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Introduction

In this thesis we discuss a variation of the F'C-property and its impact on
the structure of a profinite group. The starting point is this outcome by P.
Shumyatsky [12, Theorem 1.5]: if for each element of a profinite group there
are finitely many commutators of a given length starting with such element,
then the corresponding term of the lower central series of the group is finite.
In particular, the group is finite-by-nilpotent.

The property asked for each element of the group in the previous state-
ment can be seen as a generalization of the finite conjugacy class property.
An element of a group G with a finite conjugacy class is called an FC-
element. More generally, an element g € G is called an F'Cg-element if the
cardinality |g|x of the set

Xi(9) ={lg,z1,...,xk) | z1,..., 2, € G}

is finite. Note that |g|; coincides with the cardinality of the conjugacy class
of g, so an element ¢ is an FC-element if and only if |g|; is finite. Thus, an
FC-element is an F'Ci-element and viceversa. For this reason, we say that
the F'Cy-property does generalize the finite conjugacy class property.

Using the definitions above, we can rewrite the above result in the fol-
lowing way: if G is a profinite group in which |g|j is finite for all g € G,
then vi41(G) is finite.

It is remarkable to mention that this result is somehow linked to the
question of conciseness of group words in a certain group class. If w =
w(x1,...,xL) is a group word, id est an element of the free group on x1, . .., g,
our interest lies in the set of all w-values in a group G and the verbal sub-
group generated by it, which are denoted as

Gy ={w(z1,...,2k) | x1,..., 2 € G} and w(G) = (Gy)

respectively. In case of topological groups w(G) is used to denote the closed
subgroup generated by all the w-values in G.

Let w be a group word and C a class of groups. We say that w is concise in
C, if for every G € C the condition that G, is finite implies that w(G) is also
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finite. Recall that if G is a profinite group, its subgroups with cardinality
less than the continuum are actually finite. Then the following question
arises in a natural way: is it true that for each profinite group G in C, if G,
has order less than 2% then w(G) is still finite? Whenever this is the case,
the word w is called strongly concise in the class of profinite groups C.

However, as some of you have possibly noticed, the problem studied
in [I2] does not actually deal with group words. In fact, the expression
[9,1,...,2k] contains a “constant term” which depends on the choice of
some element in the group, so it is not a proper group word by definition.
That is why we introduce the notion of a generalized group word. Whereas a
word in a specific group G can be seen as a map w: G¥ — G that represents
an element of the free group on x1,...,x, a generalized word in a group
can be defined as a map w: G¥ — G such that

S
(1:13 cee 7'1"/6) = H aj(xij)aja
7=1

with i1,...,45s € {1,...,k}, a1,..., a5 € Aut(G) and ¢1,...,e, € {£1}. So
given g € G, we can write [g,x1] = xflxg as a generalized group word and
the same holds for the long commutator [g,z1,...,xg]. In this way, we can

see Xk (g) as the set of values of a generalized word.

In this thesis we will prove that in a profinite group G, if the set of the
values of the generalized group word [g, x1 ..., x| takes less than the cardi-
nality of the continuum of values for some g € GG, then this set is actually
finite. This allows to generalize [I2, Theorem 1.5] in the following way: if G
is a profinite group in which |g| is less than the cardinality of the continuum
for all g € G, then 7441 (G) is finite. A similar result holds even if we do not
have a uniform bound on the length of the commutators. Namely, we prove
that: if GG is a profinite group in which for each element g € G there exists
some natural number k, such that [g|, is less than the continuum, then G
is finite-by-nilpotent.

The thesis starts by recalling some fundamental and handy tools in group
theory that will be useful later. In addition, the remaining part of Chap-
ter [1] is devoted to describe the F'C' and BFC-properties. In particular,
we do prove B. H. Neumman’s theorem. Having [12] as the main guide-
line, in Chapter [2] the F'Cy-property is described, which generalizes as we
know the F'C-property. Moreover, we will go through some crucial outcomes
and proofs that are given in [I2]. Finally, in Chapter |3, with the help of
some techniques that are used in conciseness and strong conciseness related
questions, we will prove our main, above mentioned, results.



Notation
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(a,b,c,...)-bounded
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the set of natural numbers {1,2,3,...}

open/closed subset

open/closed subgroup

open/closed normal subgroup

upper-bounded by some algebraic expression depending
on the parameters a,b,c, ...

composition of maps gof where f: X - Yandg: Y — Z
are maps between sets

image of the set X under the map f: X =Y

space of sequences with elements from the set X

and subscripts in N

countable infinity, cardinality of the natural numbers
cardinality of the set of functions from a set X to {0, 1},
cardinality of the power set of X

cardinality of the continuum

cardinality of the set X

index of the subgroup H in the group G

centralizer of the element x in the group G

centralizer of the set X in the group G

center of the group G

subset formed by the torsion elements of the group G
element 2 conjugated by ¢ that is the element g~ 'zg of
a group

conjugacy class of the element x in the group G

subset of the conjugates of the elements of the subset X
in the group G

normal closure of the subset X in the group G i.e. the
subgroup (X)

normal core of H in the group G i.e. the subgroup
commutator word z~'z¥ = 271y~
z and y belong to a group

lyy = (y= 1%y where
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element of a group G inductively defined as
[[(El, e ,a:k_l], ZEk] with z1,...,2, € G

subgroup of a group G defined as ([h, k] | h € H,k € K)
where H and K are subgroups of G

subgroup of a group G inductively defined as
[[Hl, ce 7Hk71]7 Hk] where Hl, ce ,Hk < G

commutator word [z,y, ..., y] with k ocurrences of y
subgroup of a group G defined as [H, L,..., L] where L
is repeated k times and H and L are subgroups of G
commutator/derived subgroup [G, G] of the group G
k-th term of the lower central series of GG

k-th term of the upper central series of G

cartasian product between sets X and Y

cartasian product among sets Xi,..., X

cartesian product of the set X with itself k£ times
cartesian product of the family of sets {X;}ier

the element zy~! of the group G belongs to the normal
subgroup N of G

maximum element of the totally ordered set X



Chapter 1

Preliminary results

1.1 Main definitions and results

We start by recalling some definitions and outcomes that we will use through-
out this thesis. Firstly, we introduce the notion of a profinite group, and
in order to do so we know there are several approaches we can make. The
simplest one would be the one concerning only topological properties.

Definition 1.1.1. A topological group is said to be profinite if it is to-
tally disconnected (consequently Hausdorff) and compact. More generally,
a topological space is said to be a profinite space if it is totally disconnected,
Hausdorff and compact.

Nonetheless, there is also another constructive definition for a profinite
group which uses inverse limits.

Definition 1.1.2. A profinite group is a topological group that is isomorphic
to the inverse limit of an inverse system of discrete finite groups.

Whenever a subgroup of a profinite group is considered, we will assume
it is a closed subgroup, unless otherwise stated. Similarly, maps between
topological spaces will always be continuous.

Definition 1.1.3. Let P; and P, be group properties. A group G is said
to be Pi-by-Ps if there exists a normal subgroup N of G such that N is P,
and the quotient G/N is P,. In particular, G is finite-by-nilpotent if there
exists a finite normal subgroup N of G such that G/N is nilpotent.

It will be of great importance to recall the next property.

Proposition 1.1.4. Let G be a compact topological group. Then, open
subgroups of G have finite index in G. In particular, open subgroups of
profinite groups have finite index.
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The topology of a profinite group is easily described using cosets of the
group.

Theorem 1.1.5. Let G be a profinite group. Then, any open subset of G
is a union of cosets of open normal subgroups of G. In other words, the set

{gN|ge G N<,G}
is a basis for the profinite group G.

Next we will recall that profinite groups satisfy a really strong property,
which is indeed the main motivation to questions such as the one we make
in this work.

Proposition 1.1.6. A profinite group is either finite or uncountable.

Proof. By contradiction, we assume G = {g,}nen is an infinite profinite
countable group. Then the subset G\ {g1} is open because G is in particular
Hausdorff, and since a basis for the topology in a profinite space is given
by the clopen subsets, there exists some non-empty clopen U; C G\ {¢1}.
Observe that any non-empty clopen is infinite since it contains some coset
gN with g € G and N <,G, which is already infinite because open subgroups
have finite index and we are assuming that the group is infinite. Therefore,
the subset Up \ {g2} is non-empty and also open since we can see it as
the intersection of the open subsets U; and G \ {g2}. Using this recursive
argument, we construct a descending chain of non-empty clopen subsets
{Up }nen with empty intersection. By compactness there exists some n € N
such that U,, = 0 which leads us to a contradiction. O

The following theorems are well-known results in group theory that will
be really useful later.

Theorem 1.1.7. (Schur’s theorem) Let G be a group. If the center of G
has finite index in G, say n, then the derivated subgroup of G has n-bounded
finite order.

Theorem 1.1.8. (Dietzmann’s theorem) Let G be a group and X C G a
finite torsion subset that is closed under conjugation. Then, the subgroup
generated by X s finite. What is more, if X has cardinality n and m is the
mazximum order that an element in G achieves, then (X) has (n, m)-bounded
order.

Theorem 1.1.9. (Baire category theorem) Let G be a profinite group and
{Ch}nen a family of countably many closed subsets of G. If the given family
of closed subsets covers the whole group G, then there exists some n € N
such that C,, has non-empty interior.

