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AB)CC$&??-& A-/$#( )- %&'#((- )' #*+),-&.- /0$+00+$)(- /- ?&((&?) )(() ?&.=

@#$5#.,) '- +. '+C(-?# C$&4(#%) /0)0-/0-?&:

•  !"#$%&!'(): D)(# C$&4(#%) E '-$#00)%#.0# (#5)0& )(() '-/0-.,-&.#

0$) @)$-)4-(- &//#$@)0# # @)$-)4-(- ()0#.0- 2)#'(/ ((+ (%#/+)+ )2% !#! '#3

!# $+/%((*"%!(% #''%/4*(+1 "* )2% 2*!!# +"0&+)*.+#!+ 0%/ &% /%&*.+#!+

5/* &% 4*/+*6+&+ #''%/4*(%91 23&('4#$5#$1  6789 # )(() .#?#//-0> '- C&0#$

#/C$-%#$# *+#/0# +(0-%# ?&. /0)4-(-0> ).?F# -. $-(#@),-&.- $-C#0+0# .#(

0#%C&:

• *%#"%+!,-: G5.- 0#&$-) /?-#.0-<?) /- 4)/) /+(() #()4&$),-&.# '- (#5)%-

?)+/)(- H$) (# @)$-)4-(-1 -( $-?#$?)0&$# .#?#//-0) '+.*+# '- '-/C&$$# '-

/0$+%#.0- C#$ @#$-<?)$# (B#/-/0#.,) '#- .#//- H&$%+()0- -. /#'# 0#&$-?):

;. $-/C&/0) ) *+#/0# '+# C$&4(#%)0-?F#1 A-/$#( /- ?&/0-0+-/?# '- '+# C)$0-

C$-.?-C)(-:  '.)++' .! /!"#$%&!'() #  '.)++' ",$#,,#$%+): ;( C$-%&

'0%)+7)* )#"% &% 4*/+*6+&+ &*(%!(+ 8999: '#!# "+' /*(% (/*"+(% &% 4*/+*6+&+ #'3

'%/4*(% % '%/4% 0%/ $%(%/"+!*/% + )*/*((%/+ $+ (*&% "+' /*.+#!% 84*&+$+(; % *(3

(%!$+6+&+(;: 8999:1 +& '%)#!$# '0%)+7)* &% /%&*.+#!+ )* '*&+ 5/* &% 4*/+*6+&+ &*(%!(+

% '%/4% 0%/ $%(%/"+!*/% &<*""#!(*/% $%&&* 4*/+*!.* !#! '0+%-*(* 1 2IJ$#/K&5

# LJ$4&%1  6MM9:

N#(() %)55-&$ C)$0# '#- ?)/- $#()0-@- )(() @#$-<?) #%C-$-?) '- +.) 0#&$-)1

A-/$#( C$&?#'# /#?&.'& 0$# H)/-:

• H&$%+(),-&.#

• /0-%)

• @)(+0),-&.# '#( %&'#((&



 ! ! "#$%&'()*#+,  !

 ! "#$%&'()*#+,

 ! "#$""$ %! "#$%&##' ($ "')#!$ !* &* +!+"',$ %! '-&$.!)*! +"#&""&#$(!/ %'01

*'*%) (' 2$#!$3!(! )++'#2$"'/ ! 4)+"#&""! ($"'*"!/ +"$3!('*%) ! ('5$,! 4$&+$(! 6#$

(' 2$#!$3!(! ' 4)+"#&'*%) !( ,)%'(() 4),7('++!2) !* ,)%) "$(' 48' '++) 7)++$

'++'#' ,$"',$"!4$,'*"' #!+)(&3!(' 4!)9 !%'*"!04$")" #$%&'())*" +,,+-.

/* 0%&123*45%6( 7(6(&*3( 85 26 1%8(33% /59&(3 :%6 ;*&5*'535 3*)(6)5 < 3*

9(72(6)(.

•  !"#$$! %&'(&&(')$#

η = Bη + Γξ + ζ

•  !"#$$! "*  *%(')

X = Λxξ + δ

Y = Λyη + ε

=%;( η < 26 ;())%&( 85 (m × 1) 0*))%&5 3*)(6)5 (68%7(65" 1(6)&( ξ < 26

;())%&( 85 (n × 1) 0*))%&5 (9%7(65. X ( Y 9%6% ;())%&5 (q × 1) ( (p × 1) 85

;*&5*'535 %99(&;*)(. >6?6( ζ" δ ( ε 9%6% ;())%&5 85 (&&%&5 9)%:*9)5:5 :@( /59&(3

*9921( )5A5:*1(6)( :%6 859)&5'245%6( 6%&1*3(.

B*3( 859)5645%6( &5A&(68( 5 :%6:())5 85 1592&*45%6( ( :*29*35)C (9A%9)5 6(3

A*&*7&*0% A&(:(8(6)(.

>3 1%8(33% 85 1592&*" :%9D 0%&123*)%" 56)(68( *AA26)% 5685;582*&( ( 15E

92&*&( 5 0*))%&5 3*)(6)5 η" ξ" )&*15)( 3( ;*&5*'535 %99(&;*)( X" Y F 3* )(:65:*

9)*)59)5:* )5A5:*1(6)( 2)53544*)* < 3G*6*3595 0*))%&5*3(.

>3 1%8(33% 9)&2))2&*3( :%69(6)( 56;(:( 85 58(6)5?:*&( ( 9)51*&( 5 3(7*15

:*29*35 :@( 929959)%6% )&* 5 0*))%&5 3*)(6)5 η ( ξF 1(6)&( ξ &*AA&(9(6)* 26

;())%&( 85 0*))%&5 3*)(6)5 (9%7(65 :@(" H25685" :%1A*&5&*66% 9(1A&( :%1( &(E

7&(99%&5 56 )2))( 3( (H2*45%65 8(3 1%8(33% 9)&2))2&*3(" 5 0*))%&5 :%6)(62)5 6(3

;())%&( η 9%6% (68%7(65 ( A%99%6% *9921(&( )*6)% 53 &2%3% 85 &59A%9)* 56 26*

(H2*45%6(" H2*6)% H2(33% 85 &(7&(99%&( 56 26G*3)&*.

I5*9921(68%" 53 1%8(33% :@( *68&(1% * 9)51*&( :%6959)( 56 26 959)(1* 85

(H2*45%65 85 &(7&(995%6(. J3:26( 1592&*6% 5 0*))%&5 3*)(6)5" *3)&( 5685;582*6%

5 3(7*15 :*29*35 :@( 929959)%6% )&* H2(9)5.

K6 1%8(33% 9(:%68% /59&(3 6(:(995)*" A(& 3* 92* :%1A3()* 9A(:5?:*45%6(

85 L 1*)&5:5M N 1*)&5:5 85 A*&*1()&5 9)&2))2&*35 (B, Γ, Λx, Λx)" N 1*)&5:5 85

:%;*&5*64* (Φ, Ψ, Θε, Θδ).



 !  !"#$%&% '( # )%*+&&# &#,-+&

"# #$%&'()*( +,# &--(&.) &//#*& .)012&1) /)33(&*) 0%44# 0#3%#*1( 5

&00%*'()*(6

• E(η) = E(ζ) = E(ξ) = E(Y ) = E(ε) = E(X) = E(δ) = 0

• E(ξζ ′) = E(ηε′) = E(ξδ′) = E(ηδ′) = E(ξε′) = 0

• E(ζε′) = E(ζδ′) = E(εδ′) = 0

7#*'& /#28(1& 8( 3#*#2&4(19 /)00(&.) )/#2&2# +)* :&2(&-(4( 0+&21&1# 8&44#

2(0/#11(:# .#8(#; <(= +)*0#*1# 8( >00&2# %*?)2(3(*# /#2 ( @&11)2( 4&1#*1( +,#

&:2&**) .#8(& '#2);

A4( %41(.( 8%# /%*1( 01&**) (*:#+# & 0(3*(>+&2# +,# *)* 0)*) /)00(-(4(

&412( 1(/( 8( 2#4&'()*( @2& 4# :&2(&-(4( # 34( #22)2( )412# & $%#44# /2#:(01# 8&44#

)11) .&12(+(; <(= +)*0#*1# 8( 2(8%22# .)41) 4& +)./4#00(19 8#4 /2)-4#.&B # 8(

/)1#2 0+2(:#2# 4& .&12(+# 8( :&2(&*'& # +):&2(&*'& 8#4 .)8#44) %*(+&.#*1# (*

@%*'()*# 8#( /&2&.#12( (*+)3*(1(;

 !" #$%&'

C4 /2)+#00) 8( 01(.& 0( @)*8& 0%4 4#3&.# &43#-2(+) #0(01#*1# 12& (4 .)8#44)

1#)2(+) # 4& .&12(+# 8( :&2(&*'& # +):&2(&*'& @2& 4# :&2(&-(4( D # E6 "& .&F

12(+# 8( :&2(&*'& # +):&2(&*'& @2& 4# :&2(&-(4( )00#2:&1# /%= #00#2# #0/2#00& (*

@%*'()*# 8#44# ! .&12(+( 8( /&2&.#12( +,# +&2&11#2(''&*) (4 .)8#44) 1#)2(+);

C4 .)8#44) #0/2#00) *#44& @)2.& 8( #$%&'()*( 4(*#&2( 89 8%*$%# :(1& &8 %*&

.&12(+# 8( +):&2(&*'& 8( 8(.#*0()*# (p + q)× (p + q)B Σ = Σ(θ) 8):# Σ 2&/F

/2#0#*1& 4& .&12(+# 8( +):&2(&*'& 8#44& /)/)4&'()*#B θ (4 :#11)2# 8#( /&2&.#12(

(3*)1( # Σ(θ) 4& .&12(+# 0+2(11& (* @%*'()*# 8#( /&2&.#12(;

7( /%= 8(.)012&2# GH)44#*B  I!IJ +,# 4& .&12(+# 8( +):&2(&*'& /#2 4# :&2(&F

-(4( )00#2:&1# K @%*'()*# 8#( /&2&.#12( 8#4 .)8#44); L( 0#3%(1) *)( 2(/)21(&.)

