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Abstract

In this thesis we address the problem of gravitational wave (GW) detection, with a novel interdisciplinary
approach combining general relativity, geometry and computer science.
The problem of gravitational-wave detection consists in identifying the presence of a gravitational-wave
signal, typically extremely weak, within data dominated by instrumental and environmental noise. It is
a challenging problem, since a genuine astrophysical contribution has to be distinguished from random
fluctuations of the noise, maximising sensitivity while at the same time minimising false alarms.
Detecting gravitational waves is of crucial importance: they open an observational window on the Universe
that is invisible to light, letting us study phenomena such as black-hole mergers and test general relativity
in the strong-field regime. Next-generation detectors, such as the Einstein Telescope and Cosmic Explorer,
are expected to reach sources far more distant and far more numerous than those observed today.
Specifically, in this work we employ topological data analysis (TDA), a collection of methods, drawn from
a branch of mathematics called algebraic topology, for studying the shape of data. Its principal method is
persistent homology, built on the idea that a set of measurements, however noisy, often carries a geometric
structure — points grouping into clusters, closing up into loops, or surrounding an empty region — that
a traditional analysis based on averages and correlations could miss. In particular, persistent homology is
robust to noise and analyses the data from a multi-scale perspective. Because of its properties, topological
data analysis has been developing over the last two decades, and is already used with success across the
sciences, from the study of protein structures to cosmology.
Our motivating question is whether the shape of gravitational-wave data, measured topologically, carries
enough information to detect gravitational-wave signals. To investigate this we also rely on machine
learning (ML), the branch of artificial intelligence concerned with systems that learn patterns from data:
a ML model adjusts its own internal parameters until it captures the patterns the data contain, aiming
to perform well on data it has never seen.
In this work we develop a novel algorithmic approach for the detection of gravitational waves, combining
elements of topological data analysis and machine learning. Therefore we first simulate the gravitational
waveforms using Python software developed within the LIGO-Virgo-KAGRA collaboration, and embed
those waveforms in simulated noise of the LIGO interferometers. Each resulting time series is then
preprocessed with standard data-analysis techniques, so that the injected waveform emerges as clearly as
possible from the surrounding noise.
With the dataset ready, we implement a computational pipeline based on topological data analysis. Each
time series is first turned into a cloud of points in R™ by a suited algorithm, and the resulting point cloud
shape depends on whether the time series contains a gravitational-wave signal or only noise.
We then apply persistent homology to each of these point clouds, tracking, across every scale at once,
how the points gather into clusters, close up into loops, or surround an empty region, and reporting how
long each such feature survives. A gravitational-wave signal produces a cloud that winds into a spiral,
whose loops persistent homology detects as long-lived features; pure noise produces a shapeless cloud,
whose loops are all short-lived. The result of persistent homology is a collection of numbers and images,
which we call topological summaries, that describe the shape of the cloud each time series produced.
We then design a feature-selection stage to identify which of these topological summaries carry the
most discriminating power, and use them to train a range of machine-learning classifiers. What each
classifier learns is a statement about shape: that a gravitational-wave signal arranges the points of its
cloud into clusters and loops in distinctive ways. Once trained, we show that the machine learning
classifiers reliably detect the presence of a gravitational wave in the noisy time series.
The entire procedure — from waveform simulation to machine learning classification — is implemented
as a single, reusable Python pipeline.
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Introduction

Einstein inferred the existence of gravitational waves (GW) in 1916, one year after he formulated general
relativity [1, 2]. For four decades it was not clear whether these waves were physical or an artefact of
the coordinate freedom of the theory, and the question was settled only at the Chapel Hill conference
of 1957 [3]. The first indirect evidence arrived in the following decades, from the steady decay of the
orbit of the binary pulsar discovered by Hulse and Taylor [4, 5]. The first direct detection came in 2015,
when the LIGO interferometers observed the merger of two black holes [6, 7]. Detections have since then
become routine and, as the detector network grows further, they are expected to arrive almost daily [8].
A third generation of instruments is already being designed — the Einstein Telescope [9] and Cosmic
Explorer [10] on the ground, and the space-based LISA [11] — each of them substantially more sensitive
than what is operating today.

What makes these observations remarkable is how little there is to observe. A passing gravitational
wave changes the length of a detector’s arms by a fraction of their length so small that the resulting
displacement is a small fraction of the size of a proton [12], and the resulting signal sits far beneath the
instrument’s noise. This would be a hopeless situation, but one fact compensates for it. If we know in
advance the shape of the waveform we are looking for, we can stop asking whether the data is loud and
ask instead whether it has that shape. A real GW chirp matches the expected shape consistently, cycle
after cycle; noise matches it only now and then, by chance. Adding up that agreement over the whole
signal is enough to detect a GW: a signal can be quieter than the noise to be found [12]. Detecting a
gravitational wave is therefore not only a problem of building a quieter instrument. It is a problem of
what one does with the data afterwards. The method that realises this idea is matched filtering, and it is
what the LIGO-Virgo-KAGRA interferometers actually run.

Matched filtering is a powerful tool, but it has some limitations. The waveform is assumed to be known
exactly, yet some sources have no precise gravitational-wave template [13] and even binary coalescences
are modelled only approximately [14]. The noise is assumed Gaussian and stationary, yet real detectors
drift and carry short, loud transients, or glitches, which can imitate a real signal [12]. And since the source
parameters are unknown in advance, the matched filtering must scan a bank of hundreds of thousands of
waveform templates [12] which means that the method is computationally intensive.

These conditions motivate the search for complementary methods for gravitational-wave detection:
in this thesis we investigate whether a topological description of the shape of the data carries usable
information about the presence of a gravitational wave, and at what computational cost it can be obtained.
To achieve this goal we need to introduce the field of topological data analysis.

Topological data analysis (TDA) is a collection of methods, drawn from a branch of mathematics
called algebraic topology, for studying the shape of data. The principal method of topological data analysis
is persistent homology. Its premise is that a set of measurements, however noisy they are, often carries a
structure that is geometric rather than statistical: the points group into clusters, or close up into loops,
or surround an empty region. Such features are qualitative, and they record something real about the
process that produced the data, and a more traditional analysis built on averages and correlations passes
over them [15]. Two further properties make this kind of description attractive for physical measurements.
The first is that topological data analysis is robust to noise [12]. Counting clusters or holes is a coarser
question than asking where each point lies, and topological data analysis tolerates imprecise data: displace
every point slightly and a clearly formed cluster is still a cluster, a clearly enclosed hole still enclosed.
The second property of topological data analysis is that it is not tied to a precise scale [16]: whether two
points count as part of the same cluster, or a ring of points counts as enclosing a hole, depends on how
close together we require points to be before we treat them as connected. Fixing that threshold once,
in advance, means committing to a single answer; topological data analysis instead lets the threshold



grow from zero to infinity and tracks how the clusters and holes appear, merge and close up along the
way. The field of topological data analysis has been developing over the last two decades [15] and this
topological approach is already being used with success across the sciences, from the study of protein
structure [17] and of brain connectivity [18] to materials science [19] and cosmology [20].

The topological description above produces, for a given stretch of GW data, a collection of topological
features that capture the shape and structure of the data. Deciding from those topological features
whether a gravitational wave is present is a further step, and one way to take it is machine learning.
Machine learning (ML) is the branch of artificial intelligence concerned with systems that learn patterns
from data [21]. In particular, the machinle learning model adjusts its own internal parameters until it
captures the patterns that data contains, aiming not to reproduce the examples it was shown but to
perform well on data it has never seen. Machine learning divides into several families, and the one used
in this thesis is supervised learning, which learns from labelled examples [21]: each training example is an
input together with the correct answer for it, and the model is adjusted until its own answers agree with
those provided. In particular in this work we deal with classification, which is the task of selecting an
answer from a fixed set of alternatives, such as determining whether a stretch of data contains a signal [22].
Machine learning has already found use in gravitational-wave detection. It has been applied directly to
the GW interferometers output and deep networks have already been shown to identify compact-binary
signals in Advanced LIGO data, and to do so in real time [23].

In this thesis we combine topological data analysis and machine learning for gravitational-wave
detection. Elaborating on the earlier, preliminary study proposed in [24], we use persistent homology to
improve the discrimination GW signals from the noisy data. To achieve this goal, we need to build a
dataset of gravitational-wave signals embedded in noise, which is then processed through the topological
data analysis pipeline and fed to machine learning classifiers for training and evaluation.

Therefore the first step is to build a gravitational-wave dataset in the way that is standard in the field
of gravitational-wave data analysis [25]. Our method ends in a machine-learning classifier, and training
a classifier takes tens of thousands of labelled examples, whereas the confirmed catalogue of detections
holds only a couple of hundred [26] — far too small to train a machine-learning model.

The first step is therefore to simulate the gravitational waveforms ourselves, using PyCBC [27], an
open-source Python package for gravitational-wave data analysis built to detect and study the mergers of
black holes and neutron stars. This lets us generate as many waveforms as we need and each one with its
own values for the parameters of the coalescing binary.

The second step is to embed each simulated waveform in noise, itself simulated to reproduce the noise
of the LIGO interferometers. What we are after here is a dataset varied enough to stand in for the range
of what a real detector sees. The masses of the two bodies, whose merger produces the wave, are drawn
at random for every waveform, so no source is ever generated twice. Each waveform is also embedded at
a randomly chosen instant within its stretch of noise, and at a randomly chosen strength, so that the
dataset holds both strong and weak gravitational waves. The dataset is then put through the standard
preprocessing of gravitational-wave data analysis [25, 28]. Its purpose is to flatten the noise spectrum, so
that no band of frequencies dominates artificially and the injected waveform can emerge as clearly as
possible.

With the dataset ready, we can apply the topological methods described above. Each time series in
the dataset — a stretch of interferometer noise, with or without a gravitational-wave signal buried in it —
is turned into a cloud of points in R™ by an algorithm known as the Takens embedding [29]. The resulting
point cloud has a shape, and that shape depends on what the time series was doing. A gravitational-wave
signal, whose frequency and amplitude grow as the two bodies spiral together, produces a cloud that
winds into a spiral. A stretch of pure noise produces a shapeless ball. The two clouds differ in a way that
is topological rather than numerical, and it is that difference we set out to detect.

We then apply persistent homology to each cloud, which records, at every scale at once, how the
points are arranged: where they gather into clusters, where they close up into loops, where they surround
an empty region. Concretely, we do this by applying the Rips filtration to each point cloud. Around
every point we draw a ball of radius r, and whenever the balls of two nearby points intersect, we connect
the corresponding points. The radius starts at zero and is then increased: at the beginning every point



stands on its own, and as r grows the points progressively connect, forming the clusters, loops and cavities
described above. For very large radius r all the points are connected in a single cluster: all the loops
and cavities disappear. Persistent homology then detects these structures — by means of linear algebra,
through the reduction of a matrix — and reports, for each topological feature (like a cluster, a loop, or a
cavity), how long it survives as the radius grows.

A gravitational wave produces a pointcloud that winds into an elongated spiral: persistent homology
detects the loops that the spiral encloses, and reports them as long-lived features. The cloud of a stretch
of pure noise is instead a shapeless ball with little structure, so persistent homology reports that its
clusters and loops are all short-lived features. The final result of persistent homology is a collection of
numbers and images — we refer to them collectively as topological summaries — that summarise the
shape of the cloud each time series produced.

Finally after studying several features, we identify which of them have more discriminating power, and
use them to train the machine-learning classifiers. We consider a range of them, from logistic regression —
a simple linear model — to convolutional networks, which requires images as input. What each of them
learns, in the end, is a statement about shape: that a gravitational-wave signal arranges the points of its
cloud in particular ways, gathering them into clusters and closing them into loops. Once trained, the
machine-learning classifiers are shown time series they have never met before, and on these they detect
the presence of a gravitational wave reliably.

Outline of the thesis

The thesis is structured as follows.

e In Chapter 1 we develop persistent homology from the beginning. We build the simplicial complexes
out of which a shape is assembled, define what it means for two spaces to have the same shape, and
construct homology as a way of counting holes by describing what surrounds them. We then let a
complex grow, and follow the holes that appear and disappear as it does: this is persistence, and it
is summarised by a barcode or a persistence diagram. We close with the algorithm that computes
homology, run by hand on a small example.

e In Chapter 2 we turn that mathematics into a way of handling data. We show how a finite cloud of
points can be turned into a complex, and when the complex we get faithfully reflects the shape the
points were sampled from. We then prove the property on which everything else depends — that
small perturbations of the points produce only small changes in the persistence diagram — and
introduce the time-delay embedding, which is what turns a time series into a point cloud in the first
place. Finally we reduce the persistence diagram to numbers a machine learning classifier can be
given: scalar topological summaries, Betti curves, and persistence images.

e In Chapter 3 we run the whole construction, in Python, on a signal we control completely. Taking
a cosine, a noise time series, and their sum, we follow each in turn from a raw time series to a
topological summary, and check at every step that the computation does what the previous two
chapters predict. We also measure what the computation costs, and how much of that cost can be
removed, which becomes a practical concern once the same pipeline has to be run tens of thousands
of times.

e In Chapter 4 we assemble the gravitational-wave physics the rest of the thesis needs. We recall
the linearised theory, the two polarisations, and the chirp emitted by a coalescing binary; we then
model the detector as a linear system, characterise its noise, and derive matched filtering as the
optimal linear filter, together with the statistics used to decide whether a candidate is real. The
chapter closes by drawing out the three assumptions on which that matched filtering construction
rests, and showing where each of them fails — which is the motivation for everything that follows.

e In Chapter 5 we build the topological detection pipeline. We first construct a dataset intended to
behave like real detector data, then run the pipeline of Chapter 3 on a single sample to see what a
chirp does to the shape of the cloud, and finally on the whole dataset, extracting the topological
features every classifier of the next chapter will use.



o In Chapter 6 we test the impact of those topological summaries. We train several machine learning
classifiers on them, ask which features they rely on and why, measure how weak a signal this
topological method can still find, and close by measuring what it costs against matched filtering as
a function of the size of the template bank. We conclude by showing a strenght of this topological
data analysis approach compared to match filtering: this topological method, once the machine
learning classifiers are trained, gives a faster way to detect gravitational waves in stretches of data.

In the Conclusions we gather the main results and set out the directions in which this work could be
continued.
Some material is collected in the appendices.

e Appendix A contains the proofs and constructions deferred from the main text, together with several
derivations from the gravitational-wave and statistical chapters.

Appendix B derives the pattern functions describing the angular response of an interferometer.

e Appendix C lists the code for the toy-model pipeline of Chapter 3.

e Appendix D lists the code that generates the gravitational-wave dataset.



Chapter 1

Persistent Homology

In recent decades, Topological Data Analysis (TDA) has established itself as an approach complementary
to traditional statistical and machine learning methods, offering tools capable of capturing the shape and
intrinsic structure of data, independently of the coordinate system or the specific metric used. Among the
techniques developed in this field, persistent homology represents one of the most powerful and versatile
tools, capable of identifying topological features — such as connected components, cycles, and voids —
that persist across different scales of observation.

The underlying idea consists of building a family of topological spaces, parametrized by a scale
threshold, and tracking the "birth" and "death" of topological features as this parameter varies. Features
that survive over a wide range of scales are considered structurally significant, while short-lived ones are
generally interpreted as noise.

This chapter will introduce the fundamental concepts necessary to understand persistent homology,
starting from the basic notions of algebraic topology — simplicial complexes and simplicial homology —
and the next chapter will proceed with the construction of filtered complexes (in particular the Vietoris-
Rips and Cech complexes) and to the formal definition of persistence diagram, and barcode. These tools
will constitute the theoretical foundation on which the analyses carried out in the following chapters are
based.

1.1 Geometric preliminaries

1.1.1 Three notions of sameness

Before asking what shape a space has, we must decide when two spaces are to count as having the same
shape. There is no single answer; there is a hierarchy of answers, each preserving less structure than the
last. We take them in order of decreasing rigidity, assuming throughout that our spaces come equipped
with a notion of distance between their points (a metric d).!

Definition 1.1 (Isometry). Two spaces X,Y are isometric if Y is an exact rigid copy of X: every
pair of distances in X reappears unchanged in Y. Precisely, a bijection f: X — Y exists such that,
for every two points z1,xy € X, the distance between their images equals the distance between the
points themselves,

dy (f(z1), f(22)) = dx (21, 22).

Such an f is called an isometry, and X,Y are then isometric. Intuitively, Y is obtained from X
only by moving it around — translating, rotating, reflecting — never by stretching, shrinking, or
bending it.

Isometries of the plane are exactly the combinations of translations, rotations and reflections, as in
Figure 1.1.

!The formal definition of a metric is in Appendix A.1.
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Figure 1.1: Four isometric planar sets [16]. Each is obtained from the others by a translation, a rotation or a
reflection, so all pairwise distances agree. Image has been collected from [16]

Isometries are convenient, but too rigid for our purposes: stretching a circle into an ellipse destroys
every distance, yet nothing we care about — it is still a single loop — has changed. We need a looser
notion of sameness that only cares about that kind of qualitative shape.

Definition 1.2 (Homeomorphism). Two spaces X,Y are homeomorphic, written X =Y if X can
be continuously deformed into Y and back: a bijection f: X — Y exists such that both f and its
inverse f~! are continuous. Such an f is called a homeomorphism. Intuitively, f may bend, stretch,
and shrink X, but it may never tear it apart or glue distinct points together.

It is easy to convince yourself that every isometry is a homeomorphism.? The converse fails, and that
is precisely the point: homeomorphisms are far more flexible, and they preserve invariants of a space we
shall meet later — dimension, the number of components, the number of holes — while discarding purely
metric information such as diameter or area, which a homeomorphism is free to change.

Let’s define spheres, which will be useful in this chapter.

Example 1.1. For n € N, the n-sphere 5" is a space homeomorphic to the n-dimensional unit
sphere in R*+1,

n+1
{z €R™! 1 dy(2,0) =1} = {(&1,...,7041) €R™H! ] >at=1}, (1.1)
i=1

i.e. any space obtained from that unit sphere by bending, stretching or shrinking it, without tearing
or gluing.

In low dimensions, S™ recovers familiar shapes: S° consists of two points, S! is homeomorphic to
a circle, and S? to the usual sphere, as Figure 1.2 shows.

~ gl ~ G2

Figure 1.2: The spheres S°, S* and S? of Example 1.1: two points, a circle, and the usual sphere (drawn with
an equator to suggest its two-dimensional surface).

The next example is the one to keep in mind whenever the word “homeomorphic” appears, because it
makes visible what is and is not allowed.

Example 1.2 (What a homeomorphism may do). Consider the four filled planar regions of Figure 1.3:
a banner-like shape, an irregular curved blob, a disc with a round hole punched out, and a square

2The verification is done in the appendix, see Appendix A.2.
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with a square hole punched out. All four are homeomorphic to each other.

The reason is that a homeomorphism may bend, stretch and shrink, but it may not tear and it may
not glue. Rounding the corners of the square, or straightening the curves of the blob, requires only
bending; each of these deformations is invertible and continuous both ways. But no such deformation
can close up a hole without gluing, or open one without tearing. Fach of the four regions has exactly
one hole, and that is what they have in common — each is homeomorphic to a standard annulus.
None of them is homeomorphic to a filled disc, which do not have any hole.

32

Figure 1.3: Four homeomorphic sets in the plane. They differ in every metric respect — area, diameter,
smoothness of boundary — but each has exactly one hole, and that is all a homeomorphism preserves here.

Image has been collected from [16]

Being homeomorphic is not merely a comparison between two spaces at a time: it sorts all spaces
into families of “the same shape,” because homeomorphism is an equivalence relation. Reflexivity and
symmetry follow at once from the definition®; transitivity takes a little more care: if X 2 Y and Y = Z,
then X = Z [30]. The proof is a short composition-of-maps argument; see Appendix A.27.

Together, the three properties make “being homeomorphic” an equivalence relation, so we can sort all
spaces into classes: class of circles, another class of intervals, another class of crosses, another class of
2-spheres; then come the tori, the Klein bottles, and so on (Figure 1.4). Within a class the members may
look nothing alike, but the moral is: to a topologist, two homeomorphic spaces are the same space.

Figure 1.4: Classes of homeomorphism equivalence. Every space in a row is homeomorphic to every other space in
that row; no space in one row is homeomorphic to a space in another. Image has been collected from [30].

Establishing whether two given spaces are homeomorphic can be a delicate matter [30]: a homeomor-
phism, if one exists, can be very hard to exhibit directly. Showing that 2 spaces are not homeomorphic is
often easier, and the tool for that is the notion of an invariant: a quantity or property computed from a
space that comes out the same for every space homeomorphic to it. If two spaces are computed to have
different values of the same invariant, they cannot be homeomorphic — no homeomorphism could have
changed that value.*

Homeomorphism is the focal equivalence of topology, but it is still finer than we actually need: many
of the invariants we shall be able to compute do not change under a looser kind of continuous deformation,

3See Appendix A.27.
4The first invariant we shall meet, in just a few pages, is connectedness.
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one that is allowed to squash a space down rather than only bend it. This last, coarsest notion of sameness
is what we introduce now.

Definition 1.3 (Homotopy). Two continuous maps f,g: X — Y are homotopic, written f ~ g,
if f can be continuously morphed into g: there is a continuous map F: X x [0,1] — Y, called a
homotopy, which agrees with f at time 0 and with ¢ at time 1,

F(',O):f, F(-,l):g.

F(-,t) can be pictured as a continuously changing snapshot: at each instant ¢ € [0, 1] it is some map
X — Y it starts as f, ends as g, and never jumps in between, see Example 1.3 to clarify this.

Example 1.3. Figure 1.5 shows a homotopy between two curves in the plane, drawn as five snapshots
of the deforming map F(-,t) at ¢ = 0,0.2,0.5,0.6, 1.

F(-,0) F(-,0.2) F(-,0.5) F(-,0.6) F(-,1)

Figure 1.5: A homotopy between two curves in the plane, shown as five snapshots of F(-,¢) as ¢ runs from 0 to
1. Image has been collected from [30].

A single map can be homotoped to a constant map, in which case we call it trivial from a homotopy
point of view.

Definition 1.4 (Homotopy equivalence). Two spaces X,Y are homotopy equivalent, written
X ~ Y, if each can be continuously deformed into the other and back to where it started. Precisely,
there exist continuous maps f: X — Y and g: Y — X such that composing them in either order is
homotopic to the identity map,

gofﬁidx, fog:idy.

The maps f, g are homotopy equivalences.

Example 1.4 (Homotopy equivalence). Figure 1.6 shows a circle X and an irregular wiggly loop Y,
related by continuous maps f, g going back and forth between them. I can continuously deform the
circle X into the wiggly loop Y by following f, and then deform it back to X by following g, so the
circle X and the wiggly loop Y are homotopy equivalent.

13
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Figure 1.6: A homotopy equivalence between a circle and a wiggly loop. Image has been collected from [30].

A space homotopy equivalent to a single point is contractible — it can be continuously shrunk to a
point.
Homeomorphic spaces are always homotopy equivalent, but the converse fails, and that failure is exactly
what makes the notion useful.

Example 1.5 (Homotopy equivalent, not homeomorphic). Consider the interval [0,1] and the
one-point space {0}:

o These two spaces are not homeomorphic, and the reason requires no topology at all: Definition 1.2
demands a bijection, and a bijection forces two sets to have the same number of elements, while
[0, 1] has infinitely many points and {0} has exactly one. No such map exists, so the very first
condition of the homeomorphism definition already fails.

o Yet the two spaces are homotopy equivalent: sliding every point of [0, 1] continuously towards 0
is a homotopy from the identity map to the constant map at 0, so [0, 1] is homotopy equivalent

to {0}.

Homotopy equivalence does not preserve every topological property. Dimension, for instance, is lost:
Example 1.5 already showed that the interval [0,1] and the one-point space {0}, spaces of different
dimension, are homotopy equivalent all the same. But homotopy equivalence does preserve many of the
invariants we can actually compute: the number of connected components, the number of holes, and so
on. Counting those is exactly what the rest of this chapter is built to do.

1.1.2 Topological spaces and connected components
Our first invariant, the number of connected components, is built entirely out of “open sets,” so we start

by defining the topological spaces [30].

Definition 1.5 (Topological space). A topological space is a pair (X,7T) where X is a set and T is
a collection of subsets of X such that:

e ) eTand X €T,
e a union of open sets however many still belongs to 7.

e an intersection of finitely many open sets still belongs to 7.

Such a T is a topology on X, and its members are the open sets of the space.

Example 1.6. Take X = {0,1}, a set with just two points. It carries exactly four topologies:

o T1=1{0,{0,1}},

« T2={0,{0},{0,1}},

o T3={0,{1},{0,1}},

o Ta={0,{0},{1},{0,1}},

14



drawn in Figure 1.7. Each already contains () and X, as Definition 1.5 demands, and each is small
enough that every union and intersection of its members is checked in a moment. For instance, in 7s:

o every union of members of 73 stays in 7o, e.g. {0} U {0,1} = {0,1} € Ta;
 every intersection of members of 75 stays in 72, e.g. {0} N {0,1} = {0} € T>.

Th T2 T3 T4

Figure 1.7: The four topologies on a two-point set. The outer oval is X itself and the inner circles are the other
open sets. Image has been collected from [30].

On R"™ we shall always use the Fuclidean topology, the one where open sets are built out of open balls:
the open ball of centre x € R™ and radius r > 0, denoted B(x,r), is defined as

B(z,r) ={y e R": [z —yl| <r}.

> A subset of R” — a point cloud, an interval, a circle — inherits a topology of its own from this one,
like we see in the following definition.

Definition 1.6 (Subspace topology). Let (X,7T) be a topological space and Y C X. Intuitively, ¥
borrows its open sets from X. Precisely, the subspace topology on Y is

Ty ={ONY : 0T}

Thanks to the subspace topology, any subset of R” inherits a particular topology. This is the only
topology we will consider on subsets of R".

Definition 1.7 (Connected). A space is connected if it consists of a single piece: it is impossible to
split it into two separate, non-touching open chunks. Precisely, a topological space (X, 7)) is connected
if, for every pair of disjoint open sets 0,0’ € T,

X=0UO = O0=0 or O =0.

The example below shows this definition at work.

Example 1.7. Give X = [0,1] U [2,3] C R the subspace topology. It is not connected: the two pieces
[0,1] and [2, 3] are open in X, but they are disjoint, (and non-empty), so X is not connected.

o —0 e  &—

0 1 0 1 2 3

Figure 1.8: The interval [0,1] (left), and the space [0,1] U [2, 3] (right), visibly falling apart into two separate pieces.
Image has been collected from [30].

Intuitively, the connected components of a space are the separate pieces it falls into.

5The formal definition of the Euclidean topology, built out of these balls, is in Appendix A.3.
5The formal definition of connected components is in Appendix A.5.
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Example 1.8. Take X = {0,1,2,3,4,5,6,7,8,9,10} C R with the subspace topology. Every singleton
{i}, i € X, is open in X; the singletons are non-empty, connected and disjoint. Hence X admits
eleven connected components.

Connectedness as an invariant

Proposition 1.8. Homeomorphic topological spaces have the same number of connected components.

The proof can be found in Tinarrage [30].

Example 1.9. The interval [0,27) and the circle S! C R? are not homeomorphic. We argue by
contradiction: suppose a homeomorphism f: [0,27) — S! did exist, and see what goes wrong.

o Pick any point x # 0 in the interval, and remove it, together with its image f(z) on the circle,
see Figure 1.9. Restricting f this way still gives a homeomorphism, [0,27) \ {} — S\ {f ()},
since removing a point from both sides of a homeomorphism leaves a homeomorphism between

what is left [30].

e But the two punctured spaces do not match, as Figure 1.9 shows: removing an interior point x
splits the interval into two disconnected pieces, while removing a single point from the circle
leaves it in one piece — a circle only breaks apart once two or more points are removed.

e So [0,27) \ {z} has two connected components while S\ {f(z)} has only one, contradict-
ing Proposition 1.8, which says a homeomorphism must preserve the number of connected
components.

No homeomorphism f can exist, so the interval [0,27) and the circle S are not homeomorphic.

Figure 1.9: Removing an interior point disconnects the interval but not the circle. Since the number of
connected components is preserved by homeomorphisms, the two spaces cannot be homeomorphic. Image has
been collected from [30].

Remark 1.9. The number of connected components is therefore a topological invariant: homeomorphic
spaces must agree on it because of Proposition 1.8.

1.2 Simplices and simplicial complexes

1.2.1 Abstract simplices

Definition 1.10 (Simplex). Given a finite vertex set V, any subset o C V of cardinality k + 1 is
called a k-simplex.

A 0O-simplex is a single vertex, a 1-simplex is an edge joining two vertices, and a 2-simplex is a
triangular face spanned by three vertices; the same idea continues in higher dimensions, see Figure 1.10.
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(a) O-simplex (b) 1-simplex (c) 2-simplex (d) 3-simplex

Figure 1.10: Low-dimensional simplices: a point, an edge, a triangle, and a tetrahedron. In the tetrahedron, the
edges hidden behind the front face are dashed.

Definition 1.11 (Dimension of a simplex). The dimension of a simplex o is dim(o) = |o| — 1, where
|o| is the number of vertices in . For example the simplex-tetrahedron in Figure 1.10 has four vertices,
so its dimension is 4 — 1 = 3 and we call it a 3-simplex.

The name “k-simplex” is chosen so that the subscript matches the picture: a triangle has three vertices
but is a 2-simplex, indeed the triangle spans a 2-dimensional space.

Example 1.10. The edge 0 = {a,b} has two vertices, so dim(c) = 2 — 1 = 1: it is a 1-simplex,
matching the picture above. The triangle o = {a, b, ¢} has three vertices, so dim(c) =3 -1 =2.
If 7 C o for two simplices 7,0, we say:

e 7 is a face of 0 — every edge and vertex of a triangle is one of its faces;

e 0o is a coface of 7 — the triangle is a coface of each of them.

A single simplex only records one group of points. To describe a whole data set we need many
simplices at once, glued together consistently: whenever a simplex is included, all of its faces must be
included too, since it makes no sense to record a triangle without also recording its edges and vertices.

Definition 1.12 (Abstract simplicial complex). Let V' be a finite vertex set. A collection K of
simplices on V is an abstract simplicial complex if:

1. every point of V is itself a simplex of K, i.e. {v} € K for every v € V' — so no vertex is left out
of the complex;

2. K is closed under taking faces, i.e. if 0 € K and 7 C o then 7 € K — exactly the requirement
we motivated above: a complex cannot contain a simplex without also containing everything it
is built from.

Example 1.11. Let V = {0,1,2} and

K = {{0}, {1}, {2}, 0.1}, {1,2}. {0,2}}.

This is an abstract simplicial complex: every vertex of V' is included as a 0-simplex, and every edge’s
two endpoints are included too, so both conditions of Definition 1.12 hold.

Example 1.12. Let V = {0, 1,2} and

K = {{0}, {1}, {2}, {0, 1}, {1,2}, {0,1, 2} }.

This is not an abstract simplicial complex: the triangle {0, 1,2} lies in K, but its face {0,2} does not,
so condition 2 of Definition 1.12 fails.

Up to now an abstract complex is nothing but a list of finite sets. The next step is to give it a shape:
a natural way to draw it in space.
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1.2.2 Geometric simplicial complexes

So far a simplicial complex is a purely combinatorial object: a list of finite sets, with no topology of its
own. But there is a natural way to draw one: place its vertices V in the plane, or in space, and for every
simplex of K fill in the convex hull of its vertices. The next example spells out exactly what “filling in
the convex hull” means.

Example 1.13. Take again the vertex set V' = {0,1,2} and the abstract simplicial complex K:
{0,1,2}:
K = {{0},{1},{2},{0,1},{1,2},{0,2},{0, 1, 2}}.

To draw the complex K, we place its three vertices at explicit coordinates in the plane, say
0~ (0,0), 1~ (2,0), 2 (1,1.73).
We then fill in the convex hull of each simplex’s vertices in turn:

o for the 1-simplex {0, 1}, we take its two vertices, the points (0,0) and (2,0), and fill in their
convex hull — the straight segment joining them — giving an edge embedded in R? running
from (0,0) to (2,0);

o the 1-simplices {1,2} and {0,2} give the other two edges the same way;

o for the 2-simplex {0, 1,2}, we take all three vertices and fill in their convex hull, which is the
solid filled triangle they span, not merely its outline.

Figure 1.11 shows the result.

Yy
12} = (1,1.73)

2

{0} = (0.0) 12 (1= (2.0)

Figure 1.11: Drawing the complex of Example 1.13: each vertex is placed at its coordinates in the plane, each
edge is the convex hull of its two endpoints, and the 2-simplex {0, 1,2} is the convex hull of all three vertices —
the filled triangle, shaded, not just its boundary.

Definition 1.13 (Geometric simplicial complex). What we have just done is very natural: we passed
from an abstract complex to a geometric one, and in a geometric complex the vertices carry real
coordinates in R™. In other words, a geometric simplicial complex is exactly what an abstract complex
looks like once embedded in R™: the abstract 1-simplex {1, 2}, say, which was just a pair of labels,
becomes a genuine edge embedded in R, running from the point labelled 1 to the point labelled 2.¢

“The formal definitions of a geometric simplex and a geometric simplicial complex are in Appendix A.7.

Passing from a geometric complex to its abstract counterpart costs nothing: replace each vertex, given
by its coordinates, by a label, and read off the simplices, as in the Figure 1.12. The reverse direction is the
harder one, since coordinates must now be invented, and invented in a way that meets the two conditions
of Definition 1.12: every vertex present as a 0-simplex, and the whole collection closed under taking faces.
When this succeeds, the resulting geometric complex is called a geometric realization of the abstract
one. Realizations always exist; what is awkward is obtaining them in a space of low dimension. Two
bounds are worth recording.
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Figure 1.12: A geometric simplicial complex on labelled vertices a, b, ¢ (left), redrawn with its coordinates dropped
(right). Replacing the points by labels leaves the abstract complex {{a,b,c}, {a, b}, {b,c},{a,c}, {a}, {b},{c}}.

Theorem 1.14 ([16]). Every abstract simplicial complex K with n vertices admits a geometric
realization in R"™1.

The proof can be found in [16].
A geometric simplicial complex is, by construction, a subset of R" (Definition A.10), so like any other
subset of R™ it inherits a topology of its own: the subspace topology of Definition 1.6.

Definition 1.15 (Triangulation). Intuitively, a triangulation of a topological space is a decomposition
of the space into simplices, assembled into a simplicial complex whose geometric picture recovers the
space (up to homeomorphism).®

“The formal definition is in Appendix A.9.

Example 1.14. The simplicial complex K :

K = {{0}, {1}, {2}, {0.1}, {1,2},{0,2}}

is the triangulation of the circle S1. Drawn geometrically, K is a triangle (Figure 1.13), and a triangle
can be continuously deformed into a circle — push each edge outward until it bulges into an arc —
with a continuous inverse doing the opposite. This deformation is a homeomorphism, so the triangle
and the circle are homeomorphic, and K is indeed a triangulation of the circle.

2

0 | 0N !

Figure 1.13: The complex K of Example 1.14, Figure 1.14: The triangulation K of Example 1.14,
drawn geometrically: since K contains no 2- deformed continuously from a triangle into the
simplex, only its three edges are filled, giving the circle it triangulates.

outline of a triangle rather than a solid one.

Example 1.15. The simplicial complex

K = {{0}, {1}, {2}, {3}, {0, 1}, {1, 2}, {2, 3}, {3,0},{0,2},{1,3},
{0,1,2},{0,1,3},{0,2,3},{1,2,3}}

is a triangulation of the sphere: its four triangular faces are exactly the four faces of a tetrahedron,
and Figure 1.15 shows why the tetrahedron itself is homeomorphic to a sphere — the same push-the-
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faces-out deformation used for the circle in Figure 1.14, only now in three dimensions.

Figure 1.15: The tetrahedron of Example 1.15, seen from an oblique angle so that all four vertices are visible
(vertex 2 tucked behind the front face, with its edges {0, 2}, {1,2} and {2, 3} drawn dashed), inscribed in a
sphere and pushed radially outward, one vertex at a time, until its four flat faces bulge into the round surface
of the sphere — the three-dimensional analogue of Figure 1.14. This deformation is a homeomorphism, so the
tetrahedron and the sphere S? are homeomorphic, and K is indeed a triangulation of the sphere.

Not every topological space can be triangulated. When one can, it admits not a single triangulation
but a great many: the three complexes of Figure 1.16, for instance, all triangulate the circle, and one
could go on refining indefinitely. Nothing distinguishes a preferred one, which is worth keeping in mind.

<

Figure 1.16: Three different triangulations of the circle. A space that can be triangulated at all can be triangulated
in many ways. Image has been collected from [30].

1.3 Chains

So far a simplicial complex K only lets us say whether a given simplex belongs to it or not. To eventually
define holes, we need before to define a way to sum simplices of the same dimension.

Definition 1.16 (Chain group). Let K be a simplicial complex. A g-chain c of the complex K is a
formal sum of the g-simplices of K,

c= Z €+ O, o ranging over the g-simplices of K, ¢, € F'=7/27,q > 0,

where each coefficient ¢, is only ever 0 or 1: a simplex is either part of the sum, or it is not.* The set
of all g-chains of K is written Cy(K; F).

“Coeflicients are taken in the two-element field F = Z/2Z, where 0 and 1 are the only elements and 1+ 1 = 0.

Example 1.16. Consider the simplicial complex

K = {{0},{1},{2},{0,1},{0,2}}.

The 0-chains of K are the linear combinations of its O-simplices, i.e. of the three vertices {0}, {1}, {2}:
since each vertex is independently either included in the sum or not, there are 23 = 8 possible 0-chains,

Co(K; F) = {0, {0}, {1}, {2}, {0} +{1}, {0} +{2}, {1} +{2}, {0} + {1} +{2}}.
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Figure 1.17 draws each of these eight chains.

1 2 ° ° ° o °o o o o
0 ° o o o
0 [0] [1] 2] O/ +[1] [0 +[21  [1]+[2] [0]+ [1] + [2]

Figure 1.17: The eight 0-chains of Example 1.16, each drawn by marking the vertices it contains. One of the
eight has nothing marked at all: this is the null chain 0, the chain in which every coefficient €, is 0. It is not
a peculiarity of this example — every chain group, at every dimension, contains this same null chain, not just
Co(K; F). Image has been collected from [30].

Likewise, the 1-chains of K are the linear combinations of its 1-simplices, i.e. of the two edges
{0,1} and {0,2}: with two edges, each independently included or not, there are 22 = 4 possible
1-chains,

Ci(K; F) =0, {0,1}, {0,2}, {0,1} + {0, 2}}.

Figure 1.18 draws each of these four chains.

\ / \V

0 0, 1] [0, 2] [0,1] + [0, 2]

Figure 1.18: The four 1-chains of Example 1.16, each drawn by marking the edges it contains. Image has been
collected from [30].

Our coefficients live in the field F' = Z/27Z, this field has two elements (0 and 1) in which 1+ 1 = 0.
So adding any chain to itself cancels every one of its coefficients, one at a time, and the result is the null
chain: every g-chain ¢ € Cy(K; F) satisfies c 4+ ¢ = 0.

The boundary operator.

Example 1.17. Consider the simplicial complex

K = {{0},{1},{2}, {3},{0,1},{0,2},{1,2},{0,3},{2,3},{0, 1,2} }.

The simplex {0, 1} has the faces {0} and {1}. Intuitively, the boundary of an edge would be its two
endpoints, namely we expect the boundary of {0,1} to return us {0} + {1}:

01{0,1} = {0} + {1}.

Figure 1.19 draws this computation.

1 2 01 o

0 3 3

Figure 1.19: The boundary map 9; applied to the edge {0,1} of Example 1.17, giving 6,{0,1} = {0} + {1}.
Image has been collected from [30].

Definition 1.17 (Boundary operator). Let ¢ > 1 and let o be a g-simplex. The boundary 9,0 of o
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is the (¢ — 1)-chain obtained by deleting, one at a time, each single vertex of o:

040 = Z T.

TCOo
I7|=lo]—1

There is nothing one dimension below a vertex, so by convention dy sends every 0-chain to the null
chain 0°.

?And we set C_1(K; F) = {0}

Example 1.18 (Continuing Example 1.17). So far we only know the boundary of a single simplex.
To take the boundary of a whole chain, simply take the boundary of each simplex appearing in it.
For instance, the boundary of the 1-chain {0,1} + {1,2} + {0,2} is found by taking the boundary of
each of its three edges and adding the results:

81({0, 1} + {1, 2} ar {0, 2}) = (91{0, 1} + (91{1, 2} + 81{0, 2}

= {0} + {1} + {1} + {2} + {0} + {2}
=0,

since every vertex occurs twice and cancels, {0} + {0} = {1} + {1} = {2} + {2} =0 in Cy(K; F).

1 2 Do —
' g |/
0 3

Figure 1.20: Taking the boundary of the filled triangle {0,1,2} (in purple in the left figure): applying 9 to it gives
its three edges, {0,1} + {1,2} + {0,2} (in purple in the right figure). Image has been collected from [30].

Cycles. Some chains have no loose ends: applying the boundary operator to them returns zero 0. These
chains are given a name.

Definition 1.18 (Cycles). Intuitively, a chain is a cycle if it has no loose ends: its boundary is 0.
Precisely, the g-cycles of K are those g-chains sent to 0 by the boundary map,

Zy(K; F) =ker(0y) = {c € Cy(K; F) : 9,¢ = 0}.

Example 1.19 (Cycles). Consider again the complex K of Example 1.11, drawn in Figure 1.21,
and its 1-chain {0,1} 4+ {1,2} 4+ {0,2} — the sum of all three edges of the triangle. Its boundary is
2

01({0,1} + {1,2} + {0,2}) = 1{0,1} + 91 {1,2} + 0:{0,2}

= ({0} +{1}) + ({1} + {2}) + ({0} + {2})

= ({0} + {o}) + ({1} +{1}) + ({2} +{2}) 0 1
=0 Figure 1.21: The complex K of
so {0,1} + {1,2} + {0,2} is a 1-cycle: every vertex cancels in Example 1.11, drawn again for

the sum® and no loose end is left over. Example 1.19: the 1-chain {0, 1}+
{1,2} 4+ {0,2} runs all the way

“Since coeflicents are such that 1+ 1 =0, as we discussed in 1.3 around the triangle, with no loose
end.
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Boundaries. Some chains arise naturally as the edge of a higher-dimensional complex: they are, quite
literally, boundaries.

Definition 1.19 (Boundaries). Intuitively, a chain is a boundary if it is the boundary of some chain
one dimension up. Precisely, the g-boundaries of K are the chains that arise as the boundary of
some (g + 1)-chain,

Bq(K; F) = im(8q+1) = {8q+1c ‘CcE Cq+1(K; F)}

Example 1.20 (Boundaries). Let K = {{0}, {1}, {2}, {0,1},{1,2},{0,2},{0,1,2}}, the filled triangle
on vertices 0,1, 2 (Figure 1.22).
2

The chain {0,1} + {1, 2} + {0, 2} is also a
1-boundary of K: it is exactly the bound-

ary of the filled triangle {0, 1,2}, 7 )

02{0,1,2} = {0,1} + 11,2} + {0,2}. Figure 1.22: The filled triangle of Example 1.20. Its

boundary, the sum of its three edges, is exactly the cycle
already met in Example 1.19.

Here is a key property of the boundary operator: applying it twice in a row always gives zero.

Lemma 1.20. Take any chain and apply the boundary operator to it twice in a row: the result is
always the null chain. Precisely, for any ¢ > 0 and any q-chain c € Cy(K; F),

aq,l o aq(c) = 0.

A formal proof of this fact is given by [30]; a fully general version, in our own notation, is worked
out in Appendix A.11. To build some intuition for why it is true, it helps to see it happen on a single
example.

Example 1.21. Let us see why applying the boundary operator twice to the filled triangle {0, 1,2}
gives zero (Figure 1.23). Applying J5 once gives its three edges,

32{0,1,2} = {0,1} + {1,2} + {0, 2},
and applying 0, to that — exactly the computation of Example 1.19 — gives
01({0,1} +{1,2} +{0,2}) = 0.

So 01 032{0,1,2} = 0: every vertex of the triangle is the endpoint of two of its edges, and is therefore
picked up twice by the composite map — and two copies of the same vertex cancel, since 1 +1 =0 in
F =7/27Z. You can see grafically this computation in 1.23.

2 ‘
1 ' 2 9y - o, .><_ .><2
0 3 °
X2

Figure 1.23: Applying 0; o 05 to the filled triangle {0, 1,2}: every vertex of the triangle is hit twice by the
composite map, and 2 =0 in F = Z /27, so the result is the zero chain. Image has been collected from [30].
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Corollary 1.21. Every boundary has no loose ends of its own, and is therefore itself a cycle:
B,(K;F) C Zy(K; F).

This is exactly what happened in Example 1.21:
o the chain {0,1} +{1,2} + {0, 2} is the boundary of the filled triangle, obtained by applying 92 to it;
o that same chain {0,1} + {1,2} 4 {0, 2} is also a cycle, since its own boundary 9; came out to be 0;

 this is no coincidence: applying the boundary operator twice in a row always gives 0.

The proof is a direct consequence of Lemma 1.20, and is given in Appendix A.12.
Corollary 1.21 says more than just that boundaries and cycles overlap: at every dimension g, the
boundaries sit inside the cycles, and the cycles in turn sit inside the full chain group,

By(K:F) C Z(K;F) C Cy(K; F).

The boundary maps J, link these nested groups across dimensions to one another, and Figure 1.24 draws
the whole picture at once: at each dimension ¢, a chain group with a cycle group nested inside it, and
a boundary group nested inside that, all connected to their neighbouring dimensions by the boundary
maps. This whole structure is called the chain complex.

Figure 1.24: The chain complex: the chain, cycle and boundary groups at each dimension, connected across
dimensions by the boundary homomorphisms 9,. Image has been collected from [31].

1.3.1 Oriented simplices

So far every chain has been built from unoriented simplices over F' = Z/2Z, where a simplex and its
own negative are literally the same thing, so no notion of sign was ever needed. Working over a general
coefficient field F' call for simplices to carry a sign first.

Example 1.22. Take the triangle {z,y, z} of Figure 1.25. Walking around its three vertices in the
order x,y, z traces it out counterclockwise; starting the walk at a different vertex but keeping the
same direction, y, z,x or z,x,y, traces out exactly the same walk, so all three orderings are declared
equal:

<$7 Y, Z> = (ya 2, ZL‘> = <Z> €T, y>'
Swapping any two of the three vertices reverses the direction of the walk to clockwise, and this
opposite walk is declared to be the negative of the first:

(y,x,z) = (x,z,y> = (z,y,x) = —<x,y,z>.
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£ y y Y

Figure 1.25: The triangle {x,y, z} (left) and its two orientations (centre, right): cyclic relabelling leaves an
orientation unchanged, while swapping any two vertices reverses it. Image has been collected from [16].

Definition 1.22 (Oriented simplex). Generalizing the example above: an oriented simplex is a
simplex together with a choice of direction to walk around its vertices, where two orderings that walk
the same way are considered the same oriented simplex, and the reverse walk is its negative. Writing
an oriented simplex as an ordered tuple o = (vg,v1, ..., vx), this means that reordering its vertices by
a permutation 7 leaves it unchanged if 7 is even, and flips its sign if 7 is odd [32]:

o = sgn(7)(Vr(0), Vr(1)s - - - > Vr(k)) -

A single vertex v, a O-dimensional simplex, has nothing to walk around, but can still be oriented in
two ways, written (v) and —(v).

Orienting o does more than fix its own sign: the choice also fixes a sign on every one of its facets,
which is exactly what lets the boundary operator carry signs of its own, rather than just recording
presence or absence.” Given it, the boundary of an oriented g-simplex is the signed sum of its facets, each
carrying the sign it inherits from o — the natural extension of Definition of boundary operator 1.17 to a
general coefficient field, and the two agree over F' = Z /27, where every sign equals 1.

Definition 1.23 (Boundary matrix). The boundary map 9, is represented, in the basis of oriented
simplices, by a matrix M, with entries in F"

e columns are indexed by the oriented g-simplices of K;
o rows are indexed by the oriented (¢ — 1)-simplices of K;

o the entry at position (7,j) is +1 or —1 according to the sign with which the i-th row’s simplex
appears in the boundary of the j-th column’s simplex, and 0 if it does not appear at all.

This definition is easier to follow once seen in practice; Example 1.23 below works it out explicitly for
a specific complex.

Example 1.23 (Boundary matrix). Consider the abstract simplicial complex

K = {{a}, {0}, {c}, {d} {e},{a, b}, {b, c}, {a, c}, {b,d},{c,d} ,{a,b,c}}
of Figure 1.26.

"The precise rule for this induced orientation is worked out in Appendix A.13.
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It consists of a filled triangle on a, b, ¢, an unfilled triangle on b, ¢, d
sharing the edge {b,c}, and an isolated vertex e. To see where the
matrix My representing 0o comes from, start from how d» acts on
the single 2-simplex (a, b, ¢) of K:

O (a,b,c) =1-(a,b) +1-(b,c)+ (—1)-(a,c).

These three coloured coefficients are exactly the entries of Ms: one
column, indexed by (a, b, ¢), and one row for every oriented 1-simplex
of K, with the entry in each row equal to the coefficient it carries
above, coloured to match, and 0 for every edge that does not appear

in O9(a, b, c) at all: Figure 1.26: The abstract sim-
plicial complex K of Exam-
[ (a,b,c)] ple 1.23 [16]: the triangle a, b, c
(a,b) 1 is filled, the triangle b,c,d is
(b, ¢) 1 not, and e is an isolated vertex.
Oy = My = (a, c) 1 . Image has been collected from

(b, d) 0 [16].

e, d) 0

The matrix M representing 0 is built the same way, now reading off, column by column, how 0
acts on each of the five edges of K in turn:

(a,b) (b,c) (a,c) (b,d) (c,d)]

@ -1 0 -1 0 0
1 -1 0 -1 0
O =M = (¢) 0 1 1 0o -1
d 0 0 0 1 1

L[{e) 0 0 0 0 0 |

There is no matrix My to write down: J is just the zero map into {0} (Definition 1.17), so its matrix
would have no rows at all.

Computing a boundary is then just matrix-vector multiplication: multiply M, by the coordinate
vector of a chain in that same basis. For instance, take the 1-chain ¢ = (a, b) + (b, ¢), whose coordinate
vector in the column order of M is (1,1,0,0,0)". Multiplying,

oic = 61(((1, b> + <b, C>) = M

cCoo =K
Il

recovers exactly the boundary of the path from a to ¢ through b: it starts at a (with a minus sign)
and ends at ¢, with b cancelling out along the way.
1.4 Holes: homology groups and Betti numbers

What we ultimately want to count is the number of holes of a complex. Before building the machinery,
it is worth saying plainly what a hole is, and the complex of Example 1.23 already contains everything
needed to see it.
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Look at the unfilled triangle on b, ¢, d in Figure 1.27. Walking around it
traces the chain (b, ¢) + (¢, d) — (b, d), and this chain is a cycle: its boundary
vanishes. Indeed, every vertex picked up along the walk is picked up twice

with opposite signs, and so cancels:

1((b,¢) + (e, d) — (b,d)) = (e — () + ({ef — (e) — (4ef — ) = 0.

A closed loop has no loose ends, so its boundary is zero — that is exactly

what being a cycle means.

But being a cycle is not yet enough to be a hole. A hole, quite literally, is
a loop with nothing inside it. The loop around a, b, ¢ makes the difference

visible. It is a cycle too, by the same computation:

01 ({a,0) + (b,¢) = (a,0)) = ({bf — Laf) + (4ef — () — (e — ) = 0.

Yet the region it encloses is not empty: the 2-simplex (a, b, ¢) sits inside it,
filling it in. There is no hole there, and the formal signature of this is that

the loop is precisely the boundary of that triangle,

0 (a,b,c) = (a,b) + (b,c) — (a,c).

The loop around b, ¢, d, by contrast, is the boundary of nothing: K contains

no 2-simplex on b, ¢, d to fill it.

¢ 3
Figure 1.27: The com-
plex of Example 1.23 once
more: the loop around
b, ¢, d is empty and counts
as a hole, while the loop
around a, b, ¢ is filled by
the triangle (a,b,c) and
does not. Image has been
collected from [16].

This is the distinction we were after. A hole is a cycle that is not the boundary of anything one dimension
up. To count holes, then, we should take all the cycles and discard those that are boundaries — and this
is exactly a quotient of groups. The homology group is, in this precise sense, the group of holes.

Definition 1.24 (Homology group). The ¢-th homology group of K is the quotient of the cycles

by the boundaries®,

Hy(K; F) = Z,(K; F)/By(K; F) = ker(8,)/ m(8y1).

Intuitively, two cycles that differ only by a boundary are considered to enclose “the same hole,” and
homology is the construction that identifies them: it is what remains of the cycles once every boundary

has been collapsed to nothing.

“Every boundary is a cycle (Corollary 1.21), namely By(K; F) sits inside Z4(K; F) as a linear subspace. This is

exactly the situation in which we can quotient one by the other.

Thanks to a general property of finite vector spaces — quotienting by a subspace simply subtracts

dimensions — the dimension of this quotient is easy to get at:
dim Hy(K; F') = dim Z,(K; F) — dim By(K; F').

The proof of this relation is given in Appendix A.10.

Example 1.24. Consider the simplicial complex

K = {{0},{1},{2},{3},{0,1},{0,2},{1,2},{0,3},{2,3},{0, 1, 2}}

of Figure 1.28.
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0 1

Figure 1.28: The complex K of Example 1.24.

The set of 1-cycles Z;(K; F) consists of the chains
0, {0,1}+{1,2} +{0,2}, {0,2} +{2,3} +{0,3}, {0,1} +{1,2} +{2,3} +{0,3}.

Each of these does indeed have zero boundary, as required of a cycle — and this is no surprise once
we look at Figure 1.28: apart from the null chain, these are exactly the closed loops traced out by K.
The only boundaries B (K; F') are

80 =0 and  3({0,1,2}) = {0,1} + {1,2} + {0, 2}.

This too is visible directly in the figure: {0,1} + {1,2} + {0, 2} is exactly the boundary of the filled
triangle {0, 1,2}.

We now have everything needed for the homology group H(K;F) = Zi(K;F)/Bi(K;F).
Z1(K;F) has 4 = 22 elements and By(K;F) has 2 = 2! elements; a finite Z/2Z-vector space
with 24 elements has dimension d [30], so dim Z; (K; F) = 2 and dim By (K; F) = 1, giving

dim Hy(K; F) =dim Z;(K; F) —dim By (K; F) =2 —-1=1.

dim H;(K; F') = 1 means that there is really only one hole in K: this hole is the loop {0,2} + {2,3} +
{0,3} running around the outside of K, through vertex 3 in figure 1.28. The other loop we listed,
{0,1} +{1,2} + {0, 2}, is not a hole at all — its interior is filled by the triangle {0, 1,2}, as is plain
from Figure 1.28.¢

?One might reasonably ask whether the fourth cycle, {0,1} + {1,2} + {2,3} + {0, 3}, is a genuine hole of its own. It
is not: this cycle turns out to be the “same” hole as {0,2} + {2,3} + {0, 3}. The two are what is called homologous,
and the reason is worked out in Appendix A.15.

Definition 1.25 (Betti number). Intuitively, the ¢-th Betti number of K counts the number of
independent ¢-dimensional holes of K: it is simply the dimension of the homology group we just built,

Be(K) = dim Hy(K; F) = dim Z,(K; F) — dim By(K; F') = dimker(9,) — dim im(9g1)-

Example 1.25 (Betti numbers). Consider the simplicial complex

K = {{0},{1},{2}, {3}, {0, 1}, {1, 2},{2,3},{0, 3} }

of Figure 1.29: a square outline on four vertices, with no filled interior.

3 2

0 1

Figure 1.29: The simplicial complex K of Example 1.25: a square outline on four vertices, with no 2-simplex.
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Computing a Betti number always follows the same three steps, at whatever dimension g we are
interested in: find the cycles Z,(K; F'), find the boundaries By(K; F'), and take the difference of their
dimensions. Carrying this out at ¢ = 0,1,2 — worked in full in Appendix A.16 — gives:

o [2(K) =0: K has no 2-simplex at all, so there is nothing to be a 2-cycle Zy(K; F) = {0} or a
2-boundary By (K; F) = {0} in the first place, so®

B2(K) =dim Hy(K; F) = dim Zo(K; F) —dim Bo(K; F) =0—-0= 0.

o [1(K) = 1: the loop running all the way around the square traces the chain (0,1) + (1,2) +
(2,3) — (0, 3), and this chain is a cycle, namely it has null boundary:

01({0,1) +(1,2) +(2,3) — (0,3)) = (L — £07) + ({2 — (1) + ({37 — £27) — ({37 — 49) = 0.
Having no boundary is exactly what it means to be a cycle, so this loop is a 1-cycle; and since K
has no 2-simplex to fill it in, it is not the boundary of anything — it survives as a genuine hole.

e fo(K)=1: K is a single connected piece, and indeed [y always counts the number of connected
components of a complex, as we’ll prove later. Actually one can compute this 8y by hand as we
do in A.16.

“By(K; F) and Z2(K; F) are finite Z/2Z-vector space. If a Z/27-vector space has 2¢ elements its dimension is d [30].

Everything above defines homology for a simplicial complex K, not directly for a topological space X.
But we already know a space can be triangulated in more than one way (Figure 1.16) — so before we can
speak of “the homology of the topological space X” we need to know that every triangulation gives back
the same answer.

Theorem 1.26. Let X be a topological space and K a triangulation of X (Definition 1.15). The
homology of X and the homology of K agree at every dimension: Hy(X; F) = Hy(K;F) for all ¢ > 0.

Corollary 1.27. If K1 and Ko are two different triangulations of the same space X, their homology
groups agree at every dimension too: Hy(K1; F) = Hy(Kq; F) for all ¢ > 0. Homology does not depend
on which triangulation we happened to choose.

So we allow ourselves to speak of “the homology of X” for a triangulable space X without naming a
particular triangulation — Corollary 1.27 is exactly what let us do that.

1.4.1 The zeroth Betti number

Proposition 1.28 (The zeroth Betti number counts components). The zeroth Betti number o(K)
equals the number of connected components of K.

The proof is due to Botnan [33], and is given in Appendix A.17. Here is the intuition behind it. Every
vertex is trivially a O-cycle, since a vertex has no boundary of its own. And two vertices become equal
in Hy(K; F) exactly when a path of edges joins them, since the boundary of such a path is just its two
endpoints. So each homology class collects exactly the vertices reachable from one another — that is, one
class per connected component, and So(K) counts them.

For instance, in the square complex K of Example 1.25, the vertices 0 and 2 are joined by the path
(0,1) + (1,2), whose boundary is

O1(0,1) 4+ (1,2)) = ((F — (0)) + ((2) — (&) = (2) — (0),

where the shared vertex 1 cancels and only the two endpoints survive: 0 and 2 differ by a boundary, so
they land in the same class — as they should, being two corners of one connected square.

Our computations from here on are ultimately aimed at a rank 3, the ¢g-th Betti number, since that
rank is precisely what counts the g-dimensional holes of K:
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e [y equals the number of components of K, as we just saw — its 0-dimensional holes.

[ is the number of holes in the everyday geometric sense, loops or 1-dimensional holes.

e (3o counts 3 dimensional cavities, or 3d voids — 2-dimensional holes.
These readings of the Betti numbers will be explored, and partly proved, throughout the rest of this
chapter.

Example 1.26 (All three Betti numbers at once). Consider the complex K of Figure 1.30: a hollow
tetrahedron shell on vertices a, b, ¢,d (all four triangular faces filled, but not the solid tetrahedron
itself), together with an unfilled triangle b, ¢, e hanging off the edge {b, ¢}, and an isolated vertex f.

a

o

b \
e
Figure 1.30: The complex K of Example 1.26, seen from the side: a hollow tetrahedron shell a, b, ¢, d with all

four faces filled but no solid interior (vertex d tucked behind the front face a, b, ¢, its edges drawn dashed), an
unfilled triangle b, ¢, e hanging off edge {b, c}, and an isolated vertex f.