We continue by recalling a definition that is needed in the next lemma.
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Definition 1.1.10. A continuous map ¢: X — Y between topological
spaces is called nowhere locally constant if for any non-empty open subset
U C X, the map ¢ restricted to U is not constant.

This last lemma will be essential in the following chapter.

Lemma 1.1.11. [/, Proposition 2.1] Let p: X — Y be a continuous map
between non-empty profinite spaces that is nowhere locally constant. Then
the image of ¢ has cardinality at least the continuum.

Proof. Let U be a non-empty clopen subset of X. Then there exist a finite
discrete space Zy; and a continuous map 6y : Y — Zy such that the compo-
sition @l is not constant on U. Choose now two distinct non-empty fibers
Uy and U; of the map ¢80y restricted to U. By construction, U; and Us are
non-empty clopen subsets of X contained in U and the intersection between
©(Uy) and ¢(Us) is clearly empty.

We consider a non-empty clopen subset A C X such as A = X. Then using
the construction above, for each sequence i = (iy,49,...) in {1,2} we can
consider the descending chain of non-empty clopen subsets of X

Ay 2 (Aiy)iy 2 ((Aiy)in)is 2 -+

and define the subset

neN

which is closed. By compactness, each A;j is non-empty and we can choose
a; € A; for every sequence i € {1,2}. Note that the image under ¢ of a;
and q; is distinct whenever i # j. This implies that the subset

B={a|ic{L2}"} CX

is mapped injectively into Y under ¢ and therefore the image of ¢ has cardi-
nality at least the cardinality of p(B) that is exactly 250, the continuum. [

The previous lemma, is also useful to enhance Proposition where it
was shown that a profinite group is either finite or uncountable. Indeed, an
infinite profinite group is not only uncountable but actually its cardinality
is at least the continuum. If G is an infinite profinite group it is sufficient
to consider the nowhere locally constant continuous map id: G — G to
conclude that G has cardinality at least 2%,

Corollary 1.1.12. A profinite group is either finite or has cardinality at
least the continuum.
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1.2 FC-groups

In the following sections we introduce two new interesting classes of groups,
namely the FC and BFC classes of groups. These kind of groups are groups
with restrictions in the cardinality of their conjugacy classes as we next see.
Most of the content we give is well-known in group theory and can be found
for instance in [9].

Definition 1.2.1. An element of a group g € G is called an FC-element
if g has finitely many conjugates in G, in other words if the index of the
centralizer of g in G is finite.

Definition 1.2.2. The set of F'C-elements of a group G, called FC-center
of G, will be denoted as F'C(G). In case the FC-center of G covers the
whole group, meaning that every conjugacy class of the group is finite, we
will call G an FC-group.

Remark 1.2.3. Note that the FC-center of a group can be seen as the
generalization of the notion of the center of a group. Indeed, an element
lies in the center if and only if its conjugacy class is formed uniquely by
the element, so clearly the class is finite and the element belongs to the
FC-center.

Examples 1.2.4. (i) Finite groups are comprehensibly F'C-groups.
(ii) All abelian groups are F'C-groups.

(iii) Since the center of a group is contained trivially in the centralizer of
any element in the group, groups whose center has finite index belong
to the class of F'C-groups.

(iv) The class of F'C-groups is closed with respect to forming subgroups,
images and direct products.

Note that we will be using the next fact repeatedly in several proofs.

Proposition 1.2.5. Let G be a group and H and K subgroups of G of finite
index. Then, the index of the subgroup H N K in G is finite and

|G: HNK|<|G: H|-|G: K|.

More generally, if H1,...,H are subgroups of finite index in G, then the
index of the subgroup ﬂé“:lHZ- in G is finite and

k

i=1

k
i=1

The set of F'C-elements of a group is not just a subset of the group as
we next see.
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Proposition 1.2.6. For any group G, the subset FC(G) is a characteristic
subgroup of G.

Proof. To begin with, it is clear F'C(G) is non-empty because it contains the
identity element. Let g1 and go be two elements of G whose centralizers have
finite index in G. From Proposition [1.2.5] the subgroup Ce(g1) N Cg(g2) has
finite index in G and since Cg(g1) N Cq(ge) is contained in Cg(g195 '), we
deduce that C(g195 ) has finite index in G too, so g1g;* € FC(G). Then,
FC(G) is a subgroup of G. On the other hand, if g € G and a € Aut(G)
then Cg(a(g)) = a(Ca(g)). In fact, for 2 € G we have

za(g) = alg)r <= a~(z)g=ga '(z) <= a”'(z) € Caly).

Since automorphisms of G preserve the indeces of their subgroups, the index
of a(Cg(g)) in G is finite and therefore so is the index of Cg(a(g)) in G,
ie. a(g) € FC(G). O

Whenever a group is an F'C-group, the group over its center has desirable
properties.

Proposition 1.2.7. If G is an FC-group, then G/Z(G) is residually finite
and torsion.

Proof. Recall that a group is residually finite if it is isomorphic to a sub-
group of the direct product of a family of finite groups. For this reason, we
construct a homomorphism

p: G/Z(G) = [] G/ corea(Calg))

geG
2Z(G) = (x coreq(Ca(9)))gec

that is easily checked to be well-defined because Z(G) C coreg(Cq(g))
for all ¢ € G. Moreover, if £Z(G) and yZ(G) are distinct elements in
G/Z(G), we have that zy~! ¢ Z(G) thus there exists some g € G such that
zy~tg # gry~! so xy~! ¢ Cg(g). In particular, zy~! ¢ coreg(Cg(g)) nei-
ther therefore x coreq(Ca(g)) # ycoreqg(Ca(g)). Then, ¢ is injective. By
assumption G is an F'C-group which ensures that each G/ coreq(Ca(g)) is
finite, thus G/Z(G) is residually finite.

It remains to check that G/Z(G) is torsion, i.e. that each element ¢Z(G) €
G/Z(G) has finite order. Let x € G and choose a transversal T of Cg(x)
in G. Since G is an F'C-group, T is a finite subset. We define H as the
subgroup obtained by intersecting the centralizers of the elements of T' in
G. As the intersection is finite and G is an FC-group by Proposition [1.2.5
H has finite index in G. What is more, we can consider the G-action in
the finite set of left cosets of H given by left multiplication, so we get that
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G/ coreg(H) is isomorphic to some subgroup of the symmetric group of or-
der the index of H in G. Hence the normal core of H in G has finite index
as well. Consequently, there exists some m € N such that 2™ € coreg(H).
Observe now that G = (T, Cg(z)) and 2™ € Cg(t) for all ¢ € T, implying
that 2™ € Z(G), so xZ(G) has finite order in G/Z(G). O

In the case of torsion groups, it is possible to characterize F'C-groups as
the locally finite normal groups.

Definition 1.2.8. A group is said to be locally finite and normal if every
finite subset is contained in a finite normal subgroup.

Proposition 1.2.9. A torsion group is an FC-group if and only if it is
locally finite and normal.

Proof. Assume G is a torsion F'C-group. Let FF C G be a finite subset. We
can then consider the subset

E={29]|2z€ F and g € G}

which is by construction closed under conjugation, it is finite because G is
an F'C-group and it does trivially contain F. By Dietzmann’s theorem F is
contained in a finite normal subgroup of G, so is E. This proves that G is
locally finite and normal.

Now let us suppose G is locally finite and normal. If g € G, then there exists
some finite normal subgroup N of G containing the element g. Since N is
normal it contains all the conjugates of ¢ and therefore the conjugacy class
of g is finite. So G is an F'C-group. O

Remark 1.2.10. Note that a locally finite and normal group is torsion
and hence F'C from Proposition Indeed, any element of such a group
belongs to a finite subgroup so it necessarily has finite order.

Example 1.2.11. As a consequence of Remark [1.2.10] the direct product
of a family of finite groups is an F'C-group.

The class of F'C-groups is rather interesting and enforces the derived
subgroup to be torsion as we shall see.

Proposition 1.2.12. If G is an FC-group, then G’ is torsion. Besides, the
elements of finite order of G form a fully-invariant subgroup of G containing
G'.

Proof. First of all, the group G/Z(G) is an epimorphic image of an FC-
group so it is also an F'C-group. Moreover, by Proposition this quotient
is torsion too so we can use Proposition and deduce G/Z(G) is a locally
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finite and normal group. Let F be the family of finitely generated subgroups
of G. Then it is straightforward that

G/: U H/

HeF

holds. For this reason, to verify that G’ is torsion it is enough to check that
H' is torsion for every H € F. Let us fix H = (x1,...,2,) € F and set
Z = Z(G). Then HZ is a subgroup of G, because Z is normal in G, and
the subgroup HZ/Z of G/Z is clearly generated by the cosets 17, ..., z,Z.
At this point, using that G over the center is locally finite and normal, we
deduce that {z1Z, ..., 2,2} is contained in a finite normal subgroup, which
must also contain the smallest subgroup containing the subset, i.e. it con-
tains the subgroup HZ/Z = (x1Z,...,x,Z). Then |H: HNZ|=|HZ: Z| is
finite. In particular, we know that HNZ C Z(H) thus the index |H: Z(H)|
is finite as well and by Schur’s theorem the derived subgroup H’ is finite
and therefore torsion as claimed.

