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Abstract

Current neutrino-nucleus experiments are fundamental in setting the groundwork for fu-

ture long-baseline neutrino experiments, such as Hyper-Kamiokande and DUNE, which re-

quire a deeper understanding of GeV-scale neutrino interaction models and cross sections.

Consequently, efforts are concentrated on achieving more cross-section measurements and

reducing systematic uncertainties. To contribute to these objectives, this Master thesis

comprises two main parts: a theoretical investigation on nuclear models in collaboration

with the University of Seville and the CERN Experimental Physics Neutrino (EP-NU)

group, and an experimental beam optimisation at the University of Padova.

The first part focuses on describing nuclear models to better reproduce final lepton states

at T2K neutrino energies (∼600 MeV). Beginning with a theoretical description of elas-

tic neutrino-nucleon scattering cross-section, it establishes a mathematical foundation for

incorporating nuclear effects in neutrino-nucleus interaction using different approaches:

LFG (a Fermi gas-based description of the nucleus), SF (an empirical model) and SuSAv2

(an approach based on the superscaling phenomenon). Monte Carlo generators imple-

menting these models, NEUT and GENIE, will be tested against cross-section measure-

ments from the T2K near detector ND280, primarily to discern differences in Quasielastic

events while assessing the agreement of the predictions.

The second part, conducted at the University of Padova, centers on optimising the ENU-

BET beam through GEANT4 simulations of the experimental setup. ENUBET aims

to produce intense beams of muon and electron neutrinos or antineutrinos with reduced

uncertainties compared to current neutrino beams like those employed in T2K or NOvA.

The current work of the ENUBET collaboration is focused on increasing the flux intensity

and reducing the beam related background in the tagger.

In summary, this Master thesis provides a comprehensive overview of two major neu-

trino research collaborations, T2K and ENUBET, contributing to different aspects within

neutrino-nucleus experiments: evaluating the performance of Monte Carlo generators and

enhancing experimental setups, respectively. The synergy between these efforts under-

scores the final steps that these collaborations are taking toward achieving precise mea-

surements of neutrino oscillation parameters, potentially culminating in a complete and

consistent framework for neutrino physics.



Contents

I Motivation and historical context 1

1 History and current status of neutrino physics 2

1.1 Discovery of the neutrino . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Neutrino properties in the Standard Model . . . . . . . . . . . . . . . . . . 5

1.3 Neutrino oscillation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Long-baseline experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4.1 Current generation . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4.2 Next generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.5 Thesis structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

II Theoretical description of nuclear response models 17

2 Neutrino-nucleon elastic scattering 18

2.1 Inclusive cross-section formalism . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.1 Analysis of the kinematics . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.2 S-matrix calculation . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.1.3 Cross section expressions . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Response functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Hadronic structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Comparison with light nuclei experimental data . . . . . . . . . . . . . . . 29

3 Neutrino-nucleus scattering 32

3.1 CC0π Channel Reactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Nuclear models in CCQE processes . . . . . . . . . . . . . . . . . . . . . . 36

3.2.1 Introduction to scaling and superscaling models . . . . . . . . . . . 37

3.2.2 Relativistic Fermi Gas (RFG) . . . . . . . . . . . . . . . . . . . . . 39

3.2.3 Local Fermi Gas (LFG) . . . . . . . . . . . . . . . . . . . . . . . . 46



3.2.4 The SuSA and SuSAv2 models . . . . . . . . . . . . . . . . . . . . 47

3.2.5 Spectral Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

III T2K ND280 Monte Carlo generators performance 52

4 Monte Carlo performance in ND280 cross-section measurements 53

4.1 Neutrino and antineutrino flux . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3 Analysis of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.3.1 Assessment of the agreement in each angular region . . . . . . . . . 60

4.3.2 Assessment of the agreement considering all the data . . . . . . . . 62

4.3.3 Conclusions of the analysis . . . . . . . . . . . . . . . . . . . . . . . 63

IV ENUBET beam optimisation 65

5 ENUBET goals 66

5.1 Overview and context of ENUBET . . . . . . . . . . . . . . . . . . . . . . 66

5.2 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6 Signal and noise optimisation by tunning the beamline parameters 75

6.1 Beamline optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.1.1 Individual adjustments . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.1.2 Combinations of parameters changes . . . . . . . . . . . . . . . . . 79

6.1.3 Complete beam simulation performance results . . . . . . . . . . . 83

6.2 Low energy beam production . . . . . . . . . . . . . . . . . . . . . . . . . 85

V Summary and conclusions 91

7 Summary and future perspective in neutrino physics 92

VI Appendices 94



A Mathematical formalism in neutrino-nucleon cross section 95

A.1 Theoretical basis of Relativistic Quantum Mechanics . . . . . . . . . . . . 95

A.2 Incident flux considerations . . . . . . . . . . . . . . . . . . . . . . . . . . 97

A.3 Mathematical derivation double differential cross section . . . . . . . . . . 98

A.4 |Mfi|2 calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

A.4.1 Leptonic tensor ηαβ . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

A.4.2 Hadronic tensor Wαβ . . . . . . . . . . . . . . . . . . . . . . . . . . 100

A.4.3 Tensor contraction ηαβW
αβ . . . . . . . . . . . . . . . . . . . . . . 103

A.4.4 Final results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

B ENUBET beamline optimisation 105

B.1 Geant4 simulation results statistics . . . . . . . . . . . . . . . . . . . . . . 105

B.2 Role of magnetic fields in momentum particle selection . . . . . . . . . . . 105

C Monte Carlo generators in neutrino-nucleus interactions 108

C.1 Comparison between T2K fluxes as input of the Monte Carlo generators . . 108

C.2 Nuclear effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

C.3 NEUT and GENIE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

D Tools for the T2K statistical analysis 112

D.1 Weighted cross section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

D.2 χ2, dof and p-values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

E T2K graphical results and χ2 values 114

E.1 Monte Carlo results vs experimental data . . . . . . . . . . . . . . . . . . . 114

E.2 Momentum bins overestimating χ2 . . . . . . . . . . . . . . . . . . . . . . 114

References 118



Part I

History of the neutrino and research status
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1 History and current status of neutrino physics

1 History and current status of neutrino physics

Neutrino physics has significantly impacted modern physics, offering experimental evi-

dence beyond the description provided by Standard Model. To understand the impor-

tance behind these particles and their interactions, this Thesis starts with a complete

overview of the past, present and future in the theoretical framework and experimental

status.

Firstly, this chapter delves into the historical journey of neutrino discovery, from Pauli’s

hypothetical postulation to the experimental evidence presented in the Reines and Cowan

experiment of 1956. Subsequently, the current neutrino framework within the Standard

Model is outlined, highlighting experimental observations that may contradict its postu-

lates.

Neutrino oscillation emerged as the phenomena which contradicts the Standard Model

description. Its importance relies on the experimental evidence that neutrino has a non-

zero mass, therefore a brief history is presented starting from the solar neutrino problem

to understand the relevance of the detection of atmospheric neutrino oscillations. It will

be offered as well a theoretical overview of the current formalism employed to describe

the neutrino oscillation.

Finally, the current and future landscape of long-baseline experiments is explored, with a

particular focus on T2K, NOvA, T2HK, and DUNE. Understanding the significance and

trajectory of neutrino physics research is pivotal in contextualizing this Master’s Thesis,

hence its structure and objectives are elucidated to underscore the importance of the

results achieved.

1.1 Discovery of the neutrino

Neutrinos emerged as a concept to justify the disparities observed between theoretical

predictions and experimental findings in nuclear beta decay during the first half of the 20th

century. In 1956, neutrinos were finally detected in the Reines and Cowan experiment,

marking a significant discovery in particle physics. This subsection aims to illustrate the

history leading up to the detection of this elusive particle.

Theoretical postulation

In the early XXth century, the observation of nuclear decay processes, where nuclei transi-

tioned into lighter ones while emitting particles, became a crucial point for understanding

the nuclei inner mechanisms. Among these processes [1], beta decay signified as a relevant

line of research, which was originally understood as the transformation of a parent nucleus

X(A,Z) into a daughter nucleus Y(A,Z+1) accompanied by the emission of an electron:

X(A,Z) → Y (A,Z + 1) + e−. (1.1)

2



1 History and current status of neutrino physics

This process suggested the possibility that a neutron could decay into a proton and an

electron:

n→ p+ e−. (1.2)

In a relativistic framework, assuming the initial nucleus X is at rest, the kinetic energy

of the electron is well defined1. However, experimental observations2 indicated that the

observed electron kinetic energy spectrum exhibited a continuous distribution (see Figure

1), contrary to expectations for a two-body decay. In 1930, Wolfgang Pauli proposed the

existence of another particle with neutral charge and much lighter mass, which was not

being detected, to resolve this discrepancy. Later termed ”neutrinos” by Enrico Fermi,

these particles provided a theoretical explanation for the observed anomaly behavior in

beta decay. Following the postulation of the new particle (and its respective antiparticle),

beta decay is now understood as the decay of a proton or neutron mediated by the

exchange of a charged boson W , emitting neutrinos in the process, as illustrated in Eqs.

(1.3), (1.4) and in Figure 2.

β− : X(A,Z) → Y (A,Z + 1) + e− + ν̄, (1.3)

β+ : X(A,Z) → Y (A,Z − 1) + e+ + ν. (1.4)

Figure 1: Electron kinetic energy spectrum obtained with an ionization chamber by Ellis

and Wooster [4]. Note that ”Radium E” is the name referred to 210Bi.

1Under the text considerations, the kinetic energy of the electron is given by: Ee =
(

M2
X−M2

Y +m2
e

2MX

)
c2.

2We include the study of 210Bi decay in 1911 by Lisa Meitner [2], [3] and by Ellis and Wooster in 1927

[4].
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1 History and current status of neutrino physics

Figure 2: Beta decay Feynman diagrams at tree-level [5]. On the left, β− decay and on

the right, β+ decay.

First experimental detection

After the postulation of the neutrino, in 1956, American physicists Clyde Cowan and Fred-

erick Reines successfully detected this particle experimentally [6]. In their experimental

setup, neutrons were emitted from the fission3 of 235U underwent β− decay, producing

antineutrinos which interact with protons in tanks filled with water solution of cadmium

chloride, leading to the emission of positrons (ν̄ + p → n + e+). Subsequently, the

positrons annihilated with electrons, emitting photons that were absorbed by cadmium

nuclei. Neutrons were captured by cadmium nuclei, also emitting photons as a result. The

experimental signature of interest was the coincidental detection of these two photons.

Figure 3 illustrates a schematic representation of the experimental setup. Since antineu-

trinos interact weakly with matter4, they have an enormous mean free path (around 106

km under the experimental conditions). Hence, it was necessary to achieve a very intense

antineutrino flux (on the order of 1013 particles cm−2s−1) to ensure sufficient statistical

data.

Figure 3: Schematic representation of the experimental setup conducted by C.L. Cowan

and F. Reines in 1956 for the first experimental detection of the neutrino [7].

3In the experimental study, the fission channel is: n + U(235, 92) → F (235 − C, 92) + Cn + γ, with
235−CF the daughter nucleus and C an integer going from 1 to 8.

4The weak interaction cross-section is several orders of magnitude smaller than that of electromag-

netism. For instance, antineutrinos with an energy of 1 GeV have an effective cross-section on the order

of 10−39 cm2 in the elastic scattering with a free nucleon.
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1 History and current status of neutrino physics

The significance of this experiment was recognized with the Nobel Prize in Physics

awarded to the American physicists in 1995. Subsequent research revealed that neutri-

nos exhibit different flavors, implying they are associated with a specific type of leptons

following charged-current interactions. Muon neutrinos were first detected in 1962 at the

Brookhaven National Laboratory [8], while tau neutrinos were experimentally confirmed

in 2000 through the DONUT collaboration [9].

Currently, neutrino properties are described within the framework of the Standard Model,

albeit with limitations. In the following subchapters, it is delved on their properties, even-

tually concluding why ongoing and future neutrino experiments are relevant for Physics

beyond the Standard Model.

1.2 Neutrino properties in the Standard Model

Following its discovery, the neutrino assumed a crucial role in modern particle physics,

finding its description within the theoretical framework of the Standard Model. In this

section, we outline the fundamental properties of this particle, while also highlighting

current lines of research aimed at scrutinizing aspects of its behavior that may deviate

from theoretical predictions.

Lepton nature and flavours

Neutrinos are neutral charged leptons characterized by a spin of 1/2. The Standard Model

recognises three distinct flavors of neutrinos: electron neutrinos (νe), muon neutrinos (νµ)

and tauon neutrinos (ντ ). Additionally, for each neutrino flavor, there exists a corre-

sponding antineutrino, denoted by ν̄e, ν̄µ and ν̄τ respectively. Hence, the Standard Model

accounts for a total of six distinct types of active neutrinos.

However, in recent decades, the theoretical concept of a new type of neutrino known

as ”sterile neutrino” has been widely discussed. Theoretically, these are massive parti-

cles that would only interact via gravitational force. Experimentally, there are potential

signatures suggesting that sterile neutrinos could explain the deficit of muon neutrinos

observed in experiments from Kamiokande or IMB, as documented in [10], [11]. Further

information regarding the current outlook on this hypothesis can be found in [12].

Lastly, the description provided by the Standard Model correspond to neutrinos being

Dirac particles, meaning neutrinos and antineutrinos are distinct particles. However,

an alternative theoretical framework proposes that neutrinos are their own antiparticles,

referred to as Majorana particles. This possibility is currently under experimental investi-

gation [13], with researchers attempting to detect neutrinoless double-beta decay (0νββ).

This phenomenon involves a double-beta decay in which the two emitted antineutrinos

interact with each other via pair annihilation, potentially providing evidence for neutrinos

being Majorana particles. However, no conclusive confirmation has been obtained thus

far.
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1 History and current status of neutrino physics

Neutrino interaction with matter

Neutrinos interact solely through the weak nuclear force. This fundamental interaction is

characterized by the following features:

• Two distinct mechanisms: charged-current interactions mediated by the ex-

change of charged W± bosons, and neutral-current interactions mediated by the

exchange of neutral Z bosons. Only in the latter the neutrino maintains its nature,

whilst in the first process there is a change from neutrino to its flavour associated

charged lepton or viceversa.

• Massiveness in particle mediator, with rest-mass energies of approximately

80.377 ± 0.012 GeV and 91.1876 ± 0.0021 GeV, respectively for W± and Z [14].

Consequently, the range of the weak interaction is extremely short-distance, on the

order of 10−17 meters. Furthermore, the cross section for weak interactions is 5-6

orders of magnitude lower than that of electromagnetic interactions.

• Parity violation, referring that the parity of the initial system can be different from

the parity of the final system. However, in strong and electromagnetic interactions,

parity is always conserved.

These properties lead to neutrino interactions being rare events in nature, presenting sig-

nificant challenges for their experimental study. Nevertheless, theoretical analyses based

on tree-level calculations (see [15] and [16]), such as those employing the Born approxi-

mation, can yield accurate predictions that match well with available experimental data.

Helicity

In the Standard Model, neutrinos exhibit a distinct helicity, whereby their spin is aligned

opposite to their direction of movement, characterizing them as left-handed particles.

Conversely, antineutrinos exhibit the opposite helicity, with both directions aligned. How-

ever, the rest of leptons exist in a superposition of both left- and right-handed states. This

observation is justified in relativistic quantum mechanics, where only neutrinos and an-

tineutrinos are considered massless leptons.

Nevertheless, with experimental evidence confirming that neutrinos indeed possess mass,

theoretical frameworks have been developed to explain the possibility of the existence of

right-handed neutrinos. A comprehensive examination of the current theoretical land-

scape and ongoing experiments aimed at detecting right-handed neutrinos can be found

in [17].

Mass

In the Standard Model, neutrinos are conceived as massless particles. This is due to the

consideration of only left-handed neutrinos since right-handed helicity in these particles

have not been experimentally proven yet. However, the phenomena of neutrino oscilla-

tion proves that neutrinos indeed possess non-zero mass. Implicitly, the eigenstates of the

6



1 History and current status of neutrino physics

electroweak interaction (formally known as neutrino mass states and denoted as ν1, ν2
and ν3) differ from the neutrino flavour states (νe, νµ and ντ ). As detailed in subchapter

1.3, the relationship between these two sets of states is described by the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) matrix, which depends on various parameters currently under

research to refine their values.

As stated beforehand, neutrino oscillation needs non-zero masses for the mass eigenstates.

However, the precise values of these masses are yet to be determined. It is only known

accurately the information about the differences between these quantities squared, de-

fined as ∆m12, ∆m23 and ∆m13 (formal definition is found in Eq. (1.12)). Consequently,

two possible mass hierarchies are possible: the normal ordering and the inverted ordering

(see Figure 4). Resolving this hierarchy question is crucial as it could lead to strengthen

or eliminate numerous theoretical models explaining neutrino properties, as discussed in

[18]. Recent studies strongly supports the normal ordering [19], [20].

Figure 4: Scheme representation of the normal and inverted hierarchies. Flavor com-

position of the mass eigenstates as the function of the unknown CP phase δCP is shown.

∆m2
atm ≈ |∆m2

13| ≈ |∆m2
23| and ∆m2

sol ≈ ∆m2
12 stands conventionally for the atmospheric

and the solar mass-squared splitting, respectively, as indicated in [18].

1.3 Neutrino oscillation

After describing the properties of neutrinos within the framework of the Standard Model,

one of the most significant discoveries in neutrino physics is the phenomenon of neutrino

oscillation. This not only confirms the existence of neutrino non-zero mass but also pro-

vides key-points details into their behavior. In this section, we delve into the historical

background of neutrino oscillation, from its theoretical postulation as a solution to the

solar neutrino problem to its experimental confirmation in the atmospheric neutrino ex-

periment held in Super Kamiokande. Lastly, we examine the formalism from which this

7



1 History and current status of neutrino physics

phenomena is theoretically described.

First postulation: solar neutrino problem

In the nineteenth century, the study of solar reactions emerged as a relevant line of

research aimed at gaining deeper understanding into stellar properties such as composition

or evolution. Following the postulation of neutrinos in 1930 which provided a more

comprehensive explanation of beta decay, Hans Bethe’s article in 1939 [21] presented a

theoretical framework for solar processes, describing what is now known as the proton-

proton chain. This mechanism can be represented as:

4p→ 4He + 2e+ + 2νe. (1.5)

In the 1960s, in an experimental attempt to validate the solar neutrino hypothesis, a

neutrino detector was built in the Homestake mine in South Dakota [22]. The experimen-

tal setup aimed to capture neutrinos originating from the proton-proton chain reaction

(Eq. (1.5)), which were considered the most feasible particle to detect due to their mini-

mal interaction during their journey from the Sun to Earth.

Over a three-year period the detector gathered data, but the experimental results contra-

dicted theoretical predictions. While theoretical models anticipated a neutrino capture

rate of 7.2±1.2 Solar Neutrino Units5 (SNU), the experimental data shown only 2.26±0.16

SNU. Criticism initially centered on the detector’s inability to account for real-time solar

flux fluctuations coming from stellar magnetohydrodynamics, despite the efforts to incor-

porate such uncertainties into the theoretical model predictions [23].

A strongly potential solution came with Bruno Pontecorvo’s 1957 theoretical proposal

[24], introducing the idea of neutrinos transitioning between different flavors during their

propagation. This quantum phenomenon is currently known as neutrino oscillation. In the

context of the Homestake experiment, electron neutrinos produced in the Sun could have

transformed into other flavors as they propagated towards Earth, evading being detected

due to the insufficiently sensitive detector, which only targeted electron neutrinos.

Experimental detection: atmospheric neutrinos

The first experimental evidence for neutrino oscillation was announced by the Super-

Kamiokande collaboration in 1998. Over a period of 535 days, the Super-Kamiokande

detector recorded data on atmospheric muon neutrinos at various intervals of zenith an-

gles Θ. More information regarding the experimental setup and the analysis of the results

can be found in [25].

Theoretical predictions indicated that in the absence of neutrino oscillation, Monte Carlo

simulations would result in an isotropic Θ distribution of detected neutrinos due to their

minimal interaction with matter. However, the experimental results revealed a deficit

5Solar Neutrino Unit or SNU is equivalent to 10−36 captures per second per target atom.
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1 History and current status of neutrino physics

of muon neutrinos traveling through the Earth (∼12,800 km) compared to those coming

directly from the atmosphere (∼15 km). When neutrino oscillation was incorporated into

the simulations, the predicted distribution aligned closely with the experimental data.

This discrepancy between the predictions with and without neutrino oscillation can be

visualised in Figure 5.

The experimental evidence of neutrino oscillation phenomena lead to a Nobel Prize

awarded to Takaaki Kajita in 2015. After the discovery, Super-Kamiokande continued

recording data for about 5000 days in intervals of Θ cosine, thus enhancing the support

towards neutrino oscillation, as discussed in the Nobel lecture [26].

Figure 5: Muon neutrino events detected in Super-Kamiokande experiment versus the

cosine of the zenith angle (Θ). Left: Data from 1998 [25]. Right: Data from 2015 [26].

Black dots represent experimental data, revealing a deficit of muon neutrinos at higher

Θ. Hatched regions and blue line refer to predictions without neutrino oscillations, while

black and red solid lines represent simulations accounting this phenomena. The agreement

between simulations and data supports the existence of neutrino oscillation.

Neutrino oscillation formalism and current status

The significance of demonstrating neutrino oscillation lies in its indication of non-zero

neutrino mass, contradicting the Standard Model’s description. To understand this im-

plication, we will delve into the formalism from relativistic quantum mechanics used to

model oscillations between two states.

We start by postulating that the stationary states of neutrinos (denoted as ν1 and ν2,

being the eigenstates of the electroweak interaction Hamiltonian) are linked to the fla-

vor states νµ and νe through linear orthogonal combinations. As shown in Eq. (1.6),

this relationship depends on a mixing angle factor θ. Furthermore, assuming an electron

neutrino at time t = 0, originating, for instance, from a β+ decay, we can apply the

time-dependent Schrödinger Equation to determine the time evolution of the eigenstates

9



1 History and current status of neutrino physics

ν1 and ν2, as illustrated in Eq. (1.8).

|ν1⟩ = cos θ |νµ⟩ − sin θ |νe⟩ ; |ν2⟩ = sin θ |νµ⟩+ cos θ |νe⟩ , (1.6){
|νe(0)⟩ = |νe⟩ ,
|νµ(0)⟩ = |0⟩ ,

}
−→

{
|ν1(0)⟩ = − sin θ |νe⟩ ,
|ν2(0)⟩ = cos θ |νµ⟩ ,

}
(1.7)

|ν1(t)⟩ = − sin θe−
iE1t
ℏ |νe⟩ ; |ν2(t)⟩ = cos θe−

iE2t
ℏ |νµ⟩ . (1.8)

To compute the probability of flavor change after a time t, we must express the state |νµ(t)⟩
in terms of |ν1(t)⟩ and |ν2(t)⟩. This allows the calculation of the invariant amplitude:

Pνe→νµ(t) = | ⟨νµ(t)||νµ(t)⟩ |2 =
[
sin(2θ) sin

(
E2 − E1

2ℏ
t

)]2
. (1.9)

We now remark some considerations:

• We can establish a relationship between the parameter time t and the distance

traveled L by assuming a velocity for neutrinos close to the speed of light6: t ≈ L/c.

• Assuming neutrinos are massive particles, we can relate the energies of the eigen-

states E with their respective masses m using energy-momentum conservation.

Since mc ≪ p, we can simplify the expression using a first-order Taylor expansion:√
1 + x ≈ 1 + x/2. This yields:

E2 = c2p2 +m2c4 −→ E = cp

√
1 +

m2c2

p2
≈ cp

(
1 +

m2c2

2p2

)
. (1.10)

• The energy difference between eigenstates results in the following expression after

applying the aforementioned approximation. To simplify further, we introduce the

squared-mass difference parameter ∆m2, defined in Eq. (1.12):

E2 − E1 =
(m2

2 −m2
1)c

3

2p
, (1.11)

∆m2 ≡ m2
2 −m2

1. (1.12)

These considerations lead to the final expression of the probability of flavor change, which

depends on the distance traveled L:

Pνe→νµ(L) = sin2(2θ) sin2

(
∆m2c4L

4Eℏc

)
. (1.13)

It becomes apparent that a non-zero probability of flavor change requires a non-zero dif-

ference between the masses of the eigenstates m1 and m2. Modeling the flavor is crucial

due to the associated charged lepton that emerges after a charged-current interaction,

6Technically, if neutrinos were to be massless particles, their velocity would be c. However, since we

know that their are massive, but extremely light, this approximation is totally valid.
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1 History and current status of neutrino physics

enabling the detection of these particles. Thus, the demonstration of neutrino oscillation

phenomena confirms neutrino non-zero mass.

However, extending this to the real scenario of the three-flavor case involves resolving

a more complex problem. Currently, the correspondence between the eigenstates ν1, ν2,

and ν3, and the flavor states νe, νµ, and ντ is fully detailed in the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) matrix, as shown in Eq. (1.14). The components Uαβ indicate

the mixing relation between eigenstate-flavor, encompassing the mixing angles (θ12, θ23,

and θ13, the squared-mass differences ∆m12, ∆m23 and ∆m13 and the CP-violation term7.

A comprehensive explanation of the parameters involved, as well as the origin and impli-

cations of this matrix, can be found in [27].

