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Abstract

Planets migrate radially in the protoplanetary disk during their formation, due to momentum
exchange with the surrounding material. Gas has traditionally been identified as the sole influ-
ence on migration, but in the last years, it has been demonstrated that also solid particles may
give a significant contribution to the total migration torque. Dust torque has been shown to
be highly dependent on the Stokes number, making it difficult to assess how significant it is in
real protoplanetary disks.
In this thesis, dust torque is calculated for a typical protoplanetary disk at 1AU,with gas density
of 1 kg/cm2 and for various planet masses. Dust is simulated as an ensemble of Lagrangian
particles parametrized by size, embedded in the gaseous disk, and subject to drag and turbulent
diffusion. The simulations are carried out with a customized version of the PLUTO software,
which implements a Stokes and Epstein drag regimes, as well as amore realistic planet potential
smoothing compared to previous works.
The obtained values of torque are slightly different than the previous calculations, but overall
are compatible with the previously predicted positive torque. They show how for this type
of disk, dust torque is generally negligible, but highly dependent on the maximum size of the
dust particles, highlighting the necessity of accurate dust growth and fragmentation modeling
in the calculation.
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Sommario

Durante la loro formazione, i pianeti migrano radialmente nel disco protoplanetario a causa
dello scambio di momento angolare con il materiale circostante. Tradizionalmente, il gas è
stato identificato come l’unico fattore che influenza la migrazione, ma negli ultimi anni è stato
dimostrato che anche le particelle solide possono fornire un contributo significativo alla cop-
pia di migrazione totale. Lavori precedenti mostrano come la coppia di polvere dipende in
larga parte dal numero di Stokes, rendendo difficile valutare quanto sia significativa in dischi
protoplanetari reali.
In questa tesi, la coppia della polvere viene calcolata per un disco protoplanetario “tipico” a 1
AU, con una densità del gas di 1 kg/cm2, per varie masse planetarie. La polvere viene simulata
come un insieme di particelle lagrangiane parametrizzate in base alle dimensioni, immerse nel
disco gassoso e soggette a resistenza aerodinamica e diffusione turbolenta. Le simulazioni ven-
gono effettuate con una versione personalizzata del software PLUTO, che implementa i regimi
di resistenza di Stokes ed Epstein, oltre a uno smoothing del potenziale planetario più realistico
rispetto ai lavori precedenti.
I valori di coppia ottenuti differiscono leggermente dai calcoli precedenti, ma sono nel comp-
lesso compatibili con la coppia positiva prevista in precedenza. Essi mostrano come, per questo
tipo di disco, la coppia della polvere sia nella maggior parte dei casi trascurabile, ma dipenda co-
munque in larga misura dalla dimensione massima delle particelle di polvere. Diventa quindi
evidente la necessità di una modellizzazione accurata della crescita e della frammentazione dei
granelli di polvere nel calcolo della coppia.
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1
Introduction

How did our Solar Sytem, and planetary systems in general, form? This is one of the
oldest questions of Science. The first to formulate a physical theory for what Emanuel
Swedenborg and Immanuel Kant in 1755 [1] with theNebular Hypothesis: it postu-

lated that the Sun and the planets formed from the collapse of a giant rotating cloud of dust.
This idea was remarkably close to the current models, but ironically fell out of favor in the
scientific community of the 18th century, as the theory lacked amechanism that allowed the ro-
tating material to collapse into planets and to lose angular momentum. After many proposed
alternatives, the Nebular Hypothesis was revived in 1969 after Victor Safronov published his
bookEvolution of the protoplanetary cloud and formation of Earth and the planets [2], in which
he addressed the many criticisms of the theory. As Safronov wrote in his book:

“The origin of Earth and planets is one of the most involved problems facing sci-
ence today, and it is one that can be solved only by recourse to many disciplines.”

Today we know that planets are formed by the condensation of material from circumstellar
disks over the course of a few millions of years after the star was born. The model has histor-
ically been based on the available evidence in the Solar System, such as the orbits of planets,
distributions of small bodies and isotopic ratios; but in recent years, the discovery of exoplan-
ets and the imaging of dust in protoplanetary disks have changed the theory to accommodate
previously unexpected observations. Nowadays there are still some open questions, but a self-
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Chapter 1. Introduction

consistent theory of planet formation is beginning to consolidate.

This chapter outlines the main steps of planet formation and introduces the concept of plane-
tarymigration, showing how it fits in themodel, and how it’s needed to explain some enigmatic
observations.

1.1 Stages of planet formation
The material from which planets are created is initially in the form of µm-sized dust grains:
its size has to increase more than 12 orders of magnitude to become a planet. This does not
happen with a single physical mechanism but is achieved with a series of steps across different
scales, illustrated in figure 1.1.

 

m 

Figure 1.1: Processes involved in planet formation and sizes at which they operate.

1.1.1 Molecular cloud collapse and disk formation
The planet formation process begins when the core of a cold molecular cloud becomes dense
enough so that its thermal, turbulent and magnetic pressure cannot support it against its self-
gravity [3], which lead to its collapse. The majority of the material eventually becomes part of
the star, but the reduction of several orders of magnitude in size concentrates by a correspond-
ing amount the initial angularmomentumof the cloud: a portion of the cloud ends up in orbit
around the star, forming a protoplanetary disk (or circumstellar disk).

Protoplanetary disks are observed to be thin: their height, along which the gas is supported by
pressure, is much smaller than their radial extent, where it is mainly the orbital velocity of the
gas to keep it from falling into the star. The fact that the gas is - at least partially - supported by
pressure makes the gas velocity slightly sub-Keplerian: as will be explained later this has crucial
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1.1. Stages of planet formation

implications on theway dustmoves in the disk. The differential rotation of the quasi-Keplerian
flow implies a shear in the gas, which slowly dissipates energy viscously and distributes angular
momentum outwards.

The lifespan of a protoplanetary disk is limited to a fewMyr by three processes:

• Viscous accretion: the redistribution of angular momentum by viscosity has the effect of
broadening the disk radially, with themajority of thematerial drifting inwards and eventually
accreting onto the star.

• Photoevaporation: the vertically outermost layers of the disk, which are exposed to starlight,
get heated byX-rays or UV photons, somemolecules acquire energies high enough to escape
the gravity well.

• Magneto-Hydrodynamicwinds: verticalmagnetic fields embedded in thediskdrive amech-
anism that taps into the energy released by the infalling material, and ejects ionized material
at high velocity outside the disk towards the polar direction [4].

Viscosity and stellar irradiation also determine the temperature profile [5]. In the outer part
of the disk, irradiation is the dominant heating mechanism, leading to a vertical temperature
structure that is colder and uniform in the interior, and hotter in the surface layers. At smaller
radii (around theAU scales), the viscous heating becomes dominant and the interior of the disk
can no longer be considered vertically isothermal, as the midplane becomes hotter. Along the
radial direction, the temperature decreases with increasing radii.

Circumstellar disks are made mainly of hydrogen and helium but contain a small fraction of
other elements, such as C, O, N, S, P, Si [6]. These heavier elements can formmany molecules
which, if the temperatures are low enough, aggregate in small solid particles collectively referred
to as dust. The radius outside which a specific species can condensate is called its snow line.

 

 

⁓1500⁓200⁓70 ⁓1

Figure 1.2: Schematic representation of a circumstellar disk. The vertical dimension is exaggerated in order to
better represent the internal details.
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Chapter 1. Introduction

1.1.2 Dust to pebbles growth

Dust particles present in the disk rapidly settle in the middle plane due to the vertical pressure
gradient, where they often collide. Depending on the impact velocity the collisions can have
a variety of outcomes but, broadly speaking, if the particles are slow enough they can stick
together. The impact velocity is given by different contributions, mainly [7]:

• Thermal velocity - Brownian motion due to collision with individual gas molecules is a sig-
nificant contribution to the relative velocity of small particles.

• Turbulent velocity - Gas eddies of various scales can accelerate dust particles via drag.

• Radial Drift - Dust particles are not supported by pressure so their orbital velocity would be
Keplerian. However, since the gas orbits slower, there is a small relative velocity between it
anddust particles. This creates drag that slowsdown theparticles,making themdrift inwards
radially. See section 2.3.2 for details.

• Azimuthal velocity - The drag that causes radial drift also slows down the particles by dif-
ferent amounts, depending on how well they are coupled to the gas.

The combined effect of these contributions makes impacts between bigger dust particles gen-
erally faster than the ones between smaller particles, resulting in a limit to their growth [8] to
objects of about 1 ∼ 10 cm called pebbles. More precisely, when particles reach this size, fur-
ther collisions make them bounce away rather than sticking together: this is referred to as the
bouncing barrier. Potentially, if some pebbles manage to reach bigger sizes they can still grow,
colliding with smaller ones, but as soon as they collide with a similarly sized pebble, they get
fragmented into smaller ones again. This situation is illustrated in figure 1.3.

Potentially, very fluffy ice particles in the outer part of the disk can grow past the bouncing
barrier, but are still subject to another bottleneck: radial drift is the fastest for pebbles and
they would fall into the star much faster than they would reach a big enough size to decouple
from the gas. This problem is called the drift barrier, and imposes that whatever process grows
pebbles into bigger bodies must be faster than the drift timescale of≲ 1000 years.

1.1.3 Planetesimals formation

Themost promising mechanism to bypass the aforementioned bottlenecks is the streaming in-
stability. It is generated by the velocity difference between pebbles and gas: if a portion of the
disk contains a pebble overdensity, the drag will slow down the gas more than its surround-
ings, which in turn will reduce the local velocity difference. This makes the overdense region
drift slower, and eventually faster drifting pebbles from outer radii join the overdensity, clos-
ing a positive feedback loop: thismechanism increases the density exponentially. In the densest
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Figure 1.3: Outcomes of collisions between dust particles, calculated for silicates at 3 AU in aMMSN disk. The
production after collision of bigger or smaller particles is shown respectively in green and red. Adapted from [7].

regions, the pebbles can reach concentrations that allow their self-gravity to overcome the Ke-
plerian shear, and collapse together forming planetesimals: bodies with various sizes between
1 ≃ 100 km.
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Figure 1.4: Snapshot of a simulation of streaming instabilities, adapted from [9]. In the rightmost panel plan-
etesimals are shown, with white circles corresponding to the sizes of their Hill spheres.

High resolution simulations show that streaming instabilities begin when the dust to gas mass
ratio is above ∼ 4%, which is higher than the initial one that the solar system is thought to
have had on average (around 1%) [8]. This may suggest that the instabilities start only in some
regions, such as snow lines where the sublimating ice particles can create pressure maxima that
traps dust, or disk sections where photoevaporation has significantly depleted the gas content.
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1.1.4 Protoplanets formation
Once planetesimals are formed, aerodynamic forces have a negligible effect on themdue to their
low surface area to mass ratio, and they grow through two different mechanisms: planetesimal
accretion and the new emerging paradigm of pebble accretion.

The first one assumes, as the name suggests, that planetesimals grow by merging with other
planetesimals. This process is entirely governed by gravitational dynamics, which can dramati-
cally increase the collisional cross-section if the average relative velocity is lower than the escape
velocity of the growing body (a phenomenon called gravitational focusing). The relative veloc-
ity is caused by the orbital eccentricity of the planetesimals, which is excited by close encounters
which bend the trajectories and damped by drag. This type of growth has two regimes:

1. Initially the growing body is not massive enough to influence the velocity distribution of
other planetesimals. The accretion rate can be described with the law Ṁ ∝ M4/3: bigger
bodies grow much faster than the others in a process called runaway growth. This has the
effect of amplifying small differences in mass, quickly creating a handful of bodies (the so-
called oligarchs) which are significantly more massive than any other object in their radial
region.

2. When the mass has reached a point where it significantly excites the orbits of the surround-
ingplanetesimals, the accretion rate slows downas themass increases, with a proportionality
of Ṁ ∝ M−1/3. This regime, called oligarchic growth, allows the smaller oligarchs to “catch
up” in their growth. Growth stops when the mass of the oligarch is comparable to the mass
of planetesimals in its “feeding zone”[5].

The outcome of these phases, shown in figure 1.5, is a system of roughly equally sized proto-
planets (or planetary embryos) mutually separated radially by 5 ∼ 10 Hill radii, embedded in a
population of planetesimal on elliptic orbits with a similar total mass to the protoplanets, but
a few orders of magnitudes smaller [11].

Planetesimal accretion alone, however, is not efficient enough in the outer disk to create gas
giants, like Jupiter or Saturn, faster than the disk lifetime, so another process has been investi-
gated.

Pebble accretion assumes that the mass of protoplanets* is delivered mainly via pebbles, that
would still be present in the disk. Differently from planetesimals, drag is an important contri-
bution to their trajectory; whichmakes this kind of accretion potentiallymore efficient for two
reasons:

*In this paragraph, protoplanet refers to the body that accretes pebbles, regardless of its mass.
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ity, simulation time is shown in the upper left corner, starting from 10 000 radially uniformly distributed 1024g
(roughly 1.7 · 10−3M⊕) planetesimals. The radius of each circle is proportional to the size of the planetesimal.
Adapted from [10].

• When passing by a protoplanet, pebbles accelerate and reach high relative gas velocities, dissi-
pating energy efficiently: this makes them spiral into the growing protoplanet even for large
impact parameters, enhancing its cross section considerably (see figure 1.6).

• As long as the inner radial drift of pebbles is not blocked by reversed pressure gradients (see
section 2.3.2) the feeding zone of the protoplanet is constantly replenished.

Pebble accretion cannot start directly from planetesimals, but can grow protoplanets from∼
10−2 M⊕ up to 5 ∼ 10 M⊕ in the disc lifespan [8], stopping when the protoplanet reaches a
limit called pebble isolationmass, where it is massive enough to generate a pressure bump in the
gas that blocks the inward flux of pebbles.

These two accretion modes are not mutually exclusive: a first phase of planetesimal accretion
is likely needed to start pebble accretion, which is in turn required to form giant planets in the
outer disk. The precise mechanism also depends on the pebble flux and planetesimal abun-
dance, which can vary across the disk both spatially and temporally [12].
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planetesimal accretion pebble accretion 

cross section cross section 

Figure 1.6: Cross section of planetesimals and pebbles accreting onto a protoplanet. The dashed lines indicates
the Hill sphere and the blue arrow the collisional cross section. Adapted from [12].