Let x and y be two torsion elements of G whose orders are n and m respec-
tively. Then zy~'G’ has order dividing nm in the abelianization G/G’, so
there exists some natural number [ € N such that (zy~!)! € G’ and thus
xy~ ! is also torsion. Thus Tor(G) is a subgroup. Then, Tor(G) is a fully-
invariant subgroup of GG, since the order of the image of an element under a
homomorphism divides the order of the corresponding element. O

We are now able to characterize the class of F'C-groups.

Proposition 1.2.13. A group is an F'C-group if and only if it is isomorphic
to some subgroup of a direct product of a torsion-free abelian group and a
locally finite and normal group.

Proof. Suppose G is an F'C-group. In the one hand, from Proposition [1.2.12
we know that G’ < Tor(G) < G, then G/ Tor(QG) is trivially torsion-free and
abelian. On the other hand, by Zorn’s Lemma there exists some maximal
torsion-free subgroup M of the center of G and we claim that G/M is a
locally finite and normal group. Firstly, Z(G)/M is clearly torsion, as well
as the quotient group G/Z(G) due to Proposition [1.2.7] This implies that
G/M is torsion. Note that G/M is an FC-group and Proposition m
ensures us that it is locally finite and normal. Finally, we can construct
the homomorphism from G to the direct product G/ Tor(G) x G/M that
maps an element x to (x Tor(G),xM) and check it is an embedding. In
fact, if x and y are elements of G, their images are equal if and only if
xy~! € Tor(G) N M. However, this last intersection is trivial because one is
torsion while the other is torsion-free, implying that the homomorphism is
injective.

Conversely, assume G is a subgroup of G x G5 where G is a torsion-free
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abelian group and G» is a locally finite and normal group. G, is abelian
o0 it is also an FC-group. In addition, by Remark we know G is
an F'C-group too. The result follows because F'C-groups are closed under
forming direct products and subgroups. O

Although we have been able to characterize an F'C-group, it is not com-
pletely satisfactory because subgroups of direct products are difficult to
handle. Next we will see that there is a specific kind of F'C-group that
admits a precise description.

1.3 BFC-groups and the BFC-theorem

Definition 1.3.1. A group is called a BFC-group if the size of the conjugacy
classes of the group is bounded, i.e. if there exists a natural number d € N
such that the conjugacy class of any element has at most d elements.

Theorem 1.3.2. (B. H. Neumaan’s theorem) A group is a BFEC-group if
and only if its derived subgroup is finite.

Proof. Let us assume G is a BFC-group, meaning that
d = max{|z%| | z € G} < 0.

Then there exists some element a € G with |[a%| = |G: Cg(a)| = d. Let
T = {t1,...,tq} be a transversal of Cz(a) in G. In this case we can explictly
write which is the conjugacy class of a in G because if 1 <i,j < d then

ali # ali — tﬂf;l ¢ Cqla) < t;Cg(a) # tjCG(a),

so a® = {a",...,a'}. The group G is BFC thus in particular the cen-
tralizer of each t € T in G has finite index and therefore C' = N¢_,Cq(t;)
has finite index in G. Let S = {si,...,sx} be a transversal of C' in G
and define the normal subgroup N = nclg((a, s1,...,sk)). Again N is tri-
vially an F'C-group and it is generated by the conjugates of finitely many
elements, so it is finitely generated. Moreover, applying Proposition [1.2.
we get that the FC-group N/Z(N) is torsion, so by Proposition the
quotient N/Z(N) is locally finite and normal. It is clear N/Z(N) is finitely
generated, then it must be finite, so by Schur’s theorem N’ is finite. Since
Proposition ensures that N/ < Tor(N) < N, we can consider the
subgroup Tor(N)/N’ of the finitely generated abelian group N/N’, there-
fore Tor(IN)/N’ is abelian, torsion and finitely generated. The Structure
Theorem for Finitely Generated Abelian groups implies Tor(N)/N' is finite
and as a consequence | Tor(N)| = | Tor(N): N'||N'| < co. In the one hand,
we claim that ¢ C N holds. If z € C, then (za)t = z'ia'i = xal for all
i€ {1,...,d} and we can enlist without repetitions

(za)® = {xza", ... zali}.
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Therefore if y € G, there exists some i € {1,...,d} such that (za)¥ =
za'i, or equivalenty z¥ = za'ia¥ . This implies that [z,y] = 2 'a¥ =
2 zalia?” = alia¥” € N so that ¢’ C N. On the other hand, we prove
that G’ € NC’ holds too. In order to do so, note that G = NC is satisfied

thus if x1, 22 € G,

[1,x2] = [n1c1,n2c2] = [n1, naca|“ [c1, nacy]

= [n1, c2]? [n1, n2]? [c1, c2][c1, n2]?

for some ny,no € N and ¢1,co € C. As the subgroup N is normal in G,
the commutator [z1,z2] belongs to NC' and consequently G’ C NC’. But
as we have seen C' C N so NC' C N and we have G’ C N. We know
by Proposition that G’ is torsion then it is contained in the finite
subgroup Tor(N), which implies that G’ itself is also finite.

Let now G be a group whose derived subgroup G’ is finite and denote by d
its order. If = is an element of GG, then

@9 = [{z" "% | g € G} = {[z,g] | g € G} < |G| =d < 0
so G is a BFC-group. O

It is clear by definition that a BFC-group is an F'C-group, but is there
any chance that the converse also holds? The answer lies beneath.

Example 1.3.3. Let A be a finite non-abelian simple group and = € A a
non-trivial element of A. Let G be the direct product of infinitely countably
many copies of A. Elements in GG are tuples with infinitely countably many
entries and only finitely many of them with a non-trivial element of A. For
this reason, each element can only have finitely many conjugates so G is
an F'C-group. However, we can find elements whose conjugacy classes have
order as large as we desire. Indeed, if we denote the infinite tuple with the
element z in the first n entries and the trivial element in the rest of the
coordinates by

xp = (z,...,2,1,...) € G,

it is straightforward that |x§| = |24|" with |24| > 2. Therefore there is no
bound for the size of the conjugacy classes of GG, meaning that G is not a
BFC-group.

Nonetheless, in our case of interest, id est when considering a profinite
group, an F'C-group is automatically a BF C-group.

Proposition 1.3.4. [11, Lemma 2.6] A profinite F'C-group is necessarily a
BFC-group. So its derived subgroup is finite.



10 Chapter 1. Preliminary results

Proof. For each n € N we define the subset A, = {z € G | [z%] < n},
which is closed by Lemma [2.4.8 when k = 1 as we shall see in the following
chapter. Since G is an F'C-group, all conjugacy classes have finite order so
the union of all A,, where n ranges over N, is the entire group G. By Baire
category theorem we deduce that there exists some n € N such that A,, has
non-empty interior. Equivalently, there exist some element g € G and open
normal subgroup H of GG such that the coset gH is contained in A,, i.e. the
conjugacy class of any element of the form gh with h € H has cardinality
less or equal than n. In particular, ¢ and its inverse ¢~ have conjugacy
classes with cardinality less or equal than n. Then,

hC = (g7 gn)C < (™)) - |(gh)¢| < n-n=n?,

for all h € H. We have found a bound for the cardinality of the conjugacy
classes of the elements of H, in other words H is a BF(C-group. Let T be a
(finite) transversal of H in G and m the maximum order of the conjugacy
classes of the elements in 7', which is clearly finite. As any element of G can
be written as a product th with ¢t € T and h € H we have that

2] = |(th)®] < [tC] - 1h%) < m - n? < o0

for all x € G. Therefore G is a BFC-group. O



Chapter 2

A variation of the
BFC-theorem

In the following chapters k, n and [ will denote positive integers unless other-
wise stated.

Following the research paper [12], we will see some of the tools used to
prove that a profinite F'Cy-group is finite-by-nilpotent.
2.1 FCj-property

Definition 2.1.1. Let G be a group. Then the following elements of G
inductively defined as

m(21) = 1,

Vo1, x2) = [1, 2] = 27 "2y w22,

Ye(x1, ..y zk) = [21, . 2k = [Ye—1 (21, -« -y Tp—1), 28] for k> 2
with 21,...,2; € G are called v;-values of G. Moreover, the set of vp41-

values of G starting with the fixed element g is denoted as
Xk:(g) = {[gaxla"' 71741} | Tl Tk € G}a
and its cardinal is denoted as |g|.

Definition 2.1.2. Let G be a group. We define the k-th F'C-center of G
to be the set

FCy(G) ={g € G| |g]x < 00}

Definition 2.1.3. A group G is said to be an F'Cy-group if it is equal to
its k-th F'C-center.

11
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2.2 Probabilistic results and Engel theory

Definition 2.2.1. Let G be a finite group and K a subgroup of G. The
commuting probability of K in G, denoted as Pr(K,G), is defined as the
probability that a random element of K commutes with a random element
of G, namely

€ K xG|xy=yz}
[KG '

Proposition 2.2.2. Let G be a finite group and K a subgroup of G. If
|G| < n for every x € K, then Pr(K,G) is greater or equal than 1/n.

po(i. Gy — 1)

Proof. 1t is inmediate that
1 |Ca ()] 1 1 1 1 1
Pr(K,G)=— = > -z
K2 (6] K] 2 b 2 KT 20w

so we are done. O

The following theorem states that under the assumption that the com-
muting probability of a subgroup K of a finite group G is positive, then G
has “large” subgroups (with bounded index) that “almost” commute with
G (commutator subgroups with bounded order).