νeνµ
ντ

 =

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3


νeνµ
ντ

 . (1.14)

1.4 Long-baseline experiments

Long-baseline neutrino experiments aim to determine accurately the mixing angles and

CP-violation terms, while providing insights into solving the mass hierarchy problem.

These experiments involve detecting neutrinos after they travel macroscopic distances,

exploring neutrino interactions and transformations over long distances. These experi-

ments employ two detectors as illustrated in Figure 6: a near detector, positioned close

to the neutrino source to measure the initial neutrino flux, and a far detector, situated

at the end of the baseline to capture neutrinos after their journey. This setup allows for

precise measurements of neutrino oscillations and interactions over extended distances.

Figure 6: Scheme of neutrino baseline detection in long-baseline neutrino experiments.

Figure taken from [28].

The history of long-baseline experiments began with K2K (KEK to Kamiokande),

which confirmed neutrino oscillation phenomena using the water Cherenkov Super-Kamiokande

detector. Concurrently, the MINOS experiment at Fermilab (United States) focused on

measuring mixing angles and mass splitting by observing the disappearance of muon

7CP violation in the context of neutrino oscillation is yet hypothesised and pending to be tested in

the upcoming neutrino experiments. This effect implies that oscillation probabilities are different for

neutrinos and antineutrinos. Implicit in the term δCP , this arises formally from the complex formalism

of rotational matrices.
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1 History and current status of neutrino physics

neutrinos. These experiments constitute the predominant representatives of the first gen-

eration of accelerator-based experiments [29], [30].

Currently, this field has entered the second generation, represented mainly by T2K and

NOνA. As we will see, the status of art is such that neutrino physics are highly developed

theoretically with few experimental data to check the hypothesis. Therefore, it is of high

interest to perform experimental studies in order to proceed further with a consistent

theoretical description of neutrinos.

In this section, we will delve into explaining the second and third generations of baseline

experiments to provide a deep understanding of the context within which this thesis is

situated.

1.4.1 Current generation

This generation is primarly represented by T2K and NOνA, succeeding KEK and MINOS

and leading to the future Hyper-K and DUNE experiments, respectively [31]. The interest

behind these two experiments comes from their supplementation: both can provide crucial

insights towards CP violation, normal or inverted mass hierarchy and complementary

results towards the parameters enclosed in the 3x3 unitary mixing framework.

T2K

The T2K experiment is specifically designed to investigate neutrino mixing and provide

insights into the neutrino mass scale. Its primary objectives include in a muon neutri-

no/antineutrino beam the precise measurement of ∆m2
23 and θ23 through the observation

of muon neutrino disappearance, as well as the determination of θ13 via νµ → νe ap-

pearance. T2K comprises a muon neutrino beamline, a near detector complex located at

280 m (referred to as ND280), and a far detector (Super-Kamiokande) positioned 295 km

away. Data collection for this experiment commenced in 2010 and is expected to continue

until 2027.

The neutrino beam is generated at a proton synchrotron in J-PARC and directed at

a 2.5º angle to ensure a peak energy around 0.6 GeV, thereby maximizing8 the neutrino

oscillation effects at the 295 km final distance.

The near detector complex, situated in Tokai, incorporates both on-axis and off-axis

detectors. The on-axis detectors (INGRID) are close to the beam production point, mea-

suring the neutrino beam direction and profile, while the off-axis detector (ND280) assess

the muon neutrino flux and energy spectrum. Current efforts are focused on upgrading

the ND280, which will involve enhancing the reconstruction of the final state by im-

proving the angular acceptance and resolution of incoming charged particles through the

implementation of new high-angle TPCs [32]. Additionally, there are plans to extend the

8Further details are provided in Chapter 4.1.
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reconstruction capabilities to lower energies of the hadronic component in the final state

using hydrocarbon materials [33]. Further simulation details regarding the T2K near de-

tector upgrade can be found in [34].

The far detector is situated in the Kamioka Mining facility, shielded by a 1 km-thick

layer of rock to mitigate spurious events caused by cosmic rays. It comprises a water

Cherenkov detector housed within a stainless steel tank with a capacity of 50,000 tons.

Equipped with 13,000 photomultiplier tubes, the detector reconstructs the direction, en-

ergy, and properties of neutrinos by collecting Cherenkov radiation emitted during their

interactions with the pure water.

NOνA

The NOνA (NuMI Off-axis Neutrino Appearance) experiment, succeeding MINOS, plays

a significant role in the development of DUNE. In contrast to T2K, NOνA features a

longer separation distance between its near (located at Fermilab) and far detectors (lo-

cated in Ash River, Minnesota), spanning 810 km, with a peak flux energy of 1.8 GeV.

Data collection for NOνA commenced in 2014 and is anticipated to continue until 2026.

Figure 7: Neutrino-antineutrino event asymmetry as a function of resonstructed neutrino

energy with the NOνA best fit shown in purple. T2K best fit results is also shown

(grey dashed) for comparison. Theoretical δCP = π/2 in normal and inverted ordering is

displayed in blue and yellow dashed lines respectively. Figure extracted from [35].

The NuMI facility (Neutrinos at the Main Injector) serves as the muon neutrino source,
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where 120 GeV protons collide with a graphite target. The resulting (anti)neutrinos

travel 14 mrad off the beam axis towards the far detector, where measurements are made

of the appearance rate of muon and electron (anti)neutrinos. This setup facilitates not

only measurements related to the mixing parameters in the 3x3 representation but also

provides valuable insights into the value of δCP , as illustrated in Figure 7.

1.4.2 Next generation

Following in the footsteps of T2K and NOνA, the next-generation experiments, T2HK (T2

Hyper-Kamiokande) and DUNE (Deep Underground Neutrino Experiment), are expected

to offer deeper insights into CP violation, mixing angles, and eigenstate mass differences.

With enhanced designs compared to their predecessors, these experiments will provide

better statistical precision and incorporate matter effects, thereby advancing efforts to

resolve the mass hierarchy problem [36].

T2HK

Approved in 2020 and scheduled to commence operations in 2027, T2HK features a base-

line of 295 km, similar to T2K, thereby limiting its sensitivity to matter effects and the

mass hierarchy. The peak flux neutrino energy will remain at 0.6 GeV.

The near detector, located at J-PARC, will undergo upgrades similar to the ND280 en-

hancements, while the far detector at the Tochibora mine in Kamioka boasts a volume

8.4 times larger than its predecessor, ensuring improved resolution of results. Addition-

ally, the beam power will be boosted from 500 kW to 1.3 MW to significantly enhance

statistical precision.

T2HK is expected to make substantial strides in improving systematics and excluding

values for δCP , as illustrated in Figure 8. Assuming the normal ordering, the experiment

aims to exclude up to 70% of potential δCP values at 5σ confidence level over its 10-year

operational period.

Figure 8: Assuming the normal ordering to be true, in the left it is displayed the

uncertainty in the exclusion of the possible values of δCP . In the right, the evolution of

the excluded values in % throughout time operation of T2HK. Figure extracted from [37].
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Furthermore, T2HK is aimed at the detection of superNOνA neutrinos, aiding in the

distinction between various burst mechanisms, and to probe theoretical proton decay due

to its enhanced sensitivity, thereby establishing itself as a multi-purpose experiment.

DUNE

The Deep Underground Neutrino Experiment (DUNE) will be performed in the USA,

with a baseline of 1300 km and a peak neutrino energy of 2.5 GeV, making it sensitive to

matter effects. The experiment comprises the neutrino production facility (LBNF), a near

detector at Fermilab, and a far detector at the Sanford Underground Research Facility

in South Dakota, utilising liquid argon technology, the detectors are designed to cover a

wide spectrum of neutrino energies.

The beam is planned to be upgraded to 2.4 MW, colliding protons with energies ranging

from 60 to 120 GeV on a graphite target, producing muon (anti)neutrinos with varying

energies.

The near detector, located 574 m from the source, characterises neutrino flux and fla-

vor composition. It consists of three primary detectors: ND-LAr (identifying ν−Ar in-

teractions to improve systematics), ND-GAr (detecting muon tracks from ND-LAr), and

SAND (determining neutrino spectrum and on-axis flux). The far detector comprises four

modules, with the first two employing horizontal drift TPC and the remaining two using

vertical drift TPC. Neutrinos interact with liquid argon in these modules, and resulting

photons are collected by the Photon Detection System [38].

Figure 9: DUNE sensitivity, assuming normal mass ordering, to neutrino mass ordering

(left) and CP violation (right) as function of δCP for the given exposures of 336 kt-MW-

years and 624 kt-MW-years, corresponding respectively to an estimated operation time

of 7-8 years and 11 years. Figure extracted from [39].
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DUNE is still in the early stages of development, with operations expected to com-

mence in 2031 and decisive results for CP violation can be achieved by 2039, as displayed

in Figure 9. However, preliminary projects aimed at its development, such as ProtoDUNE

at CERN, are currently underway.

1.5 Thesis structure

Current research in neutrino physics focuses on experimental studies to gather sufficient

data for checking several theoretical descriptions of neutrino interactions. This Master

Thesis aims to contribute to the future predominant experiments through a two-fold task.

Firstly, an extensive analysis of T2K data for charged-current neutrino-nucleus inter-

actions with no pions in the final state (CC0π) is intended. Part II undertakes a com-

prehensive theoretical description of different nuclear responses widely used in current

studies: Local Fermi Gas (LFG), Spectral Function (SF) and the recent SuSAv2 (based

on the SuperScaling approach). This part begins with an introduction to the formalism

of neutrino elastic interaction with a free nucleon and continues with the modeling of nu-

clear effects, comparing these responses with past experimental studies to validate their

alignment with theoretical predictions.

Using the experimental T2K 2020 data provided at CERN, Part III conducts a thor-

ough analysis on the Monte Carlo generator NEUT and GENIE performances based on

the described nuclear responses. It is crucial to examine the consistency of the predicted

results with the data, leading to further refinements in experimental tools and in the

aforementioned theoretical models.

Secondly, this Thesis aims in Part IV to refine the beam in the ENUBET experiment

directed from the University of Padova. By employing the Geant4 toolkit simulator, the

current setup is analysed deeply to optimise the geometry for further purification of kaon

production in the beam, ultimately improving the performance in neutrino production.

ENUBET holds significant promise in contributing to the neutrino source for the new

generation of long-baseline experiments, especially for T2HK and DUNE.

Lastly, Part V presents a summary and the main conclusions of this Master Thesis, pro-

viding a comprehensive overview of the work performed and significant results for future

long-baseline experiments.
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Part II

Theoretical description of nuclear response

models in neutrino-nucleus scattering
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2 Neutrino-nucleon elastic scattering

2 Neutrino-nucleon elastic scattering

As a preliminary analysis, this chapter examines the basics of neutrino-nucleon scatter-

ing to describe the formalism of the electroweak elastic interaction at tree level for both

neutrino and antineutrino processes.

However, this description does not fully explain the results obtained in experiments in-

volving neutrino and light nuclei interactions, as no nuclear model is introduced. Thus,

this preliminary analysis sets the groundwork for including nuclear effects in Chapter 3.

The importance of both chapters lies in gaining a better understanding of some rel-

evant magnitudes to measure in neutrino-nucleus experiments (inclusive cross section,

lepton momentum, and neutrino energy) and in conducting a comprehensive analysis of

the experimental T2K data in Part III.

2.1 Inclusive cross-section formalism

This section methodically dissects the modeling of neutrino-nucleon interactions, cov-

ering the analysis of kinematics, S-matrix calculations, and cross-section expressions. In

subsection 2.1.1, a detailed examination of kinematic aspects is conducted, adopting a lab-

oratory frame and elucidating the approximations applied to model the neutrino-nucleon

kinematics.

Transitioning to subsection 2.1.2, the focus sharpens on the formalism of S-matrix Sfi cal-

culations, specifically within the context of first-order approximations for elastic charged-

current scattering in neutrino-nucleon interactions. The formal definitions of Sfi and

the interaction Hamiltonian HW are grounded in Relativistic Quantum Mechanics, being

mandatory the utilization of Dirac Algebra. Appendix A provides a comprehensive ex-

planation of these concepts, along with detailed mathematical steps used throughout the

calculus.

Subsequently, in subsection 2.1.3, attention shifts to cross-section expressions. The deriva-

tion of differential cross sections provides valuable insights into their dependencies on

crucial kinematic parameters, namely, lepton energy (εl) and the cosine of the scatter-

ing angle (cos θ). These insights are anticipated to play a pivotal role in the subsequent

analyses presented in further sections.

2.1.1 Analysis of the kinematics

To analyse the kinematics of neutrino-nucleon charged current elastic scattering, we adopt

a laboratory frame, as depicted in Figure 10a. Here, the initial nucleon is considered at

rest, and the transferred momentum q⃗ aligns with the z-axis, while both the initial and

final nucleons reside within the XZ plane. The relevant kinematic parameters are detailed
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below9, and the corresponding Feynman diagram at first order is presented in Figure 10b:

• Neutrino νl: K
α
ν = (εν , k⃗ν).

• Initial nucleon Ni: P
α
i = (M, 0⃗).

• Lepton l−: Kα
l = (εl, k⃗l).

• Final nucleon Nf : P
α
f = (Ef , P⃗ ).

• Exchanged boson W−: Qα = (ω, q⃗).

(a)

W−

νl

l−

Ni

Nf

(b)

Figure 10: a) Schematic representation of the laboratory frame employed for elastic

neutrino-nucleon charged-current W− scattering. In this thesis, it is assumed that the

initial nucleon is at rest. b) Corresponding Feynman diagram at the first-order approxi-

mation.

Now, we proceed with an examination of the conservation of energy-momentum at the

vertex. Given the range of energies under consideration, an ultrarelativistic approximation

(E ≈ |⃗k|) is effectively employed for neutrinos10. Consequently, the leptonic and hadronic

vertices analysis conservation yield the following results:

Leptonic vertex

• Energy conservation: εν − εl = ω.

• Momentum conservation: k⃗ν − k⃗l = q⃗ −→ q2 = ε2ν + |⃗kl|2 − 2εν |⃗kl| cos θ.
9Mass of the initial and final nucleon are denoted as M since it is employed the approximation

Mp ≈Mn ≡M .
10Given that the energies under consideration are on the order of GeV, the ultrarelativistic approxi-

mation is applied only in neutrinos. It is noteworthy that for leptons, this condition is most relevant for

electrons, as their rest mass energy is me = 0.511 MeV. For muons and tauons, their rest mass energies

cannot be neglected within this energy range.
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Hadronic vertex

• Energy conservation: Ef =M + ω.

• Momentum conservation: q⃗ = P⃗ .

From these relations, it can be demonstrated that the four-vector Qα is space-like, there-

fore its invariant is negative:

E2
f =M2 + q2 −→ E2

f = ω2 +M2 + 2Mω =M2 + q2 −→ q2 = ω2 + 2Mω (2.1)

|Q2| = −Q2 = −(ω2 − q2) = −ω2 + ω2 + 2Mω = 2Mω > 0. (2.2)

With the established framework and the presented expressions, we are proceeding to

S-matrix calculations.

2.1.2 S-matrix calculation

The transition amplitude Sfi corresponding to the first-order approximation of elastic

charged-current scattering of neutrino-nucleon is defined as follows:

Sfi = −i
∫
dX4HW (X). (2.3)

Here, HW (X) represents the Hamiltonian of this interaction, given by:

HW (X) =

(
g

2
√
2

)2

(j(l)α )†(X)Aβ(N)(Y ). (2.4)

In this expression, g is the dimensionless weak coupling constant, connected to the Fermi

constant GF as shown in Eq. (2.5).

g2

8M2
W

=
GF√
2
; GF = 1.166× 10−5 GeV2; MW = 80.401(38) GeV. (2.5)

The Hamiltonian HW can be conceptualized as the interaction between the neutrino,

characterized by the leptonic current j
(l)
α (X), and the four-potential field Aβ(N)(Y ) created

by the nucleon for this scattering. Formally, the latter can be defined as:

Aβ(N)(Y ) =

∫
d4Y

∫
d4Q

(2π)4
Dαβ
W (Q)Jβ(N)(Y )eiQ(X−Y ), (2.6)

with J
(N)
β (Y ) representing the current associated to the hadronic vertex and Dαβ(Q) the

propagator of the charged weak interaction, defined in Eq. (2.7).

Dαβ(Q) =
−gαβ +QαQβ/M2

W

Q2 −M2
W + iε

. (2.7)

It is worth noting that in elastic scattering, both terms Q2 and QαQβ can be safely ne-

glected compared toM2
W , and the infinitesimal factor iε is introduced to avoid singularities

in the extreme case of Q2 →M2
W . However, in elastic scattering,M2

W is significantly larger
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than Q2, justifying the neglect of this term. Consequently, the propagator simplifies to

an expression dependent on the metric tensor gαβ and the mass of the boson W MW :

Dαβ ≈ gαβ

M2
W

. (2.8)

Regarding the definitions of the 4-vector currents in the weak interaction within the

framework of Dirac Algebra (refer to Appendix A for detailed derivations), the leptonic

current is expressed as a combination of a vector and axial part. The axial part accounts

for parity violation, introducing a term with a sign −(+) for the neutrino (antineutrino)

situation:

j(l)α = Ψ̄l(X)γα(1∓ γ5)Ψν(X). (2.9)

Similarly, the hadronic current for charged-current weak interaction incorporates a vector

and axial part within the factor Γβ, which overall characterizes the inner structure of the

nucleon [40]. Denoting the subscripts f and i as the final and initial nucleon, respectively:

Jβ(N) = Ψ̄f (Y )ΓβΨi(Y ), (2.10)

Γβ = F V
1 γ

β + i
F V
2

2M
σβλQλ +GAγ

βγ5 +
GP

2M
Qβγ5. (2.11)

Here, F V
1 and F V

2 are vector form factors, while GA and GP are axial and pseudoaxial form

factors, all dependent on Q2. Importantly, there exists a direct relationship between the

vector part of the charged-current weak interaction and the electromagnetic interaction,

known as the conserved vector current (CVC) hypothesis. This allows expressing F V
1 and

F V
2 in terms of the Pauli and Dirac form factors F n,p

1 and F n,p
2 , which can be parameter-

ized using a dipolar contribution. A similar procedure can be applied to GA, while for

GP , the Goldberger-Treiman relation is employed in the Partially Conserved Axial Cur-

rent (PCAC) formalism. Detailed discussions on these aspects can be found in Section 2.3.

Finally, from the formal definition of the collision matrix, Eq. (2.3), a definitive expression

within the framework of Dirac algebra is obtained. It is noteworthy that mν is introduced

as a consequence of the definition of the Dirac wavefunction Ψ (refer to Appendix A.1).

Although the assumption of massless neutrinos in Standard Model may lead to mathe-

matical inconsistencies in Eq. (2.12), in this Master Thesis, we adopt the limit mν → 0

for the final results of the cross-section.

The derivation utilizes the mathematical properties of Dirac’s delta, as illustrated in
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Eqs. (2.13), (2.14) and (2.15), naturally leading to energy-momentum conservation.

Sfi = − ig2

8(2π)4

∫
d4X

∫
d4Q

∫
d4Y (j(l)α )†(X)Dαβ

W (Q)Jβ(N)(Y )eiQ(X−Y ) ≈ −i(2π)4×

×
∫
d4Q

g2M

8V 2M2
W

√
mνml

ενεlEfEi
(ūlγα(1∓ γ5)uν)

†(ŪfΓ
βUi)δ

4(kl +Q− kν)δ
4(Pf − Pi −Q) =

= −i(2π)4GFM√
2V 2

√
mνml

ενεlEfEi
(ūlγα(1∓ γ5)uν)

†(ŪfΓ
βUi)δ

4(kl + Pf − kν − Pi), (2.12)∫
d4Xei(kl−kν+Q)X = (2π)4δ4(kl − kν +Q), (2.13)∫
d4Y ei(Pf−Pi−Q)X = (2π)4δ4(Pf − Pi −Q), (2.14)∫

d4Qδ4(kl − kν +Q)δ4(Pf − Pi −Q) = δ4(Pf − Pi + kl − kν). (2.15)

Finally, we will introduce here the invariant amplitude, defined as:

Mfi ≡ (ūlγα(1∓ γ5)uν)
†(ŪfΓ

βUi). (2.16)

With the obtained results, we can further proceed with the analytic computation of cross

section expressions.

2.1.3 Cross section expressions

Having established the leptonic and hadronic currents, we now possess a comprehensive

expression for the collision matrix, as presented in Eq. (2.12). Beginning with the formal

definition of the differential cross section, we will detail the methodology that leads to

the final expressions for both the single and double differential cross sections. These

expressions will be crucial in the subsequent subsections, where we will analyze their

dependencies on the kinematic parameters cos θ and εl.

Differential cross section

The effective differential cross section for elastic neutrino-nucleon scattering is defined as:

dσ =
|Sfi|2

T · |J⃗inc|
dNf . (2.17)

In here,

• T represents time.

• dNf is the density of final states, dependent on both lepton and final nucleon char-

acteristics:

dNf =
V 2

(2π)6
d3k⃗ld

3P⃗ . (2.18)

• |J⃗inc| denotes the incident flux. In our framework, assuming a collinear scattering

where the velocity directions of initial particles are the same, the derivation of the

incident flux is detailed in Appendix X, resulting in:

|J⃗inc| =
ενεlV

Mkν
. (2.19)
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Regarding the term |Sfi|2, we need to multiply Eq. (2.12) by its complex conjugate. After

applying the Dirac delta property shown in Eq. (2.21), we obtain:

|Sfi|2 =
G2
F

2
(2π)4δ4(Pf − Pi + kf − ki)

1

V 4

mνmlM
2

ενεlEiEf
|Mfi|2 =

=
G2
F

2
(2π)4δ4(Pf − Pi + kf − ki)

T

V 3

mνmlM
2

ενεlEiEf
|Mfi|2, (2.20)

[δ4(Pf − Pi + kf − ki)]
2 =

TV

(2π)4
δ4(Pf − Pi + kf − ki). (2.21)

The termMfi represents the invariant amplitude, formally defined in Eq. (2.22) depending

on the initial and final spin states. |Mfi|2 derivation towards a final expression requires

the application of the Trace Theorems, and a subsequent development of the contraction

between the resulting leptonic tensor ηαβ and hadronic tensor Wαβ, which is detailed in

Appendix A.4. The final expression is found in Eq. (2.23), dependant on theWi functions.

|Mfi|2 =
∑

si,sf ,Si,Sf

|(ūfΓαui)(ŪfΓβUi)|2, (2.22)

|Mfi|2 ≡ 2
ηαβW

αβ

mνml

=
4εlεν

mlmνM2

((
2W1 ±W3

εl + εν
M

)
sin2 θ

2
+W2 cos

2 θ

2

)
. (2.23)

W1 =
|Q2|
4M2

[(F V
1 + F V

1 )2 +G2
A] +G2

A, (2.24)

W2 = (F V
1 )2 +

|Q2|
4M2

(F V
2 )2 + (GA)

2, (2.25)

W3 = 2GA(F
V
1 + F V

2 ), (2.26)

W4 =
(F V

2 )2

(4M)2
(|Q2| − 4M2)−GAGP +

|Q2|
(4M)2

(GP )
2, (2.27)

W5 = W2. (2.28)

As detailed in the Appendix A.4, once applied the condition of massless neutrinosmν → 0,

W4 andW5 do not appear in the |Mfi|2 final expression. Therefore, the pseudo-axial term
GP do not contribute in our results. Finally, we arrive at a conclusive expression for the

differential cross section:

dσ =
G2
F

4π2

M

εν

d3k⃗l
εl

d3P⃗

Ef
δ4(kl − kν + Pf − Pi)ηαβW

αβ. (2.29)

Double differential cross section

After developing d3k⃗l and integrating over the final nucleon state (check appendix A.3),

we arrive at the double differential cross section:

d2σ

dεld cos θ
=
G2
F

4π

|⃗kl|
εν
δ

(
ω − |Q2|

2M

)
ηαβW

αβ. (2.30)
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The energy conservation term can be further simplified in terms of cos θ. Neglecting

the lepton and neutrino masses and applying the ultrarrelativistic approximation for the

neutrino, we obtain:

δ

(
ω − |Q2|

2M

)
≈ M

|⃗kl|εν
δ(cos θ0 − cos θ), (2.31)

where cos θ0 ≡ 1−M ω

εν |⃗kl|
. This leads to the resulting expression for the double differential

cross section, which can be further integrated over the kinematics parameters.

d2σ

dεld cos θ
=
G2
F

4π

M

ε2ν
δ(cos θ0 − cos θ)ηαβW

αβ. (2.32)

Single differential cross section

To obtain the cross section with respect the lepton energy εl, we need to integrate over

the cos θ variable. The resulting expression is immediately obtained using the properties

of the Dirac Delta:

dσ

dεl
=

∫
d cos θ

d2σ

dεld cos θ
=
G2
F

4π

M

ε2ν
ηαβW

αβ

∣∣∣∣
cos θ=cos θ0

. (2.33)

By applying the jacobian, we can obtain the single differential cross section with respect

cos θ:

dσ

d cos θ
=
dσ

dεl

∣∣∣∣ dεl
d cos θ

∣∣∣∣ = G2
F

4π

M

ε2ν

|⃗kl|
1 + M

εν
− εl

|⃗kl|
cos θ

ηαβW
αβ

∣∣∣∣∣
cos θ=cos θ0

. (2.34)

This expression can be further simplified by introducing the term known as the recoil

factor f−1
rec:

dσ

d cos θ
=
G2
F

4π

|⃗kl|
εν
f−1
recηαβW

αβ

∣∣∣∣∣
cos θ=cos θ0

, (2.35)

where frec ≡ 1+ εν(|⃗kl|−εl cos θ)
M |⃗kl|

. Either of the Eqs. (2.33) and (2.35) is useful to obtain the

full cross section by integrating over the corresponding kinematic parameters. However,

for the analysis with experimental data, it will be highly relevant to work with the single

differential cross sections.

