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”One who, treating such new subjects, taking a chance on such a strange road,
pretty often difficulties presented themselves that I was unable to overcome. Even
in these two memoirs, and especially in the second which is the more recent, the
formula "I do not know” will often be found. The class of readers of whom I have
spoken at the beginning will not fail to find something laughable there. Unhappily
one cannot doubt that the most precious book of the greatest scientist will be that
in which he tells us everything that he does not know; one cannot doubt that an
author never betrays his readers so much as when he hides a difficulty.”

— Evariste Galois (1811-1832) in the preface of Deux mémoires d’Analyse pure, October 8, 1831.

”Si deve prevedere che, trattandosi di soggetti talmente nuovi, azzardati in una
veste cosi insolita che molto spesso si sono presentate delle difficolta che non sono
stato in grado di sormontare. Inoltre, in queste due memorie, e specialmente nella
seconda, che e la piu recente, troveremo spesso la formula ”Non so”. La classe dei
lettori che ho menzionato all’inizio non manchera di ridere di questo. Cio accade
perché, sfortunatamente, non pensiamo che il libro piu prezioso del piu sapiente
sarebbe quello in cui egli dicesse tutto cio che non sa; non comprendiamo che un au-
tore non nuoce mai cosi tanto al suo lettore come quando dissimula una difficolta.”
— Evariste Galois (1811-1832) nella prefazione di Deuz mémoires d’Analyse pure, October 8, 1831.
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Abstract

This thesis contains the result of K. Conrad, D. S. Dummit and T. R. Hagedorn about solving
solvable polynomials of degree 4, 5 and 6 using Galois theory. First of all we will describe a
procedure for figuring out the Galois groups of separable irreducible quartics (we are not going
to derive the classical quartic formula by Ferrari). Then we will give general formulas for finding
the roots of all irreducible quintic (sextic respectively) polynomials f(z) € Q[x] with Gal(f)= Gy,
where G is a transitive, solvable subgroup of S5 (Ss resp.).
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Chapter 1

Introduction

1.1 Introduction

Given an irreducible polynomial f(z) € Q[z], does there exist a formula for finding its roots
using only the basic arithmetic operations and the taking of n-th roots? The answer to this
classical question has been one of the main open problem in mathematics until the introduction
and development of Galois theory in the beginning of 19th century. When such a formula exists,
we say that the equation f(z) = 0 is solvable by radicals. If the same formula can be used for
all polynomials f(x) with degree n, we say that the general equation of degree n is solvable by
radicals.

The quadratic formula, the Cardano’s formula and the Ferrari’s method show that the general
equations of degree 2, 3 and 4 are solvable by radicals. Abel and Ruffini showed that the general
equation of degree n > 5 is not solvable by radical. Even stronger, Galois theory established that
for each n > 5, there are irreducible polynomials f(z) € Q[z] of degree n which are not solvable
by radicals. In fact, for n > 5, most irreducible polynomials f(z) of degree n are insolvable by
radicals.

We can ask whether such formulas exist when we restrict our attention to the class of polyno-
mials which are solvable by radicals. We recall a fundamental theorem:

Theorem 1.1.1 (Galois, 1832). Let F be a field of characteristic zero, and let f(x) € F|x]. The
equation f(x) = 0 is solvable by radicals if and only if the Galois group Gal(f) of f(z) is solvable.

(see [7]) that let us switch our attention from the equation f(x) = 0 to the solvable subgroups
of S, (n = deg(f)). We also know that when f(x) is irreducible, Gal(f) is a transitive subgroup
of S,,. We can now focus on this class of subgroups of S,,.

In this thesis, after a brief recall of some fundamental results and definitions, we are going to
describe in Chapter 2 two methods (a ’classical’ one and an ’alternative’ one by Kappe and Warren
(see as reference [6]) for figuring out the Galois groups of separable irreducible quartics. Then in
Chapter 3 an explicit resolvent sextic is constructed which has a rational root if and only if the
irreducible quintic f(z) = 2% + pr® + gz? + rz + s € Q[z] is solvable by radicals. When f(x) is
solvable by radicals, formulas for the roots are given in terms of p, g, r, s which produce the roots in
a cyclic order. Finally, in Chapter 4 we show that there is a common formula for finding the roots
of all irreducible sextic polynomials f(z) € Q[z] with Gal(f) = G (transitive, solvable subgroup of
Se)-

1.2 Theoretical background

In this Section we want to give some fundamental definitions and Theorems as a useful background
for the results shown and proved in the following Chapters.

Theorem 1.2.1 ([6]). Let f(x) € K[x] be a separable polynomial of degree n.
1. If f(x) is irreducible in K|z] then its Galois group over K has order divisible by n.



1.2. THEORETICAL BACKGROUND CHAPTER 1. INTRODUCTION

2. The polynomial f(z) is irreducible in K[z] if and only if its Galois group over K is a
transitive subgroup of S,,.

Definition 1 (Discriminant, [6],[7]). If f(x) € K[x] factors in a splitting field as
fl@)=clx—ry)...(x —ry),

the discriminant of f(x) is defined to be

disc(f) = H (rj —m)2

1<j

Theorem 1.2.2 ([6]). Let f(x) € K[x] be a separable polynomial of degree n. If K does not have
characteristic 2, the Galois group of f(x) over K is a subgroup of A, if and only if disc(f) is a
square in K.

Theorem 1.2.2 is why we will assume our fields do not have characteristic 2.
We now introduce the fundamental Theorem of Galois theory:

Theorem 1.2.3 (Fundamental Theorem of Galois theory, [7]). Let K be a field and Q/K be a
Galois extension of K with Galois group G = Gal(Q/K). Than the subextensions of Q/K are in
one-to-one correspondence with the subgroups of G, i.e. the map H — Qp = {a € Q | o(a) =
«, Yo € H} is a bijection from the set of subgroups of G to the set of subextensions of Q/K,

{subgroups H < G} LN {subextensions K < L < Q}
with inverse L — G = Gal(Q/L) = {oc € G | o|p = idr}. Moreover,
(a) the correspondence is inclusion-reversing:
Hi < Hy & Qp, >Qn, and L1 < Ly & G, > Gpr,;
(b) indezxes equal degrees:
VHy < Hy, (Hy: H2) = [Qp, : Qu,] and VL, < Lo, (Lo : L1) =[Gy, : GL,];

(c) Vo € G, let H° := cHo™. Then

Qo = o(Qpu) and (GL)? = Go1);
(d) H is normal in G & Qp /K is normal (hence Galois) over K, in which case

Gal(Qu/K)=G/H.

Another fundamental Theorem of Galois theory is Theorem 1.1.1 in the previous Section.
Finally a Theorem about the splitting field of separable cubics:

Theorem 1.2.4 ([6]). Let K not have characteristic 2 and f(x) € K[x] be a separable cubic with
discriminant A. If v is one root of f(z) then a splitting field of f(z) over K is K(r,v/A). In
particular, if f(x) is a reducible cubic then its splitting field over K is K(v/A).



Chapter 2

Quartics

2.1 Transitive subgroups of S,

W,

© 9 0 C. 00 00 00

S

Figure 2.1: Subgroup diagram of Sy

To compute the Galois group G of a separable irreducible quartic f(x) € Klz], we first list
all subgroups of S; in Figure 2.1. Among them, the candidates to be the Galois group are the
transitive subgroups of Sy such that 4 = deg(f) | |G|, by Theorem 1.2.1. These are (up to
isomorphism):
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Gf 54 A4 D4 04 VZCQXCQ
Gl |[24 12 8 | 4 4

Table 2.1: Transitive subgroups of Sy

With the information given by Table 2.1 and Figure 2.1, we can now make some useful obser-
vations:

e Dy: Inside Sy there are 3 transitive subgroups isomorphic to Dy, all conjugate to each other
(from Sylow theorems, they are 2-Sylow subgroups):

((1234), (13)), ((1324),(12)), ((1243), (14)).

e (y: There are 3 transitive subgroups of S isomorphic to C4. These are the the only cyclic
subgroups of order 4 in Sy and they are conjugate to each other:

((1234)), ((1324)), ((1243)).

e V: We write V for Klein’s four-group Cs x Cs. There is only one transitive subgroup of Sy
isomorphic to V, that is:

{(1), (12)(34), (13)(24), (14)(23) }-

V' is the intersection of the 3 2-Sylow subgroups quote in the first point. There are other
subgroups of Sy that are isomorphic to V', but they are not transitive.

e The only transitive subgroups of S, inside A4 are A4 and V.
e The only transitive subgroups of Sy with size divisible by 3 are Sy and Ay4.

e The only transitive subgroups of S4 containing a transposition (a cycle of length 2) are Sy
and Dy.

2.2 Cubic resolvent

Let f(z) = 2* + az® + ba? + cx + d € K|[x] be monic, separable, irreducible, so disc(f) # 0. Let
r1,7T2,73,74 be the roots of f(x), so

flx)y=a*+ax® +ba? +tcx+d=(x—r)(x—ro)(x —713)( —714) € Qy

where Qy is the splitting field of f(x) over K.

It is known that the Galois group of a separable irreducible cubic polynomial h(x) € K[x] is
determined by whether or not its discriminant d = disc(h) is a square in K, which can be thought
of in terms of the associated quadratic polynomial 22 — d having a root in K. From this idea, we
will see that the Galois group of a quartic polynomial depends on the behavior of an associated
cubic polynomial.

We want to create a cubic polynomial with roots in Q0 by finding an expression in the roots of
f(x) which only has 3 possible images under the Galois group. One such expression is: x12o+x324.
In fact, if we define

a=71179 + 7374, [ =7T1T3+Tor4, ¥ =T1T4+ToT3

we can see that the group Sy = Sym({r,72,73,74}) permutes {a, 3,~} transitively: % = g% =
754+ = {a, B,7}. The stabilizer of each of , 3,7 is a subgroup of Sy of index 3 = |{a, 3,7}|, hence
has order 8. So they must be the 3 2-Sylow subgroups. It follows that {a, 8,v} is fixed by their
intersection, that is V' from the previous observations. Therefore, if we consider the intermediate
extension K < K(a, 5,7) < Qy, the subgroup Gy NV of Gy fix K(«, 8,7).
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In particular we have the following lemma: oF

Lemma 2.2.1 ([7]). The fized field of Gy NV is K(«a,B,7). Hence GfﬁV‘
K(a, B8,7) is Galois over K with Galois group Gy/GyNV.
K(a,B,7)

Proof. The above discussion shows that the subgroup of Gy of elements G;/GyNV ‘

fixing K (o, 8,7) is GyNV, and so Q?'fﬂv = K(«, 8,7) by the fundamen-
tal theorem of Galois theory. The remaining statements follow from the K

fundamental theorem using that V' is normal. O
Definition 2 (Cubic resolvent, [7]). Let f(z) = (x —r1)(x — r2)(x — r3)(z —rq) € Qy,

9(x) = (z —a)(z — B)(z —7) € K(a,5,7)
is called cubic resolvent of f («, 8,7 defined as above).

We see that Q, = K(«, 8,7) is the splitting field of g(x) over K. Every permutation o of the
r; (a fortiori Yo € Gy) permutates «, 8,7, and so fixes g(x): g7 = g. We just prove that g € K|z]
and G4 = Gy/Gy N V. More explicitly, we can express the coefficients of the cubic resolvent g(x)
in terms of the coefficients of the starting quartic f(x):

Lemma 2.2.2 ([6]). Let f(x) = 2* + ax® + ba® + cx + d, then
g(x) = 2% — b2® + (ac — 4d)x — (a®d + ¢* — 4bd)
Moreover, disc(f) = disc(g) and g(z) is separable since f(z) is separable.

Proof. (Sketch of proof) Expand f(z) = (z — r1)(x — r2)(x — r3)(z — 74) to express a,b,c,d in
terms of r1, 79,73, 74. Expand g(z) = (z — a)(x — §)(x — ) to express the coefficients of ¢ in terms
of r1,7r9, 73,74, and substitute to express them in terms of a, b, ¢,d. To prove that the quartic and
its cubic resolvent have the same discriminant, we just write the difference between the roots of
g(x). For example: o — 8 = (ryrg 4+ rary) — (rirs + rory) = (r1 — 74)(r2 — r3). Forming the other
two differences, multiplying, and squaring, we obtain disc(g) = disc(f). O

Remark: There is a second polynomial that can be found in the literature under the name of
cubic resolvent for f(X). In terms of the coefficients of f(z), the cubic is: 2% — 2bx? + (b* + ac —
4d)x + (a®d + c* — abc), whose roots are (rq +72)(r3 +74), (r1 +73)(r2 +74), and (r1 +74)(r2 +73).
This amounts to exchanging additions and multiplications in the formation of the resolvent’s roots.

Now let f be an irreducible quartic. Then G is one of the group
in Table 2.1. These are the following possibilities for G:

Qy
LGy~ 1G] [1Gsn VI [ Gyl | Gy =G;/Gy0V ] Gfmv‘
Sy 24 1 6 Ss
A4 12 4 3 As Qg = K(a,B,7)
v 4 1 1 {1}
Dy 8 1 5 e Gi/GrNV ~ @,
C, 4 2 2 Cs K

We now have 2 ways to decide between Dy and Cy as Galois group:
the "classical” procedure and the Theorem proved by Kappe and Warren ([6]).
From the fundamental Theorem of Galois theory, we remind the following equalities:

o [GiNV|=(GrNV :1)=[Qf: Qs

(] |Gg| Z(GfZGfﬁV)Z [Qg:K].
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2.3 ”Classical” method

We can compute |G| from the resolvent cubic g, because G, = Gal(Q2,/K) and ), is the splitting
field of g. Once we know |G| we can deduce Gy except in the case that is 2.

If [Qg : K] =2, then Gy NV =V or Co. We know that a separable polynomial f(z) € K|[z] is
irreducible if and only if G¢ permutes the roots of f transitively. Only V acts transitively on the
roots of f, and so G = D, or Cy4 according as f is irreducible or not in Qg4[z].

We can rewrite this ”classical” procedure in the following Theorem:

Theorem 2.3.1 ([6]). Let f(x) € K[z] be an irreducible quartic, where K does not have charac-
teristic 2, and set A = disc(f). Suppose A is not a square in K and g(x) is reducible in K|x], so
Gy is Dy or Cy.

o If f(x) is irreducible over K(v/A) then Gy = Dy.
o If f(x) is reducible over K(v/A) then G = Cy.

Proof. We will make reference to the field diagrams in the proof of Theorem 2.4.4. When G =
Dy, the field diagram in this case shows the splitting field of f(x) over K is K(r1,v/A). Since
[K(r1,VA) : K] =8, [K(r1,VA) : K(v/A)] = 4, so f(z) must be irreducible over K(v/A). When
G = Oy, the splitting field of f(x) over K(v/A) has degree 2, so f(z) is reducible over K (v/A).
Because the different Galois groups imply different behaviour of f(z) over K(yv/A), these
properties of f(z) over K(v/A) tell us the Galois group. O

The two versions of this classical method are equivalent. In fact we can prove that Q, =
K(a, 3,7) is equal to K (v/A), which implies that the behaviour of f(x) over ,[z] is the same as
the behaviour of f(z) over K(vA)[x].

From Lemma 2.2.2 we know that disc(f) = disc(g) and according to this information we can
write: VA = (o — B)(a —v)(B — 7) and in particular VA € K(a, 3,7). So K(vVA) C K(a, 58,7).
If G; = Dy or Gy = C4, we have in both cases Gy € Ay, so A # O in K and [K(VA) : K] = 2.
We also know from the previous diagram that |G4| = [K(«,,7) : K] = 2, which means Q, =
K(o, B,7) = K(VA).

2.4 ”New” method

With the notation above:

Theorem 2.4.1 ([6]). Let f(x) € K[z]| be a quartic, Gy can be described in terms of whether or
not disc(f) is a square in K and whether or not g(x) factors in K|x], according to the following
table:

H disc(f) in K \ g(x) in Kz \ Gy H
#0 irreducible Sy
=0 1rreducible Ay
0 reducible Dy or Cy
=0 reducible 14
Table 2.2

Proof. We check each row of the table in order.

o disc(f) is not a square and g(x) is irreducible over K: Since disc(f) # O, Gy € A4. Since
g(z) is irreducible over K and its roots are in the splitting field of f(x) over K, adjoining a
root of g(x) to K gives us a cubic extension of K inside the splitting field of f(x), so |G|
is divisible by 3. It’s also divisible by 4, so Gy = S4 or A4, which implies G4 = S;.

e disc(f) is a square and g(z) is irreducible over K: We have Gy C A, and |G| divisible by
3 and 4, so Gy = Ay.
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o disc(f) is not a square and g(x) is reducible over K: Since disc(f) # 0O, Gy € A4, so Gy is
S4, D4 or 04. We will show Gf 7é S4.
What distinguishes S, from the other two choices for G is that S4 contains 3-cycles. If
Gy = Sy then (123) € Gy. Applying the hypothetical automorphism in the Galois group to
the roots of g(x) carries them through the single orbit:

r1To 4+ 13714 V> 1913 + 11Ty > 371 + 7Ty —> 7172 + T374.

These numbers are distinct since g(x) is separable. At least one root of g(z) lies in K, so
the G g-orbit of that root is just itself, not three numbers. We have a contradiction.

e disc(f) is a square and g(z) is reducible over K: The group Gy lies in A4, so Gy =V or
Gy = As. We want to eliminate the second choice. As in the previous case, we can
distinguish V' from A, using 3-cycles: there are 3-cycles in A4 but not in V. If there were a
3-cycle on the roots of f(z) in Gy then applying it to a root of g(x) shows all the roots of
g(zx) are in single Gy-orbit, which is a contradiction since g(z) is (separable and) reducible
over K. Thus G contains no 3-cycles.

O

To make it more clear, Table 2.3 gives some examples of Galois group computations over Q
using Theorem 2.4.1:

I f(z) | disc(f) | g9(z) | Gy ]
22—z —1 -283 z° +4r — 1 Sy
2t +2x+2 | 101-42 23 —8zx—4 Sy
zt + 8z + 12 5762 z® — 48z — 64 Ay

st +3z+3 | 21-15% | (2+3)(@?2—32—-3) | Dyor Cy
r*+5x+5 | 5-552 (x —5) (22 + 5z +5) | DyorCy
ot + 362463 | 43202 | (z —18)(x +6)(z + 12) 1%

Table 2.3: Some examples

By Theorem 2.4.1, g(z) is reducible over K only when G; is D4, C4 or V. Looking at the
examples in Table 2.3 of such Galois groups, we can make the following observation: g(x) has one
root in Q when Gy is Dy or C4 and all three roots are in Q when Gy is V. It is no coincidence:

Corollary 2.4.2 ([6]). With the notation above, Gy =V if and only if g(z) splits completely over
K and Gy = Dy or Cy if and only if g(x) has a unique root in K.

Proof. The condition for Gy to be V' is: disc(f) = O and g(z) is reducible over K. Since disc(g) =
disc(f), Gy =V if and only if disc(g) is a square in K and g(z) is reducible over K. By Theorem
1.2.4, a splitting field of g(x) over K is K(r,+/disc(g)), where r is any root of g(x). Therefore
Gy =V if and only if g(z) splits completely over K.

