yab — _¥ybe ynderstood in the chain sense.

For the symmetry operators, the relevant string configuration is a bound state of a D5 brane and
a five-dimensional Kaluza-Klein (KK) monopole; the need for the KK monopole will be explained
shortly. According to the general construction, the D5 wraps 1 x M3 x 39, with M3 C AdSs; and
Yo C 8%, To define Xy it is convenient to write S° as a Hopf fibration over CP?, introducing complex
coordinates

zwy = Y1 + 1y, 2w = Y3+ iy, 2z = Y5 + 1ys, (4.5.32)

with z = e'¥. The S° metric then takes the form
dsgs = dsgpe + (d) + A)? (4.5.33)

where the first term is the Fubini-Study metric on CP? (parametrized by wy and w9) and the connection
one-form A satisfies

dA = 2J, (4.5.34)
with J the Kéhler form on CP2. Since CP? has non-trivial homology in degree 2, we may define X5 as
dA
Y9 =PD {] . (4.5.35)
27T Cp2

When uplifted to the total space S, ¥y becomes a trivial cycle, as expected since S™ has no non-
trivial homology in degrees below n. After some computation, the D5 configuration above yields the
symmetry operator

Ups(aps, map, M3) = exp (OZ;SQme / *5F“b> , (4.5.36)
9 M3

flux

where x5 F% is the AdSs Hodge dual of the SO(6) gauge field strength and

aD5:/ ai, (4.5.37)
jga!

with a1 the U(1) worldvolume gauge potential on the D5. The integer coefficients mgy, reflect the
particular way the Hopf fibration is realized, i.e. how the y® coordinates in (4.5.32)) are permuted, and
Jaux is a numerical constant.

The five-dimensional KK monopole shares its worldvolume with the D5, and it can be shown [11] that
it gives rise to the symmetry operator

Uk k (KK, Mab, M3) = exp (aKﬁma”/ *5F“b> , (4.5.38)
2900 JMs

where gp. 7 is another numerical constant. The role of the KK monopole becomes clear upon combin-
ing (4.5.36]) and (4.5.38)), which gives

Ups—k K (o, may, M3) = exp <a2m;b/ *5Fab) , (4.5.39)
g M3
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where ¢ is the effective coupling constant of the low-energy AdS5 action; this reproduces the correct
normalization2’

4.5.2.6 Charge measurement
Finally, [11] showed that the holographic counterpart of charge measurement is provided by an F1
string via the Hanany-Witten effect, generated when the D3 and D5 branes cross each other.

This can be seen in the following way. The worldsheet of the F1 string consist of a semidisk bounded
by the arc 1 and th conformal boundary of AdSs. Now, if we focus on the topological terms of the
F1 string action, we recall that F1 couples with the U(1) worldvolume gauge field a; of the D5 brane
on which it ends. The relevant term is

SFl D) / ai, (4.5.40)
OWo

where Wy is the worldsheet of the F1 string. The boundary of the F1 worldsheet is a segment on the
conformal boundary and the arc 7;; however the gauge field a; is supported only on the latter, so the
exponentiated action reduces to

exp <i23 : 22/ a1> = exp (1aXs - ¥a), (4.5.41)
M

where we have recalled that o = f% a1 and we added the internal intersection number Y3 - ¥o between
the 3-cycle X3 wrapped by the D3 and the 2-cycle ¥ wrapped by the D5.

It can be proved that, [11], the exponential above reduces to
1 ab
exp 56 Ngg |, (4.5.42)

thus different choices of the symmetry operator (corresponding to different §%°) can be used to probe
the R-charge of the D3 branes.

29T his requires assuming o = aps = 2ak K-
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5 6d-SCFT’s and their holographic re-
alizations

In the previous section we introduced the notion of CFT, reviewed some elementary facts about
conformal invariance, and highlighted the correspondence between the AdS isometry group in d + 1
dimensions and conformal invariance in d dimensions. This ultimately led us to the formulation of
the AdS/CFT duality, of which the one proposed by Maldacena [50| is an example. More precisely,
Maldacena’s conjecture, reviewed in Section relates a supersymmetric conformal field theory
(SCFT) to type IIB theory on AdS5 x S°, which also enjoys supersymmetry. This is not the only
instance in physics where SCFT’s play a major role: they are ubiquitous in high-energy physics as
well as in condensed matter physics. It is not surprising, then, that SCFT’s have been intensively
studied in recent years.

Among all SCFT’s, perhaps the most intriguing are those living in six dimensions. Indeed, as shown
by [52], the superconformal algebra can be constructed only when the spacetime dimension d is less
than or equal to six; consequently, 6-dimensional SCFT’s are the highest-dimensional theories in
which conformal invariance and supersymmetry can coexist. For a long time it was believed that such
theories could not exist; however, as pointed out by [59], the so-called “tensionless string theories”
engineered from string constructions in [61, 65| turned out to be genuine examples of 6-dimensional
SCFT’s.

One of the most challenging aspects in the study of 6-dimensional SCFT’s is that, to date, no La-
grangian description of any of these theories is known. This is due to several exotic features shared
by such theories, such as the fact that the coupling constants of marginal operators are expected to
diverge at the non-trivial conformal fixed point [59], as well as the presence of tensor multiplets, which
makes it difficult to write down a Lorentz-covariant Lagrangian.

Despite these difficulties, many string-theory constructions have proved successful in building 6-
dimensional SCFT’s from a top-down perspective. As far as our thesis work is concerned, in this
section we will briefly show how the authors of |40, 23| engineered 6d SCFT’s from a system of NS5-
D6-D8 branes in type IIA theory. In particular, as conjectured by [33] building on the work of [4],
these 6d SCFT’s should be dual to massive AdS7 solutions of type ITA theory. Before diving into the
stringy realizations of such theories, however, we will briefly illustrate some basic properties common
to any 6d SCFT, following the review [41].

5.1 Basic properties of 6d SCFT’s

The conformal algebra is no longer sufficient when supersymmetry is present; we must sup-
plement it with N fermionic supercharge operators () and N superconformal operators S, alongside
the generators R of the symmetry that rotates the supercharges. Roughly speaking, the ’s can be
thought of as the “square root” of the translation generators P,

{Q.Q}~ P, (5.1.1)
while the S’s are the “square root” of the generators K of the special conformal transformations,
{5,585} ~ K. (5.1.2)

Since it is not relevant for the remainder of our discussion, we omit the full superconformal algebra. We
simply state that in six dimensions the superconformal algebra is 0sp(6, 2|N), with bosonic subalgebra

0sp(6,2|N) D 50(6,2) x sp(N), (5.1.3)
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where $0(6,2) is just the conformal algebra in six dimensions and sp(N) is the algebra of the R-
Symmetry.

The @Q’s and the S’s defined above transform as spinors of positive and negative chirality, respectively,
under the so(5, 1) Lorentz algebra, and combine into a single spinor of positive chirality of s0(6,2). In
addition, they belong to the fundamental representation of the R-symmetry algebra sp(N).

In six dimensions, the number N of supercharges is constrained to satisfy
N <2,

hence SCFT’s in six dimensions come equipped with either N =1 or N = 2 and are denoted by (1,0)
and (2,0) theories, respectively. This nomenclature stems from the fact that in six dimensions one
can impose a pseudo-Majorana condition together with a chirality condition, which yields pseudo-
Majorana-Weyl spinors:

Qai = 2i;CapQ” 1. (5.1.4)

In the above relation, Cyg is a suitable charge-conjugation matrix built from the Clifford algebra of
s0(5,1), and Q;; plays an analogous role in the R-symmetry algebra.

It is useful to recall that in 6-dimensional (1,0) theories (not necessarily conformally invariant) the
low-spin massless states that appear after string compactifications are

e The gravity multiplet, which has one graviton of spin (1,0), two gravitinos of spin (%, 1) and
one additional field of spin (0, 1), a chiral two-form with self-dual field strength.

e The tensor multiplet, which has one tensor field 2-form B (with anti-self-dual field strength
H) of spin (1,0), two fermions of spin (%, 0), and one scalar of spin (0, 0).

e The vector multiplet, which has one vector field of spin (3, 3) and two fermions of spin (0, §).
e The hypermultiplet, which has two fermions of spin (%, 0) and four scalars of spin (0,0).

This implies that the only low-spin degrees of freedom of the 6-dimensional (1,0) SCFT’s are those
of the tensor multiplet, the vector multiplet and the hypermultiplet, whereas the gravity multiplet is
discarded, since 6-dimensional SCFT’s are non-gravitational theories.

In the N = 2 case, the only low-spin massless states belong to the (2,0) tensor multiplet, which is
made up of five scalars transforming in the 5 of the sp(2) ~ s0(5) R-symmetry. Moreover, any N = 2
supermultiplet can be decomposed in terms of N = 1 supermultiplets: the (2,0) tensor multiplet can
be regarded as a combination of a (1,0) tensor multiplet and a (1,0) hypermultiplet.