2.2 Response functions

In an alternative notation to the calculation involving the contraction of leptonic and

hadronic tensors ηαβW
αβ, the cross section formulae can be expressed more compactly11

in the laboratory frame as follows: [
d2σ

dΩ

]
χ

≡ σ0F 2
χ , (2.36)

11As commented in [41], there are are several possibilities when introducing the term F 2
χ . The difference

between these are the redefinition of the parameter σ0. Whichever notation is used, the important detail

to account for is that the relation (2.38) is satisfied.
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2 Neutrino-nucleon elastic scattering

where χ = +(−) refers to neutrino (antineutrino) processes. The term σ0 is given by

Eq. (2.37), expressed in terms of the Cabibbo angle12 θC and a generalized angle θ̃ defined

in Eq. (2.39).

σ0 =
G2
F cos θ2C
2π2

|⃗kl|εl cos2
θ̃

2
f−1
rec, (2.37)

ηαβW
αβ =

v0
2

F 2
χ , (2.38)

tan
θ̃

2
≡ |Q2|

v0
; v0 = (εν + εl)

2 − q2 = 4ενεl − |Q2|. (2.39)

The term F 2
χ encompasses the leptonic kinematic factors (VK) and the hadronic response

functions (RK):

F 2
χ = [VCCRCC + 2VCLRCL + VLLRLL + VTRT ] + χ[2VT ′RT ′ ]. (2.40)

Here, the subindexes account for different µν combinations in the contraction ηαβW
αβ.

Note that 0 refers to time components, and the rest concern the direction of momentum

transfer, with 3 denoting longitudinal and 1, 2 representing transversal components.

• CC: charge-charge (µν = 00).

• LL: longitudinal-longitudinal (µν = 33).

• CL: charge-longitudinal (µν = 03, 30).

• T: transverse (µν = 11, 22).

• T’: transverse pseudo-axial interference (µν = 12, 21).

It is noteworthy that the symmetric vector part of the tensor contraction satisfies current

conservation, i.e., QµJ
µ
V = 0, leading to ωJ0

V = qJ3
V . In this formalism, it is thus fulfilled:

ηV03 = ηV30 =
ω

q
ηV00; ηV33 =

(
ω

q

)2

ηV00. (2.41)

W 03
V = W 30

V =
ω

q
W 00
V ; W 33

V =

(
ω

q

)2

W 00
V . (2.42)

This allows us to express the vector-type functions in terms of the longitudinal contribu-

tion. To further simplify notation, we define VL and RV V
L to encompass all vector-type

contributions for both leptonic and hadronic contributions, respectively. The product of

these two terms, XV V
L , should include all vector-type contributions in these weak response

functions F 2
χ .

XV V
L ≡ VLR

V V
L = VCCR

V V
CC + 2VCLR

V V
CL + VLLR

V V
LL . (2.43)

12This term arises from the quark up and down mixing in the nucleon since these are different from

the mass eigenstates in the weak interaction (see [42] for details). In this case, cos θ2C = 0.975.
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However, for the axial components, current conservation is not fulfilled. Therefore, it is

not possible to simplify in the same way as with vector-type terms. We define:

XAA
C/L ≡ VCCR

AA
CC + 2VCLR

AA
CL + VLLR

AA
LL . (2.44)

The transversal component, is expressed as follows:

XT ≡ VT (R
V V
T +RAA

T ). (2.45)

Finally, we will define another term to encompass the pseudo-axial interference function:

XT ′ ≡ 2VT ′RV A
T ′ . (2.46)

This leading to the final expression:

F 2
χ = XV V

L +XAA
C/L +XT + χXT ′ . (2.47)

To simplify the notation further in the response functions, we will define the adimensional

parameters λ, κ, τ , δ, ρ, and ρ′. Notice that λ = τ due to energy-momentum conservation:

λ ≡ ω

2M
, τ ≡ |Q2|

4M2
, κ =

q

2M
, (2.48)

ω =
|Q2|
2M

→ λ = τ

δ ≡ ml√
|Q2|

, ρ ≡ |Q2|
q2

=
τ

κ2
, ρ′ ≡ q

εν + εl
=

tan θ̃/2√
ρ+ tan2 θ̃/2

∈ (0, 1). (2.49)

Leptonic kinematic factors VK

To express the different elements of the leptonic tensor ηαβ, we introduce the kinematic

factors VK :

VCC =
2

v0
η00 = 1− δ2 tan2 θ̃

2
, (2.50)

VCL =
2

v0

1

2
(η03 + η30) =

2

v0
η03 =

λ

κ
+
δ2

ρ′
tan2 θ̃

2
, (2.51)

VLL =
2

v0
η33 =

(
λ

κ

)2

+

(
1 +

2λ

κρ′
+ ρδ2

)
δ2
θ̃

2
, (2.52)

VT =
2

v0
(η11 + η22) =

ρ

2
+ tan2 θ̃

2
− δ2

ρ′
tan2 θ̃

2

(
λ

κ
+
ρρ′δ

2

)
, (2.53)

VT ′ =
2

v0

i

2
(η12 + η21) =

1

ρ′
tan2 θ̃

2

(
1− λρ′

κ
δ2
)
. (2.54)

The vector type kinematic factors can be encompassed in the relation:

VL ≡ VCC − 2
ω

q
VCL +

(
ω

q

)2

VLL. (2.55)
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Hadronic response factors RK

To express the different elements of the hadronic tensor Wαβ, we introduce the hadronic

response factors RK :

RCC = W 00 = RV V
CC +RAA

CC , (2.56)

RCL = −1

2
(W 03 +W 30) = RV V

CL +RAA
CL, (2.57)

RLL = W 33 = RV V
LL +RAA

LL , (2.58)

RT = W 11 +W 22 = RV V
T +RAA

T , (2.59)

RT ′ = − i

2
(W 12 −W 21) = RV A

T ′ . (2.60)

It is noteworthy that the vector-type components can be expressed as:

RV V
L ≡

(
q2

|Q2|

)2
[
W 00
V V − ω

q
(W 03

V V +W 30
V V ) +

(
ω

q

)2

W 33
V V

]
= W 00

V V = RV V
CC . (2.61)

This formalism can be further detailed with the introduction of nucleon form factors

(Section 2.3 is devoted to their formal description). The vector contribution can be

expressed using the weak isovector Sachs form factor GV
E (check Eq. (2.72)):

RV V
L = RV V

CC =
κ2

τ
(GV

E)
2, (2.62)

while the axial contribution is described by the weak axial Sachs form factor GA, formally

defined with respect to the axial GA and pseudo-axial GP nucleon form factors:

GA ≡ GA − τGP , (2.63)

RAA
CC = W 00

AA =
κ2

τ

(
λ

κ

)2

(GA)2, (2.64)

RAA
LL = W 33

AA =
κ2

τ
(GA)2, (2.65)

RAA
CL = −1

2
(W 03

AA +W 30
AA) = −κ

2

τ

λ

κ
(GA)2. (2.66)

Lastly, the transversal components are expressed if we introduce the other weak isovector

Sachs formfactor GV
M (Eq. (2.73)):

RV V
T = W 11

V V +W 22
V V = 2τ(GV

M)2, (2.67)

RAA
T = W 11

AA +W 22
AA = 2(1 + τ)(GA)

2, (2.68)

RV A
T ′ = − i

2
(W 12

V A −W 21
V A) = −2

√
τ(1 + τ)GV

MGA. (2.69)

2.3 Hadronic structure

To incorporate the information of the internal nucleon structure, various form factors

have been employed: vector (F V
1 and F V

2 ), axial (GA) and pseudo-axial (GP ). This

section provides a formal description and modeling of these contributions, serving as the

final step before comparing the theoretical results from neutrino-nucleon scattering with

experimental neutrino-nuclei cross-section data in Section 2.4.
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2 Neutrino-nucleon elastic scattering

Vector structure

Analogous to the electromagnetic interaction, the vector-type form factors F V
1 and F V

2

representing the inner nucleon structure in Eq. (2.11) can be expressed using the Con-

served Vector Current (CVC) in terms of Dirac (F n,p
1 (Q2)) and Pauli (F n,p

2 (Q2)) form

factors [43]. These are closely related to the electric and magnetic Sachs form factors

Gn,p
E,M(Q2).

Gn,p
E ≡ F n,p

1 − τF n,p
2 , (2.70)

Gn,p
M ≡ F n,p

1 + F n,p
2 , (2.71)

where τ is formally defined in Eq. (2.48). For neutrino-nucleon scattering, F V
1 and F V

2

exhibit a similar relation to the isovector weak Sachs form factors GV
E,M , which are related

to Gn,p
E,M . This leads to a formal description of F V

1 and F V
2 in terms of Gn,p

E,M , as expressed

in Eq. (2.74).

F V
1 − τF V

2 ≡ GV
E = Gp

E −Gn
E, (2.72)

F V
1 + F V

2 ≡ GV
M = Gp

M −Gn
M , (2.73)

F V
1 =

(Gp
E −Gn

E) + τ(Gp
M −Gn

M)

2(1 + τ)
, F V

2 =
(Gp

M −Gn
M)− (Gp

E −Gn
E)

2(1 + τ)
. (2.74)

To gain further insight into the dependence on the transferred four-momentum Q2 in the

electric and magnetic Sachs form factors, we consider extreme scenarios in the original

electromagnetic electron-nucleon scattering. In the static limit (Q2 → 0), the kinematics

result in the interaction of the lepton with a point-like particle with charge +e (proton)

or null charge (neutron). Therefore, the form factor must satisfy:

F p
1 (0) = 1, F n

1 (0) = 0, (2.75)

F p
2 (0) = 0, F n

2 (0) = 1, (2.76)

leading to:

Gp
E(0) = 1, Gn

E(0) = 0, (2.77)

Gp
M(0) = µp = 2.793, Gn

M(0) = µn = −1.913, (2.78)

where µn,p represent the neutron or proton magnetic momentum. In contrast, the asymp-

totic limit (Q2 → ∞), necessitates a study through QCD.

However, the established parametrizations of Gn,p
E,M are derived from experimental data.

In this project, the Galster dipolar parametrization will be utilized [44], proposing the

expression of the Sachs weak isovector in terms of functions from a dipolar contribution

GD(Q
2), defined as:

GD(Q
2) =

1(
1 + |Q2|

M2
V

)2 , (2.79)

where MV = 0.843 GeV is the vector mass. It can be verified that the static limit is

satisfied: GD(Q
2 → 0) → 1. The electric and magnetic Sachs factors can be expressed in
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this parametrization as:

Gp
E = GV

D, Gn
E = −µnτGV

Dεn, Gp
M = µpG

v
D, Gn

M = µnG
v
D, (2.80)

εn = (1 + λnτ)
−1, λn = 5.6. (2.81)

Axial structure

From the inner nucleon structure, the axial structure is composed of the axial GA and the

pseudo-axial GP form factors.

Current data is not sufficient to model the functional form of GA. However, a dipolar

contribution is widely used as an analogy to the vector-type form parametrization.

GA(Q
2) =

gA(
1 + Q2

M2
A

)2 , (2.82)

where gA = −1.267 is the axial-vector coupling constant andMA = 1.03 GeV, the nucleon

axial mass.

Concerning the pseudo-axial term GP , it can be related to the axial form factor GA via

Goldberger-Treiman relation, Eq. (2.83), within the Partially Conserved Axial Current

(PCAC) formalism.

GP (Q
2) =

4M2

|Q2|+m2
π

GA(Q
2), (2.83)

with mπ being the pion mass. However, as stated in Appendix A.4, once applied the

condition of massless neutrinos mν → 0, the pseudo-axial term GP does not appear in

our results since its contribution (included in W4 and W5 terms) vanishes, as displayed in

Eq. (2.23).

2.4 Comparison with light nuclei experimental data

After describing the formalism employed for neutrino-nucleon elastic scattering and pre-

senting the Galster dipolar parametrization to model the nucleon form factors, we compare

these theoretical results with experimental data of neutrino-light nuclei interactions13, dis-

played in Figures 11 and 12. Specifically, we include data from:

• Deuterium (D2) from Argonne National Laboratory in 1973 [45] and 1977 [46] and

from Brookhaven National Laboratory [47].

• Bromotrifluoromethane (CF3Br) from the Gargamelle experiment in 1977 [48].

• Propane (C3H8) from the Gargamelle experiment in 1979 [49].

13The experimental data used has been obtained from the Quasielastic channel in the corresponding

neutrino-nucleus interaction (see Chapter 3), in which one of the nucleons is ejected from the nuclear

medium.
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It is noted that the predicted results overestimate the data, especially with antineutrinos,

where heavier nuclei are targeted. In contrast, the agreement with deuterium data is

better, though the theoretical results do not fully enclose within the error bars despite

achieving the same order of magnitude. Additionally, the disagreement increases with

higher incident neutrino energy, indicating that nuclear effects14, such as multi-nucleon

emission or the nucleon-nucleon correlations, become more significant in the cross-section

as neutrino energy increases.

Since no nuclear effects were accounted for in this theoretical approach, a poor agree-

ment is expected. To accurately improve the goodness of the reproduction of these re-

sults, nuclear effects must be properly described and implemented. Henceforth, this task

will be addressed in Chapter 3, leaving the current chapter as an introduction to the

neutrino-nucleus scattering theoretical framework.

Figure 11: Comparison of experimental results with the elastic scattering results of the

charged-current νµ −N case. Data extracted from the publications [45]–[49].

14The theoretical approach of some of these nuclear effects, such as Fermi motion or nucleon removal

energy, are discussed in Chapter 3. A list of those considered during the implementation in the Monte

Carlo generators can be found in Appendix C.2.
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2 Neutrino-nucleon elastic scattering

Figure 12: Comparison of experimental results with the elastic scattering results of the

charged-current ν̄µ −N case. Data extracted from the publications [48], [49].

31



3 Neutrino-nucleus scattering

3 Neutrino-nucleus scattering

Developing the charged-current elastic scattering neutrino-nucleon inclusive cross-section

formalism in Chapter 2 constitutes the basics of modelling the charged-current neutrino-

nucleus weak interactions. The next step is to include the nuclear effects in the neutrino

energy range from hundreds of MeV to tens of GeV. Hence, in this chapter it is given a

big overview of the processes involved in this regime to provide a comprehensive theoret-

ical description of the nuclear responses, being essential for establishing the theoretical

foundation required to effectively analyse the experimental muon neutrino 2020 data from

T2K in Part III.

Neutrino-nucleus scattering encompasses various reaction channels dependent on the trans-

ferred energy ω. Figure 13 provides an overview of these processes, including:

• Elastic scattering. There is a transfer of energy from the neutrino to the nucleus,

altering the kinematics of the incident particles while the nuclear structure remains

unchanged.

• Giant resonances (GR), resulting in a collective motion of protons and neutrons

in opposite directions within the nucleus.

• Quasielastic (QE) and 2-Nucleon interaction (2N), which are of interest in

this Thesis, detailed in Section 3.1.

• Pion production, resulting from nucleon excitation via resonant (∆) or non-

resonant (N∗) processes.

• Deep inelastic scattering (DIS). The incident neutrino interacts directly with

the quarks, breaking the nucleon bound quantum system.

Figure 13: Nuclear response functions as a function of the energy transfer ω [50]. For

the range of study (low energies up to few GeV) this Thesis focuses on processes involving

no pions in the final state (CC0π), where the Quasielastic (QE) regime predominates.
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For current and forthcoming experiments, the operational range extends to the order of

few GeV, where resonances beyond QE may appear. However, this Thesis focuses on

charged-current processes wherein no pions are emitted in the final state, referred to as

CC0π. These interactions can be selected accurately by the detectors as proceed in T2K

(see Part III). Therefore, our initial focus will be on comprehending the mechanisms in-

volved in CC0π processes, explained in Section 3.1.

The impact of nuclear effects on the final state is significant; however, a detailed the-

oretical model description exceeds this Thesis work. Therefore, it will be provided an

in-depth theoretical examination of nuclear models specifically for CCQE interactions in

Section 3.2. The models discussed include the Relativistic Fermi Gas (RFG), Super Scal-

ing Analysis version 2 (SuSAv2), and Spectral Function (SF), each tailored for the QE

region.

It is important to note that these models applied in the QE regime are based on the

Impulse Approximation (IA). Other approaches to account for nuclear correlations, such

as resonance production, require alternative theoretical frameworks beyond IA that are

outside the scope of this Thesis.

3.1 CC0π Channel Reactions

This section offers an overview of the processes considered within CC0π: CCQE, meson

exchange current (MEC-2p2h) and pion absorption. Understanding these mechanisms is

crucial for modeling nuclear responses and improving the accuracy of the predictions from

Monte Carlo generators.

Charged-current Quasielastic (CCQE)

In the Quasielastic regime, a neutrino interacts with a nucleus X(Z,A), so that in the final

state, a charged-lepton and an outgoing nucleon emerge, leading to a knock-out reaction:

νl +X(Z,A) −→ l− + p+ Y (Z,A− 1),

ν̄l +X(Z,A) −→ l+ + n+ Y (Z − 1, A− 1),

where p (n) denotes the respective proton (neutron) emitted after the interaction with the

neutrino (antineutrino). Figure 14 displays the respective lowest-order Feynman diagram.

Unlike neutrino-nucleon scattering, the hadron is not static (although the nucleus can

be considered static) and due to the nuclear effects within, the nucleon is considered

quasi-free. More specifically, there is a change since the latter goes from being bounded

to gain enough energy to go to the continuous. These bounding nucleon effects are ac-

counted effectively based on the collective influence of the rest of the nucleons. Many

theoretical approaches evaluate these effects within the IA, from which the neutrino is

assumed to interact solely with a nucleon, leading to a one-body operator in the S-matrix

calculus.
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In this Thesis context, three nuclear models will be described in Section 3.2: RFG, SuSAv2

and SF; which will be used in Part III to obtain results from Monte Carlo generators.

Figure 14: Lowest-order Feynman diagram of a charged-current neutrino-nucleus scat-

tering in the Quasielastic regime (CCQE). The final state involves a charged muon and a

free nucleon, leading to a knock-out process [51].

Two-particle two-hole Meson Exchange Currents (2p2h-MEC)

2p2h-MEC involves those processes where multiple nucleons are emitted from the nucleus

via the exchange of virtual mesons between the nucleons. In 2p2h-MEC contributions,

the weak boson from the leptonic current is exchanged by a pair of nucleons, leading to a

2-nucleon emission as similarly seen in Figure 15 for the case of lepton-nucleus interaction.

Figure 15: Scheme of a MEC process in lepton-nucleus interaction. Figure extracted

from [52].

The inclusion of 2-body current at tree-level via π exchange15 is considered in a

highly sophisticated formalism described in [53]. The main idea is that there are dif-

ferent processes leading to a 2-nucleon emission that must be accounted when computing

the hadronic tensor. These processes can be observed in Figure 16:

15At the energies considered, heavier mesons like ρ are very unlikely to contribute significantly, therefore

having pions the predominant role as the meson exchanged between nucleons.
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Figure 16: Lowest-order MEC Feynman diagrams in the theoretical study [53], including

seagull (a,b), pion-in-flight (c), pion-pole (d,e) and ∆ pole (f-i) contributions.

• Seagull or contact terms (a,b): the charged boson interacts in the NNπ vertex.

• Pion-in-flight (c): the boson interacts with the virtual pion directly. Its axial part

vanishes, therefore being purely vector contribution.

• Pion-pole (d,e): the boson decays into a virtual pion that interacts directly with the

nucleons, thus resulting in two pion propagators. Its contribution is purely axial,

therefore being absent in electromagnetic scattering.
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• ∆ pole: ∆ resonance is achieved during the two-nucleons interaction. Depending

on the time reference of the resonance, it is distinguished between forward (f,g) and

backward (h,i) ∆ pole processes.

Pion absorption

In the GeV energy range, neutrino interactions with nuclei often produce pions. However,

due to the strong interaction, pions frequently undergo absorption within the nuclear

medium, resulting in no pions in the final state. This phenomenon, known as pion ab-

sorption, can present difficulties since it may be misidentified as a quasielastic event.

Various mechanisms can cause pions to interact with a nucleus, but at GeV energies,

pion absorption is predominantly mediated by an intermediate ∆ resonance state:

π +N −→ ∆, ∆+N −→ N +N. (3.1)

Understanding Pion Absorption is crucial for accurately reconstructing neutrino energy

in experiments using Monte Carlo generators, as employed in Part III. Experimental

studies, such as [54], have highlighted the challenge of distinguishing true CCQE events

from CC1π events, as illustrated in Figure 17.

Figure 17: Double differential cross section on 12C as a function of the muon scattering

angle in cos θ and the muon kinetic energy Tµ. In the left it is displayed the true CCQE

events whilst in the right it is shown the ratio between of the CCQE detections and the

true CCQE events [54]. Notice how Pion Absorption is noticeable for high energy transfer

(low Tµ) and forward angles.

3.2 Nuclear models in CCQE processes

This section focuses on CCQE processes, delving in how to properly account for nuclear

dynamics through various models: RFG, LFG, SuSAv2, and SF. However, the frame-

works of the first two models rely on the phenomena of scaling. Hence, we begin with

an introduction to scaling and superscaling whilst defining the scaling variable and the
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scaling function.

Subsequently, we examine the RFG model, which describes the many-body dynamics

within the nucleus by assuming a relativistic Fermi gas motion, resulting in an independent-

particle relativistic description. However, RFG exhibits limitations when compared to

experimental data, primarily due to the scaling functions employed, thereby constituting

the basis for more sophisticated nuclear response models. An enhanced version, known as

Local Fermi Gas (LFG) [55], considers a more realistic distribution of nucleon momenta

within the nucleus.

To improve the treatment of nuclear dynamics, the Super Scaling Analysis (SuSA) in-

corporates within the RFG formalism an universal scaling function derived from electron

scattering data. SuSA exhibits better agreement with experimental results compared to

the RFG model. SuSAv2 extends this approach by including scaling functions from the

relativistic mean field (RMF) and the relativistic plane wave impulse approximation (RP-

WIA), offering a more realistic framework in the description of final state interactions

(FSI) while adopting a relativistic treatment of the nucleon dynamics.

Alternatively, a phenomenological approach to nuclear structure and dynamics is pro-

vided by the SF model. While this method simplifies the formalism, it lacks accuracy in

accounting for FSI and nucleon-nucleon correlations. Nevertheless, SF offers computa-

tional efficiency with greater accuracy than RFG.

These models will be utilised in Monte Carlo generators to simulate CCQE events, as

discussed in Part III. For processes involving MEC-2p2h, a formalism beyond the IA is

necessary. For instance, the SuSAv2-MEC model employs relativistic calculations based

on the RFG [56]. However, Pion Absorption employs an empirical FSI model known as

hA, whose description falls outside the scope of this Master’s thesis.

3.2.1 Introduction to scaling and superscaling models

In neutrino-nucleus scattering, modeling the behavior of nuclei in kinematic analyses

presents difficulties in computing the complex response function due to multiple nucleons

participating in the scattering process or emerging nuclear effects. However, in the QE

regime, the predominant interaction involves an exchange of energy (ω) and momentum

(q⃗) with a single nuclear component, allowing these parameters to be considered initially

independent in the IA.

Under certain kinematic conditions, the nuclear response becomes dependent on the com-

bination of both ω and q⃗, conventionally known as the scaling variable ψ(ω, q⃗). Within

the context of this Thesis, the phenomenological scaling function f(ψ, q⃗) is defined as the

experimental differential cross-section divided by the single-nucleon cross section divided

over the Fermi momentum kF , establishing a relationship between the nuclear response
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and the response of free nucleons [57].

f(ψ, q⃗) =
1

kF

(
d2σ
dεldΩ

)
exp(

d2σ
dεldΩ

)
s.n.

(3.2)

The concept of scaling first appeared in other fields such as solid-state physics and atomic

physics. In high-energy physics, scaling phenomena are particularly prominent in deep

inelastic lepton scattering, where the nuclear response depends on the scaling Bjorken

parameter x (measured in the 1970s with electrons scattering (e, e′) [58]). Analogously,

a similar phenomenon known as y-scaling emerged, focusing on determining nuclear re-

sponses for lepton-nucleus scattering under specific kinematics [59]–[61]. Experimental

analyses of y-scaling confirmed the dominant behavior of leptons interacting with nucleus

constituents in the QE regime as one-body knock-out reactions. In this phenomenon,

at sufficiently high momentum transfer values, the scaling function becomes dependent

solely on the scaling variable:f(ψ, q⃗) = f(ψ).

Depending on the nature of the scaling, various behaviors can be distinguished:

• Scaling of zero-th kind: the longitudinal and transverse scaling functions are equal,

denoted as fL = fT ≡ f , where the distinction between longitudinal and transverse

is made with respect to the direction of the momentum transfer q⃗. The total scaling

function f can be related to the cross-section, while fL and fT are associated with

the longitudinal RL and transverse RT nuclear responses respectively, as it will be

seen in Eqs.(3.38)-(3.43) for SuSAv2.