In symbols,

K = {{a},{b},{c}. {a}, {e}, {f},
{a,b},{a,c},{a,d}, {b, c}, {b,d},{c,d}, {b, e}, {c, e},
{a,b,c},{a,b,d},{a,c,d},{b,c,d}}.

Reading off the Betti numbers:

o [2(K) = 1: (B2 counts 2-holes, namely the 3-dimensional cavities enclosed by filled surfaces,
and K has exactly one, sealed inside the four faces {a,b,c},{a,b,d}, {a,c,d},{b,c,d} of the
tetrahedron shell — so Ba(K) = 1.

e [1(K) = 1: 1 counts the ordinary loops, 1-holes with nothing filling them in. The four faces
of the tetrahedron shell are all filled, so no loop supported on a, b, ¢, d alone survives as a hole.
The triangle b, ¢, e, however, is not filled: the loop running around it is a genuine hole, and it is
the only one — so f1(K) = 1.

o [o(K) =2: [y counts the connected components. The vertices a, b, ¢, d, e are all joined together
by edges, but the vertex f is isolated, giving two pieces in total — so By(K) = 2.

1.4.2 The Euler characteristic

The Betti numbers count holes dimension by dimension, but computing them means working out kernels
and images of the boundary maps. There is a much cruder invariant of a simplicial complex, obtained by
merely counting simplices, which turns out to be tied to the Betti numbers by a clean formula.

Definition 1.29 (Euler characteristic). Let K be a simplicial complex of dimension n. Its Euler

8Unlike o, B1 can in principle depend on the coefficient field F. For planar graphs, however, 5; always agrees with the
everyday count of holes.
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characteristic y(K) adds up the number of simplices of each dimension, with alternating sign:
vertices count positively, edges negatively, triangles positively, and so on up to the top dimension n.
Precisely, it is the integer

X(K) = Z (—=1)" - (number of simplices of dimension 7). (1.2)
0<i<n

Example 1.27. The simplicial complex of Example 1.11,

K = {{0},{1},{2},{0,1},{1,2},{0,2}},
has Euler characteristic 2

its three vertices contributing with a plus sign and its three
edges with a minus. 0 1

Let (X, T) be a topological space, like a circle, and K a triangulation of it, like the one of Example 1.27.
It is tempting to define the Euler characteristic of this generic topological space X as the Euler characteristic
of its triangulation K, in formulas y(X) = x(K). But a space has many triangulations, as Figure 1.16
showed, and it is not yet clear if all these triangulations have the same Euler characteristic value.

Proposition 1.30. The Euler characteristic of a topological space is the Euler characteristic of any
triangulation of it.

The proof is beyond what we shall develop here.
This makes the Euler characteristic x well defined on topological spaces, not just on complexes. The
next result says it is moreover an invariant, and a strong one: it survives homotopy equivalence.

Xx(Y): they have the same Euler characteristic.

Proposition 1.31 ([30]). If X and Y are two homotopy equivalent topological spaces, then x(X) =

Our intuition for the Euler characteristic usually comes from ordinary solids in R?, so it is worth
spelling out that picture too. A polyhedron is a shape built from faces, which meet along edges, which
in turn meet at vertices — in other words, nothing but a simplicial complex sitting in R3. For a subset
X C R? homeomorphic to a polyhedron P, the Euler characteristic can be computed as

X(X)=V —-FE+F,

where V', E and F count the vertices, edges and faces of P: this is exactly Definition 1.29 specialised to a
polyhedron, since its O-simplices are the V vertices, its 1-simplices the E edges, and its 2-simplices the F'
faces, so the alternating sum reads V' — E + F' term by term.

Example 1.28. The simplest polyhedron homeomorphic to the circle S! is a triangle, and a square
works just as well:

o the triangle, already seen in Example 1.27, has x(S') = x(A) = 3 — 3 = 0, its three vertices
minus its three edges;

o the square has x(O) =4 — 4 = 0, its four vertices minus its four edges — the same value.

This is exactly what topological invariance demands, since turning a triangle into a square only splits
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one vertex into two, joined by a new edge, a purely local change the Euler characteristic cannot see
(Proposition 1.31).

Example 1.29 (The torus, from top to bottom). The 2-torus T? — the surface of a doughnut, drawn
on the left of Figure 1.31 — is a little less obvious. On the right of the same figure sits a triangulation
K of it (Definition 1.15), that is, a simplicial complex whose realization is the torus itself: it is the
surface of a box with a square hole punched through, built from V = 16 vertices, £ = 32 edges and
F =16 faces.

B4l

/‘»\
7 J— 72
triangulation
_—

Figure 1.31: Left: the 2-torus T2, the surface of a doughnut. Right: a triangulation K of it — the surface
of a box with a square hole punched through, built from 16 vertices, 32 edges and 16 faces. In red, the two
independent loops counted by B;(7?) = 2: ~; runs the long way around the doughnut, and v, passes through
the hole and back around the tube. On the right the hidden half of 75, running along the underside and up the
inner wall, is dashed.

We may read the topology of the torus straight off this triangulation: by Theorem 1.26, the
homology groups of a topological space and of any triangulation of it agree at every dimension, so
H,(T? F) = H,(K; F) for all ¢, and therefore the Betti numbers of the torus are exactly those of the
complex on the right of Figure 1.31. Counting holes in the picture:

e [(2(T?) = 1: 3y counts the 3-dimensional cavities enclosed by filled surfaces, and the torus
is a closed surface sealing off exactly one region of space, the inside of the doughnut — so
B2(T?) = 1.

e (1(T?) = 2: 1 counts the ordinary loops with nothing filling them in, and the torus has two
independent ones, both drawn in red in Figure 1.31 — the loop ¥; running the long way around
the doughnut, and the loop 2 running through the hole and back around the tube — neither of
which can be filled in or deformed into the other, so 3;(T?) = 2.

e Bo(T?) = 1: By counts the connected components, and the torus is a single connected surface —
so Bo(T?) = 1.

e x(T?) = 0: the Euler characteristic of a space is the Euler characteristic of any triangulation of
it (Proposition 1.30), so we may count the simplices of K directly,

X(T?) =x(K)=V -E+F=16—-32+16 =0,

and the Euler-Poincaré formula, which we state next (Theorem 1.32).

The next result ties the Euler characteristic, defined by counting simplices, to the Betti numbers, that
counts as seen before the number of indipendent holes.

Theorem 1.32 (Euler-Poincaré formula, [33]). For a simplicial complex K, the Euler characteristic
equals the alternating sum of the Betti numbers too:

X(K) = (-1)"dim Cg(K; F) = Y (—1)754(K).
q=0 q=0

The argument is a short computation, not conceptually demanding, so we defer it to Appendix A.18.
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1.5 Computing homology

Computing a homology group H,(K; F') straight from its Definition 1.24 gets unwieldy once a complex
has any real size, since it means finding cycles Z, and boundaries B, by hand. Matrix reduction fixes
this: it turns the whole computation into reading off the rank of the boundary maps M,, and once those
ranks are known the Betti numbers fall out immediately.

Throughout, fix an abstract simplicial complex K of dimension n and a coefficient field F', and write
ng for the number of g-dimensional simplices of K, for 0 < ¢ < n.

Proposition 1.33. The dimension of the cycle group Z,, and the Betti number 3,, can both be read
off the rank of the boundary matrices M, alone:

1. dimker 9, = ny —rank 9, — the cycles are everything the boundary map does not see, so their
count is the total number of q-simplices minus how much of Cq(K; F') the map actually moves;

2. By = ng —rankdy — rank 9,41 — the Betti number is that same count of cycles, with the
boundaries (measured by rank 0,11) subtracted off.

The proof is given in Appendix A.19. What is left, then, is a reliable way to find the rank of a matrix
— which row and column reduction give us directly.

Echelon forms. A row echelon form of a matrix is reached using the following operations, carried out
in the field F"

e RI1: exchange two rows;
e R2: multiply a row by a non-zero element of F’;
e R3: add a multiple of one row to a different row;

e Cl1: exchange two columns.

The target of the reduction is a matrix with r pivot entries, equal to 1, running down the diagonal,
arbitrary entries to their right, and zero rows beneath:

1 koeee %
a1 -+ QAin 1 ’
* *
—
0 0
m,1 **° QAmmn
0 --- 0

The rank of the matrix is exactly the count r of diagonal entries that survive non-trivial: every operation
above is invertible, so it never changes the rank, only the matrix’s appearance. We will often not bother
with C1 and stop at the ordinary row echelon form Gaussian elimination already produces; swapping the
roles of rows and columns gives the column echelon form the same way.

Example 1.30. Let us compute the homology of the simplicial complex K of Example 1.23 (Fig-
ure 1.26), whose boundary matrices Ma(=02) and M;(=0;) were already written down there.
Performing only row operations, we obtain

i (a,b,c)] [ (a,b) (b,c) (a,c) (b,d)y (c,d)]
(a, b) 1 (a) 1 1
! _ <ba C> o <b> 1 1 1
M, = {a,c) ’ My = (c) 1 1
(b, d) (d)
(¢, d) (e)
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These are ordinary row echelon forms, obtained by Gaussian
elimination, and the rank of each is just its number of pivots.
So Ms reduces to rank 1 and M; to rank 3, i.e. rankdy = 1
and rank d; = 3. Together with no = 1, ny = 5, ng = 5,
Proposition 1.33 gives:

e B2 =ng —rankdy, =1 —1 = 0: the complex encloses no

[
“VOid”. C [ ]

e 31 =ni—rankd) —rank G = 5—3—1 = 1: one loop-hole,  Figure 1.32: The complex K of

the empty triangle on b, ¢, d. Example 1.30 once more: the tri-
angle a, b, ¢ is filled, the triangle

e Bo = mnop —rankd; = 5 — 3 = 2: two components, the b, c,d is not, and e is an isolated
triangle-plus-triangle piece and the isolated vertex e. vertex, matching 8y =0, 1 = 1

and [y = 2 just found. Image has
been collected from [16].

Smith normal form and representatives. Echelon form is enough for the Betti numbers themselves,
but it says nothing about which actual cycles generate a homology group. Pinning those down requires
for a stricter normal form, the Smith normal form: starting from the row echelon form, we clear away
every last % as well, using R1, R2, R3, C1, C2 and C3 (C2 and C3 being the column versions of R2 and
R3):

1 e % 1 0 --- 0
1% * R 110 0

0 0 0 0

0 --- 0 0 --- 0

Every row and column operation mixes together the simplices that index the rows and columns — adding
row (b) to row (c), say, means that row no longer stands for the single vertex (c), but for the chain
(c) 4+ (b). So to recover representing cycles — the specific cycles that form a basis for a homology group —
we track, alongside the reduction, which chain of simplices each row and column has become after all the
operations applied so far; call this its annotation. Let us now see what this means in practice, with a
concrete example.

Example 1.31. Let us find representing cycles for the homology of the same complex K used in
Example 1.30, drawn once more in Figure 1.33:

K = {{a},{b},{c}, {d}, {e},{a, b}, {b, c}, {a, c},{b,d}, {c, d}, {a,b, c}}.

There we already reduced its two boundary matrices do = Mo
and 07 = M; to row echelon form, which was enough to count
the holes. Continuing with row and column operations carries
them all the way to Smith normal form, where the only non-zero
entries are a run of 1s down the diagonal. The Smith normal
forms MY and M/ are:

L Xe)

Cc

Figure 1.33
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[ (a,b,0)]
1
0
" _
My = 0 ,
0
L 0 |
|— <a7 b> <b7 C> <b7 d> — <b7 C> <a7 C> — <b7 C> — <CL, b> <Ca d> — <ba d> + <ba C>-|
1 0 0 0 0
" 0 1 0 0 0
My = 0 0 1 0 0
0 0 0 0 0
0 0 0 0 0

The column headings are the annotations: the chains of simplices each column has turned into along
the way. From these annotated Smith normal forms one can extract the representing cycles — the
specific cycles forming a basis of each homology group.:

o Dimension 0: the two vertices (a) and (e), drawn in red, span Ho(K; F'). This is what we should
expect: [p(K) = 2 counts the two connected pieces of K, and picking one vertex out of each
piece — a from the large component, e from the isolated one — names those two pieces. Any
other vertex of the large component would have done just as well, since a path of edges joins it
to a.

o Dimension 1: the loop (c,d) — (b, d) + (b, ¢}, drawn in blue, spans H; (K; F'). Again this matches
the picture: §1(K) = 1 counts the single loop-hole, and this cycle is exactly the walk around the
empty triangle on b, ¢, d. The other loop in K, around a, b, ¢, is not chosen because it is filled by
the triangle (a,b, c), and so counts as no hole at all.

“The precise algorithm, applied step by step to this very complex, is worked out in Appendix A.20.

1.6 Filtrations and persistent homology groups

Homology, as built so far, counts the holes of one fixed complex. Real data, though, rarely comes with a
single privileged complex attached to it: more often we have a whole family of complexes, each containing
the previous smaller complex. Persistent homology applies ordinary homology at every stage of such a
growing complex at once, and keeps track of when each hole is born and when it dies. Once combined
with a construction that builds a complex out of data in the first place, persistent homology carries
geometric information, not just topological information, as we’ll see.

1.6.1 Definition

We start from a geometric picture of persistent homology, before pinning down the formal definition
behind it.

Example 1.32 (Geometric intuition). The picture to have in mind is a simplicial complex that keeps
growing, and persistent homology study how its holes come and go along the way. Take four simplicial
complexes K1 < Ky < K3 < K4 (Figure 1.34). We read off the corresponding zero-dimensional
barcode: intuitively this barcode is a picture of horizontal arrows called bars, each recording the
lifespan of one connected component, as follows:

35



Figure 1.34: Four nested simplicial complexes K7 < Ky < K3 < K4, with the zero-dimensional barcode — one
bar per connected component — shown beneath. Image has been collected from [16].

o Kj: there are two components, visualised by two bars (blue and red) starting at this stage; the
corresponding generators (points) are coloured with a matching color (blue and red).

e K>: two new isolated points appear, the violet and the green one, each starting its own bar;
at the same time the two components of K; merge into one. We declare the disappearing
component to be the red one, visualised by the red bar terminating just before K5.?

e Kj: the violet point, born in isolation at Ko, is joined by two new edges to the surviving blue
component. The two components merge into one, and we declare the violet bar to be the one
that terminates at this stage. The green point, meanwhile, stays isolated and untouched.

e Kjy: no further change — both surviving blue and green bars run on to infinity — these 2 bars

correspond to the 2 connected components of K4 (the big complex and the isolated point).

The one-dimensional barcode of Figure 1.35 is read the same way, but now each bar records the
lifespan of a loop-hole rather than a component:

Figure 1.35: The same filtration as Figure 1.34, now with the one-dimensional barcode — one bar per hole —
shown beneath. Image has been collected from [16].

e Ki: no holes, so no bars begin.
e Ky: a hole appears, giving a blue bar.

o Kj: that hole becomes trivial (a triangle fills it in), so the blue bar terminates; at the same
time two new holes appear, each starting its own bar (the red and the green bars).

e Ky: the red hole becomes trivial and its bar terminates; the other green hole survives forever,
its bar running on to infinity.
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“Since the two components of K; appear at the same time, we could equally have kept the red bar and terminated
the blue one; the uncoloured barcode would be unchanged. Whenever components of different birth times merge, though,
we follow the elder rule: the older component survives. This is not a matter of preference but a rule forced on us by
the mathematical structure of persistence (in particular the interleaving and stability results developed later).

The rest of this section makes this geometric picture precise, and introduces the computational
procedure needed to obtain barcodes like these.

Formal definition. The next step is to pin down, precisely, the object behind the growing-complex
picture above.

Definition 1.34 (Filtration). Let K be a simplicial complex. A (discrete) filtration of K is a
sequence of subcomplexes, each contained in the next, running from nothing up to all of K:

Ki<Ky<...<K,=K.

Figure 1.34 and Figure 1.35 are an example of a filtration. What “persistent” homology tracks,
precisely, is which of these homology elements — components, holes, and so on — stay non-trivial as
the filtration grows. The inclusion of each K, into the next K; gives, for every pair s < t, a map
st Kg — K, and stringing these together recovers the whole filtration:

) i2 3 im—l,m

Ky 25 Ky 2y Kn =K. (1.3)

Now fix a coefficient field F' and a dimension ¢, and take the ¢g-th homology group of every complex
in the sequence (1.3). Each inclusion i+ carries the holes of K over to holes of K3, so it gives a map
(is,t)« between the corresponding homology groups, and we obtain a chain of homology groups mirroring
the chain of complexes:!?

Hy (K1 F) -2 g (ke p) 28, i)

Hy(K; F) = Hy(K: F), (14)

Definition 1.35 (Persistent homology groups and persistent Betti numbers). Given a filtration
K <Ky<...<K,=K,afield F and ¢ € {0,1,2,...}, the ¢-dimensional persistent homology
groups track which homology classes of an early stage K, are still non-trivial at a later stage K;:
precisely, they are the images of the maps

(ist)x: Hy(Ks; F) — Hy(Ky; F) (1.5)

for all 0 < s <t < m. The dimension of such an image, its rank, counts how many independent classes
survive from s to ¢, and is called a persistent Betti number,

Be, = rank(is t)«. (1.6)

Example 1.33 (Persistent Betti numbers). Take the filtration of Figure 1.36; whatever field F' we

9Each is,t is a simplicial map, in the sense of Definition A.18.

10That these maps behave as one expects — composing two inclusions and then passing to homology gives the same map
as passing to homology first and then composing — is the functoriality of homology, Proposition A.21. It is what allows the
maps below to be strung together into a single sequence.
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work over, its zero- and one-dimensional persistent Betti numbers are tabulated below:

N1 2 3 4 N1 2 3 4
12111 110000
0, > 2|/ 3 2 2 e = 2|/ 100
31/ / 22 31/ /7 21
A/ /]2 A1/ /7 /1

The diagonal entries are just the ordinary Betti numbers of the corresponding stage of the filtration,
B2, = Bq(K); the sub-diagonal entries are left blank, since 57, is only defined for s < .

K,

de

e € e
Bo=2, B1 =0 Bo=3, B =1 Bo=2, p1 =2 Bo=2, =1

Figure 1.36: The filtration K; < Ky < K3 < K4 of Example 1.33, with its vertices named and the ordinary
Betti numbers of each stage recorded below it. Filled triangles are shaded. Passing from K5 to K3 the loop on
a, b, c is filled in, while the vertex e is joined to the rest by two new edges; passing from K3 to K4 the triangle
{¢,d, e} is filled in.

Concretely, here is what these numbers are telling us geometrically, reading off Figure 1.36:

. ﬁg’:g = 2: the complex K> falls into three pieces — the loop on a, b, ¢ together with d, the lone
vertex e, and the lone vertex f — but only two of them are still separate in K3, since the new
edges {d, e} and {e, c} have attached e to the rest, while f remains on its own.

. ﬁ%A = 1: the complex K3 has two loops with nothing inside them, one around a, ¢, d and one
around ¢, d, e. Only the first is still a hole in K4, because K, fills the second one in with the
triangle {c,d, e}.

. 5%,3 = 0: the only loop of K3 is the one around a, b, ¢, and K3 fills it in with the triangle {a, b, c},
so none of the loops of K> is still a hole by Kj.

1.6.2 Barcodes and persistence diagrams

We have been drawing barcodes since Figure 1.34, guided only by the geometric picture of components
and holes appearing and merging. It remains to say what a barcode actually is. Throughout, fix a field
F, a dimension ¢ € {0,1,...}, and a filtration K1 < K3 < ... < K,;, = K.}

Barcodes. The persistent Betti number 3, ; counts the holes of K still alive at K, but that is a coarser
statement than a barcode makes: among those holes there are some born earlier than K, and some that
go on living past K;. A bar [s,t) is meant to be sharper — it stands for one hole born precisely at s and
dying precisely on entering t. So what we need is a way to count, out of all the holes alive across an
interval, only the ones whose birth and death fall exactly at its two ends.

Persistent Betti numbers are enough to do this. The number of holes born exactly at K and dying

'We drop g from the notation ,Bgi and simply write fs,:, since the dimension is fixed throughout.
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exactly on entering K is n57t122

Nst = (Bs,t—l - ﬂs,t) - (,Bs—l,t—l - Bs—l,t)- (17)

Holes that never die get their own count: 1400 = Bsm — Bs—1,m is the number born at K, still alive at
the very last stage K,,.

The barcode of the filtration in dimension ¢ is then simply the collection of all these bars: one
interval [s,t) for each of the ng; holes living from s to ¢, and one interval [s, 0o) for each of the ng o, holes
that never die. The same interval may occur several times, or not at all.'® The longer a bar, the longer
the corresponding hole persists; a longer persistence is usually taken to mean higher importance, though
there are settings — especially when the bars are numerous and specifically distributed — where the
information sits in the short bars instead.

Example 1.34. Let us apply (1.7) to the filtration of Example 1.33, taking s = 2 and ¢ = 3. Reading
the Bg}t table,

n2,3 = (53,2 - 58,3) - (5?,2 - 5?,3) =(B-2)-(1-1)=1,
so exactly one component is born at K and dies entering K3, giving one bar [2,3), the yellow bar

of Figure 1.37. In the same way one finds n12 = 11,00 = N2,00 = 1 and n1 3 =n14 = N2 4 = N34 =
N300 = N4,00 = 0 and using of them one can write down the entire barcode of Figure 1.37.

K, Ky Ky K,

=

\J

y

Figure 1.37: The filtration of Figure 1.36, with its zero-dimensional barcode below; the bar/point coloured
orange is [2, 3), whose multiplicity ns 3 = 1 was computed in Example 1.34. Image has been collected from [16].

Persistence diagrams. A barcode can also be drawn as a scatter of points in the plane, one per bar,
which is often the more readable picture once there are many bars.

Definition 1.36 (Persistence diagram). Given a barcode, its persistence diagram plots each

12To motivate this formula, let us read it term by term:

1. The first bracket counts the holes born at or before K, that die entering K. Both of its terms count holes
that were already there at K: [s,:—1 counts those still alive at the stage K;_1, and s those still alive one stage
later, at K;. Since no hole ever comes back, the second group sits inside the first, and subtracting leaves precisely the
holes that were still there at K;—1 and are gone at Ky — which is exactly what dying on entering K; means.

2. The second bracket counts the same thing, but only for the holes born strictly before K. It is the
identical computation with s replaced by s —1: Bs—1,:—1 and [s—1,: count the holes already there at K_; that survive
to K;—1 and to K; respectively, so their difference again counts those dying on entering K;. And being already there
at Ks_1 is just another way of saying born strictly before K.

3. Subtracting the second bracket from the first leaves the holes born exactly at K. Every hole counted by
the second bracket is also counted by the first: a hole born strictly before Ks was certainly born at or before K, and
both brackets ask for the same death time. So the difference keeps exactly those holes that the first bracket counts
and the second does not — the ones born at or before K, but not before it, which is to say born exactly at K, and
dying on entering K.

13The formal construction of the barcode — where ns + comes from, in terms of the induced maps (is,t)«, and the resulting
Definition A.22 — is given in Appendix A.23.
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interval [s,t) as the point (s,t) € R?, weighted by its multiplicity nss. An infinite bar [s, 0o) cannot
literally be plotted, so we represent it by a finite point (s,m + 1) instead, choosing m + 1 simply
because it sits safely above every finite death time ¢ < m that actually occurs.®

%Any y-coordinate strictly above every finite death time would do; m + 1 is only a convenient choice, since every s, t
already lies in {1,...,m}.

A persistence diagram encodes precisely the same information as its barcode: the persistence of a bar
is measured by its length, while the persistence of the corresponding point is measured by its distance
from the diagonal A = {(z,z) | x € R}. Every point of a persistence diagram lies strictly above A, since
a bar’s birth always comes before its death.!* Diagrams are usually the preferred visualisation once the
number of points grows large enough that a scatter reads more clearly than a stack of bars; with only a
few points or bars, a barcode is often the more descriptive picture.

K, K> Ks Ky o0 A ° ° /
»\/ 4 /

T T T T

Figure 1.38: The zero-dimensional barcode of Figure 1.37, alongside the corresponding persistence diagram. Image
has been collected from [16].

The fundamental lemma of persistent homology. The multiplicities n,; were built out of the
persistent Betti numbers [, ;. The reverse expression also holds: knowing every n; is enough to recover
every s, by simply counting how many bars pass over the interval [s, t].

Lemma 1.37 (Fundamental lemma of persistent homology). The persistent Betti number Bs; equals
the total multiplicity of every bar containing the pair (s,t), i.e. born at or before s and terminating

strictly after t:
Bs,t = Z Nt

s'<s, t/>t

The proof is short and is given in Appendix A.24. Lemma 1.37 means the information encoded in a
barcode, in a persistence diagram, and in the persistent Betti numbers, is exactly the same in all three
cases: any one of them can be recovered from either of the others.

1.6.3 Computing persistent homology

Computing every persistent Betti number f,; via (1.7) to get the multiplicities ns+ would be wasteful.
There is instead an algorithm that extracts every ng; directly, in two steps — a matrix reduction, then a
direct read-off — without computing a single rank 3, ; along the way.

Its starting point is that a filtration is nothing more than the list of the simplices of the complex K,
each tagged with the stage at which it enters. We put them in that order and write down the boundary
matrices of K (Definition 1.23) with rows and columns labelled by simplices in exactly that order, so that
the position of an entry already records when the corresponding piece appeared. All the algorithm then
does is apply linear row and column operations to those matrices, until each column either vanishes or is
left with a single lowest surviving entry of its own.!?

This reduction of the boundary matrices produces the whole barcode of the filtration, and also the
persistence diagram, since the two are equivalent from the Lemma 1.37. This is what makes persistent

A point (s,t) comes from a bar [s,t), and s < t (or t = m + 1 = co) always, so the point sits strictly above the line y = .
15The operations, their order, and the reasons they achieve this are given in Appendix A.25, together with a worked
example.
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homology usable in practice: the barcode of a filtration far too large to inspect by hand costs one reduction
of its boundary matrices, and nothing more.
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Chapter 2

Topological Data Analysis

The first step in a topological treatment is thus frequently a creation of simplicial complexes. This chapter
presents several ways of building complexes out of a point cloud, a finite collection of points in a metric
space — like a set of numerical data, or similar. Two important properties will be presented: whether the
complex faithfully reflects the shape the points were sampled from, and how stable it is to perturbing the
points (for example if the points are perturbed by noise).

2.1 From point clouds to complexes

2.1.1 The homology inference problem

On its own, a finite point cloud S (a finite collection of points, like a set of numerical data) has no
interesting topology: it is just finitely many points, so 5y(S) = |S|, namely the number of connected
components equals the number of points, and every other Betti number is zero'. What makes S worth
studying topologically is that we think of the point cloud S as a sample of some continuous shape M
that we do not otherwise have access to — think of S as measurements taken from an underlying curve
or surface M — and we would like to recover the homology of the continuous shape M from the finite
point cloud S alone. This is the homology inference problem.

Definition 2.1 (Thickening). For a scale r > 0, take every point that lies within reach r of some
point of the point cloud S: call this the r-thickening of .S, written S”. In symbols,

ST={yeR"|3xes, ||z—y| <r}

Equivalently, and more usefully for pictures, S” is nothing but the union of the closed balls of radius r
centred at every point of S:

S = U B(x,r).

€S

1Since we have zero loops 31 = 0, zero cavities Sz = 0, and so on
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Figure 2.1: Three thickenings S%! € S%2 C S°3 of a finite sample S of a circle (Tinarrage, 2021). The largest one
shown already has the homotopy type of the circle itself. Image has been collected from [30].

Figure 2.1 shows why thickening helps: for a well-chosen radius r, the thickening S™ is homotopy
equivalent to the continuous shape M, and homotopy equivalent spaces always have the same homology
(Appendix A.28). Because of this recover the homology of the surface M then reduces to computing the
homology of point cloud S”, and we have this point cloud of data. One can indeed show that such an r
exists, and even give explicit bounds for it.2

This leaves two questions:

¢ how to choose such a radius r;

e how to compute the homology of the thickening S” once it is chosen.

The first, unfortunately, has no practical answer, as [30] explains.> Any single choice of the radius r is
therefore a gamble, as Figure 2.1 already suggests:

e too small, and the thickening S is still too disconnected to see the shape of M;

e too large, and separate features of M get glued together and disappear.

This is exactly the difficulty that persistent homology is built to sidestep: rather than committing to
one radius 7, it tracks the topology of the thickening S™ across every radius r at once (Section 1.6.1), and
lets the features that persist across a wide range of scales distinguish themselves from those that do not.

2.1.2 Rips complexes
The most direct way to turn a scale r into a complex is to connect two points whenever they are within

reach of one another.

Definition 2.2 (Rips complex). Let X be a metric space and let a sample S C X be a finite subset.
Choose a scale r > 0. The Rips complex® Rips(S,r) is an abstract simplicial complex defined by the
following rules:

1. The vertex set is S.

2. A subset 0 C S is a simplex iff its points are all within distance r of one another, i.e. iff its
diameter? satisfies Diam(c) < r.

“Rips complexes are sometimes also called Vietoris-Rips complexes.

2The precise statement needs two more quantities: the Hausdorff distance du (S, M), measuring how closely the point
cloud S samples the continuous shape M, and the reach of M, a measure of how “thin” or sharply curved M is allowed to
be. Given these, one can name an explicit range of radii r for which S” is guaranteed homotopy equivalent to M [30].

3The reason is that the bounds on r are stated in terms of two quantities describing the continuous shape M itself — the
Hausdorff distance dg (S, M) and the reach of M, in the notation of the footnote above — and M is exactly the object we
do not have direct access to; see [30] for a precise discussion.
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’Diameter of a finite subset A C X of a metric space X is defined as Diam(A) = max, yea d(z,y). Diameter of X is
defined as Diam(X) = sup, ,cx d(z,y).

Example 2.1. Figure 2.2 follows the same five points through three snapshots as we turn up the scale
r, with a ball of radius /2 drawn around each point to help read off which pairs are close enough:

e We start with r small: none of the balls touch yet, so nothing is close enough to connect, and
Rips(S, r) is just the five bare points.

e We turn r up: balls begin to overlap, and every time two balls touch we draw an edge between
their centres — an edge appears exactly when two points are within distance r of each other.

e We turn r up further still: now three of the points have all grown close enough to be pairwise
within distance r, so all three edges between them are already there. But Definition 2.2 does
not stop at pairs — it asks whether in the whole group all the points are within distance r, and
here it does, so the filled triangle on those three points also becomes a simplex of Rips(S,r).

N <<

Figure 2.2: Five points in the plane and three corresponding Rips complexes Rips(S, 7). Visualisation is assisted
by circles of radius r/2 around each point. For much larger scales the Rips complex is not planar and eventually
becomes 4-dimensional (see the footnote below for details on this). Image has been collected from [16].

Once r is large enough that all five points are mutually within reach, every possible triangle, tetrahedron, and
so on among them becomes a simplex of Rips(S,r) at once — not just the one triangle pictured above, but a solid
4-dimensional block on all five points. Already just connecting every pair of the five points by a straight edge cannot be
drawn in the plane without two edges crossing, which is why the complex is no longer planar; and fitting the full solid
block in without any of its five corners collapsing together needs four dimensions, not two.

Remark 2.3. A few comments:

o Rips(9,7) represents a combinatorial snapshot of S at scale r.

e It is easy to verify that Rips complexes are indeed abstract simplicial complexes in the sense of
Definition 1.12: if ¢ is a simplex then so is each of its subsets, since shrinking a group of mutually
close points to a smaller group leaves them mutually close too.

Remark 2.4. Some properties of the Rips complexes:

1. Rips complexes are often the preferred construction in TDA due to their simplicity in terms of the
definition and computation.

2. If r; <9, then Rips(S,r1) C Rips(S,ra): growing the scale from r; to a larger o only ever admits
new simplices, since any group of points that was already mutually within distance r; is still
mutually within the larger distance 73, so nothing already present is ever lost.

Recall from Definition 1.34 that a filtration of a complex K is just a nested sequence K; < Ko <
... < K, = K. The Rips complexes give one directly: by item 2 of Remark 2.4, growing r only ever adds
simplices to Rips(S, ), never removes them. Listing the scales r; < ro < ... < 7y, at which Rips(S,7)
actually changes therefore gives a filtration

Rips(S,r1) < Rips(S,r2) < ... < Rips(S, rm)
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called the Rips filtration of S — and the persistent homology machinery of Section 1.6.1 applies to it
without any further work?

Example 2.2. The three complexes of Example 2.1 and Figure 2.2 are exactly the first three stages
of a Rips filtration on those five points.

2.1.3 Cech complexes

A Rips complex connects points once they are pairwise close. Cech complexes actually do something
more: a group of points spans a simplex only when their balls all genuinely share a point.

Definition 2.5 (Cech complex). Let X be a metric space and let a sample S C X be a finite subset.
Choose a scale > 0. The Cech complex® Cech(S,r) is an abstract simplicial complex defined by the
following rules:

1. The vertex set is S.

2. A subset ¢ C S is a simplex iff (¢, B(z,r) # 0, namely iff their balls all genuinely share a
point.

“Cech complexes are a special case of nerve complexes, a connection explained in Section 2.1.4.

Remark 2.6. Cech(S,r) represents a combinatorial snapshot of S at scale 7, exactly as Rips(S,r) does,
and it is easy to verify that Cech complexes are indeed abstract simplicial complexes in the sense of
Definition 1.125.

Rips and Cech complexes are close relatives, but not identical:

o If 71 < ro, then Cech(S,r;) C Cech(S,7s), exactly as for Rips complexes.

Example 2.3. Figure 2.3 shows the smallest example telling the two constructions apart: three
points, every pair of them less than a distance r apart. We build both the Rips complex and the Cech
complex on these same three points.

 On the left, Cech(S,r): the three balls of radius r around the three points do not all share a
common point, so by Definition 2.5 the triangle is not included in Cech(S,r) — only the three
edges are.

e On the right, Rips(S,r): since all three points are within distance r of one another, their
diameter is at most r, so by Definition 2.2 the group of all three also spans a simplex — the
triangle, or 2-simplex, is included in Rips(S, ).

Figure 2.3: The same three points spanning a triangle in Rips(S,7) (right) but not in Cech(S,r) (left), since
the three balls of radius r fail to share a common point. Image has been collected from [16].

4A fully formal definition of the Rips filtration is given in Appendix A.26.
°If o is a simplex then so is each of its subsets.
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2.1.4 Nerve complexes

Cech complexes are themselves a special case of more general construction, the nerve, which turns any
collection of sets into a simplicial complex simply if all the sets overlap.

Definition 2.7 (Nerve). For k € N let Y = {U1,Us,...,Ux} be any collection of subsets of X. The
nerve of U is the abstract simplicial complex N (U) defined by the following rules:

1. The vertex set is U = {Uy,Us, ..., U}, consisting of k elements.
2. A subset 0 C U is a simplex iff (;;c, U # 0, namely iff all the subsets {Uy,Us, ..., Uy} overlap.

Example 2.4 (Nerve complex construction). On the left we have five overlapping subsets, one per
colour: red, blue, green, orange, and black. To build the nerve N (i) shown on the right, we go
through the collection U and check, one group of sets at a time, whether that group shares a common
point.

e We start with pairs. Red and blue subsets overlap. By Definition 2.7 that overlap alone is
enough to put an edge (a 1-simplex) between the red and the blue vertex on the right.

o We then move to triples. Blue, orange, and black overlap all at once: there is a point lying in all
three regions simultaneously (not just in each pair of them). That triple overlap is exactly the
condition Definition 2.7 asks for a 2-simplex, so the complex on the right gains a filled triangle
with the blue, orange, and black points as vertices.

The same check, repeated for every remaining group of sets, produces the full nerve on the right:
an edge for each pair that overlaps, a filled triangle for each triple that overlaps, and so on for larger
groups — which is why the nerve of U/ ends up looking like a combinatorial “shadow” of how the sets
are arranged.

U N(U)

Figure 2.4: An example of a nerve. Image has been collected from [16].

Comparing the two definitions, the definition of the nerve and the definition of the Cech complex look
strikingly similar — and indeed the Cech complex is nothing but the nerve A of a particular collection of
sets, namely

Cech(S, r) =N({B(s,7)}ses)-
The reason is simple: take U to be the collection of r-balls, one centred at each point of S.

o Definition 2.5 puts a simplex on a group of points o C S exactly when their balls { B(z,7)},e0 all
share a common point.

e Definition 2.7 puts a simplex of the nerve on a group of sets exactly when they all overlap.
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For the collection of balls, these are the very same condition. So building Cech(S,r) and building the
nerve of the r-balls are just two names for the same construction; in symbols:

Cech(S,7) = N({B(s,7)}ses)- (2.1)

Figure 2.4 shows a nerve of a generic collection of sets.
One of the main advantages of nerve complexes is that their homotopy type in some cases represents
the union of the elements of /. This is formalized by the nerve theorem, of which we state a special case.

Theorem 2.8 (Nerve theorem, [16]). Let n € N and assume a collectionUd = {Uy,Us, ..., U} consists
of closed convex subsets of R™. Then Uy UUsU...UUr ~ N(U).

We omit the proof; a sketch is given in [16].
y (2.1)
Cech(S,r) =" N({B(s,7)}ses) ~ U B(s,r).

seS

In words: the Cech complex has exactly the same homotopy type as the union of the 7-balls themselves,
namely the Cech complex has the same homotopy type as the shape you get by literally drawing all
those balls and looking at the blob they cover. We are allowed to write this thanks to the nerve theorem
(Theorem 2.8)5.

Notice that the union (J,cg B(s, ) on the right is exactly the r-thickening S™ of Definition 2.1. So the
Cech complex has the same homotopy type as the thickening — this is the whole reason for bothering with
Cech complexes: although they are harder to compute than Rips complexes (Section 2.1.3), what they
produce is precisely the shape of the thickening we wanted in the first place, as illustrated in Figure 2.5.

4 <
B .

Figure 2.5: Two examples of Cech complexes: balls and the corresponding complex superimposed (left), complex
only (centre), and the union of balls, homotopy equivalent to the complex by the nerve theorem (right). Image has
been collected from [16].

This closes the loop opened in Section 2.1.1, where recovering the homology of an unknown shape M
from a finite sample (point-cloud) S was reduced to two questions:

e How to compute the homology of the thickening S”, once r is chosen? The nerve theorem answers
this directly: Cech(S,r) is homotopy equivalent to S”, so computing the homology of the Cech
complex is computing the homology of the thickening.

5For more details, see Appendix A.29.
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e How to choose r in the first place? We still do not have to answer this: instead of picking one
radius 7, we let r grow and watch the whole Cech filtration {Cech(S,7)},>0 (Appendix A.26) go by,

exactly as persistent homology is built to do.

2.2 Stability

We now introduce continuous filtrations. These structures will be crucial in the formulation of the stability
theorem, which states that persistent homology behaves continuously with respect to the underlying
filtration. In practice this stability theorem is very important, as it guarantees that small perturbations

of the input data lead to small changes to the persistence diagrams 1.36.

2.2.1 Continuous filtrations

Recall from Definition 1.34 that a discrete filtration of a simplicial complex K is a sequence of subcomplexes

K, <Ky <...<K,, =K, shown once more in Figure 2.6.

K

Ko

Figure 2.6: A discrete filtration, recalled from Figure 1.34. Image has been collected from [16].

There is an equivalent, more compact way of recording exactly the same information: instead of
storing each subcomplex separately, one can annotate every simplex o € K by the index f(o) at which o
first appears. Given such an annotation, each K; is recovered as

K, ={oce K| f(o) <i}.

(2.2)

Example 2.5 (Annotation of a filtration). Figure 2.7 shows this annotation for the same filtration as

Figure 2.6:

o At the first stage K7 there are four vertices and two edges:
all six of these simplices already belong to K7, so they all
get annotation 1.

e The simplices that only newly appear at the second stage
K9 — present in K9 but not yet in K; — get annotation 2

instead.

o Likewise, every later simplex is labelled by the first stage at
which it shows up.

Figure 2.7: The annotation of
simplices encoding the filtra-
tion of Figure 2.6. Image has
been collected from [16].

This reformulation suggests two ways of expanding the scope of filtrations: allowing infinitely many
subcomplexes, indexed continuously rather than by 1,...,m; and defining a filtration directly from such

an annotation function:



Just as a discrete filtration is read off from an annotation function, a continuous filtration can be
built directly from annotation functions.

Definition 2.9 (Filtration function, sublevel filtration). Let K be a simplicial complex.

o A filtration function is an annotation f that labels every simplex o € K by a non-negative
real number f(o), the scale at which o enters the filtration, subject to 0 <7 = f(0) < f(7):
a simplex never appears before any of the pieces it is built from.

e The sublevel filtration associated to f is the continuous filtration consisting, at every scale
r > 0, of the sublevel complex K, = {0 € K | f(0) <r} < K: the simplices whose label does
not exceed 7.

There are two motivating reasons for introducing continuous filtrations:

o Most of the standard constructions of filtrations actually yield continuous filtrations: the Cech
filtration, the Rips filtration, filtration by alpha complexes, sublevel filtrations, etc.

e The interleaving structure and the resulting stability theorem depend on the continuous choice of
parameter.

The definition of persistent homology groups for continuous filtrations is the same as Definition 1.35,
with the only difference being the continuous range of the indices 0 < s < ¢. The matrix-reduction based
computation of Section 1.6.3 is unhindered by the expansion to continuous filtrations.” In a nutshell, we
can compute the same barcodes using the same procedure for continuous or discrete filtrations.

It is moreover always possible to pass back and forth between a discrete and a continuous filtration
without losing information; we spell out exactly how this works in Appendix A.30. ® Continuous filtrations
conveniently model the geometric setup of the standard filtrations. On the other hand, discrete filtrations
are a convenient finite description on which we may develop algorithmic approaches.

2.2.2 Bottleneck distance and stability theorem

One of the most useful facts about persistent homology is that it is stable: if we perturb the input — the
point cloud, or the filtration function — only slightly, the resulting persistence diagram (Definition 1.36)
also only changes slightly, rather than jumping around unpredictably. To make this precise we first need
a way of measuring the distance between two persistence diagrams themselves, so that "how much the
diagram changed" has an actual numerical meaning. This distance is called the bottleneck distance.

Look at the two persistence diagrams in Figure 2.8: the left one has points colored in blue, the right
has points colored in red. We want to measure the distance between these two diagrams.

\/
\J

Figure 2.8: Two persistence diagrams we want to compare: blue points on the left, red points on the right. Images
from [16].

"The computation depends only on the filtration function defined on the (finitely many) simplices, and does not require
all (infinitely many) complexes of the filtration separately.

8From this point on, whenever we mention an unspecified filtration, or consider a transition from a finite to continuous
filtration or vice versa, the underlying interplays we have in mind are the ones detailed in Appendix A.30.
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Here is how to do it, step by step:

e« Match points across the two diagrams. Pick a way of pairing up points of the blue diagram
with points of the red diagram: this is called a partial matching, since not every point is required
to find a partner in the other diagram. Figure 2.9 shows an example of a partial matching.

A

Figure 2.9: An example of a partial matching between the blue and red persistence diagrams. Image has been
collected from [16].

o Send leftover points to the diagonal. Any point left unmatched is instead compared to its own
projection onto the diagonal A = {(z,2) | z € R}.? This way every point, matched or not, ends up
compared to something.

e Measure how far apart each pair is. Then we measure the distance between two points
v = (z1,y1) and w = (x2,y2) in the plane using a distance function, though it is not very important
to know the details of exactly which distance is used.'®

e Score the matching by its worst pair. The cost of a given matching is the largest of all these
pairwise distances: so a single badly-matched pair sets the cost of the whole matching, no matter
how well every other pair is matched. Figure 2.10 shows several different matchings between the
same two diagrams.

e Pick the cheapest matching. Trying every possible matching and keeping the one with the
smallest cost gives the bottleneck distance between the two diagrams.

\/
\/

Figure 2.10: Four different partial matchings between the same blue and red persistence diagrams. Image has been
collected from [16].

Definition 2.10 (Bottleneck distance). The bottleneck distance dp (A, B) between two persistence
diagrams A and B is the smallest cost among all partial matchings between them.

9The diagonal is the nearest point representing a feature of essentially zero persistence (since axis of the persistence
diagram are birth and death coordinates, so a point on the diagoal is a point that dies immediately).
10The distance used is
doo (v, w) = max{|z1 — 22|, [y1 — y2[}, (2.3)

so we want the larger of the horizontal and vertical gap between the two points.

20



Figure 2.11 makes the same idea visual: draw, around every matched point, the square witnessing
its d distance'! to its partner; the cost of a matching is then the size of its largest square, and the
bottleneck distance is realized by whichever matching keeps that largest square as small as possible.

dp

\4
\4
\/

Figure 2.11: The matching distance visualised as the largest square among the matched pairs; the smallest such
largest square, achieved by the middle matching, is the bottleneck distance dp. Image has been collected from [16].

With a distance between persistence diagrams in hand, we can finally state the stability theorem: no
matter which of our constructions produced the diagrams, if the two inputs are close to one another then
the resulting diagrams are close too, within the bottleneck distance.

Theorem 2.11 (Stability theorem). Assume persistence diagrams A and B represent the persistent
homology of filtrations V and W built from two inputs that are e-close to one another, in a sense
depending on the construction used.® Then the bottleneck distance between the two diagrams is at most

e: dp(A,B) <e.

“There are in fact several such senses of closeness, one for each construction (sublevel filtrations, Rips filtrations,
Cech filtrations); the complete statement, with all of them spelled out, is given in Appendix A.31.

The moral of the theorem is that small perturbations of the input lead to small changes in persistence
diagrams.!?

We have just seen the stability of persistence diagrams under noise, namely under small perturbations
of the points themselves (Section 2.2.2). Persistent homology is stable also in another sense, it is stable
with respect to the spaces: if we have two point clouds where the second is a small perturbation of the
first, then the filtrations we build on them!? are “close”'*. We'll not discuss this form of stability in this
thesis, in [16] one can find a precise discussion of this property of persistence homology.

2.3 Takens embedding: from timeseries to point clouds

In the previous sections we saw how to construct simplicial complexes out of a point cloud S, a finite
collection of points in a metric space, using the Rips complex (Section 2.1.2) or the Cech complex
(Section 2.1.3). We now want to explain the step that comes before this one: how can one construct this
point cloud S in the first place? More precisely, how can a point cloud be built out of a time series,
namely a sequence of measurements recorded one after another as time goes by — think of the strain
read out by a gravitational-wave detector, or a temperature logged once an hour. This discussion is based
on documentation of a famous python library for dealing with Topological Data Analysis: [34].

1The distance used is
doo(’l),’lU) :max{‘ml 7$2|a|y1 7y2|}7 (24)

so we want the larger of the horizontal and vertical gap between the two points.

1201 the other hand, homology representatives may be unstable, homology representative are defined in (Appendix A.25)
and more precisely in [16].

13Rips and Cech.

14We still have to say precisely what “does not change much” means for a filtration; that requires a notion of distance
between filtrations, which we do not develop here. A complete discussion is given in [16].
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2.3.1 From time series to time delay embeddings

Given such a time series — a function f(t) recording one measurement at every time ¢ — the idea is to
slide a window of fixed size along the signal, and turn every position of the window into a single point of a
(possibly higher-dimensional) space. More formally this construction is called a time delay embedding,
or Takens embedding, named after Floris Takens, who pioneered its use in the study of dynamical
systems.

Example 2.6 (Building an embedding by hand). o Figure 2.12 shows a cosine signal on the left,
sampled at a sequence of instants; take the first two consecutive points and read off their two
values y; and yo2. Plot the pair (y1,2) as a single point in the plane R?: that point is shown on
the right of the same figure.

Corresponding point cloud in 2 dimensions

Signal evenly sampled in time o (1.00,0.87)
y = cos(t) 0.75
2.0
154 0.50
10 180 0.87 .
o 0.25
0.5 L] L]
> 00 * * 0.00
-0.5 L] L ]
] L] -0.25
-1.04 [ ]
=139 -0.50

t -0.75

-1.00

-1.00 -0.75 -050 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 2.12: The first step of building a 2-dimensional embedding by hand (Example 2.6). Image has been
collected from [29].

o Now move one step along the signal: Figure 2.13 takes the next pair of consecutive points, reads
off their values ys and ys, and plots (y2,y3) as a second point in the plane, alongside the first.
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Corresponding point cloud in 2 dimensions

1.00 |
Signal evenly sampled in time .
y = cos(t) 0.75
2.0
] 0.87} 0.5C
154 0.50 ol
1.0{ e 0.87 « °
] 0.50 0.25
0.5 * .
> 0.0 . - 0.00 |
-05 c °
. . -0.25
-1.0 .
e -0.50
-2.0 :
0 1 2 3 4 5 6
t ~0.751
-1.00

-1.00 =075 =050 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 2.13: The second step: one point further along the signal (Example 2.6). Image has been collected from
[29].

o Repeating this all the way along the signal — always pairing each point with the one right
after it — produces one point in the plane for every position of the sliding window. Figure 2.14
shows the result once the whole signal has been swept through this way: the points trace out a
complete ellipse.

Corresponding point cloud in 2 dimensions

1.00 o (0.87/1.00
Signal evenly sampled in time .
y = cos(t) 0.75
2.0
154 0.50 | ® .
10] 0.87 120
. 0.25
0.51 L L ]
> 0.0 - L 0.00 - L 2
-0.5 ® L]
. [ ] -0.25
-1.0 4 L ]
—151 -0.50 . .
-2.0 T
o 1 2 3 4 5 6
t -0.75 A
L ] L
-1.00 [ ]

T T T
-1.00 =-0.75 =050 -0.25 0.00 0.25 0.50 0.75 1.00

Figure 2.14: Repeating the process to the end of the signal: the cosine signal becomes a complete ellipse in the
plane (Example 2.6). Image has been collected from [29].

Definition 2.12 (Time delay embedding). Let f(¢) be a time series.

e Choose an embedding dimension d € N

o Choose a time delay 7 € N: how far apart, in time, those measurements are spaced (in
Example 2.6, 7 was the gap between one sample and the next)®.
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o The time delay embedding of f with parameters (d, ) is then the map
TDg,f: R — RY

t— (f@), fE+71), fE+27), ..., ft+(d—1)7)).

Evaluated at a particular instant ¢;, this vector (f(¢;), f(t; +7), f(ti +27), ..., f(ti+(d—1)7))
is the i-th point of the point cloud we are constructing.

“Notice that this time delay is a N number, for example a 7 = 1 means that we are collecting consecutive points

In words: at every instant ¢ we record the d values that f takes at ¢t and at d — 1 further instants spaced
7 apart, and bundle them into one point of R — exactly the pairing-up procedure of Example 2.6, but
now for a general embedding dimension d rather than just d = 2.

o Time delay 7. A big time delay 7 makes us select points of the timeseries f(¢;) that are far apart
in time, as one can see directly from the formula of Definition 2.12: the entries f(t;), f(t; +7), ...
are spaced 7 apart. On the contrary, a small time delay 7 makes us select points of the timeseries
f(t;) that are close to each other; taking the smallest time delay possible makes us select points of
the timeseries f(t;) that are simply consecutive.

e Embedding dimension d. This value decides the dimension d of the space where the point cloud
is going to live, namely decides the R?. In Example 2.6 above we decided to plot the pairs (y1,y2)
in a plane, so we decided to have the point cloud (the ellipse) live in 2-dimensional space, i.e. R?.1

The main idea we will explore in this section is that if a timeseries f has a non-trivial recurrent
structure, then its point cloud will have non-trivial topology, for appropriate choices of the embedding
dimension d and the time delay 7.

A periodic example.

Example 2.7 (A periodic signal). We have just seen how we passed from a cosine signal to an ellipse
in a 2-dimensional plane (Example 2.6). Take now again a cosine function f(¢) = cos(5t), which is a
periodic signal, shown in Figure 2.15: it repeats itself exactly every T' = 27 /5 in time.?

0.5

Amplitude
o

-0.5

0 2 4 6 8 10

Timestamp

Figure 2.15: The periodic signal of Example 2.7.

We can decide to have as embedding dimension d = 3 instead of d = 2, and in this case we find
that the ellipse — the embedded point cloud — lives in 3-dimensional space, as shown in Figure 2.16.
So we can see that the periodicity of f is reflected in the ellipticity of the time delay embedding.
It turns out that in general, periodic functions trace out ellipses in R?, whatever the embedding
dimension d.

5There is also another parameter, the stride, that we define later; for the moment it is a value that downsamples the
timeseries: with a high value of stride the timeseries appears less populated.
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Figure 2.16: The point cloud obtained by embedding the periodic signal of Example 2.7: a single closed loop,
since the signal is periodic. Points are coloured by their position along the signal, from earliest to latest, purely
to make the direction of travel around the loop visible.

?A function f is periodic with period T' > 0 if f(t + T') = f(¢) for every time ¢.

A non-periodic example.

Example 2.8 (A non-periodic, recurrent signal). Not every signal worth embedding is periodic.
Take f(t) = cos(t) + cos(mt): since the ratio of the two frequencies is irrational, f is not a periodic
function, yet the sum of the two oscillations still produces a recurrent, quasi-periodic pattern, shown
in Figure 2.17.

Amplitude
o
w o
—_—

0 10 20 30 40 50

Timestamp

Figure 2.17: The non-periodic, recurrent signal of Example 2.8.

If we apply the same machinery as before, namely the time delay embedding, to this non-periodic
time series, we get the point cloud of Figure 2.18. Notice that again we have chosen embedding
dimension d = 3. Notice that we get a point cloud? which looks like a ball with a spiral inside it.
This may not be easy to see from the picture alone, but on the giotto-tda documentation site [34] one
can rotate the point cloud interactively to look at it from every angle.

“We have also chosen a time delay 7 = 16, but for the moment this parameter is not really important.
"We should call this point cloud the Takens embedding of the non-periodic signal.

5}



R )...
L2 e 0 1.‘0 N
1 snd oo “
2 oy & - e po® o
P £ ? 05 | o302 P o of
.X ey ..J : ’ 2nd © ,-.‘... : 051‘...“ ..J N e,
05 Ty PR | 05 Teger” oMo, 0
N #, . !{ @ .E -1 .L... L) ..: ¢4§
2nd  o® fod & *, ® oo -1.5 L ° &0 &‘
- P e % N — SRl 4
A d % o« %% o =2g < "‘ -
A PN X) -1y hee
- AP . ‘.u \1\3 ‘00'5
N . ~ Ist 45
. \0 .
/00 0 X3 15 \0 \{\(\9\‘3
he) Q 1.
N $ o © -
1st N 7 oth ” o e % s

Figure 2.18: The point cloud obtained by embedding the non-periodic signal of Example 2.8, shown from two
different angles.

2.3.2 From time delay embeddings to persistence diagrams

The two point clouds of the examples above look visibly different in shape; persistent homology lets us
confirm this precisely, rather than just by eye. We compute the persistent homology of the Rips filtration
(Section 2.1.2) built on each point cloud, in dimensions 0, 1, and 2 — namely connected components,
loops, and voids — and obtain the two persistence diagrams of Figure 2.19: one for the periodic signal,
one for the non-periodic signal.

$ 7 e HO
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H1 H1
1 1.549 e H2
0.8
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0.2 '
0. , , 0l ; : .
0 os 1 0 0.5 1 15
Birth Birth

Figure 2.19: The persistence diagrams of the two point clouds of cosine example 2.7 (left) and non-periodic
example 2.8 (right).

The two diagrams tell a clear story. In the periodic case (2.19 left), a single point (in green) stands
out at high persistence, in dimension H;: a loop, matching the ellipse we already saw in Figure 2.16. In
the non-periodic case (2.19 right), instead, it is dimension Hy that stands out, with two violet points at
high persistence: two voids, consistent with the more intricate, ball-with-a-spiral shape of Figure 2.18.
These clear differences in topology are exactly what make the time delay embedding technique powerful
for telling different time series apart.

2.3.3 Picking the embedding dimension and time delay

In the examples above, we manually chose values for the embedding dimension d and the time delay 7. It
turns out, however, that there are two techniques that can determine these two parameters automatically
instead: mutual information to determine the time delay 7, and false nearest neighbours to
determine the embedding dimension d [34].
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Mutual information. The idea behind mutual information is to ask, for a candidate delay 7: if I
already know the value of the signal f at some instant, how much new information do I gain by also
looking at its value 7 later?

e To make this a number, we sort the values the signal f takes into a handful of bins, from smallest
to largest.

e If the value at t; + 7 is highly predictable from the value at ¢; — for instance because 7 is tiny, so
the signal has barely had time to change — then looking 7 ahead teaches us almost nothing new,
and the mutual information is high but uninformative.

e As 7 grows, the value 7 ahead becomes progressively less predictable, and the mutual information
drops.

e The recipe is then to pick the first value of 7 at which this mutual information stops dropping and
reaches a first minimum: past that point, a bigger delay 7 is not buying us any additional useful
information, so this first minimum is taken as the optimal time delay.'6

False nearest neighbours. The idea behind false nearest neighbours is different: it looks at whether
the chosen embedding dimension d is already large enough to faithfully unfold the signal’s underlying
structure.

e Take two points of the point cloud that end up close together at dimension d.

o If, once we add one more coordinate to reach dimension d+ 1, those two points suddenly turn out to
be far apart, then their original closeness at dimension d was an illusion, an artefact of not having
enough room to tell them apart — a so-called false neighbour.

e The optimal embedding dimension is then the smallest d for which such false neighbours have
essentially disappeared, meaning points that look close together genuinely stay close together as
further coordinates are added.

We do not develop either method in full mathematical detail here; see [34] for both algorithms spelled
out precisely.

2.3.4 Running the search algorithm

Applying these two automatic criteria to our two example signals means letting the search scan over a
wide range of candidate values of embedding dimension d and time delay 7 — up to some upper bound
chosen generously enough that the true optimum is not missed:

o for the periodic signal of Example 2.7, this search settles on an embedding dimension d = 6 and a
time delay ™ = 29;

e for the non-periodic signal of Example 2.8, it settles instead on d = 6 and 7 = 14.

Both results are noticeably different from the illustrative choices d = 3 used earlier in this section — a
reminder that the values we picked by hand were chosen for ease of drawing, not because they were
already optimal.

Since the resulting point cloud now lives in a 6-dimensional space, too many dimensions to plot
directly, one convenient way to still visualise it is to first project it down to 3 dimensions — for instance
via principal component analysis, that we’ll define in the next subsection technique — and only then
visualise the point cloud as we did before.

Y6 A formal discussion about the time delay is given in [35].
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Figure 2.20: The point clouds obtained from the search-optimized embeddings of the periodic and non-periodic
signals [34].

Once a point cloud has been built this way out of a time series, everything from Section 2.1 onward
— like Rips complexes — applies to it exactly as it would to any other point cloud, with no further
modification. So if we construct the Rips filtration (section 2.1.2) on each of these two new point clouds,
we get the corresponding persistence diagram for each of them.
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Figure 2.21: The persistence diagrams of the two point clouds of Figure 2.20 [34].

 In this case the persistence diagram for the periodic signal is essentially unchanged: as in Section 2.3.2,
a single (green) point stands out at high persistence, this point represent a H; element: a loop.!”

o The non-periodic signal, however, now reveals two Hj(green) points (they correspond to two distinct
loops) and one Hj point (violet), which correspond to a 3-D cavity.!®

These clear differences in topology are exactly what make the time delay embedding technique powerful
for telling different time series apart.?
2.3.5 Principal component analysis

We used principal component analysis, or PCA, above to draw a 6-dimensional point cloud on paper; we
now say briefly what it actually does.

"Looking more closely at this persistence diagram for the pure cosine signal, we also see the emergence of some violet Ho
points, three-dimensional cavities that were not present in the earlier diagram of Figure 2.19. These are a spurious creation
of the principal component analysis projection step used to visualise the 6-dimensional embedding, not a genuine feature of
the periodic signal’s topology: as the diagram shows, they are extremely short-lived, since they lie very close to the diagonal.

'8This is the homological signature of a hypertorus [29)].