0)4) (4 2(0%41&1) >*&4#;

Σ(θ) =

(
Λy[(I − B)−1(ΓΦΓ′ + Ψ)(I − B)−1′ ]Λ′

y + Θε Λy(I − B)−1ΓΦΛ′

x

ΛxΦΓ′(I − B)−1′Λ′

y ΛxΦΛ′

x + Θδ

)

C4 /2)-4#.& )2& K +,#B 8&1& %*& .&12(+# 8( :&2(&*'& # +):&2(&*'& +&./()F

*&2(& S +&4+)4&1& 8&( 8&1(B 8)--(&.) (*8(:(8%&2# %* :#11)2# 8( /&2&.#12( θ
(* .)8) 1&4# +,# Σ(θ) 0(& %3%&4# ) (4 /(M /2)00(.& /)00(-(4# &8 S; C4 /2)F

+#8(.#*1) 8( 01(.& 0( -&0#29 8%*$%# 0%44& .(*(.(''&'()*# 2(0/#11) & θ 8(

%*?)//)21%*& @%*'()*# F (S, Σ(θ));



 !"! #$%&'$()*+, -,% .*-,%%*  !

"# $%&'(' () *&)$+ ,-% .)*/%# 0&)#)11+ &)2),+$%3&% 4 50%##' ()  !""# ! $%&

'("# #)*#!+,! -.6 7**0$%3(' ,-% #+ ()*&/)801)'3% (%##% 9+/)+8)#) '**%/9+&%

X % Y *)+ 03+ 3'/$+#% $0#&)9+/)+&+ +3()+$' + *&)$+/% ) 2+/+$%&/) )3,':3)&)

(%##+ 2'2'#+1)'3% )3 $'(' (+ $+**)$)11+/% #+ 2/'8+8)#)&; 2%/ ) (+&) ,+$2)'<

3+/) () %**%/% '**%/9+&)6 =%# 3'*&/' ,+*' *2%,)>,'? (+&+ 03+ ,%/&+ $+&/),% ()

,'9+/)+31+ ,+$2)'3+/)+ S? 9':#)+$' )3()9)(0+/% 50+#) 9+#'/) +&&/)80)/% +) 2+<

/+$%&/) )3 $'(' ,-% #+ 2/'8+8)#)&; ,-% S (%/)9) (+ Σ *)+ #+ $+**)$+ 2'**)8)#%6

@'##%3 A !B!C 2/'2'3% (0% 2'**)8)#) 9)% 2%/ ,'3(0//% #+ *&)$+ D. (%)

2+/+$%&/) )3,':3)&)6

• +**0$%3(' 03+ ()*&/)801)'3% $+/:)3+#% 3'/$+#% 2%/ #% 9+/)+8)#) '**%/9+<

&% % /),+9+3(' #% *&)$% 9)+ $+**)$+ 9%/'*)$):#)+31+6 @'##%3 +22%3(),%

E7

• *&0()+3(' #+ ()*&/)801)'3% 2%/ #+ $+&/),% () 9+/)+31+<,'9+/)+31+ Σ(θ)6
F)*&/)801)'3% () G)*-+/&6 @'##%3 +22%3(),% E@

 !" #$%&'$()*+, -,% .*-,%%*

 !" #$%&'$"! %($)$''$*!+', )!% *,)!%%, $- )$'- %(&+-., /'"&*!+', $ +,/'"$

)-/0,/-1-,+! 2 3&!%%, )!%%$ /&$  ! "#$%&'(#)&! *4 .-,2 )- '!/' )- +,+ -+5

.,+6"&-'7 )!% *,)!%%, $- )$'-? AH'/8%&&+? IJJIC6

K0&&) ) &%*& () 8'3&; (L+(+&&+$%3&' ,'3('&&) *) M'3(+3' *0##' *,+/&' S −
Σ(θ̂) (%3'$)3+&' /%*)(0'6 N3' *,+/&' %,,%**)9' 2'/&%/; +##+ M+#*)>,+1)'3%O

&/'22' ()*&+3&) *'3' #+ $+&/),% () ,'9+/)+31+ '**%/9+&+ 3%) (+&) % 50%##+ :%<

3%/+&+ (+# $'(%##'6 P% #' *,+/&' )39%,% 20Q %**%/% +((%8)&+8)#% +( '*,)##+1)'3)

*&',+*&),-%? +##'/+ )# $'(%##' 3'3 /)*0#&+ M+#*)>,+&' % 3'3 9)%3% /%*2)3&'6

K0&&+9)+ 3'3 2'**)+$' ,'$0350% +R%/$+/% ,-% %**' *)+ 9%/)>,+&'6 P+2<

2)+$' )3M+&&) ,-% *% 03 $'(%##' 2/'(0,% 03+ % 03+ *'#+ $+&/),% () ,'9+/)+31+

&/+ #% 9+/)+8)#) '**%/9+&% 3'3 /)*0#&+ 9%/' )# ,'3&/+/)'6

F) *%:0)&' 2/'2'3)+$' 03+ 8+&&%/)+ () +3+#)*) 0&)#) 2%/ *&0()+/% #% ,+/+&<

&%/)*&),-% (%# $'(%##' *&)$+&'? A@'##%3?  !B!C6

/"! % 0%**% "(*1,#(+#

• S#+0*)8)#)&; (%##% *&)$%

• P):3)>,+&)9)&; (%##% *&)$%



 !  !"#$%&% '( # )%*+&&# &#,-+&

• "#$%&'$()' *' &#++$,-.'#($ /0,)'1,- -, 20-*+-)# R2

• 3(-,'4' *$' +$4'*0'

 !"##"$%&#' ()'*")%

• 5$4) χ2

• 678 96##*($44 #: ;) '(*$<=

• 3678 93*>04)$* ?##*($44 #: ;) '(*$<=

+&!,-, !, ."/0,$'&," % !, -/'0012"),!"#,'&

• 38" $ "38"

• @"A8 9@<1$&)$* &+#44BC-,'*-)'#( '(*$<=

6,' 4)+0/$()' *' -(-,'4' -11$(- $,$(&-)' C$++-((# 1+$4$()-)' $ *'4&044' '(

4$?0')# 94$.'#($ DEF 3(-,'4' *$' +'40,)-)'=E

G,)$+'#+' -11+#:#(*'/$()' 40' /$)#*' *' 4)'/- $ 40,,$ -(-,'4' *' H#()I

*J-*-))-/$()# *$, /#*$,,# -' *-)' C$++-((# 1+#1#4)' *0+-()$ ,J-(-,'4' *$,,#

4)0*'# *' &-4# '( $4-/$E K#++$/# ,J-&&$()# 40,,$ &+')'&')I '(*'C'*0-)$L 40,,-

&#++$))$..- *$' /$)#*' *' 4)'/- -*#))-)' $ 40,,- C-,'*')I *$' )$4) &#(*#))'E



 !"#$%&% '

()!&#*# +,# +!$# -,!&#

 !" #$%&'()*+'$, , -,$,&./+%0

 !"#$ %&' "(")$**'+',- .$ +$/'+$.%-(- "! 0(1$(!"2$(' #+",$#' 30'.#$-("+$-

')'##+-($%- %-(!-##" !" 0(1"*$'(!" %&' 4'(!' .'+4$*$ $(/-+,"#$%$5

6" +$)'4"*$-('7 %-(!-##" (') 899: .0 0( %",;$-(' !$ <8= $(!$4$!0$7 >

%-,;-.#" !" 8: !-,"(!' ' .0!!$4$." $( ? ,"%+-@"+'' !$ $(#'+4$.#"A

B5 C-!")$#D !$ 0#$)$**- !'$ .'+4$*$

85 E0+"#" !') +";;-+#-

<5 F-!!$./"*$-(' %-,;)'..$4"

=5 G0")$#D !'$ .'+4$*$H;+-!-##$ 0#$)$**"#$

I5 J+-2"*$-(' !') .'+4$*$-

K5 L")0#"*$-(' 2)-M")'

?5 N"+"##'+$.#$%&' .-%$-@!',-2+"O%&' !'$ +$.;-(!'(#$

P'+ ,$.0+"+' ' 30"(#$O%"+' )" .-!!$./"*$-(' !'$ %)$'(#$ "MM$",- $(("(*$@

#0##- !'%$.- !$ ;"+#$+' %-( )1$(!$4$!0"+' " 30")$ /"##-+$ '..$ .$"(- $;-#'#$%"@

,'(#' ,"22$-+,'(#' .'(.$M$)$5

QMM$",- ;+-;-.#-7 $( ;+$," M"##0#"7 )' .'20'(#$ "+'' !$ ;+'.#"*$-('