As mentioned at the beginning of the section, interacting field theories involving tensor multiplets can
hardly be cast in a Lagrangian description; for instance, if one tries to write a kinetic term for the
two-form tensor field B, the usual term

1
L= —2dB AdB (5.1.5)

is immediately seen to vanish, owing to the anti-self-duality relation xdB = —dB.

Among the available low-spin multiplets in (1,0) theories, the only ones containing scalar fields are
the tensor multiplet and the hypermultiplet. The moduli space therefore splits into two branches:
the tensor branch, in which the scalar fields of the tensor multiplet acquire a non-vanishing vacuum
expectation value (VEV), and the Higgs branch, in which the scalar fields of the hypermultiplet acquire
a VEV.

One crucial aspect worth mentioning is the role played by anomalies in realizing consistent 6-dimensional
SCFEFT’s. Suppose that at least one of the scalar fields has been given a VEV; then a mass scale is
introduced and the theory ceases to be conformally invariant. We have thus moved away from the
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conformal fixed point and obtained a new theory, which is still a chiral theory in an even-dimensional
spacetime. Theories of this kind are generically plagued by chiral anomalies. Such anomalies are en-
coded in the four-point functions (541 jh2 53 j54), where jh! is the current associated with the symmetry
«; (these four-point functions are the 6-dimensional analogue of the three-point functions encountered
when studying chiral anomalies in 4d). Depending on whether the currents in the four-point function
belong to the same symmetry or to distinct ones, we speak of pure and mixed anomalies, respectively.
The anomalies of the non-conformal theory are related to those of the 6d SCFT, and thus impose
constraints on the superconformal theory. All of these anomalies are encoded in the so-called anomaly
polynomial, which is an 8-form Ig constructed from the field strengths F,, associated with the sym-
metries a. The anomaly polynomial Ig is related to the anomalous variation of the six-dimensional
action Ig by the descent procedure, which reads

Iy = dI;, &Iy = dg. (5.1.6)

anomalies receive both one loop contributions as well as contributions from the variation of the two-
form potentials associated with the tensor multiplets. In six dimensions this is often referred to as the
Green-Schwarz-Sagnotti-West mechanism. Thus we may write the anomaly polynomial as

Iy = I3 4 1SS, (5.1.7)

In particular, it can be seen, [41], that the Green-Schwarz contribution to the anomaly polynomial is
as _ 1
I3 = §A I;1;, (5.1.8)

where A% is negative definite symmetric matri)@ and I; is a 4-form constructed from the field strengths
of the symmetries of the theory. In particular, the Green-Schwarz contribution to the anomaly poly-
nomial always contains a term of the form

2

D e T(FY) | (5.1.9)

ij

where F; is the field strength of the i-th symmetry, with ¢ and j running over both gauge and global
symmetries. Typically, whenever an anomaly involves a gauge symmetry, it spoils the consistency of
the theory and therefore must be cancelled.

We conclude this brief overview of 6-dimensional SCFT’s by pointing out that the BPS states of such
theories correspond to tensionless strings. First, we note that the objects charged under the two-form
B are strings. This can be seen as follows. Whenever electric sources of the B field are present, the
corresponding field strength H satisfies

dxH =xJ (5.1.10)

where J is the 2-form current localized on the worldvolume swept out by the charged object. Hence,
such an object extends along a 1-dimensional space, i.e. a string. Moreover, given the aforementioned
self-duality relation, the same string is also a magnetic source for the B field. Finally, if one includes a
central charge Z in the superconformal algebra, the states charged under Z are precisely these strings.

5.1.1 Type ITA top down construction of (1,0) theories

In this section we explore one of the many attempts to engineer 6d SCFT’s from string theory. We
review the so-called Hanany-Zaffaroni setup [40, [23|, which can be regarded as a higher-dimensional
T-dual analogue of a similar setup studied in [39].

39Depending on the conventions adopted, it may be a positive definite symmetric matrix
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Consider, in flat type IIA theory, N NS5 branes wrapping directions (012345), each located at a
fixed position xiﬁ along the sixth direction, together with a stack of r; D6 branes wrapping directions
(0123456) and stretching between two NS5 branes along the sixth direction. In addition, we place a
stack of n; D8 branes wrapping directions (012345789) at a point along 2 located on the worldvolume
of the D6 branes connecting the i-th and the (i + 1)-th NS5 brane. See Figure

NS51 NS59 NS53 NS5y _1 NS5
ool ro L N1l
n1 N2 NN-1
} } } } } 26
8 e o
— NS5 — D6 - D8

Figure 12: Pictorial representation of the Hanany-Zaffaroni setup in type ITA theory. For illustration purposes
the stacks of D6 and D8 branes are represented by displaced lines, in the actual string construction they are all
coincident.

Because of the branes, the original Lorentz symmetry SO(1,9) is broken to SO(1,5) x SO(3); this is
precisely the bosonic content of the algebra of supersymmetric (1,0) theories in six dimensions. The
first factor is the Lorentz symmetry in six dimensions, while SO(3) is identified with the Sp(1) ~ SU(2)

R—symmetry@

We now focus on the effective theory living on the common (012345) directions of each stack of D6
branes, obtained by performing a Kaluza-Klein reduction on the compact 2% direction. The above
analysis suggests that this effective theory is indeed a six-dimensional (1,0) supersymmetric theory.
More specifically, for each interval between the i-th and the (i + 1)-th NS5 brane, the low-spin content
consists of

e Vector multiplets, provided by the stack of D6 branes, which give rise to an SU(r;) gauge
theory in each interval.

¢ Bifundamental hypermultiplets, i.e. pairs of hypermultiplets in the fundamental and anti-
fundamental representations of the gauge groups SU(r;) and SU(r;y+1). They arise from the
oscillations of strings localized on each NS5 brane, whose ends terminate on two adjacent D6

brane>2

e Fundamental hypermultiplets, which originate from the oscillations of strings stretched be-
tween D6 and D8 branes. They transform in the fundamental/anti-fundamental representation
of the gauge symmetry SU(r;) and in the anti-fundamental/fundamental representation of the

31Notice the difference with equation : there, since the theory was also conformal, the Lorentz group was
enhanced to the conformal group.

32Gtrictly speaking, the vector multiplet would lead to a U(r;) gauge symmetry. However, through a Green-Schwarz
mechanism, at low energies all the U(1) factors become massive, so the gauge groups are just SU(r;).
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global symmetry U(n;), respectively. The global U(n;) arises from the (frozen) vector multiplet
on the worldvolume of each D8 stack.

e Tensor multiplets. The NS5 branes provide a (2,0) tensor multiplet, but one of them (the
one parametrizing the centre-of-mass motion of the system in the directions transverse to the
NS5 branes) is decoupled. As stressed above, the (2,0) tensor multiplet decomposes into a
(1,0) tensor multiplet and a (1,0) hypermultiplet. The four scalars ¢%, i = 6,7,8,9 of this
multiplet correspond to the four transverse directions of the NS5 branes, z%, i = 6,7,8,9. In
particular, 2% belongs to the (1,0) tensor multiplet, while the remaining ones belong to the (1,0)
hypermultiplet.

In general, the parameters associated with infinitely extended branes are frozen from the point of view
of the six-dimensional observer. This is why, for example, the vector multiplet of the D8 branes realizes
a global symmetry rather than a gauge one. At first sight this seems to contradict the fact that the
bifundamental multiplets arising from NS5 oscillations are dynamical in our theory. The resolution is
that, although infinitely extended, the NS5 branes wrap the very same six dimensions in which the
supersymimetric theory is defined; hence, oscillations of the NS5 worldvolumes are dynamical fields for
the six-dimensional observer.

The matter content of the gauge theory is succinctly summarized by a quiver diagram, such as the
one shown in Figure [[3} for this reason, such theories are also called quiver gauge theories. Moreover,
since the associated quiver diagrams are linear chains, these theories are known as linear quiver gauge
theories.

ni N2 nnN-1

@ ) - o

Figure 13: Quiver diagram representing the (1,0) supersymmetric theory obtained by Kaluza-Klein redution
on the (012345) directions of the D6’s worldvolumes. Squared boxes represent flavour groups SU(n;), whereas
circle boxes represent gauge groups SU(r;). In addition, the lines connecting two consecutive gauge groups
represent the hypermultiplets in the bifundamental representation, while the lines connecting each gauge group
to the corresponding flavour group stand for the fundamental hypermultiplets.

It can be shown [39] that the gauge coupling constant of each gauge group SU(r;) obeys the relation

6 6
LS S

] 6 6
— L= % — P, 5.1.11
giQ gslg +1 7 ( )
where g5 is the string coupling and [ is the string scale.