The condition for Gy to be Dy or Cy is: disc(f) # O and g(x) is reducible over K. These
conditions, by Theorem 1.2.4 for the cubic g(x), are equivalent to g(z) having a root in K but not
splitting completely over K, which is the same as saying g(z) has a unique root in K. O

As we said, Theorem 2.4.1 does not decide between Galois groups Dy and Cy. The following
theorem provides a partial way to do this over Q, by checking the sign of the discriminant.

Theorem 2.4.3 ([6]). Let f(z) € Q[z] be an irreducible quartic. If Gy = Cy then disc(f) > 0.
Therefore if Gy is Dy or Cy and disc(f) < 0, Gy = Dy.

Proof. If Gy = Cy, the splitting field of f(x) over Q has degree 4. Any root of f(z) already
generates an extension of Q with degree 4, so the field generated over K by one root of f(x)
contains all the other roots. Therefore if f(z) has one real root it has 4 rela roots: the number of
real roots of f(x) is either 0 or 4.

If f(x) has 0 real roots then they fall into complex conjugate pairs, say z and Z and w and .
Then disc(f) is the square of

(z=2)(z—w)(z —W)(Z-w)(Z—0)(w—-1) = |z —w|?lz —0*(z — 2)(w — W) (2.1)
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The differences z — Z and w — W are purely imaginary (and non-zero, since z and w are not real),
so their product is real and non-zero. Thus when we square (2.4), we find disc(f) > 0.

If f(x) has 4 real roots then the product of the differences of its roots is real and non-zero, so
disc(f) > 0. O

Let’s give an example: the polynomial z* + 422 — 2, which is irreducible by the Eisenstein
criterion, has discriminant —18432 and cubic resolvent 2® — 422 + 8z — 32 = (z — 4)(2? — 8).
Theorem 2.4.1 says its Galois group is D4 or Cy4. Since the discriminant is negative, Theorem 2.4.3
says the Galois group must be Dy.

Theorem 2.4.3 provides only a partial way to decide between D4 and Cy4. It does not distinguish
the two possibilities when disc(f) > 0, since some polynomials with Galois group D4 have positive
discriminant. For example, we can’t decide yet in Table 2.3 if 2 4+ 5z + 5 has Galois group Dy or
C4 over Q.

We can finally prove the following

Theorem 2.4.4 (Kappe, Warren, 1989, [6]). Let K be a field not of characteristic 2, f(z) =
2t +ax® + ba? + cx +d € K[z], and A = disc(f). Suppose A # O in K and g(x) is reducible in
K [x] with unique root r' € K. Then Gy = Cy if the polynomials * +ax+ (b—1") and x? —r'z +d
split over K(V/A), while Gy = Dy otherwise.

Proof. Index the roots r1,79,7r3,74 of f(x) so that v = a = ryry + r3ry. Both Dy and Cy, as
subgroups of Sy, contain a 4-cycle. (The elements of order 4 in Sy are 4-cycles). In Table 2.4 we
describe the effect of each 4-cycle in Sy on 7 if the 4-cycle were in the Galois group. The (distinct)
roots of g(z) are in the second row, each appearing twice.

[ o | (1234) (1432) (1243) (1342) (1324) (1423) |

H U(rlrg + 7"37“4) \ ToTs + T4T1  T4T1 +Tor3  Torg + 1173 T3ry +14re T3rg 4+ Tory  T4r3 +T172 H

Table 2.4: Effect of a 4-cycle on 7’

Since rirg + r3ry is fixed by Gy, the only possible 4-cycles in G are (1324) and (1432). Both
are in Gy since at least one is and they are inverses. Let o = (1324).

If Gy = C4 then Gy = (o). If G§ = Dy then the observations in section 2.1 tell us Gy =
((1324), (12)) = {(1), (1324), (12)(34), (1423), (12), (34), (13)(24), (14)(23) } and the elements of G
fixing 71 are (1) and (34). Set 7 = (34). Products of o and 7 as disjoints cycles are in Table 2.5.

H 1 o o? o3 T oT o3 o3 H

[ (1) (1324) (12)(34) (1423) (34) (13)(24) (12) (14)(23) |

Table 2.5: Products of o and 7

Hence, if Gy = Dy then Gy = ((1324), (12)) = (o, 7). The subgroups of (¢) and (o, ) look
very different.

N

o) (0%, 07)

e
NI
AN

o,T)
(

(o) (02
(02 (0?) } (0°7)

{id} {id}

(o?) (r)

10
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Corresponding to the above subgroup lattices we have the following subfield lattices of the splitting
field, where L in both cases denotes the unique quadratic extension of K inside K (r1): if Gy = Cy
then L corresponds to (02), while if Gy = Dy then L corresponds to (02, 7). Since A # O in K,

[K(VA): K] =2.

K(ri,re,r3,74)

K(ry) K(r) K(r3) ? \7\ ?
L=K(/A) L ? K(VA)
K K

IfGy=Cy, then L=K (v/A) since there is only one quadratic extension of K in the splitting
field.

If Gy = Dy, in the subgroup and subfield lattice diagrams above, we know K (r1) corresponds
to (1), K(rs) corresponds to (o27) and K (v/A) corresponds to (¢%,07). Let’s explain why: the
degree [K(r1) : K] = 4, so its corresponding subgroup in Dy = (o,7) has order 8/4=2 and
7 = (34) fixes r; and has order 2. Similarly, [K(r3) : K] = 4 and 0?7 = (12) fixes r3. The
subgroup corresponding to K (v/A) is the even permutations in the Galois group, and that is
{(1), (12)(34), (13) (24), (14)(23)} = (02, o7).

Although the two cases of G are different, we are going to develop some common ideas for
both of them concerning the quadratic extensions K(r1)/L and L/K before we distinguish the
two cases from each other. If Gy = Cy, Gal(K(r1)/L) = {1,02}. If Gy = Dy, Gal(K(r1)/L) =
(02, 7)/(1) = {1,0%}. So in both cases, the L-conjugate of ry is 0%(r;) = ro and the minimal
polynomial of r; over L must be

(x —71)(x —19) = 2% — (11 +1r9)x + 1179 € L[2]
Therefore r; + ro and ri7r9 are in L. Since [K(r1) : K] = 4, this polynomial is not in K[x]:
rit+re ¢ Korrirs ¢ K. (2.2)

If Gy = Cy then Gal(L/K) = (0)/{0?) = {1,5}, and if G§ = Dy then Gal(L/K) = (o,7)/{0?,7) =
{1,5}. The coset of ¢ in Gal(L/K) represents the nontrivial coset both times, so L = K. That is,
an element of L fixed by o is in K. Since o(r; +r2) = r3 +r4 and o(ri1re) = rars, the polynomials

(x—(r+72)(x— (r3+74)) = 2% — (r1 + 1o+ 13 +1ra)x + (r1 +72)(r3 +74), (2.3)
and
(x — i) (x — r374) = 2% — (r1re + 7374)T + 7172737y (2.4)

have coefficients in L? = K. The linear coefficient in (2.3) is a and the constant term is
(r1 +72)(rs +r4) = rirs + 117 + ror3 +rory = b — (rirg +rara) = b — 1’

so (2.3) equals 22 +ax + (b—r'). The quadratic polynomial (2.4) is 22 — 1’2 +d. When r1 +73 ¢ K,
(2.3) is irreducible in K|[z], so its discriminant is a non-square in K, and if r; +ro € K then (2.3)
has a double root and its discriminant is 0. Similarly, (2.4) has a discriminant that is a non-square
in K or is 0. Therefore the splitting field of (2.3) or (2.4) over K is either L or K and (2.2) tells
us at least one of (2.3) and (2.4) has a non-square discriminant in K (so has splitting field L).

Since 11 + 19 and 179 are in L and [L : K| = 2, each one generates L over K if it is not in K.
This happens for at least one of the two numbers, by (2.2).

First suppose G = Cy. Then L = K(v/A), so 2% 4+ ax + (b —r') and 22 — 'z + d both split
completely over K (v/A), since their roots are in L.

11
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Next suppose G = Dy. Then L # K(v/A). By (2.2) at least one of (2.3) or (2.4) is irreducible
over K, so its roots generate L over K and therefore are not in K (\/Z) Thus the polynomial in
(2.3) or (2.4) will be irreducible over K (v/A) if it’s irreducible over K.

Since the conclusions about the two quadratic polynomials over K (v/A) are different depending
on whether G is C4 or Dy, these conclusions tell us the Galois group.

O

Corollary 2.4.5 ([6]). When K does not have characteristic 2 and
flx) =2 +a2® + ba* +cx +d
is an irreducible quaric in K|x], define
A = disc(f) and g(x) = 2 — br? + (ac — 4d)x — (a*d + ¢* — 4bd).

The Galois group of f(x) over K is described by Table 2.6.

[AinK g in Klz] | (a® —4(b—1")A and (r'* —4d)A [ Gy ||

0 irreducible Si
=0 irreducible Ay
# [ root ' € K at least one # 0 in K Dy
# [ root v’ € K both =0 in K Cy
=0 reducible v

Table 2.6: Galois groups distinction

Proof. The polynomials x2 4+ azx + (b — ') and 22 — ' + d split completely over K (v/A) if and
only if their discriminants a® — 4(b — ') and 7> — 4d are squares in K(v/A). We saw in the proof
of Theorem 2.4.4 that these discriminants are either 0 or nonsquares in K. A nonsquare in K is
a square in K (\/Z) if and only if its product with A is a square, and this is vacuously true for 0
also. O

In Table 2.7 we now give some examples of Galois group computations over Q using Corollary
2.4.5. In particular we list some quartic trinomials 2 +cz+d, all irreducible by Eisenstein criterion.
If you pick a quartic in Q[z] at random it probably will be irreducible and have Galois group Sy,
or perhaps Ay if by chance the discriminant is a square, so we only list examples in Table 2.7
where the Galois group is smaller, which means the cubic resolvent is reducible. Since we choose a
particular case where a = b = 0, a? — 4(b —7’") become 47/, so we need to decide when the rational
numbers 47’ A and (r"? — 4d)A are both squares in Q:

[ a'+cx+d | A \ 23 — 4dx — c? | /A and (r? —4d)A | Gy ||
S 132+3 | 21.15° | (@13)@2_3z_3) 56700, 14175 | Da
2t +52+5 | 5552 (z — 5)(22 + 5z + 5) 5502, 2752 Cy
et 8r+14 | 25442 | (z—8)(a?+8x+8) 46082, 21762 Cy
2+ 32 +3 | 13-1053% | (x —13)(2? + 13z +13) | 273782, 13689 Cy

Table 2.7: Some examples of Galois group computations

Remark: A fundamental assumption before applying Corollary 2.4.5 is that the quartic must
be irreducible. For example, f(x) = 2*+4 has discriminant A = disc(f) = 1282 and cubic resolvent
g(z) = 2® — 162 = x(x + 4)(x — 4). Such data (square discriminant, reducible resolvent) suggest
the Galois group of f(x) over Q is V, but f(z) is reducible: it factors as (22 + 2z +2) (2% — 22 +2).
Both factors have discriminant 4, so the splitting field of f(z) over Q is Q(v/—4) = Q(i) and the
Galois group of f(z) over Q is cyclic of order 2.
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Chapter 3

Quintics

3.1 Transitive subgroups of S;

First of all, we want to identify the suitable subgroups of S5 for being Galois group of an irreducible
quintic f(z) € Q[z]. The candidates are the transitive subgroups of Ss, such that 5 = deg(f) | |G|,
by Theorem 1.2.1. Up to isomorphism, these are:

Gr | S5 | As | Fao | D5 | Cs
G, 120 [ 60 | 20 | 10 | 5

Table 3.1: Transitive subgroups of Ss

We now want to study whether or not the equation f(xz) = 0 is solvable by radicals. By
Theorem 1.1.1, we have to choose the solvable groups from the ones in Table 3.1. Since S5 and Aj
are not solvable, an irreducible quintic f(x) € Q[z] is solvable by radicals if and only if the Galois
group is contained in the Frobenius group Fyg, i.e., if and only if the Galois group is isomorphic
to Fbg, to the dihedral group D;¢ of order 10, or the cyclic group Cs.

There are different notation in literature for some of this groups:

F:
o Fyy=F5=CsxCy = ((12345), (2354)) = ((12345), (1243)); s 20\
Cy Dio
e Dig= D5 =C5xCy =((12345),(25)(34)).
where the last equality gives just an example of possible generators of the /

group. More generally, for any prime p, a solvable subgroup of the symmetric ~ C2 Cs
group S, whose order is divisible by p is contained in the normalizer of a \ /
Sylow p-subgroup of S,. (In our case a Sylow p-subgroups is isomorphic to 4
a copy of C5 and its normalizer to a copy of Fg).
The purpose here is to give a criterion for the solvability of such a general
quintic in terms of the existence of a rational root of an explicit associated
resolvent sextic polynomial. When this is the case, we are going to give for-
mulas for the roots analogous to Cardano’s formulas for the general cubic
and quartic polynomials and to determine the precise Galois group. In par-
ticular, the roots are produced in an order which is a cyclic permutation of the roots, which can
be useful in other computations.

We work over the rationals QQ, but the results are valid over any field K of characteristic
different from 2 and 5.

13
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3.2 Ciriterion for the solvability

Let f(x) = 2° 4+ az* + ba® + cx® + dr + e € Q[z] be a general quintic polynomial with roots
r1,72,73,74,75. Then

f(z) = 2° — s12* + soa® — s32% 4 540 — s5,

where the s; are the elementary symmetric function in the roots r;. This can be easily shown

. 5 . " .
expanding f(z) = [[,_;(x — r;) and remembering the definition of the elementary symmetric
function s; = Zl§j1<”_<]’i§5 Tjy e Tj;e In our case: sy =71 +1r9o+r3+7r4+75, So =111 +7173+
174 + 7175 + Tors3 + 1rory + rors + 1r3r4 + 13705 + 1475, ..., S5 = 1727374 T5.

Let Fyy < S5 be the Frobenius group of order 20 with generators (12345) and (2354). Then
the stabilizer of the element

2 2 2 2 2
0 = 0y =rirors + rirsry +rrirs + 157475 + 157175

2 2 2 2 2
+ r3roTy + Tyr1Te + 1yr3rs + r5T1rs + T5rar3

is precisely Fyg. It follows that 6, satisfies a polynomial equation of degree 6 over Q(s1, s2, S3, 4, S5)
with conjugates 095 = {0, 04,03, 04,05, 06}, where:

02 =(123)0,
:rfr2r5 + 7"%7’3’[“4 + 1"%7‘11"4 + r§r3r5 + 7"%7'17“2
+ r§T4r5 + rirlrs + Ti?‘g?"g + r?,rlrg + 7"52)7”27"4;
03 =(132)6,
:rfrgrg + r%mrg, + 7"%7“17“4 + 7"%7‘37"5 + r§r1r5
+ 7"%7"27‘4 + rirlr;; + rirgrs + r?,rlrg + r?,rgm;
0, =(12)6,
:’r‘%’f‘g’l"g + r%r4r5 + 7"%7“17“5 + 7"%7“37“4 + 7“%7“17“4
+ r§r2r5 + rirlrg + 7*27"37”5 + 7‘%7“17”3 + 7”52,7“27”4;
05 =(23)0,
:7‘%7“27"4 + r%r3r5 + r§r1r5 + T§T3T4 + 7"%7“17“2
+ r§7"4r5 + rirlrg + 7'27"27'5 + 7'52)7"17"4 + 7’?)7"27'3;
06 =(13)6,
:T%T2T4 + r%r3r5 + 7‘%7"17‘3 + 7"%7“47“5 + r%rlm

2 2 2 2 2
+ r3Trals + 47175 + T4T2rs3 + TsT1T2 + TsT3Ty4.

We are now ready to define the resolvent sextic (we will call it fag) as the sextic polynomial
with 0; as a root. By computing the elementary symmetric functions of the 6;, which are symmetric
polynomials in 71, 79,73, 74,75, it is a relatively straightforward matter to express these elements
in terms of sy, S2, S3, 54, S5 to determine the resolvent sextic fop. By making a translation, we may
assume s; = 0, i.e., that our quintic is

f(z) =25 4+ pad + qz® +rz + s,

in which case foq is

14
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fao(x) = 28 + 8ra® + (2pg® — 6p°r + 4012 — 50gs)z*
+ (—2q4 + 21pg®r — 40p?r? + 16013 — 15p3gs — 400qrs + 125p32)x3
+ (p%q* — 6p>*r — 8¢*r 4+ 9p*r? + T6pg®r? — 136p*r3 + 4001
— 50pq35 + 90p2qrs — 1400(]7"28 + 625(]282 + 500pr82)x2
+ (=2pq°® + 19p%¢*r — 51p3¢®r? + 3¢*r? + 32p*r3 + T6pg°r>
— 256p%rt + 512r° — 31p3¢®s — 58¢°s + 117p*qrs + 105pg°>rs
+260p%qr?s — 2400qr3s — 108p°s? — 325p2¢%s? + 525p3es>
+ 2750¢%rs* — 500pr?s® + 625pgs® — 3125s%)x
+ (¢® — 13pg°®r + p°¢*r® 4 65p%q*r? — 4pSr® — 128p3¢*r® + 17¢*3
+48ptrt — 16pg?r* — 192p%15 + 25615 — 4p®3s — 12p%¢°s
+ 18p6qrs + 12p3q3rs — 124q57“s + 196p4q7“25 + 590pq3r23
— 160p2qr3s — 1600grts — 27p"s? — 150p*¢®s® — 125pg*s®
— 99p°rs? — 725p°¢*rs® + 1200p°r?s? 4 3250¢%12 s>
— 2000pr3s® — 1250pqrs® 4 3125p?s* — 9375rs?).

(3.1)

For the particular case when f(x) = 2° + az + b, this polynomial is simply

fao(x) = 25 + 8ax® + 40a%2* 4 160a®2® 4 400a*2?
+ (512a° — 3125b")x + (256a° — 9375ab).

We are now ready to give the criterion for the solvability of a general quintic polynomial.

Theorem 3.2.1 ([3]). The irreducible quintic f(z) = 2° + px® + qz* + ra + s € Q[x] is solvable
by radicals if and only if the polynomial fao(x) in (3.1) has a rational root. If this is the case, the
sextic fao(x) factors into the product of a linear polynomial and an irreducible quintic.

Proof. The polynomial f(z) is solvable if and only if the Galois group of f(z), considered as a
permutation group on the roots, is contained in the normalizer of some Sylow 5-subgroup in Ss.
The normalizers of the six Sylow 5-subgroups in S5 are precisely the conjugates of Fyy above, hence
are the stabilizers of the elements 61, ..., 05. It follows that f(z) is solvable by radicals if and only if
one of the #; is rational. By renumbering the roots as r1, ..., 5, we may assume 8 = 6, is rational, so
that the Galois group of f(z) is contained in the specific group Fag above, Fao = ((12345), (1243)).
Since f(z) is irreducible, the order of its Galois group is divisible by 5. It follows that the 5-cycle
(12345) survives any specialization (this element generates the unique subgroup of order 5 in this
F5). Because this element is transitive on 0o, ..., 85 (in fact cycling them as 6,605, 03,04,05), the
remaining roots #; are roots of an irreducible quintic over Q(0) = Q. O

We now consider the question of solving for the roots of f(z) when f(x) is solvable, i.e., solving
for the roots r1,...,r5 in terms of radicals over the field Q(sy, ..., s5,60). We suppose the rational
root of fog is the root # above. This determines an ordering of the roots r; up to a permutation in
F20.