9The code for the worked examples of this section, including the choice of parameters, is available on GitHub [29].
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Picture a cloud of points scattered in space — say, a blob stretched out in one direction more than in
the others, like a squashed rugby ball.

e PCA looks for the direction along which the cloud is most spread out, and calls that its first
principal component.

e It then looks for the next most spread-out direction, among those ortogonal to the first direction,
and calls that the second principal component.

o It keeps going this way, each new direction chosen to be at right angles to all the previous ones and
as spread-out as possible among what is left.

The result is a new set of directions, or axes, tailored to this particular cloud of points: the first few already
capture most of how the cloud is spread out, while the last few capture very little.

Example 2.9 (PCA in action). Figure 2.22 shows PCA applied to a point cloud living in 3 dimensions.

1. On the left we see the point cloud in its original 3-dimensional space: notice that the points are
distributed in an almost “flat ellipse” shape, spread out much more in two directions than in
the third.

2. Thanks to the mathematics briefly described later, we can compute the 3 principal components
of this point cloud, shown in the figure as 3 orthogonal arrows: the direction of the first principal
component PC1 accounts for 65% of the variance of the dataset, the direction of the second
principal component PC2 accounts for 30%, and the direction of the third principal component
PC3 accounts for the remaining 5%.

3. We then decide to project this point cloud down to a 2-dimensional space, using PCA: namely,
we project the point cloud onto the plane spanned by the two principal components PC1 and
PC2. This projection is shown in the right panel of Figure 2.22, whose two axes are exactly
PC1 and PC2. Since PC1 and PC?2 together already account for 65% + 30% = 95% of the
variance, this projection keeps essentially all of the shape of the original point cloud, while
dropping one whole dimension.

4. PCA is not always the optimal choice, though — something we will encounter again later in the
gravitational-wave application of this thesis. PCA selects and projects onto the directions of
mazrimum variance; but sometimes it is precisely the directions of least variance that carry the
physically interesting information, and those are exactly the directions PCA discards first.
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PRINCIPAL COMPONENT ANALYSIS (PCA): VISUALIZATION AND PROJECTION
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Figure 2.22: PCA applied to a point cloud in 3 dimensions (Example 2.9). Left: the original point cloud and
its three principal components PC'1, PC2, PC3, with the percentage of variance each one accounts for. Right:
the point cloud projected onto the plane spanned by PC1 and PC2, retaining 95% of the variance.

Mathematically, these directions are not found by trial and error: they come out of the covariance
matrix of the point cloud, a table that records how much each coordinate of the data varies, and
how much pairs of coordinates vary together. The principal components turn out to be exactly the
eigenvectors of this matrix, and the corresponding eigenvalues tell us how much of the cloud’s total
spread each direction accounts for: the eigenvector with the largest eigenvalue is the first principal
component, the one with the second-largest eigenvalue is the second principal component, and so on.

This is what makes PCA useful for visualizing a high-dimensional point cloud such as ours: if we keep
only the first two or three principal components, namely the two or three directions along which the
cloud is most spread out, and ignore the rest, we lose comparatively little of the cloud’s shape — and
what remains can finally be drawn on a page or a screen. This is exactly what Section 2.3.4 did: reduce a
6-dimensional point cloud down to the 3 directions along which it varies the most, in order to plot it.

Naturally, keeping only the top few directions and discarding the rest does throw some information
away.

This discussion of PCA has been deliberately qualitative, so as not to make the thesis too math-heavy;
for the underlying mathematics, see [36].

2.4 Vectorization

The representations of persistent homology we have used so far — barcodes and persistence diagrams
— are not good candidates for feeding into statistical analysis or machine learning: their structure (a
variable-length collection of intervals or points) does not even admit a natural addition of two persistence
diagrams [37]. The fix is to vectorize a persistence diagram, namely to summarize it by one or several
numbers, or more generally by an element of a vector space, that can be fed directly into standard
statistical or machine-learning pipelines. These vectorizations of persistence diagram are in general called
topological summaries. We review a few such summaries below.

2.4.1 Real-valued summaries

Recall from Definition 1.36 that a persistence diagram D is a finite collection of points; in this section we
write such a point as (b;, d;), where:

o b; is the birth time of the corresponding topological feature (the instant a d-dimensional hole
appears in the filtration);
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o d; is its death time (the instant that same hole disappears);

o the lifetime of the hole is its birth time subtracted from its death time, I; = d; — b;.

A simple summary of D just combines these lifetimes into a single number.

Definition 2.13 (Total persistence). For a persistence diagram D = {(b;, d;)}1™; with point lifetimes
{l;}1,, the total persistence T'otPersy is Y ;- l;, the sum of the lifetimes of all its points.

Notice that the total persistence is itself computed once per dimension: a total persistence in dimension
k = 0, another in dimension k = 1, and so forth.

Example 2.10 (Total persistence). As a concrete instance of a persistence diagram, take D shown in
Figure 2.23. Adding up the lifetimes of all the points in a given dimension gives the total persistence
of D in that dimension. Looking at Figure 2.23:

o Total persistence in dimension k& = 0: the red Hy points are all squeezed into a dense little
cluster right against the origin, so each individual point has a tiny lifetime. Adding up all
of these tiny lifetimes, one per point of the cloud, still gives a moderate total persistence of
7.45, simply because there are so many of them (The number of points in dimension k£ = 0 is
No =991 from Example 2.12).

o Total persistence in dimension k& = 1: there is only a single H; point, sitting far above the
diagonal, at birth ~ 0.03 and death = 2.03. Since it is the only point, the total persistence in
this dimension is simply its own lifetime, 2.00.

Persistence Diagram — Pure cosine

Death
~

0.5 4

T T
o 0.5 1 1.5 2

Figure 2.23: A persistence diagram D (Example 2.10).

Definition 2.14 (Maximum persistence). For a persistence diagram D = {(b;,d;)}/"; with point
lifetimes {l;}!",, the maximum persistence MaxPersy, is max;{l;}, the lifetime of its longest-lived
point.

As with the total persistence, there is a maximum persistence M ax Pers;, for each homology dimension
k.

Example 2.11 (Maximum persistence). The maximum persistence of the same diagram D (Fig-
ure 2.23) in a given dimension is simply the lifetime of its longest-lived point in that dimension.

e Maximum persistence in dimension k£ = 0: within that dense cluster of red Hy points near the
origin, one point sits (just barely) furthest from the diagonal — that single point’s lifetime, 0.03,
is the maximum persistence in this dimension, even though it is hard to pick out by eye among
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so many overlapping points.

e Maximum persistence in dimension k = 1: the single H; point is the longest-lived one, so the
maximum persistence coincides with the total persistence of Example 2.10, MaxPers; ~ 2.00.

A third, even simpler summary just counts how many points there are.

Definition 2.15 (Number of points). For a persistence diagram Dy, = {(b;,d;)} in homology dimension
k, the number of points of Dy, is Ny = #{(b;,d;) € Dy}.

In words, N just counts how many topological features of dimension k& were born and died over the
filtration. A large IV, means many topological features, so a rather complex filtration, while a small Ny
means few topological features, so a cleaner one.

Example 2.12 (Number of points). Counting the points of D (Figure 2.23) in each dimension gives
Np.

e Number of points in dimension 0: the red cluster at the origin looks almost like a single dot,
since so many points overlap there, but it is really 991 separate points — one per point of the
original point cloud, each merging into a larger component almost immediately.

e Number of points in dimension 1: only 1 point stands out clearly from the diagonal, and it is
the only one — N; = 1.

Total persistence, maximum persistence and the number of points are useful, but they throw away
almost everything about how the lifetimes are distributed — two very different diagrams can easily have
the same total, the same maximum, or the same number of points. A finer summary, still a single number,
is given by the persistent entropy.

Definition 2.16 (Persistent entropy). For a persistence diagram D = {(b;, d;)}/"; with point lifetimes
{l;}1", and total persistence L = Y /", [;, the persistent entropy of D is

Uiy p Ly
Ep=-Y Llog(—).
=21 (z)
Again there is a persistent entropy Ej for each homology dimension k.

Notice that this Ej is exactly the Shannon entropy, which is a quantity that in general measures the
average uncertainty, randomness, or surprise in a set of data or random outcomes.?"

Example 2.13. Figure 2.24 shows two persistence diagrams we’ll illustrate in Section 3: the pure
cosine’s diagram on the left, and the pure noise’s diagram on the right®. Qualitatively, looking at
their dimension-1 points (the loops):

e The persistent entropy Ej is high when the point lifetimes are all roughly comparable to one
another: no single point dominates the diagram, so the “distribution” of lifetimes is close to
uniform, and (as for any Shannon entropy) a close-to-uniform distribution is exactly what
maximizes entropy. This is the case for the diagram on the right (pure noise), whose persistent
entropy in dimension k =1 is £; = 8.39.

e The persistent entropy Fj is low when one or a few points are much longer-lived than all the
rest: the diagram’s persistence is concentrated in those few dominant points, and a concentrated
distribution has low entropy. This is the case for the diagram on the left (pure cosine), whose
persistent entropy in dimension £ = 1 is F; = 0.00, since a single loop completely dominates

20An intuitive discussion of Shannon entropy on its own, away from persistence diagrams, is given in Appendix A.33.
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the diagram.

“Is not necessary at this point to really know precisely what is the pure noise’s persistence diagram: what is important
is that the 2 diagrams of figure 2.24 are different diagrams.

Persistence Diagram — Pure cosine Persistence Diagram — Pure noise

* HO = HO
. v
24 p * Hi 2 * H1
’ * H2 s H2
ra
e
e
1.54 4
P 1.54
s
. /! .
o s 8
o 1 p o 1
e
rd
s
s . 7
0.5- P 4
P 0.54 ¢
ra
s
rd
s
o-% T T 0% T T
o 0.5 1 1.5 2 ] 0.5 1 1.5 2
Birth

Birth

Figure 2.24: Two persistence diagrams with low (left, pure cosine) and high (right, pure noise) persistent entropy
(Example 2.13).

Persistent entropy is a scale invariant summary function which is stable under small perturbations.?!

2.4.2 Persistence images

A single real number, however cleverly chosen, is a very coarse summary of a persistence diagram: it
necessarily discards a lot of information. Persistence images instead summarize a diagram by a whole
vector, obtained by turning the diagram into an actual image.??

Figure 2.25 shows the sequence of steps that turns a persistence diagram into a persistence image.

surface—— image—— —

data diagram B———  diagram T(B)

death
v
persistence

birth
Figure 2.25: The pipeline from data to persistence image [37]. Notice there is a very persistent point in the

persistence diagram (namely a long-lived topological feature, far away from the diagonal), this point is weighted up
in the persistence surface and shows up as a bright pixel in the persistence image on the right.

The construction is taken from [37]; here is the same idea told more intuitively:

e First step: re-draw the diagram in birth—persistence coordinates instead of birth—death coordi-
nates: replace each point (b,d) by (b,d — b), namely by its birth time and its persistence (called

21This is because persistence diagrams are themselves robust under perturbations of the input, as we discussed in
Section 2.2.2: since the persistent entropy Ej is computed directly from the point lifetimes of D, a small change to D (in
the bottleneck distance) only changes those lifetimes slightly, and hence only changes Ej slightly too. A more complete
discussion of persistent entropy can be found in [38].

22More precisely, persistence images are a stable (with respect to the 1%*-Wasserstein distance) and interpretable finite-
dimensional vector representation of persistence diagrams; for a complete discussion see Adams et al. [39].
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also lifetime) rather than its birth and death times. This has the effect of flattening the diagonal of
the persistence diagram 1.36 onto the horizontal axis, so that persistence is now read directly as
height above that axis.

Second step: place a small smooth “bump” (a probability distribution) centred at every point of
this new diagram, and weight each bump by how important we consider that point: typically, points
close to the horizontal axis — namely short-lived, likely-noise features — are weighted down or
ignored entirely, while long-lived points are weighted up.

Third step: add up all these weighted bumps into a single smooth surface over the birth—persistence
plane, called the persistence surface: it is high wherever many important (long-lived) points
cluster together, and low elsewhere.

Fourth step: chop this surface into a grid of small boxes, or pixels, and record how much of
the surface sits above each pixel. The result is literally a small image, the persistence image,
whose pixel intensities can be read off as a vector and fed directly into standard statistical or
machine-learning tools.

The fully formal version of this construction, following [37], is given in Appendix A.32.

2.4.3 Betti curves and area under the Betti curve

Recall the thickenings S?, t > 0, of a point cloud S — obtained by replacing every point of S with a small
ball of radius t and taking the union of all these balls, so that as t grows, the balls swell and progressively
merge together (Definition 2.1) — like the ones in Figure 2.26.

In Figure 2.26 we build three thickenings of the same point cloud S.
Notice that the scale t of these thickenings is increasing progressively from left to right.

For the first thickening, the balls have not yet started to overlap, so the number of connected
components equals the number of points, Sy = 30; and since no overlap of balls forms a loop yet,
there are no 1-dimensional holes, 31 = 0.2

For the second thickening, all the balls overlap into a single connected component, 5y = 1; but the
overlap of balls still does not form a complete closed loop, so there are still no 1-dimensional holes,
B1 = 0.

For the third thickening, we again have a single connected component, 8y = 1; but this time the
overlap of balls does form a complete loop, so there is one 1-dimensional, “circular” hole, 81 = 1.

23Formally, to compute the Betti numbers we need to compute the homology of the thickenings: we have already studied
how to compute the homology of these thickenings, via the Cech and Rips complexes of Section 2.1.1, Section 2.1.2 and
Section 2.1.3.

64



L]
s
.. ..
®
% ®
. " °®
o. e .
S0,0S 80.2 SO.B
Bo = 30 Bo=1 Bo=1
BL1=0 B1=0 fr=1

Figure 2.26: The Betti numbers Sy, 81 of three thickenings of the same point cloud S, at three different scales.

Image has been collected from [30].

In practice, rather than reading off the Betti numbers of just a handful of thickenings as in Figure 2.26,
we would like to track betti numbers 3;(S?) as the scale t grows continuously. This is exactly what the

Betti curve records.

Definition 2.17 (Betti curve). Given a generic filtration (Definition 1.34), such as a Rips filtration,
the Betti curve is simply the function that tells us, as the scale parameter ¢ grows:

o [Bo(t): the evolution of the number of connected components with the scale parameter ;

o [1(t): the evolution of the number of loops with the scale parameter ¢;

o [2(t): the evolution of the number of 3-dimensional cavities with the scale parameter t;

and in general, the i-th Betti curve (;(t) is the evolution of the number of i-dimensional holes with

the scale parameter t.

Notice that in a filtration the components can only merge, so we expect the Betti curve By(t) (i.e. the
number of connected components) to be a decreasing function.

Example 2.14 (Betti curves of a circular point cloud). Consider a different point cloud S from the
one of Figure 2.26: this time, take points sampled almost perfectly along a circle, shown in Figure 2.27.

Figure 2.27: The circular point cloud S of Example 2.14. Tmage has been collected from [30].
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As we thicken the point cloud S by growing the scale t, its balls start out disjoint and then this
balls progressively merge. Computing the Betti curves of this thickening, shown in Figure 2.28, makes
this evolution precise:

0-Betti curve 1-Betti curve
50 4 2.00

40

304 1.25 1

20

10 A

0 T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0

filtration scale t filtration scale t

Figure 2.28: The Betti curves [y (t) (left) and S1(t) (right) of the thickenings of the circular point cloud of
Figure 2.27 [30]. Image has been collected from [30].

o On the left, the 0-th Betti curve fy(t) tracks the number of connected components: as we
already argued above, it is a decreasing function, starting at Sy = 50 (one component per sample
point, before any balls overlap) and dropping down to 5y = 1 once every ball has merged into a
single component.

e On the right, the 1-st Betti curve (1 (¢) tracks the number of loops: it stays at 0 until a single
loop appears at t & 0.25, once the thickening has closed up into a ring around the circle’s hole
(as shown in the figure); it then stays at §; = 1 while that loop survives, and drops back to 0
once the hole itself fills in, at ¢t =~ 0.85.

We can also compute the area under these (Betti) curves. Actually we do something more, we split
the range of ¢ into a handful of equal-width windows and, in each window, we compute a single number:
the area underneath the curve in that precise window.

Definition 2.18 (Area under the Betti curve). Fix a Betti curve §;(t) (Definition 2.17) on an interval
[0, tmax], and split this interval into n equal windows [to, t1], [t1, 2], ..., [tn—1,tn], With o = 0 and
tn, = tmax. The area under the Betti curve (or partial integral) over the k-th window is

123
k
AP = [ g,
tr—1
namely the area under the graph of 3; restricted to that window — in words, how much that

homological feature (connected components for i = 0, loops for i = 1, and so on) was present during
that stretch of the filtration. Splitting §; into n such areas turns one curve into a short list of n
numbers, one per window.

For instance, splitting the 0-th Betti curve By(t) of Figure 2.28 into two equal windows [0, 0.5] and
[0.5, 1], and recalling that it reaches 5y = 1 by t ~ 0.25:

o since fy(t) drops from 50 to 1 entirely within the first half of the range, the first window [0, 0.5]
already captures most of the curve’s decline;

o the second window’s area is instead close to the minimum possible, since 5y(t) = 1 there, essentially
constant.

The two areas together give a compact, two-number summary of how quickly the point cloud merged into
a single piece.
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Chapter 3

Topological Data Analysis for Periodic
and non-Periodic Signals

The previous chapters developed, one construction at a time, the machinery of persistent homology:
simplicial complexes, filtrations, homology, Betti curves, and real-valued summaries such as persistent
entropy. All of this was, so far, mathematics on paper. This chapter closes that gap: we take a simple,
fully controlled signal — a cosine — and walk through, in Python, exactly how the constructions of the
previous chapters are computed in practice, from a raw time series to a topological summary.

We choose a cosine because it is the simplest possible periodic signal: its shape, and the shape of
the point cloud obtained from it, are known in advance, so at every step we can check that the code
is doing what the theory predicts, before applying the same pipeline, in the next chapter, to a real
gravitational-wave signal where the answer is not known ahead of time.

GUDHI and Giotto-tda are two of the most important open-source software libraries for Topological
Data Analysis. They are closely related, both technically and historically: Giotto-tda integrates and
builds on internal C++ components of GUDHI [40], alongside other high-performance backends such as
Ripser and Hera [34].

3.1 The toy model

Before going through the code in detail, here is, in plain terms, what it is going to do:

e Start from a cosine signal. We build a short, time series which is a cosine wave,
x(t) = Acos(27 fot) ,

oscillating with a fixed amplitude A at a single fixed frequency fo — a clean, fully known signal, so
that at every later step we can check the result against what we already expect.

e Turn the signal into a point cloud. A time series is just a list of numbers, with no shape a
topological method could act on. We fix this with a Takens embedding (Section 2.3.1): a way of
turning a single sequence of measurements into a cloud of points in space by grouping together
several consecutive (suitably spaced) values of the signal, so that the shape of this cloud reflects
how the signal behaves.

e Build a Rips filtration on the point cloud. Once we have a point cloud, we grow a ball of
radius ¢ around every point and connect points whose balls overlap, exactly as in Section 2.1.2 —
letting ¢ increase produces the filtration whose persistent homology we will compute.

o« Extract topological summaries. From the resulting persistence diagram we compute the
quantities introduced in the previous chapter (Section 2.4.1, Section 2.4.3): persistent entropy, Betti
curves, and a few simple numerical statistics (such as the number of points in the diagram and their
total persistence).

With this outline in mind, we now go through the code itself, step by step: in what follows we comment
selected extracts of code, chosen and explained to show, in practice, how TDA can be applied to real
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data, rather than reproducing the notebook line by line. The full code is reproduced in Appendix C, for
anyone who wants to see it in its entirety.

3.2 From signal to point cloud
We work with three raw timeseries, each 4 seconds long and sampled at 2048 Hz:

e a short burst of a pure cosine wave: a clean, fully periodic signal;
e pure white Gaussian noise of the same length: a signal with no periodic structure at all;
e their sum, a noisy version of the periodic signal.

Building these three signals is straightforward, and we describe it here only in words rather than in
code:

e the cosine burst is generated by evaluating a cosine of a fixed frequency and amplitude at every
sample time. In total this cosine signal is of 4 seconds and is sampled at 2048 Hz.

e the white noise is generated by drawing one independent Gaussian random number, with a fixed
standard deviation, for every sample time of the same 4-second window.

e the sum is simply the two signals above added together, sample by sample.

No code is shown for this step, since we can create these timeseries in many ways and this is not specific
to topological data analysis.

Pure cosine Pure noise Cosine + noise
4]
5.0 1
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Figure 3.1: The three raw timeseries used throughout this chapter: pure cosine burst (left), pure white Gaussian
noise (centre), and their sum (right).

None of these three signals is, by itself, a point cloud. We turn each of them into one with the Takens
embedding introduced above. Two choices are involved:

o the embedding dimension: for now we fix it by hand at 3, so that the resulting point clouds can
be plotted directly and inspected by eye;

o the time delay (how far apart, and how densely, the grouped samples are taken): these are instead
taken from the automatic search of Section 3.5, discussed later in this chapter.

Concretely, the automatic search of Section 3.5 is run once, ahead of everything in this section, on the
three raw timeseries; this produces a single shared pair of values for the time delay and the embedding
dimension, reused for all three signals here, so that the three resulting point clouds are directly comparable
to one another.

The Takens embedding is not applied one timeseries at a time: giotto-tda’s TakensEmbedding instead
expects the whole collection of timeseries to embed, gathered into a single Python list, and embeds every
one of them independently. We first collect our three raw signals into such a list,

1 list_timeseries = [pure_cosine, pure_noise, cosine_plus_noise]

and only then call the embedder on the whole list at once:
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embedder_dim3 = TakensEmbedding(

time_delay=TIME_DELAY, # from the search of Sec. 3.5, shared across
signals
dimension=3, # forced by hand, so the cloud can be plotted
directly
stride=STRIDE,
)
raw_dim3_clouds = embedder _dim3.fit_transform(list_timeseries)

The result, raw_dim3_clouds, is again a list of three point clouds, one per input timeseries and in the
same order, each living in R3.

Even before computing anything, these three point clouds already hint at what persistent homology

should find.
3 For the pure cosine signal, being periodic, we expect
2 _ f the embedding to trace out a loop; more precisely,
1% ( ' an ellipse, exactly as in the worked example of Exam-
ond - ple 2.6, where we already saw a cosine signal embed

A /
S1 _ into an ellipse. We expect TDA to detect this loop

’33 . as a single long-lived 1-dimensional feature in the
A \9‘} persistence diagram.
o 7
Q o
5 ¥,
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Figure 3.2: Point cloud obtained by embedding the pure cosine signal in dimension 3.
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4 ture at all, we instead expect a shapeless cloud. In-
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Figure 3.3: Point cloud obtained by embedding the pure white-noise signal in dimension 3.
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For the cosine+noise signal, we expect something
in between: a noisy version of the same loop seen

1 x s for the pure cosine, and in fact we can see the loop,
0 g *'3 [ but perturbed and thickened, like a noisy thickening
2nd 1 'r;--;i-"n'- i 4:‘:‘ of the ellipse. Because of this noise, we expect the
*"9‘@ jj‘"e'::??_ :,_'; r..;_;'-'._. . persistent homology to detect a few short-lived 1-
- " Erre I S dimensional features (topological noise) but at the
B 2 o T . & same time to still detect the genuine loop as a long-
- o = ° 4 lived feature, exactly as in the pure cosine case.
oth 2 Lo
[ =

Figure 3.4: Point cloud obtained by embedding the cosine+noise signal in dimension 3.

3.3 Computing persistent homology

With a point cloud in hand, we need to choose a filtration to compute its persistent homology on; we
decide to build a Rips filtration on it, exactly the construction of Section 2.1.2. Briefly and intuitively,
recall that building a Rips filtration on a point cloud means:

e growing a ball of radius ¢ around every point of the cloud;
e connecting two points as soon as their balls start to overlap;

o letting the scale t increase progressively, so that more and more points end up connected, and
tracking how the resulting complex’s Betti numbers change as t grows.

Giotto-tda’s VietorisRipsPersistence does this in a single call. What this function computes is exactly
the study of how the connected components, the loops, the voids' (and so on) evolve as the filtration
scale t grows — in other words, persistent homology, computed here in the very same way we already
computed it by hand in Section 1.6.3:

| persistence = VietorisRipsPersistence(
2 homology_dimensions=HOMOLOGY_DIMENSIONS, # [0, 1, 2]: which Bettt
numbers to track

3 max_edge_length=global_max_distance, # largest scale t the
filtration <s grown to

1 collapse_edges=BO0L_COLLAPSE, # speeds up the Rips
construction

5 n_jobs=-1, # parallelize over point clouds

6 )

7 list_PH_diagrams = persistence.fit_transform(point_clouds)

Each parameter here is something we have already met:

o homology_dimensions=[0, 1, 2] fixes which Betti numbers we want, By, 51 and [y (Defini-
tion 2.17) — more precisely, it tells the algorithm to compute only the 0-dimensional homological
features (connected components), the 1-dimensional ones (loops), and the 2-dimensional ones
(cavities), and nothing beyond that. This parameter matters more than it might look: asking for one
extra dimension, e.g. homology_dimensions=[0, 1, 2, 3], can increase the computation time
substantially, because detecting a k-dimensional hole requires the algorithm to examine simplices of
dimension k and k + 1 built out of the point cloud, and the number of such higher-dimensional
simplices grows very fast (combinatorially) with the number of points — so every extra homological
dimension we ask for is noticeably more expensive than the last.

IFor example if points arrange in the surface of a sphere those points enclose a void.
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max_edge_length is the largest scale ¢ the Rips filtration (Section 2.1.2) is grown to; here it is set
to the largest pairwise distance actually present in the point cloud, so the filtration is grown just
far enough to see every point merge into a single component. It is possible to set max_edge_length
to a smaller value instead, to make the computation run faster — but at a cost: any hole that is
only born, or only dies, at a scale ¢ beyond this cutoff will be missed entirely, since the filtration is
never grown far enough to see it.

collapse_edges=True is a purely computational shortcut — it removes redundant edges during
construction without changing the resulting homology, letting the Rips complex be built faster [34].
This edge-collapse step turns out to be remarkably effective at cutting down computation time
while leaving the homology exactly unchanged; a closer discussion and some timing tests are left to
Section 3.6.

n_jobs=-1 asks for the point clouds to be processed in parallel across several CPU cores at once,
rather than one after another; concretely, with our three point clouds (cosine, noise, cosine+noise)
this means a machine with (at least) three CPU cores can compute all three persistent homologies
simultaneously, one per core, instead of waiting for each to finish before starting the next. This is
purely a matter of computational speed, and has nothing to do with the topology itself.

The output, 1ist_PH_diagrams, collects one persistence diagram per point cloud. Concretely:

it is a list of three diagrams, one for the cosine signal, one for the noise, and one for the sum, in the
same order as the input point clouds — i.e. we mean list_PH_diagrams = [diagram_pure_cosine,
diagram_pure_noise, diagram_cosine_plus_noise];

each diagram is itself a list of triples (b, d, k), one per topological feature found: b is the birth scale,
d is the death scale, and k € {0,1,2} says which homological dimension the feature belongs to (a
component, a loop, or a cavity).2

Persistence Diagram — Pure cosine Persistence Diagram — Pure noise Persistence Diagram — Cosine + noise

Death
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Figure 3.5: Persistence diagrams of the dimension-3 Takens embeddings of Section 3.2: pure cosine (left), pure
noise (centre), cosine+noise (right).

Reading these three diagrams side by side:

Left, pure cosine. A single green point sits clearly apart from the rest, in the upper-left region of
the diagram: this is the 1-dimensional feature (a loop, Hy) coming from the ellipse of Figure 3.2. It
is born early in the filtration scale ¢ and dies very late, so — as expected for a genuine feature of
the signal — it has a long lifetime, i.e. it is highly persistent. There are also a few violet points
close to the diagonal: these are 2-dimensional cavities (Hs). Being so close to the diagonal, they
are born and almost immediately filled back in, so they are trivial, short-lived features; in practice
these arise as a spurious side effect of the numerical computation, not as genuine cavities we would
expect to find in a loop-shaped point cloud.

2A small practical wrinkle: some features never die within the range explored, and are recorded with an infinite death
time. Since downstream code cannot work with infinities, every such death is capped at the largest finite death time observed,
before the diagrams are used any further — a bookkeeping fix for the code, not a change to the underlying mathematics; the
features being capped are exactly the ones recorded as infinite bars [s, c0) in Section 1.6.2, features that survive to the end
of the filtration without ever dying.
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e Centre, pure noise. Here the points — of every homological dimension, components, loops and
cavities alike — are clustered close to the origin and roughly along the diagonal: they are all born
and die at similarly small scales ¢, so all of them have short lifetimes. This is exactly topological
noise: many features, none of them long-lived. It is exactly what we would expect from this signal,
since pure white noise embeds into a shapeless, amorphous point cloud (Figure 3.3) with no genuine
geometric structure to detect.

« Right, cosine+noise. This diagram looks like a combination of the two diagrams just described:
the same cluster of short-lived topological noise near the origin and the diagonal, together with one
clearly persistent green point standing above that cluster — the same genuine loop already seen for
the pure cosine, now surviving inside the noisy, donut-like point cloud of Figure 3.4.

3.4 Topological summaries

A persistence diagram is already a topological summary of the point cloud, but for many purposes —
comparing many signals at a glance, or feeding the result to further numerical processing — it helps
to compress each diagram further, into a handful of numbers or a fixed small image. We now compute,
on our three persistence diagrams, exactly the summaries introduced in Section 2.4.1, Section 2.4.3 and
Section 2.4.2.

3.4.1 Scalar summaries

To compute persistent entropy, maximum persistence, total persistence, and the number of points, we do
not need anything more than the list of persistence diagrams, 1ist_PH_diagrams, built in Section 3.3:
giving it as input to

1 features_of_homology = topological_features.fit_transform(list_PH_diagrams)

computes all four scalar summaries at once, where topological_features bundles the needed functions
together as a single FeatureUnion:

| topological_features = FeatureUnion ([
2 ("entropy", PersistenceEntropy(normalize=False)), # Def.
persistent entropy
("maxPersistence", compute_max_persistence_transformer), # Def. mazimum
persistence
("totalPersistence", compute_total_persistence_transformer), # Def. total
persistence
5 ("numFeatures", NumberOfPoints(n_jobs=-1)), # Def. number
of points
6 1)

FeatureUnion is a scikit-learn tool that does nothing topological by itself: it simply takes several transform-
ers — here, PersistenceEntropy, compute_max_persistence_transformer, compute_total_persistence_trans
and NumberOfPoints — and runs all of them on the same input, collecting their outputs side by side into
a single array. Each of the four transformers computes exactly one of the quantities already defined: the
persistent entropy of Definition 2.16, the maximum persistence of Definition 2.14, the total persistence
of Definition 2.13, and the number of points of Definition 2.15 — each computed once per homology
dimension, so that features_of_homology collects, for every signal, one row of 4 x 3 = 12 numbers (four
summaries, three homology dimensions).

Each of these four summaries is actually computed once per homology dimension Hy, Hq, Ho, giving
three numbers per summary per signal; for brevity, in what follows we report and discuss only the values
in dimension H; (loops), since this is the dimension where the genuine feature of interest — the loop —
lives, and where the contrast between the three signals is most informative.
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H; summary Cosine Noise Cosine-+noise

Persistent entropy 0.00 8.39 8.19
Maximum persistence  2.00 0.09 0.68
Total persistence 2.00 9.60 15.87
Number of points 1 483 449

Table 3.1: The four H; (loop) scalar summaries of features_of_homology, for the three signals.

Persistent entropy is exactly 0 for the pure cosine, since there is a single, completely dominant
loop (recall from Definition 2.16 that entropy is 0 precisely when all the persistence is concentrated
in one feature); it is instead large for pure noise, since many loops of comparable, short lifetimes
share the persistence among themselves; cosine+noise falls in between, closer to the noise value,
since entropy is quite sensitive to the presence of many small noisy loops even when one genuine
loop is also present.

Maximum persistence shows the pure cosine’s single loop dominating completely, with a lifetime
of 2.00, against just 0.09 for the most persistent loop of pure noise. Cosine+noise sits in between,
at 0.68: still clearly closer to the pure cosine’s genuine loop than to pure noise, but visibly reduced
from 2.00 — a sign that the added noise perturbs the loop enough to shorten its lifetime, without
destroying it.

Total persistence, being a sum over every loop in the diagram rather than just the longest-lived
one, tells a different story: it is largest for cosine+noise, since summing adds up the many small,
short-lived noisy loops on top of the one genuine, long-lived loop already present in the pure cosine.

Number of points, in dimension Hj, simply counts how many points — i.e. how many loops
born at some point in the Rips filtration on the point cloud — appear in the persistence diagram,
regardless of how long they persist. Here there is the same contrast: only 1 loop for the pure cosine,
against 483 and 449 for noise and cosine+noise respectively — a direct numerical confirmation that
the pure cosine’s point cloud contains a single, clean loop, while the other two are full of many
small, spurious ones.

3.4.2 Betti curves and their area

Recall from Definition 2.17 that a Betti curve simply tracks, as the scale t of the Rips filtration grows,
how a Betti number evolves:

Bo(t) counts the number of connected components, at every value of t;
B1(t) counts the number of loops, at every value of ¢;

B2(t) counts the number of cavities, at every value of t.

The Betti curves are computed with a single BettiCurve transformer:

1

2

Betti number

BC
list_bc = BC.fit_transform(list_PH_diagrams)

= BettiCurve(n_bins=N_BC_BINS, n_jobs=-1)

Betti Curves — Pure noise

Betti Curves — Pure cosine Betti Curves — Cosine + noise

—Ho
—H1 ——Ho

—H1

Betti number

Betti number

Filtration parameter Filtration parameter Filtration parameter

Figure 3.6: Betti curves of the dimension-3 Takens embeddings of Section 3.2, plotted with a logarithmic y-axis:
pure cosine (left), pure noise (centre), cosine+noise (right).
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Reading these three panels, and focusing on the red curve, 51(t), the one that counts loops:

e Left, pure cosine. The red curve sits at a constant 1 across almost the whole range of ¢: a single
loop is created early in the filtration and survives all the way to the end — the big loop of the
ellipse already seen in Figure 3.2.

e Centre, pure noise. The red curve instead spikes up and back down repeatedly, never settling:
many short-lived loops are created and destroyed throughout the filtration, none of them surviving
for long — exactly the topological noise already discussed for the point cloud of Figure 3.3.

e Right, cosine+noise. The red curve looks like a combination of the two: the same short-lived
spikes of topological noise, but this time sitting on top of a curve that also settles at 1 for a long
stretch — the genuine loop of Figure 3.4, perturbed but still present.

A Betti curve, being a whole function of ¢, is still an awkward object to compare across many signals
at a glance — so, as in Section 2.4.3, we replace it by its area under the curve, computed one window at
a time:

e we cut the range of the scale ¢t into N_INTEGRALS equal windows;

e in each window, we replace the Betti curve by the area underneath it there, i.e. by how much of that
homological feature (a component, a loop, or a cavity, depending on the dimension) was present, on
average, during that stretch of the filtration;

e doing this for every window turns one whole curve into a short list of numbers, one area per window,
which is much easier to compare across different signals than the full curve.

As just seen in Figure 3.6, only the pure cosine’s and the cosine+noise’s loops survive to high values of t;
pure noise’s do not. This is exactly what makes the area under 51 (¢) in the last window discriminative:
non-zero for the two signals with a genuine loop, 0 for pure noise. Computing this is exactly what
betti_partial_integrals does; we do not show the code itself, since computing the area under a curve
numerically can be done in Python in many equivalent ways, none of them specific to topological data
analysis.

3.4.3 Persistence images

Recall from Section 2.4.2 that a persistence image simply turns a persistence diagram into a small picture,
by smoothing and weighting its points and then reading off pixel intensities. We focus here on one
particular way of weighting the points, obtained with:

1 PI_quad = PersistenceImage (sigma=PI_SIGMA, n_bins=PI_N_BINS,
2 weight_function=lambda x: x**2, n_jobs=-1)

Recall from Section 2.4.2 that weighting is exactly the second step of building a persistence image: every
point of the diagram is first turned into a small, smooth bump, and the argument weight_function
decides how tall that bump is allowed to be, as a function of the point’s lifetime = (its persistence, i.e.
how long that topological feature survived in the filtration). Here weight_function=lambda x: x**2
says: take the lifetime x of the point, and square it, and use that squared value as the height of its bump.
Two consequences follow from squaring rather than, say, leaving the lifetime unweighted:

e a point with a very short lifetime, close to the diagonal of the persistence diagram, gets an even
smaller squared value, so its bump ends up almost flat — it contributes almost nothing to the final
picture;

e a point with a long lifetime, far from the diagonal, gets a much larger squared value than its lifetime
alone would give it, so its bump becomes tall and prominent, standing out clearly in the final
picture.

3Formally, we should say that these loops survive up to high values of the filtration scale ¢, rather than “the end,” since
the filtration does not literally terminate.
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For example, the persistence diagram of the pure cosine (Figure 3.5, left panel) has a very persistent
point in dimension Hj: the loop of the ellipse-shaped point cloud. Being so long-lived, this point gets a
large squared weight, and so it is exactly this point that maps into a single, very bright region of the
resulting persistence image, clearly standing out from the rest of the (dim) picture:
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Figure 3.7: The persistence diagram of the pure cosine signal (left) and the persistence image obtained from it with
quadratic weighting (right): the one persistent point becomes the one bright region.

In other words, squaring the lifetime does not just favour long-lived points over short-lived ones, as
any increasing weighting would: it favours them more aggressively than a weighting proportional to
the lifetime itself would, pushing the short-lived points — the topological noise already discussed in
Section 3.2 — further down still, and the genuine, long-lived features further up. This is exactly why we
focus on this particular weighting here: it produces the persistence images in which the contrast between
genuine features and noise is sharpest. We can also chose different milder weightings (no weighting at all,
and a weighting directly proportional to the lifetime) to see them look in Appendix C.
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Figure 3.8: Persistence image (31, quadratic weighting) of the pure noise signal.

3.5 Searching for the embedding, without forcing three dimensions

Throughout Section 3.2—Section 3.4 we forced the Takens embedding dimension to 3 by hand, purely so
that the resulting point cloud could be plotted directly. Nothing forces this choice: Section 2.3.4 already
showed how to let the embedding dimension and time delay be found automatically, by searching for
the smallest dimension at which false neighbours disappear and the time delay at which consecutive
coordinates carry the least redundant (mutual) information — we only briefly recall this here and point
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back to Section 2.3.4 for the full explanation.

To be able to search for the optimal parameters (the embedding dimension d and the time delay
7), we need a different function from giotto-tda, SingleTakensEmbedding. As the name suggests, this
function, like the TakensEmbedding we already used in Section 3.2, builds a Takens embedding; unlike
it, though, it works on a single timeseries at a time (hence “Single”), and it is capable of searching for
the optimal d and 7 itself, rather than just applying values we hand it. Setting its parameters_type
argument to "search" is exactly what turns this search on:

I ste = SingleTakensEmbedding/(

2 parameters_type="search",

3 time_delay=SEARCH_MAX_TIME_DELAY,

4 dimension=SEARCH_MAX_EMBEDDING_DIMENSION,
5 stride=STRIDE,

n_jobs=-1,

7))
Commenting on some of these lines:
e parameters_type="search" activates the search mode described above, so that the optimal em-
bedding dimension d and time delay 7 are found automatically, rather than fixed by hand.

e time_delay=SEARCH_MAX_TIME_DELAY tells the search the largest time delay 7 it is allowed to
consider: this upper bound must be set reasonably high, so that the search does not miss the true
optimal time delay by stopping short of it.

e dimension=SEARCH_MAX_EMBEDDING_DIMENSION plays the same role for the embedding dimension
d: an upper bound set high enough that the true optimal dimension is not missed.

e stride=STRIDE sets the stride of the Takens embedding, exactly as defined in Section 2.3.1;
n_jobs=-1 simply parallelizes the search across the available CPU cores, and has nothing to do
with the topology itself.

Running this search independently on each of the three timeseries finds a different optimal pair (d, ) for
each:

e dimension 4 and time delay 131 for the pure cosine;
e dimension 5 and time delay 72 for pure noise;

e dimension 6 and time delay 139 for cosine+noise.

We then (arbitrarily) decide to use, as the single shared embedding dimension and time delay for all three
signals, the median of these three found dimensions and the median of these three found time delays:

1 EMBEDDING_DIMENSION = int(np.median(found_dimensions))
> TIME_DELAY int (np.median(found_time_delays))

which gives EMBEDDING_DIMENSION = 5 and TIME_DELAY = 131 — using a single shared pair, rather than
each signal’s own optimum, is exactly so that the three resulting point clouds are directly comparable
Section 3.2. These are the values of TIME_DELAY and EMBEDDING_DIMENSION used, ahead of time, in
Section 3.2; here they are used to build the Takens embedding (recall from Section 2.3.1 that this is
exactly what turns a timeseries into a point cloud) of all three signals, this time without forcing the
dimension down to 3.

The embedding dimension found this way is typically larger than 3, which is precisely why Section 3.2
forced it down to 3 by hand in the first place: a cloud in more than 3 dimensions cannot be plotted
directly. To still visualise it, we fall back on the principal component analysis of Section 2.3.5, used here
purely as a visualisation aid:

I pca_plot_clouds = [PCA(n_components=3).fit_transform(cloud) for cloud in
embedded_clouds]
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PCA is the scikit-learn function that performs the principal component analysis already described in
Section 2.3.5. Writing PCA(n_components=3) tells it that we want to reduce our point cloud cloud — a
higher dimensional point cloud — down to a 3-dimensional point cloud, so that it can be plotted; more
precisely, this is done by computing its first 3 principal components, exactly as detailed in Section 2.3.5.
It is important to be precise about what this PCA step is, and is not, used for:

e pca_plot_clouds is used only to draw the point cloud shown below;

e the persistent homology, Betti curves, area under the curve, and persistence images of Section 3.3—
Section 3.4 are instead recomputed, in exactly the same way as before, directly on the original,
un-reduced, higher-dimensional embedding, so that no topological information is discarded before
the homology is computed.

Let us see in practice what happens to a point cloud once we find the optimal embedding dimension d
and time delay 7 as explained above: Figure 3.9 shows the pure cosine’s point cloud, obtained in two
different ways.

e Left. The point cloud already presented in Figure 3.2, obtained without the search algorithm,
namely with the Takens embedding forced to embed directly in dimension 3. Being the embedding
of a cosine, we get, as expected, an ellipse-shaped point cloud.

e Right. The point cloud of the same cosine signal, but this time embedded at the searched, optimal
dimension d = 5, and then projected down to 3 dimensions by PCA, purely so that it can be plotted.
The loop structure is still clearly visible, even though this time the embedding is not a perfect ellipse:
there is more structure than that, with the points appearing to be distributed over the surface of
a cylinder rather than lying flat on a single ellipse. We already discussed, in Section 2.3.1, that
a periodic signal like our cosine must trace out an elliptical point cloud whatever the embedding
dimension d — so this must be an ellipse too, living in a 5-dimensional space; it must therefore be
the PCA projection, from this 5-dimensional space down to 3 dimensions purely for plotting, that
produces this cylindrical appearance.

2 se
y
Q
2nd %
2 2nd
Pe)
P ~3
s ]
" ~
- o 0 i
A ¥,
1st A S Oth

Figure 3.9: The pure cosine’s point cloud embedded at dimension 3 by hand (left, Figure 3.2) versus embedded at
the searched dimension d = 5 and then projected to 3 dimensions by PCA (right).

This higher-dimensional embedding is also worth pausing on for a moment, since it changes what is
even possible to compute:

e before, the point clouds were forced to be 3-dimensional, so we could only investigate up to
3-dimensional cavities, namely Ho homological features;

o now that the point clouds are built at the optimal embedding dimension 5 (i.e. 5-dimensional point
clouds), we could in principle also compute higher homological dimensions, for instance searching
for 4-dimensional holes (Hs elements). Unfortunately, as already discussed in Section 3.3, the
computation time for this explodes combinatorially, so this particular computation is not carried
out here — but in principle, nothing stops us from doing it.
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A priori, though, we do not know in which dimension the dynamics of a given signal actually unfolds
— this is precisely why, throughout the rest of this work, we always use the search algorithm to find the
optimal embedding dimension and time delay, rather than fixing them by hand.

3.6 Edge collapses

Recall from Section 3.3 that growing a Rips filtration means, at every scale ¢, connecting points whose
balls overlap and then building not just these connections but also every higher-dimensional simplex
(triangle, tetrahedron, and so on) that sits on top of them — and that this is exactly why computing
higher homological dimensions is so expensive: the number of such simplices grows combinatorially with
the number of points. Edge collapse is a preprocessing trick that thins out these connections themselves,
before any of these higher-dimensional simplices are ever built.

e What edge collapse does. Intuitively, some connections are redundant: removing them does not
change the overall shape traced out by the rest of the point cloud. Think of a triangle subdivided
into several smaller triangles by extra inner edges: erasing one such inner edge, as long as doing
so does not disconnect anything or open up a new hole, leaves the same overall triangular shape
behind. Edge collapse is exactly the systematic procedure of finding and removing such redundant
connections, one at a time.

e Why it is computationally valuable. Deciding whether a given connection is redundant in this
sense can be done by looking only at which points are connected to which, without ever constructing
the higher-dimensional simplices that the Rips complex would otherwise build on top of it. The
whole reduction is therefore pure bookkeeping on this web of connections, carried out before the
expensive part of the computation (building and processing simplices in high dimensions) ever
begins.

o The theorem. Boissonnat and Pritam [41] prove that applying edge collapse to every complex of a
filtration, one scale at a time, produces a smaller filtration with exactly the same persistence diagram
as the original one — the formal result behind Section 3.3’s claim that collapse_edges=True
speeds up the computation "without changing the resulting homology."

e Why we test it ourselves anyway. Understanding the proof in full detail is outside the scope of
this thesis — it rests on a broader theory of simple collapses of simplicial complexes preserving
persistence, of which edge collapse is only a special case — so instead we verify empirically, on
our own signals, that turning collapse_edges on or off really does leave the persistence diagram
unchanged, and measure directly the resulting speed-up.

For this test we set aside the cosine signal of the rest of this chapter, and instead use a single, more
complex timeseries. Its analytic form is a piecewise function of time ¢, split at a fixed instant ¢ = 0:

0.25
tre
A ( £ t) cos (P — atreg — 1)%6%), ¢ <0,

treg -
Ae™tT cos(¢o + 21 fot), t>0.

In words: before ¢t = 0 both the amplitude and the frequency of the oscillation grow, reaching their largest
values exactly at ¢ = 0; after ¢ = 0 the amplitude instead decays exponentially, at a rate set by 7, while
the oscillation settles to the fixed frequency fy. The two pieces are built to match up at ¢t = 0, so the
timeseries has no jump at the transition.
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Figure 3.10: The more complex timeseries used for the edge-collapse tests of this section: this timeseries has a
growing amplitude and frequency before the 0 s, while after 0 s the amplitude decays to 0.

A more demanding signal is exactly what makes a check of this kind meaningful, since any difference

between the two branches would be far easier to miss on a clean, simple signal like the cosine. As
before, this timeseries is turned into a point cloud (via a Takens embedding, this time also reduced to 3
dimensions with PCA before computing homology).

Our first objective is to check, empirically, whether collapse_edges really leaves the persistence

diagram unchanged, exactly as the theorem above predicts. We have already seen, in Section 3.3, all
the steps needed to get from a point cloud to a persistence diagram; here we only need to toggle one
parameter:

Death

o Without edge collapse. It is enough to call VietorisRipsPersistence with collapse_edges=False:

1 persistence = VietorisRipsPersistence(

2 homology_dimensions=HOMOLOGY_DIMENSIONS, # [0, 1, 2]: which Bettq
numbers to track

collapse_edges=False,

4 n_jobs=-1,

« With edge collapse. Symmetrically, setting collapse_edges=True instead computes the persis-
tence diagram of the very same point cloud with edge collapse applied.
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Figure 3.11: The persistence diagram of the same point cloud, computed without edge collapse (left) and with edge
collapse (right).

Figure 3.11 shows the two resulting diagrams side by side: they are exactly the same. Turning

collapse_edges on changes nothing about which topological features are found, or when they are born
and die — exactly as the theorem of Boissonnat and Pritam [41] predicts.
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3.6.1 Timing test

Having checked that edge collapse leaves the persistence diagram itself untouched, our next objective is
to see, in practice, how much computation time it actually saves.

Part 1: all three homology dimensions. Here is, step by step, how this first timing test is set up:

o We first build several shorter versions of the same timeseries. The idea is to have signals

of different lengths to time the computation on, so that we can later see how the computation time
changes as the signal gets longer. We do this simply by cropping the timeseries down to several
different lengths, from a short crop up to the full signal.

Each of these 4 cropped signals is then turned into its own point cloud, using the same
Takens embedding procedure already described in Section 3.2 — so at the end of this step we have 4
point clouds of different sizes, one per cropped signal, ready to be fed into the persistent homology
computation.

e We then time how long VietorisRipsPersistence takes on each of these 4 point clouds,

twice: once with collapse_edges turned on, and once with it turned off, so that for every point
cloud we end up with two measured computation times to compare against each other.

In both cases, we ask for all three homology dimensions, Hy, H; and Ho — this is the
setting we are specifically interested in for this first part of the test, since Hy is the expensive
dimension that edge collapse is meant to help with.

Figure 3.12 plots the resulting computation time against what percentage of the signal’s samples were
kept in each cropped version. Reading the two panels side by side, collapsing edges gives a clear speedup,
and that speedup grows the longer the (cropped) signal gets.
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Figure 3.12: Time to compute the persistence diagram, with and without edge collapse, asking for all three homology
dimensions Hy, Hq, Ho: without edge collapse (left) and with edge collapse (right). On the z-axis, “percentage of
signal samples used” is simply how much of the full signal each cropped version kept: 100% is the uncropped signal,
while a smaller percentage means a shorter crop, keeping only that fraction of the samples. On the full, uncropped
signal, edge collapse very nearly halves the computation time (from about 9.6s to about 4.9s), a speed-up of
roughly a factor of 2.

Part 2: only the two lower dimensions. We now repeat the exact same timing test, with

one single change: this time we ask only for Hy and Hy, leaving Hs out entirely. Doing so flips the
result: collapse_edges now makes the computation slower, not faster. To see why, it helps to break the
reasoning into two steps:
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e Pruning away redundant connections is itself an extra step, and this step costs some
time. Before the rest of the computation even begins, edge collapse first has to go through the point
cloud’s connections and decide which ones are redundant and can be removed — this bookkeeping
does not happen for free, it takes some amount of time on its own, regardless of what is computed
afterwards.

e This upfront cost is only worth paying if it saves us time later, on the truly expensive
part of the computation — building and processing simplices in high dimensions. If
that expensive part never actually happens, then the time spent pruning connections was simply
wasted: we paid the cost of collapsing edges without ever getting the benefit it is meant to provide.

Asking only for Hy and Hi never reaches that expensive part in the first place, so there is nothing left for
edge collapse to save — only its own overhead remains, which is why it ends up making things slower
rather than faster. Figure 3.13 plots the resulting computation time, exactly as in Part 1 but for Hy, H;
only.
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Figure 3.13: Time to compute the persistence diagram, with and without edge collapse, asking only for Hy and
H,: without edge collapse (left) and with edge collapse (right). Note the very different vertical scales: on the full,
uncropped signal, computing without edge collapse takes well under a tenth of a second, while collapsing edges first
now takes about 5s — roughly 50 times slower, confirming that here edge collapse only adds overhead without ever
reaching the expensive computation it is meant to save time on.

Motivated by this, we tried to get a sense of how expensive computing Ho would become for a
realistic, several-seconds-long signal, well beyond the short, cropped versions used above. Fitting a simple
exponential curve to the measured computation times against the number of samples, and extrapolating
it out to a few seconds’ worth of samples, gives an estimated time of about 83 billion seconds — roughly
2600 years — to compute Hs for a signal only 3 seconds long, as shown in Figure 3.14 below.

81



Exponential Fit to Time vs. Number of Samples Reduced
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Figure 3.14: The exponential curve fitted to the measured computation times, used to extrapolate how the
computation time grows for longer signals than the ones actually measured.

We stress that this extrapolation is not meant to be rigorous or precise: fitting a curve to just a handful
of data points and pushing it far beyond the range it was fitted on is, at best, a rough order-of-magnitude
guess. Its purpose here is only to give an idea of how quickly the computation becomes infeasible, not to
predict an exact runtime.

Even as a rough guess, though, this estimate makes one thing clear: edge collapse alone is not enough
to make computing Hs feasible on a realistic signal. The practical fix this suggests is to increase the stride
of the Takens embedding (Section 2.3.1). Recall that the stride controls how densely the embedding
samples the timeseries: a higher stride means downsampling it more, i.e. skipping more samples between
one embedded point and the next. A larger stride therefore directly produces a point cloud with fewer
points, and since the cost of building and processing a Rips complex grows so fast with the number
of points, even a modest reduction in the number of points can turn an infeasible computation into a
feasible one. Increasing the stride matters especially once this pipeline is no longer run just once, but
repeated on many signals in turn: later in this work, when we apply it to gravitational-wave data, the
same homology computation has to be run again and again, once per signal, so keeping each individual
run fast, by keeping the point cloud small, becomes essential rather than optional.
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Chapter 4

Gravitational Waves: Theory and
Detection

4.1 Introduction and outline

Gravitational waves (GWs) are ripples in the curvature of space-time, predicted by Einstein’s theory of
general relativity (GR) and generated by the accelerated motion of mass distributions. A century after
they were first inferred, they were directly detected by the LIGO and Virgo interferometers, opening an
entirely new observational window on the Universe. The present chapter has two purposes. The first is to
assemble, in a self-contained way, the theoretical background needed to understand gravitational radiation
and its detection: starting from GR we linearise Einstein’s equations, identify the two propagating
polarisations of the wave, and follow the radiation from its quadrupolar generation to its interaction
with an interferometric detector. The second purpose, which occupies the latter half of the chapter,
is to address the more practical question that motivates the rest of this thesis: given the output of a
real detector, how do we decide whether a gravitational wave is present, and how do we reconstruct the
properties of its source?

This second, data-analysis, theme is the central concern of the work. Rather than only computing
waveforms, we shall be concerned with how the detector responds, how its noise is characterised, and what
can be inferred from a noisy time series. The treatment of the theoretical foundations follows the standard
textbook [42], while the data-analysis part follows closely [12], complemented by the data-analysis
chapters taken from the "GW Open Data Workshops", organised by the LIGO-Virgo-KAGRA Scientific
Collaboration.

The reason for developing this material in detail is that the rest of the thesis proposes and studies a
new detection strategy, based on topological data analysis (TDA) and, in particular, on the persistent
homology used in combination with machine learning techniques. The mathematical machinery of
persistent homology was developed in the previous chapters; here we are interested in the physical and
statistical context into which such a method must fit. To understand why a topological approach to
GW is interesting one must first understand, in some depth, the technique it intends to complement —
matched filtering — together with its remarkable strengths and its very concrete limitations.

Notation

Before presenting an introduction to GW physics and GW data analysis, let us fix here some conventions
in the notation that we will use in the following.

Constants and units

The speed of light ¢ and the Newton constant GG are always written explicitly; we never set either of them
to 1. The solar mass is denoted by M.
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Indices and metric signature

Greek indices, such as a, 3,... or u, v, ..., take the values 0, ...,3 and label spacetime components, while
spatial components alone are labelled by Latin indices, ¢, j, ... = 1,2, 3; repeated upper and lower indices
are summed over (the Einstein summation convention). The flat-space (Minkowski) metric is

nulj - (_) +7 +7 +) 9

the sign convention most common in general relativity (the opposite one is more common in particle
physics). Spacetime coordinates are written z# = (2°,x) with 2° = ¢t, and 9, = 9/0xH.

Fourier transform

A tilde denotes the Fourier transform of a function of time, with the convention
(= [ dtaemit, = [~ apae s, (1)

i.e. frequency f is used throughout rather than angular frequency.

4.2 General relativity, gravitational waves and compact binaries

In this part we review the background needed for the rest of the thesis: the theory of general relativity
and, in its linearized limit, the description of gravitational waves.

4.2.1 General relativity

General relativity was developed by Albert Einstein and published in 1915 [1]. It gives a geometric
description of gravity. What we usually think of as the gravitational force is, in this theory, just the
effect of the geometry of spacetime on matter and energy; in turn, that geometry is fixed by the matter
and energy that are present in spacetime. This picture is precisely what makes Einstein’s equivalence
principle come out naturally. The principle states that, around any point of spacetime, we can always
choose a coordinate system in which the laws of physics look like those of special relativity, as long as we
stay in a small enough region.

To put these ideas in a precise form, general relativity is written in the language of differential geometry:
spacetime is a Lorentzian manifold, and physical quantities are tensor fields on it, so that the equations
keep their form under any diffeomorphism (a smooth, invertible coordinate change). In particular it is
always possible to construct local inertial coordinates in which the metric is Minkowskian, up to tidal
effects, and all such frames describe the same physics — general relativity therefore has a very large local
gauge symmetry, invariance under the group of arbitrary diffeomorphisms [12].

General relativity can be derived from a least-action principle. One starts by taking the gravitational
action to be the Einstein-Hilbert action [42]

- 167G

SEH

/d4x vV—9gR, (4.2)

where g = det(g,,) < 0 is the determinant of the metric tensor. To couple gravity to matter, one adds a
matter action Spy;. This is usually built from a flat-space Lagrangian using the minimal coupling rule: the
flat metric is replaced by a general one (7, — g, (z)), ordinary derivatives become covariant derivatives
(0, = V,,), and the spacetime volume element is taken to be dV = d'z \/=g:

1
Sy = E/d4:v —gL. (4.3)

This action also gives the definition of the energy-momentum tensor 7}, [12]:

7= 2¢ 0Sp
=g bg

84

(4.4)



Varying the full action S = Sgg+ S with respect to the inverse metric g"¥ gives Einstein’s equations [42]:

R, — %Q,WR = 87CT—4GTW ) (4.5)
where while R, is the Ricci tensor, R the Ricci scalar and G = 6.67430(15) m®kg=!s™2 is Newton’s
constant [43]. The left-hand side is also called the Einstein tensor, namely G, = Ry, — % guw R, and this
G| satisfies the contracted Bianchi identities V*G,, =0 [42, 44].

Einstein’s equations are ten in number, because the tensors in them are symmetric in the indices p and
v. The four Bianchi identities, however, act as constraints on the initial data, so only six of the equations
are truly dynamical (second order in time). This is why, to evolve the equations without ambiguity, one
must add four conditions that fix the coordinate system [45]. As we will see in section 4.2.3, this leaves
general relativity with only two radiative degrees of freedom.

In general these equations are hard to solve exactly. This is especially true when gravity is coupled to
matter, or when the system has little or no symmetry, which is the case in most realistic situations. For
this reason, only a few exact solutions are known. Apart from the Minkowski metric, the best known
stationary vacuum solutions that are asymptotically flat are:

e the Schwarzschild metric, for a spherically symmetric body that has only mass;
e the Kerr metric, for a rotating, axially symmetric body;

e the Reissner—Nordstrom metric, for a spherically symmetric charged body, obtained once electro-
magnetism is added as a matter field in (4.3);

o the Kerr—Newman metric, for a rotating, axially symmetric charged body [42].

Historical overview

FEinstein predicted the existence of gravitational waves in 1916, one year after formulating general
relativity [2, 6], but for decades it remained unclear whether they were physical or merely an artifact of
the theory’s large gauge freedom. The question was settled only at the 1957 Chapel Hill conference, where
Pirani and Feynman showed that gravitational waves have measurable, gauge-independent effects, most
famously through Feynman’s “sticky bead” argument [3, 46, 47]. The first evidence for their existence was
indirect: the binary pulsar PSR B1913+-16, discovered by Hulse and Taylor in 1974, loses orbital energy
at exactly the rate general relativity predicts for a system radiating gravitational waves [4, 5, 12]. A direct
detection came only decades later, in 2015, when the two LIGO interferometers observed the merger of a
binary black hole [6]. A joint detection with electromagnetic telescopes of a binary neutron star merger
followed in 2017, opening the era of multi-messenger astronomy [48, 49]. Looking ahead, ground-based
detectors such as the Einstein Telescope and Cosmic Explorer [9, 50, 51|, and the space-based LISA
mission [11], are expected to extend this sensitivity considerably.

