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Abstract

The pseudo-scalar interaction between an axion inflaton and gauge fields can result in a strong ampli-
fication of the latter. The amplified gauge fields can (1) backreact on the background axion dynamics;
(2) source an observable amount of gravitational waves (GW — tensor modes); (3) source significant ax-
ion inhomogeneities (scalar modes). The first two effects were studied together in the literature, under
the assumption that the axion remains homogeneous (hence, the name homogeneous back-reaction).
It was shown that, under this assumption, the sourced GW spectrum is characterized by peaks at
different frequencies that might be detected at different GW observatories. This thesis includes the
computation of the third effect, to determine whether and when the axion inhomogeneities become
large, leading the system outside the regime of homogeneous back-reaction.
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Chapter 1

Introduction

Primordial inflation represents a compelling framework to address the shortcomings of Standard Big
Bang (SBB) cosmology, such as the horizon and the flatness problems, while naturally predicting
a homogeneous and isotropic universe on large scales [1]. Beyond this background prediction, the
inflationary framework also predicts small primordial perturbations in agreement with observations,
seeding the anisotropies of the Cosmic Microwave Background (CMB) [2] and the formation of Large-
Scale Structure (LSS) [3]. These perturbations have nonvanishing statistical correlations on scales
that would always have been outside causal connection without a period of inflation. These successes
have established inflation as the dominant paradigm for the early universe.

A simple and well-studied realization of inflation is the single-field slow-roll mechanism, in which the
required accelerated expansion of the early universe is driven by the potential energy of a scalar field
¢, the inflaton. In this framework the field ¢ evolves slowly along a sufficiently flat potential V(¢)
leading to a quasi-de Sitter expansion, which ensures almost perfect homogeneity and isotropy at the
beginning of the Hot Big Bang (HBB) universe. At the same time, quantum fluctuations of ¢ during
this phase are exponentially stretched to cosmological scales, providing the stochastic seeds for the
perturbations of the universe, such as the Large-Scale Structure or the Stochastic Gravitational-Waves
Background (SGWB).

In spite of these observational successes, a complete particle physics description of the inflaton field, and
of any additional degrees of freedom that may have been relevant during inflation, is still missing. From
the viewpoint of High-Energy Physics (HEP), a consistent theory should identify the fundamental-
microscopic origin of the inflaton, its interactions, and the structure of its potential V' (¢) in a way that
is consistent with known physics and free of unnatural fine-tuning. The most stringent requirement
to achieve this goal is that V(¢) must be sufficiently flat to support the slow-roll regime. In the
single-field case, this translates into the conditions e, || < 1 for the slow-roll parameters (related to,
respectively, the first and second derivative of the potential, see eq. (2.25) below).

The challenge arises from the fact that these parameters are highly sensitive to unknown ultraviolet
(UV) physics beyond the Standard Model (SM). Even generic Planck-suppressed corrections to the
potential V(¢) can induce contributions Ae = An = O(1), spoiling the flatness of the potential and
prematurely ending inflation. This makes the construction of natural inflationary models within a
particle physics framework particularly delicate.

Moreover, addressing this problem is complicated by the extremely limited direct experimental access
to the physics of the inflationary epoch. Constraints on inflationary theories are derived, indeed, en-
tirely from indirect cosmological observations. These include measurements of: the CMB temperature
and polarization anisotropies (which can probe the inflaton potential shape only at the beginning of
inflation); the CMB spectrum; the large-scale distribution of matter in the universe; the primordial
gravitational wave background. In particular, the latter can be determined through: CMB B-mode po-
larization; current gravitational waves detection experiments, such as Pulsar Timing Arrays (PTAs)
and ground-based interferometers; or future experiments, as for example ground- and space-based
interferometers.



INTODUCTION

Motivated by significant experimental advance, the role of gravitational wave observations in the
phenomenological study of inflation has become increasingly important in recent years. Gravitational
wave signals can provide information about high-energy physics in the early universe that may not
leave a clear imprint in scalar perturbations, such as features in the inflationary potential at late time
during inflation, transient violations of slow-roll, or the presence of additional fields coupled to the
inflaton sector. Importantly, once generated, gravitational waves propagate essentially unobstructed,
preserving a record of the physical processes that produced them and thus offering an observational
window in addiction to the (well studied) electromagnetic one. The present work is mainly focused
on this aspect of inflationary phenomenology.

One of the expectations from standard inflation is the production of a Stochastic Gravitational Wave
Background that is unpolarized, nearly perfectly Gaussian, and slightly red-tilted. In the minimal
scenario, where the zero mode of the inflaton is the only relevant degree of freedom, these gravita-
tional waves arise purely from the amplification of quantum vacuum fluctuations of the metric during
inflation. The amplitude of this background can vary by many orders of magnitude depending on
the energy scale of inflation. However, current limits on the SGWB at CMB scales, combined with
its predicted red tilt, place this signal below the sensitivity of existing ground-based interferometers
(LIGO, Virgo, KAGRA) and even that of forthcoming detectors such as LISA, Einstein Telescope,
and Cosmic Explorer.

The situation might change if also additional fields are dynamically relevant during inflation. Such
fields can act as extra sources of gravitational waves during inflation, producing spectra that may be
blue-tilted, parity-violating, and non-Gaussian. In these cases, the amplitude of the SGWB is not
determined just by the inflationary energy scale, opening up the possibility of signals that could be
detectable by a wider range of planned gravitational wave experiments.

In this work, we study a simple and well-motivated model that can generate a spectrum of gravitational
waves with the above properties (blue-tilted, parity-violating, or non-Gaussian); it is characterized by
an axion-like inflaton [4] coupled to a U(1) gauge field through the shift-symmetric coupling ¢ FF.
An Axion-Like Particle (ALP) is a pseudo-Nambu—Goldstone boson that appears in particle physics
when an approximate continuous global symmetry is spontaneously broken. Its main property is an
almost exact continuous shift symmetry, ¢ — ¢ + constant, which keeps the potential flat and stable
against large quantum corrections from unknown high-energy physics. However, since this continuous
shift symmetry can not be exact, in practice, theoretical models typically include terms that weakly
break the continuous shift symmetry, through quantum non-perturbative corrections, down to the
discrete symmetry ¢ — ¢ + 2n f, yielding a periodic non-constant axion potential, responsible for the
inflationary slow-roll dynamics. The first model of axion inflation, known as natural inflation, was
proposed in 1990 [5].

It is reasonable to expect that axion-like particles could describe the inflaton in an effective theory of
inflation. Firstly, ALPs are common in particle physics and they arise naturally in many high-energy
theories, including string theory compactifications. Secondly, the shift symmetry solves the n-problem
by protecting the flatness of the inflaton potential, which is needed for slow-roll inflation. Finally,
couplings between axions and gauge fields, that are common in effective field theories, are crucial for
the universe reheating after inflation, making this framework both theoretically well-motivated and
phenomenologically interesting.

In the theory that we study, the rolling axion inflaton sources one helicity of a U(1) gauge field
through the ¢ FE coupling. The amplification of gauge filed modes is controlled by the parameter
& x qS /H, where H is the Hubble parameter during the inflationary expansion. Such a coupling during
inflation was originally introduce for the generation of primordial magnetic field [6-8], but later works,
starting from [9] and [10] showed how the production of a generic U(1) gauge field coupled to an axion
inflaton can significantly affects its background dynamics and the phenomenology of the primordial
perturbations. In the simplified case where £ is constant or changes slowly, the amount of gauge
field production grows exponentially with £, therefore the gauge field amplification naturally grows
as inflation progresses (as the speed of the inflaton typically grows during inflation). This gauge
field production can also be viewed as an instance of warm inflation [11], where continuous particle

2
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production acts as dissipation the slows down the inflaton motion (this is known as the Anber -
Sorbo mechanism [9], and it can coexist with, or build, a radiation bath during inflation, potentially
smoothing the transition to the radiation era.

The amplification of the gauge field has two main consequences, which make this model different from
the single scalar field one. Firstly, there can be a substantial backreaction of the produced gauge fields
on the homogeneous and isotropic inflaton background dynamics; indeed, the energy drained into the
gauge sector is drawn from the inflaton kinetic energy and modifies its trajectory [9]. Secondly, the
amplified gauge fields source, through inverse decay, A+0A4 — d¢ and §A+0A — h, additional scalar
and tensor perturbations that sum incoherently with the vacuum contribution and could drastically
change the inflationary phenomenology [10,12,13]. Since £ usually grows during inflation, the effect
is stronger at later stages, when modes smaller than the CMB scale exit the horizon. This gives
a blue-tilted gravitational wave spectrum, meaning it can be too small to see at CMB scales but
still detectable by pulsar timing arrays, astrometric surveys, or laser interferometers [14-18]. The
same mechanism can also enhance scalar fluctuations on small scales enough to create a significant
population of Primordial Black Holes (PBHs) [19-24].

In the context of this model, it is useful to distinguish two regimes, defined by the amount of backreac-
tion that the gauge field applies to the background: small and strong backreaction. Small backreaction
denotes the case where the gauge field energy density and the friction term in the inflaton equation
are subdominant. The background remains close to standard slow roll, with small or negligible correc-
tions to ng and H. In this regime, the sourced scalar and tensor perturbations are typically subleading,
though often highly non-Gaussian and chiral. By contrast, in the strong backreaction regime the
energy loss into gauge fields provides a leading friction term for the inflaton, substantially altering
its dynamics. Numerical studies, as well the analytical computation of [25], show that the system
can develop multiple oscillations in the velocity of the inflaton gﬁ.l In this case, the universe expe-
riences a significant growth of perturbations in both the scalar and tensor sectors, often producing
blue and chiral GW spectra and enhancing the probability of PBH formation. This regime is thus
phenomenologically rich but significantly more complicated to treat.

The regime of small backreaction was first studied analytically in [9,10,12,13,15], where the approxi-
mation £ ~ constant allows one to compute the phenomenology related to the first phase of inflation,
when the inflaton is still slow-rolling producing CMB modes. These results, combined with CMB
measurements, set constraints on the value of the axion decay constant f.

Later, the strong backreaction regime was also numerically studied. In references [26-32] this regime
was analyzed numerically in the case of a homogeneous inflaton, namely neglecting inflaton pertur-
bations, this is referred to as homogeneous backreaction regime. They found oscillatory behavior of
quantities such as the £ parameter, the gauge field energy density, and the power spectra of tensor
and scalar perturbations, around the analytically predicted relative values.

Subsequently [25], improving the previous analytical works as [9, 15], studied the strong backreaction
regime and confirmed the presence of oscillations.

Later on, reference [33] numerically simulated the strong backreaction regime, accounting for spa-
tial inflaton inhomogeneities in full generality, through a lattice simulation. Since accounting for all
these degrees of freedom in a lattice simulation is computationally very expensive,? this simulation
was performed for only a few e-folds, and obtained an oscillatory evolution of the system in excellent
agreement with the previous numerical studies (refs. [26-32]), over the short period investigated.
These results motivated the authors of [34] to study the GW phenomenology associated to the oscilla-
tory behavious of the inflaton speed in the regime of strong hmogeneous backreaction. Reference [34],
indeed, presents the tools to numerically compute the gravitational waves phenomenology of this model
for a general inflaton potential V' (¢) and an arbitrary axion decay constant f, within the assumption
of a homogeneous inflaton.

However, more recent improved lattice simulations [35-37] investigated the regime of inhomogeneous

!The reason for these oscillations is highly nontrivial, and it will be explained in chapter 5.
2The problem is exacerbated by the fact that physical scales exponentially expand during inflation, and the lattice
must include the dynamically relevant UV and IR scales at all times.

3
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backreaction in this model of axion inflation. These simulations cover a greater dynamical range than
that of [33], showing cases in which the inflaton inhomogeneities become relevant after the first oscil-
lation of the inflaton speed. They highlighted the need to account for the spatial degrees of freedom
of the inflaton, concluding that the homogeneous backreaction approximation can break down already
after the first oscillations, depending on the model (V(¢) and f).

These recent results, obtained from lattice simulations, provide the motivation for the present work.
The numerical schemes developed in [26-32] in the case of a homogeneous inflaton are numerically
much less expensive than full lattice simulations. The purpose of this Thesis is to investigate whether,
and to which extent, homogeneus backreaction can provide reliable phenomenological predictions,
without the need to resort to significantly more expensive full lattice simulations. Our idea is to
compute the inflaton inhomogeneities perturbatively, and to monitor the evolution of their energy
density. As long as this quantity is subdominant with respect to the kinetic energy of the inflaton
(which in turn is subdominant to the potential energy during inflation), we conclude that their presence
can be safely neglected. Therefore, we can trust the phenomenological predictions for the scales that
are produced in this period. Once the gradient energy density becomes comparable to the kinetic
energy, we question the validity of homogeneous backreaction. Our method therefore indicates when
the simpler methods provide trustable results, and when instead the more computationally expensive
lattice simulations are needed.

The present Thesis is organized as follows. In chapter 2 we provide a brief review of the main aspects
of cosmological inflation, explaining why it is necessary and presenting the resulting predictions for
the homogeneous and isotropic background of the universe and its perturbations. Chapter 3 collects
general results for the specific axion inflation theory we study. The equations reported in this chapter,
including the background equations of motion, the sourced scalar and tensor power spectra, and
the Green function equations, are presented in full generality within the homogeneous backreaction
approximation. Chapter 4 focuses on the small backreaction regime, where gauge field effects on the
background are subdominant, and provides analytic solutions for the scalar and tensor perturbations
produced during the first stage of inflation, when CMB modes are generated. Chapter 5 focuses on
the strong homogeneous backreaction regime; in it we review and report the results of reference [34].
We first introduce the physical picture and then describe in detail the numerical strategy adopted.
We then present the model parameters considered and the numerical results for the evolution of the
system and for the resulting gravitational wave spectrum. In chapter 6 we extend the results of
reference [34] by including a perturbative treatment of inflaton fluctuations to test the validity of the
strong homogeneous backreaction approximation. We then study how varying the model parameters,
V(¢) and f, affects the dynamics and the production of perturbations. We aim to identify classes
of models in which inflaton inhomogeneities do not play a significant role; for these cases, we can
compute the corresponding reliable phenomenology. Finally, in Chapter 7 we summarize our findings
and discuss the results.



INTODUCTION

Notation and Conventions

We adopt natural units, setting ¢ = h = kg = 1, and use the metric signature (— + ++). Greek
indices (u,v,...) run from 0 to 3 and label spacetime coordinates, while Latin indices (i, j, ...) refer
to spatial components only. Throughout, we use the Einstein summation convention, where repeated
indices are implicitly summed over. The subscript 0 denotes evaluation at the present cosmic time ¢g
(e.g., agp = a(tp)). A dot over a quantity denotes differentiation with respect to coordinate time ¢ (e.g.,
a = da/dt), while a prime denotes differentiation with respect to conformal time 7 (e.g., ' = da/dT).
Instead, when the dependence of the function is specified, the prime indicates a derivative with respect
to the argument of the function (e.g., V'(¢) = dV/d¢). We use the reduced Planck mass, defined as
My = (87G)~Y/2, where G is Newton gravitational constant. Fourier transforms and their inverse are
defined as:

3 L ~ 3, ,
f@)= [ Grmeti) fw= [ et )

The notation “h.c.” stands for the Hermitian conjugate of the preceding term.
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Chapter 2

Cosmological Inflation

Our current understanding of the evolution of the universe is based upon the Standard Big-Bang
(SBB) model of cosmology. It provides a successful framework in which to understand the thermal
history of our Universe and the growth of cosmic structure. It is capable of explaining a wide range
of different data, such as Big-Bang Nucleosynthesis (BBN) and hence the abundance of light nuclei,
the Large-Scale Structure (LSS) of the universe, the Cosmic Microwave Background (CMB) data, and
so on, based on only a few free parameters. Despite all these remarkable successes, it is essentially
incomplete. In particular, the model requires very specific initial conditions for the universe evolution,
as, for instance, a homogeneous, isotropic and spatially-flat metric, along with initial almost scale
invariant primordial density perturbations.

Inflation is a well known and acknowledged paradigm introduced in 1981 by Alan H. Guth [1] to
explain how initial conditions consistent with the observations can be reached starting from more
general ones passing through the phenomenon of cosmological inflation. This model is essentially
characterized by a period of accelerated expansion of the universe (@ > 0), which, if it lasts long
enough, is capable of solving the shortcomings of the standard Big-Bang model such as the flatness
and the horizon problems, and ensure the correct initial conditions.

In any case, despite the fact that this theoretical model is universally accepted, a particle theory that
fully explains its realization is still missing, along with a theoretical motivation of the initial conditions
of the standard cosmological model.

2.1 The Standard Cosmological Model

2.1.1 The homogeneous and isotropic universe

The model relies on the cosmological principle of homogeneity and isotropy that forces the metric (on
large scales) to be of the form of the Friedmann-Lemaitre-Robertson-Walker (FLRW) line element.

dr?

2 _ 42 2
ds® = —dt* + a*(t) T 72

+72dQ%| = a®(1) [—dr* + dx* + Sp(x)dQ?] (2.1)

where
sinhy ifk=-1
Sk(x) =14 x ifk=0 =x+0 (X3) and dQ? = d6? + sin® 0 dop? (2.2)
siny if k=41
with k& the curvature parameter and a(t) the scale factor. Here we expressed the metric in cosmic

time and r radial comoving coordinates (¢,7,6, ¢), and also in conformal time and y radial comoving
coordinates (7, x, 0, ¢)!, with dy = (1 — kr2)~1/2 dr.

!For the tensorial equations in this section (and for most of this work) we will use the representation in conformal
coordinates (7, x, 0, ¢).



2.1. THE STANDARD COSMOLOGICAL MODEL

The metric describes the geometry of the universe and the gravitational force that acts on its mat-
ter content. Regarding the latter, the standard cosmological model considers the following particle
content: ordinary Standard Model (SM) matter (~ 5% of the current total energy), cold dark matter
(~ 27%) and dark energy (~ 68%) [38], which is why the model is commonly referred to as A cold
dark matter (ACDM). As well as on the metric, the cosmological principle also strictly constrains the
shape of the energy-momentum tensor (the mathematical object that represents the universe matter
content). Hence the course-grained energy—momentum tensor that approximates our universe best at
large scales is the one of a motionless perfect fluid, i.e., T, = (p+P)U*U,+Pé§", = diag(—p, P, P, P) ,
with U* = (1/a,0,0,0)” the 4—velocity?, p the energy density of the perfect fluid in its rest frame,
and P the pressure of the perfect fluid in its rest frame. In particular, p =), p; and P =) . P; are
given by the sum of the contributions from all particle species in the universe at a given time.
Finally the geometry (represented by the metric) and the matter content (represented by the en-
ergy—momentum tensor) are related through the Einstein equations that can be exactly solved in the
homogeneity and isotropic approximation:

p+3H(p+P)=0 (continuity equation)
G = M}f T — NGy —> H2 = 31\[/)1,,1 — a% + % (I Friedmann equation) (2.3)
g = _61\/%71([) +3P) + % (IT Friedmann equation)

These equations compose a redundant system that can be closed once we specify the P = wp equation
of state® that describes the universe at a specific time. The final system describes the evolution of
background quantities a(t), p(t) and P(t). In particular, this model and the observations, namely the
boundary conditions for the present-day energy densities of the various species [38] (relativistic, non-
relativistic and vacuum energy), are consistent with the universe expansion proceeding through three
distinct stages: a first Radiation-Dominated (RD) epoch during which relativistic particles make up
almost all of the energy density and the universe is correctly described by w = 1/3, a second Matter-
Dominated (MD) epoch where non-relativistic matter was the majority with w = 0, and a Dark
Energy Dominated (DED) epoch in the end with w = —1.

2.1.2 The perturbed universe

So far, we have treated the universe as perfectly homogeneous and isotropic (in accordance with the
cosmological principle). To understand the formation and evolution of large-scale structures, we have
to introduce inhomogeneities. Such inhomogeneities must have been present in the early universe;
without them, structures like galaxies, stars, planets would not have formed. Moreover, we also know
that these initial deviations from perfect homogeneity and isotropy were very small, as evidenced by
the O (10_5) anisotropies observed in the cosmic microwave background radiation [39]. As long as
these perturbations remain relatively small (during inflation and also during the subsequent evolution,
at sufficiently large scales), we can treat them in perturbation theory.

Our current understanding of the origin of structure in the universe is that it arose from small seed
perturbations at the beginning of the standard Hot Big-Bang (HBB) universe, which over time grew to
become all of the structure we observe (once the universe becomes matter dominated). The presence
of the primordial inflationary seeds is also confirmed by detailed measurements and analysis of the
CMB anisotropies.

To perform cosmological perturbation theory in the Hot Big Bang universe, we perturb both the metric
and the matter content, such as radiation, baryons, and dark matter (dg..,,d7,,). We treat these
matter species as fluids or fields, and their inhomogeneities source spacetime curvature perturbations
through Einstein equations. To systematically study the resulting perturbations, we apply the Scalar-
Vector-Tensor (SVT) decomposition, based on their transformation properties under spatial rotations.
This decomposition ensures that the scalar, vector, and tensor degrees of freedom are decoupled in the

*Note that U*U, = —1.
3w can be considered constant in first approximation for all kinds of particles and for the vacuum energy contributions,
in particular: w = 0 for non-relativistic particles, w = % for relativistic particles and w = —1 for vacuum energy.

8



2.1. THE STANDARD COSMOLOGICAL MODEL

second-order perturbed action, resulting in the relative decoupled first-order perturbation equations
for the cosmological perturbations. Scalar modes are responsible for density and potential fluctuations
that grow into structure; vector modes decay over time; tensor modes, finally, represent gravitational
waves (GWs). This framework enables us to understand how initial inhomogeneities evolve into the
cosmic microwave background anisotropies and the large-scale structure we observe today.

The most general set of perturbations of the background metric (using conformal time) reads:
G = Guv + 09w ds® = a2(7) [—(1 + 2A)d7‘2 + 2B;dxtdr + (055 + hij)dmidmj] (2.4)

with A, B; and h;; functions of space and time, and h;; = hj;.
And performing the STV decomposition:

_ 1 2 I 1 [ -
0u0nE = (005 = <6,V? | B, 0uky = 5 (0B + 0, ;) (2.6)

The energy—momentum tensor perturbation instead is recovered introducing p = p+ dp, P = P +
0P, UF = UF + §UH obtaining;:

6T, = (6p+6P)ULU, + (p+ P)(6U,U, + U,6U,) + 6P6,, — 11, (2.7)

with the anisotropic stress tensor II,, such that: II,, = II,,, HOO = HOZ- = Hii = 0, and U* the
perturbed 4-velocity? such that: U* = a=1(1 — A,v)T, v = Viv 4+ %, 9;0° = 0.

These are the fields that describe the perturbations of the universe. They are related to one another
through Einstein equations, which, as previously mentioned, are decoupled into scalar, vector, and
tensor components at first order in perturbation theory. Using these equations, along with the thermal
history of the universe, we can determine how these perturbations evolve over time, from the end of
inflation to the CMB time. Meanwhile, the initial conditions of these perturbations represent the
degrees of freedom of the Hot Big Bang (HBB) model and can only be constrained by fitting them to
the observational data available.

In analogy with the previous background considerations, recent measurements from the cosmic mi-
crowave background [2,40] and large-scale structure surveys [3] consistently show that the scalar®
primordial perturbations in the Hot Big Bang model are, in first approximation, Gaussian, adiabatic,
and nearly scale-independent.

In other words, this means that:

e Adiabaticity: the local state of matter (determined, for example, by the energy density p and
the pressure P) at some spacetime point (7, x) of the perturbed universe is the same as in the
background universe at some slightly different time 7 4 d7(x):

o = 201 _ 00

- for all species I and J (2.8)
Pr Py

Hence, all scalar perturbation fields can be expressed as a function of the same degree of freedom
o7(x);

e Gaussianity: Since in the adiabatic case there is only one dynamical degree of freedom describing
scalar perturbations, it is sufficient to study its statistical properties. A common choice is to
work with the uniform energy density curvature perturbation {, defined as

1 1
(=C- VB~ aH 2 (2.9)

7

*Also in this case U*U, = —1 (at first order).
5Vector and tensor degrees of freedom have not been detected yet, there are only upper limits on them.

9



2.2. MOTIVATIONS FOR INFLATION

which is dimensionless, gauge-invariant® and remains constant on super-horizon scales”. For a
given Fourier mode k, ((k) is a random variable whose statistical distribution is often assumed
to be Gaussian, with zero mean and variance determined by its two-point correlation function:

2
(Ck) COR)) = 5Ok + k) 2 Pe(h) (210)

where P;(k) is the Power Spectrum (PS) of ¢. The Dirac delta function 6©)(k + k') reflects
statistical homogeneity, while the fact that P depends only on |k| (and not on its direction)
follows from statistical isotropy. The variance of ¢ in real space is then given by:

(C(@)?) = (%) = / a(in k) P (k) (2.11)

Although the Gaussian assumption is a useful starting point, interactions, including gravitational
ones which are inevitably present even in the absence of direct couplings, generically break exact
Gaussianity. This leads to small deviations from perfect Gaussian statistics in the primordial
perturbations. Current observations are consistent with Gaussianity, but the expected level of
non-Gaussianity has not yet been reached by measurements;

e Nearly scale invariance: the power spectrum can be expressed, in the standard parameterization,
as:

ng—1
Pr(k) = A (:) with ng ~ 1 (2.12)

where Ay is the amplitude, ng the spectral index, and k, a pivot scale.

To summarize, this specific type of perturbation, if allowed to evolve under Einstein equations (deter-
ministically), correctly reproduces the anisotropies of the CMB and the distribution of galaxies (LSS)
that we can measure.

2.2 Motivations for Inflation

Up to now, the model we described is able to explain the universe evolution from the beginning of
the RD epoch to the present day in the DED phase. Nevertheless, it does not motivate the initial
conditions, which appear to be very ”particular” ones. Indeed, there is no a priori reason why the
cosmological principle should hold at the beginning of the universe, or why the matter perturbations
should follow the same statistics that we described in the previous section. In other words, we would
like to define a theoretical framework (possibly well-motivated by a particle physics theory) to explain
why the universe at the beginning of the RD epoch appears as the one we expect.