;+$(%$;")$ R"+'' %+$#$%&'S5

• 2'.#$-(' !'))' .$#0"*$-($ %+$#$%&'

• %0.#-,'+ %"+'

8B



   !"#$%&% '( !)!&#*# +,# +!$# -,!&#

• !"#$%&' ()$ *+,(,&&,-.)+/%0%,

• #.*)&&#&%/)

• %11#2%3)

• .,((%.4#0%,3)

• 4)()$&'

53# /,$&# %3(%/%("#&% % 6,.&+"&&% ."% !"#$% .% 4,3()+' $# 3,.&+# #3#$%.%7 #89

8%#1, 6)+6#&, (% 4,+1"$#+) "3 *+%1, 1,()$$, %*,&)&%6, ."$$# .6,+&# (% 3,0%,3%

)$)1)3&#+% (% 1#+:)&%32;

<% .)2"%&, %$ 1,()$$, %*,&%00#&,=

>#$) 1,()$$, +#**+).)3&# %$ *"3&, (% *#+&)30# ()$$# 3,.&+# #3#$%.%; 53#

/,$&# .&%1#&, /)++' .,&&,*,.&, #( #3#$%.% (% 4#$.%?6#0%,3) ) 1%2$%,+#&, ."$$#

.6,+&# ()% +%."$&#&% ()% &).& 6,3(,&&%;

@)+ !"#3&, ()&&, ?3, # !").&, *"3&, $A#**+,66%, 6B) #88%#1, ()6%., (%

"&%$%00#+) C !")$$, D%.+)$7 ) %$ .,4&E#+) "&%$%00#&, C DFGHID J K/)+.%,3) (%

*+,/#L; D# /)+.%,3) .&"()3&% 6,3.)3&) %34#&&% $# &+#&&#0%,3) (% "3 1#..%1, (%

MN /#+%#8%$%;



 !"! #$%&'()**'&'$+%,) (% -'+%'./'0,1-'+%'./' ,'&2%1.'+%' !

 !" #$%&' ()**' &'$+%,) (% -'+%'./'0,1-'+%'./'

,'&2%1.'+%'

"# $%&&' ()* &*+,* #% -'./,#%01'2* 31 ,2 $.1/' 1$'4*41(' /'3*##' * 31

('2&*+,*20% #513*2416(%01'2* 31 ,2% /%4.1(* 31 ('7%.1%20% Σ(θ)8 9 :,*##' 3*#

(%#('#' 3*##% /%4.1(* 31 7%.1%20% * ('7%.1%20% (%/$1'2%.1% S8 2*(*&&%.1% %1

621 31 &41/%;

"# ('/$,4' 31 4%#* /%4.1(* 12 ,25%2%#1&1 31 (,&4'/*. &%41&-%(41'2 $.*&*24%

%#(,21 *#*/*241 31 31<*.*20% .1&$*44' %##* $1= +*2*.%#1 %$$#1(%01'21 >1&.*# %

7%.1%?1#1 :,%2414%417*; >* (%,&* $.12(1$%#1 ()* $'.4%2' %##% 2*(*&&14@ 31 31A

&$'..* 31 &4.,/*241 317*.&1 .1&$*44' %##* (#%&&1()* -'./,#* $*. 1# (%#('#' 3*##%

7%.1%20% * ('7%.1%20% $*. 7%.1%?1#1 :,%2414%417* &'2'B

•  !"  "#$%&' ($ )"!$"*$+$ ,-"+$ " $)' %!($&"+$B 2*1 :,*&41'2%.1 31

(,&4'/*. &%41&-%(41'2 #% 4*(21(% $1= -.*:,*24*/*24* ,&%4% ('2&1&4* 2*#

()1*3*.* 1# +.%3' 31 &'331&-%01'2*8 $*. '+21 %.*% 31 $.*&4%01'2*8 4.%/14*

&(%#* 31 7%#,4%01'2* C3% D/'#4'D % D$*. 21*24*D8 '$$,.* ('2 $,24*++1 '

7'41E;

• .!'/'&#" /$/ '0" $1" ($ 0$//$&2 )"+-'/B #% $.*&*20% 31 7%#'.1 /%2A

(%241 2'2 9 -.,44' 31 *..%4% .1#*7%01'2* ' 4.%&(.101'2* 3*1 3%418 /%

('2&*+,*20% 3*##% &4.,44,.% &4*&&% 3*# :,*&41'2%.1'; F(('2* ,2 *&*/$1'B

 !"#$%&! "$'$ "( '( "()*(%+! ,$%&!-!$%! "$%$ .!"#(++/+(0

 !"#$"+/ (./ 1231 /''/ &$4/%&/ 5

67/ /8*+$ ("#(.!(%-(9,$%$",!*+$ :$.%!+$.! &!8(."! &/ ;;;<

G44,%.* %#(,2* ('..*01'21 .1&$*44' %# /'3' (%2'21(' 31 $.'(*3*.* ('2 7%A

.1%?1#1 :,%2414%417* 9 2*(*&&%.1' %1 621 31 ,2% ('..*44% * ('*.*24* /'3*##%01'2*8

&41/% *3 12-*.*20%; H%#('#%.* #% ('7%.1%20% 4.% 3,* 7%.1%?1#1 :,%#14%417* '.31A

2%#1 ('/* &* -'&&*.' :,%2414%417* $'.4*.*??* 12-%441 %##% 71'#%01'2* 31 %#(,2*

%&&,201'21 %##% ?%&* 3*1 /'3*##1 >1&.*# C%3 *&*/$1' #51$'4*&1 31 2'./%#14@ 3*##*

7%.1%?1#1 '&&*.7%4*E;



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

 !"!# $%&''&()*+, -,.., /&%)&0).) 12&.)'&')/, *%-)+&.)

"# $#%&#'() *)+,$(-./),') #* .'.0)$) $,', (-.((# *. 1,00#' 2345467

8,'$)*#-).+, y9 &' p × 1 :#((,-# *) )'*);.(,-) <&.'()(.():) ;,'()'&) *) η
;=# -)$>,'*,', .0 %#'#-.0# +,*#00, *) +)$&-.?

y∗ = Λyη + ε

*,:# E(ε) = 0 ;,' ε )';,--#0.(, ;,' η7 @,' ,$$#-:).+, y9A +. &'. $&.

:#-$),'# ;.(#%,-).0# y7 y9 >,(-#BB# #$$#-# ',-+.0+#'(# *)$(-)B&)(,A +#'(-#

>,$$).+, .* #$#+>), ;,'$)*#-.-# y &'. :.-).B)0# ,-*)'.0# *) c ;.(#%,-)#7 C#

D,$$# ;,$EA y 6= y9 # *) ;,'$#%&#'/.?

y 6= Λyη + ε

F&)'*) &'. >-)+. ;,'$#%&#'/. G ;=# )0 +,*#00, *) +)$&-. >#- y9 ',' :.0#

>#- y7

H'. $#;,'*. ;,'$#%&#'/. G ;=# 0. *)$(-)B&/),'# *#00. :.-).B)0# ,-*)'.0# G

%#'#-.0+#'(# *):#-$. *. <&#00. *#00. $,((,$(.'(# :.-).B)0# ;,'()'&.7 F&)'*)

I8JK(sij, sgh) 2+.(-);# *) ;,:.-).'/. .$)'(,();. *#%0) $()+.(,-) *#%0) #0#+#'L

() *) S6 ',' G &%&.0# I8JK(sij∗, sgh∗) 2+.(-);# *) ;,:.-).'/. .$)'(,();. *#%0)

$()+.(,-) *#%0) #0#+#'() *) S96A *,:# sij # sgh $,', #0#+#'() *#00. +.(-);# *)

;,:.-).'/. *) x # y # sij∗ # sgh∗ $,', ) ;,--)$>,'*#'() #0#+#'() *#00. +.(-);#

*) ;,:.-).'/. (-. x9 # y97 I';=# $# y9 # x9 $,', ',-+.0+#'(# *)$(-)B&)()A 0.

0,-, :#-$),'# ,-*)'.0# >&M #$$#-# ;,'$)*#-#:,0+#'(# ',' ',-+.0#7

H'N&0()+. ;,'$#%&#'/. >#- :.-).B)0) ,-*)'.0) G 0. :),0./),'# *#00# )>,(#$)

$&00. $(-&((&-. *) ;,:.-).'/.7 I$$&+#'*, Σ9 0. +.(-);# *) ;,:.-).'/. *#00.