4.2.2 Gravitational waves in general relativity
Phenomenology

In this section we outline some phenomenology of gravitational waves. In this work we are mainly
interested in binary systems of two compact objects that orbit each other under their mutual gravity.
Such systems are one of the main ways in which gravitational waves are produced. In fact, all the waves
detected directly so far come from this kind of source.

In these systems, as discussed in section 4.2.5, the motion of the two bodies produces gravitational waves.
The waves carry energy away from the system, so the two bodies move closer and closer. This is the
inspiral phase. The wave amplitude is larger for more massive systems, and both the amplitude and the
frequency grow as the bodies get closer. This rising signal is called a chirp. If the bodies are compact
enough, which requires that they be heavy enough, they eventually get so close that strong relativistic
effects take over. The orbit then breaks down into a plunge, followed by the merger. The result of the
merger is a single compact body. It starts in an excited state, because of the violent process that created
it, and it loses energy by emitting gravitational waves during the ringdown, until it settles into its final
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Figure 4.1: Time evolution of the binary black hole found in event GW150914, the first direct detection [6, 7]. The
top panel shows the strain that the wave induced at the LIGO Hanford observatory. It is reconstructed both from a
dedicated numerical-relativity simulation (red line) and from template waveforms (grey band), with the most likely
parameters. The phases the black holes went through are sketched above: the inspiral that brought them together,
then the merger and the ringdown that produced the final black hole. The strain peaks around the moment of
merger. The bottom panel shows the effective Keplerian separation R/R;, in units of the Schwarzschild radius R,
defined in Eq. (4.6), and the effective relative velocity v/c. Image has been collected from [6].

state.

These systems are usually very far away, so the wave amplitude that reaches us is very small. For this
reason we can hope to detect the signal only for very massive systems, and only when the two bodies are
very close, that is, near the end of the long inspiral and during the merger and ringdown. The inspiral
phase is in fact extremely long, and at the start it evolves very slowly. As an example, a binary with a
total mass of a few Mg, and an age similar to that of its host galaxy, could have merged by now only if
its initial orbital period was shorter than about a day [12]. Figure 4.1 shows the final phases of the first
binary black hole ever observed to merge.

The length scale at which strong relativistic effects become important, which is roughly where the inspiral
turns into the plunge, is set by the Schwarzschild radius of the mass m,

R.= 29" 995 km (m> , (4.6)

where Mg = 1.98841(4) - 10*° kg is the solar mass [52].

From this discussion we see that the binaries we can hope to detect are made of heavy and compact objects.
By “compact” we mean objects whose size is close to their Schwarzschild radius. This compactness
lets them get very close to each other before they merge or are torn apart by tides. The astrophysical
objects that satisfy these conditions are neutron stars (NS) and black holes (BH). The binaries they form
are called binary neutron stars (BNS), binary black holes (BBH), and neutron-star—black-hole systems
(NSBH).

Compact binaries are not the only way to produce gravitational waves. A rotating neutron star can
radiate if its shape is not perfectly symmetric, for example because of small “mountains” or density
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bumps on its surface. These neutron stars are expected to emit continuous gravitational waves [53]. A
supernova can also release a large amount of gravitational waves if the explosion is asymmetric enough.
In addition, we expect the Universe to be filled with a stochastic gravitational-wave background, made by
the superposition of waves from many different sources. Of special interest is the cosmological background
produced in the early Universe, for example by inflation, but possibly also by phase transitions or more
exotic phenomena such as cosmic strings [54, 55]. On this point, the NANOGrav collaboration has
recently found evidence, using pulsar-timing arrays, for a stochastic background at nanohertz frequencies.
This signal is probably the superposition of waves from many supermassive black hole binaries, although
a cosmological or more exotic origin cannot be ruled out [56].

4.2.3 General relativity at linear order and gravitational waves

In the following we linearize Einstein’s equations (4.5) around the flat Minkowski metric. This gives
a set of linear partial differential equations, which are well understood, and it works under the single
assumption that the gravitational field is weak. This section is based mostly on [12].

We start from the full Einstein equations (4.5) and look for solutions that are close to flat spacetime. To
do this, we write the metric as the flat Minkowski metric 7,, plus a small perturbation h,,,

Guv = N + h;w ) |hw,| <1, (47)

and we keep only terms that are linear in h,,. The theory obtained in this way is called linearized theory.
The components of a tensor depend on the reference frame we choose, so (4.7) cannot literally hold in
every frame at once. What we actually require is weaker, namely that some frame exists in which it
holds, over a region of space large enough for our purposes [12]. In linearized theory indices are raised
and lowered with the flat metric 7,,,.

Choosing such a frame does not fix the coordinates completely. A residual freedom remains, in the form
of a small change of coordinates z# — z# 4 £#(x), where the derivatives |0,£,| are at most as small as
|huw|. Under this change the perturbation transforms as [12]

Py () = () = (0péy + 0uE,) - (4.8)

This is the gauge freedom of linearized gravity, and it plays the same role as the gauge freedom of
electromagnetism. It is convenient to introduce the trace-reversed perturbation

Ay = by — 3000, h=n""hy,, (4.9)

because in terms of iL“y the linearized Finstein equations take a simpler form. We can use the gauge
freedom (4.8) to impose the Lorenz gauge (also called the harmonic or De Donder gauge) [12],

0" hy = 0. (4.10)

In this gauge the linearized Einstein equations reduce to a simple wave equation sourced by the energy—
momentum tensor [12],

- 167G
Uhyw = ——a L, (4.11)
where 0 = 79,0, = —6%83 + V2 is the flat-space d’Alembertian. The Lorenz gauge (4.10) gives four

conditions, so it reduces the ten independent components of the symmetric matrix h,, to six.

Equation (4.11) is the basic result for the generation of gravitational waves. To study instead their
propagation and their interaction with a detector, we look at this equation outside the source, where
T, =0 [12]:

Ohy =0 (outside the source) . (4.12)

Since [ = —c%af + V2, this equation tells us right away that gravitational waves travel at the speed of
light.
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4.2.4 The transverse-traceless gauge and the two polarizations

Outside the source we can simplify the metric even further. The Lorenz condition (4.10) does not use
up all the gauge freedom: a further change of coordinates with [J&* = 0 leaves the Lorenz gauge intact,
and it can be used to impose four more conditions [12]. We use this remaining freedom to set the time
components to zero and to make the perturbation traceless. The result is the transverse-traceless (TT)
gauge,

hoy =0,  h'i=0, &h;=0, (4.13)
in which only the spatial components survive; we denote the metric in this gauge by hiTjT. This gauge-fixing
procedure lets us isolate the genuine radiative content of the gravitational field, and a simple counting
argument makes this precise. The symmetric tensor ilu,/ starts out with ten independent components.
Imposing the Lorenz gauge condition (4.10) is itself four conditions, so it removes four of them, leaving
six. In vacuum we have exactly the residual gauge freedom used above to impose the TT conditions (4.13)
— the four functions &* with [J&# = 0 — and using it to reach the TT gauge removes four more. Only two
independent components survive: these are the two physical, propagating degrees of freedom of general
relativity, matching the two polarizations of the wave [12].

The two degrees of freedom become explicit once we look at a plane wave. Equation (4.12) has plane-wave
solutions, and for a wave travelling along a direction 7 the transversality condition in (4.13) forces the
non-zero components of hg;-T to lie in the plane orthogonal to 7 [12]. Taking 7 along the z axis, and using
that hiTjT is symmetric and traceless, the wave can be written as

th h>< 0
hg;-T(t, z)=|hx —hy 0] cos[w(t—z/c)], (4.14)
0 0 0

tj
where hy and hy are the amplitudes of the “plus” and “cross” polarizations [12]. The two polarizations
have a clear physical meaning: the plus mode stretches one transverse axis while it squeezes the other,

and the cross mode does the same along axes rotated by 45°. It is this differential, quadrupolar stretching
of space that a detector is built to measure (section 4.3.2).

4.2.5 Inspiral of compact binaries and the chirp signal

We now specialize the formalism to the sources of interest in this work: binaries of two compact objects.
We treat the binary, to the lowest (Newtonian) order, as two point masses m; and mg on a circular orbit,
with total mass m = mj + mgo and reduced mass . = mimsg/m. For a circular orbit of radius R, Kepler’s
law relates the orbital frequency ws to the radius [12],

s Gm
ST
A binary is one of the most efficient sources of gravitational waves, because its mass distribution has a
large, rapidly changing quadrupole moment. The gravitational wave it emits is quadrupolar, so it comes
out at twice the orbital frequency, wg, = 2w, [12].

w (4.15)

Applying the quadrupole formula to this system, and eliminating the radius R in favour of the frequency
through (4.15), the two polarization amplitudes take the compact form [12]

4 GMC 5/3 w 2/3 14 2 0
hy(t) = . ( Z ) <ﬂig ) ;OS cos (27 fguwtret + 2¢) (4.16)
5/3 2/3
hy (t) = % (GZ\2/16> (Wj;gw> cos 0 sin (27 fyutrer + 20) , (4.17)

where r is the distance to the source, 6 the angle between the line of sight and the normal to the orbit, ¢
a reference phase, and ¢, =t — /c the retarded time. The masses enter these expressions only through
one combination, the chirp mass [12]

(m1m2)3/5

< (my —|—m2)1/5 .

(4.18)
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The chirp mass is therefore the parameter that controls the amplitude of the signal, and, as we will see in
a moment, also the rate at which its frequency grows. For this reason it is the best-measured parameter
of an inspiral.

The emission of gravitational waves carries energy away from the binary. As a consequence the orbit
shrinks, the orbital frequency increases, and so does the frequency of the wave. This slow drift is what
produces the characteristic rising signal called the chirp. As long as the orbit evolves slowly compared
with the orbital period (the so-called quasi-circular regime), one finds that the wave frequency obeys the

simple evolution law [12]
.96 GMN\/?
ﬁw:5”%((ﬁ) ol (4.19)

Integrating (4.19), the frequency formally diverges at a finite time, which we call t.,q;, the moment of
coalescence. Writing the time to coalescence as T = t.oq — t, the solution of (4.19) is [12]

) = () (SR

7\ 256 7 c3

(4.20)

Putting in typical numbers for a binary neutron star, this can be written in the convenient form [12]

5/8 3/8
Frul(7) ~ 134 Hz (12/%4M<D> (178) , (4.21)

which shows that, for a chirp mass M, ~ 1.21 My, (the value for two 1.4 M neutron stars), the signal
sweeps up through the detector band in the last second or so before merger. The reason is the steep
dependence fg, X 773/8; the frequency rises ever faster as the time to coalescence 7 shrinks, so even
though the inspiral lasts a very long time, almost all of the frequency sweep is squeezed into the final
moments before merger. It is this short but rapidly evolving part of the chirp that the detection methods
discussed in the rest of the chapter aim to capture.
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Figure 4.2: Time evolution of the gravitational-wave strain emitted during the inspiral of a compact
binary. Both the amplitude and the frequency increase as the two bodies spiral closer, producing the characteristic
“chirp”. This rising waveform is the signature that the detection methods discussed in the rest of the chapter —
matched filtering and, later, the topological method developed in this thesis — are designed to recognize. Image
has been collected from [12].

The expressions above hold at the lowest, Newtonian order, and they describe only the inspiral
phase. As the bodies approach the strong-field regime, one must go beyond this approximation; the
post-Newtonian expansion. For the purposes of this thesis the important point is qualitative: the inspiral
of a compact binary produces a well-defined, rising chirp, and it is this signal — buried in the detector
noise — that we will try to detect.

4.3 The detector as a linear system and the noise spectral density

4.3.1 The Michelson interferometer

The idea of using an interferometer to detect gravitational waves is old, and in principle remarkably
simple. It goes back to 1962, when it was first proposed by the Russian theorists M. Gertsenshtein and
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Figure 4.3: Layout of a simple Michelson interferometer. Image has been collected from [12].

V. L. Pustovoit, before being developed further in the late 1960s. Turning this simple idea into a working
instrument, however, has taken decades of effort and large international collaborations, since a real
interferometer has an enormous number of degrees of freedom that must all be controlled to extraordinary
precision. We start from the simplest possible setting: a basic Michelson interferometer [12].

A Michelson interferometer is the same kind of instrument that Michelson and Morley famously used
in 1887 to look for the ether, and it is an extremely sensitive way of comparing how long light takes to
travel along two different paths. Figure 4.3 sketches the idea:

e a laser beam hits a beam-splitter, which sends half the light down one arm and half down a second,
perpendicular arm;

e a mirror at the end of each arm reflects the light straight back;
e the two beams meet again at the beam-splitter and recombine into a single beam;

e part of that recombined light reaches a photodetector, which simply measures how bright it is.

To see why this setup is sensitive to the length of the arms, it helps to think of the laser light as
a wave with a well-defined phase, oscillating at the laser frequency wr, with wavenumber k; = wy/c.
Because the two arms generally have slightly different lengths L, and L,, the beam sent down one arm
travels a different distance, out to its mirror and back, than the beam sent down the other. A light wave’s
phase keeps track of exactly how far it has travelled, so two beams that have covered different distances
come back to the beam-splitter slightly out of phase with one another. It is this mismatch that makes
them interfere when they recombine: rather than simply adding up, two waves that are out of phase
can reinforce each other, partially cancel, or land anywhere in between, depending on how far out of
phase they are. Working this out explicitly, one finds that the power reaching the photodetector obeys a
strikingly simple law [12],
|Eout|? = E3 sin?[kr(L, — Ly)], (4.22)

where Ej is the amplitude of the input laser field: the measured power depends only on the difference
L, — L, between the two arm lengths, oscillating between fully dark and fully bright as that difference
changes by a fraction of the wavelength of the laser light. Therefore any variation in the length of an arm
results in a corresponding variation of the power at the photodetector.

This is precisely the effect that a gravitational wave can produce. As we saw in Section 4.2.4, a wave
stretches one transverse direction while squeezing the other — exactly the differential, quadrupolar
deformation of space that we identified earlier as the signature of a gravitational wave. If the two arms of
the interferometer are oriented along these two directions, a passing wave changes L, and L,, so that
even a tiny strain h produces a genuine, non-cancelling difference L, — L,, and hence a change in the
power measured at the photodetector. This is the basic principle that lets a Michelson interferometer, in
spite of its conceptual simplicity, measure length changes many orders of magnitude smaller than the size
of a proton.
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4.3.2 Input, output and the detector tensor

The output of any gravitational-wave detector is a time series: it describes, for instance, the oscillation
state of a resonant bar or, in the case of interest to us, the phase difference of the light recombined
after travelling along the two arms of an interferometer. Moreover, this output is simply a long stream
of numbers, and the whole art of detection consists in deciding whether a faint, deterministic signal is
hidden in it. To set up the problem cleanly it is convenient, following [12], to think of the detector as a
linear system.

The physical input is a gravitational wave, described by a tensor field h;;(t), whereas the input and
output of the instrument are scalar quantities. The two are related by a constant tensor D%, the detector
tensor, that encodes the geometry of the apparatus,

h(t) = DY h;(t). (4.23)

For a resonant bar oriented along the x axis only the (x,x) component of h;; drives the detector, so
D% =1 for i = j = 1 and zero otherwise [12]; for an interferometer with arms along # and ¢ one finds
DY = %(ilﬁjj — §'97) [12]. The key point is that, apart from this geometrical factor of order unity, the
scalar h(t) depends only on the incoming wave and not on the internal workings of the detector.

For a linear system the output in the absence of noise is related to the input, in frequency space, by a
transfer function T(f),

hout(f) = T(f) h(f). (4.24)

A real detector is in practice a cascade of stages i = 1,..., N, each with its own transfer function T;(f),
so that T'(f) = I1, T5(f), and noise can be injected at any stage. Each noise source propagates to the
output with the transfer function of the stages downstream of the point at which it first appeared, and all
such contributions add up to a total output noise noyt(t). The output that we actually record is therefore

Sout (t) = hout (t) + nout (t) - (4.25)

It is enormously convenient to refer everything to the detector input. We define a fictitious input
noise n(t) through
a(f) =T~ (f) fout(f) (4.26)

in words: n(t) is the fictitious noise that, fed alone into the detector’s input,’ would propagate through
the transfer function to reproduce the actual noise nqyt(t) we observe at the output. The advantage is
immediate: n(t) can be compared directly with the signal h(t), because both are now referred to the
same point, whereas hoyt(t) depends on a transfer function that can differ by many orders of magnitude
between different instruments. With this convention we simply write

s(t) = h(t) +n(t), (4.27)

and regard s(t) as the detector output, composed of a signal h(t) and a noise n(t). The whole detection
problem is the problem of distinguishing the GW signal h(t) from the noise n(t).

4.3.3 The noise spectral density

We now characterise the noise statistically. We assume that n(t) is a stationary stochastic process with
Zero mean,

(n(t)) =0, (4.28)

where (-) denotes an ensemble average: this ensemble average is, in principle, an average over many
independent “realizations” of the system. In practice we have a single physical system (our detector)
but we can record it over time, so the ensemble average is traded for a time average?. Concretely, one
measures the noise n(t) over a stretch of duration 7" and treats it as one realization, from which the
Fourier transform 7(f) is obtained with a frequency resolution Af = 1/T. The same is then done on a
later stretch, also of length T" and far enough from the first that the noise in the two can be regarded as

!That is, assuming nothing else contributes anywhere else in the instrument.
2This step assumes the system to be ergodic [12].
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Figure 4.4: Amplitude spectral density (strain sensitivity S,l/ 2( f), in Hz =Y/ 2) of the Virgo, LIGO Hanford and
LIGO Livingston interferometers, on a log-log scale. The steep rise at low frequency is the seismic wall, the broad
minimum is the mid-band thermal-noise floor — the band in which the instrument is most sensitive — and the rise
at high frequency is due to quantum (shot) noise; outside this band the detector is effectively blind. The many
narrow spikes are instrumental and environmental lines (e.g. mechanical resonances, mains harmonics), not part of
the smooth noise floor discussed in the text.

uncorrelated, giving a second independent realization; averaging n(f) over many such stretches yields
the ensemble average. Note that a timescale T is built into this procedure, and it will reappear in the
expressions below [12]. Stationarity means that the different Fourier components are uncorrelated, so the
two-point function in frequency space has the form

(@ (H)a(f)) = 50(f = ) Su(f)- (4.29)

Equation (4.29) defines the (single-sided) noise spectral density S,(f)3. Since n(t) is real, i(—f) = 2*(f)
and hence S, (—f) = S,(f): you can find a proof of this relation in Appendix A.34. If n(t) is taken
dimensionless — as is natural for a strain — then S, (f) has dimensions of Hz~*.4

The square root Si/ 2( f), with dimensions Hz /2 is the quantity usually quoted as the strain sensitivity
or amplitude spectral density of the detector. It is the most compact way of summarising the performance
of an instrument as a function of frequency, and the following noise mechanisms (that we study in
Section 4.3.4) contribuite to it: seismic and Newtonian noise at low frequency, thermal noise of the mirror
coatings and suspensions in the central band, and quantum (shot and radiation-pressure) noise at high
frequency all contribute to it. A typical strain sensitivity curve is sketched in Figure 4.4.

The essential message of eq. (4.29), which we shall use repeatedly, is that the noise is not white: it is
much more intense in some frequency regions than in others. An optimal analysis must therefore weight
the data according to how noisy the detector is at each frequency, a feature that will emerge naturally
from the matched-filtering derivation of Section 4.4.

4.3.4 The physical origin of the noise

It is worth recalling, if only qualitatively, which physical mechanisms build up the spectral density Sy, (f)
of Figure 4.4, because the shape of that curve dictates which sources a detector can and cannot see.> The
broad features of a second-generation interferometer’s sensitivity are governed by three families of noise.

At low frequency, below roughly 10 Hz, the dominant disturbances are seismic noise — ground motion
transmitted to the mirrors despite multi-stage suspension and active isolation — and Newtonian (or
gravity-gradient) noise, the direct gravitational pull of fluctuating mass densities in the ground and
atmosphere, which no suspension can screen. These produce the steep “seismic wall” that sets the lower

3Since n(t) is real one has f(—f) = 2" (f), so all the information is contained in the positive frequencies; S, (f) is therefore
taken to be defined only for f > 0, which is the meaning of “single-sided”. The factor % is a convention chosen so that
integrating over positive frequencies reproduces the variance of the noise [12].

“To see that S, (f) has dimensions of Hz !, simple notions of Fourier transforms are enough: see Appendix A.35.

®This will be made precise by the optimal-SNR. formula (4.44), derived later in this chapter.
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edge of the usable band — the sharp rise on the left side of the amplitude spectral density curve of
Figure 4.4. Heavier binaries emit at lower gravitational-wave frequencies so this low-frequency wall
directly limits the reach for the heaviest compact binaries in particular®, and lowering it is a central goal
of the third-generation designs mentioned like Einstein Telescope and LISA.

In the central band, from tens to a few hundred hertz, the limiting contribution is thermal noise. Because
the mirrors, their reflective coatings and the fibres that suspend them all sit at a finite temperature, their
atoms are in constant random motion. This microscopic jiggling makes the reflecting surface shift back
and forth by tiny amounts, and since the interferometer measures exactly the position of that surface, the
random motion shows up as noise.”

At high frequency the sensitivity is set by quantum noise. This has two faces: shot noise, the Poisson
fluctuation in the arrival rate of photons at the output photodiode, which limits phase resolution and
rises at high frequency; and quantum radiation-pressure noise, the random momentum kicks imparted to
the mirrors by the same photons, which dominates at low frequency for high laser power. The two are
conjugate, bounded below by the Heisenberg relation, and their balance — the “standard quantum limit”
— can be reshaped by injecting frequency-dependent squeezed states of light, [12].

On top of these fundamental noises sits a long list of technical noises (laser frequency and intensity
fluctuations, scattered-light recombination, electronic and magnetic couplings [12]) many of which are
neither stationary nor Gaussian, and which return to haunt us in Section 4.7.3. For the purposes of
the idealised derivation that follows we set them aside and treat n(t) as stationary and Gaussian; it is
essential to remember that this is an idealisation.

4.4 Matched filtering

We have established that the detector output has the general form s(t) = h(t)+n(t), with n(t) characterised
by the spectral density S, (f) of eq. (4.29). The naive expectation would be that a wave can be detected
only when |h(t)| rises above |n(t)|. This would be catastrophic, because with realistic estimates of the
signals bathing the Earth and with the sensitivity of current instruments we are firmly in the opposite
regime,

()] < |n(t)] - (4.30)
The fundamental question of this section is therefore how to dig a signal out of a noise that may be orders
of magnitude larger. The answer, well known from radio engineering and radio astronomy, is that values

of h(t) far below the noise floor can be recovered provided we know, to some accuracy, the form of the
signal we are looking for.

4.4.1 The intuitive idea

A simple version of the procedure already exhibits the essential physics. Suppose we know the waveform
h(t) we are hunting for. We multiply the output s(¢) by h(t), integrate over an observation time 7', and
divide by T,

T T T
;/0 dt s(t) h(t) = ;/0 dthQ(t)Jr;/o dtn(t) h(t) . (4.31)

The two terms behave very differently as T' grows. The integrand of the first is positive definite (think of
cos? wt times a slowly varying envelope) so the integral grows linearly in 7' and its average is of order the
squared signal amplitude [12],

1 T
- / dth2(t) ~ h2. (4.32)
T Jo

5This is made precise by the inspiral SNR integral (4.65), derived later in this chapter.

"This connection between the random thermal motion of a body and its mechanical losses is the content of the fluctuation—
dissipation theorem: at a given temperature, a component that dissipates more energy also fluctuates more. It is the reason
low-loss materials are so important here, and the reason a lossy coating produces so much noise. [12]
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The second term, by contrast, is a product of two uncorrelated oscillating functions n(t) h(t): the integral
of this product n(t) h(t) will grow as T"/? for large T' (as typical for random-walk sistems [12]), so

;/{)Tdtn(t)h(t) ~ (TTO)I/Qno ho (4.33)

where ng and hg are the characteristic amplitudes of n and h and 19 is a typical characteristic time of the
signal (e.g the period of the oscillating function A(t)). In the limit 7" — oo the noise term 4.33 averages
to zero and the noise has been “filtered out”. In practice T is finite, limited either by the duration of the
signal or by the available observing time, but the conclusion already stands: to detect the signal it is
not necessary that hg > ng; it suffices that the noise term in eq. (4.33) is smaller than the signal term in

eq. (4.32), which gives the condition e
ho > (TO> no . (4.34)

T

For a periodic source with charateristic time of the GW signal 79 ~ 1 ms observed for 7' = 1yr, the gain
factor is (19/T)"/? ~ 10°: one can dig deep into the noise floor. This single estimate already explains
why this coherent integration of a known waveform is so powerful and foreshadows why losing that
knowledge, as happens for poorly modelled sources, is so costly.

4.4.2 The optimal linear filter

We now make the procedure precise and optimal. Restricting ourselves to linear filters, we define the
filtered statistic

5= [ Tt s(t) K(1), (4.35)

where K (t) is the filter function, to be determined. We assume the form of the sought signal h(t) is
known. Because K (t) is matched to the signal s(t¢), the technique is called matched filtering.
We define the signal-to-noise ratio (SNR) as S/N, where [12]:

e S is the expected value of § when the signal is present.

5= [ Lo O [ ang ke = [ arknkg). @)

Where we used the stationary assumption (4.28), (n) = 0, namely that the time average of the noise
is zero, and rewrote the last integral by passing to the frequency domain with a Fourier transform.

e The denominator NN is defined as

N? = [(8%(1) = (3(6)?] g
2 (@)
@3 ™ qrar K6 K () (n(t)n(t)) 4
(4.1) ~

= dtdt’ K(t / df dff ST @ (af)

Combining the two we get
| ar &)
[ | arisanIR)”

O)

5 - (4.38)

8The second term drops out because the mean of § vanishes when h = 0: in that case s(t) s=hin h(t) + n(t) "= = n(t), s
that the second term (s(t))n—o = [ dt (n(t)) K(t) = 0, where we used the zero-mean property of the noise 4.28 (n(t)) = 0.

Hence (s(t))izo =0and N? = (s(t)2>h:0.
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Our objective is to extract the signal from the noise, namely to choose the filter K () that maximises
the signal-to-noise ratio S/N of eq. (4.38). This variational problem is solved most elegantly by introducing
the noise-weighted inner product between two real functions A(t) and B(t),

_ o L ANBY) < A(f)B(f)
(A|B)_Re/oodfw —4Re/0 R (4.39)
where the second equality holds for real functions because then A(—f) = A*(f) and S,,(—f) = S,(f).

The geometry of this space is the natural language of matched filtering. Introduce the function u(t) whose
Fourier transform is

a(f) =5 Sa(f) K(f), (4.40)
so that eq. (4.38) becomes simply
S (ulh)
5= Wl /e (4.41)

Written this way the answer is geometric and immediate: we are seeking the unit vector 4 = u/(u|u)"/?

whose projection onto the fixed vector h is largest. By the Cauchy—Schwarz inequality this is achieved
when 4 is parallel to h, i.e. when @(f) oc h(f)'°. Inverting eq. (4.40), the optimal filter is therefore

% = COons ib(f)
R(f) = const. x oo . (4.42)

This is the matched filter, or Wiener filter. The arbitrary constant is irrelevant, since an overall rescaling
of § does not change its % in equation 4.41.

Equation (4.42) has a transparent interpretation. If the noise is white, S, (f) = const., the best filter is
the signal itself, recovering the naive procedure of eq. (4.31). When the noise is coloured, the filter weights
the data by 1/S,(f): it suppresses the frequency bands where the detector is noisy and emphasises those
where it is quiet: exactly the behaviour anticipated at the end of Section 4.3.3.

4.4.3 The optimal signal-to-noise ratio

Substituting the optimal filter (4.42) back into eq. (4.41), the arbitrary constant cancels and one obtains
the maximum achievable SNR,

S) 1/2
=(hl|h , 4.43
(%), =1 (4.43)
that is, explicitly,
S\ @so) [ ()
— = 4/ d . 4.44
(N)opt 0 f Sn(f) ( )

Equation (4.44) is one of the most important formulae in gravitational-wave data analysis. It holds for any
waveform 71( f) and it states that the detectability of a source is governed by the overlap of its spectrum
|h(f)|? with the inverse noise spectral density S, (f). A signal whose power lies where the detector is
quiet is easy to see; a signal whose power lies where the detector is noisy is effectively invisible, no matter
how large its intrinsic amplitude. The norm (h|h)'/? is often called the optimal SNR and denoted Popt; it
is the figure of merit against which every alternative detection statistic, including the ones developed
later in this thesis, must ultimately be compared.

It is worth pausing on the logical structure of this result, because it is precisely where the strengths and
the weaknesses of matched filtering are joined. The derivation assumed two things: that the noise is a
stationary Gaussian process fully described by S, (f), and that the waveform h(f) is known. Under these

9Since S, (f) > 0, this product is positive definite, and it endows the space of finite-norm waveforms with the structure of
a real Hilbert space [12].

°Once the noise-weighted inner product is introduced, the signal-to-noise ratio takes the form S/N = (u|h)/(u|u)'/?,
to which the Cauchy—Schwarz inequality applies directly. For any two vectors in an inner-product space, (u|h) <
(u|u)*?(h| h)'/?, with equality if and only if u o< k. Dividing by (u|u)'/? gives (u|h)/(u|u)'/? < (h|h)'/?, so the ratio is
bounded above by (h|h)*/2, and this maximum is attained precisely when u o h.
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hypotheses matched filtering is provably optimal — no linear statistic can do better. The price is that
both hypotheses must hold. If we are not sure of the exact shape of the waveform iL( f) (for example, for
poorly studied sources), the optimality is lost; if the noise develops non-Gaussian, non-stationary features
the very notion of S, (f), and with it the optimality of eq. (4.42), is undermined. We shall return to both
points in Section 4.7.

4.4.4 Matched filtering in practice

The derivation above assumed that the waveform A(f) is known in advance,

Qo

together with stationary Gaussian noise fully characterised by S, (f). In reality neither the waveform nor
its parameters are known ahead of time: the source parameters @ (the two masses, the spins, and so on)
are precisely what we are trying to measure.

The scalar (S/N)opt above is a theoretical ceiling, one we could only reach if we had the exact true
waveform coming from the source — but in practice we do not have it; what is actually computed, for
each template, is the SNR as a function of the trial arrival time ¢, — a whole time series, not a single
number. The following exercise makes this concrete.

Example 4.1 (Computing the SNR in practice). We now show, concretely, how the SNR is actually
computed in practice. Recall that the real data coming out of an interferometer is a single time series
s(t): the detector’s dimensionless strain, the fractional stretching AL/L of its arms produced by a
passing wave (introduced in Section 4.3.2), which combines a putative gravitational-wave signal with
noise, s(t) = h(t) +n(t). There is no single template, but a whole family of candidate waveforms,

h(t; ), (4.46)

indexed by the parameter vector @ = (61, ...,0y) introduced above; for a compact binary this is the
inspiral waveform of Section 4.6.1, with @ collecting the two masses, the distance, the sky and orbital
orientation, the arrival time, and the phase. Given one such template h(t;0), we can see what the
filtered statistic § = [ dt s(t)K (t) of (4.35) becomes once we plug in the optimal filter itself:

o Start from the general filtered statistic, § = [ d¢ s(t)K(t) of (4.35), with K (t) still an arbitrary
filter.

« Substitute the matched filter itself (that we derived in Section 4.4.2), K(f) = const. x a(f)/Sn(f)
of (4.42).

 Passing to the frequency domain, as in (4.36), and dropping the irrelevant overall constant, gives

. < B _
5 /—ooden(f) = (h|s). (4.47)

which is exactly the noise-weighted scalar product (4| B) =4 Re [° df A*(f)B(f)/Su(f) of (4.39),
evaluated between the template h and the data s. In other words, the abstract statistic § (the
numerator of the SNR) reduces to the concrete, computable overlap (h|s) between template and
data.

If the template’s arrival time ¢, is also unknown — as it generically is — the template is shifted by
t, relative to the data, which shifts its Fourier transform by a pure phase, iL( f;0,t) = ﬁ( f; @) e2miftx,
the overlap then becomes a function of the trial arrival time ¢,

(h(0,t4)]s) =4 Re /Ooo df W e2mif b (4.48)
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@ The value of (4.48) alone is not yet the SNR: it still scales with however the template happens to
be normalised. Dividing by the template’s own norm,

Sn(f)

removes this ambiguity: unlike (4.48), (h|h) does not depend on ¢,, only on the shape of the template,
so it is a single fixed number for each choice of . This number is exactly the denominator that
entered the general SNR formula (4.38), N? = [df1S,(f)|K(f)>. Combining the two gives the
SNR as a genuine time series in the arrival time t,,

_ () _ (8.1 ]5)
Pl =" = a2

h(f;0)[?

(h\h):4/ooodf (4.49)

(4.50)

but, crucially, this SNR time series p(t4) is still for one fixed, precise combination of the remaining
parameters 0, e.g. one particular choice of the two component masses m1, mo and spins. In practice
this whole procedure is repeated for many templates, i.e. many choices of €, and for each one p(t,) is
scanned over many candidate arrival times, producing a large collection of “events”. Deciding which,
if any, of these events amounts to a genuine detection is exactly the statistical question taken up in
the next Section 4.5.

%The same construction is worked out concretely, together with its computational cost, for the compact-binary
waveform in Section 4.6.3.

’Shifting a template in time does not change (h|h) because a time shift only multiplies its Fourier transform by a
phase, B(f, 0,t.) = ﬁ(f, 0) e2™*ft and this phase disappears once we take the squared modulus |iL(f, 0,t.)]* = |f~L(f, 0)?
appearing in (4.49).

The practical strategy is therefore to matched-filter the data against many different templates —
candidate waveforms h(t; @), each computed for one hypothesised set of source parameters €; how a whole
bank of such templates is chosen and spaced is discussed in Section 4.6.4. Running the matched filter
against every template in the bank produces a list of “events”: cases in which the SNR, for some template,
rises above a predetermined threshold. Applying the maximum-likelihood criterion (or maximising the
posterior probability, if prior information on € is available) to the events found this way then gives the
most probable value of the parameters €, under the hypothesis that a gravitational-wave signal h(¢; 0) is
genuinely present.!!

4.5 Probability, statistics and detection

Matched filtering tells us how to maximise the SNR assuming a signal is present. The experimenter,
however, faces a logically prior question. We do not know whether a gravitational wave is present at all,
and we know even less its precise waveform. In practice one applies the filter many times, with many
candidate arrival times and many template waveforms, and extracts a collection of “events” with various
values of S/N. What can be concluded? When may we claim a detection? These questions are statistical,
and we treat them following the discussion in [12].

4.5.1 Frequentist and Bayesian frameworks

Probability can be axiomatised abstractly through the Kolmogorov axioms and the definition of the

conditional probability
P(ANB)

P(A|B) = 4.51
but the interpretation of the events A, B, ... splits into two schools.
In the frequentist interpretation, A, B, ... are outcomes of a repeatable experiment and P(A) is the

limiting frequency of A over infinitely many repetitions. Quantities such as P(data | hypothesis) are then
well defined, but one may never speak of the probability that a hypothesis is true or that a parameter
takes a given value: a hypothesis is simply right or wrong, and the true value of a parameter is what it is.

"We do not go into the detail of parameter inference in this thesis, look at [12] for further details.

97



In the Bayesian interpretation, instead, one is allowed to assign a probability to a hypothesis or to
a parameter value. Starting from the identity P(A N B) = P(A|B)P(B) = P(B|A)P(A) one obtains
Bayes’ theorem,

P(B|A) P(A)
P(A|B)= ——————= 4.52
and, applying it with A = hypothesis and B = data,
P(hyp|data) o P(data|hyp) P(hyp) . (4.53)
——

posterior likelihood prior

The posterior is the degree of belief in the hypothesis after the measurement; the prior encodes the belief
before it, and is in general subjective.

The choice between the two frameworks is, for a working physicist, largely pragmatic, and gravitational-
wave astrophysics offers a clean illustration of when each is appropriate.

e Negative results — upper limits on the rate of some class of events — are naturally cast in frequentist
terms, because they concern an ensemble of repeated observations [12].

e The parameter estimation that follows a positive detection, on the other hand, is intrinsically
Bayesian: a coalescing binary detected at a given instant is a unique event, and there is no ensemble
of identical binaries at the same position with the same masses. We just have that one event, and
we want to extract from it the most probable values of the source’s distance, direction, masses and
spins.

We therefore adopt a frequentist language for thresholds and false-alarm rates, and a Bayesian language
for parameter estimation.

4.5.2 Detection statistic, threshold and false alarms

To recap where we stand: the general strategy is to matched-filter the data against many templates
h(t;0) (Section 4.4.4), producing a list of “events” wherever the SNR, for some template, rises above a
predetermined threshold; maximum likelihood then extracts the most probable parameters 8 under the
hypothesis that a real signal h(t; @) is present. What we have not yet asked is how much any single event
should be trusted: given that we found an event at some level of SNR, what is its statistical significance?
When, in other words, are we allowed to claim a detection?

The answer depends entirely on the statistical behaviour of the noise, and here it is useful to distinguish
two very different regimes.

e On one hand there is “well-behaved” Gaussian noise, whose probability of producing a given value
falls off extremely fast — like e~®°/2 — the further that value sits from zero. Gaussian noise
can be beaten simply by setting the SNR threshold high enough, since very large fluctuations are
exponentially rare.

e On the other hand there is everything else, generically called non-Gaussian noise. It typically has
long tails that decay only as a power law, so it can produce large SNR values far more often than a
Gaussian ever would; no matter how high the threshold is pushed, some non-Gaussian noise still
leaks through. In principle one could measure the true noise distribution and raise the threshold
until even non-Gaussian fluctuations become rare — but in practice the resulting threshold would
be so high that it would badly degrade the detector’s sensitivity to genuine signals.

We therefore proceed in two steps. In the remainder of this subsection we work out the statistical
significance of a given SNR value under the idealised assumption that only Gaussian noise is present; in
the following we’ll fix a threshold above which, at some chosen confidence, an event cannot be attributed
to Gaussian noise alone, and we’ll turn the raw output of the detector into a list of candidate events.
Only afterwards, in Section 4.7.3, do we confront the fact that real detector noise is not purely Gaussian.

So far the SNR of (4.38) was defined through the exzpectation value of the filtered output § of (4.35);
to study its full statistical distribution, rather than just this one number, we need the random variable
itself. Define

(4.54)
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Figure 4.5: The energy-SNR distribution P(R|R) of (4.57), plotted against R for three values of the optimal
energy SNR: R = 20 (solid), R = 30 (dotted) and R = 50 (dot-dashed). A stronger signal shifts the distribution to
higher R and broadens it. Image has been collected from [12].

with N the same normalisation introduced in Section 4.4.2 ((4.37)).12 This is the same construction as
S/N of (4.38), except that the numerator is now the random variable § itself, rather than its average
S = (8); consequently the SNR we discussed in Section 4.4.2 is just S/N = (p).

« With simple statistical steps we can prove that, in the absence of a signal (h = 0), the probability
distribution p(p|h = 0) dp of the random variable p is a unit-variance Gaussian with zero mean,

1
p(p|h=0)dp= 7=¢ P12 dp. (4.55)

To see the passages that lead to this Gaussian distribution, see Appendix A.36.

o Similarly, if a genuine signal with optimal SNR p ((4.44)) is present, the same kind of steps show
that p is Gaussian again, but now centred on p rather than on zero,

1 _
plp|p)dp = ——=e P12 qp. (4.56)
i
A genuine signal, in other words, does not change the shape of the distribution at all: it simply
slides the same bell curve sideways by p. The derivation is in Appendix A.37.

e The sign of p carries no physical meaning, and the energy carried by a gravitational wave is quadratic
in its amplitude, so it is more natural to work with the SNR in energy, R = p? > 0. Combining the
two branches p = +v/R of (4.56) gives its distribution,

1

P(R| R) dR = —
2mR

o (BHR)/2 cosh(VRR)dR, (4.57)

with R = p?; setting R = 0 recovers the noise-only case (Figure 4.6 below). The change-of-variables
argument behind (4.57) is in Appendix A.38.

e Its mean is B
(Ry=1+4+R, (4.58)

proved in Appendix A.39: writing R = E /kT,,, with T,, playing the role of an effective noise
temperature, this reads (E) = kT, + E — the detected energy is, on average, exactly the signal
energy F plus one “unit” of noise kT,,, a reassuringly simple result.

The different behaviour of the two distributions in Figure 4.6 is precisely what makes a detection
possible: choosing a threshold R; that sits well above the noise-only distribution, while still capturing
a good fraction of the signal distribution, lets us discriminate a real gravitational-wave signal from a
fluctuation of Gaussian noise. This choice cannot eliminate errors altogether, since the two distributions

2This N the r.m.s. of § in the absence of a signal [12].

99



5 10 15 20 25

Figure 4.6: The energy-SNR distribution P(R | R) for a signal of optimal energy SNR R = 10 (solid), compared
against the noise-only distribution P(R| R = 0) (dashed). Even at this comparatively modest signal strength the
two curves are already visibly separated. Image has been collected from [12].

always overlap somewhat. There is a false-alarm probability, the chance that noise alone exceeds the
threshold:

0 — (4.57) o0 —p2/2 Pt
D :/ dRP(R|R=0) ="2 dpe™” :2erfc<), 4.59
w= [ drRP(R|R=0) AEs s (4.59)

13 With erfc the complementary error function, and we can also compute the false-dismissal probability,
the chance of missing a genuine signal,

prD = /0 " dRP(R|R). (4.60)

14

Therefore the threshold R; is fixed by deciding how many false alarms can be tolerated, and this
depends sharply on how many independent trials the search performs — how many templates, and how
many candidate arrival times, are tried. We work out this trials-counting argument concretely, and the
resulting numerical threshold, once the template bank itself has been introduced in Section 4.6.4.

This whole construction, however, rests on the assumption that the noise is Gaussian. Real instrumental
noise is not: it contains glitches, short and loud non-Gaussian disturbances discussed in Section 4.7.3,
which populate the tail of (4.55) far more heavily than the idealised Gaussian formula predicts, and
this is what undermines the whole construction above. A threshold calibrated on Gaussian statistics
does nothing to suppress a population of noise transients that are, by construction, not Gaussian. The
standard remedy is to require coincidence: a genuine gravitational wave should register, at compatible
times, in every operating detector, whereas an instrumental glitch is local to one instrument and will
essentially never mimic a coincident signal across a network. This is one of the main reasons several
detectors are built and operated together, as a network, rather than relying on any single instrument.

4.6 Application to coalescing compact binaries

We now specialise the general matched-filtering framework of Section 4.4.4 to the concrete case of compact
binary coalescences (CBCs): we work out the explicit inspiral waveform, its optimal SNR, and how a
bank of templates is built to cover its parameter space.

4.6.1 The inspiral waveform and the chirp mass

During the inspiral the two bodies follow a quasi-circular orbit that shrinks as energy is radiated, so that
both the gravitational-wave frequency fgw(t) and the amplitude grow with time — the characteristic

3Tn the first step we integrate dR P(R| R = 0), the distribution of the energy SNR R in the case where no gravitational
wave is present (R = 0), over the interval [R:, 00) where the energy SNR exceeds the threshold; the second step then rewrites
this integral in terms of p = VR using (4.57) at R = 0.

4Here we integrate dR P(R| R)7 the distribution of the energy SNR R in the case where a genuine gravitational-wave
signal of optimal energy SNR R is present, over the interval [0, R:) where the energy SNR falls below the threshold: exactly
the cases in which a real signal would fail to trigger a detection.
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“chirp”. To leading (Newtonian, or OPN) order the strain at the detector can be written as [12]

7 faw(t)

2/3
. ] cos[P(few(t)) + ¢] (4.61)

h(t)—A[

where the amplitude 4 = (42 + A2)1/2 collects the two polarisation amplitudes

4 (GM N3 14 cos?t

Ay =1 ( 5 ) F(0,6) " (4.62)
4 5/3

A, = - <GC'A2/IC> Fy(0,¢) cosu, (4.63)

r is the distance to the source, ¢ the inclination of the orbital plane to the line of sight, and Fy, F\x are
the detector’s pattern functions, encoding how its response depends on the sky position and polarisation
angle of the source; their derivation is deferred to Appendix B. The all-important combination of masses
is again the chirp mass M, of (4.18).

5 1)3/ ; (GMC> o (4.64)

1
Jow(T) = (2567' =

The chirp mass governs both the amplitude (4.63) and, at leading order, the rate of frequency sweep!®
(4.64), and is consequently the best-measured parameter of an inspiral. The frequency evolution fg (%)
follow from the quadrupole formula (see [12]) applied to a quasi-circular orbit and are known, in the
post-Newtonian expansion, up to high order; their accuracy is what makes the template faithful.

4.6.2 The optimal SNR and the sight distance

Inserting the inspiral waveform into the optimal-SNR formula (4.44) gives a result of great practical
importance (see [12] for a precise derivation): the SNR of an inspiral scales as

S E/ 6 f77/ 3 1/2
— df ——+ 4.65
so that, for a fixed detector and a fixed threshold, the maximum distance out to which a source can be

seen — the sight distance or horizon — grows as Mg/ %, Heavier binaries are visible farther away, and
the volume surveyed, and hence the expected event rate, scales steeply with chirp mass. The integral in
eq. (4.65) is dominated by the low-frequency end, which is why pushing the seismic wall of Figure 4.4
downward in frequency is such a high priority for next-generation instruments: it directly increases
the reach for inspirals. Figure 4.7 illustrates the chirping waveform together with its time—frequency
representation.

4.6.3 Eliminating the extrinsic parameters

The class of sources of direct relevance to this thesis is that of compact binary coalescences (CBCs): the
inspiral and merger of two black holes or neutron stars. These are short and modelled signals:

e short, because a stellar-mass binary sweeps through the detectable band in seconds;

e modelled, because general relativity predicts the waveform with great accuracy.

They are therefore the textbook case for matched filtering, and indeed every confident ground-based!®
detection to date belongs to this class [57]. Precisely because the method works so well here, the CBC

5The frequency sweep refers to the continuous acceleration of the gravitational-wave frequency over time. As the
binary system loses energy and angular momentum via radiation, the orbit shrinks, forcing the bodies to revolve faster.
Mathematically, the rate of this sweep is given at leading Newtonian order by [12] d{i% x /\/li/ 3 glv{,/ 3

15 Remember that with ground-based detectors we mean detectors like Virgo, that are located in the surface on Earth,
differenlty from future detectors like LISA that are space-based detectors.
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Figure 4.7: Inspiral-merger-ringdown signal of a coalescing binary and its time—frequency representation. The
rising “chirp” track is the signature that template-based and, later, topological methods both attempt to recognise.

problem is also the cleanest setting in which to see why matched filtering becomes expensive, and where a
complementary strategy could help.

A full inspiral waveform depends on of fifteen parameters'”. Searching a fifteen-dimensional grid would
be hopeless, but a crucial simplification is that several parameters are extrinsic: they affect the overall
amplitude, phase or timing of the waveform but not its intrinsic morphology, and can be maximised over
analytically or with a single transform rather than by gridding.

The clearest example is the time of arrival ¢,, defined as the instant the signal enters the band (say at
few = 10Hz). A template arriving at ¢, is a time translation of the template at ¢, = 0, so its Fourier
transform acquires only a phase €>™/*+ and using the definition of the scalar product 4.39 the overlap is'®

h*(f;0)3(f) o2mift
Sn(f)

which is the Fourier transform of A*(f;0)3(f)/Sn(f). A single fast Fourier transform therefore evaluates
the statistic for all arrival times at once [12]. The computational saving is enormous: scanning a year of
data (~ 3 x 107 s) with a 3 ms time step would require ~ 10'° scalar products per template, whereas one
FFT, at cost O(N log N) rather than O(N?), does the same job [12]. Figure 4.8 sketches the resulting
trigger. The amplitude and the reference phase are likewise extrinsic and can be maximised analytically.
What remains are the intrinsic parameters — chiefly the two masses and the spins — which genuinely
change the shape of the waveform and must be searched explicitly.

It is the peak of this time series p(t.) — maximised, in practice, both over ¢, and over every template
in the bank — that is compared against the statistical threshold p; introduced in Section 4.5.2 to decide
whether an event is significant.

(h(6,1,)|s) = 4 Re /OOO df (4.66)

4.6.4 Template banks

Even after eliminating the extrinsic variables (as discussed in Section 4.6.3), the intrinsic parameter space
must be covered by a discrete set of templates — a template bank. The bank must be dense enough

17Characterizing a compact binary merger within a post-Newtonian framework requires a set of 15 independent parameters
0; [12]. This parameters space encompasses the source distance, its sky coordinates (two angles), the spatial orientation of
the orbital angular momentum vector (two additional angles), the time at which the signal enters the detector’s sensitivity
band alongside the corresponding initial orbital phase, the individual masses of the two objects, and the six components
specifying their respective three-dimensional spin vectors.

8Notice that s(t) is the detector output while the 3(f) is its Fourier transform. The templeate we are testing is h(), t.)
that arrives at a time ..
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Figure 4.8: Matched-filter SNR as a function of trial arrival time. The single FFT of Eq. (4.66) produces a spike at
the true arrival time, turning a costly time scan into one transform. Image has been collected from [12].

that any real signal lies close, in the sense of the scalar product (4.39), to some template; the standard
requirement is that the minimal match between neighbouring templates exceed a chosen value [12], so
that the loss of SNR due to discreteness is at most a few percent. The number of templates needed grows
rapidly with the dimension of the intrinsic space and with the bandwidth and low-frequency reach of the
detector: modern compact-binary banks contain O(10°-10°) templates [12], and each must be filtered
against the data of every detector continuously and, ideally, in low latency. Spinning, precessing and
eccentric systems enlarge the space further, increasing the computational cost.

This bank size feeds directly into the false-alarm threshold p; of Section 4.5.2: this threshold p; is fixed
by deciding how many false alarms can be tolerated, which depends sharply on how many independent
trials the search performs. For example, for a coalescing binary GW detection, one can estimate that
one has to try ~ 10'° templates for one year of data.'® The false-alarm level is usually set so that the
expected number of false alarms in a run will be of order a few:

o If we search for a coalescence in a single detector, with one year of data and 10 templates, we could
choose a threshold in amplitude p; ~ 8, since this gives, via (4.59), ppa ~ 2.5 x 10715 (assuming
only Gaussian noise, which unfortunately is not the case in real scenarios).

e And indeed, multiplying this probability by the number of independent trials gives exactly the
handful of false alarms we were aiming for: ppa x 10' ~ 2.5 x 107 x 10'® ~ 2.5, of order a few,
as promised.

With multiple detectors the situation improves further, since it becomes much harder for noise alone to
fake a detection in more than one instrument at once; we refer to [12] for a precise discussion.

Matched filtering is optimal, but its optimality is bought with (i) an accurate waveform model for every
point of the search space and (ii) a computational budget that scales with the size of the template bank.
Although both costs are tolerable for the well-characterized CBC signals, they remain significant enough
that low-latency searches require a substantial engineering effort [12].

4.7 The case for new search strategies

The preceding sections have built up matched filtering as the optimal linear detection statistic and have
shown how it is deployed for compact binaries. Along the way, three assumptions have repeatedly entered
the derivation, each of which is, in the real world, only approximately true:

o that we know the waveform we are looking for, since the filter (4.42) is built out of the signal itself;

e that the parameter space can be searched exhaustively, covering every candidate waveform and
arrival time within an affordable computational budget, as the template bank of Section 4.6.4
presumes;

19Before, we just said that the number of templates necessary for a binary coalescence was 0(1057106), but now we say
that one actually has to try O(10'°) templates. The reason is that here we are analysing a full year of data: to see where
this O(10'°) comes from, see Appendix A.40.
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o that the noise is stationary and Gaussian, fully described by the single spectral density S, (f) of
(4.29), on which the detection statistics of Section 4.5.2 rest.

When they hold, matched filtering is unbeatable; when they fail, its performance degrades and its cost
can explode. We collect these limitations here, because together they constitute the motivation for the
methods developed in the remainder of this thesis.

4.7.1 The need for an accurate waveform model

The whole power of matched filtering rests on the assumption, emphasized back in Section 4.4, that we
know the form of the signal. The optimal SNR (4.44) is reached only by a template that reproduces the

true waveform,
S 2 o & |ﬁtrue(f)|2
(N)opt = 4/0 df 7Sn(f) , (4.67)

where Etrue( f) is the waveform the source actually emitted. Everything below is about what happens
when we cannot write that waveform down, or can write down only an approximation to it.

The first problem is that certain sources are simply not modelled: we are not able to compute the
gravitational waveform they generate. Following the standard classification of sources [57], signals are
either modelled or unmodelled and either short or long:

¢ Compact binary coalescences — short and modelled. The natural home of matched filtering.

o Continuous waves — long and modelled, emitted for instance by spinning neutron stars. Modelled
in principle, but their long duration makes a fully coherent matched-filter search computationally
intractable (see below).

e Bursts — short and unmodelled, expected from core-collapse supernovae or neutron-star glitches.
Because the waveform cannot be reliably predicted, no template bank can be built, and one must
fall back on generic excess-power or coherent-network methods.

e Stochastic backgrounds — long and unmodelled, cosmological or astrophysical in origin, sought
through cross-correlation of detector pairs rather than matched filtering.

Even when a source is modelled, however, we never hold the true waveform in our hands. What the
search actually uses is a template iLt( f;6:), computed for some trial parameters 8 taken from the bank,
and this is at best close to — never identical with — the emitted waveform ﬁtrue( f; Otrue). It is worth
seeing what this costs us. The data still contain the true signal, s = hiye + 1, but the filter (4.42) is
built out of hg, so the statistic (4.50) that the search evaluates is

(ht | 5)

(htrue | ht)
p = (ht ‘ ht)l/Q )

(e | ht)l/Q ) (4.68)

whose average over the noise is (p) =

since the noise term averages to zero by (4.28). In words: what we recover is not the full strength of
the signal, but only the part of it that the template manages to overlap. Comparing with (4.43), the
Cauchy—Schwarz inequality — the same one that gave us the optimal filter in Section 4.4.2 — guarantees
that

S
<p) < (htrue | htrue)1/2 = <> ) (469)
N opt

with equality only if h; is proportional to hAtue. A template that is merely close to the truth therefore
always yields less than the optimal signal-to-noise ratio, and the further the template drifts, the lower is
the SNR we measure.

Unmodelled sources: for the unmodelled classes the matched filter is not even available: one cannot
match what one cannot write down. What is done instead is instructive. For bursts the template is
abandoned altogether, and one looks for an unexplained excess of power appearing in the same stretch of
time and the same band of frequencies in several detectors at once — the strategy of pipelines such as
coherent WaveBurst [58]. The trade is a sharp one:
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e What is given up. Sensitivity. With no template to overlap with, the search cannot collect the
signal the way (4.68) does, and it is less sensitive than a matched filter would be on a signal it knew
how to model — this is (4.69) pushed to its extreme.

e What is gained. Generality. Nothing about the shape of the signal is assumed: all that is asked of
a candidate is that it be loud, brief, and seen by more than one instrument, so that any sufficiently
loud transient can be found, whatever its shape.

Modelled sources: The degradation (4.69) is not a worry confined to the unmodelled sky. Our
templates are accurate, but not exact — post-Newtonian and numerical waveforms carry their own
systematic errors — and a bank built on general relativity is, by construction, a bank of the waveforms
we already expect. A signal from physics we have not anticipated, such as a strong-field deviation from
general relativity or an exotic compact object, would be treated by the search as an imperfect template:
recovered with degraded signal-to-noise ratio, or, if the difference is large enough, not recovered at all. A
method that recognises a signal from its generic structure, rather than from a precise template, could be
therefore valuable both as a safety net for the modelled searches and as a primary tool for the unmodelled
ones.

4.7.2 Computational cost and the template-bank bottleneck

The second limitation is cost. Matched filtering has an important computational cost and we have
already met, scattered through this chapter, the three factors that multiply together to set the cost for a
compact-binary search. It is worth collecting them in one place:

e We must try many waveform shapes. The masses and spins are unknown, so the intrinsic
parameter space has to be covered by a discrete bank of 10°-10° templates (Section 4.6.4), each of
which is a separate filtering of the data.

e We must try many arrival times. We do not know when the signal came in either, so every
template has to be tested against every plausible arrival time — some 10'° of them in a year of data.
Here we are rescued by the trick of Section 4.6.3: a single fast Fourier transform tries all arrival times
at once, turning what would be an O(N?) scan into an O(N log N) transform (Appendix A.41).

« The two costs multiply. Shapes times arrival times gives the ~ 10! independent trials of
Appendix A.40 — the very number that forced the high detection threshold of Section 4.5.2.
Searching harder therefore does not only cost computing time: it also raises the bar a candidate
must clear before we may believe it.

This is not, today, a crippling problem. Compact-binary searches run continuously on real data, and they
run fast enough to issue alerts while a telescope might still catch the afterglow. But the arithmetic above
is fragile in two directions:

The first is the dimension of the parameter space. The bank size quoted above is the cost of covering
only the masses and a limited treatment of spin [12]. Every physical effect we stop neglecting adds
new directions to that space — fully precessing spins, orbital eccentricity, higher-order multipoles of the
radiation — and because the bank must stay dense in every direction at once, each addition multiplies
the number of templates.

The second is the low-frequency reach of the detectors.

e Why it matters. This follows from a formula we have already written down: the frequency-sweep
relation (4.64) gives the time a binary spends in band as 7 fg_VVS / ? 5o listening from a lower
starting frequency lengthens the signal steeply. A neutron-star binary entering the interferometer
band at 20 Hz chirps for a couple of minutes; entering the interferometer band at a few hertz, as
the next generation of observatories intends, it would stay in band for hours.

e Why that costs more. A longer signal has to be matched by a correspondingly longer template,
so each filtering operation runs over a larger number of samples N — and, by the O(N log V)
scaling of Appendix A.41, every template in the bank becomes more expensive to try.
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e What it does not mean. It does not make matched filtering unusable, but it does mean that
the brute-force strategy of Section 4.6.4 will have to be supplemented — by hierarchical schemes,
by cheaper approximate filters, or by methods of a different kind altogether. That is precisely
the opening this thesis is interested in: a fast, generic first pass that can narrow down where the
expensive matched filtering machinery needs to be pointed.

4.7.3 Non-Gaussian, non-stationary noise and glitches

The matched filter and its statistics were built on the assumption that the noise is stationary and
Gaussian, fully described by a single spectral density S,(f). Real interferometer noise is neither. It
drifts on timescales of minutes to hours (non-stationarity), and it is contaminated by a lot of short, loud,
non-Gaussian transients known as glitches — scattered-light arches, blips, whistles and many others —
arising from the instrument and its environment. These transients populate the tail of the detection
statistic far more heavily than the Gaussian prediction (4.55), so that the clean relation (4.59) between
threshold and false-alarm probability no longer holds. A glitch can ring up a template and produce a
spurious high-SNR trigger, while a glitch overlapping a real signal can corrupt its parameter estimation.

There are, of course, defences. The best known is the x? time—frequency discriminator, which checks
whether the power that produced a trigger is distributed across frequency in the way the template says
it should be; we refer to Allen [59] for the construction and to [12] for the complementary strategies of
environmental vetoes and multi-detector coincidence.

A great deal of practical work, then, goes into telling glitches apart from real signals. What is worth
noticing is how this is increasingly done. Glitches are not random, formless noise: each family has its own
repeated, recognisable shape in the time—frequency plane. Telling a glitch from a chirp, then, is less like
checking whether the data match one specific, pre-computed waveform, and more like recognising which
of a few familiar shapes is present. Matched filtering is not built for that job: by construction it only
ever asks “how well do the data agree with this one template?”, one template at a time. A method built
instead to recognise general shapes — of real signals and of the glitches that imitate them alike — is
better suited to this kind of classification. This is the third and last limitation of matched filtering that
we set out to examine, and like the other two, it points towards the same kind of alternative.