• Scaling of first kind: the scaling function is independent of q, being explicitly de-

pendent only on the scaling variable ψ, as seen in the left graphs from Figure 18.

• Scaling of second kind: the scaling function is independent of the nuclear species,

as observed in the right pannel of Figure 18.

• Superscaling: both scaling of first and second kind conditions are met simultane-

ously. The scaling function can therefore be expressed as a function only of the

scaling variable, this is: f(ψ, q⃗) = f(ψ).

In the context of the QE regime, the dominant process involves an initial elastic scat-

tering of neutrino-nucleon (subject to certain nuclear constraints), followed by ejection

from the nucleus. Consequently, the nuclear form factors can be considered highly related

to the hadronic form factors derived from the single nucleon analysis. This justifies the

approach taken in establishing the relationship between the nuclear response function and

the hadronic response via the scaling function.

In the theoretical description of the RFG and LFG models for neutrino-nucleus scat-

tering, scaling phenomena appear implicitly. The strategy adopted is to compute the
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inclusive cross-section under the IA, where the nuclear responses depend on the responses

of single nucleons and the corresponding scaling functions. Thus, this Thesis aims at

describing both the theoretical RFG scaling function and the more realistic SuSA and

SuSAv2 scaling functions.

Figure 18: Example of different kinds of scaling. The theoretical scaling functions corre-

spond to neutrino-nucleus scattering evaluated within different nuclear response models:

RPWIA, rROP (RMF using a real optical potential to account for inelastic channels) and

RMF. Notice that the left graphs denote the behaviour for different incident energies,

thereby exhibiting scaling of first kind, whilst the right graphs display the behaviour for

different nuclei, satisfying scaling of second kind. Figure extracted from [62].

3.2.2 Relativistic Fermi Gas (RFG)

The RFG model is the simplest description of a fully relativistic nuclear system in which

the response functions can be computed analytically [62].

Kinematics

In neutrino-nucleus interaction, the nucleus is assumed to be originally at rest, although

the nucleons within are continuously moving, i.e. they have non-zero momenta. Adopt-

ing the notation from single nucleon case, we now need to account for nucleons in the
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kinematics description, thereby leading to:

• Neutrino νl: K
α
ν = (εν , k⃗ν).

• Initial nucleus Ni: P
α
i = (Mi, 0⃗).

• Initial bound nucleon that will break free ni: p
α
n,i = (εn,i, p⃗n,i).

• Lepton l−: Kα
l = (εl, k⃗l).

• Final nucleus Nf : P
α
f = (Ef , P⃗ ).

• Final free nucleon nf : p
α
n,f = (εn,f , p⃗n,f ).

• Exchanged boson W−: Qα = (ω, q⃗).

The collective nucleon interaction is accounted directly in the nuclear binding effect, for-

mally introduced with the Fermi momentum parameter kF and the energy shift Eshift.

This representation implies that nucleons momenta are initially below16 kF , which remains

locally constant within the nucleus in this model. Employing the IA lead to neutrino inter-

acting solely with a bound nucleon, thus giving enough energy to break free from nuclear

binding (pn,f > kF ) and the final nucleon is on-shell17.

Both the energy shift and the Fermi momentum vary depending on the nuclear species.

From electron inclusive scattering data analysis it has been extracted relative values that

are taken as references18 [60]. To have some examples, Table 1 displays the former pa-

rameters for different nuclei, whilst in Figure 19 it is observed the effects of kF and Eshift
in inclusive (e, e′) cross sections on 12C within the RFG formalism.

16Since nucleons are fermions, special attention must be put in Pauli exclusion principle. The resulting

effect, known as Pauli blocking, will be explained in the Appendix C.2.
17On-shell condition implies that the momentum and the energy of a given particle satisfy the relation

E2 = m2 + p2. Initially, nuclear binding effects lead to an extra contribution in energy different from

momentum (εRFG
n,i → εfreen,i + Eshift, with εfreen,i the nucleon energy if it were originally unbound from

nucleus), thus the former relation is not satisfied anymore (off-shell condition). When the nucleon is free

from nucleus after the interaction with neutrino, the energy-momentum equation is satisfied, i.e. on-shell.
18Notice that we are not referring here to absolute values since kF is adjusted to fit with respect scaling

functions ψ′, while Eshift is adapted to reproduce the shift in the quasielastic peak.
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Figure 19: Inclusive (e,12C) cross section theoretical results (continuous lines) in RFG

with respect the experimental data (black dots) for an incident energy of 680 MeV at 36º.
It can be seen in the left how the distribution changes sharply with increasing values of

kF and in the right the horizontal shift caused by the consideration of Eshift = 20 MeV

in the prediction.

Nucleus kF (MeV/c) Eshift (MeV)

Lithium 165 15

Helium 200 15

Carbon 228 20

Magnesium 230 25

Aluminium 236 18

Calcium 241 28

Iron 241 23

Nickel 245 30

Tin 245 30

Gold 245 25

Lead 248 31

Table 1: Values of Fermi momentum kF and energy shift Eshift for different nuclei, which

have been determined via electron inclusive scattering measurements [60].

Formalism in inclusive cross section

In this framework, the nucleons wave functions can be modelled as plane waves multiplied

by the Dirac spinors us(p⃗):

Ψp⃗,s(r⃗) =
1√
V
eip⃗·r⃗us(p⃗). (3.3)

In RFG, the nuclear description given by the hadron tensorWαβ is formally characterised

by the approximation to one-body operator (leading to 1p1h excitation) and the Heaviside

distributions Θ(kF − |p⃗i,j|) and Θ(|p⃗n,f | − kF ) to refer to initial nucleon being bound in
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the nucleus and then breaking into the continuum after the interaction.

Wαβ =
∑
p⃗n,i

∑
si,sf

δ(εn,f − εn,i − ω)
M2

εn,iεn,f
Jα⋆sf ,si(p⃗n,f , p⃗n,i)J

β
sf ,si

(p⃗n,f , p⃗n,i)×

×Θ(kF − |p⃗n,i|)Θ(|p⃗n,f | − kF ). (3.4)

Considering the thermodynamic limit, i.e. the number of nucleons is sufficiently large so

the density is uniform, summing over the initial nucleon momentum becomes an integral

operation, introducing the volume V = 3π2N/k3F for the nuclear system with N total

number of nucleons. This leads to an expression of the RFG hadron current that is

related to the free nucleon hadron tensor (≡ wαβs.n.):

Wαβ =
V

(2π)3

∫
d3pn,iδ(εn,f − εn,i − ω)

M2

εn,iεn,f
2wαβs.n.Θ(kF − |p⃗n,i|)Θ(|p⃗n,f | − kF ) (3.5)

Regarding the energy transferred from neutrino to the nucleon, there is a need to redefine

this term in RFG framework. When the nucleon reaches the continuum, the final nuclei

can get excited by an energy ω0. DenotingMi andMf the rest-mass energies of the initial

and final nucleus respectively, ω0 is formally defined as shown in Eq. (3.6). Therefore,

the energy-momentum conservation of the electroweak process changes naturally into

Eq. (3.7). The effective transferred energy ω′ from the neutrino to the nucleon is thereby

displayed in Eq. (3.8).

ω0 ≡
1

2Mi

(M2
f −M2

i ), (3.6)

ω = ω0 +
|Q2|
2Mi

= εν − εl, (3.7)

ω′ = ω − Eshift, (3.8)

With the former considerations, the mathematical procedure to compute the inclusive

cross section follows the same derivation as the one described for the elastic neutrino-

nucleon scattering described in Chapter 2: developing the S-matrix with the new hadronic

tensor expression, computing the corresponding integrals and calculating |Mfi|2. For sim-

plicity, we will remark the inclusive cross section results with this formalism (see [62] for

clarifications of the implicit mathematical steps).

Starting from the double differential cross section and employing the weak response func-

tion notation F 2
χ , we get:

dσ

dkldΩ
=
εl
εν

G2
F

4π2

v0
2

F 2
χ , (3.9)

while the single differential cross section maintains the same structure with respect the

free nucleon case:
dσ

dΩ
= σ0F 2

χ . (3.10)
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Nuclear response functions

In QE regime, the difference with respect the free nucleon situation relies on the nuclear

response, therefore, these are redefined following the general structure:

RRFG
K =

N

kF
Λ0fRFG(ψ)UK . (3.11)

The former expression involves the usage of the parameters κ, λ and τ defined in Eq. (2.48)

alongside the dimensionless Fermi parameters ηF and ξF :

ηF =
kF
M
, ξF =

√
1 + η2F − 1. (3.12)

By using the latter, Eq. (3.11) is decomposed in:

• N the corresponding number of nucleons, since in charged-current interactions, neu-

trinos (antineutrinos) interact only with neutrons (protons).

• The RFG scaling function fRFG(ψ
′) based on the scaling variable ψ:

ψ ≡ 1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(τ + 1)

. (3.13)

However, we will redefine the scaling variable as ψ′ to account for the energy shift

within the energy transferred ω′ since the scaling function considers by definition

the nuclear effects and the energy shift is amongst them:

ψ′ ≡ 1√
ξF

λ′ − τ ′√
(1 + λ′)τ ′ + κ

√
τ ′(τ ′ + 1)

, (3.14)

λ′ =
ω′

2M
, τ ′ = κ2 − λ′. (3.15)

Thus being the scaling function:

fRFG(ψ
′) =

3

4
(1− ψ′2)Θ(1− ψ′2), (3.16)

for which it is observed that fRFG(ψ
′) is restricted in the domain ψ′ ∈ [−1, 1].

• Λ0 a global factor that contains the relativistic correction D:

D = 1 +
1

2
ξF (1 + ψ2), (3.17)

Λ0 =
ξF

η2FκD
. (3.18)

• The single nucleon responses UK , which are essentially the hadronic response factors

RK from the free nucleon case (Eqs.(2.56) to (2.69)), but with extra terms ∆ and

∆̃ accounting for the Fermi motion within the nucleus.
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∆(λ, τ) =
τ

κ2

{
−(λ− τ)2

τ
+ ξF

[
(1 + λ)(1 + ψ) +

ξF
3
(1 + ψ2 + ψ4)

]}
, (3.19)

∆̃ =
1√

τ(1 + τ)

[
τ

κ
(1 + λ)−

√
τ(τ + 1) +

τ

κ

1

2
ξF (1 + ψ2)

]
. (3.20)

The corresponding expressions for the different components from UK are extensively cal-

culated in the Appendix C from [62].

Starting with the CC contributions, by means of CVC and PCAC hypothesis19 it is

distinguished between conserved (c.) and non-conserved (n.c.) axial parts:

UCC = UV V
CC + (UAA

CC )c. + (UAA
CC )n.c., (3.21)

UV V
CC =

κ2

τ

[
(2GV

E)
2 +

(2GV
E)

2 + τ(2Gv
M)2

1 + τ
∆

]
, (3.22)

(UAA
CC )c. =

κ2

τ
G2
A∆, (3.23)

(UAA
CC )n.c. =

λ2

τ
(GA − τGP )

2. (3.24)

Regarding CL and LL contributions, CVC hypothesis can be applied as well:

UCL = −λ
κ
[UV V

CC + (UAA
CC )c.] + (UAA

CL )n.c., (3.25)

ULL =
λ2

κ2
[UV V

CC + (UAA
CC )c.] + (UAA

LL )n.c., (3.26)

(UAA
CL )n.c. = −λκ

τ
(GA − τGP )

2, (3.27)

(UAA
LL )n.c. =

κ2

τ
(GA − τGP )

2. (3.28)

The transverse components are expressed as follows:

UT = UV V
T + UAA

T , (3.29)

UV V
T = 2τ(2GV

M)2 +
(2GV

E)
2 + τ(2GV

M)2

1 + τ
∆, (3.30)

UAA
T = G2

A[2(1 + τ) + ∆], (3.31)

UT ′ = 2GA(2G
V
M)
√
τ(1 + τ)[1 + ∆̃], (3.32)

RFG limitations

The RFG model constitutes the basis to introduce the superscaling phenomena in neutrino

nucleus scattering. However, this description brings several limitations when analysing

experimental data.

19Partially conserved axial current, or PCAC, establishes conditions based on chiral symmetry to the

axial matrix elements. See [63] for more details.
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Regarding the scaling function fQERFG(ψ
′), even though it arises from the theoretical calcu-

lus, it cannot explain the non-null experimental values in the region 1 ≤ |ψ′| ≤ 2. More-

over, it is observed a symmetric behaviour in RFG, whilst data shows an assymmetric

long tail in the positive domain of the scaling variable ψ′ (see Figure 20 for a comparison

regarding electron scattering data). However, these mismatches can be explained by mean

of a relativistic mean-field, therefore accounting for FSI and nucleon-nucleon correlations,

as studied in [64].

The RFG description provides an universal scaling function, leading to scaling of zero-th

kind. However, in Figure 21 the experimental data shows a clear violation of this symme-

try, concurring that fQET (ψ′) > fQEL (ψ′). Furthermore, it can be checked that the scaling

phenomena is present in the whole domain of the longitudinal scaling function, but the

scaling is violated in the transversal component for ψ′ > 0, for which non-QE channels,

such as 2p2h or resonances, have important contributions. These observations reinforces

the need for an alternative to the universal scaling function, which are palliated later with

the description of SuSAv2.

Lastly, RFG formalism leads to a high dependence on the model. This is observed in

the parameters kF and Eshift, for which constant values are considered depending on the

nucleus species. However, the constant kF arises from the unrealistic assumption of all

initial nucleon momenta below kF are equally likely. In [65] it is suggested a dependency

of Eshift with respect the momentum q since a constant value might be too large for low-q

values and too small in regions with higher q values. The latter is due to the unaccounted

FSI in the assumption of constant Eshift.

Figure 20: RFG scaling function compared with experimental data in electron scattering

with 12C. Figure extracted from [66].
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Figure 21: Longitudinal fL(ψ
′) (left) and transversal fT (ψ

′) (right) scaling functions for

different nuclei and for different values of momentum q in units of MeV/c. Figure taken

from [52] and data from [67].

3.2.3 Local Fermi Gas (LFG)

Similarly to RFG model, Local Fermi Gas assumes a gas of relativistic nucleons moving

within the nuclear field. However, the interaction between nucleons no longer yield radially

equal likelihood for initial nucleons, but rather a bump distribution that depends on the

radial distance r. This is known as the Local Density Approximation (LDA) and it

provides good results when computing nuclear responses in finite size nuclei [55]. Under

the same assumption of the initial nucleon momenta being smaller than kF , now this

parameter becomes a decreasing function dependent as well on the radial distance r, as

seen in Figure 22.

Figure 22: Nucleon distribution versus the distance with respect the center of the nu-

cleons r in LFG and RFG for the given values of kF = 225 MeV/c and rmax = 3.2 fm [68].
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kF (r) =

(
3π2ρ(r)

3

)1/3

, (3.33)

with ρ(r) being the nucleon density20. Figure 23 displays how LFG improves the initial

nucleons momenta distribution with respect to RFG.

Figure 23: Comparison between RFG (referred as Global Fermi Gas) and LFG models

behaviour regarding nucleon density. Figure taken from [69], from which another model

which uses convolution is also displayed.

3.2.4 The SuSA and SuSAv2 models

The semi-phenomenological scaling models SuSA and SuSAv2 arise as alternatives to fur-

ther improve the behaviour found in RFG superscaling, thereby providing a more realistic

description in neutrino nucleus scattering. This is achieved by considering experimental

(e, e′) data (SuSA) and by introducing a blending between RMF and RPWIA formalisms

(SuSAv2).

SuperScaling Approach (SuSA)

Initially, several electron-nucleus scattering experiments were analysed under the scaling

formalism [59], [60], proving successful predictions from these models. Moreover, in the

QE regime, the longitudinal scaling function superscales whilst the transversal does not

due to the appearance of non-QE processes for high energies ω. Therefore, the scaling of

zero-th kind is violated, leading to an asymmetry in between the scaling functions.

The longitudinal scaling function from (e, e′) data however, was thought to be employed

as an universal scaling function to predict CCQE reactions in neutrino nucleus scattering,

20In [55], it is modelled the nucleon density within the context of a modified harmonic oscillator for

light nuclei (A≤16): ρ(r) = ρ0

[
1 + a

(
r
R

)2]
e−(r/R)2 ; or a two-parameter Fermi distribution for heavier

nuclei (A ≥ 16): ρ(r) = ρ0/{1 + e[(r−R)/a]}.
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known this description as SuSA. This concept was based on the hypothesis that the cross

section scales as does in the electron scattering case due to the IA approach.

Hence, the phenomenological SuSA scaling function follows:

fSuSA(ψ
′) ≡ fL(ψ

′) =
p1

[1 + p22(Ψ
′ − p3)2](1 + ep4ψ′)

, (3.34)

with the parameters p1 = 2.9883, p2 = 1.9438, p3 = 0.67310 and p4 = −3.8538 [62].

SuperScaling Approach version 2 (SuSAv2)

Theoretical efforts were put to combine SuSA and the physics from RMF [70] and RPWIA

[71] models, thereby originating an extended description of the superscaling known as

SuSAv2. This new approach is based on the following assumptions:

1. f ee
′

L superscales, as suggested the original model SuSA.

2. f ee
′

T superscales for ψ < 0, although it can be extended for the whole range if we

remove the contributions coming from non-QE channels.

3. RMF reproduces very well the dependence of the scaling function with respect to

q at low and medium values21, leading to a good agreement with f ee
′

L,exp and the

relation f ee
′

T > f ee
′

L in connection with transverse scaling data..

4. At high q values, scaling function must approach to RPWIA results since FSI effects

disappear.

Using the RMF model leads to the employment of three references for scaling functions,

yielding naturally to the violation of the scaling of zero-th kind, as previously suggested:

transverse (fT=1
T ≡ fT ), longitudinal isoscalar (fT=0

L ) and longitudinal isovector (fT=1
L ).

Note that, in this formalism, T = 0 and T = 1 refer respectively to isoscalar and isovector

components. Introducing RPWIA to satisfy the statement 4 implies the employment

of two references scaling functions that are evaluated at q = 1100 MeV/c: longitudinal

(f̃RPWIA
L ) and transversal (f̃RPWIA

T ). Moreover, the energy shift appearing in the scaling

functions from RMF and RPWIA are dependent of the momentum q, as shown in Figure

24.

21In [65] it is referenced that low and medium values corresponds to set of data below to q < 800

MeV/c, while high-q values is considered for q > 800 MeV/c.
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Figure 24: Energy shift evolution with respect q in RMF and RPWIA for different scaling

functions. In the legend, e, ν and aν correspond to electron, neutrino and antineutrino

case respectively. Figure taken from [65].

To combine the scaling functions from both models, we introduce the following ex-

pressions (see [65] for more details):

F T=0,1
L ≡ cos2 χ(q)fT=0,1

L + sin2 χ(q)f̃RPWIA
L , (3.35)

FT ≡ cos2 χ(q)fT + sin2 χ(q)f̃RPWIA
T , (3.36)

where χ(q) contains the dependence with the momentum q and it is used22 q0 = 800

MeV/c and w0 = 200 MeV:

χ(q) ≡ π

2

[
1−

(
1 + e

q−q0
w0

)−1
]
. (3.37)

The nuclear responses in SuSAv2 are described as follows in terms of the previous com-

bination of scaling function and the single nucleon responses in RFG formalism UK :

R
V V,ν(ν̄)
L (q, ω) =

1

kF
F T=1
L (ψ′)UV V

L (q, ω), (3.38)

R
AA,ν(ν̄)
CC (q, ω) =

1

kF
F T=0
L (ψ′)UAA

CC (q, ω), (3.39)

R
AA,ν(ν̄)
CL (q, ω) =

1

kF
F T=1
L (ψ′)UAA

CL (q, ω), (3.40)

R
AA,ν(ν̄)
LL (q, ω) =

1

kF
F T=1
L (ψ′)UAA

LL (q, ω), (3.41)

R
ν(ν̄)
T =

1

kF
FT (ψ′)

[
UV V
T (q, ω) + UAA

T (q, ω)
]
, (3.42)

R
ν(ν̄)
T ′ =

1

kF
FT (ψ′)UV A

T ′ (q, ω). (3.43)

Overall, SuSAv2 greatly improves the formal description of the nuclear effects, therefore

22To clarify the meaning of these parameters, the transition between RMF and RPWIA occurs around

q0 within a region of width w0.
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providing a more realistic model that aligns better23 to the experimental data, as seen

in Figure 25. However, the portrait given in this Section is valid only in the IA rep-

resentation, thereby processes beyond24 IA must be added separately within a different

formalism.

Figure 25: Inclusive cross section in (ν, µ−) and (ν, µ+) in the scattering with 12C

nuclei. Theoretical predictions from SuSA (red) and SuSAv2 (blue) are compared with

the experimental data from MiniBooNE. Figure extracted from [65].

3.2.5 Spectral Function

Spectral Function refers to a semiphenomenological description of the target nuclear infor-

mation and it is introduced in the denoted Spectral Function P (p⃗, E). The latter expresses

the probability that the residual nucleus is left with an excitation energy E after remov-

ing a nucleon of momentum p⃗ and it is normalised to the nucleon momenta distribution

when integrating over energy and to the unit when integrated over both parameters. This

function is modelled by the experimental analysis of semi-inclusive nucleon knock-out in

electron scattering and the theoretical calculus of density nuclear matter under the LDA

[72], therefore accounting effectively for the short-range nucleon-nucleon correlations. The

former can be observed in Figure 26, for which there are non-zero probability of finding

23With respect to SuSA, SuSAv2 provides larger cross section. However, as it is studied in Part III,

the experimental data represents CC0π processes, therefore missing the inclusion of MEC-2p2h and Pion

Absorption channels in the theoretical results.
24MEC-2p2h, pion absorption, DIS, etc.
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initial nucleons at high momentum values.

n(p⃗) =

∫
dEP (p⃗, E),

∫
dEd3p⃗P (p⃗, E) = 1. (3.44)

Regarding neutrino-nucleus scattering, the formalism can be given by the assumption

of nucleons moving as a relativistic Fermi gas within the nucleus and the semi-inclusive

cross section is computed within the IA. Similar to SuSAv2, the validity of this spectral

function in neutrino scattering is based on the scaling argument from electron scattering

to neutrino situation, although strict approximations25 must be employed to connect the

spectral function with the scaling concept, as studied in [73] under the Plane Wave Impulse

Approximation. The general scheme to compute the double semi-inclusive cross section

is the following:
dσ

dkldΩ
=

∫
d3p⃗dEP (p⃗, E)N

[
dσ

dkldΩ

]
f.n.

, (3.45)

with N the corresponding nucleon number (neutrons for neutrinos and protons for an-

tineutrinos) and the subscript f.n. denoting the free elastic neutrino-nucleon case.

Currently, it has been developed several different spectral function models to use as an

input into event generators. Despite providing a formalism based on RFG, spectral func-

tions have also been computed within other descriptions such as Independent Particle

Shell Model or even Distorted Wave Impulse Approximation (DWIA) to account for FSI.

The formalism of nuclear spectral functions is extensively detailed in the work of Benhar

[72], [74].

Figure 26: Nucleon momentum distribution normalised to the number of nucleons A.

It is compared the results from RFG (denoted as RFGM) and with oxygen and gold by

using the corresponding spectral functions. Figure taken from [75].

25Notice that for neutrino-nucleus interactions, spectral function models the nucleus information ac-

cording to electron scattering experimental data.

51



Part III

Evaluation of Monte Carlo generators

performance for T2K ND280 neutrino and

antineutrino cross-sections measurements
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4 Monte Carlo performance in ND280 cross-section

measurements

In 2020, the T2K collaboration published experimental data collected from 2009 to 2019

in the near and far detector after a thorough and careful reconstruction of the neutrino

events [76]. To summarise, this experiment involves emitting a beam of muon neutrinos

or antineutrinos, characterised initially by the near detector, to study neutrino flavour

oscillation by measuring the kinematics of the corresponding leptons in the far detector.

This collaboration is crucial in neutrino research because it provides more statistical

data to characterise neutrino oscillations.. As explained in Section 1.4, the experimental

results of long-baseline experiments such as T2K are essential for not only understanding

mass ordering and CP violation but also helping to refine the values in the PNMS matrix,

thereby leading to a robust and consistent theory concerning the electroweak interaction.

Among many other analyses with the near detector, the T2K collaboration has published

simulatenous measurements of neutrino and antineutrino cross section with ND280, which

is available in [77]. These measurements have been compared26 with various theoretical

models to assess the agreement and the performance of the Monte Carlo generators. In

this Thesis, we aim to contribute to the same purpose by evaluating the effectiveness of

reproducing results from some of the most used neutrino generators in ongoing experi-

ments: NEUT [82] and GENIE [83]. However, only CC0π events will be considered since

involving pion production might require extensive descriptions27 to accurately portray the

theory and conduct a proper analysis.

This chapter begins with a brief explanation of the neutrino and antineutrino flux used in

T2K for this analysis, which will serve as the input for our Monte Carlo generators. Next,

the methodology of the analysis will be thoroughly explained, including the experimen-

tal data structure, the different nuclear models we are using and the methods employed

to asses the agreement with the T2K data. Finally, the results achieved in this Thesis

are presented, providing an in-depth discussion regarding the accuracy of the current

performance of Monte Carlo generators. The conclusions has been published recently in

Symmetry: [84].

4.1 Neutrino and antineutrino flux

In the employment of Monte Carlo generators for neutrino-nucleus interactions, an inci-

dent neutrino or antineutrino flux is needed to predict the outgoing particle kinematics.