In general, the matter content of (1,0) supersymmetric theories is heavily constrained by anomalies;
it can be shown [28] that anomaly cancellation requires

n; = 27’,‘ — Ti+1 — Ti—1- (5.1.12)
This can be derived from an anomaly matching argument. In particular, we recall from the earlier

discussion that the anomaly polynomial is made up of two pieces: the one-loop contributions and
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the Green-Schwarz contribution. It is shown in [28| that the one-loop contribution to the anomaly
polynomial is

N-1
1
I = 21 [ > [(—27%' + 71+ 11 + fi) (trFf‘ + %trFf) —127;c2 trFiQ]

i=1
1
- 3ZCij trF? ter2 + <2(N —-1)— er) (c% + 202])1)
i i (5.1.13)
N-1
———(23p] — 11
T g0 (231 116p2)
P37 — 4 1
+ plTom (N -1+ B zi:Ti(_Qri +ric1 +rig + 2fi)> ] :
with
Cij = 251’]’ — 51'73‘,1 — 5i,j+l- (5114)

The term proportional to <trFi4 + %trFf) can be removed by applying condition ((5.1.12)). The pieces

proportional to Cj; trFi2 trF jQ and r; ca trFf can be recast as
1 L, 2 _ 2 -1
—g(?ijli]j + 50” TiTj Co, I; = trFi + 2C20,ij rj. (5.1.15)

Of the above equation, only the first term is proportional to the gauge field strengths. By comparison
with (5.1.8)), we see that this term can be cancelled by the Green-Schwarz contribution to the anomaly

polynomial. The second term appearing in ((5.1.15)) as well as the surviving pieces of ([5.1.13) then
yield the physical anomaly of the theory, related only to the global symmetries.

Finally, we note that the tensor branch of these gauge theories is parametrized by the scalar ¢9, i.e. by
the relative distances between the NS5 branes along the x% direction. Collapsing all the NS5 branes
yields a highly non-trivial conformal theory; from (5.1.11)) we see that the gauge coupling becomes very
large at the conformal fixed point. We have thus succeeded in realizing a non-trivial 6-dimensional
(1,0) SCFT.

5.2 Holographic duals

The existence of six-dimensional superconformal theories can be probed holographically by looking
for supersymmetric AdS7 vacua of ten- and eleven-dimensional supergravity. In M-theory the answer
is classical and rigid: the only possibility is the Freund-Rubin solution AdS7; x S* and its orbifolds,
dual to the (2,0) theories. The remaining options are therefore AdS7 x Ms3 backgrounds of type IIB,
or of type IIA with nonvanishing Romans mass Fj, which does not lift to eleven dimensions. Both
cases were settled by [4].

5.2.1 The pure spinor approach

The strategy is an adaptation of the generalised complex geometry methods developed for Minky x Mg
and AdSy; x Mg vacua [36]. One starts from the system of [49], equivalent to supersymmetry for
Minkg x My solutions and written in terms of a pair of pure spinors ¢ defining an SU(2) x SU(2)
structure on My. An AdS7 vacuum is then obtained by regarding AdS7 as a warped product of Minkg
with a line,

62

dp? A A A
dsid& = ? + p2 d812\/[ink6, et =pe”, ds?m = ?dp2 + ds?w?), (5.2.1)
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so that any AdS7 x M3 solution is a particular Minkg x My solution. Decomposing the four-dimensional
pure spinors along dp yields a closed system of equations for the three-dimensional bilinears 1! =
X1 ® X; and 1% = y1 ® XST, built out of two unit-norm spinors on Ms.

The decisive simplification is that spinorial geometry in three dimensions is elementary enough that
the algebraic constraints on 112 can be solved explicitly: the two spinors are parametrised by a single
spinor y and an angle v, and the resulting bilinears are expressed through a vielbein {e,} and two
further angles 01 ». Two consequences follow immediately. First, the zero-form parts of the differential
system reduce in type IIB to coscosf; = costpsinf; = sintpe?? = 0, which admits no solution:
type IIB is excluded at once, without any further analysis. Second, and unusually, in type ITA the
one-form parts of the system determine the vielbein itself, rather than its exterior derivative, in terms
of derivatives of the parametrising functions. The local form of the metric and of the fluxes is therefore
fixed without imposing any Ansatz on the internal geometry, and one finds that M3 is necessarily an
S? fibration over a one-dimensional base — as expected, since the SU(2) isometry of the fibre is the
R-symmetry of the dual (1,0) theory.

Introducing x = cos 1 sin 01, supersymmetry forces the dilaton and = to be functionally dependent on
the warping, ¢ = ¢(A) and = = z(A), and reduces the entire problem to two coupled ODEs, namely
Fy = const together with the relation zdx = (1 + x2)d¢ — (5 + 2?)dA. Using the proper distance r
along the base as a coordinate, the internal metric and the ODE system read

dsiy, = dr* + %em (1 — 2?) ds%e, (5.2.2)

dqb 1 eA 2 A
— = (1224 (227 — 5) Fpet?
=1 (1—902)( z + (227 — 5)Fpe )7

do_ —%e_A\/ 1— a2 (4 + :EFoeA+¢) ,

dr

dA 1 G_A A

= — 4z — Fpet?). 2.
dr 41— 22 ( v 0¢ > (5.2.3)

All remaining fields are algebraically determined; in particular
= %\/ 1—g2e? (xeA+¢F0 — 4) volgz, H=-— <6€_A + xFoe¢) vol3. (5.2.4)

Bianchi identities and equations of motion are then automatically satisfied. A reformulation in which
all fields are generated by a single function of a rescaled coordinate z, obeying a third-order equation
sourced by Fp, was introduced later [28] and will be used in Section @

Compactness is analysed directly on (5.2.2). Since 9,(ze34~?) < 0, the coordinate r cannot be

periodically identified, so the only option is to shrink the S? at two endpoints, giving Mg = S3.
Regularity at the poles requires

{x =1, At = Fio} at ry, {3: =1, At? = —Fio} at rg, (5.2.5)

which is manifestly impossible for Fy = 0: massless solutions necessarily develop D6-brane (or O6-
plane) singularities at the poles, and indeed the unique Fjy = 0 background is the reduction of AdS7 x
S4/Zy., with k D6-branes and k anti-D6-branes at the two poles. Genuinely regular, compact solutions
therefore exist only in massive type IIA, and require D8-brane sources. Across a D8 stack the fields are
continuous while their derivatives jump; supersymmetry then fixes the position of the stack through
a condition on ¢ = %\/1 — 22¢7? in terms of the flux integers on the two sides. The D8-branes
carry worldvolume flux and are thus D8/D6 bound states, stabilised at their calibrated position by
the balance between the DBI tension and the Wess-Zumino coupling to the RR flux. [4] constructed
such solutions numerically for one and two D8 stacks and conjectured, correctly, that arbitrarily many
stacks are possible.
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5.2.2 Field theory interpretation and anomaly match

The holographically dual field theories to such AdS solutions were identified by [33| as the linear
(1,0) quivers engineered by the NS5-D6-D8 systems of [40} [23]. The dictionary is direct: the interval
swept by r is the holographic image of the direction x® along which the D6-branes are suspended; the
quantised Romans mass ng = 27 Fy counts the D8-branes, so that its jumps across a stack reproduce
the number of flavours attached to a node; the two-form flux integer no counts the D6-branes, hence
the rank of the corresponding gauge group; and the number of NS5-branes, i.e. the number of tensor
multiplets, is the quantised H-flux N = ﬁ f gs H, which is precisely the winding number of the
periodic B-field variable used to enforce flux quantisation. In this identification the supergravity
statement that Fp is piecewise constant, with no varying linearly in between, is the continuum version
of the gauge anomaly cancellation condition obeyed by the ranks of the quiver. Supergravity
is reliable when the quiver is long, so that the discrete sequence of ranks is well approximated by a
smooth profile.

The correspondence was tested quantitatively by [28]. On the field theory side the anomaly polynomial
of a linear quiver can be computed exactly, by summing the one-loop contributions of vector, hyper and
tensor multiplets over the nodes and adding the Green—Schwarz term required to cancel the reducible
anomalies; the coefficient controlling the number of degrees of freedom grows cubically with the ranks,
in analogy with the N3 behaviour of the (2,0) theory. In the limit of a long quiver the sum over nodes
becomes an integral over the interval, and the result reproduces the holographic free energy computed
from the on-shell action of the corresponding AdS7 background, node by node in the continuum sense
rather than merely at leading order. This provides a rather sharp check of the whole construction.