4.7.4 The case for a new detection strategy

The three limitations above point in a consistent direction. There is room — alongside, not instead of,
matched filtering — for a detection strategy that is (i) fast, so that it can pre-screen long data streams
before the expensive matched-filter and human-vetting stages; (ii) generic, so that it responds to the
broad morphology of a chirp rather than to a specific template, and is therefore robust to waveform
uncertainty and to the diversity of source parameters; and (iii) resilient to non-Gaussian noise, because it
does not assume a Gaussian likelihood.

Machine-learning methods, and convolutional neural networks (CNNs) in particular, have been
proposed in exactly this role. The pioneering work [23], and its many successors, showed that an
appropriately trained CNN can flag the presence of a compact-binary chirp directly in noisy strain data,
acting as an excellent first-pass filter that precedes the more specific and computationally expensive
matched-filter and electromagnetic-follow-up steps. A trained network evaluates a data segment in
essentially constant time, sidestepping the template-bank bottleneck of Section 4.7.2, and — because it
learns from examples rather than from an explicit likelihood — it can in principle accommodate non-
Gaussian noise and signals with varied signatures. Its weaknesses, however, are equally well documented:
a plain CNN on raw strain requires a very large and carefully constructed training set, and its accuracy
degrades badly at low SNR, precisely the regime where help is most needed.

This chapter set out to make precise what matched filtering achieves, why it is optimal under its
assumptions, and where exactly those assumptions break down. We can now restate the breakdown as a
single, closing list:

e we do not always know the waveform we are looking for: whole classes of sources are unmodelled,
and even a modelled template is never exact, as Section 4.7.1 showed;
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« the parameter space cannot always be searched erhaustively: the template bank of Section 4.6.4
already runs to 10°-10° templates for compact binaries, and Section 4.7.2 showed how quickly that
cost can become prohibitive;

e the noise is not, in practice, stationary and Gaussian: it drifts, and it is contaminated by the
non-Gaussian glitches of Section 4.7.3, which break exactly the statistics on which the detection
threshold of Section 4.5.2 relies.

In other words, none of the three assumptions of matched filtering is exactly true. The next generation of
ground-based detectors, such as the Einstein Telescope [9, 50, 51], is designed to reach lower frequencies
precisely where Section 4.7.2 showed the computational burden grows fastest; and a space-based observatory
such as LISA [11] will face overlapping signals and non-stationary instrumental artefacts of its own. This
is exactly the space in which it is worth developing a genuinely new detection technique — fast, generic,
and robust in the ways matched filtering, by construction, is not. The following chapter tries to develop a
new approach for GW detection.
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Chapter 5

Topological Data Analysis for
Gravitational Waves

Chapter 4 showed that matched filtering is a powerful tool, but it has some limitations. The waveform is
assumed known exactly, yet some sources have no precise gravitational-wave template [57] and even binary
coalescences are modelled only approximately [12]. The noise is assumed Gaussian and stationary, yet
real detectors drift and carry short, loud transients, or glitches, which can imitate a real signal [12]. And
since the source parameters are unknown in advance, matched filtering must scan a bank of thousands
to hundreds of thousands of waveform templates [12], which means that the method is computationally
intensive. These conditions motivate the search for complementary methods for gravitational-wave
detection: in this thesis we investigate whether a topological description of the shape of the data carries
usable information about the presence of a gravitational wave, and at what computational cost it can be
obtained.

The strategy we develop augments some machine learning classifiers with a feature-extraction stage
based on topological data analysis, specifically the persistent homology of Takens embeddings of the time
series, elaborating on the approach of [24]. The idea is to exploit a simple but powerful geometric fact:
when a time series is embedded into a high-dimensional space by the Takens-embedding construction
(2.3.1), a periodic signal traces out a closed loop, a decaying chirp traces a spiral, and noise fills a
featureless “ball”. These shapes are distinguished by their homology (1.4) — loosely, by their numbers of
connected components and independent loops — and persistent homology (Definition 1.35) provides a
stable, quantitative summary of this topological structure, the persistence diagram (Definition 1.36).

In the following chapter the computational analysis was performed in Python. Numerical operations
and data manipulation relied primarily on NumPy [60] and SciPy [61]. The gravitational-wave data analysis
was carried out using PyCBC [27], while the topological data analysis, including Takens embeddings,
persistent homology and the extraction of topological descriptors, was implemented using Giotto-TDA [34].
Machine-learning models and the associated statistical analysis were implemented using scikit-learn [62]
and PyTorch [63]. Matplotlib [64] and Plotly [65] were used for data visualization.

5.1 Preparing a phenomenologically realistic dataset

Our first objective is to prepare a dataset of time series representing the noisy output of a gravitational-
wave interferometer, into which an actual gravitational-wave signal has been injected. Building such a
dataset in a way that reflects how real gravitational-wave data actually behaves is itself a design problem.
We take as our main reference [25], together with [66] and [28], all three of which train neural-network
classifiers on simulated gravitational-wave data and are correspondingly careful about how that data is
generated.

More precisely, we are trying to generate a dataset with these overall characteristics:

o The dataset is composed of N time series, and each time series is the noisy output (the strain) of
an interferometer, which may or may not contain a gravitational-wave signal. Every time series has
the same fixed length, chosen in advance.
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e The gravitational-wave signal present in some of these time series is generated by a built-in waveform
function of PyCBC [27], an open-source Python software package, developed within the LIGO-
Virgo-KAGRA community, that provides the standard tools of gravitational-wave data analysis:
waveform generation, matched filtering, and the handling of detector noise and of its spectral
density.

e These simulated time series, built to resemble the raw output of an interferometer as closely as
possible, are then processed with standard techniques, with the objective of cleaning the raw data
so that a signal, if present, can emerge as much as possible against the noise, without distorting the
physical information the signal carries. We discuss these techniques in detail later in this chapter
(Section 5.1.5).

e For the simulated signal coming from a binary, the two component masses are not fixed to a single
pair of values: they are drawn at random, independently of one another, within ranges that we
choose in advance and that are wide enough to cover a realistic population of coalescing black holes.

o The noise into which these signals are injected is not flat, featureless white noise, but coloured noise,
whose power is spread across frequencies the way a real interferometer’s is, following the design
sensitivity of the LIGO detector.

We now go through this construction step by step: we comment a handful of short, selected extracts
of code, chosen to show what is noteworthy, rather than reproducing the underlying notebook line by line.
The complete code for dataset generation is given in Appendix D.

5.1.1 Generating and tapering the waveform

The actual gravitational-wave signal is generated using a standard waveform approximant of the PyCBC
library [27]: a model, of the same family already discussed in Chapter 4, that predicts the strain produced
by a coalescing binary with a certain pair of masses:

hp, = get_td_waveform(

1
2 approximant=cfg.approximant, # a waveform model, as in Ch. 4
3 massl=params ["mass1"],

1 mass2=params ["mass2"],

5 delta_t=cfg.dt, # time between samples, t.e. 1/(sampling rate)

6 f_lower=cfg.f_gen, # lowest frequency the waveform is generated from

70)

For every signal we generate, the two component masses mass1 and mass2 are not read off a fixed grid,
but sampled at random. Concretely:

o Rather than drawing the two masses directly, we first draw two other, more physically intuitive
quantities: the total mass of the binary (the sum of the two component masses) and the mass
ratio (how many times heavier the larger mass is than the smaller one). Each of these two quantities
is drawn independently, uniformly at random within a range we fix in advance.

e Having drawn a total mass and a mass ratio, simple algebra converts this pair back into the two
component masses mass1 and mass2 themselves.

e The binary’s coalescence phase — the orbital phase at the moment of merger, not shown among the
arguments above — is likewise drawn uniformly at random, rather than fixed to a single value.

The effect is a dataset that never sees the same source twice, spread smoothly over the whole mass range
we have chosen to cover, rather than a small, fixed catalogue of signals repeated with different noise.

The output hp is simply a time series: the plus-polarised strain h(t) the source would produce, sampled
at the same rate as everything else in the pipeline. This is exactly what the argument delta_t above
fixes: it is the time gap between one sample and the next, so the sampling rate — how many samples
are recorded every second — is simply its reciprocal, 1/delta_t. In Figure 5.1 there is an example of a
waveform hp generated by this function, get_td_waveform of PyCBC.
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le—19 Raw waveform (no tapering)
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Figure 5.1: An example gravitational-wave waveform generated with PyCBC’s get_td_waveform, before tapering,
with component masses m; = 35 Mg, ma = 30 Mg, sampled at 1/delta_t = 2048 Hz and generated from a lower
frequency fiower = 20Hz: the frequency at which the waveform model starts evaluating the signal, chosen low
enough that nothing of astrophysical interest is cut off from the start of the time series.

As Figure 5.1 shows, a raw waveform like this starts and ends abruptly, at whatever amplitude the
model happens to reach at the edges of the requested time window; left alone, such a sharp edge behaves,
in frequency space, like a sudden switching-on and switching-off, and it contaminates the whole spectrum
with spurious high-frequency content that has nothing to do with the astrophysical signal itself (a simple
worked example of this effect is given in Appendix A.42). To avoid this we taper the waveform: we
multiply its start and end by a short, smooth ramp that rises from (and falls back to) zero, so that the
signal is eased in and out rather than switched on and off:

1 x = np.arange(n_start)
> h[:n_start] *= 0.5 * (1.0 - np.cos(np.pi * x / (n_start - 1))) # ramp up

This single line applies a half-cosine ramp over the first n_start samples of the waveform (and a mirrored
ramp, not shown, over the last few samples): at the very first sample the multiplying factor is 0, it climbs
smoothly through the ramp, and by its end it reaches 1, leaving the rest of the waveform untouched. In
Figure 5.2 we see the same waveform of Figure 5.1, this time with tapering applied: the edges are now
visibly smoothed rather than abrupt as before.

le—19 Tapered waveform
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Figure 5.2: The waveform of Figure 5.1 after tapering, generated with the same parameters: component masses
my = 35 Mg, ma = 30 Mg, sampled at 1/delta_t = 2048 Hz, lower frequency fiower = 20 Hz.

The effect is purely cosmetic on the time series itself, but is necessary for the correct behaviour of the
matched filtering (Section 5.1.5).

5.1.2 Generating coloured detector noise

Recall from Section 4.3.3 that the detector noise n(t) is treated as a stationary random process, and
that its noise spectral density S, (f) (4.29) is precisely what says how much power that noise carries at
each frequency — large where the detector is noisy, small where it is quiet. The simulated noise of the
interferometer is generated from an analytic model of this same S,,(f), the Advanced LIGO noise spectral
density.
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We first build S, (f) itself, evaluated at the frequencies the noise realisation will need®:

I psd = alLIGOZeroDetHighPower (n_samples // 2 + 1, delta_f, cfg.f_low)

aL.IG0ZeroDetHighPower is simply PyCBC’s built-in analytic model of one specific, standard operating
configuration of Advanced LIGO and it returns exactly the noise spectral density S, (f) of Section 4.3.3.
Figure 5.3 shows the shape of this particular S, (f).

Advanced LIGO noise spectral density

10—46 4

Salf) [Hz™1]

102 10°
Frequency f[Hz]

Figure 5.3: The Advanced LIGO noise spectral density used to generate the coloured noise of this section.

Recall also from Section 4.3.3 that the noise n(t) is not one fixed, known signal, but a random process:
Sn(f) only fixes its statistics (how much power it carries, on average, at each frequency), not any one
particular realisation of it. To actually generate a noise time series we therefore need to draw one such
realisation, consistent with the statistics fixed by S, (f) above.?

I noise_ts = noise_from_psd(length=n_samples, delta_t=cfg.dt, psd=psd)

noise_from_psd is PyCBC’s function for exactly this: given a target power spectral density (here, psd,
computed above), the length and sample spacing the output should have, it draws one concrete, random
noise time series whose statistics follow that PSD.

le—22 One realisation of the simulated interferometer noise
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Figure 5.4: An example realisation of the simulated interferometer noise.

This is exactly the coloured noise already mentioned above: quiet where the detector is quiet, loud
where the detector is loud, following the same S, (f) that Chapter 4 built the entire matched-filtering
machinery around.

5.1.3 Placing the signal at a random merger time

With a realistic noise time series already in hand, we can now decide whether, and where, to add a
gravitational-wave signal to it. Concretely:

!The function used, aL.IGOZeroDetHighPower, takes three arguments: the number of frequency samples the output should
have, the spacing delta_f between one frequency sample and the next, and a low-frequency cutoff below which the model is
not valid. See [27] for further details.

2noise_from_psd takes four arguments: the number of time samples to generate (length), the time spacing delta_t
between one sample and the next and the target power spectral density psd itself.
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e The tapered waveform of Section 5.1.1 is then added to the noise generated above in only about
half of the cases (see Figure 5.5).

e The other half of the dataset is left as noise on its own, with no injected signal at all.

When a signal is added, its merger — the instant of peak amplitude — is placed at a randomly chosen
position within the timeseries, rather than always sitting at the same fixed instant. This mirrors the fact
that, in a real search, the arrival time of a signal is not known in advance; a machine learning classifier
trained on signals that always merge at the same instant would learn to exploit that artefact instead of
learning to recognise the signal itself. Figure 5.5 illustrates this with two independent draws of the same
procedure, in which the same gravitational-wave signal ends up merging at two different random instants.

le—22 le-22
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Figure 5.5: Two independent draws of the merger-time placement of Section 5.1.3, showing the same gravitational-
wave signal merging at two different random instants.

5.1.4 Rescaling the signal, not the noise, to a target SNR

Before rescaling anything, it is worth recalling briefly what the SNR — the signal-to-noise ratio — actually
is: a single number comparing the strength of a signal to the level of the noise it is buried in, large
when the signal stands out clearly and small when it is barely distinguishable from the noise around it.
Section 4.4.3 made this precise, defining the optimal SNR — the best value achievable by any linear filter

— as .
| (f)I?
Sn(f)
exactly (4.44): an integral that weighs the waveform’s own spectrum |h(f)|? against the noise spectral
density S, (f) of Section 5.1.2, frequency by frequency. Evaluating this integral exactly requires knowing
the true waveform A(f) itself, which is precisely what a real search does not have (hence the whole
apparatus of template banks, Section 4.6.4, approximating an unknown true signal). Here, by contrast,
we generated the waveform ourselves with get_td_waveform (Section 5.1.1), so its analytic form is known
exactly, and (4.44) can be evaluated without approximation. We first compute this quantity for the
freshly generated, still unscaled, signal:

P =4 [ s

| 2

1 rho0 = sigma(signal_ts, psd=psd,
2 low_frequency_cutoff=cfg.f_low,
3 high_frequency_cutoff=cfg.f_high_safe) # unscaled optimal SNR

sigma is PyCBC’s implementation of exactly the optimal-SNR formula (4.44), pop = (h|h)Y/? =

z 1/2
[4 Joodf %} , evaluated against the same coloured noise spectrum generated above.3

Knowing rho0, the (unscaled) optimal SNR the signal would already have, we can rescale the signal
itself by whatever factor is needed to reach a target SNR value: if we multiply the waveform by a factor
A = target_snr/rho0, we get that the optimal SNR of the rescaled waveform is precisely the SNR we
want, target_snr. This can be seen directly from (4.44); the proof is given in Appendix A.43.

3PyCBC’s own name for this quantity, sigma, is the norm (h | h)l/ 2 itself: the same normalisation factor that appears in
the matched-filter statistic (4.38), here computed for the signal against the noise alone (rather than for a template against
real data), which is exactly the unscaled optimal SNR popt of the freshly generated signal. See [27] for further details.
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1 A = target_snr / rhoO
2> scaled_signal_buffer = A * signal_buffer # only the SIGNAL is rescaled

Only the signal amplitude is multiplied by A; the noise generated in Section 5.1.2 is added to it afterwards,
completely untouched. This is an improved approach compared to [24] where the noise amplitude was
scaled down to reach a target SNR while the signal was left fixed: here the detector’s noise level stays
exactly as generated, and the SNR is instead set by the amplitude of the injected signal, exactly as it
would be set, in reality, by the distance and masses of the source.

Now that we have this machinery to rescale a waveform to any SNR we want, we can use it to insert,
into the dataset described at the start of this section, signals whose SNR is not fixed to a single value but
sampled at random from an interval we choose in advance.

5.1.5 Whitening and band-passing

Before any of this data is used further, it is whitened. The idea is best understood by recalling what
the noise spectral density S, (f) (Section 4.3.3) actually says: at some frequencies the detector is quiet,
and at others it is noisy, so the noise has a power spectrum that is spread unevenly across frequencies —
exactly the “colour” of the coloured noise generated above. Whitening simply undoes this unevenness:
working in the frequency domain, we divide the data by (the square root of) S, (f) itself, frequency by
frequency, so that every frequency ends up contributing the same amount of noise power as every other.
What is left, after this rescaling, is noise whose spectrum is flat* — white noise. Before whitening, a
signal is partly masked wherever it overlaps a frequency at which the detector happens to be noisiest;
once the noise floor is the same at every frequency any genuine signal can stand out uniformly against
the flat background [27].

Before dividing by S}/ 2( f), we first apply one further, more technical step to it:

1 psd = inverse_spectrum_truncation (psd)

inverse_spectrum_truncation does exactly this: it shortens the inverse of S%/ 2( f) down to at most

max_filter_len samples in the time domain, and hands back a correspondingly smoothed version of

Sn(f) itself. We explain precisely what this function does, and why it is needed, in Appendix A.44.
Concretely, this division is performed with a single line of PyCBC code:

I whitened = (ts.to_frequencyseries() / psd ** 0.5).to_timeseries ()

ts.to_frequencyseries() moves the data into the frequency domain. There, dividing by psd ** 0.5 —
i.e. by the smoothed 5’71/ 2( f) obtained above — performs exactly the rescaling just described. The result
is then moved back into the time domain with .to_timeseries().

After whitening, the data is further restricted to the frequency band the detector is actually sensitive in,
by applying a high-pass and a low-pass filter in turn — discarding the very low and very high frequencies
where the detector contributes essentially only noise, as Figure 5.7 shows.

“For a formal definition of whitening, see the PyCBC documentation [27].
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Figure 5.6: The effect of whitening on a signal-plus-noise sample, shown in the frequency domain (amplitude
spectrum).
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Figure 5.7: The effect of band-passing (high-pass and low-pass filtering) on the whitened data of Figure 5.6.

5.1.6 Summary of the resulting dataset

Repeating the whole procedure above many times builds up the dataset we set out to construct at the
start of this section. Briefly:

The dataset is composed of a number N of time series, half of which contain a gravitational-wave
signal (buried in coloured noise) and half of which are noise on its own, with no injected signal at
all — the two classes a classifier has to learn to tell apart.

Each gravitational-wave signal comes from a binary whose total mass and mass ratio are drawn
uniformly at random from an interval we choose in advance (Section 5.1.1), rather than from a
fixed, repeated catalogue of sources. Also this dataset feature is an improvement over [24].

Each signal is also given its own random target SNR, drawn uniformly at random from an interval
we choose in advance (Section 5.1.4), by rescaling the signal amplitude itself rather than the noise
level.

Every example is built from coloured noise following the actual Advanced LIGO noise spectral
density (Section 5.1.2). Also this dataset feature is a phenomenological improvement over [24].
When a signal is present, its merger time is placed at a random instant within the time series, rather
than always at the same fixed position (Section 5.1.3).

Every time series, whether it contains a signal or not, is whitened and band-passed before use
(Section 5.1.5), so that the dataset is ready to be fed into the Takens-embedding and persistent-
homology pipeline developed earlier in this thesis (Section 2.3.1).
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Figure 5.8: A representative signal-plus-noise sample and a representative noise-only sample from the final dataset.

Once built, the whole dataset — every time series together with its label, its target SNR, and the
source parameters it was generated with — is saved to disk in a single file, so that it only has to be
generated once and can then be reused across the rest of this chapter.

5.2 Running the topological pipeline on a single sample

The dataset of Section 5.1.6 is now ready to be analysed, but before let’s look visually the topological
features of a GW. This is the same exercise carried out in Chapter 3 on a cosine, and it is repeated here
for one honest reason: a chirp buried in coloured detector noise is a far less simple object than a cosine
buried in white noise.

The pipeline is unchanged from Chapter 3, so we go through it more quickly here and point back
rather than re-explaining. We will discuss about: Takens embedding (Section 2.3.1) to turn the time series
into a point cloud, a Rips filtration (Section 2.1.2) on that cloud, its persistent homology (Section 3.3),
and finally the scalar summaries, Betti curves and persistence images of Section 3.4.

5.2.1 The three signals

We fix one example and keep it fixed for the whole section, so that every figure below refers to the same
three time series. The binary has component masses 35 M, and 30 M, and the injected signal is rescaled
to an optimal SNR of 40 by the procedure of Section 5.1.4. This SNR is deliberately high — far above the
threshold at which a real search would call a detection — because the point of this section is pedagogical:
we want whatever topological difference exists between signal and noise to be as visible as it can possibly
be.

The three signals we compare are exactly the three of Chapter 3, transposed to the gravitational-wave
setting:

e the pure chirp, the injected waveform on its own, with no noise added at all;

e the pure noise, one realisation of the coloured Advanced LIGO noise of Section 5.1.2, with no
signal in it;

o the chirp + noise, the sum of the two — the only one of the three that a detector could actually
produce.

Crucially, all three are put through the same whitening and band-passing of Section 5.1.5 before anything
topological is done to them, including the pure chirp. Each of the three time series is then cropped to the
same 2 seconds around the merger, which at the sampling rate we use (12288 Hz, i.e. 2048 x 6 Hz) gives
24576 samples per signal.
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Figure 5.9: The three whitened, band-passed time series used throughout this section: the pure chirp (top), one
realisation of coloured detector noise (centre), and their sum (bottom). The merger sits at ¢ = 1s. Even at SNR 40
the chirp is only marginally visible by eye in the bottom panel, and only in the last tenth of a second before merger.

Already Figure 5.9 says something the cosine example could not. The chirp is not a stationary signal:
essentially all of its amplitude is concentrated in the final fraction of a second before merger, and it is
quite silent before that. Whatever topological structure the chirp produces has to be produced by a small
minority of the samples (the samples close to the merger), while the rest of the series — which for the
noisy case is essentially just noise — contributes the same shapeless mess as the noise-only signal does.
This is the single most important structural difference between this section and Chapter 3, and most of
what follows is a consequence of it.

5.2.2 From time series to point cloud

The embedding parameters are found automatically, with the search mode of SingleTakensEmbedding
already used in Section 3.5, rather than being fixed by hand. Run separately on each of our three signals,
the search returns:

Signal dimension d time delay 7
Pure chirp 17 103
Pure noise 11 75
Chirp + noise 15 517

As in Chapter 3 we take the median across the three, giving d = 15 and 7 = 103, so that all three point
clouds live in the same space and can be compared at all.

There is a second choice to make, and it is one Chapter 3 never had to face. Recall that the embedding
also has a stride: having built the delay vectors, we may keep every one of them, or only every s-th one.
With 24576 samples and stride 1 the embedding yields 23134 points in R — a point cloud far too large
for a Rips filtration, whose cost grows steeply with the number of points (Section 3.6).

We therefore use two strides for two different purposes:
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e a dense embedding, stride 1, giving 23134 points — used only to draw the point clouds below,
where we want to see the geometry as sharply as possible;

e a coarse embedding, stride 48, giving 1007 points — used for everything else, i.e. every persistent
homology computation and every summary derived from it.

Finally, both embeddings are projected down to three dimensions by PCA (Section 2.3.5), so that
the Rips filtration is computed in a space where it is computationally affordable; the result is shown in
Figure 5.10.

Takens embedding + 3D PCA -- Pure chirp Takens embedding + 3D PCA -- Pure noise

st S % oth

Takens embedding + 3D PCA -- Chirp + noise

Figure 5.10: Takens embeddings of the three signals, projected to three dimensions by PCA: pure chirp (left), pure
noise (centre), chirp 4+ noise (right). The chirp produces a bundle of nested loops of growing radius; the noise
produces a structureless ball; their sum produces the ball with a few of the widest loops still visible around its
outside.

The pure chirp (left) does not give one clean loop. It gives a whole nest of loops, of steadily increasing
radius, tangled around a dense core. This is exactly what it should give, and follows directly from what a
chirp is: each successive cycle of the waveform has a larger amplitude than the last, so each successive
turn of the embedded trajectory is a wider loop than the one before. A cosine, whose every cycle is
identical, retraces the same closed curve forever and so gives one loop; a chirp never retraces anything,
and so gives many. The dense core is the long, quiet inspiral phase at the start of the series, where the
amplitude is small and the trajectory stays close to the origin, and the few straight radial spikes shooting
outward are the very last cycles before merger, where the amplitude grows so fast between one sample
and the next that consecutive points of the cloud are displaced far apart.

This is worth stating plainly, because the introduction to this chapter promised a spiral. The spiral
is there — a trajectory whose radius grows as it turns is a spiral — but it is a spiral wound in a
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fifteen-dimensional space and then flattened onto three, and what survives that flattening looks like a
tangle of nested rings rather than a textbook spiral drawn on paper. The topological content is what
matters and it is intact: many loops, of many different sizes.

The pure noise (centre) behaves exactly as its white-noise analogue did in the cosine example of
Chapter 3 (Section 3.2): a featureless, roughly spherical ball of points with no structure of any kind.
Coloured noise, after whitening, embeds in a similar way to white noise.

The chirp + noise (right). It is dominated by the noise ball — the dense yellow core — with only
the largest few of the chirp’s loops still traceable around its outside, and the smaller ones swallowed
entirely. Even at SNR 40, most of the chirp’s topological structure does not survive contact with the
noise. Only the loops wide enough to reach outside the ball are still there.

5.2.3 Persistent homology

Persistent homology is computed on the three coarse, PCA-reduced point clouds exactly as in Section 3.3

— same VietorisRipsPersistence call, same homology dimensions Hy, H1 and Hs, same edge-collapse
speed-up. The only difference is the input.

Persistence diagram -- Pure chirp Persistence diagram -- Pure noise Persistence diagram -- Chirp + noise
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Figure 5.11: Persistence diagrams of the three point clouds of Figure 5.10: pure chirp (left), pure noise (centre),
chirp + noise (right). All three panels are drawn on the same axis ranges, so they may be compared directly. The

discriminating quantity is not the height of any single point above the diagonal but how far along the filtration the
points extend.

Reading the three diagrams of Figure 5.11 side by side:

e Centre, pure noise. Everything is compressed into the bottom-left corner. Every feature of every
dimension is born and dies below a scale of about 50°, and the H; and H» points lie in a tight band
close to the diagonal. This is textbook topological noise, and it is the same picture the white-noise

toy model gave: many features, none long-lived, and — the new part — none reaching far along the
filtration.

e Left, pure chirp. There is no single dominant loop — nothing like the one isolated, far-from-the-
diagonal green point that the cosine produced. This is the direct consequence of the nested-loop
geometry just described: the chirp’s persistence is shared among many loops of moderate lifetime
instead of being concentrated in one. What does stand out is the reach of the diagram. The blue Hy
points (connected components) climb to a death scale of about 123%, and there are red H; points
born as late as 120: the point cloud is still merging, and still forming loops, at filtration scales far
beyond anything the noise reaches. There is also a single green Hy point, alone at around (145, 151).

« Right, chirp + noise. As with the point clouds, this is approximately a superposition of the two
cases. The dense diagonal band of the noise is there essentially unchanged, but a scatter of Hj
points now extends out to births of about 115 and deaths of about 127, well past the noise’s cutoff
at 50, and the Hy points climb correspondingly higher; the diagram has stretched to larger scales.

®More precisely at filtration scale t=50, remember that the filtration scale for Rips complexes is the radius of the growing
balls around the points.

SMore precisely at filtration scale t=123, remember that the filtration scale for Rips complexes is the radius of the growing
balls around the points.
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A number of these red points sit reasonably far above the diagonal, rather than hugging it the way
the noise cluster does: these are the persistent, small loops still visible in the corresponding point
cloud of Figure 5.10, surviving inside the noise.

These three panels indicate that the signature to look for in gravitational-wave data is not the one
suggested by Chapter 3. There, the relevant question was whether a single, very persistent loop is present.
Here, the relevant question is instead how far along the filtration any feature survives at all — a question
about the support of the diagram rather than about any individual point in it. A second, complementary
signature is also present: a small number of moderately persistent loops, appearing as points reasonably
far above the diagonal, as already noted for the chirp 4 noise diagram above. Both signatures — an
extended support, and a handful of loops of non-trivial persistence — are consequences of the same
underlying fact, the nested-loop structure of the chirp’s point cloud, and both are used in the topological
summaries of the next subsection.

5.2.4 Topological summaries
We now compress each of the three diagrams into the summaries of Section 3.4, computed with the same
FeatureUnion of persistent entropy, maximum persistence, total persistence and number of points.

Scalar summaries

Chapter 3 reported only the H; values, on the grounds that the loop was the only feature of interest and
Hy contained nothing but numerical debris. Here we prefert to report all three homology dimensions Hy,
Hy, and Hy for completeness.

Summary Dim. Chirp Noise Chirp 4 noise
Hy 7.52 9.77 9.50
Persistent entropy Hy 6.13 8.49 8.43
Hy 0.00 6.24 6.21
Hy 122.8 45.3 126.9
Maximum persistence H; 25.6 9.2 14.5
Hy 6.6 3.6 4.6
Hy 4441.7 8541.0 11325.1
Total persistence H, 258.1 1059.9 1254.4
Hy 6.6 119.7 117.8
Hy 1006 1006 1006
Number of points Hy 319 514 517
Hy 10 107 117

Table 5.1: The four scalar summaries of Section 2.4.1, in all three homology dimensions, for the three signals. Only
mazimum persistence separates all three columns; the remaining summaries separate the pure chirp from the other
two but place chirp + noise essentially on top of pure noise.

Reading the table, and taking the summaries in order of how useful they turn out to be:

o Maximum persistence is the one scalar that differentiates the three signals (pure noise, pure
chirp, and chirp + noise): in Hj, the chirp’s longest-lived loop survives for 25.6, the noise’s for only
9.2, and the mixture’s for 14.5 — comfortably above the noise value. In Hy the separation of noise
from the other two is starker still (45.3 against 122.8 and 126.9), which is the numerical form of the
observation already made about Figure 5.11: noise stops early, and anything containing a chirp
does not. That maximum persistence works in differentiating the three signals, while the other
summaries struggle and this is not a coincidence. It is the only one of the four that measures how
far the diagram reaches rather than how its persistence is distributed, and reach is exactly what
the chirp adds (Section 5.2.3).
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e Persistent entropy fails in differentiating the three signals. It separates the pure chirp cleanly
from the other two — 6.13 against 8.49 and 8.43 in Hj, and a striking 0.00 against 6.24 and 6.21 in
Hy; — but it cannot differentiate between pure noise and chirp + noise at all: 8.49 against 8.43
is a difference of well under one percent. The reason follows from Definition 2.16: entropy does
not measure how large the total persistence is, only how evenly it is shared out among features.
Adding the chirp in the time series adds only a handful of long-lived features to the several hundred
short-lived noisy ones already present, so among hundreds of features the extra few barely change
the overall balance: the evenness that entropy measures is almost the same with or without them.
Entropy is doing what it is defined to do; it is simply not measuring the thing that distinguishes
these two signals. (The Hjy entropy of 0.00 for the pure chirp is a different matter, and a slightly
deceptive one: it is 0 because there is essentially only one Hy feature, and entropy of a single feature
is zero by construction, not because that feature is meaningful.)

o Total persistence and the number of points behave the same way as entropy, and for a related
reason. Both are dominated by the sheer count of short-lived noisy features, of which chirp 4+ noise
(517 loops) has essentially as many as pure noise (514). Both are in fact anti-informative if read
naively: the pure chirp has the lowest total persistence and the fewest features of the three, so
a reader expecting "more signal means more topology" would draw exactly the wrong conclusion.
What the chirp does is not add features; it adds a small number of long ones and leaves the count
almost unchanged.

e The Hy number of points is 1006 for all three signals, which is no information at all — it simply
counts the points of the cloud, and all three clouds have the same size by construction. It is listed
for completeness.

Betti curves

The Betti curves make graphically the point that maximum persistence made numerically. Recall from
Section 2.4.3 that the Betti curve of a diagram just plots, against the filtration scale ¢, how many features
of each dimension are alive at that scale — so the horizontal extent of the curve is exactly the "reach" of
the diagram we have been tracking. They are plotted here on a logarithmic vertical axis, so that the
small counts at large ¢ remain visible next to the very large counts at small ¢.

Betti curves -- Pure chirp Betti curves -- Pure noise Betti curves -- Chirp + noise
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Figure 5.12: Betti curves (8 blue, 51 red, B2 green, vertical axis logarithmic) for the pure chirp (left), the pure
noise (centre) and their sum (right), all on the same horizontal range. The noise curves have collapsed to zero by
t ~ 50, while both signals containing a chirp still have live features past ¢ ~ 120.

The three panels of Figure 5.12 separate the signals more convincingly than any single number in
Table 5.1:

o Pure noise (centre) produces a compact, self-contained bump. Every curve rises, peaks and
returns to zero well before ¢t = 50, and past that point the panel is simply empty. Note also the
characteristic shape: 5y stays flat at 1006 for a while before falling, because in a uniformly dense
ball of points nothing merges until the filtration radius reaches the typical inter-point spacing, and
then everything merges at once.
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o Pure chirp (left) produces the opposite shape. Its Sy begins falling immediately from ¢ = 0 —
there is no characteristic spacing, because the cloud contains both the dense core and the far-flung
spikes — and then decays slowly and unevenly all the way out to ¢ &~ 110, with visible plateaux
where the surviving components are the well-separated spikes visible in the pure-chirp point cloud
of Figure 5.10. Its Si-curve is small in magnitude but ragged and long-lived, still non-zero out
past ¢t = 120: these are the nested loops, dying one by one as the filtration radius grows past each
ring’s size in turn. The lone fs-curve bump at ¢ ~ 145 is the single cavity noted in the persistence
diagram: at that filtration scale, the balls growing around a handful of points have become large
enough to close up around an empty three-dimensional region, so a cavity is born; at a slightly
larger scale, the same balls grow far enough to intrude into that region and fill it, so the cavity dies
almost immediately after.

o Chirp + noise (right) is approximately the superposition of the other two, and this is the most
useful panel of the three. Up to t & 40 it is essentially the noise panel: the same flat-then-falling Sy,
the same tall 51 peak of order 100, the same S5 bump. Past ¢ ~ 50, where the noise panel is empty,
it instead continues in the manner of the chirp panel — a slowly decaying Sy out to £ ~ 115 and a
ragged (1 hovering between 1 and 3 out to ¢t ~ 127. The signal has not changed the noisy part of
the curve; it has added a long, low tail where the noise had nothing.

This is the clearest statement available of what topology contributes here. A detector output containing
a chirp and one containing only noise agree closely at small filtration scales and differ completely at large
ones, and it is the tail of the Betti curve — not its peak — that carries the signal.

This observation identifies one of the most discriminative features available to us: the area under the
Betti curve, introduced in Section 2.4.3 (Definition 2.18). Briefly, instead of comparing whole curves, we
divide the range of the filtration scale ¢ into a number of equal windows and, in each window, replace the
curve by the area underneath it there — that is, by how much of that homological feature was present,
on average, during that stretch of the filtration. One curve thus becomes a short list of numbers, one per
window.

The reason this feature discriminates so effectively here follows directly from the panels just discussed.
The three signals differ not in the height of their Betti curves but in the range of ¢ over which those curves
are non-zero, and the windowed areas convert exactly that difference into numbers. In the early windows,
where noise and chirp + noise agree closely, the areas are comparable and carry little information. In the
late windows — beyond t & 50, where the pure noise curves have already returned to zero — the area
is 0 for pure noise, and strictly positive for both signals containing a chirp. A quantity that vanishes
identically for one class and not for the other is precisely what a machine.learning classifier can exploit,
and it requires no prior decision on our part about which single scale or which individual feature to
examine.

Persistence images

Finally we turn each diagram into a persistence image (Section 2.4.2), with the same quadratic weighting
used in Section 3.4, which suppresses short-lived points near the diagonal and amplifies long-lived ones.
We show the H; images, where the loops live.

121



Persistence image (H1, quadratic weighting) -- Pure chirp Persistence image (H1, quadratic weighting) -- Pure noise Persistence image (H1, quadratic weighting) -- Chirp + noise
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Figure 5.13: Persistence images in dimension H; with quadratic weighting, for the pure chirp (left), the pure noise
(centre) and their sum (right). The horizontal axis is the birth scale and the vertical axis is the persistence (lifetime)
of the feature. Each panel carries its own colour scale, so the panels should be compared by where the bright
cells sit, not by how bright they are.

A caution before reading them: because each panel is normalised to its own maximum, the absolute
brightness is not comparable across panels — the brightest cell of the chirp image corresponds to a value
roughly three times larger than the brightest cell of the chirp 4+ noise image, even though both appear as
the same dark square. What is comparable across the three panels of Figure 5.13 is the layout, and the
layout is where the difference lies:

e the pure chirp image is almost entirely empty, with a handful of isolated bright cells scattered at
high persistence (remember that persistence is the y-axis of the images): one prominent cell has a
lifetime of about 25, while several smaller ones, with lifetimes between 10 and 15, are scattered
across birth scales ranging up to 110 (birth scale is the x-axis). This is the nested-loop structure
seen once more: a few well-separated loops, of different sizes, born at different scales;

e the pure noise image is the reverse — a single dense clump packed into the bottom-left corner at
low birth and low persistence, and nothing anywhere else. All its loops are short-lived and born
early, which is precisely what topological noise means;

e the chirp + noise image contains both patterns at once and is visually distinct from either: the
noise clump in the lower left is there, but so are several bright isolated cells at persistence 10-15
reaching out to birth scales of 110, in a region of the image that is completely empty for pure noise.

This last observation is the one of practical relevance. For the present example, the presence or absence
of any bright pixels in the upper-right region of the image separates pure noise from chirp + noise
unambiguously. Moreover these images can be supplied to a machine-learning classifier directly.

5.2.5 What this example does, and does not, establish

It is useful to summarize what this example has shown, since it motivates the analysis that follows. Pure
detector noise and detector noise containing a chirp exhibit a clear topological difference. We observe this
difference in three complementary ways: the persistence diagrams extend to larger scales, the Betti curves
develop a longer tail, and the persistence images acquire weight in regions that remain empty for pure
noise. These results show that a chirp leaves a detectable topological signature, and that the pipeline
introduced in Chapter 3 is sensitive to it.

The chirp’s signature is more distributed than the one observed in the cosine example. The cosine
produces one dominant persistent loop, whereas the chirp generates many loops with different persistence
values. Its topological information is therefore spread over a broader set of features, rather than
concentrated in a single conspicuous structure.

The scalar summaries confirm this picture. Maximum persistence provides a clear separation between
pure noise and chirp + noise, while persistent entropy, total persistence and the number of persistence
points remain much closer between the two classes. This indicates that the discriminating information is
carried by a combination of topological observables, rather than by any one scalar quantity alone. For
this reason, the present analysis uses the full topological feature set, combining information from different
homology dimensions, scalar summaries, Betti curves, and persistence images.
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This broader representation makes it possible to identify the topological structure associated with
a gravitational-wave signal more effectively. In the present example, at SNR 40, the signal produces
systematic changes across several topological descriptors; these changes provide the basis for distinguishing
chirp + noise data from pure detector noise.

The appropriate next step is therefore to compute the complete feature vector for every sample in
the dataset introduced in Section 5.1. A classifier can then learn, directly from many examples, which
combinations of topological features provide the strongest discrimination between noise and gravitational-
wave signals. In this way, the detection strategy uses the collective information contained in the topology,
rather than relying on a single predefined observable. This is the approach developed in the remainder of
this chapter.

5.3 Extracting topological features from the whole dataset

In the previous section, Section 5.2, we followed a single example through the whole pipeline by hand.
We now run that same pipeline over the entire dataset built in Section 5.1: each of its thousands of
time series is turned into a point cloud, then into a persistence diagram, and finally into the topological
summaries we have already defined.

Nothing about the pipeline itself changes, so we do not describe it again. We will discuss only new
things, like: choosing a single embedding that works for every time series, computing all the homology in
one go for every time series, putting the diagrams on a common scale so that their summaries can be
compared, and collecting the results into one table. That table — one row of numbers per time series —
is the input the machine-learning classifiers of the next sections will work with.

5.3.1 One embedding for the whole dataset

Every point cloud has to be built with the same embedding dimension and the same time delay, so that we
can compare those point clouds: embedding two time series with different values would place their point
clouds in different spaces, making the persistence diagrams obtained from them impossible to compare
in any meaningful way. One pair of values must therefore be chosen once and then used for the whole
dataset.

For the three time series of Section 5.2 this was easy: we ran the automatic search (Section 2.3.4)
on each of them and took the median. On thousands of time series that is no longer possible, because
the search is itself a costly computation, and running it once per time series would take a considerable
amount of time.

The way out is to run the search on only a part of the dataset — in practice half of it — taking equally
many time series from each of the two classes (recall from Section 5.1 that class 1 is a gravitational-wave
signal buried in noise, and class 0 is noise on its own). Using only a part is what makes the search
affordable. Taking equally many from each class matters because signals buried in noise and pure noise
have different geometry: if most of the sampled series happened to be noise, the parameters would be
tuned to detect mostly noise and would suit the signal-bearing time series in a worse way.

The search is then run once on each sampled time series, and the values of embedding dimension d
and time delay 7 it returns are collected with the following code snippet:

1 for idx in search_indices: # the sampled time serties

2 ste = SingleTakensEmbedding(

3 parameters_type="search", # look for the parameters, don’t fix them
1

. # other arguments as in the main
embedding call
)
6 ste.fit(np.array(list_of_timeseries[idx]))
7 found_dimensions.append(ste.dimension_) # winning dimenstion
8 found_time_delays.append(ste.time_delay_) # winning time delay

10 best_embedding_dimension = int(np.median(found_dimensions))
11 best_time_delay int (np.median(found_time_delays))
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The argument parameters_type="search" is what turns the transformer’ SingleTakensEmbedding
from one that uses a dimension and a delay we give it into one that looks for them itself.® Figure 5.14
shows the resulting distribution of the optimal embedding dimension d and time delay 7 found for each
sampled time series. To pick the single value of d and of 7 used for the whole dataset, we take the median

of each histogram?.
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Figure 5.14: How often each embedding dimension (left) and each time delay (right) was chosen by the automatic
search, over the sampled time series; the dashed line marks the median that is then used for the whole dataset.
The two panels behave very differently: the dimension is concentrated on essentially two values, while the delay is
spread almost evenly over the entire range the search was allowed to try.

Figure 5.14 is worth looking at closely:

o The dimension (left) is well determined: almost every time series picks one of two neighbouring
values, so the median summarises a genuine agreement among thousands of independent time series.

e The delay: its distribution is nearly flat over the whole range the search was allowed to explore, with
no peak anywhere, which means the sampled time series do not agree on a delay even approximately.
We use the median time delay anyway, for the reason given at the start of this subsection: a common
embedding is what makes the diagrams comparable in the first place.

5.3.2 Reducing the point clouds

Each point cloud may then be projected onto a small number of principal components (Section 2.3.5)
before its homology is computed, for the reason already given in Section 5.2.2: the cost of a Rips filtration
grows with both the dimension and the number of points.

It is worth asking what such a projection throws away. Figure 5.15 answers this by showing, for every
time series, how much of the variance each principal component accounts for.

EVR per principal component (all signals, n=5) Cumulative EVR distribution Cumulative EVR by class
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Figure 5.15: How the variance of the embedded point clouds is divided among the principal components. Left: the
fraction carried by each component, over all time series. Centre: the fraction carried by the first k& components
together. Right: the same total, with the two classes plotted separately. The fraction falls only very slowly from
one component to the next, and the two classes lie almost on top of each other.

"The fuction SingleTakensEmbedding can be called a transformer in machine learning field.

8The delay is chosen as the first minimum of the mutual information between the series and a delayed copy of itself, and
the dimension by the method of false nearest neighbours; both are described in Section 2.3.4.

9We prefer not to take the mean since the median is more stable to outliers.
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Three things can be read from it.'°

o The variance is spread almost evenly. The first component carries about 18.7% of it and the
fifth still about 15.6%, decaying only gently in between. This is not what a point cloud with a clear
shape looks like: a cloud shaped like a single loop would put most of its variance into the first two
or three directions and almost none into the rest. Here no direction is preferred over the others —
the cloud is spread out much the same way whichever way we look at it. The projection is therefore
a compromise made for speed, not the discovery of some simpler shape hidden in the data, since
each direction we throw away carries about as much as each one we keep.

This is exactly the picture we already saw by eye in Figure 5.10. The chirp + noise point cloud
was dominated by the noise ball, with only the widest of the chirp’s loops still traceable around its
outside. A ball looks the same in every direction, and so divides its variance evenly among all of
them; the loops that carry the actual gravitational-wave signal sit on its surface and account for
very little of it.

o It does not separate the two classes. In the right-hand panel the noise-only and signal-bearing
distributions overlap almost completely, the signal one being shifted only very slightly. A chirp does
add a little regular structure that the projection notices, but far too little for this quantity to be
useful as a distincive feature of the presence of a GW on its own — which is consistent with what
Section 5.2.5 already found.

5.3.3 Persistent homology of the whole collection

The persistent homology of every point cloud is computed by a single call, which gives back one persistence
diagram per time series, in the same order as the input. The parameters are the ones already discussed
in Section 3.3 and used again in Section 5.2.3, so we do not go through them again:

| persistence = VietorisRipsPersistence (
2 \dots # same parameters as in "Persistent homology"
3 n_jobs=-1, # use every available CPU core
1))
list_PH_diagrams = persistence.fit_transform(list_point_clouds)

The one argument worth a comment here is n_jobs=-1. The point clouds are completely independent of
one another, so there is no reason to treat them one after the other: this argument tells the library to
spread them across all the processor cores available, computing several diagrams at the same time. It
changes how long the computation takes and nothing else — not one feature of the resulting topology.

5.3.4 Computing the summaries

A common scale for every diagram. Persistence values are lengths measured along the filtration
scale, and that scale depends on the overall size of the point cloud it came from. A summary such as the
maximum persistence of Definition 2.14 is therefore a number whose magnitude depends on that overall
size.

This is the job of Scaler(). Its fit stage computes a single number from the whole collection of
diagrams — essentially, the size of the most persistent feature found anywhere in it — and its transform
stage divides every birth and every death of every diagram by that one number. The word single carries
the weight here: one factor is computed for the entire collection, not one factor per diagram. One global
factor changes the units of all the diagrams together and leaves the differences between them untouched!!.

10T hese come from an earlier, smaller run of the same notebook that computes the persistent homology, in which the
search returned an embedding dimension of 6 and the clouds were projected onto 5 components.

" Rescaling each diagram by its own size, instead of by one size shared across the whole collection, would stretch every
diagram onto the same range regardless of how far it originally reached. A small-reach noise diagram and a far-reaching
signal diagram would then come out looking the same size. That is exactly the difference we want to keep, since Section 5.2.3
found that signal diagrams reach further along the filtration than noise diagrams do.
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The scalar summaries. The four scalar summaries are then computed exactly as in Section 3.4,
bundled into a FeatureUnion — the tool, met there, that runs several transformers'? on the same input
and puts their outputs side by side:

I topological_features = FeatureUnion ([

2 ("entropy", entropy),

3 ("maxPersistence", compute_max_persistence_transformer),

4 ("totalPersistence", compute_total_persistence_transformer),
5 ("numFeatures", NumberOfPoints(n_jobs=-1)),

6 1)

The four objects listed in the FeatureUnion compute the four quantities of the same name:

e entropy computes the persistent entropy of Definition 2.16;
e compute_max_persistence_transformer computes the maximum persistence of Definition 2.14;
e compute_total_persistence_transformer computes the total persistence of Definition 2.13;

e NumberOfPoints computes the number of points of Definition 2.15.

Each is computed once per homology dimension, so together they give one value per dimension per time
series.

o We can compose the steps needed to compute these topological features (persistent entropy, maximum
persistence, and so on) into a single pipeline, applying first the scaling and then the summaries just

described:

1 steps = [

2 ("scaling", Scaler()), # first: ome common scale

3 ("topological_ features", topological_features), # then: the
summaries

1]

5 transformer_for_homology = Pipeline(steps)

e and then give the command that actually computes these topological features, from the list of
persistence diagrams 1ist_PH_diagrams:

| features_of_homology = transformer_for_homology.fit_transform(
list_PH_diagrams)

Betti curves and persistence images. The remaining summaries to compute are the Betti curves
and the persistence images, with code similar to what was already shown in Section 3.4. As before, both
are built from transformers (BettiCurve and PersistenceImage) applied to the whole list of diagrams
after the common scaling, for the same reason as the scalar summaries; Table 5.2 summarises the Betti
curves and persistence images.

121n scikit-learn, a transformer is simply an object exposing two methods, .fit(X) to learn whatever the transformation
needs from the data and .transform(X) to apply it; see [62] for the general framework.
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Summary What it is

Why kept

Betti curve (Sec- One curve per time series and per

tion 2.4.3, Def. 2.17) homology dimension, sampled on a
fixed grid of filtration values

Windowed areas Betti curve reduced to a short list

(Def. 2.18) of numbers, area under the Betti
curve over each window of the fil-
tration scale'

Persistence  image One image per time series and

(Section 2.4.2) per homology dimension, with the
same quadratic weighting used in
Section 5.2.4

Late windows vanish for noise but
not for signals (Section 5.2.4)

Same distinction as above, ex-
pressed as plain area values rather
than a curve

Upper-right region empty for noise
but not for signals (Section 5.2.4)

Table 5.2: The remaining topological summaries computed for every time series, alongside the scalar summaries of

Section 5.3.4.

The resulting table. Everything computed above is finally collected into a single table, one row
per time series and saved to disk so that the homological computation — by far the expensive part —
is done once and reused afterwards. This dataset of topological features is now ready to be analysed
with machine-learning techniques, with the purpose of detecting a gravitational-wave signal immersed in

overwhelming noise — the subject of the next chapter.

13As in Section 3.4 we do not show the code, since integrating a curve numerically has nothing to do with topology.

127



Chapter 6

Machine Learning Detection of
Gravitational Waves from Topological
Features

Chapter 5 turned every time series of the dataset into a persistence diagram, and then into a handful of
topological summaries — scalar quantities, Betti curves, persistence images — computed once and saved to
disk. This chapter takes that table of summaries and asks whether it is enough to tell a gravitational wave
from noise. We first introduce, in a self-contained way and without any topology, the machine-learning
classifiers used throughout (Section 6.1); we then train and validate them on the topological summaries
(Section 6.2); and we close by asking which features the classifiers actually rely on, how weak a signal can
still be found, and how the cost of the whole approach compares with matched filtering (Section 6.3).

6.1 Machine learning classifiers

This section is therefore a self-contained account of the machine-learning tools we use: machine learning
(ML) is a tool we use in this work, so we describe what each method does and why we chose it, and leave
the formal ML theory behind in the references [21].

6.1.1 Supervised binary classification

The situation we are in is the following. We hold a large collection of example(or samples), each of which
has been reduced to a fixed list of measured numbers, and for each sample we also know the answer:
whether it belongs to one class or the other. We want a rule that, shown the list of numbers for an
example we have never seen tells us which class it belongs to. Learning such a rule from examples that
come with their answers attached is called supervised learning, and when there are exactly two classes
the problem is called binary classification.

Binary classification is exactly the problem this thesis has been working towards. Detecting a
gravitational wave buried in the detector noise means deciding, for a given stretch of data, which of two
classes it belongs to: the one in which a gravitational-wave signal is present, and the one in which it is
not.

Making that precise takes very little notation. The examples we learn from is called the training set

S = ((X17y1)7 sy (XW“ym))’

which is simply our m examples listed one after another, each paired with its answer. Here x; € R" is
the feature vector of the i-th example — the list of n numbers we have chosen to describe it, and the
only thing about that example the algorithm will ever see — and y; € {0, 1} is its label, the number that
records which of the two classes the example actually belongs to. In our case we fix the convention that
y; = 1 marks a stretch of data containing a gravitational-wave signal and y; = 0 one containing only noise.
A classifier is then nothing more than a function

h:R" — {0,1},
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that is, a rule which accepts any list of n numbers and returns one of the two labels. A learning algorithm
is a procedure that reads the training set S and returns such a rule h.

In particular, we are interested in how well the machine-learning classifier performs on examples it
has never seen. A rule can achieve a perfect score on the training set by memorising it — storing every
example together with its answer and returning that answer when it recognises one — and such a rule is
worthless, because it has learned nothing that transfers to a new example. This failure is called overfitting
[21], and it is not a rare pathology but the central difficulty of the field: the more flexible we allow a rule
to be, the better it can fit the examples in front of it. The quantity we want to estimate is therefore the
error the rule would make on fresh examples.

We use five machine learning classifiers, which fall into two groups according to what kind of input
they expect. Section 6.1.2 describes them.

6.1.2 The classifiers

The distinction that organises our choice of methods is what the input to the classifier looks like. In the
setting of Section 6.1.1 an example is a feature vector x: a short, fixed-length list of numbers in which
the order of the entries carries no meaning. The third entry is one measurement and the fourth is a
different measurement, and the fact that they were written next to each other says nothing — shuffling
the columns of the whole table, consistently for every example, would change nothing about the problem.
This is the shape of the table assembled in Section 5.3: one row per time series, each row a fixed list of
numbers summarising it. Most classical classifiers are built for exactly this kind of input, and we use
three of them.

Some inputs, however, are not like that. If an example is a curve sampled on a grid, or an image,
then neighbouring entries are related to one another, and that adjacency is itself information: a bump
occupying three consecutive samples is a feature of the curve. Flattening such an input into a plain list of
numbers throws that structure away. Convolutional neural networks are the standard tool designed to
exploit this type of input, and we use two of them.

Logistic regression. Figure 6.1 shows the situation this classifier is built for: forty examples, each
described by two measured numbers, so that each is a point in the plane of the two features, and each
labelled by its class. The two classes occupy different regions but overlap where they meet. Logistic
regression looks for the simplest rule available — a single straight line across the plane, one class claimed
on either side.

That line is described by a weighted sum. Each feature x; is given a weight w; saying how much it
counts and in which direction, and the feature vector is collapsed into the single number

(W, X) +b=wix) + wexs + - -+ + wpxy + b, (6.1)

called the score, where b is a constant offset letting the line sit away from the origin. The score is positive
on one side of the line, negative on the other, and larger the further from it the example lies. Fitting
means tuning the weights and the offset until the line falls where it best separates the training examples.
The decision boundary is the set of points scoring exactly zero — a straight line for two features, a plane
for three, a hyperplane in general — drawn in Figure 6.1(a) together with the weight vector w.? Since
the classes overlap, a few points fall on the wrong side; no straight line could have done better.

The score (6.1) can be any real number, positive or negative and of any size, whereas a probability

has to lie between 0 and 1. We can compute a probability composing (6.1) with the sigmoid function
1
Pusl2) = T (2

an S-shaped curve which squeezes the whole real line into the interval (0,1): it is close to 0 for very
negative z, close to 1 for very positive z, and equal to % at z = 0. Applying it to the score — that is,

!The weights are chosen to minimise the logistic loss, a measure of disagreement between the predicted probabilities and
the observed labels. It is a convex function of the weights, so the minimisation has no local minima to be trapped in and
standard numerical methods find the optimum reliably. See [21] for the derivation.

2As Figure 6.1(a) shows, w is perpendicular to the boundary and points in the direction along which the score grows
fastest. This is not a coincidence of the example: [21] for further details.
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composing it with the weighted sum (6.1) — is the classifier itself,

1
1+ exp(—((w,x) + b))

h(x) = ¢sig((W,x) +b) = € (0,1), (6.2)

a two-step recipe: first reduce the example to its score, then bend that score into a probability in the unit
interval. The number h(x) is the model’s output for the example x, and it is read as the probability that
x belongs to class 1 — so that 1 — h(x) is the probability it belongs to class 0. Since the task demands
an actual label rather than a probability, we finally commit to whichever class the model considers
more likely, predicting class 1 when h(x) > % and class 0 otherwise. Figure 6.1(b) shows the same forty
points arranged by their distance from the boundary, lying along that curve. This sigmoid adds a graded
confidence — points far from the boundary receive probabilities near 0 or 1, points near it probabilities

1
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(a) the decision boundary is a straight line (b) the sigmoid turns that distance into a probability
3 .y = T
e classy=0 \ 1.0 1 : Y
® classy=1 A ‘ : ;/..,
2 1 == boundary: (w,x)+b=0  \ o : ’.’.
NONO v 0.8 1 P
1 () OCS O % decision threshold 1/2 : /‘
] \ H
o9 0 s 1 ,.
~ ® (Y \/M: 2 0.6 / : .'.
< 1 L) = 1
Ei 0 () .S ° o % .................................................. !/ .................................................
© 8 o'
£ o 0% o8 ®\oo & 0.4 i
-14 0 © el o
e /!
S S |
O 2 | @ 1
2 g 0.2 & :
1
.‘.,o‘ 1
=31 0.0 f———o0o— 1 — fuigl(w, ) +b)
|
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
feature 1 signed distance from the boundary

Figure 6.1: Logistic regression on a small two-feature example, forty points in two classes. (a) The fitted decision
boundary, the straight line along which the score (w,x) + b vanishes; the arrow marks the weight vector w, the
direction in which the score grows, and the shading is the predicted probability of class 1. Because the two classes
overlap, a few points fall on the wrong side of the line — a flat cut cannot do better here. (b) The same forty points

placed by their signed distance from that line, the single number the linear part produces. The sigmoid maps that

number to a probability, and points lying near the boundary are assigned probabilities near %

Because each feature enters the score (6.1) through exactly one weight, the fitted weights can be read
off and compared: a large weight moves the score a great deal and so matters to the decision, while a
weight near zero is effectively ignored. Figure 6.2(a) shows a five-feature problem in which only two
features were built to carry information; the fit gives those two large weights and leaves the other three
near zero, recovering by itself which measurements are worth anything.? No other model we use offers
this as directly, and we include logistic regression principally as this interpretable baseline.

The limitation is the flatness. If no flat cut divides the two classes, the method has no utility:
Figure 6.2(b) shows one class forming a ring around the other, and of course no straight line separates a
disc from the annulus surrounding it. This is the gap the remaining classifiers are meant to fill.

3Two cautions apply. Weights are comparable only when the features they multiply are on comparable scales, which
is why the features are put on a common footing before fitting (Section 6.1.3). And when several features are strongly
correlated the individual weights stop being interpretable: a large weight on one may be offset by a compensating weight
on another, so the fit can distribute the credit among them almost arbitrarily. We meet exactly this situation in the next
section we apply ML to the GW case.

130



(b) a straight cut cannot help here
(a) the fitted weights say which features matter accuracy 0.62, barely above guessing
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Figure 6.2: (a) Weights fitted on a problem with five features. The two informative features receive by far the
largest weights and the three uninformative features have a weight that fall close to zero. (b) Two classes arranged
as a disc inside a ring. No straight line can separate them.

Random forest. The second classifier answers the same question with a different shape of the clas-
sification rule. Figure 6.6 shows it on ninety points of another two-feature example.. A decision tree
classifies a point by applying a sequence of tests, each comparing a single feature against a threshold,
and following one branch or the other according to the outcome until it reaches a leaf, where a label is
recorded. To clarify this the next three figures follow such a tree as it is built, one test at a time, on sixty
points of a two-feature example in which class 1 occupies one corner of the plane.

The first test, in Figure 6.3, is o2 < —0.01: it consults the second feature alone and ignores the first,
and so divides the plane along a horizontal line, everything below it labelled class 0 and everything above
class 1. This is the general pattern — a test on one feature is a cut perpendicular to that feature’s axis —
and it already classifies 88% of the points, but it cannot do better, since the upper region still holds a
mixture of both classes.
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Figure 6.3: The tree after one test, and the partition it produces. The test consults x5 alone, so it cuts the plane
along a horizontal line. Everything below is labelled class 0 and everything above class 1, which is correct for 88%
of the sixty points.