To that end, it is displayed in Figure 27 the shape of the fluxes used, for both neutrino

and antineutrino events. These fluxes are obtained by predicting neutrino events using

26To cite some of the T2K studies, [78]–[81].
27Resonances (RES), deep inelastic scattering (DIS), ...
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FLUKA [85] and GEANT3 [86] simulation models, which involve the interaction of pri-

mary beam protons in the T2K target, hadron decay, and muons producing neutrinos.

The first T2K study predicting fluxes was published in 2013 [87], detailing the technical

simulation methods for estimating the fluxes at both the near and far detectors. Ad-

ditionally, it explains how the narrow-band beam is achieved by directing the incident

flux off-axis by 2.5◦, resulting in a peak neutrino energy around 0.6 GeV, for which the

oscillation effects are maximal for T2K’s baseline of 295 km. Figure 28 illustrates the flux

distribution changes with the off-axis angle and the survival probability of muon neutrinos

with respect to neutrino energy.

Figure 27: Muon neutrino (left) and antineutrino (right) fluxes predicted as a function

of the neutrino energy in the T2K near detector in 2016 with an off-axis set at 2.5◦ . The

peak of the spectra is remarked with a red dashed line, being close to 0.6 GeV.

Figure 28: Muon neutrino survival probability at 295 km (top) and neutrino fluxes

corresponding to different off-axis angles. As observed, 2.5◦ achieves a maximum around

0.6 GeV (where the maximum oscillation probability is achieved) while narrowing the

spectrum. Figure extracted from [87].
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Since 2013, more data in the near detector has been collected and dedicated hadron

production experiments were performed, such as NA61 [88], enabling a refinement in the

flux simulation. Consequently, this Thesis28 employs the flux results from 2016 [89], being

the experimental data available in the T2K website [90].

4.2 Methodology

To perform a comprehensive analysis of the experimental data, this section aims to ex-

plain and justify the procedure employed for the results obtained in Section 4.3.

The first part involves describing the structure of the data. In doing so, it is identi-

fied the key elements we are looking for when predicting results. Next, we outline the

nuclear dynamics we intend to test using the Monte Carlo generators and detail how these

predicted results are obtained. Finally, the statistical analysis procedure is explained, in

which two methods are applied to provide a meaningful and complementary discussion

on the accuracy of NEUT and GENIE predictions compared to the T2K data.

T2K experimental data structure

The experimental data used in this analysis can be found on the T2K website [90]. It

consists of a single ROOT file containing cross-section measurements made at the near

detector from the different neutrino and antineutrino interactions with the hydrocarbon

nuclei. The data is divided into 9 cos θ regions (where θ is the lepton scattering angle) and

each region is further subdivided into non-uniform bins that encompass different muon

momentum ranges up to 30 GeV (see Table 2).

Figure 29 displays examples of the double differential cross section with respect the muon

momentum pµ, illustrating how this data appears in a ROOT graph. This format will be

maintained for future subsections.

Nuclear models employed in Monte Carlo generators

Monte Carlo generators are utilised to predict results to compare with the ND280 ex-

perimental data. This subsection clarifies the different models employed in both NEUT

and GENIE29. The main goal is to simulate each type of CC0π interaction individu-

ally—namely CCQE, MEC, and pion absorption. In this context, note that the term

”model” refers to the sum of contributions of these processes under the nuclear dynamics

descriptions implemented in the generators. In this Thesis the Monte Carlo cross-section

results are weighted over the width of the bin momentum and cos θ range (see Appendix

D.1).

28In the T2K website, it is published newer flux prediction data (2020), corresponding to a better

target and more neutrino statistics. Unfortunately, it was tested that NEUT is not compatible yet with

this flux version, thereby using 2016 data (check Appendix C.1 for a flux comparison).
29An introduction to Monte Carlo generators can be found in Appendix C.
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[cos θi, cos θf ] Number of p bins Edges (GeV)

[-1.00, 0.20] 1 0,30

[0.20, 0.60] 5 0, 0.3, 0.4, 0.5, 0.6, 30

[0.60, 0.70] 6 0, 0.3, 0.4, 0.5, 0.6, 0.8, 30

[0.70, 0.80] 6 0, 0.3, 0.4, 0.5, 0.6, 0.8, 30

[0.80, 0.85] 7 0, 0.3, 0.4, 0.5, 0.6, 0.7, 1, 30

[0.85, 0.90] 8 0, 0.3, 0.4, 0.5, 0.6, 0.8, 1, 1.5, 30

[0.90, 0.94] 7 0, 0.4, 0.5, 0.6, 0.8, 1.25, 2, 30

[0.94, 0.98] 10 0, 0.4, 0.5, 0.6, 0.8, 1, 1.25, 1.5, 2, 3, 30

[0.98, 1.00] 8 0, 0.5, 0.7, 0.9, 1.25, 2, 3, 5, 30

Total 58 –

Table 2: T2K binning used for this measurement as a function of the different cos θ slices

and p non-uniform momentum bins up to 30 GeV. Notice how there are more subdivisions

in the forward region, which aims to achieve a more refined description with the current

resolution of the near detector. There are 58 experimental bins for the whole angular

region in both neutrino and antineutrino, resulting in a total of 116 bins.

Figure 29: Examples of T2K neutrino cross-section measurements divided into different

cos θ slices containing non-uniform p bins within. Antineutrino measurements follow the

same structure. The pink shading denotes the statistical and systematical uncertainty.

More subdivisions, and thereby information, are found in the forward region. Note that

the last p bin (the one covering up to 30 GeV) is omitted to ease the reading.

Table 3 displays the models used for the contributions accounted for in this analysis,

labeling each combination for future reference. The main difference between models lies
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in the CCQE events, as MEC and pion absorption are considered in the SuSAv2-2p2h

model and Cascade/Empirical FSI generation respectively due to their effectiveness in

prediction and their minor contributions to the overall result. Additionally, the theoretical

CCQE frameworks corresponding to SF, LFG, and SuSAv2-QE are thoroughly described

in Chapter 3.2.

Model label CCQE MEC Pion Absorption

SF SF NEUT SuSAv2-2p2h GENIE Cascade FSI GENIE

LFG LFG NEUT SuSAv2-2p2h GENIE Cascade FSI GENIE

SuSAv2 SuSAv2-QE NEUT SuSAv2-2p2h GENIE Cascade FSI GENIE

DUNE LFG GENIE SuSAv2-2p2h GENIE Empirical FSI GENIE

Table 3: Nuclear model and Monte Carlo generator employed in each CC0π contribution.

Each combination is labeled for the future comparison with experimental data in Section

4.3.

Figure 30 shows examples of predicted results. For a sufficiently high number of

statistics30, it is illustrated how the different contributions are weighted with respect to the

global result. At low lepton momentum, pion absorption and MEC play significant roles.

However, beyond 300-400 MeV, the major contribution rapidly comes from CCQE31.

Consequently, changing the nuclear description of CCQE is expected to yield different

results, enabling a comprehensive comparison of nuclear dynamics.

Methods proposed in the statistical analysis

Once explained the structure of the experimental results and which nuclear dynamics

will be accounted for in the Monte Carlo generators, this section aims at describing the

procedure used in Section 4.3 to comprehensively discuss the results.

The analysis begins with calculating the values of χ2 and p-values32. This involves a

detailed characterisation of these parameters across all nine cos θ regions for both neutri-

nos and antineutrinos. Additionally, to provide a broader discussion, χ2 and p-values are

computed considering:

• All neutrino bins.

• All antineutrino bins.

30For all the Figures in Part III containing predicted Monte Carlo results, the number of events simu-

lated is 106, which guarantees minimal effects from statistical fluctuation.
31Despite displaying examples only for LFG, similar observations hold for the other nuclear models.

Generally, CCQE predominates over MEC and pion absorption except at low lepton momentum for small

scattering angles, in where the incident neutrino energy is primarily transferred to nuclear effects.
32An introduction to these concepts and their calculations in this Thesis can be found in Appendix

D.2.
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• All data combined.

Figure 30: Examples of predicted results compared to experimental data, particularised

for the LFG model. Initially, the CCQE, MEC and pion absorption contributions are

obtained (dashed lines) and then summed to produce the model used for comparison with

the experimental data (continuous line).

According to the publication [78], it is observed that the ND280 systematic uncertain-

ties are higher in the first and last p bins in each angular region (see Figure 31), due to

a low reconstruction efficiency. Therefore, the inclusion of the former bins might not be

reliable in the calculation of χ2. To address this, two methods are proposed for calculating

the statistical parameters for the three aforementioned scenarios:

• Method 1: consider all momentum bins.

• Method 2: exclude the first and last momentum bins from each region, therefore

reducing their impact on χ2.

In the angular region [-1.00,0.20], only Method 1 will be applied because there is only one

momentum bin ranging from 0 to 30 GeV directly.
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Figure 31: ND280 systematic uncertainties for neutrino (top) and antineutrino (bottom)

for the CC0π cross section in each p bin. Notice how the uncertainties are higher in the

first and last bins from each angular region. Plots extracted from [78].

4.3 Analysis of the results

This section analyses the predictions of ND280 experimental data from Monte Carlo

generators under the four nuclear models labelled previously in Table 3 as SFG, LFG,

SuSAv2, and DUNE. Two methods are employed in the calculations: one considering all

the p bins, and the other excluding the first and last bins from each cos θ interval. A

comprehensive analysis is pursued, leading to a two-fold discussion concerning:

1. The goodness of the agreement in each angular region, i.e. in each of the nine

interval of cos θ.

2. The consideration of all neutrino bins, antineutrino bins and the combination of

both.

Monte Carlo results have been generated for each angular region, and χ2 values have
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been computed for all considered scenarios. To avoid graphical saturation in the main

body of this work, the analysis will focus on the p-values, with the χ2 results presented

in Appendix E.1.

4.3.1 Assessment of the agreement in each angular region

Figure 32 displays the p-values for all nuclear models labeled in Section 4.2, separated

by neutrino and antineutrino data. Strong colors represent Method 1 (considering all

momentum bins), while pale colors represent Method 2 (excluding the first and last bins

in each angular region).

Figure 32: Performance evaluation displaying p-value results of the four Monte Carlo

models for all the 9 angular regions. Top (bottom) graph corresponds to neutrino (antineu-

trino) data. Method 1 and 2 results are represented by strong and pale colors respectively.
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The following observations are noted:

• Poor reproducibility in the forward region: For both neutrino and antineu-

trino data, none of the models consistently reproduce the experimental values for

small scattering angles. In this region, nuclear effects play a major role, indicating

that effects such as those related to the nuclear screening or the influence of the

collective potential of the nucleus might be mis-modelled

• SuSAv2 vs. tuned models: SuSAv2 aims to be a realistic model by minimizing

reliance on tuned parameters, while SF relies more on empirical data, and LFG is

based on several assumptions to describe the nuclear field33, as detailed in Chapter

3.2. Despite this, SuSAv2 shows significant discrepancies with experimental results

compared to the other models. SuSAv2-QE is planned for further study with the

implementation of resonant models, other nucleon form factors or low-energy nuclear

medium effects from RMF theory that are not effectively accounted for yet (see [84]),

indicating its great potential in describing neutrino-nucleus interactions.

• LFG and DUNE: While DUNE model also employs LFG for QE events, the major

difference between them lies in the generator used, leading to different implementa-

tions of nuclear effects. In antineutrino data, DUNE shows better agreement in the

backward region, while LFG performs better in the forward region.

• Overestimation of SuSAv2 and SF in the cross section: Appendix E.1 shows

that these two Monte Carlo models overestimate the cross section the most among

the models considered, resulting in poorer agreement with repect the experimental

measurements as reflected in the p-values. SuSAv2 is expected to improve fur-

ther theoretically (low-energy nuclear effects from RMF theory might correct the

overestimation once implemented in the model), while SF relies on the PWIA ap-

proximation. Incorporating DWIA34 could provide a more accurate description of

neutrino-nucleus interactions.

• Antineutrino vs neutrino agreement: The four Monte Carlo models better

reproduce the antineutrino data compared to the neutrino bins, particularly in the

backward and intermediate regions for the ν̄µ case. One potential reason for this

could be the ν̄µ − H interaction, which enhances the cross section, especially in

the forward region. Also, antineutrino cross section measurements present larger

uncertainties. From Appendix E.1, it is observed that for antineutrino data, LFG

and DUNE tend to underestimate the experimental results, while SF and SuSAv2

slightly overestimate them. For neutrino data, all four models generally overestimate

the data, especially in the forward region.

33Nucleon removal energy, Fermi motion, RPA or FSI, among others, are described by the introduction

of magnitudes whose values can change from one target to another. See [55] for more details.
34See Section 3.2 for a review of PWIA and DWIA in SF formalism.

61



4 Monte Carlo performance in ND280 cross-section measurements

• Method 2 efficiency: Depending on the bin, Method 2 results lead to either higher

or lower p-values compared to Method 1, indicating that further work is needed to

determine its effectiveness relative to Method 1.

Lastly, during the calculus of χ2, specific pµ bins were observed to increase the χ2 value. A

list of these bins is provided in Appendix E.2, representing a complementary observation

to the main analysis.

4.3.2 Assessment of the agreement considering all the data

This section aims at discussing the performance of the different nuclear Monte Carlo mod-

els in the consideration of the whole dataset rather than angular subsets. As commented

in Chapter 4.2, three scenarios are considered: neutrino bins, antineutrino bins and all

bins.

Figure 33: Performance evaluation displaying p-value results of the four Monte Carlo

models considering three scenarios: neutrino bins, antineutrino bins and all data points.

Method 1 and 2 results are represented by strong and pale colors respectively.

Figure 33 displays the p-values, where strong (pale) colors represent Method 1 (2). A

reference for p = 0.01 is introduced to facilitate the comparison with the Monte Carlo

results, leading to the rejection of all models for the considered scenarios. However, we

list the following observations:

• Method 2 efficiency: The exclusion of the first and last p bin in each angular

region significantly increases the p-value, particularly when considering the entire

dataset. This confirms that the uncertainties found in these regions play a relevant

role in the Monte Carlo agreement with the data.

• Neutrinos vs antineutrinos data: LFG and DUNE perform better with neutrino

bins, whereas SuSAv2 and SF p-values increase with antineutrino data. While the
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latter is expected from the previous analysis, LFG and DUNE results are noteworthy

as Figure 32 showed these models reproduced better in the antineutrino high-angle

kinematics.

4.3.3 Conclusions of the analysis

The main objective of this section is to evaluate the agreement of Monte Carlo simu-

lations using GENIE and NEUT from SF, LFG, SuSAv2 and DUNE models with the

T2K ND280 experimental data. To achieve this, χ2 and p-values were calculated for each

angular region and for the entire dataset, considering both the inclusion and exclusion of

the first and last p bins from each cos θ interval. While only p-values are presented here,

a graphical comparison of predicted results and their corresponding χ2 values is available

in Appendix E.1.

Overall, none of the four models consistently reproduce the cross section, leading to their

rejection when considering the entire dataset.

Regarding performance in each angular interval, the models better describe backward

kinematics, particularly for antineutrinos, but fail to agree in the forward region where

nuclear effects are more significant. This suggests that the former are not effectively re-

produced in the four Monte Carlo models. The following potential reasons are identified:

• DUNE and LFG: The primary difference lies in the generator used for QE events

(NEUT for LFG and GENIE for DUNE), leading to similar results for both models.

The disagreement in the forward region might indicate that RPA and FSI are not

modeled realistically, especially for antineutrinos.

• SF: SF relies on PWIA, a simplistic approach where FSI do not have an impact

on the outgoing lepton kinematics. Additional features in NEUT could incorporate

improvements to better replicate nuclear effects, for example, to Pauli Blocking.

These observations might justify the model’s poor agreement at small angles.

• SuSAv2: Despite achieving the lowest p-values among the four models, SuSAv2

aims to be a realistic approach while minimising reliance on tuned parameters.

SuSAv2-QE is planned for further theoretical refinement with the inclusion of low-

energy nuclear medium effects and resonance models [84].

Additionally, when considering the entire dataset, LFG and DUNE show better agreement

with the neutrino case. Further research is required to justify this observation.

As expected, the inclusion of the first and last bins in each angular region significantly

increases the disagreement, noticed especially when considering the entire dataset. Fur-

thermore, more bins overestimating χ2 were found at intermediate energies, where the

efficiency should be best according to [78]. However, as there is no clear justification,
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they are noted as observations in Appendix E.2.

These results are crucial in assessing the current performance of Monte Carlo generators

in simulating neutrino-nucleus interactions. While nuclear effects are not yet effectively

accounted for, advancements are expected with the forthcoming ND280 upgrade. The

current T2K near detector configuration leads to systematic errors in neutrino oscillation

parameter measurements, estimated at approximately 6%. However, the upgrade will

reduce these errors to around 4% by reducing uncertainties in the main systematic pa-

rameters, as depicted in Figure 34. Two high-angle Time Projection Chambers (TPCs)

and the Super Fine-Grained Detector (SuperFGD) will be incorporated in the experimen-

tal setup [91] (see Figure 35) to provide a full angular coverage of the detector, facilitating

finer resolution in high-angle regions. Ultimately, ongoing efforts in long-baseline experi-

ments aim at more measurements and better precision to accurately determine neutrino

oscillation parameters in the near future.

Figure 34: Error of the main systematic parameters for the ND280 upgrade (black

lines) compared to the current configuration (red bars). With the ND280 upgrade, an

overall reduction of systematic uncertainties by 30% is expected. More details on these

uncertainties can be found in [92], from where this figure is extracted.

Figure 35: 3D model of the ND280 upgrade, highlighting the two high-angle TPCs and

the SuperFGD detector. Figure extracted from [92].
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5 ENUBET goals

The goal of ENUBET is to provide the first monitored neutrino beam, in which the neu-

trino flux is known with a precision of O(1%), i.e. about one order of magnitude better

than the current state of the art. Such a beam would allow a high precision neutrino

cross section determination that can significantly enhance the discovery potential of the

next generations of long-baseline experiments (such as Hyper-Kamiokande and DUNE),

by reducing one of the main source of systematic uncertainties.

Chapter 5 delves on a detailed explanation of this experiment to understand its im-

portance towards future neutrino experiments. A description of the experimental setup

is given, being crucial for understanding the beam optimisation process performed via

Geant4 simulations in Chapter 6.

5.1 Overview and context of ENUBET

In the last 50 years, detectors used in long-baseline neutrino experiments have improved

in terms of resolution and complexity. However, advancements in beam technology have

primarily focused on increasing intensity by several orders of magnitude. The ongoing

research in this field aims to further reduce systematic uncertainties and enhance the

control of the intensity.

The Enhanced NeUtrino BEam from kaon Tagging (ENUBET [93]) is an international

project designed to produce intense beams of electron and muon neutrinos from the de-

cay of positively charged kaons (K+) and pions (π+). Kaons have a rest mass of 493.667

MeV/c and a decay time of 12.38 ns, while pions have a rest mass of 139.570 MeV and

a decay time of 26 ns. The project focuses35 on the kaon decay modes that produce an-

timuons and positrons, resulting in muon and electron neutrinos: Ke3, Ke2 and Kµ2 (see

Eq.(5.1)).

Kµ2 : K
+ → µ+νµ, Kµ3 : K

+ → µ+ν0τ , Ke3 : K
+ → e+π0νe, (5.1)

ENUBET would be the first monitored neutrino beam, where the neutrino flux is recon-

structed using the lepton rates from the instrumented decay region. The primary concept

involves measuring the decay products in a long tunnel whose walls are instrumented with

a sampling calorimeter (tagger), allowing the neutrinos to be characterised through the

detection of positrons and antimuons (see Figure 36). Conversely, the antineutrino beam

can be achieved by collecting the corresponding muon and electron from the K− decay

modes.

35Muon neutrinos can be obtained by pion decay (π+ → µ+ + νµ.). However, it is not likely that the

resulting antimuon hit the calorimeter due to its small deviation angle. Nonetheless, ENUBET is working

to incorporate instrumentation in the forward region to be able to monitor these neutrinos in the future.
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Figure 36: Event detection inside the tunnel decay accounting for the production of a

neutrino by gathering the positron in the calorimeter [94].

History of ENUBET

The ENUBET collaboration began in 2015. The project was approved by the European

Research Council as ENUBET ERC, running from 2016 to 2022 and hosted by the Uni-

versity of Padova and INFN. It provided the first monitored neutrino beam simulation by

detecting large-angle positrons36 in the decay tunnel. The goal was to create an electron

neutrino source with a flux measured to better than 1% accuracy at the GeV level. The

simulation results (see Figure 37) demonstrates the ENUBET potential for a significant

reduction in neutrino flux uncertainty compared to present experimental results.

The project is also hosted at CERN Neutrino Platform (NP06), expanding the detec-

tion to include muon neutrinos from the decay of kaons and pions37. Figures 38 and 39

show the number of current-charged neutrino interactions normalised to 1 pot (proton on

target) produced in different parts of ENUBET, with the red spectrum representing the

ones arising from neutrinos generated in the decay tunnel, the region of interest. Pions

and kaons produce neutrino energies greater and less than 4 GeV respectively, resulting

in two distinct neutrino populations in the energy spectra. ENUBET aims to measure

both populations in the decay tunnel, but currently the latter component is the one that

was better studied due to its larger acceptance in the experiment.

36Positrons from kaon decay deviate more than those from muons (µ+ → e+ + νe + ν̄µ). For a parent

meson of 8.5 GeV, the mean positron angles are 88 mrad and 25 mrad, respectively.
37Pions provide less energetic neutrinos and more forward muons than kaons. The current ENUBET

setup is inefficient at detecting this muon population, but efforts are underway to improve instrumentation

after the tagger to account for forward muons in NP06.
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Figure 37: Simulation νe charged-current cross section results potentially considering

104 events in ENUBET (black dots) with respect to the experimental results from T2K,

NOνA and Gargamelle. Simulation with GENIE has been shown for comparison and in

grey it is displayed the energy flux distribution. Figure taken from [95].

Figure 38: Top: Total energy spectra of νe detected via charged-current interactions and

normalised to 1 pot [96]. The red line shows neutrinos that have been produced within

the decay tunnel, which is the region of interest for ENUBET. Bottom: fraction of each

spectrum relative to the total of νCCe interactions.

68



5 ENUBET goals

Figure 39: Top: Total energy spectra of νµ detected via charged-current interactions and

normalised to 1 pot [96]. The red line shows neutrinos that have been produced within

the decay tunnel, which is the region of interest for ENUBET. Bottom: fraction of each

spectrum relative to the total of νCCµ interactions. Notice two populations in both plots:

lower energy spectra from pions decay (Eµν < 4 GeV) and higher energy spectra from

kaons decay (Eµν > 4 GeV).

The tunnel instrumentation has been tested with different prototypes during 2016-

2018 [97]–[99]. A large scale demonstrator of the ENUBET tunnel instrumentation was

built at INFN-LNL labs and tested at CERN PS East Hall in August 2023 and 2024 [100].

The simulations show that the goal of less than 1% precision on the neutrino flux using

the monitoring technique is achievable.

Current status

Figure 40 presents a Geant4 simulation38, displaying the particle distribution in ppot

(particle per proton on target) entering the decay tunnel with the current ENUBET

setup (tlr6v6). The collaboration’s next steps focus on optimising the beamline.

The tagger is designed to detect µ+ and e+ from the decays of K+ within the decay

region (40 meters). Currently, ENUBET is designed to produce neutrinos from parent

mesons around 8.5 GeV. As shown in Figure 39, accurate inclusion of µ from π+ decay

can further enhance the neutrino monitoring capabilities of ENUBET.

The goal of ENUBET is to suppress the beam halo background and to have almost

only decay products hitting the target, ensuring an effective detection of antimuons and

38The results shown in Figures 40, 41, and those in Chapter 6, correspond to a small part of the beam

simulation. However, the statistics are sufficient for an effective analysis, as detailed in Appendix B.1.
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positrons to accurately measure the neutrino flux, while retaining at the same time a large

enough meson flux for an intense neutrino beam. Figure 41 shows particles hitting the

calorimeter detectors in the tunnel39 in the reference ENUBET setup.

Figure 40: Geant4 distribution of particles in ppot entering in the tunnel decay with

the current ENUBET experimental setup. This Thesis aims at increasing the kaons/pions

(yellow/green spectrum) whilst reducing other contributions, such as e+ (black lines).

Figure 41: Top left: particle distribution in ppot that hits the calorimeter detectors

inside the tunnel with respect to the momentum. Top right: the same as the former as

a function of the impact point along the tagger. Bottom: ratio of particles that hit the

detector with normalised to the number of kaons entering in the tunnel. All plots are

Geant4 simulations results.

39In this Thesis work, it is denoted as ”ratio” the amount of particles hitting the calorimeter per kaon

entering in the tagger. As an example, positron ratio means e+/K+ (positrons hitting the detectors

divided by kaons entering in the tagger).
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This Thesis aims to optimise the beamline in Geant4, with two main objectives for

ENUBET:

1. Maximise the number of kaons and pions in the tagger per proton.

2. Minimise the number of entering particles hitting the tagger, thus reducing their

impact on the detectors.

Future developments

ENUBET has just finished in August 2024 to collect data from a reduced setup to deter-

mine the calorimeter response. The next steps involves incorporating these results in the

simulation and pursuing detailed accelerator, engineering and radioprotection studies to

eventually build the physical setup in CERN in the following years.