Finally, every solution in the class admits a consistent truncation to minimal gauged supergravity in
seven dimensions [55], so that any seven-dimensional solution uplifts on an arbitrary Ms of the family.
This is what makes the class a practical starting point for the study of probe branes and defects, to
which we turn in the next Section.
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6 R-symmetries from holography
in AdS7 x M3 type IIA theory

This section is devoted to the main work of our thesis. Having introduced the basic notions of the
AdS/CFT duality as well as the interplay between topological defects and holography in Section @
we can finally apply such tools to study the R-symmetry structure of the (1,0) 6-dimensional SCFT’s
dual to AdS7 x Mj type IIA solutions reviewed in Section

More specifically, adopting a similar strategy to the one developed by [11} 10| and reviewed in Section E],
we will provide some evidence in favor of the fact that DO branes and F1 strings are holographically
dual to R-charged operators, whereas the symmetry operator is encoded in a particular D8 brane
configuration.

6.1 Universal consistent truncation

To begin with, we recall from Section p|that type ITA theory admits an infinite family of AdS7 solutions,
classified in [4]. Each solution features an internal compact space M3 realized as an S? fibration over
an interval. With a suitable choice of coordinates on the interval, the 10-dimensional metric is given
by , while the dilaton ¢, the warping factor A and the supersymmetry parameter x obey the
system of ODEs (5.2.3). The explicit form of the RR 2-form flux and the NS-NS 3-form is given

in 20).

The precise 6-dimensional dual SCFT depends on the particular solution of ([5.2.3)), which encodes
the quiver data of the corresponding Hanany-Zaffaroni setup. However, as proven in [55, all these
solutions share a common 7-dimensional minimal gauged supergravity sector, whose Lagrangian is

1
L:R—§*dg0/\dg0—V(<p)*1

1 4 1 _ 2 T S (6.1.1)
—iem%fﬂ/\fﬂ;—ie m¢*%/\3§+§%/\%/\143—h?4/\143,
where F is the field strength of the SU(2) gauge field A?,
: A
Ty =dA" — 5ge”’w AAF. (6.1.2)

The SU(2) gauge symmetry arises from the isometry of the S? fiber of the internal space Ms; as in
the AdSs x S° case, this gauge symmetry is mapped to the global R-symmetry of the holographically
dual 6-dimensional SCFT.

The Kaluza-Klein reduction ansatz that realizes the compactification from AdS7 x M3 to minimal 7-
dimensional gauged supergravity was provided in [55]; for our purposes it is useful to report here
the reduction ansatz for the metric and fluxes. Unlike [55], we are interested only in the unperturbed
vacuum solutions, so in our expressions we set X =1 (= w = 1).

The ten dimensional metric is

14 1 — 2
dsfy = 50°¢ dshas, + sy, dshy, = dr® + ——c* Do, (6.1.3)
Here, Ds%2 is the covariantized S? metric,
Dsé, = Dy'Dy’, Dy’ = dy' + kI gA*, (6.1.4)
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where 3’ are cartesian coordinates which parametrize S2,

Yyt =1. (6.1.5)
The Neveu-Schwarz potential B is
1 1 ..
(~'B = Eem 2V/1 — a2voly — e dr A (m —5 gyZA’> , (6.1.6)
where voly = %eijkyi Dyl A Dy*, and m is defined by dm = —%Volsz, with volgz the usual (non-

covariant) volume form on S2. From ([6.1.6]) we obtain the field strength H = dB,
1 | : .
(" H = —6e A volyy, — LFye®zvolyy, — ZeA dr Ny'gFs — Eemx\/ 1 — 22 g5 A Dy (6.1.7)

Finally, we will also need the reduction formulas for the Ramond-Ramond gauge fields,

o 1
Fy, = —q(vola + y'¢gF%) + EEFOeQAx\/ 1 — z2vols, (6.1.8)
Ty —%em\/ 1 — 22y’ gF% A voly — %eAdr A €98 gFiyd Dy (6.1.9)

where ¢ = %eA*‘Zb\/ 1 —22. In (6.1.9) we have kept only the terms containing F, since the remaining
pieces are not relevant for our discussion.

6.1.1 The 2z coordinate

To simplify our computations, it is convenient to change the parametrization of the internal interval
of Mj from the r coordinate to the z coordinate introduced in [28]. For the remainder of the thesis,
we will carry out our calculations in z coordinate, however Appendix [B] contains the massless £y = 0
case studied by means of the original r coordinate.

To begin with, [8] showed that the system of ODEs ([5.2.3) can be reduced to a single differential
equation for a new function S(y),

2 4
()2 =F q=- yVi (6.1.10)
9 B
where prime denotes differentiation with respect to the variable y (not to be confused with 3*), defined
by,
3\ 2 e24
dr=1{-) —=dy. 6.1.11
(3) 7 (G410

In terms of 3, the functions A, ¢ and x are

A_2( B\
‘ _3< y)

o (B!
12+/48 — yp’

2 —yp’
Tr= . 6.1.12
46 —yp’ ( )
Reference [2§] then defines the z coordinate by
dy = 9mqdz. (6.1.13)
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In this coordinate the internal interval corresponds to z € [0, N]. From (6.1.13)) and (6.1.10)), one finds
& a

@ - 1.14
187 17 T162q2 (6.1.14)

Yy=-
where o« = /B and the dot denotes differentiation with respect to z. The function « is piecewise
smooth on each interval z € [i,i+ 1], i = 0,..., N — 1, and its explicit expression was found in [28| to
be

[\

(9m)? 2 (97)

5 ri(z —1)* — 6 (rizn —ri)(z —4)3, z€i,i+1], (6.1.15)

a(z) = a; = 2(9m)yi(z — i) —

where y; and «; are integration constants.
With this new function, the value of the piecewise constant function Fj is expressed as

1 . 1

Fy(z) = “ 1623 & (z) = %('I"i+1 — 1), 2 € [i,1 + 1]. (6.1.16)

The last term can be read as a discrete derivative of the gauge-group rank along the quiver; hence
regions where the rank remains constant correspond to massless regions.

Using equations (6.1.14)), (6.1.13)), (6.1.11) and (6.1.12), the ansatz formulas for the fluxes become

o) TOO
FQ 1627 Tro 9 (V012 + yzg%) + EFOWVOIQ (6117)
o TO ) bol . .
(YR = gFs Avoly + ——dz A €;,gF5 Ay Dy + - - 6.1.18
1= T62n2 a2 — 2aa V1972 N VOR T 1o 08 N ik NY DY ( )
) 1 .
1B = .&;..voh — 21dz A (m - 2yig.AZ> (6.1.19)
& — 20y
(T'H=n(-1+0, & dz Avoly — wdz A y;9F% — La,_g.’f’é A Dy, (6.1.20)
o — 20k o — 20k
while the metric is
Mo o2

6.1.2 Computations of Hodge duals Ramond-Ramond fields

Before showing how the charged and symmetry operators are actually built, it is useful to compute
explicitly the Hodge-dual Ramond-Ramond gauge fields. Following the democratic formulation [17]
employed in [55], we have

Fg = *10F2, F6 = — %10 F4. (6122)
For convenience, it is useful to define
K 1/4 ) a0\ /4 o2 1/2
Ly = (a7/221/4 . Lo =0agl/2V4 [ = ————Ds%, ) (6.1.23)
a a a? — 2a6

which are the radii of the internal interval I and of S2, respectively.

Using formulas ({A.0.13) and (A.0.17) from Appendix [A] we immediately find

Fs D myig *10 3;1 1697 2gyZL1L2 *7 EF% A dz N voly (6.1.24)
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« Ta ) )
Fs D —emﬁ%ngLz *x7 Fo AN dz — e geljkL *7 Fo Ayt %o DyF (6.1.25)

where again we have kept only the terms containing 3"5. The symbol %2 denotes the Hodge dual with
respect to the unit-radius S? metric. Using equation (3.13) of [9],

*xo Dyt = €9y Dy (6.1.26)
we can recast (6.1.25)) as
TaQ ; & » :
F, gl L5? —l———gLi! Dy’ 1.2
6 O 6162 34~ o0 dyzg 1449 *73:12/\612 £1627rg 1 *73'45/\ Yy, (6 7)

where we used that on the unit 2-sphere y’y’ = 1 and y™Dy™ = 0.

6.2 Charged operators

In this section we derive the brane configurations that realize the charged operators of the SU(2)
R-symmetry of the 6-dimensional SCFT dual to type ITA theory on AdS7 x Mjs. We initially follow
closely the procedure of [10], although our analysis will contain a new ingredient absent from [10].

For dimensional reasons, the only candidate brane that can holographically represent an R-charged
operator in the dual theory is a DO brane wrapping a single point in the S? factor of the internal
space M3 and sitting at position z in the radial direction of AdS7. Strictly speaking, according to the
general construction, the probe brane should wrap S° C 52, i.e. a pair of points in S? rather than a
single point. However, as explained in [10], wrapping either S° or a single point merely corresponds
to building representations of SO(3) or of SU(2), respectively. Since we are interested in SU(2)
representations, we consider a single point in S2.