3.3 Lagrange resolvent

Let’s introduce the Lagrange resolvent.

Definition 3 (Cyclic extension, [4]). The extension K/F is said to be cyclic it is Galois with a
cyclic Galois group.

Lemma 3.3.1 ([4]). Let F be a field with characteristic not dividing n which contains the n** roots
of unity. Then the extension F({/a) for a € F is cyclic over F of order dividing n.

Let now K be any cyclic extension of degree n over a field F' of characteristic not dividing n
which contains the n'" roots of unity. Let o be a generator for the cyclic group Gal(K/F).
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Definition 4 (Lagrange resolvent, [4]). For a € K and any n'* root of unity (, define the Lagrange
resolvent (a, () € K by

(@,¢) = a+(o(a) + Co?(a) + -+ """ Ha).
If we apply the automorphism o to (a, ) we obtain
o(a, ) = oa+(o*(a) + Co®(a) + -+ "o (a)

since ( is an element of the base field F so is fixed by 0. We have (" =1 in u,, & Z/nZ (as group
of the n*" roots of unity over Q, under multiplication on the right, addition on the left) and o™ = 1
in Gal(K/F) so this can be written

o(0,¢) = oa+(o(a) + Co¥(@) + - + (")
= YHa+Coa+CCo?(a) +---+ ("l ()
=0, (3.2)
It follows that
o(a, )" = (Y@, O™ = (a, )"
so that (o, ()" is fixed by Gal(K/F), hence is an element of F for any o € K. .

Let ¢ be a n'™® root of unity. By the linear independence of the automorphisms 1,0, ...,0" !,
there is an element a € K with («, {) # 0. Iterating (3.2) we have

Ji(OZ?C):C_i(a?C)v i=0,1,...,

and it follows that o' does not fix («,() for any i < n. Hence this element cannot lie in any
proper subfield of K, so K = F((«,()). Since we proved (o,()" = a € F above, we have
F(%/a) = F((«,¢)) = K. This proves the following converse of Lemma (3.3.2)

Lemma 3.3.2 ([4]). Any cyclic extension of degree n over a field F of characteristic not dividing
n which contains the n'™ roots of unity is of the form F(3/a) for some a € F.

In our case, let ¢ be a fixed primitive 5th root of unity and define the function fields k =
Q(s1,.-.,85), K =k(0) and F = Q(r1,...,75), so that F({)/K is a Galois extension with Fyy X
(Z/nZ)* as Galois group. Define the automorphism o, 7 and w of F' to be o = (12345) (trivial on
constants), 7 = (2354) (trivial on constants) and w : ¢ — ¢ (trivial on 71, ...,75).

Let A = disc(f) be the discriminant of the quintic f(x) and VA = [lic;(ri —r;) the fixed
square root of A. Note that for a solvable quintic, the discriminant A is always positive: if the
Galois group is dihedral or cyclic, then the Galois group is contained in As, so that A is actually
a square; if the Galois group is the Frobenius group, then /A generates a quadratic extension
which is a subfield of a cyclic quartic extension, so again A > 0 (in fact, A is then the sum of two
squares).

Define the usual Lagrange resolvents of the root rq:

(riy,)=r1+1-0(r1) + 12 02(7“1) +13 -03(7"1) +14- 04(r1)
=r1+re+r3+rys+rs =35 =0,
21 = (r1,¢) = 11 + 12l + 3¢ + 1aC® + 5,

2o = (r1,¢%) = 11 +12¢% + r3¢* + raCtrsC?,
z3 = (r1,(®) =11 + 120 + 13 + raC* +r5¢3,
2 = (r1,¢Y) =1+ raCt + 13 + 1a® + r5C,

so that

r1 = (21 + 22 + 23 + 24) /5,

ro = ((Y21 + (Paa + (s + C24) /5,

r3 = (321 + Cao + Craz + (%24) /5, (3.3)
ra = (P21 + (oo + Czs + (P2a) /5,
rs = (Co1 4+ oo+ Cag + C12y) /5.
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Write
(r1,t) = 11 + rot 4 73t + rgt® + r5t!

with an indeterminate ¢ (so t = ¢ gives the Lagrange resolvent z1). Expanding (rq,t)% gives
Zy =2} = (r1,¢)° = lo + ¢ + 12¢% + 13¢% + 1 ¢* (3.4)

where [y by definition is the sum of the terms in (rq,t)® involving powers ¢ of ¢ with i divisible by
5, l1 is the sum of the terms with ¢ = 1 mod 5, and so forth. Explicitly,

lp = 30r2r47”§ + 207"17”47“53)’ + 207‘?7“27”5 + 207“27”37"? + Tg + rg’
+r) + r;§’ + 75 4 2003 rgry + 30rirar, + 307“%1"27"% + 207 753
+ 30r%r37“§ + 307“%7"27‘5 + 307“%7“32,7"5 + 307“%7“37“2
+ 207’5’1"47"5 + 20r27"§’r4 + 207"17’21"2’ + 307’11"37’% + 307’17’37"2
+ 207“17“%7“5 + 1207 ror3rars + 307“%7“47“% + 207“37“27"57
Iy = 20r rars + 307"17'47“5 + 5riry + 10733 4 10r1r3
+ 57"27'3 + 107273 + 57‘3r4 + 107‘27"5 + 107“37“5 + 57'4r5
+ 5r1r5 + 207“11"37‘5 + 307“1 r27"5 + 307“17"27“3 + 207"17"27"4
+ 307‘27“37“2 + 20r27“§’1"5 + 207’2r4r§ + 301"37“27“? + 607’%1"27“37“4
+ 607"%7"37“47“5 + 607“1r2rir5 + 607“17“27“37“? + 60r1r§r4r5,
ly = 20r3ryrs + 100372 + 5rirs 4+ 10r5r2 + 5ryry + 107373
+ 107“37"4 + 5r1r4 + 5r3r5 + 5r2r5 + 107“47“5 + 307"17“27"4
+ 307773y + 20r o7y + 2071755 + 3075737 (3.5)
+ 207‘27"37"2 + 301"37‘21"5 + 307’27“57“% + 607"%7’21"37“5 + 601"17'%7"37"4
+ 6071797472 4 6079737415 4 6071737315 4 2073747,
I3 = 2073737y + 2075ryrs + 5rivy 4+ 10r3r5 + 100312 + 100273
+ 5r27“5 + 57“17“3 + 57“2r4 + 10T37“4 + 57“37“5 + 10r4r5
+ 20r3rors + 30rirars + 307”17"37”5 + 307722 + 307'2r37"5
+ 307‘27"47‘5 + 207"17‘27"5 + 2071735 + 60rirerrs
+ 60r1r2r§r4 + 60T1r§r3r5 + 60r2r3rir5 + 60r17“37"47‘§,
ly = 307’17"27’5 + 5rirs + 107’17"3 + 5ry7rg + 5r2r3 + 107273
+ 10r2r4 + 10r27°5 + 57°3r4 + 107“3r5 + 57“47“5 + 20r1r2r4
+ 3072 r2r3 + 3072 r3r4 + 20r2r3r5 + 20r1r3r4 + 20r2r4r5
+ 307“37"47“5 + 20r17“3r5 + 30T1r47‘5 + 6072731475

+60r1r3rars + 60r1mors + 60r1rarirs + 60rarsrars.
(Note also that setting ¢ = 1 shows that
lo+lh+l+ls+1ly=(r +7"2+7'3+7“4+7“5)5.

In particular, if s = 0, we have lo = —l; —ls — I3 — l4.)
Similarly we have

Zy =25 =lo + 3¢ + 11¢% + 1P + (%,
Z3 =25 = lo 4+ 12¢ + 142 + 11 ¢ + 13¢7,
Zy =25 =lo+ 1+ 13¢ + 13+ 1 ¢h

The Galois action over K on these elements is the following: The elements Iy, [1,1s,13,14 are
contained in the field F' and are fixed by o;

Tl():lo, Th:lg, Tl2:l4, ’7'132117 714213,
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and the action on the Lagrange resolvents is given by
oz = (2, Tz =wz = 23,
3
029 = ( 29, Tz = w29 = 27, (3.6)
023 = (%23, T2z = w23 = 24,
_ 1 — _
0z = (24, TZ4= w24 = 23.

It follows that Iy € K and that [1,1s,13,l4 are the roots of a quartic polynomial over K, and
the field L = K(l;) = K(l1,l2,13,14) is a cyclic extension of K of degree 4 (with Galois group
generated by the restriction of 7 = (2354). The unique quadratic subfield of L over K is the field
K(v/A). The field diagram is the following:

F(¢) = Q(r1,7r2,73,74,75,C)

<(W
F = Q(T17r27r33 T47T5)
(o = (12345)) /

L=K()=K(l,l,1s, 1)

L(¢)

k= @(81752,33754,85)

Since the Galois group of L/K is cyclic of degree 4, it follows that ly,1s,15,14 are the roots of
a quartic over K which factors over K(v/A) into the product of two conjugate quadratics:

[22 + (T + ToVA)z + (Ts + TyVA)[2? + (11 + TovVA)x + (Ts — TyVA)] (3.7)

with Ty, Ty, T3, Ty € K. The roots of one of these two quadratic factors are {1, l4(= 7211)}, and the
roots of the other are the conjugates {lo(= 7l1),l3(= 7311)} for the specific I; defined in equations
(3.5). We may fix the order of the factors and determine the coefficients T; explicitly by assuming
that the roots of the first factor in (3.7) are {l;,14}. Then

h4ly=-T —ToVA, ly+13=-T +TaVA,
lily = T35 + T4\/K, lols = T3 — T4\/K7

which defines the T; as explicit rational functions in rq,...,r5. Writing these elements as linear
combinations of 1,6,62,...,6° with symmetric functions as coefficients would be relatively more
straightforward if Z[s1, . . ., s5][0] were integrally closed in K, but unfortunately this is not the case.

We proceed as follows. In a relation of the form
P=qay+ a0+ 04292 + 04393 + 04494 + 04595,

where the «; are rational symmetric functions, if we apply the automorphisms (123) and (12)
(which generate a complement to Fo in S5 and so give the automorphisms of K = k(0)), we
obtain the system of equations

P=ay+ a6 + agﬁf + a39:1)’ + 0449‘11 + 0450?,
(123)P = ag + 162 + a29§ + agﬂg’ + 04493 + as63,
(132)P = g + o163 + a29§ + 04393 + 044931 + a59§,

(12)P = o + o104 + 202 + 363 + ] + as63,
(23)P = ag + o105 + 202 + 303 + aq02 + as63,
(13)P = ap + 16 + a29§ + agﬁg’ + a49§ + a502,
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from which we may solve for the «; using Cramer’s rule. The denominator appearing in Cramer’s
rule is the Vandermonde determinant —[[,_,(6; — 6;), and it is not difficult to see that this is
(\/Z)3F, where F' is a symmetric polynomial. In particular, if P is a polynomial, this gives
a bound for the denominator necessary for the rational symmetric functions «; (since then the
numerator in Cramer’s rule is a polynomial).

3.4 Ordering the resolvents

Once we have defined all this variables, our goal is to find Iy, l2, 3,14 as roots of (3.7) and from the
irreducibility of this polynomial to determine G¢. Then we want to determine the roots r; of f(z)
using (3.3) and to do so we have to find a way to determine z;. This is just a brief idea of what
we have to do and what we will find in the final Theorem 3.4.2.

If we write
lo = (ap + a10 + a260? + az0® + a40* + as0°)/F (3.8)
and
T1 = (b1o + b110 + b120% + b136° + 1140 + b150°)/(2F), (3.9)
Ty = (boo + bo16 4 boo6? + bo30® + bos0* + bys0°)/(2AF), (3.10)
T3 = (b3o + b310 + b320? + b330 + b3a0* + b350°)/(2F), (3.11)
Ty = (bgo + ba10 + bgo0? + by30® + bys6* + by56°) /(2AF), (3.12)

the values can be found explicitly for the general polynomial f(z) = x° + px® + qz? + rax + s in
terms of p,q,7,s. We will give them only for the particular case when f(z) = 2° + ax + b. These
values are

(215a® — 15625b% + 768a%0 + 416a30% + 112a20° + 24af* + 46°)

T = (500%) , (3.13)
T (3840a° — 78125b* + 4480a*0 + 24804362 + 760a%63 + 140a0* + 306°) (3.14)
T (512a%b + 62506°) ’ '
(—18880a° + 7812506* — 34240a*0 — 21260a36? — 5980a26% — 1255a0* — 2400°)
T3 = . (3.15)
(20%)
T (68800a° + 25000a*8 + 11500a362 + 3250426 + 375a0* + 1006°) (3.16)
4= ) ’

(51245 + 6250b%)

If we compute these expressions in terms of our given rational 8, and choose a specific § as our
square root of A = disc(f), then the roots of the quadratics in (3.7) give us {l1,14} and {l3,13}, up
to a permutation of the two pairs. This is not sufficient to solve for the resolvents Z1, Zs, Z3, Z4,
however, since for example if our choice of the roots in fact corresponds to {l1,1s,12,14}, then we
do not simply obtain a permutation of the Z; (this permutation is not obtained by an element
of Fyg). This difficulty is overcome by introducing an ordering condition. For this, observe that
(lh — la)(I3 — I3) = nd for some element n € K. Computing this element as before, we write

n = (00 +019+0292 +0393 +0404 +0595)/(AF), (317)

where again the values o1, ...,05 can be found for general f(z). As above, we will give them for
the special case of f(z) = 2° + ax + b. We have

(—1036800a° + 48828125b* — 2280000a*0 — 1291500a302 — 399500a26% — 76625a6* — 161006°)

(256a° + 3125b%)

For any specific quintic f(z), choose a square root ¢’ of the discriminant A, then define the
roots of the first quadratic in (3.7) to be I} and I}, and the roots of the second quadratic to be I}
and 1%, ordered so that (I —1})(l5 — 14) = nd’. If our choice of square root ¢’ is the same as that
corresponding to ¢ determined by the ordering of the roots above, then our choice of 11,1515, 1} is
either Iy, 1o,13,14 or ly,l3,1lo,11. If our choice of square root 4’ corresponds to —d, then our choice
of I},14,15, 1 is either lo, l4, 11,15 or l3,11, 14, l3. The corresponding resolvents computed in (3.4) are
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then surnply permuted (namely, (Zl, ZQ, Zg, Z4), (Z4, Zg7 ZQ, Zl), (Zg, Zl, Z4, Zg), (ZQ7 Z4, Z17 Zg),
respectively), which will simply permute the order of the roots r; in (3.3), as we shall see.

It remains to consider the choice of the fifth roots of the Z; to obtain the resolvents z;. We
now show that, given Z; = 27, each of the five possible choices for z; uniquely defines the choices
for 29, 23, 24, hence uniquely defines the five roots of the quintic.

Consider the expressions z1z4 and 2223, which by the explicit Galois actions above are fixed
by o,7w™! and 72, hence are elements of the corresponding fixed field K (6v/5).

As mentioned above, the discriminant A for any solvable quintic is a positive rational number.
It follows that under any specialization, the elements z1z4 and 2523 are elements of the field
Q(v/5A). Since the z; are uniquely defined up to multiplication by a fifth root of unity, this
uniquely determines z4 given 21, and z3 given 25. It remains to see how 2y is determined by
z1. Consider now the elements z1z§ , 232%, z4z§, zgzi, which are invariant under ¢ and cyclically
permuted by both 7 and w. It follows that these are the roots of a cyclic quartic over K, and that
in particular

2122 + 2422 =u4voVh, 2322 4 2027 = u — v6V5 (3.18)
for some u, ¢ € K, where /5 is defined by the choice of ¢: ¢ + ¢! = (=1 +/5)/2.

Lemma 3.4.1 ([3]). Given zy, there is a unique choice of zo, 23, 24 such that 2124, 2023 € K(6v/5)
and such that the two equations in (3.18) are satisfied.

Proof. We have already seen that z; uniquely determines z4, and that zo uniquely determines z3
by the conditions z;24, 2023 € K(5v/5). It remains to show that z; uniquely defines z» subject to
the equations in (3.18).

If z, were replaced be ez5 for some nontrivial fifth root of unity ¢, then z3 would be replaced
by 23 (where €2 = 1), since their product must lie in K (5+/5). If this new choice for zo and z3
(together with the fixed z; and z4) also satisfied the equations in (3.18), we would have

2125 + 2425 = uw~+v6vV5, and 21(e20)? 4 24(23)% = u —+ v6V/5,
2327 + 2922 =u —voV5, and (Ez3)2% + (e22)27 = u — viV/5.
Equating the expressions for u + vdv/5 gives

2125 1-22 1

2422 1—e2 &2
and equating the expressions for u — v5v/5 gives

Z%Zg_ 1—5_6
D) = — — = C.
247 1-¢2

These two equations give (21/24)° = 1, which implies that z1/z4 is a fifth root of unity. This
is a contradiction, since this element generates a quintic extension of L({) which survives any
specialization (the order of the Galois group of the irreducible f(z) is divisible by 5), and completes
the proof. O

The elements u and v are computed as before:

u=—25¢/2,
v = (co + c10 + 202 + c30° + c40* + c50°)/(2AF),

where the coefficient ¢; for the general f(x) can be found. We will give them for the special case
of f(x) = 2° + az + b:

u =0,
v =(—2048a" + 25000ab* — 3072a°0 — 6250ab*0 — 1664a°6*—
— 3125602 — 448a*0® — 96a30* — 16a26°)/(32000a°b® + 390625b7),

We are now ready for the final theorem:
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Theorem 3.4.2 ([3]). Suppose the irreducible polynomial f(z) = z° + pa® + qa® + ro + s € Q[z]
is solvable by radicals, and let 0 be the unique rational root of the associated resolvent sextic foq
as in Theorem 3.2.1. Fix any square root 0 of the discriminant A of f(x) and fix any primitive
fifth root of unity ¢. Define ly as in equation (3.8), and define 11,1y and ls,l3 to be the roots of
the quadratic factors in (3.7), subject to the condition (I3 — ly)(la —l3) = nd in (3.17). Then the
Galois group of f(x) is:

(a) the Frobenius group of order 20 if and only if the discriminant A of f(z) is not a square, which
occurs if and only if the quadratic factors in (3.7) are irreducible over Q(v/A),

(b) the dihedral group of order 10 if and only if A is a square and the rational quadratics in (3.7)
are irreducible over Q,

(c) the cyclic group of order 5 if and only if A is a square and the rational quadratics in (3.7) are
reducible over Q.