It is estimated that a total of 104 νCCe events at the far detector (500 ton mass, 6x6 m2

transverse dimensions) with a 400 GeV proton beam can be collected in 2-3 years of data

collection. ENUBET, capable of covering neutrino energies in the GeV scale, promises

to significantly reduce cross section related systematics, fulfilling for instance the needs

of DUNE and Hyper-K. This achievement can be complemented by a reduction in sys-

tematics with nuSTORM [101]. Further details on the implementation of the ENUBET

results in future long-baseline collaborations can be found in [102].

The development of an instrumented hadron dump, to monitor forward muons, is part of

the PIMENT project (PIcosecond MEga for ENubeT [103]). A prototype is scheduled for

testing at CERN North Area by 2024, which will enable ENUBET to extend its physics

potential to νµ from pions.

Additionally, ENUBET is currently studying the possibility to be employed in the context

of the proposed ESSνSB experiment, which focuses on the interaction of lower energy neu-

trinos. Thus, ENUBET final setup is expected to be adapted for different energy ranges

in the GeV region.

5.2 Experimental setup

In ENUBET, when the proton beam hits the target, a cascade of particles is produced

and then guided and filtered until they reach the decay tunnel. The goal is to reduce as

much as possible the amount of entering particles colliding with the tagger detectors after

the filtering process, so an accurate neutrino beam can be achieved, later on detected by a

500-ton neutrino detector with similar dimensions to protoDUNE-SP or protoDUNE-DP

at CERN [104]. Understanding how these filters work is crucial for optimising the system,

as discussed in Chapter 6. This section provides a detailed explanation of ENUBET’s ex-

perimental setup by systematically describing each component shown in Figure 42.
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The ENUBET beamline is implemented in G4Beamline, GEANT4, and FLUKA sim-

ulations.

Figure 42: Experimental setup of ENUBET tlr6v6 visualised in Geant4.

Beam and target

In current experiments like T2K or NOνA, a fast-extraction beam of primary protons is

typically used for the neutrino source. However, for ENUBET, a slow resonant extraction

of protons is envisaged in order to cope with pile up in the tagger. The CERN SuperSyn-

chrotron (SPS) supplies a proton beam at 400 GeV with a spill duration of 4.8 seconds

and an intensity of 4.5× 1013 protons per spill. Detailed studies on the beam production

process can be found in [105].

Figure 43: Kaon yielding for a 400 GeV/c proton beam as a function of the graphite

target length for different radius (marker shapes) and different kaon momentum (colors).

Data is collected within a relative momentum uncertainty of 10% and ±20 mrad angular

acceptance in 30 cm after the target. Error bars are not plotted to ease the reading [100].
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Regarding the target material, graphite, beryllium, and Inconel-71840 have been inves-

tigated for their suitability in ENUBET. Graphite has shown superior kaon yield compared

to the others, aligning with its selection for high-power pion-enriched beams. To optimise

the target dimensions, prototypes have been modeled as cylinders with varying lengths

(1-140 mm) and radii (10-30 mm). FLUKA simulations (see Figure 43) indicate that a

length of 70 cm and a radius of 30 mm maximise kaon yield at 8.5 GeV within an angular

acceptance of ±20 mrad.

First part of baseline

Figure 44 illustrates the initial segment of the ENUBET beamline. Following the col-

lisions with the target, the particles transverse a tungsten plate (W plate), primarly

designed to suppress the amount of positrons reaching the decay tunnel walls. Next, the

particles pass through a triplet of quadrupoles (Q1, Q2, and Q3), where they are focused

differently based on their velocity41 v.

Between the quadrupoles, copper shields (Sh1, Sh2, Sh3, and Sh4) are positioned to ab-

sorb undesired products. Beyond Sh4, the particles are deflected by a dipole (D1), with

the bending angle determined by the particle momentum-to-charge ratio, p/Z. Following

this, a copper block (Cu block) allows two paths: one for positively charged particles

with a momentum near 8.5 GeV, and another for non-charged particles and high-energy

protons (primarily non-interacting protons from the primary beam), towards the proton

dump.

Second part of baseline

After bending in D1, the beam proceeds through a quadrupole doublet (Q4 and Q5) to

converge into the dipole D2. The trajectory is then curved toward the decay tunnel with

a total bending of 14.8◦ with respect to the primary proton line. Along this path, it passes

through quadrupole Q6 and a tungsten block (“W block”) designed to filter out undesired

particles, primarily pions, positrons and muons originating from interactions and early

decays of K+ and π+ in the upstream part of the beamline. The aperture within the W

block is sufficient to allow particles around 8.5 GeV to pass through.

Tungsten shields (Sh5, Sh6, Sh7, and Sh8) are also placed between these components

to absorb off-momentum particles, as observed in Figure 45.

Third part of baseline

Finally, the 40-meter decay tunnel (tagger) is reached, where kaons and pions decay, emit-

ting corresponding neutrinos (see Figure 46). At the end of the tunnel, a hadron dump is

positioned to absorb all particles that can decay afterwards in neutrinos (primarily kaons,

40Alloy composed majorly by nickel and chromium.
41Quadrupoles exert Lorentz forces on particles, expressed as F⃗ = q(E⃗+ v⃗× B⃗), where q and v⃗ denote

the charge and velocity of the particle, and E⃗ and B⃗ are the electric and magnetic fields within the

quadrupole.

73



5 ENUBET goals

muons and pions), thus ensuring more control over the neutrino beam.

Within the tunnel walls, iron-scintillator sampling calorimeters are embedded and lon-

gitudinally segmented into modules, facilitating the identification of charged leptons and

the measurement of their energies. The kaon beam, centered at 8.5 GeV, produces charged

leptons with large emission angles, often hitting the tunnel walls. The collection of the

decay products from K+, particularly e+ and µ+, is essential in monitoring the neutrino

beam, as shown previously in Figure 36. Detailed insights into particle identification

using calorimeters in ENUBET are discussed in [96].

Figure 44: First part of ENUBET tlr6v6 beamline.

Figure 45: Second part of ENUBET tlr6v6 baseline.

Figure 46: Third part of ENUBET tlr6v6 baseline.
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6 Signal and noise optimisation by tunning the beamline parameters

6 Signal and noise optimisation by tunning the beam-

line parameters

After discussing the relevance of ENUBET in future neutrino experiments in Chapter 5,

this section focuses in the optimisation of the current experimental ENUBET beamline

(tlr6v6) using Geant4 to increase the rate of kaons and pions in the tagger while minimis-

ing background interference from other particles.

To achieve this objective, modifications have been made to the geometry of existing

components. However, the addition of new elements to the setup is beyond the scope of

this thesis. Therefore, the process begins with the evaluation of individual adjustments

to identify key parameters that contribute to improved outcomes. These adjustments

are then combined to assess their cumulative impact and develop a finalized upgraded

configuration. A comprehensive evaluation is ensured by conducting a complete beam

simulation using the proposed setup to gauge overall performance.

Furthermore, preliminary work is presented on ENUBET’s potential to generate a low-

energy neutrino beam by focusing mesons at lower energies. The efficacy of tlr6v6 in

selecting lower-energy mesons, resulting in less energetic neutrinos, is analysed in this

context.

6.1 Beamline optimization

To enhance beam purity42 and intensity effectively, our initial approach involves identi-

fying features that can potentially yield improved results compared to the current tlr6v6

setup, illustrated previously in Figures 40 and 41. In this thesis, we have identified four

key parameters:

• The thickness of the first tungsten plate.

• The radius of Q1.

• The aperture of the copper block collimator.

• The thickness of the last tungsten shield.

We evaluate the impact of each parameter on kaon production and purity individually,

followed by an analysis of their combined effects. Results from different configurations

are presented to optimise these parameters. Subsequently, the most promising setup is

selected for a comprehensive beam simulation to compare outcomes with both tlr6v6

and the proposed configurations, ensuring a thorough evaluation process. The selected

statistics employed for these simulations are 1.17× 109 pot.

42By purity it is understood in the context of this project as the minimisation of the external antimuons

and positrons hitting the calorimeter in the tagger since they will falsely count as neutrino events.
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6.1.1 Individual adjustments

Improvements have been observed with specific adjustments:

1. Increase in the yield of kaons by enlarging the radius of Q1 and the aperture of the

copper block collimator.

2. Purity enhancement, particularly for e+ and µ+, by extending the thickness of the

first tungsten plate and the last tungsten shield.

Geant4 visualisations accompany each configuration to provide a visual understanding of

the modifications.

Radius Q1

Q1 generates a magnetic field as the first collimator of charged particles. Increasing the

radius of its aperture can possibly increase the kaon rates (thereby preventing absorption

by the outer Q1 shield), as depicted in Figure 47.

Figure 47: Geant4 top view of 10000 K+ trajectories at 8.5 GeV from the target (red

lines). In each picture, the radius of the quadrupole Q1 (“R”) is changed, originally 15

cm (left) and 20 cm (right).

Figure 48: Geant4 tlr6v6 simulation with 20 cm of Q1 radius. On the left, the particle

spectra in ppot entering the tagger. On the right, the ratio of particles hitting the tagger

detectors with respect to the number of K+ entering.

To assess the effects, a simulation was conducted with a 20 cm aperture radius instead

of the original 15 cm. The results, illustrated in Figure 48, indicate a slight increase in

the number of kaons from 0.48×10−3 ppot to 0.50×10−3 ppot. One possible explanation

is statistical fluctuation, suggesting to check the effects with a higher number of pot.
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However, particle ratio also rises, with particular concern for µ+(from 0.132 to 0.138) and

e+ (from 0.001 to 0.004, which is undesirable).

Aperture collimator

Following the bending induced by dipole D1, the beam is collimated within a copper

block. Particles with momenta deviating from 8.5 GeV are likely to be absorbed in this

component, facilitating momentum selection. In tlr6v6, the aperture is minimal to pre-

vent downstream contamination outside the region of interest. However, as illustrated in

Figure 49, increasing the aperture ratio impacts on less kaons absorbed in the collimator.

To assess this effect, the aperture radius was increased from 30 mm to 45 mm, as shown

in Figure 50. As anticipated, the number of K+ notably rises from 0.48 × 10−3 ppot to

1.02 × 10−3 ppot, along with an increase in π+ from 5.80 × 10−3 ppot to 12.22 × 10−3

ppot. However, particle ratios remain unchanged, except for positrons, which triples

compared to the original value. This increase occurs because widening the collimator

aperture broadens the momentum spectra of particles reaching the tagger, allowing looser

momentum selection. Monte Carlo statistical fluctuation can be also affecting slightly the

difference between results.

Figure 49: Geant4 top view of 10000 K+ trajectories at 8.5 GeV from the target (red

lines). In each picture, the radius of the collimator block (”R”) is changed, originally 30

mm (left) and 45 mm (right).

Figure 50: Geant4 tlr6v6 simulation results considering 45 mm of radius aperture in the

copper block collimator. On the left, the particle spectra in ppot entering the tagger. On

the right, the ratio of particles hitting the tagger detectors with respect to the number of

K+ entering.
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Thickness of the first tungsten plate

Cascades must traverse a tungsten plate designed to absorb undesired particles. Of par-

ticular importance is the reduction of positrons, as their entry into the tagger increases

the likelihood of false positives when selecting e+ associated to νe. Since there are no fur-

ther components downstream for positron absorption, the tungsten plate plays a crucial

role in their reduction.

Originally set at a thickness of 50 mm, simulations involving 10,000 positrons at 8.5

GeV reveal that a small fraction manages to pass through. However, increasing the thick-

ness to 70 mm ensures complete absorption of these positrons, as illustrated in Figure 51.

Simulation results from Figure 52 show that the number of positrons entering the tagger

decreases from 0.80×10−3 ppot to 0.68×10−3 ppot, while contamination from other par-

ticles also reduces. However, this adjustment results in a slight decrease in the number of

K+ particles in the tagger, from 0.48× 10−3 ppot to 0.47× 10−3 ppot.

Figure 51: Geant4 top view of 10000 e+ trajectories at 8.5 GeV from the target (yellow

lines). In each picture, the thickness (“T”) of the first tungsten plate is changed, originally

50 mm (left) and 70 mm (right).

Figure 52: Geant4 tlr6v6 simulation results considering 70 mm of tungsten plate thick-

ness. On the left, the particle spectra in ppot entering the tagger. On the right, the ratio

of particles hitting the tagger detectors with respect to the number of K+ entering.

Thickness of the last tungsten shield

Prior to entering the tagger, particles must pass through a tungsten collimator intended

to prevent contamination in the tunnel. To enhance beam purity, increasing the thickness

of this shield is recommended, as indicated in Figure 53, where a longer block appears to

absorb more undesired particles.

Figure 54 confirms these expectations. While maintaining the same number of K+ par-
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ticles entering the tagger, the ratio of µ+ particles significantly decreases from 0.132 to

0.104. However, the positron ratio increases fourfold, with less energetic positrons col-

lected in the detectors compared to the original configuration.

Figure 53: Geant4 top view of 10000 K+ trajectories at 8.5 GeV from the target,

displaying different particles arriving at the tagger by colors. In each picture, the thickness

of the last tungsten shield is changed, originally 2.8 m (left) and 4 m (right).

Figure 54: Geant4 tlr6v6 simulation results considering 4 m thickness in the final tung-

sten shield. On the left, the particle spectra in ppot entering the tagger. On the right, the

ratio of particles hitting the tagger detectors with respect to the number of K+ entering.

6.1.2 Combinations of parameters changes

After individually adjusting parameters and identifying elements crucial for enhancing

kaon yield and beam purity, two key modifications emerge: increasing the collimator

aperture to capture more K+ in the tagger, and extending the thickness of the last

tungsten shield to primarily reduce the ratio of µ+. Meanwhile, enlarging the radius of

Q1 and the thickness of the tungsten plate appears to slightly increase the number of K+

while absorbing more e+. These effects are summarised as follows:

• Increasing the thickness of the tungsten plate: decreases the positrons entering in

the tagger at the expenses of a larger muon ratio.

• Enlarging the Q1 radius: more kaons reach the tagger while particle ratio slightly

rises.

• Increasing the collimator radius: noticeably increases the number of kaons in the

tagger despite the increment in the particle ratio hitting the calorimeter.
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• Enlarging the thickness of the tungsten shield: prevents spurious background to hit

the detectors, however it leads to an increase in the positron ratio.

This section explores the collective effects of different combinations of these modifications,

as listed in Table 4. Combinations 1-3 aim to observe the effects by gradually incorporat-

ing modifications, while combinations 4 and 5 focus on the optimisation of the thickness

of the last tungsten collimator. All Geant4 simulation results are presented in Figures 55

and 56 and a comparison between numerical values is found in Table 5.

Combination Collimator R (mm) TP T (mm) Q1 R (cm) TS T (m)

Original 30 50 15 2.8

1 60 50 15 8

2 60 50 20 8

3 60 80 20 8

4 60 80 20 6

5 60 80 20 5

Table 4: Combinations explored in Geant4, where “Collimator R”, “TP T”, “Q1 R” and

“TS T” refer respectively to the collimator radius, tungsten plate thickness, Q1 radius

and tungsten collimator thickness. The original tlr6v6 configuration parameters is also

shown for comparison.

Combination 1

The first combination examines the collective effects of the most influential elements: a

collimator radius of 60 mm and a last shield thickness of 8 m. The aim of using such large

value for the last shield is to investigate whether particle ratios can be minimised.

Compared to the original configuration, this combination results in a significant increase

in the number of kaons and pions, from 0.48 × 10−3 ppot to 1.34 × 10−3 ppot for K+,

and from 5.80× 10−3 ppot to 17.57× 10−3 ppot for π+. While µ+ ratio is reduced from

0.133 to 0.090, the rest of particle ratios are notably increased. Of particular concern is

the increase in e+ (six times the original value).

Therefore, while this combination successfully increases the number of kaons by almost

threefold, fulfilling a primary objective of this Thesis work, attention must be given to

reducing the presence of non-kaon and non-pion particles, especially e+.

Combination 2

In this setup, the radius of Q1 is increased to 20 cm in addition to the modifications made

previously. As suggested in Section 6.1.1, a significant contribution is not expected, but

a slight increase in the number of K+ entering in the tagger is anticipated.
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The results confirm an increase to 1.38 × 10−3 ppot for K+ and 0.10 × 10−3 ppot for

π+. Particle ratios barely changed, with only a slight increment to 0.007 for e+.

Combination 3

To mitigate the flux of e+ particles into the tagger, this combination enlarges the thickness

of the first tungsten plate from 50 mm to 80 mm in an attempt to achieve a significant

reduction.

Despite the observed reduction of e+ in the tagger by 25%, the ratio of the ones hit-

ting the tunnel walls over the kaons entering the tunnel remains unchanged. One possible

explanation could be the simultaneous reduction in K+ particles, which decreases to

1.26 × 10−3 ppot. Therefore, this adjustment does not yield significant improvements in

the purity.

Combination 4

Observing the increased ratio of particles hitting the calorimeter resulting from the previ-

ous modifications, this configuration aims to mitigate it by reducing the thickness of the

last tungsten shield to 6 m.

The Geant4 simulations indicate a notable reduction in spurious events detected, albeit

with an increase in the µ+ ratio.

Combination 5

Through simulation, it was observed that, concerning particles hitting the calorimeter,

reducing the shield thickness decreased the amount of e+ while increasing µ+, which is

favorable for Ke3 positron monitoring. Conversely, increasing the shield length produced

more e+ and less µ+, suitable for muon monitoring. Therefore, a balanced thickness of 5

m was chosen.

For the other parameters:

• Increasing the collimator aperture notably increased e+ in the tagger, which is un-

desirable.

• Further increasing the Q1 radius resulted in a higher particle ratio hitting the

calorimeter, with only a minimal increase in K+, making it not beneficial.

With respect the previous combination, the ratios in the tagger are lowered (especially

for positrons, going from 0.005 to 0.003), despite a slight reduction in the ppot number

of kaons and pions entering the tagger. Therefore this configuration is proposed as the

optimal one between the ones listed in Table 4.
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Figure 55: Geant4 tlr6v6 simulation results particle momentum spectra in ppot entering

the tagger, comparing between the original and the modified configurations, listed in Table

4.

Figure 56: Geant4 simulation results on ratio of particles hitting the calorimeters per

kaon entering in the tagger for the different combinations listed in Table 4.
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Configuration K+ (×10−3 ppot) π+ (×10−3 ppot) e+/K+ µ+/K+ π+/K+

Original tlr6v6 0.48 5.80 0.001 0.132 0.037

Combination 1 1.34 17.57 0.006 0.090 0.071

Combination 2 1.38 17.67 0.007 0.091 0.064

Combination 3 1.26 16.84 0.006 0.093 0.065

Combination 4 1.44 17.89 0.005 0.113 0.035

Combination 5 1.38 17.43 0.003 0.103 0.034

Table 5: Simulation results concerning the amount of kaons and pions entering in the

tagger in ppot and the ratio of kaons, antimuons and pions hitting the calorimeter per

kaon in the tunnel. It can be compared the original tlr6v6 configuration with the 5

combinations listed in Table 4. For all these simulations it has been used 1.18× 107 pot.

6.1.3 Complete beam simulation performance results

After testing various configurations, Table 50 displays the geometric changes proposed in

this Thesis to achieve better results compared to the original tlr6v6 configuration.

Combination Collimator R (mm) TP T (mm) Q1 R (cm) TS T (m)

Original tlr6v6 30 50 15 2.8

5 60 80 20 5

Table 6: Tunning parameter values for the original configuration and this Thesis’ pro-

posal, where “Collimator R”, “TP T”, “Q1 R” and “TS T” refer respectively to the

collimator radius, tungsten plate thickness, Q1 radius and tungsten collimator thickness.

However, the previous simulations have been run with 1.17× 107 pot, which are referred

in this Thesis as “reduced simulations”. This subsection aims at assessing the impact

of possible statistical fluctuations in the previous results, by considering a larger sample

(109 pot, denoted as “complete simulations”) for both the original tlr6v6 and the included

modifications from combination 5. The graphical results are displayed in Figures 57 and

58 with numerical values provided in Table 7. In Appendix B.1 there are more details

concerning the associated beam time using the former statistics.

Considering the original tlr6v6 configuration, there are noticeable differences with respect

to the reduced simulation:

• Particle momentum spectra entering in the tagger: the uncertainties are lowered,

easing the reading of particles in the low momentum region. However, the absolute

values barely changed, hinting that the statistics employed during the whole work

are accurate enough for determining the particle momentum spectra entering in the
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tagger.

• Particle ratio hitting the calorimeter: it can be noted that the positrons ratio has

triplicated, suggesting that one should increase this parameter when interpreting

the results from the reduced simulations.

Concerning the combination 5 output, both absolute values from the momentum spectra

particle entering the tagger and the ratio of particles hitting the tagger are almost un-

changed compared to the simulation with lower statistics. Notably, the e+ ratio slightly

changed from 0.003 to 0.004, suggesting indeed statistical fluctuation effects.

Therefore, the comparison between the original tlr6v6 configuration and the proposed

combination 5 is summarised as follows:

• Kaon yield: The new configuration achieves a kaon yield of 1.37× 10−3 ppot, com-

pared to the original 0.48× 10−3 ppot, marking an increase of almost a factor 3.

• Positron yield: The e+ in the tagger increments from 0.79×10−3 ppot to 1.49×10−3

ppot, with a consequent increase from 0.001 to 0.004 in he ratio of positrons hitting

the tagger.

• Muon ratio: Combination 5 reduces the hitting ratio from 0.138 to 0.102 while

triplicating the number per pot of µ+ entering the tagger. This suggests that the

original setup had a significant number of external antimuons interfering with the

detectors, whereas Combination 5 effectively reduces this interference, leading to

more accurate neutrino beam monitoring.

• Pion yield: The proposed configuration yields 17.42 × 10−3 ppot, compared to the

original 5.78 × 10−3 ppot. The ratio of π+ hitting the target decreases slightly,

indicating a lower fraction of π+ hitting the calorimeter.
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Figure 57: Particle momentum spectra in ppot entering the tagger for the original tlr6v6

configuration and combination 5 for a reduced number of statistics (1.17× 107 pot) and

the denoted “complete” simulations (109 pot).

Figure 58: Ratio of particles hitting the calorimeters per kaon entering in the tagger

for the original tlr6v6 configuration and combination 5 for a reduced number of statistics

(1.17× 107 pot) and the denoted “complete” simulations (109 pot).

6.2 Low energy beam production

As shown previously in Figure 39, with a selection of 8.5 GeV meson momenta, neutrinos

are produced in the meson decay with energies around 7 GeV (K+) and 3 GeV (π+). We

have then tried to check the performance when focusing a lower energy meson beam that
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Configuration K+ (×10−3 ppot) π+ (×10−3 ppot) e+/K+ µ+/K+ π+/K+

Reduced tlr6v6 0.48 5.80 0.001 0.132 0.037

Complete tlr6v6 0.48 5.78 0.003 0.138 0.037

Reduced comb. 5 1.38 17.43 0.003 0.103 0.034

Complete comb. 5 1.37 17.42 0.004 0.102 0.035

Table 7: Simulation results concerning the amount of kaons and pions entering in the

tagger in ppot and the ratio of kaons, antimuons and pions hitting the calorimeter per

kaon in the tunnel. It can be compared the original tlr6v6 configuration with the proposed

combination 5 for reduced (1.18× 107 pot) and complete (109 pot) statistics.

produces neutrinos in the Hyper-Kamiokande region of interest.

To assess the impact of lowering the meson momentum selection, the configuration used

to test the performance at different momentum filtering scenarios will include the two

most important modifications from the aforementioned combinations:

• 60 mm of collimator aperture radius (originally 30 mm).

• 4 m of thickness in the last tungsten shield (2.8 m in tlr6v6 configuration).

The neutrino flux and rates, in arbitrary units (a.u.), for selecting 8.5 GeV mesons are

shown in Figure 59. π+ generate a larger population than K+, surpassing them by a

factor of 16 in the tagger while having similar decay times (26 ns for π+ and 12 ns for

K+). This is due to the emission angle and the difference in the branching ratios.

While the majority of neutrinos are produced in the tagger, there is a significant neutrino

flux at smaller energies throughout the setup, which could affect purity in producing a

lower-energy neutrino beam.

To accomplish this lower energy beam, a lower meson momentum selection is neces-

sary. This involves modifying the existing magnetic field intensities from dipoles and

quadrupoles (see Appendix B.2). As a preliminary analysis, we consider situations with

meson momenta of 3.5 GeV and 2.0 GeV.
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Figure 59: Geant4 tlr6v6 neutrino beam flux (top) and rates (bottom) detection in

arbitrary units (a.u.) considering 4 m thickness in the final tungsten shield and 60 mm of

collimator radius aperture. Meson momentum selection is 8.5 GeV. The rates are obtained

by weighting the neutrino energy.

Neutrino beam results for meson momentum of 3.5 GeV

The results obtained using a meson momentum selection of 3.5 GeV are displayed in

Figure 60. Neutrinos predominantly fall within the range of [0.5, 1.5] GeV, with a peak

rate of 1800 a.u., reduced by a factor of 0.48 compared to the 8.5 GeV case. Nearly all

neutrinos are generated from π+ decay, as K+ neutrinos are less. As expected, there is a

larger relative contamination in the region of interest compared to the 8.5 GeV case.