Theorem 2.2.3. [5] Let G be a finite group and K a subgroup of G. If
Pr(K,G) > € > 0, then there exist a normal subgroup T of G and a sub-
group B of K such that the indeces |G: T| and |K : B| and the order of the
commutator subgroup [T, B] are e-bounded.

Definition 2.2.4. An element z of a group G is called (left) [-Engel if
[y,; x] = 1 for every y € G. The group G is said to be I-Engel if so are the
elements of G.

Lemma 2.2.5. [12, Lemma 2.4] Let G be a metabelian group and suppose
a and b are l-Engel elements of G. Then, any element that belongs to the
subgroup generated by the elements a and b is (21 4+ 1)-Engel.

2.3 BFCj-groups are finite-by-nilpotent

The main result of [12] is the following.

Theorem 2.3.1. [12, Theorem 1.1] Let G be a group such that ||, < n for
all x € G. Then, vp11(G) has finite (k,n)-bounded order.

The proof of Theorem [2.3.1] is rather complicated. For this reason, in
this section we will only show the main steps towards its proof, which are
given in Theorem But prior to stateting that result, we need to give
this lemma whose proof is quite straightforward.
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Lemma 2.3.2. [12, Lemma 2.2] Let G be a group. Then

(1) 1(G)| < n if and only if |vi(H)| < n for any finitely generated
subgroup H of G.

(ii) In case G is residually finite, |vx(G)| < n if and only if |[7x(Q)] < n
for any finite quotient Q) of G.

Theorem 2.3.3. [12, Theorem 3.1] Let G be a group in which the cardinality
of the conjugacy classes of the yi-values is bounded by n. Then, G has a
nilpotent subgroup of (k,n)-bounded index and (k,n)-bounded class.

Proof. 1f k =1, by B. H. Neumann’s theorem it follows that G has a class-
two nilpotent normal subgroup of n-bounded index. If kK = 2, as a conse-
quence of the main result of [6], G has a class-four nilpotent normal subgroup
of n-bounded index. We will assume that & > 3 then.

It was shown in [3] that in this situation the derived group 7x(G)" has n-
bounded order. For this reason, we can assume 7;(G)" is trivial so we work
under the hypothesis that v;(G) is abelian, and consequently G is abelian-
by-nilpotent. By the first statement of Lemma [2.3.2] we can assume that
our group G is finitely generated. Moreover, Hall’s classical theorem [§]
proves that finitely generated abelian-by-nilpotent groups are residually fi-
nite. Now we can apply the second statement of Lemma [2.3.2] so it suffices
to check the result for finite quotients of finitely generated subgroups of G.
Without loss of generalization we can therefore suppose that G is finite and
also that 7% (G) is abelian.

In order to give some taste of the techniques used in this kind of proofs, we
will only prove the core case in which G is a metabelian p-group. The rest
of the cases are reductions to this base case. Then there exists a maximal
abelian normal subgroup N of G that contains G'. Set G = G x ... x G
where there are k — 1 ocurrences of G. For each g = (¢1,...,9k-1) € G
we define Ng = [N, g1,...,0k-1) = {[z,01,...,95-1] | © € N}. We fix
g =(91,---,9k—1) € G and prove that Ng is a subgroup of G. Clearly, Ng is
non-empty for any g € G. Since N is normal in G, we have that [N, G] C N.
Thus, any element of the form [ny,g] with ny € N and g € G commutes
with any element of N due to its abelianity. If ni,ne € N, then

[n1n23 g1y - 7gk—1] = [[nla gl]n2 [n27 gl]a g2,. .. ’gk—l]
= [[nla gl””Za gl]a g2, .. 7gk—1]
= [[nla g1, 92][712791] [nQa g1, 92] 7935+ gk—l]
[l

n1, g1, 921[n2, 91, 92), 93, - - -, Gr—1]-

By repeating this argument inductively we prove that

[711712791, o 5g/€—1] — [nlaglv cee 7gk—1”n2aglv cee )gk—l] (21)
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holds so the operation between elements from Ng lies in Ng. Furthermore,

equality (2.1]) yields
[nlugl) cee )gk—l]_l = [nflaglv cee )gk—l])

which implies that the inverse of an element of Ng belongs to Ng. Hence,
Ng < G. What is more, Ng is also normal in G. Indeed, if x € N and g € G
then

[z, 9119 = [27, g{] = [29, hagn] = a9, ][, B}

where hy = [g9,97'] € G’ < N. But note that N is normal in G so 29 €
N and by abelianity of N we get that [z9,h1] = 1. Using an inductive
argument, we easily prove that

[wvgh co 7gk‘71]g = [xg7gla LR 79’671] € Ng>

meaning that Ng G as claimed. Plainly, elements from Ng are by definition
yr-values, which implies by assumption that |2%| < n for all z € Ng. In
this situation, Proposition states that Pr(Ng,G) > 1/n > 0 and thus
there exist a normal subgroup 7T, of G and a subgroup Bg of Ng such that
the indeces |G: Ty | and | Ng: Bg| and the order of the commutator subgroup
[Ty, Bg| are n-bounded, due to Theorem Normality of T, in G implies
that [T, Bg] is contained in Ty. What is more, the subgroup [T, Bg] is
normal in T since

[b7tl]t2 = [bat2]71[b’t1t2] € [Bgng] = [Tg7Bg]

for all b € Bg and t1,t2 € Tz. Denote as d the index of Ty in G that is
n-bounded. Then, G can be written as the (disjoint) union of some right
cosets Tyi, ..., Tyq for some y1,...,yq € G so that Hg = nclg([Ty, Bg]) is

d
<[Tg7 Bg]Tyla R [Tg> Bg]Tyd> = ([Tgv Bg]y17 EER [Tga Bg]yd> = H[Tg»Bg]yi
i=1

because [Ty, Bg| and each [Ty, Bgl¥ are normal in T'. It is clear now that
the order of the normal closure of [Ty, Bg] in G

d
|He| < [ ] 117e: Bel| < |[T, Bell”
1=1

has n-bounded order. It is convenient to emphasize that the bounds coming

from Theorem do not depend on the choice of g € G.

It is well-known that finite p-groups are nilpotent, so is G. Thus, there exists
an n-bounded number e such that Hg is contained in Z.(G) for all g € G.
Indeed, nilpotency implies that any normal subgroup of G has non-empty
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intersection with the center of G, so in particular |Hg N Z(G)| > 2. For this
reason,

HeZ(G)| _  |Hgl  _ |Hyf
Z(G) |He N Z(G)| = 2
holds. Using inductively the same argument with the normal subgroup
HgZ; 1(G)/Z;i—1(G) of the nilpotent group G/Z;_1(G) we get that

‘HgZi(G)‘ _ ‘HgZi(G)/Zil(G) < [Hgl

for all i < log, |[Hg|. Then, there exists an n-bounded number e such that
HgZ.(G)/Zc(G) is trivial and thus the claim is proved. As the bounds do not
depend on the choice of g € G, we can choose the n-bounded number e such
that Hg is contained in Z.(G) for all g € G. Pass to the quotient G/Z.(G)
so we can assume [T, Bg] =1 for all g € G. Since the index |Ng: Bg| is n-
bounded, there exist n-boundedly many elements z1,...,zs € Ng such that
Ng = (z1,...,2, Bg). For each g € G we define Cg = C¢(INg) and note that
Cg can be also written as Cg(x1)N. . .NCq(xs)NCq(Bg). By assumption each
[T, Bg] is trivial so elements of T, commute with elements of Bg, which im-
plies that Ty is contained in C(Byg) for all g € G. Recall T has n-bounded
index and that the conjugacy classes of the elements z1,...,zs € Ng have
order less or equal than n, in other words, each Cg(x;) has index less or
equal than n. Therefore, the subgroup Cg(z1) N ... N Cg(xs) N Ty has n-
bounded index by Proposition so it has Cg too. Moreover, normality
of Ng in G implies normality of Cg in G.