Let z1 be any fifth root of Z1 in (3.4), and let 22, 23, 24 be the corresponding fifth roots of Za, Z3, Z4
as in the lemma above. Then the formulas (8.3) give the roots of f(x) in terms of the radicals and
r1,T2,73,T4,75 are permuted cyclically by some 5-cycle in the Galois group

Proof. The conditions in (a) to (¢) are simply restatements of the structure of the field L = K(l;) =
K(ly,ls,13,14) under specialization. We have already seen that the choice of ¢ and the roots I;,
of the quadratics determines the Z; up to an ordering: (Z1,Za, Z3, Z4) or (Zy, Zs, Za, Z1) if the
choice of 0 is the same as that in the computations above, and (Z3, Z1, Z4, Z2) or (Za, Zy4, Z1, Z3)
if the choice of § is the negative of that used in the computations above. It is easy to check that
the corresponding resolvents z; are then simply (21, 22, 23, 24), (24, 23, 22, 21), (23, 21, 24, 22), and
(22, 24, 21, 23), respectively (this is the action of the automorphism 7 = (2354) above). The formulas
(3.3) then give the roots r; in the orders (r1,72,7r3,74,75), (r1,75,74,73,72), (r1, 73,75, 72, 74), and
(r1,74,72,75,73), respectively. In terms of the 5-cycle o = (12345) above, these correspond to
cyclic permutations by ¢,01, 0% and o2, respectively. Finally, any choice of primitive fifth root of
unity ¢ produces precisely the same permutations of the roots r;, so the roots of f(z) are produced
in a cyclic ordering independent of all choices. O

We now give some examples of Galois group and roots computations

1. Let f(x) = 2% + 152 + 12, whose discriminant is A = 219345%. The corresponding resolvent
sextic foo(x) is the polynomial

x% + 1202° + 9000z* + 5400002 + 2025000022 + 324000000z,
which clearly has 8 = 0 as a root. It follows that the Galois group of f(z) is the Frobenius

group Fh and that f(x) is solvable by radicals. With 6 = 7200v/5, where ¢ + (! =
(—14++/5)/2, the roots Iy, l2, I3, 4 of the quadratics in (3.7) (subject to the ordering condition

in (3.17)) are
Iy = —375 — 750v/5 + 75i\/ 625 + 29V/5,
ly = —375 — 750/5 — 75i\/ 625 + 29V/5,
Iy = =375+ 750/5 — 75i1/ 625 — 29V/5,
Iy = —375 4 750v/5 + 75i1/ 625 — 29v/5.

Zy = —1875 — 751/ 1635 + 385/5 + 754/ 1635 — 385V/5,
Zy = —1875 + 751/ 1635 + 385v/5 — 751/ 1635 — 385V/5,

Zs = 5625 — 75\/1490 + 240v/5 — 75\/1490 — 240V/5,

Then

Z5 = 5625 + 75\/ 1490 + 240V/5 + 75\/ 1490 — 240V/5.
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Viewing these as real numbers, and letting z; be the real fifth root of Z;, we conclude
that the corresponding zo, z3 and z4 are the real fifth roots of Z5, Z3 and Z,, respectively,
and then (3.3) gives the roots of f(x). For example, the sum of the real fifth roots of
71, Zo, 73, Zy above gives five times the (unique) real root of f(x).

. Let f(z) = 2% — 5z + 12, whose discriminant is A = 21256, The corresponding resolvent

sextic foo(x) is the polynomial
x% — 402° + 1000z* + 2000022 + 25000022 — 66400000 4+ 976000000,

which has # = 40 as a root, so that f(z) has a solvable Galois group. Since in this case the
quadratic factors in (3.7) are z2 + 12502 + 6015625 and 22 — 3750x + 4921875, which are
irreducible over Q, it follows that the Galois group of f(z) is the dihedral group of order 10.
If § = 8000, the roots I3, l2, 3,14 of the quadratics in (3.7) (subject to the ordering condition
n (3.17)) are

1 = —625 + 7504/—10,
Iy = —625 — 7501/—10,
lo = 1875 + 375v/—10,
ly = 1875 — 375y/—10.

Zy = —3125 — 1250v/5 — ?\/ 100 4 2015 — 50 =5~ \/100 - 20V/5,
Zy = —3125 — 125075 + ?\/ 100 4 20v/5 + 7\/ 100 — 20v/5,
Zy = —3125 + 1250v/5 + ?\/ 100 + 20v/5 — %\/100 —20V/5,
Zs = —3125 + 1250v/5 — ?\/ 100 + 20v/5 + ?\/ 100 — 20V/5.

Again viewing these as real numbers, and letting z; be the real fifth root of Z;, we conclude
that the corresponding zs, z3 and z4 are the real fifth rots of Zs, Z3 and Z4, respectively,
and then (3.3) gives the roots of f(x). For example, the sum of the real fifth roots of
Z1,Z2,Z3, Z4 above again gives five times the (unique) real root in this example.

Then

. Let f(z) = 2® — 11023 — 5522 + 23102 + 979, whose discriminant is A = 529114, The

corresponding resolvent sextic foo(x) is the polynomial

25 + 1848025 + 477647502 — 5802627600002 — 1796651418959375x2
+ 2980357148316659375x — 36026068564469671875,

which has 8 = —9955 as a root, so that f(x) ha a solvable Galois group. Since in this case
the quadratic factors in (3.7) are (z — 797500)(z + 61875) and (r — 281875)(z + 405625), it
follows that the Galois group of f(x) is the cyclic group of order 5. If § = 51°112, the roots
ly,19,13,14 of the quadratics in (3.7) (subject to the ordering condition in (3.17)) are

I, = 797500,
l, = —61875,
I3 = 281875,
Iy = —405625.

Then

= 5°11(41¢ + 26¢% + 6¢3 + 16¢4),
Z2 = 5°11(6¢ 4 41¢2 + 16¢3 + 26¢4),
= 5°11(26¢ + 16¢ + 41¢% + 6¢*)
Z4 = 5%11(16¢ + 6¢2 + 26¢> + 41¢1),

)
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Here,
1375 + 68755 1375 — 6875/
=5 o uTwWE—————
so with z1 any fifth root of Z1, z4 is the fifth root of Z4 such that z; z4 is real, and 29, z3 are the
fifth roots of Zo, Z3 whose product is real and which satisfy 2322+ 2927 = (1375—6875v/5) /2.

U+ v

23






Chapter 4

Sextics

4.1 Introduction and notation

Let f(z) € Q[z] be an irreducible polynomial of degree 6 and Gal(f) = Gy its Galois group. If
we number the roots r; of f(x), then we can embed G as a transitive subgroup of Sg through its
action upon the r;. Since changing the numbering of the roots conjugates the embedding of G in
Se, G is not a well-defined function of f.

Let Gal(f) = Gy be the Sg-conjugacy class of G and let ¥ be the Sg-conjugacy classes of
transitive subgroups of Sg. Then for each irreducible polynomial f, G gives a well-defined element
of Xg. Given G € X, we let I'g be the set of all irreducible polynomials f(z) € Q[z] with degree
6 such that Gy = G.

Given G € ¥, we say that the general equation of type (n, Q) is explicitly solvable by radicals
if (we will recall this definition in Theorem 4.4.5 of Section 4.4):

(i) There are formulas z;(t;), z2(t;), ..., zn(t;) using only the basic arithmetic operations and
radicals in variables tq,to, ..., tm;

(ii) A number field K, [K : Q] < oo, and bounded algorithm which associates to each f € T'g,
numbers £ (f),t2(f), ..., tn(f) € K such that z1(£;(f)),..., 2. (£:;(f)) are the roots of f.

4.2 Transitive subgroups of S;

We know that given f(x) an irreducible sextic polynomial, its Galois group Gal(f) is a transitive
subgroup of Sg. The candidates are the subgroup of Sg such that 6 = deg(f) | |Gy|. Up to
isomorphism, these are:

Gy Se | As | Hioo | Gro | T'eo | Gas | I'ss | G3s
|Gf‘ 720 | 360 120 72 60 48 36 36
Gy || Toa | Gog | Hoy | Gig | T'12 | Gi2 | Cs | Hg
|Gf‘ 24 24 24 18 12 12 6 6

Table 4.1: Transitive subgroups of Sg

We can say ”up to isomorphism” because Cayley and Cole (see [1],[2]) proved that each tran-
sitive subgroup of Sg is conjugate in Sg to one of sixteen non-isomorphic groups in Table (4.1).
With the only exception of Sg and Ag, in the notation above the subscript will denote the number
of elements in the group. The groups H,, are isomorphic to S,, and the use of the notation I',,
indicates that I',,, = Ga,, N Ag, with the exception that I'¢g = Hy29 N Ag. One can also show that
Flg = A4 and F60 = A5.

The four maximal transitive subgroups of Sg are Sg, Hi29, G72 and G4g. We now explicitly
describe their generators and subgroups.

e Hjy is generated by the elements (1452),(16524) and (143562) and is isomorphic to Ss.
T'go = Hi0 N Ag is a subgroup of Hiog of index 2 and is isomorphic to As.
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We now consider Gi7o and its subgroups I'sg, Gg¢ and Gis. Let X = {1,3,5},Y = {2,4,6}
and let Sym, denote the symmetric group of a set Z. We regard Symy and Sym, as
subgroups of Sg. Since o = (12)(34)(56) € Sg acts on Symyx x Symy- C Sg by conjugation,
we can define the semi-direct product

Gro = (Sme X Symy) X <O’> C Sg-

It is the stabilizer in S of the set S = {X,Y} and is generated by (13), (15) and o.
Now I'sg = G7o N Ag is the subgroup of Ag stabilizing S.

The subgroup Gsg is defined by G = [Ag N (Symy X Symy )] x (o). It is generated by
(13)(24), (135) and o.

Finally, let G1g be the subgroup defined by Gis = (Ax x Ay) % (o), where Ay is the
alternating subgroup of Sym,, for a set Z. The group Gig is generated by (135) and o.

We now describe G4 and its transitive subgroups. Let X = {1,2},Y = {3,4}, 7 = {5,6}
and T = {X,Y,Z}. We define G4g to be the stabilizer of T in Sg. It is generated by
the elements (12), (13)(24) and (135)(246). The subgroup H = Symy X Symy- x Sym, 22
(Z/37)3 is generated by the cycles (12), (34) and (56). It is a normal subgroup of Gug of
order 8 and G4s/H = Sym,. We have Gyg = Symp X H.

To define the subgroups of G4s we introduce two characters on Gus. Let a : Gy — {£1}
be the restriction from Sg to Gug of the sign homomorphism Sg — {£1}. We let «; :
Gss — {£1} be the composition of G4s — G4s/H = Symy and the sign homomorphism
Symp — {£1}.

We now define the three subgroups I's4, Go4 and Ha4 to be the kernels in G45 of the respective
homomorphism «, a; and aay .

We define T'yg = T'og N Gag(= Toq N Hog = Go4 N Hay). In terms of generators, these groups
are easily described. For example, Ga4 is generated by (12) and (135)(246), and T'y2 is
generated by (135)(246) and (12)(34). We have Goq = Hoy = Sy, but Goy4 and Hay are not
conjugate groups in Sy.

Finally, we describe G152 and its two transitive subgroups Cg and Hg of order 6. We have
G12 = G7a N Gyg. Tt is generated by the cycles (135)(246), (13)(24) and (12)(34)(56).

We denote by Cg the cyclic subgroup generated by (145236) and by Hg the group generated
by (135)(246) and (12)(36)(45). We have Hg = Ss.

The set 3¢ has 16 elements and the representative of each conjugacy class are given in Table

(4.1).

Twelve of these groups are solvable (all 16 except for Sg, Ag, Hizo = S5 and Tgy = As),

and there are two maximal solvable groups, G72 and G4s. When G is solvable, we have

Gf C G7y or Gf C Ggs.

We will give some subgroup relations between the transitive subgroups of Sg in the following

figure:

Figure 4.1
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4.3 (Galois resolvents

First of all, let’s give some notation. Let x1,...,2z¢ be indeterminates over Q, R = Q[zy, ..., zg)
and K = Q(z1,...,7¢) the quotient field of R. We let o € Sg act on K via o(x;) = x,(;). Let
F=K5 = Qg, be the field of the elements of K fixed by Ss. Then F' = Q(s1,...,ss), where

81:£L'1+"‘+.’E6, S9 = E TiTj, ... S¢ =T1T2...T¢,
1<j

are the symmetric polynomials in the z;. K/F is a Galois extension with Galois group Sg. Given
0 € K, we let Stab(f) = {o € S¢ | 0() = 0}. If € K is a polynomial and Stab(f) = G, we call 6
a G-polynomial. If G C S, then K/K¢ is a Galois extension with group G, and K¢ = F(6) for
some 6 € K with Stab(f) = G.

Now 6 will have m = [Sg : G] conjugates 8 = 61,...,6,, in K. The

Galois resolvent of 0 is defined as e Se
Fe(x):H(x—Gi) € Flz]. o
i=1

Fy(x) has degree m and is the product of distinct irreducible factors in ‘
KH[z] for each H C Sg. Let X be the set of left G-cosets in S,,. The group
H acts on X by left multiplication. Elementary group theory shows that
the degrees of the irreducible factors of Fy(x) in K*[z] are given by the
lengths of the H-orbits in X. Hence, the set of degrees of the irreducible
factors of Fy(x) is independent of the choice of 6 and depends only on G.

We now study three particular Galois resolvents. We denote by Fy(x), Fio(z) and Fi5(x) the
Galois resolvents corresponding to the pairs (G, 0g), for G = Ag, 04, = Hi<j(xi —z;); G = Gra,
070 = (21 + 23+ x5) (22 + 24 + 6); and G = Gug, 048 = 172 + 2324 + T526. Whenever there is no
ambiguity, we will often write Fy instead of F¢, where d will be the index [Sg : G] (for example,
Fy, = Fa, and [Ss : Ag] = 2). The degree of Fy(x) is d. Table (4.2) indicates the degrees of

the irreducible factors of these resolvents in K [x] = Q(x1...,2¢)H, for all transitive subgroups
HC Ss.
Group G F>(z) Fio(z) Fi5(2)
Se 2 10 15
Ag 1,1 10 15
Hio 2 10 10,5
Tso 1,1 10 10,5
Gro 2 9,1 9.6
s 1,1 9,1 9,6
Gs6 2 9,1 9,3,3
G1s 2 9,1 9,3,3
Glas 2 6,4 8,6,1
IV 1,1 6,4 8,6,1
e 2 6,4 8,6,1
Hay 2 6,4 6,4,4,1
T 1,1 6,4 6,4,4,1
G2 2 6,3,1 6,3,3,2,1
Cs 2 6,3,1 6,3,3,2,1
Hy 2 3331 3333,1,1,1

Table 4.2

We now introduce the notion of specialization. Let f(x) € Q[z] be an irreducible sextic
polynomial. Choose a numbering rq, ..., rs of the roots of f so that the corresponding embedding
Gy — Sg is one of the groups listed in Table (4.1). We will need to distinguish between the action
of Sg on x; and the action of Gy on the roots r;. Let L be the splitting field of f(x) over Q. Then
let & : R=Q[zy...,26) = L be the homomorphism defined by é&(x;) = r;. Given 6 € R, we let
f denote the image &(f) € L. If g(z) = 3, @iz’ € Rlz], we let §(z) = 3, a;z'. We will often
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use the following simple observation: If § € R is invariant under the action of G(f) C Sg, then
0 € Q. Similarly, if the coefficients of g(z) are Gy-invariant, then g(z) € Q[z]. In particular, for
each G C Sg and G-polynomial § € R, we have Fy(z) € Q[z].

It is important to remember that all specializations are with respect to f(z) and a given
numbering of the r;. However, the specialization of a Galois resolvent can be computed without
knowing r; or their numbering. Let 6 be a G-polynomial for some G C S and Fy(x) be its Galois
resolvent. Then the coefficients of Fy(x) are polynomials in the coefficients a; of f(x). Hence Fy(x)
can be computed by knowing only f(x).

We now study several specific specializations of Galois resolvents. Again, for ease of notation,
we will often write fg () or fq(z) (if d = [Se : G]) instead of Fg(z). For example, fo(z) = Fy(z) =
22 — A, where A is the discriminant of f(x). Hence determining whether f»(z) has rational roots
is equivalent to determining whether Gy C Ag. We will use fio(z) = Fio(x) and fi5(x) = Fi5(z)
to draw similar conclusion about Gy. The coefficients of fa(z), fio(x) and fis(z) are symmetric
polynomials in the r; and can be expressed as polynomials in the coefficients aq,...,as of f(x).
Let now write fio, f15 € Q[z] as

10 15
fro =2+ Z(_l)ibifflo_ia fis = 2'® + Z(_l)icﬂm_i
i=1 =1

where the coefficients b;, ¢; € Q are defined in the Appendix in function of the coefficients aq, ..., ag
of f(x). We also give an explicit formula for the discriminant A.

Let us now review how Galois resolvents can be used to calculate G¢. Let G C Sg and choose
a G-polynomial ¢ € Q[x1, ..., z6]. Let Fyp, (x) be the Galois resolvent. We will write Gy C. G if
Gy is conjugate in Sg to a subgroup of G. It can be easily shown:

Proposition 1 ([5]). If Gf C. G, then Fy,(x) € Qlz] has a rational root. Conversly, if Fy,,(x)
has a rational root with multiplicity one, then Gy C. G.

By assuming that Gy is one of the 16 groups in Table (4.1), we can replace C. in Proposition
1 by C when G = Grq,Gyg or Ag. If for each transitive subgroup G C Sg, there exists 65 €
Qlz1,...,x¢] such that the specialization Fy,(z) always has distinct roots, then Proposition 1
would solve the problem of determining Galois groups.

The key to our approach is that we can choose Og for G = Gre, Gys, so that ]3'90 has a
rational root with multiplicity one most of the time. And in the remaining cases, we can use the
factorization of Fy, (z) to determine whether G ¢t C G. Then, once we know whether Gy C Gra
and Gy C G4g, we can use other criteria to determine Gy precisely. The three Galois resolvents
we will use are fo(z) = 22 — A, fio(x) and fi5(z).

We now consider the factorization of fo(x), fio(z), fis(z) in Qz] when Gy = G, for each
transitive subgroup G of Sg. The factorization of fo(z) is easy to determine. fo(r) = 22 — A has a
rational root if and only if Gy C Ag. And since A # 0, these statements are equivalent to A being
a square in Q. For the other cases, we will make heavy use of the well-known lemma:

Lemma 4.3.1 ([5]). Let Fy,(x) be the Galois resolvent associated to G C Sg. Assume that f(z) is
an irreducible polynomial with Gy. If F(x) is an irreducible factor of the Galois resolvent Fy, (x)
in K& [x], the F(x) is either an irreducible polynomial or the power of a linear polynomial in Q|x].

We now consider the factorization of fio in Q[z]. We can recall that fio = Fio(z). Let
Oabe)(def) = (Ta + xp + 2)(Ta + e + xp). Then the ten roots of Fig(z) are the 0(4pc)(def), Where
{(abc)(def)} ranges over all ten partition of {1,...,6} into two sets of three element each. Since
0(135)(246) = 072 is a G7a-polynomial, if Gy C G72, then 0 = é(135)(246) is a rational root of fio(x).

Proposition 2 ([5]). Let f(z) € Q[z] be an irreducible sextic polynomial and assume that Gy is
one of the groups in Table (4.1).

(a) Gy C Gra <= fio(z) has a rational root. When this holds, fio(x) has a rational root with
multiplicity one.