To further understand these observations, the spectra of particles entering the tagger

and the particle ratios are presented in Figure 61. The number of kaons detected in the

tagger is 0.17 × 10−3 ppot, smaller by a factor 9 if compared to the value obtained with

a meson momentum selection of 8.5 GeV in the same beamline configuration, which was

1.48 × 10−3 ppot. The number of pions is reduced by a factor 6. This can be caused by

the decrease in the γ factor resulting from the lower momentum selection which increases

the decay probability for the same path, thus resulting in fewer mesons reaching the tagger.

Furthermore, the particle ratios are significantly higher due to the reduced presence of

K+ and the increased presence of µ+ and e+ at low energies compared to the original 8.5

GeV situation.
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Further improvements are expected with a full tunning of the beamline.

Figure 60: Geant4 tlr6v6 neutrino beam flux (top) and rates (bottom) detection in

arbitrary units (a.u.) considering 4 m thickness in the final tungsten shield and 60 mm

of collimator radius aperture. Meson momentum selection is 3.5 GeV.

Figure 61: Geant4 tlr6v6 simulation results in 3.5 GeV meson selection considering 4 m

thickness in the final tungsten shield and 60 mm of collimator aperture radius. On the

left, the particle spectra in ppot entering the tagger. On the right, the ratio of particles

hitting the tagger detectors with respect to the number of K+ entering.
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Neutrino beam results for meson momentum of 2.0 GeV

As shown in Figure 62, selecting meson momenta of 2.0 GeV results in a neutrino beam

energy of approximately 0.75 GeV. The peak rate is slightly lower compared to the 3.5

GeV case, reaching 1600 a.u..

Figure 62: Geant4 tlr6v6 neutrino beam flux (top) and rates (bottom) detection in

arbitrary units (a.u.) considering 4 m thickness in the final tungsten shield and 60 mm

of collimator radius aperture. Meson momentum selection is 2.0 GeV.

Figure 63: Geant4 tlr6v6 simulation results in 2.0 GeV meson selection considering 4 m

thickness in the final tungsten shield and 60 mm of collimator aperture radius. On the

left, the particle spectra in ppot entering the tagger. On the right, the ratio of particles

hitting the tagger detectors with respect to the number of K+ entering.
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Examining the particle spectra and particle ratios obtained for this setup in Figure

63, the amount of kaons entering in the tagger is drastically reduced, 0.05 × 10−3 ppot.

This is consistent with the practical absence of neutrinos from K+ decay. Additionally,

pions are reduced from 3.89× 10−3 ppot to 2.78× 10−3 ppot.

Moreover, the µ+ ratio is excesively high, indicating a strong likelihood of obtaining

fake neutrino events when using coincidence measurements in the hadron dump.

Conclusions

We have shown the performance of the tlr6v6 enubet beamline (with an increased colli-

mator radius and tungsten shield thickness up to 60 mm and 4 m respectively), which is

optimised for selecting mesons with 8.5 GeV in the tagger, at lower energies. The results

are promising, especially at 3.5 Gev. The ν produced out of the tagger are significant but

not prohibitive to further explore lower momentum meson scenarios.

A significant reduction in K+ and π+ in the tagger is evident, suggesting that decreas-

ing the beamline’s length may be a potential solution. This could involve decreasing the

number of quadrupoles or shortening the thickness of the existing elements to increase

the non-decay probability of these charged mesons until reaching the tunnel decay.

In the 1 GeV neutrino energy range, only π+ contributes to their production, with very

few K+ decays achieved. This is very interesting to consider given the current efforts to

include instrumentation in ENUBET’s forward region to monitor as well these neutrinos.

Furthermore, there is a high presence of external e+ and µ+ in the tagger compared to the

original configuration. It will be helpful to investigate the effects of shields between the

different components in the setup, as they may further enhance the interaction probability

of the mesons throughout the beamline.
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Summary of the work and future
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7 Summary and future perspective in neutrino physics

The discovery of the neutrino marked a significant breakthrough for the Standard Model,

opening various research fields within Physics Beyond the Standard Model, such as CP

violation and flavor oscillation. The current generation of long-baseline experiments aims

to lay the groundwork for future projects like Hyper-K and DUNE, which are expected

to make substantial contributions in these areas. This thesis aims to contribute to their

development by analysing the performance of current Monte Carlo generators in the T2K

near detector ND280 for CC0π processes and refining the ENUBET beam to produce

more neutrinos while reducing systematic uncertainties related to the neutrino flux.

In Part II, in collaboration with Seville University, the theory behind neutrino-nucleus

interactions without pions in the final state is extensively described. Beginning with the

simple case of neutrino-nucleon elastic scattering in Chapter 2, the procedure to com-

pute the cross section from the corresponding Feynman diagram within the framework of

relativistic quantum mechanics is explained. This includes the introduction of hadronic

and leptonic tensors (or the nuclear response functions included in Fχ) and nucleon

form factors. In the case of a free nucleon, nuclear effects are not considered, resulting

in theoretical predictions that differ from light-nuclei experimental data. However, this

framework lays the foundation for understanding neutrino-nucleus scattering.

Chapter 3 delves into the theory behind CC0π events, including in the regime of quasielas-

tic scattering, MEC-2p2h, and pion absorption. It also provides a comprehensive descrip-

tion of theoretical approaches used to model the nuclear effects leading to these processes.

Starting with the RFG model, it introduces concepts such as Fermi motion and removal

energy to account for the constraints within the nuclear medium. The LFG model is pre-

sented as a more sophisticated approach to consider the nucleon momentum distribution

inside the nucleus. In the context of SuperScaling, SuSAv2-QE employs scaling functions

from the RMF theory that reproduces the (e, e′) experimental scaling data and refines the

cross section by implementing a blend of RMF and RPWIA while maintaining the RFG

framework. Finally, the SF model is detailed, which uses a spectral function to account

for the nuclear effects of the medium.

In Part III, in collaboration with CERN, NEUT and GENIE neutrino Monte Carlo gen-

erators were used to obtain the CC0π cross section under the models of LFG, SF, and

SuSAv2. The goal was to assess the agreement with the ND280 experimental data from

T2K for both neutrino and antineutrino incident fluxes. Additionally, the nuclear dynam-

ics simulations employed for the DUNE experiment were included in the analysis. The

p-value analysis indicated a rejection of the predicted results for all four models, particu-

larly in the forward region where the Monte Carlo cross section is generally overestimated.

This suggests that nuclear effects are not yet effectively reproduced by the models.
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While LFG is highly tuned, RPA or FSI might not be accurate enough to reproduce

the ND280 data for small scattering angles. SF, however, relies on PWIA, which might

be too simplistic to describe neutrino-nucleus scattering adequately, thereby justifying

the poor agreement in the forward region. SuSAv2-QE also displayed poor performance,

although planned theoretical work aims to refine this approach further.

Additionally, the analysis identified an overestimation of χ2 from the first and last p

bins in each angular region, attributed to poor efficiency as noted in technical documents.

However, some intermediate energy bins also significantly increased the χ2 value, suggest-

ing that further research on these bins is necessary.

In Part IV, in collaboration with Padova University, various component geometries of

the ENUBET experimental setup were modified using Geant4 to study their influence on

the beam produced in the decay tunnel. The proposed configuration aims to increase the

number of kaons and pions in the tunnel by enlarging the radius of the first quadrupole

and the aperture of the collimator. Contamination is reduced by extending the length of

the tungsten plate after the target and the tungsten block before the decay tunnel.

Simulations showed that compared to the original setup, the number of kaons and pi-

ons in the tunnel almost tripled, while the muon contamination ratio decreased, despite

a moderate in the positron ratio. Depending on whether an electron or muon neutrino

beam (or a mix) is desired, the parameters can be adjusted to minimise the external

contamination of muons or positrons.

Additionally, a preliminary study was conducted to evaluate low-energy neutrino beams

by selecting 3.5 GeV and 2.0 GeV mesons in the tunnel. The Geant4 results indicated

that as meson momentum decreases, fewer mesons were achieved with the proposed con-

figuration. This is expected since lower momentum increases the decay probability before

reaching the tunnel. Conversely, undesired particles such as positrons and muons have

a stronger impact in the tunnel, leading to high contamination levels in these scenarios.

Results are promising, but further improvements can be accomplished by shortening the

beamline. Further research is needed to reduce the contamination ratio hitting the detec-

tors.

Finally, in the context of refining experimental tools for studying neutrino-nucleus cross

sections, the results presented in this Thesis aim to contribute to both T2K and ENU-

BET. The evaluation of current Monte Carlo generators aids in identifying future im-

provements, while the enhanced beam proposal serves to achieve a more efficient setup,

increasing statistics and reducing relative error in predictions. With the upcoming ND280

upgrade and ENUBET’s efforts to improve instrumentation, both collaborations are fo-

cused on reducing uncertainties. These steps are crucial for the successful implementation

of Hyper-K and DUNE in the near future.
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A Mathematical formalism in neutrino-nucleon cross

section

A.1 Theoretical basis of Relativistic Quantum Mechanics [106]

Dirac Equation

In the analysis of neutrino-nucleon elastic charged current scattering, a fundamental un-

derstanding is needed in the theoretical framework of Relativistic Quantum Mechanics,

specifically the Dirac Equation. Formulated by Paul Dirac in the early 1930s, this equa-

tion serves as the starting point for the mathematical development involved in this study.

Dirac imposed crucial conditions for this equation:

1. It must be a first-order relativistic equation concerning time t.

2. The norm must be positively defined, implying the Hamiltonian operator’s hermitic-

ity in the time parameter.

3. Covariance, ensuring invariance under Lorentz transformations.

4. Consistency with the relation E2 =M2+ |p⃗|2, where E, M and p⃗ denote the energy,

mass and momentum of a particle respectively.

Satisfying these conditions, Dirac proposed the following equation:

i∂tΨ = (α⃗p⃗+ βM)Ψ ≡ ĤΨ. (A.1)

Here, α⃗ and β are 4x4 matrices adhering to specific properties, ensuring the aforemen-

tioned requirements. However, the equation can be simplified using gamma matrices(γµ)

and the slash notation ( /A = γµA
µ), leading to the transformed Dirac Equation:

γ0 = β, γi = αi for: i = 1, 2, 3. (A.2)

(i/∂ −M)Ψ = (/P −M)Ψ = 0. (A.3)

Ψ represents the Dirac wave function, while Ψ̄ is the Dirac adjoint, defined as Ψ̄ =

Ψ†γ0. This foundational framework lays the groundwork for the subsequent mathematical

developments in our study of neutrino-nucleon interactions.

Free particle solutions from Dirac Equation

The Dirac Equation, Eq. (A.3), yields solutions for the wavefunction Ψ associated with

both positive (+) and negative (-) energy states:

Ψ+(Xµ) =

√
M

EV
u(p, s)e−iPµXµ

, (A.4)

Ψ−(Xµ) =

√
M

EV
v(p, s)eiPµXµ

. (A.5)
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Here, u(p, s) and v(p, s) represent the Dirac spinors, obtained by solving the respective

equations:

(/P −M)u(p, s) = 0, (A.6)

(/P +M)v(p, s) = 0. (A.7)

In the Dirac representation, these spinors take the form:

u(p, s) = N

(
χs

σ⃗·p⃗
E+M

χs

)
, (A.8)

v(p, s) = N

(
σ⃗·p⃗
E+M

χs
χs

)
, (A.9)

with N a constant determined by the normalization condition in Eq. (A.10) and χs =

(
1

0

)
represents the positive spin projection.

ūα(pα, sα)uβ(pβ, sβ) = δαβ → N =

√
E +M

2M
. (A.10)

One particular identity that will be highly useful for computing the squared invariant

amplitude |Mfi|2 in Appendix A.4 is:

∑
±s

uα(p, s)ūβ(p, s) =

(
/P +M

2M

)∣∣∣∣
αβ

. (A.11)

To sum up, these Dirac wavefunction properties provide a foundational understanding

of free particle behavior within the context of the Dirac Equation, setting the stage for

further applications in the study of neutrino-nucleon interactions.

Clifford Algebra and Gamma Matrices

The Gamma matrices play a crucial role in the mathematical foundation of the Dirac

space, forming what is known as Clifford Algebra. This algebra encompasses the 16

linearly independent 4x4 matrices in the Dirac space, categorized into various types based

on their properties. These types include:

ΓS = 1 Scalar (1),

ΓVµ = γµ Vector (4),

ΓµνT = σνµ =
i

2
[γµ, γν ] Tensor (6),

ΓP = γ5 = γ5 Pseudoscalar (1),

ΓAµ = γ5γµ Pseudovector or Axial (4),

where the number after the name refer to the number of matrices from that type that

conform the Dirac space. These matrices are fundamental when dealing with bilinear
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covariants, such as Ψ̄ΓΨ, a key aspect in the calculation of the invariant amplitude |Mfi|2

involved in leptonic and hadronic currents: Eqs.(2.9),(2.10).

The definition of γ5 and its properties with respect to other gamma matrices are also

noteworthy in this context. γ5 is defined in Eq. (A.12). It anticommutes with all the

other gamma matrices, and it commutes with the tensor matrix σµν . These properties

are instrumental in the intricate calculations performed for computing lepton and hadron

tensors, contributing to the overall analysis performed for neutrino-nucleon elastic scat-

tering.

γ5 = iγ0γ1γ2γ3, (A.12)

{γµ, γν} = 2gµν1, (A.13)

(γi)−1 = (γi)† = −γi, (γ0)−1 = (γ0)−1 = (γ0)† = γ0, (A.14)

{γµ, γ5} = 0, [γ5, σµν ] = 0. (A.15)

Trace Theorems

The Trace Theorems is a powerful tool in calculations involving gamma matrices (γ),

i.e. during the derivation of the invariant amplitude |Mfi|2. These relations facilitate the
manipulation of traces. Key aspects of the Trace Theorems include:

• Traces involving an odd number of γ matrices result in null values.

• The trace of the identity matrix 1 is 4.

• Traces of products of γ matrices follow specific rules, such as Tr(/a/b) = 4ab and

Tr(/a/b/c/d) = 4[abcd+ adbc− acbd].

• The traces of γ5 and γ5/a/b are zero, and Tr(γ5/a/b/c/d) involves the Levi-Civita operator

ϵαβγδ: Tr(γ5/a/b/c/d) = 4iϵαβγδa
αbβcγdδ.

The levi-civita operator ϵαβγδ is +1(-1) for an even(odd) permutation of the subscripts.

Moreover, it satisfies:

ϵµναβϵ
µνγσ = −2(δαλδ

β
σ − δασδ

β
λ) (A.16)

A.2 Incident flux considerations

The calculation of the incident flux |J⃗inc| plays a relevant role in determining the in-

finitesimal cross section, as outlined in Eq. (2.17). In our approach, a collinear scattering

assumption is made, signifying that the initial particles share the same velocity direction,

since the nucleon being initially at rest. Expressing this incident flux requires considera-

tions of the velocities of the neutrino (v⃗i) and nucleon (V⃗i). Since in our framework it is
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fulfilled that v⃗ = P⃗ /E, the resulting expression involves their velocities, energies (εi, Ei),

and momenta (k⃗i, P⃗i):

|J⃗inc|V εiEi = V ϵiEi
|v⃗i − V⃗i|

V
= V εiEi

√
v2i + V 2

i − 2v⃗i · V⃗i
V

≈

≈
√
E2
i p

2
i + ε2iP

2
i − 2εiEip⃗iP⃗i. (A.17)

In the laboratory system, where the nucleon is initially at rest (P⃗i = 0⃗), the nucleon’s total

energy is its rest mass energy (E2
i =M2). For the ultrarelativistic neutrino approximation,

the total energy contribution primarily comes from momentum (εi ≈ |⃗ki|). Using these

considerations, the final expression for the incident flux emerges as:

|J⃗inc|V εiEi ≈M |⃗ki|. (A.18)

A.3 Mathematical derivation double differential cross section

The mathematical derivation of the double differential cross section involves several steps,

starting from the infinitesimal cross section expression, Eq. (2.29), and arriving at the final

form, Eq. (2.30). The key steps in this process are outlined in this section.

Focusing on lepton kinematics, we express d3k⃗l in spherical coordinates using Eq. (A.19).

We relate the former with the outgoing lepton energy εl by using the relation (A.20).

d3k⃗l = |⃗kl|2d|⃗kl|dΩ = |⃗kl|εldεldΩ (A.19)

E2 = |p⃗|2 +m2 → EdE = |p⃗|d|p⃗| → d|p⃗| = E

|p⃗|
dE. (A.20)

Regarding the final nucleon kinematic parameters, we integrate over the corresponding

four-vector Pf first by relating d3P⃗ with the integral (see Eq. (A.21), where we introduce

the possible nucleon energies parameter P0) and then performing the calculus taking

advantage of the Dirac Delta function. In doing so, we need to employ energy relations,

i.e. P0 with Ef in Eq. (A.22) and utilizing the Dirac Delta property shown in Eq. (A.23),

where xi denotes the poles of the function f(x) in the interval [a, b].∫ ∞

0

dP0δ(P
2
f −M2)d3P⃗ =

∫ ∞

0

dP0δ[(P0 − E)(P0 + E)]d3P⃗ =
d3P⃗

2E
, (A.21)

P 2
f −M2 = P 2

0 − |P⃗ |2 −M2 = P 2
0 − E2

f = (P0 + Ef )(P0 − Ef ), (A.22)

δ(f(x)) =
∑
i

δ(x− xi)

| df
dx
|xi

→
∫ b

a

dxδ(f(x)) =
∑
i

1

| df
dx
|xi

→
∫ ∞

0

dP0δ(f(P0)) =
1

| d
dP0

(f(P0))|P0=Ef

=
1

2Ef
,

(A.23)

Introducing a Heaviside distribution Θ(P0), allows us to unify the integration domain

with respect to momentum, resulting in an integral over the total four-momentum Pf .

This operation can be solved efficiently due to the Dirac Delta found within the integral,
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leading formally to the conservation of energy δ(ω− Q2

2M
) after applying the specified steps

(A.25) and (A.26).

d2σ

dεldΩ
=

∫ ∞

−∞
d4Pf

G2
F

4π2

M

ενεlEf
|⃗kl|εl2Efδ(P 2

p −M2)δ4(Pp − Pn + pl − pν)Θ(P0)ηαβW
αβ =

G2
FM

2π2εν
|⃗kl|δ((Kl − Pi −Kν)

2 −M2)Θ(εν +M − εl)ηαβW
αβ =

G2
F

4π2εν
|⃗kl|δ(ω − Q2

2M
)ηαβW

αβ, (A.24)

(Q− Pi)
2 −M2 = Q2 −�

�P 2
i − 2QPi −��M2 = −|Q2|+ 2Mω, (A.25)

δ((Kl − Pi −Kν)
2 −M2) = δ(2Mω − |Q2|) = 1

2M
δ(ω − |Q2|

2M
). (A.26)

Finally, we arrive at the same expression for the double differential cross-section as the

one displayed in the text, Eq. (2.30).

A.4 |Mfi|2 calculus

In this section, the calculation of the squared modulus of the invariant amplitude, denoted

as |Mfi|2, is detailed [107]. This quantity is essential for the computation of the infinitesi-

mal cross section, as seen in Eq. (2.17). In the Standard Model, neutrino spin polarization

is clearly defined since they are left-handed (or right-handed for antineutrinos), but the

initial nucleon spin polarization is not specified. Therefore, there is a need to average over

the initial nucleon spin states (denoted as λ1, λ2) and to sum over all final spin states.

To streamline the notation, the symbol Γα is introduced, representing γα(1∓γ5). Distinct
indices, α and β, are employed for differentiation during multiplication. The calculation

is initiated with the definition of |Mfi|2, explicitly expressed in terms of the leptonic (ηαβ)

and hadronic (Wαβ) tensors.

|Mfi|2 =
∑
sl,Sf

|(ūlΓαuv)(ŪfΓαUi)|2 =

(∑
sl

ūlΓαulΓ̄β (uν ūν)

)∑
Sf

ŪfΓ
αUf Γ̄

β
(
UiŪi

) =

(∑
sl

(ūlul)

(
Γα
/pν +mν

2mν

Γ̄β

))∑
Sf

(Ūfuf )

(
Γα

/P i +M

2M
Γ̄β

)
λ1λ2

 =

Tr

[
/pl +ml

2ml

Γα
/pν +mν

2mν

Γ̄β

]
Tr

[
1

2

/P f +M

2M
Γα

/P i +M

2M
Γ̄β
]
=

1

32mlmνM2
Tr[(/pl +ml)γα(1− γ5)(/pν +mν)γβ(1− γ5)]Tr[(/P p +M)Γα(/P n +M)Γ̄β],

|Mfi|2 ≡ 2
ηαβW

αβ

mνml

, (A.27)

where a factor 2 has been introduced to simplify calculus. This allows both tensors to be

defined with a term 1
8
. Originally, this factor appears naturally for the hadronic tensor,
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but since there is no average over the initial spin states of the neutrino, there is a need

to divide by a factor 2 the leptonic tensor.

Due to the properties of Dirac spinors, where the orthogonality of products ensures that

only non-diagonal elements of the matrices yield non-zero results, it is justified the intro-

duction of traces.

In Eq. (A.27), the leptonic (ηαβ) and hadronic (Wαβ) tensors are defined, involving traces

of gamma matrices specific to each current. The meticulous approach involves the careful

calculation of each tensor independently, being high relevant the usage of Trace Theorems.

This step-by-step procedure sets the stage for the final contraction of both tensors, pro-

viding a comprehensive and accurate expression for the squared modulus of the invariant

amplitude.

A.4.1 Leptonic tensor ηαβ

The expression for the leptonic tensor ηαβ, as outlined in Eq. (A.27), undergoes a metic-

ulous calculation to account for non-zero contributions based on the Trace Theorems.

ηαβ =
1

8
{Tr[/plγα(1∓ γ5)/pνγβ(1∓ γ5)] +mlmνTr[γα(1∓ γ5)γβ(1∓ γ5)]} (A.28)

Focusing on the neutrino situation with the − sign in the axial part, the resulting expres-

sion takes the form:

Tr[/plγα(1− γ5)/pνγβ(1− γ5)] = Tr[/plγα/pνγβ]− Tr[/plγαγ5/pνγβ]− Tr[/plγα/pνγβγ5] + Tr[/plγα/pνγβ] =

2(Tr[/plγα/pνγβ]− Tr[γ5/plγα/pνγβ]) =

8(plαp
ν
β + plβp

ν
α − plpνgαβ + iϵαβλ1λ2p

λ1
l p

λ2
ν ), (A.29)

Tr[γα(1− γ5)γβ(1− γ5)] = Tr[γαγβ]− Tr[γαγ5γβ]− Tr[γαγβγ5] + Tr[γαγ5γβγ5] =

Tr[γαγβ] + Tr[γαγβγ5]− [Trγαγβγ5]− Tr[γαγβ] = 0. (A.30)

Therefore it results in:

ηαβ = plαp
ν
β + plβp

ν
α − plpνgαβ + iϵαβλ1λ2p

λ1
l p

λ2
ν . (A.31)

The symmetric real part and antisymmetric imaginary part, with respect to the inter-

change of indexes α and β, are noteworthy features characterised from the properties of

the Levi-Civita tensor.

A.4.2 Hadronic tensor Wαβ

The decomposition of the hadronic tensor Wαβ into vector (Wαβ
V V ), axial (Wαβ

AA) and

vector-axial (Wαβ
V A) components is initiated with the definition:

Wαβ =
1

8M2
Tr[(/P f +M)Γα(/P i +M)Γ̄β] =

1

8M2
(Wαβ

V V +Wαβ
AA +Wαβ

V A), (A.32)
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This strategic decomposition allows for a more focused and systematic analysis of each

component. As the subsequent steps unfold, the careful treatment of the inner hadron

structure contribution Γα ensures an accurate evaluation of the individual components,

facilitating an in-depth understanding of the hadronic tensor’s characteristics.