1.1.5 Gas accretion

When the protoplanets reach a fewM⊕ inmass, they start to bind a considerable hydrostatic gas
envelope, which grows proportional with the solid core. The hydrostatic equilibrium breaks
when a mass reaches a threshold of 5 ∼ 20M⊕, depending on the atmosphere opacity and
the planet luminosity (i.e. the radiative heat flux generated by the accretion of solids onto the
planet) [5]. This leads to runaway gas accretion, where the growth of the gas envelope is not
linked to themass of the core, but is governed by the balance of radiative pressure and accretion
heat. The process continues until the supply ofmaterial is interrupted, either by the dissipation
of the disk, or the opening of a gap in the disk gas profile.

There may exist another pathway for the formation of gas giant planets: in the outer disk if the
gas is cold and dense enough it can undergo gravitational instability, forming giant planets di-
rectly from gas, with a timescale of 100 ∼ 1000 yr. Thismechanism is completely independent
on the previous steps illustrated in this section, and is attractive for explaining the existence of
giant planets very far from their star, where the orbital period is so long that the standard pro-
cesses of planet formation would not have the time to form suchmassive objects in the lifetime
of the disk.

1.2 The need for planet migration

The firstmodern scenarios of planet formationwere based on data available in the Solar System,
and were good at explaining why it looks the way it does. One of the key observations was the
dichotomy between the inner rocky, small planets and the outer gas giants: it was the natural
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1.2. The need for planet migration

consequence of much more volatile material being available in solid form to accrete onto the
planets outside the (water) snow line at a few AU.

This view was challenged by the discovery of the first exoplanet by Queloz and Mayor [13]
around the Solar-type star 51 Pegasi: Dimidium (renamed in 2015 [14] from the original name
51 Peg b). It has a mass of more than 0.47 Jupiter masses, and orbits its star at 0.05 AU with
a period of 5 days, which could not be explained with the formation theories of the time. As
Queloz andMayor write in their article:

“Present models for the formation of Jupiter-like planets do not allow their for-
mation with separations as small as 0.05 AU. If ice grains are involved in the for-
mation of giant planets, the minimum semi-major axis for the orbits is about 5
AU, with a minimum period of the order of 10 years. A Jupiter-type planet prob-
ably suffers some orbital decay during its formation by dynamic friction. But it
is not clear that this could produce an orbital shrinking from 5 AU to 0.05 AU.”

As we continued to discover exoplanets, it became apparent that Dimidium is not an isolated
case but, as shown in figure 1.7, it’s part of a population of Jupiter-like planets that orbit very
close to their star, dubbedHot Jupiters.

0.01 

0.1 

1 

 

 

 

 

 

  

0.01 0.1 1 10 

hot Jupiters 

Jupiter 

Dimidium 

semiaxis [AU] 

m
as

s 
[ 

Ju
p

it
er

 m
as

s 
] 

Figure 1.7: Mass and semi-major axis distribution of known exoplanets (March 2025). The population of hot
Jupiters is highlighted in orange. Data taken from the Extrasolar Planet Encyclopedia at https://exoplanet.
eu/plots/.
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Chapter 1. Introduction

The explanation for this class of planets is that they formed much further out in the disk and
thenmigrated to the position they were observed in. There are a fewmechanisms that can lead
to this result [15] [16] [17]:

• Planet-planet scattering - After dissipation of the disk, eccentricities of the planets are not
damped and can grow due to mutual gravitational interactions. If two orbits cross and the
planets have a close encounter, the semiaxes of the orbits can change dramatically, leading to
a rapid and chaotic phase where often one or more planets are ejected from the system and
the rest of themmove inward on average due to the net loss of energy.

• Stellar tidal dissipation - If a planet ends up in an eccentric orbit (due to planet-planet
scattering) with periapsis close to its star, it creates dynamic tides which dissipate energy and
lower its apoapsis until the orbit is circularized at a radius equal to the initial periapsis.

• Planet-disk interactions - A planet embedded in the disk changes the distribution of ma-
terial, creating azimuthal density asymmetries and exchanging momentum with it. Gravita-
tional interaction with the non-uniform disk generates torques which can change the orbit.
The direction on which planets migrate can be inwards or outwards, depending on the spe-
cific scenario.

Migration is today considered a crucial element in planet formation, as it changes the environ-
ment fromwhere planets accretematerial and helps to explain other observational features, like
pairs of planets locked in mean-motion resonances, the gradual increase in the frequency and
masses of giant planets with orbital distance, as well as the sheer variety of structures observed
in planetary systems [17].
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2
Circumstellar disks

Describing a circumstellar disk with sufficient details to capture relevant processes
while being simple enough to be practical, analytically or computationally, requires
the correct level of approximation. In this thesis, the most detailed model used is com-

posed of the following elements:

• A central star of massM⋆.

• A gas disk, characterized by the fields of density ρ(⃗r, t), velocity v⃗(⃗r, t) and temperature
T(⃗r, t), as well as a constant molecular massmm and collisional cross-section σc.

• A dust population, modeled as a set ofNP particles each characterized by a massmi, a size
(radius) si, position r⃗i(t) and velocity w⃗i(t).

• In addition to the previous elements, the simulations will introduce a planet of massMp(t)
which orbits the central star on a circular Keplerian orbit ar distance rp.

In this chapter, I will introduce the equations ofmotion of gas and dust, and show an analytical
solution for the gas distributionwhich, in addition to being the base formuch of the analytical
work on circumstellar disks, will be used as the initial condition of the simulation.

11



Chapter 2. Circumstellar disks

2.1 Gas dynamics

The gas component evolves according to the Navier-Stokes equations:

∂ρ
∂t

+∇ · ( ρ v⃗ ) = 0, (2.1)

∂v⃗
∂t

+ (⃗v · ∇)⃗v = −∇p
ρ

−∇ϕ+ g⃗(⃗v, ρ), (2.2)

where p is the pressure, g⃗(⃗v, ρ) is the non-conservative (viscous) force per unit mass, and ϕ the
gravitational potential. The equation of state relating pressure and density is the ideal gas law:

p =
ρ kBT
mm

, (2.3)

wheremm is the mean molecular mass and kB is Boltzmann’s constant. This equation can be
reformulated introducing the sound speed cs:

cs2 =
∂p
∂ρ

=
kBT
mm

. (2.4)

The temperature field can be evolved together with the other variables with the energy conser-
vation fluid equation:(

∂

∂t
+ v⃗ · ∇

)(
3
2
kBT
mm

+
v2

2
+ ϕ
)

= −∇ · ( p v⃗ )
ρ

+ v⃗ · g⃗(⃗v, ρ), (2.5)

which closes the system of equations. However, this equation doesn’t include radiation and
complicates the model considerably, so it will be ignored in this chapter and the temperature
field will be assigned a priori.

A set of cylindrical coordinates r,φ, z, with line element ds2 = dr 2 + r 2dφ 2 + dz 2, centered
on the star and with the z axis aligned to the angular momentum vector is the most convenient
reference frame. In it, the three components of the momentum equation read:(

∂

∂t
+ ṙ

∂

∂r
+ φ̇

∂

∂φ
+ ż

∂

∂z

)
ṙ = − 1

ρ
∂p
∂r

− ∂ϕ
∂r

+ gr + rφ̇2, (2.6)

(
∂

∂t
+ ṙ

∂

∂r
+ φ̇

∂

∂φ
+ ż

∂

∂z

)
rφ̇ = − 1

ρr
∂p
∂φ

− ∂ϕ
∂φ

+ gφ − ṙφ̇, (2.7)
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2.1. Gas dynamics

(
∂

∂t
+ ṙ

∂

∂r
+ φ̇

∂

∂φ
+ ż

∂

∂z

)
ż = − 1

ρ
∂p
∂z

− ∂ϕ
∂z

+ gz. (2.8)

These equations need to be simplified to find an approximate analytical solution. A reasonable
set of assumptions is the following:

• Flat disk, i.e. z/r ≪ 1 and ż ≃ 0, which is in good agreement with observations.

• Cylindrical symmetry, which implies that ∂φ = 0. Some observed disks exhibit azimuthal
asymmetries but in earlier stages of the disk’s life this assumption is more realistic.

• Gravitational potential given by the central star only:

ϕ(⃗r ) = − GM⋆√
z 2 + r 2

. (2.9)

• The only non-conservative force is viscosity, acting in the φ direction (gr = gz = 0).

• The time derivative of velocities is negligible ∂tu ≃ ∂tΩ ≃ 0.

Also, for simplicity, the velocities are renamed:

ṙ = u, (2.10)
φ̇ = Ω. (2.11)

Under these assumption, equation 2.6 becomes:

∂u
∂t

+ u
∂u
∂r

= rΩ2 − 1
ρ
∂p
∂r

− GM⋆

r 2 , (2.12)

At first order the gas orbits with Keplerian rotation ΩK, which can be seen if radial velocity
pressure gradients and non conservative forces are set to zero (u,∇p, gr ≃ 0) in equation 2.12:

Ω2 ≃ Ω2
K =

GM⋆

r 3 . (2.13)

The z-momentum conservation (2.8) now reads:

1
ρ
∂p
∂z

= −GM⋆z
r 3 = −ΩK z, (2.14)

in which the pressure differential can be changed to a density one using 2.4 (dp = cs 2dρ)
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Chapter 2. Circumstellar disks

yielding an ordinary differential equation of ρ(z):

cs 2

ρ
∂ρ
∂z

= −ΩK z ⇒ ∂ρ
∂(z 2)

= −ΩK

2c2s
ρ. (2.15)

If the disk is assumed to be verically isothermal (reasonable for the well-mixed interior) then
the speed of sound doesn’t depend on z and the differential equation can simply be solved by:

ρ(z) = ρm exp
(
− z 2

2H 2

)
, (2.16)

where ρm is the midplane density andH is the scale height of the disk:

H =
cs
ΩK

=

√
kBTr 3

mmGM⋆

. (2.17)

Similarly, the aspect ratio h is defined as:

h =
H
r
=

cs
rΩK

≪ 1, (2.18)

which is a small number since it is the ratio between the speed of sound cs and the Keplerian
orbital velocity around the star rΩK.

Since 2.8 reduces to 2.16 independently of r and φ, the disk can be studied by integrating the
equations along z. First, the surface density Σ is defined as the integral of ρ

Σ = ρm

∫ +∞

−∞
exp
(
− z 2

2H 2

)
dz =

√
2πHρm, (2.19)

similarly the surface pressure P is, considering that p = ρ cs2 according to equation 2.3:

P =

∫ +∞

−∞
p(z) dz = Σ cs2. (2.20)

Going forward these will be referred to just as “density” and “pressure”, unless stated otherwise.
Using these surface variables the remaining Navier-Stokes equations become:

∂Σ
∂t

+
1
r
∂(ruΣ)
∂r

= 0, (2.21)
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2.2. Viscosity and α-disks

u
(
∂(rΩ)

∂r
+Ω

)
= gφ, (2.22)

u
∂u
∂r

= − 1
Σ r

∂P
∂r

− GM⋆

r 2 . (2.23)

The expressionof 2.22 canbe further simplifiedby introducing theangularmomentumdensity
J, referred to for brevity as just “angular momentum”:

J = r 2Ω. (2.24)

The r-derivative of the angularmomentum is conveniently similar to the LHSof equation 2.22:

∂J
∂r

= r
∂(rΩ)

∂r
+ rΩ, (2.25)

which can then be simply rewritten as:

u
∂J
∂r

= r gφ. (2.26)

2.2 Viscosity and α-disks

So far, viscosity has been accounted by the generic gφ term, but its specific expression needs to
be further constrained to find analytical solutions. To do that, the viscous force Fv between
two layers of gas at radius r can be assumed reasonably to be directly proportional to:

• the contact surface (perimeter in 2D) between the two layers 2πr;

• the tangential shear of the flow rdΩdr ;

• the gas density Σ(r);

So, introducing a proportionality factor called kinematic viscosity ν, the expression for the vis-
cous force is:

Fν(r) = 2πνr 2Σ(r)
dΩ
dr

. (2.27)

Let’s now consider the infinitesimal torque dΓ acting on a 2dr-thick ring centered at radius r:
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Chapter 2. Circumstellar disks

d Γ(r) = Fv(r+ dr)(r+ dr)− Fv(r− dr)(r− dr)

=

[
2πνr 3Σ(r)

dΩ
dr

]
r+dr
−
[
2πνr 3Σ(r)

dΩ
dr

]
r−dr

= 4π d
(
νr 3Σ(r)

dΩ
dr

)
. (2.28)

The variation in specific angular momentum r gφ is found by dividing the torque by the mass
dM = 4πrΣdr contained in the r± dr ring:

dΓ
dM

=
1
rΣ

d
dr

(
νr 3Σ

dΩ
dr

)
= r gφ, (2.29)

so equation 2.26 can be rewritten as:

u
dJ
dr

=
1
rΣ

d
dr

(
νr 3Σ

dΩ
dr

)
. (2.30)

In this equation, the factors ∂r J and ∂rΩ can be expressed as functions of r if Ω ≃ ΩK (see
2.13) is assumed:

dΩ
dr

= −3
2
√

GM⋆ r−5/2, (2.31)

dJ
dr

=
1
2
√
GM⋆ r−1/2, (2.32)

which can be used to explicit the term ruΣ when it’s extracted from 2.26:

ruΣ =
d
dr

(
νr 3Σ

dΩ
dr

)(
dJ
dr

)−1

=− 3
√
r
d
dr
(
νΣ

√
r
)
. (2.33)

Inserting this expression in 2.21, the following equation is obtained:

∂Σ
∂t

=
3
r
d
dr

(
3
√
r
d
dr
(
νΣ

√
r
))

. (2.34)

The kinematic viscosity can be further characterized by assuming it’s a function of r only with
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2.2. Viscosity and α-disks

the expression:

ν(r) = ν0
(

r
r0

)n

, (2.35)

where r0 is an arbitrary reference radius and ν0 the value of ν at r0. Under this assumption
equation 2.34 admits the solution [18]:

Σ(r, t) = Σ∗

(
r
r0

)−n( t
tν
+ 1
)n−5/2

2−n

exp

(
tν

tν + t

(
r
rc

)2−n
)
, (2.36)

where Σ∗ is constant, rc is the cutoff radius, and tν is the viscous timescale, defined as:

tν =
r 2
0

3ν0(2− n)2
. (2.37)

This solution is self-similar, as shown in figure 2.1, in the sense that the density profile over
time is just rescaled in magnitude and radius but it doesn’t change shape.
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Figure 2.1: Self-similar density profile Σ(r, t) from equation 2.36 for n = 1, rc = r0 and at t/tν = 0, 1, 3, 7,
adapted from [18]. It can be seen that over time the disk becomes less dense and more spread out.
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Chapter 2. Circumstellar disks

In this thesis, the initial conditions for density in the simulations will be provided by taking the
rc → ∞ limit of equation 2.36:

Σ(r, t) = Σ0(t)
(

r
r0

)−n

. (2.38)

This density profile is not realistic for an unbound domain, as it has an infinite disk mass, but
in this case it will be limited by the inner and outer boundaries of the simulation.