To understand why this framework was introduced, let us consider two of the most known shortcom-
ings of the standard Big Bang model, the horizon problem and the flatness problem, and how the
inflationary initial phase of accelerated expansion can solve them.

The horizon problem: we can directly measure the degree of homogeneity in the energy density of the
universe at the time of the Last Scattering Surface (LSS) of CMB photons, and it is of the order of
Sp/p ~ 107° [39]. So the universe was very uniform at that time within a region extending through the
radius of the LSS. At the same time, if we estimate the extent of the causally connected region at that
time (the particle horizon, namely the maximum distance from which light emitted at the Big Bang
could have reached an observer at a specific time), we find out that it is much smaller than the radius
of the LSS. So it appears that regions of space that have never been in contact in the history of the
universe are at the exact same temperature, for no apparent reason. In particular, for the comoving
particle horizon [41], approximating the state equation factor w constant:

-1
Xph(a) = ( 2f,

¢ @ w = const.
1+ 3w)

a

Xph(t) = g3 (148w) _ oz (1F30) (2.13)

ol

tf

A quantity that remains unchanged under infinitesimal coordinate transformations a* — z* + &*(x).
"When the comoving wavelength of the perturbation A ~ 1/k is much larger than the comoving Hubble radius
rag = (aH)™.

10



2.2. MOTIVATIONS FOR INFLATION

with ¢ and ay the time and the scale factor at the beginning of the SBB model (and so at the end of
inflation). Moreover, since for both RD and MD epochs® w > 0, in the limit of a L a

(aH)™" =

2 )rH(tCMB) S 2rg(temB) (2.14)

(tos) = — B
Xph{tCMB —( (1+ 3w

1+ 3w)
where ry = (aH)~! is the definition of the comoving Hubble horizon.
At the same time, the comoving extension of the LSS at recombination can be computed considering
the comoving distance traveled by a light ray from recombination tcyp to the present time ¢y, imposing
acmB < do:

o dqt 2
ALss = / 2t ~ 2ra(to) (2.15
tons @ (1+ 3w) )

Therefore, the ratio between the comoving extent of the LSS and the causally connected region at the
time the LSS was produced is approximately:

143w

A t 2
s _rulto) ( ag > ~ 33 (2.16)
Xph(tcmB) — rH(tcMmB) acMB

Hence, just from this basic problem of homogeneity, we can argue that inflation should be characterized
by a state equation such that 1 + 3w < 0 (violation of the Strong Energy Condition (SEC)) in order
to make xpn(tcmB) diverge for ay — 0 (eq. (2.13)).

The flatness problem: nowadays all the measurements of the spatial curvature k of the universe are
compatible with the hypothesis of zero curvature. In particular, the Planck Collaboration [38] found
Qi(to) = —k/(a2HZ) = 0.001 & 0.002. Using, for simplicity, the same w = const. approximation as
before we can estimate the value of the curvature density parameter €, back in the past:

(QOEIO)2 w = const. af Idw
Qp(ty) = Q(to) (a,Hy)? Qx(to) (%) (2.17)
Hence, either the curvature k is exactly zero (and there is no particular reason or symmetry argument
to support this hypothesis), or the curvature density parameter 2 at the beginning of the SBB
universe has been fine-tuned up to a value that becomes arbitrarily small in the limit ay — 0 in a
SBB scenario with 1 + 3w > 0 for RD and MD epochs. As in the case of the horizon problem, also
here if we assume that at early times the equation of state parameter w is such that 1 + 3w < 0 then
such a small value of 2; at the beginning of the HBB can naturally be generated by a sufficiently long

period of expansion preceding the HBB, since 7y = (aH)™! a 2"

Hence, in the end we can conclude that any inflation model, just to solve these two basic shortcomings
of the SBB model, has to be characterized by a period during which the SEC is violated long enough to
make the universe homogeneous and spatially flat.” To quantify the duration of inflation, we usually
refer to the so-called number of e-folds IV defined as follows:

¢

N =10g ") _ [ gy ar (2.18)
a(t;) t;

In order to solve the horizon and flatness problems, the required number of e-folds is model dependent.

For large-scale inflation models (those with the highest energy density during inflation, potentially

leading to observable gravitational waves) a typical range is N ~ 50-60.

Looking at the Einstein equations (2.3), we can conclude that imposing a SEC violation is equivalent

to imposing an accelerated expansion of the universe d > 0 or the Hubble radius shrinking 7y < 0:

1
inflation <= w<—§ —= >0 <<= 7rg<0 (2.19)

8Recombination, the period during which the photons of the Last Scattering Surface were produced, falls within the
matter-dominated era.

Tt is worth remarking that the same condition, 1 + 3w < 0, solves both problems, even if they are independent of
each other.
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2.3. SLOW-ROLL INFLATION IN THE SINGLE SCALAR FIELD SCENARIO

While w < —1/3 is enough to have accelerated expansion, CMB observations, that we discuss next,
indicate that during inflation w was very close to —1, implying H ~ const during inflation, and

therefore a oc ef!(t=t+) This geometry is known as (quasi) de Sitter geometry.

2.3 Slow-Roll Inflation in the Single Scalar Field Scenario

In the previous section, we motivated the necessity of a theory that is able to explain an early phase of
accelerated expansion of the universe and reproduce the correct initial conditions (such as the matter
density perturbation power spectrum). Over the years, numerous theories have been introduced in
an attempt to describe the inflationary paradigm (for example, R? inflation, chaotic inflation, natural
inflation, ...) [42], where one or more new particles were introduced to drive the accelerated expansion
before decaying into Standard Model particles during the reheating'® phase at the end of inflation
before the RD epoch.

2.3.1 The homogeneous and isotropic universe

For our purposes, we start by considering a toy model where inflation is driven by a single scalar field,
where the universe energy density is always dominated by a massive boson ¢ with a generic potential
V(¢), which we call the inflaton. So the starting point will be the Klein—-Gordon Lagrangian defined
on a curved spacetime described by the FLRW metric (2.1) with zero spatial curvature:

Sp = /d“x V=g [—;g’“’ﬁm Ao —V(9) (2.20)

with g the determinant of the metric g, .
From the Lagrangian expression, we can derive the equation of motion for the inflaton field [43]:

p— J— . . 2
pAI SO g G- T v o 221

and the energy—momentum tensor:

_ _ 1/ (V¢)?
ps=—T% = 16* + V(¢) + S
Ty = 0udpOud + gl — { i ; oy (2.22)
Py=3 =3¢ - V($) - 2
Finally, by imposing spatial isotropy and homogeneity ¢(7,x) = ¢(7):
— 142 vV P 1.2 v
Py =3¢"=V(9) Py 50+ V(o)

These are the equations that, together with the Friedmann ones (2.3), control the evolution of the
universe background quantities (a(t), ¢(t)) for the toy model we are considering. Once the potential
V(¢) and the initial condition ¢(t;) are specified, the dynamics until the inflaton decays is completely
determined.

In order to violate the strong energy condition (w < —%), and produce at least ~ 60 e-folds of inflation,
we now introduce the slow-roll (SR) mechanism. It corresponds to the stage of the inflaton dynamics
where the potential is flat enough to allow the inflaton to slowly descend it with much less kinetic
energy than the potential one. In other words, such that (see eq. (2.23)):

1.2 1

5% < V() = wx~-1< —3 (2.24)
The sketch of an inflaton potential example is shown in figure 2.1. The shaded regions, where the
potential is not too steep and the inflaton velocity is not yet too high, represent the parts of the
inflaton dynamics where slow-soll occurs.

107 Reheating” refers to the epoch after inflation when the inflaton decays into radiation and the temperature of the
Universe starts to rise again. The prefix "re” is a historical misnomer.
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2.3. SLOW-ROLL INFLATION IN THE SINGLE SCALAR FIELD SCENARIO

N/

- ¢

Figure 2.1: Example of a slow-roll potential. Inflation occurs in the shaded parts of the potential. Figure taken
from [41].

Quantitatively, there are four parameters that express how much the field is ”slow-rolling”:

_ A _ MG vi(9)\? _ V"() b
A= W:‘f(vw)) ”V:M51<V<¢>> = we B

As long as (the absolute values of) these quantities remain much smaller than one, the inflation is in
the slow-roll regime, w ~ —1, and the SEC is violated. In particular, since:

i

—=H+H?=(1—ey)H? (2.26)
a

the accelerated expansion part of inflation ends when e reaches the value of one.
Moreover, as long as we stay in the SR regime [41]:

e the following relations hold (up to second order in SR parameters):
€Eg X ey o~ nv —ev (227)

and so we deal with just two independent parameters;

e the SR parameters remain constant over time (up to second order in SR parameters):

€ir ~ €y ~ Ty ~ 6 ~ 0 (2.28)

e the equations of motion simplify to the following (up to first order in SR parameters):

{3H¢ +V'~0 (2.29)

H2~ _V_
3M2,

2.3.2 The scalar perturbations

As we wrote in the first subsection, the SBB model also includes the description of perturbations.
Therefore, an inflationary model that aims to correctly explain the initial conditions of the HBB
universe must also be able to generate initial scalar perturbations compatible with CMB and LSS
measurements, in particular Gaussian, adiabatic, and nearly scale-independent.

Our best guess for the origin of these random perturbations is quantum fluctuations during an infla-
tionary era in the early universe. After the generation, we expect they start to evolve according with
Einstein equations and, in particular, the wavelength of each Fourier mode of the perturbation grows
nearly exponentially with the scale factor until it becomes larger than the physical Hubble radius
(arg), at which point the whole perturbation is no longer causally connected and stops to evolve,
namely it ”freezes”.

Once inflation has ended, however, the physical Hubble radius increases faster than the scale factor,

13



2.3. SLOW-ROLL INFLATION IN THE SINGLE SCALAR FIELD SCENARIO

scales .
A %{I ) (aH)™!
-1
(aoHo)
A
inflation
7
standard Big Bang —= 7
4
ar e aE Qrec ag .
‘ ' ' ' > time [Ina]

inflation ——> “Big Bang” —>

reheating

Figure 2.2: Evolution of physical and comoving scales during cosmic history. The comoving Hubble radius
(aH)~! shrinks during inflation, allowing quantum fluctuations (for any given mode of A wavelength) to exit
the horizon, and grows after reheating, allowing them to reenter during the radiation and matter-dominated
eras. This would not be possible in the ordinary HBB model (dashed red line). Figure taken from [41]

so the fluctuations eventually reenter the Hubble radius during the RD or MD eras, starting again the
evolution. This phenomenon is sketched in figure 2.2.

The fluctuations that exit around 60 e-foldings or less before reheating reenter with physical wave-
lengths in the range accessible to cosmological observations. These spectra provide a distinctive
signature of inflation. They can be measured in a variety of different ways, including the analysis of
microwave background anisotropies, and we can use them to set constrains on inflationary theories.

Now we want to show how the single scalar field model that we have introduced can produce the
expected scalar and tensor perturbations during a slow-roll regime at about 60 e-folds before reheating.
We start with the scalar ones.

As before, we consider small inflaton perturbations around the homogeneous solution ¢(7, ) = ¢(7) +
0o (1, x), small metric perturbations organized as in equation (2.4), and the scalar field Lagrangian of
equation (2.20) where the potential is compatible with SR condition. Therefore, accounting also for
the Einstein-Hilbert action that describes gravity, the action for our model becomes:

M2
S = Spy + Sy = / I &0 /=g | R~ L4 0,6 0,6 V(0) (2.30)

where R is the Ricci scalar. In order to simplify our treatment, we will work in the spatially flat gauge
C = F = E; =0, computing the perturbation statistics for the gauge-invariant quantity:

/
v=a (5(]5 + aHC> (2.31)
called the Sasaki-Mukhanov variable. In this way, our result will be general.

Focusing just on the scalar sector of the quadratic action, we deal with 1 d.o.f. from the inflaton (v),
4 d.o.f. from the metric (A, B, C, E), minus 2 d.o.f. from the gauge fixing (C' = E = 0), resulting in 3
d.o.f. Anyway, writing down the explicit perturbed quadratic action, we find that 2 additional d.o.f.
(A, B) are non-dynamical variables that enter the action without time derivatives. So we can see them
as Lagrange multipliers and use the corresponding Fuler-Lagrange equations as constraints to apply
to the action, removing those 2 d.o.f. in favor of the others. So, in the end, we remain with just 1
d.o.f. for the scalar quadratic action, that we can rewrite using just the Sasaki-Mukhanov variable:

"

1 / dr dx {0/2 — (V)% + 0?2 (2.32)
z

(2 _
Sy =3

with z(7) = ¢'/H.
As we can see, in the spatially flat gauge, the Sasaki-Mukhanov variable coincides with the canonically
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2.3. SLOW-ROLL INFLATION IN THE SINGLE SCALAR FIELD SCENARIO

normalized field for the Klein-Gordon action expressed in conformal coordinates. So this will be the
starting action for the canonical quantization of the only scalar d.o.f. v(r, ).

Varying the action with respect to v and considering its Fourier transform v(7,k), we obtain the
Sasaki-Mukhanov equation in Fourier space:

vl 4 kQ—Z—” =0 2.33
k ~ o= (2.33)

As we can see, the equation depends only on the modulus of the vector k (due to spatial symmetry),
therefore the solutions of the equation will also depend only on the modulus k.

Proceeding with the canonical quantization of v and introducing the annihilation and creation opera-
tors, we write:

3 . ~ ~
o(r,x) = / (ler)lz/Q etk (Uk(T)bk + v,’;(T)ka> (2.34)

[k, b1, = 6% (k — k') (2.35)

where v (7) are the mode functions, namely the solutions of the classical equation (2.33), normalized
with respect to the canonical commutation relations:

vp(vg) —op(vg) = —i (2.36)

Since, in this setting, the power spectrum, as defined in eq. (2.10), takes the form®!!

Py(k) = ﬁ\vk(ﬂp (2.37)
we need to find the mode functions.
Considering the SR background and using aH ~ —ﬁlz, we can rewrite z as a function of 7 and
SR parameters. Therefore:
" V2 _ l 3
% ~ with v~ S+ 3e—ny (2.38)
and the Sasaki-Mukhanov equation becomes:
62 ) I/2 _ %
<87—2 + k° — 7_2 'Uk;(T) =0 (239)

The general solution to the mode equation for vy is given by:
0b(7) = V=7 |e1(k) HYD (k) + ea(k) HP (—kr) (2.40)

where HSV and H? are respectively Hankel functions of the first and second kind!?, and ¢;(k), ca(k)
are two integration constants.
In particular, in the de Sitter limit (e,7 — 0), we recover the well-known solution:

on(7) = e\;% (1 - I;) (2.41)

1Using properties of the annihilation and creation operators, we find: (v(r, k) v(7, k")) = 6 (k + k') |ox (7)|2.

12YWe can write just e since e ~ ey up to second order in SR parameters.

13The Hankel functions of the first and second kind are defined in terms of the Bessel functions of the first kind .J, (z)
and the second kind Y, (z) as:

HO (2) = J,(z) + Yo (z), HP(2) = J,(2) - iY,(x)

where v is the order, which can be integer or real. When the argument z is real, the Hankel functions satisfy the relation
Hl(,2)(:r) = H,El)(a:)*, namely they are complex conjugates of each other.
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2.3. SLOW-ROLL INFLATION IN THE SINGLE SCALAR FIELD SCENARIO

The integration constants are specified by boundary conditions. Specifically, we choose we choose
Bunch-Davies initial conditions. They set the quantum vacuum state during inflation, requiring that
the comoving perturbations behave as plane waves in the far past (namely in the ultraviolet limit
k> aH, -kt > 1):

: 1 —ikT
Tgr_noo vg (1) ~ \/—27;6 (2.42)
Hence, using the asymptotic forms of the Hankel functions for large argument x = —k7 > 1:

HO (25 1) ~ 4|2 ile=55) (2.43)

v T

2 > e s

HP (2> 1) ~ | — eie=5 1) (2.44)

T

we set ca(k) = 0 and choose ¢1(k) = ? ¢!+2)5 to match the positive frequency Minkowski mode.

This yields the normalized mode function:

T P
uk(r) = \zr 25 /=1 H) (—hr) (2.45)
Since we are interested in the perturbations statistics at the end of inflation, namely when the mea-
surable modes are on super-Hubble scales —k7 < 1, in order to recover that limit, we use the small
argument expansion:

2 . _a9 L'(v) _
H(l) 1) ~ \/7 i /2 Qv 3/2 ~\Y) _—v 2.4
o (< 1) —e Iﬂ(3/2):1: (2.46)

so the mode function, at late time, becomes:

'v) 1 1

——(—k7)27" on super-Hubble scales 2.47
One finds that, on super-Hubble scales, v grows with the scale factor and d¢ (the physical quantity)
approximately does not change over time, namely it is frozen:

vg(T) ~ =35 . gr—3

aH k27
g (7)| ~ N — (on super-Hubble scales) (2.48)

Using Eq. (2.37), we recover the power spectrum expression for the Sasaki-Mukhanov variable:

meh:(§DQQZYW4E (2.49)

Finally, in order to transform it back to the gauge-invariant quantity ¢, we recall the definitions:
1 5 o4
(::C—fVQE—aHj’? and v:i=a 6¢)+£C
3 p aH
and we consider the following equality (valid in an SR scenario):

po~ V(D) =>6%~V@w~$w (2.50)

Putting all together, in the spatially flat gauge C' = E = 0:

) 0 H
C’Sf.g. = _QH§ ~ _aqu/b Eli— v|s,f,g, (251)
Po ¢ ¢
Therefore, we can write -
¢/
U‘s.f.g. = CL5¢ = _ﬁ C’s.f.g. (252)
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and compute the power spectrum of the gauge-invariant quantity ¢ (uniform energy density curvature

perturbation):
2
O\ A= (4
P, ~ As | — with 3 ¢! (2.53)
Cls.h. H
a ns ~ 14 2ny — 6e

which is compatible with the CMB anisotropies fit provided by the Planck collaboration [2].

2.3.3 The tensor perturbations

Following the same procedure, we can also compute the statistical properties of tensor metric pertur-
bations (namely the stochastic gravitational-wave background). Since the instruments currently at
our disposal have not been able to measure this statistical background at CMB frequencies'*, while
awaiting future experimental developments, we currently only have upper limits available for these
modes. Therefore, we now proceed to calculate the power spectrum of gravitational waves in the single
scalar field model, as we did for the scalar modes.

The starting point, this time, is the tensor sector of the action in equation (2.30) perturbed up to
second order in conformal coordinates:

GW / dr &z [ (hihi; — hijghijg) (2.54)

where h;; is defined in (2.4) and contains only the tensor d.o.f (namely, h;; = QEij) for the present
calculation. Since the matter content of the universe (the inflaton) is just a scalar field and we are
interested only in the second-order perturbed action, we deal with just the 2 d.o.f. from h;;. Therefore,
we can introduce the following reparameterization:

2
iy (v, @) = / e cike Z I}, \ (k) ha(T, k) with hy(7, k) = mQA(T, k) (2.55)

where the term is used to make Q4 and ) canonically normalized fields, and the polarization

2
My a(T)
operator is defined as follows:

5a(k) = e (k) (k) (2.56)

with the helicity vectors e(i)(I;:) for a generic unit vector k = (sin @ cos ¢, sin 0 sin ¢, cos 6) given by:

e (l;:) = \}5 (cos@cos ¢ Fising, cosfsing +icosp, —sinbh) (2.57)

and satisfy: k- e® (k) =0, ik x e (k) = +ke@ (), e (k)-e® (k) =1, eH(k) P (k) =
e®) (k) = (e (—k))* = €F) (k) [34,45].

In practice, the polarization operator selects the transverse and traceless component of dg;;, i.e., thanks
to this we have 0;hi; = hj; = 0. Moreover, this choice of a set of polarization operators (that is not
unique) expand h;; in the chiral basis, so that hy and h_ have, respectively, left and right chirality.
Substituting Eq. (2.55) into eq. (2.54), we obtain the canonically normalized action:

1 a”
Stw = 3 /dT dr Y [Q’f = (VQN)* + Q3 (2.58)
A=+,—
from which we find the classical equations of motion in Fourier space for Q)y:
82 ) a’
i - = 2.
(872 +k , > Qx(1, k) =0 (2.59)

Pylsar-timing arrays have reported evidence for a nanohertz SGWB [44]. The most plausible interpretation is that it
is an astrophysical background from supermassive black-hole binaries, although a primordial (inflationary) contribution
cannot be excluded.
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Using again the SR approximation and aH ~ ——-—, the equation becomes the same as in the scalar
T(1—¢)?

modes case but with a different v dependence on the SR parameters:

w—l—k - Qx(T, k) =0 with VN§+€ (2.60)

At this point, we can exploit the same considerations made for the scalar case and directly write:

Qur ) = Y DE VLY k) (261)
aH k e
|QA(T, k)| ~ N A (on super-Hubble scales) (2.62)

where this time v ~ 3/2 + .

Finally, reintroducing the factor M2z ~ to compute the power spectrum of h4 and h_ fields:
p
k" A ~ ( 1 )
P’\‘sh ~ Ar () with T mMp (263)
o aH ny ~ —2e¢
In the end, we can define the tensor-to-scalar ratio r:
A
r=2T < 16e (2.64)

S

in the SR approximation, and the consistency relation of inflation:
T~ —8nr (2.65)

which relates two observables and would represent a strong evidence for the inflationary solution as a
framework for describing the early universe.
Current polarization CMB experiments have established the upper limit » < 0.03 at CMB scales [46].

Finally, we can conclude that, despite its simplicity, the single scalar model is compatible with recent
measurements, in particular the CMB anisotropies data [2]. Indeed, the SR mechanism ensures a fairly
long quasi-de Sitter expansion and, at the same time, reproduces the correct perturbations statistics
at the time at which the CMB modes exit the horizon, confirming what we previously said in the first
section of this chapter (2.1): primordial scalar perturbations in the Hot Big Bang model are, in first
approximation, Gaussian, adiabatic, and nearly scale-independent. Indeed:

e Adiabaticity: a single scalar field drives inflation means that there is only one degree of freedom
sourcing the perturbations. This naturally leads to adiabatic perturbations, as there are no
additional fields to generate isocurvature modes.

e Gaussianity: in the single-field scenario, one can explicitly compute higher-order correlation
functions [47], such as the bispectrum and trispectrum, and find that non-Gaussianities are
suppressed by slow-roll parameters, yielding a nearly Gaussian distribution.

e Nearly scale invariance: the slow-roll condition ensure that the Hubble parameter varies slowly
over time. This causes the amplitude of quantum fluctuations to change only slightly with scale,
producing a nearly scale-invariant spectrum, as we saw in equations (2.53) and (2.63).

Moreover, the model prediction for the stochastic gravitational wave background is fully consistent
with the slow-roll inflation framework, since r = 16 € and € < 1 naturally implies < 1. The current
observational constraint rules out certain specific slow-roll models (such as quadratic chaotic inflation),
but many other well-motivated slow-roll models remain compatible with the data and could be tested
by future observations.
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2.4 Axion Inflation and Gauge Fields

As we mentioned, many theories have been proposed to explain the phenomenon of inflation; however,
none of them is both well-motivated theoretically and fully supported by observational evidence so
far. In this work, we focus on a particular type of axion inflation where inflation is driven just by a
single scalar field, the inflaton, coupled to U(1) gauge field. In this section, we follow reference [4].

As previously discussed, standard inflation is based on a scalar field slowly rolling down a flat potential.
It successfully explains the large-scale homogeneity and isotropy of the universe, as well as the origin
of primordial fluctuations that led to cosmic microwave background (CMB) anisotropies and the
formation of galaxies. However, constructing a consistent particle physics theory that maintains
the required flatness of the inflaton potential throughout inflation remains a significant theoretical
challenge. Inflationary models are often highly sensitive to unknown ultraviolet (UV) physics at high
energies'”, and the corresponding radiative corrections can steepen the potential, prematurely ending
inflation, a problem known as the ”7-problem” 6.

Axion inflation models resolve this issue by invoking a shift symmetry: the inflaton field ¢ is invariant
under the continuous transformation ¢ — ¢ + const. This symmetry protects the flatness of the
potential from quantum corrections. However, when the shift symmetry is explicitly broken, commonly
via non-perturbative effects such as instantons, down to a discrete one ¢ — ¢ + 27 f, the inflaton
acquires a periodic potential, with f denoting the energy scale of symmetry breaking.

Explaining better: in the absence of any breaking of the shift symmetry (i.e., if the symmetry is
exact), the potential for the axion would be exactly constant. In axion inflation models, it is assumed
that there is a small term that explicitly breaks the shift symmetry. The key point is that we do
not need to worry that radiative corrections to this term will grow large enough to invalidate the
flatness of the inflaton potential, because such corrections must themselves be proportional to the
term that weakly breaks the symmetry, as happens in many cases within the Standard Model. Let
the explicit breaking be parametrized by a small coefficient p?, so that in the limit u* — 0 the full
continuous shift symmetry is restored. In this case, radiative corrections to the potential must contain
at least one insertion of the symmetry-breaking operator, implying that loop-induced contributions are
proportional to the same small parameter: loops built solely from shift-symmetric interactions cannot
generate V(¢), as they only renormalize derivative operators of the axion. This is what we mean by
technical naturalness: a small parameter is natural if setting it to zero enhances the symmetry of
the theory. Consequently, a mildly broken shift symmetry yields an almost constant and radiatively
stable potential without requiring fine-tuning against large quantum corrections. This framework is
well-suited for driving slow-roll inflation.

In summary, axion inflation refers to a class of inflationary models where one or more scalar fields

present during inflation are Axion-Like Particles (ALPs). By ALP we mean a pseudo-Nambu—Goldstone
Boson (pNGB) arising from the spontaneous breaking of a global symmetry, similar to the QCD ax-

ion, though not necessarily solving the strong CP problem. The resulting approximate shift symmetry

protects the inflaton potential from large quantum corrections, enabling sustained slow-roll inflation.

Moreover, pNGBs like the axion are ubiquitous in particle physics, appearing whenever an approximate

global symmetry is spontaneously broken, and they frequently arise in string theory compactifications,

motivating from a theoretical point of view the study of these types of inflation.