>,>,0./),'# >#- 0# :.-).B)0) y9 # x9 .BB).+, *)+,$(-.(, ;=# Σ9 O Σ(θ)7 P'

%#'#-.0# )':#;# ΣA +.(-);# *) ;,:.-).'/. *#00. >,>,0./),'# >#- 0# :.-).B)0)

;.(#%,-).0) x # y ',' G &%&.0# . Σ9 # *) ;,'$#%&#'/. ',' G &%&.0# . Σ(θ)7
F&)'*) 0N)>,(#$) $&00. $(-&((&-. *) ;,:.-).'/. :.0# >#- 0# $,((,$(.'() :.-).B)0)

;,'()'&#A +. ',' '#;#$$.-).+#'(# >#- 0# :.-).B)0) ,-*)'.0) ,$$#-:.(#7

Q) ;,'$#%&#'/. $# S G &'. $()+. ;,'$)$(#'(# >#- ΣA 0, $()+.(,-# *#) >.L

-.+#(-) B.$.(, $& S +,0(, >-,B.B)0+#'(# $.-R &', $()+.(,-# )';,'$)$(#'(#

*) θ7 "N)';,'$)$(#'/. *)>#'*#-R )' >.-();,0.-# *.00. -#0./),'# (-. Σ # Σ97
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"#$ %&'()* +#))* ,(* '+ *$'- .' /$*0#+&$' 0*$$#))12' 3'$4 %&#..' +1 $13'5

.1$#- +')# .# *33#$2'61*(1 +1 &(' 2'$1'71.# %&'.1)')12' *$+1('.#- '1 2'.*$1 +#..'

3*))*3)'()# 2'$1'71.# %&'()1)')12' 0*()1(&'- &)1.166'$# %&#3)1 &.)181 /#$ 0'.5

0*.'$# .' 8')$10# +1 0*2'$1'(6' 0'8/1*('$1' # $10'2'$# .# 3)18# +#1 /'$'8#)$1

19(*)1:

 !"#$%&!' #"!!$(()*'

y1 =





1 3# y∗

1 ≤ a1

2 3# a1 < y∗

1 ≤ a2

.

.

.
c − 1 3# ac−2 < y∗

1 ≤ ac−1

c 3# ac−1 < y∗

1

y # x 3*(* .# 2'$1'71.1 *$+1('.1 *33#$2')#- y; # x; 3*(* .# 2'$1'71.1 .'5

)#()1 0*()1(&#- c < 1. (&8#$* +1 0')#9*$1# 8#()$# 9.1 ai 3*(* 1 =2'.*$1 3*9.1'>

0?# 2*9.1'8* +#)#$81('$#: @331 /*33*(* #33#$# 3)18')1 &(' 2*.)' (*)' .'

+13)$17&61*(# +1 y; # x; # .' /$*/*$61*(# +#. 0'8/1*(# 1( 01'30&(' 0')#9*$1':

A>'33&(61*(# /1B 0*8&(# < %&#..' +1 0*(31+#$'$# x; # y; 0*( +13)$17&61*5

(# (*$8'.# 8&.)12'$1')'- # %&1(+1 +1 0*(3#9&#(6' .' +13)$17&61*(# 8'$91('.#

+#..# 2'$1'71.1 0*(31+#$')# 3'$4- &(' 2*.)' 3)'(+'$+166')#- &(' N(0, 1):

C')# %&#3)# 0*(31+#$'61*(1 .' 3)18' +#1 =2'.*$1 3*9.1'> 3'$4D

ai = Φ−1

(
i∑

k=1

Nk

N

)

i = 1, 2, ..., c − 1

+*2# Φ−1
< .>1(2#$3' +#..' E&(61*(# +1 +13)$17&61*(# +#..' (*$8'.# 3)'(5

+'$+166')' # Nk < 1. (&8#$* +#1 0'31 (#..' k − esima 0')#9*$1':

F 2'.*$1 3)18')1 3'$'((* +&(%&# '33181.'71.1 '+ *33#$2'61*(1 +#..# 2'$1'71.1

y; # x; /#$ 0&1 2'.9*(* )&))# .# '33&(61*(1 E'))# /#$ 1 8*+#..1 A13$#.- # 0?#

+&(%&# /*)$#8* &)1.166'$# /#$ 0'.0*.'$# .' 8')$10# +1 0*2'$1'(6' Σ;: G33&()'

.' (*$8'.# 712'$1')' 0*8# +13)$17&61*(# +#..' 0*//1' Hxi;- yj;I # (*)' .' 3&'

E&(61*(# +1 /$*7'71.1)4- 7'3)#$4 3)18'$# 21' 8'3318' 2#$*31819.1'(6' 1. 2'.*$#

+#..' 0*$$#.'61*(# 0*(+161*(')'8#()# '1 =2'.*$1 3*9.1'> 1(+121+&')1:

F. 3#9&#()# 8#)*+* )J*53)#/ +1 3)18' +1 ρ 21#(# /$*/*3)* +' K..3*( HLMNMI

1( '.)#$(')12' '. 8#)*+* /1B 0*8/.10')* 0?# 3)18' 0*()#8/*$'(#'8#()# 21'



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

"#$$%"# &'()$%"%*+%#,-# % .&#+)(% $)*+%#/ ' ρ0 1# ,)$2(# $3'+2# 4% 5('$',2#('

$)+) %+ 5%6 $'"5+%3' 7 +'*#2# #++# &)+),28 4% (',4'(' 39%#() %+ (#*%),#"',2)

39' 5)(2# #++# $2%"# 4'++# "#2(%3' S:0

;'( 3)"5+'2'--# %,$'(%#") 4% $'*<%2) +# =<,-%),' 4% 5()>#>%+%28 4'++#

,)("#+' >%&#(%#2#

f(x, y) =
1√

2πσyσx

√
1 − ρ2

exp


−

1
1−ρ2

[
(x−µx)2

σ2
x

− 2ρ (x−µx)(y−µy)
σxσy

+ (y−µy)2

σ2
y

]

2




?#+3)+#,4) %+ &#+)(' 4'++# 3)(('+#-%),' 5'( 3%#$3<,# 3)55%# 4% &#(%#>%+%

)22'(('") #++# @,' <,# $2%"# 3),$%$2',2' 4% Σ: 3), +# A<#+' 3),4<((' %+ 5()B

3'4%"',2) 4% $2%"# 4'% 5#(#"'2(% %,3)*,%2%0

C' ',2(#">' +' &#(%#>%+% $),) )(4%,#+%D +# 3)(('+#-%),' 2(# % $)22)$2#,2%

%,4%3#2)(% 3),2%,<% 7 39%#"#2# ;)+%3)(%3#0 C' ',2(#">' +' &#(%#>%+% $),) 4%B

3)2)"%39' +# 3)(('+#-%),' 7 39%#"#2# E'2(#3)(%3#0 F<#,4) <,# &#(%#>%+' 7

)(4%,#+' ' <,# 7 3),2%,<# +# 3)(('+#-%),' 7 39%#"#2# ;)+%$'(%#+'0

 !"!" #$%&&%'()*+ ,+( -%.)$( /%*0%*&( 1(1&+/%&(0(

?)"' #>>%#") #33',,#2) ,'++/%,2()4<-%),'D +# 5('$',-# 4% &#+)(% "#,3#,2%

,), 7 #44'>%2#>%+' #4 '(()(% 4% 3)"5%+#-%),' ) 4% 2(#$3(%-%),' 4'% 4#2%D "# 7

3),,#2<(#2# #++# $2(<22<(# $2'$$# 4'+ A<'$2%),#(%) 4% 3<$2)"'( $#2%$=#32%),0

G$$% 4<,A<' ,'3'$$%2#,) 4% <,) $2<4%) #22',2) ' #33<(#2)0 H>>%#")

%,4%&%4<#2) # 2#+ 5()5)$%2) 2(' "'2)4% 4%&'($% 5'( 2(#22#(' % 3#$% 4% &#+)(%

"#,3#,2%D IJK('$L)* M CK(>)"D  NNOP0

O0  !"#$!"% &% %#!'(0 1# 5(%"# 5()5)$2# 7 A<'++# 4% '+%"%,#(' 3%#$3<,#

<,%28 $2#2%$2%3# 39' 5('$',2% <, &#+)(' "#,3#,2' %, #+"',) <,# 4'++'

&#(%#>%+% #,#+%--#2'0

C'>>',' $%# $2#2) 4%")$2(#2) IQ)++',D ORSRP 39' +/<2%+%--) 4'++# +%$2T%$'

4'+'2%), 3),4<3# # $2%"' 3),$%$2',2%D 39' +# "#2(%3' 4% 3)&#(%#,-# 3#"B

5%),#(%# $%# #,3)(# 4'@,%2# 5)$%2%&# ' 39' +/#$$<,2) 4% "<+2%,)("#+%28

3),2%,<% # &#+'(' #,39' ,'+ $)22)3#"5%),' (%"#,',2'D #>>%#") 4'3%$) 4%

,), #55+%3#(' 2#+' "'2)4)+)*%# #% ,)$2(% 4#2%0 1# ")2%&#-%),' 7 +'*#2#

#++# 5'(4%2# 4% %,=)("#-%),'0 U%"<)&'(' 5(%"# 4'+ 3#+3)+) 4'++# "#2(%3'

4% 3)&#(%#,-# 3#"5%),#(%# 2<22' +' <,%28 $2#2%$2%39' 39' 5('$',2#,) <,

&#+)(' "#,3#,2' %, #+"',) <,# &#(%#>%+' #,#+%--#2# $%*,%@39'('>>'D ,'+

,)$2() 3#$) 4% $2<4%)D 5'(4'(' 5%6 4'++/SNV 4'++' )$$'(&#-%),% 4'+ ,)$2()

3#"5%),'0
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 "  !"#$"%& '&(&)"*+" #$ %&'()* +,(* ,$-.,/* , +,0+*0,1' 0, /,)1.+' -.