One last point concerns the nature of viscosity in the disk. Molecular viscosity, where the ex-
change of momentum between parallel flow layers is given by the Brownian motion of gas par-
ticles, would give viscous timescales of ∼ 1013 years, which is totally incompatible with the
observed disk lifetimes.

Another mechanism that can redistribute momentum in the disk is turbulence, which can act
effectively as viscosity on a much larger scale. Assuming it is sufficiently isotropic, the magni-
tude of this turbulent viscosity can be characterized with dimensional analysis by noting that
the kinematic viscosity has units of length2/time. It can then be assumed that the fluidmix-
ing happens at scales up to the scale heightH and at velocities up to the sound speed cs, thus we
can express ν as the so-called Shakura-Sunayev α prescritpion [19]:

ν = α cs H, (2.39)

where the adimensional number α expresses the efficiency of turbulence in dissipatingmomen-
tum: it is usually assumed constant throughout the disk, with typical accepted values ranging
from 10−2 to 10−5.

The turbulent viscosity canbeused to compute g⃗ in theNavier-Stokes equations, given a generic
velocity field:

g⃗ = ∇ ·
(
ν
(
∇v⃗+∇v⃗T +

2
3
⃗⃗I (∇ · v⃗ )

))
, (2.40)

where∇v⃗T is the transposed velocity gradient tensor and⃗⃗I is the identity matrix.
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2.3. Dust Dynamics

2.3 Dust Dynamics

Dust is modeled as an ensemble of particles, where each one’s position r⃗i and velocity w⃗i = ˙⃗.r i
evolve according to the following equation of motion:

mi
d2⃗ri
dt2

=
v⃗− w⃗i

τi
+

δ⃗vd(t)
τi

−∇ϕ, (2.41)

The different terms on the RHS are, respectively:

• Drag (⃗v− w⃗i)/τi, where τi is the stopping time of the i-th particle.

• Turbulent diffusion δ⃗vd/τi, where δ⃗vd is a stochastic velocity difference between gas and
dust given by local turbulence.

• Gravity∇ϕ, where ϕ(⃗ri) is the gravitational potential.

The index iwill be omitted for the rest of this section.

2.3.1 Drag
The stopping time is the characteristic timescale over which the velocity difference between the
gas and a dust grain decays in steady state conditions. It is modeled as illustrated in [20]:

τ =
ρ•
ρg

8 s
3CDΔv

=
4λ ρ•

3ρgCD cs
(MK)−1 , (2.42)

where λ is the mean free path of the gas, found with:

λ =
mm

ρg σc
, (2.43)

ρ• is the density of the dust grains, ρg the density of gas, CD is the drag coefficient, M and K
are theMach number and the Knudsen number, two adimensional parameters that quantify
respectively the incident flow velocity to sound speed ratio and the mean free path λ to dust
size ratio, defined as:

M =
Δv
cs
, (2.44)

K =
λ
2s
, (2.45)
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Chapter 2. Circumstellar disks

where Δv = |⃗v− w⃗| is the relative dust-gas velocity magnitude. The expression forCD interpo-
lates between two different regimes: Epstein drag C (E)

D and Stokes drag C (S)
D :

CD =
9K2 C (E)

D + C (S)
D

(3K + 1)2
. (2.46)

A dust particle is in the Epstein regime when the mean free path is much bigger than its size
(λ ≫ s , K ≫ 1), C (E)

D depends only on the Mach numberM:

C (E)
D (M) = 2

√
1+

128
9πM2 , (2.47)

In the Epstein regime the dust particle does not experience drag as a fluid interaction, but rather
as a constant flux of gas molecules colliding at close to thermal velocity from every direction.
The relative motion of gas and dust adds a component to the collision velocity from the direc-
tion opposite to motion, and this is what creates drag.

Conversely, in the Stokes regime the size is larger than themean free path (λ ≪ s , K ≪ 1) and
C (S)
D is a function of theReynolds numberR:

C (S)
D (R) =


24R−1 + 3.6R−0.313 if R ≤ 500
9.5 · 10−5 R1.3937 if 500 < R < 1500
2.61 if R ≥ 1500.

(2.48)

The different cases correspond to different turbulent regimes: forR < 500, the flow is lami-
nar, while forR > 1500, it is highly turbulent. The Reynolds numberR is an adimensional
quantity that is defined as the ratio between inertial and viscous forces:

R =
6 sΔv√
8/π cs λ

=

√
9π
8
M
K

. (2.49)

In the Stokes regime the interaction is aerodynamic in nature, and the drag can be seen as the
dust particle transferring momentum to the gas via viscous forces (lowR < 1) or a turbulent
wake (highR > 800). A plot showing CD for the various regimes is shown in figure 2.2.

BothK andR depend on the particle size:

s ∝ R ∝ K−1 (2.50)

In broad terms, small particles with a highK also have a lowR and vice versa. This allows one
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to write simpler expression for the stopping time τ in the two regimes:

τ (E) ≃ s
cs

√
π
8
ρ•
ρg

(2.51)

τ (S) ≃ s
2.61 Δv

8
3
ρ•
ρg

(2.52)

The important difference between the two is the dependence on Δv: while drag in the Epstein
regime scales linearly with velocity, it scales as the square of velocity in the Stokes regime:

Δv/τ (E) ∝ Δv (2.53)
Δv/τ (S) ∝ Δv2 (2.54)

The drag will thus grow non-linearly once the particle is in turbulent Stokes regime.
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Figure 2.2: Drag coefficientCD as a function of Reynolds numberR. The value ofCD at lowR is in the Epstein
regime and, as such, depends on the Mach numberM. Adapted from [21]

Another useful adimensional quantity is the Stokes number S , which describes the ratio be-
tween the particle stopping time and the dynamic timescale, which in the case of dust in a
circumstellar disk is given by:

S = τΩK (2.55)

Particles with S ≪ 1 are well-coupled to the gas (meaning that they move together with the
gas flow), while particles with S ≫ 1 are decoupled from the gas and move independently.
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Chapter 2. Circumstellar disks

2.3.2 Radial Drift

It would be intuitive to think that between gas and dust there is no steady-state relativemotion,
but this is not true due to the fact that gas is partially supported by pressure. Recalling from
equation 2.12, assuming no radial velocity u in the gas:

rΩ2 =
1
ρ
∂p
∂r

+
GM⋆

r 2 . (2.56)

The gas rotational velocity can be calculated dividing by r and taking the square root:

Ω =

√
Ω2

K +
1
r ρ

∂p
∂r

. (2.57)

Since the radial pressure gradient is normally negative (pressure decreasing outwards) it can be
seen that gas orbits at a slightly sub-Keplerian velocity (Ω < ΩK). Dust embedded in a disk,
which in a non gaseous disk would orbit exactly at Keplerian velocity, encounters a retrograde
gas wind which slows it down and makes the orbit decay. This phenomenon is called radial
drift, and the radial drift velocity ud for small dust to gas ratios in Epstein regime is [21]:

u (E)
d =

rΩK h 2

S + S−1
∂ ln p
∂ ln r

. (2.58)

It can be seen that the maximum drift velocity (in magnitude) happens for S = 1. Small
particles that are well coupled to the gas have small terminal velocities, thus drift slow, while
big decoupled particles can orbit at close to Keplerian velocity. In the transition between the
two regimes radial drift velocity is maximized.

The total relative velocity Δv at steady state for small dust to gas ratios in Epstein regime is:

Δv (E) = h2 rΩk
S
√
S2 + 4

2(S2 + 1)

∣∣∣∣∂ ln p
∂ ln r

∣∣∣∣ (2.59)

Radial drift gives rise to the drift barrier: forS ∼ 0.01 the drift velocity is on the order of∼ 50
m/s, or ∼ 10 AU/kyr, which means that the dust can drift onto the star much more rapidly
than the disk lifetime. This is worsened as particles grow and their Strokes number approaches
unity, as the drift is accelerated.

Crucially, the drift direction is dependent on the sign of the pressure gradient: any local pres-
sure maxima dust will halt the inward motion of dust, accumulating it in a so-called dust trap.
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2.3. Dust Dynamics

2.3.3 Turbulent Diffusion
Turbulent motion of the gas component happens at scales that can be much smaller than the
simulation spatial resolution: its effects are accounted for by the Shakura-Sunayev viscosity ν.
In the dust component the stochastic turbulent transport can be mimicked with the turbulent
diffusionmodel, which adds a randomwalk term δ⃗v(t)/τ to the acceleration of each individual
particle.

The random velocity kick is taken from a normal (Gaussian) distribution, with probability
density function f (δ⃗vd):

f (δ⃗vd) ∝ exp
(
−|δ⃗vd − ⟨δ⃗vd⟩|2

2 var(δvd)

)
. (2.60)

To have a diffusionmodel that behaves realistically with the non-uniform density and viscosity
(turbulence) in the disk, the average value ⟨δ⃗vd⟩ and variance var(δvd) of the Gaussian distribu-
tion are given, according to [22], by:

⟨δ⃗vd⟩ =
D
ρ
∇ρ+∇D, (2.61)

var(δvd) =
2D
δt

+ |∇D |2, (2.62)

where D is the diffusivity, a parameter which controls the scale of diffusion, and δt is the
timestep of the numerical integration. The diffusivity depends on the local strength of tur-
bulence (quantified by the turbulent viscosity ν) and how well coupled the particles are to the
gas (quantified by Stokes number S). The higher inertia of the bigger particles doesn’t give
them time to “react” to the fast velocity fluctuations of turbulence.

The expression forD used in this work is [22]:

D =
ν (1+ 4 S )

(1+ S 2)2
. (2.63)

The diffusivity becomes zero for decoupled particles (S ≫ 1), while it reverts to the turbulent
viscosity ν for small coupled particles (S ≪ 1).

23





3
Planet migration

Until this point, the circumstellar material has been assumed to be influenced just by the
central starM⋆. In this chapter, a planet with massMp in a Keplerian circular orbit with
semiaxis a and position rp will be added to the model, changing the potential to:

ϕ = ϕ⋆ + ϕp = −GM⋆

r
−

GMp

|⃗r− r⃗p|
. (3.1)

As will be shown, the planet’s gravity can substantially change the distribution of circumstellar
material, breaking the azimuthal symmetry with quantities “in front” of the planet (φ < φp)
being different from quantities “behind” it (φ > φp).

This asymmetry in the distribution of gas and dust is what allows the planet to exchange a
net positive or negative amount of angular momentum with the disk through gravitational
interactions, lowering or raising its orbit, and thus causing it tomigrate inwards or outwards.

This chapterwill give a theoretical backgroundonmigration caused byplanet-disk interactions,
particularly on the migration of small planets and how the presence of dust in the disk affects
its dynamics.
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Chapter 3. Planet migration

3.1 Types of migration
The direction and velocity of migration vary depending on the planet mass and the local disk
properties, and are still debated due to the complexity of realistically simulating all the physical
phenomena involved. Two limit cases have been identified, type I migration for small planets
(Mp ≲ 100 M⊕), and type II migration for big ones (Mp ≳ 100 M⊕). An additional regime
called type III migration can exist for intermediary masses if the disk density is very high.

★

★

Figure 3.1: Planet migration regimes for different disk-star mass ratio MD/M⋆ and planet-star mass ratios
Mp/M⋆, calculated with a disk characterized by a constant aspect ratio h = 0.03 and viscosity parameter
α = 10−5. Adapted from [23].

In all cases, the presence of a massive object in a gaseous disk has two main consequences[24]:

• Two density spiral arms emanating from the planet, a lower one which leads the planet in
its orbit and a higher one which trails it. These spiral arms create asymmetry in the disk
gravitational potential, with the trailing arm having a stronger pull on the planet than the
inner one, resulting in a negative torque on the planet, referred to as Lindbald torque.

• The formation of a corotation zone, where the material executes horseshoe orbits in the
planet corotating frame. This type of flow has nominally a positive torque, called corotation
torque, but the sign is dependent on the local thermal structure and pressure gradient of the
disk.
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3.1. Types of migration

These effects interact differentlywith the gas and theplanet dependingon themigration regime:

Type Imigration: When the planetmass is low, the planet doesn’t perturb the average
azimuthal density and the disk responds in the linear regime. The Lindbald torque dominates
over the corotation torque for a wide range of planet masses, disk densities, and temperature
gradients, making the planet migrate inward at a relatively rapid pace. The precise magnitude
torque, however, is strongly influenced by the local disk properties and the assumptions made
on the gas’ equation of state [24].

Type IImigration: As the planetmass increases, the disk response becomes non-linear
and two shockwaves form at the base of the spiral arms. These shocks exchange a considerable
amount of momentum to the gas, reducing its orbital energy in the inner disk and increasing
it in the outer one: this gradually removes material from the corotation zone until an annular
“gap” containing the planet forms, where the gas density is several orders of magnitude lower
than in the unperturbed disk. The gap substantially changes the migration dynamics: if the
planet approaches either end of the gap, the corresponding wake becomes stronger, creating
a torque imbalance that directs the planet back to the gap center where the two torques have
no net effect. This mechanism acts as a negative feedback loop that radially couples the planet
to the disk material. Migration is typically slower than in type I, moving the planet with a
timescale comparable to the viscous timescale [17].