The first model of axion inflation, known as natural inflation, was proposed in 1990 [5]. In this model,

the ALP driving inflation is governed by the potential:

V(p) = A <1 — cos (jﬁ)) (2.66)

where A is the energy scale of inflation.
Despite its theoretical motivation, natural inflation has been ruled out by recent Planck CMB data [2].

15This occurs at the energy scale where our effective four-dimensional description of gravity plus one or more scalar
fields breaks down. The breakdown must occur at or below the energy scale of the Planck mass My, beyond which
quantum gravity effects dominate.

16Because the predicted radiative corrections on the value of 7y parameter are of order one, braking the SR condition.

19



2.4. AXION INFLATION AND GAUGE FIELDS

Indeed, the predictions for the spectral tilt ns and the tensor-to-scalar ratio r are highly sensitive to the
parameter f. Observational data favors values f 2 M, which conflicts with theoretical expectations
from quantum gravity and string theory that impose: mg, H < f < My [48].

This tension has motivated the development of alternative models such as axion monodromy [49] and
aligned natural inflation [50], where effective large-field excursions arise from sub-Planckian decay
constants.

Although the potential of natural inflation is too steep for f < My, several authors have proposed
using additional friction to sustain slow-roll inflation. A shift-symmetric coupling to gauge fields
provides a simple and controllable realization of this idea, leading to small-field models of inflation
with A¢ ~ f < M. In these models, the motion of the inflaton sources gauge field production, which
backreacts and slows down the inflaton via enhanced friction. This dissipative mechanism enables
inflation to proceed on a steep potential and has been interpreted as either trapped inflation [51],
where discrete bursts of particle production slow the descent of the inflaton, or warm inflation [11],
where a thermal bath coexists with the inflaton during inflation.

Such interactions are inevitable from an effective field theory perspective and are necessary, at least
to some extent, to successfully reheat the universe after inflation ends.

In this work, we focus on the model introduced by Anber and Sorbo [8,9], where the axion is coupled
to U(1) gauge field through the least irrelevant shift-symmetric coupling, namely the dimension-five
operator:

qb ~

LD —=FF 2.67

o (2.67)
where the shift symmetry of the coupling is ensured by the fact that FF can be expressed as a total
derivative:

F F' =29, ("7 A,0,A,)

In the following, we will compute not only the backreaction effects just discussed, but also the phe-
nomenology of the model. Indeed, this coupling leads to the amplification of the gauge field during
the inflationary evolution. The produced gauge fields affect the motion of the inflaton (in a way that,
as we will see, is highly non-trivial) and generate both scalar and tensor primordial perturbations,
which add to those of the vacuum modes (i.e., of the linear theory) discussed earlier in this chapter.
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Chapter 3

General Results for Axion inflation

In this chapter we provide a brief overview of the production of gauge field fluctuations and the
consequent effects in the axion inflation evolution. We present the theory introduced in the previous
chapter, derive the equations of motion, and show how to obtain the power spectrum of scalar and
tensor perturbations starting from the general solution of the equations of motion.

The approximations we make are the following;:

e imposing the spatial homogeneity of the inflaton for the background evolution of the system.
This is a key point of our work and it will be examined, in the next chapters, through the
calculation of the corresponding power spectrum, in order to understand the validity range of
this assumption;

e considering only the positive polarization degree of freedom for gauge field, an assumption that
will be properly motivated later on and that holds for monotonic inflaton potentials;

e neglecting metric perturbations by using the FLRW solution for the evolution of the background
fields and the perturbations power spectra computation.

Regarding this last assumption, a formal and complete justification is provided in ref. [13]. In a few
words, the coupling between the inflaton and the gauge field introduced in eq. (2.67) dominates over
the interactions among the background fields mediated by gravity. In particular, the interaction we
aim to study scales as 1/ f, while the various terms that would appear in the Lagrangian if we included
metric perturbations, and used the equations of motion of the non-dynamical degrees of freedom as
constraints to eliminate themselves from the action, would be Planck-suppressed by a factor 1/M,,
since they are mediated by gravity. As highlighted by [13], the coupling in eq. (2.67) is approximately
given by

s b (3.1)

f ~ Mpl ‘

in the regime of a sub-Planckian axion decay constant, which applies to the case we study (see
the discussion in section 2.4). On the other hand, the new action terms that appear when metric

perturbations are considered are proportional to

¢ 1 1
~VeEe— ~1071 — 3.2
HM}?I My My (3:2)

where in the last approximation we have assumed ny, — 1 ~ € ~ 1072, which is true in most axion
inflation models. Therefore, we conclude that the impact of metric perturbations is negligible to first
approximation.

In this chapter we follow references [10, 13| for the scalar mode power spectrum computation and
references [12,34] for the tensor mode calculation.
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3.1. OVERVIEW OF THE MECHANISM

3.1 Overview of the Mechanism

We consider a model where a pseudo Nambu-Goldstone boson (PNGB) inflaton is coupled to a U(1)
gauge field through the interaction given in eq. (2.67). The corresponding action in general coordinates
is

¢

le—fﬁ 0O — V($) — FWF‘“’ = F F (3.3)

S = /d%ﬁ i

Here, R is the Ricci scalar, F),, = 0,4, — 0, A, is the gauge field strength tensor, and Fuv =
%nuyaﬁﬁF @B is its dual, with 79123 = 1. The inflaton is split into its background homogeneous

value and a small perturbation, ¢ = ¢(7) + d¢(7, ), and to simplify the notation in the following
chapters we will refer to ¢(7) simply as ¢(7), removing the bar. We keep V (¢) general, assuming only
that it is flat enough to sustain inflation for N 2> 60 e-folds. The background spacetime is taken as
flat Friedmann—Robertson-Walker (FRW), with the metric ds* = a?(7) [~dr? + da - dx], consistent
with the discussion at the beginning of this chapter.

Varying the gauge sector of the action with respect to Ag and using the gauge Ayp = 0, we find for a
homogeneous inflaton (V-A)" = 0, from which we set V-A = 0.
Therefore, varying also whit respect to the spatial components of the gauge field A;, we find
/

A" —-V2A - q;v xA=0 (3.4)
As we will see in the following sections, this equation captures the instability leading to the gauge
field amplification due to the rolling inflaton, ¢’ — § A, the same field whose inverse decay stimulates
the growth of inflaton field inhomogeneities, dA + A — d¢. Hence, the produced gauge fluctua-
tions influence the system in three major ways: they modify the background dynamics, they source

perturbations in the inflaton background, and consequently in the metric. The former two effects
are governed by the equation of motion of the inflaton and the 00 Einstein equation, which read,

respectively:
v a?
¢" +2aH$ —V?¢+a*— = —E-B 3.5
o7 (3.5)
L L<;5’2+L(V<;5)2+V+}(E2+BZ) (3.6)
3M51 2a2 2a2 2 '

where we have reintroduced the spatial dependence of ¢(7,x), and used the quantities E and B,
namely the physical “electric” and “magnetic”! fields, defined as

1 1

We proceed by decomposing the gauge field vector into two separate scalar d.o.f. Ay, A_, and
canonically quantizing them:

3
A(r,x) Z/ 2671];/2 (—:)\ E)ay(k)Ax(T, k)e®® + h.c. (3.8)

where the annihilation and creation operators follow the canonical commutation relations:
[ax (k). a}, (K')] = 6w 6@ (k — k') (3.9)

Using the polarization vector properties of €, defined in eq. (2.57), see the lines that follow the
equation, the e.o.m. of the gauge field in eq. (3.4) gives for the two mode functions Ay the following
equations:

[ @ IS (3.10)

dr? T

]Ag B=0 &=

We do not assume that A, necessarily corresponds to the Standard Model electromagnetic gauge potential, but we
use electromagnetic convention and notation for convenience.
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3.2. POWER SPECTRUM FOR SCALAR MODES

From this equation we observe that one of the polarizations of Ay undergoes a tachyonic instability
when H < 2¢. In particular, since we treat only the case where the inflaton motion does not change
direction (qﬁ > (0 or qS < 0) for the whole inflationary period (rolling down a monotonic potential), only
one polarization of Ay becomes tachyonic?. Without loss of generality, we assume ¢ > 0, so that the
unstable mode is A4, and we can neglect A_, which basically remains in the vacuum at all times.
This shows that the evolution of the homogeneous inflaton ¢(¢) induces the production of gauge field
quanta 0 A. The primary consequence of this process is the backreaction of the produced quanta on
the background dynamics of ¢(¢) and a(t), as we can see in equations (3.5) and (3.6).

To evaluate backreaction, we compute the expectation values of the field-strength combinations (ne-
glecting A_):

1 d
(B Bluymm. = gz | KRS 1A P (3.11)
1

5(E2 + B?) = W/dk K (JAL P + K AL]?) (3.12)

Where the operator E-B is symmetrized in advance of the expected value evaluation.

Before continuing, it is important to note that the expression above in equation (3.12) may diverge
due to contributions from high momentum modes in the ultraviolet regime (the cosmological constant
problem). These divergences arise from vacuum fluctuations and are typical in quantum field theory.
In order to extract finite, physically relevant results, one must implement a proper renormalization
scheme, subtracting the divergent vacuum energy. A careful treatment of this issue has been presented
in [52] and in [53], where a consistent renormalization scheme is implemented to isolate the physically
relevant contributions. Regarding our model, a clear separation emerges between the modes that are
amplified during inflation and the ultraviolet modes that remain in their vacuum state. As a result,
for all practical purposes, a cut-off in momentum space is sufficient to regulate the integrals in eq.
(3.12). This approach will be adopted in our numerical scheme, and explained in chapter 5.

In the end, the close system of equations governing the evolution of the background fields a(7), ¢(7),
and Ay (7, k) is:

o dV 1 d
"+ 2aHJ¢ — = ————— [ dk K> —|A)?
1 1
2 _ 2 2 2 2
H—3M2 [22¢’+ —|—424/dkk (JA|? + KAL) (3.13)
2
{d+k2 2k§]A+:O
dr? T

3.2 Power Spectrum for Scalar Modes

As we wrote, the presence of gauge field and the ¢FF coupling impact the background dynamics but
also source scalar and tensor perturbations. We start with the study of the former. The equation that
governs 0¢ can be obtained perturbing up to the first order the e.o.m. for ¢ (see eq. (3.5)):

2 2
8——1—2@H£ V2 +a*m?| 6p(t,x) = a7

— - (E-B - (E- B)) (3.14)

2 _ d2V2
where m .

The solutlon of this equation can be split into two parts: the homogeneous one, without the source

2A tachyonic instability arises when the mass term in the mode functions e.o.m. is negative. Taking as an example
the case of a scalar field with constant mass in flat space: the mode equation becomes fi + (k* — |m?|)fi = 0, which
has growing solutions for k? < |[m?|. In that case the equation becomes ff — |w?|fx = 0, with solutions fi(t) o eFlwrlt,
showing exponential growth for long wavelength modes.
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3.2. POWER SPECTRUM FOR SCALAR MODES

term, and the particular one, that accounts also for the gauge field source term. Schematically, we
have:

0(T, @) = dpyac(T, ) + 5¢inv.decay(7—7 x) (3.15)

These correspond to standard inflationary vacuum quantum fluctuations and new sourced perturba-
tions respectively. The latter can be interpreted as arising due to inverse decay processes dA+0A4 — §¢.
Based on the previous discussion, we do not include metric perturbations and therefore there is no
need to perform any (GR) gauge fixing. The canonically normalized field will simply be Q = ad¢,
unlike in the calculations carried out in the previous chapter.

Therefore we have:

d*k Qk(T) ik-x
The resulting mode equation for the field @ that comes from the starting equation (3.14)3:
"
[83 + k2 4 a*m? — H Qr(7) = Ji(7) (3.17)
a3(7) Br
Ji(T) = 7 / Pk ke B(r,x) - B(t,z)] (3.18)

with J the source of scalar perturbations.
According to eq. (3.15) we separate the solutions as:

Qn(7) = QR(7) + Q™ (7) (3.19)

Regarding the ”vacuum part”, it can be expanded as
A7) = b(k) QF°(r) + bl (—k) Q(7)* (3:20)
[k, b1, = 6% (k — k') (3.21)

and treated as in the previous chapter, see eq. (2.34). In particular, if the background dynamics is
compatible with the slow-roll scenario we recover a solution analogous to the one in eq. (2.47):

Q\éac(T) — Z\/Z\/:Hl(ll)(_kq-) v~ g + O (6,77) (3‘22)

Concerning instead the ”inverse decay part”, we can obtain the sourced solution for the quantized
field through the Green function method, namely:

AL +m A~
Q) = [ arGun i) (3.23)
—0o0
where the Green function G (7, 7’) satisfies the equation:
82 a
(87‘2 + k% 4 a’m? — a> Gy, (7’, T,) =0(r—1") (3.24)
and, since we are interested in the retarded one, we decompose it as follows:

Gr(r,7') = O(1 — ) G(7,7") (3.25)

Namely, the Green function is composed of the Heaviside step function and G (1,7") the solution of
the homogeneous differential equation:

0 2 2 o d"\ A / ~ = /
(87’2+k +a*m —a>Gk(T,T):O, Gg(r,7)=0, Gk(T,T)

— =1 2
dr T'=T (3 6)

3Note that the last term of (3.14) has no effect on the mode functions with momentum different from zero, hence we
disregard it.
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3.2. POWER SPECTRUM FOR SCALAR MODES

Indeed, with these initial conditions we obtain:
92
ﬁ

and equation (3.24) is satisfied.

We will see in detail how to compute the Green function in section 3.4.

82ék(7, 7

o(r -7 ék(T, ™ = O(r—-1) 5.2

+ o(r—1) (3.27)

We observe that the particular solution (3.23) is statistically independent of the homogeneous solution
(3.20). Specifically, the particular solution can be expressed in terms of the annihilation and creation
operators a) (k) and d:f\(k:), which are associated with the gauge field (the source Jj, itself is composed
of them). In contrast, the homogeneous solution is expanded in terms of the annihilation and cre-
ation operators b(k) and bf(k), corresponding to the inflaton vacuum fluctuations. These two sets of

operators commute with each other:

[b(k), ax(K')] = [b(k),a} (K')] =0

therefore the computation of Q = Q"ac + Qin"'decay correlator simplifies:
(Qka/> _ <Q\I;ac A\’;g}c> + <Qikr:1v.decayQikn/v.decay> (328)

as for uncorrelated random variables.

Using this, the power spectrum of the inflaton perturbation d¢ = @)/a can be obtained by adding the
)

power spectrum of the vacuum solution Pg; with the sourced solution one P(;(;):

Psy =P + P\ (3.29)

Concerning the vacuum power spectrum, we expect it to be of the same order as the one given by
slow-roll approximation, that we computed in the previous chapter in eq. (2.53). Of course this
statement can become false when the potential starts to tilt after the initial slow-roll phase (around
60 e-folds before reheating), however we expect that, as the potential becomes steeper, the power
spectrum corresponding to the sourced solution begins to grow and starts to dominate. Therefore, as
a first approximation, we can use the equation (2.53) to find*:

HN\? [ k\™"
P(;(;) (1, k) = (27r> <k> with ng ~ 1 4 2ny — 6¢ (3.30)

Regarding the power spectrum corresponding to the sourced solution, we can compute it starting from
the correlator of d¢ = Q/a from eq. (3.23):

Gr(r, ) G (7, 7")
a(T) a(r)

once the Green function and the correlator of the source (JJ) have been calculated. In particular, the
latter can be obtained starting from the expression of J in eq. (3.18), using the commutation rules

(T (') T (7)) (3.31)

6638 () = [ ar'ar”

of creation and annihilation operators (ay, a:f\), and exploiting the polarization vectors €, properties

such as: ,
. 2 1-=Ap-q
)G(A) () - €(+)(q)’ = (2 ) (3.32)
Therefore, we obtain (see reference [13]):
. . §G) (k+K) d®p p—kcosf ’
J 7'/ J/ T” = /
D) e (7)) = §pairamn | op |1 Vbt T
x Ay [T', p, |p— kzﬂ A% [T”, D, |p— k” (3.33)

4This result restores the metric perturbations for the homogeneous solution; otherwise, the tilt would not be corrected.
However, this does not change the fact that metric perturbations can be neglected in the phenomenologically relevant
cases where the sourced production is at interesting levels. See references [13,54].

25



3.3. POWER SPECTRUM FOR TENSOR MODES

where 6 is the angle between p and k, and we defined:
Arl[r p lp =kl = pAL (7, lp—k[) Ay (7',p) + [P — K[ AL (v',p) Ay (7, [Ip—K[)  (3.34)

Combining eq. (3.31) and eq. (3.33) we obtain the formula for the power spectrum (defined in eq.
(2.10)) of scalar modes:
p—kcosf

(s) B 1 / k3 d3p
P k) =
% (. k) 1672 f2 (277)3 \/k:2 —2pkcosf + p?

kT ~ / .
JACIE= [ZA; (.lp— k) Ax () + 2 ELa (770) AL (- k|)]

(3.35)

X

2

X

We notice that the momentum integral leading to Ps4(k) in eq. (3.35) can be visualized as a one-loop
integral with external momentum k and internal momentum p.

At this point we can expand the measure d®p by performing one trivial angular integration (the
rotation of the integration variable p at fixed angle # with k) and introducing the variable g = k — p
(therefore ¢ = |k — p| = \/k? — 2pkcos + p2 = d(cosf) = —(q/pk)dq):

k+p 2 2 2\ 2
(s) B 1 k*—p*—q
Fro () = 64 f2 /0 / 44 pq (1 - 2pg ) )

/ T BGT) [ AL () + p AL )AL (7 )]

oo a(T)a(r)

x (3.36)

Finally we also note that the final form of the power spectrum integrand is symmetric under the
exchange p + q.

3.3 Power Spectrum for Tensor Modes

As we wrote at the beginning of this chapter, the presence of gauge field impacts the background
dynamics but also source scalar and tensor perturbations. Now we wish to discuss the latter.

In order to compute the equation of motion that governs gravity waves (the tensor components of
the metric perturbations hij5) we proceed in analogy with what we did in subsection 2.3.3 for the
single field slow-roll scenario. This time we deal with a more complex Lagrangian, see eq. (3.3), and
perturbing the tensor sector up to the second order, we obtain® [34]:

Saw = / d*x

where TT stands for traceless and transverse projection of the tensor. We can recognize the first term
from Einstein-Hilbert action, while the second one comes from the gauge sector of the Lagrangian.
In order to obtain the canonically normalized fields describing tensor modes we perform the same
decomposition of eq. (2.55):

4
a
il = hijihijn) — = hij (Ei Ej + B; B)™ (3.37)

Z & . 2
hij (1, x) —/ e ke NI\ (B) ha(r, k) with hy (7, k) = mQA(T, k) (3.38)
A=+,—

recovering, for the equation of motion of @y, the vacuum part of the equation (see eq. (2.59)) plus a
source term composed of gauge fields:

2 " . R
(aa 7 Hh - C;) Qx(k, 7) = SA(T, k) (3.39)

5As defined in the previous chapter h;; = QEij, such that g;; = a? (8s5 + hiz) with hy; = 9;hi; = 0.
5The perturbed action can be obtained by varying the Lagrangian with respect to g;; and considering only the
traceless and transverse component.
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A _a ? T AN
Sx(1, k) = T, IT;j A (k) @n) e E; Ej + B; Bj] (3.40)

with S the source of tensor perturbations.

In light of the strong analogy between the scalar case (discussed in the previous section) and the tensor
case,, we can state that the GWs power spectrum computation differs from the scalar modes one only
in 3 things:

e a term in the homogeneous equation that is not present anymore (a2m2);

e the gauge field source term that is different (S # J);

e the relation between the canonically normalized fields @ and the perturbation fields (d¢, hy) is
slightly different: 6¢ = Q/a and hy = 2Q\/(Mpa).

In analogy with the scalar modes case, we can write the solution of eq. (3.39) as the homogeneous
one plus a sourced term:

Or =0 + Q! (3.41)
with:
QU (r, k) = b(k) Q) (r, k) + B (—k) QW (7, k)" (3.42)
and
A~ +OO A~
QE\S)(ﬂ k) :/ dr' Gy (7,7 ) S\ (7', k) (3.43)

We stress that, in the present calculation, the mode functions Qg\v)(T, k) and the Green function
G(7,7') are related to the new homogeneous equation (without the term a?m?):

82 a// v
(W + R - a) V(7. k) =0 (3.44)
82 5 a// 3
(W + k2 - a) Gy (1, 7) =8O (r — 1) (3.45)

Since, also this time, the source operator is composed by gauge field annihilation and creation operators
(a,a’) that always commute with tensor modes ones (b,b!), we can write:

Py =P + P (3.46)

for the power spectrum of hy and h_.

For the same reasons stated in the previous section 3.2 regarding the form of P(s(:;), we exploit the
result for the vacuum PS in slow-roll regime computed in the previous chapter in eq. (2.63), and we

set”: 9

v H "

P)(\ )(T’ k) = <7TM z> (:) with np ~ —2¢ (3.47)
D *

Instead, for the power spectrum corresponding to the sourced solution, it has the same structure of
the one for the scalar modes in eq. (3.31):

S S 4
0 RS K) = 2 [arar
p

G(1,7) G (1, 7")
a(r) a(r)

using a different Green function, a different source, and accounting for the different rescaling hy =

2Qx/ (Mpyia).
Finally, also in the tensor modes case, starting from the expression of Sy (3.40) and exploiting the

(Sx(7, k) S\ (7", k")) (3.48)

" As for the scalar vacuum PS, also in this restores the metric perturbations for the homogeneous solution; otherwise,
the tilt would not be corrected. This does not change the fact that metric perturbations can be neglected in the
phenomenologically relevant cases of gravitational waves.
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commutation rules of creation and annihilation operators (ay, ag) of gauge field and the polarization
vectors €y properties, we can derive the correlators of the source operators (S)Sy) [34]:

2
<S’,\(T’, k) g/\(T”, k:/)> = 26(/3) (k j_ k/)2 / d3p3 1 (1 - A peost — k > (1 + Acos 0)2
a(r)a(r") My ) (27)° 16 VE2 — 2pkcos 6 + p?
x As [7', p, |p— k|] A5 [7", p. |p — K] (3.49)
where 0 is the angle between p and k, and we defined:
As [, p, Ip—kl] = A\ (7',p) A\ (7, lp—kl) + (plp— k|) Ay (7.p) A4 (7', [p—K[)  (3.50)
Combining eq. (3.48) and eq. (3.49) we obtain the power spectrum expression:

2

s 1 k3 d3 06—k

P)(\)(T,k'): 5 4/ 5 1—A peos (14 Acos0)?
Am* My J o (2m) Vk% —2pkcosf + p?

2
X

kT ~ / _
[ ate) ST L s -+ PR A s )

o a(r)a(r)

(3.51)

We note that also in this case we recover an expression similar to a one-loop integral with external
momentum k and internal momentum p.

Now, as in the scalar case, we can expand the measure d°p by performing one trivial angular integration
(the rotation of the integration variable p at fixed angle 6 with k) and introducing the variable ¢ = k—p
(therefore ¢ = |k — p| = \/k? — 2pkcos + p2 = d(cosf) = —(q/pk) dq):

k+p k2 2 2\ 2 k2 2 .2\ 2
(s) _ +p°—q +q°—p
P (T k) = 167T4M4/ dp/ dq pq <1+)\2kp ) <1+)\2kq ) X
2
T k‘Gk(T 7)
/ / ! / / / /
X /Ood Tl (A" (7, p) AL (7, q) + pg Ay (7', p) Ay (7', )] (3.52)

And also in this case the integrand is symmetric under the exchange p < ¢.

Finally, in order to evaluate the current contribution of gravitational waves (GWs) energy density
starting from the primordial power spectrum, it is necessary to include the transfer functions that
describe the evolution of these modes from horizon re-entry to the present time. The GW modes
relevant for detection by current and future experiments (f ~ 1072 — 10* Hz) typically re-enter the
horizon during the radiation-dominated era. For such modes, the present day fractional energy density
of gravitational waves Qgw (k) is given by [55,56]:

h2 dpGW QR h2
Q 2 - = Py ( .
aw (k) h o dln k E ) ( (3.53)

where p. is the critical energy density today, and h denotes the dimensionless Hubble parameter (in
units of 100kms~! Mpc™!). The quantity Qr ~ 4.15 x 107°/h? represents the current fractional
energy density of radiation (photons and neutrinos, as if they were relativistic today). We proceeded
in this way because the ratio between the energy density of GWs and radiation is constant at late
times inside the horizon.

3.4 Green Functions

In this section we study the Green function solution of eq. (3.24) for scalar modes d¢ and eq. (3.45)
for tensor modes h). In particular, we are interested in the retarded Green function, which can be
written in the form (3.25), where the function Gj needs to satisfy:

62 a// _ 82 a// B
(87_2+k2+a2m2—a>Gk(7',7’,):0, <T+k2_a>Gk(7—a7—/):O (3'54)
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respectively, with the same boundary conditions:

Gy (r, 7)=0 iék (7'7 Tl)

=1 .
— (3.55)

T!'=T

In order to compute this function, we consider two linearly independent solutions Fj s (7, k) of the
associated homogeneous equations

<§;+k2+f(7))Fi(T, k)=0, i=1,2 (3.56)

where we defined:

(3.57)

a//

"
a’m? — % for scalar modes
— for tensor modes

in particular, regarding the boundary conditions, for any given mode (namely, for any given value of

k), at asymptotically early times (when the mode is deep inside the horizon), the term f(7) is much

smaller than the k2 term®, and we can choose for F} (1) the vacuum solution of (02 + k%) operator:
—ikT

lim Fy (7, k)= —
T——00 1 (7, k) 2k

We then choose F (7, k) = F} (7, k), noting that F; and F} are indeed linearly independent.

(3.58)

From the asymptotic form of F; and F; we can notice that the Wronskian condition is satisfied at
early times:
lim F| (1, k) Fy(1, k) — F5 (1, k) Fy (1, k) = —i (3.59)

T——00

Deriving the left hand side of this expression with respect to 7 for the general solutions F; of eq. (3.56)
we find zero. Therefore we conclude that the two solutions Fj o (7) satisfy the Wronskian condition
at all times. Using this statement, we can write:

é (7_ 7_/) _ FI(Ta k)F2(T/7 k) _FQ(Tv k)Fl (7_/7 k)
R Fl (7', k) Fo (7', k) — F3 (', k) Fy (7', k)

=2Im [F} (7, k) F1 (7', k)] (3.60)

where Im denotes the imaginary part.