Vector term Wαβ
V V

The vector term Wαβ
V V of the hadronic tensor is expressed as a combination of various

traces, each contributing to the overall structure. Through careful calculation, the fol-

lowing components are obtained:

Wαβ
V V = Tr[(/P f +M)(F V

1 γ
α + i

F V
2

2M
σαλQλ)(/P i +M)(F V

1 γ
β − i

F V
2

2M
σβλQλ)] =

C αβ
V 1 (F

V
1 )2 + C αβ

V 2

(F V
2 )2

4M2
+

C αβ
V 12

2M
F V
1 F

V
2 , (A.33)

where the coefficients are given by:

C αβ
V 1 ≡ Tr[(/P f +M)γα(/P i +M)γβ] = Tr[/P fγ

α /P iγ
β] +M2Tr[γαγβ] =

4[Pα
f P

β
i + P β

f P
α
i + gαβ(M2 − Pf · Pi)] = 4[QαP β

i +QαP β
f + 2Pα

i P
β
i − |Q2|

2
gαβ], (A.34)

C αβ
V 2 = Tr[(/P f +M)σαλ1Qλ1(/P i +M)σβλ2Qλ2 ] = Tr[/P fσ

αλ1Qλ1
/P iσ

βλ2Qλ2 ] +M2Tr[σαλ1Qλ1σ
βλ2Qλ2 ] =

−4[Pα
f (P

β
i |Q2| −QβPi · q) + Pf · q(Pi · qgαβ −QαP β

i ) + Pf · Pi(QαQβ − |Q2|gαβ)+
P β
f (P

α
i |Q2| −QαPi · q) + Pf · q(Pi · |Q2|gαβ − Pα

i Q
β) +M2(QαQβ − |Q2|gαβ)] =

−4[2M2|Q2|gαβ − 2Pα
i P

β
i |Q2|+QαQβ(2M2 − |Q2|

2
)− |Q2|(Pα

i Q
β +QαP β

i )], (A.35)

C αβ
V 12 = −iTr[(/P f +M)γα(/P i +M)σβλQλ] + iTr[(/P f +M)σαλQλ(/P i +M)γβ] =

4M(PiQ
α − Pi · qgαβ + Pf · qgαβ − P β

f Q
α − Pα

f Q
β + Pf · qgαβ + Pi · qgαβ − Pα

i Q
β) =

−8M(|Q2|gαβ +QαQβ). (A.36)

The derivation involves utilizing trace operations on matrices and careful consideration

of the contributing terms. In the simplification process, the definition of |Q2| and energy-

momentum conservation is invoked to express Pf in terms of Q and Pi. The relations are

as follows:

Q = Pf − Pi −→ Pf = Q+ Pi, (A.37)

Pf · Pi =
|Q2|
2

+M2, (A.38)

Pf ·Q = −|Q2|
2
. (A.39)

Axial term Wαβ
AA

Wαβ
AA = Tr[(/P f +M)(GAγ

αγ5 +
GP

2M
Qαγ5)(/P i +M)(GAγ

βγ5 +
GP

2M
qβγ5)] =

C αβ
A1G

2
A + C αβ

A2

G2
P

4M2
+ C αβ

A12

GPGA

2M
, (A.40)
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with:

C αβ
A1 = Tr[(/P f +M)γαγ5(/P i +M)γβγ5] =

4(Pα
f P

β
i − Pf · Pigαβ + P β

f P
α
i −M2gαβ) = 4[2Pα

i P
β
i + (QαP β

i + Pα
i Q

β)− gαβ(2M2 − |Q2|
2

)],

(A.41)

C αβ
A2 = Tr[(/P f +M)Qαγ5(/P i +M)Qβγ5] = 4QαQβ(M2 − Pf · Pi) = 2|Q2|QαQβ, (A.42)

C αβ
A12 = Tr[(/P f +M)GAγ

αγ5(/P i +M)
GP

2M
Qβγ5] + Tr[(/P f +M)

GP

2M
Qαγ5(/P i +M)GAγ

βγ5] =

4M(−Pα
i Q

β + Pα
f Q

β +QαP β
f −QαP β

i ) = 8MQαQβ. (A.43)

Vector-Axial term Wαβ
V A

Wαβ
AV = C αβ

V 1A1F
V
1 GA + C αβ

V 1A2

F V
1 GP

2M
+ C αβ

V 2A1

F V
2 GA

2M
+ iC αβ

V 2A2

F V
2 GP

4M2
, (A.44)

with:

C αβ
V 1A1 = Tr[(/P f +M)γα(/P i +M)γβγ5] + Tr[(/P f +M)γαγ5(/P i +M)γβ] =

4i(ϵλ1αλ2βP f
λ1
P i
λ2

+ ϵλ1αλ2βP f
λ1
P i
λ2
) = 8iϵλ1αλ2βP f

λ1
P i
λ2
, (A.45)

C αβ
V 1A2 = Tr[(/P f +M)γα(/P i +M)Qβγ5] + Tr[(/P f +M)Qαγ5(/P i +M)γβ] = 0, (A.46)

C αβ
V 2A1 = iTr[(/P f +M)σβλQλ(/P i +M)γβγ5]− iTr[(/P f +M)γαγ5(/P i +M)σβλQλ] =

−8Mi[ϵαβλ1λ2P f
λ1
Qλ2 + ϵαβλ1λ2P i

λ1
qλ2 ] = −16Miϵαβλ1λ2P i

λ1
P i
λ2
, (A.47)

C αβ
V 2A2 = Tr[(/P f +M)σαλqλ(/P i +M)Qβγ5]− Tr[(/P f +M)Qαγ5(/P i +M)σβλQλ] =

i

2
QλQ

βTr[/P f [γ
α, γλ]/P iγ

5]− i

2
QαQλTr[/P f [γ

α, γλ]/P iγ
5] =

4(ϵλ1λ2βλP f
λ1
P i
λ2
QαQλ − ϵλ1λ2αλP f

λ1
P i
λ2
QβQλ). (A.48)

Notice that C αβ
V 1A2 is null due to the properties applied from Trace Theorems.

Final Wαβ expression

After adding up the contributions from Wαβ
V V , W

αβ
AA and Wαβ

V A, we obtain:

Wαβ = −W1g
αβ+W2

Pα
i P

β
i

M2
+ iW3

ϵαβλ1λ2P i
λ1
qλ2

2M2
+W4

QαQβ

M2
+W5

Pα
i Q

β +QαP β
i

2M2
, (A.49)

where these Wi functions encompass:

W1 =
|Q2|
4M2

[(F V
1 + F V

1 )2 +G2
A] +G2

A, (A.50)

W2 = (F V
1 )2 +

|Q2|
4M2

(F V
2 )2 + (GA)

2, (A.51)

W3 = 2GA(F
V
1 + F V

2 ), (A.52)

W4 =
(F V

2 )2

(4M)2
(|Q2| − 4M2)−GAGP +

|Q2|
(4M)2

(GP )
2, (A.53)

W5 = W2. (A.54)
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As observed with the leptonic tensor ηαβ, under a change in order of the indexes α, β

the real part is symmetric whilst the imaginary contribution is antisymmetric due to the

Levi-Civita tensor.

A.4.3 Tensor contraction ηαβW
αβ

To perform the contraction between the leptonic and hadronic tensors, we remark that

the cross-product between symmetric-antisymmetric parts (referring to a change in order

of α, β) will result in null contribution. Therefore, to have non-zero contribution, we need

to multiply symmetric-symmetric or antisymmetric-antisymmetric terms.

Regarding symmetric-symmetric contribution multiplication, we obtain:

ηαβg
αβ = (plαp

ν
β + plβp

ν
α − pl · pνgαβ)gαβ = −2pl · pν = −2(εlεν − |⃗kl||⃗kν | cos θ) ≈ −4εlεν sin

2 θ

2
,

(A.55)

ηαβP
α
i P

β
i = (plαp

ν
β + plβp

ν
α − pl · pνgαβ)Pα

i P
β
i = 2(pl · Pi)(pν · Pi)− (pl · pν)P 2

i ≈ 2M2εlεν cos
2 θ

2
,

(A.56)

ηαβQ
αQβ = (plαp

ν
β + plβp

ν
α − pl · pνgαβ)QαQβ = 2(pl ·Q)(pν ·Q)− (pl · pν)Q2 =

2(pl · (pν − pl))(pν · (pν − pl))− (pl · pν)(p2l + p2ν − 2pl · pν) =
(pl · pν)(p2ν + p2l )− 2p2l p

2
ν ≈ 0, (A.57)

ηαβ(P
α
i Q

β +QαP β
i ) = (plαp

ν
β + plβp

ν
α − pl · pνgαβ)(Pα

i Q
β +QαP β

i ) =

2[(pl · Pi)(pν ·Q) + (pν · Pi)(pl ·Q)− 2(pl · pν)(Pi ·Q)] = 2M(εlm
2
ν − ενm

2
l ) ≈ 0. (A.58)

Concerning antisymmetric-antisymmetric term product, we get:

ηαβϵαβλ3λ4P
i
λ3
Qλ4 = (iϵαβλ1λ2p

λ1
l p

λ2
ν )ϵαβλ3λ4P i

λ3
Qλ4 = −2i((pl · Pi)(pν ·Q)− (pl ·Q)(pν · Pi)) =

−2i(εlM(p2ν − pν · pl)−Mεν(p
2
l − pl · pν)) ≈ 4iM(εν + εl)εlεν sin

2 θ

2
. (A.59)

It can be proven that for the antineutrino case, the calculus is analogous, with the dif-

ference that we will get a − sign for W3 instead of + (neutrino situation). With this in

mind, the tensor contraction results in:

ηαβW
αβ = 2εlεν

((
2W1 ±W3

εl + εν
M

)
sin2 θ

2
+W2 cos

2 θ

2

)
. (A.60)

We remind that ultrarrelativistic approximation has been used in both neutrino and lepton

due to its neglection of mass mν,l → 0 compared contribution coming from the rest of

terms.

A.4.4 Final results

Being our original objective to compute |Mfi|2, we finally get:

|Mfi|2 ≡
ηαβW

αβ

mνmlM2
=

2εlεν
mlmνM2

((
2W1 ±W3

εl + εν
M

)
sin2 θ

2
+W2 cos

2 θ

2

)
. (A.61)
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For completeness, we display here what would be the overall expression if we are not

neglecting the lepton mass ml. Whole calculus can be found in [52].

|Mfi|2 =
2εlεν

mlmνM2

{
2W1 sin

2 θ

2
+W2εl cos

2 θ

2
±W3

εν + εl
M

εl sin
2 θ

2
+

m2
l

εl(εl + |⃗kl|)

[
W1 cos θ −

W2

2
cos θ ± W3

2

(
εν + εl
M

cos θ − εl + |⃗kl|
M

)
+

W4

2

(
m2
l

M2
cos θ +

2εl(εl + |⃗kl|)
M2

sin2 θ

2

)
−W5

εl + |⃗kl|
2M

]}
. (A.62)
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B ENUBET beamline optimisation

B.1 Geant4 simulation results statistics

In the Geant4 implementation of the ENUBET experiment, cascades resulting from the

interaction of the proton beam with the target are simulated using FLUKA. This gener-

ates a large number of particles in various kinematic conditions. Subsequently, Geant4

simulates the trajectory of these particles to characterise their distribution at different

points along the beamline. Of particular interest in this thesis are the entrance and inner

wall of the tagger.

The 400 GeV/c proton beam has an intensity of up to 4.5 × 1013 protons per spill, with

each spill lasting 4.8 seconds. FLUKA simulates a total of 109 pot (corresponding to

0.107 ms), resulting in approximately 1.7× 1011 simulated particle trajectories. However,

running a full simulation to compute the trajectory evolution of each of these products in

the beamline is computationally intensive and time-consuming, requiring several days of

computation.

For the figures presented in Chapters 5 and 6, a reduced number of simulated events,

2 × 109, was utilised43. This decreases the total simulation time to approximately 2.5

hours per run. Despite the lower number of events, the dataset still contains approximately

events from 1.18 × 107 pot, ensuring minimal statistical fluctuations while significantly

reducing execution time for effective comparison of results from different configurations.

B.2 Role of magnetic fields in momentum particle selection

The objective of producing a lower-energy neutrino beam, as discussed in Section 6.2,

involves reducing the momentum selection from the dipoles by decreasing the magnitude

of the magnetic field. Since the only force acting on a charged particle is the Lorentz

Force, which acts inwards, it results in circular motion. This can be expressed as follows:

F⃗L = ma⃗n −→ vqB = m
v2

R
,−→ R =

qB

p
, (B.1)

where:

• p = mv is the momentum.

• R is the radius of curvature.

• q = +e since only positively charged particles (K+, π+) are of interest.

• B is the magnitude of the magnetic field.

43This would correspond to simulate approximately 1.3 µs beam time.
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Therefore, to ensure that lower-energy particles are equally deviated (i.e., same R), the

following relationship holds:

R8.5 = RX ,−→
qB8.5

p8.5
=
qBX

pX
,−→ BX = B8.5

pX
p8.5

, (B.2)

where the subscripts 8.5 and X refer to scenarios involving momenta of 8.5 GeV and

X (the momentum value to be selected), respectively. For the cases of interest in this

chapter, momenta of 3.5 GeV and 2.0 GeV are considered.

B3.5 = B8.5
3.5

8.5
= 0.4118B8.5, B2.0 = B8.5

2.0

8.5
= 0.2353B8.5. (B.3)

Regarding quadrupoles, it can be initially assumed that the same logic applies to de-

termine an appropriate value for the magnetic field, considering the collimation of lower

momentum particles. For a charged particle moving along the axis, magnetic fields act

in two axes, resulting in Lorentz Forces in the vertical and horizontal directions, as il-

lustrated in Figure 64. By applying Newton’s Second Law, we can derive the following

motion equations:

ma⃗ = F⃗L = qv⃗ × B⃗. (B.4)

Assuming motion in three dimensions and a magnetic field in the XZ plane, we can ap-

proximate the magnetic field as locally homogeneous in the region near the axis, meaning

that Bx and Bz are constant, Bx = Bz ≡ B. Developing the cross product, the equations

of motion are:

max = qvyB, may = qB(vz − vx), maz = −qBvy. (B.5)

Introducing the momentum definition p = mv, we get:

ax =
qB

p
vvy, ay =

qB

p
v(vz − vx), az = −qB

p
vvy. (B.6)

As observed, considering lower momentum particles complicates the calculation of the

magnetic field needed to achieve the same trajectory, as it now involves v and its compo-

nents. However, computing the exact value of B under these circumstances is beyond the

scope of this thesis. Therefore, it is considered that, to some extent, the ratio B/p is the

major contributing factor. Hence, the magnetic field of the quadrupole is adjusted in the

same manner as the dipoles based on the results obtained in Section 6.2.
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Figure 64: Scheme of magnetic vector field lines and forces acting on charged particles

moving inwards in quadrupole magnets [108].
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C Monte Carlo generators in neutrino-nucleus inter-

actions

Monte Carlo generators are widely used to simulate complex physical processes using

statistical methods. In the context of neutrino-nucleus interactions, these generators are

crucial for studying the kinematic outcomes mainly in neutrino production and neutrino

oscillation. For a given incident neutrino flux, Monte Carlo generators can predict results

based on random samplings through models that incorporate nuclear effects.

This section provides additional details on Monte Carlo generators, focusing on secondary

aspects to the main analysis from Part III. However, these supplementary insights lead

to a better understanding of the generators employed, especially NEUT and GENIE.

C.1 Comparison between T2K fluxes as input of the Monte

Carlo generators

In subsection 4.1, it was presented the 2016 T2K neutrino and antineutrino fluxes that

are used as an input in NEUT and GENIE for producing this Thesis results. However, in

the T2K website [90] newer data is published, 2020, incorporating an improved simulation

with thinner bins. Figure 65 displays both versions for a better comparison. Unfortu-

nately, NEUT is not functional with the new flux yet, so in this Thesis 2016 fluxes have

been used.

Since the shape of the flux barely changes from 2016 to 2020 results, the main differ-

ence relies on the size of the systematic error associated with the flux. However, in the

χ2 calculation it has not been taken into consideration the flux uncertainty, therefore the

employment of the new prediction would not affect significantly in our analysis.

Figure 65: Muon neutrino (top) and antineutrino (bottom) fluxes predicted as a function

of the neutrino energy in the T2K near detector published in 2016 (red) and 2020 (blue)

with an off-axis set at 2.5º . The peak of the spectra is remarked with a vertical dashed

line, being close to 0.6 GeV, where the oscillation effects are maximum in the path to the

far detector.
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C.2 Nuclear effects

In this subsection, we list the nuclear effects accounted for in the Monte Carlo generators

to provide an overview of the physical phenomena implemented in these tools:

• Fermi motion: nucleons are not static within the nucleus; therefore, their momen-

tum distribution must be considered. Figures 23 and 26 from Chapter 3.2 show

how this distribution varies depending on the nuclear model employed.

• Nuclear removal energy: nucleons are originally bound, requiring part of the

incident energy to free them. In Chapter 3.2, this parameter is denoted as Eshift.

While in the Relativistic Fermi Gas (RFG) model, it is considered a constant; in

other models, such as SuSAv2, it depends on the momentum transfer q (see Figure

24).

• Final State Interaction (FSI): after neutrino scattering, the resulting nucleon

can interact multiple times within the nucleus before escaping. These interactions,

known as FSI, are modeled through an intranuclear cascade, which determines

whether the nucleon interacts and selects the process, such as pion production or

elastic scattering. FSI are considered to cease once the nucleon exits a defined

interaction range, typically the nucleus.

• Multi-nucleon interactions: inside the nucleus, nucleons can interact via strong

interactions through virtual mesons exchange (e.g., pions). Neutrino scattering can

thus result in the interaction of two bound nucleons, leading to 2p2h (MEC) final

states. Figure 16 illustrates the possible Feynman diagrams for these processes.

• Additional correlations: spin polarization effects within the nucleus, known as

long-range correlations, are significant. Random Phase Approximation (RPA) mod-

els these interactions through a potential (e.g., Landau-Migdal potential [109]) to

account for these corrections.

• Pauli blocking: nucleons, being fermions, are subject to the Pauli exclusion prin-

ciple, which prevents two fermions from occupying the same quantum state. This

results in limited energy levels within the nucleus. In the context of nucleus scatter-

ing, this is known as Pauli blocking and it is reflected in the term Θ(|p⃗n,f |−kF ) from
Eq. (3.4), indicating that the ejected nucleon cannot have a momentum lower than

the Fermi momentum, as the Fermi sphere is already occupied by initial nucleons.

As shown in Figure 66, Pauli blocking plays a significant role at lower transferred

energies, as insufficient energy is available to eject the nucleon out of the Fermi

sphere.

To sum up, these nuclear effects significantly modify the cross section compared to the

free nucleon case, increasing the dimensionality of the problem. This is due to the reduced
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kinematic constraints in both the initial and final states, and the altered hadronic final

state, as different FSI modes can lead to the same observed final state.

Figure 66: Double differential cross section in e−−40Ca scattering under the RFG model

for 120 MeV incident energy. Different angles are shown to illustrate the differences be-

tween Pauli blocking being on (blue) and off (red). In the forward region, less transferred

energy (ω) is needed to eject the nucleon from the Fermi sphere. Figure extracted from

one of the author’s project works during the Master’s program.

C.3 NEUT and GENIE

In recent years, various Monte Carlo generators have been developed in the study of

neutrino-nucleus interactions. The main idea is to implement different nuclear models to

observe the goodness of these descriptions with respect the experimental data. Given the

resource limitations in these generators, theoretical inputs are essential for calculations,

such as the hadronic tensor or nuclear effects parameters (Fermi momentum, removal

energy, etc.). Ultimately, these Monte Carlo generators aim to accurately compute the

kinematics of all final state particles.

This Thesis employs NEUT [82] and GENIE [83], some of the most widely used gen-

erators in this field. For experimental analyses, these generators properly achieve the

four-momentum characterisation of the final state particles for all interaction channels.
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While NEUT focuses more on the experimental needs of Super-K, T2K, and Hyper-K,

GENIE aims to provide a universal framework, with a development team independent of

the experiments. This is the main reason why NEUT is proprietary software, whereas

GENIE is open source. Regarding physics implementations, differences between NEUT

and GENIE are primarily found in the FSI cascade and multi-nucleon interactions. More

details can be found in [110].

Other generators, such as NuWro [111], AChiLES [112], and GiBUU [113], focus more on

theoretical aspects and have fewer developers working on them. Despite this, they are

noteworthy for implementing new techniques, such as in FSI, even though they are not

as prominent as NEUT or GENIE currently.
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D Tools for the T2K statistical analysis

Evaluating the performance of current neutrino generators has involved conducting the

corresponding statistical analysis. This section outlines the methodology used in this

process, including weighting the cross section to adjust Monte Carlo predictions to the

bin size of the experimental data, as well as a review of χ2 and p-value calculations.

D.1 Weighted cross section

In section 4.2, the Monte Carlo generator models for nuclear dynamics used in the T2K

data analysis are explained.

The experimental results are provided as a txt file containing the weighted cross sec-

tion for various subdivisions of p momentum within each cos θ region. In contrast, the

output from Monte Carlo generators is a ROOT file containing information on all parti-

cles after the scattering, including their kinematics. Therefore, it is necessary to manually

adjust the cross section obtained from Monte Carlo simulations to adhere to the same

structure. Here, it is commented how this process has been performed.

For a given cos θ region and p bin range:

• Identify the amount of muons generated from the desired process (CCQE, MEC, or

pion absorption) whose momentum and cos θ fall within the selected interval.

• Multiply the total count by a scaling factor F to relate the number of events to the

cross section, where F = 9× 10−45 cm−2

Nucleon×MeV
.

• Divide by the width of the intervals corresponding to the selected range of cos θ and

p:

d2σ

d cos θdp
=

d2σ
d cos θdp

∆p∆cos θ

This process provides us with the Monte Carlo generator result for a single p bin, consistent

with the structure of the provided experimental data. Therefore, to generate a plot, this

procedure needs to be repeated for each momentum p bin within the selected angular

region.

D.2 χ2, dof and p-values

To assess the agreement of the Monte Carlo generators to T2K experimental data, un-

derstanding the parameters χ2, degrees of freedom (dof), and p-values is crucial. This

appendix aims to clarify these concepts to facilitate the statistical analysis of the predic-

tion.
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Firstly, the χ2 parameter measures how well a model reproduces experimental data. A

lower absolute value indicates a better correspondence. It is calculated using the observed

data values, their uncertainties (typically from the covariance matrix), and the predicted

values from the model.

In the T2K website [114], uncertainties are encapsulated in the covariance matrix C.

This square matrix quantifies correlations between different data points within an angu-

lar dataset. It accounts for various sources of error such as systematic effects and flux

uncertainties in the T2K experiment.

In the context of this Thesis, for a given cos θ region that contains N momentum p

bins, χ2 is evaluated as follows:

χ2 =
N∑
i

N∑
j

[
d2σ

d cos θdp

∣∣∣∣∣
model

− d2σ

d cos θdp

∣∣∣∣∣
data

]
i

×

[C−1]i,j ×

[
d2σ

d cos θdp

∣∣∣∣∣
model

− d2σ

d cos θdp

∣∣∣∣∣
data

]
j

, (D.1)

with d2σ
d cos θdp

denoting the weighted double differential cross section, the subindexes model

and data refer to the Monte Carlo predictions and the experimental data respectively,

and C−1 is the inverse of the covariance matrix.

Degrees of freedom (dof) in statistical terms refer to the number of independent ob-

servations in a sample that can vary freely. It is defined as:

dof = N −M, (D.2)

where N and M are number of data points and the parameters estimated respectively. In

our case, N , which is the number of momentum bins found for a certain angular region, is

the number of degrees of freedom since no parameter is computed from these experimental

bins dof= N .

The p-value, ranging from 0 to 1, indicates the probability that the observed data deviates

from the predicted results given a certain number of degrees of freedom. A low p-value

suggests a significant deviation, potentially indicating a rejection of the model, while a

p-value close to 1 indicates good agreement between data and model predictions. In our

analysis, p-values are computed using ROOT based on the corresponding χ2 and degrees

of freedom.
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E T2K graphical results and χ2 values

This appendix provides graphical comparisons of Monte Carlo predicted results with ex-

perimental measurements of the neutrino and antineutrino double differential cross sec-

tion. Additionally, it highlights specific intermediate p bins that significantly increased

the χ2 values upon their inclusion, serving as a complementary observation to the main

analysis.

E.1 Monte Carlo results vs experimental data

Figures 67 and 68 display the predicted Monte Carlo results compared with the experi-

mental data across the nine angular regions for neutrinos and antineutrinos respectively.

The legend includes the χ2 values alongside the nuclear models implemented for Method

1 and Method 2, as well as the corresponding degrees of freedom.

To ease readability, the last p bin is omitted in the following figures. However, it is

included in the calculations performed using Method 1.

E.2 Momentum bins overestimating χ2

In the calculations of χ2, it was displayed after each iteration the summation of χ2, notic-

ing that certain momentum bins significantly increased the χ2 value compared to the rest

of the bins for all four Monte Carlo models considered. As a complementary observation

to the main analysis presented in Part III, this subsection highlights which specific bins

exhibit this behavior.

For neutrinos:

• cos θl ∈ [0.80, 0.85], p ∈ [600, 800] MeV.

• cos θl ∈ [0.85, 0.90], p ∈ [600, 800] MeV.

• cos θl ∈ [0.90, 0.94], p ∈ [600, 800] MeV.

• cos θl ∈ [0.94, 0.98], p ∈ [600, 800] MeV.

• cos θl ∈ [0.98, 1.00], p ∈ [500, 700] MeV and p ∈ [2000, 3000] MeV.

For antineutrinos:

• cos θl ∈ [0.85, 0.90], p ∈ [400, 500] MeV.

• cos θl ∈ [0.94, 0.98], p ∈ [600, 800] MeV.

• cos θl ∈ [0.98, 1.00], p ∈ [500, 700] MeV and p ∈ [2000, 3000] MeV.
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Figure 67: Neutrino double differential cross section comparing Monte Carlo generated

results from SF, LFG, SuSAv2, and DUNE with experimental measurements (black dots

with pink shading to denote associated uncertainty). The legend shows the χ2 values of

each prediction using Method 1, with Method 2 values in brackets. Degrees of freedom

are also indicated.
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Figure 68: Antineutrino double differential cross section comparing Monte Carlo gener-

ated results from SF, LFG, SuSAv2, and DUNE with experimental measurements (black

dots with pink shading to denote associated uncertainty). The legend shows the χ2 values

of each prediction using Method 1, with Method 2 values in brackets. Degrees of freedom

are also indicated.
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Looking at the relative error in each bin displayed in the Figure 31, the aforementioned

p bins correspond to regions where the fractional error is minimal. Therefore, an analysis

considering ∆χ2 versus the excluded p momentum bin for each of the aforementioned

angular regions is recommended to draw further conclusions about the impact of these

bins on the performance of the Monte Carlo generators employed in this Thesis.
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