 

Ω Ω Σ 

type II migration type I migration 

Figure 3.2: Examples of gas density Σ distributions for type I migration (Earth-sized planet) and II migration
(Jupiter-sized planet). Adapted from [17].
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Chapter 3. Planet migration

Type IIImigration: Astatic planetwould create a corotation region inwhich the flow
lines close on themselves, but if itmigrates someof thembecomeopen, transportingmaterial in
a single horseshoe turn from the inner disk to the outer disk, if the planet is migrating inwards
(and vice versa for outward migration). This torque is stronger the faster the migration is, so it
can lead to runaway migration if a planet migrates fast enough in either direction. In practice,
this could only be triggered in dense disks where the planet mass is high enough to have fast
type I migration but below the gap-opening threshold.

3.2 Classic type I migration

In this section the classic framework of type I migration is discussed, analyzing the two main
sources of torque: the corotation flow and the spiral waves.

3.2.1 Wakes formation and Lindbald torque

The perturbing effect of small planets on the diskmaterial can be described as the sumof linear
waves. Any quantity X(r,φ, t) can therefore be expressed as[25]:

X(r,φ, t) =
∞∑
μ=0

Re
(
X̃μ(r) exp i

(
ϑμ −Ωpt

))
, (3.2)

where μ ∈ N is the azimuthal wavenumber, X̃μ(r) is the wave amplitude, Ωpt = φp is the
planet azimuth and ϑμ(r,φ, t) is the phase of the μ-wave, defined as:

ϑμ =
∫
κ(r) dr + μ(φ−Ωpt), (3.3)

where κ(r) is the radial wavenumber. A dispersion relation relating κ and μ can be found by
expressing Σ and v⃗ using the linear wave ansatz 3.2 in the Navier-Stokes equations [26]:

μ2
(
Ω−Ωp

)2
= ω2 + c 2s κ2 (3.4)

whereΩp is the planet angular frequency, andω is the epycyclic frequency, the pulsation atwhich
a radially displaced element oscillates, defined as:

ω2 =
2Ω
r

d
dr
(
r 2Ω

)
, (3.5)
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3.2. Classic type I migration

in which a Keplerian disk coincides with the orbital pulsation ω = ΩK. Since in any case the
gas velocity is close to Keplerian, the approximation ω ≃ ΩK ≃ Ω can be used. This means
that the term ω2 can be neglected in equation 3.5 for μ ≫ 1, except close to the planet radius,
where Ωp ≃ Ω. Equation 3.5 under this assumption simplifies to

μ(Ω−Ωp) ≃ csκ. (3.6)

A simple solution for κ(r) can be found for disks with a constant aspect ratio h, where the
temperature profile is given by the power law T(r) = T0 r0/r. This allows one to write the
sound speed as a function of r:

cs(r) = h
√

GM⋆

r
, (3.7)

with the constant aspect ratio h being:

h =

√
r0kBT0

GM⋆mm
. (3.8)

With this assumption, a solution to 3.6 is

κ(r) ≃ μ
κ
rp
r

((
r
rp

)−3/2

− 1

)
. (3.9)

This expression can be used to calculate the phase of the μ-wave, yielding the following result:

ϑμ ≃
π
4
+ μ

(
sgn(r− rp)

2
3h

((
r
rp

)3/2

− 3
2
ln

r
rp

− 1

)
+ φ−Ωp t

)
, (3.10)

where sgn(r − rp) is the sign of r − rp, i.e. it’s +1 if r − rp > 0 and −1 if r − rp < 0. All
modes interfere constructively if ϑμ is the same for all μ, which happens if the term inside the
μ(...) parenthesis is zero. This identifies a 1D domain φ∗(r, t) of the disk, located at:

φ∗(r, t) ≃ sgn(rp − r)
2
3h

((
r
rp

)3/2

− 3
2
ln

r
rp

− 1

)
+Ωp t. (3.11)

This domain is a spiral (shown in figure 3.3) that winds around the star, which includes the
planet and rotates with it. The inclusion of lower modes, for which the μ ≫ 1 assumption is
not valid, does not change the shape significantly [25] and spirals appear in numerical simula-
tions even with different thermal profiles and non-linear perturbation regimes.
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Figure 3.3: On the left, spiral position φ∗(r) according to linear perturbation theory, for h = 0.05. On the right,
a density snapshot from a numerical simulation of the same disk and a planet withMp = 10−4, is in accordance
with the linear theory. Adapted from [25].
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Figure 3.4: Torquemagnitude |Γμ|/Γ0 associated to the first 60modes μ of the outer and inner waves, for various
aspect ratios h, normalized by the value Γ0 = (Mp/M⋆)

2 r4pΩ
2
pΣ(rp)h−3. All outer modes have negative torque

and their magnitude being higher than the inner ones implies a total negative torque. Adapted from [27].

Both spiral arms create an overdense region in the vicinity of the planet, thus pulling it for-
ward along the orbit (the inner arm) and backwards (the outer one). The circular geometry of
the problem introduces an asymmetry between the arms, making the outer arm contribution
stronger than the inner one (as shown in figure 3.4), despite the density of the disk generally de-
creasingwith radius. This creates a net negative torque, i.e. an exchange of angularmomentum
from the the planet to the disk material, called Lindblad torque; which decreases the semiaxis
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3.2. Classic type I migration

over time. The Lindblad torque ΓL in the linear regime for a vertically isothermal disk can be
approximated by the formula [28]:

ΓL ≃ −(3.2+ 1.468 n)Γ∗, (3.12)

where n is the exponent of the density power-law of the disk (see equation 2.38) and Γ∗ is a
normalization torque* defined as:

Γ∗ =
(
Mp

M⋆

)2 r4pΩ2
pΣ(rp)
h2

. (3.13)

3.2.2 Horseshoe orbits and Corotation torque

In the region where Ω ≃ Ωp, the gas streamlines depart considerably from circular motion,
describing horseshoe-shaped trajectories in the planet’s corotating reference frame (CRF) re-
ferred to as horseshoe orbits. To see why this happens, it’s useful to imagine how a particle in
a slightly different circular orbit is influenced by the planet’s gravity. Assuming that it starts
from a slightly lower orbit, let us analyze the particle motion in the CRF:

1. The particle moves along the lower orbit, at some point it approaches the planet from “be-
hind” (since Ω > Ωp).

2. Once it gets close enough, it starts to feel the planet’s gravity. Provided that their radial
separation is much smaller than the azimuthal one, the gravity vector is almost parallel to
velocity and has the effect of accelerating the particle along its orbit.

3. The Δv imparted by the planet puts the particle in an eccentric orbit, which in the CRF
looks like a reversal of the azimuthal velocity while crossing the rp radius. This motion is
called a horseshoe turn.

4. When rp is crossed, the planet’s gravity is now opposed to velocity. The particle evolves in
a near-symmetrical trajectory where the Δv and eccentricity picked up in the lower portion
of the trajectory is almost perfectly removed, ending up in a circular orbit at a higher radius.

5. The particle continues in the higher orbit until it gets “in front” of the planet and it initiates
an inward horseshoe turn, thus going back to a lower circular orbit.

This model, illustrated in figure 3.5, is not sufficient to describe all features of the gas dynamics
near the planet, as it doesn’t account for pressure and viscosity. Even so, more detailed models

*In literature various versions of the normalization torque can be found, proportional to different powers of
the aspect ratio h, as it can be arbitrary due to the fact that it’s adimensional.
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planet low (faster) circular orbit

high (slower) circular orbit

acceleration
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horseshoe turn
(eccentric orbit)

Ω

r=rp

Figure 3.5: Dynamics of an outward horseshoe turn. The trajectory of the particle in the CRF is shown in blue
and the planet’s gravity as red arrows. In the inertial frame, the planet orbits counter-clockwise (i.e. towards the
left of the page).

confirm the existence of a corotation zone at r ≃ rp where gas moves along horseshoe orbits
and has an average pulsation equal to the planet ⟨Ω⟩ = Ωp. The radial semi-amplitude of the
corotation zone Δrc for low mass planets is approximately [29]:

Δrc ≃ 1.05

√
Mp

M⋆h
rp, (3.14)

and separates the disk into an outer part and an inner one, inwhich gasmoves in opposite direc-
tions in the CRF (see figure 3.6). A part of the corotation torque is due to the linear response
of the disk (the problem must be treated differently from the Lindblad torque setup since
Ω ≃ Ωp at corotation), which introduces by itself an azimuthal density asymmetry. How-
ever, in the majority of cases, the dominant contribution is due to a nonlinear effect called the
horseshoe drag, which is produced close to the planets by material undergoing the horseshoe
turns. This last component relies on viscosity to replenish the corotation zone with “fresh”
angular momentum, and would otherwise be a transitory phenomena [30].

Both contributions are due to gradients in the disk, specifically [31]:

• Temperature and consequently scale heightH.

• Vortensity, i.e. the specific vorticity |∇×⃗v|/Σ.

• Entropy, which for an isothermal disk is simply P/Σ

UnlikeLindblad torque, corotation torque is often positive; anddespite being generallyweaker
than the former in some environments (for example strong thermal gradients) it can dominate
and lead to outward migration.
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corotation zone
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0 +π-π

0

Figure 3.6: Schematic representation of the gas streamlines, on the CRF coordinates {r, θ}, where θ = φ−φp(t)
is the corotating azimuth. The corotation zone is highlighted in yellow, the streamlines in blue and the planet is
represented as a dark circle (not to scale) in the middle of the diagram. The planet orbits to the left.

3.3 Additional torques of type I migration
Early linear models of type I migration had a problem with the survival of small planets. For
example, a formula derived through linear analysis [28] predicts that a small planet’s semiaxis
a evolves at a rate of:

ȧ ≃ −(2.7− 1.1 n)
Mp Σ a2

M 2
⋆ h2

rΩp. (3.15)

As shown in figure 3.7, planets within the order of a few M⊕ fall into the star in about∼ 105

years. This is troubling for the survival of small planets and the formation of giant planets, as
the disk lifetime is 106 ∼ 107 years. For this reason, much effort has been put forth recently
into redefining these migration models, in order to decrease the calculated type 1 migration
rate so that it matches the observed populations of exoplanets, the most important of which
are listed below [32, 24]:

Thermal torques: Most works consider the disk to be adiabatic; this assumption is valid
for large parts of the disk but fails to account for two important factors:

• Diffusion of heat near the planet [33]: as the gas gets close to the planet, it compresses, raising
its temperature. Close to the planet, the temperature gradient is high enough that diffusion
is faster than advection, which allows the hot gas to lose heat to its surroundings, making it
colder than the adiabatic case.

• Accretion heating [34]: pebble accretion turns into thermal energy the gravitational poten-
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Figure 3.7: Evolution of of a 1M⊕ planet starting at 1 AU (in green) and a 10M⊕ (in red) at 5 AU, undergoing
type-I migration in a MMSN disk according to equation 3.15. Adapted from [17].

tial of thepebbles, which in turnheats up the gas close enough to theplanet. The gas becomes
hotter in this case than for the adiabatic case.

By itself the thermal difference does not cause a torque, but any deviation from the adiabatic
case changes the gas density, in order to restore the pressure balance. The density anomaly is
then sheared by theKeplerian differential flow, but since the disk is sub-Keplerian, an azimuthal
asymmetry is introduced. Specifically, the density anomaly takes the shape of two lobes, an
outer trailing one and an inner leading one, where the outer one is more pronounced since
the gas is slightly slower than the planet. In the end, thermal diffusion creates a net trailing
overdensity, whichhas a negative torque, while accretionheating creates a trailing underdensity,
which has a positive torque. Thermal torque is very important for low mass planets, but its
influencedecreases rapidlywhen the corotation zonewidthbecomes comparable to the thermal
lobes, at 10 ∼ 20M⊕.

Magnetic fields and turbulence: Turbulent viscosity is very important for the disk
evolution and thedesaturationof horseshoedrag. Itsmain source is thought tobe theMagneto-
Rotational Instability (MRI) [35], amechanism that taps into the energy of theKeplerian shear,
amplifying locally themagnetic field and creating vortices. The turbulence can excite small den-
sity perturbations and asymmetric waves, which introduce a stochastic component to torque,
that can oscillate with timescales of fractions of an orbit. The specific torque is not dependent
on planet mass, unlike all torques seen before, so stochastic migration is very important for
low mass planets and gets progressively less relevant for bigger ones. Overall, stochastic migra-
tion does not change the average rate or the long-term trend of migration, but adds a random
component that gets progressively smaller for bigger planets.
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3.4. Dust torque

Dynamical Corotation torques: If the viscosity is low, the mixing in the corotation
zone removes the original gradients from the disk material, and the difference in vortensity
between the corotating and external zones drive corotation torque. This difference can increase
during migration, as the corotating material (which for the most part stays with the planet)
encounters different vortensity gradients along the disk. This mechanism also depends on the
migration rate and history, and is thus dynamic torque (like type III migration). It can lead to
these outcomes:

• If the (static) corotation torque is in the same direction than the total torque, then it leads
to runaway migration.

• If the corotation torque is opposed to the total torque, migration is gradually halted.

Since the corotation torque is often positive, thismechanism is very useful to stop the fast infall
of type-I migrating planets.

Lastly, the solid component present in the disk gas has recently been shown to have a big influ-
ence on type I migration. The next section discusses this in detail.

3.4 Dust torque

The solid component of the disk constitutes a small fraction of its total mass in most cases,
the canonical value being ∼ 1% of the gas. For this reason, not much attention was paid to
its effect on migration. However, unlike gas, there is no pressure counteracting the formation
of overdensities, and this could potentially create strong azimuthal asymmetries close to the
planet.

This possibility was investigated recently by Benítez-Llambay & Pessah [36] (the paper will be
referred to as BLP18) with a series of simulations. They found that dust distributions per-
turbed by a small planet (0.1 ∼ 10 M⊕) can generate a net torque, which depending on the
scenario can be positive and even be several times stronger than the gas torque. The effects
were confirmed for various dust size distributions [37], and the influence of planet accretion
was also shown to be a significant factor [38].