For each ¢ € G and i > 1 we define the subgroups N;, = [N,;g] =
[N,g,...,9] and C; 4 = C(N;4). Note that these subgroups are a special
case of Ng and Cg, whenever we consider a constant tuple g = (g,...,9) €
G, so the previous statements are still true for them. At this point observe
that we have two chains

Nl,g Z NQ’g Z and Cl,g S 02,9 S

for each g € G. If i > 1 let us denote f; = maxyeq{|G: Ci4|}. It is clear
by construction that 8; < ; whenever ¢« > j. In particular, 8;_; is the
maximum index of the subgroups Cy_1 4 with g € G, which are as we have
proved n-bounded, thus S;_; is n-bounded as well. Observe that

Br—1>Br>...>20>...

is a decreasing sequence of positive integers numbers so it can have at most
Br—1 — 1 jumps, meaning that §; # [;+1 for at most 1 — 1 values of
1 > k — 1. With this setup it is possible to find some number v > k — 1
such that S, = B2,. In fact, we can proceed as follows: if B;_1 = Box_1) wWe
do have the number u = k — 1. Otherwise, 81 # Ba—1) and we compare
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Ba(k—1) With Ba2(;_1). If they are equal we set u = 2(k — 1) and if that is not
the case, we continue with this process. As there can be at most Bx_1 — 1
jumps we are sure that this process terminates at some point and the number
u is found before 2%-1(k — 1). Then, there exists a (k, n)-bounded number
u such that £k — 1 < w and 8, = B2y. Let g € G be an element such that
Cy,g has index By, in G. As Cp 4 C Cyy4 holds, maximality of the index
By implies that C, 4 and C3,4 need to be equal. It is trivial then that
Cug = Cig for i € {u,u+1,...,2u}. We claim that whenever h € C, g,
then

Nig = [Nu,gsi—u 9] = [Nu,gsi—u gh] (2.2)

holds for i € {u,u+1,...,2u}. While the first equality is straightforward
by definition, we prove the second one by induction on i. The base case is
trivial so we assume it is true for ¢ and prove it for ¢ + 1. In the one hand,
the induction hypothesis yields to

Ni—i—l,g = [Nu,gai+1—u g] = [[Nu,gai—u g]ag] - [[Nu,gn’—u gh],g].

On the other hand, we note that N, 4 is a normal subgroup of G' (using the
analogous proof for Ng in G) and therefore for any « € N, , we have that

[[l’,i,u gh]vg] = [xyifu gh‘]_l[mﬂ;fu gh‘]g = [.’L‘,i,u gh]_l[xaifu gh]gh

because h commutes with any element of N, 4 by election. This concludes
the proof of (2.2]). In particular, it is true that

N2u,g = [Nu,gau gh}

holds. This last equality and the fact that IV, 4 is contained in N imply that
the subgroup Cs, 4 contains Cy g, meaning that C, g, < Coy g = Cyyg. By
definition f, is the largest index of a subgroup of the type C, , with z € G,
therefore Cy g = Cy gp, for all h € C 4.

The aim at this point is to prove that the subgroup D = C, 4 is the sub-
group of G we are looking for, i.e. that D is a nilpotent subgroup of G
of (k,n)-bounded index and class. As N,  is normal in G, we have that
D = Cg(Nyyg) is normal in G too. Thus, D is a normal subgroup of G
whose index is 3,, which is n-bounded because £, < Br_1. It remains to
prove D is nilpotent of (k,n)-bounded class.

Set G = G/Z(D). Observe that D centralizes N, 4, for any h € D, so Z(D)
contains Ny g, for all h € D. If y € G and h € D, then [y,gh] € G' < N so
that [y,,+k gh] belongs to the subgroup [N,,r_1 gh]. Nonetheless, the ele-
ments in [N,y yk—1 gh| = [[N,u gh|,x—1 gh] are trivial modulo Z (D), meaning
that ghZ(D) is (u+ k)-Engel in G. By Lemma the element hZ (D) =
(9Z(D))"tghZ(D) is I-Engel in G for | = 2u+2k+1 and any h € D. There-
fore, for any choice of y € G and h € D we conclude that [y, h] € Z(D) so
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that [y,.+1 h] = 1, and thus D is m-Engel for m =1+ 1 = 2u + 2k + 2. For
g € G we denote as D the image of D in G/Cg, more explicitly the quotient
DCyg/Cyq. Clearly, D acts on Ng by the action given by gCq - © = 29 where
g € G and x € Ng. Consider the semidirect product G = Ng % D with
respect to the above group action. Plainly, Ng is a normal subgroup of G
whose index

|G: Ng| = |NgD: Ng| =|D: NgND| = |D| <|G: Cg|

is n-bounded. Besides, G is also metabelian because it has the abelian
normal subgroup Ng and the quotient G /Ng = D is abelian. In fact, D is a
subgroup of G/Cyg which is abelian due to the facts that G’ < N < Cg and
G/Cg = (G/G")/(Cg/G"). By construction, any element of G is a product
between an element of Ng and another one of D, which implies that for any
2 € G there exist a € Ng and b € D such that z € (a,b). In the one hand,
all elements of Ng are m-Engel in G since its abelianity and normality in G
imply that

[z,a,a] = [[z,a],a] =1

holds for any z € Gand a € Ng. On the other hand, D is m-Engel in G
0 [,m y] is trivial for any © € Ng and y € D. Observe that the element
[€,m y] is a finite product of the form

[

)

for some ¢; € {+1} and «; € Z, so by the way the action in G is defined, the
element [z,,,, yCg] is just represented by [z, y]. Therefore, D is m-Engel as
well in G and by Lemma é itself is (2m + 1)-Engel. Now we are in a
position where we know that G is nilpotent of (k,n)-bounded class, say c.

In particular,
[z,1Cg, ...,y.Cg] =1 for all x € Ng and y1,...,y. € D.

But as before, [z,41Cy, ..., y.Cgl is represented by [z,y1,...,y.], meaning
that Ng < Z.(D) for each g € G. In particular, since G' < N it is true
that [G', g1,...,9k-1] < Z.(D) for any choice of g1,...,gx—1 € G and con-
sequently vx1+1(G) < Z.(D). Thus, the quotient D/Z.(D) is nilpotent of
class at most k so that it is possible to glue the upper central series of D up
to Z.(D) with the series of subgroups that correspond to the upper central
series of D/Z.(D) in D. It is clear the obtained series is central in D so the
subgroup D is nilpotent of class at most k + ¢, which is (k,n)-bounded. [
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2.4 The set FC(G)

Observe that although the following lemma is taken from [I2], the third
bound is different. In fact, there is no clear indication that the bound given
in [12] is correct.

Lemma 2.4.1. [12, Lemma 2.5] Let G be a group and a an element of G
such that |al, < n. Then,

(i) |G: Ca(b)| < n for any b € Xy—1(a),
(ii) |G: Cg(d)| < n? for any d € Xi(a) and
(iii) |G: Ca(Xp(a))| < n?" and | Xy(a)®| < n?.

Proof. (i) By assumption the set Xi(a) = {z7'2¥ | 2 € X}_1(a), y € G}
has at most n elements thus

|G: Ca(b)| = [b9] = [bl1 < |Xk(a)| <n
for any b € Xj_1(a).

(ii) It is clear by definition that an element d € Xy(a) is the product of
the inverse of an element in X;_;(a) and a conjugate of such element
SO

|G Ca(d)] = [d° < |(07H)C] - [(09)] = b - o] < n-n = n?
where b € Xj,_1(a) and g € G.

(iii) By the previous item we know that elements in Xj(a) have at most

n? conjugates so

G: Ca(Xp(a)| <[] 1G: Ca(z)] < (®)" =n"
r€Xg(a)

and also
| X5 (a)9] < Z |29 < n-n?=nd
z€Xg(a)

O

The next lemma is a particular case of Lemma [3.1.2] which we will see
in Chapter

Lemma 2.4.2. Let G be a group and a,b,g1,...,9x € G. Then, there exist
elements ag € a© and uq, ..., ug, v1,...,vx € G such that

[ab, g1, ..., gk] = [ao,u1, ..., uk|[b,v1,. .., VL]
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Proof. We proceed by induction on k. The base case k = 1 is satisfied since
[ab, g1] = [a, 1]°[b, 1] = [a®, ¢%][b, g1]. We assume the statement is true for
k — 1. Then,

[ab7 915 7gk] = [[ab,g1, cee 7gk*1]7gk]

= [[G/Oa U, ... ,Uk_l][b, U1y, Uk—l]?.gk‘]
for some ag € a and wy,...,up_1,01,...,05-1 € G and using the well-
known identity again
[ab7 g15--- 7gk] = [ao, ULy - oy Uk—1, gk][b’gl’m’gkiﬂ [b7 g1, - ’gk—hgk]
we get the result. O

Lemma 2.4.3. [12, Lemma 5.1] Let G be a group and a,b € FCy(G). Then,
la™t . = |aly, and |ably < |ali[bly.-

Proof. If x,y € GG, then

_ _ _ _ _ _ _ _ _ —1
el =yey ey =gy e ) Ty = (el )Y (23)
We claim that for any x1,...,xr € G there exist elements t1,...,tx € G
such that
la Y 2y, a] = [a,t, .. ] (2.4)
The base case k = 1 is trivially true due to (2.3)). Assume it is true for the
case equal k. Let x1,...,2111 € G. Using the induction hypothesis
[a Y zy, . ap, wpet] = ([ Y 21, - 2k, 2] = [[aste, - te] 7 2]

for some t1,...,t € G and we can apply again ([2.3]) to get that

—1
-1 7tk] [at1,... .tk ]—1

[ " 21, .. T, Trt] = [[a, b, - .. s Tpan

so we let tp41 = xgga_;_tll""’tk]_l and we are done. From statement 1) we
deduce that the containment Xj(a=') € Xg(a)~! holds so |Xp(a~T)| <
| X1 (a)~t|. But if we apply this last inequality to the element a~! we also get
that | Xp(a)| < | Xgp(a™H) 7| = | Xp(a™1)| holds, so the equality ||, = |alx
is proved.