The tree therefore splits that region again. The second test divide that region with a vertical line
at 1 = —0.29 and isolates the corner where class 1 (red) actually lives. Two tests have produced three
rectangular cells, each carrying one label, and the accuracy rises to 95%. This is worth comparing with
logistic regression: a corner is bounded by two perpendicular edges, and no single straight line can
separate it from the rest of the plane, so the classifier of the previous paragraphs cannot represent this
arrangement at all, while two axis-aligned cuts capture it exactly. Every further test cuts one cell in two,
so the cells stay rectangular and the boundary is always a staircase of axis-aligned steps. Given enough
steps, such a staircase can follow a curve that no straight line approaches.*

“Which test to apply at each step is chosen greedily, by maximising a measure of how much purer the two resulting
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the tree after two tests the partition: 3 cells, accuracy 0.95
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Figure 6.4: The tree after two tests. The second test splits only the upper region, along a vertical line, isolating the
corner in which class 1 lies. Three rectangular cells now give 95% accuracy — and no single straight line could have
separated this corner from the rest of the plane.

That flexibility carries a risk, shown in Figure 6.5. Left unrestricted, the tree keeps splitting until no
cell contains both classes, which here takes seven cells and the tree classifies every training point correctly.
For example, in the upper left of Figure 6.5 there is an outlier: a point labelled class 1 (red) sitting in the
middle of a cluster of class 0 points (blue). The tree has made a special split for that one point, isolating
it in a narrow strip of its own. This is memorising the training set rather than learning the underlying
structure of the data, namely the tree is overfitting, exactly the failure named in Section 6.1.1. The 100%
accuracy of this stage, Figure 6.5, is worth less than the 95% of the previous stage, Figure 6.4.
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Figure 6.5: The tree grown without restriction. It reaches 100% accuracy with seven cells, but does so by carving a
narrow strip around each of the four points whose labels were flipped when the data was made. These strips fit the
noise of this sample rather than the structure of the data, and would misclassify fresh points falling near them.

The random forest [67] addresses this by combining many trees rather than relying on a single one.
Each tree is grown on a random subsample of the training examples and is restricted, at every test, to a
random subset of the features, and the forest’s prediction is the majority vote of its trees [21].

These two sources of randomness are essential to the construction, since they ensure that the trees
differ slightly from one another, and it is worth being precise about what is the voting mechanism of
random forests. Every tree in the forest classifies the point in question, on its own, into class 0 or
class 1; the forest simply counts how many trees said 1 and divides by the number of trees, giving a
number between 0 and 1 that is treated exactly like the probability of Section 6.1.1 — the forest’s label is
whichever class more than half the trees voted for. Each tree still overfits, but each overfits differently, so

groups are than the group being divided; the usual choices are the information gain and the Gini index. See Shalev-Shwartz
and Ben-David [21] for both, and for the pruning strategies that limit the fragmentation described below.
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a tree that misclassifies a given point is generally outvoted by the trees that do not, and the individual
errors are largely cancelled once enough trees are combined [21].

The forest of this example is built from three hundred trees. Each point of the plane can be handed
to the forest, which assigns it a class by the vote just described. Repeating this at every point separates
the plane into the region the forest labels 0 and the region it labels 1; the border between the two is the
forest’s decision boundary, drawn in Figure 6.6(c), and it is considerably smoother than the boundary
of any single tree. To see the arithmetic itself, Table 6.1 follows it at six representative points. Three
hundred columns cannot be printed, so the table displays the individual votes of only three of the trees —
the same three plotted in Figure 6.6(b), which places the boundary in appreciably different positions —
while the fraction reported next to them is taken over the full three hundred. The first four rows are
precisely the interesting cases in which tree do not agree: in each of them the three displayed trees fail to
reach a consensus, or reach one that the remaining trees overturn, and the forest is nonetheless correct at
the end, after every tree has voted.

votes of 3 of the 300 trees (those of Figure 6.6(b)) fraction of all 300  forest true

tree 1 tree 2 tree 3 trees for class 1 verdict class
1 0 1 0.23 0 0 Ve
0 1 0 0.33 0 0 v
1 0 0 0.70 1 1 Ve
1 1 0 0.85 1 1 v
0 0 0 0.00 0 0 v
1 1 1 1.00 1 1 v

Table 6.1: How the vote resolves disagreement, at six representative points of the example of Figure 6.6. The first
three columns give the votes of just three of the forest’s three hundred trees, the same three drawn in panel (b); the
fourth gives the fraction of all three hundred voting for class 1, which is the forest’s graded output; the fifth is the
label that follows by majority. In the top block the three displayed trees never agree unanimously, but the forest is
correct each time thanks to the voting mechanism. In the bottom block the fractions of 0.00 and 1.00 show two
points on which every tree in the forest agrees.

The cost of this construction is interpretability. A single tree can be read and followed step by step,
whereas the combined verdict of three hundred trees cannot.

(a) one unrestricted tree: hard edges, (b) three individual trees of the forest, (c) the forest: the vote of 300 such trees
7 leaves hold a single point each on its own random sample is a graded, far smoother rule

— treel
— tree2
o — tree 3 . .

feature 2

feature 1 feature 1 feature 1

Figure 6.6: Why a forest is preferred to a tree, on ninety points of a small two-feature example with two overlapping
classes. (a) A single tree grown without restriction: the regions are boxes bounded by cuts perpendicular to
the axes, every training point is classified correctly, and seven of the leaves contain just one point — the thin
horizontal slivers on the right are each there to accommodate a single awkward example. (b) The boundaries of
three individual trees of a forest, each grown on its own random sample of the data and of the features; they agree
on the broad picture and disagree in the details. (¢) The forest’s verdict, the vote of three hundred such trees,
shaded by the fraction voting for each class: the fragmentation of the single tree has averaged away, and the result
is graded rather than hard-edged.

Gradient boosting. Our third classifier is built from the same trees, combined on the opposite principle,
and this contrast is the reason for including it alongside the forest. A forest grows its trees independently
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and lets them vote. In boosting, the trees are constructed in sequence, each one fitted to the errors that
the trees built so far have not yet corrected [21].

Figure 6.7 follows this on the same ninety points used for the forest, with the training points the
ensemble still misclassifies ringed in black. The first tree, in panel (a), is a single cut of the plane: it is
deliberately shallow, and on its own it leaves eleven points on the wrong side. The subsequent trees do not
attempt the problem afresh. Each is fitted to what the accumulated sum still gets wrong, so the ringed
points are precisely what the next tree is asked to address, and as trees are added the rings disappear:
ten remain after five trees in panel (b), five after fifty in panel (c), by which stage the boundary has
acquired a structure that no individual stump could express. The strength of the method therefore comes
from accumulation, not from the quality of its parts.” Where the forest reduces overfitting by averaging
strong predictors that disagree, boosting assembles a single strong predictor from many weak ones.

(a) after 1 tree (b) after 5 trees (c) after 50 trees (d) adding trees indefinitely
11 points still wrong 10 points still wrong 5 points still wrong stops helping
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Figure 6.7: Boosting on the ninety points of Figure 6.6, with the training points still misclassified ringed in black.
(a) A single shallow tree cuts the plane once and leaves eleven points wrong. (b) and (¢) After five and fifty trees,
each fitted to the errors its predecessors left behind, the ringed points reduce to ten and then five, and the boundary
acquires structure no single cut could produce. (d) Error against the number of trees, on a logarithmic scale: the
training error (red) falls to zero, while the error on a new samples of the dataset (blue) is lowest after about twelve
rounds and then rises: the ensemble having begun to fit the noise of the training set rather than the structure
shared with fresh data.

The sequential construction is also the limitation, in two respects. Since each tree depends on all
those preceding it, the trees cannot be built in parallel as a forest’s can. And because every round is
spent fitting the errors that remain, the procedure will eventually begin fitting the noise, which is exactly
what panel (d) of Figure 6.7 shows: the training error falls monotonically and reaches zero, while the
error on data the model has not seen bottoms out after about a dozen rounds and then deteriorates
steadily.® The number of rounds is therefore a quantity requiring control rather than simple increase, and
we set it by the procedure described in Section 6.1.3.

Convolutional neural networks. The remaining two classifiers address the second kind of input
described above, in which the example is a curve or an image rather than an unordered list of numbers.
Both are convolutional neural networks, and it is worth saying now what is a neural network (NN) in
general.

A neural network is a computing structure loosely modelled on the brain [21]. It is built from a large
number of very simple units, often called neurons, arranged in successive layers. Each unit receives a
handful of numbers, combines them into one, and passes that result on to the units of the next layer; no
single unit does anything clever, and the capability of the network comes entirely from how many of them
there are and how they are connected. Learning consists of adjusting the strengths of those connections
until the whole assembly maps its inputs to the right answers. Given enough units, a network of this kind
can represent extremely intricate relationships between input and output — far beyond the single flat cut
available to logistic regression.

®The book develops this through AdaBoost, which reweights the training examples at each round. The variant we use,
gradient boosting [22], instead fits each new tree to the residual errors of the current sum; the principle described here is
unchanged.

5The training error is simply the fraction of the training examples the model currently gets wrong; it is what each new
tree is fitted to reduce, which is why it falls every round and eventually reaches zero.
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An ordinary network of this sort treats each position of its input as a separate thing to be learned
about. If the pattern that distinguishes the two classes may appear anywhere along a curve (or along an
image), such a network has to learn to recognise it separately at every position it might occupy, which is
wasteful and requires a great deal of data. A convolutional network [68] removes this duplication with
one idea. Rather than learning a separate rule for every position, it learns a single small detector — a
compact group of weights, small enough to look at only a short stretch of the input at a time, whose job
is to recognise one particular pattern — and then applies that very same detector at every position in
turn, sliding it across the input from one end to the other. One pattern is therefore learned once and
recognised wherever it occurs. This both reduces enormously the number of quantities to be fitted and
builds in the assumption that position of the pattern should not matter.

Figure 6.8 shows how such a network is assembled, and the stages read from left to right as follows.

input length shrinks: each filter spans more of the original input

conv + pool

conv + pool
conv + pool

global pool dense head
— — —b_—b:ﬂ— > Puig =
probability
one value one number
per channel

a sequence,

channels grow: more distinct patterns recognised
several channels

Figure 6.8: The convolutional network used in this work. Its input, on the left, is a curve or an image. Each block
is one stage of the network, and the two arrows record what happens as the input passes through them.

e The input. A curve sampled on a grid, or an image. It may carry several channels — several
parallel measurements at each position — which the detectors read together, so that a pattern
involving more than one of them at once can be picked up.

e Convolution. Each small detector, called a filter, is slid across the input and reports at every
position how strongly the pattern” is present there. A stage uses many filters at once, each looking
for a different pattern, and each produces its own map of responses.

e Pooling. The responses are then summarised over neighbouring positions, which shortens what
is passed to the next stage. This is what makes stacking worthwhile: a filter of the same small
size, applied to an already shortened input, effectively covers a wider span of the original curve, so
successive stages respond to progressively coarser structure while the early ones respond to fine
detail.

e Global pooling. After the last stage, there is a pooling that produces a number per channel: how
strongly that pattern was found anywhere in the input. This is the step that discards position
altogether, leaving only which patterns were present and how strongly.

e The dense head. A small ordinary layer reduces those per-pattern strengths to one number, which
the sigmoid of (6.2) converts into a probability, read exactly as in logistic regression.

A network usually has considerably more parameters to fit than the other three classifiers, and
therefore requires correspondingly more data before it generalises reliably. It is also the least transparent
of the four: there is no analogue of reading off one weight per feature, and there is no simple way to say
what pattern any given filter has learned to detect.

Nothing about a convolutional network is fixed in advance: the architecture of Figure 6.8 is one
arrangement among a great many possible ones. We chose to use three convolutional stages, but there
could have been two or ten; we chose how the pooling steps summarise neighbouring positions, and how
much they shorten the input at each stage. Every one of these is a decision made before any fitting takes

"The pattern that precise filter is looking for.
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place, and quantities of this kind — settings we fix ourselves rather than values the fitting procedure
determines — are called hyperparameters.

The other classifiers have those hyperparameters too, and several have already appeared above: how
many trees a forest contains and how deep each is allowed to grow, how many rounds boosting is run
for. There is no architecture or set of hyperparameters that is right in general. The appropriate choice
depends on the kind of input and on how much data is available, and it cannot simply be read off: a
network with more stages, like a forest of deeper trees or a boosting run continued for too many rounds,
will fit the training data better while generalising worse, which is the overfitting problem of Section 6.1.1
appearing once again.

6.1.3 Validating the classifiers

What remains is to specify how we measure whether any of this works, which by Section 6.1.1 means
estimating the error a trained classifier would make on examples it has never seen.

The obvious procedure is to set aside part of the data before training, fit the model on what remains,
and score it on the part held back [21]. To see what it gives in practice, consider a dataset of one hundred
labelled examples:

e Hold back twenty of the examples at random.
o Fit a logistic regression to the remaining eighty.

e Score it on the twenty held back.

Doing this once returned an accuracy of 0.85%. Repeating it with a different random twenty — same
data, same classifier, same procedure, only a different draw — returned 0.95. Over twelve such draws the
accuracy ranged from 0.75 to 0.95.

That spread of 0.20 is the weakness of the method. The number it returns depends on which examples
happened to land in the held-out part. The twenty held back are scored, so a difficult example placed
among them is one the classifier can get wrong, whereas the same example placed among the eighty used
for training costs nothing. Since each of the twenty is worth five percentage points of the final score,
moving only a few difficult examples from one part to the other already shifts the accuracy substantially.
With a single split we have no way of telling how much of the score is the classifier and how much is the
luck of the draw.

We therefore use k-fold cross-validation [21], with k = 5, illustrated in Figure 6.9. The procedure is
as follows.

e The data is divided into five parts of equal size.

e In the first round, the first part is held back, the model is fitted on the other four, and scored on
the part held back.

e In the second round the model is discarded and fitted afresh on a different four parts, the second
being held back this time, and so on for five rounds in all, each part serving once as the held-out
one.

e The five scores obtained this way are averaged, and that average is what we report.

8Returned this accuracy in one round of a machine learning code in my machine.
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the 100 examples, divided into five equal parts

round 1 train train train train score 0.75
round 2 train m train train train score 0.90
round 3 train train train train score 0.80
round 4 train train train train score 0.90
round 5 train train train train score 0.95

average 0.86

Figure 6.9: Five-fold cross-validation on the hundred-example dataset described in the text. Each row is one round:
four parts are used for fitting and the remaining one, marked, is used for scoring. Every part is held out exactly
once, so every example is scored exactly once by a model that was not fitted on it. The five scores obtained are
averaged to give the reported figure.

Two things are gained. Every example is used for fitting in four of the five rounds, so no data is
wasted; and every example is scored exactly once, by a model that never saw it. The gain is visible in
the same example: the five rounds of Figure 6.9 scored 0.75, 0.90, 0.80, 0.90 and 0.95, averaging 0.86.
Those individual scores vary as much as the single splits did, which is expected since each rests on twenty
examples — but the average does not. Repeating the whole procedure with the data divided up differently
moved that average only between 0.84 and 0.88, a spread of 0.04 against the 0.20 of a single split.

We make the folds stratified, meaning that each of the five parts is constructed to contain the two
classes in the same proportion as the full dataset, so that no round is fitted or scored on an accidentally
unbalanced sample.

Leakage. All of this rests on one assumption: that the held-out fold really was unknown to the model
that scores it. When that assumption fails — when information about the held-out examples reaches the
model by some route — the estimate is inflated, and the failure is called leakage. The situation is that of
a candidate who has seen the examination paper in advance. The mark obtained is genuine in the sense
that it was really earned on those questions, but it no longer measures what it was intended to measure,
and it will not be reproduced on a paper the candidate has not seen. Leakage is insidious because it never
announces itself: it makes results look better, not broken, so there is nothing obviously wrong to notice.

What we report. The single number one reaches for first is the accuracy, the fraction of examples
labelled correctly. On its own the accuracy is not enought, and a concrete case shows why. Consider a
dataset of one thousand examples of which only fifty belong to class 1, and a classifier whose predictions
on them are collected in Table 6.2.° A rule that ignored its input entirely and answered class 0 every
time would already be right nine hundred and fifty times out of a thousand, an accuracy of 0.950. The
classifier of the table achieves 0.963, only a little higher — a reminder that when one class is much larger
than the other, accuracy is weighted heavily towards how well that large class is handled, and a high
accuracy do not mean that the classifier has learnt to recognize the smaller class.

9Neither the origin of this dataset nor which classifier produced these predictions matters for the point being made here;
the four counts of Table 6.2 are all that is used below.
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predicted

class 1 class 0 total

trul class 1 15 35 50
Y lass0 2 948 950
total 17 983 1000

Table 6.2: The four outcomes of a classifier on one thousand examples, of which fifty belong to class 1. Of those
fifty, fifteen were found and thirty-five missed (15 + 35 = 50); of the nine hundred and fifty belonging to class 0,
two were wrongly assigned to class 1 and the rest correctly rejected (2 + 948 = 950). The bottom row totals what
the classifier assigned to each predicted class (15 + 2 = 17 assigned to class 1, 35 + 948 = 983 to class 0), and both
margins sum to the one thousand examples. Every quantity discussed in the text is computed from the four counts
in the top-left block.

What the table makes visible is that there are two quite different ways of being wrong, and that the
accuracy cannot report both. We therefore use, for the class of interest, the three standard quantities
alongside accuracy: precision, recall and the Fy score [62]:

e The precision is the fraction of the examples assigned to the class that really belong to it: here 15
of the 17 examples called class 1 were genuinely class 1, giving 15/17 = 0.88. It measures how far a
positive answer can be trusted.

e The recall is the fraction of the examples truly in the class that were found: here 15 of the 50,
giving 15/50 = 0.30. It measures how much the classifier misses.

e The F} score is the harmonic mean of the two, here 0.45. It is a single number that is high only
when precision and recall are both high, so it cannot be inflated by sacrificing one for the other.

The pair says more here than the accuracy alone did. A precision of 0.88 with a recall of 0.30 suggests
that this classifier is cautious: when it commits to class 1 it is usually right, but a recall of 0.30 means it
only picks out three examples in ten that truly belong to class 1, leaving the other seven in ten wrongly
labelled class 0 — a distinction the accuracy of 0.963 did not make visible on its own.

The threshold, and the ROC curve. Precision and recall are not fixed properties of a fitted classifier.
Every quantity above follows from comparing the predicted probability against the threshold (the threshold
that in before example was 0.50), and that threshold is a choice we are free to change. Lowering it makes
the classifier more willing to answer class 1, raising recall and lowering precision; raising it does the
reverse. Table 6.3 shows the same fitted model, unchanged, read at three different thresholds.

threshold found missed false alarms precision recall Fj

0.20 28 22 40 0.41 0.56 0.47
0.50 15 35 2 0.88 0.30 045
0.80 7 43 0 1.00 0.14 0.25

Table 6.3: One fitted classifier, read at three thresholds, on the dataset of Table 6.2. At 0.80 every example it
commits to is correct, but it finds only seven of the fifty; at 0.20 it finds twenty-eight, at the cost of forty false
alarms. Nothing about the model changes between rows — only the value the predicted probability must exceed.

Reporting precision and recall at one threshold therefore describes one operating point of a classifier
rather than the classifier itself. The receiver operating characteristic (ROC) curve avoids this by plotting,
for every threshold at once, two quantities against each other:

o the fraction of class-1 examples found;

e the fraction of class-0 examples wrongly flagged.
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Figure 6.10 shows the curve for this classifier, with the three rows of Table 6.3 marked on it: sliding
the threshold moves the operating point along the curve, and choosing a threshold amounts to choosing
where on it to sit.

1.0 1

0.8 1

threshold 0.2: recall 0.56, s
precision 0.41 ’

0.6

0.4 1

fraction of class-1 examples found (recall)

= the classifier (area =0.92)
——- guessing at random (area =0.5)

0.2 1

threshold 0.8: recall 0.14,
precision 1.00

0.0 A !

0.0 0.2 0.4 0.6 0.8 1.0
fraction of class-0 examples wrongly called class 1

Figure 6.10: The ROC curve of the classifier of Table 6.2, with the three thresholds of Table 6.3 marked on it,
against the diagonal traced out by a classifier that guesses at random.

The area beneath that curve — the ROC-AUC'® — summarises the whole curve in one threshold-free
number. What that number means is easiest to see by considering the two extreme cases first.

e A classifier that guesses at random. Such a classifier assigns probabilities that carry no
information about the class, so at any threshold it flags class-1 and class-0 examples in the same
proportion: if it catches half of the class-1 examples it also wrongly flags half of the class-0 ones.
Its two coordinates in the ROC plot are therefore always equal, and the curve is the diagonal line
from corner to corner, shown dashed in Figure 6.10. The area beneath a diagonal across a unit
square is half of it, so the area is 0.5. This is the floor: no useful classifier should score below it.

e A perfect classifier. Here every class-1 example receives a higher probability than every class-0
example, so some threshold sits cleanly between the two groups. At that threshold all fifty class-1
examples are found and no class-0 example is flagged wrongly, which is the point at the top-left
corner of the plot. The curve passes through that corner and so encloses the entire square, an area
of 1. This is the ceiling.

o The classifier of our example. Its curve, drawn solid in Figure 6.10, rises steeply from the origin
and then flattens, sitting well above the diagonal but short of the corner, and encloses an area
of 0.92. Being much closer to 1 than to 0.5 says that the probabilities it assigns do classify the
examples resonably well.

6.2 Results

Section 5.3 left us with a table of topological features, one row per time series, and Section 6.1 described
the ML classifiers that can be trained on a generic dataset. In this section we combine the two: we train
ML classifiers on the topological features of the gravitational-wave dataset and report the results.

0AUC stands for Area Under the Curve.
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Unlike the previous sections, no code is shown here. Fitting a classifier and cross-validating it is
standard work that can be done with any of several libraries, and none of the choices involved is specific
to topological data analysis.

6.2.1 The dataset and the features

Everything reported below comes from a single run of the pipeline built over the course of this chapter.
The dataset is the one whose construction was described in Section 5.1: half of its time series contain
a gravitational-wave signal buried in coloured detector noise, the other half contain noise alone. That
section deliberately left its parameters symbolic, since the procedure does not depend on them; Table 6.4
now fixes the values actually used.

Parameter Value
Number of time series 20000
Signal-bearing / noise-only 10000 / 10000
Target SNR of the injected signals (Section 5.1.4) drawn in [6, 30]
Sampling frequency 4096 Hz

Table 6.4: The parameters of the gravitational-wave dataset the results of this section are based on. The two classes
are exactly balanced, so a classifier that ignored its input entirely could not do better than one half.

The topological features are those of Section 5.3, computed with the settings collected in Table 6.5.

Parameter Value
Takens embedding dimension (Section 5.3.1) 8
Projection onto principal components (Section 5.3.2) none
Homology dimensions computed Hy and Hq
Bins per Betti curve (Section 2.4.3) 300
Windows per Betti curve (Def. 2.18) 10
Persistence image resolution (Section 2.4.2) 32 x 32
Resulting scalar features (entropy, max persistence, ...) 28

Table 6.5: The settings of the topological pipeline used to produce the features analysed in this section. The 28
scalar features are the four summaries of Section 5.3.4 in each of the two homology dimensions, together with the
ten windowed Betti-curve areas in each of the two dimensions.

Two of these settings are worth a word, since both depart from what earlier sections did.

No projection onto principal components. Section 5.3.2 introduced the option of projecting each
point cloud onto a few principal components before computing its homology, as a way of keeping the cost
of the Rips filtration down, and then examined what such a projection costs. Two findings there bear on
the choice. First, the variance of these clouds is spread almost evenly across the principal components,
rather than concentrated in the first few, so every direction carries a comparable share of the cloud’s
structure and discarding any of them discards a comparable amount of it. Second, the projected clouds of
the two classes overlap, so the projection is of little help in telling signal from noise. For the run reported
here we therefore paid the computational price and dropped the projection, computing the homology of
the full eight-dimensional embedded clouds.!

Only two homology dimensions. Only Hy and H; — connected components and loops — are
computed, not Hy (3d-cavities). This is the practical limit already met in Section 3.6, where the cost of
reaching the second homological dimension on a realistic time series was found to be very large. Nothing

"This embedding dimension, 8, is not chosen by hand: it is the value found by the search algorithm of Section 5.3.1,
which looks for the smallest dimension at which the embedding stops introducing false neighbours.
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in the results below depends on Hj cavities, and Section 5.2.4 we already studied how the presence of a
GW signal affects the Hyp and H; topological features, so we can use these Hy and H; features to detect
the presence of a GW in the noise. As it turns out, this restriction costs us little: the Hy features carry
comparatively little information about whether a GW signal is present, a point we return to below, once
the random forest’s feature importances are explained in Section 6.2.4.

6.2.2 The classical classifiers

Three of the five classifiers take a feature vector: a plain list of numbers, the first family of Section 6.1.2.
Concretely, what each of them is given, for every time series, is one row of 28 numbers: the four scalar
summaries of Section 5.3.4 (persistent entropy, maximum persistence, total persistence, number of points),
each computed once per homology dimension, together with the windowed Betti-curve areas of the same
section, ten per homology dimension. Table 6.6 sets these out.

Summary What it measures Count Hy, Hy
Persistent entropy how evenly the persistence is spread 2
(Def. 2.16) across the diagram’s points
Maximum persistence the lifetime of the single longest-lived 2
(Def. 2.14) feature
Total persistence (Def. 2.13) the sum of the lifetimes of every feature 2
Number of points (Def. 2.15)  how many features the diagram contains 2
Windowed Betti-curve area the Betti curve’s area, one number per 20
(Def. 2.18) equal window of the filtration scale

Total 28

Table 6.6: The 28 scalar features handed to logistic regression, gradient boosting and the random forest, one row
of these 28 numbers per time series. Every summary is exactly the one defined in Section 5.3.4; this table only
collects them.

Briefly, and with Section 6.1.2 for the details:

e logistic regression weighs the features, sums them, and separates the two classes with a hyperplane;

e the random forest grows many decision trees on randomised subsets of the data and takes their
vote;

« gradient boosting grows shallow trees one after another, each fitting what the ones before it still
get wrong.

Table 6.7 collects the outcome, for these three and for the two convolutional networks discussed in
Section 6.2.3. The training and validation accuracy are both computed with the stratified k-fold cross-
validation of Section 6.1.3'2, whose purpose is to give a reliable estimate of how well a model generalises
to time series it has not been trained on, by repeatedly training and testing it on different subsets of the
dataset (see 6.1.3 for further details). Concretely:

e the training accuracy is how often the model is correct on the very examples it was fitted on;

e the validation accuracy is how often it is correct on the one fold held back from that fit, which
the model never saw during training. This is really a measure of how well the model generalises to
new data, namely how well the classifier is able to detect GW signals in new data which has not
been used in the training of the model.

A model that has genuinely learned something about the data, rather than merely memorised it, should
do about as well on the second item as on the first item (Section 6.1.1). And this is what happens in the
results of Table 6.7: the training and validation accuracies are very close to one another.

2Here k = 5.
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Input Classifier Train acc.  Valid. acc. Valid. AUC

Logistic regression 0.836 0.836 £0.003 0.901 + 0.003
28 scalar features Gradient boosting 0.847 0.839 £0.002 0.901 + 0.003
Random forest 0.851 0.838 £0.001 0.902 £+ 0.004

Table 6.7: Accuracy and area under the ROC curve for the three feature-vector classifiers, averaged over the five
cross-validation folds. The quoted spread is the variation from one fold to the next: the three models agree with
one another to within a few thousandths. The two convolutional networks are reported separately in Section 6.2.3.

The first thing to read from it is how little separates the three:

e their validation accuracies fall within 0.003 of one another;

o their areas under the ROC curve fall within 0.001 of one another. This area, usually abbreviated
AUC, is a single number summarising the whole curve of Section 6.1.3: the closer it is to 1, the
closer the classifier is to perfect, while a classifier that guesses at random has an AUC of 0.5.

Logistic regression, the simplest model available and the only linear one, performs as well as the non-linear
models such as the random forest and the gradient boosting. That is not what one expects, and Section 6.2.4
takes it up.

What the errors look like. An accuracy alone is not a complete measure of a classifier’s performance,
so Table 6.8 also reports recall, precision, and F} scores. Recall that precision is the fraction of a classifier’s
positive calls that are correct, recall the fraction of the examples truly in the class that it manages to
find, and F the single number that is high only when both are (Section 6.1.3).

Classifier Class Precision Recall F;  Accuracy
Logistic regression gf;;iiiionly 822(1) 8?22 82;12 0.836
Gradient boosting gzijzionly 8;32 82?; 822; 0.839
ot o 0w

Table 6.8: Precision, recall and F} for each class, computed on the predictions the five-fold cross-validation makes
for each time series while it is held out. All three classifiers are markedly better at recognising noise than at finding
signals: high precision on the signal class against distinctly lower recall.

The asymmetry is the same for all three classifiers, and it is worth stating plainly:

« on the signal class the precision is high, around 0.88 to 0.91: when one of these classifiers announces
a gravitational wave, it is usually right;

o on the signal class the recall is lower, around 0.76: it fails to identify roughly one signal in four that
is genuinely present. Together with the high precision above, this indicates that these classifiers are

cautious: they announce a gravitational wave only once the evidence is strong enough to leave little
doubt.

e on the signal class the F; score, which is high only when both precision and recall are, sits between
the two at around 0.82 to 0.83 — pulled down from the precision by the weaker recall.

The precision above 0.88 means only a small fraction of the classifier’s positive calls are wrong, so false
alarms are rare, while a recall of 0.76 means a comparatively larger fraction of the genuine signals are
never flagged at all by the machine learning classifier. Section 6.2.5 identifies which signals get missed. As
Section 6.1.3 explains, these precision and recall values are not fixed properties of a classifier: every one of
them follows from comparing the classifier’s predicted probability against a threshold, one half by default,
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above which it answers that a signal is present. Move that threshold and precision and recall move with
the threshold so the numbers above describe this one choice of threshold rather than the classifier itself.
A threshold-free comparison of all five classifiers, including the two convolutional networks, is given in
Section 6.2.3.

How the models behave as the training set grows. Figure 6.11 plots, for each model, its training
accuracy and its validation accuracy'? as the amount of training data is increased.

Logistic Regression Gradient Boosting Random Forest
allScalar allScalar allScalar
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Figure 6.11: Accuracy on the training data and on validation data, against the number of examples used for training,
for the three feature-vector classifiers. The shaded band around each curve shows how much that accuracy varies
across the cross-validation folds. Note that each panel has its own vertical scale.

The three panels look quite different from one another:

o for logistic regression the two curves sit on top of each other over the whole range: the model
does no better on the examples it was fitted on than on ones it has never seen;

o for gradient boosting the training accuracy starts far above the validation accuracy — about
0.96 against 0.80 with only a few hundred examples — and falls steadily as more data is added,
while the validation accuracy rises, the two ending up only about 0.01 apart;

o for the random forest a gap of roughly one and a half percentage points opens early and persists
across the whole range.

These curves are worth reading in general terms as well as panel by panel:

e the training accuracy is expected to start out higher than the validation accuracy, since it is
measured on the very examples the model used to learn and find patterns, while the validation
accuracy is measured on examples it has never seen;

e as the training set grows, the validation accuracy is expected to rise and approach the training
accuracy'? — the gap closing is what it looks like for a model to keep learning genuine, generalisable
patterns as it sees more examples.

This is exactly the pattern seen for logistic regression and gradient boosting: in both panels the validation
curve rises to meet the training curve. The random forest is the exception, where the two curves stay
a fixed distance apart across the whole range instead of closing. A plausible reason is that the forest’s
individual trees are grown under fixed regularisation settings — how deep a tree is allowed to go, how
few examples a split or a leaf may contain — that do not relax as the training set grows, so the model’s
effective capacity relative to the task stays roughly constant, and with it the size of the gap; we have not
investigated this further.

13Defined in Section 6.2.2: the training accuracy on the examples the model was fitted on, the validation accuracy on the
fold held back from that fit.

!4The training accuracy itself is usually expected to fall as the training set grows: a classifier flexible enough to fit a small
dataset almost perfectly finds it harder to fit every individual example once there are many more of them, so its training
accuracy settles towards whatever it can genuinely achieve, rather than staying near the near-perfect fit a small dataset
allows.

143



6.2.3 The convolutional networks (CNNs)
The remaining two classifiers belong to the second family of Section 6.1.2, the one whose input is:

« A Betti curve (Section 2.4.3) is a sequence, sampled on a grid of x-values'®. It records how many
topological features of a given dimension are alive at each scale, so neighbouring entries report the
count at neighbouring scales.

o A persistence image (Section 2.4.2) is an image. Each pixel measures how much persistence sits in
one small region of the persistence diagram, so neighbouring pixels describe neighbouring regions of
that diagram.

In both cases the position of an entry carries meaning: it says where in the filtration, or where in the
diagram, that number was measured.

Flattening is what one has to do to hand such an input to a classifier that expects a plain feature
vector (like the logistic regression): the entries are read off in some fixed order and written out as one
long list. For a persistence image the usual order is row by row, so a small 3 x 3 image becomes

a1l a2 ais
a1 a2 a3 — (Cln, a2, ais, a1, a2, a3, asi, a3z, a33).
az1 asz2 as3

No number has been changed, but the geometry has been discarded. In the image, a;; and ao; sit one
directly above the other, and are therefore neighbours; in the list they are three places apart. A classifier
reading the list has no way to recover which entries were adjacent in the picture, because for such a
classifier the list is just 9 separate measurements whose order carries no meaning at all — entry 3 is
simply a different number from entry 4. Everything the arrangement of the pixels was expressing is lost.

A convolutional network avoids this precisely because it does not flatten: it works on the sequence or
the image as it stands, sliding a small detector across it (Section 6.1.2) and so using the very adjacency
that flattening destroys. The one-dimensional network is given the Betti curves, the two-dimensional one
the persistence images'®. Both are cross-validated on the same five folds as the models above. Table 6.9
and Table 6.10 give their results, in the same form as Table 6.7 and Table 6.8 did for the three classical
models.

Input Classifier Train acc.  Valid. acc. Valid. AUC

Betti curves One-dimensional CNN 0.608 0.607 + 0.089 0.896 + 0.004
Persistence images Two-dimensional CNN 0.816 0.814 £ 0.013 0.901 +£ 0.004

Table 6.9: Accuracy and area under the ROC curve for the two convolutional networks, in the same form as
Table 6.7. The quoted spread is the variation from one cross-validation fold to the next.

Classifier Class Precision Recall Fj Accuracy
. . Noise-only 0.607 0.610 0.609
One-dimensional CNN Signal 0.608 0.605  0.606 0.608
. . Noise-only 0.751 0.940 0.835
Two-dimensional CNN Signal 0.920 0.689 0788 0.814

Table 6.10: Precision, recall and F} for each class, for the two convolutional networks, in the same form as Table 6.8.

The two-dimensional network. On persistence images the network performs comparably to the three
classical classifiers:

 its validation accuracy is 0.814, against roughly 0.84 for logistic regression, gradient boosting and
the random forest;

15Remember the x axis of a Betti curve plot is the filtration scale t.
1611 both cases with the two homology dimensions supplied as separate channels — channels are defined in Section 6.1.2.
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o its area under the ROC curve is 0.901, matching the 0.901 to 0.902 of those three.

The errors of the CNNs are also of the same kind of the errors of the classical models: a precision of 0.920
on the signal class against a recall of 0.689, so it misses more signals than the classical models do while
raising fewer false alarms.

This deserves a comment. A convolutional network is a far more elaborate model than a random
forest (Section 6.1.2), with many more quantities to fit, so one might expect it to outperform the simpler
classifiers rather than merely match them. Two considerations bear on this.

e The architecture is itself a choice, and not an obvious one. As discussed in Section 6.1.2,
how many convolutional stages a network has, how wide its filters are and how its pooling steps
summarise neighbouring positions are all hyperparameters, fixed before any fitting takes place.
There is no way to read the right values off the problem in advance, and finding an architecture well
suited to a particular input is a matter of systematic experimentation. The architecture used here
was chosen as a reasonable default rather than arrived at by such a search, so the CNN architecture
is not necessarily the best for this specific dataset.

o« The dataset may not be large enough to reward the extra complexity. A model with
more quantities to fit generally requires more data before it generalises reliably. It is possible that
with a substantially larger dataset the network would begin to exploit structure in the persistence
images that the scalar summaries cannot express, and pull ahead of the classical models. We have
not tested this.

The one-dimensional network. On Betti curves the CNN performs markedly worse. Its validation
accuracy is 0.607 — better than guessing, but far below every other model here.

A firm explanation for this would require further study rather than the reinterpretation of the numbers
already in hand. One possibility among several is simply that the architecture used — the stack of
convolutions and pooling steps described in Section 6.1.2 — is not well suited to inputs such the Betti
curves, and that a different arrangement of the same ingredients would do better. We record the result as
it stands and leave the question open.

Comparing all five classifiers. The tables above report accuracy and per-class scores separately for
the three feature-vector classifiers of Section 6.2.2 and the two convolutional networks of this subsection.
Figure 6.12 instead plots the ROC curve (Section 6.1.3) of all five classifiers. Briefly, the curve is obtained
by sweeping the classification threshold across its whole range and, at each value, plotting the fraction of
signals correctly found against the fraction of noise-only time series wrongly flagged; a curve that hugs
the top-left corner describes a classifier that finds signals without raising false alarms, while the diagonal
is what a classifier guessing at random would trace out.
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Figure 6.12: ROC curves for all five classifiers, traced out by sweeping the decision threshold across its whole range.
The three feature-vector models lie so nearly on top of one another that their curves are hard to tell apart; the
two-dimensional network follows them closely, and the one-dimensional network trails well below.

The three feature-vector curves are indistinguishable by eye, all enclosing an area of about 0.90; the
two-dimensional network’s curve sits close behind them, enclosing an area of 0.883'7; the one-dimensional
network’s curve is visibly the lowest of the five, enclosing an area of only 0.715.
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Figure 6.13: Accuracy on training and held-out data against the number of training examples, for the two-dimensional
network. The two curves climb together and flatten, close to one another throughout.

Figure 6.13 plots the training and validation accuracy'® of the two-dimensional network as the amount
of training data is increased. It behaves as the classical models did: both curves climb and then flatten,
close together.

6.2.4 Results interpretation

Two questions are left over from Section 6.2.2: which of the 28 topological features actually carry the
distinction between the two classes, and why a linear model does as well as anything else.

Y"This is slightly below the 0.901 reported for the same network in Table 6.9. The two numbers are computed differently;
see Appendix A.45 for precisely how.

18Defined in Section 6.2.2: the training accuracy on the examples the model was fitted on, the validation accuracy on the
fold held back from that fit.
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Which features matter

Which features the forest uses. A random forest offers a direct way to answer the first question,
because its internal workings can be inspected one step at a time. Recall from Section 6.1.2 that a tree
classifies by asking a sequence of questions, each of the form “is this one feature above or below some
threshold?”; and that each such question — a split — divides a group of examples into two smaller groups.
Some splits accomplish more than others, and a feature used in more productive splits is doing more of
the work of separating the classes. This is the basis for scoring each feature’s importance. Concretely:

o A group of examples is called pure when all of its members belong to the same class, and impure
when the two classes are mixed within it. Purity is what a tree is working towards: once a group is
pure, there is nothing left to decide about it, and it can simply be labelled with the class it contains.

e A split is useful when it leaves the two groups it produces purer than the group it divided — when
it sends most of the signal-bearing time series one way and most of the noise-only ones the other.
How much purer they are can be measured, and the difference before and after is the decrease in
impurity that split achieved.!?

e Each split uses exactly one feature. A feature that repeatedly enables large decreases in impurity
is doing much of the work of separating the classes, while a feature whose splits barely improve
anything is contributing little.

e For a given feature, we take every split that uses it, across all 500 trees of the forest, and add up the
decreases in impurity those splits achieved. The total is a single number per feature, its importance.
This is the quantity plotted in Figure 6.14, on a logarithmic vertical scale.

Random Forest — Feature Importances

Mean decrease in impurity

Figure 6.14: How much each of the 28 scalar features contributes to the random forest’s splits, sorted from largest
to smallest, on a logarithmic vertical scale. A handful of features dominate; the last several contribute essentially
nothing.

The distribution is very uneven, and it is worth going through what it says. Since the names of the
leading features all refer to windowed Betti-curve areas, we recall briefly what those are. A Betti curve
Bi(t) counts how many features of dimension i are alive at each scale ¢ of the filtration, so it is a whole
curve rather than a single number. To hand it to a classifier we summarise it as in Definition 2.18: the
filtration range is cut into ten equal intervals, called windows, and the area under the curve is computed

19The precise measures of impurity, and how a tree selects its splits, are those already referenced qualitatively in Section 6.1.2;
see [62] for a more precise discussion, and for the specific measure used by the implementation of the random forest employed
here.
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separately over each one, turning the curve into ten numbers. Each of them measures how many features
were alive during one stretch of the filtration, and for how long. The windows are numbered 0 to 9 in
order of increasing scale, matching the labels in Figure 6.14: window 0 covers the earliest part of the
filtration, where the balls are still small, and window 9 the latest, where they have grown large.

e Components dominate. The three largest contributions all concern dimension Hjy, that is
connected components: the area under the Hy Betti curve in window 2, the total persistence in
dimension Hp, and the area in window 3. Windows 4 and 1 of the same curve follow shortly behind.

This is exactly what the point clouds of Section 5.2.2 lead one to expect. Figure 5.10 showed that a
chirp embeds not as one loop but as a nest of loops of steadily growing radius, the widest of them
produced by the final cycles before the merger, where the waveform’s amplitude is largest. When
noise is added, the bulk of the embedding becomes a dense ball, but those widest loops are wide
enough to survive it: in the right-hand panel of Figure 5.10 they appear as sparse arcs standing
outside the ball. The points making up these arcs are far from the dense core and far from one
another, so in a Rips filtration (Section 2.1.2) they remain separate components until the scale ¢ has
grown large — long after every point of a noise-only cloud has merged into one. A signal-bearing
time series therefore keeps a handful of components alive at filtration scales where a noise-only
one has none, which is precisely what the Hy Betti curve records — the same conclusion already
reached in Section 5.2.4.

Takens embedding + 3D PCA -- Pure noise Takens embedding + 3D PCA -- Chirp + noise

/00
5

st % oth

Figure 6.15: The noise-only and chirp + noise panels of Figure 5.10 (Section 5.2.2), repeated here for convenience.
Pure noise (left) is a structureless ball; chirp + noise (right) is the same ball with sparse arcs — the widest of the
chirp’s nested loops — still visible around its outside.

Figure 6.16 shows this directly. For pure noise the Hy curve has reached zero before window 4; for
chirp + noise it is still non-zero in window 9. Take window 2 or window 3 as an example: reading
off the blue Hy curve of Figure 6.16 at those windows, the chirp + noise sample still has many
connected components alive, while the pure noise sample has almost none left. This is exactly why
the areas in these windows rank so high in Figure 6.14: a feature that is large for one class and near
zero for the other is precisely what a classifier needs. The total persistence in dimension Hg ranks
second in importance overall for the same reason expressed: it sums the lifetimes of all components,
so the late-dying components of a signal-bearing cloud add to the total persistence a contribution
that noise-only clouds simply do not have.
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Betti curves -- Pure noise Betti curves -- Chirp + noise
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Figure 6.16: The Betti curves of Figure 5.12 for the noise-only sample (left) and the signal-bearing sample (right),
with the ten windows over which the areas of Definition 2.18 are computed marked by dashed lines and numbered
along the top. The noise curves have vanished by window 4, while the signal curves remain non-zero into window 9:
the windows in between are where the two classes differ most, and the last windows are empty for both.

e Loops matter too, though less. The next tier in importance belongs to dimension H;j, which
counts loops: the area under the H; Betti curve in window 3 is the fourth most important feature
overall, with windows 2 and 4 of the same curve close behind.

The intuition is the same one already used for Hy. Section 5.2.3 found that, in the chirp + noise
point cloud of Figure 5.10, a handful of the chirp’s nested loops remain visible as loops even with
the noise added, surviving further along the filtration than any loop made of noise alone. These
surviving loops are exactly what the H; Betti curve is counting.

Figure 6.16 shows the same pattern for H; as for Hy: the red curve for pure noise has collapsed
to zero by around window 3, while the red curve for chirp + noise is still non-zero much later. In
windows 2 to 4, then, chirp + noise still has several loops alive while pure noise already has none —
again a feature that is large for one class and near zero for the other, which is why these windows
rank highly.

Still, these H; features rank below their Hy counterparts, and the likely reason is simple: a loop is
a more fragile thing than an isolated component. An isolated component only needs one point, or a
small group of points, to stay away from everything else; a loop needs a whole ring of points to
close up around empty space, with nothing wandering into the middle to fill it in. Noise is exactly
the kind of disturbance that can put a stray point where it should not be, so loops are disrupted
more easily than the isolated arcs are.?"

e Many features contribute nothing, and this is not mysterious. The vertical scale of
Figure 6.14 is logarithmic because the smallest non-zero contributions lie some four orders of
magnitude below the largest. At the far right sit features whose contribution is zero exactly: the
number of points in dimension Hy, and the areas in the last windows of both dimensions H; and
Hs. For the windowed areas the reason is visible in Figure 6.16: the late windows lie beyond the
scale at which the Betti curves have fallen to zero for every time series in the dataset, signal or not.
A feature that takes the same value (zero) for every example cannot separate signals from noise,
and a tree will never choose to split on it.

20There may be a further, geometric reason for this fragility. The pure cosine’s point cloud (Figure 3.2) is a single loop
lying flat in one plane, because the cosine’s frequency never changes; the chirp’s point cloud (Figure 5.10), by contrast, is a
tangle of loops at many different orientations, none confined to a single plane, because the chirp’s frequency is constantly
changing (Section 2.3.1). A loop that is not flat may be harder for the Rips filtration to recognise cleanly than a flat one is,
which would be a second reason H; features underperform Hjy ones here, independent of noise. This suggests a possible fix,
which we have not investigated: applying the Takens embedding not to the whole time series at once but to a short sliding
window of it. Within a short enough window the chirp’s frequency barely changes, so the embedded loop should come out
close to flat, as in the pure cosine case, and so easier for the filtration to detect. We record this only as a plausible direction,
not as a result of this thesis.
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Why the Hs features were left out. Section 6.2.1 noted that the results of this section use only
Hy and Hi, for reasons of computational cost, and left open how much this actually gives up. The
random forest’s feature importances answer this directly. We repeated the whole procedure with all three
homology dimensions computed. The 28 scalar features of Table 6.5 are then joined by the Hy versions of
the same quantities: its entropy, maximum persistence, total persistence, number of points and windowed
areas. We then read off the importances of this larger set exactly as above.

Random Forest — Feature Impartances
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Figure 6.17: Random-forest feature importances, as in Figure 6.14, but for a run in which Hs was also computed.
The most important Hs feature, the windowed Betti-curve area betti_partial_int_dim2_win0, is highlighted in
red.

Figure 6.17 shows the outcome, again on a logarithmic scale. The single most useful Hs feature, the
windowed Betti-curve area in its first window, sits well down the ranking: about an order of magnitude
below the most important feature overall, the total persistence in dimension Hy. Every other Hs feature
ranks lower still, and several vanish entirely (namely there are not useful at all for the classification
task using a random forest). The 3-dimensional cavities that H, tracks are, for this dataset, largely
uninformative about whether a gravitational wave is present, which is consistent with computing only H
and H; throughout the rest of this section.

Which features the linear model uses. Logistic regression answers the same question differently.
As Section 6.1.2 explained, this classifier fits one weight per feature during training, and that weight tells
how strongly that feature pushes the decision towards one class or the other.?! Looking at the fitted
weights therefore tells us which topological features the model actually relies on to detect a gravitational
wave. Figure 6.18 shows them, sorted by size and signed.

21This reading is only valid because the features were put on a common numerical scale before fitting. The four independent
scalar summaries (entropy, maximum persistence, total persistence, number of points) are each rescaled to mean 0 and
standard deviation 1; the windowed Betti-curve areas, being correlated with one another by construction, are instead all
divided by one shared factor, so as to preserve their relative shape across windows and dimensions rather than standardising
each in isolation. Without some such rescaling, a feature naturally measured in the thousands would receive a small weight
and a feature naturally measured in fractions a large one, for reasons having nothing to do with which feature is actually more
informative. Putting every feature on a comparable scale also helps the fitting procedure converge faster, since gradient-based
optimisation is slower when features differ wildly in scale.
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LR feature importance
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Figure 6.18: The fitted logistic-regression weights, sorted by magnitude. Bars above the axis push the decision
towards the signal class, bars below it towards noise-only. As with the forest, a few features carry almost all of the
weight.

The two rankings agree. The three largest weights belong to the total persistence in dimension Hy
(4+2.55), the Hy Betti-curve area in the third window (—2.50) and in the fourth (+2.25) — the same
three features that also the random forest point as important. Just below those features, in fifth and
sixth place, sit two H; features: the Betti-curve area of dimension H; in the first window (—1.20) and
in the second (41.10) — so the loops discussed above are visible and important also here. The logistic
regression, a linear combination of scaled features, and the random forest, an ensemble of decision trees,
are different objects fitted by different procedures. Their concurring on which handful of topological
summaries matters is therefore evidence about which features actually carry the distinction between the
two classes, GW signal versus noise-only.

This agreement comes with a caution, though: the signs in Figure 6.18 should not be read one at a
time, and Figure 6.19 says why.
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Figure 6.19: Correlation between every pair of the 28 scalar features.

Consecutive windows of the same Betti curve are strongly correlated — in dimension Hy the average
correlation between one window and the next is +0.78, reaching 40.94 for some pairs — which is only to
be expected, since neighbouring windows integrate the same slowly varying curve over adjacent widows.
Some correlations cut across the different kinds of summary as well: the persistent entropy in dimension
Hy and the Betti-curve area in the fourth window have a correlation of —0.96, so the two are very nearly
the same measurement with opposite sign.

When two features carry nearly the same information, the fitted weights are free to distribute
themselves between them almost arbitrarily — one large positive weight against one large negative weight

can produce the same predictions as two moderate ones??> — so an individual coefficient is not a stable
quantity.

Why the linear model is enough

An unexpected result. Logistic regression is a linear classifier?® — the simplest of the five models
used in this chapter, with far fewer quantities to fit than an ensemble of trees. Given exactly the same 28
topological features (Table 6.6), it nonetheless performs on a par with a much more elaborate, non-linear
model such as gradient boosting: their validation accuracies are 0.836 against 0.839, and their areas
under the ROC curve 0.901 against 0.900, differences of a few thousandths in both cases (Table 6.7).
Section 6.2.2 already flagged this as not what one would expect, and it is worth asking why.

What this means geometrically. A linear classifier can only do one thing: draw a single flat cut
through feature space and put every example on one side of it or the other. It cannot bend around a

22To see precisely why, and a worked example of it, see Appendix A.46.
23 As discussed in Section 6.1.2: it separates the two classes with a hyperplane in feature space.
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class, or wrap itself around a cluster, the way a random forest or a gradient-boosted ensemble can. So if
a linear classifier matches in performance with those more flexible models, the two classes it is separating
must already be sitting in positions where a single flat cut is nearly enough to tell them apart — the
two classes, gravitational-wave time series and noise-only time series, are close to linearly separable once
expressed as these 28 topological numbers.

This says something about the pipeline built over the course of this chapter, not just about logistic
regression. Section 5.2 through Section 5.3 took each raw, noisy time series and turned it into 28
topological numbers, by embedding it, computing its persistent homology, and summarising the result.
Separating a gravitational-wave signal from detector noise is a genuinely hard problem, and turning the
raw time series into these 28 numbers is where that hardness is resolved: once this is done, what remains
is close to the easiest kind of classification problem there is, separating two classes with a straight cut.
In other words, detecting a GW wave inside the noise became (approximately) a linear classification
problem.?*

The first check is to examine the 20000 time series directly, as points in the 28-dimensional feature
space, and ask whether the two classes are actually separable by a hyperplane there. A 28-dimensional
space cannot be examined visually, so the usual way around this is to project it down to the few dimensions
we can plot. We use principal component analysis (Section 2.3.5) for this, since it projects onto the
directions along which the data varies most, in the hope that whatever linear separation survives the
projection. Figure 6.20 shows the result, projected down to the three directions of greatest variance.
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Figure 6.20: The 20000 time series projected onto the first three principal components of the scaled feature space,
coloured by class (blue: noise-only, orange: signal). Together these three directions carry 89.8% of the variance.

These three directions already carry most of the variance: 56.5%, 21.2% and 12.0%, 89.8% together,
so this is not a case of looking at some minor corner of the data. The two classes (red and blue)?® are
not cleanly split apart in this view — there is a dense region where both colours are present together —
but they are not on top of one another either: the noise-only class stays concentrated close to the origin,
while the signal class spreads out much further along all three directions. This picture alone does not
settle whether the classes are linearly separable, though: even if they really are separable in the full
28-dimensional space, this projection down to three directions could still make them look mixed together,
for a reason explained next.

The reason is that principal component analysis is unsupervised: it finds the directions along which the
combined cloud of both classes is most spread out, and it never looks at the labels of the classes. There is

240nly nearly, not exactly: a straight cut is not a perfect description of the two classes even after the TDA pipeline, since
Section 6.2.2 already showed that none of the five classifiers, including the non-linear ones, gets every example right. Some
curvature separating the classes remains that a hyperplane cannot capture, but it is little enough that a random forest or a
gradient-boosted ensemble, both free to bend around it, gain almost nothing from being able to.

25The two classes are, as usual, the class of timeseries that has the GW signal immersed in the noise and the class of
timeseries composed only by noise.
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no reason for the direction of greatest spread (which is the direction PCA projects onto, Section 2.3.5)
to be the direction that separates the two classes, and it commonly is not. Figure 6.21 shows a small
example of exactly this: two classes, each drawn as a cloud elongated in the same diagonal direction and
offset only slightly, perpendicular to that elongation. Most of the spread in the combined cloud comes
from how far each individual cloud stretches out along the diagonal, so that is the direction PCA picks
out as PC1 — but sliding along that direction stays inside one class the whole way, so it does not separate
anything. The much smaller, perpendicular direction is where the two classes actually differ, and it is
this direction, not the one of greatest variance, that tells the two classes apart. PCA has no way to know
this in advance, since it never looks at which points belong to which class; it simply ranks directions by
how much the data spreads out along them.
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Figure 6.21: A synthetic illustration, unrelated to the gravitational-wave data, of why the direction of greatest
variance need not separate two classes. Both clouds are stretched along the same diagonal and offset only slightly,
perpendicular to it. PCA’s first component (PC1) runs along the stretch and mixes the two classes; the much
shorter second component (PC2) is the one that actually separates them.

The same observation was already made briefly in Section 5.3.2 about the point clouds themselves.

So we should instead look along the direction the classifier actually uses. Logistic regression reduces
each time series to the single number w'x + b — the weighted sum of its features (eq. (6.1)). This
one number is all the classifier looks at: if it is positive, the classifier answers signal; if it is negative, it
answers noise-only; the decision boundary itself, the hyperplane of Section 6.1.2, is exactly where this
number is zero. Unlike the principal components, which are chosen without regard to the labels, this
one-dimensional projection was chosen specifically to make that sign as informative as possible about the
class. Figure 6.22 shows how the two classes are distributed along it.
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Figure 6.22: The two classes distributed along the single direction the fitted logistic regression uses, with its decision
boundary at zero. The noise-only distribution is compact and lies mostly to the left of the boundary; the signal
distribution is broad, with a long tail extending far to the right, and overlaps the noise only near the boundary
itself.

Along this direction the two classes are plainly distinguishable. The noise-only distribution is narrow
and centred well to the left of the boundary; the signal distribution is much broader and reaches far to
the right, out to values the noise class never attains. Looking at these two histograms, the classes really
are close to linearly separable in these topological features — a hyperplane is simply enough to describe
the distinction, and there is little left for a more flexible model to add. That is the explanation for the
near-identical performance of the three classifiers in Table 6.7.

6.2.5 Detection sensitivity as a function of signal strength

The signals in this dataset were injected with target SNRs drawn anywhere in [6, 30] (Table 6.4), a range
spanning signals that are loud and signals that are barely there at all, and the question that we examine
now is how weak can a signal be to still be detected by the machine learning classifiers.

This is answered by grouping the signal-bearing time series by the SNR and computing, within each
group, the fraction that the classifier correctly identifies. That fraction is the recall of the signal class,
restricted to one band of SNR at a time; in this context it is usually called the sensitivity. As with every
other result in this section, this fraction is computed under cross-validation (Section 6.1.3).

Detection sensitivity vs SNR (out-of-fold)
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Figure 6.23: The fraction of injected signals recovered, against the SNR they were injected with, for the three
feature-vector classifiers. Error bars give the uncertainty from the number of signals in each band. The curve rises
steeply through the middle of the range and saturates once the signals are loud enough.

Figure 6.23 shows the result, with the SNR range divided into eight bands. Its shape is the expected
one for a detector, and it is steep. In the lowest band, around an SNR of 7.5, only about one signal in
five is recovered. Detection improves rapidly from there: by an SNR of around 13.5 roughly two thirds

155



are found, and by an SNR of about 20 every GW signal is detected. The three classifiers are again almost
indistinguishable, with logistic regression very slightly ahead of the other two in the lowest bands.

Taken together, the results of this section say something reasonably definite. The topological summaries
of Section 5.3 do carry the presence of a gravitational wave: three quite different classifiers independently
extract the same information from them, agree on which summaries matter, and recover essentially every
signal above a moderate SNR.

6.3 Comparing the cost against matched filtering

Matched filtering, derived in Section 4.4, is the state of the art in gravitational-wave detection and is the
method the LIGO-Virgo-KAGRA detectors actually run: correlating the data against a known waveform
is provably the best one can do when that waveform is known and the noise is Gaussian. One of the
weakness of this approach is its high computational cost. The masses of the two bodies are not known
in advance, so the search cannot use a single waveform; it must try a whole bank of them, some 10°
templates covering the range of masses a source might plausibly have, and each one of those templates is
a separate filtering of the data (Section 4.7.2). The cost of a search therefore grows in proportion to the
size of the bank.

6.3.1 Measuring the difference

Both methods were evaluated on the same task: deciding, from one four-second time series sampled at
4096 Hz, whether a gravitational wave is present. The time series is the same in both cases — the same
injected waveform in the same realisation of noise — and both methods were timed on the same computer,
with each restricted to a single processor core so that the two numbers are comparable.

The two costs behave quite differently as the bank grows. Matched filtering was timed against banks
of 10, 25, 50 and 100 templates, and the measured times fall on a straight line: each additional template
adds a fixed cost of about one millisecond, because each one is an independent correlation with the
data. The topological pipeline, by contrast, does not have a bank at all. It embeds the time series once,
computes the persistent homology of the resulting point cloud once, and reads off the features once, and
none of that work depends on how many source parameter combinations a bank would have had to cover.
Its cost is a flat line.

Two lines with different slopes cross somewhere and we call that crossing point N*, the bank size at
which matched filtering and the topological pipeline cost the same; below it matched filtering is cheaper,
above it the topological pipeline is cheaper. Table 6.11 gives the measured costs and the resulting crossover
for three sizes of point cloud, since the size of the cloud is one of the quantities that governs how expensive
the persistent homology is.

The number of points in the cloud is not itself a free parameter we set directly: it is a consequence
of the stride of the Takens embedding, introduced in Section 5.2.2. Recall that the stride controls how
many of the delay vectors built by the embedding are kept — keeping every one of them gives the largest,
densest cloud, and keeping only every s-th one gives a cloud roughly s times smaller. A coarser stride
discards more of the embedded trajectory and gives a sparser cloud, which is cheaper to run through a
Rips filtration but a rougher description of the trajectory’s shape; a finer stride keeps more of embedded
trajectory, at a correspondingly higher cost. This is the same trade-off already met when the dense and
coarse embeddings were introduced in Section 5.2.2, and Table 6.11 shows what it costs in wall-clock
time rather than just in the number of points.
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Points in the cloud Cost per time series Crossover N*

1313 (stride 12) 0.25 s 250
2625 (stride 6) 1.20 s 1200
5249 (stride 3) 7.73 s 7700

Table 6.11: Cost of classifying one four-second time series with the topological pipeline, for three point-cloud sizes
obtained by varying the embedding stride, together with the crossover bank size N* at which matched filtering
becomes the more expensive of the two. The last row is the configuration used everywhere else in this chapter.
Crossover values are rounded.