BLP18 identified three dynamical regimes, depending on the dust Stokes number S which
create qualitatively different dust distribution, thus torques. These regimes, shown in figure
3.8 are the following:

• Gas-dominated regime. (S < 0.2) Dust is well-coupled to the gas, so the influence of
the planet’s gravity dominates only in the very nearby region. The incident dust streamlines
get concentrated by the planet gravity, but any eccentricity of the particles’ orbit is quickly
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dampened. The dust then becomes concentrated around a streamline that loops around the
corotation zone, which is in turn depleted from dust, and then leads the planet in a lower
orbit after completing the loop. The underdensity that forms behind the planet in the coro-
tation zone is referred to as dust gap. This distribution has been found in BLP18 to create
positive torque for any planet mass, as both the dust gap and the leading tail accelerate the
planet in the same direction as the orbital motion.

• Transition regime. (0.2 > S > 0.5) With fast drift velocities, the dust gap closes and,
since drag is still very significant, particles are brought to their terminal velocity too fast to
follow big portions of an elliptical orbit. This leaves an overdensity behind the planet that
competes with the leading trail; as a result, the net torque is very sensitive to planet size and
Stokes number, the trend being more negative for smaller planets.

• Gravity-dominated regime. (S > 0.5) If particles are decoupled from the gas, a deep dust
gap appears again, this timenot drivenby gas corotation anddrag, but from theplanet gravity,
increasing the eccentricity of nearby particles, which then follow an epicyclic trajectory in the
CRF. After the loop, the flow lines do not close on the planet again due to the energy lost to
drag, and create an underdensity just above the trail. This regime creates positive torque, in
a manner similar to type-III migration.

The simulations done in BLP18 and the subsequent articles on the subject [36, 38, 37, 39]
treated dust as a pressureless fluid. Thismakes it easy tomeasure the torque, as once steady state
is reached, the values of density on the simulation grid don’t change. However, there are some
shortcomings of the simulations identified by the authors, among which are the following:

1. The dynamics of dust do not account for turbulent diffusion, which could potentially im-
pact small and well-defined density distribution features. The difference in dynamics is rel-
evant in particular for small Stokes numbers, which are better coupled to turbulent eddies.

2. As shown in a following article [38], the torque value is very dependent on the smoothing
length of the planet potential (a topic discussed in detail in section 4.5); this was set to a
somewhat arbitrary value due to the lack of prior research available on the topic.

3. The pressureless fluid approach is accurate for dust distributions with very low velocity
dispersion, which is the case when dust dynamics are determined predominantly by drag.
However, this assumptionbecomesunrealistic forparticles decoupled fromthe gas, orwhere
the gravity changes on a small spatial scale close to the planet.

This thesis aims to investigate these issues, by simulating the dust as a collection of Lagrangian
particles and a more accurate modelling of their dynamics.
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Figure 3.8: Qualitative diagram of dust flow lines and density variation according to the regimes, as described in
BLP18 [36]. From top to bottom: gas-dominated, transition and gravity-dominated regimes.
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4
NumericalMethods

The calculation of the dust torque is done in two parts. The first is simulating the dust
population evolution in the disk using a customized version of PLUTO, a software for as-
trophysical fluid simulations, which produces instantaneous torque measurements. On a

second phase, the calculated values are averaged and properly rescaled in post-processing by a
python script *.

This section describes the setup of the simulation and the technique in which the torque was
calculated from the data obtained.

4.1 PLUTO software
PLUTO is a numerical fluid dynamics solver [40] specialized for astrophysical problems. At its
core, it’s a numerical solver for differential equations of a set of conserved quantities U(⃗r, t)
which take the form:

∂U

∂t
= −∇ · T(U) + S(U), (4.1)

where T is a rank 2 tensor containing the fluxes ofU and S is a source term forU.

*PLUTO can be downloaded from https://plutocode.ph.unito.it/, and all the customized files and
scripts used for this thesis are available from my dedicated repository at https://github.com/gbezze/
dust-torque-PLUTO.
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Chapter 4. NumericalMethods

The conserved quantities represent different momenta of a fluid (e.g. density, momentum, en-
ergy), which are evaluated on a grid spanning the domain of the simulation. The interactions
between the components are accounted for by the source term. This architecture is highly flex-
ible, and it contains various modules for solving different physics, such as radiation, magneto-
hydrodynamics, and relativistic gas dynamics.

The simulation is carried out by using the value ofU at some time to calculate its value after a
finite timestep δt, which is chosen automatically by the code in order to ensure numerical sta-
bility. The integration can be done with many physics-independent algorithms, but requires:

• Initial conditionsU(t = 0): these will be the first values assigned to the grid variables at the
beginning of the simulation.

• Boundary conditionsU(⃗r ∈ B, t) which will be enforced at every time step for grid points
inside the boundary domain B.

The simulations of this thesis are based on the test problemDust_Diffusion, contained in the
Particles module [41], which in addition to the evolution of the Eulerian fieldsU, allows
one to simulate the dynamics of Lagrangian particles, each characterized by a set of properties
and a position r⃗i(t), which change according to some equation of motion:

d 2r⃗i
dt 2

= f⃗
(
U, ˙⃗ri, r⃗i

)
. (4.2)

If a big enough number of particles is simulated, they can be used to trace the density ρd of the
“dust fluid” by monitoring the number of particles NP on a small volume δV of the domain
around some position r⃗ :

ρd(⃗r, t ) ∝
NP(δV, t )

δV

∣∣∣∣⃗
r
. (4.3)

The particles are generated at the beginning of the simulation, drawing the positions randomly
froma probability density function (PDF) thatmatches the initial dust fluid density. During the
simulation, particles can be created or destroyed based on spatial conditions, or their velocities
can be altered: in this way boundary conditions on the dust fluid can be enforced.

In the simulation, in addition to dust particles, the planet and central starwill be present. While
they are functionallyLagrangianParticles, their equations ofmotion are different from thedust
particles and a different numerical scheme is used for integration.
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4.2. Mathematical model

4.2 Mathematical model

The program is set up to solve simultaneously the 2D Navier-Stokes equations, the dynamics
of dust, and evolve the planet’s orbit. The full system of equations, represented in figure 4.1, is
the following:

gas dynamics

∂Σ
∂t

+∇ · (Σ⃗v) = 0, (4.4)(
∂

∂t
+ v⃗ · ∇

)
v⃗ = − 1

Σ
∇P−∇ϕ− g⃗(⃗v) (4.5)

P = h 2GM⋆

r
Σ (4.6)

planet dynamics

d 2

dt 2
r⃗p = −GM⋆

r 3
p

r⃗p (4.7)

ϕ(⃗r ) = −GM⋆

r
−

GMp

Δr
(4.8)

Δr =
√
|⃗r− r⃗p|2 + r 2

s (4.9)

dust dynamics

d
dt
r⃗i = w⃗i (4.10)

d
dt
w⃗i = − w⃗i − (⃗v+ δ⃗vd)

τi
−∇ϕ (4.11)

τi = f (Σ, |w⃗i − v⃗|) (4.12)

To obtain comparable results to BLP18, a constant aspect ratio h is assumed, which simplifies
the gas model and allows the system of equations to be closed without solving explicitly for
temperature. The stopping time τi = f (Σ, |w⃗i − v⃗|) is calculated as a function of gas density
Σ and relative dust-gas velocity according to the method illustrated in section 2.3.1.

As anticipated in the previous chapter, the planet potential denominator Δr includes a term
called smoothing length rs, which artificially limits the intensity of gravity, avoiding numerical
singularities very close to the planet, and allows formore realistic treatment of the 3D structure
of the disk. The value of this can be chosen depending on what is interacting with the planet,
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but this will be discussed in detail in section 4.5. No smoothing is needed around the star, as it
is outside the simulation domain.

P L A N E T  D Y N A M I C S

G A S  D Y N A M I C S

D U S T  D Y N A M I C S
d
dt Σ ∫dt

Ԧv∇∙(Σ   )

P
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dt Ԧv
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dt Ԧr

2

2 i

∫dt

∫∫dt2Δv
τ

M★, Mp ,   pԦr

Γd

Figure 4.1: Mathematical model solved by PLUTO. Arrows represent interactions between the components,
yellow circles represent numerical integrators.

The model does not account for all possible interaction between the disk components:

• Dust back-reaction, i.e the effect that drag has on the gas, is not modeled. This is a good
approximation if the dust to gas ratio stays low, but would need to be implemented to realis-
tically describe areas of high dust concentration.

• Disk gravity on the planet: the planet is influenced only by the central star in order to keep
it in a circular orbit. This is done so that a steady-state can be reached, and has the underlying
assumption that the density evolution is much faster than the migration timescale.

• Disk self-gravity: The gravitational potential for dust and gas is given only by the planet
and the star.

While the planet cannot migrate in this simulation, the dust torque Γd is calculated from the
dust distribution at regular time intervals. The gas torque is also calculated, but with the ana-
lytical formula 3.12 rather than the simulated gas density.
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4.3 Simulation domain and boundary conditions

The simulation is carried out in 2D in polar coordinates {r, θ }, with different boundary con-
ditions and domains for dust and gas. They are shown schematically in figure 4.2.
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Figure 4.2: Schematic view of the simulation domain and different type of boundaries employed in the simula-
tion.

Azimuthal boundaries: The azimuthal domain is simply θ ∈ [−π; +π] for both com-
ponents, but to make the domain topologically a disk, the two azimuthal edges need to be
connected. This is done by enforcing a periodic boundary:

X(r,−π, t) = X (r,+π, t), (4.13)

whereX = { u,Ω,Σ } is constituted by the velocity and density fields. This ensures that any
perturbation that travels off the−π edge is transmitted to the+π one, and vice versa. A similar
thing is done with particles, which are transported to the other edge whenever they cross the
boundary without changing any other property.

{θi = −π − δθ → +π − δθ
θi = +π + δθ → −π + δθ

(4.14)
(4.15)
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Gas radial boundaries: The gas domain is r ∈ [ rgi, rgo], which will be referred to as
inner gas radius and outer gas radius. A stationary boundary is used, which does the following:


u = 0,
Ω = ΩK,

Σ = Σt=0.

(4.16)
(4.17)
(4.18)

The boundary blocks flow of gas from crossing them by removing radial velocity, sets the tan-
gential one to match Keplerian orbital speed, and keeps the surface density equal to the initial
value Σt=0. This setup keeps the gas in the disk from moving out of the simulation area, but
can reflect waves which would travel just outside the domain in a real disk.

To solve this issue two gas damping zones are present near the boundary: an inner one extending
for r ∈ [ rgi, (1+Δd) rgi] and an outer one for r ∈ [ (1−Δd) rgo, rgo], where Δd ≪ 1 is a small
positive number, formost simulationsΔd = 0.1. Inside them the gas radial velocity anddensity
are gradually forced to the boundary values, removing energy from the waves:

{
u → u(1− kDΩKδt ),
Σ → (Σ− Σt=0)exp(kDΩKδt) + Σt=0,

(4.19)
(4.20)

where kD is the damping strength, which varies linearly from 0 to 1 towards the boundary in
the damping zones:

kD(r) =

{
(r− rgi)/(Δd rgi) in inner damping zone
(rgo − r)/(Δd rgo) in outer damping zone

(4.21)

Dust radial boundaries: Since the gas damping zones alter artificially the gas, the dust
domain r ∈ [ rdi, rdo] is contained entirely between their disk-facing boundaries:

rdi = (1+ Δd) rgi, (4.22)
rdo = (1− Δd) rgo, (4.23)

this ensures that the dust particles move in a zone where the gas evolves accordingly to the
physics of the disk only. Since dust flows in towards the star, particles are created into an injec-
tion zone at the top of the domain and destroyed once they cross the dust destruction radius at
the lower boundary.
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The particle injection zone extends from the upper limit of the dust domain rdo to the lower
injection zone boundary rb:

rb = rdo − 0.1(rdo − rdi). (4.24)

The number of particles of each size in the injection zone is kept constant throughout the sim-
ulation: when a particle goes below rb, a new one is created at a random r and φ inside the
injection zone. When steady state is reached, this is equivalent to keeping the dust fluid density
constant at the lower injection zone boundary rb.

4.4 Initial conditions
The gas disk density is initialized according to the steady state power-law profile 2.38 using rp
as the reference radius:

Σt=0(r) = Σ0

(
r
rp

)−n

. (4.25)

The gas velocity is set to match the Keplerian flow:

ut=0 = 0, (4.26)

Ωt=0 = ΩK =

√
GM⋆

r3
. (4.27)

The disk parameters used in the simulationsmatch the ones in BLP18where possible, but since
a purely adimensional treatment of the problem is impossible with the PLUTO dust dynamic
model, all parameters needed to be fixed to a physical value.

n = 1 ρ• = 2 g/cm2

h = 0.05 mm = 2.35 amu = 3.9 · 10−24g
M⋆ = M⊙ = 1.989 · 1033g σc = 2 · 10−15cm2

r0 = 1 AU = 1.496 · 1013cm Σ0 = 1000 g/cm2

A user-defined number of particles is generated, with sizes equally distributed among logarith-
mically spaced bins. The azimuth θi is generated randomly in the [−π,+π] range, while the
particle radial coordinate ri is generated according to a probability density function Π(r) that
matches the steady-state radial dust distribution of the unperturbed disk (Mp = 0).
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In principle, any starting condition relaxes to the steady state after enough time, however this
can take thousands of orbits for the slower drifting particles, which is much more than the
timescale in which the dust asymmetries arise (according to BLP18 it takes 50 orbits). Since
a stationary state is necessary for a valid calculation of the torque, waiting for it to develop
requires a much longer computation time.

The radial PDF for the initial conditions Π(r) is:

Π(r) =
(

r
rb

)q(s)

K(r), (4.28)

where the factor K(r) includes the source effect of particle injection (see appendix A) and has
expression:

K(r) = max
(
1 ,

r 2 + r 2
do

r 2
b + r 2

do

)
. (4.29)

Note that this is not a probability density function, since its integral in the domain is not 1.
However, this form is more useful for the random ri generation algorithm (rejection sampling
[42]) since it has a well-defined maximum value at:

maxr(Π) = Π(rb) = 1. (4.30)

The exponent q(s) is determined empirically by a series of steps:

1. A simulation is carried out with initial dust distribution q = 0 for a wide range of dust sizes
and without a planet present.