By Lemma [2.4.2]if g1, ..., gx € G, then

[abvgla""gk‘] = [GOaulv"'vukHbavla'”7vk]

for some ag € a® and uy, ..., u, v1,...,v; € G. As a consequence of Lemma
the factor a1, u1,...,u;] above can take at most |al} values, while by
hypothesis [b,v1, ..., vg] can take at most |b|; values. d
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Lemma 2.4.4. [12, Lemma 5.2] Let G be a group and S a generating set
of G. Then

W41(G) = (Xi(9)% | g € S).

Proof. Containment D follows from the definition of y;4+1(G) and its nor-
mality.

Let N = (X3(9)% | g € S). Note that N is clearly normal and [g, 21, . .., 2}] =
1 (mod N) for any g € S and z1, ...,z € G. Consequently, gN belongs to
Z(G/N) for all g € S, so G/N = Z;(G/N) and therefore G/N is nilpotent
of class at most k. Then, v,1+1(G) € N. O

Lemma 2.4.5. [12, Lemma 5.3] Let G be a finitely generated group, namely
by the elements a1, ...,a, € G, and N an abelian normal subgroup of G. If
lailx < n for all i € {1,...,r}, then [N, G] has finite (k,n,r)-bounded
order.

Proof. We start by working on the case kK = 1. In this case G is generated
by r elements whose centralizers have index at most n, since |g|; = [¢%| =
|G: Cq(g)| for any g € G. Observe that the equality Z(G) = (), Ca(a;)
and assumptions of the lemma imply that

G: 2(@)| < []IG: Calas)| < n".

=1

Schur’s theorem ensures G’ has finite (n,r)-bounded order so [N,G] C
[G,G] = G is finite. Assume now k > 2. Weset A = {aq,...,a,} and we de-
note the cartesian product of k copies of A as A. For each b = (by,...,b;) €
A we define the set Ny, = [N, by,...,b;] = {[x,b1,...,b¢] | x € N}. Asin
the proof of Theorem [2.3.3] each Ny, is a subgroup of GG. Since N is an
abelian normal subgroup of G, then [n1,b] = ny'n8 = nin; ' = [b,n;'] is
true for any ny € N and b € A, which implies that

Nb = [bl,N,bz,... ,bk] = {[bl,m,bg,.. . ,bk] ‘ T e N} - Xk(bl) (25)

has order at most n. We consider the cartesian product No = [],,c o nclg(Vp).
Note here that Ny, is contained in N and that N is normal in G so nclg(NVy,) is
also contained in V. Since N is abelian, nclg(Ny,) commutes with nelg(Ne)
for all b,c € A, so Ny is a subgroup of N. Moreover, nclg(Nyp) is equal to

HNg:@:fl“---xgﬂsZO, Z1,...,Zs € Np, g1,...,9s € G),
geG

which means that nclg(NVp) is an abelian subgroup generated by at most
n? elements due to Lemma If x € Ny, then z has order at most n
because Ny is a finite group of order less or equal than n, thus any gene-
rator of nclg(Np) has order at most n too. For this reason, it follows that
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the order of nclg(Ny) is at most n" and consequently the order of Ny is
c 3

no more than (n™)™ = n""" ie. Ny has (k,n,r)-bounded order. Since
A generates G and by the way Ny has been constructed, any element of
the form [g,z1,..., 2] with ¢ € N and z1,...,2, € G is trivial modulo
Ny. Therefore, [N,; G] is contained in Ny and [N,; G| has (k,n,r)-bounded

order. O

Theorem 2.4.6. [12, Theorem 1.4] Let G be a finitely generated group,
namely by the elements ay,...,a, € G. If |a;|x < n for alli € {1,...,r},
then yx+1(G) has finite (k,n,r)-bounded order.

Proof. By Lemmawe know N = y41(G) = (Xp(a)® |i € {1,...,7})
holds so it follows that C(N) = Ni_,Ce(Xk(a;)¥). By Lemma the
size of the conjugates of the sets X (a;) with ¢ € {1,...,r} is finite and
bounded by n3 and also

G: Co(Xia)) <[] 1G: Calw)] < ()" =n
z€Xg(a)C

so consequently

3)7“ — n2rn3

G: Ca(N)| < TT1G: Ca(Xi(a)9)| < (n*"
i=1

Then Cg(N) has finite (k,n,r)-bounded index in G. Obviously, we can
write the center of N as the intersection between N and the centralizer
of N in G, so by the third isomorphism theorem the index |N: Z(N)| =
IN: NN Cg(N)| = INCg(N): Ca(N)| < |G: Ca(N)| is (k,n,r)-bounded
and Schur’s theorem implies N’ has finite (k,n,r)-bounded order. It fo-
llows we can work modulo N’ and assume N is abelian, so we are under
the assumptions of Lemma and conclude [N,; G| has finite (k,n,r)-
bounded order. In the same way, we pass to the quotient G/[N,; G] and
without loss of generalization assume [N,; G] = 1. Recalling the definition
of N, we note 1 = [N, G] = v214+1(G) so G is nilpotent of class at most
2k. By induction on the nilpotency class of G, it is possible to prove that
NZ(G)/Z(G) has finite (k,n,r)-bounded order. Indeed if G has class at
most k, the subgroup N is trivial and the statement is obvious. Otherwise
if the class of G is [ > k, the class of the quotient G/Z(G) is | — 1 so by
induction hypothesis v4+1(G/Z(G)) = NZ(G)/Z(G) has (k,n,r)-bounded
order. As it is proved in [7], in this situation ~;12(G) has finite (k,n,7)-
bounded order and therefore we can factor it out. Then the assumption
1 = y42(G) = [N, G| implies we can assume that N is contained in the
center of G. It is straightforward then that N is generated by the bounded
finite set U]_; Xx(a;). Dietzmann’s theorem shows it suffices to prove that
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UI_, Xk (a;) is torsion in order to conclude that N has finite (k, n, r)-bounded
order. Let a € {a1,...,a,} and g1,...,gx € G. Our claim is that

[avgla CIEIR agk]z = [aaglv ce. 7912;] S Xk((l)

holds for any i > 1, which shows that X (a) is closed under taking powers
of its elements and therefore any element of Xj(a) has order at most n.
Arguing by induction on 7, the base case is trivial so we assume it is true for
i— 1 and we try to prove for i. Using the identity [z, yz] = [z, z][z, y][x, y, 2]
for any z,y, z € G we have

[a7gl )gllg] = [a7glu‘° . 7gk”a)gla" . 792_1][(1791)' "ag]’i-_lagk]?

but since Y;42(G) is trivial the last term above vanishes and the induction
hypothesis proves the claim. ]

Theorem 2.4.7. [12, Theorem 1.3] Let G be a group. Then, the set FCy(QG)
is a subgroup of G and Vi4+1(FCk(Q)) is locally finite and normal.

Proof. Let T = FCy(G). It follows directly from Lemma that 7' is a
subgroup of G. In order to prove that v11(7") is locally normal, we need to
find a finite normal subgroup N of ;11 (7") for each finite subset E contained
in yg4+1(7T) such that N contains E. Choose a finite subset E C v,11(T). It is
evident there exist elements ay,...,a, € T such that £ C y;41((a1,...,a,))
by finiteness of E. If we set A = (a1, ...,a,), Theorem shows yx41(A)
is finite and Lemma gives a useful description of yx41(A), namely

Vi1 (A) = (Xp(a)? |ie {1,...,r}).

By Lemma the subgroup 7x+1(A) is generated by elements whose cen-
tralizers have finite index in G and therefore they have finitely many conju-
gates in G. Consider the normal closure of 7;41(A4) in G that can be written
as

N =nclg(yrs1(A) = (Xp(a)C | i e {1,...,r}).

Observe that the set U’{:le(ai)G is finite, closed under conjugation and
torsion because the elements in U]_, X (a;) are contained in the finite sub-
group Yx+1(A). By Dietzmann’s theorem, N is finite so E is contained in a
finite normal subgroup of G. O

Lemma 2.4.8. Let G be a profinite group. Then the subset
Ap={zeG||zlp <n}

1s closed.
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Proof. Firstly, we fix some [ € N and define the subset
Y ={(x1,...,27) e G | z; = 1 for some 1 gz‘gl}gGl.

If 7; denotes the i-th canonical projection map from G! to G, we can

write Y as the union of all the kernels of the projection maps 71,..., 7,
which implies that Y is closed. On the other hand, for any tuple y =
(Y115 -+ Ylky - - - Yt D)1s -+ Ynt1)k) € G*"+1) we consider the continuous
map ¢y: G — G' with [ = (”erl) such that x € G is mapped to the vector
([xvylla ve 7ylk][x>y217 s 7y2k]_17 RN
[l’, Ynls - ynk] [x’ Yn+1)15 - - ,y(n—l—l)k]_l)'

Note that this map is continuous since it does only use the continuous group
operations. Our claim now is that

A ﬂ (p;l(Y)

yEGk(n+1)

holds. Observe first that if we pick an element z € A,, there are at
most n different ~;yi-values starting with the element x, so if we con-
sider any vector y € G*"1) we have that ¢y (r) must be in Y. There-
fore, x lies in the intersection of all gp;l(Y) with y € G¥"+D_ For the
other inclusion, take some element x in the intersection above. By con-
tradiction, if |z > n + 1 we could consider n + 1 different commuta-
tors [z, 411, -5 Y1kl, -5 [T Y 1)1y - - 5 Yk With Y11, Yge € G,
so that for y = (y11, .-, Yn+1)k) € Gk 1) we would have @y(x) ¢ Y which
is a contradiction. Thus, A, is an intersection of preimages of a closed
subset under a continuous map, hence it is closed as desired. O

It could be natural to think that the F'Cy-center of a profinite group is
also closed, but this is not true in general, not even for the F'C-center.