(b) If F(x) is an irreducible factor of Fio(z) in K/ [x] of degree > 4, then F(z) is an irreducible
factor of fio in Q[z].
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Proof. We first prove (b). By Table (4.2), we can assume that Gy # Hg. Inspection then
shows that whenever Fjg(x) has an irreducible factor F'(x) of degree 6, 9 or 10, then F(x) has
0(123)(456), 0(124)(356) and 6(125)(346) as roots. By Lemma 4.3.1, F’(m) is either irreducible in Qx|
or
0(123)(456) = 0(124)(356) = O(125)(346)-

Assume that the latter holds. Then the first equality shows that r; + ro = r5 + rg, the second
gives 11 + ro = r3 + rg and we obtain the contradiction r3 = r5. Hence 13’(93) € Q[z] is irreducible.
By process of elimination, we can now assume that F'(x) is the irreducible factor of degree four
occurring when Gy C Gug, Gy ¢ Gra. The roots of F'(x) are then 0(135)(246), 0(136)(245), 0(145)(236)
and 0(146)(235)- Again, by Lemma 4.3.1, if F(m) is not irreducible, then é(135)(246) = é(136)(245)
and é(145)(236) = 9(146)(235). Hence, vy +r3 = 79 + 14 and ry + r4 = 79 + r3 and we obtain the
contradiction 71 = ro. Thus F(x) is irreducible and (b) is proved.

We now prove (a). The direction (=) follows from Proposition 1. Now (<=) follows from
(b) since if Gy ¢ Grg, then fio(x) does not have a rational root. Hence the equivalence in (a)
is proved. We now show that when it holds, fio(z) has a rational root with multiplicity one.
When Gy C Gr2, Gy ¢ Gug, then by (b), fio has a rational root with multiplicity one. Hence
we can assume that Gy = G2, Cg or Hs. We will show that in each case, fio has a rational
root with multiplicity one. We first consider the case when Gy = Hg. It suffices to show that
if the specialization F'(x) of an irreducible cubic factor F(z) of Fio(z) equals (z — a)3, then
a# 6 (= é(135)(246)). Inspection shows that the roots of the three irreducible cubic factors are
given by the sets

{9(136)(245)’ 9(145)(236), 9(146)(235)}, {é(132)(456)7 é(126)(354)7 é(156)(234)}7

{é(134)(256)7 é(146)(235)7 é(145)(236)}-

If a = 6, then either

é(135)(246) = é(136)(245) = é(145)(236) = é(146)(235)7
or

é(135)(246) = é(132)(456) = é(126)(354) = é(156)(234)7
or

é(135)(246) = é(134)(256) = é(146)(235) = é(145)(236)-
Proceeding as in the second part of the proof for (b), we obtain a contradiction in all three cases.
The cases when Gy = G12, Cy are similar. Hence (a) is proved. O

More generally, for any Galois resolvents coming from a G7s-polynomial, we can show

Proposition 3 ([5]). Let f(z) € Q[z] be an irreducible sextic polynomial and assume that Gy is

one of the groups in Table (4.1).

(a) Let 0 € Q[z1,...,x6] be a Gra-polynomial. If Gy C Gra, then 6 € Q and is the unique root of
Fy () € Q[z] occurring with multiplicity 1, 4, 7 or 10.

(b) Let § € Qlx1,...,x6] be a Gag-polynomial. If Gy C Gas, Gy ¢ Gra, then 0 € Q and is the
unique root of Fg(l’) € Q[z] with multiplicity 1, 5, 7, 9, 11 or 15.

Proof. We prove (a). Using Table (4.2) and Lemma 4.3.1, for each possible Galois group Gy =
G C Gra, one can determine the possible decomposition of Fy(z) in Q[z]. For each possible
decomposition, inspection shows that there exists a positive integer n such that 6 is the unique
root 1 of Fp(z) with multiplicity n. The list of such n is the list in (a). Since no other root can have
this multiplicity, (a) is proved. The proof of (b) is the same. The restriction Gy C Gag, Gy ¢ Gro

occurs because when Gy C G2, it can be the case that 0 cannot be determined because there are
multiple roots with the same multiplicity. O

We now consider the factorization of fi5(z) = in Q[z]. Let
O(ab)(cd)(ef) = Talt + TeTd + Tel

The roots of Fy5(x) = Fy,, (z) are the fifteen conjugates of g listed in Table (4.3).
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Oa2)iayi6)  P2)35)46)  O12)(36)(45)
O13y24)56)  O13)25)(46)  P(13)(26)(45)
Oaay2s)s6)  Oayes)se)  Oay(26)(35)
Oasy2s)a6)  Oas)2a)36) P15 (26)(30)
Oae)es)45)  Oa6)24)35)  ra6)(25)(

Table 4.3: Roots of Fi5(x)

We have:

Proposition 4 ([5]). Let f(z) € Q[z] be an irreducible sextic polynomial. If F(z) is an irreducible
factor of Fi5(x) in K [x] with degree d > 6, then F'(x) € Q[z] is irreducible.

Proof. Assume F(z) is reducible. Then F(z) = (x — a)? for some a € Q, by Lemma 4.3.1. Since
deg F'(x) > 6, two of the roots of F(x) must be 0(1p)(cdy(es)s O(1b)(ce)(af), for some permutation
b, ¢, d, e, f of the numbers 2,...,6. Since 6 (16)(cd)(ef) = 0 (16)(ce)(df), We have (re —rf)(ra —

re) = 0 and thus, either the contradiction r, = ry or the contradiction rq4 = r.. Hence F (x) is
irreducible. O

We are now ready to give our criterion to determine whether G is solvable, as a corollary of
the following Theorem.

Theorem 4.3.2 ([5]). If f(z) € Q[z] be an irreducible sextic polynomial, then
(a) Gy C Gra <= fio(x) has a rational root.

(b) Gy C Gug <= one of the following statements holds:

(i) fi5(x) has a rational root with multiplicity # 3, 5.

(i) fi5(x) has a rational root with multiplicity three and fio(x) has either an irreducible
cubic factor or at least two distinct linear factors.

(iii) fi5(x) has a rational root with multiplicity five and fi1o(x) is reducible.

Proof. Part (a) is proved in Proposition 2(a). We now prove (b)(=>). Assume Gy C Gas. By
Proposition 1, fi5(z) has a rational root. If fi5(z) has a rational root with multiplicity # 3,5,
then condition (i) holds. We now assume that (i) does not hold. If fi5(z) has a rational root
with multiplicity 3, then by Proposition 4 and Table 4.2, either Gy = G132, Cs or Hg. Inspection,
along the lines of the proof of Proposition 2(b), then shows that the criterion in condition (i)
holds. If Gy C Gug and fi5(z) does not have any rational roots except with multiplicity 5, then by
Proposition 4 we have Gy = Hay or I'1a. Then since Fio(x) is reducible in K€%[x] when G = Hay
or T'y9, fio(x) is reducible. Hence (iii) holds.

We now prove (b)(<=). Assume that condition (i) holds. Then by Proposition 4, we must
have Gy C G4s. Assume now that condition () holds. Since there is a root with multiplicity 3,
then by Table 4.2 and Proposition 4, we must have Gy = G3s, G1g or Gy C G12. But Proposition
2 shows that fio(z) contains an irreducible factor of degree 9 when Gy = Gs¢, Gis. Hence
Gy C Gh2 C Gys. Finally, assume that condition (444) holds. If fi5(z) has a root with multiplicity
5 then Gy = Higg, T'¢o or Gy C Gug by Lemma 4.3.1. Since fio(x) is reducible, by Proposition 2
we have Gy # Hia, I'eo. Hence Gy C Gug and the theorem is proven. O

Corollary 4.3.3 ([5]). Let f(x) € Q[z] be an irreducible sextic polynomial. Then Gy is solvable
<= one of the following statements holds:

(a) fio(x) has a rational root.
(b) fis(x) has a rational root with multiplicity # 5.

(c) fi5(x) has a rational root with multiplicity five and f10(x) is the product of irreducible quartic
and sextic polynomials.

Proof. Gy is solvable if and only if Gy C G2 or Gy C Gyg. Hence Corollary 4.3.3 follows from
Theorem 4.3.2, Table 4.2 and the observation that fi5(x) can only have a rational root with
multiplicity three when Gy C Gra or Gy C Gus. O]
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Once it is known by Theorem 4.3.2 that G is not solvable, it is easy to determine G'y. We
have

Proposition 5 ([5]). Let f(z) € Q[x] be a non-solvable irreducible sextic polynomial. Then
(a) Gy =S¢ <= fi5(x) is irreducible in Q[z] and A is not a square in Q.

(b) Gy = Ag <= fi5(x) is irreducible in Q[z] and A is a square in Q.

(¢c) Gy = Hygo <= f15(x) is reducible in Q[z] and A is not a square in Q.

(d) Gy =Tgo <= fi5(x) is reducible in Q[z] and A is a square in Q.

Proof. We have Gy = S, Ag, Hizo or I'qo. By Proposition 4, fi5(x) is irreducible <= Gy = Sg
or Ag. The discriminant A distinguishes the remaining cases. O

4.4 Solving the sextic: Gy C Gys,G¢ € Gro

Once it is proved Theorem 4.3.2, we now assume that Gy C G4g and Gy € Gra. We first explain
how to determine Gy, then how to determine the roots of the sextic f(x) and finally how to
explicitly determine the action of Gy on the roots.

We recall that by Proposition 3, we know the value of the rational root 6, = 548 = rire9 +
r3rq + 1576 of f15(x). We introduce the variables:

dipg =21+ T2, d3za=x3+ T4, dsg =25+ T6,
ez = T2, €34 = T34, es6 = L5,
X1 = (di2 — d34)(ds4 — ds6)(ds6 — d12),

X2 = (612 - 634)(634 - 656)(656 - 612)-

(4.1)

Now x?, x2 are Gg-polynomials and by Proposition 3, the values of Y3, X3 can be determined as
roots of the Galois resolvents f, 2. We now state some elementary properties of X1, Y.

Lemma 4.4.1 ([5]). Let f(z) € Q[z] be an irreducible sextic with Gy = Gag, T'os, Goa, Hay or
Flg. Then

(a) X1 =0<= diz =dss = dsg = a1/3.
(b) )22 =0<= é19 = €34 = €56 291/3

(c) At least one of the X; is non-zero. If both X1, X2 are non-zero, then X3 is a square in Q <= Y3
s a square in Q.

Proof. We first prove (a). Suppose X1 = 0. Then one of the three factors of ¥; must vanish.
Assume that cilg = ci34. Then applying the automorphism ¢ = (135)(246) € I'12 C G, we obtain
ds4 = dsg, and a; = 3d;5. Thus (=) is proved. The converse (<) is clear. Statement (b) is proved
in the same way. We now prove (¢). Assume that x; = x2 = 0. Then by (a), (b), the symmetric
functions in 71 and ro are rational numbers. But then

2? — diax + é12 = (x — 1) (T — 72)
is a rational quadratic factor of f(x), contradicting the irreducibility of f(x). Hence, at least one of

the x; is non-zero. Now suppose that both are non-zero. Since x1/x2 is fixed by Gas, X1/X2 € Q*
and (c) is proved. O

By Lemma 4.4.1, we can define a non-zero number y € Q by x = X7 if {1 # 0 and x = {3
otherwise. We recall that A is the discriminant of f(x). We are now ready to prove the following
Theorem to determine G/y.
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Theorem 4.4.2 ([5]). Let f(z) € Q[z] be an irreducible sextic with Gy = Gas, T'oa, Goa, Hos or
Flg. Then

(a) Gy = Gug <= none of the numbers x, A, xA are squares in Q.

(b) Gy =T9 <= A is a square in Q, but x, xA are not squares in Q.

(¢c) Gy =Gay <= X is a square in Q, but A, xA are not squares in Q.

(d) Gy = Hay <= XA is a square in Q, but x, A are not squares in Q.

(e) Gy =T12 <= x, A and xA are squares in Q.

Proof. We first prove (b). Let o denote the element (12)(34)(56) € G4g. Then o(A) = —A and
the stabilizer of A in Gyg is I'o4. Since A is non-zero, we have that A is a rational square if and
only if Gy C T'g4. Since x # 0, (13)(24)x = —x and (13)(24)xA = —xA, and G24 and Hs are
the respective stabilizers of x and xA in Gyg, we obtain the corresponding statements (¢), (d)

for Goy4 and Hsy. Cases (a) and (e) then follow from cases (b), (¢) and (d) and the fact that
[ig =T24 N G2a N Hay. O

We now show that there are general formulas for finding the roots of f(z). Implicit in our
approach will be the assumption that we can simplify algebraic numbers to determine whether
they are rational numbers. First, we introduce some useful symmetric functions of the d;; and e;;.
Some of these symmetric functions can be easily expressed in terms of a;, #;. We have

a1 = di2 + dzq + dse,
az — b1 = diadzs + dzadse + d12ds6,
01 = é12 + €34 + é56,
ag = €12€34€56
The other two symmetric functions, which are specializations of the two G4g-polynomials
D = dy2d34dse,

(4.2)
E = eqpe34 + e34e56 + €12€56,

are not easily expressed. By Proposition 3, f), E can be determined as rational roots of their
Galois resolvents Fp(z), Fg(x) € Q[z]. Let
g2(x) = 2% — ay2® + (ag — 61)z — D € Qz], (4.3)

g3(z) = 2% — 0122 + Ex — ag € Q|z]. (4.4)

Let w be a primitive cubic root of unity. Formulas yg(wi) for finding the roots of a cubic
polynomial g are given in the Appendix (Lemma A.0.1). Define l; = y,,(w"), m; = y,,(w?) for
i=1,2,3. The l; (resp. m;) are the roots of ga(z) (resp. g3(z)). We than have

{l,12,13} = {d12762347(j56}7 {m1,ma,ms} = {€12, 634,656}

We note that we do not yet know haw to identify the I; (resp. m;) with the czij (resp. éij).
Finally, let us define for £ = 1,2 the two G4g-polynomials:

hik = dYyers + db,esq + digese. (4.5)
Since hi1, h12 are G4g-polynomials, Ell, ﬁlg € Q when Gy C Gys.

Proposition 6 ([5]). Let f(z) € Q[z] be an irreducible sextic polynomial with Gy C Gag. Assume
that the values of 01,1;,m;, h11 and his are known. Then there is an effective algorithm for de-
termining o € S3 such that for each i,l; and mgy ;) correspond to the same pair of roots. In other

words, we can find o such that
{(lia ma(i))}i:ll3 = {(3127 é12), (d34, €34), (ds6, é56)} (4.6)
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Before reading through the proof of Proposition 6, we now introduce some additional notation
and prove a lemma needed to prove Proposition 6. Let k = 1 or 2. Define
Jik = diyern + disese + dEgess
hok = diaess + dbses6 + diger, Jor = disese + disess + diger (4.7)
ha = dfyese + d5se12 + digesa, Jak = diyezs + disern + digese
Fix k = 1,2. Then for all groups G in Figure 4.1 with G C Gysg, the set {hay, hgi} is G-stable and

the set {j1k, jok, har} is a G-orbit in Q[z1, ..., zg].
Since Gy satisfies this condition, we have

}Algk c @ < }Algk (S Q, (4.8)

and
}ik € Q for some i < j’ik € Q for all 3. (4.9)
When the last case occurs, jlk) = 3219 = }3;9.

Lemma 4.4.3 ([5]). Let f(z) € Qlx] be an irreducible sextic polynomial with Gy C Gas. Let
li,mi, hik, i be defined as above. Fix k =1,2. If the l; are distinct and the m; are distinct, then

iLik g {jlk;.;?lijk}~

Proof. We first assume that k = 1. If hyy = J11, then (6234 — 6256)(é34 — é56) = 0 and dsy = cf56 or
€34 = é56. But this contradicts either the distinctness of the I; or that of the m;. Hence fLH #+ 311
The other cases are proved similarly. Now suppose that k = 2 and that his equals one of the j;s.
Then ],2 € Q for z = 1,2,3. Hence ]12 = jJoo = j32 Now the same argument as when k =1
shows that his = 312 unpheb that d34 = —d56 Similarly his = ]22 implies that dis = —d56 Hence
dio = d34 and the [; are not distinct, contradicting the hypothesis. Hence the lemma is proved. [

Finally, for k = 1,2, o € S3, define
Pko = l]fmg(l) + l’;mg(g) + llgmg(g). (4.10)

The pro have the property that {pre | o € S3} = {hik, jir | i = 1,2,3}. The following lemma is
essential

Lemma 4.4.4 ([5]). Let f(z) € Q[z] be an irreducible sextic polynomial with Gy C Gas. Let
li, m;, pro be defined as above. Assume that the l; are distinct and the m; are distinct. Then there
erists a unique o € S3 such that p1, = h11 and pay = his.

Proof. By definition of [;, m;, the equations pj, = lej, for j = 1,2, have at least one solution
o. We now establish uniqueness. Assume that we have 01,09 € S3 with prsy, = Pk, = h1x for
k =1,2. Then the three equations

r+y+2=0
lhz+ly+lsz=0 (4.11)
Br+By+132=0

have the non-zero solution

(1772172) = (mol(l) — Moy(1) Moy (2) = Moy(2)s Moy (3) — maz(?)))'

But since the determinant

11 1
N=|l &y Is|=-JJ-1)
22 ozl i

is non-zero as the I; are distinct, the only solution to (4.11) is the trivial solution. Since the m;
are distinct, we have 01 = 05 and the lemma is proved. O
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We can now prove Proposition 6.

Proof. We first note that (4.6) is satisfied for at least one o € S3, and to prove the proposition,
we need only show how to determine . We first consider the case when two of the I; coincide.
Then the action of (135)(246) € Gy shows that 1 = I, = I3. Similarly, if two of the m; coincide,
then they are all equal. In either case, the proposition holds trivially by letting o = (1). We now
consider the case when the I; are m; are distinct. Now (4.6) has at least one solution ¢ € Ss
and any solution is a solution to the equations pi, = izn and po, = 7112. By Lemma 4.4.4, these
equations have a unique solution. Hence by comparing the value of p;, to those of the known
constants }Alu, ing, we can determine o € S5 satisfying (4.6) and the proposition is proved. O

Proposition 6 is the key to solving the sextic when G¢ C Gug, G5 € Gra.

Theorem 4.4.5 ([5]). Let G be ine of the transitive, solvable subgroups Gas, 24, Goa, Has,T'12 of
Se. Let G be its conjugacy class in Xg.

(a) The general equation of type (6,G) is explicitly solvable by radicals.

(b) The formulas z;(t;) in (a) can be numbered so that for each f € T'g, the Galois action of
T € Gy on the roots z; = z(t;(f)) is given by 7(z) = 2-(;).-

Proof. (a) Given an irreducible sextic polynomial f € I'z with Gy = G, define the polynomials
92,93 as in (4.3), (4.4). Let y,(a) be defined as in Lemma A.0.1 in the Appendix, w a primitive
cubic root of unity and define z(f,a,b,e) = % (yg,(a) + £1/yg,(a)? — 4yy, (b)). Let l;, m; be the
roots of go, g3 defined following (4.3), (4.4). By Proposition 3, we can determine the values of
01 = Oy, hi1, hio. By Proposition 6, one can calculate o € S3 such that (4.6) holds. Define

22i—1 = Z(fa wivwg(i)7 1)’ 22i = Z(fv wi,wﬂ(i)’ 71)7 for i = 17 27 3. (412)

Then
{{7‘1,7‘2}, {7“3,7“4}, {T‘5,7“6}} = {{2’1, 22}, {2’3, 24}, {25,26}}. (413)

Hence z(f, a,b,e) provides formulas for the roots {z;} of f in terms of the variables a, b, ¢, D, E
and ;. Since there is a finite algorithm for calculating their values given f and all values in
K = Q[w], (a) is proved.