2. Thenumber of particles present in the simulation ismonitored for every size. After an initial
phase when the particle count drops, their number stays roughly constant indicating that
the steady state has been reached, as shown in figure 4.3.

3. For each size sj , the radial distribution at steady state between rb and rdi is fitted with a
power-law, with the exponent qj being saved.

4. The values sj − qj are fitted with a function. One that has been found to represent well the
simulated exponents has the form:

q(s) = C log10

((
s
s0

)A

+

(
s
s0

)B
)
. (4.31)
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Figure 4.3: Particle countNp evolution for the steady-state slope determination. It can be seen that various sizes
reach steady state at different times, but after t = 12 500 years all counts oscillate around the steady state value.
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The best fit q(s) in the size range s = 0.02 ∼ 20 cm, shown in figure 4.4, is characterized by
these values for the parameters:

s0 = 2.827 cm A = −0.066 B = 0.672 C = 2.241

A subsequent simulation with no planet performed with initial radial exponent q(s) given by
equation 4.31 shows, as expected, no appreciable evolution of the dust distribution.

4.5 Planet potential smoothing

The planet potential used in the simulation is, as anticipated:

ϕp = −
GMp√
η2 + r 2

s
, (4.32)

where η⃗ = r⃗− r⃗p. The existence of rs prevents singularities for η → 0, artificially limiting the
value of the potential close to it to amaximummagnitude ofGMp/rs. This is commonly done
inN-body simulations for numerical reasons, but in 2Dprotoplanetary disks it also helps to get
more realistic results close to the planet, where the vertical extent of the disk plays a significant
role.

Let’s consider the full 3D gravitational potential of a planet in the x− y plane:

Φp =
GMp√
η 2
xy + z2

, (4.33)

where ηxy is the planar component of η⃗. The vertically averaged potential ϕ experienced by a
particle taken from the density distribution ρ(ηxy, z) is:

ϕp(rxy) =
1
Σ

∫
ρ(rxy, z)Φp(rxy, z) dz. (4.34)

For the unperturbed disk gas density, where ρ(z) ∝ exp(−(z/H)2), the potential is closely
approximated [43] by equation 4.32 with a smoothing length rs set to:

rs ≃ 0.7H. (4.35)

This is valid for the gas component, but dust has a different vertical density profile and thus
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requires a different smoothing length.

In BLP18, rs is set to half of theHill radius of the planet rH:

rH = rp
(

Mp

3M⋆

)1
3

, (4.36)

but as a subsequent article points out [38], there is not a valid physical reason for choosing
this value for small planets, and a better approach would be to take the scale height of the dust
componentHd, which can be computed by assuming equilibriumbetween turbulent diffusion
and vertical settling [44]:

Hd ≃ H
√

α
α+ S

. (4.37)

The value ofHd depends on viscosity and coupling to the gas component: for verywell-coupled
particles S ≪ α, dust is a perfect tracer of gas and Hd ≃ H, but when S > α, the particles
settle effectively and the scale height is diminished.

To calculate dust torque, as well as dust dynamics, the smoothing length for dust will be set to
0.7Hd unless stated otherwise:

ϕp = −GMp

(
η2 + (0.7H)2

α
α+ S

)− 1
2

. (4.38)

4.6 A formula for dust torque

Let us assume for a moment that the disk containsN∗ equally sized dust particles of massm•.
The combined gravitational attraction of dust acting on the planet, which is what causes dust
torque, has this expression:

F⃗d = GMpm•

N∗∑
i=1

η⃗i
Δr 3

i
, (4.39)

where Δr 3
i = (η 2

i + r 2
s )

3/2. The dust torque Γd is given by:

Γd = F⃗d × r⃗p (4.40)

where in 2D the cross product operation × is the z component of the 3D resulting vector.
Inserting the previous equation for F⃗d, keeping in mind that η⃗i = r⃗i − r⃗p:
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Γd = GMpm•

N∗∑
i=1

(⃗ri − r⃗p)× r⃗p
Δr 3

i
. (4.41)

This expression can be simplified by noting that r⃗p × r⃗p = 0 and using polar coordinates r,φ :

Γd = rpGMpm•

N∗∑
i=1

ri sin(φi − φp)

Δr 3
i

. (4.42)

Since all particles have the same mass, the total dust mass Md = N∗m• can be used, and r 2
p

brought inside the sum to have an adimensional factor:

Γd =
GMpMd

rp
1
N∗

N∗∑
i=1

ri r 2
p

Δr 3
i
sin(φi − φp). (4.43)

The adimensional factor will be referred to as normalized torque ξ :

ξi =
ri r 2

p

Δr 3
i
sin(φi − φp), (4.44)

and it can be seen that in equation 4.43 the particle average normalized torque ξ̄ is present:

ξ̄ =
1
N∗

N∗∑
i=1

ri r 2
p

Δr 3
i
sin(φi − φp) =

1
N∗

N∗∑
i=1

ξi. (4.45)

Expression 4.43 can thus be written compactly as:

Γd =
GMdMp

rp
ξ̄ (4.46)

where ξ̄ encodes the dust density distribution but conveniently doesn’t depend on the total
dust massMd. This can be seen by rewriting F⃗d in terms of dust density ρd(⃗r ):

F⃗d = GMp

∫ ρd(⃗r ) (⃗r− r⃗p)
|⃗r− r⃗p|3

d 3⃗r (4.47)

which if plugged in 4.40 and equating it to 4.46, allows one to write an expression for ξ̄, using
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4.6. A formula for dust torque

the definition of total dust massMd =
∫
ρd (⃗r ) d

3⃗r :

ξ̄ = rp
(∫

ρd (⃗r ) d
3⃗r
)−1∫ ρd (⃗r )|⃗r× r⃗p|

|⃗r− r⃗p|3
d 3⃗r. (4.48)

If one imagines to multiply the dust density by a certain factor ρd → C ρd, the total dust mass
would also grow by the same factorMd → CMd, but the value of ξ̄wouldn’t change.

The value ofMd in equation 4.46 is more or less a free parameter, but it is useful to define it as
a function of the local dust surface density. Let us consider the ring dust density Λd(r) in the
stationary planet-less disk:

Λd(r) =
dMd

dr
∝ dN∗

dr
∝ Π(r). (4.49)

Taking into account just the “physical” domain between rid and rb, where K(r) = 1, Λd will
have a power-law profile with the q exponent described in the previous section:

Λd ∝ r q ⇒ Σd =
σd
2πr

∝ r q−1.

The dust surface density can thus be expressed as:

Σd = ε Σ0

(
r
rp

)q−1

, (4.50)

where ε is the dust to gas surface density ratio at the planet radius:

ε =
Σ0d

Σ0
. (4.51)

The dust mass contained between rid and rb will thus be:

Md(ε) = 2π
∫ rb

rid
Σd(r) r dr = 2πε Σ0

r q+1
b − r q+1

id

(q+ 1) r q−1
p

. (4.52)

With this formulation,Md(ε) is the total mass of dust contained between rid and rb such that
the dust to gas surface density ratio at rp is ε.

The torque formula can easily be adapted to dust with an arbitrary size distribution, by sim-
ulating particles with different sizes sj and then summing their contribution according to the
abundance of each size bin in the distribution.
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4.7 Normalized torque computation and errors

While it’s feasible to simulate millions of particles using PLUTO, it’s nowhere close to the real
number of dust particles in a protoplanetary disk. This is not a problem in principle, since
above a certain number their average torque would be reasonably close to the real value of ξ̄
if the dust distribution is “well sampled”. However, it’s not straightforward to calculate what
this number should be a priori and, even if it was, it would be prohibitively expensive in terms
of computer memory to store all the positions of the simulated particles.

To solve this issue, the stationary nature of the problem is exploited. Let’s assume thatNP ≪
N∗ particles are simulated, and that their average normalized torque ξ̃ is calculated at time t :

ξ̃ (t) =
1
NP

NP∑
i=1

ξi(t) (4.53)

Since ρd at steady state is constant over time, the distribution of ξi must also be constant. By
virtue of the central limit theorem, being ξ̃ the average of a random subsample of all the disk
particles, it can be treated as a random variable with a Gaussian distribution centered on ξ̄.

Values of ξ̃ can be computed at regular time intervals Δt and later averaged. For a sufficiently
large number of ξ̃ samplesNΔt, the time average always converges to ξ̄ :

〈
ξ̃
〉
=

1
NΔt

NΔt∑
l=1

ξ̃ (lΔt) NΔt→∞−−−−→ ξ̄ (4.54)

This approach is functionally the same as calculating ξ̃with amuch bigger number of particles
but it has two substantial advantages. First, while it adds some net computational cost for all
the non dust-related calculations that are repeated at every integration timestep, it reduces the
stored data by a factor of 2NP, since only one ξ̃ value is saved for each snapshot instead of 2N∗

particle coordinates.

A second advantage of this method stems from the fact that ξ̃ has a Gaussian distribution, so
the error can be estimated and the convergence to ξ̄monitored. This is done by first evaluating
the variance of ξ̃:

var (ξ̃ ) =
1

NΔt

NΔt∑
l=1

(
ξ̃l −

〈
ξ̃
〉)2

, (4.55)

where the instantaneous value of ξ̃ has been denoted with ξ̃l = ξ̃ (lΔt). The variance of ξ̃
becomes smaller the higherNP is.
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If the value of ξ̃l+1 was independent on the previous ξ̃l, then the variance of the computed aver-
age (given the Gaussian distribution) would simply be var(ξ̃ )/NΔt. Computational limits on
NP, however, mean that the value of ξ̃ is determined in large part by opposing contributions
of a handful of nearby particles with a low Δri. The position of these particles relative to the
planet changes on a timescale that can be much longer than the interval Δt between ξ̃ calcula-
tions, so the value of ξ̃l+1 ends up being very similar to the previous one ξ̃l, as shown in figure
4.5.
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Figure 4.5: Value of ξ̃ (t) over a small timewindow at the end of a simulation. The time interval of the calculation
Δt = 0.01 is much smaller than the timescale in which ξ̃ changes, so its evolution appears well-resolved.

The autocorrelation ζ of ξ̃ can be used to quantify this behavior. It is defined as:

ζk =

∑NΔt−k
l=1

(
ξ̃l −

〈
ξ̃
〉)(

ξ̃l+k −
〈
ξ̃
〉)

(N− k)
∑NΔt

l=1

(
ξ̃l −

〈
ξ̃
〉)2 . (4.56)

By construction ζ0 = 1, and it approaches 0 for k above which ξ̃l and ξ̃k+l are uncorrelated,
corresponding to the autocorrelation time t∗. Put in simple terms, ζk measures how similar the
value of ξ̃ is to itself after a delay of kΔt, with ζ = 1 indicating that the two are equal and ζ = 0
indicating that there’s no correlation between the two.

A quantitative method for calculating t∗ can be to simply sum the values of ζ for all k and
multiplying the result by Δt, but for large k the autocorrelation is calculated with few samples
and it becomes very noisy, as shown in figure 4.6. To avoid the noise from “overwriting” the
low-k signal, ζk is summed up to a cutoff kS:

t∗ = Δt
kS∑
k=0

ζk, (4.57)
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where kS is the smallest k that satisfies the so-called Sokal’s criterion [45]:

kS = min

{
k′ | k′ < 5

(
1
2
+

k′∑
k=0

ζk

)}
. (4.58)

After calculating t∗ for every simulation, the effective number of independent samples can be
computed withNΔtt∗/Δt. The variance of

〈
ξ̃
〉
will thus be:

var
〈
ξ̃
〉
=

t∗
Δt

var(ξ̃ )
NΔt

. (4.59)

ζ k

Figure 4.6: Autocorrelation of the normalized torque ζk. It can be seen that approximately after the autocorre-
lation time t∗ (shown as a green dashed line) ζ first drops to zero, then the high-k noise becomes gradually more
important. ξ̃ has been calculated withNP ≃ 105 particles with a temporal resolution of Δt = 0.01 ≪ t∗.

The error on the computation of the average normalized torque δξ̄ will be considered to be
three standard deviations of the

〈
ξ̃
〉
Gaussian distribution:

δξ̄ = 3
√

var
〈
ξ̃
〉
=

3
NΔt

t∗
Δt

( NΔt∑
l=1

(
ξ̃l −

〈
ξ̃
〉)2)1

2

. (4.60)

Since var(ξ̃ ) is constant and depends only onNP and the simulation parameters, it’s easy to see
that the error is inversely proportional to the square root of simulation time:

δξ̄ ∝ t−
1
2 . (4.61)
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As shown in figures 4.7 and 4.8, the standard deviation of ξ̃ can be much bigger than |ξ̄ |, but
over time the average converges to a reasonably precise value of

〈
ξ̃
〉
.
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Figure 4.7: Distribution of the particle-averaged normalized torque ξ̃, using NΔt = 180 000 samples (corre-
sponding to roughly 4700 uncorrelated values). The Gaussian fit shown with a dashed line closely matches the
counts. In this case average value is

〈
ξ̃
〉
= 6.05 · 10−3 and the 3-std error is δξ = 2.08 · 10−3

.
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Figure 4.8: Average normalized torque
〈
ξ̃
〉
with error band evolution over a simulation. The values for t < 200

have not been included to avoid transients.

4.8 Removal of trapped particles
If rs is set to a value that’s below rH, the potential develops a minima in which dust can get
trapped: as the simulation proceeds, a growing population of high-S particles builds up very
close to the planet around the equilibrium point between gravity and drag (see figure 4.9).

This is a problem for torque calculation because, while the number of trapped particles is a rel-
atively small fraction of the total, their gravity overpowers the rest of the population by several
orders of magnitude. This is made even worse by the fact that their number constantly grows
as the simulation proceeds.

Hill sphere

planet

Figure 4.9: Snapshot at the end of a simulation of the dust simulation in a portion of the disk, showing the
position of particles (in red), of the planet (in black), and the extent of the Hill sphere.