It is straightforward to check that this solution satisfies all the requirements of the Green function
in equations (3.54) and (3.55). Therefore, combining the various results, the Green function of our
interest is given by

G, (T, T') =Gy, (7’, 7") O (7‘ — 7") e (7’, 7") =2Im [Fl* (1, k) Fy (T’, k)] (3.61)

where F (7, k) is the solution of eq. (3.56) subject to the initial condition (3.58).

We stress that eq. (3.61) is the Green function for the sourced scalar and tensor modes in a general

inflationary background, and not simply for the slow-roll regime. One only requires a sufficiently long

accelerated expansion stage so that initially the interesting modes were deep inside the horizon, and

the initial condition in eq. (3.58) is physically motivated.

We also note that eq. (3.61) reproduces the known Green function in de Sitter background for tensor
o

modes (namely, if f(7) = —%-). In this case:

1 1 7 .
- _ = (1= ) etk .62
aqs(T) - =  Flas (7, k) 5T ( k:7'> e (3.62)

and, from eq. (3.61):

20 sin (k (1 — 7)) — k(1 — 7") cos (k (T — 7/
G (o 31— L RTT)sin(b (7 = 7)) =k (r = ) cos k= 79) .

k311!

8Fore instance: in slow-roll regime f o a?.

29



3.4. GREEN FUNCTIONS

in agreement with the known result.

Secondly, we observe from this expression that the Green function greatly simplifies in the super-
horizon limit k7, k7" — 0, and the result becomes k—independent:
33

lim Gpas (1, 7) = ——— (3.64)

k7, km'—0 3r7r!

We now show that this is the case for any evolution of the scale factor, following the reference [34].
The most general solution of eq. (3.56) for f(7) = —%/ (tensor modes) in the super-horizon limit

kT — 0 is:
lim  F (7, k) a()[c +c /TdT/ ]
. k)=a(r
k<a(r)H(7) PR L a2 ()

where ¢; and ¢o are two integration constants, while 7, denotes some reference time at which the super-
horizon approximation starts to be accurate. The integration constants generally depend on k£ and
on the evolution of the scale factor before the mode entered the super-horizon regime. However, the
dependence on the integration constants is lost in the computation of the super-horizon k7, k7’ — 0
limit of the Green function:

(3.65)

) . Im [F (7, k) F* (7', k)]
N = I : ’
Gy (. 7) keca(r) H (P a(r) H () Tm [F (77, k) F* (7', k)]

T dT//

= a(r)a(7) /T 2 (7 (3.66)

which is indeed k—independent, and which, we stress, is valid beyond slow-roll inflation. This relation
reproduces the expression (3.64) when evaluated in de Sitter background.

This last considerations will be important in the last chapters (5 and 6) to speed up the computation
of the Green function super-horizon part in the numerical simulation.

11m
k<a(r)H(T),a(r")H(T")
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Chapter 4

Analytic Solutions in the Small
Backreaction Regime

In this chapter we investigate the phenomenology of the model (3.3) in the limit of constant & = 2]‘%

We can apply this approximation in regimes where the inflaton velocity gb is sufficiently small and
nearly constant, namely when the slow-roll regime (expected to govern the dynamics during CMB
horizon exit) is valid. In this regime (see section 2.3) both ¢ and the Hubble rate H vary only at
higher order in the SR parameters during the quasi-de Sitter expansion, ensuring the approximate
constancy of the parameter &.

Two key simplifications follow from taking £ sufficiently small and constant: firstly, the backreaction
on the background dynamics of the produced gauge quanta discussed in the previous chapter (see
egs. (3.12) (3.13)) is negligible, preserving the self-consistency of the assumption & = constant; and
secondly, the gauge field modes equation (3.10) decouples from the rest of the background and admits
an exact analytic solution, allowing us to compute many observables in closed form.

As the inflaton potential becomes steeper and £ grows, this approximation eventually breaks down and
a fully numerical treatment becomes necessary, as we will see in the following chapters. Since, in this
chapter, we will find that the production of scalar and tensor perturbations depends exponentially on
&, their largest contributions arise when the potential is steeper. For this reason, the corresponding
power spectra are expected to peak at the associated frequencies (the modes that exit the horizon at
that time). Therefore, we also expect the power spectra to be dominated by the phase of inflation
where the inflaton evolves more rapidly and, thus, £ is bigger.

Nonetheless, by analysing the CMB anisotropies we can derive constraints on the perturbations statis-
tics at CMB scales where the inflaton was in the SR regime; it is therefore important to study this
phase of the model, so that we can verify its compatibility with the CMB data. In particular, in
this way it is possible to impose additional constraints on the coupling f~!, besides the f~1 > Mﬁl
one discussed at the beginning of the previous chapter, while awaiting future instruments capable of
probing the model at higher frequencies (larger k).

In what follows we derive the scalar and tensor power spectra in this regime. However, we also want
to mention that Non-Gaussian statistics of the scalar perturbations provide additional observational
constraints [10,13], although we do not reproduce the calculation here.

For this chapter we follow reference [13] for the backreaction and the scalar power spectrum compu-
tations, while reference [12] for the tensor modes PS calculation.

4.1 Background Solution

The starting point of this chapter is the equation of motion for the gauge modes, namely eq. (3.10),
keeping £ approximately constant (since its time dependence is a subleading effect within the slow-roll
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regime):

2 .
|:88T2 + k2 + 2Tk§:| Ai(T, k) =0 = 20;2 = const. (41)

From this equation, as we did in the previous chapter, we observe that only one polarization of
the gauge field A) undergoes a tachyonic instability when k/(aH) < 2€. Therefore, without loss of
generality, we can choose ¢ > 0 (= £ > 0). In this way the unstable mode is A, and we can neglect
A_ that basically remains in the vacuum state for all the time.

In order to solve this equation we impose the initial conditions where the gauge field starts, for each
mode of interest, in the adiabatic vacuum when the mode is deep inside the horizon: A, (7,k) =
ekt ) V2k as kT — —oo. The mathematical framework for solving this equation can be consulted
in chapter 14 of reference [57] and the solution that satisfies these conditions can be expressed using
Coulomb functions of order zero as:

AL(rk) = = Golé, —kr) + iR (€, k) (4.2
As we already said, the generation of gauge fluctuations becomes relevant only in the phase space
region where they experience a tachyonic instability —k7 < 2¢ and when €™ > 1 (as we will see
the gauge field production and the corresponding PSs enanchment are exponentially sensitive to the
factor w€). This is confirmed by the fact that the gauge field solution reaches its largest values in this
region. Within it, equation (4.2) can be well approximated using the modified Bessel function of the
second kind of order one, K1(z), namely:

A (1, k) =~ /‘TQT@”% (2 —2§k7) (4.3)

In the super-horizon limit —k7 — 0, the growth of the modes in (4.3) reaches saturation outside the
horizon. In this regime A, — €™¢/(2\/7k€), ensuring that the physical electric and magnetic field
vectors from equation (3.7) decay sufficiently far outside the horizon.

By examining these solutions, we note that the most significant physical phenomena, such as the
generation of (2 and (2 correlators, occur in the region of phase space satisfying!: (8¢)7! < —kr < 2¢
for any given £. Within this domain, the asymptotic behavior of the Bessel function in equation (4.3)
simplifies the mode functions solution to the following compact expression [8]:

1 —kT 1/4 2 o2k

Ay(r k) ~ Ton <2£) eV kT (4.4)
2k

Al (1, k) ~ _5A+(7', k) (4.5)

We stress that this solution is peaked in the phase space interval (8¢)~! < k/(aH) < 2¢ and the
presence of the exponential factor e™. The latter originates from the tachyonic instability and leads
to a nonperturbative production of gauge bosons when £ 2 1. In contrast, the generation of gauge
fluctuations is negligible for £ < 1.

For the analytical studies of this work, we utilize the approximation in (4.4) to describe the modes for
the sake of simplicity. Nonetheless, the authors of [13] have verified that our results remain essentially
unchanged even when using the more precise expression given in (4.3).

In summary, the rolling background inflaton field ¢(t) can efficiently produce gauge field fluctuations
dA,, see eq. (4.4). As discussed earlier, there are two main physical implications that arise from this
production. The first is the backreaction of these gauge quanta on the homogeneous evolution of ¢(t)
and a(t), which we address in this subsection by determining when such feedback can be ignored. The
second effect involves the generation of scalar and tensor perturbations via inverse decay, the solution
of which will be presented in the next sections.

!The inequalities —k7 < 2¢ has already been discussed and physically motivated.
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4.1. BACKGROUND SOLUTION

To include backreaction effects, we can use the integral expressions in equations (3.11) and (3.12),
from the previous chapter, to compute the two backreaction quantities in the background equation of
motion (3.13):

1 d

(E-B) = _W/dkk3ch|A+\2 (4.6)
1 1
S (B + B?) = W/dk:kz (A2 + K24, ) (4.7)

In evaluating these two quantities, since we are studying the backreaction of the produced gauge field
quanta, we focus only on modes undergoing significant amplification neglecting all A~ modes and
implementing a UV cut-off in the momentum integration?, as we discussed in section 3.1.

For this reason, we impose the UV cutoff at k& < 2{(aH ) when evaluating (4.6) and (4.7). Furthermore
the integrals converge in the IR limit & — 0, with most of the contribution coming from the region
(8¢)7! < k/(aH) < 2¢, where the approximation in equation (4.4) is valid. We therefore use (4.4) to
evaluate A, within this momentum range.

Since, as we have just seen, the solution of equation (4.1) decays rapidly outside the interval (8¢)~1 <
k/(aH) < 2§ and the dominant part can be well approximated by the expression in eq. (4.4), using
this approximation already cures the divergent contributions from high momenta.

In conclusion, evaluating the integrals (4.6) and (4.7) analytically using the expression in (4.4), while
restricting the integration to the interval (8¢)~! < k/(aH) < 2¢, provides a good approximation
of the solution and simultaneously removes the divergent UV contribution from the vacuum energy.
Hence, neglecting the contributions from the rest of the domain, the backreaction integrals admit the
following compact solutions:

H* E? + B? H*
(E-B)~ —24. 10—45—4@2”5 <J2r> ~1.4- 10—45—38’rg (4.8)

These results are consistent with those of reference [9].
Equations (3.6) and (3.5) reveal two distinct types of backreaction:

e Firstly, gauge field fluctuations draw energy from the kinetic term of the inflaton field ¢(¢).
This leads to an effective friction term in the Klein-Gordon equation (3.5). To maintain the
validity of the slow-roll approximation, the friction must remain subdominant. Using (4.8), the
requirement |[2aH¢'| ~ |a®V'(¢)| > L;(E - B) becomes:

2

279)|

< 13¢3/2¢7m¢ (4.9)

e Secondly, the energy density of the produced gauge field affects the Friedmann equation (3.6).
To ensure that the potential energy still dominates the expansion, namely \SMI?ZH 2~V (g)] >

1(E* + B?), we impose:

H
1 <146 g3/2¢7m¢ (4.10)

pl

We notice that, generally, condition (4.9) is more restrictive than (4.10), and is therefore the first to
be violated. This is because it is easier to perturb the dynamics of the inflaton than that of the scale
factor: the inflaton equation of motion is already slow-roll suppressed, making it more sensitive to the
additional friction induced by gauge field production.

In conclusion, conditions (4.9) and (4.10) together guarantee that the amplification of gauge field does
not significantly alter the background dynamics of inflation. Moreover, if the parameter £ stays at or

2With this procedure we neglect the modes that remain in the vacuum and contribute only to vacuum energy that
must be subtracted, assuming the presence of a bare vacuum energy, as is customary in Quantum Field Theories (QFTs).
In this way we take into account the cosmological constant problem.
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below order one £ < O(1), these requirements can be easily satisfied by standard inflaton dynamics at
the time at which CMB modes are produced during the slow-roll stage. And this will be confirmed in
the simulation presented in the next chapter 5. Conversely, if £ increases, the backreaction also grows
exponentially, leading to the strong backreaction regime.

4.2 Axion Perturbations Production

In the previous section we showed that the backreaction effect on the background dynamics due to
gauge field production can be considered negligible under certain assumptions, (4.9) and (4.10). In
the next two sections we want to address the other consequence for the model that arises from the
gauge field production, namely the generation of scalar and tensor perturbations via inverse decay.
We start with the computation of the scalar perturbations, presenting the result in the form of the
power spectrum of the uniform energy density curvature perturbation®, ¢ = —aH %’,), in order to be
consistent with the result for the standard scenario in the slow-roll regime (see chapter 2).

For this purpose, we can take advantage of the general results from chapter 3. In particular, we can use
equations (3.29), (3.30) and (3.35) for the scalar perturbation power spectrum computation. However,
to evaluate the last expression, namely the sourced PS, we need to specify the Green function and
the gauge field solution. The latter has been already computed in the constant & approximation in
the previous section of this chapter, see eq. (4.4). Instead, for the Green function we can use the one
computed for the slow-roll scenario since, from the beginning of the chapter, we assumed ¢ constant
and small enough.

Therefore, the slow-roll Green function can be obtained using the result in eq. (3.60):
Gi (r, 7') =2Im [FY (7, k) Fy (7', k)] (4.11)

where Fy, the solution of the homogeneous equation (3.56) with initial conditions (3.58), is given by
eq. (2.45) derived in the slow-roll approximation in chapter 2.

Moreover, since we are interested in the power spectrum at late times, namely when 7 in (4.11) is
such that —k7 < 1, we can approximate Fj solution using the super-horizon limit in eq. (2.47). In
summary:

Fy(r' k) = ? DT V= HY (—k7') (4.12)

T

Fi(r k) ~i “\(/72%

with scalar spectral index ng =1+ 2ny — 6¢*, and v ~ % — Ny + 3e.
Notice that we have neglected the small slow-roll corrections to the overall amplitude in Eq. (4.13),

while retaining them in the k-dependence of the mode function, since that determines the deviation
from exact scale invariance.

(—kr)n==1)/2 —kr <1 (4.13)

Combining all pieces, and neglecting the superscript (s) for brevity, for the correlator of the sourced
scalar perturbation we obtain:

N HG (—kT)nS_l 3) , d3p p2_p']% 2
(Gol) Gl = 15 o) [ 52 [1+p‘,€_p|]

X ‘/_T dr' (—7') Im[Fy (7', k)] Ay (7', p, |k — p|)

2
‘ (4.14)

3Neglecting metric perturbations degrees of freedom, and removing the bar over the background quantity p, coherently
with this and the previous chapter.

4Reintroducing metric perturbations, as in chapter 2, just for the homogeneous solution and the Green function
computation.

34



4.2. AXION PERTURBATIONS PRODUCTION

with A defined in eq. (3.34). If we now exploit the approximate expression for the gauge field (see
eq. (4.4)) the correlator can be rewritten as:

H6 e —k ns—1 ,
GG ) = g S Y (ke K)

P2 —p. k]
% /d?’p* [1+ p* _ p*
[p.| [k — p.|
x I? [2\/ ( p.| +1/Ip. —I%M (4.15)

where the integration variable p, = p/|k| is dimensionless, and we defined the function I[z] as follow:

~ ~ 2
P2 I = KY/2 [Ip, [ + |p, — k[!/?

Iz]= 5 . dz 232 Re [Hy) (1‘)} e HVE (4.16)

notice that x = —kr.

This integral can be computed considering that: firstly, we are interested only in super horizon PS,
when —k7 < 1, therefore we can set to zero the lower limit of integration in I[z]; secondly, we can set
v = 3/2 in the argument of the Hankel function since the slow-roll corrections appearing there only
modify (in a negligible amount) the amplitude of the correlator, but not its scale dependence. This
yields:

oo
I[z] ~ / dz (sinz — z cosz) e *V® (4.17)
0
Now, for future convenience, we rewrite the correlator (4.15) as follows:

(G (1) G (7)) = F(—kT)”S_leh(5)64”55(3)(k +K) (4.18)

where P is the dimensionless vacuum power spectrum totally neglecting the SR parameters corrections,
that can be derived from eq. (3.30):

2 2

2m|¢|

and fo(€) is the dimensionless function defined as follow:

2
P = & /d ”

(4.19)

A2
2
P~ p. : RE
'|p ', T | Pl =R [ipa o = R

x I2 [mﬁ( p.| +1/Ip —l%|>] (4.20)

In general, evaluating the function f2(&) requires numerical integration. Nevertheless, an analytical
simplification can be employed when the argument of the function I is much larger than one (z > 1):

1+

8

I[z] f:/ dz 2 ? —=yvE _ 3300 for z > 1 (4.21)
0

Given that z = 2+/2¢ < Ip.| +1/|p. — /%|> > 24/2€, this approximation becomes valid for large

values of £. This reduces the evaluation of f2(&) to a two-dimensional integral, which yields numerically:

7.5-107°
€6

The accuracy of this estimate is shown in figure 4.1, and, as expected, it improves progressively as &
increases.

f2(§) ~ E>1 (4.22)
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Figure 4.1: Exact numerical evaluation and asymptotic behavior (4.22) of the function f5(€) in the range of
interest. Figure taken from reference [13].

Before continuing, we want to clarify why the approximation in equation (4.4) is legitimately employed
inside the integral in eq. (4.14). Equation (4.4) accurately reproduces the modes A, (7, k) in the
phase space region: 1/(8¢) < —7k < 2¢. For a given wavenumber k, this interval coincides with the
epoch in which the gauge field experiences its maximal amplification. Hence we must guarantee that,
throughout the integration domain of p and 7’ in eq. (4.14), there exists a region where both gauge
field mode functions, A4 (7/,p) and A4 (7, |p — k|), can be replaced by their approximate form in eq.
(4.4). This requirement translates into the pair of inequalities:

1 1
8 < —pr’ < 26 and 8 < —|lp— k|7 < 2¢ (4.23)
which can be rewritten as:
L < 2 d ! < | klz < 2¢ (4.24)
— LT < n — < |p, — < .
s S Py T a 5 p x

where = —k7" and p, = p/k.

For the super-horizon modes of phenomenological interest, the variable x spans the entire range
0 <z < oco. Consequently, for any value of p, one can always find some z such that either A (7/,p)
or Ay (7',|p — k|) attains its maximum and is well described by (4.4). Only in the special case
Ds 2 |P, — ]%|, both conditions of eq. (4.24) are fulfilled simultaneously for the same z, allowing the
approximation (4.4) to be used for the whole integrand of eq. (4.14).

For this reason, our final result (obtained through the use of eq. (4.4)) is reliable only if the integrand
of eq. (4.14) is sharply peaked at p. ~ |p, — /2:| This property has been verified by the authors of [13]
through explicit inspection, confirming that this is indeed the case. In particular, they found that the
integrand reaches its maximum value at |p.| ~ O(1), implying that the inequalities in eq. (4.24) are
both satisfied within the dominant region of phase space.

A simple physical argument explains why this occurs. We can notice that for the values z = O(1)
that matter in our calculation, the integration over x in eq. (4.17) receives most of its weight from
the values of x = O(1). This implies that the ”imprint” on the scalar fluctuation (j, from the gauge
modes occurs when the wavelength of the fluctuation is of the order of the horizon scale (z ~ 1), and
it is sourced by the inverse decay of the gauge field modes whose wavelengths are also of horizon size
(p ~ k = px ~ 1). Such behavior is a natural consequence of causality and locality.
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Using the definition of the power spectrum ((x () = Pr(k) 2ch32 63) (k+E') and adding together vacuum
and sourced PSs, we finally obtain the PS spectrum for the variable ¢ in the regime of slow-roll inflation

with constant & [13]:

k \ns—1
P(k) =P (;?) [1 P f(€) 64“5} (4.25)
where P2 = H?/(2r|@|), k. is the pivot scale, ns =1+ 2ny — 6¢, and fo(€) ~ 7'5'6176075 for £ > 1.
We stress that both the vacuum and gauge-induced scalar modes share the same spectral tilt ng — 1.
This is because the scale dependence in the sourced contribution to the power spectrum originates
from the homogeneous (vacuum) solutions (4.12) that are used in constructing the Green function.

4.3 GWs Production

In this section, we compute the power spectrum for tensor perturbations sourced by gauge field
production. The computation of gravitational waves follows a similar approach to the one used for
scalar perturbations in the previous section.

Also in this case we can take advantage of the results from chapter 3 as the expressions in equations
(3.46),(3.47) and (3.52) for the power spectrum computation (as for scalar perturbations, the GW
modes sourced by gauge quanta are uncorrelated with vacuum fluctuations and their contributions
combine incoherently in the power spectrum). Moreover, as in the previous case, we can use: the
approximate solution for the gauge field equation of motion (4.4), the Green function expression in
equation (3.60), and the homogeneous solutions of the tensor d.o.f equation of motions found in the
slow-roll regime, namely (2.61).

Therefore, by following the same steps and approximations used in the previous section for the scalar
modes, we obtain the gravitational waves power spectrum evaluated at late times (when the modes
are well outside the horizon), under the slow-roll inflation approximation with constant £ [12,13]:

H? [ k\"T 2H? 4
~_t (M 2 3
Py ~ e TE) <k*> 1+ Mz Taa(§) €7 (4.26)
p P
n
with WQH];Q (%) ’ the vacuum PS, k, the pivot scale, ny = —2e the tensor tilt® and the dimensionless
pl *

fn,x function defined as follows:

) 2
(14 Acos6) (1 — pycos® + A\y/1 — 2p, cos —i—pi)

f _ 1 / d’p, ]I}; | X
BT ag J (o VIR TP 16 (1 — 2p, cos 6 + p2)
- . 2€ > f2x/2£:v[\/p*+ =y
_ = 4 /palk—p. Vikp.I 4.2
{/0 dx+/z [sinz — z cos z] [a: +\/p<lk—p ]] e (4.27)

where p, and 6 represent the magnitude of the dimensionless integration vector p, = p/|k| and its
angle with respect to k, respectively.

Furthermore, in eq. (4.27) we have corrected the missing factor of 4 in eq. (3.40) of the main reference
for this chapter [13], as highlighted in Appendix B of reference [34]; in any case, the final results (i.e.,
the power spectra L and R) remain consistent with [13] and are correct.

As we can see from the equation (4.26), in the tensor modes case as well, the vacuum and sourced
power spectra share the same scale dependence (o< £"7), and the reason is the same as in the case of
scalar perturbations (the scale dependence comes from the homogeneous equation solutions).

At large £, the z-integral simplifies as in previous section, yielding a similar result:

4.3.1077 9.2-10°10
T ) fh,— = T ) £§>1 (4.28)

Figure 4.2 illustrates the precision of this approximation for the dominant A case.

fh,+ =

®See equation (2.63).
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Figure 4.2: Exact evaluation and large argument approximation (4.28) of the function fj, 4 (§) in the range of
interest. Figure taken from reference [13] (where the L-subscript in the axis label fj, 1, stands for left polarization,
namely the plus polarization in our notation).

Considering equations in (4.28), it becomes evident that the contribution from minus polarization
gauge-generated GWs modes is negligible from an observational point of view. The total GW power
spectrum can thus be approximated as:

2H? (k\""
PGW:Ph,++Ph,—2 ()

72 it
2
72 M2 \ k.

14+ — 4.29
g fe €€ (4.29)

4.4 Phenomenology

In this final section, we discuss the phenomenological implications of the results derived in the present
chapter, as well as the constraints that CMB anisotropy measurements impose on the parameters of
our model, namely the axion decay constant f.

From an observational perspective, three quantities are central for characterizing an inflationary sce-
nario: the scalar power spectrum P, the tensor power spectrum Pgw, and the scalar bispectrum B¢
which controls departures from Gaussian statistics. In the axion-inflation framework described in this
chapter, each power spectrum receives two uncorrelated contributions, one from vacuum fluctuations
and one from the inverse decay of gauge quanta produced by the rolling inflaton. Adding the two
contributions for the scalar modes gives (see eq. (4.25)):

P:(k) =P <k>ns_1 [1 + P fo(€) 7 (4.30)

k.

where ng, = 1+ 2 — 6e, PY2 = H?/(2x|d|), and we choose the pivot scale k, = 0.002Mpc™" to
compare the results with experimental data.

It is worth noting that both terms in (4.30) share the same scale dependence, so we recover the standard
prediction for the scalar spectral tilt ng in single field inflation. Regarding the scalar amplitude of
¢ perturbation at the pivot scale, we can use the value from the CMB anisotropies to constrain the
relation between the two dynamical parameters of equation (4.30), namely P and £ at CMB times.
In reference [13] the authors used COBE normalization PCCOBE(k*) ~ 2510710 to fix the factor
P[1 + Pfy(£)e*™], obtaining the following curve in the P — ¢ plane:

—4rE

PcoBr(€) ~ c

~ o {—1 /141078 fy(e)etne (4.31)

38



4.4. PHENOMENOLOGY

The curve is shown in red in figure 4.3. We observe that for small values of £, the gauge field
sourced contribution to the PS in eq. (4.30) is subdominant, and we recover the standard result
PY2 ~ 5 % 107® from single scalar field inflation during slow-roll scenario. Conversely, the two
contributions in eq. (4.30) become comparable around £ ~ 3. As £ increases further, inverse decay
effects begin to dominate the scalar power spectrum, and the value of P/2 must be (exponentially)
suppressed in order to avoid overproduction of density perturbations.
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Figure 4.3: Values of parameters P and ¢ leading to the observed COBE normalization of the power spectrum
PEOBE (red line) from equation (4.31). The black dashed line separates the (lower) region in which the vacuum
fluctuations dominate from the (upper) region in which the fluctuations from inverse decay dominate. In the
region above the solid black line the backreaction bound (4.9) is violated. Finally, some reference values of
cauil (10, 966, 8000) along the COBE normalized curve are shown, as reference values for the equilateral non-

NL
Gaussianity parameter computed in [13]. Figure taken from [13].