To prove (b), it suffices to show that for any z; arising from the formulas in (a), there is an
automorphism a : Gy — G satisfying a(0)(z;) = 2,(;) for 0 € Gy. Then, by twisting the Galois
action by «, (b) holds. Now the roots r; were initially chosen so that Gy was one of the five
subgroups Gys, ['24, G24, H24,T'12 and have the property that o(r;) = r,(;) for 0 € Gy. Now the
proof of (a) shows (4.13) holds. Hence, there exists 7 € Gyg such that z; = r,(; and consequently,
0(ri) = z;-147(;) for o € Gy.. Since 7 normalizes each of the groups Gys, '24, G24, Ha4 and T2,
we have 70771 € Gy and (to771)(2;) = z,;)- Hence, letting (o) = 7o7~! gives the desired
map. O

The following lemma follows trivially from the proof of Theorem 4.4.5

Lemma 4.4.6 ([5]). Let G C Gyug be one of the transitive groups in Figure 4.1 and let G be its
conjugacy class in YXg. Suppose that f € I'g is an irreducible sextic with Gy = G, let ; be the

corresponding numbering of the roots, and suppose that the values of 61, D, E, l;, m;, BH, his
are known. Let o € S3 be the element determined by Proposition 6 and let z; be defined as in

(4.12). Then
{{7”177”2}, {rs,ra}, {7'5,7"6}} = {{2172’2}, {23, 24}, {25,26}}-

In conclusion, we now summarize this section. Formulas for finding the roots of an irreducible
sextic f(x) S Q[l‘] whan Gf C Gys, Gf Z Gro:

1. Let f(x) = 2% — a12° + aga* — azz® + ay2® — asx + ag.

2. Use Theorem 4.3.2 to determine Gy C Gy and Gy € Gra. Let 61 be the unique rational
root of f15(x) with multiplicity 1, 5, 7 or 9.

3. For 2 =D, E, hi1, hi2 defined as in (4.1), (4.2), (4.5), calculate the Gs-resolvent F;(z).
For each z, let 2 € Z be the unique rational root of F,(z) with multiplicity 1, 5, 7 or 9.
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4. Let w be a primitive cubic root of unity and let y,(w?) be the formulas in Lemma A.0.1 in
the Appendix.

5. Let l; = y,, (w") be the three roots of the cubic polynomial go = 2® — a12% + (ag — 61)x — D
and let m; = y4, (w') be the three roots of the cubic polynomial g3 = 2* — 612 + Ex — as.

6. Fork:l,2,a€5'3,deﬁnepkg:z 1k "M (i)

i=1"
7. (a) If l; =1l or m; = m; for some i # j, let o = 1.

(b) Otherwise, let o be the unique element of S3 with p1, = 511, Doy = his.

8. Define 2(f,a,b,e) = 3(yg(a) + ey/yg(a)2 — dyg, (b)). Let 29,1 = 2(f,w’,w’@ 1) for
i=1,2,3 and zp; = 2(f,w?, w’®, ~1) for i = 1,2, 3.

9. The z; are formulas for the roots of f(z) in the variables a;, 61, D, E. The formulas use
only the basic arithmetic operations and radicals. The Galois action of 7 € Gy on the z; is
given by 7(z;) = 2,(;)-

We now give example on an irreducible sextic polynomial f(z) € Q[z] where we calculate
Galy = Gy, the roots z; of f and the Galois action on the z;. Let

flx)=a% 42" — 23 — 222 + 32 — 1 € Q[z].
One can calculate that fio(x) factors into irreducible polynomials as
fro(x) = (2* — 22 — 2% + Tlx + 1)(2°® — 42° + 202* — 302° + 602% — 152 + 1).

The resolvent fi5(x) has the 6; = é48 = 0 as its unique rational root. Its factorization into
irreducible polynomials is given by

fis(x) = o(2® — 25 + 4 + 192 — 462% — 82x — 31)-
(2® — 227 4+ 925 — 4a® — 252" + 5323 — 1442 — Tdx + 877).

By Theorem 4.3.2, Gy C G4s and Gy € Grs. Looking at the possible factorizations of Fy5(x) (and
thus fi5) in Table 4.2, we canfurther conclude that Gy = Gag, I'a4 or Ga4. Using the formula for
A in the Appendix, one calculates that A = 66309 = 69(31)2. Similarly, one can calculate the
values X? = X3 = —31, where Y; is defined following 4.1. We thus let y = —31 and by Theorem
4.4.2, we conclude that Gal(f) = Gy = Gus.

To find formulas for the roots of f, by using the algorithm listed above, we must calculate
ﬁ E as roots of their Gyg-resolvents. We find D = —1 and F = 1. Following the definitions in
(4.3)7 (4.4), we have

go(x) = g3(x) = 2% + 2 + 1.

Letting y,(w') be defined as above, we let I; = m; = y,, (w’). We have

ll =my = dlw + dng,
lQ = M9 = d1w2 + dzw,
ls =mg =dy + da,

where

s/ 1 31 1
h=\"3 V1 ®73q
Define pr,, k = 1,2, o € S3 as in Step 6 of the algorithm above. Calculation shows p;1) =
=2, pira23) = Piaa32) = 1, and pyq) = —3 is the only integral value amongst the ps,. Hence,
without needing to calculate fzn, his (which equal -2, -3 respectively), by Step 7 of the algorithm,
we can determine that ¢ = 1. Then for each ¢ = 1,2,3 let z9;_1, 22; be the two roots of the
polynomial z2 — l;z + m;. The z; are the roots of f and the Galois action of 7 € Gug on the z; is
given by 7(z;) = 2,3
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4.5 Solving the sextic: Gy C G2, Gy € Gug

For this and the next Section we are just going to give the main idea behind how to determine G5
and how to find the roots of f(z).

Once it is proved Theorem 4.3.2, we now assume that Gy C Gr and Gy € Gyug. We first
explain how to determine Gy. Let

B = (z1 —x3) (23 — x5) (25 — 71),
B2 = (w2 — x4) (24 — 26)(T6 — 22),
d=p01+ B2, p=7p1— P
M =642, N=6u

Now M and N are Gra-polynomials. Let fas(x), fn(z) be the specializations of their Galois
resolvents. M, N are rational roots of fas(x), fn(x), respectively, which can be determined by
Proposition 3. Let

g(x) =22 — Mz + N € Q[z],

and recall A is the discriminant of f(x).

Theorem 4.5.1. Suppose f(x) € Q[z] is an irreducible sextic with Gy = Gra, Gsg, I'sg or Gis.
Then

(a) Gy =T35 <= A is a square in Q.
(b) Gy =Gra <= A is not a square in Q and g(x) € Q[z] is irreducible.
(¢c) Gy C Gss <= A is not a square in Q and g(z) € Q[z] is reducible.

Proof. We first prove (a). Out of the four groups, only I'sg is a subset of Ag. Hence A is a rational
square <= Gy C A¢ N Gr2 <= Gy =T'36 and (a) is proved.

We now prove (b). By (a), we can assume that A is not a rational square and Gy = Gr2, Gs
or Gig. Since 81, B2 # 0, we have §2 # p2. Since 62, u? are Gsg-polynomials which are permuted
by the action of (24)€ Gr2, we have g(x) is irreducible if and only if (24)€ G;. Hence (b) is proved
and (c¢) follows immediately. O

The next step is determine a criteria to distinguish between the cases Gy = G36 and Gy = G3.
After some work and the introduction of new variables this criteria can be found.

Finally, we turn our attention to finding the roots of f(z). This formulas do not depend upon
precisely knowing Gy.

Proposition 7 ([5]). Let G C Gra be one of the groups in Figure 4.1. Let G € Xg be the conjugacy
class containing G.

1. The general equation of type (6,G) is explicitly solvable by radicals.

2. If Gig C G C Gra, then the formulas z;(t;) and the algorithm can be chosen so that for each
f € I'g, the Galois action of T € Gy on the roots z; = z;(t;(f)) is given by 7(2;) = 2,(;).-

To see the proof of Proposition 7 and the other details we remind to check Thomas R. Hagedorn
article ([5]).

4.6 Solving the sextic: G; C G2

As said previously, we now give the main idea of the case Gy C G2 describe in the article ([5]).
This case is strictly connected with the previous one.

When Gy C Gig, we can easily find a criteria for determining Gy among G2, Cs and Hg
using the same notation introduced in Section 4.5. Problems come from the fact that the crucial
variables determining Gy can be found as a set of roots but can not be distinguished with the same
facility. Some work is done to say that this variables can effectively be computed.

As Gy C Grg, Proposition 7 shows that there are formulas for finding the roots z; of f(z).
They can be calculated using the same algorithm described for the case Gy C Gra, Gy € Gus.

Finally, we show how to explicitly exhibit the Galois action of Gy on the roots z; of f(x).
Unlike in Sections 4.4 and 4.5, the algorithm will depend upon G/.
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Appendix A

Notation for sextics

We first give formulas for the roots of a cubic polynomial:

Lemma A.0.1. Let f(x) = 2° + a12? + asx + a3z € Q[x] be a cubic polynomial and define

1 1 1
2—7a§’, C2 = §a2 - §a%7

d1:361+\/63+6%, d2:7272.
1

Letting @ denote the complex conjugate of «, define

Cc1 = 6((11(12 - 3@3) -

a
yrla) = 731 + dia + doa.

The roots of f are then ys(1), yr(w) and yr(w?), where w is a primitive cubic root of unity.
Now let f(x) = 25 — a12° + aga? — az2® + a2 — asz + ag € Q[z] be an irreducible sextic and
fio(x), fis(z) € Q[z] be the rational polynomials defined by

10 Is
fro(x) =2 + Z(—l)ibixlo_i, fis(z) = 2'° + Z(—l)icixw_i,
i=1 =

Now we give explicit formulas for the rational numbers b;, ¢; and for the discriminant A in terms
of the coefficients a; of f(x).

(For your convenience, we report them in the following pages directly from the Appendix of
the original article and we remind to consult it for more details (Thomas R. Hagedorn, [5])).
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A = 108aiata, — 27aja3a: — 3750ala,a; — 1350a,a3ai — 22500a,ata,
+320a.aiat + 1500a,aia’ — 8748ata’ + 3499244} — 13824a3al
—13824a3a;} + 256aja: — 4860a,a,aia; — 630a,a,a3al
+3888a,a,aza; — 192a,a,aa? + 16ajasa;a,
+8208aiaialal — 6alaiaial + 560aiaiaia, + 4816aiasala’

+24aiaia,al + 4816aiaza a — 4aiaiaiai — 6480aia,aia;

—6480a,a3alal + 1020a,a3aral — 64alata, — 4352alalal

+16aia3a: — 17280aiasa; + 62208a,a,a; + 512a3a3a,

—128aia3at + 512a3a3a; — 900a,aia? + 2000a3a,a?

+9216ata,al + 9216a,aia’ + 1500a3ata’ — 32400a,a’a;

—36ajaiai + 108ajaia, — 27alata: — 50aialai — 192alaia’

+27000azaia; — 1350a3a’al + 38880ata,as + 540aaial

—32400a;ata, + 27000a,ala} + 410a2alal — 8640alala;

+43200aja3a; + 43200azaia; — 8640aiaza; — 192atala;

—22500a,atal — 900a,atad — 128atata? + 2000atala;

—1600ajaia, + 2250a,a3a2 — 2500a,a3a, + 2250a,alat + 825a2alal

—1600ajaia; + 19800a,a,a,aza, — 46656a; + 2808a,a3a3a,a;

+2808aia,a3asa, — 4536a5a,a3aa; — 228%a,a,a3a2a,a;

+356a,a5a3a,a3 — 4536a,a3a3a.a: + 144a,a3a3ala;

3 2.3 2 3 2 3 2
+18a,asa,a7a; — 3456a,a;a,a,a;, — 13040a;a,a]a.a;

38



APPENDIX A. NOTATION FOR SEXTICS

—5760aja,a,asa; — 5760a,a3a,asa; — 3456a3a,asaa;
+1020aia,alaia, — 746aia,ataia; — 2050a,a,ajasa;a}
—80a,a,aiajai — 630a,a,aiala; + 31968a,a,a;a,a;
+8748a,a,alaial + 19800a,a,a aia; — 2050a,a,a,a%a;,
—1584aiaiaia a,a; — 2496a;a; a a,a; + 24aiasaiasa,
+320ajaia,aa, —80aiaza,aia, +320aja5a asa, — 2496aiasasasa,
+15264aja3aia,as — 5428aiala.aiat + 560ala3a aia;
—96ajarasa,as — 80ajalaaiasas + 356aia,a3ajasa,
+10152a,a3a,a7a;as — 746a,a5a;aaa5 + 3272a,a5a,a,a.az
+3272a3a,aiasaya, + 9768a,a,a.aia3 — T2a,a5a4a;
—576a,a3a3a; — 10560a,azaa; + 160aja,a,ai — 10560a;a,aza,
—900a3ia,ala; — 576a3a,aia, + 144a,a,aia: — 576a,a,a3a,
+14aja,aia: — 576a,a3a2a, + 2000a,a3ala; — 128aja3aia;
+162a,ata%a; + 24a,aia3a? — 27540a,ata5a, + 825a3alaia;
+2250ajaiasal — 120aiaiayal + 144aiataia, — 1800a,aia; a;
—1700a,aja;a: — 3750a,a7a;a; + 160a,aiaia; — 1600a,aa,a?
+248ajalata, + 24ajalaia, — 6ajalaial + 144ajajasa,
+213844a3a,a,a; + 21384a3asa,a; + 15552a3a;a,a;
—27540a%alata, — 9720a%aia’a} — 77760aa,a,a;
+46656a,aja;a; + 46656a,asasa; — 77760asa,a a;
+2250ajasa,a; — 1800ala,ala, + 248a3asaia; — 21888a,a3a.a;
+15600aja3ajas — 21888asa,aia; — 6318a,a5a5a;
+l54l?a1a2a§a§] + 560aiatala, + 144ajata;a} + 2000ajata;a}
—900a/asaja;i — 630a,aia;a3 + 1020a,aiaja; + 144a,aia3a,
-1-225{].5;:ﬁ.szl.sz;-,‘.:z1 1700a.a3ata, — 120a,a;a3at + 15600a,a,a;a’
—9720a,aiajai + 10152aja,a,a,a3a; — 13040a,a3a,a,a3

+144a,alaiaia, — 640a,a3a,asal + 160a,a3aja;as
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—T72aja,a;aa, + 18aja,aia;a: — 640aja,asa,a,
—12330a,ajagaia; — 108aiataiasa, + 1980a,ajalatas
—2412a,aia%a,aia, + 16632aiatasasa; — 630a;alasa,a,
—682ajajagasay — 31320a aia,a;as — 12330a,aia,a;a3
+16632a5a,a5aza; — 31320aia,a,a3a, + 3942ajasaia,a;
+3942a,ataja,a, + 1020ajasatala;l + 560aatala,a,
+160alalasa,a, — 4464a,asa5a3a; — 4464a,a.a3a3a,
+1980a,a3a,aia, — 682a.a;ataja: + 312545 + 16a3a3a;
+108ajasa; + 16ajajai + 108a3aja; — 27a5aia; + 256a3aia;
+5832a,aja3a; + 768a,aa,a, — 192a,alata, + 162a3a,aza,
+24aialala, + 16a3a3aia, + 2250aia,ala; + 6912a,a5a,a]

4 3 5 2 5 2 3 .33

2 3,33

—4a3iaiajai — 27a%azaia; — 4aja;ajai + 16azaja;a,
—4aiaialal + 5832asaiaial + 6912asalaza, — 10244Sa,
+256a;a% + 108a3a! — 1024a5a; + 108a3a: + 729a5a;
—72a3a,aja,a, + 18aja,aia,ai — 108azasaia.a, — 6ajasaiaja,
—4ataialata, + 324aja,a,a.a,a5 — T2a3a3a,a5a,
—192a;a%atasal + 24aia,aia.al + ajasatalal + 18a3jala,ala,as

— 79 a4 3 _ 5 6,4
T2ajaja,a.as — 486a,a3asa, + 3125aja;

b, = 6a,

b, = 15a3 + 3a,a; — 6a,

by = 20a] + 15a,a,a; — 34} + (—a} — 22a,)a, — 11a,a5 + 664,

b, = 15a3 + 30a,a3a; + (3a] — 12a,)a3 + (—3aja, — 28a3 — 13a,a,)a,

+ai+ (—3a; — 47a,a, + 36a;)as + (58a7 + 1384, )a,

bs = 6a3 + 30a,a3a; + 12ala,al — 18a3as — 6a,a} — 2aiala,

— ]2&% C.!4 - 261'?(13&4 e 36&![@2“3“4 + ]2“:2;(14 - 4&?@& - lzazai

— 13aja,as — 78a,a3a;s + 3ajayas + 96a,a;as + 63a,a,a;
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— 12343 + 1laja, + 156aja,a, + 84a3a, — 57a,a;a, + 114a,a,

b, = a5 + 15a,a3a; + 18aiaiai — 12a3a3 + aja3 — 18a,a,a3; + 3a}

:
+ 2alaza, + 2a3a, — 4aja,asa, — 30a,a3a;a, — 6ajaia,
+ 20a,a3a, — aja; — 20aia,a; — 26a3a; + 10a,a;a] + 24a;
— 22aja3a; — 62a,a3a; — 2alaja; + 88azajas + 46a1a§a5
+ 32aja,as + 140a,a,a,a5 — 138aa,as — 111aja; — 94a, a3
+ 33ala,a, + 156aiaa, + 20a3a, — Safaﬁaﬁ - ZZScJ].:i‘Eaj.:t{J
+ 138a3a, + 113aja,a, + 88a,a,a, — 43a,asa, + 129a;

b, = 3a,aja, + 12aia3a; — 3aja; + 3aja,a; — 18a,ala; — 3aja;

4 3 4,2
+ 6a,a3 + 3aiaza, + 2a3a, — 4a,a3a;a, — ajaja,

— l4ala,ala, + 4ajaia, + 14a,a3a, — d4ala,a; — 28aia}a;

— 12a3a; — 2ajaya; + 6a,a,a,a; — 2aia; + 30aja; + 16a,a;
— 18ajayas — 23a,a3a; — 8aja,aza; — 10alasa;a; + 32aza,a;
+ 17aja5as + 82a,a,a3as — 36a3as + 4aja,as + T2aja,a, a;
+ 90a,a3a,as — 72atasa,as — 82a,a;a,a5 — Toa,aias

— 36aia; — T6aja,a; — 44a3a; + 10a,a,a: + 94a,a3

+ 38ajaia, + 80aiasa, + 10a3a, + 4ajasa, — 60aja,aya,

— 230a,ala;a, + 52alaja, + 186a,ala, + 48ala, a,

+ T6aia,a,a, — 36ala,a, + 34a,a;a,a, + 80aia, — 88ajasa,
+ 184a,a,asa, — 342a asa, + T4aia; + 132a,a;