2,1.,$3, ' +*2,1.,$3, +,/4.*$,1., Sp &).0.33,$-*5 4'1 +.,(+&$, +*44.,

-. 2,1.,6.0.5 )&)). . +,(. -. $*$7/.((.$8 2,0&'("

9, &$, 4,1)' $*$ ,66.,/* 4'1-.), -:.$;*1/,3.*$'5 -,00:,0)1, .$2'+' 80.

'0'/'$). -. Sp (*$* 6,(,). (& +,/4.*$. $&/'1.+,/'$)' -.2'1(."

<' 41*60'/,).+=' 0'8,)' , %&'()* /')*-* -. )1,)),3.*$' -'. 2,0*1. /,$7

+,$). -'1.2,$* -,00, 4*((.6.0.)> +=' Sp $*$ (., -'?$.), 4*(.).2, ' -,07

0:,/6.8&.)> $'00, (+'0), -. Np +=' 8.*+, &$ 1&*0* ./4*1),$)' $'0 )'() -'0

χ2
' $'0 +*/4&)* -'80. (),$-,1- '11*1 ,(.$)*).+. -'. 4,1,/')1. ()./,)."

@" ", -)!)"*+" <:.-', A %&'00, -. (*().)&.1' . 2,0*1. /,$+,$). +*$ . 2,0*1.

/'-.,$. -'00, 2,1.,6.0' , +&. (. 1.;'1.(+*$* ' 4*. 41*+'-'1' +*$ .0 +*/4&)*

-'00, /,)1.+' -. 2,1.,$3, ' +*2,1.,$3, +,/4.*$,1.,"

B,0' /*-* -. )1,)),1' . 2,0*1. /,$+,$). 1,441'('$), (.+&1,/'$)' &$,

;*13,)&1, ,. -,). ,$,0.33,)." C&'00* +=' ;,++.,/* A5 .$;,)).5 ,$-,1' ,-

,(('8$,1' -'. 2,0*1. /'-.,$. +*/' 1.(4*(), , -*/,$-' , +&. ,0+&$'

&$.)> (),).().+=' $*$ '1,$* )'$&)' , 1.(4*$-'1'" C&'(), /,$.'1, -.

41*+'-'1' 4*)1'66' /*-.?+,1' +*$(.-'1'2*0/'$)' 0' ()./' ' +*$-&11'

,- &$ /*-'00* +=' 1.('$)' 4'(,$)'/'$)' -. %&'()* ,++*18./'$)*"

B,0' /*-'00* $*$ (,1>5 -&$%&'5 &).0' , ?$. 41'2.(.2. * .$)'141'),).2.5

/, 1,441'('$)'1> &$* ()1&/'$)* -. +*$;1*$)* ('$(,)*"

D'0 +*1(* -'00, $*()1, ,$,0.(. ,66.,/* ,-*)),)* . /')*-.  ' @" E'66'$'

0, )'+$.+, 4,.1F.(' (., ;*1(' 0, 4.G ,-,)), .$ %&,$)* $*$ 2, , /*-.?+,1'

.0 -,),(')5 ,66.,/* -'+.(* -. ()./,1' .0 /*-'00* ,$+=' (*().)&'$-* . 2,0*1.

/,$+,$). +*$ . 2,0*1. /'-.,$." <' 41*60'/,).+=' 0'8,)' ,00, 4,.1F.(' -'0').*$

+. (4.$8*$*5 .$;,)).5 , ('12.1+. -. &$* ()1&/'$)* -. +*$;1*$)* ('$(,)* 4'1

2'1.?+,1' 0, 40,&(.6.0.)> -'. 1.(&0),). *))'$&). .$ )'1/.$. -. ()./, ' -. .$;'1'$3,"

 !"! #$$%&'()&*+, ,-$&.&'( , .&/0%1(1&

<:./4*1),3.*$' -'. -,).5 0, -'?$.3.*$' -'. 2,0*1. /,$+,$). ' -'00' /'7

)*-*0*8.' +*$ +&. )1,)),10.5 $*$+=H .0 +*/4&)* -'00, /,)1.+' -. +*2,1.,$3,

+,/4.*$,1., S $*$ 4*((*$* '(('1' ;,)). -.1')),/'$)' +*$ <#EIJ< K" B,0.

,$,0.(. .$.3.,0. (*$* -. +*/4')'$3, -. LIJ<#E  5 +*$)'$&)* $'0 (*;)F,1' <#7

EIJ< K"

M 0.2'00* 41,).+* . -,). (*$* (),). ./4*1),). &).0.33,$-* LIJ<#E  " M67

6.,/* 41*+'-&)* +*$ .0 -'?$.1' 0, $,)&1, -'00' 2,1.,6.0. ,$,0.33,)' N*1-.$,0.O

' .0 /')*-* -. )1,)),3.*$' -'. 2,0*1. /,$+,$)." #$?$' A (),), +,0+*0,), 0,

/,)1.+' -. 2,1.,$3, ' +*2,1.,$3, +,/4.*$,1., +=' 2'11> (&++'((.2,/'$)' 0')),



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

"# $%&'($ ! )*++# ,-./# "*+ /0"*++01

$203-43- 450"36* 3)# ,*5.* ". 5.,3+-#-. ./405-#)-.1 % 4.7 .)-*5*,,#)-.

,0)0 +# 4*56*)-3#+* ". 8#+05. /#)6#)-.9 . 8#+05. ,0:+.# ,-./#-.9 )0)6;<9 4*5

6.#,63)# 6055*+#=.0)*9 +2#88.,0  !"#$#% >3#+05# 8*):# 5.?3-#-# +2.40-*,. )3++#

". )05/#+.-@ A.8#5.#-# "#+ B*,- 0C D+0,* E.- A#,#-0 ,3++2'F&(G H8*". .)

,*:3.-0I1 B#+* -.40 ". .)C05/#=.0)* ,#5@ ". 4#5-.60+#5* 3-.+.-@ )*+ /0/*)-0 .)

63. "085*/0 "*6."*5* >3#+* /*-0"0 ". ,-./# #"0--#5*1

$* /#-5.6. 6#+60+#-* ,0)0 ,-#-* ,#+8#-* )*. )*. ?+* $&'()!)$*#+,*""- *

'!$" $.-+,*""-9 4*5 /0-.8. ". ,4#=.0 )0) 5.405-.#/0 +203-43- 60/4+*-09

#)6;* ,* #+63). *,*/4. 40-5*AA*50 5.,3+-#5* 3-.+.1

J0-.#/0 4*5 45./# 60,# 60/* .) *)-5#/A. . 6#,. +* 8#5.#A.+. ,.#)0 ,-#)K

"#5".==#-*9 .)C#--.L

 !"#$"%& '&("&

)*+,- )*+,. )*+,/ )*+,0 )*+,1 )*+,2

33333333 33333333 33333333 33333333 33333333 33333333

45444 45444 45444 45444 45444 45444

 !"#$"%& 6&7"!8"9:" ;<!:(!#(

)*+,- )*+,. )*+,/ )*+,0 )*+,1 )*+,2

33333333 33333333 33333333 33333333 33333333 33333333

,5444 ,5444 ,5444 ,5444 ,5444 ,5444

=>?@<!<"9: '&("&

)*+,- )*+,. )*+,/ )*+,0 )*+,1 )*+,2

33333333 33333333 33333333 33333333 33333333 33333333

45444 45444 45444 45444 45444 45444

=>?@<!<"9: 6&7"!8"9:" ;<!:(!#(

)*+,- )*+,. )*+,/ )*+,0 )*+,1 )*+,2

33333333 33333333 33333333 33333333 33333333 33333333

,5444 ,5444 ,5444 ,5444 ,5444 ,5444
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"# $%&'#() *#+)*(#,-) ./)'(+'( +%* ,.0'1% 0)**%.,2#)1# $(#-,(%3