The topological Wess-Zumino coupling of a D0 brane is

Spo D Ch, (6.2.1)
My

however, it is easier to write this action by inflow, using the relation dCy = F» — BFy = Fy, so that

SpoD | P, (6.2.2)
Na

with 0Ny = M;. Upon using (6.1.17)) and (6.1.19)), we find

= (v012 + ylgf)”Q) (6.2.3)

162 16272

The other ingredient we need is the pull-back of Fh onto the worldvolume of the DO brane. Recall
that the embedding of the brane in the S? fiber is encoded by equation (4.5.30), where this time the
Y are constants. Denoting by Pw] the worldvolume pull-back of a form w, the covariant derivative

appearing in (6.1.4) pulls back to

o REEY, (6:2.4
P[Dy'] = dx"” Y{ + gPIA"XM Vi = dax"Yy,
where we have defined - y A A
dax” = dx" + gPJA*]\M. (6.2.5)
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To make contact with the notation of [10], we have rewritten the gauge field as A® = %eij FATF ie. we
have switched from the adjoint to the fundamental representation. The covariant derivative in (6.1.4))
thus reads

Dyt = dy' + gAYy, (6.2.6)
whose pull-back is indeed . It is also convenient to define
0 = (x tdax)¥. (6.2.7)
Since x € SO(3) (so that xT = x7!) and AY = — A% we immediately have ©Y = —©7", Now,
from (6.2.3), the pull-back of F, onto the worldvolume of the D0 brane is (writing F} as %eijk&"gk)
P[Fy] = 16‘;‘ . ( ¢7FPly' Dy A Dy¥] + eij’fp[yi&fg’“o (6.2.8)

We start with the first term of (6.2.8]) which, upon using (6.2.4)), reads
1 .. o 1 ... . ,
€ Py Dy’ A Dy = SeTE XY G dax V(o) A dax™ (G
= e YE YR Yo XN (T )™ A (T dax)™
eelm Y(%m%m%) (X dax)” A (X dax)™

alm lb mc

\_/ l\DM—le—\l\') — N

where in the third line we used det(y) = 1. Since the indices run from 1 to 3, the antisymmetrization

over four indices vanishes identically:

alm b alm vb blm yra abm 1 albym
dmyg =0, =Yg — MY - e Y - Y =0, (6.2.10)
hence
alm Y'(b) ble'( )+€abm Yv(lO) + Ealb }/(Brs (6211)
Plugging this into , we obtain
1 alm vy a b c b me __ 1 a a ¢ _blm Qb me
2 YY) Yo ©7 A O™ =S¥ Y)Y e OTAO
1
+ 5Y(‘J))Y(ZO)Y(B) e?melt A @me (6.2.12)
1 a myrc _alb olb me
+5Y0)Y0) Yo T OT A O™

The term in the third line vanishes, since ¢ is antisymmetric in m, ¢ while }/(’831/'(%) is symmetric.
As for the term in the first line, using Y(%)Y(“) = 1, the skew-symmetry of © and the skew-symmetry
of the wedge product, it can be cast as
L oy Ib
Finally, exchanging b and [ in the first ©, the term in the second line becomes
1 abm~y,a v/l c bl mce
which, up to a relabelling of indices, equals the left-hand side with a minus sign. Altogether, we find

1 .. ) ) 1
§€zjkp[ley] A Dyk] — _Zemlb)f(‘é)@cm A @lb, (6215)
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We now turn to the second term in (6.2.8)), which reads

2

Hence, the worldvolume pull-back of F» becomes

P[F;] = 16072 <—4e]kY(l0)@l /\@Jk+§e ]kY(O)(X 13"2)()]k>

It is convenient to write Yoi = %eijk Yojk; then, using the identity

ehelmn = |gil - gim - 5in |
5kl 5km 5Im

expression ((6.2.17]) becomes

N R S
P[Py = 5@1/(5) (9(x ' Fox)7 — (O A O)Y).

We now observe that (omitting indices)
dO =d (x 'dax) = dx ' Adx + gdx ' AAx — gy TdAX,
moreover
(X 'dax) A (X tdax) = —dx T Adx — gdx TP AAX A+ gx A A d + P TTA A Ay,
1

where we used dy x ! = —xdx~!. Since
T =dA + gANA,

comparing (6.2.20)), (6.2.21) and (6.2.22)) yields the identity

d (x7'dax)” = (9(x7"Fax) — (x'dax)?)”.

The worldvolume pull-back of F, therefore takes the final form

- 1 a ij -1 ij
P[F) = 31622 Y(g) d(x 'dax)",

and the DO0-brane action becomes

~ 1 « . 3 i 1 . - y
S P|F5] = _ Yl] d 1d J —— Z]/ 1d 7
22 172 /Nz 21602 @ ¢ (X dax) =5 " (xdax)”
with ) |
i = L 1j — _Ti + (Z - Z)(ri+1 - TZ)Y,U
7 T62r2 " O 2 0)°

T ekl %x"“ﬁ%ﬁ”’“? 3= gy(%)eijkxi“xjex'“f (x'Fax) = %6““”(& (x " Fax).

(6.2.16)

(6.2.17)

(6.2.18)

(6.2.19)

(6.2.20)

(6.2.21)

(6.2.22)

(6.2.23)

(6.2.24)

(6.2.25)

(6.2.26)

where the index i is such that z € [i,7 + 1]. This has exactly the same functional form as (4.5.29),

confirming that this configuration describes the correct charged operator under SU(2)g.

Unlike the cases studied in [10], however, this is not the end of the story: as we now show, F1 string
configurations can also holographically describe operators charged under the R-symmetry. Consider
an F1 string whose worldvolume wraps the radial direction M; of AdS; and extends between two
consecutive stacks of D8 branes located at z = j, and z = jpy1. This time it is more convenient to

describe the F1 action directly in terms of the B field potential,

1
Sp1 = o B +/ apy1 — Qp,
Q0 M1 X [jy,56+1] My
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where we have added a boundary term describing the oscillations of the string endpoints on the two
D8 stacks at z = j, and z = jp+1. As shown in [15], the D8 branes usually carry D6 charge dissolved
on them; this is needed to balance any discontinuity across z of the Page charge Fy (see equations
(3.15) and (3.16) of [15]). However, the Page charge depends on the gauge choice for the B field;
adopting the ansatz , we see that it is continuous across the entire z interval,

«

FQ 1 .. ‘
/52 5 /52 PR TTRCALL (ri + (z = 9)(rig1 —7i)) (6.2.28)

which is continuous in z. This means that, with this particular gauge choice, the D8 sources need not
carry D6 charge; hence the second term in (6.2.27) vanishes.

Let us look more closely at the non-zero terms of (6.2.27)). The only contributions from the B
field (6.1.19) are those with a leg along z, so that

1 ,
Sr1 = / P [(m — yigﬂz> A dz} , (6.2.29)
M1 X [jy,56+1] 2

where P again denotes the worldvolume pull-back. The position of the F1 string along the S? fiber is
parametrized exactly as in the D0-brane configuration; therefore,

PlyA') = XY

A (6.2.30)

Introducing A’ = %eiabﬂab, this becomes

i 1 iab. ijvJ ga
PlyiA’] = XY A®

1 . S _1\m 1\n
— §EmbY'(JO)XUXaman(X 1) k(X 1) lﬂkl
1 imny/J —1\m —1\n
= /Y (™M )M AY

1 mn /. —1\ymk gkl In 1 mn — mn
= SV (x Lymk gkly = 5Y) (x "Ax)™, (6.2.31)

where in the second line we wrote A% = (xx ™) (xx 1P A, in the third line we used dety = 1,

and in the fourth line we defined Y(ioj) = ¢ kY(’S) and recalled that =1 = x7.

It is now useful to compute the pull-back of m; it is easier to inspect first the pull-back of its exterior
derivative,

Pldm] = P [—;vo@] . (6.2.32)

This is almost identical to (6.2.15); we simply replace the covariant derivative d4 by the ordinary
exterior derivative d. Taking the —% prefactor into account, we have

}/(%j) [(X_ldx) A (X_ldx)]ij. (6.2.33)

1 1 . . ) 1
plin = P[] = Ly -t =

Moreover, making use of the fact that d(xx ') = 0, we notice that

() A (xLan)] = = [(dx ) A ()] = (At Ad)T = —d(x T Ad)Y. (6.2.34)

Therefore

P[dm] = Y’g)d(xfldx)if : (6.2.35)

1
ol
and since the pull-back commutes with the exterior derivative, we conclude that

1 y
P[m] :—ZY(({)(X Lax), (6.2.36)
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up to total-derivative terms.