At the configuration used throughout this chapter — a point cloud of 5249 points — the topological
pipeline takes 7.73 seconds per time series (on one machine), and the crossover sits at roughly 7700
templates. So the topological pipeline becomes cheaper than matched filtering once the bank grows
beyond 7700 templates, but real banks used to do GW detection are much larger: a production search of
the kind described in Section 4.6.4 uses on the order of 250000 templates.?S

We can use Figure 6.24 to estimate how long detecting a gravitational wave with a bank of that
realistic size, 250 000 templates, would actually take on a single machine. The figure plots, on a log-log
scale, the cost of classifying one time series against the size of the bank: the rising line is matched filtering,
measured directly up to 100 templates (circles) and then extrapolated as a straight line, since its cost
grows in fixed steps per template; the flat lines are the topological pipeline at the three point-cloud sizes
of Table 6.11, which do not depend on the bank at all. Reading the matched-filtering line at 250 000
templates — far to the right of the measured points, but still on the same straight line — gives a cost of
about 250 seconds per time series. This is the number a real search needs, not an arbitrary one: matched
filtering only recovers a signal if the bank contains a template close enough to the true waveform buried
in the noise, as discussed in Section 4.7.1, so using a bank smaller than the realistic one would not be a
fair comparison. Against that 250 seconds, the topological pipeline still costs 7.73 seconds: topology is, in
this setup, about thirty times faster than matched filtering run against a bank large enough to be used in
practice.
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Figure 6.24: Cost of answering “is a gravitational wave present?” for one four-second time series, against the size of
the template bank. The rising line is matched filtering, measured at the four bank sizes marked with circles and
extrapolated beyond them as a dashed line; the horizontal lines are the topological pipeline at three point-cloud
sizes, flat because its cost does not depend on the bank. Stars mark the crossover bank sizes of Table 6.11, and the
vertical line marks the size of a real production bank. Both axes are logarithmic.

26Quch large banks are needed because the parameters of a coalescing binary — the two masses, and, in a more complete
search, the spins — are themselves multi-dimensional and unknown in advance, so the bank must be dense in every one of
those directions at once; Section 4.6.4 discusses this further.
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6.3.2 What the speed does not buy

Must be noticed that matched filtering performs GW detection and also estimates the parameters of the
source. Because the search records which template produced the loudest correlation, and each template
corresponds to a definite pair of masses, the same computation that detects the signal also estimates the
parameters of the source that produced it. While the topological pipeline simply detects the presence
of a gravitational wave, without performing parameter inference. Estimating physical parameters from
topological summaries is not something that follows immediately from what we have built, and we have
not attempted it in this thesis.

A possible way to perform parameter inference with this topological pipeline is the followinig. Deep
neural networks trained directly on the noisy time series — with no templates and no topology — have
been shown to detect compact-binary chirps with performance comparable to matched filtering, and to
estimate the parameters of the source at the same time [23]. Inserting topological features into a pipeline
of that kind can lead to:

e Cheaper training. A convolutional network given persistent-homology features alongside the raw
time series is shown to require less training, and to need a significantly smaller training set to reach
comparable performance, than the same network given the time series alone [24].

e Parameter estimation that already works well. Evidence that this route can succeed is
not only hypothetical: [23] report that, for high SNR, their deep-learning predictor reaches a
mean relative error on the estimated masses below 10%, while matched filtering restricted to the
same discrete template bank stays above 10%. What this chapter adds to that picture is evidence
that topological features specifically carry real information about the presence of a gravitational
wave: three quite different classifiers, none of them elaborate, all detect the GW presence from
the same topological summaries, and agree with one another about which topological features
matter (Section 6.2.4) in GW detection. The promising preliminary results of this thesis therefore
suggest a possible route to a topological pipeline that both detects and estimates the parameters of
a gravitational wave.
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Conclusions

In this thesis we addressed the problem of gravitational wave detection, with an interdisciplinary
approach combining general relativity, geometry and computer science. In particular, we developed
an approach based on topological data analysis and machine learning to implement a novel algorithm
for the discrimination of Gravitational Wave signal generated by black-hole binary merging. Detecting
a gravitational wave is a challenging problem. A passing gravitational wave changes the length of an
interferometer’s arms by a fraction of their length so small that the resulting displacement is a small
fraction of the size of a proton [12], and the resulting signal sits far beneath the instrument’s noise.

Therefore our motivating question was whether the shape of gravitational-wave data,
measured topologically, carries enough information to detect gravitational wave signals.

To reach that goal, we relied on the mathematical properties of topological data analysis, and in
particular of persistent homology. Topological data analysis is a set of tools, borrowed from a
branch of mathematics known as algebraic topology, for studying the shape of data. Its central tool is
persistent homology, built on the observation that a collection of measurements often carries a structure
that is geometric rather than statistical: the data points cluster together, close up into loops, or enclose
empty regions. These are qualitative features of the data and a conventional analysis based on averages
and correlations could miss them [15].

Detecting gravitational waves with topological data analysis required us to study two further elements.
The first was the core formalism of general relativity, needed as the basis for defining gravitational waves.
The second was the field of gravitational-wave data analysis: the research area concerned with extracting
astrophysical information from the signals recorded by interferometric detectors such as LIGO, Virgo and
KAGRA. Its central challenge is that the gravitational waves carried by these signals are extremely weak,
and sit buried in instrumental noise. This field focuses also on detection: identifying the presence of
an astrophysical signal in the data, typically through techniques such as matched filtering, which is
suited to well-modelled sources such as the coalescence of compact binaries.

Deciding whether a gravitational wave is present is a further step, and the one taken here is machine
learning. Machine learning (ML) is the branch of artificial intelligence concerned with systems that
learn patterns from data [21]. In particular, a machine-learning model adjusts its own internal
parameters until it captures the patterns that the data contain, aiming not to reproduce the
examples it was shown but to perform well on data it has never seen. One family of machine
learning is supervised learning, which learns from labelled examples [21]: each training example is an
input together with the correct answer for it, and the model is adjusted until its own answers agree with
those provided. Classification is the task of selecting an answer from a fixed set of alternatives, such as
determining whether a stretch of data contains a signal [22].

In this thesis we combined these three fields of research — gravitational-wave data analysis,
persistent homology and machine learning classification — to develop a novel algorithm, or pipeline,
for the detection of a gravitational wave immersed in noise. We implemented this pipeline, along
with the dataset-generation and analysis code that supports it, entirely in Python, in more than 7000
lines of code.

We first simulated the gravitational waveforms ourselves, using PyCBC [27], an open-source Python
package for gravitational-wave data analysis built to detect and study the mergers of black holes and
neutron stars. PyCBC allows us to generate as many waveforms as we needed, each one with its own
values for the parameters of the coalescing binary.

We then embedded each simulated waveform in noise, itself simulated to reproduce the noise of the
LIGO interferometers. In particular we have built a GW dataset that tries to mimic the real data
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of an interferometer. For this reason, the masses of the two bodies, whose merger produces the wave,
were drawn at random for every waveform, so no source was ever generated twice. Each waveform was also
embedded at a randomly chosen instant within its stretch of noise, and at a randomly chosen amplitude,
so that the dataset held both strong and weak gravitational waves. The dataset was then put through
the standard preprocessing of gravitational-wave data analysis [25, 28]. Its purpose was to flatten the
noise spectrum, so that no band of frequencies dominated artificially and the injected waveform could
emerge as clearly as possible.

With the GW dataset ready, we applied the topological methods described above. Each time
series in the dataset — a stretch of interferometer noise, with or without a gravitational-wave signal
buried in it — was turned into a cloud of points in R" by an algorithm known as the Takens
embedding [29]. The resulting point cloud had a shape, and that shape depended on what the time series
was doing. A gravitational-wave signal, whose frequency and amplitude grow as the two bodies spiral
together, produced a cloud that wound into a spiral. A stretch of pure noise produced a shapeless ball.
The two clouds differed in a way that was topological rather than numerical, and it was that difference
we set out to detect.

We then applied persistent homology to each point cloud, which recorded how the points were arranged:
where they gathered into clusters, where they closed up into loops, where they surrounded an empty
region. Concretely, we implemented the Rips filtration and applied it to each point cloud. Around every
point we drew a ball of radius r, and whenever the balls of two nearby points intersected, we connected
the corresponding points. The radius started at zero and was then increased: at the beginning every
point stood on its own, and as r grew the points progressively connected, forming the clusters, loops
and cavities described above. For very large radius r all the points were connected in a single cluster
and all the loops and cavities get filled by the connections: loops and cavities disappeared. Persistent
homology then detected these structures — by means of linear algebra, through the reduction of a
matrix — and reported, for each topological feature (like a cluster, a loop, or a cavity), how
long it survived as the radius grew. In particular we found that a gravitational wave produces
a point cloud that winds into an elongated spiral, whose loops persistent homology detected and
reported as long-lived features, while a stretch of pure noise produced a shapeless ball with
little structure, whose clusters and loops were all short-lived. The final result of persistent homology is
a collection of numbers and images — we refer to them collectively as topological summaries — that
summarised the shape of the cloud that each time series produced.

Finally, we gave these topological summaries as input for learning to machine-learning classifiers. We
considered a range of classifiers, from logistic regression — a simple and linear model — to convolutional
neural networks, which required images as input. What each of those ML models learned, in the end, was
a statement about shape: that a gravitational-wave signal arranges the points of its cloud in particular
ways, gathering them into clusters and closing them into loops. Once trained, the machine-learning
classifiers were shown time series they had never met before, and on these they detected the presence of a
gravitational wave reliably: most of the ML models we trained reached a detection accuracy of about
83%, on a dataset built from waveforms of variable mass and a signal-to-noise ratio sampled at random
from a broad interval, from 6 (a very faint gravitational wave) to 30 (a strong gravitational-wave signal).
In particular, for the models we trained we drew the ROC curve: a curve that shows, for every possible
decision threshold, how well a classifier tells signal and noise apart. This ROC curve confirmed
that the topological pipeline detects gravitational waves reliably: the curve traced out by
our models came reasonably close to the ideal classification curve. Indeed, using a plot of sensitivity
against signal-to-noise ratio, we found that this topological approach detects gravitational-wave
signals reliably in the range of signal-to-noise ratio [15, 20|, while it can still detect signals of lower
signal-to-noise ratio [7, 15], though with reduced performance. A further interesting result of this thesis
was that a linear machine-learning classifier, logistic regression, detected the presence of a gravitational
wave with a performance comparable to that of more sophisticated machine-learning methods. A linear
classifier is one that separates two classes of data (GW signal vs. pure noise) by drawing a straight line,
or more generally a hyperplane, in the space of the topological summaries, cutting it as cleanly as possible
into the regions belonging to each class. We understood from this that, once topological data analysis
has been applied, the classification of a gravitational wave becomes approximately a linear
classification problem.
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In particular we also investigated which topological summaries were the most discriminative in
gravitational-wave detection, according to the ML classifiers. The most informative features were
the topological summaries built on the Hy Betti curve, the curve that counts the number of
components, while the loops of dimension H; were still informative but markedly less so. From the fact
that two machine learning models with nothing in common singled out the same topological
features for gravitational-wave detection, we understood that what they were reading was a real
property of the data, and not an artefact of one fitting procedure.

We also compared the computational cost of this topological approach against matched filtering,
the state of the art for gravitational-wave detection, timing both methods on the same task and the
same machine. Matched filtering’s cost grows with the size of its template bank, since every template
is a separate correlation with the data, and detecting a gravitational wave this way requires a bank of
order 10° templates. The topological pipeline, instead, has no bank: it embeds the time series,
computes its homology, and reads off the topological summaries once. Extrapolating our timings to a
realistic bank size, seems to suggest that the topological pipeline could be a more efficient approach to
gravitational-wave detection compared to matched filtering.

Summary of the main results

In summary, the main achievements of this thesis are the development and evaluation of a complete
topological pipeline for gravitational-wave detection; the construction of a diverse simulated dataset
containing binary-black-hole signals with varying component masses, arrival times and signal-to-noise
ratios; and the demonstration that persistent-homology summaries contain discriminative information
capable of separating gravitational-wave signals from noise.

e Across several machine-learning classifiers, the proposed approach achieved a detection accuracy of
approximately 80%, performing reliably for signal-to-noise ratios between 15 and 20 while retaining
some sensitivity to weaker signals.

o Notably, logistic regression performed comparably to more sophisticated models, suggesting that a
linear decision rule already captures nearly all of the discriminative information the topological
summaries contain.

o The analysis also identified summaries derived from the Hy Betti curve (the curve of connected
components) as the most informative features, while H; features (related to loops) provided
additional, though less pronounced, information.

o Finally, we compared the computational cost of the topological pipeline against matched filtering,
the state-of-the-art method for gravitational-wave detection. The topological approach avoids the
large template banks required by matched filtering, and extrapolating our own timings to a realistic
bank size seem to indicate that topological data analysis could be a more efficient approach.

Taken together, these results provide evidence that topological data analysis offers an effective, interpretable
and computationally promising complementary approach to gravitational-wave detection.

Possible future developments

Since this thesis work encompassed several topics, there are many possibilities to develop it further.

From a binary answer to parameter inference. Matched filtering is also able to perform parameter
inference, namely this method can estimate the parameters of the source. Our topological pipeline, on
the other hand, produces only a binary decision: signal present or absent. Extending it is the most
natural next step, and the two halves of the idea have each already been demonstrated separately: neural
networks trained directly on noisy detector data detect chirps and estimate the parameters of the source
at the same time [23], and topological features supplied to such a network are known to reduce the needed
training set [24]. Therefore the idea is to place the topological summaries inside a machine learning
pipeline built for parameter inference — the family of techniques known as simulation-based inference,
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in which the posterior over source parameters is learned from simulated examples. The preliminary
results of this thesis suggest that the topological summaries carry information about the presence of a
gravitational wave signal, but whether they carry enough to constrain the source parameters is an open
question (Section 6.3.2).

The regime where a generic method has the most to offer. The pipeline was tested here on
binary coalescences. That choice was deliberate, and it was the conservative one: coalescences are the
single class of source for which matched filtering is available, and therefore coalescence is the ground
on which the two methods can be compared at all. They are also the class matched filtering handles
best. The classes where matched filtering struggles are catalogued in Section 4.7.1: continuous waves,
which are modelled in principle but applying naively matched filtering is computationally prohibitive
[69]; bursts from core-collapse supernovae and several other plausible signals, which are not modelled
well enough to use matched filtering, since the physical parameter space is too large to effectively cover
with a template bank [70]. To these problematic scenarios of matched filtering should be added the
problem of instrumental glitches (Section 4.7.3). Glitches are short, loud transients of instrumental or
environmental origin — scattered-light arches, blips, whistles and many others — which are not random,
formless noise: each family has its own repeated, recognisable shape in the time—frequency plane, and a
glitch can produce a spurious high-SNR trigger. A method like TDA that reads generic shape rather
than a specific waveform is, by construction, available in every one of these cases where matched filtering
is not suitable, and this is where topological data analysis could give remarkable results.

Embedding a sliding window rather than the whole series. The ranking of the most important
topological features for GW detection placed the loops of dimension H; below the connected components
of dimension Hy. Part of the reason is simply that a loop is a more fragile object than an isolated
component: a component needs only one point, or a small group of points, to stay away from everything
else, whereas a loop needs a whole ring of points to close up around empty space, with nothing wandering
into the middle to fill it in. Noise is exactly the kind of disturbance that puts a stray point where it
should not be (Section 6.2.4).

There may also be a geometric reason. The point cloud of a pure cosine is a single loop lying flat in
one plane, because the cosine’s frequency never changes; the point cloud of a GW chirp is a tangle of loops
at many different orientations, none of them confined to a single plane, because the chirp’s frequency is
constantly changing. A loop that is not flat may be harder for the Rips filtration to recognise cleanly
than a flat one is. To solve this problem one could apply the Takens embedding not to the whole time
series at once, but to a short sliding window of it. Within a window short enough, the chirp’s frequency
barely changes, so the embedded loop should come out close to flat, as in the pure cosine case, and
correspondingly easier for persistent homology to detect.
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Appendix A

Deferred proofs and constructions

A.1 The formal definition of a metric

In Section 1.1.1 we work with spaces carrying a notion of distance without spelling out the axioms such a
distance must satisfy; they are recorded here.

Definition A.1 (Metric space, [16]). A metric space (X,d) is a set X together with a function
d: X x X — [0,00) such that, for all z,y,z € X,
o d(z,y) =0 if and only if z = y;
* d(z,y) =d(y,z) (symmetry);
o d(z,z) <d(z,y) +d(y,z) (triangle inequality).

The function d is called a distance or a metric.

A.2 Every isometry is a homeomorphism

In Section 1.1.1 we claimed that a map satisfying the definition of an isometry automatically satisfies
that of a homeomorphism. This proof is based on [16].

Recall the definition of continuity used implicitly in Definition 1.2: a map f: X — Y between metric
spaces is continuous if for each x € X and each £ > 0 there exists § > 0 such that, for all y € X,

dx(z,y) <6 = dy(f(2), f(y) <e (A.1)

Proposition A.2. Every isometry f: X — Y between metric spaces is a homeomorphism.

Proof. By hypothesis f is a bijection and dy (f(x), f(y)) = dx(x,y) for all z,y € X. There are two things
to check.
f is continuous. Fix x € X and € > 0, and take § = . If dx(z,y) < J then

dy (f(z), f(y)) = dx(z,y) < =¢,

so eq. (A.1) holds. The two sides of the implication are in fact the same inequality, which is why no
estimate is needed.

f~1is continuous. Since f is a bijection, f~1: Y — X exists. It is again distance-preserving: given
u,v €Y, write u = f(z) and v = f(y), so that

dx (f7H(w), () = dx(z,y) = dy (f(2), f(y)) = dy (u,v).

Hence f~!is itself an isometry, and the previous paragraph applies to it verbatim.
So f is a continuous bijection with continuous inverse, which is Definition 1.2. O

The converse is false: a stretched ellipse and a circle, for instance, are homeomorphic but plainly not
isometric, since a homeomorphism is free to change every distance.
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A.3 The Euclidean topology

This continues Section 1.1.2, giving the formal construction of the Euclidean topology on R™ out of open
balls, of which Section 1.1.2 only records the informal picture.

Definition A.3 (Open ball). Let # € R™ and r > 0. The open ball of centre x and radius r,
denoted B(x,r), is defined as

B(z,r) ={y e R": [z —yl| <r}.

Definition A.4 (Open sets of R™). Let A C R™ be a subset and x € A. We say that A is open
around =z if there exists r > 0 such that B(x,r) C A. We say that A is open if for every z € A, A is
open around z. We denote the set of such open sets by Tgn.

Proposition A.5. Tgrn is a topology on R™.

The proof of this proposition can be found in [30].

A.4 Continuous images of connected components

This continues Section 1.1.2, giving the statement and proof of a lemma used there and in Appendix A.6.

Lemma A.6. Let f: X — Y be continuous and let O be a connected component of X. Then its
image f(O) CY is connected.

Proof. Write O' = f(O) and test it against Definition 1.7. So suppose O’ were split as O’ = AU A’ by
two disjoint open subsets A, A’ of Y.
Pulling back along f gives two open sets f~!(A) and f~!(A’) of X, again disjoint, and they cover O:

OcfHO0)=fNAuA) =AU 1A,
As O is connected, one of the two must be empty, and hence so must the corresponding one of A, A’. No

genuine splitting of O’ exists, which is to say O’ is connected. O

A.5 Homeomorphic spaces have the same number of connected com-
ponents

This continues Section 1.1.2; giving the formal definition of connected components. The proof that
homeomorphic spaces have the same number of connected components (Proposition 1.8) is given in [30].

Definition A.7 (Connected components). Let (X, 7) be a topological space. If X can be written as

a union
U oi=x
1<i<n
of n open sets Oy, ..., O, that are non-empty, pairwise disjoint and connected, we say that X admits

n connected components.

A.6 Homotopy equivalent spaces have the same number of connected
components

Proof of Proposition A.25, following Tinarrage [30].
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Proof. Let X and Y be topological spaces and let f: X — Y, g: Y — X be a homotopy equivalence.
The claim is that f matches the components of X with those of Y one for one.

The key step is to show that g o f moves no component out of itself. Let F: X x [0,1] - X
be a homotopy from g o f to the identity, take z € X, and let O be its component. The cylinder
O % [0,1] is connected, so Lemma A.6 makes its image F(O x [0,1]) connected as well. That image
contains O = F(O x {1}); but O was already the largest connected set around z, so the two coincide,
O = F(O x [0,1]). Reading off the other end of the homotopy,

go f(0)=F(O x{0}) c F(O x[0,1]) = O.

With g o f(O) C O in hand the count follows. Say X has components Oq,...,0, and Y has m of
them, and suppose m < n. Then f must send two distinct components O; and O; into one and the same
component of Y, whence g o f(O;) and g o f(O;) lie in a single component of X. That is impossible: the
first is contained in O; and the second in O;, which are different components.

Exchanging the roles of X and Y rules out m > n by the same argument, so m = n. O

A.7 Geometric simplices and simplicial complexes

This continues Section 1.2.2; giving the formal definitions behind the geometric complexes drawn there.

Remark A.8 (Convex hull). For any collection of points az, ..., a; € R™, we define their convex hull as
Conv({ar...a}) = { 3 i, i+t =1, t,... 5 >0}, (A.2)
1<i<k

Definition A.9 (Geometric simplex, [16]). Let k,d € {0,1,...} with £ < d. A geometric k-simplex
o in R? is the convex hull of an affinely independent family® V = {vg,v1,...,vx} C RY, that is,
o = Conv(V) in the sense of Remark A.8.

?A family {vo, ..., v} is affinely independent when none of its members can be written as an affine combination of
the others; equivalently, when the k difference vectors v1 — vo, . .., vx — vo are linearly independent [16]. In low dimensions
this is the familiar general-position requirement: two points must be distinct, three must not be collinear, four must not
be coplanar. It is what stops a triple of points from spanning a segment rather than a triangle.

A geometric simplex o = Conv({vo,...,vx}) carries the following vocabulary.

« Its dimension is dim(o) = k, which we occasionally record as a superscript, writing o = o*.

o Its vertices are the points vy, v1,..., v, and o is said to be spanned by them.
e Its edges are the convex hulls of pairs of vertices.

e If a simplex 7 is spanned by a subset of the vertices of ¢, then 7 is a face of ¢ and ¢ a coface of 7.
A face one dimension below o, that is with dim(7) = dim(o) — 1, is called a facet.

Assembling these blocks into larger shapes calls for one condition beyond the obvious one. Keeping
all the faces is clearly necessary; but we must also forbid two simplices from cutting across each other,
meeting in some region that is not a face of either.

Definition A.10 (Geometric simplicial complex, [16]). Let d € {0,1,...}. A geometric simplicial
complex L C R? is a finite collection of geometric simplices such that:

(a) if o € L and 7 is a face of o, then 7 € L;

(b) if 0,7 € L, then o N 7 is either empty or a common face of both.
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A.8 The topological realization of an abstract complex

The construction sketched in Section 1.2.2 and carried out for one complex in Example 1.13, stated in
general. The definition is Tinarrage [30]; only the notation is ours, for the reason given below.

Definition A.11 (Topological realization, [30]). Let K be an abstract simplicial complex, with vertex
set V =1{1,...,n}. In R"*!  consider, for every i € {0,...,n}, the vector ¢; = (0,...,1,0,...,0) (it
coordinate 1, the other ones 0). Let |K| be the subset of R"*! defined as

|K| = ] Conv({e;, j€a}), (A.3)
oeK

where Conv represents the convex hull (see Remark A.8). Endowed with the subspace topology,
(K[, Ty k) is a topological space, that we call the topological realization of K.

Two remarks on the statement.

The ambient space is R**! itself: the set |K| of eq. (A.3) is a subset of it, R**! carries the Euclidean
topology of Definition A.4, and the subspace topology is the one of Definition 1.6, namely 7 x| =
{ON|K]|: O open in R""!}. Nothing new is introduced; the two definitions of Section 1.1.2 are applied
to the set just built.

The indexing is slightly generous. With vertices labelled 1,...,n the vector eg never occurs in
eq. (A.3), so R™ would already suffice, and Theorem 1.14 does better still with R*~!. The point of this
construction is not economy of dimension but that it requires no verification: distinct basis vectors are
affinely independent whatever subset one takes, so condition (b) of Definition A.10 holds automatically.

Finally, the notation. Tinarrage [30] writes |K| here, and since 2026-08-01 this thesis uses K for an
abstract complex too (see notation.md), so the symbol carries over unchanged. |L| is reserved for Virk’s
body of a geometric complex (Section 1.2.2). The mathematics is unchanged.

A.9 The formal definition of a triangulation

This continues Section 1.2.2, giving the formal definition behind the intuitive notion of a triangulation
stated there.

Definition A.12 (Triangulation, [30]). Let (X, 7) be a topological space. A triangulation of X is
a simplicial complex K such that its topological realization (| K|, 7)|x|) is homeomorphic to (X, T).

The topological realization |K| of Definition A.11 is one specific choice of geometric embedding of K;
any other geometric realization of K (Definition A.10) is homeomorphic to it, since all are homeomorphic
to K’s abstract structure alike. So this formal definition agrees with the intuitive one of Section 1.2.2: a
triangulation of X is a simplicial complex whose geometric picture, however it is drawn in some R", is
homeomorphic to X.

A.10 Dimension of a quotient vector space

Let’s prove that for a Z/2Z-vector space V and a linear subspace W,
dimV/W =dimV — dim W.
The following proof is based on [30].

Proof. Write n = dim V' and m = dim W. Every finite Z/2Z-vector space of dimension k is isomorphic to
(Z,/27.)F and so has cardinal 2¥; hence V has cardinal 2" and W has cardinal 2.

The cosets v+ W = {v+w:w € W} of W in V partition V', and every coset v + W is in bijection
with W itself via w — v 4+ w, so every coset has the same cardinal 2™. Hence the number of cosets is
vi_ 2"
Wi 2m

=,

V/IW| =
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The quotient V/W, with & defined coset-wise by (v+W )& (v'+ W) = (v+v')+ W, is itself a Z/2Z-vector
space, so the same cardinality fact applies to it as well: there exists d > 0 such that |[V/W| = 2¢ and
d = dim V/W. Comparing with |V/W| = 2"~ gives d = n — m, that is,

dimV/W =dimV — dim W.

A.11 The boundary of a boundary is zero

Proof of Lemma 1.20, based on [30].

Proof. Suppose ¢ > 2, the result being trivial otherwise. Since the boundary operators are linear, it is
enough to prove that d, 1 0 9,(c) = 0 for every simplex o € K(4). By definition,

aq(a) = Z T,

TCOo

I7|=]o|-1
and
Og—100y(0) = Z Og—1(7) = Z Z v.
TCOo TCOo vCT
I7|=lo|-1 [7|=lo|-1 |v|=|7]-1

We can write this last sum as

)SREED DRI

TCOo vCT vCo

I7|=lo|=1 |v|=|7|-1 [v|=lo|—2

where o, = [{T Co: || =|o| — 1, v C 7}|. It is easy to see that for every v with |v| = |o| — 2, we have
o, =2=0. O

A.12 Every boundary is a cycle

This continues Section 1.3, giving the proof of Corollary 1.21. This proof is based on [30].

Proof. Let b € By(K;F). By definition, there exists ¢ € Cyq1(K; F) such that b = dgy1(c). Using
Lemma 1.20, we obtain

9q(b) = 9404 41(c) = 0,
hence b € Z,(K; F). O

A.13 Induced orientation of a facet

Section 1.3.1 promised the precise rule by which a choice of orientation on o fixes one on each of its facets.
We follow [16] for the statement.

Definition A.13 (Induced orientation). Suppose o = (vg,v1,...,vx) is an oriented simplex and
p€{0,1,...,k}. Then the induced orientation of the facet of o obtained by dropping v, is

(—1)P{vo,v1,- -+, Vp—1,Upt1,-- -, Uk)-

Oriented edge (x,y) induces orientations (y) and —(x) on its facets (vertices). Oriented triangle
(x,y, z) induces orientations (y, z), —(z, z) and (x,y) on its facets (edges).

A.14 Parity of O-boundaries

We follow Edelsbrunner and Harer [31] for this argument, used in Example 1.25.
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Proposition A.14. Let K be a connected simplicial complex with vertex set V', and let S C V. The
0-chain Y cq{v} is a 0-boundary if and only if S has even cardinal. Consequently, exactly half of the
0-cycles of K are 0-boundaries.

Proof. Every 1-chain is a sum of edges, and each edge contributes exactly two endpoints to the boundary.
Taking the boundary of a sum of edges cancels duplicate endpoints in pairs, so the boundary of any
1-chain always consists of an even number of distinct vertices. This rules out every odd-cardinal S.

Conversely, suppose S C V' has even cardinal. Since K is connected, we may pair up the vertices of .S
arbitrarily and choose, for each pair, a path in K joining them. Summing the edges of all these paths into
a single 1-chain c, every vertex of S is the endpoint of exactly one path and so appears an odd number
of times in 0d;c, while every other vertex is either untouched or an interior point of some path and so
appears an even number of times. Hence 01c =, cg{v}, and S is a 0-boundary.

Since 0y is the zero map (Definition 1.17), every O-chain is a 0-cycle, so the 0-cycles of K are exactly
the subsets S C V. Among the 2/V| subsets of a non-empty finite set, exactly half have even cardinal and
half odd,! so exactly half the 0-cycles are O-boundaries. 0

A.15 Homologous cycles

This continues Section 1.4, giving the definition of homologous chains and the computation, promised in
Example 1.24, that its two non-trivial 1-cycles other than {0,2} + {2,3} + {0, 3} enclose the same hole.

Definition A.15 (Homologous chains, [30]). Two chains c,c¢’ € Cy(K; F) are homologous if there
exists b € By(K; F') such that ¢ = ¢/ + b: in other words, if they are equal up to a boundary.

Recall from Example 1.24 the complex

K = {{o},{1},{2}, {3},{0,1},{0,2}, {1, 2},{0,3},{2,3},{0, 1, 2} },

with 1-cycles Z1 (K; F) = {0, {0,1}+{1,2} +{0,2}, {0,2}+{2,3}+{0,3}, {0,1}+{1,2}+{2,3}+{0,3}}
and boundaries By (K; F) = {0, {0,1} + {1,2} + {0,2}}.
The chains {0,2} + {2,3} + {0,3} and {0,1} + {1,2} + {2,3} 4 {0, 3} are homologous. Indeed,
0,2} + 2,3} + 0,3} = {0, 11+ {1,2} + 2,3} + 0,3} + ({0, 1} + {0,2} + {1,2}),

and the term added on the right, {0,1} 4+ {0, 2} + {1, 2}, is exactly the non-trivial boundary of By (K; F).
Figure A.1 draws the two homologous cycles side by side.

Figure A.1: Two homologous 1-cycles of the complex of Example 1.24: they differ by the boundary of the filled
triangle {0, 1, 2}.

A.16 Computing the Betti numbers of the square

This continues Section 1.4, giving the computation behind the Betti numbers stated in Example 1.25 for

K = {{0},{1},{2}, {3}, {0,1},{1,2},{2,3},{0,3} }.

'"Expand (1 + 1)‘V‘ and (1 — l)W| by the binomial theorem: the first equals 2!V!, the sum of all subset counts, and the
second equals 0, the alternating sum of even-cardinal counts minus odd-cardinal counts. Adding and subtracting the two
identities gives both sums equal to 2!V11,
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K is built from O-chains, such as {0} + {1}, and 1-chains, such as {1,2} + {2, 3}. It has no 2-chains
beyond the null one, since K contains no 2-simplex.

o [2(K). Since K has no 2-simplex, Co(K; F') contains only the null chain 0, hence so do Zs(K; F')
Co(K; F) and Bo(K; F) C Zy(K; F) (Corollary 1.21). Both have cardinal 1 = 2°, so dim Z3(K; F)
dim By(K; F) =0, and

N

Bo(K) = dim Zy(K; F) — dim By(K; F) =0 — 0 = 0.

o (1(K). Computing as in Example 1.19, the 1-cycles Z;(K; F) (namely the 1-chains with zero
boundary) are
ZI(K7F) = {07 {07 1} + {17 2} + {273} + {073}} :

the null chain, and the sum of all four edges, whose boundary is zero since every vertex of the
square lies on exactly two of its edges, so each term cancels in pairs. So |Z1(K; F)| =2 = 2!, giving
dim Z1(K; F) = 1. And B;(K; F) = im(02); since K has no 2-simplex, Co(K; F) is trivial, so its
image B;i(K; F) is trivial too, dim By (K; F') = 0. Hence

fi1(K)=dimZ;(K;F) —dim B;(K;F)=1-0=1.

o Bo(K). Since 0y is the zero map (Definition 1.17), every 0-chain is a O-cycle, so Zy(K; F') = Co(K; F),
giving |Zo(K; F)| = 2* = 16 and dim Zy(K; F) = 4. Since K is connected, Proposition A.14 says
that exactly half of its O-cycles are 0-boundaries, so |By(K; F)| = 8 = 23 and dim By(K; F) = 3.
Hence

Bo(K) =dim Zy(K; F) —dim Bo(K; F) =4—-3=1.

A.17 The zeroth Betti number counts components

The proof of Proposition 1.28 is due to Botnan [33], and uses his own notion of path-connectedness (his
Def. 2.12):

Definition A.16 (Path-connected). We say that a simplicial complex K is path-connected if any two
vertices in K are connected by an edge path.

Proof. Assume that K is path-connected, and let {p1,...,pm} denote the vertex set of K. A basis for
Zo(K; F) is given by {p1}, {p2} +{p1}, -, {pm} + {p1}. Since K is path-connected, we can find, for
every j # 1, a c € C1(K; F) such that 0i(c) = {p1} + {p;}. This shows that Sy(K) < 1. To show that
Bo = 1, observe that a vertex cannot be in the image of 0;: for any ¢ € C1(K; F'), 01(c) is either 0 or a
non-trivial sum of an even number of vertices. Hence, fyo(K) = dim Zy(K; F) — dim By (K; F) = 1.

For the more general case, observe that if K = K; U Ky where Ky and K5 are disjoint, then the
boundary operator decomposes as a direct sum

o1 po?
B C1(K: F) = Oy (K1 F) @ O (Ko F) —22905 00 (Ky; F) ® Co(Ka: F) = Co(K; F).

Where 9% : C1(K;; F) — Co(K;; F) is the first boundary operator for K;. In particular,

Bo(K) = dim Co(K; F) — dim Im 0y
= dim Cy(K71; F) + dim Cy(K2; F) — dimIm 9] — dim Tm 97
= Po(K1) + Bo(K2).

The result follows by induction. O
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A.18 FEuler—Poincaré formula

The proof of Theorem 1.32 is due to Botnan [33].

Proof. From linear algebra, a linear map T7: V — W satisfies dim V' = dim ker T' + dim Im T; applied to
the boundary map 0, this gives dim Cy(K; F') = dim Z,(K; F')+dim B, (K; F). Setting B_1(K; F) = 0,

o

q=0
=D _(=1)15,(K),
q=0
the third line obtained by re-indexing the B,_1(K; F') sum by one and absorbing the sign flip. O

A.19 Rank, nullity, and the Betti-number formula

We follow Virk [16] for this appendix section.

Proposition A.17. Let f: A — B be a linear map of vector spaces. Then:

1. dim A = dim(ker f) + rank f;
2. dim(B/Im f) = dim B — rank f.

Proof. Part 1 is the rank—nullity theorem of linear algebra. Part 2 is exactly the identity dim V/W =
dim V — dim W proved in Appendix A.10, applied with Im f as the linear subspace. O

Proof of Proposition 1.33. Part 1 follows from part 1 of Proposition A.17, since ny = dim Cy(K; F'). Part
2 follows from part 2 of Proposition A.17 and part 1. O

A.20 Extracting representing cycles from the Smith normal form

We follow Virk [16] for this appendix section, which works Example 1.31 out in full.
The recipe is the one stated in Section 1.5. Given the annotated Smith normal form of a boundary
matrix, with r the number of 1s on the diagonal:

o the annotations of the columns from index r + 1 on form a basis of the kernel;

o the boundaries of the annotations of the columns of index up to r form a basis of the image.

A basis of the homology group is then obtained by completing the basis of the image to a basis of the
kernel; the vectors added in the completion are the representatives.

Applied to the complex K of Example 1.31, dimension by dimension:

Dimension 0.

1. ker 9y has basis (a), (b), (c), (d), (€).

2. Im 01 has a basis formed by the images of the first three annotated columns of the Smith normal
form MY, that is of (a,b), (b,c) and (b,d) — (b,c). The basis obtained this way is
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3. We may complete the basis from 2. to the basis of ker dy by, for example, adding (a) and (e), and
thus (a) and (e) represent the two 0-holes spanning Hy(K; F).

Dimension 1.

1. ker 9y has basis (a,c) — (b,c) — (a,b) and (c,d) — (b,d) + (b,c) — the annotations of the last two
columns of M7

2. Im 0; has a basis formed by the images (boundaries) of the first annotated column of the Smith
normal form MY that is of (a,b,c). The basis obtained this way is

(a,b) + (b,c) — (a,c).

3. We may complete the basis from 2. to the basis of ker 9; by, for example, adding (¢, d) — (b, d) + (b, c),
and thus (c,d) — (b,d) + (b, ¢) represents the 1-hole spanning H;(K; F).2

A.21 Simplicial maps

We follow Virk [16] for this appendix section.

Chapter 1 looks at one complex at a time, until filtrations arrive in Section 1.6: a growing family of
complexes needs a way to relate one complex to the next, that is, a notion of “map” between simplicial
complexes that respects their combinatorial structure, sending simplices to simplices and never tearing
one apart. That is the simplicial map defined below, and the functoriality of the following appendix
section is what lets the induced homology maps of a filtration be strung together into a single sequence.

Definition A.18 (Simplicial map). Suppose K and L are abstract simplicial complexes. A simplicial
map between K and L is an assignment f: K — L on vertices, such that for each abstract
simplex {vg, v1,...,vx} € K its image {f(vo), f(v1),..., f(vk)} is an abstract simplex in L.

Remark A.19. A simplicial map will be usually denoted by f: K — L. However, since K and L are
collections of sets, such a notation would formally include maps that map, say, a vertex to an edge, a
highly unfavourable occurence. When talking about simplicial maps K — L we thus always consider only
maps in the sense of Definition A.18, i.e., maps that map a vertex to a vertex, while images on simplices
are always determined by the values on the vertices:

o For each vertex v € K we define a corresponding vertex f(v).

o For each abstract simplex s = {vg,v1,...,vx} € K its image f(s) = {f(vo), f(v1),..., f(vk)} is
determined by the values on its vertices.

o Note that f(s) is a set, meaning there are no repetitions of elements. In particular this means that
each vertex appears at most once in f(s), even if it appears multiple times as f(v;). As a result the
image of an n-dimensional simplex can be of dimension less than or equal to n, but never more
than n.

Example A.1. Let K be the simplicial complex on vertices a, b, ¢, d, e with triangle {a, b, c}, edge
{c,d}, and vertex e attached (as in Virk, Fig. 3.22). The assignment a +— a, b — ¢, ¢ — ¢, d — d,
e — b can be verified to induce a simplicial map K — K. Note that triangle {a,b, ¢} gets mapped to
edge {a, c}.

A.22 Functoriality of homology

We follow [16] for this appendix section.

2The fact that the basis element from 2. is a member of the basis of 1. lets us see this completion immediately. Such a
situation is an exception, and a completion of basis typically involves some work with linear algebra.
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Definition A.20 (Functoriality of homology). Suppose f: K — L is a simplicial map between
simplicial complexes, ¢ € {0,1,...}, and F is a field. The induced maps fx and f, are defined as
follows:

o fu: Cy(K;F) — Cy(L; F) is the linear map of chain groups defined as

f#(zaisz') = > a; f(s:), a; € F, sl € K.

i:dim(f(si))=¢
o fii Hy(K;F)— Hy(L; F) is the linear map defined as fi([a]) = [fx(a)].

We refrain from specifying ¢ and F' in the notation f, in order not to overload it with the indices. As
such f, represents the induced map on homology in any dimension or with any coefficients. The relevant
choice of the dimension(s) and coefficients should always be apparent from the context.

Given a simplex s € K of dimension ¢, its image f(s) is a simplex of dimension ¢ or less. The condition
on dimension in the definition of fx means that only the images of those simplices s;, which are of full
dimension ¢, are taken into account. In particular,

_ Jf(s), dim(f(s)) =q
fuls) = {0, else.

The induced map f, turns out to be well defined, i.e., if [o] = [f] then f.([a]) = f«([8]).

Proposition A.21 (Functoriality of the induced maps). Suppose maps f: K — L and g: L — M
between simplicial complezes are simplicial. Then for each q € {0,1,...} and for each F we have

(gof)#:g#of#, and (go f)x = g«o fu

Proof. The proof follows straight from the definition. O

Every inclusion is;: Ky < K; used in a filtration (Section 1.6) is in particular a simplicial map
(Definition A.18), so Definition A.20 applies to it: the induced chain map (is)4 is just the inclusion of
chains, and the induced homology map (i ¢)« is the one used throughout Section 1.6.1. By Proposition A.21,
applied to the composition i, 0 s, = is¢ for s <u < t, we get (iy)s © (isu)x = (i)« this is exactly
the compatibility that lets the homology groups of a filtration be strung together into the sequence of
maps of eq. (1.4).

A.23 The barcode, formally

This continues the “Barcodes” discussion of Section 1.6.2, where the counting formula (1.7) was stated
but not derived. This more formal definition is taken from [16]. Throughout, fix a field F', a dimension
q € {0,1,...}, and a filtration K} < K5 <... < K, = K. We drop ¢ from the notation 3¢, and simply
write [, since the dimension is fixed; for s = 0 we set (ip¢)« to be the trivial map.

A bar [s,t) is meant to represent a homology element born precisely at s and terminating precisely at
t, not merely alive somewhere in between. We build up, one piece at a time, exactly how many bars start
where and end where:

1. The number of bars containing s and passing through t equals s ¢, by definition.

2. Homology born at s is what remains of H,(Kj; F') once the classes already visible at the previous
stage are quotiented away, H,(K; F')/(Im is,l,s)*;?’ its dimension, [, s — 6571,3,4 is the number of
bars starting at s.

3(Imis—1,s)« is the part of Hy(Ks; F) that came from K_1, so what remains after quotienting is only the homology
genuinely new at K.

“By the identity dim(V/W) = dimV — dim W for a subspace W C V, proved in Appendix A.10. Taking V = H,(K; F)
and W = (Imis—1,5)«: since (is,s)« is the identity, (1.6) gives dimV = S, and dim W = rank(is—1,5)« = Bs—1,s, again by
(1.6).
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3. Symmetrically, homology terminating at ¢ is ker(i;—1¢)«, and its dimension, B;—1,4—1 — Bi—14, is the
number of bars terminating at ¢.

4. The quantity [s; — Bs—1, is the dimension of homology born at s that is still alive at ¢: the number
of bars starting at s and passing through ¢.°

5. Combining a birth count at s with a survival count up to t isolates exactly the bars born at s and
terminating at ¢, which is the counting formula (1.7) of Section 1.6.2,

Nst = 53,1&—1 - 55—1,15—1 - (/Bs,t - 65—1,15)-

6. Finally ns o0 = Bsm — Bs—1,m counts the bars born at s that are still alive at the very end of the
filtration.

Definition A.22 (Barcode). The g-dimensional barcode of the filtration is the collection of intervals
[s,t) for 1 <s <t <m, [s,00) for 1 < s <m,

where each interval [s, t) occurs with multiplicity ns, and each [s, 00) with multiplicity ng .

A.24 Fundamental lemma of persistent homology

This continues Section 1.6.2: the statement is Lemma 1.37. The following proof is taken from [16].
Proof. The formula can be verified explicitly. However, the statement is apparent from the definitions, as

o [s: represents the homology born at s or before and terminating after ¢;

 ngp represents the homology born precisely at s’ and terminating precisely at ¢'.

O]

A.25 Computing persistent homology: matrix reduction, extraction,
and representatives

The following discussion is based on [16]. Throughout this section we fix a field F' and a filtration
K1 < Ky <...< K, = K; parameter ¢q € {0,1,...} denotes the dimension of a considered object.

Matrix reduction. This part could be called an annotated matrix reduction using only column
operations from the left.

1. Order simplices consistently with the filtration. For each ¢ order all g-simplices in an order in which
they appear in the filtration. If more simplices appear at the same time their internal order is
immaterial.

2. For each ¢ construct the boundary matrix M, (Definition 1.23) using the order chosen in 1. to label
columns and rows.

3. For each ¢ reduce M, from the left using a single type of column operation: the addition of an
F-multiple of any of the previous columns to a treated column. Specifically, starting with the
leftmost column, go through all the columns by passing to the right and for each column:

(a) Determine the pivot (the lowest non-trivial entry in the column).

(b) If any of the previous columns on the left has a pivot in the same row, subtract the appropriate
multiple of that column so that the pivot of the current column either disappears or its location
is moved up.

5This follows from item 1 above.
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(c) Repeat as long as there are matching pivots on the left.

For each ¢ the resulting matrix is denoted by Mé. Each of its columns is either trivial or has a pivot,
whose row is unique amongst all pivots.

Extracting persistence. Given a simplicial complex, the addition of a single ¢g-simplex can change the
homology in two ways:

o If its boundary is a linear combination of boundaries of other g-simplices®, then the simplex gives
birth to a non-trivial ¢-dimensional homology element. In this case we call the simplex a birth
simplex.

o If its boundary is not a linear combination of boundaries of other g-simplices, then the simplex
terminates a non-trivial (¢ — 1)-dimensional homology element. In this case we call the simplex a
terminal simplex.

A filtration can be considered to be a sequence of incremental expansions. At each stage of the filtration we
may assume we first add all vertices according to the ordering in 1. above, then all edges, etc. Combining
such an ordering through all stages we get a sequence of incremental expansions inducing boundary
matrices M, and their reduced forms Mg.

Based on such an ordering each simplex of K is either a terminal simplex or a birth simplex. We are
now in a position to extract the persistence diagram and barcode:

o For each terminal g-simplex 7 there exists a paired birth (¢ — 1)-simplex o, which is the label of the
pivot in the column 7. Such a pair induces a bar [s,t) in the corresponding barcode or, equivalently,
a point (s,t) in the corresponding persistence diagram, where s,t are the stages of the filtration at
which ¢ and 7 appear.

o FEach birth simplex which is not paired to a terminal simplex induces a bar [s, c0) in the corresponding
barcode or, equivalently, a point (s,m + 1) in the corresponding persistence diagram, where s is the
stage of the filtration at which o appears.

As each row contains at most one pivot, each birth simplex is paired to at most one terminal simplex;
a terminal simplex cannot appear as the label of a pivot column. Note that if s = ¢ we obtain an
empty interval in the barcode and a point on the diagonal in the persistence diagram, both of which
we ignore in the visualisation, as they represent elements of persistence zero; this is consistent with our
interpretation of persistent homology, which measures only holes that persist through at least one stage
of the filtration. It turns out that the presented definition and computation of the barcode respects the
elder rule mentioned in Section 1.6.1.

Representatives. Occasionally we are also interested in homology representatives of the bars and
points of persistence diagrams. These can be extracted from the reduction process. Given a bar with the
birth simplex ¢ and the terminal simplex 7 we define:

e The birth representative of o as the chain formulated by the reduction of the column corresponding
to o to the zero column in the column reduction scheme. In particular, if the linear combination
turning column ¢ into the zero column in our column reduction scheme is encoded in terms of
columns as do — Y, \j0o; = 0, then the birth representative is @« = o — >, \jo;. The birth
representative gives a homology class [] that is born by the addition of o.

e The terminal representative is encoded by the column corresponding to 7 in the reduced matrix.

The birth representative and the terminal representative typically do not represent the same homology
class. The birth representative may not even be a good representative of the corresponding bar in the
sense that it may remain homologically non-trivial beyond the appearance of the corresponding terminal
simplex. On the other hand, infinite intervals do not have a terminal representative. As a result we define
the representative of a bar as follows:

5 Ie., if, after adding the simplex to the boundary matrix as the rightmost column, its column gets reduced to the trivial
column by the above reduction.
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1. If the bar is a finite interval, the representative of the bar is the terminal representative.

2. If the bar is an infinite interval, the representative of the bar is the birth representative.

This choice of representatives is algebraically sound in the sense that the representatives form a basis of
the elementary intervals of the decomposition described in the structure theorem for persistence modules,
a result stated (but not proved) later in the thesis. This statement includes the fact that the lifespan
of each representative matches the lifespan of the corresponding bar, and that the representatives are
linearly independent at all times.

In practice we sometimes deviate from the algebraically orthodox choice when declaring the repre-
sentatives of 0-dimensional bars: we choose the birth representative as a bar representative even if the
bar is bounded. The worked example below illustrates this geometrically motivated exception on the
pair ((b), (a,b)), which induces a 0-dimensional bar. Geometrically we would like to think of this bar
as a representation of the component containing b merging with a larger component, hence the choice
of the birth representative (b), which fits this geometric intuition. However, we should be aware that
the homological element [(b)] does not become trivial after adding (a,b): in terms of homology, the
appearance of (a,b) identifies [(a)] = [(b)] rather than setting [(b)] = 0.

A worked example. We now run the whole procedure on the filtration K7 < Ko < K3 < K4 of
Example 1.33, with the simplices of K labelled explicitly as in Figure A.2.”7 Throughout, we fix a field F.

Figure A.2: The complex K of Figure 1.36, with its simplices labelled. Image has been collected from [16].

The reduction. Ordering simplices consistently with the filtration, the boundary matrices (Defini-
tion 1.23) of K are, with vertical and horizontal lines dividing simplices from different stages of the
filtration,

(b,c) (bd)|{a,b) {c.d)|(a,c) (a,e) (be)
-1 -1 -1

-1 —1 1 -1

Q

o~ o~ o o~~~
U S
—~ ~— T~
—_
—_

My

O

(&
"The vertices in Figure A.2 are named as in Virk [16] and do not carry the names used in Figure 1.36: the two pictures

show the same filtration with its vertices labelled differently. Only the names change, so each bar found below is the same
bar under either labelling.
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(b,c,d) | {(a,b,e)
0
(b,d) -1
(a,b) 1
(c,d) 1
(@)
(a,e) -1
(b, e) 1

The matrix Ms is already reduced (each non-trivial column already has a pivot — its lowest non-trivial
entry, shown in bold — in a row no other column’s pivot occupies), so we only need to reduce M;. We
go through its columns left to right, and whenever a column’s pivot lands in the same row as an earlier
column’s pivot, we subtract a multiple of that earlier column (coloured red) from the treated column
(coloured blue) to clear it:

(b,c) (b,d) | {a,b) (c,d)|{a,c) (a,e) (be)
(@) 1 I E—
® -1 -1 | 1 1
© 1 1] 1
(d) 1 1
(e) 1 1
(f)

(b,c) (b,d) | (a,b) (c,d)| {a,c) {a,e) (b,e)
(@) 1 1 1
® -1 -1 1 1
() 1 1
(d) 1
(€) 1 1
(f)

(b,c) (b,d) | (a,b) (c,d)|{a,c) (a,e) (be)
(a) -1 1
® -1 -1 1 1
() 1
(d) 1
(e) 1 1
(f)

d{c,d) = 9(b,d) — 9(b, c).

d{a,c) = d(a,b) + (b, c).

d(b,e) = d{a,e) — I a,b).

Each of these three identities says precisely that the column in question reduces to zero: the columns
of {(¢,d), (a,c) and (b,e) all become trivial, while (b, c), (b,d), (a,b) and (a,e) are left untouched. The
resulting reduced matrix is

Births and terminations in the example.

(b, ¢)

(b, d)

{a,b)

(¢, d)

{a,c)

(a,¢€)

(b, e)

SRS

o

—1

—1 1

-1

o~ o~ o~~~
~ ~— |~~~

e
f

In the sense of the “Extracting persistence” discussion

above, we may now read off M| and My = M}: the birth simplices are (a), (b}, (c), (d), (e), (f) (all six
vertices) and (c¢,d), (a,c), (b,e) (the three edges whose columns vanished); the terminal simplices are

(b, c), (b,d), {a,b), (a,e) (pivots of M]) and (b, ¢,d), (a,b,e) (pivots of M3).
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The barcode of the example. FEach terminal simplex is paired with the birth simplex labelling its
pivot’s row, and each unpaired birth simplex gives an infinite bar. From Mj:

e Pair ((b), {a,b)) induces the 0-dimensional bar [1,2),% represented by [(b)].?

o Pairs ({c), (b,c)) and ((d), (b,d)) pair a birth and a terminal simplex appearing at the same stage
K1, so they contribute nothing to the barcode (an empty interval [1,1)).

 Pair ((e), (a,e)) induces the 0-dimensional bar [2,3), represented by [(e)].

o (a) and (f) are unpaired, inducing the O-dimensional bars [1,00) (generated by [(a)]) and [2, c0)
(generated by [(f)]).

These four bars are exactly the Bg’t column of the table in Example 1.33, obtained here without computing
a single rank. We next extract the one-dimensional barcode from the pivots of M} and unpaired edges:

e Pair ({c,d), (b,c,d)) induces the 1-dimensional bar [2, 3), represented by [(c,d) — (b,d) + (b, c)].*°
o Pair ((b,e), (a,b,e)) induces the 1-dimensional bar [3,4), represented by [(b,e) — (a, e) + (a, b)].

e (a,c) is unpaired,!! inducing the 1-dimensional bar [3, o), generated by [{a,c) — (a,b) — (b, c)].

Why is (a,c), and not (a,b), the unpaired edge? In the worked example above, (a,b) is a pivot
column of M/ (paired with the birth simplex (b)) and so is not itself a birth simplex; only a birth
simplex can be unpaired in the first place, since pairing only ever matches a birth g-simplex to a terminal
(¢ + 1)-simplex. By footnote 6, the birth 1-simplices are exactly the edges whose columns reduce to the
trivial column in M7: reading off the reduction above, these are (c,d), (a,c) and (b,e). Of these three,
(c,d) is paired with the terminal simplex (b, c,d) and (b, e) is paired with the terminal simplex (a, b, €)
(both pivots of M3), leaving (a, ¢) as the only birth simplex among the three with no terminal simplex to
pair it to — hence (a, ¢), and only (a, ¢), is unpaired.

A.26 Rips and Cech filtrations (continuous formulation)

This continues Section 2.1.2 and Section 2.1.3, giving the fully formal version of the Rips and Cech
filtrations: indexed continuously by every scale r > 0, rather than only by the finitely many stages at
which Rips(S,r) or Cech(S,r) actually changes.

Definition A.23 (Rips filtration). Let X be a metric space and let a sample S C X be a finite subset.
The Rips filtration on S is the collection of abstract simplicial complexes {Rips(S,7)},>0 along with
inclusions

iry o Rips(S,71) < Rips(S, r2)

for all 71 < ry. A Rips filtration provides the collection of all Rips complexes on S. While a single
Rips complex depends on the choice of the scale, the filtration does not.

12

Definition A.24 (Cech filtration). Let X be a metric space and let a sample S C X be a finite
subset. The Cech filtration of S is the collection of abstract simplicial complexes {Cech(S,r)},>0

8(b) appears at K1 while (a,b) appears at K>, hence the values of the endpoints.

9Intuitively, this bar records the component containing b merging into the larger component containing a, and (b) is a
natural representative point of that disappearing component. The formal definition of a representative, and of this particular
choice for 0-dimensional bars, is given in the “Representatives” discussion above.

10(0, d) appears at Ko while (b, c,d) appears at K3, hence the endpoints. The linear combination that made the column
corresponding to (c,d) trivial in M| was d{(c,d) — (b, d) + (b, c), and hence the representative. See the “Representatives”
discussion above for the formal definition of a representative.

1 One might object: (a,b) also does not label any pivot column of M3, so why is {a, c) singled out as “unpaired” and not
(a,b)? This is resolved in the final paragraph of this section.

12More generally, a filtration of a simplicial complex K is a family of subcomplexes {K;}r>0 indexed by a parameter r,
such that K, < K, for all r < 7’. The Rips filtration on a finite set S is a filtration of the (|| — 1)-simplex.
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along with inclusions
iry .y Cech(S,71) < Cech(S, r2)

for all ; < ro. As was the case with Rips filtrations, Cech filtrations also provide a scale-free
approximation of the underlying set by simplicial complexes.

A.27 Transitivity of homeomorphism

This continues Section 1.1.1, spelling out why homeomorphism is an equivalence relation [30]: reflexivity
and symmetry directly from the definition, and transitivity via a short argument.

Reflexivity: X =2 X for every X, since the identity map is a bijection, is continuous, and is its own
inverse.

Symmetry: X =Y if and only if Y = X. If f is a homeomorphism then f~! is a bijection, is
continuous by hypothesis, and has continuous inverse f; so f~! is a homeomorphism too.

Transitivity is the only one needing an argument.

Proof of transitivity of homeomorphism (Section 1.1.1). Pick homeomorphisms f: X — Y and g: Y —
Z, and look at the composite go f: X — Z. Composing two bijections leaves a bijection, and composing
two continuous maps leaves a continuous map, so g o f is a continuous bijection. Its inverse is f~' o ¢g~1,

continuous for the same reason. All three conditions of Definition 1.2 therefore hold, and X = Z. O

A.28 Invariants under homotopy equivalence

Both invariants met so far were shown to survive homeomorphism. It is worth asking how they fare under
the weaker relation of homotopy equivalence. The first result is the counterpart of Proposition 1.8.

Proposition A.25 ([30]). Homotopy equivalent topological spaces have the same number of connected
components.

The proof is given in Appendix A.6.
The count of components is thus an invariant of homotopy equivalence too, and serves the same
purpose there: a difference in the count rules out any homotopy equivalence between two spaces.

Example A.2. Let n,m > 0 with n # m. The subspaces {1,...,n} and {1,...,m} of R are not
homotopy equivalent, the first having n connected components and the second m.

A.29 Why the nerve theorem applies to a collection of balls

This continues Section 2.1.4, spelling out why the nerve theorem (Theorem 2.8) may be applied to the
collection of r-balls {B(s,7)}ses used to build the Cech complex Cech(S, 7).

The nerve theorem requires the sets in the collection U to be closed and convex subsets of R™. A
closed ball B(z,r) = {y € R" | ||z —y|| < r} is closed by definition, and it is convex: given any two points
y1,Yy2 € B(z,r) and any ¢t € [0,1], the point on the segment between them satisfies

e = (ty1 + (1 = tya)[| < tllz =il + (A =Dz — ol < tr + (1 =)r =,

using the triangle inequality, so the whole segment between y; and y, stays inside B(x,r). Every ball in
the collection {B(s,r)}scs is therefore a closed convex subset of R™, so the hypotheses of Theorem 2.8

hold, and the theorem gives
N({B(s,7)}ses) ~ U B(s,T).
seS
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A.30 Passing between discrete and continuous filtrations

This continues Section 2.2.1, spelling out how a discrete filtration and a continuous filtration can always
be converted into one another without losing information.

1. Given a discrete filtration, there is an obvious extension of it as the sublevel filtration of the
annotation function.

2. Given a continuous sublevel filtration { K, },>o associated to a filtration function f, there are two
ways of generating a discrete filtration:

a) By restriction to K1 < Ko < ... < Krpax /1- While mathematically convenient, this approach
[max f]
has many drawbacks and is mostly avoided: the information about the sequence of changes
between each pair of integer scales is lost.

(b) A more beneficial way of thinking about the index ¢ of a discrete filtration is not as the scale
parameter but rather as the index of the critical scale of the continuous filtration.'® Formally,
define critical scales 1 < ro < ... < 1 as the enumeration of the image of f, and define
K;={o € K| f(o) <r;i}. The corresponding finite filtration contains information about all
changes in the original continuous filtration.

From this point on, whenever we mention an unspecified filtration, or consider a transition from a
finite to continuous filtration or vice versa, the underlying interplays we have in mind are item 1 and
item 2(b) above.