 !"#$"%&

' &()*++,-./0*1, 20  ,.+3*14  )( *-05*+05.4  %( *-03,+0.-,6

7,38 *9 :*2,- 7,38 *9 )-*3, ;08

<.+ =3> <.+ )*++ )?0@AB.2 C2->  @<.-B, #:%&!  @<.-B,

@@@@ @@@ @@@@ @@@@@@ @@@@@@@ @@@ @@@@@@@ @@@@@ @@@@@@@

<!#DE =3> <!#DF G>HGH' )6 DI>EIJ DK G>JIJ G>GGG G>LFF

<!#FJ =3> <!#DM G>IEF' )6 DGE>FDK EG G>GFG G>GJL D>GGG

<!#JE =3> <!#FH G>IKD' )6 MH>IDE IH G>KLJ G>GGG D>GGG

<!#FF =3> <!#DJ @G>DHH' )6 DG>EIH DM G>KIF G>GGG G>LLL

": N7!7"OP

' &()*++,-./0*1, 20  ,.+3*14  )( *-05*+05.4  %( *-03,+0.-,6

7,38 *9 :*2,- 7,38 *9 )-*3, ;08

<.+ =3> <.+ )*++ )?0@AB.2 C2->  @<.-B, #:%&!  @<.-B,

@@@@ @@@ @@@@ @@@@@@ @@@@@@@ @@@ @@@@@@@ @@@@@ @@@@@@@

<!#DE =3> <!#DF G>FED' )6 K>JFD DK G>LKK G>GGG D>GGG

<!#FJ =3> <!#DM G>MLJ' )6 FKE>ILH EG G>GGG G>GEE G>LIM

<!#JE =3> <!#FH G>HEF' )6 KE>JHL KD G>FMM G>GDE D>GGG

<!#FF =3> <!#DJ G>JJJ' )6 FEJ>JEE FH G>GGG G>DEK G>GGG

!Q<Q<Q"Q%QOR ST0U*8,30 20 1*+V.-08W X0=.+0.8. 1*1 Y .33BV0X0-,

4)-% +)$$#,-) 1)(,*% +%* 0#,$0'1, 0)**%.,2#)1% $(#-,(, #. +*)&*,--,

)5*% 6'% (%$(3  !"# $% &$'!( %  !"# $% )($"! *#3 7. +*#-) 8 '1 (%$( 6# (#+)

49#:;',6*) <,$,() $'.., $(,(#$(#0, .)&:*,++)*() 6# =%*)$#-#&.#,12,3 7. *#>'()

6%../#+)(%$# 1'.., +)*(%*%<<% , 1)1 +)(%* ,00%((,*% ./,$$'12#)1% 6# 1)*-,.#(?

<#=,*#(, $)(()$(,1(% +%* .% 6'% =,*#,<#.# 0)1$#6%*,(%3

@1, A,*#, B'#*)&, CD!! E 6#-)$(*F 09% -%1(*% ., $(#-, 6%.., 0)**%.,2#):

1% +).#0)*#0, 8 *)<'$(, ,109% #1 0,$) 6# =#).,2#)1% 6%../#+)(%$# 6# 1)*-,.#(?G

#. (%$( HI 49#:;',6*) 8 -).() $%1$#<#.% , =#).,2#)1# 6# (,.% ,$$'12#)1%3 @

(,. +*)+)$#() JK*%$L)& C MMDE +*)+)1% '1 (%$( ,.(%*1,(#=) <,$,() $'.., 6#:

$(*#<'2#)1% 1)1 0%1(*,(, ,12#098 0%1(*,(, 6%. 49#:;',6*)3 N,.% (%$( 6# <,$,

$'../IAOP@3 O('6# =#, $#-'.,2#)1% <,$,(# $' 6#=%*$# &*,6# 6# 1)1 1)*-,.#(?G

6#-)$(*,1) 09% ., =#).,2#)1% 6%../#+)(%$# 6# 1)*-,.#(? $)(()$(,1(% 9, $%*#% 0)1:

$%&'%12% $'..% +*)+*#%(? 6%&.# $(#-,()*# $).) 1%. 0,$) #1 0'# ./IAOP@ ,$$'-,

=,.)*# -,&&#)*# 6# M3D3



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

 ! "#$%& '() %*'())* '$ +,-#*%(. -&#$-/&+#$*0

"#$%& '( )&*+,+ ,' -*'). $+#-&/0&#*& .((1.22('$.3'+#& ,&' )+,&((' .,

&40.3'+#' -*50**05.(' .((& .#.('-' ,' $0-*+)&5 -.*'-6.$*'+# 25&-&#*. .($0#' 20#*'

,. .225+6+#,'5&7 8+#$&#*5&5&)+ (. #+-*5. .**&#3'+#& -0((1.22('$.9'('*: ,&(

)&*+,+ ,' ).--'). ;&5+-')'/('.#3. <=> -0( 2+--'9'(& ')2'&/+ ,&( )&*+,+

?&'/%* (&.-* -40.5& @=A & -0( $+#65+#*+ *5. ' ,0&7

 ! !" #$%&'& '( )%(*+ #, $ -.&-.($%/

8+)& .99'.)+ ,&**+ '# 6.-& ,' '#*5+,03'+#& '( 25+$&,')&#*+ ,' -*').

-' 6+#,. -0((. )'#')'33.3'+#& ,' 60#3'+#' F (S, Σ(θ)) 9.-.*& .220#*+ -0 S>
).*5'$& ,' $+;.5'.#3. $.)2'+#.5'.> & Σ(θ)> ).*5'$& ,' $+;.5'.#3. ')2('$.*.

,.( )+,&((+ 6+5)0(.*+7

=& 60#3'+#' -*0,'.*& /+,+#+ ,&((& -&/0&#*' 25+25'&*:B

C7 F (S, Σ(θ)) D -$.(.5&

E7 F (S, Σ(θ)) ≥ 0

 7 F (S, Σ(θ)) = 0 ⇔ S = Σ(θ)

F7 F (S, Σ(θ)) D $+#*'#0. '# S & Σ(θ)

G5+?#& HCIJFK ,')+-*5. $%& )'#')'33.5& 60#3'+#' +9'&**';+ $%& -+,,'-6.L

#+ (& -&/0&#*' $+#,'3'+#' $+#,0$& . -*').*+5' ,' θ $+#-'-*&#*'7

M( )&*+,+ ,' -*'). 2'N $+)0#&)&#*& 0-.*+ '# ='-5&( D 40&((+ ,&((. ).-L

-'). ;&5+-')'/('.#3. <=7 O.5*&#,+ ,.((1.--0#3'+#& ,' ,'-*5'903'+#& #+5).(&

)0(*';.5'.*. -+**+-*.#*& 2&5 (& ;.5'.9'(' +--&5;.*&> (. 60#3'+#& +9'&**';+ $%&

;'&#& )'#')'33.*. D (. -&/0&#*&B

FML = log |Σ(θ)| + tr[SΣ(θ)−1] − log |S| − (p + q)

P&#&5.()&#*& -' .--0)& Σ(θ) & S 2+-'*';& ,&Q#'*& $%& -'/#'Q$. #+#L

-'#/+(.5' & 40'#,' '#;&5*'9'('7 M( 6.**+ $%& -'.#+ ,&Q#'*& 2+-'*';& ')2('$. $%&

'( ,&*&5)'#.#*& ,&((& ,0& ).*5'$' #+# 2+--. &--&5& 3&5+> ;.(+5& .( ,' 60+5' ,&(

,+)'#+ ,&( (+/.5'*)+ #.*05.(&7

R&((& .22&#,'$' F" & FG G+((&# HCIJIK> ,')+-*5. (1'#,';',0.3'+#& ,' *.(&

60#3'+#& 2.5*&#,+ ,.((1.--0#3'+#& ,' )0(*'#+5).('*: 2&5 (& ;.5'.9'(' x & y7
R+' *5.(.-$&5&)+ (& ,')+-*5.3'+#' & $' $+#$&#*5&5&)+ -0((& 25+25'&*: & -0(L

(1.22('$.9'('*: ,' *.(& )&*+,+ ,' -*'). .( #+-*5+ -*0,'+ ,' $.-+7



 ! ! "#$%& '() %*'())* '$ +,"#*%(- "&#$".&+#$*/  !

"# $%&'(%#)* +", -.(/#)( )&$./%& 0(/&1( /2&3#%*$& 1& './%&4#)'(/&%5 1*//*

0()&(6&/& 7#&40#/%* 4*/ '#1*//#, 8( 1&0*)$* 3)#3)&*%5 ($&4%#%&78* 3()%&7#/()9

'*4%* &'3#)%(4%&:

!; ($&4%#%&7('*4%* 7#))*%%#

<; 7#4$&$%*4%* plim(θ̂) = θ

 ; ($&4%#%&7('*4%* *=7&*4%* >%)( ?/& $%&'(%#)& 7#4$&$%*4%& @ -.*//# ( '&4#)

0()&(4A( ($&4%#%&7(B

C; ($&4%#%&7('*4%* 1&$%)&6.&%# 7#4 1&$%)&6.A&#4* 4#)'(/*

D()%&7#/()'*4%* .%&/* (& E4& 1& &4F*)*4A( @ /( '(%)&7* 1& 7#0()&(4A( ($&49

%#%&7( 3*) /# $%&'(%#)* +" 1& θ:

(
2

(N − 1)

){
E

[
∂2FML

∂θ∂θ′

]}
−1

G.(41# θ̂ 0&*4* $#$%&%.&%# ( θ (66&('# .4( $%&'( 1*//( '(%)&7* 1& 7#0(9

)&(4A( ($&4%#%&7( 1(//( -.(/* 3#$$&('# )&$(/&)* (?/& $%(41()1 *))#); H(/& 0(/#)&

$#4# F#41('*4%(/& 3*) *$*?.&)* ?/& .$.(/& %*$% 1& $&?4&E7(%&0&%5 1*& 3()('*%)&

$%&'(%&;

 ! !" #$%&'()*( +( *(,(*(--.-(&,/ ,0*/'(1.