Inserting (6.2.36]) and (6.2.31)) into (6.2.29)), the F1 string action becomes

1 i Jb41 3 3 PP _ py
Sp1 = —Y<0)/ dZ/ (xtdx + xgAX) = qj/ (x'dax)”, (6.2.37)
4 J My 2 My
with )
q7 = _i(jb—l—l — 36)Y(0)- (6.2.38)

This shows that F1 strings holographically realize charged operators.

That both DO branes and F1 strings are charged under the R-symmetry should not come as a surprise.
According to [15], each 6d SCFT dual to a type ITA solution on AdS; x Ms contains two types of
R-charged operators, string mesons and baryons, which in the string-theory description are dual to
F1 strings and DO branes, respectively.

Reassuringly, the authors of [15] have shown that the Cartan U(1) R-charge of an F1 string stretched
between two consecutive stacks of D8 branes at z = j; and z = jy 41 is

Qr(F1) = w (6.2.39)

in agreement with (6.2.38|).

If instead we compare the DO R-charge computed in [15] with our equation , we find a discrep-
ancy. This should not worry us: the DO charge depends explicitly on the gauge choice for the field
B. This subtlety was absent in the F1 case, since any gauge choice for B would ultimately produce
a non-zero boundary term in the F1 action, coming from the D6 charge dissolved in the D8 sources,
and one would recover the same R-charge as in (6.2.38]).

We can trace this ambiguity in the DO R-charge to the fact that, in general, such states are non-BPS,
as pointed out in |15]. To render them BPS, we attach F1 strings to them: if the DO lies to the left of
the massless region, we add 27 Fjy strings whose left ends attach to the DO brane and whose right ends
attach to the stack of D8 branes at position z = i, where [ip, ip11] is the integer interval on which the
gauge-group rank is constant and maximal, denoted rpax. If the DO lies to the right of the massless
region, the strings are attached in the opposite way.

Take, for instance, the first case, with the D0 at position z € [i,7 + 1]. From equation (6.2.37)), the
U(1) R-charge of the 2w Fy F1 strings stretching from the DO brane to the D8 brane is

—/ 2nFydz = —=(1i41 — 7“1)/ dz — =(rig2 — 7“i+1)/ dz—
2/, 2 5 2 i+1
e §(Tmax - m+z—1)/ dz, (6.2.40)
itl—1

where we assumed that ¢, lies | positions away from the DO brane. Summing the first two terms

of (6.2.40) gives
1 .
5(?”2‘4_2 — Ty — (Z — Z)(Ti_;_l — ’I”i)), (6.2.41)

while, from the third and fourth terms onward, each successive pair sums to

1
ik = rigp—1), k=301 (6.2.42)
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Hence

1 [t
/ 27TFOdZ =
2/,

1 . 1 1
= — [2(7“142 =71 — (2 =) (riy1 — 1)) | — ) [Fits — Tita] =+ — ) [rmax = Tivi—1] =
= ~ Tmax —7i — (22_ i)(riJFl — ri) . (6.2.43)

Adding this to (6.2.26)), the U(1) R-charge of the DO-F1 bound state is (up to an overall sign)

Qr(F1+ DO0) = r“;“‘, (6.2.44)

just as in [15]. An entirely analogous treatment holds when the DO brane lies to the right of the
massless region.

Whenever the DO is placed in a region where Fy = 0, its R-charge is independent of B and hence
gauge-invariant. Evaluating (6.2.26] in the massless region, where r; = r;11 = rmax, we again find

Qr(D0) = T“;ax. (6.2.45)

This concludes our discussion of holographically R-charged operators; we now turn to the study of
symmetry operators.

6.3 Symmetry operators

In this section we investigate the possible symmetry operators for the SU(2) g symmetry.

We argue that the brane configuration implementing the SU(2)gr symmetry in the SCFT dual to
type ITA theory on AdS; x Ms is a D8 brane. Following the general construction of Section [] the
worldvolume wrapped by the D8 brane is a subspace X9 = 1 X N5 X M3, with N5 C 0AdS7, Ms
the entire internal manifold, and v; an arc penetrating in the bulk which connects two points in the
conformal boundary. As we did for the charged operators, we again introduce an auxiliary higher-
dimensional manifold M1y = No x N5 x M3 with 0No = 71 to describe the D8-brane action by inflow.
The Wess-Zumino couplings then read

1
SDg:/ Fg/\27’['f2+§F6/\(27Tf2+B)2+'-- , (631)
Mo

where we have omitted terms that do not contain %73, as they are irrelevant for our purposes. We
also assume that the U(1) worldvolume gauge field strength fo decomposes as

fo=day + f3", (6.3.2)

where a1 is chosen to saturate the integration over ~1,

/ 3 (6.3.3)
71

and fQM3 is a 2-form with purely internal legs. We will show that, regardless of the specific form of

f2M3, several terms in (6.3.1]) vanish.
Starting with the term ~ [ Fg A fo, this vanishes since, from (6.1.24), it is proportional to

~ /32 y'volge = 0. (6.3.4)
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We next consider the contributions from ~ [ Fg A (27f2 + B)?. Expanding the square gives three
terms, two of which again vanish. Indeed, take

/F6 AN BA fs. (635)

Using the ansiitze (6.1.25) and (6.1.6), the only terms containing x7F% that arise from (6.3.5) are
proportional to

~ / y'volge, (6.3.6)
S2
and
N/ dy® Am. (6.3.7)
S2
The first vanishes, and (6.3.7)) vanishes as well:
. A 1 .
/ dy* Nm = / y'dm = —/ y'volgz = 0, (6.3.8)
52 52 2 Jg2

where in the first equality we used Stokes’ theorem together with 052 = ().
Next, consider
~ /F6 ANBAB. (6.3.9)
Clearly, no non-zero term containing x7J% can arise from (6.3.9)).
We are thus left with .
Spg D / Fs A fo A fo. (6.3.10)
2(271')6 Mio

Given the structure (6.1.25]), we turn on the following internal f2M3 field strength
Ms = K(2) y’v'volg2 4+ R(2) vieiryl dy® A dz, (6.3.11)

with v/ a fixed direction on the unit sphere. The functions K (z) and R(z) must be chosen in a way
to ensure that the field strength f2M3 is closed; in this regard, note that

df"* = K'(2) y'v'volge + R(z) viendy’ A dy® A dz. (6.3.12)
Since vieijkdyj Ady" is a top-dimensional form on S2, it must be proportional to volgz; more precisely,
vie,-jkdyi AdyF =2 (vldy2 A diy? 4+ vady® A dyt + v3dyt A dy2) . (6.3.13)
Using 4’9y’ = 1 and y’dy® = 0, we obtain the identities
ylvolsz = dy® A dy?
y2v0152 = dy® A dy*
yivolge = dy' A dy?. (6.3.14)

For instance, the first relation follows from

ylvolge = ! (ymfy2 A dy? + yady® A dyt + y3dyt A dy2)

2d2+3d3 2d2+3d3
Yt (yldyz/\dy?’—l—yzdy?’A(—y 4 yly Y >+y3 (_3/ 4 yly 4 )/\dy2>

2\2 312
! (ylaly2 A dy? + (yyl)aly2 A dy? + (i/l)aly2 A dy3>

Yy
dy® A dy? (6.3.15)
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The others follow analogously. One can then write

vieijkdyi Ady =
=2 (vldy® A dy® + vPdy® Ady' +ody' A dy?)
=2 (vlyl +v%y? + v3y3) volge
= 2(v'y')volge. (6.3.16)

Hence, equation (6.3.12) can be written as
df)s = (y'vivolge A dz)(K'(2) + 2R(2)). (6.3.17)

Requiring dfé‘/b’ = 0 forces K and R to obey
R(z) = —=K'(2). (6.3.18)

Equation (6.3.10) then becomes

1 B M:
Spg D / dal/ F‘@/\f]u3 = / Fg N f53. 6.3.19
(27)6 No Nsx Mz 2 (27)6 Nsx Mz 2 ( )

Before proceeding, we note that, making the L; and Ls factors in (6.1.25)) explicit, one has

F 51/29 140 i)3/4 (5 FL) A o' i il —
6= 162 . 21/4.3/2¢ (=) (+75%) Y z+dyt| =
Mg —a\¥4 i
16221172 <a> (o) A (). (6.3.20)

Let us now focus on the integration over the internal M3 space; since df2M 3 =0, we can write it as

/ = 3/4d< Z'MfM“/ (Hazda) (8, A" (6.3.21)
My o ay 2 = M34 o o Yy az 2 0.

where we have dropped the total-derivative term d [(—%)3/ ! ay’ A f2M 3]. This shows that the only
term in (6.3.11]) contributing to the integral is the one proportional to vol 52|§|.

In summary, the action of the D8-brane symmetry operator is

] S N cee e .\ —1/4
Spg D (27€)6T/N *x7F% /52 yzijjvolsz/o <aaaaa> (—Z) K(z)dz, (6.3.22)
5

where T' = 162_6211/%.