To avoid this issue, a mechanism is implemented to remove particles from the potential well of
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4.8. Removal of trapped particles

the planet: at every timestep δt each particle inside the Hill sphere has a certain probability Pd

of being deleted from the simulation. This probability is proportional to the fraction of the
vertical distribution of dust that lies inside the hill radius:

Pd ∝
∫ +zH

−zH
ρd(z)dz ∝

∫ +zH

−zH
exp
(
− z 2

2H 2
d

)
dz ∝ erf

(
zH√
2Hd

)
†,

where zH is the hill sphere semi-height at the 2D position r⃗ of the particle:

zH =
√

r 2
H − η2. (4.62)

Thus, the spatial-dependent factor of the probability Pd,r, shown in figure 4.10 is:

Pd,r = erf

√
r 2
H − η2

2Hd(S)2
, (4.63)

whereHd(S) is the settling equilibrium-based dust scale height from equation 4.37.

A time-dependent factor Pd,t is also present, such that the particle population inside the Hill
radius decays exponentiallywith an explicit timescale td, that doesn’t depend on the integration
timestep δt:

Pd,t = 1− exp
(
−δt
ta

)
. (4.64)

The value of ta is calculated with:

ta =
(
0.1+ 10−3S−1)Ω−1

p . (4.65)

This expressionhas beendeterminedmainly empirically so that particles are effectively removed
at highS and at the same time lowS particles, whichmove slower through theHill Sphere and
are too coupled to the gas to be trapped, are able to escape before being removed. The final
expression of Pd is thus:

Pd = Pd,rPd,t =

(
1− exp

(
−δt
ta

))
erf

√
r 2
H − η2
2H 2

d
. (4.66)

†erf(x) is the error function defined as erf(x) = 2√
π

∫ x
0exp (−y2) dy
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Figure 4.10: Spatial factor Pd, r of deletion proability in theHill region as a function of distance from the planet,
for various Stokes numbers and planet-star mass ratios. It has been calculated for a disk with H = 0.05 and
α = 3 · 10−3, the same as the simulation parameters.
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5
Results

In the following sections, the results of the simulations described in the previous chapters
are shown, and compared to the previous works. In addition, measured torques are dis-
cussed, in relation to the dust distribution, and the influence of the simulation parameters

on torque and dust dynamics are investigated.

5.1 Dust size and Stokes number
Differently to previous works, dust in PLUTO is parametrized by its size rather than the Stokes
number. The distribution of dust sizes in protoplanetary disks is not trivial to calculate, and
depends on many factors, including the disk composition, the time since the disk formation,
the amount of turbulence, and the temperature of the disk. For this reason, the problem is not
addressed fully in this thesis, and the torque is calculated for various single sized dust popula-
tions, which could then be summed with appropriate weights to simulate more complex dust
size distributions.

As discussed in section 1.1.2, the maximum size dust can reach in a protoplanetary disk is typi-
cally on the order of a few centimeters [21], so to include most possible distributions the maxi-
mumbin size has been set to smax = 20 cm (note that this is the particle radius, so these particles
correspond to 40 cm-wide rocksmore than dust). The choice of the smallest bin size is less crit-
ical, as the particles become well-coupled and the dust trajectories closely match the gas flow
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and no closeby asymmetries arise. The value chosen is smin = 0.5 cm, empyrically determined
by looking at the biggest size which roughly produced zero torque.

Parametrizing dust with size rather than Stokes number is more realistic, since the latter de-
pends on the local gas environment and as such varies along the particle trajectory. However,
to compare previousworkswith the simulations, it’s necessary tomap dust sizes to Stokes num-
bers. This is less trivial than it seems because of two issues:

• The Stokes number for a given size has spatial variations due to changes in ΩK and Δv.

• The drag model used in PLUTO is non linear (the drag coefficient CD is a function of the
Mach number M and thus Δv in the Stokes regime) and makes it impossible to obtain a
Stokes-size relation independently from solving the dust dynamics to find Δv.

The mathematical relations between the Stokes number S and the parameters that determine
it is shown in figure 5.1. As it can be seen, there is no parameter except grain density ρ•(which
itself is very constrained from a physical point) which has a straightforward proportional de-
pendency with the Stokes Number S .
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Figure 5.1: Dependencies between the Stokes number S and the simulation parameters. The mathematical
relations are described in detail in section 2.3.1. The signs on the arrows indicate if the increase in one variable
causes directly an increase in the other (+) or a decrease (−).

As it can be seen in figure 5.2, if the Stokes number is calculated for dust in a planet-less disk
with s ≤ 20 cm and the standard disk parameters (listed at page 45), it doesn’t reach unity, and
for more typical cm-sized pebbles, it stays below 10−2. By looking at the radial dependency, it
can be seen that the Stokes number roughly increases with radius in the Epstein regime, but
decreases with it in the Stokes regime where the highest values of S are found. Within these
premises, it appears unlikely that the upper range of Stokes numbers investigated in BLP18
(10−2 < S < 10) could physically manifest in disks with similar parameters to the one studied
in this thesis.
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5.1. Dust size and Stokes number

The most intuitive way to reach higher Stokes numbers is to have a less dense disk, and to in-
vestigate this possibility simulations with Σ0 = 300 g/cm2 and Σ0 = 100 g/cm2 have been
analyzed. As it’s shown in figure 5.4, themaximum Stokes number reached increases, reaching
above unity in the outermost parts of the disk for the biggest particles, but the majority of the
particle sizes are very much into the gas-dominated dynamics (S < 0.1). Furthermore, these
disk densities are typically reached later in the disk lifetime, imposing harder constrains on the
planet formation timescale.

Figure 5.2: Stokes number S vs radial coordinate r for different sizes of particles. The color represents the Knud-
sen numberK, red beingK ≫ 1 (Epstein regime) and blue beingK ≪ 1 (Stokes Regime).

Figure 5.4: Stokes number S vs radial coordinate r for different sizes of particles. The color represents the Knud-
sen numberK, red beingK ≫ 1 (Epstein regime) and blue beingK ≪ 1 (Stokes Regime).
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Chapter 5. Results
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Figure 5.3: Stokes number S vs particle size s at 1 AU. The green dashed line shows what the relation would be
if only Epstein drag was assumed τ(E) ∝ s.

An accurate picture of the Stokes range would need to take into account the dust growth-
migration equilibrium distribution at a given disk age, but this is a complex problem outiside
the scope of the current thesis. It’s worth noting that the distributions shown in [21], which
are computed for a similar disk to the one in this thesis, hardly reach S ∼ 0.1 throughout the
disk radial extension.

5.2 Single-size dust torque measurements
In this section, the results of the torquemeasurements are shown for the nominal case, i.e. with
the disk parameter shown at page 45 and a smoothing length of 0.7Hd (compared to other po-
tential smoothing lengths in figure 5.5). As a final caveat, the torque is calculated only for parti-
cles with η > rH. This has been done because close to the planet the particle trajectories are not
accurate, both due to the integration scheme having a too low order and too long timestep, and
the 2D setup differing significantly from the real planet potential geometry at close distances.

The simulations have been carried out for different times, as small planets have a much more
subtle effect ondust distribution, so abigger sampleof ξ̃l is required to reduce the error. Nonethe-
less, the errorbars are still much larger for small planets than big ones because of practical com-
putation time constrains, at the time of the writing of this thesis.
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5.2. Single-size dust torque measurements
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Figure 5.5: Smoothing radius (computed as 0.7 dust scale height) rs vs dust size s. The green dashed line indicates
0.7 gas scale height, the blue dashed lines correspond to 0.6 Hill radii (the smoothing length used in BLP18) of
planets with masses between 3 · 10−5M⋆ (corresponding to 9M⊕) and 10−6M⋆ (0.33M⊕).

The results are shown in figure 5.6 and the numerical values are reported in appendix B. As it
can be seen, the simulated Γd is broadly in accordance with the BLP18 paper values and the
following observations can be made:

• Dust torque is positive in the studied regime, i.e. it opposes the classic gas torque-driven
inward migration.

• Relevant torques are seen only for s ≳ 2 cm, a regime in which particles are better described
as pebbles rather than dust.

• Dust torque appears to be more relevant* for small mass planets.

However, there are some differences between the simulations and the BLP18 predicted torque:

• ForMp ≲ 2M⊕ the simulated torque is generally lower than what is predicted by BLP18,
with the difference being very extreme for the smallest planetmasses and the biggest particles.
For example, it can be seen how forMp = 0.3M⊕, the simulated torque plateaus at 3 ∼ 4 Γ∗
while the BLP18 prediction peaks at 15 Γ∗.

• ForMp ≳ 3Mp the simulated Γd is greater than the BLP18 prediction. More specifically, the
simulations shows a torque peak around s ∼ 10 cm, while BLP18 has a monotonic torque
increase with size.

*The absolute magnitude of Γd decreases for decreasingMp, but the |Γd/Γ∗| ratio (and thus |Γd/Γg|, which
since Γd is positive determines the migration direction) increases substantially.
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Figure 5.6: Simulated dust torque with rs = Hd for planet masses in the 0.3 ∼ 9M⊕ range for dust to gas ratio
ε = 0.01 and a single dust size s. The reddashed line corresponds tonet zero torque (gas+dust), simulation results
are shownwith a blue solid line and the BLP18 torques for the corresponding case are shownwith a green dashed
line. The error band on the simulation is the 3−standard deviation error, while in the BLP18 line it corresponds
to the maximum and minimum range of in Stokes number for a given size inside the corotation zone. Note that
the ordinate axis scales logarithmically for Γd/Γ∗ > 2.

64



5.2. Single-size dust torque measurements

In figure 5.7 the dust density distribution is shown for various planet masses and sizes. As
expected, the asymmetry is stronger for bigger particles and planets†. The figure shows that
the positive torque is generated by an underdense region behind the planet, coherent with the
explaination of gas-dominated torque formulated in BLP18.

Mp = 3 M⊕
s = 4.2 cm

Mp = 1 M⊕
s = 1.5 cm

Mp = 3 M⊕
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Figure 5.7: Snapshot of single-size dust distributions in the disk portion around the planet, for various values of
Mp and s. Dust density is in arbitrary units, since it can be normalized to enforce any ε value.

†While overall torque Γd is higher for bigger planets, the dust to gas torque ratio |Γd/Γg| ∝ |Γd/Γ∗| is in
smaller planets.
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Chapter 5. Results

5.3 Torquewith dust size distribution

Dust in a protoplanetary disk is not of a single size but has a distribution that can be roughly
approximated with a power law with a cutoff at some value sc above which no particles are
present:

dN
ds

∝ s β, (5.1)

whereN is the number surface density of particles and β depends on what process limits the
upper size of the distribution. Two extreme cases are described in literature [21]:

• Fragmentation-limited distribution: β = −3.5. In this case the process that limits the
growth of dust is destructive collisions of the bigger grains. This exponent describes dust
well in the interstellar medium.

• Drift-limited distribution: β = −2.5. If particles migrate inwards faster than they get
fragmented, then the distribution becomes more top-heavy.

Many factors determine which mechanism dominates, such as Σd, the level of turbulence, or
also non-local factors like the presence of a gap-forming planet; moreover, a realistic dust size
distribution presents features which are not well described by a simple truncated power-law.
Nonetheless, computing the torque in the fragmentation and drift limited cases for plausible
sc can show how significant dust torque really is.

The dust torque of the distribution can be calculated with:

Γd =
∫

dΓd
dΣd

dΣd

ds
ds. (5.2)

The value of dΓd/dΣd is simply the single-size dust torque, that will be indicated with Γ̂(s) in
this section, divided by the dust density for which it is calculated (which is determined by ε and
thus is the same in the single-size and the size distribution cases):

Γd =
∫

Γ̂(s)
Σd

dΣd

ds
ds. (5.3)

Assuming the power law distribution, the dust density can be written as:

Σd ∝
∫

dN
ds

m•(s)ds ∝
∫ sc

0
s β+3ds, (5.4)

wherem• ∝ s 3 is the mass of the dust grain. This allows to write an explicit expression for the
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5.3. Torque with dust size distribution

factor Σ−1
d dΣd/ds present in equation 5.3:

dΣd

ds
= C s β+3,

Σd =
C

β+ 4
s β+4
c ,

⇒ 1
Σd

dΣd

ds
=

β+ 4
sc

(
s
sc

)β+3

, (5.5)

whereC is a proportionality constant that gets canceled out in the final expression. This can be
inserted in equation 5.3 to get an easy expression to calculate Γd:

Γd(sc, β) =
∫ sc

0
Γ̂(s)

β+ 4
sc

(
s
sc

)β+3

ds. (5.6)

This equation is used to calculate Γd from the Γ̂(s) values of the standard single-sized torque
case for various sc and the two limit cases of β. The results are shown in figure 5.8, fromwhich
several observations can be made:

• Γd/Γ∗ is higher for low planet masses as one could expect from the single-size torque. Inter-
estingly, it stays fairly constant forMp > 2M⊕ and sc ≳ 5cm.

• The drift limited distribution ( β = −2.5) gives higher Γd/Γ∗. This is also expected since Γ̂(s)
mostly grows monotonically, so the more top-heavy the size distribution is (i.e. the higher
the value of β) the bigger the torque will be.

• By far, the most important influence on torque is the size cutoff of the distribution sc: in the
sc = 1 ∼ 10 cm range, dust torque goes from negligible to being comparable to gas torque.

Overall, dust torque appears to be able to reverse inward migration only for low planet masses
and if dust is able to grow above∼ 20 cm in diameter. The regime in which inward migration
slows downmigration significantly is broader, but it still requires dust to grow above∼ 10 cm
of diameter. While these sizes are not very far from current predictions, it is also close to the
limit of what it’s considered possible for a disk of this type.

This result doesn’t rule out the possibility of dust torque-induced outwardmigration, as Γ̂(s) is
calculated for a specific set of disk parameters. In fact, there are various factors that if changed
can make dust torque much more significant:

• The dust to gas mass ratio can be higher than the canonical value of ε = 0.01, which would
correspond linearly to an increase in dust torque (without considering second-order effects
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Chapter 5. Results

such as dust self-gravity or drag feedback).

• Lower density disks (which could be older disks or disks with less material to begin with) can
have higher Stokes number range for a given size range. This can “shift down” the size range
for which Γd is significant to lower values sc distribution.