The tensor spectrum has an analogous form (see eq. (4.29)):

2 nr
Pow (k) ~ 2k [1 + g 1(€) et np = —2¢ (4.32)
7T2Mp2[ Mpl ’

k.

with k, the same pivot scale.
The tensor-to-scalar ratio is defined in the usual way and it is given by®:

1+ ]% Jn,L(€) '™
1+ Pfg(f) edm€

For £ < 1 the sourced contribution is negligible and the single-field consistency relation r ~ —8nrp is
recovered. When £ 2 3, on the other hand, the inverse-decay term dominates, and r approaches a
constant value that is smaller in magnitude than the usual —8ny:

Paw

> (4.33)

r= = —8nr

—8nr f g 3
.= (4.34)

1.8n% & — o0

where n denotes the tilt of the vacuum tensor modes. in conclusion, axion inflation with large ¢ can
yield a low tensor signal even when € is not extremely small, providing a distinctive signature that

6Using nr = —2e.
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remains compatible with current bounds.

In summary, we have seen that inverse-decay effects on CMB phenomenology start to be relevant
once ¢ 2> 3, which corresponds to the condition 1/f > 10? M, 1 [13] (the precise value depends on the
inflaton potential at CMB times). In this regime the sourced modes not only dominate the total scalar
and tensor power spectra but also inherit strongly non-Gaussian statistics, as studied in detail in [13].
As a result, the equilateral non-Gaussianity parameter grows exponentially with the coupling L

ﬁ&ml o e*™ and quickly exceeds the current bound from CMB anisotropies fﬁ‘iuﬂ = —26 + 47 [40]
once 1/f 2 10%My.

Consequently, observational consistency requires:
f 2 1072 My, (4.35)

which means that the axion must be sufficiently weakly coupled to the gauge sector. Combining eq.
(4.35) with the condition discussed in the previous chapter, f < M,,;, we obtain the following allowed
window:

S

pl

1072 < <1 (4.36)

This result will be important in the next chapter to implement a model with n axion decay constant in
agreement with the theoretical framework of axion inflation and the current CMB data measurements.
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Chapter 5

Strong homogeneous Backreaction
Regime and GWs

5.1 Introduction to the Strong Backreaction Regime

In the previous chapter we confined our analysis to the small backreaction regime in which the dy-
namical parameter £ = d)/ (2fH) was treated as approximately constant during the slow-roll regime,
an assumption that remains valid only while the potential is sufficiently flat during the phase of in-
flation when CMB modes were produced. After this phase, once the potential steepens, gb grows, &(t)
ceases to be constant and exceeds the bounds in equations (4.9) and (4.10), driving the system out
of the small backreaction regime. In this phase, called strong backreaction regime, a large gauge field
amplification occurs and the analytical solutions of chapter 4 are no longer valid.

Since the gauge-sourced contribution generally grows as inflation proceeds, its impact becomes most
pronounced in the later stages, when modes much smaller than those probed by the CMB are exiting
the horizon. As a result, this component typically acquires a blue-tilted spectrum. Consequently,
even if no trace of these sourced fluctuations appears at CMB scales (as discussed in the previous
chapter 4 for the small backreaction regime), one may still expect a detectable stochastic background
of gravitational waves, potentially accessible to pulsar timing arrays, astrometric missions, or space- or
ground-based interferometers [34]. At the same time, the enhanced small-scale density perturbations
could be sufficient to generate a significant population of primordial black holes.

For these reasons, in this section we move beyond the slow-roll approximation and study the strong
homogeneous back-reaction phase by solving numerically the evolution of the background fields ¢(7),
a(t), A,(7, k) and integrating the resulting functions to compute the phenomenology of this model,
namely the scalar and tensor perturbations spectra. Since the simulation also needs to include the
gauge field, with (in principle) infinite degrees of freedom Ay (k) with 0 < k < 400, the numerical
implementation will not be straightforward and will require numerous precautions.

Our approach maintains the same assumptions adopted in chapter 3 in order to compute the general
results that, indeed, we will use within this chapter. Therefore, we continue to neglect the gauge
field polarizations that do not experience the tachyonic instability, we disregard metric perturbations
around the FLRW background and, in particular, we still neglect spatial inhomogeneities of the inflaton
field, postponing the discussion on the validity of this assumption to the next chapter 6. However,
unlike the previous chapter 4, we do not assume the constant £ approximation.

Specifically, regarding our three main assumptions, there is no reason why the first two (neglecting
negative-helicity polarization of the gauge field and scalar perturbations of the metric) stop holding
once we enter this regime. Instead, we expect that its validity of the inflaton field spatial homogeneity
assumption becomes more questionable in the strong backreaction regime compared to the previous
one of small backreaction. It is expected that the majority of gauge field production happens in this
subsequent phase when the inflaton velocity is higher, leading to a more pronounced production of
inhomogeneities in the inflaton field (via inverse decay), potentially causing these inhomogeneities to
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affect the dynamics of the background fields and as a result invalidate the results. Nevertheless, as
already mentioned, we will proceed with the approximation of a homogeneous inflaton in this chapter,
and postpone the study of the inflaton inhomogeneities to the next chapter.

We implement a three-step numerical procedure: (1) solve the background equations for the inflaton
¢(7), scale factor a(7), and gauge field modes Ay (7,k); (2) compute the Green’s function G (7,7’)

for tensor perturbations; (3) evaluate the sourced tensor power spectrum P)(\S) (7,k). This captures the
gravitational wave signal and its parity-violating features.

To proceed with this strategy, we first need to specify the two physical components of the inflationary
model that we have so far kept general: (1) the inflaton potential V' (¢) and (2) the axion decay constant
f- These inputs determine the background dynamics, the strength of particle production through the
parameter £ x qb /f, and ultimately the shape and amplitude of the gravitational wave spectrum. Once
V(¢) and f are fixed, the model is completely defined and observables can be calculated.

Rather than performing an exhaustive survey of inflationary potentials, we present a single benchmark
model that satisfies current SGWB bounds from CMB (at f ~ 10718 -10716 Hz) and LIGO-Virgo-
KAGRA ones (at f ~ 10—10% Hz), while producing a gravitational-wave signal potentially observable
by forthcoming pulsar-timing arrays (PTAs) (at f ~ 1072 —10~7 Hz), astrometric missions (at f ~
1078-107% Hz), and space- or ground-based interferometers such as LISA or ET (at f ~ 1074-10% Hz).
Indeed, the final aim of this chapter is to prove the existence of a rich phenomenology allowed by axion
inflation with strong homogeneous backreaction due to the coupled gauge field, namely our model.
In particular, what our numerical treatment allows us to reveal is that the axion velocity and the
spectrum of the produced gauge field exhibit an oscillatory structure (when the inflaton increases its
velocity, it is slowed down, leading to the production of gauge field modes; this production decreases
as the inflaton slows down, until the scalar field gains speed again). This oscillatory structure imprints
on the tensor power spectrum Py (f), revealing oscillations that significantly increase the spectrum
amplitude, compared to that produced by the inflaton alone, and features spanning a couple of orders
of magnitude in frequency.

This chapter is organised as follows: section 5.2 lays out the numerical strategy, the comoving mo-
mentum discretisation and the various cutoffs we introduced; section 5.3 describes the operational
numerical implementation of the various equations in the code, introducing the code rescaled vari-
ables; finally, in section 5.4 we define a benchmark model and present the simulation results for that
model.

This chapter provides a faithful review of the work presented in [34]. We will use the same model
(namely, the inflaton potential and the axion decay constant) as well as the same numerical imple-
mentation of the simulation. And so, we will reproduce the same final results. In the next section
we will extend the analysis of [34], by computing, at the perturbative level, the production of inflaton
inhomogeneities in addition to tensor metric perturbations. This computation will allow us to esti-
mate whether the assumption of homogeneous backreaction is valid, so to critically review the results
of [34] and to also explore possible variations of their model. This extension is an original result of
this Thesis and of [58].

Our numerical code is implemented in Wolfram Mathematica language, and it extends the one de-
veloped in [34], by computing also the perturbation inhomogeneities, and the energy densities in the
inflaton, gauge field and gravitation wave sectors.

5.2 The Numerical Scheme

In this section, we describe the numerical scheme developed to solve the coupled evolution equations of
the background fields and compute the sourced gravitational wave spectrum. Our procedure consists
of three main steps: evolving the background system, computing the Green function for tensor modes,
and evaluating the final tensor power spectrum.

In subsection 5.2.1, we outline the general structure of this approach and present the full system
of differential equations to be solved. In subsection 5.2.2, we describe the comoving momentum

42



5.2. THE NUMERICAL SCHEME

discretization and introduce the ultraviolet cutoffs required to ensure numerical stability and physical
consistency of the results.

5.2.1 Overview of the strategy

Our analysis relies on a numerical framework composed of three main steps. First, we solve the coupled
system of background differential equations governing the evolution of the inflaton field ¢(7), the scale
factor a(7), and the gauge field modes Ay (7, k). We evolve the simulation for 60 e-folds of inflation,
from the time the CMB modes were generated (N = 0) to reheating (N = 60), setting the scale factor
to unity at the beginning of the simulation a; = 1 such that a(N) = V. The system of equations
reads (see eq. (3.13)):

,dV 1 d
" +2aH@ + a? i Qf/dkk3|A+\2
1 1
H = SM2 [ 00+ V T ogh 4/dkk2(‘A [*+E1AL) (5.1)
2
[d+k2 2k§] Ar=0
dr? T

Concerning the boundary conditions, the gauge field modes equations are evolved with Bunch—Davies
vacuum initial conditions at early times for each modes (see eq. (2.42)):
efikr
i Ay (7 k) = oY
In practice, gauge modes are initialized with (5.2) while well inside the horizon.
Instead, the Hubble parameter and the axion velocity at the beginning of our simulation are computed
under the slow-roll approximation (see eq. (2.29)):

(5.2)

1
H =
P \/§M pl

with ¢; the Vacuum Expectation Value (VEV) of the inflaton at the beginning of the simulation (7;).
Solving this system yields the complete time evolution of the background quantities.

)1/2 o= —
V(@) o= 380

Once the background is known, the second step consists in calculating the Green function Gy (r, ) =
O(r — 7') G (1, "), necessary to the tensor power spectrum computation. It is defined in eq. (3.61)

and it reads: .
Gi(r,7') = 2Im [F*(1,k) F(', k)] (5.4)

where the auxiliary function! F(r, k) satisfies the homogeneous tensor perturbations equation (3.56)
and the Bunch-Davies vacuum initial condition (3.58):

82 5 a’ ) e—zkr
(87'2 k — a> F(T, ]C) =0 TEI_HOOF(T, k) = ﬁ (55)

This equation can be solved numerically for each comoving wavenumber k, using the scale factor
solution a(7) that can be obtained from the background.

The third and final step is to compute the sourced contribution to the tensor power spectrum P/ss) (1, k),
where A\ = +£1 labels the two circular polarizations. This is given by eq. (3.52):

k+p k2 2 2\?2 k2 2 2\ 2
(s) . +p q +4q P
P71 k) = 167r4 4 / dp/ dq pq (1 + )\7%;0 > (1 + )\7%(] >

2

« / ar BCHTT) 01 o) 41 () + pg A (7 p) A4 ()] (5.6)

—oo a(7)a(r)

I The subscript 1, no longer necessary, has been removed.
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The inner time integral computes the sourcing of gravitational waves from the gauge field at each
moment during inflation, while the outer integrals sum over all combinations of momenta (p,q) that
can contribute to a tensor mode of comoving momentum k by the interaction A, + Ag — dgg, with

k = p+q. The resulting spectrum P/{S) captures both the amplitude and the parity-violating structure
of the stochastic gravitational wave background.

5.2.2 Comoving momentum discretization and UV cutoffs

First of all, we cannot treat numerically an infinite number of differential equations for Ay (7, k).
Therefore, we start by discretizing k into a set of comoving momenta {ki, ..., k; . }. These modes,
indexed by an integer i (from 1 to imax), are placed on a grid that is evenly spaced in logarithmic
space, namely:

i—1

i—1 ~ -
kmax> e code var. = > kmax e
ki = kmi ST ki = kmin | =—— 5.7
(2 min < k’mln 7 min kmm ( )
where i = 1, ..., imax, and we also translate the equation in the dimensionless code variable k that is

introduced in eq. (5.14). The smallest and largest momenta must be chosen so that the numerical
grid spans all relevant momenta and adequately resolves the regime of interest where backreaction is
strongest. A useful way to estimate these limits is to introduce the comoving threshold momentum
Etne (7) defined by the instability condition k& < 2aHE, from eq. (3.10):

coqae var. 7 ry d~
ke = 2aHE L% L (N)=eV H % (5.8)

where the scale factor is normalised to unity at the beginning of the evolution, and also the rescaled
dimensionless variables H and q~5 are introduced in eq. (5.14). The lower end of the momentum range
is fixed so that all modes begin well inside the horizon, where the adiabatic vacuum solution (5.2)
holds, while we choose the upper end to be the mode that crosses the horizon at the conclusion of
inflation. These criteria translate into the code-variable inequalities

code var.

Kmin > k‘thr(Ti) y kmax ,S afo ];min > ];thr(o) y l;max S 660 ﬁ[(o) (59)
where we remind that the subscripts i, f represent the beginning and end of inflation respectively, and
we use the fact that H(0) ~ H(60).

We decided to set imax = 350, kmin = 10% I::thr(O) and kpax = €OH (0), which we verified yield

convergent results?.

It is important to stress a crucial point concerning the UV cutoff. The choice of kpyax given in (5.9)
does not mean that we numerically evolve all the gauge modes up to that kyax at any times during the
simulation. Modes that at at any time are very well inside the horizon evolve according to (5.2) and
we do not need to integrate them numerically. In fact, if we did so, the extremely fast time evolution
of their phase in the UV regime would force the numerical integrator to reduce the timestep to an
unattainable small size. In practice, nearly all the numerical computational effort would be spent to
accurately resolve this vacuum UV phase evolution, which we we do not need to do (since we already
know that the solution is (5.2) in this regime). So, we numerically evolve gauge modes only once they
are close to horizon crossing (see eq. (5.11) below). Moreover, we do not include the UV modes in
the integrand of the backreaction term (E - B).

This integral, provided in physical quantities in eq. (3.11) and in code variables in eq. (5.17), typically
requires an ultraviolet (UV) regularisation. Although, in the integration, the term %\AHQ, or in code
variables % | Ay |?, formally vanishes deep in the stable regime, residual numerical noise is unavoidably
present and is amplified at high k by the integration measure dk k2 as well as by the many orders

2In general, for all the parameters used in this work that are not directly related to physical quantities but rather
to the simulation itself (e.g., the number of points in the discretization grids, various UV cutofls, ...), we verified that
reducing their value (thus making the simulation faster but less accurate) does not significantly affect the results.
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of magnitudes spanned in momentum space. For this reason we impose a sharp momentum cutoff,
discarding contributions above it?. We denote by kyeg(N) the time-dependent cutoff above which
gauge modes are excluded from the backreaction integral. At each instant NV, it should coincide with
the largest comoving momentum that had become tachyonic (k < 2aHE) at any given instant N’ in
the evolution up to (and including) N:

code var. >
kreg(N) = ]g}i}ﬁ[kthr( "] S kreg(N) = ]I\}/lg%[kthr(]\f/)] (5.10)

We employ the quantity ke also as the starting point to implement the UV cut-off mentioned above
on the evolution of the gauge modes A, as well as of the mode functions F' (needed for the Green
function G, see eq. (5.4)). Let us further comment about this point. Evolving the equations of motion
for the gauge modes, the last of egs. (5.15) in code variables, and the auxiliary functions F(N, k), the
first of egs. (5.28) in code variables, is numerically delicate due to the large hierarchy of terms involved
on the right hand sides. Both differential equations feature terms proportional to k /(HeN), and for
the largest comoving momenta, k ~ kmayx = €50 H (0), this ratio is initially many orders of magnitude
above unity. Consequently, at early times the gap between the Hubble horizon (I:I e™) and the shortest
wavelengths? is so large that a naive step-by-step evolution becomes exponentially expensive. In order
to solve this numerical problem, we keep each mode frozen in its vacuum state, (5.2) and (5.5) for A4
and F' respectively, until it approaches the stability-instability boundary kreg( ) defined in (5.10),
after which we let it evolve. The authors of [34] used Eyae(N) = 10%/2 kyeg(N) in their simulations.
However, we observed that by relaxing this constraint to:

code var. b >
e

Fvae(N) = 10 Freg(N) Fvae(N) = 10 Freg(N) (5.11)

it is still possible to achieve the same results, while significantly reducing the computational cost.

In summary, any mode with ki > l;:\,ac(N ) is left untouched. When l'i;m(N ) overtakes® a given ki,
we initialise that mode (using the last two conditions of (5.19) for the gauge field modes and second
line of (5.28) for the F' auxiliary functions) and evolve it with the corresponding equation of motion.
Only after kreg( ) also exceeds k;, we include its contribution in (E - B). It is important to notice
that although this procedure produces relative phase shifts among modes, these phases cancel in the
final expression for the GW power spectrum (see equation (3.52)) and thus have no observable effect.
Finally, we also notice that both the rescaled gauge mode A, see eq. (5.14), and the auxiliary function
F, see eq. (5.27), are defined such that their time derivatives formally vanish in the vacuum state; for
this reason, we can keep them constant until they are unfrozen.

5.3 The Numerical Implementation

In this section, we outline the practical numerical implementation of the scheme described in the
previous section 5.2. Since we are dealing with a non-trivial computational problem, it is essential to
implement certain strategies to enhance code performance.

The first step is to work with dimensionless, rescaled variables, aiming to bring their typical magnitudes
as close as possible to unity. This not only improves numerical stability but also helps highlight the
relative importance of different terms. In the case of gauge field modes Ay or auxiliary functions
F', we absorb, in the definition of the rescaled variables, the oscillatory behavior associated with the
vacuum state, which allows for a more efficient and accurate numerical treatment®.

Moreover, whenever the integrals spans several orders of magnitude, we perform the integration on
a logarithmic scale. This approach captures the relevant features of the integrand more effectively,

3This is justified because, whenever backreaction is important, a clear gap separates the amplified physical scales
from the vacuum ones, see figure 5.4.

4Which need to be part of our range because they later become dynamically important.

5Which is a monotonically increasing function, as is l}reg(N ), by definition.

Technically speaking, while the equation for the original variables contains a k? term, only terms up to O(k) appear
in the equation for our rescaled variables; these are significantly smaller in the UV, improving the code performance.
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especially in regimes where sharp variations occur. Finally, the various cutoffs introduced in the
previous section will be regularized, meaning they will be implemented smoothly rather than sharply,
in order to avoid introducing artificial discontinuities and numerical problems.

We begin in subsection 5.3.1 by presenting the full system of equations in code variables and detailing
the numerical methods used to solve them. In subsection 5.3.2, we discuss the numerical treatment
of the UV cutoff (defined in the previous section 5.2). In subsection 5.3.3, we present the method
we implemented for the conversion between the comoving rescaled momenta k, used in the code, and
the relative frequencies of the GW modes today. Finally, in subsection 5.3.4, we provide additional
remarks regarding the implementation in Wolfram Mathematica language.

5.3.1 Numerical implementation of the equations

In this subsection we discuss the numerical implementation of the equations presented in subsection
5.2.1. We begin by introducing the rescaled variables and rewriting the equations from the previous
section in terms of these new code variables.

As the effective “time” coordinate we use the current number of e-folds (see eq. (2.18)):

N(t) =lo

“(2)) _ /t H b (5.12)

The scale factor is set to unity at the beginning of inflation ¢;, so that the scale factor and the conformal
time are given by:

t d/ N/
_ N _
a=e€ T—TD+/ (t/) 7-O'i_/\ H N,) eN/ (513)

Let V4 denote the inflaton potential at the initial time, when ¢ = ¢;. We then define the dimensionless
rescaled variables and fields as follows:”

= My = My :_ f ¢ > V() > Vo
k=—ELr , K H="EH , f=— |, ¢== |, V(p)= ., Vo= —r
Vo 7 My f °T M}
k zk —a
%E\]/WVOT . AL =V2kekrm) A =y I Ay (5.14)
pl My

where, as mentioned, the rescaling of the gauge-field modes removes their rapidly varying ultraviolet
vacuum phase.
With these variables, the system in (5.1) translate into the following system of equations:

T I o G AN O N ORI
B dN P2H? 302 dN | PRV

dN? dN 6

ai _2H_f?ﬁ(dq3>2+29(95>

dN 6 \dN 3H
21 72 7\ ? 7 2V (¢ 1 AL dd
dN2 6 \ dN HeN 3H?2 dN  HeN dN ’

where the prime indicates differentiation with respect to ¢. For this system (eq. (5.15)) we decided to
use the II Friedmann equation instead of the I one, see (2.3). In this way the gauge field contribution
to the equation vanishes since Py = % pa and the resulting eq. becomes:

a 1

- = 6M2 [ =" 2V(¢)] (5.16)

"We correct a typo in the last rescaling of eq.(A3) of [34].
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The corresponding gauge-field correlators are:®

Vo H
(B B)ypn = Vog_ — 3N/dkk2z A—]AA]

E’ + B’ 2N 772
< 5 >: 8264N/dkkz o

In principle, one should subtract the vacuum contribution from both expressions. However, we already
discussed the regualarization of the first one (E - B) in section 3.1.

dAA kA,

+ k2| A (5.17)

The system (5.15) is integrated numerically. At each step, the backreaction integral in the first line
of (5.17) is evaluated on a logarithmically spaced momentum grid, see the previous section 5.2, using
the trapezoidal rule. With uniform spacing in In k;, the trapezoidal rule reads:

s oy et kfy +Raady  Alnk i iman 1
/l:) f (k> dk; = Z A ln kl kl 2 k1+1 - 2 mlnfk in + kmaxf];max + 2 Z klf];,
min i=1 i=1

(5.18)
The boundary terms in parentheses are discarded because the integrand is negligible there, otherwise
the result would depend on the chosen UV and IR cutoffs.

As shown in equation (5.15), the system governing the background dynamics in code variables consists
of a second-order Ordinary Differential Equation (ODE) for ¢, a first-order ODE for H, and imax
second-order ODEs for A+(k ), neglecting the contribution from the minus polarization of the gauge
field. The corresponding initial conditions at N = 0 are given in equations (5.2) and (5.3). In code
variables:
- - - 1 do 1 dv _ dA,

0) = , HO0O)=— , — =———_ _ , AA0)=1, —= =0 5.19

Where the initial value of the inflaton ¢¢9 = ¢; depends on the specific model.

Having addressed the background dynamics, we now turn to the equations used to compute the
gravitational-wave signal. In particular we start with the computation, in code variables, of the Green
function. Firstly we should address the fact that the operator in the definition of the Green function
in eq. (3.45) is not dimensionless and the fact that the Green function itself is defined to be integrated
with respect the conformal time 7 and not the e-folds number N, see eq. (3.43). Therefore, rescaling
the source, we recast eq. (3.39) into:

A A SA (Na k)
where we have introduced the dimensionless operator:
A d? 1dH] d k? 1 dH
=— 1+ =—| — —— -2 —=— 21
Ov=gn * [ * HdN} aN " [H%?N H dN (5:21)

hence we can define the dimensionless Green function that will be used in the code:
Gr (N, N) =G, (N, N)© (N ~N') , G (N,N')=H (N e Gy (r(N), 7 (N)) (5.22)

with 7(N) given by (5.13) and Gg(r,7’) the Green function (3.61) of eq. (3.54), in which we now
express the conformal time in terms of efolds, 7(N). To compute this quantity, since 7 spans many
orders of magnitude, to achieve higher precision it is more convenient to solve the differential equation

for the variable y(N) = In(—7(N)) with 7 = MQ‘;‘; 7, namely:

d e~ N-y(N)
Wy(N) — _7I§T(N) (5.23)

8Reintroducing the minus polarization contribution from the gauge field.
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rather than for 7 itself.
In this way, Gi (N, N') satisfies:

OnGy (N, N') =6 (N — N') (5.24)

and the formal solution for the sourced modes is obtained integrating over N the dimensionless Green
function and the rescaled source (written inside the square brackets):

A N ~
QY (k, N) = /0 dN' Gy, (N, N') (5.25)

S\(N, k)
(H (N') eN')?

To operationally compute the rescaled Green function G we follow the procedure detailed in section
3.4 and summarized in egs. (5.4) and (5.5), taking care to replace the differential operator in eq. (5.5)
with the dimensionless one defined in eq. (5.21).

The first task is to introduce the auxiliary function F and solve the homogeneous equation:

ONF (N, k) =0 (5.26)

subject to the sub-horizon initial condition (5.5), now expressed in terms of N.
To eliminate the rapidly oscillating initial phase, we define the rescaled dimensionless variable F in
the same way as in eq. (5.14) for the gauge modes:

_ . [k kN —an'
F(N, k) = V2ke ™) F(N, k) = V;/* ;Tke Jo Fyew F(N, k) (5.27)
pl

Therefore the function F can be obtained by solving:

Toe = — L+ b - 2R R+ 2+ LR F (VR

(5.28)
i _ dF _
’F‘N:O_l ’ WN:O_O

that is coupled to the background dynamics through the dynamical variable H (N). We have numeri-
cally integrated this equation together with the background (see the system in eq. (5.15)).

After computing F (N, k) numerically, we can substitute it into the dimensionless Green function,
obtaining:

m [F (N, k) F* (N, k)]

Gr (N, N’ ,
k ( ) Im |:d]:g]]\\7[/,k)f* (N/, k‘)}

ik N/ _dn _ _
Im [e INCEGSE (N, B) BN, E)
= . (5.29)

— ; _ T 2
[T 7] e 07,0

This is, in principle, how we can derive the Green function for the tensor modes to be used in the
power spectrum formula. In practice, however, this method becomes inefficient in the super-horizon
regime at late times. Indeed, once a mode k; exits the horizon at the time N*(k;), the corresponding
auxiliary function F'(N, k;) becomes extremely difficult to compute numerically for N > N*(k;), due
to highly delicate cancellations in the differential equation governing F'. However, this problem is
easily overcome by exploiting the super-horizon asymptotic behavior of the Green function, which
we derived in chapter 3. As demonstrated analytically in eq. (3.66), and confirmed numerically, the
dimensionless Green function satisfies, in the super-horizon limit:

"
lim G (N, N/) _ Ij[(N/) oN+2N' dN

— 5.30
k<eNH(N),eN' H(N') N H(N")e3N” (5.30)
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and in the limit with H(N) approximately constant in the super-horizon regime:

- 1 / ’
) Clim Gy (N, N') ~ —eN N eV (5.31)
k<eNH(N),eN' H(N') 3

/ " N
assuming 3V > €3V’ to simplify the term [e‘3N -
Therefore, at a practical level, it is sufficient to replace the numerically computed Green function
Gr, (N, N') with its asymptotic behavior oc e~ once the mode k; is outside the horizon, for instance,

after neyy e-folds from horizon crossing at N*(k;). Hence, for any time N, we define:
G, (N, N') = G, (N, N* 4 ngyy) e~ NV = (N7 neat) for N' > N* + neut (5.32)
We set negt = 2.