The function K(z) can be any regular function on z € [0, N] that makes the integral nonzero. Its
detailed shape is not fixed, a part from being regular across M3. In addition, the profile of the z-
function a depends on the specific quiver data; as an example, we focus on the uniform quiver gauge
theory of Section 5.1 of [15]. The brane setup is depicted by the quiver diagram in Figure This
configuration uplifts to N coincident M5 branes on C2?/Z;,, whose near-horizon limit is M-theory on
AdS7 x S*/Z;,. This is dual to a six-dimensional N = (1,0) SCFT living on the worldvolume of the M5
branes [31]. When k = 1, the (1,0) supersymmetry is enhanced to (2,0) and we recover the celebrated
6d (2,0) SCFT / AdS7 x S* duality found by Maldacena in [50].

33The second term in (6.3.11)) is of course still needed to preserve the closedness of sz 3.
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6.4 Charge measurement IN AdS7; x M3 TYPE IIA THEORY
1 X9 xrs3 ITN-2
Yy y'
k k

Figure 14: The uniform linear quiver gauge theory representing N M5-branes on C?/Z;.

The expression for « in the uniform-quiver case was computed in the z coordinate in [15| and reads

2
a= (gg)kz(]\f — 2). (6.3.23)
From ([6.3.23) we readily obtain
2
&= (97;) KN — 22,  dlz) = —(97)2k. (6.3.24)

Plugging these into the z integral in (6.3.22), we find, after some algebra,

/Nd (97)2k N —2z
z
0 21/ [2(N — 2)3/4]

K(2). (6.3.25)

Choosing, for instance, K (z) = [2(N — 2)7/ %], which is regular with regular derivative on the z interval
(so that f2* is well defined), the integral reduces to

(97)%k [N C9m)2k (N, o o (97)%k N3
SZaA (N =22)(N —2)dz = 775 i (N2 =8Nz +2:%) de = . (6.3.26)
Finally, using
o Ar ..
/ y'y'volge = —4dY, (6.3.27)
52 3
the D8-brane action reduces to
Spg D 0" [ x T, (6.3.28)
N5
with ,
. . 4
0 =i D ™ (Om) (6.3.29)

(2m)6" 3 21/4 -

As (6.3.28)) shows, a probe D8 brane reproduces an R-symmetry operator holographically. The different
choices of the function K(z) as well as the different values of 3, give us all the different R-symmetry
operators.

6.4 Charge measurement

Finally, we briefly describe how the charge measurement takes place at the string level. The physical
channel by which the probe-brane symmetry operator detects the charged operator is the Hanany-
Witten effect. Table [3|collects the directions wrapped by the D0 and D8 branes. By comparison with
the Hanany-Witten setup in type ITA theory found in [5], we can infer that the above configuration is
a good candidate for a Hanany-Witten transition. Indeed, when the D0 worldline is pushed through
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6.4 Charge measurement IN AdS7; x M3 TYPE IIA THEORY
AdS7 M3
z ‘ 20 2t 2?23 2t 2 6 ¢
DO | x
D8 | x| x x x x X X X X

Table 3: Brane configuration in type IIA on AdS; x Ms. Here, z is the radial direction of AdS7, %5 are the
boundary directions, r spans the internal interval I,., and § and ¢ are coordinates on S2.

the hanging D8 brane, a fundamental F'1 string is created, signalling that the charge measurement
has occurred.

The same mechanism, however, cannot be applied to the R-charged F'1 string: there is no extended
object with which an F'1 string can undergo a Hanany-Witten transition. One might then wonder
how its charge is measured holographically.

Nevertheless, according to [15], the DO and F'1 charged operators are not entirely unrelated. The
operators to which they are dual—baryons and mesons, respectively—are such that products of baryon
operators can be expressed in terms of products of string mesons. This relation has a holographic
counterpart: an instantonic D2-brane wrapping all of M3 mediates the process by which D0 branes
are converted into F'1 strings, and vice versa. We therefore argue that, after converting F'1 strings
into DO branes via this instantonic D2 brane, their R-charge is measured by the same hanging D8
brane.

75



7 CONCLUSIONS AND OUTLOOK

7 Conclusions and Outlook

Our work has shed some light on the R-symmetry structure of the SCFT’s dual to type ITA theory
in the AdS7 x Ms background. Our findings for the charged and symmetry operators match the
expectations stated in the conclusions of [10], with the addition of an extra charged operator—the F'1
string—whose presence agrees with the results of [15].

Moreover, it is known that the massless type IIA theory in AdS7 x M3 admits an uplift to M-theory
on AdS7 x S* (or an orbifold thereof), whose dual SCFT enjoys an SO(5)r symmetry descending
from the isometry of S* [4]. It would therefore be interesting to see whether our construction could
help unveil the holographic realization of the R-symmetry in M-theory.

However, D0 and D8 branes do not have simple uplifts to M-theory. Nevertheless, we suggest that
the additional probe operators we have found could provide some insight into the M-theory setup.
Indeed, as explained in Section [6] DO branes and F'1 strings are not entirely independent; rather than
trying to uplift the DO configuration, one might extract the M-theory R-charged operator from the
F1 string. Although exotic, this is consistent with the fact that suitable M2 branes could realize
R-charged operators holographically in M-theory. More precisely, in the consistent bosonic truncation
of M-theory on AdS; x S* of [20], the field strength of the M-theory 3-form is (up to normalization)

G4 ~ Eal..~a5ya1Dya2 Ao Dya5 + 2g€a1,.~a5ya1Fa2a3 A Dya4 A Dya5 4. (701)

where F is the field strength of the SO(5) gauge symmetry of the corresponding effective 7-
dimensional supergravity. Using the general procedure of [10], one can show that an M2 brane
wrapping the submanifold Y3 = M; x 2, with §2 C S°, is a good candidate to realize R-symmetry
charged operators. It is therefore plausible that type IIA F1 string configurations uplift to M2 con-
figurations.

As for the symmetry operator, the situation is more delicate. There is no known way to uplift a D8
brane to eleven-dimensional M-theory; moreover, even if such an exotic uplift existed, it would be of
little help in understanding how the charge measurement actually takes place in M-theory, since the
only known Hanany-Witten transition in M-theory involves an M2 brane and an M5 brane. We hope
to address these questions in a future work.
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A Hodge dual formulas

In Section we need to evaluate the Hodge star operator of differential forms defined on product
space of (pseudo-)Riemannian manifolds. Here we will provide some useful formulas to make the
computations simpler. First, [53], given a (pseudo-)Riemannian manifold M of dimension n, we define
the Hodge dual operator x as a linear map

o QN (M) — QT (M),

where Q9(M) denotes the space of differential g-forms on M. It acts on a coordinate basis vector as

* (dxtt A Ndatr) = — 9 gyttt gt d LA A dat (A.0.1)

(n— T)'el/l"‘VrVr+1"'Vn

Then, given an r-form w,

1

w= ﬁwm.‘.urdx“l A Ndatr, (A.0.2)

We have,

\/m 6#1"’#r

*W = mwﬂl“'“’r

dz"m N AN datr (A.0.3)

Vp41+Un

An important relation involving the Hodge dual is the following [53|: given w, n € Q" (M),

1 1
WA *n = ﬁwm..‘mn“l"'“’“\/ lgldz' A -+ A da™ = ﬁwm...urn“l'"“’"volM. (A.0.4)

Let us take an n-dimensional manifold M = M; x Ms, with M; and Ms two (pseudo-)Riemannian
manifolds of dimension n; and ng, respectively. Then, clearly

dsi; = dsiy, + dsiy,, (A.0.5)
while the volume form of M is
volps = volpg, A volyy,. (A.0.6)

In particular, choosing a set of coordinates {m“}zlzl on M; and {z¥ y=n,+1 o0 Mz, we have that the
metric tensor of M is block diagonal,

= (9 O A0.T
= (40 0 (A0.7)
so that the metric determinant g is simply given by the product g = g19-.