Example 2.4.9. Let {S), },en be a family of non-abelian finite simple groups
and consider its cartesian product G = [],cx Sn- Plainly, an element of G
lies in the FC-center of G if and only if it has finitely many non-trivial
entries, which is the same as saying that the F'C-center of G equals the
direct product of the family {S,},en. In addition, if FC(G) was closed,
for any =z ¢ FC(G) it would exist an element g € G and an open normal
subgroup N of G such that x € gN and gN N FC(G) = (. Since each group
Sy, is simple, the only option for NV is either the trivial subgroup or G itself.
However, the trivial subgroup has not finite index because G is an infinite
group so it is not open, and the whole group has not empty intersection with
FC(G). Thus, FC(G) is not closed in this case.
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2.5 Profinite F(Cj-groups are finite-by-nilpotent

Theorem 2.5.1. [12, Theorem 1.5] Let G be a profinite group. If G is an
FCy-group, then vi11(G) is finite.

Proof. From Lemma [2.4.8 we have an ascending chain of closed subsets
A CACA3C...CA,C...

whose union is the entire group G. With this setting, we can invoke Baire
category theorem so that there exists some n € N such that A, has non-
empty interior. By definition of the profinite topology, there exist some
element ¢ € G and an open normal subgroup N of G such that g is
contained in A,. Moreover, it is clear that any element of N can be written
as a product z~ 'y where z,y € gN. Thus, Lemmashows that |z, < n?
for any z € N. Let T' = {t1,...,t.} be a transversal of N in G, and denote
as m the maximum of |t1|g, ..., |t,|x, which is finite because G is an FCj-
group. As any element x of G is a product of an element of T" and an
element of N, we can apply Lemma again and get that |z|, < m3n?,
so by Theorem Yk+1(G) has finite order. O

It is a straightforward observation that the converse of the theorem holds
as well. Actually, a more general statement holds.

Proposition 2.5.2. Let G be a finite-by-nilpotent group. Then, there exists
some k € N such that |g|y is finite for all g € G.

Proof. By assumption there exists a finite normal subgroup N of G such
that the quotient G/N is nilpotent, say of nilpotency class k. Thus, we have
that [g,91,...,9%x] € N for all g,g1,...,9x € G so finiteness of N implies
that |g|g is finite for all g € G. O



Chapter 3

From finite to less than the
continuum

3.1 Set of values of the generalized word [g, x1, . . ., ]

We introduce useful notation that we will be using in this chapter.

Notation 3.1.1. Let G be a group, g € G, A1,..., A, B1,..., By C G and
I C{l,...,k}. Let (a;)ics € G! and (b;);e; € G! where I = {1,...,n}\ I
and G stands for the cartesian product of |I| copies of G. We will use the
following notation:

Xi(Ay, ..., Ag) ={[a1,...,ak] | a1 € Ay,... a5 € AL}

Xi(g, A1,..., Ax) ={lg,a1,...,ak] | a1 € Ay,...,a € Ar}.
wi,r(ai; b)) = [z1,..., 2], ©; = a; if i € I and x; = b; otherwise.
wi.1(9,ai3b;) = [g, 21, ..., 2k, x = a; if i € I and z; = b; otherwise.
Xi1(Ai; Bi) = {wpr(ai;b;) | ai € Ajifi € I, b; € B; if i € I}.
Xi.1(g9,Ai; Bi) = {wi.1(g, i b;) | a; € A; ifi €1, b; € B; if i € I}

In some cases, whenever the length of the commutators is clear due to the
context, we will drop the subscript k.

We adjust the statement and proof of [I, Lemma 2.4] to give the following
lemma.

Lemma 3.1.2. Let G be a group, H a normal subgroup of G, g1,...,9x € G,
h € H and some fized s € {1,...,k}. Then there exist some elements
bi,...,bp € H such that

b b
[gla o agsflvgshvgerla o agk} = [9117 ce. 7gkk][gla “e 793—1ahvgs+17 .. 7gk]

25
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Proof. We proceed by induction on the length k of the commutator. The
base case is clear since it suffices to consider the value by = 1. Assume
it is true for the commutator length n — 1. We will cover two possible
cases. If s # k, then by induction hypothesis there exist some elements
ai,...,ax—1 € H such that [g1,...,9s—1, gsh, gs+1, - - -, g&] is equal to

b _
Hg?l? s >gk1111][glﬁ s 798—1vhags+17 cee 7gk—1]7gk]

and therefore we can rewrite it as

b bk71 rer IS — 7h7 s LRS! -
[9117"'agk7179k][gl o= tolgst oGk 1][91a--~agsflyhags+1a---agk}-

It is enough to note that since h belongs to the normal subgroup H then
(9153 9s—1s Py st1, - -5 gk—1] lies in H too. Now if s = k, then

(91, k-1, 96h] = 91, - gr—1, B[, - - - Gr—1. 9k]"
= (g1, ght, ge)POr 9=t gy g ]
so that again h[g1,...,gx_1,h]”! € H and the result is proved. O
Using [2, Lemma 2.5] as a reference, we can prove the next lemma.

Lemma 3.1.3. Let G be a group, Ay,...,Ar and H normal subgroups of
G,V a subgroup of G, g € G and a; € A; fori € {1,...,k}. Assume that

Xk(al(H N Al), coa(HN Ak)) CgV
holds. Then, for any proper subset I of {1,...,k} we have that
XkJ(al-(H N Al),H N Al) cV.

Proof. The proof is done by induction on k — |I|, so we start by assuming
that I = {1,...,k} \ {j} for some index j € {1,...,k}. In order to shorten
the notation, we will write H; instead of H N A; when i € {1,...,k}. Let us
consider the elements g1,...,gr where g; € a;H; when i # j and g; € H;.
By Lemma there exist elements b1, ..., b, € H; such that

wi,1(g53 aigi) = wi.1(g7 30 g1, - -, G- (3.1)

Observe that the element wy r(gi;aig;) is by construction in the subset
Xik(a Hy,...,aiHy), but so is the element wa(gﬁ’i;afi). In fact, for i # j
there exists some h; € H; such that

97" = (aihi)" = aila;, bi]hY € a; H;,
and on the other hand

b
aj] = aj[aj,bj} S ajHj.
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Since Xy(a1Hi,...,axHy) C gV holds by assumption, equality (3.1)) gives

(91, 91) = wier (g2 a2 " Ywp (s aigs) € (gV) " HgV) =V

as we wanted. Now assume that & — [I| > 2 and let [* = I U {j} for
some index j € {1,...,k} \ I. Consider the elements gi,...,g; where
gi € a;H; when ¢ € I and ¢g; € H; otherwise. Evidently, the element
(91, 9j—1,05G5, Gj+1, - - - » i) belongs to the subset X}, - (a; H;; H;) by con-
struction. It is possible again to use Lemma [3.1.2] so that there are some
elements by, ...,b, € H; such that

Wi, (9 ig) = win epgy (05 al) g, - gl (3.2)

Note that the element w{lw"k}\{j}(gfi;a?i) lies in Xy, r«(a;H;; H;) since if
7 € I there exists some h; € H; such that

97" = (aihi)" = a;la;, bi]hY € a;H;,
if i ¢ I* we have that gﬁ’i € H; and finally

b.
a’

i = ajlaj,bj] € a;Hj.

By the induction hypothesis we have that Xj, r«(a;H;; H;) is contained in
the subgroup V, so from equality (3.2) we conclude that [g1,...,9x] € V
and the proof is complete. O

It is necessary to prove the following lemmas in order to prove our desired
theorem afterwards.

Lemma 3.1.4. Let G be a group. If H is a normal subgroup of G, V a
subgroup of G and x,9,91,...,9x € G such that

Xk(gang77ng) - JZ‘V,

then
Xi1(g,9:H; H) CV forall 1 C{1,...,k}

and in particular,
Xk(g,H,...,H) C V.

Proof. This lemma is a consequence of Lemma [3.1.3] when considering A
land A; =G forallie {2,...,k+1}.