Now that we have rewritten the differential equations and initial conditions in terms of the rescaled
code variables, we can present the numerical method used to solve the system for é, H, A_:,_(ifi), and
F(k;) as functions of N.

For practical convenience, we choose to solve both the background equations and those for the aux-
iliary functions simultaneously, without splitting the two processes’. Therefore, we will place all the
differential equations from (5.15) and (5.28) within the same Mathematica module.

We evolve the system using the Mathematica function NDSolve with the method specification:

Method — {”StiffnessSwitching”, Method — {”ExplicitRungeKutta”, Automatic}}

This strategy is well-suited to our class of differential equations, as it automatically switches between
stiff and non-stiff solvers depending on whether the stiffness criteria are met.

During phases with negligible backreaction, the code typically adopts the Runge-Kutta method, which
is efficient and fast. Furthermore, Mathematica can take advantage of autoparallelization, distributing
the workload, especially large summations, across all available cores. On the other hand, when particle
production intensifies, the system switches to a stiff solver that, though slower, is more appropriate
for handling the strong backreaction regime.

Finally, once we have numerically solved the background dynamics, we need to recast in rescaled
variables also the power spectrum final formula in equation (5.6). We use the code variables definitions
in egs. (5.14) and (5.22). Moreover we implement the change of variables (¢,p) — (X,Y), introducing
the dimensionless integration variables X and Y, such that: p=k (X +Y) , ¢=|k—p/=k(X -Y).
In this way, the integration domain becomes rectangular in shape. Therefore:

—2N{72 oo 1/2 1-4Y2)% (1 £ 20x)4
P\ (N,k) = ezo/ dX/ av ¢ )(+2 Y
512w 1/2 -1/2 (X2 - Y2)
~n o~ A ! 7 1 ! 7. o
y /N AN k* Gr, (N, N') o~ 2iXE (F(N)~70) A+ (N’ kXA Y)) A+ (N’ k(X Y)) n
0 N AN’ AN’
ke A (N E(X4Y a4 <N,’ IE(X_YD
TN H (N (X+Y) +< k(XA )) dN’ *
dA, (N', /Z:(X+Y)) i ) 2
F(X-Y) e A (N’, k(X — Y))
(5.33)

and we note that the integrand is symmetric under the exchange Y + —Y, as a consequence of the
q <> p symmetry of the integrand in eq. (5.6).

9The advantage of this approach is that if one first computes H (N) and then uses it as an external input for the
calculation of Ay and F, there is no guarantee that H(N) has been determined with sufficient accuracy. It may be
accurate enough to produce a reliable plot, but not accurate enough to be used in the evolution of Ay and F. In
contrast, if everything is solved simultaneously, the solver automatically ensures the required level of accuracy.
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For all three integrations (over X, Y and N’) we adopted the trapezoidal rule explained in eq. (5.18),
and the details of the integrations are presented in subsection 5.3.4.

Finally, we note that in equation (5.33) we correct the corresponding equation (A.16) in the main
reference of this chapter [34], which contains an error. The two expressions differ only by the complex
phase inside the integration over N’ in equation (5.33):

exp<—2in%(%(N’)—fo)) - exp(—QZ'Xl% /O v %) (5.34)

that is erroneously missing in [34]. However, we checked that this correction does not significantly
affect the results of reference [34], in particular the sourced gravitational wave power spectrum plot
shown in figure 4 of that work.

5.3.2 Numerical implementation of the UV cutoffs

In this subsection we provide a step-by-step description of how the momentum cutoffs are operationally
introduced in the back-reaction integral (using kyeq(N)) and in the equations of motion for both the
gauge field A and the auxiliary function F (using kvac(N)). In other words, we here discuss the
numerical implementation of the scheme presented in subsection (5.2.2).

We regularise the backreaction integral by writing:
Treg(k) = R(N, k) Z(k) (5.35)
where Z(k) is the integrand, and R(N, k) is a smooth regulator:

1 for 0<Ek < keg(N)
R(N,k) = (5.36)

0 for kreg(N) < k

A sharp Heaviside step would work in principle, but Mathematica solvers behave better with an
analytic smooth function, so we choose:

R(N, k) = % {tanh [103 In (’fgk(m>

+ 1} (5.37)

where the parameter 103 determines the sharpness of the regulator at k ~ l%reg(N ), effectively making
it behave like a Heaviside step function in practice.

The scale /;:reg(N ), defined in (5.10), is evolved together with the other variables. At the start of
inflation, when back-reaction is still small, ki, (V) increases monotonically, so:

kreg(N) = ki (N) (early times, weak back-reaction) (5.38)

where we recall that Ko 1S deﬁn~ed in (5.8). Once the system enters the strong back-reaction phase,
kine (V) can decrease, however, kieq(N) must always grow or stay constant. We can enforce this in
Mathematica using WhenEvent trigger inside the NDSolve function. The event is represented by
the change of sign of the derivative of the function kty,, namely when:

- d%20
eV aLe (5.39)

dN dN dN dN dN?

which signals that &y, (N) has just turned over and we have reached a local maximum. The current
value of /Z:thr, when the event is triggered, is then appended to the list I@loc’max (the list of local maxima
reached so far), and a discrete variable Eloc,maX(N ) is updated to the largest entry of that list, namely
l%loc’max — MAX [Kloc,max]. We use the option DiscreteVariables to include in the evolution a
discrete variable (l?:loc,max(N )) which is a function to be evaluated by NDSolve, that has an initial
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condition but that does not obey a corresponding differential equation. .
Therefore, a smooth cutoff for Ereg(N) (see the definition in (5.10)) can be obtained from kg, and
Eloc,max(N) as follows:

l;reg(N) = % {tanh [103 In (m> + 1} /%thr(N)

2 ) tann [ 103 1m [ FueN)
2 kloc,max(N)

In this way, at every moment l;:reg(N ) equals the highest value that Kinr has ever reached, smoothing the
transitions between the parts where it takes the value of kg, (V) and those of kioe,max (V). Figure 5.1
shows kreg(N) alongside ki, (N) for the simulation that will be described in the next section 5.4.

+ 1} Kloc.max(N)  (5.40)

T T T T T T T T T T T

1018 | 4
1018 1
1014+
1012+

1010;/\_/)

8 \ L . . | . . . \ . \ L . L . . .
10 20 25 30 35 40

Mt

Figure 5.1: Comparison between ki, (N) (red) and kyeg(N) (black dashed), see the definitions in subsection
(5.2.2). The red curve briefly disappears when the inflaton changes direction; in logarithmic units this drop is
too fast for the chosen resolution, but it does not affect the regulators l;reg(N ) and lz:vaC(N ), which depend only
on the maximum value reached by l;:thr(N ) in the past.

Concerning, instead, the ultraviolet cutoff for the gauge modes A, and the auxiliary functions F, we
make the right-hand side of the last line in (5.15) and the right hand side of the fist line in (5.28)
vanish whenever the comoving momentum exceeds kyac(INV):

_ ~, ~ 2 ~ ~ ~ _ ~ _ ~
d’A, - 2 do 2ik  2V(¢) | dAL kA, do
ane ~ RN TG\ | T ey T s | vt e an (541
&2 F - 1dH 2k |dF 1dH| -

where in the regulator R(N, k) defined in eq. (5.37) we replace kreg(N) with kyac(N). The idea is
straightforward: a mode that exceeds the cutoff gzvac(N ) remains at rest, because its first derivative
is set to zero by the initial conditions and the regulator forces its second derivative to vanish. When
the cutoff l;vaC(N ) exceeds that mode the regulator becomes unity and the mode begins to follow the
full equation inside the curly brackets of (5.41) and (5.42).

5.3.3 Comoving momentum to present frequency conversion

In this subsection we relate the comoving wavenumber k to the present frequency f, crucial for the
comparison between the predicted power spectra and the sensibilities of the various experiments.
We start by relating the parameter V{ to the tensor-to-scalar ratio r at CMB scales. Under the
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5.3. THE NUMERICAL IMPLEMENTATION

assumption that the sourced modes are highly subdominant to the vacuum ones at CMB scales and
that the inflaton potential initially highly dominates the energy density of the universe, the amplitude
of the promordial power spectrum is given by:

_ HZ 2V
s 8772M36 T 3n2r

(5.43)

where Hi, ~ \/\gg is the Hubble rate at the initial times (when the CMB modes are produced) and
p

2 2
where € = " <% %) is a slow-roll parameter, related to the tensor-to-scalar ratio by the relation

r = 16 €. We assume the “Best Fit” values in Table 1 of ref. [38] for the cosmological parameter, giving
Ay ~2.1-107°. Therefore:

~ r

Vot ~ 0.0055r s, ro0s = e (5.44)

where we normalized the tensor to scalar ratio to its current upper bound [59,60]. We parametrize
the energy density at any moment during inflation by its ratio to the initial inflaton potential as:

P/ = g AV~ g Al < 1,34 1010 GeV (5.45)

where we stress that ¢, = 1 at the start of our simulation (disregarding the highly subdominant
contribution of the inflaton kinetic energy and of the energy density of the gauge field). We assume
instantaneous reheating at the end of inflation, providing the reheating temperature:

30 1/4
Tond = <2pnd> ~ 5.50 - 10'° GeV ¢/ 4 i/t (5.46)
T° Gx,end ’
where we have assumed the Standard Model degrees of freedom gy enqg = 106.75 and where geng

is the parameter ¢ introduced in (5.45) and evaluated at the end of inflation. This temperature
can be related to the present CMB temperatue, Ty ~ 2.35 - 10713 GeV, by conservation of entropy,
Jx,s a3 T3 = constant. From Gx.s,end = Gxend = 106.75 (assuming the Standard Model field content)
and from g, 50 =~ 3.909 (including the neutrinos contribution, since they decoupled while relativistic),
we then have:

1/3
Gend 90 Ty 1421072 5.7
agp T1/3 Tond  o1/4,.1/4 )
g*,s,end Qend T0.03
A mode with comoving momentum k = ML‘;O k has the current frequency:
/4 3
k k
f= ~ 1.66 - 10716 Gev [0.03 (5.48)
2mag 1/4 Gend
Qend
where the relations (5.44) and (5.47) have been used. In our convention aen,q = €. Therefore:
e\ /A
f~22.107%% (003> Hz (5.49)
Gend

which provides the wanted relation between the rescaled comoving wavenumber k labeling any mode
in our notation to the present frequency f of this mode.
5.3.4 Additional comments on the numerics with Mathematica

In this subsection we present an overall perspective on the numerical framework implemented in
Mathematica. We start with the implementation of the background set of differential equations using
the function NDSolve.

The differential system we solve is composed of the scalar-field equation of motion, the Friedmann
(Hubble rate) equation, one equation for every plus polarization gauge field mode, and an additional
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one for every auxiliary function F mode (disregarding the gauge-field polarization that never becomes
tachyonic). Therefore, the system contains 1 + 2ip,.y second-order equations together with a single
first-order equation (for the rescaled Hubble rate). Each second-order equation is rewritten by isolating
its second derivative on the left-hand side and moving the remaining terms to the right. We then
convert the entire set to first order by introducing auxiliary variables wherever required. Specifically,
for a generic variable Z(N) obeying a second-order equation, we introduce the auxiliary variable
Zaux(IN) so that

Z'"Ny=... — A{ZL(N)=..., Z'(N)="Zax(N)} (5.50)

Consequently, the system now comprises 3 4 4iyax first-order equations. Next, we split each gauge
mode and the auxiliary function F into their real and imaginary parts,

ﬁ(Nv I;) = ﬁRE(Nv I;:) + 2“’T:‘U\/I(J\[a I;) A(Na ];7) = ARE(N7 ]%) + Z.AIM(]Va ];7) (5'51)

and evolve those parts separately. This step removes all explicit factors of ¢ from the equations of
motion and generally enhances numerical stability because every evolving quantity is taken to be
real. The equation count thus becomes 3+ 8iy,ax (the number of equations it does not precisely double
because the background inflaton and the Hubble rate are real). Finally, including the discrete auxiliary
variable l%loc,max introduced in the previous subsection for computing the backreaction cutoff yields a
total of 4 + 8ipyax, which corresponds to 2804 equations once imax = 350 (as we wrote previously).

Concerning instead the power spectrum Py computation. The numerical solutions of the rescaled back-
ground functions enter in the expressions (5.29) and (5.33) to obtain the gravitational waves spectrum.
Several technical points merit to be mentioned before performing the integrations in equations (5.33).
Firstly, regarding the integration over N inside the absolute value in eq. (5.33), we discretize time in
steps of AN = 0.5 (two points per e-folds) and, at each fixed N, interpolate the real and imaginary
parts of the gauge modes solutions over k; to obtain smooth functions of momentum. These are, as a
consequence of the regulators implementation, cut off sharply in the ultraviolet at I;:reg; this regularizes
the gravitational-wave integral and removes any unphysical UV component.

For the (X,Y) integration in (5.33), we construct a 80 x 40 grid that is uniform in In(X) and in Y,
respectively. In particular, for the X domain we integrate between 1/2 and a somewhat arbitrary
and sufficiently large cutoff which we set at Xpax = 4000, instead for the ¥ domain we exploit the
Y < —Y symmetry of the integrand and therefore we integrate between 0 and 1/2, multiplying the
final result by two. The logarithmic spacing in X captures the integrand’s principal support, whether
it lies near X ~ 1/2 or at much larger values. A linear lattice is sufficient in the Y direction.

To compute the power spectrum for an external mode I~c, we pick that mode from the original set of
{ki}ti=1,. imax- Then, the one-dimensional time integral inside the absolute value brackets of (5.33) is
first evaluated with the trapezoidal rule (see equation (5.18)) for every pair (In X,Y), yielding 80 x 40
such resulting integrals. We then square the magnitude, multiply by the polarization dependent
prefactor, and carry out the remaining two-dimensional (In X, Y") integral, again using the trapezoidal
rule for each GW polarization (plus and minus). For the two-dimensional trapezoidal rule, we need
to sum the contributions from the 4 vertexes, the 4 edges and the bulk of the rectangular domain:

Xmax Ymax Al XAY
/ dX/ dy f(X,Y) ~ 22220 o

Xrnin Ymin 4
(5.52)
X X f(X0Y;) +2 > Xif(XuY;) +4 ) X f(X,Y))
ie{17irrxax} (27.7) on edges 1<Z:<i.max
JE{1,jmax} excluding corners 1<j<jmax

Testing different time and momentum resolutions confirms that this procedure produces convergent
and reliable results.
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5.4 Model Definition and Results

In this section we present the results produced by the code outlined in the previous part of this
chapter, for a particular inflaton potential V' (¢) and for a given axion decay constant f. We remind
that the goal of this chapter, which resumes the one of [34], is not to carry out an exhaustive scan
of the entire landscape of all possible theoretically motivated models. Rather, we wish to show how
a simple potential, described by a few parameters, and an axion decay constant with a value within
the allowed range in eq. (4.36) can push the system into the strong backreaction phase for part of
inflation and leave characteristic signatures in the gravitational waves power spectrum at frequencies
that can be probed by pulsar-timing arrays, astrometric surveys, and space-based interferometers,
without spoiling the current bounds.

In subsection 5.4.1, we present the model (V(¢) and f) used in our numerical simulations. In subsection
5.4.2, we display and discuss the background evolution results. Finally, in subsection 5.4.3, we compare
the resulting tensor power spectra against the sensitivity curves of current and future gravitational
waves experiments.

5.4.1 Model definition

The potential that we consider for the simulation is the same that was used in reference [34]. It
starts with an almost flat region on CMB scales, with a slight negative curvature compatible with
current CMB measurements; it then steepens, boosting the axion velocity, driving the system away
from the small backreaction regime. The potential later becomes flat again, reducing the production
of gauge field particles and thus avoiding: excessive Primordial Black Holes PBHs formation [61,62],
an overabundance of GWs production at reheating [63,64], and a SGWB in tension with ground-based
interferometer bounds [65].

As already stated, the precise expression of the potential, and its theoretical motivation, are beyond
the scope of this work. For the same reason, we will not focus on a rigorous treatment of the end of
inflation, and we simply assume that new degrees of freedom appear (i.e., additional particles become
relevant) after approximately 60 e-folds, bringing inflation to the end. Instead, we concentrate on
the analysis of the period during which the strong backreaction regime is active, illustrating how a
sufficiently steep potential can lead to the production of a detectable amount of gravitational waves
at frequencies higher than those probed by the CMB. However, for concreteness, we fix a potential
that satisfies the CMB constraints at the beginning.

More precisely, the potential begins with a quartic hilltop section (¢9 < ¢ < ¢1) and proceeds into
two linear segments (¢2 < ¢ < ¢3 and ¢4 < @), which are smoothly joined using quadratic matching
functions. Altogether this yields five branches and the piecewise potential reads:

- (i-dn) - (0-d) —a(i-a) —a(G-h)| w<i<a

- P1*+p20+p3 $1 << b

V(¢) = esd+ps 5 < 6 < és (5.53)
ps ¢° +pe ¢+ pr $3 < ¢ < ¢y
6 ¢ + ps $s< ¢ .

Note that the potential is defined in code variable (see (5.14)) as in [34]. The coefficients c¢1—cy4
are adjusted so that backreaction is negligible on CMB scales and the predictions align with Planck
results [2].1° The slopes c5 and cg govern the axion velocity and the particle production at intermediate
and late times, respectively. The remaining parameters p;j—pg are then determined by continuity of V
and V' across the five segments.!! Figure 5.2 shows the potential (in code variables), with parameters
provided in the caption. Red vertical lines mark the field value at the beginning of the simulation,

10Ty particular, the coefficients c¢3 and ¢4 are not strictly necessary either to reproduce the CMB phenomenology or
for the purposes of our work, and can be safely set to zero. We keep them for consistency with [34].
118 parameters to satisfy 2 smoothness conditions for each of the 4 junctions.
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60 e-folds before the end of inflation, and the end of inflation itself.'?> Black dashed lines indicate the
transition points between different segments.

1.0+

0.8r

50 100 150 200 250 300 350 400

¢

Figure 5.2: The five-segment potential defined in eq. (5.53). Parameters values: &0 = b7, (2)1 = 112, g£2 =
186, ¢3 = 221, ¢4 = 317, c1 = 9.48 x 1074, co = 2.39 x 1075, c3 = 9.05 x 1077, ¢4 = 3.97 x 107!, and line
slopes ¢5 = —4.95 x 1073, ¢g = —3.68 x 1074

To complete the definition of the model, we also need to specify the strength of coupling 1/f between
the axion and the gauge field. Together, the coefficients in (5.53) and the axion scale f specify our
benchmark model. The energy scale of inflation Vj, indeed, can be derived by fitting the amplitude of
the primordial scalar perturbations for CMB modes As &~ 2.1 x 107 [2], as we showed in subsection
5.3.3 of the previous section:

Vo [* V(o)

V() code var, 2
1252 (V'(d0))

__ V)l A, =
1272 (V/())* | g

(5.54)

S

For our potential, this equation brings to: Vo = V(¢;) = 7.3-1071° M;}l.

Regarding the axion scale f, we select a benchmark value in agreement with the discussions of the
previous chapters and so with the range (4.36). For consistency with the work in [34] we use f =
M, /57. however, in the next chapter we will consider different values of f in the allowed range.

5.4.2 Background evolution

Once the model is specified, the simulation can be performed and the results are presented in the two
final subsections of this chapter. We start with the background dynamics (first the small backreaction
regime and then the strong backreaction one).

With this parameters choice, the system lies in the weak backreaction regime at CMB scales for the
e-folds range 0 < N < 15, giving ny = 0.96 and r = 0.023, consistent at 20 with present limits [2]. The
consistency with the small backreaction regime, studied in chapter 4, can be verified by comparing the
Hubble H and ¢ parameters in the first part of the simulation with the inequalities in equations (4.9)
and (4.10). Moreover, we can notice that £ remains approximately constant in that part of inflation,
as well as the Hubble parameter, coherently with the assumptions of chapter 4.

As the potential steepens (15 < N < 20), the system turns into the strong backreaction regime
and conditions (4.9) and (4.10) (exponentially sensitive to £) break. The strong backreaction phase
(20 < N < 40) features a non-trivial inflaton speed evolution, visible in the oscillatory behavior of
&(t) b (fourth panel of figure 5.4). This oscillatory behavior can be understood as follows: when the

12For a simulation that does not take into account the backreaction of the gauge field. When the friction is included,
the end of inflation (60 e-folds after the start of the simulation) occurs earlier.
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potential becomes steeper, the inflaton accelerates and thus £ increases. The growth of £ enhances the
backreaction term, which in turn slows down the inflaton and causes & to decrease. As £ decreases,
gauge field production is strongly suppressed, the backreaction term becomes small again, and the
inflaton resumes accelerating, leading to a renewed growth of €. This feedback cycle repeats, resulting
in the characteristic oscillations observed in the evolution of £(¢).

The first two panels, instead, show the evolution of the Hubble parameter H and the slow-roll param-
eter ey = —H /H? defined in chapter 2; the evolution of these two parameters, confirming departure
from standard slow roll, in addition to the fact that ey # €y (see the third panel). Anyway, for the
entire duration of inflation the slow-roll conditions remain verified ey, ey < 1.

0.000016 :
0.100}
0.000014 0.050}
" 0.000012} . 0010}
H
My, 0.005}
0.000010
0.001}
8.x107% [ 4
‘ 5.x1074 H ‘
0O 10 20 30 40 50 60
N
0.100}
0.050 |
€]
" 0010} d
0.005 |
0O 10 20 30 40 50 60
N N

Figure 5.3: Upper panels: evolution of the Hubble rate H (left) and the slow-roll parameter ey (right). Lower
panels: slow-roll parameter ey (left) and time-dependent parameter £ = ¢/(2fH) controlling the gauge-field
amplification (right). Solid curves include backreaction from the gauge field; dashed curves neglect it. All
quantities are plotted versus the number of e-folds N = In(a(N)/a;), with a; the scale factor at the beginning
of inflation.

As already stated and as we can argue from the dissimilarities between the solid (simulation with gauge
field) and the dotted (simulation without gauge field) lines in figure 5.4, this non-trivial behavior is
driven by the backreaction of the produced gauge quanta. In order to quantify this effect we plot the
integrand B(N, k), defined as follows:

BB _ [
= / d(ink) B(N, k) (5.55)

As we can see from the equation of motion of the inflaton in (3.5), the quantity B (N, k) characterizes
the friction strength of the gauge field modes with momentum k at time N, normalized to the slope
of the potential, responsible instead for the acceleration of the axion. Therefore, when a significant
portion of the spectrum B approaches the critical value of one, its integral also becomes of order one,
indicating that the system has entered the strong backreaction regime. Figure 5.4 shows B(k) at four
representative times (panels ordered chronologically: top-left, top-right, bottom-left, bottom-right)
together with some quantities used in the code implementation and defined in section 5.2 of this
chapter (aH, Kihr, kreg, kvac), evaluated at the same time N.

Since the vertical axis of figure 5.4 is in log-scale, and since B is a real, non positive definite quantity,
the solid curves in the figure actually indicate the magnitude |B|, and the line is blue (respectively,
red) when B is positive (respectively, negative).
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Figure 5.4: Plot of the backreaction spectrum as defined in eq. (5.55). Each graphic corresponds to a different
time, indicated by the value of N on the vertical axis label. In each panel, the blue (red) line denotes the positive
(negative) contribution of a given mode to the backreaction at that given time. The grey dashed horizontal line
marks the reference level that the spectrum must reach to significantly impact the evolution of the inflaton (as
discussed in the main text), this reference is set to one. The green line highlights the mode crossing the horizon
at the corresponding time (k = aH). The solid red vertical line indicates the threshold between stable and
unstable regimes, kin,, defined in eq. (5.8). The black dashed vertical line represents the backreaction cutoff
kreg, as defined in eq. (5.10). Finally, the dotted black vertical line marks the vacuum evolution cutoff of the
gauge modes, kyae, defined in eq. (5.11).

The first panel shows an early time (N = 20) where backreaction is negligible, indeed B < 1 for all
the spectrum. The green vertical line marks the horizon scale k = N H(N); the solid red vertical
line k = l;:thr(N ) separates unstable from stable modes. Both move rightward in this regime, as does
the dashed black line k = INfreg(N ) that represents the upper limit for modes included in backreaction,
defined as the maximum attained by l;:thr. Modes between the dashed line and the dotted black vertical
line k = l%vaC(N ) are evolved in the simulation but renormalised away in the backreaction integration.
The grey dashed horizontal line at unity indicates the threshold for relevance.

The second and third panels correspond to N ~ 30. Here backreaction dominates, indeed the spectra
of B touch the horizontal dashed line. At this point of the simulation the inflaton reaches its third local
maximum in the inflaton speed (see figure 5.4), inducing the corresponding peak in the backreaction
spectrum B. In the second panel the solid red line lies left of the dashed black line, signalling that
backreaction has already reduced ng In the third panel, taken AN = 0.1 later, the red line vanishes
altogether because backreaction has briefly reversed the inflaton motion (qb < 0), a phenomenon
reported in earlier numerical studies [66—68].

The fourth panel shows a late time when backreaction is again negligible. Multiple peaks reflect past
maxima of ¢, but these features now redshift away since production has ceased. The red and the black
dashed vertical lines overlap again.