-

by = 3aiaja; + 3ajasa; — 6a,asa; — 6aja,ay + 3aia; + 3a,@3
+ ajaya, + 4ajazaza, + 3a,a3a5a, — ala,aia, — 10aia3aia,
— 4ajaia, + ajaja, + 12a,a,a3a, — 6aia, — Salala’ — 12a}aa?
+ ajaj — ajaya; — 12aja,a;ai — 2a,a3a5a; + 13ajaia;
+ 12a,a3a; + 10ala] + 28aja,a; — 8a3a; — 24a,a;a; + 16a;

— Tajajas — 3a,a3a; — 1lala3a,as — 8alazazas + 4ajasa;

2 ) o)
+ ajajas + 29aja,alay + 42a,a3aias — 15ajaia; — 24a,a3a;
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+ 9aja,a,a; + 48ajasa,as + 12a,a3a,a; — 9alaza,a;
— 33aja,aja,a5 — 6asaya,a; — 9a,a3a,a;s
by = ajaja — 3aialai + 3a,a,a} — a§ + 2aja3asa, + ajazaia,
—2aja3aia, — 2aja,a3a, — 2a,a5a3a, + ajaja, + 2a,a3a,
—2ala3jai — 3aja,aya; — 10ajaja;a; + 2a,a3a,a; + 3ajaia;
+22aia,aia; — 2azaza; — 10a,a3a; + aja; + 10aja,a;
—2ajaia; — 10ajasa; — 8a,a,asa; + 8aza; + 8ata) — ajasas

2
—b6alasasas — ajayasas + ala,aias + 15aia5a3as + 6a,a3aia;

—ajaya; — 10aia,a3a; — dasaias + a,ajas + 6ajaja,a;
+8ajaja,as — aaja,as + 2aja,aza,as — 10aiaiaga,a;
+2a3aia,as — Tajala,as + 10a,a,a3a,a, — 6aja,as — 13ajaia;
—6aja,ajas + 4a,a3aias — 10ajasajas — 8a,ayajas
—4aba,al — 4ajalal + 2aia3ai — ajai + 4alasa;s
—1laja,aai — 20a,a3aat + 14aiaiai + 16a,a3a + 19ata,a?
+6ata,a,ai + 6aja,a? + 18a,a;a,a? — 8ajai — Taias
+6a,a,ai — 14ayai + Talala, + 4aiada, — 2ajasa,a,
—2ala3asa, — 9a,a5asa, + alala, + 42atalata, + 6a3aia,
+5ajaia, — 30a,a,a3a, + 12a3a, + 10ala,a,a, — 4ala3a,a;
—20ala3a,a, + 2aja,a, — 2ajasa,a, — 10aja,a;a,a,
+30a,a3a;a,a, + 26aiaia,a, — 4a,a3a,a, + 14ataja,
+36aia,aja, — 16azaia, — S6a,a,aja, + 32aja, — 4ajasa,
—6a’a,asa, + 44a’aiasa, + 16a,a3asa, — 14alasasa

182454 142050, 18,050, 183050,
—74atla,ajasa, — 26a3aasa, + 4a,a3asa, — 36aja,asa,
—24a,a,a,asa, + 24aya,asa, + 30aiasa, + 20a,aia, — 6ala;
+48ata,a; — 26atasal + dasat — 52aja,al + 72a,a,a,a}
+48a3al + 72ata,al — 16a,a,a? — 32a,a.a2 + 64a;

= S w Bl 0
b,, = ajasaia, — 3aja}aia, + 3ata,ala, — a,aja, — 2ajaia,al
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+ 4ata,aia; + ajajaza; — 2ajaia; — 2a,a,a3a; + aja; + ala,a;
— aja;a; — 2aia,a;al + 2alalal + atal — alaiasas + 3alalada,
= Sa]?a%agaﬁ + a,azaga:; + a‘fa‘}ams + a?aga‘;a‘lu:; - afa%a;ams
- afa§a3a4a5 = a‘f’aga‘;as + afaz a§a4a5 + 3a1a§a§a4a5 - afa';a‘;as
— 2a,a3a,a5 — ajajas — ala,aias + ajaiaias — aja;a;as

3 2
— 2ala,aalas — abalal + ajaial + ajayasal — Salatazal

— a,ayasa: + Saja,aia; + asaia; — a,aya: + 2ala,a;
— aja,a,al + 2aiala,al + Sajaa,at — 2a,a,a,a,a + 2a3a,al
— 2aiajai — ajal + ala,al + a,a3al — 3alasal — 2a,a5al
+ ai + alaja, — ajajasa, — 3alajasa, + 3atasaia,
+ 3ajaiaia, — 3ajayaia, — a,asaza, + ajaza, + 3ajaza,a
— bajasa,a; + ajasa,a, + ajaja,a, — 10aja,a5a,a,
15aja3a a,a, — 2a,a>a5a,a, + 10ajaia,a, — 14aja,a3a,a,
2ajaia,a, + 8a,aja,a, + 10aja,aia, — 6aiasaia,
— l6ajasaia, + 8a,a,a ala,

¢, = 3a,
¢, = 3a5 + 3a,a, — 6Ga,
c; = a3 + 6a,a,a; + 3ai + 3aja, — 20a,a, — Ta,as + 424,
¢, = 3a,aza; + (3af + 6a,)a; + (6a; — 22a,)a,a, — 10a,a;a, + Ta;

+(3a; — 26a,a, + 9a;)as + (—8a; + 120a,)a,
¢s = (3a7 + 3a,)a,a; + 6a,a3 + (3a; — 8a,)aja,

+(6a; — 24a,a, — 12a;)asa, + (—12a} + 35a,)a; + 6aja,a;

— 31a,a3a; + (—13a} + 15a,)a;as + 23a,a,a; + 214’

+(3af + —32aja, + 12643 + 111a,a, — 222a,)a,
c; = ajaj + 6a,a,aj + 3a3 + 6aja,aia, — 14a,a3a;a, + daiata,

— 28a,aia, + 3ala; — 28ata,a; + 50a5a; — 5a,a.a; + 8aj

2 ) ¢
+ 3ajaias — 12a,a5a; + 6ajaas — 36ala,a as + 4aja,a;
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+ a,aja; — 26aja,a; + 103a,a,a,a; — 21a a,as + 23ajas; + 17a,a3
+ 6ala,a, — 40ajasa, + 56a3a, — 16ajasa, + 225a,a,aa,
+ 57a%a, + 9laja,a, — 602a,a,a, — 151a,asa, + 453a;
¢, = 3aja} + 3a,a3 + 3ajaia, + 2aia,aia, — 16a3aia, — 8a,aia,
+ 3ala,al — 16ajaia; + 22a3a; — 8aja,ai + 6a,a,a,a;
+ Saia; + Saiay — 4a,a; + 6ala,aias — 23aiasasas — 2a3a5a;
+ ajajas — 28a,a,a%as + 9aias + 6aja,as — 6baja,a,as
+ 144a,a5a,a5 + 12aja;a,a5 — 20a,asa,a5 + 16a,a;a;
— l4ajai + 9laja,a; — 49a3a; + 20a,a,a; — 109a, a3
+ 3ajlaia, — 16aiaza, + 8aja, + 6ajaa, — 48aja,asa,
+ 134a,a3a,a, + 95aiala, + 120a,a3a, — 28ala,a,
+ 263aja,a,a, — 588a3a,a;, — 409a,a a,a, + 340aja,
+ 88ajasa, — 529a,a,asa, + 207a asa, — 149atal + 1173a,a}
¢y = 3a,a3 + 8ajaja, — 12a,a,a3a, — 6a3a, + 3ajaya; — 12aja,a4a}
+ 12a,a%a a7 — 23aiaial + 28a,a%a; — 6alai + 28aia,aj
— 40a3a] + 20a,a;a; — 17a; + 3ajaias — 4aja,a5a; — 28a,a3a3a;
— Sailaias + 6aja,a,as — Aajaia,as + 64a,a3a,a5 — 20ala,a,a;
+ 38aia,asa a5 + 32a3a;a,as — 2a,a3a,as + 22aja;a;
— 24a,a,a%a;s + 42a,atas + 3abal — 38ala,ai + 122aja3al
— NRaja: + 27aja,a: — 2a,a,a,a: + 9a3al + 18aia a3
— 236a,a,a; — 48a,ai + 6aja,asa, — 32ajaza,a, + 16a,a3a4a,
— 2alaia, + Tala,aia, + 72a3a5a, + 138a,a3a, + 6ala,a,
— T6ala,a,a, + 272ata}ta,a, — 224a3a,a, + 146aja;a,a,
— 768a,a,a;a,a, — 276a3a,a, — 220aiaja, + 920a,aja,
— 30ajasa, + 312aja,asa, — 768a,a3asa, — 370ajaasa,
+ 648a,ajasa, + 380a,a,asa, + 288aia, + 22ala; — 344aja,a;

¢y = a% + Talaia, — 8a,aia, + Talaial — 25aia,aia; + 24a}a3a;
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—l4a,a3a; + ala] — 8aja,a; + 24aiaia, — 28a3a; — 14a;a,a;
+30a,a,a;a; + 14a§aﬁ + 14aia; — 39a,a; + Talajas — 23aia,ajas
+8a3ajas — a,atas + 6alaya,as — 3dala,aya,as + 3dajaiaza,a;
+30a3a;a,as — 39ajaia,as + 77a,a,a3a,as — 2laja,as — 19ajaia;
+102a’a,aias — 134a,a3a5as + 37aia a5as + 88a,a.a’as
—46a,ajas + 3aja,ai — 24ataial + 54ajazai — 26434l
—12ajaya? + 58aja,asa — 27a,a3a5as + 42ajaial — 22a,4%al

+37ala,a: — 68aia,a,a; — 128aza,a: — 136a,a,a,a: + 144a;a3
—35alal + 14a,a,al — Masal + 3alaia, — 10ala,aia,
—22ajajaja, + 6azaia, + 29ajaja, + 141a,a,a3a, + 69aja,
+6ala,a,a, — 48alaza,a, + 96alara,a, — 16a5a,a,
—24ajasa,a; + 210aia,a;a,a, — 338a,a3a;a,a, — 87ajaia,a,
—650a,a3a,a, + 66aiaia, — 540aja,aia, + 964a3aia,
+368a,asaia, — 300aja, + 6ajasa, — 86a;a,asa, + 388aja3asa;
—524a,a3asa, + 148ajasasa, — 920ata,a asa, + 722a%a5asa,
+77a,a3asa, — 212aja,asa, + 904a,a,a,asa, + 246a;a,asa,
+224a’ala, + 112a,a2a, — 16a%a} + 146aja,al — 410ata3al
+128a3al — 453aja;al + 2514a,a,a,a; — 600aial + 530ata,a}
—3428a,a,a; — 616a,asa; + 1232a;
co = 2a,a3a, + Saiaja; — 8a,a,a3a; — 2aiai + 2aja;a; — 8aja,asa;

+6a,a3a,a; — 8ajaia; + 6a,aia — 2aja) + 6ata,a]

—5a3al + a,aya; + 2a; + 6ajaja; — 20a,a,a5a5 + 12a3a5a, a5

—69aja,aia,as + 93a,a3aia,as — 3lataia,as + 13a,a3a,a;

5, a2 3,22 3,2
+3alajas — 28aia,aias + 88ajasajas — 96a,alajas

—40ajasajas + 128ata,a alas — 12a3azalas + 69a,a3a’as
+5lajajas — 130a,a,a;a; — 18asalas + 3alayai — 22aja, a;a?

+4]afﬂ§a3a5 7&‘ a2a3a5 - lqadasas + Sqa a2a3ﬂ5 - Sﬁaqa as
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+20a,a3a: — 20aa, a3 + 140aa,a,a: — 251ataza, a3
+54a3a,ai + 86ajasa,at — 224a,a,a5a,a: — 121a3a,a?
—201ajaiai + 372a,aja: + 19ajai — 120aja,a:
+169a,a3ai — 126aia,ai + 4a,aai + 381a,a,a3 — 353al
+6aja3a, — 27aja,a3a, — Ta,asara, + 19aiaja, + 8la,aza,
+6ajasa,a, — Haja,aja,a, + 6daiaiasa,a, + 40a,a3a5a,a,
+43alaia,a, + 46aia,aa,a, — 418a3a3a,a, — 313a,a3a,a,
—20a%aja, + 172aja,aia, — 456aiasaia, + 408a3aja,
—26laja,aja, + 626a,a,a;a5a, + 232a3aja, + 260aiaja,
—636a,aja, + 6aja,asa, — S6ajazasa, + 160ajasasa,
—128a,a3asa, — 28a’ajasa, + 282ala,a asa, — 706aia}a,asa,
+328a3asasa, — 109aaasa, — 136a,a,a3asa, + 243a3asa,
+128a’a,asa, — 882aja,a asa, + 1316a,a3a,a;a,
+718ajasa,asa, + 56a,a5a,asa, — 870a,ajasa, — 180alata,
+1058aia,ata, — 1030a%ala, + 55a,a;ala,
¢y = ajaza; + 2a,aja; + ajaia) + 2ala,aial — 12a3a3a) + 2a,a3a)
+2aja,aj — 12ataial + 17a3al + 2aja;a} — 12a,a,a,a; — 9a3a}
—9ata) + 28a,a; + 2ajazas — 6a,ajas + 8alaia,as
—37ata,aja,a;s + 38a§a§a4a5 — 25a,aja,as + 5a’ajaa;
—36aja,asajas + 9aiajaaias — S4asazaias — 49aaiaias
+123a,a,a3a3a; + 48ajaia; — 10ajaja; + 47aja,a;a;
—44a,a5ajas + 82atajaias — 138a,aaias — 1la,alas + 5alaial
—37ala,a3al + T3aialaial — 25a3aial + 25a,a,a3a% + 6alal
+3ala,a: — 32ala,a,ai + 119ata;a,a; — 169aiasa,az
+48aja,ai — 34ajaa,ai + 206aja,a;a,at — 242a,a3a,a,a}
+53alala,a — 179a,a3a,a? + 102atalat — 477a%a,ala?

+372a3ajai — 58a,a;a;a} — 48ajal — Tajai + 64aja,a;
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Egns=

—191a3a§a:§ + 195a,alail + 17ala;al — 148aja,a5a? + 125:15&1151;
—181a,a3ai — 244aja,ai + 905a,a,a,a: + 378aa,ai + 336aja
—]l‘ﬂaaaq + 6ataia, — 29aia,aja, + 6asaia, + 8la,aza,
+10ataia,a, — Tlala,aia,a, + 143aiasaia,a, — 32a3a3a,a,
+132ajaja,a, — 309a,a,a3a,a, — 162a3a,a, + 3alaia,
—32ala,aia, + 108ajalata, — 120aia3aia, + 24a5a3a;
+26ajasata, — 141aja,ayaia, + 182a,a3a a5a, — 338aja3aia,
+644a,a3a;a, — 88alala, + 524aia,ala, — 672a3a;a,
—20a,a;ala, + 258aja, + 6atajasa, — 54ala,a,asa,
+144alalajasa, — 112aia3a5aza, + 56a3a;asa, + 42aja3asa,
—45aja,aiasa, — 355a,a5a%a5a, — 184alajasa, + 291a,a3asa,
—42ala,asa, + M4aja,a,asa, — 1254aia5a,aza,
+1136a,a3a,asa, — 294aja a,asa, + 918ata,a.a,asa,
—98alaya,asa, + 1088a,a3a,asa, + 39%6ajaiasa,
—1334a,a,ajasa, — 1488a,ajasa, + 69alala, — 678ala,ala,
+1950aiazaia, — 1670a3aia, + 434ajasala, — 721a,a,a;aia,
—48alaia, — 916aja,aia, + 2282a,a,ata, — 32a,aia, + 3aja,a}
—32a%a3a; + 112alazal — 96ataral — 112a3a; — 16ajaya}
+168aja,aa; — 592aja3a,a; + 648a,a3a,a; — 349alaia;
+1567aja,a3a; — 534a3aia; — 648a,aia; + 29ala,a;
—201a{a,a,a; + 320aiaza,a; + 128a3a,a; + 972aja;a,a}
—3786a,a,aya,a; + 1296a3a,a} — 572aialal + 2414a,aia;}
+3ajasa; + 163aja,asa; — 308a,a3asa; — 592aiasa;a;
—1068a,a,asa; + 1232a,a,asa; + %6aia; + 10aja} — 782a3a,a}
+2040a3a; + 1296a,a,a} — 2592a,a;
2a,a,a3a; + 2a3a; + 2ajayasal — Ta,a3asa; + 6ajaial
—14a,aia) + 2ata] — 14aia,a; + 22a5a; — 10a,a;a;
+9a8 + 2ajaia,as — Sa,a,a%a,a; — 9aa,as + 2ajaiala;

R 2,22, _ .23 2
8aja,aiajas + 6a,asaiaias — 3lajaiaias + 62a,a3a;as
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+4aja,ajas — 28ajazaias + 48a,a3aa;s — 16aia a;a;
+74ata,aiaia; — 88a3aya;as + 56a,aialas — Tajala,
+50a,a,alas — Slasaias + 3ajaias — 20aia,a3ai + 32a,a3a3a3
+9a,atal + 4aja,a,ai — 38aja,a,a,al + IZZafa§a3a4a§
—140a,a3a;a,a? — 32alala,ai + 172aja,a3a,at — 112a3a3a,a?
—4a,a3ja,a? — 17a5aia? + 126ala,aiai — 256aia}ajas
+108a3alal + 111aja;aiat — 412a,a,a;a2a2 + 55a%atal

2.3 .2 3.2 9.3 T 3 3.2 .3

—106ajaai + 72a,a5a2 — 9aja,ai + 66ala,ayal — 136aia3a,al
+144a3a.al — 19aiatal — 154a,a,a%ad — Waial + 80aia,al
—554aja,a,al + 878a,a3a,ai — 68ajaya,ai + 872a,aya,a3
1828405 1424445 1834405 2030,05
+78a,ajai — 116alal + 856aia,at — 1440a3a? — 157a,a;a?
—94a,ai + 2a3a3a, — 9a,a,a3a, + 27a8a, + 8ajala,a,
T 3.4 2 4 = 4
52aja,aza,a, + 68a,asaza,a, + 111ajasa,a, — 198a,aza,a,
P R T 2 P . 3. 2
+da,asa,a, — 4aja,aszaza, + 144ajasa-a5a, — 136a,axa5a;5a,
; . ] ;
+56aiaiala, — 334atayaiala, + 460alaiala, — 162a,a3ala,
2.9
+8alaia, — 92aja,aia, + 336ataiaja, — 368a3aia, — 18a3asaja,
2
+40a,a,a,aia, + 56aiaia, — 72atala, + 320a,aia, + 8alajasa,
—70aja,ajasa, + 166aja3a5asa, — 64a,a3a3asa, + 106ajaasa
14283454 1@2d3d5a, (drazasag + 54
el 2. 3 _ 4 9 - 7
376aja,azasa, — Ya,a5asa, + 6a,a,asa, — 72a,a,a,a5a,
+304ajala,asa, — 528aja3a,a5a, + 320a,a3a,a5a
Sty 05 8,40, 182848585 T L1878 ,d 50
2
+42a%aya,a5a, — 1524ala,a a,a5a, — 88aja3a a,asa,