I4 ?*4*)(/* 4*& '#1*//& (1 *-.(A&#4& $%).%%.)(/& /* 1*)&0(%* 3)&'* 3()A&(/&

1*//( F.4A&#4* #6&*%%&0# F 7#$%&%.&$7#4# .4 $&$%*'( 1& t *-.(A&#4& 4#4 1&)*%9

%('*4%* *$3/&7&%(6&/&;

∂f(θ)

∂θi

= 0

i = 1, 2, ..., t

J#/.A&#4& *$3/&7&%* 4#4 3#$$#4# 1.4-.* *$$*)* #%%*4.%*, 1& 7#4$*?.*4A( $&

)&0*/(4# 4*7*$$()& '*%#1& 4.'*)&7& 1& '&4&'&AA(A&#4*;

K&L 78* 0&*4* 7#47)*%('*4%* F(%%# @ $0&/.33()* .4( $*)&* 1& 0*%%#)& θ E4#

( 78* /2./%&'# 0*%%#)* 1*//( $*-.*4A( )*41* '&4&'( /( F.4A&#4* #6&*%%&0#; I/

3)&'# 0*%%#)* 1& 3)#0( $()5 θ(1)
, &/ $*7#41# θ(2)

* 7#$M 0&( E4# ( θ(l)
; "(

$*-.*4A( 1& 0(/#)& 1& 3)#0( 78* #%%*))*'# $()5 1.4-.* θ(1), θ(2)
, ;;;, θ(l)

;



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

"#$% &%'()( *+ ,(-)# *.$$/+)%# 01% &%-'2% 32(0%)+#&( -%$$# *%4.%-5# +$

6#$(2% )%$$# ,.-5+(-% (7+%''+6( )(62%77% )+&+-.+2% 8-( # 2#99+.-9%2% +$ *.(

&+-+&( +- 0(22+*3(-)%-5# )+ θ(l)
: ;)%#$&%-'% ).-4.%< +- (9-+ *'%3< F (θ(i+1))

*#2= &+-(2% )+ F (θ(i)):

>/#$9(2+'&( '%2&+-%2= 4.#-)( $# )+?%2%-5# '2# +$ 6#$(2% )%$$# ,.-5+(-% #$

3#**( i % 4.%$$# #$ 3#**( i+1 @ +-,%2+(2% #) .- 6#$(2% +-+5+#$&%-'% 8**#'(: "2#

+ &%'()+ 3+A -('+ *%&72# 9+.*'( 0+'#2% 4.%$$( )+ B%C'(-DE#31*(-< FG($$%-<

HIJIK< 7#*#'( *.$$( *6+$.33( )+ "#L$(2 )+ F % *. .- #$9(2+'&( 01% *'+&# θ(i+1)

# 3#2'+2% )# θ(i)
*%0(-)( $# *%9.%-'% ,(2&.$#:

θ̂(i+1) = θ̂(i) −
[
∂2FML

∂θ̂∂θ̂′

]
−1 [

∂FML

∂θ̂

]

 ! ! "##$%&'(%$%)* +,$ -,).+. +% /)%-' 01 '+ '2'$%/%

+% &3/).-,4 /')%/5'&)%.2

M%&72# 3+.''(*'( .'+$% % -%0%**#2+( )+*0.'%2% *.$$/#33$+0#7+$+'= )%$ &%'()(

)+ *'+&# )+ &#**+&# 6%2(*+&+9$+#-5# #$$# -(*'2# #-#$+*+ )+ 0.*'(&%2 *#'+*,#0D

'+(-:

N.%$$( 01% #77+#&( ,#''( 8-( #) (2# @ +3('+55#2% 3%2 0+#*0.-# )%$$% -(*'2%

6#2+#7+$+ (2)+-#$+ .-# 6#2+#7+$% 0(-'+-.# *(''(*'#-'% -(2&#$&%-'% )+*'2+7.+'#<

-% #77+#&( 2+0#6#'( + O6#$(2+ *(9$+#/ % )# 4.%*'+ *+#&( 2+*#$+'+ #$$# &#'2+0% )+

0(6#2+#-5# 0#&3+(-#2+# S:

P77+#&( #33%-# )%''( 01% $# ,.-5+(-% (7+%''+6( FML )%2+6# )#$$/#**.-D

5+(-% )+ -(2&#$+'= )%$$% 6#2+#7+$+ *(''(*'#-'+: ;$ 3.-'( *#2= (2# )+*0.'%2% *.$$#

6#$+)+'= )+ '#$% #**.-5+(-% -%+ -(*'2+ )#'+ % *.$$% 0#.*% )%2+6#-'+ 3%2 +$ &%'()(

Q> 4.#$(2# 4.%*'# -(- 6%-9# 2+*3%''#'#:

G($$%- FHIJIK *(*'+%-% 01% +- 0#*( )+ -(- %00%**+6# 0.2'(*+ +$ &%'()( )+

*'+&# Q> 0(-'+-.# # 9()%2% )%$$% *'%**% 32(32+%'= %$%-0#'% -%$ 0#*( )+ &.$D

'+-(2&#$+'=: R$+ *'+&#'(2+ *(-( 0+(@ 0(-*+*'%-'+< #*+-'('+0#&%-'% %S0+%-'+ %)

+-($'2% PTUV(θ̂) F&#'2+0% )+ 0(6#2+#-5# #*+-'('+0# 3%2 $( *'+&#'(2% Q> )+ θK
% $# *'+&# )%$ T1+D4.#)2( *%0(-)( $# ,(2&.$# (N − 1)FML 2+*.$'#-( 0(22%''%:

>/%00%**( )+ 0.2'(*+ 6+0%6%2*# &#-'+%-% %*0$.*+6#&%-'% $# 0(-*+*'%-5# )%$$%

*'+&%: W$'%2+(2+ 32(7$%&+ $%9#'+ #9$+ *'+&#'(2+ Q> *+ 32%*%-'#-( -%$ 0#*( )+

)+*'2+7.5+(-+ #27+'2#2+%:



 ! ! "#$%& '() %*'())* '$ +,"#*%(- "&#$".&+#$*/   

 ! !" #$%&'($)(! *+,$-$ ./#0 ,+$1(2 + 31$31(+,4

!"# $%&' () *'* *'+,%#)-. ' "$$"&&)/% $0+-'&) #% &'#01)'*" 2 30"##% () %('-4

-%+" ,"-'() () &-),% %#-"+*%-)/) %&)*-'-)$%,"*-" "5$)"*-) " $6" $'*&"*-%*'

() &/'#7"+" 0*8%$$0+%-% )*9"+"*1%:

;+'<*" =>?@AB>?@CD E+'E'*" %77)0&-%,"*-) %7#) 0&0%#) -"&- &-%-)&-)$) " %7#)

&-%*(%+( "++'+ )* ,'(' (% '--"*"+" +)&0#-%-) %&)*-'-)$%,"*-" $'++"--): F*

()/"+&' %EE+'$$)' 2 30"##' () 0-)#)11%+" 0* ,"-'(' () &-),% %&)*-'-)$%,"*-"

"5$)"*-" %*$6" )* $%&' () *'* *'+,%#)-.G  !"#$% &!'(% ()*'+! , -./:

H% 90*1)'*" 'I)"--)/' 2 #% &"70"*-"G

FWLS = [s − σ(θ)]′W−1[s − σ(θ)]

('/" s 2 0* /"--'+"

1
2
(p + q)(p + q + 1) ("7#) "#","*-) *'* +)E"-0-) ()

SB ,"*-+" σ(θ) 2 )# $'++)&E'*("*-" /"--'+" ("##' &-"&&' '+()*" () Σ(θ): θ 2

)# /"--'+" t × 1 () E%+%,"-+) #)I"+) (% &-),%+": J*K*" W−1
2 0*% ,%-+)$"

("K*)-% E'&)-)/% () E"&) () '+()*"

1
2
(p + q)(p + q + 1) × 1

2
(p + q)(p + q + 1):

L$"7#)"+",' (0*30" $'," &-),% () θ 30"# /"--'+" θ̂ $6" ,)*),)11% #%

&',,% E"&%-% ("7#) &$%+-) %# 30%(+%-' () s (% σ(θ): W 2 -)E)$%,"*-" 0*%

&-),% $'*&)&-"*-" ("##% ,%-+)$" () $'/%+)%*1% %&)*-'-)$% -+% s " s:

ACOV (sij, sgh) = N−1(σijgh − σijσgh)

('/" σijgh 2 E(Xi − µi)E(Xj − µj)E(Xg − µg)E(Xh − µh):

F*' &-),%-'+" $%,E)'*%+)' E"+ σijgh &%+. (0*30"G

sijgh =
1

N

N∑

t=1

(Zit − Zi)(Zjt − Zj)(Zgt − Zg)(Zht − Zh))

,"*-+" E"+ σij &%+.G

sij =
1

N

N∑

t=1

(Zit − Zi)(Zjt − Zj)

J* 30"&-' $%&' θ̂ '--"*0-' $'* WLS 2 0*' &-),%-'+" $'*&)&-"*-" () θ &'--'

$'*()1)'*) ,'#-' 7"*"+%#) " %&)*-'-)$%,"*-" "5$)"*-": J*'#-+" &'*' ()&E'*)I)#)

0*% $'++"--% ACOV (θ̂) " 0* -"&- M6)430%(+' (N − 1)FWLS E"+ $'*(0++"

0*8%$$0+%-% )*9"+"*1%: H% ,%-+)$" () $'/%+)%*1% %&)*-'-)$% 2G

N−1

[(
∂σ(θ)