The temporal oscillations and the backreaction peaks that we can see in the panels of figure 5.4 are
due to the temporal oscillation and the peaks of the quantity £ discussed above. We finally emphasize
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that each panel covers a different momentum range, and at fixed comoving k the integrand decays,
once gauge field production ends, due to redshift.

5.4.3 GWs production

We now turn to the stochastic gravitational waves background produced by our model. Figure 5.5
plots the fractional spectral energy density today Qqw (k) h?, defined in eq. (3.53) and computed
from the GWs power spectrum at the end of inflation (N = 60), for the left-handed (blue) and
right-handed (red) polarizations, together with the vacuum contribution (black dashed), computed in
equation (2.63).

1071+
1074+ Sensitivities
— ET
7L
" — BBO
o VA4
S w0r )/ — DECIGO
&)
a 10_13/ NANOGRAV
— THEIA
1070 ] — SKA
19 — LISA
10719 -
‘ . ‘ — HLVK
1079 1077 1075 1073 1071 10' 108

1 [Hz]

Figure 5.5: Sourced GW power spectra for the left (blue) and right (red) helicities, plus the vacuum (black
dashed). The sensitivity curves for current and future detectors (taken from [69], and [70] for THEIA) are
shown togethe for ET (Einstein Telescope), BBO (Big Bang Observer), DECIGO (DECi-hertz Interferome-
ter Gravitational-wave Observatory), NANOGrav (North American Nanohertz Observatory for Gravitational
Waves), THEIA (Theia), SKA (Square Kilometre Array), LISA (Laser Interferometer Space Antenna) and
HLVK (Hanford-Livingston-Virgo-KAGRA network). Squares, stars, and triangles denote frequencies for
which we computed the degree of chirality Ay, defined in eq. (5.56). For the conversion between comoving
momenta k and currently physical frequency f we used the formula in eq. (5.49) from subsection 5.3.3.

Oscillations in £(/N) map directly onto oscillations in Qgw(f), leading to an enhancement of the
spectrum by many orders of magnitude compared to the model without the gauge field (i.e., the
vacuum power spectrum). This enhancement pushes the gravitational wave signal beyond the thresh-
old required for detection by many prospective future experiments, spanning the PTA, astrometric,
and space-based interferometer windows, while remaining compatible with current experimental con-
straints (see HLVK, which stands for the Hanford-Livingston—Virgo-KAGRA network).

These oscillations occur with a frequency that matches the periodic behavior of the gauge particles
production (induced by {(NN) parameter) when we consider the horizon exit of the various modes with
respect to the number of e-folds. The precise position and width of the peaks depend on the detailed
profile of the inflaton potential V' (¢), but any potential with a similar slope evolution should produce
a spectrum resembling figure 5.5, as we will see in the next chapter.

These features can be interpreted through a sequence of considerations. The most immediate one is
the direct link between the instantaneous value taken by & at any given time during inflation and
the modes produced at that time. Let us consider two well-separated times, ¢; and 9, and assume
that £ takes on the values £; and & at those times, respectively. For simplicity, we also assume that
¢ remains approximately constant for a short interval around both ¢; and to, In this way, we can,
as a first approximation, use the results obtained in the previous chapter 4 and state that gauge
field and so Qqw are proportional to e¢. Under this assumption, gravitational waves of frequency f;
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(respectively f2), which exit the horizon near ¢; (respectively ¢2), are predominantly sourced by gauge
field modes that also cross the horizon at those times, with amplitudes determined by &; (respectively
&2). Consequently, if & > &, then Qaw(f2) > Qaw(f1).

This behavior is clearly visible in our results. However, an additional effect arises due to the variation
of £ over the few e-folds during which a given GW mode is efficiently sourced. A GW mode with
momentum k is generated by the interaction of two gauge modes with momenta p and gq, satisfying
p+q = k. If ¢ is rapidly increasing during the horizon crossing of the mode k, then gauge modes with
momenta larger than k acquire significantly higher amplitudes than those with momenta of order k,
and hence dominate the production of GWs with momentum k& (with p and g nearly anti-aligned). In
contrast, if £ is approximately constant or decreasing, GW production is dominated by gauge modes
with momenta close to or smaller than k.

Finally, we notice the presence of parity violation in the GWs spectrum Py (k) > P_(k) produced in
our benchmark model. Across the central and most relevant scales, one circular polarization (in this
case the plus polarization represented by the red curve) clearly dominates. Although strong parity
violation is expected in this mechanism, as highlighted by reference [12], we find that the degree of
chirality varies widely with frequency. For the three marked points in figure 5.5 (square, star, triangle)
we obtain:

_ Ph7+ - Ph7,

A p—
X Ph 4+ + Pp -

(5.56)
respectively, Ay = 0.41, 0.990, 0.9995.

The considerations made in the previous paragraph regarding the gauge field modes that dominate the
GW power spectrum clarify why the GW polarization visible in figure 5.5 is strongly scale dependent.
The GW modes at the frequencies marked by squares in that figure show almost the same amplitude
in the two polarizations, since they are generated during a period of rapid growth of &. In contrast,
a pronounced polarization appears at the scales indicated by stars and triangles, produced during a
stage in which & was, on average over a few e-folds, nearly constant and then decreasing. As discussed
above, in the first situation the production is driven by high-momentum, nearly head-on gauge modes.
These two gauge excitations carry almost opposite helicity, so the in-state has nearly zero total spin
and sources comparable power in the two GW polarizations. In the other two situations, production
is dominated by gauge modes with momenta smaller or equal than k, which leads to a polarization-
dependent GW signal.

To make the interplay between inflaton dynamic, gauge field production, and GW generation more
intuitive, the authors of [34] created an animation of the background simulation and the produced
SGWRB accessible from the following link. The various panels display the evolution of the inflaton along
its potential (top left), the particle production parameter ¢ (top right), the backreaction spectrum®?
(bottom left), and the gravitational wave power spectrum (bottom right) computed at the same time.

Finally, we want to stress again that the results shown in this section are based on one specific
example of a potential, chosen to highlight the kinds of effects that can appear while still matching
CMB observations. However, the numerical tools we use are not limited to this case, they can be
applied to many different types of potentials and a wide range of values for the inflation-gauge field
coupling f~!. This makes it possible to explore a variety of interesting and different behaviors beyond
the example we focused on here. And we will make use of this fact in the last section 6.3 of the next
chapter, where we will investigate variants of the model presented in this chapter.

131n particular, the rescaled quantity Beom = (e*V /e**5) B is plotted, with B defined in equation (5.55).
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Chapter 6

Towards the Study of Full Backreaction

Motivated by the most recent lattice simulations on axion inflation coupled to gauge fields [35-37], we
present, in this chapter, a perturbative approach to study the validity of the homogeneous backreaction
approximation, extending the work in [34], which was reported in detail in previous chapter of this
Thesis. While full lattice simulations remain the most complete approach for capturing the dynam-
ics of inhomogeneous backreaction, they are computationally very expensive and have, so far, been
performed for only a limited set of parameters and for a relatively short amount of e-folds (typically,
5-7) of inflation. This is the main motivation for the approximate method explored in this Thesis, in
which the inhomogeneities of the inflaton are treated perturbatively. To ensure that accuracy of our
results, we extend this numerical scheme method, originally developed in [34] for an exactly homo-
geneus inflaton, to include inflaton perturbations and to assess when they can indeed be disregarded.
Once established, this numerical scheme can be employed to compute the homogeneous backreaction
regime throughout the entire inflationary evolution and across a wider range of models.

In this chapter, therefore, we improve the numerical analysis presented in the previous chapter 5
for the strong homogeneous backreaction regime, with the goal of identifying the conditions under
which the homogeneous inflaton approximation remains reliable. In particular, the method we present
allows us to numerically determine the power spectra of scalar and tensor perturbations of their time
derivatives, namely:

Phi(N’ k) ; Ph’i(Na k) ) P(S(f)(Na k) ) P5¢/(N’ k) (61)

at any given time N during inflation, using an approach analogous to the one employed for the com-
putation of Py, (IV, k) in the previous chapter. Subsequently, we employ these quantities to compute
the average energy densities of the perturbations, pSW (V) and p°?(N), throughout entire inflationary
evolution. By monitoring these quantities, and the energy densities of the background fields, such as
the inflaton and the gauge field, we can identify, in a physically reasonable way, the moment when
the perturbations contributions to the inflaton dynamics become comparable to the background ones
(in the background equation of motion, in particular the inflaton one), marking the breakdown of the
homogeneous approximation (when p°? ~ pf;n). Finally, we will explore how this effect depends on
variations in the model parameters, namely the inflaton potential V' (¢) and the axion decay constant
f, with the aim of identifying the region of parameter space in which the homogeneous backreaction
regime can be consistently applied. In these cases, the model is under control and we can compute
the phenomenology associated with scalar and tensor perturbations generated during inflation.

We now begin by addressing the modifications to be implemented in the numerical code in order to
compute the power spectra Ph’i(N k), Ps¢(N,k), Psg/(N, k). In particular, the last two, associated
with the scalar perturbation and its time derivative, will be required to compute the average kinetic
energies, pﬁi (N) and pi?ﬂ (N), of the perturbations during inflation.
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6.1 Computation of P, , By, Psy

For the computation of the scalar power spectrum Ps4(N, k), we can exploit the same numerical
scheme presented in section 5.2 of the previous chapter, covering the background dynamics, the Green
function computation, and the final integration used to obtain the power spectrum. The computation
for scalar perturbations differs from that for tensor perturbations in two aspects:

e The homogeneous differential equation for the auxiliary function F'(N, k) for scalar perturbations

differs from the tensor case by the term a?m?, as it can be seen from eqs. (3.56) and (3.57);

e The relation for the sourced power spectrum of the scalar perturbations, shown in eq. (3.36),
differs from the one for tensor perturbations, given in eq. (3.52).

Regarding the first point, the necessary modification to the code consists of adding the potential term:

~
ang code var. V; (fl)) (62)

F2H2

to the differential equation for F'. Therefore, eq. (5.28) becomes, in the scalar case:

d2 F(N,k) _ 1 dH 2k | dF(N,K) 1di_ V"(D)] £
aN? )__[1+ﬁd7N_ﬁ} i +[2+§W_f2f12 F N ) (6.3)
6.3

ny:():l , =0

W|N:0
Concerning, instead, the formula for the power spectrum, it is necessary to use eq. (3.36) instead of
eq. (3.52). As for tensor perturbations, we recast it in terms of dimensionless code variables. Using
the definitions in eqs. (5.14) and (5.22), and implementing the change of variables (¢,p) — (X,Y) (so
that the integration domain becomes a product region, where the limits of integration in one variable
do not depend on the value of the other variable), we obtain the following expression for the power
spectrum of the dimensionless combination 5¢/Mpl :

—2N7y72 1/2 4X2
Poone, (NR) = S0 [Tx (- ax?®
# 51274 f2 J1/2 1/2 —v?2)?

NUBGN N ke s dA. (N’,%(X+Y)) i
r v IkEY SV ) 2 Xk (F(N')—70) _ o
x /0 N e (X —Y) — A+< k(X Y)) +

dA, (N’, k(X — Y))

+(X+Y) —

A (N R(X+Y)) +
2

2 k
N H (N

; (X2—Y2)A+ (N’, ]};(){+Y)>A+ (N’, IE:(X—Y))}

(6.4)

In conclusion, with these two considerations, we can compute the power spectrum of inflaton pertur-

bations Pse (N, k) at any given time. In figure 6.1 we show the power spectra of ¢ /M, as a function
k A

of the perturbation physical wavenumber kPP = £ —

k for some values of NV, see the discussion
ao ag My

in subsection 5.3.3.

In the second part of this section, we focus on the power spectra of the derivatives (with respect to
N) of the perturbation fields. We first consider the tensor perturbations h+ but, as we will see, the
procedure is the same also for the scalar case. Following the tensor decomposition of h;; into hy in
eq. (3.38) and the Green function method for the sourced part of the solutions for hy in eq. (5.25),
we can write:

RS (N k) = ?GN /NdN/ Gr. (N, N') !W] (6.5)

M, 0 (H (N') eN')?
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Figure 6.1: Power spectrum of §¢/M,,; as a function of the physical wavenumber kP =k /ag at different times,
computed using equation (6.4). The gray dashed nearly horizontal line is the power spectrum relative to the
vacuum.

where Gy, (N, N') is the rescaled dimensionless Green function (eq. (5.22)) and Sy(N, k) is the source
of tensor perturbations, see eq. (3.40).

Now, differentiating the field with respect to the number of e-folds:
d ;(s) 2 /N / 5 / d - / 3)\<“’a k)
h N,k dN" | —=Gi (N, N —Gr (N, N — 6.6
av's k) =5 G (N N') + gy G (N, V') (H (N') eN' )2 (6.6)

where we used the property of the Green function _C’;k( , N) = 0. Thus, it is straightforward to

conclude that the power spectrum of the quantity 7 4 h(s) (N, k) can be obtained in an analogous way
of hg\ )(N, k) by replacing:

- . - d -

Ge (N, N') — GI(N,N') = (gk (N, N') + =Gk (N, N’)> (6.7)

In order to compute the derivative of the Green function with respect to the number of e-folds, we
can differentiate equation (5.29):

-7 N dn _
o W Int e (&F (V. k) -

d
W H(N)N
dF(N', k) T4
I |28 P (v, )|

F (N, k:)) F* (N, k)] s
6.8

d Im [
7g~k (N7 N/) =
dN
e |7V, k)|
Since the derivative of the auxiliary function ﬁf" (N, k) is directly computed in the code simulation,
see subsection 5.3.4 and in particular eq. (5.50), it is straightforward to implement the relation for
%Qk in the code. As a consequence, the Green function to use in order to find the power spectrum

of diNiALE\S) (N, k) is

—ik [N ~d7nn _ i _ _,
Im [e I e (%}“(N, B)— (1+ H(]\f)eN)f(N, R)) (Y, k)}
GIT (N, N') = Fon h _ - (6.9)

Finally, for the power spectrum of the time derivative of axion perturbation d¢’, the solution for the
sourced part of the field can be written as (see egs. (3.16), (3.23) and (5.22)):
J(N', k) ]

(1) o

N
56 (N k) = ;V /0 dN' Gy, (N, N') [

63



P, (N.K)

dN

6.2. ENERGY DENSITIES

where J(N, k) is the source of scalar perturbations, see eq. (3.18).
Since the time dependence of the field solution is formally identical to that of the tensor mode, the

procedure just outlined for h/, can repeated also for d¢’, leading to the same formal replacement
Gr (N, N') — Gdff (N, N).

In summary, PdhA (N, k) and Pd(5¢ e (N, k) can be computed substituting Gy, (N, N') with GI'ff (N, N7),

from equation (6 9), in the expressmns (5.33) and (6.4), respectively. In figure 6.2 we show these two

power spectra as functions of the perturbation physical wavenumber kP = ch; = 110\/1\;1 k, for some

values of V.
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Figure 6.2: Power spectra of -%h, (the dominant polarization, on the left) and -%6¢/M, (on the right) as
functions of the physical wavenumber kPY = k/aq at different times.

6.2 Energy Densities

Understanding, a posteriori, whether a series of approximations made a priori are valid or not is
not an easy task when dealing with complex systems such as the one we are studying in this work.
As we explained above, the diagnostics we want to implement in order to monitor the validity of
the homogeneous backreaction assumption is the computation of the energy densities carried by the
perturbations (as a function of time). We expect that, as long as the energy densities of d¢ and
h+ remain much smaller than those of the background fields, the perturbations do not significantly
impact the system evolution. In particular, we expect that homogeneous backreaction is an accurate
approximation as long as the gradient energy of the scalar field remains smaller than the the kinetic
energy of the background inflaton.’

For the explicit computation of the energy densities we start from the effective Lagrangian density
of our theory (see eq. (3.3)) and we compute the corresponding Hamiltonian for each canonically
rescaled field. For instance, for a generic Lagrangian density £ and a generic field x:

) 0L, x, V )
Hx: X, Vx) = XW — LO6X VX) (6.11)
For the inflaton field we obtain, see eq. (2.22):
1
prm) = 5o (802 + (V6P) +V(9) (612)

Therefore, separating the contributions of the homogeneous background ¢(7) from from those of the
perturbations d¢(7, x), we find:

¢ _ (&)2 code var. I:IQJZQ d(z; 2
Piin = "9q2 5 <W> (6.13)
o = V(§) L0 W [V(9)] (6.14)

Tt is fair to remark that, although reasonable, this statement is not supported by a rigorous mathematical proof, and
it should be validated by means of a full lattice simulation.
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for the background ¢(7), and:
s\ 1L 1
<pkin> - 2(12 <6¢, 6¢/> — @ /d(ln k) P&b/(kﬁ)

r72
H? / d(In %) Pugss) /Mpl(l})] (6.15)

code var.

Vo

2 dN

(0 4) = T;WM - Vig) = 2%2 / d(Ink) k* Psy(k)

~ 2
code var. 1 by k by
codevar, 2/d(lnk) (eN) Psgar, (k) (6.16)

(i) = 3V"(@) (69.88) = 31"(@) [ () Pro(k)

codevar vy [{d{v /d(ln k) Psg/nr (1%)] (6.17)
22 dg? "

for the perturbation d¢(7, ), where we used that (6¢) = 0. We stress that, concerning this last set of

equations, the energy densities of perturbations p?® are stochastic variables that depend on time and

space; however, due to the homogeneity of the system, the ensemble average? does not depend on the

spatial coordinates.

Regarding, instead, the energy density of the tensor perturbations we start by considering the per-
turbed (up to second order) tensor sector of the action for the canonically rescaled variables @. In
particular, from equations (2.54) and (2.55) we obtain:

9 1 a//
St = 5 /dT dr Y [Q’f —(VQx)? + GQK} (6.18)
A=+,—
We notice that the form of the action for () is the same as that of the perturbed scalar sector,
parameterized by the corresponding rescaled field Qs4, except for the potential term:

2
S5 = % / dr dx [Qg%ﬁ — (VQsp)? + (‘la - a2m2> Q?;d)} (6.19)
For this reason, at leading order in perturbation theory, both tensor degrees of freedom effectively
behave as a massless scalar field minimally coupled to the curvature. In particular, we are allowed to
use equations formally identical to egs. (6.15) and (6.16) for the computation of the energy densities
of the tensor perturbations. Specifically, accounting for the factors in the definitions of the fields @,
we perform the substitution d¢ — My hy/2, obtaining for the kinetic and gradient energy densities:

1 /My [ Myhy\'\ M2

var ? . .
codevar, vy = / d(Ink) P an, (k:)] (6.20)
dN
h 1 Mlh)\ Mlh)\ MQZ
() = 5.3 <v< Al ) v (=2 o / d(Ink) k2 Py, (k)
~ 2
code var. 1 g k ¥

20ver all the possible field realizations.
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Finally, to compute the gauge field energy density, we can directly use equations (3.12) and (5.17)
from the previous chapters:

1
i = 3B+ B%) = oy [k (A 4 KAL)

-2
dA,\ Zk:A,\
HeN

code var. 2N 2 721 4. 12
7 87r2e4N /dk:kz H LN (6.22)

reminding ourselves to properly implement a renormalization scheme, as for example the use of a UV
momentum cutoff, as discussed at the end of section 3.1.

At this point, putting all pieces together, for an axion decay constant f = M,;/57 and the inflaton
potential parameters reported in the caption of figure 5.2, we can show, in figure 6.3, the energy
densities evolution for the fields present in the explicit example considered in ref. [34].3
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Figure 6.3: Evolution as a function of the number of e-folds of various contributions to the energy density. The
blue curve represents the kinetic component to the inflaton background energy density, eq. (6.13). The orange
curve represents the potential component to the inflaton background energy density, eq. (6.14). The green curve
represents the total energy density of tensor perturbations, eqs. (6.20) and (6.21). The red curve represents the
total energy density of scalar perturbations, egs. (6.15) and (6.16). Finally the magenta curve represents the
total energy density of the gauge field, eq. (6.22). The dashed black vertical line represents the point at which
the perturbations total energy density reaches the kinetic energy density of the inflaton background.

As we can see in figure, the potential energy density dominates throughout inflationary evolution,
confirming the validity of the slow-roll regime during the entire inflationary phase; the kinetic energy,
by contrast, exhibits an oscillatory behavior similar to that of ¢ in figure 5.3 (since approximately
pﬁin X 52)

The sourced fields hy, d¢ and A are set to zero at the beginning of the simulation, and, therefore,
the relative energy densities start to grow when the potential becomes steeper and the gauge field
production increases. For them the energy density experiences an exponential growth at N ~ 21
(as we can argue from the linear behavior in the log-plot) and later it starts to oscillate around an
average value. The oscillations are synchronized with the inflaton velocity ones (as we wrote, the
gauge field draws energy from the inflaton velocity during the amplification, producing friction); when
the kinetic energy density goes down, the other three increase (starting from gauge field and later
affecting the perturbations), and vice-versa when the kinetic energy density goes up. In particular,

3For the computation of the total energy density of scalar perturbations (pf:ft> we neglected the contribution form
the potential energy (equation (6.17)) that, being negative, might even cancel the contributions of the gradient and
kinetic energy densities, spoiling the sense of our discussion. However, we expect it to be of the same order of the other
components.
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it happens that when the kinetic energy density decreases, the energy of the sourced gauge field
grows, and their backreaction suppresses the inflaton’s kinetic energy. This, in turn, stops gauge-field
production, so cosmic expansion causes p* to decrease, allowing the inflaton kinetic energy to rise
again. Shortly after, the increase in kinetic energy triggers a renewed growth of p4, reactivating the
backreaction, and the cycle repeats. In the same way, the production of p" and p®® also exhibit
oscillatory behavior. Finally, we can notice the general hierarchy in the average value of the fields
energy densities: pf;ot > piin ~ i~ pll > p?(;

The most important feature that figure 6.3 shows is that the total energy density of the perturbation
d¢ increases until it becomes many orders of magnitude greater than the kinetic energy density of
the homogeneous inflaton at N ~ 22 (see the black dashed vertical line), confirming the suspicions
raised by the lattice simulation results reported in [35-37]. We emphasize that the tensor energy
density p" remains below the gauge field energy density p? at all times. Indeed, since h is sourced by
the gauge field (and not directly by ¢), the tensor sector appears to be under control. The tension
instead arises from the energy density of the inflaton perturbation p°? which becomes comparable to
p? and exceeds the kinetic energy density of the homogeneous inflaton. This makes the assumption
of homogeneous backreaction questionable from N ~ 22 onward. Consequently, we consider as robust
the GW contribution produced before N ~ 22 and already frozen outside the horizon at that time; in
figure 5.5 this corresponds to frequencies f < 6-107° Hz, the rest of the figure is therefore questionable.
Finally, we stress again that figure 5.5 should be interpreted with caution, not because the GW energy
density is too large, but because the homogeneous backreaction assumption becomes questionable once
p%? grows from N ~ 22 onward.

6.3 Varying Model Parameters

Our model is specified by the inflaton potential (defined in eq (5.53) and parameterized by ¢y, ..., ¢4
and c¢i,...,cs) and the axion decay constant f. In this section, we want to vary the choice of some
of these parameters in order to observe how the system reacts accordingly. Our purpose is not, as
already explained, to study all the possible combinations of potentials and constants f; we rather
want to monitor the effects of a straight monotonically decreasing region of the potential in the
presence of a nonzero coupling between the inflaton and the gauge field. For this reason, the piecewise
potential defined in eq. (5.53) and used in the previous chapter is sufficient for this purpose. Indeed,
the potential is characterized by a first very flat region (¢9 < ¢ < ¢1) parameterized by c1, ..., ¢4
responsible for the CMB modes production, which has already been set in [34] to match the CMB
results and we do not need to modify. Then, in the range ¢o < ¢ < ¢3, the potential has a decreasing
straight line with slope c¢5, which is the most relevant part for the phenomenology of this model, in
particular, it is the region where the oscillations occur. Finally, the potential ends (¢4 < ¢) with
another decreasing straight line with a smaller (in module) slope ¢g which should mimic the approach
to a minimum in the potential, where inflation ends; as we already wrote, this region is not relevant for
the phenomenology of our interest and we do not concentrate on it.* These three potential regions are
connected (in ¢1 < ¢ < ¢2 and ¢3 < ¢ < ¢4) by two parabolic functions that smoothly connect them,
ensuring the continuity of the potential and its first derivative (this completely fixes the parameters
in these two connecting regions [34]).

In summary: regarding the potential, we will modify only the intermediate region in order to study
how the system reacts to a steep decreasing straight part of the potential between two (smoothly
connected) less inclined regions.

Therefore, the parameters that are important for our purpose are:

e the axion decay constant f, which, however, has to satisfy the constrains in eq. (4.36);

e the slope of the intermediate region cs;

4In fact inflation does not end in this potential, if we take it at face value. It is straightforward to modify it to have
a minimum at a given value of ¢, so the inflation ends, but the precise form of this modification is irrelevant for our
considerations, and therefore we disregard it.
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e the width of the intermediate region Is_3 = ¢3 — ¢9;

e the "position” of the intermediate region, which should be neither too close to the CMB scales
(so as not to spoil the CMB phenomenology [10]) nor too close to the point where we end
inflation (so as not to produce a signal in a frequency range that is too high to be detected by
the experiments we are considering).

Before starting the discussion, we also want to outline how the model parameters modifications have
been implemented. In particular, since the potential (see eq. (5.53)) is defined as a function of the
code rescaled variable ¢ = ¢/f (see eq. (5.14)), if we modify the value of f, we indirectly rescale the
physical (unrescaled) potential V' (¢). In order to change the parameter f while keeping the physical
potential constant, we need to accordingly rescale the potential parameters in the following way:

~—>I€~ ~Z'—>~il<é c1 —~ KC 62—>I€262 C3—>I€363
) ) ) b )

e — Kkrey c5 — K5, ce — K Cg (6.23)

where k is an arbitrary rescaling parameter.
Regarding, instead, the other parameters cs, ¢; their modification does not alter the other physical
quantities.®

Varying the slope of the inflaton potential

Let us start by studying the impact of varying the two parameters f and cs, which determine, re-
spectively, the strength of the coupling between the inflaton and the gauge field and the slope of
the inflaton potential in the intermediate region. These two quantities have a competing effect in
the inflaton evolution by controlling, respectively, the friction (from dissipation into the gauge field)
and the driving force for the inflaton motion. Our goal is to study whether it is possible to modify
these parameters at a level that sufficiently decreases the sourced scalar perturbations (so to maintain
the validity of homogeneous backreaction, or at least prolong it beyond what obtained in the case
presented in [34]), but still produce an observable GW signal. To decrease the production from the
example considered in the previous chapter 5 (where f ~1 =57 and c5 = —4.95 - 1073 were chosen),
we can either decrease the slope of the inflaton potential (decrease |c5|) or the inflaton-gauge coupling

(increase f ). Both choices reduce the parameter £ = 2]%1 controlling the gauge field amplification.