2 2
+224a3a,a,asa, — 432ajaia,asa, + 1784a,a,a5a,a,a,
+234a3a,asa, — Najaiasa, + 508aia,aiasa, — 680a,a3aasa

24a3a,05a, 124450 1828,40a54g 18284054,
2, 2 2 3 8 2
+454aiasasasa, — 2264a,aza,asa, + 148a,aasa, — 22ajaza
6, 2 o
+256ala,aia, — 1058ajazaza, + 1792aiazaza, — 1008a3aza,
o 5. 2 3 2 2. 2 2,22
178ajaa5a, + 998aja,a5as5a, — 1430a,a5aya5a, + 592ajazasa,

—612a,a%aa, + 322ala,aa, — 1764a3a,a,aka, + 2764a3a,a%a,
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—1244a,a;a,aza, + 284ajaia, — 152ajaia, + 144a,a,ala,
+1224a3aia, + 3ajasa; — 32aja,azal + 112aja3a5a;

—96ajazaa; — 112a,a5a,a; + 28alala; — 278a’la,a3a}

4

+664aiasaia; — 144a3aia; — 52aia3a; + 234a,a,a3a; — 324a3a;
—2alaa; + 224a'a,a,a; — 688alaja,a; + 4l16ajasa,a;
+608a3a,a; — 338ajaja,a; + 2308aja,aa,a; — 3584a,a5a a,a;
—942ala3a,a; + 1260a,a%a,a? + 228ajaial — 1220aia,a;a;
+1040a3aza; + 1782a,a,aja; — 1012a3a; + 26a]asa;
—318aja,asa; + 1160ajasasa; — 1152a,a3 asa; + 560a}a;asa;
—2996aia,asasa; + 2592a3azasa; — 252a,a3asa; — 830aja,asa;
+3384a,a,a,asa; — 792a,a,asa; + 944ataia; — 2880a,aia;
+170ala; — 1216ala,a, + 2384aiaia;
¢z = aiaial + 2a,a3a; + atazal — 4aial + 2ajasal — 6a,a,a,a;
—2a3a; — 2a}al + a,al + 3ala,ajala; — 6alajala;
—9a,alalas + 3ala,aaias — 18ajalasaias + 26a5a a;a,
—6ajaiajas + Ta,a,aiajas + 9ajajas + 3ajajas — 30aja,a;a;
+69a,a3a a5 + 17a,a5aias + 23a,a,a5 + ajaial — 6aja,aia?
+9aja3ai + abala,al — 9aja,aia,ai + 30aiajaia,al
—42a3a%a,at — 25ajaja,at + 93a,a,aia,a? + 3ala,a’al

o
—23ala3aial + 48ajasajai — 18ajajat — 23alajajal

2
5

+179aja,a,aja: — 333a,a3a,a;a: + 75ajajaias — 84a1a1aza
+3ajajat + 34ala,ajal — 164a3aa? — 182a,a5aiat — Sa}al
+alasal — 11aba,asa? + 47ala5a a3 — Yaia3azal + 54a,a3a5
—1lajaiai + 6laja,aial — 2la,asaial — 75ajayal — Ya,a3a3
—13aja,a: + 116aja,a,ai — 330aja3a,ai + 3G6ala1a4a§
+40ala a,a? — 483ala,aya,ai + 858a3a,a,ai + 285a,a}a,al

’37& a4a5 + 252&1&2@4&5 + 117a3a4ag + 29(«!1&; - 278(3‘11{32“;
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+855atasal — 864a3al + 113aja,al — 219a,a,aa? — 234a%al
—69aia,at — 222a,a,ai + 132a,a] + 2aiaja,a, — 9ala,aia,a,
+27a,a3a,a, + 2alaiaia, — 15aja,a3aia, + 24aiajaiaia,
3.3 §.72
+6ayasaja, + 28aiaiaia, — 8la,a,aiaia, — 27ajaia,
—4ajaiala, + 24atadala, — 32ajala, — Taja,ajag
+22aja,asaia, + 10a,a3a;a5a, — S9aiaiaia, — 18a,a3aia,
+27alala, — 136ala,aia, + 174a3aa, + 145a,a,a%a, — 11843 a,
+6alaiasa, — 49ala,aiasa, + 102ata5a3asa, — 18a3a3a;a,
+8lajalasa, — 270a,a,a%asa, + 6ajasa,asa, — T4ala,aya,asa,
+294aiasa a,asa, — 408ajasaza,asa, + 120a3a5a,asa,
+117aja3a,asa, — 708a;a,a3a,asa, + 942a,a3a3a,asa,
34 3 7.2
—27ajaza,asa, + 540a,aza,a5a, + 12aja5a5a,
—104aja,a3asa, + 328aia3a5asa, — 396a,a3aja;a;
—139ata ajasa, + 864aia,ayaiasa, — 1002a3a,asasa,
—387a,a3aasa, — 92ajajasa, + 136a,a,alasa, + 450a,aasa,
+3a"ata, — 40ala,aia, + 206aalaia, — 506alaiaia,
+576a,fa§a§aﬁ — 216a3ata, + 19alasata, — 136aja,a;ata,
+316aiasasaia, — 318a,a3a,a3a, — 152aiasaza, + 999aja,ajaza,
—1260a3a3ata, + 270a,ajaza, — 26aba,aia, + 222ala,a,ata,
—94alala,ala, + 1644a5a,ala, + 569aia,a,ata
120,050 204450, |(30,a50,

—2208a,a,a;a,a2a, — 540aia,aia, + 192alalaia,
—204a,aiaia, — 2ajaia, + 238aja,aia, — T44a,a5aia,
—1203aiaaia, + 3852a,a,aia, + 336a,a,aia, — 792ala,
+3a ﬂ;aﬁ = ’;Oalaja;aﬁ + Igza]a-ya;ﬂﬁ =T 535“?&3“5@%
+1782a,a,a aak + 216a2alal + 326ataia? — 900a,a;al

—23alasa; + 276ala,asa; — 1228ajasasa; + 2368a;asasa;
—1632a,a3asa; — 287a%a asal + 2232ala,a,a5a;

—5214ajd}ajasal + 3528a3a5asa — 639ajaiasa}
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+1080a,a,a3asa; + 402a3a,asa; — 2542 a’a,a,aa;
+4008a,a3a,asa; + 1566aia;a,asa; — 2160a,a a,asa;
—1224a,ajasa; — 793alaial + 42004aia,aZa} — 5472a34la;

—1080a,a;aia; + 2160a,aza; — 20a}a; + 29%4ala,a;
—1376alaza} + 2472aia3a; — 1440a3a} — 118aja,a}
+774aja,aa; — 1080a,a3aa; + 216ajaia; + 444aja,a;
—2412ata,a,a; + 2160a3a,a; + 432a,a; a,a; — 432aja;
+288aiasa; — 432aja;

2 % 2
¢y = 2a,aia; + 2ata,a’ — 8a3a5 + a,a,a — 4a), + a,azalala;

+2aiajaias — 15a,a3a3a5 + ajajajas — 4a,a3a5a5 + 2alasaas
—24a’a,aiajas + 64ala,aias — 16a,a3aias — Tajaa;
+27a,a,a3a5 + 39asaja; + aja,ala,ai — 3a,a3a3a,az
—9afaja,ai + 27a,aja,ai + aja,a aia; — 8ajaia,a;az
+15a,a3a,aiat — Tajajaial + Slaja,ajaia: — 114a3ajaial
+72a,a3a;a: + 3alajat — 32ala,a;a? + 103aialaja — Yazajal
+50aja;aiai — 166a,a,a a3a3 — 129a3aja: — 2ajajas
—49a,alal + 2ajalatal — 9a,a3alad — 12alaiad + 63ata,aial
—27a3a3al — Slalaf};a_g + aja,a,ai — Tajajal + 12ajaa,al
—17a8asa,ai + 158atla,a a,ai — 426ata%a,a,ai + 324a3a,a,as

+67ajaza,ai + 159a,a,a3a,a: + 135a3a,al + 8ajajal
—64aja,ajai + 93a,a3aiai — 42aia,aial + 336a,a,a5a3
+57a,a3a: — 4afal + 43aba,at — 174ala3as + 324aia3al
—243a3al — Tajasat — 13aja,ayat + 9a,a3a,al + 153&!12.:;_%&;
—432a,a3al + 11ala,a + 48aja,a,at — 162a3a,a! — 210a,a;a,a?
—60ajal — 34ajal + 72a,a,a3 + 216aa: + 2aja,aiaja,

;

o 2,32
9a,a}aiala, + 27a,a3aia, + 2aja,azaia, — 16ajasaaia,

3. 3. _ Q423 - . 223
+32a,a5aya;a, — 8ajazaya, + 64aja,aza;a, — 138asasa;a,
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. s
—27a,a3aia, — 6alaja, + S0ala,aja, — 136ajasa;a,

+128a5a,a, — 23aja ala, + 69a,a,a aia, + 27azala, + 45aia;a,
—122a,a3a, + 2ajalasa, — 15aja,atasa, + 27a,a3a3asa;
+27aia3asa, — 8la,ajasa, + 2ajaja,asa, — 24aa,a3a,a;4a,
+84ajazaia,asa, — 84a,a3a3a,asa, + S9alaia,asa,
—342aja,a3a,a5a, + 432a3a3a,asa, + 27a,a3a,a5a,
—8ajalajasa, + 56ajajatasa, — 96a,a3aiasa, + 24ada,a;asa,
—196ata,a;aiasa, + 474aja3a;aiasa, — 312a3a5a5aza,
+15ajaiajasa, + 36a,a,a3a;asa, — 8lajajasa, + 10ajajasa,
—10a3ja,ajasa, — 108a,a3ajasa, — 158aiasaiasa;,
+600a,a;,ajasa, — 83a,alasa, + 2alaata, — 25a]a,a ala,
+115aja3a a3a, — 1134a,a5a,a3a, — 232aja3a 050,

+180a,a3a aza, + 29ajajaia, — 228ala,ajaia, + 579ajasa3asa,
—59%4ajaiaia, + 24aiajaia, + 135a,a,a3aia, + 8lajaia,
+ala,ata, — 16ala,a,ala, + 130alala,ata, — 492ata3a,ala,
+648a3a,aia, — Najasa,aia, + 526aja,a;a,aka,
—654a,a3a,a,ata, +9a*ata,ata, — 82atalata, + 510ata,alala,
—606a3a;aza, + 225a,a a3a3a, + 138ajaia, + 35alala,
—336aja,ala, + 1078aja3aia, — 1152a,a5aia, + 468ala aia,
—2562aja,a5aia, + 3348aja aia, + 486a,a5aia, — 302aja,aia,
+720a,a,a,aia, — 540asa,aia, + 516atata, — 1296a,ala,
+3ajaia; — 29a3a,a3a; + 96aiasaia; — 108a,a3a;a;
—27a%a,ala} + 8lajatal + 2ajaa,al — 324la,a,a,a?
+184ajasa a,a; — 448ajaiasa,a; + 384a,aja a,a; + 5abaia,a}
—78aja,aja,a + 288atalata,al — 216a3aia,at + 27ajaja,al
—162a,a,a3a,a; + 10aja;a; — 80ala,aiai + 160ajasa;a;
+96atasaia; — 384atala; + 54ajasaial — 221ala,ayalal

+144a,a%a;a%a; + 8lajaiaia; — 54a,ajaial — 53ataial
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+62ata,aja; + 336a3aia; — 54a,a,aja; — 27ala; + 3al'asa;

—44ala,asal + 256a]a3asa; — 736ajazasa; + 1040a;a3aa;

—576a,a3asa; + 26aja;asal — 278alaja asai + 1048ala3a;asa}

—1608ajasajasa; + 864asajasal + 3lajasasa; — 9aja,azasa;

—108a,a3a5asa; — 297ajaiasa; + 648a,a3a.a; — 115a]a,asa;

+1048a3a,a,asa; — 3080ajasa,asa; + 2880a,a3a,asa;

—554ajaja,asal + 2448ata,a,a,asa; — 1728a%aa,a.a}
143040505 18,030,054 203,850

+108a,a%a,asa; + 807ajaiasal — 2844a,a,a3a5a; + 324asaiasa;

+103ajaza; — 1048ala,aia; + 3318ajazaia; — 3240a3ala;
+39aja,aia; — 540a,a,a;a3a; — 648a3aza; — 810aja,aia;
+4104a,a,aia; — 648a,a3a; — 8a}’a; + 88ala,a; — 352alala;
+608aiasa; — 384ajasa; — 29ajaya; + 200aja,a,a;

—492aja5a5a} + 432a,a3a;a; — 27alaza; + 378aia,a3a;

—648a3a3a;, — 6ala,a; + 228aia,a,a; — 936aiaia,a;

+864a3a,a; — 270ajaja,a; + 648a,a,a5a,a; + 162alala;

—216a,aia; — 18ajasa; + 72aja,asa; + 756aia;asa;

—1296a,a,asa; — 864a,a,asa; + 1296ala + 189aja}
—1080aia,a; + 1296a3a;

Cis = agaf} + afaz - 4a2a3 + alazaéajas - 9agaja5 + afazaﬁui;
—4a,a3ajas — 10ajayaias + 38a,azaias + 2a,a%as + ayaiaias
+ajajaiai — 9a,a,a3aiai — 27a%aia3 + ajayajal — 4ajaial
+ajayaja: — 14aja,azaia: + 38a,a3ayaia: + 33aiaialal
—117a,a%alas + 2atalas + 18ata,alal — 31alala?
—16a,asaia: — 3aat + ajasaiai — 4a>a3a3 — dajalal
+18a,a,a3a: — 27a3ai + ajalaja,ai — 9ataiasa,al
+18ajaja,ai — 4ajaia,ai + 38aia,aia,ai — 80a,a3a3a,a3
—33aiaja,ai + 117a,a3a,a: + alajai — 10aja,a’al

+33ajalalal — 33a,a3alal — 18atlasalai — 120ata,ayasal
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9 2
+ l57a§a3uﬁa§ - 33a1a§aga§ + lZa‘?aﬁag + 4Ia1a3a;}a§
2
—4alajat + 38aja,ajal — ll?a?agagag = .l]?ala';aja;
2
—3lalaial + 157aja,a5ai — 186a3a3al + 18a,a3at + 2ala,al
. 4
16aja,a,at + 33ajasa,al — 18a3a,as — 41ajaza,al
. . , .
—86a,a,a a,a: — 36aia,al + 6ajalai — 68a,aial — 3ajal
3 2. 5 5 5
+22aja,ai — 36a,a}tal — 68ajajal + 168a,a,ai + 40a,a,a3
+32a8 + ajalaiala, — dajaiala, — 2ajaiaja, + 9a,a,a3a;a,
4dg 30408 14 4
; ,
+ajasala, — 8aiayala, + 16a5ala, — 2ala ala,
2 7
+17aja,a;aja, — 36a,a3a;ala, — 3ajaiaja, — 4ajaia,
2, 2 5 5 4, 3
—17a7a,aa, — 4asa,a, — 3a,a a0, + aja,aza, a4,

3 3
+9aiajaia,asa, + 18aza3a,asa, + Yaiaia,asa,

4 2 2
—27a,a,a3a,asa, + ala,ajaiasa, — 14ajlajaiaiasa,

2 2 5 3
+60aiaia,ajasa, — 80a3asajasa, + 8ajaiaiasa,
a0 2.3 _ 3.2

63aja,asajasa, + 117a,a5a5aasa, — 27a,aza5a54a,
§i: 4 3.5 3 W
—3ajajasa, + 24aja,a,asa, — 54ajazaiasa, + 24a,a3a;a;a,
3 3
+6ajasaiasa, — 54ata,a,aiasa, + 138a3a aiasa,
+54a,a3aiasa, + 28ajajasa, — 137a,a,a5asa, + 9asaiasa
143a5d5Ag 10,05 10,a,050 35
) 2
—alajaiala, + 6aiayaiaia, — 6asajaia, + 3aja,aiaia,
_ 2,32
27a,a3a3a3a, + 8la,alala, + alaya,aia, — 15afa3a,ala,
2
+80atasa,ala, — 180ata3a,ala, + 144a3a,ala, + 9alasa,ala,

3 7 ) 2

—64aja,a a,aza, + 119aja3a a,aia, — 26a,a>a,a,aza,
bl 73 TR o
+3ajaza,asa, + 135aja,aza,a5a, — 378asaza,asa;
2
—108a,a3a,aza, — 38ala,aiaia, + 210aia3aiala,

3 2 2 2
—286ayaiata, — 94ajajaiala, + 261a,a,a aala, — 108a3aiala,
+20ajajazas + 210a,alaia, — 4alaia, + 49aja,ala,
—227aja3aia, + 468ajaiaia, — 360a,ataia, — 35a%a;aia,

+313ala,asaia, — 905aia’a aia, + 840a3azaia, — 11ajaiala,
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+18a,a,aiala, + 216aiaia, + 49aja,aia, — 282aia,a,ala,
2. 3 2 3 3
+416a,a5a,aza, + 126aja a,a5a, — 468a-a;a,a5a,

—192a,alaia, — 54ajaja, + 308aja,aia, — 456a3aia,

2
+72a,a;ata, + 144a,aia, + adalal — 9ala,ala; + 27ata3ala;

—2Ta3a3a; + ajaza,a; — 15aja,aia,a; + 80ajasaia,a;
P
—180aia3aza,a; + 144a3aza,a; + 3ajaiasa; — 27aja,a3a,a;

-
+54a,a3a3a,a; — 2ala,aial + 24a%alaial — 104ala3ala;

,
+192atajalat — 128a5aial + 5aja,aial — 58aja,a alal

2 P,
+212ajasa alal — 240a,a5a;a5a} + 12alalalal — 27ata,aialal

2480 6,3 .2 33 183
—54asaiaia} + 8alajal — 3laja,aja; — 60alaiaja;

2 2 / 9
+224a3a;a; + 4ajayaja; + 18a,a,a5a3a; + 9aiala;

—27a,ajal + al’ajasal — 14ala,a;a.a; + 80ala}asasal

4.3 2 2.4 2 5 - T, DR TR
—232alasa,asa; + 336ajasayasa; — 192a5aya5a; + a,azasag

—13aja,aiasa; + 60ajaiaiasal — 72a,a3a3asa; — 27ata,azasa}

+10aja,asal — 122ala,a,asat + 544aia3a,asa’
—1048ajasa,asa; + 736a,a3a,a5a; + 3lalaza,asa;
—209a}a,asa,asa; + 342alasa;a,asa; — T2a3a,a,a;a;
—54a’aia,asal + 324a,a,a5a,asa; — 93a’aiasa;
+695aja,aiasa; — 1188a,a3aiasa; — 162ajasasasal
+108a,a,azasal + 3atalal + 8aba,alal — 192alalala;
+622alasaia; — 600a3aial + 8ajasaial — 45aja,a;aia;
+108a,a5a aia; + 108ajaiaiai — 648a,a3aia; + 35aja,aia;
—66b6aia,a aza; + 1512a3a,a3a; + 432a,a,a,a3a; + 136ajaia;

,
—360a,a,a3a; — 432ayaia; + aj*a; — 16a,"a,a; + 104ajasa;

2
—352a%aja; + 656aiasa; — 640aiaral + 256aSa; + 2ajasa;.
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