∂(θ)

)
Σ−1

ss

(
∂σ(θ)

∂(θ)

)
′
]−1



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

"#$ %&'()* +#))* ,(* '+ *$' -. /#)*+* 012 3' -. 4'()'55-* +- 6$*+&$$#

7)-/')*$- 83# /'()#(5*(* .# 6$*6$-#)9 *))-/# 7*))* 8*(+-:-*(- /*.)* 5#(#$'.-

# +- 8*(7#()-$# -(;#$#(:# '88&$')# '(83# (#. 8'7* -( 8&- .# 4'$-'<-.- (*( 7-'(*

(*$/'./#()# +-7)$-<&-)# * '<<-'(* &(' 8&$)*7- #88#77-4'=

>&))'4-' )'.# /#)*+* +- 7)-/' 6*$)' 8*( 7? +&# 74'()'55- 8*/6&)':-*('.-

83# .'78-'(* /*.)# 6#$6.#77-)9 6#$ %&'()* $-5&'$+' .' 6*77-<-.# '66.-8':-*(#

'- (*7)$- +')-=

@= 1' /')$-8# W 83# $-83#+# +- #77#$# -(4#$)-)' A +- *$+-(#

1
2
(p+q)(p+q+

1)× 1
2
(p+q)(p+q+1)= B(83# (#. 8'7* +- 10 4'$-'<-.- +*4$#/* -(4#$)-$#

&(' /')$-8# 55 × 55C 8-D ;' 7E 83# )'.# /#)*+* /'(83- +- F#77-<-.-)9 -(

/*+#..- 8*( /*.)# 4'$-'<-.- '('.-::')# GA 6$*6$-* -. 8'7* +#..' 8&7)*/#$

7')-7;'8)-*(H=

I= J( 6$*<.#/' 83# '<<-'/* )$*4')* 8#$8'(+* +- -/6.#/#()'$# -. /#)*+*

012 '- (*7)$- +')- A .#5')* '..' +-K8*.)9 +- 8*(4#$5#(:' +#..L'.5*$-)/*

(&/#$-8* +- /-(-/-::':-*(# /'( /'(* 83# '(+'4'/* ' 8*/6.-8'$# -.

/*+#..*= M&#7)* A /*.)* 6$*<'<-./#()# .#5')* '..# 8*(7-+#$':-*(- ;'))#

'. 6&()* 7*6$'=

N#. 8*$7* +#..L'('.-7- '<<-'/* 6$*4')* '+ '66.-8'$# -. /#)*+* +- 7)-/'

012 '- (*7)$- +')- *))#(#(+* )&))'4-' .' 8*(4#$5#(:' 7*.* 6#$ /*+#..- /*.)*

7#/6.-8-= M&#7)* '76#))* 8$-)-8*C .#5')* '..' 4'.-+-)9 +#..L'77&(:-*(# +- (*$O

/'.-)9 6#$ .# 4'$-'<-.- 8*()-(&# 7*))*7)'()- '5.- -(+-8')*$- *$+-('.-C 8- 3' ;'))*

*6)'$# 6#$ -. /#)*+* +- 7)-/' P1= N*( '<<-'/* -(;'))- -(+-4-+&')* #.#/#()-

7-5(-,8')-4- 8*()$* .# '77&(:-*(- '..' <'7# +- )'.# /#)*+* +- 7)-/'=

 ! !" #$$%&'()&*+, ,-$&.&'( , .&/0%1(1&

Q- 7#5&-)* $-6*$)-'/* - /*+#..- ,('.- 7)-/')- 4-' /'77-/' 4#$*7-/-5.-'(:'=

N#. 6$-/* '<<-'/* '+*))')* .' )#8(-8' 6'-$R-7# +#.#)-*(C (#. 7#8*(+* '<<-'O

/* 6$*8#+&)* 4-' -/6&)')-*( 7*7)-)&#(+* 6$#4#()-4'/#()# '- 4'.*$- /'(8'()-

%&#..- /#+-'(-=

S /*+#..- +- /-7&$' )'()* 6#$ 4'$-'<-.- #(+*5#(#C %&'()* #7*5#(# 7*(*

7)')- ;*$/&.')- # 7)-/')- )$'/-)# '('.-7- ;'))*$-'.- 8*(;#$/')-4# # /-5.-*$')-

7&..' 78*$)' +- )#*$-# +- /'$T#)-(5 # +#- $-7&.)')- +#..# -(;#$#(:# 8*(+*))# 7&..#

7)-/# +#- 6'$'/#)$-=

S. /*+#..* 7)$&))&$'.# A 7)')* -(-:-'./#()# 7)-/')* 7&..' <'7# +- &(' 6$-O

/' ;*$/&.':-*(# -6*)#)-8'C -( &( 6'77* 7&88#77-4* '<<-'/* '66*$)')* '.8&O

(# 8*$$#:-*(- 7&..' 78*$)' +#- $-7&.)')- +#- )#7) -(;#$#(:-'.- 74*.)- 7&- 7-(5*.-

6'$'/#)$-=



 ! ! "#$%& '() %*'())* '$ +,"#*%(- "&#$".&+#$*/  !

"#$%&'  ()* +'#&,#-.



 !  !"#$%&% '( !)!&#*# +,# +!$# -,!&#

 !"#$% &'() *+,#-%-!./



 ! ! "#$%& '() %*'())* '$ +,"#*%(- "&#$".&+#$*/  !

"#$ #%&'($# )& *+,-.&*($# #**#//&%(,#0'# .( 0+/'$( (0(.&/& (11&(,+ )#*&/+

)& ,(0'#0#$# 2.& #$$+$& )#. ,+)#..+ )& ,&/3$( &0*+$$#.('&4 5# ,('$&*& Θε # Θδ

/($(00+ )3063# )&(2+0(.&4 5+ /'#//+ $(2&+0(,#0'+ 7 /'('+ 8(''+ -#$ 2.& #$$+$&

0#. ,+)#..+ /'$3''3$(.#9 Ψ 7 )&(2+0(.#4

:11&(,+ )#*&/+ )& 0+0 -$#/#0'($# &. ,+)#..+ /'&,('+ *+0 '#*0&*( ;5<4

=&0&$#,,+ &08(''& *+0 &. )&.302($# #**#//&%(,#0'# .( 0+/'$( (0(.&/&> &0+.'$# .(

8+$,3.(?&+0# @0(.# ( *3& #$(%(,+ 2&30'& (%$#11# +A#$'+ 30( $(--$#/#0'(?&+B

0# )#. 8#0+,#0+ $&)+''( # -+*+ /+))&/8(*#0'#4

"#$ &,,#)&('#??( )& -$#/#0'(?&+0# )#& $&/3.'('& $&-+$'#$#,+ & -('C )&(B

2$(, *+0 .# /'&,# )#& -($(,#'$& 0#& )3# ,+)#..& D=&23$(  4E # =&23$(  4FG4

H+,# -+//&(,+ 0+'($# 0+0 /& #%&)#0?&(0+ 0#''# )&A#$#0?# '$( & ,+)#..&

/'&,('& *+0 & )3# )&%#$/& ,#'+)& )& '$(''(?&+0# )#& %(.+$& ,(0*(0'&4 5# 30&*C#

0+'# )( #%&)#0?&($# /+0+I

• (//#0?( )& .#2(,# )&$#''+ /&20&@*('&%+ '$( /&'3(?&+0& *$&'&*C# # *3/'+,#$

*($# 0#. ,+)#..+ J&,-3'('&+0K

• -(//(0)+ )(. ,+)#..+ J-(&$L&/#K (. ,+)#..+ J&,-3'('&+0K /& )&,#??(0+ .#

/'&,# & -($(,#'$& *C# 2+%#$0(0+ .# $#.(?&+0&9 (/-#''('&%#B*3/'+,#$ *($#9

/&'3(?&+0& *$&'&*C#B63(.&'M -$+)+''+4 N(.& 8(''+$& .('#0'& /+0+ ,&/3$('&

-$+-$&+ )(..# %($&(1&.& +//#$%('# &0 *+$$&/-+0)#0?( )#..( 63(.& /& '$+%(0+

& %(.+$& ,(0*(0'& /&/'#,('&*&

• &0 2#0#$(.# & -($(,#'$& /'&,('& 0#. ,+)#..+ /'$3''3$(.# *+0 '$(''(?&+B

0# -(&$L&/# )#& %(.+$& ,(0*(0'& /+0+ /#0/&1&.,#0'# ,(22&+$& $&/-#''+ (

63#..& +''#03'& *+0 '#*0&*( &,-3'('&+0

 ! !" #$%&'()* +%),-./0*%1/'*! 2/.$*+( 1%1 3(41*./

,%5*.*6/

O0 -30'+ )( )&/*3'#$# 1$#%#,#0'# 7 .#2('+ (. 8(''+ *C# .( ,('$&*# )&

*+%($&(0?( S /'&,('( )(& 0+/'$& )('& 0+0 $&/3.'( )#@0&'( -+/&'&%(4 "$&,( )&

(%%&($# .K(.2+$&',+ )& /'&,( 5P<QR5 S ,+/'$( &. /#23#0'# (%%&/+I
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