Starting from the first case, a set of simulations in which we varied only c5 shows indeed a decrease
of the production as the steepness of that potential region is lowered. The decrease of the production
shifts to later times (greater values of N) the moment in which the gradient energy of the inflaton
perturbations reaches the kinetic energy of the inflaton zero mode, namely the moment at which the
assumption of homogeneous backreaction® breaks. As we can see from figures 6.4 (for ¢c5 = —3-1073)
and 6.5 (for c5 = —2.7-1073), once we reach a value of c5 between —2.7 - 1072 and —3 - 1073, the
two curves (pfﬁﬁ) and pﬁm stop crossing each other throughout inflation. We also note that, as in the
example shows in the previous chapter, the energy density in the GW remains subdominant at all
times.

It is worth comparing the results shown in figures 6.3, 6.4 and 6.5, sorted by decreasing slope of the
inflaton potential. While the qualitative behavior of the quantities &, Qgw, and the various energy
densities is very similar, the crucial difference, as we just remarked, is the extent of validity of the
assumption of homogeneous backreaction. The range of validity extends to the left of the dashed
vertical line in figures 6.3 and 6.4, and to the full range shown in figure 6.5. Figure 5.5, and the
top-right panel of figures 6.4 and 6.5 show the GW signal produced in these three examples under

®0f course, if one wants to modify both the slope ¢5 (for example c; — c5) and the scale f (with a rescaling parameter
k), you should implement both changes in c5: ¢5 — K ck.

5More properly, our estimate for this moment. We remark once again that the discussion in this chapter relies on the
assumption that the comparison of the total energy in the perturbations vs. the kinetic energy of the zero mode is a
valid indicator of the breakdown of the homogeneous backreaction. As we already wrote, this needs to be checked with
full lattice simulations. For brevity, we will not explicitly repeat this caveat in the remainder of this chapter, but this
applies to all the following discussion.
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Figure 6.4: Simulation for c5 = —3-1073, and all the other parameters fixed at the original value (i.e., f~1 = 57).

Top left panel: parameter £ controlling the gauge-field amplification. Top right panel: GW power spectra for
the sourced left helicity (blue), the sourced right helicity (red) helicities, and the vacuum (black dashed),
superimposed to the sensitivity curves of current and future detectors. Lower panel: evolution of various energy
density components. The black vertical dashed lines represent the instant at which (pfﬁ) = pffin, or the present
frequency of the modes that exited the horizon at that moment, highlighting the modes (at lower frequencies)
that we can reasonably trust, and those that are not reliable (at higher frequencies).

the assumption of homogeneous backreaction. In the first example (figure 5.5), only frequency before
(approximately) the first peak have crossed the horizon and frozen during the stage of homogeneous
backreaction, and can therefore be trusted. In the second example (figure 6.4), the trusted region
extends to the left of the dashed line, containing the full first peak and the raise of the second peak.
In the third example (figure 6.5), the full region satisfies our criterion to be trustable, and contains
two main peaks, plus the indication of a third much smaller peak. Finally, we note that the amplitude
of the sourced GW signal decreases as the slope of the potential decreases, but it remains above the
detection level in all the three cases considered.

Therefore, we immediately notice that figure 6.5 represents a first major result of this work, highlight-
ing the possibility of having a model compatible with the homogeneous backreaction approximation
which, at the same time, produces a signal in the stochastic background of gravitational waves large
enough to be observed by upcoming detectors (such as LISA).

Varying the inflaton-gauge coupling

The comparison between figures 6.4 and 6.5 allows to estimate the greatest slope of the potential
|c5|max for which the full evolution is in the homogeneous backreaction regime. Namely, |c5|max €
[2.7-1073, 3-107?]. All choices of |c5| < |c5|max satisfy our criterion for homogeneous backreaction.
This range has been found for the specific choice of f~! = 57 of the inflaton-gauge coupling. We
expect |¢s5|max to be a decreasing function of =1, namely smaller (respectively, larger) couplings are
compatible with lager (respectively, smaller) slopes. The results shown in figures 6.6 and 6.7 agree
with this expectation, showing that |c5|max € [3.7 21073, 4 - 10_3] when the inflaton-gauge coupling
is decreased to f -1 = 40.

A second main difference between figures 6.3, 6.4, 6.5 and figures 6.6, 6.7 is worth stressing. The
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Figure 6.5: Simulation for c¢; = —2.7 - 1072, and all the other parameters fixed at the original value (i.e.,

f~t = 57). Top left panel: parameter ¢ controlling the gauge-field amplification. Top right panel: GW power
spectra for the sourced left helicity (blue), the sourced right helicity (red) helicities, and the vacuum (black
dashed), superimposed to the sensitivity curves of current and future detectors. Lower panel: evolution of
various energy density components.

second set of figures is characterized by a steeper potential and smaller friction term (as the coupling
is weaker). As a consequence, the inflaton crosses the intermediate region (¢ between ¢9 and ¢3) in a
shorter time interval (smaller number of efolds AN). As the period of the oscillations (of £ and of the
other relevant output quantities) is comparable between the two sets, in agreement with the analytic
findings of [25], a decrease time spent in the intermediate region results in a decreased number of
oscillations. For example, when we compare the two examples for which the criterion for homogeneous
backreaction is satisfied in the full evolution, we see that the f “1 =40 and ¢5 = —3.7-1073 case (figure
6.7) is characterized by one fewer oscillation that the f~' = 57 and ¢5 = —2.7- 1073 case (figure 6.5).
Nevertheless, the peak amplitude of the corresponding power spectrum does not decrease in magnitude.
We attribute this to the fact that, by increasing the speed of the inflaton in the central region (making
the potential steeper), while at the same time decreasing the coupling strength, these two effects
compensate each other. As a consequence, the parameter £ oscillates between approximately the
same values (2 < ¢ < 6), amplifying the gauge field, and therefore also the gravitational wave power
spectrum, by the same order of magnitude.

A further comment worth making concerns the e-fold number N at which the various models break the
homogeneous backreaction approximation. In all the cases studied so far (figures 6.3, 6.4 and 6.6), this
occurs when the parameter £, which controls the amplification of the gauge field, undergoes a sharp
decrease (corresponding to a strong slowing down of the inflaton) and drops below the value of about
2. This leads us to conclude that, once the evolution of the background fields (and therefore the time
dependence of £) has been calculated, it is possible, with reasonable approximation, to estimate the
moment at which the assumption of homogeneous backreaction breaks down even without computing
the inflaton perturbation power spectra during the oscillations, but only by monitoring the sharp
drops in &.

Finally, if we want to find a value of f such that, even for c5 = —4.95 - 1073 (the original value),
too many perturbations are not produced and the homogeneous backreaction approximation remains
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Figure 6.6: Simulation for f~! = 40, c5 = —4 - 1072, and all the other parameters fixed at the original value.

Top left panel: parameter ¢ controlling the gauge field amplification. Top right panel: GW power spectra
for the sourced left helicity (blue), the sourced right helicity (red) helicities, and the vacuum (black dashed),
superimposed to the sensitivity curves of current and future detectors. Lower panel: evolution of various energy

density components. The black vertical dashed lines represent the instant at which <Pf§1> = pl%in’ or the present
frequency of the modes that exited the horizon at that moment, highlighting the modes (at lower frequencies)
that we can reasonably trust, and those that are not reliable (at higher frequencies).

valid, we must decrease the coupling to f —1 ~ 25. From that point on, the coupling is small enough to
prevent overproduction of inflaton perturbations even along a steep potential (i.e., c5 = —4.95-1073).
We show the results for this choice of parameters in figure 6.8. Moreover, for the same reason that in
the case f ~1 =40 and ¢5 = —3.7-1073 only two oscillations were observed (in ¢ and in the GW power
spectrum), now, with an even smaller coupling and an even steeper potential, only a single oscillation
is observed. This confirms that the inflaton spends even less time in the steep, intermediate region of
the potential and has no time to oscillate more than one time. For the rest, the general behavior is
the same as in the previous cases.

Varying the extent of the intermediate region of the potential

Let us now study the effects of varying the width I5_3 and the position ¢, of the intermediate steep
straight line segment of the potential. Based on the previous discussion, we limit our study of their
effect on the model evolution by looking only at the behavior of the parameter £ over time. In
particular, we want to see how the parameter controlling the gauge field amplification changes when
we increase the width of, or shift the position of, the intermediate part of the potential. We take as
reference models the previously studied ones that were under control, namely without overproduction
of perturbations.

We expect that increasing the width of the intermediate region will raise the number of oscillations
in the inflaton velocity (and thus in &) before the subsequent flattening of the potential halts the
process. This is because a larger width keeps the inflaton in the steeper region for longer, while each
oscillation has approximately the same duration. Moreover, since increasing the width of that portion
of the potential also enhances the amount of kinetic energy acquired by the inflaton (”converted”
from the dominant potential in the more extended region), we expect that this could also lead to
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Figure 6.7: Simulation for f~* = 40, ¢5 = —3.7- 1073, and all the other parameters fixed at the original value.
Top left panel: parameter ¢ controlling the gauge-field amplification. Top right panel: GW power spectra
for the sourced left helicity (blue), the sourced right helicity (red) helicities, and the vacuum (black dashed),
superimposed to the sensitivity curves of current and future detectors. Lower panel: evolution of various energy
density components.

an increase of the peak value reached by £, and, consequently, to a more abrupt deceleration of the
inflaton after each peak. In brief, we expect more oscillations and a greater production of tensor and
scalar perturbations.

The finding reported in figure 6.9 agree with these expectations. In the three panels of this figure we
consider the same values of f~1 and of ¢5 that were already employed for, respectively, figures 6.5, 6.7
and 6.8, namely for the cases presented above for which our criterion for homogeneous backreaction
extends for the full evolution. In each panel, the black curve shows the evolution of the parameter £
already presented in the tree above examples. The blue curve shows instead the evolution of £ with
an increased width Io_3. In particular, in the first two upper panels we double the value of I5_3,
accordingly shifting ¢3 and ¢4 by I»_3; instead for the last simulation we increased Io_3 by a factor
1.6, also shifting ¢3 and ¢4 accordingly.” In each panel, the red dashed vertical line indicates the
moment in which the inflaton enters in the intermediate region (¢ = ¢2), while the black (respectively,
blue) dashed vertical line indicates the moment in which the inflaton exits that region (¢ = ¢3) for the
case of the original (respectively, new) evolution shown by the black (respectively, blue) curve. We see
that, indeed, the new evolutions (with extended width of the intermediate regions) are characterized
by more oscillations, with greater peak amplitudes of €.

Varying the position of the intermediate region of the potential

Finally, we address the effects of a shift of the central part of the potential, moving the steeper
part closer to or farther from the CMB modes region. Specifically, we keep the values of ¢g and
¢4 unchanged, while we shift ¢1, ¢ and ¢3 by the same amount A¢. We present this study in
figure 6.10, where, for definiteness, we start from evolution of £ already presented in figure 6.5 (shown
again in figure 6.10 with a black solid line), and we compare it with the evolution for Aq@ = —10

A larger increment of Io_3 would have made the potential become negative, since in that case the potential is steeper
in the intermediate region.

72



6.3. VARYING MODEL PARAMETERS

e Sensitivities
[ — ET
50
i — BBO
¢ 4 — DECIGO
af NANOGRAV
— THEIA
2f
| — SKA
't — LIsA
0 10 20 3‘0 40 50 60 — HLVK
N
;
0.1
- pzn
10 Pg’ot
£
Yo ~ (pa)
|~ (o)
- pfol
10710
N
Figure 6.8: Simulation for f~! = 25, and all the other parameters fixed at the original value (i.e., c5 =

—4.95 - 1073). Top left panel: parameter ¢ controlling the gauge-field amplification. Top right panel: GW
power spectra for the sourced left helicity (blue), the sourced right helicity (red) helicities, and the vacuum
(black dashed), superimposed to the sensitivity curves of current and future detectors. Lower panel: evolution
of various energy density components.

(respetively = +10), shown with a red (respectively, blue) curve in the figure. The most prominent
feature that emerges from the comparison is that, not surprisingly, the pattern of oscillations in & (N)
is anticipated (respectivley, delayed) in the case in which the inflaton enters earlier (respectively,
later) in the intermediate region. We also notice a slight increase of the most prominent peak in
£ as A¢ increases, that we attribute to the fact that the value of the potential in the intermediate
region decreases as A¢ increases, resulting in a larger kinetic energy gained by the inflaton during
the potential descent. The simulations confirm our intuition and, indeed, the effect on the parameter
& (which controls the production of gauge field) is approximately just a temporal shift, increasing or
decreasing the time that the inflaton spends in the first potential part (see where the 3 curves separate
the first time). Consequently, we expect the approximation of homogeneous backreaction continues
to holds, and that the GW power spectrum at the end of inflation remains the same but shifted in
frequency. This result was predictable but it is very important, it means that all the GW power
spectra obtained by our code can admit a corresponding one shifted of order of magnitudes in the
frequency range (since the simulation can be shifted of a few e-folds without increasing too much the
decelerations after the peaks in &), obtained by the same potential but shifted.
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Figure 6.9: Evolution of the parameter £ controlling the gauge field amplification. Top left panel: simulation
for cs = —2.7-1073, and all the other parameters fixed at the original value. Top right panel: simulation for
f: —1 =40, 5 = —3.7-1073, and all the other parameters fixed at the original value. Lower panel: simulation for
f~1 =25, and all the other parameters fixed at the original value. The black curves show the evolution of the
parameter £ for the simulations presented above in, respectively, figures 6.5, 6.7, and 6.8. The blue curves show
the evolutions in the same models, with an increase of the intermediate region, as detailed in the text. The
vertical red lines represent the instant, in the simulation, when the inflaton reaches the intermediate straight
line at @9, the black (blue) vertical lines represent the end of that intermediate region at ¢3 for the simulation
presented with the black (blue) curve.
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Figure 6.10: Simulation for c5 = —2.7 - 1073, and all the other parameters fixed at the original value (i.e.,
f~1 =57). The black curve represents the simulation presented above corresponding to figure 6.5, the dashed
red curve represents the simulation shifted backward of a factor A¢ = —10, and the dashed blue curve represents

the simulation shifted forward of a factor A¢ = +10. In both cases the shift concerns ¢q, ¢2 and ¢3 but not ¢o
and ¢y4.
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Chapter 7

Conclusions

In this work, we investigated in detail a well-motivated inflationary model in which inflation is driven
by an axion-like particle, the inflaton, coupled to a U(1) gauge field through the operator ¢FF [8],
within the homogeneous backreaction approximation. We focused on the phenomenology of this in-
flationary scenario, approximating the inflaton as homogeneous and treating the scalar and tensor
perturbation degrees of freedom perturbatively. In particular, we developed a numerical scheme capa-
ble of computing the scalar and tensor power spectra at the end of inflation within the linear regime,
while simultaneously monitoring the validity of the approximation of linear perturbation theory and
of homogeneous backreaction, for a generic inflaton potential V' (¢).

In chapter 2, we introduced the standard cosmological model, its main shortcomings, and the in-
flationary framework as a possible solution to the problems of the standard hot Big Bang scenario.
We focused on the single scalar field model, as a particle theoretic realization of inflation capable
of generating the quasi—de Sitter expansion that makes the universe homogeneous and isotropic on
large scales, while also producing the correct statistical properties of perturbations on smaller scales.
Finally, we introduced the axion inflation theories, outlining the theoretical motivations behind this
class of models.

In chapter 3, we presented several general analytical results for axion inflation coupled to gauge fields,
without explicitly solving them. Starting from the Lagrangian in eq. (3.3), we derived the equations
of motion for both the background fields a, ¢ and A, (see eq. (3.13)) and the scalar and tensor
perturbation fields in the linear regime (see egs. (3.17) and (3.39)). From these, we obtained analytic
expressions for the perturbation power spectra P and Py (see egs. (3.36) and (3.52)) by employing
the Green function method to solve the perturbations equations of motion. Within the homogeneous
backreaction approximation, these results hold for any monotonically decreasing inflaton potential
V(¢) and for any axion decay constant f small enough to ensure that the axion—gauge field interaction
dominates over gravitational effects (see eq. (3.1)).

In chapter 4, we solved the background equations of motion and computed the scalar and tensor
power spectra within the slow-roll approximation, that in this context leads to the small backreaction

regime. Specifically, if the parameter £ = 2}% is sufficiently small (see eqs. (4.9) and (4.10)) and
approximately constant, as occurs during the slow-roll regime when the CMB modes are generated,
the gauge field models Ay admit analytic solutions (see eq. (4.4)), and the backreaction on the
inflaton field is negligible. This allowed us to obtain closed-form expressions for the power spectra of
the perturbations at the end of inflation, as reported in equations (4.30) and (4.32). By comparing
these predictions with the experimental measurements of CMB anisotropies [2,40], we could constrain
the range of the axion decay constant f that is compatible with observations. In particular, to avoid
the overproduction of gauge field—sourced perturbations, which are also highly non-Gaussian, the
coupling f~! must remain below a certain threshold (see eq. (4.35)). The aim of this chapter is
therefore to show a regime in which it is possible to analytically solve the results presented in the
previous chapter and, on the basis of the CMB measurements, determine the allowed window for f,
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as reported in equation (4.36).

In chapter 5, we investigated the strong backreaction regime that the system can enter once the
inflaton potential becomes steeper after the first phase of CMB modes production, increasing the
inflaton velocity and thus the parameter £. In this chapter we focused only on the study of the tensor
perturbations. Specifically, we presented a detailed description of the numerical code, implemented in
Wolfram Mathematica, which we used to solve the background equations of motion, compute the Green
function of the tensor perturbations, and integrate the final expression for the tensor power spectrum.
Therefore, we implemented a numerical scheme in order to solve the differential equations and evaluate
the expressions derived in chapter 3, assuming the homogeneous inflaton approximation throughout
inflation. Since this is a non-trivial computational problem, we applied several strategies to improve
code performance, such as rewriting the equations in dimensionless rescaled variables (that, contrary
to the original variables, do not present fast oscillations in the UV) and introducing momentum cutoffs
to neglect contributions with negligible effects on the background dynamics.

In the last section 5.4 of the chapter, we presented results for the same model studied in [34], namely
the inflaton potential V(¢) defined in eq. (5.53) (with the parameters given in the caption of fig. 5.2)
and the axion decay constant f = My /57. The simulation of the background dynamics shows a clear
oscillatory behavior of several parameters, including &, which controls gauge field amplification (see
fig. 5.3). This occurs because when the inflaton accelerates in the steeper part of the potential, gauge
field production (and the resulting friction) also increases; once the inflaton is slowed down by this
friction, the gauge field is diluted by the exponential expansion, allowing the inflaton to accelerate
again, and the cycle repeats. This oscillatory behavior is transmitted to the gauge field modes (see in
figure 5.4 the friction term spectrum B(k), defined in eq. (5.55)) and to the final GW power spectrum
Qaw, shown in fig. 5.5. The latter, thanks to the presence of the gauge field, exceeds by many orders
of magnitude the component due to vacuum modes amplification and, moreover, is highly polarized.
Finally, the prediction for the stochastic gravitational wave background in figure 5.5 agrees with the
result obtained, using the same method, by [34], and shows that the model under study can produce,
if the homogeneous backreaction approximation holds, primordial GW signals that are consistent with
current bounds and, at the same time, potentially detectable by future experiments.

Finally, in chapter 6 we presented the original contribution of this thesis, extending the work of
[34]. In particular, we derived a perturbative approach to study the validity of the homogeneous
backreaction approximation during inflation and explored the range of model parameters, namely the
inflaton potential V(¢) and the axion scale f, that are compatible with this approximation. For this
class of models we can reliably determine the primordial power spectrum for the scalar and tensor
perturbations at the end of the inflation. We extended the code described in the previous chapter
in order to compute the power spectra of the scalar perturbations Fj4, the time derivative of the
scalar perturbation Psg, and the time derivative of the tensor perturbations Py, accounting for
different Green functions and different source terms. Using these quantities, we computed the time
evolution of the energy density of the perturbations fields during inflation, and therefore we were
able to compare: the kinetic energy density of the inflaton pﬁin, the potential energy density of the
inflaton pgot, the total energy density of the gauge field p{,, the total energy density of the scalar

perturbations (pfgt), and the total energy density of the tensor perturbations (pf.,). Our goal was
to determine the point during inflation at which the homogeneous inflaton approximation, and thus
our perturbative approach, breaks down by comparing the energy densities of the perturbations with
the background ones. We are unable to consider reliable the results obtained for modes of the scalar
and tensor perturbations that exit the horizon after the instant in which the energy density of the
perturbations reaches the background one, if this occurs. In particular, we monitor whether the total
energy of the inflaton perturbations overcomes the kinetic energy of the inflaton zero mode, and we
cannot be sure of the validity of the homogeneous backreaction after this moment. In figure 6.3 we
showed the evolution of all the energy densities for the potential V(¢) and the axion scale f used in
the previous chapter to produce the GW power spectra in fig. 5.5. As we can see, the energy density
of tensor perturbations remains subdominant throughout inflation, while that of the scalar sector
grows and reaches the kinetic energy density of the background inflaton during the first oscillation,
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invalidating the simulation for times N 2 22. We therefore concluded that the SGWB power spectrum
shown in fig. 5.5 is not reliable for the modes f > 6 - 10~? Hz, namely, from the first peak onwards.
Modes with smaller frequencies (which, in this example, only cover the rise of the first peak) are still
reliables, since they are produced during the phase of homogeneous backreaction, and have already
frozen.

In the last section 6.3 of this chapter we investigated the possibility of obtaining, by varying the
potential parameters and the scale f, models that can produce one or more peaks in the GW power
spectrum reliable range, i.e. in the modes generated during the part of inflation compatible with the
homogeneous inflaton approximation. In particular, since the first part of the potential is related to
the CMB phenomenology and the last one does not contribute to the dominant region of the GW
power spectrum, we considered in our study only the variation of: the scale f, the potential slope in
the central region cs, its width Io_3, and its position ¢o. What we found is the following. First of
all, we confirmed in all the simulations that the tensor sector of the perturbations is safe and always
subdominant with respect to the gauge field, whose energy density exceeds the kinetic one during
the strong backreaction regime. This is a necessary condition for the validity of our results, since
GW are sourced by the gauge fields. The energy density of the scalar perturbation, instead, increases
as the coupling f~! becomes larger or the potential slope c5 becomes steeper. Therefore, we found
that for each value of f~!, there exists a threshold for c5 such that, for larger (in absolute value)
¢5 the homogeneous backreaction approximation breaks at some point, while for smaller (in absolute
value) ones the model remains under control and the entire GW power spectrum can be trusted. We
found that: for f~! = 57/My; the threshold is approximately c¢5 ~ —3 - 1073, for f~! = 40/ My it
is approximately c5 ~ —4 - 1073, and for f~! = 25/M,, it is approximately c¢5 ~ —5 - 1073, Figures
6.5, 6.7 and 6.8 represent three models where the homogeneous backreaction approximation holds
throughout inflation, while figures 6.4 and 6.6 show two models where the approximation breaks at
some point. From these figures we can extract several features of this theory. Since the number of
peaks in the GW power spectrum corresponds to the number of oscillations in the parameter £, and
since each oscillation takes the same amount of time to occur (which makes the peaks of the GW
spectrum equally wide on a logarithmic scale), the relation between the two is straightforward. The
steeper the potential and the weaker the coupling f~!, the fewer peaks appear, because the inflaton
has a higher velocity and spends less time in the steeper region. Another important characteristic of
the simulations just below the threshold of validity, i.e. figures 6.5, 6.7 and 6.8, is that they display a
GW spectrum with peaks of approximately the same amplitude (within the same order of magnitude);

the reason is that & = inH does not change significantly when we decrease the coupling f~! while

increasing the steepness of the potential and, thus the inflaton velocity qS Instead, in the simulations
that present regions of inhomogeneous backreaction, we noticed that the critical points, where strong
enhancement of the scalar perturbation occur, correspond to the sudden decrease of the inflaton speed
due to gauge field friction, which happens when ¢ decreases significantly (approximately below the
value of 2). All these considerations suggest that much information about the GW power spectrum and
the homogeneous inflaton approximation can be inferred simply from the evolution of the parameter
&, without the necessity to compute the various power spectra. Finally, we also studied the effects of
varying the width I5_3 and the position ¢ of the potential central region, by comparing the evolution
of £ in the different cases. In the former analysis, we found that increasing I»_3 enhances both the
number and the amplitude of oscillations of the parameter &£, which enlarges the GW signal from
inflation but also risks pushing the system into the regime of inhomogeneous backreaction (see figure
6.9). The position of the central steep region, instead, only affects the time at which the oscillations
occur, only shifting the corresponding frequency range of the GW spectrum peaks (see figure 6.10).

In light of all the considerations highlighted in this work, we conclude that there are many scenarios
in which axion inflation coupled to gauge fields, described by the action in eq. (3.3), can admit a
consistent portion, or even the whole duration, of inflation in which the strong backreaction regime
does not significantly alter the homogeneity of the inflaton field. For those cases, where the potential
steepness and the coupling f~! are not too large, the numerical scheme we presented in this work
is sufficient to compute the fields evolution during inflation and part of the scalar and tensor phe-
nomenology, without the need for more elaborate lattice simulations. Moreover, the most important
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feature of the GW power spectra that we obtained for the different models considered is that most
of them are compatible with the current constraints on the SGWB and, at the same time, could be
detectable by future gravitational waves experiments. We hope to extend the study of this promising
model in view of the upcoming publication [58].
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