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Abstract

In this thesis we study a nonequilibrium model that displays interesting
and unusual phenomena. The analysed system consists of multiple probes
locally interacting with driven colloids and trapped in a toroidal geometry.
The e↵ective forces between the probes break the action-reaction principle
and these interactions induce, under particular conditions, stability of a
crystal pattern, in which the probes are equidistant. In this thesis we explore
the thermodynamic limit of such a system. Sending both the number of
probes and the length of the ring to infinity it is possible to analyse how a
perturbation on a hypothetic infinite crystal configuration perturbs such a
system.





















1.1. FOKKER-PLANCK EQUATION 7

where Fz(x) is the probability of a jump of size z from the position x.
So at the end:
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where we defined the k-th moment of the jump pdf as
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And consequently
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Letting tn+1 � tn = ✏, in the limit ✏ ! 0 the left side will be Ẇ (x, t).
Assuming a gaussian pdf for the displacements:
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the first two moments become:

µ1 = 0 µ2 = 2D✏ (1.9)

And the variance

Var(z) = µ2 � µ
2
1 = 2D✏ (1.10)

However, for a particle subject to a force we would expect to have a preferred
jump direction, leading to a constant velocity motion in the direction of the
force. So we require a di↵erent µ1:

µ1 =

Z

R
z W (+z|x, t) / ✏ f(x) (1.11)

We want to fix the variance to be proportional to ✏, as it is expected in a
di↵usion process.

An appropriate choice for such a distribution is given by:
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with F, D̂ : R ! R functions, satisfying certain conditions, and with a
physical meaning that we will see. First of all, we check the normalization:
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where in (a) we changed variables:
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Then we compute the first moment:
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So, in order to have the right normalization and the desired hzi we need:
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And so the variance becomes:

Var(z) = µ2 � µ
2
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⌦
y
2
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/ ✏ (1.16)

which is proportional to ✏ as desired. For notational simplicity, we introduce
a new function D : R ! R such that:
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We note that higher order moments are all of order O
�
✏
3/2
�
. For example,
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where z
0 = ⌘

0 � x↵ and z = ⌘ � x↵.
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The contribution ↵ = � of the last term together with the second and third
term depend on the probes only via their density and can be rewritten as
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Now there are the contributions of the last term with ↵ 6= � left. Each term
of the sum is of the form
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where the fact that (z0�z)o = z
0�z is assured by the extrema of the integral

in dz
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The upper extreme of the integral and the last exponent come from the
condition z

0
> z.
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and considering also the prefactor
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Chapter 3

Mechanical Stability of the
crystal pattern

Now that the mean force on the probes has been computed, in this chapter
the dynamics of the probes will be analysed. In particular the possibility of
the stability of an equidistant, crystal pattern will be explored. The set of
probes can be considered as an overdamped dynamical system where

�ẋ↵ = f↵(x) (3.1)

Their equidistant configuration

x
⇤
↵(t) = v
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N
↵ (3.2)

forms a stationary cycle with steady rotation speed
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(3.3)

The idea is to consider a small perturbation of the equidistant configuration,
such that the probes’ coordinates can be written as

x↵ = x
⇤
↵ + y↵ (3.4)

Due to the presence of a small perturbation the probes’ dynamics can be
linearized and the force can be rewritten to the first-order as

f↵(x) = f↵(x⇤ + y) = f↵(x⇤) +
X

�

M↵�y� (3.5)

where M is the sti↵ness matrix with M↵� = @f↵(x⇤)
@x�

. Then, from the over-
damped dynamics

f↵(x) = �ẋ↵ = �ẋ
⇤
↵ + �ẏ↵. (3.6)
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32 CHAPTER 4. RELAXATION TO THE CRYSTAL PATTERN

At the end it is expected for each probe to have

y↵(t) ! 

N
(4.2)

in the large time limit, so that all the y↵(t) are the same and
P

↵
y↵ is con-

served.

Let us start by solving directly two simple cases, with 2 and 3 probes
respectively.

4.1 The case with 2 and 3 probes

4.1.1 System of 2 probes
(

�ẏ0 = m1(y1 � y0)

�ẏ1 = m1(y0 � y1)
where y0 + y1 = 

Using the zero mode conservation the system can be reduced to a single
di↵erential equation
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which solution is known:
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From this y1(t) follows as
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Both probes for large times, tend to 

2 , as expected.

4.1.2 System of 3 probes

For N=3 the system of di↵erential equations is

8
><

>:

�ẏ0 = m1(y1 � y0) + m2(y2 � y0)

�ẏ1 = m1(y2 � y1) + m2(y0 � y1)

�ẏ2 = m1(y0 � y2) + m2(y1 � y2)

where y0 + y1 + y2 = 


