Let us now take w € QP9(M) such that
w=aAB,  acQP(M), §eQi(M). (A.0.8)

Then, using (A.0.1) we can show that

11
*xw =x(aNf) = 1 Oy eepiy By vy * (dzt* Ao NdxhP Adx"t A - A dat?)
p-q

— llaul“'u ﬂulmu (\/m)em--.ppmmuq Potailp dxpp+q+1 Ao dxpn
plq! P “(n—p—q)! p+a n

= llam"'“‘“ﬁ”""’qm o dzPPrR AP (AL0.9)
p!q! (n—p— q)l e vabptatapn
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where in the last line we used the fact that the metric is block diagonal and j; # vy, for all j, k. The
set of indices {pp+q+1,--- ,pn} runs over all M indices; we now split it into two sets, one for M; and
one for M,. First, we notice that the non-zero contributions to the Levi-Civita symbol come from
terms where n; —p indices among the {pp14+1,- - , pn} are taken from M;, while the remaining ns —gq
are taken from Msy. The number of ways we can do this is given by the binomial coefficient

<npq> __(n-p-q) (A.0.10)

ny—p (n1 —p)l(nz — @)’

where we used n = n; + ng. Thus, we can write (A.0.9) as

wan ) = £ L gy g, V1ol Vgl
I ! |

piq! (nl —p).(n2—q)

5 dxMPtl A oo A daePr A dxVatt A - A daPr2

= (—1)2m—p) 11 Qe gYig Vg1l V/1g2]
p'q! (n1 = p)!(n2 —q)
X APt A Ndatt A dgt e A A dat e, (A.0.11)

| “H1Hp V1 Vg Hp41Hng Vg+1Ung

| €py-pp Hp+1-Hng V1 Vq Vg1 Vng

where p1; and v, are indices of M and My, respectively.

Finally, since the Levi-Civita symbol features two distinct set of indices, we can split it into two
Levi-Civita symbols, one for M7 and one for Mo,

(M) (Mz2) (A.0.12)

€Lt [t 1y V1++Vg Vgl Vg = Q1 Iip flpi1-+finy EVI--Vg Vai1-Vny -

In conclusion, we have the following useful formula for the Hodge dual of a product form,
*aAB) = (=1)1M7P) 4 q A %3, (A.0.13)

where x; and %o are the Hodge duals on M and My, respectively.

Another formula used in Section relates the Hodge dual of two conformally related metrics. Let
~2
ds® and ds~ be two metrics of the n-dimensional manifold M related by a conformal factor €,

ds’ = Q2ds”. (A.0.14)
Then, the corresponding volume forms are related by

voly = Q™volyy. (A.0.15)

~ ~2
Denoting by * the Hodge dual taken with respect to the metric ds , given any two r-forms w and 7

on M, from ({A.0.4]) we have

_ 1 o~

wA*n = me...urn‘“ Hrvol
_ 1 SHi1v1 NNrVrQn l
- ﬁw/lr"urnm--wrg g volyr

1

= T,Wu1~~~m77u1~~wg g

= Q"W A . (A.0.16)

nivy | }LTVTQH—QT

vol M

Finally, from the arbitrariness of w, the following relation holds

= Q"2 e, (A.0.17)
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B MASSLESS TYPE IIA SYMMETRY DEFECTS
IN r COORDINATE

B Massless type ITA symmetry defects
in r coordinate

In this appendix we repeat the computation of the charged and symmetry operators carried out in
Section [6] this time working in the r coordinate. We restrict throughout to the massless case F = 0.

B.1 Massless relations

We recall that massless type ITA theory on AdS7 x Ms uplifts to M-theory on AdS7 x S* (or an orbifold
thereof), as can be seen by reducing along a suitable isometry of S* [4]. In this case the following
relations between x, A and ¢ hold,

r=cos(a), z=+V1-etA=40) ¢ =34 ¢, (B.1.1)

where a € [0,7], and Ag and ¢ are integration constants related to the overall radius R of the

eleven-dimensional metric,
3

R
Ap = %log <2> . o = 3log(R). (B.1.2)

Differently from [4], we are just considering the case k = 1, which correspond exactly to AdS7 x S%;
one can easily generalize to k € N and obtain solutions whose uplifts is AdS7 x S*/Z;.

Using these relations, we can show that the function ¢ appearing in the ansatz for the RR fluxes is
identically equal to 1/2,

L a4y I oag 34— 12 5 1
q:Ze 1—x2216 O¢ :ZﬁR = 5 (B13)

B.2 Hodge dual relations

We first rewrite the Hodge-dual relations in the r coordinate. Starting from the ansatz (6.1.3) for
the ten-dimensional metric in the r coordinate and using the results of Appendix [A] we immediately
obtain (recall that ¢ = 1/2)

1 . :
Fg D —iy’gRle *7 Fo5 A dr A volge (B.2.1)
1 . . 1 . o
Fs D —51'6214\/ 1 — 22y'gRy R3 x7 Fo N dr — ée‘éle”k”gRl_1 *7 Foy? A *odyF, (B.2.2)

where

_ 2
Ry =02, Ry= 51/2\/117;64. (B.2.3)

Using once more the identity employed in (6.1.27), we can rewrite (B.2.2)) as

1 ‘ , 1 . .
Fs D —3—23;62‘4\/ 1 — 22y'gR RS x7 Fh N dr — éeAgRl_1 *7 Fy N dy'. (B.2.4)

B.3 Charged Operators

The computation of the DO-brane action closely parallels the one already presented in Section [6}
Indeed, in the massless case the RR 2-form flux is simply

1 o
= —§(v012 +y'9F5). (B.3.1)
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B.3 Charged Operators IN r COORDINATE

Writing the DO-brane action in terms of an auxiliary two-dimensional manifold, we then have

1 .y
Spo D / Fy = —/ vola + y'gF5, (B.3.2)
N» 2 N2

with Na defined as in (6.2.2]). This is identical to (6.2.2]) up to an overall factor. Repeating the same
steps that led to (6.2.26)), we find

1 .. B .
So0 > 5e7 [ ()", (3.3.3)
M,
with ]
¢ = =5Yq) (B.3.4)

For the F1 string, we now adopt the same inflow method used for the DO brane. Specializing the H
field-strength ansatz (6.1.7) to the massless case gives

1 | , 4
(T'H = —6e 4 volyy, — ZeA dr Ny'gFs — EezAw\/ 1 — 22 g% A Dy (B.3.5)

Recalling that the worldvolume swept by the F1 string is M x I, we can write its action as

1 1 Y4 o
Sp1 D —— = — [GEe_AvolM3 + =t dr/\yzg%]
27 I Npx1, 27 I N1, 4
' ) l (B.3.6)
S 6le ——dr Avoly + —e*dr AyigFy| .
27T/N2/[T[e 6 rv02+4e7'y92
Exploiting the massless relations (B.1.1]) together with the second line of (5.2.3)), we obtain
A= (1—g2)Vheho g L, (B.3.7)
e = (1 -z, dr=—2 x, -3
21— 22
from which we have
et — at)dr = —162‘4(1 - $2);d$ = —162‘40(1 — 2?)dx (B.3.8)
2 V1—2a2 2 ’ o
1
edr = *562A0dl‘. (B.3.9)
Finally, since x = cos(a) with « € [0, 7], we have z € [1,—1], so that
/ GEeAmdr = EE B —162140(1 —2%)dx = éeQAO (B.3.10)
L 16 16/, 2 4 e
and .
1 2 | 1
t=etdr=— | —-e*ody = —e*h. B.3.11
/Ir 7€ 4= /1 5¢ v = e ( )
Putting everything together, (B.3.6) becomes
/ o
Sp1 D 62A°/ voly + ' gF%, (B.3.12)
8 No
exactly as for the DO brane. Following the same steps as before, we then find
SF1 D q”/ (XfldAX)Z] (B.3.13)
2 My
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with ’
¢’ = 8?62/401/&{). (B.3.14)

We now wish to compare these results with those of [15]. The comparison can still be carried out,
although in this coordinate it is somewhat less transparent than in the z coordinate.

We begin with the DO brane. In the massless case, [15] find that its Cartan U(1) R-charge is

Qr(DO) = r“;"; (B.3.15)

and that .
o= [ B (B.3.16)

S2 271'

Inserting our expression for the RR 2-form flux, we obtain

1 VO].2

Tmax = 5 =1 (B317)

Y

g 21
so our result for the DO brane agrees with that of [15].

An analogous treatment holds for the F1 string. According to [15], its R-charge in the massless case
is

N

Qr(F1) = 5 (B.3.18)

where N is given by

1
N=__—_ H. B.3.19
471'2 /]\43 ( )
In our case
1 1 1 1—a? ¢

- | g=__— —6le Avoly, — — —— ] —6leA dr = —e*M  (B.3.20
472 o, 472 s ¢ VoM 472 /52 volg? /]r “ 716 T ( )

Comparing with (B.3.14]), we see that the two descriptions again agree.

B.4 Symmetry operators

The computation of the symmetry operator is identical to the one in Section[6] As in equation ([6.3.22)),
the Wess-Zumino term of the D8 brane in the r coordinate reads

B / / L / (-1 T
Sps D ——= *5F+ vl y'y’ vol dr— —+—K (1), B4.1
D8 (27‘(’)6 N 572 5 vy S2 L 2 m ( ) ( )

where the r integral is

X f_l A

/ drﬁiK(T) =—_ ¢ 0/1 dz z(1 —x2)3/4K(7”($)) (B.4.2)
R T I ’ -

and we have again used the massless relations. Choosing a regular function K(r), we recover the
expected structure of an SU(2)r symmetry operator.
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