(ε
 =

 0
.0
1)

Figure 5.8: Dust torque for a power law distribution of sizes dN/ds ∝ s β vs planet mass, for different cutoff
sizes sc, calculated from the single-size torque shown in figure 5.6. The fragmentation limited case ( β = −3.5) is
shown as a blue dashed line, the drift limited one ( β = −2.5) as a green full line, the teal shaded region indicates
the possible values of torque for intermediate values of β. The 3 standard deviation error band is shown in gray.
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5.4. Torque sensitivity to parameters

5.4 Torque sensitivity to parameters
Simulations have been carried out with different parameters to analyze their effect on Γd.

Smoothing Length rs: Four simulations have been carried out using rs = 0.6rH as in
BLP18; the single-size torques are shown in figure 5.9.
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Figure 5.9: Normalized dust torque for dust scale height smoothing (rs = 0.7Hd) and Hill radius smoothing
(rs = 0.6rH) for various planet masses and dust sizes. The big error band forMp = 0.3M⊕ is due to a shorter
simulation time for the Hill smoothed case.

The two cases give compatible results for small dust particles, but differ for bigger ones. The
size for which the two measurements start to diverge is, as it could be expected, the one for
which the Hill radius and dust scale height are comparable (as seen in figure 5.5):

rH(Mp) ∼ Hd(s).
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Chapter 5. Results

Particle exclusion inside Hill radius: To see if the somewhat arbitrary exclusion
of particles inside the Hill radius (explained at page 62) has significant effects on torque, two
simulations have been carried out reducing the excluding to only particles within 0.5 rH.

Figure 5.10: Normalized dust torque calculated from simulations excluding particles whithin 1 rH (in blue) and
0.5 rH (in yellow).

A very big influence is seen for sizes above 4 cm: the 0.5 rH exclusion case has substantially
higher torque, for both the highmass planet and especially the lowmass one. As argued before,
the numerical values obtained for the half-Hill radius exclusion are not necessarily realistic, be-
cause the dynamics of dust in the region are not well resolved by the integration scheme, and
high resolution 3D simulations with accurate accretion modeling would be needed. In fact,
the Γd ∼ 100 Γ⋆ values reached for big particles and small planet mass appear very unlikely.

This result, however, shows that the majority of the torque is produced extremely close to the
planet, and that simulating accurate dust dynamics inside theHill sphere could have a big effect
on the overall torque.
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5.4. Torque sensitivity to parameters

Diffusion: Turbulent diffusion could “smear out” small-scale dust density asymmetries.
To invesitgate its effect on torque, two simulations with small planet masses have been carried
out disabling it.

Figure 5.11: Normalized dust torque calculated from simulations with (in blue) and without (in yellow) turbu-
lent diffusion.

No significant difference is present, indicating that at this level of turbulence the features re-
sponsible for torque are able to survive the smearing effect of diffusion.
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Chapter 5. Results

5.5 Conclusions and future work
From the obtained results, a number of conclusions can be drawn:

• Dust torque is able to slow down inward migration for small planets in a typical protoplan-
etary disk, but the effect appears to be not significant in most cases and outward migration
seems unlikely.

• The calculated torque slightly differs from the values predicted in BLP18, but the general
trend is the same, and the size regime inwhich torque is significantmatches theone calculated
with the Stokes number parametrization.

• Dust torque is significant only for big particles, with high sensitivity to the specific value of
the maximum size of the distribution.

• Dust torque is generated very close to the planet, with a possible significant component be-
longing to dust inside the Hill sphere.

To investigate this problem further, these are the two straightforward paths:

• Self-consistent dust size: the dust size distribution at a certain stellar distance in the disk is
not a free parameter; it can be calculated by taking into account growth, fragmentation and
drift within the local disk properties. A model that accurately predicts the dust size distribu-
tion givendisk parameters (such as the one implemented industpy [46]), coupledwith inter-
polation of Stokes-parametrized precalculated Γ̂d(Mp), could rapidly calculate dust torque
directly from disk parameters (age, metallicity, radius).

• Realistic dust density near the planet: 3D simulations at high resolution, that resolve
well the dynamics of dust inside the Hill sphere, can sidestep the issues related to potential
smoothing, accretion and radius exclusion.

72



A
Stationary radial PDF for dust

In this appendix the expression for the steady state particle radial distribution PDF at steady
state Π(r) is derived.

Let’s assume a radially symmetric disk, with annular dust density Λ = ∂Md/∂r so that the
differential of dust mass enclosed beween the radii r and r+ dr is:

dMd = Md(r, r+ dr) = Λ(r) dr, (A.1)

whereMd is the total dust mass. The continuity equation in radial coordinates reads:

∂Λ
∂t

+
1
r
∂(Λ u r)

∂r
= S(r, t), (A.2)

where u is the radial dust velocity and S is a source term.

First, let’s consider a steady state distribution Λ∗ with zero source term. Let’s assume it can be
described with the power law:

Λ∗(r) = Λ0

(
r
r0

)q

. (A.3)

The q exponent is determined by curve fitting simulations at steady state, which can also verify
the validity of the assumed density law.
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Appendix A. Stationary radial PDF for dust

Equation A.2 becomes, under these assumptions:

∂(Λ ur)
∂r

= 0, (A.4)

which simply states that the radial dust flux Ṁd is conserved along r :

Λ ur = Ṁd = const(r). (A.5)

Using the power law ansatz on the density Λ∗ shows that:

Λ∗ u∗r ∝ u∗r q+1 = const(r),
⇒ u∗ ∝ r−(q+1).

The radial velocity u∗ can thus be expressed as:

u∗(r) = u0
(

r
r0

)−(q+1)

. (A.6)

Let’s now assume a constant source term S. This term describes the particle injection zone at
steady state: since the outgoing particle flow is constant then the particle generation rate, which
is by design constant for all radii (uniformly distributed PDF), must also be constant in time.

Since the dynamics of dust are determined by the gas density, which is not influenced by dust
(no back-reaction), the velocity at steady state will be the same as the zero source case: u = u∗.

The continuity equation A.2 reads:

∂(Λ u∗r)
∂r

= Sr. (A.7)

Expanding the equation, we get:

r u∗
∂Λ
∂r

+ Λ u∗ + Λ r
∂u∗
∂r

= Sr,

r u∗
∂Λ
∂r

+���Λ u∗ −
q+ �1

�r
Λ u∗ �r = Sr

∂Λ
∂r

− q
r
Λ =

S
u∗

. (A.8)

74



Since u∗ ∝ r−(q+1), we can define the constant A such that:

S
u∗

= Ar q+1. (A.9)

By plugging this expression in equation A.8 we get the following differential equation:

∂Λ
∂r

− q
r
Λ = Ar q+1. (A.10)

which is solved by functions of the form:

Λ(r) = r q
(
B+

A
2
r 2
)
. (A.11)

Since at steady state there are no discontinuities in the Λ(r) profile, the constants A and B can
be determined to have Λ = 0 at the outer edge of the dust domain rdo and Λ = Λ b (an
arbitrary value that matches the zero source profile) at the inner edge of the injection zone r b.
The expression for Λ in the injection zone becomes:

Λ(r) = Λ b

(
r
r b

)q r 2 + rdo 2

r b 2 + rdo 2 (A.12)

By matching the density at rb, the expression of Λ(r) for the whole dust domain becomes:

Λ(r) = Λ b

(
r
r b

)q

K(r). (A.13)

whereK(r) rescales the density in the injection zone:

K(r) = max
(
1,

r 2 + rdo 2

r b 2 + rdo 2

)
. (A.14)

The PDFΠ(r) used to generate the radial coordinate can thus be simply:

Π(r) =
(

r
r b

)q

K(r) ∝ Λ(r). (A.15)
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B
Torque measurements

In the following table the numerical values of Γd/Γ∗ from the single dust size population case
(page 64) are listed, with the 3 standard deviation error.

Mp/M⋆

s [cm] 10−6 1.5 · 10−6 2 · 10−6 3.33 · 10−6

0.50 0.057± 0.310 0.113± 0.227 −0.013± 0.206 −0.041± 0.123
0.61 0.029± 0.318 −0.048± 0.247 −0.171± 0.237 −0.073± 0.140
0.74 0.110± 0.338 −0.039± 0.243 0.010± 0.239 −0.015± 0.140
0.90 0.057± 0.366 −0.007± 0.282 −0.022± 0.239 0.007± 0.149
1.09 −0.126± 0.364 0.276± 0.283 0.119± 0.258 0.019± 0.162
1.32 0.299± 0.369 0.006± 0.301 0.093± 0.269 −0.009± 0.170
1.60 0.337± 0.425 0.507± 0.323 0.347± 0.312 0.120± 0.186
1.95 0.536± 0.461 0.444± 0.340 0.287± 0.322 0.271± 0.184
2.36 0.761± 0.499 0.205± 0.409 0.310± 0.347 0.276± 0.198
2.87 0.899± 0.526 0.572± 0.410 0.609± 0.396 0.278± 0.219
3.48 0.935± 0.642 0.788± 0.438 0.776± 0.415 0.449± 0.230
4.23 1.770± 0.666 0.953± 0.497 0.602± 0.471 0.506± 0.254
5.14 1.390± 0.732 1.320± 0.539 1.070± 0.517 0.750± 0.301
6.24 2.210± 0.857 1.390± 0.639 1.160± 0.580 0.754± 0.318
7.58 3.040± 0.973 1.620± 0.693 1.140± 0.654 0.462± 0.345
9.20 3.830± 1.090 1.410± 0.810 1.060± 0.674 1.240± 0.324
11.20 2.870± 1.110 2.210± 0.741 2.210± 0.681 2.380± 0.319
13.60 3.630± 1.140 3.490± 0.764 3.150± 0.666 2.450± 0.356
16.50 3.610± 1.050 3.170± 0.724 2.640± 0.573 2.120± 0.331
20.00 1.130± 1.190 1.160± 0.833 1.400± 0.802 1.040± 0.365
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Appendix B. Torque measurements

Mp/M⋆

s [cm] 5 · 10−6 7 · 10−6 10−5

0.50 −0.030± 0.088 −0.049± 0.092 −0.013± 0.064
0.61 −0.028± 0.102 −0.060± 0.089 −0.050± 0.061
0.74 −0.033± 0.100 −0.093± 0.099 −0.007± 0.067
0.90 −0.029± 0.099 −0.027± 0.106 −0.060± 0.069
1.09 0.010± 0.097 −0.054± 0.104 −0.031± 0.076
1.32 0.021± 0.117 −0.018± 0.112 −0.065± 0.082
1.60 0.107± 0.129 0.009± 0.113 0.030± 0.080
1.95 0.130± 0.126 0.107± 0.123 0.107± 0.088
2.36 0.199± 0.144 0.170± 0.137 0.105± 0.090
2.87 0.264± 0.139 0.173± 0.144 0.208± 0.093
3.48 0.367± 0.164 0.353± 0.162 0.352± 0.103
4.23 0.478± 0.163 0.450± 0.158 0.363± 0.113
5.14 0.587± 0.186 0.321± 0.163 0.445± 0.124
6.24 0.375± 0.197 0.488± 0.190 0.666± 0.112
7.58 0.625± 0.200 0.878± 0.191 1.030± 0.110
9.20 1.410± 0.186 1.510± 0.165 1.340± 0.112
11.20 1.980± 0.191 1.710± 0.172 1.410± 0.108
13.60 1.960± 0.193 1.550± 0.178 1.300± 0.107
16.50 1.510± 0.185 1.430± 0.176 1.200± 0.107
20.00 1.100± 0.202 1.050± 0.188 1.100± 0.116

1.5 · 10−5 2 · 10−5 3 · 10−5

0.50 −0.051± 0.046 −0.019± 0.033 −0.051± 0.022
0.61 −0.038± 0.042 −0.058± 0.032 −0.060± 0.024
0.74 −0.025± 0.043 −0.028± 0.036 −0.045± 0.023
0.90 −0.020± 0.049 −0.053± 0.037 −0.048± 0.025
1.09 −0.046± 0.053 −0.054± 0.038 −0.055± 0.027
1.32 −0.010± 0.056 −0.018± 0.041 −0.056± 0.029
1.60 0.010± 0.058 −0.057± 0.047 −0.042± 0.030
1.95 0.016± 0.063 0.017± 0.046 −0.026± 0.029
2.36 0.056± 0.065 0.042± 0.048 0.050± 0.033
2.87 0.120± 0.067 0.133± 0.052 0.083± 0.036
3.48 0.215± 0.066 0.179± 0.051 0.185± 0.037
4.23 0.313± 0.077 0.318± 0.053 0.314± 0.047
5.14 0.485± 0.071 0.507± 0.052 0.529± 0.038
6.24 0.778± 0.071 0.761± 0.050 0.715± 0.034
7.58 1.050± 0.073 0.990± 0.046 0.842± 0.032
9.20 1.180± 0.062 1.050± 0.043 0.860± 0.027
11.20 1.300± 0.064 1.160± 0.045 0.971± 0.027
13.60 1.170± 0.060 1.080± 0.045 0.885± 0.027
16.50 1.100± 0.062 1.060± 0.044 0.925± 0.027
20.00 1.150± 0.070 1.220± 0.046 1.160± 0.028
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The normalization torque Γ∗, as defined in equation 3.13, is a function of planet mass. For the
mass ratios shown in the previous table, the values of Γ∗ andMp are the following:

Mp/M⋆ Mp [M⊕] Γ∗ [kg m2 s−2]

10−6 0.30 7.94 · 1025
1.5 · 10−6 0.45 1.79 · 1026
2 · 10−6 0.60 3.18 · 1026

3.33 · 10−6 1.00 8.81 · 1026
5 · 10−6 1.50 1.99 · 1027
7 · 10−6 2.10 3.89 · 1027

10−5 3.00 7.94 · 1027
1.5 · 10−5 4.50 1.79 · 1028
2 · 10−5 6.00 3.18 · 1028
3 · 10−5 9.00 7.15 · 1028

Γ∗ =
(
Mp

M⋆

)2 r4pΩ2
pΣ(rp)
h2

,

rp = 1 AU,
Σ(rp) = 1000 g/cm2,

Ωp = (2π)−1 years,
h = 0.05
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