O
Lemma 3.1.5. Let G be a group and I C {1,... k}. If Ay,..., Ay and H
are normal subgroups of G and g € G such that

Xk, g(9,Ai; AinH) =1 for all J C I,
then for any (gi)ier € [1;c; 4i and (hi)E_, € [T, (A; 0 H) we obtain that

wr(g, gihis hi) = wi(g, i3 hi).
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Proof. Let s € I, (gi)icr € [1;e; 4i and (hy)F_; € Hle(AiﬁH). By Lemma
there exist some elements by, ..., b, € Ag such that

w[(g7glhz,hl) = [g?cla “e 7gsh57 .. '>Cl€]

= [g,cl,...,hgglgs,...,ck]

= [gbo,clfl,...,hgglbs,...,czk][g,cl,...,gs,...,ck]

= [g,c?lbal, e hg‘;lbsbal, . ,czkbal]bo[g, ClyeveyGsyeevsChly
where ¢; € G denotes the corresponding element in the position i € {1,...,k}

of the commutator. Note that in the first commutator of the last equality, in
a position i € I'\ {s} we have an element of A; conjugated by some element,
which gives back an element of A; by normality of A; in G. In a position
i ¢ I we have an element of A; again by normality of A;, but it also belongs
to H due to its normality. Finally, in the chosen position s € I we have
an element of A; N H conjugated by another element so similarly it lies in
AsN H. This means that the commutator is in Xy, p\ 151 (g, As; A; N H) which
by assumption is trivial so

wr(g, gihis hi) = [g,¢15 -+ 1 Gsy - - -5 Ck.

Repeating the argument for each i € I we manage to remove every h; when-
ever ¢ € I and we are done. O

Lemma 3.1.6. Let G be a profinite group. Let H be an open normal sub-
group of G and V' a normal subgroup of G such that there exist

(i) an element g € G such that |g|, < 280 and
(ii) a subset I C{1,...,k} such that Xy, j(g9,G; H) CV for all J C I.

Then for any fized g = (g:)icr € G! there exists an open normal subgroup
Ug of H such that
Xk,1(9,9i;Uqg) C V.

Proof. We consider any g = (g;)icr € G' and define the continuous map
Pg: H' - @
(hi)izy > wi(g, gihi; he).
By Lemma this map must be locally constant since
|og(H")| = | Xk.1(g, gH; H)| < |gls < 2%,

meaning that there exists some non-empty open U C HF* in which g 18
constant. In addition, H is open in G thus H is a profinite group endowed
with the profinite topology inherited from G so H¥ inherits the profinite
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topology coming from G*. Therefore the non-empty open U of H* contains
a basic open which is of the form by Uy X. .. x by U}, for some by, ..., b, € G and
Ui,...,Uip<,G. In particular, ¢g is constant in the basic open b1U x. .. xb,U
where U = ﬂleUi <, G, meaning that

Xi,1(9,9:b:U; b;U) C wi(g, gibi; bs) - 1.

But we are now able to use Lemma with the trivial subgroup, the
normal subgroup U in G and the elements wy(g, gib;;b;), g and g;b; when
i € I and b; otherwise, which implies that X;(g, ¢;b;U;U) = 1. On the other
hand, we can rewrite the second condition stated in the hypothesis of the
lemma modulo the normal subgroup V so we have

Xk,7(9,G; H) =1 (mod V) for all J C I.

Therefore, using Lemma in the quotient group G/V with the normal
subgroups A; = G/V fori € {1,...,k} and HV/V, we get

wj(g,xihi; hl) = wI(g,:ci; hl) (rnod V) for all x; € G, h; € HV,
for i € {1,...,k}. Specifically, since b;U C H fori € {1,...,k},
1= X1(g,9:b:U;U) = X1(g,9:;U) (mod V)

and therefore
Xi1(9,9::Ug) CV

with Ug = U as claimed. O
At this point, we are ready to prove this theorem.

Theorem 3.1.7. Let G be a profinite group and g € G an element such
that |glx < 280, Then |g| is actually finite.

Proof. We start by constructing a continuous map
.k
pg: G = G
(gi>f:1 = [97917 <. 7gk]7

which is locally constant by Lemma [1.1.11] because |p(G*)| = |g]p < 2%°.
Arguing as in the proof above, there exist some H <, G and g1,...,9r € G
such that ¢, is constant on g1 H X ... x giH, which means that

[gaglhla"'agkhk] = [97917"'7916] for all hl?"'ahk € H.

Thus, applying Lemma we have that Xy(g,H,...,H) = 1. We claim
the following: for any subset I C {1,...,k} there exists some open normal
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subgroup U; 4, G such that Xy ;(g, G;Ur) = 1. If this is the case, we can
consider the open normal subgroup

W:ﬂUI

IC{1,...k}
and we will have

Xir(9,G;W) =1forall I C{1,...,k}.
Then all the conditions asked in Lemma [B.1.5] are satisfied so

[g7glw1) o agkwk] - [97917 o 7gk]

holds for any (g;)%_, € G* and (w;)¥_, € W*. In particular, if T is a left
transversal of W in G, which is finite because open subgroups have finite
index in profinite groups, then

Xi(9)

{[gagla"'vgk] |gla"'7gk‘ € G}
{[gatlwla"'atkwk] | t1,. .., tk ET, Wiy ..., Wk € W}
{

[g,tl,...,tk]|t1,...,tkET}

is finite. So it suffices to prove the claim.

By induction on the cardinal of the subset I, we need to prove that there
exists Ur <, G such that Xy, ;(g,G;Ur) = 1. In case I = (), we have already
seen that Xx(g, H,..., H) =1 so it suffices to take Uy = H. Let us assume
now that the subset I is non-empty. Using the induction hypothesis, for
each J C I there exists some Uy <, G such that X}, ;(g9,G;Uy) = 1. Then

we can consider
U=(\U,
JcI

which is again an open normal subgroup of G such that
Xk, 7(9,G;U) =1for all J C I. (3.3)

Let R be a (finite) left transversal of U in G. If we pick any r = (r;);er € R!,
we can apply Lemma so there exists some open normal subgroup U,
of U where Xy, 1(g,ri;Ur) = 1. Observe that Uy is also open in G so there
exist some z, € G and N, <, G such that z,N. C U,. In particular, z, € U,
hence N, C U,. We now set

UI = m Nr S]OG
reR!
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and check that it is exactly what we needed. It is clear by construction that

X1(g,ri;Ur) = 1 for any r = (r;);e; € R!. From (3.3) using Lemma
we can deduce that

wr(g, rivi; i) = wr(g, ri; ui)
for any choice of (1;);c; € R! and (u;)%_; € U¥, and therefore
Xi(g,miU;Ur) = Xi(g,m;Ur) =1

holds for any (r;);e; € R!. So we are done since all the left cosets r;U with
r; € R cover the whole group G, hence X;(g,G;Ur) = 1. ]

3.2 Profinite (generalized) F'Cj-groups

Overall we can put everything together and get one of our main results.

Theorem 3.2.1. Let G be a profinite group such that |glp < 280 for all
g € G. Then, y11(Q) is finite.

Proof. From Theorem it follows that |g|; is finite for all g € G so by
Theorem we conclude that v;11(G) has finite order. O

In order to analyze the case where there is no uniform bound on the
length of the commutators, we need a couple of results on the FCy(G)
subset.

Proposition 3.2.2. Let G be a group. Then, FCy(G) is contained in
FCyt1(G).

Proof. Let g be an element of FCi(G). Then |g| is finite, i.e. there are only
finitely many elements of G that can be written as commutators of length
k + 1 starting with the fixed element g. Note that

[gaglv s 7gk+1] = [gagla s 79](:]71[97917 s 7gk]gk+l (34)

holds for any gi,...,9x+1 € G. In the one hand, since the set X(g) is
finite by hypothesis, the set X;(¢g)~! is finite as well. On the other hand,
from Lemma it follows that an element of the form [g, g1, ..., gr] with
g1, - - -, gk € G has finitely many conjugates. Therefore equality implies
there are only finitely many elements in Xj11(g). O

Corollary 3.2.3. Let G be a group. Then, FCy, (G) is contained in FCy,(G)
whenever k1 and ko are positive integers such that k1 < k.

Proof. Assume k1 < ks. By Proposition [3.2.2| we can inductively form the
chain
FCy, (G) C FCr+1(G) C ... C FC,(Q),

and thus FCy, (G) € FC, (G). O
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Theorem 3.2.4. Let G be a profinite group. Assume that for each element
g € G there exists a natural number kg € N such that |gly, < 2%. Then, G
is finite-by-nilpotent.

Proof. For natural numbers k& and n we can define the set
Apn ={z € Gzl <n},

which is closed by Proposition Moreover, using Theorem we in
fact notice that for each g € G there exists some k; € N such that |g],
is not only less than the continuum but finite. Thus, the entire G can be
covered with the closed subsets Ay, ,, where k and n range among the natural
numbers. Under these circumstances Baire category theorem ensures there
exist natural numbers £ and n such that the interior of Ay ,, is non-empty.
Therefore, there exist an element ¢ € G and an open normal subgroup
H <, G such that the left coset gH is contained in Ay, ,,, which means that
lghly < n for all h € H. In particular, |g|x < n. Furthermore, if h € H
Lemma yields the following bound:

Al = 19~ ghlk < lg7" Rlghle = lglRlghle < n®-n=n",
which actually proves that H is contained in FC(G). Let T = {t1,...,t,}
be a (finite) transversal of H in G. Then there exist some natural numbers
ks € Nwith s € {1,...,r} such that |ts|x, is finite for s € {1,...,r}. We set
q = max{k,ki,...,k-} and apply Corollary to deduce that t1,...,%,
and the elements of H are contained in FCy(G). Since G = (t1,...,t,, H),
we deduce that G C FC,(G) so it is clear that these elements generate the
whole group so G = F'Cy(G). This means that |z, is finite for all z € G, so
by Theorem [3.2.1] the group G is finite-by-nilpotent. O
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