A.31 The stability theorem, complete statement

This continues Section 2.2.2, spelling out the full hypotheses of the stability theorem, stated there only
qualitatively.

Theorem A.26 (Stability theorem). Assume persistence diagrams A and B represent the persistent
homology of filtrations V and W obtained by one of the following procedures:

1. as the sublevel filtrations of filtration functions f and g that are uniformly close, || f — g|loo < €,
namely no simplex’s two labels ever differ by more than €;

2. as the Rips filtrations of two point clouds X and Y that are close as shapes, dgy(X,Y) < ¢e/2,
where dgp is the Gromov—Hausdorff distance, a way of measuring how far two metric spaces
are from being isometric even when they do not sit inside the same ambient space [30];

3. as the Cech filtrations of two such point clouds, with dgr(X,Y) < ¢.

Then dp(A,B) <.

A.32 Persistence images: formal construction

This continues Section 2.4.2, giving the fully formal version of the persistence-image construction sketched
there. Given a persistence diagram D, its persistence image is obtained as follows.

1. A transformation T: R? — R?, where T(x,y) = (z,y — x), is applied to the diagram D. The
transformed diagram T'(D) is now in birth-persistence coordinates.

2. &,: R? — R, a differentiable probability distribution with mean u € R? and f: R> = R, a
continuous, piece-wise differentiable weight function which is zero on points on the z-axis, are
chosen. For instance, ®, can be a normalized Gaussian distribution with mean u, and f a weighting
function that depends only on the y-persistence coordinate.

13A scale r of a continuous filtration is critical if at least one simplex appears at 7.
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3. The persistence surface Pp: R? — R is given by

= > flu

ueT (D)

The weights corresponding to points along the diagonal in D are zero, as T' maps them onto the
z-axis and these do not contribute to the above sum.

4. The persistence image I(Pp) is obtained from the persistence surface by discretising the relevant
region using a grid and integrating over each box/pixel. That is, for any pixel p in the persistence
image, the intensity is given by

I(PD)p = / PD dydx.
p

The persistence images offer a lot of flexibility through user choices for the distribution ®,, and weight
function f. They can also be integrated with machine learning algorithms easily.

A.33 Shannon entropy: an intuitive discussion

The following is an intuitive discussion of Shannon entropy on its own, away from persistence diagrams,
based on the more formal treatment of Saraiva [71]; it supplements the persistent entropy of Section 2.4.1
with the underlying information-theoretic idea in its original, simpler setting.

Shannon entropy measures the average uncertainty, randomness, or surprise in a set of outcomes
and their probabilities. It was introduced by Claude Shannon in 1948 and is the central quantity of
information theory, where it measures how much “information” a probability distribution carries. For a
random variable X with possible outcomes x and probabilities p(x), the Shannon entropy is

Zp ) logy p(z

In words: H(X) is obtained by weighting the surprise of each outcome, — log, p(z) (large when p(x) is
small, i.e. the outcome is rare and hence surprising), by how often that outcome actually occurs, p(x),
and summing over every possible outcome; the minus sign in front simply compensates for the fact that
log, of a probability (a number between 0 and 1) is itself negative, so that H(X) comes out non-negative.
The result, H(X), is conventionally measured in bits, since the logarithm is taken in base 2.

Two extreme cases build the right intuition:

o If the system is completely predictable — one outcome has probability 1 and every other outcome
has probability 0, as for a coin that always lands on the same face — there is no uncertainty left to
measure, and H(X) = 0.

o If the system is as unpredictable as possible — every outcome equally likely — the uncertainty is
maximal, and H(X) attains its largest possible value.

Example A.3 (A fair coin flip). A fair coin has two outcomes, heads and tails, each with probability
p(heads) = p(tails) = 0.5. Substituting into the formula for H(X),

H(X) = —[0.5logy(0.5) + 0.510g,(0.5)].

Since logy(0.5) = —1, this is H(X) = —[0.5(=1) + 0.5(—1)] = 1 bit: a fair coin flip carries exactly
one bit of entropy, the maximum possible for two outcomes.

Example A.4 (A completely biased coin). Now suppose the coin is rigged to always land on
heads, so p(heads) = 1 and p(tails) = 0. Then logy(1) = 0, and the tails term vanishes too: by
convention 0log,(0) = 0, since an outcome that never happens contributes no uncertainty. Hence
H(X) = —[0+ 0] = 0 bits, matching the intuition above: since the outcome is certain, flipping this
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coin teaches us nothing new.

Example A.5 (A fair six-sided die). A fair die has six equally likely outcomes, each with probability
p(i) = 1/6. Because all six terms are identical, the sum collapses to six copies of the same term,

6
1 1 1
H(X)=- ZZ}p(z) logy p(i) = —6 - 5 log, (6) = —log, <6> = logy(6) ~ 2.585 bits.

A die roll is more uncertain than a coin flip, and indeed carries more entropy: more possible outcomes
mean more uncertainty about which one will occur, and hence a larger entropy.

A.34 The noise spectral density of a real signal is symmetric

Proposition A.27. Let n(t) be a real-valued, stationary noise process, with Fourier transform n(f)
and noise spectral density Sy (f) defined by

(@ (H)a(f)) = 50(f = ) Su(f)-

Then Sp(—f) = Sn(f).

Proof. Since n(t) is real, n(t) = n*(t), so its Fourier transform satisfies

i = [ nwemita= [ [T a@eital —).
Replacing f — —f and f’ — —f’ in the definition of S, (f) yields
(A (=) (= 1)) = 50(=F + [') Su(=f) = 50(f = f') Su(—1) -

On the other hand, substituting n(—f) = n*(f) directly into the left-hand side of the same ensemble
average gives

(R(f)a”(f)) = (@ (f)a(f)) = 56(f = F) Su(f).

Since the Dirac delta function §(f — f’) forces f’ = f, this expression reduces to %5(]" — ) Su(f),
matching the two results and proving that S, (—f) = S,(f). O

A.35 Dimensions of the noise spectral density

Proposition A.28. Let n(t) be dimensionless, as is natural for a strain, with noise spectral density
Sn(f) defined by
(@ (f)a(f)) = 30(f = f) Sa(f)-

Then Sy,(f) has dimensions of Hz 1.

Proof. This proof is an adaptation of the argument of Maggiore [12]. It traces back to the finite-time
averaging procedure used to define the ensemble average in practice: the noise n(t) is measured over a
stretch of duration T', giving a Fourier transform 7(f) with frequency resolution Af = 1/T.

At exact coincidence, f = f’, the right-hand side of the definition of S, (f) diverges, because d(f — f’)
is only meaningful as a distribution. For a finite observation time 7T, restricting the time integral defining
n(f) to the interval —T/2 < t < T'/2 regularizes this: evaluated at f = 0, the finite-time integral gives

exactly
T/2 .
[/ dt ez?ﬂft] _ T,
—T/2 =0
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since the integrand is simply 1 at f = 0. This is precisely the finite-time, regularized stand-in for §(f = 0):
instead of an infinitely narrow, infinitely tall spike, restricting to a window of duration T replaces it with
the finite value T'. Substituting this coincidence value into the definition of S, (f) then gives

(1)) = 3 Su(N T,
Le. Su(f) = (2/T){|a(f)]?).

Recalling the Fourier convention #i(f) = [*_ dt n(t) €™/, the transform picks up one power of time
from the dt it integrates over, so |7i(f)|?> has dimensions of (time)?; dividing by T leaves exactly one
power of time, i.e. Hz ™! O

A.36 The detection statistic is Gaussian in the absence of a signal

Proposition A.29. Let § be the filtered statistic of (4.35) and N its r.m.s. in the absence of a
signal ((4.37)). In the absence of a signal (h =0), the normalised statistic p = §/N has probability
distribution

1 2
h=0)dp=—e*/2dp.
p(p| )dp N p

Proof. The detector noise n(t) is assumed to be a stationary Gaussian stochastic process, and any linear
operation acting on Gaussian noise preserves its Gaussian character. The filter output § of (4.35) is a
linear functional of the data s(t); therefore, under the null hypothesis h = 0, where the detector output
consists entirely of noise, s(t) = n(t), § is itself a Gaussian random variable.

Since the noise has vanishing ensemble average, (n(t)) = 0 ((4.28)), the mean of § likewise vanishes,
(8)h—0 = 0. Recalling that p = §/N, with N the standard deviation of § when h = 0, it follows that p is a
zero-mean, unit-variance Gaussian random variable, whose probability density function is the standard
normal distribution stated above. O

A.37 The detection statistic in the presence of a signal

Proposition A.30. If the data contains a gravitational-wave signal h(t) with optimal signal-to-noise
ratio p ((4.44)), then

1 ~\2
) dp = (=072 4,.
p(plp)dp o P

Proof. With a signal present, the total filter output becomes p = p+ n/N, where 1 = [ dtn(t)K(t)
is the noise’s own contribution to 8. Because N is, by definition ((4.37)), exactly the r.m.s. value of
i, the same argument as in Proposition A.29 — applied to 7 rather than to § — shows that 2/N is a
zero-mean, unit-variance Gaussian random variable. Hence p — p is a standard Gaussian, which is exactly
the statement above. O

A.38 The distribution of the SNR in energy

Proposition A.31. Let R = p? and R = p>. Then

P(R|R)dR = ;R e~ (BHR)/2 cosh (VRR) dR .
s

Proof. A given value of R corresponds to two values of p, namely p = +v/R, so the probability of an
energy SNR between R and R + dR is the sum of the probabilities of both branches, evaluated using
Proposition A.30 and the change of variable dp = dR/(2V/R):

dR

P(R|R)dR = [p(VR|p) +p(~VR|p)] "R
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Writing out both Gaussians and taking p = VR > 0 without loss of generality, the two exponents are

WVRNRE RAR | pg, VROVRERER g

s0 the two terms share the common factor e~ (F+R)/ 2 and their sum is
e~ (R+R)/2 (e' RR | o= RR) — 9 (R+R)/2 cosh(VRR).
Substituting back,

P(R|R)dR = \15 - 2e”(BHR/2 cosh (VRR) - ;% = 21 = e (B+R/2 cosh (VRR) dR,
™ s

which is the stated distribution. Setting R = 0 recovers the noise-only distribution of Proposition A.29 in
the variable R. O

A.39 The mean detected energy SNR

Proposition A.32. (R) =1+ R.

Proof. By Proposition A.30, p is a Gaussian random variable with mean p and variance 1, so (p?) =
Var(p) + {p)?2 = 1 + p?. Since R = p? and R = p? by definition, this is exactly (R) =1 + R. O

A.40 From 10° templates to 10" trials

Section 4.6.4 quotes two different numbers for "how many templates" a compact-binary search has to
try: O(10°-10°) for the template bank itself, and O(10'%) once the search is actually run on a year of
data. The two are not in tension — they are counting different things, and the second is simply the first
multiplied by the number of arrival times that must also be tried.

A template bank of ~ 10° templates covers the intrinsic parameters (masses and spins): each point
of the bank is one waveform shape. But every one of those shapes must also be tested against every
plausible arrival time ¢, at which the signal could have entered the detector’s band, since ¢, is not known
in advance either. Two gravitational waves emitted seconds apart are, as far as the search is concerned,
essentially two different signals to look for, so each arrival time tried counts as its own independent trial,
on top of the 10° waveform shapes.

How many arrival times must be tried follows from a simple timing argument. The templates and the
real signal need to line up to within about 3 ms for the overlap between them not to degrade appreciably;
scanning one year of data (~ 3 x 107s) in steps of 3 ms means trying

3x107s

~ 1010
3x103s 0

distinct arrival times. Each of the ~ 10° waveform shapes must be tried at each of these ~ 100 arrival
times, so the total number of independent trials is their product,

10° x 10'° = 1019,

which is exactly the number quoted in Section 4.6.4. (In practice this scan over arrival times is not
done one trial at a time, which would be hopelessly slow: Section 4.6.3 shows that a single Fast Fourier
Transform evaluates the overlap at every arrival time simultaneously. But for the purpose of counting
how many independent trials the false-alarm statistics of Section 4.5.2 must account for, the 10'° figure
above is the relevant one, however cheaply it is computed in practice.)

184



A.41 Computational complexity of the matched-filter statistic

This continues Section 4.7.2, which points here for the derivation of why a brute-force, time-domain search
over arrival times costs O(N?), and why passing to the frequency domain — the trick of Section 4.6.3,
(4.66) — brings it down to O(N log N).

Proposition A.33. Let the detector strain s(t) and the template h(t; @) be digitised into time series of
length N, sampled at uniform intervals At. Testing every possible arrival time by direct time-domain
cross-correlation costs O(N?) operations; a single Fast Fourier Transform of the same data costs

O(NlogN).

Proof. To test whether a signal entered the detector at the discrete time step j € {0,1,..., N — 1}, we
must evaluate the discrete cross-correlation

ylil = 3 sk hlk - ;6] (A4)
k=0

the discrete analogue of the scalar product (4.39). Two factors compound:

o Cost per trial. For one fixed j, (A.4) is a dot product of two length-N vectors: N multiplications
and N — 1 additions, i.e. O(NN) operations.

e Number of trials. The arrival time is not known in advance, so every one of the N samples in
the data stream is a candidate, and (A.4) must be evaluated for all N values of j.

Multiplying the two, a brute-force search over all arrival times costs
N (trials) x O(N) (cost per trial) = O(N?).

The Fast Fourier Transform evaluates (A.4) for every j at once, at a cost of O(N log N) — this is the
standard complexity of the FFT algorithm, not something specific to matched filtering, and we do not
re-derive it here. O

For a typical observing run, N ~ 10'% samples (Appendix A.40), so O(N?) operations per template is
far beyond what is affordable, while O(N log N) is exactly what makes the single-FFT trick of Section 4.6.3
practical.

A.42 Spectral leakage from an abruptly truncated signal

This continues Section 5.1.1, which points here for a simple worked example of why an abruptly truncated
(untapered) waveform contaminates its own spectrum with spurious high-frequency content, and why
tapering the edges instead of cutting them off sharply avoids this.

Take the simplest possible periodic signal, a pure cosine of frequency fy, and suppose it is recorded
only for a finite stretch of time, of duration 7T, starting at ¢ = 0. Recording only a finite stretch is exactly
what truncation means, and it can be written as a product:

(1) = cos(2rfot) - w(t), w(t)z{l 0<t<T

0 otherwise,

where w(t), equal to 1 inside the recorded window and 0 outside it, is called a rectangular window:
multiplying by it is exactly what an abrupt start and end does to an otherwise infinite signal.

A cosine lasting forever has an extremely simple spectrum: a single pair of spikes, at f = £ fy and
nowhere else. Truncating it changes this completely, because of a general fact about the Fourier transform:
multiplying two functions in time corresponds to convolving their Fourier transforms in frequency. The
Fourier transform of the rectangular window w(t) itself is

sin(7x)

w(f) = Tsinc(fT), sinc(x) = ,

T

185



a central lobe at f = 0 together with an infinite sequence of smaller side lobes on either side of it,
decaying only as slowly as 1/f as f moves away from 0. Convolving the two clean spikes of the infinite
cosine with this sinc function replaces each spike with a copy of w(f) centred on it: the spectrum of the
truncated cosine x(t) is no longer a clean pair of spikes, but a pair of central lobes at +fj each trailing
the same slowly-decaying side lobes, spreading power into frequencies far from f that were never present
in the original, untruncated signal. This is exactly the spectral leakage referred to in Section 5.1.1:
power “leaking” out of the true frequency fy into spurious ones, including high-frequency ones, purely as
an artefact of the sharp, rectangular cutoff.

Tapering avoids this because it replaces the rectangular window w(t) — a function with a sudden
jump at its two edges — with a smooth window that rises from 0 to 1 (and back down) gradually, with
no jump and no sharp corner. The Fourier transform of a smooth, gradually-rising window decays much
faster than the slow 1/f tail of the sinc function above; qualitatively, the smoother a function is in time,
the faster its Fourier transform decays in frequency, and a rectangular window, with a discontinuous
jump at each edge, is about as far from smooth as a bounded function can be. Easing the signal in and
out, as the tapering of Section 5.1.1 does, therefore leaves a spectrum with much weaker side lobes, and
correspondingly far less spurious high-frequency content.

A.43 Rescaling a waveform to a target optimal SNR

This continues Section 5.1.4, which points here for the proof that rescaling a waveform’s amplitude by
A = target_snr/rho0 produces a waveform whose optimal SNR is exactly target_snr.

Proposition A.34. Let h(t) be a waveform with (unscaled) optimal SNR py = popt|h], computed
against a fized noise spectral density Sy (f) via (4.44), and suppose pg > 0. For any target value
Ptarget > 0, the rescaled waveform Ah(t), with

A= Ptarget
Po

Y

has optimal SNR popi[A h] = piarger exactly.

Proof. Write h(f) for the Fourier transform of h(t). The Fourier transform is linear, so rescaling the
waveform in the time domain by the real constant A rescales its Fourier transform by the same constant:

AR(f) = AR(f).
By definition (4.44), the optimal SNR of A h is

IAh AQIh( NP _ 4. M _ 4o
popt[Ah - 4/ df 4/ df (f) =A f) =A opt[

where the constant A% was pulled out of the integral since it does not depend on f. Taking the (positive)
square root of both sides,

hl,

Popt [AR] = A pOpt[h] = Apo.
Substituting A = prarget/po gives

Popt [A h] % * PO = Ptarget »

as claimed. O

The content of this proof is simple: the optimal SNR is, by (4.44), the square root of an integral that
is quadratic in the waveform B( f), so it scales linearly — not quadratically — with an overall amplitude
rescaling of the waveform. This is exactly the property sigma relies on when Section 5.1.4 rescales a
signal to a target SNR by a single multiplication, with nothing left to check numerically.
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A.44 What inverse_spectrum_truncation does, and why

This continues Section 5.1.5, which points here for a fuller explanation of the inverse_spectrum_truncation
step applied to the noise spectral density S, (f) before whitening.

Why it is needed. Whitening divides the data by S}/ 2( f) in the frequency domain. Dividing by
something in the frequency domain is, in the time domain, the same as convolving with the inverse of that
something: so dividing by S}Z/ 2( f) is equivalent to convolving the data with a filter whose frequency-domain
formis 1/ Sy/ 2(f). If S,(f) takes very small values, or varies sharply, at some frequencies, this inverse filter
can have a very long impulse response in the time domain — in the worst case, arbitrarily long. A filter that
long is both expensive to apply and, on a signal of finite duration, produces significant artefacts (ringing)
near the edges of the data, of exactly the same origin as the sharp-edge spectral leakage of Appendix A.42,
but now affecting the noise spectrum itself rather than a waveform. inverse_spectrum_truncation
exists to prevent this, by guaranteeing in advance that the whitening filter’s impulse response cannot
exceed a chosen maximum length [72].

What it does. Concretely, given the PSD S,,(f) and a maximum length max_filter_len (in samples),
the function performs the following steps [27]:

1. It builds the inverse amplitude spectral density 1/ Srl/ 2( f) in the frequency domain — exactly the
filter that whitening is about to convolve the data with — setting it to a fixed value below the
chosen low-frequency cutoff, where S,,(f) is not considered reliable.

2. It computes the inverse Fourier transform of this filter, to see what it actually looks like in the time
domain: this is its impulse response.

3. It truncates this impulse response, keeping only max_filter_len samples of it and setting the
rest to zero — discarding whatever part of the filter would have extended beyond the allowed
length. When trunc_method="hann", the edge of this truncation is tapered smoothly with a Hann
window, rather than cut off sharply, for exactly the reason of Appendix A.42: a sharp cutoff in time
introduces its own spurious high-frequency content, which a smooth taper avoids.

4. It Fourier transforms this truncated impulse response back to the frequency domain, obtaining a
new, smoothed version of the inverse amplitude spectral density — one that is, by construction,
exactly representable by a filter of the requested finite length.

5. Finally, it inverts this smoothed quantity once more, handing back a new noise spectral density S, (f):
not the original one, but one whose own inverse-amplitude-spectral-density filter is guaranteed to
have a bounded, well-behaved impulse response.

The net effect is a version of S,,(f) that has been coarse-grained, or smoothed, just enough that whitening
with it corresponds to a short, finite, well-behaved filter — at the cost of a small, controlled loss of fine
spectral detail, in exchange for a whitening step free of the long-filter and edge-ringing problems described
above.

A.45 Two ways to average an AUC under cross-validation

Two numbers reported for the same classifier under k-fold cross-validation (Section 6.1.3) are both called
the area under the ROC curve, or AUC, and they can differ. Both are built from the same k sets of
held-out predictions, one set per fold, but combined in different orders.

e Averaging per-fold AUCs. For each of the k folds separately, compute an AUC using only that
fold’s own held-out probabilities and labels, then average the k resulting numbers. Every comparison
entering any of these k AUCs is between two scores produced by the same trained model, since
each fold has its own model.
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e Pooling, then computing one AUC. Instead, collect the held-out predictions of all k folds into
a single list spanning the whole dataset, and compute one AUC on that combined list. This mixes
comparisons across folds: a signal-class example scored by one fold’s model can be compared against
a noise-class example scored by a different fold’s model.

An AUC is built entirely from comparisons of this kind: for every pair of one signal-class and one
noise-class example, it asks whether the signal-class example’s score is the higher of the two, and averages
the answer over all such pairs. Averaging per-fold AUCs never compares scores from two different trained
models, so it is only ever asking whether each model ranks its own examples correctly. Pooling first asks
the same question across models as well, and a model trained independently on a different fold need not
output probabilities on quite the same scale as another — one may typically report slightly higher or
lower numbers than another, even when both rank their own examples equally well. Such a difference in
scale costs nothing in the per-fold average, since it never has to compare across it, but it can cost the
pooled AUC every pair it touches.

A small example makes the mechanism concrete. Suppose k = 2, and each fold’s model perfectly
separates its own two held-out examples: fold A gives its signal-class example a score of 0.9 and its
noise-class example 0.1; fold B, whose model happens to report higher numbers across the board, gives
its signal-class example 0.99 and its noise-class example 0.6. Within each fold the signal score exceeds
the noise score, so both per-fold AUCs equal 1, and so does their average. Pooled together, though, fold
B’s noise-class score of 0.6 now sits above fold A’s signal-class score of 0.9 — not because fold B’s model
ranks its examples any worse than fold A’s does, but because fold B’s scores run higher overall. This one
ordering mistake, invisible to the per-fold average, is exactly what lowers the pooled AUC below 1.

This is the situation for the convolutional networks of Section 6.2.3: five independently trained
networks, each confident in its own ranking, whose output scales are not perfectly aligned with one
another. The two-dimensional network’s average of 0.901 falls to 0.883 once pooled; the effect is much
larger for the one-dimensional network, whose average of 0.896 falls to 0.715, consistent with the fold-to-fold
instability already noted for it in Section 6.2.3.

A.46 Correlated features and unstable coefficients

Section 6.2.4 noted that a fitted logistic-regression weight is not a stable quantity when two features carry
nearly the same information, since the weights can then trade off against one another without changing a
single prediction. The following toy example makes precise why.

Suppose a price is to be predicted from the area of a house, and that area happens to be recorded
twice, once in square metres and once in square feet:

T = area in square metres, T9 = area in square feet = 10.76 x1.

The two features carry identical information, since one is just a fixed multiple of the other. Fitting a
linear model
price = w1z + woxo + b

to data generated by the true relationship price = 3000 z; does not pick out one pair of weights: because
29 = 10.76 x; identically, any pair (w1, ws) satisfying wy +10.76 we = 3000 reproduces the same predictions
on every example, and so fits the data exactly as well as any other. A few of the infinitely many solutions:

e wi = 3000, wy = 0;
* W1 = 0, Wy ~ 2788,
e wi = 10,000, wy = —650.5 — a large positive weight and a large negative one, nearly cancelling;

e w1 = —50,000, wy =~ 4924 — the same cancellation, pushed further still.
All four give identical predictions, and nothing in the fitting procedure prefers one over another: a small
change to the training data, such as moving to a different cross-validation fold, can move the fitted

weights from one of these solutions to a completely different one. The model itself is not at fault, and
its predictions do not change; what changes is only the individual weights, which carry no meaning of
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their own once the features are this redundant — "the weight on x; is +3000" says nothing about how
important area in square metres really is, since a refit could just as easily have reported —50,000.

The windowed Betti-curve areas of Section 6.2.4 are not perfectly correlated in the way x1 and x4 are
here, but Figure 6.19 shows several pairs correlated above 0.9, close enough to the same mechanism: the
fitted weights on such a pair are free to move against one another over a wide range while leaving the
model’s predictions essentially unchanged, which is why Figure 6.18’s individual signs and sizes should be
read with the caution given there.
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Appendix B

Pattern functions and the angular
response

It is useful, for what follows, to rewrite (4.14) in a way that separates the polarization structure from the
wave itself. We introduce the two polarization tensors ef}(ﬁ), with A = +, X, defined for a wave along 7
from an orthonormal pair of vectors in the transverse plane [12]. A general wave propagating along 7 is
then a superposition over frequencies of both polarizations,

gt = X [ df ef(a) ha(py eI 0w, (B.1)

A=+,%x

Equation (B.1) is exactly the form we will use later: it is the starting point for the discussion of the
detector pattern functions and of the angular sensitivity below, where the geometry of the detector selects
a specific combination of e;»; and eixj.

Before turning to the filtering problem we recall briefly how the abstract scalar input h(t) of eq. (4.23)
is related to the physical wave arriving from a definite direction in the sky. A gravitational wave
propagating along a direction n carries two polarisations, conventionally denoted + and x, and the scalar
strain seen by the detector is a linear combination of them,

h(t) = Fi (0, 9;9) hy (t) + Fu (6, §;4) hx (1) , (B.2)

where (6, ¢) are the polar angles giving the source position in a frame attached to the detector and
is the polarisation angle. The coefficients F; and Fyx are the pattern functions (or antenna response
functions); they follow from contracting the detector tensor D% with the polarisation tensors e?( n) and
elxj(ﬁ) For an interferometer with orthogonal arms one finds the familiar expressions

(1 + cos?6) cos 2¢ cos 2¢) — cos @ sin 2¢ sin 21) (B.3)
(1 + cos? 6) cos 2¢ sin 20 + cos 6 sin 2¢ cos 21) . (B.4)

F+(9,¢,¢) =
Fx(9,¢;¢) =

1
2
1
2

Two features of these functions matter for what follows. First, a single interferometer is an intrinsically
wide-angle instrument: its response is appreciable over a large fraction of the sky and falls to zero only
along a few blind directions. This is excellent for catching rare transients but very poor for localising
them, which is why a network of detectors is needed to triangulate a source. Second, the pattern functions
are of order unity and vary slowly; for a ground-based instrument following a binary coalescence for the
few seconds to minutes it spends in band, (6, ¢) can be treated as constant, and the antenna response
contributes only an overall amplitude and phase. This is what allows the sky position to be largely
decoupled from the intrinsic detection problem and, as we shall see in Section 4.6.3, to be treated as an
extrinsic parameter. The characteristic antenna pattern is a three-dimensional "peanut" shape, nearly
omnidirectional, which is why sky localisation requires a network of geographically separated detectors.
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Appendix C

Full code listing: the toy-model TDA
pipeline

This appendix reproduces, in full, the code behind the toy-model pipeline discussed and commented in
Section 3: a self-contained notebook that builds three raw timeseries (a cosine burst, white Gaussian noise,
and their sum), embeds each into a point cloud via a Takens embedding, and runs the full topological
pipeline (Vietoris-Rips persistent homology, Betti curves and their area, scalar summaries, persistence
images) on each. The code is split below into the same eight sections as the original notebook.

C.1 Imports

1 import numpy as np
2 import pandas as pd
3 import matplotlib.pyplot as plt

5 from gtda.time_series import SingleTakensEmbedding, TakensEmbedding

¢ from gtda.homology import VietorisRipsPersistence

7 from gtda.diagrams import BettiCurve, PersistenceEntropy, Scaler,
NumberOfPoints, Persistencelmage

gtda.plotting import plot_point_cloud, plot_diagram

gtda.pipeline import Pipeline

s from
o from

11 from
12 from
13 from
12 from

16 from

sklearn.
.metrics import pairwise_distances
sklearn.
sklearn.

sklearn

decomposition import PCA

preprocessing import FunctionTransformer
pipeline import FeatureUnion

tqdm.auto import tqdm

18 plt.rcParams.update({"figure.dpi": 120, "axes.grid": True, "grid.alpha":

0.

5})

C.2 Configuration

| HARBRBARARBARR CONFIGURATION #HHAAHAHBAHAHBAH

3 # -—— Sampling ---

1 SAMPLE_RATE 2048 # Hz

5 DURATION 4.0 # s, length of every timeseries
6

7 # —--- Cosine burst parameters ---

¢ COSINE_FREQUENCY
9 COSINE_AMPLITUDE

25.0 # Hz
3.5
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%!

45

46

COSINE_DURATION = DURATION * 10/10 # s, length of the cosine burst
inside the 4s window

COSINE_CENTER_TIME = 2.0 # s, where the burst i1s centered inside the 4s
window

# —--- Noise parameters ---

NOISE_STD = 1.0 # standard deviation of the white Gausstian notise

NOISE_SEED = 1234

# —--- Takens embedding: automatic parameter search ---
SEARCH_MAX_EMBEDDING_DIMENSION = 35
SEARCH_MAX_TIME_DELAY = 140
STRIDE = 18

# --- PCA dimension used for the Rips complexz / all topological features (PCA
branch) ---
PCA_N_COMPONENTS = 3

# —--- Persistent homology ---
HOMOLOGY_DIMENSIONS = [0, 1, 2]
BOOL_COLLAPSE = True

# --- Betti curves / partial integrals ---
N_BC_BINS = 300
N_INTEGRALS = 10

# —--- Perstistence images —---
PI_SIGMA = 0.03
PI_N_BINS = 64

# --- Point cloud plot ---
POINT_CLOUD_MARKER_SIZE = 1.5 # smaller = easter to see intermal structure
HAERRARAABABARARARABABARARRRBABARARARBABARARARRH

assert COSINE_DURATION <= DURATION, "Cosine burst must fit inside the 4s

window."
_half = COSINE_DURATION / 2.0
assert 0.0 <= COSINE_CENTER_TIME - _half and COSINE_CENTER_TIME + _half <=

DURATION, (
"Cosine burst (centered at COSINE_CENTER_TIME, length COSINE_DURATION) "
"must fit fully inside [0, DURATION]."

C.3 Build the three timeseries

¥

def generate_cosine_burst (sample_rate, duration, amplitude, frequency,
burst_duration, center_time):
"""Cosine burst (no tapering) placed inside a ‘duration ‘-long zero buffer
nnn
n_total = int(round(duration * sample_rate))
n_burst int (round (burst_duration * sample_rate))

t_burst = np.arange(n_burst) / sample_rate
burst = amplitude * np.cos(2.0 * np.pi * frequency * t_burst)

buf = np.zeros(n_total, dtype=np.float64)

start = int(round(center_time * sample_rate)) - n_burst // 2
end = start + n_burst
if start < O or end > n_total:
raise ValueError ("Cosine burst extends outside the buffer - adjust "
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15 "COSINE _CENTER_TIME / COSINE DURATION.")
16 buf [start:end] = burst
17 return buf

20 def generate_white_noise(sample_rate, duration, std, seed):
21 n_total = int(round(duration * sample_rate))

22 rng = np.random.default_rng(seed)

23 return rng.normal(loc=0.0, scale=std, size=n_total)

I time_axis np.arange (int (round (DURATION * SAMPLE_RATE))) / SAMPLE_RATE

3 cosine_ts = generate_cosine_burst(

1 SAMPLE_RATE, DURATION, COSINE_AMPLITUDE, COSINE_FREQUENCY,

5 COSINE_DURATION, COSINE_CENTER_TIME,

6 )

7 noise_ts = generate_white_noise (SAMPLE_RATE, DURATION, NOISE_STD, NOISE_SEED)
8 sum_ts

cosine_ts + noise_ts

["Pure cosine", "Pure noise", "Cosine + noise"]
[cosine_ts, noise_ts, sum_ts]

10 sample_names
11 list_timeseries

13 print (f"Each timeseries has {len(cosine_ts)} samples ({DURATION}s @ {
SAMPLE_RATE}Hz)")

Plot the three raw timeseries.

1 fig, axes = plt.subplots(3, 1, figsize=(8, 8), sharex=True)
for ax, name, ts in zip(axes, sample_names, list_timeseries):
3 ax.plot(time_axis, ts)

| ax.set_ylabel ("Amplitude")

5 ax.set_xlabel ("Time [s]")

6 ax.set_title(name)

N

s fig.tight_layout ()
o plt.show()

C.4 Takens embedding — automatic parameter search

We use SingleTakensEmbedding(parameters_type=’search’) independently on each of the 3 signals,
then take the median of the found (dimension, time_delay) pairs. Using one shared pair for all three
keeps the point clouds on the same axes, so they are directly comparable.

1 found_dimensions = []

> found_time_delays = []

3

. for name, ts in zip(sample_names, tqdm(list_timeseries, desc="Searching
embedding parameters")):

5 ste = SingleTakensEmbedding(

6 parameters_type="search",

7 time_delay=SEARCH_MAX_TIME_DELAY,

8 dimension=SEARCH_MAX_EMBEDDING_DIMENSION,

9 stride=STRIDE,

10 n_jobs=-1,

11 )

12 ste.fit(ts)

13 found_dimensions.append(ste.dimension_)

14 found_time_delays.append(ste.time_delay_)

15 print (f" {namel}: best dimension={ste.dimension_}, best time_delay={ste.

time_delay_1}")
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17 EMBEDDING_DIMENSION = int(np.median(found_dimensions))
s TIME_DELAY = int(np.median(found_time_delays))
19 print (£"\nOK EMBEDDING_DIMENSION (median across the 3 signals) = {
EMBEDDING DIMENSION}")
20 print (£"0K TIME_DELAY (median across the 3 signals) = {TIME_DELAY}")
21 print (£"0K STRIDE = {STRIDE}")

C.5 Takens embedding — three point clouds per signal

From here on we carry three parallel branches, always clearly labeled: a PCA branch (each raw
timeseries is embedded with the shared (EMBEDDING_DIMENSION, TIME_DELAY, STRIDE) found above,
then PCA-reduced to PCA_N_COMPONENTS dimensions); a no-PCA (dim=3) branch (each raw timeseries
is embedded directly with dimension=3, no PCA at all, using the same TIME_DELAY/STRIDE found above);
and a no-PCA (searched dim) branch (the very same embedded_clouds from the search above,
dimension = EMBEDDING_DIMENSION, used directly for the Rips complex / topological features — no PCA,
no dimensionality reduction at all). A separate PCA projection, always fixed at 3 components, is also
computed purely for plotting the PCA-branch point cloud.

| embedder = TakensEmbedding(

2 time_delay=TIME_DELAY,

3 dimension=EMBEDDING_DIMENSION,
A stride=STRIDE,

7 # TakensEmbedding (unlike SingleTakensEmbedding) operates on the whole

s # collection of series at once, embedding each one independently.

9 embedded_clouds = embedder.fit_transform(list_timeseries)

10 for name, cloud in zip(sample_names, embedded_clouds):

11 print (f"{name}: embedded point cloud shape (dimension={
EMBEDDING_DIMENSION}) = {cloud.shapel}")

13 # —--—- PCA branch: PCA-reduce the (found-dimension) embedded clouds ---
112 pca_feature_clouds = [PCA(n_components=PCA_N_COMPONENTS).fit_transform(cloud)
15 for cloud in embedded_clouds]

17 # Separate, ALWAYS-3D projection used only for plotting the PCA-branch point
cloud

1s PLOT_PCA_N_COMPONENTS = 3

19 pca_plot_clouds = [PCA(n_components=PLOT_PCA_N_COMPONENTS).fit_transform(
cloud)

20 for cloud in embedded_clouds]

2 # --- No-PCA branch: embed directly with dimension=3 (same TIME_DELAY/STRIDE)

23 embedder_dim3 = TakensEmbedding(

24 time_delay=TIME_DELAY,

25 dimension=3,

26 stride=STRIDE,

27 )

25 raw_dim3_clouds = embedder_dim3.fit_transform(list_timeseries)

20 for name, cloud in zip(sample_names, raw_dim3_clouds):

30 print (f"{name}: raw dimension-3 embedded point cloud shape = {cloud.shape

i)

Plot the point clouds with giotto-tda’s built-in plot_point_cloud — PCA branch first, then the no-PCA
(dim=3) branch. The no-PCA (searched dim) branch is only plotted if EMBEDDING_DIMENSION happens
to be 2 or 3; otherwise we just print a note and skip it.

1 print ("### PCA branch (Takens embedding + PCA to 3D) ###")
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2 for name, cloud in zip(sample_names, pca_plot_clouds):

3 fig = plot_point_cloud(cloud)

4 fig.update_traces (marker=dict(size=POINT_CLOUD_MARKER_SIZE))

5 fig.update_layout (title=f"[PCA] Takens embedding + 3D PCA - {namel}")
6 fig.show ()

s print ("### No-PCA (dim=3) branch (raw dimension-3 Takens embedding) ###")
o for name, cloud in zip(sample_names, raw_dim3_clouds):

10 fig = plot_point_cloud(cloud)

11 fig.update_traces (marker=dict(size=POINT_CLOUD_MARKER_SIZE))

12 fig.update_layout (title=f"[No PCA dim=3] Raw dimension-3 Takens embedding
- {namel}")

13 fig.show ()

15 print (£"### No-PCA (searched dim={EMBEDDING_DIMENSION}) branch ###")
16 if EMBEDDING_DIMENSION in (2, 3):

17 for name, cloud in zip(sample_names, embedded_clouds):

18 fig = plot_point_cloud(cloud)

19 fig.update_traces (marker=dict(size=POINT_CLOUD_MARKER_SIZE))

20 fig.update_layout (title=f"[No PCA searched dim={EMBEDDING_DIMENSION}]
Raw Takens embedding - {namel}")

21 fig.show ()

22 else:

23 print (£" skipping plot: EMBEDDING_DIMENSION = {EMBEDDING_DIMENSIONZ}, "

24 f"plot_point_cloud needs a 2D or 3D point cloud.")

C.6 Helper functions for the topological pipeline

Factored into plain functions so they can be reused identically for every branch below.

1 def sanitize_diagrams(diagrams):
"""Make diagrams finite for the feature pipeline.

N

4 Vietoris-Rips can leave a few deaths as +inf (features that never die).
5 giotto’s feature transformers reject non-finite values, so we cap each
6 infinite death at the largest *finite* death seen anywhere in the whole
7 collection. Any remaining non-finite point is turmned into a trivial
8 zero-lifetime point.

nnn
10 d = diagrams.copy ()
11 births = d[:, :, 0]
12 deaths al:, :, 1]

14 finite_deaths = deaths[np.isfinite(deaths)]

15 cap = finite_deaths.max() if finite_deaths.size else 0.0
16 inf_mask = np.isposinf (deaths)

17 n_inf = int(inf_mask.sum())

18 deaths [inf_mask] = cap

20 bad = ~np.isfinite(births) | ~np.isfinite(deaths)
21 n_bad = int(bad.sum())
22 births[bad] = 0.0

23 deaths[bad] = 0.0

24

25 if n_inf:

26 print (f" sanitize_diagrams: capped {n_infl} infinite death(s) at {cap
:.4f3")

27 if n_bad:

28 print (f" sanitize_diagrams: zeroed {n_bad} remaining non-finite
point (s)")

29 return d
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N

def compute_max_persistence(persistence_diagrams, homology_dimensions=

HOMOLOGY_DIMENSIONS) :
"""Maximum persistence (longest lifetime) for each homology dimension."""

n_samples = persistence_diagrams.shape [0]
n_dims = len(homology_dimensions)
features = np.zeros((n_samples, n_dims))

for i in range(n_samples):
for d_idx, dim in enumerate (homology_dimensions):
mask = persistence_diagrams[i, :, 2] == dim
lifetimes = persistence_diagrams[i, mask, 1] -
persistence_diagrams [i, mask, 0]
if len(lifetimes) > O:
features[i, d_idx] = np.max(lifetimes)
return features

def compute_total_persistence(persistence_diagrams, homology_dimensions=

HOMOLOGY_DIMENSIONS) :
"""Sum of all lifetimes (total persistence) for each homology dimension."

nn

n_samples = persistence_diagrams.shape [0]
n_dims = len(homology_dimensions)
features = np.zeros((n_samples, n_dims))

for i in range(n_samples):
for d_idx, dim in enumerate (homology_dimensions):
mask = persistence_diagrams[i, :, 2] == dim
lifetimes = persistence_diagrams[i, mask, 1] -
persistence_diagrams [i, mask, 0]
if len(lifetimes) > O:
features[i, d_idx] = np.sum(lifetimes)
return features

def betti_partial_integrals(list_bc, bc_samplings, homology_dimensions,

n_integrals=N_INTEGRALS):
"""Partial integrals of Betti curves over equally-spaced filtration

windows . """
n_samples = list_bc.shape[0]
n_dims = len(homology_dimensions)
result = np.zeros((n_samples, n_dims, n_integrals), dtype=np.float64)

window_edges = {}

for d_idx, di in enumerate(homology_dimensions):
filt_axis = bc_samplings[dil]
edges = np.linspace(filt_axis.min(), filt_axis.max(), n_integrals +
1)
window_edges [di] = edges

for k in range(n_integrals):
if k < n_integrals - 1:
mask = (filt_axis >= edges[k]) & (filt_axis < edges[k + 1])

else:

mask = (filt_axis >= edges[k]) & (filt_axis <= edges[k + 1])
x_chunk = filt_axis[mask]
y_chunk = list_bc[:, di, :]J[:, mask]

if len(x_chunk) >= 2:
result[:, d_idx, k] = np.trapz(y_chunk, x=x_chunk, axis=1)
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flat = result.reshape(n_samples, n_dims * n_integrals)
return flat, window_edges

1 def max_birth_death(diagrams, homology_dimensions=HOMOLOGY_DIMENSIONS) :
2 max_val = -np.inf

3 for diagram in diagrams:

4 mask = np.isin(diagram[:, 2], homology_dimensions)

filtered = diagram[mask]

birth = filtered[:, 0]

death = filtered[:, 1]

finite_death = death[np.isfinite(death)]
if len(birth) > O:

max_val = max(max_val, np.max(birth))
if len(finite_death) > O0:
2 max_val = max(max_val, np.max(finite_death))

return max_val

C.7 Topological pipeline — Rips complex + all features, run once per
branch

run_topology_pipeline takes a list of point clouds (one per sample) and a branch_label string, runs
Vietoris-Rips persistence, sanitizes the diagrams, extracts scalar features (entropy, max/total persistence,
num. points), Betti curves + partial integrals, persistence images, and finally plots everything, with every
title/print prefixed by branch_label so results from different branches are never ambiguous.

1 def run_topology_pipeline(point_clouds, branch_label, sample_names=

N

sample_names) :

print ("\n" + "#" * 70)

print (£"# TOPOLOGICAL PIPELINE - [{branch_labell}]")
print ("#" * 70)

6 # --- Vietoris-Rips persistent homology ---

7 max_distances = []

8 for cloud in point_clouds:

9 distances = pairwise_distances(cloud)
upper = distances[distances > 0]
max_distances.append (np.max (upper))

global_max_distance = max(max_distances)

print (£" [{branch_label}] Global max distance across the 3 point clouds:

global_max_distance:.6f}")

persistence = VietorisRipsPersistence (
homology_dimensions=HOMOLOGY_DIMENSIONS,
max_edge_length=global_max_distance,
collapse_edges=BO0OL_COLLAPSE,
n_jobs=-1,

)

list_PH_diagrams = persistence.fit_transform(point_clouds)

print (£" [{branch_label}] Persistence diagrams computed - shape: {
list_PH_diagrams.shapel}")

# --- Sanitize —-—-
list_PH_diagrams = sanitize_diagrams(list_PH_diagrams)
print (£" [{branch_label}] After sanitize - NaNs: {np.isnan(
list_PH_diagrams) .sum()}"
f" infs: {np.isinf(list_PH_diagrams).sum()2}")

# --- Scalar features ---
entropy = PersistenceEntropy(normalize=False, nan_fill_value=-10)
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compute_max_persistence_transformer = FunctionTransformer (
func=compute_max_persistence, kw_args={"homology_dimensions':
HOMOLOGY_DIMENSIONS})
compute_total_persistence_transformer = FunctionTransformer (
func=compute_total_persistence, kw_args={"homology_dimensions
HOMOLOGY_DIMENSIONS})

topological_features = FeatureUnion ([
("entropy", entropy),
("maxPersistence", compute_max_persistence_transformer),
("totalPersistence", compute_total_persistence_transformer),
("numFeatures", NumberOfPoints(n_jobs=-1)),

D

transformer_for_homology = Pipeline ([
("scaling", Scaler()),
("topological_features", topological_features),

i)

features_of_homology = transformer_for_homology.fit_transform(

list_PH_diagrams)
print (f" [{branch_label}] features_of_homology shape: {
features_of_homology.shape}")

list_PH_diagrams_scaled = transformer_for_homology.named_steps["scaling"

].transform(list_PH_diagrams)

# --- Betti curves ---

BC = BettiCurve(n_bins=N_BC_BINS, n_jobs=-1)

list_bc = BC.fit_transform(list_PH_diagrams_scaled)

bc_samplings = BC.samplings_

betti_partial_ints, betti_window_edges = betti_partial_integrals(
list_bc, bc_samplings, homology_dimensions=HOMOLOGY_DIMENSIONS,

n_integrals=N_INTEGRALS)

print (£" [{branch_labell}] Betti partial integrals shape: {

betti_partial_ints.shapel}")

# —--- Persistence images -—-—-
PI_flat = Persistencelmage (sigma=PI_SIGMA, n_bins=PI_N_BINS, n_jobs=-1)
PI_linear = Persistencelmage (sigma=PI_SIGMA, n_bins=PI_N_BINS,

weight _function=lambda x: x, n_jobs=-1)
PI_quad = PersistencelImage (sigma=PI_SIGMA, n_bins=PI_N_BINS,

weight_function=lambda x: x**2, n_jobs=-1)

list_PI_flat PI_flat.fit_transform(list_PH_diagrams_scaled)
list_PI_linear PI_linear.fit_transform(list_PH_diagrams_scaled)
list_PI_quad = PI_quad.fit_transform(list_PH_diagrams_scaled)
pi_samplings_quad = PI_quad.samplings_

print (£" [{branch_label}] Persistence Images computed - PI_quad shape:

list_PI_quad.shape}")

# —-—-- DataFrame ---
dims = HOMOLOGY_DIMENSIONS
column_names = (

[f"entropy_dim{d}" for d in dims] +
[f"max_pers_dim{d}" for d in dims] +
[f"total_pers_dim{d}" for d in dims] +
[f"num_points_dim{d}" for d in dims]

)
df = pd.DataFrame (features_of_homology, columns=column_names)
df .insert (0, "sample_name'", sample_names)

df .insert (0, "branch", branch_label)
for d_idx, d in enumerate (HOMOLOGY_DIMENSIONS):
for k in range (N_INTEGRALS):
col_idx = d_idx * N_INTEGRALS + k

df [f"betti_partial_int_dim{d}_win{k}"] = betti_partial_ints[:

col_idx]
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df ["betti_curve"] [1list_bc[i] for i in range(len(list_bc))]
df ["pers_img_quad"] = [list_PI_quad[i] for i in range(len(list_PI_quad))]
print (£" [{branch_label}] DataFrame shape: {df.shapel}")

# —--- Plot: persistence diagrams -—--
global _max_ = max_birth_death(list_PH_diagrams_scaled,
homology_dimensions=HOMOLOGY_DIMENSIONS)
print (£" [{branch_label}] Global max birth/death value across all diagrams
and dimensions: {global_max_:.3f}")
for i, name in enumerate (sample_names):
fig diag = plot_diagram(list_PH_diagrams_scaled[i])
fig_diag.update_layout (
title=f" [{branch_label}] Persistence Diagram - {namel}",
xaxis_title="Birth", yaxis_title="Death",
)
fig _diag.update_xaxes (range=[0, global _max_ * 1.1])
fig_diag.update_yaxes (range=[0, global_max_ * 1.1])
fig_diag.show ()

# —--- Scalar feature diagnostics —---

for i, name in enumerate (sample_names):
print ("\n" + "=" % 60)
print (£" [{branch_label}] DIAGNOSTICS FOR {namel}")
print ("=" * 60)

header = f"{’Scalar Feature:’:<25}"
for d in HOMOLOGY_DIMENSIONS:

header += f" | Dim {d:<7}"
print (header)
print ("-" * len(header))
scalar_feats = ["entropy", "max_pers", "total_pers", "num_points"]

for feat in scalar_feats:
row_str = f"{feat:<25}"
for d in HOMOLOGY_DIMENSIONS:
val = df [f"{feat} _dim{d}"].iloc[il
row_str += f" | {val:<10.4f}"
print (row_str)

# —--- Betti curve plots ---

BC_plotter = BettiCurve ()

BC_plotter.homology_dimensions_ = tuple (HOMOLOGY_DIMENSIONS)
BC_plotter.samplings_ = bc_samplings

all _bc_to_plot = np.stack(df["betti_curve"])
for i, name in enumerate (sample_names):
fig = BC_plotter.plot(all_bc_to_plot, sample=i, homology_dimensions=
HOMOLOGY_DIMENSIONS)
fig.update_layout (title=f"[{branch_labell}] Betti Curves - {namel}")
fig.update_yaxes (type="1log")
fig.show ()

# —--- Persistence image plots ---
all_PI_quad_to_plot = np.stack(df["pers_img_quad"])
PI_plotter = Persistencelmage ()
PI_plotter.homology_dimensions_ = tuple (HOMOLOGY_DIMENSIONS)
PI_plotter.samplings_ = pi_samplings_quad
for 4d in HOMOLOGY_DIMENSIONS:
for i, name in enumerate(sample_names) :
fig_pi = PI_plotter.plot(all_PI_quad_to_plot, sample=i,
homology_dimension_idx=d)
fig _pi.update_layout(title=f"[{branch_label}] Persistence Image (
Quad) - {name} - Hom _Dim {d}")
fig_pi.show()
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return {
"df": df,
"list_PH_diagrams": list_PH_diagrams,
"list_PH_diagrams_scaled": list_PH_diagrams_scaled,
"bc_samplings": bc_samplings,
"pi_samplings_quad": pi_samplings_quad,
"global_max_distance": global_max_distance,

C.8 Run the pipeline for all three branches

V]

results_pca = run_topology_pipeline(pca_feature_clouds, "PCA")

results_nopca_dim3 = run_topology_pipeline(raw_dim3_clouds, "No PCA dim
=3II)

results_nopca_searched = run_topology_pipeline(embedded_clouds, f'"No PCA

searched dim={EMBEDDING_DIMENSION}")
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Appendix D

Full code listing: the dataset-generation
pipeline

This appendix reproduces, in full, the code behind the dataset-generation pipeline discussed and commented
section by section in Section 5.1: a self-contained notebook that samples random binary parameters,
generates and tapers a gravitational-wave waveform, places it at a random merger time, generates coloured
detector noise from the Advanced LIGO noise spectral density, rescales the signal (not the noise) to a
target SNR, whitens and band-passes the result, and assembles and saves the resulting dataset. The code
is split below into the same cells as the original notebook.

D.1

Imports

1 from dataclasses import dataclass, field

from functools import lru_cache
from typing import Optional

5 import numpy as np
6 import matplotlib.pyplot as plt

s from
o from
10 from
11 from
12 from

pycbc.
pycbc.

.noise import noise_from_psd

pycbc

pycbc.
pycbc.

waveform import get_td_waveform
psd import alLIGOZeroDetHighPower , inverse_spectrum_truncation

types import TimeSeries
filter import sigma

14 import pickle
15 import os
16 from tqdm.notebook import tqdm

15 import warnings
19 warnings.filterwarnings ("ignore", "Wswiglal-redir-stdio")

21 plt.rcParams.update ({"figure.dpi": 120, "axes.grid": True, "grid.alpha":
0.5})

D.2 Configuration

1 @dataclass

> class GWConfig:
: # --- Sampling ---
sample_rate: int = 2048 # Hz

# --- Frequencies [Hz] ---
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f_gen: float = 15.0 # waveform generation lower freq

f_low: float = 20.0 # SNR / whitening lower freq
f_high: float = 900.0 # SNR / whitening upper freq
# --- Time windows [s] ---

buffer_duration: float = 16.0

crop_duration: float = 4.0

crop_start_time: float = 6.0

tc_min_in_crop: float = 3.0

tc_max_in_crop: float = 3.8

# —--- BBH parameter ranges ---
mtot_min: float = 30.0
mtot_max: float = 100.0

q_min: float 1.0

q_max: float 5.0

ml_max: float 80.0

m2 _min: float 5.0

# --- Target SNR ---
snr _min: float 6.0
snr_max: float 30.0

# --- Waveform model ---
approximant: str = "SEOBNRv4"
distance_mpc: float = 1.0

# --- Tapering [s]
start_taper: float
end_taper: float

]
o O
o o,
(¢)]

# --- Whitening ---
max_filter_duration: float = 2.0

# --- Output ---
dtype: str = "float32"

# —-—-- Random seed -—--
seed: int = 1234

# —--- Derived ---
@property
def dt(self) -> float:
return 1.0 / self.sample_rate
@property
def buffer n(self) -> int:
return int(self.buffer_duration * self.sample_rate)
@property
def crop_n(self) -> int:
return int(self.crop_duration * self.sample_rate)
@property
def crop_end_time (self) -> float:
return self.crop_start_time + self.crop_duration

@property

def crop_slice(self) -> slice:
i0 = int(self.crop_start_time * self.sample_rate)
return slice(iO, i0 + self.crop_n)

@property

def f_high_safe(self) -> float:
return min(self.f_high, 0.5 * self.sample_rate)
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D.3 Dataset-level parameters

19

23

#A##AAARBAARH#E DATASET -LEVEL PARAMETERS #AHR#HAARBARALH

folder = "../Datasetsb" # output folder (matches the exztractor
default)
num_signals = 10000 # total number of ML samples to gemnerate
# (balanced: ~half stignal+noise, ~half noise-
only)

# Bool, if True also save the per-sample whitened pure signal / pure noise
crops
BOOL_SAVE_PURE_SIGNAL_AND_NOISE = False

# Small "test topological features" file: [pure signal, pure noise, signal+
noise]

# built from a SINGLE fized waveform + noise realisation (all whitened crops)

BOOL_TEST_TOPOLOGICAL_FEATURES = False

# Single GWConfig instance drives the whole generation pipeline.
cfg = GWConfig()

# —---- Bookkeeping values kept ONLY so the exztractor’s dict keys still exzist.

# The new pipeline samples mass & SNR per-signal, so these scalars are now

Just

# metadata describing the configured ranges rather than fized grid wvalues.

PSD_CONST_VALUE = np.nan # no longer a flat-PSD constant (
coloured aLIGO PSD mnow)

M_total = cfg.mtot_max # representative; true total mass 1is
per-signal

EPSILON = np.nan # nmnot used by the nmew amplitude
scaling

num_snr_values =0 # 0 => "continuously sampled"”, not a
grid

num_mass_ratio_values = 0 # 0 => "continuously sampled"”, not a
grid

# Parameters for the optional topological -test file
mtot_test = 60.0

q_test = 2.0

SNR_TEST_MODE = 50.0

RARBRARRAAAHRH

D.4 Sampling binary parameters

1

def sample_bbh_parameters (cfg: GWConfig,
rng: np.random.Generator,
max_tries: int = 100) -> dict:
"""Sample (ml, m2) from total mass and mass ratio q = ml/m2 >= 1.
for _ in range(max_tries):
mtot = rng.uniform(cfg.mtot_min, cfg.mtot_max)
q = rng.uniform(cfg.q _min, cfg.q_max)
m2 = mtot / (1.0 + q)
ml = q * m2
if cfg.m2_min <= m2 <= ml <= cfg.ml_max:
return {"mass1": float(ml),

nnn
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def

def

def

"mass2": float (m2),

"q": float(q),

"total _mass": float (mtot),
"coa_phase": float(rng.uniform(0.0,

2.0 * np.pi))}

raise RuntimeError ("Could not sample valid masses within range.")

Tapering the waveform edges

apply_edge_taper (h: np.ndarray, cfg: GWConfig) -> np.ndarray:

"""Half -Hann ramp at start, short cosine ramp at end.
h = h.copy()

n_start = min(int(cfg.start_taper * cfg.sample_rate),
n_end = min(int (cfg.end_taper * cfg.sample_rate),
if n_start > 1:

x = np.arange(n_start)

nnn

len(h))
len(h))

h[:n_start] *= 0.5 * (1.0 - np.cos(np.pi * x / (n_start - 1)))

if n_end > 1:
X = np.arange(n_end)

h(-n_end:] *= 0.5 * (1.0 + np.cos(np.pi * x / (n_end - 1)))

return h

Generating the waveform

generate_waveform(params: dict, cfg: GWConfig) -> np.

"""Generate a tapered h_plus BBH waveform. Returns h

hp, _ = get_td_waveform(
approximant=cfg.approximant,
massl=params["mass1"],
mass2=params ["mass2"],
delta_t=cfg.dt,
f_lower=cfg.f_gen,
distance=cfg.distance_mpc,
coa_phase=params["coa_phase"],
taper=None,

)

h = np.asarray(hp, dtype=np.float64)

return apply_edge_taper (h, cfg)

Placing the signal in the buffer

place_in_buffer (h: np.ndarray, cfg: GWConfig,
tc_in_crop: float) -> np.ndarray:

ndarray:
(np.ndarray) .

"""Insert ‘h‘ into a ‘cfg.buffer_n‘-length zero buffer.

The merger (peak |h|) is placed at crop_start_time +

nnn

buf = np.zeros(cfg.buffer_n, dtype=np.float64)

tc_in_crop.

peak_target = int(round((cfg.crop_start_time + tc_in_crop) * cfg.
sample_rate))

peak_h = int (np.argmax (np.abs(h)))

start, end = peak_target - peak_h, peak_target - peak_h + len(h)

if end > cfg.buffer_n:

raise ValueError ("Waveform extends past the right edge of the buffer.

II)
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src_start = max(0, -start) # 1f start < 0 we drop the early
imspiral

dst_start = max(0, start)

buf [dst_start:end] = hl[src_start:]

return buf

D.8 Noise spectral density and coloured noise

16

@lru_cache (maxsize=8)

def

def

def

D.9

1

def

def

_psd_cached(n_samples: int, sample_rate: int, f_low: float):
delta_f = sample_rate / n_samples
return alLIGOZeroDetHighPower (n_samples // 2 + 1, delta_f, f_low)

make_psd(n_samples: int, cfg: GWConfig):
"""Analytic aLIGOZeroDetHighPower PSD matched to a time-series length."""
return _psd_cached(n_samples, cfg.sample_rate, cfg.f_low)

generate_colored_noise(cfg: GWConfig, seed: int) -> np.ndarray:

"""Colored Gaussian noise of length ‘cfg.buffer_ n‘."""

psd = make_psd(cfg.buffer_n, cfg)

ts = noise_from_psd(length=cfg.buffer_n, delta_t=cfg.dt, psd=psd, seed=
seed)

return np.asarray(ts, dtype=np.float64)

Computing and rescaling the optimal SNR

optimal_snr(signal_crop: np.ndarray, cfg: GWConfig, psd=None) -> float:

"""Optimal matched-filter SNR of the signal inside the crop."""

ts = TimeSeries(signal_crop, delta_t=cfg.dt)

if psd is None:

psd = make_psd(len(signal_crop), cfg)

return float(sigma(ts, psd=psd,
low_frequency_cutoff=cfg.f_low,
high_frequency_cutoff=cfg.f_high_safe))

scale_to_snr(signal_buffer: np.ndarray, cfg: GWConfig,
target_snr: float):
"""Return ‘signal_buffer * A‘ so that its crop has SNR = target_snr."""
rho0 = optimal_snr(signal_buffer[cfg.crop_slice], cfg)
if not np.isfinite(rho0O) or rhoO <= O0:
raise ValueError (f"Invalid unscaled SNR: {rhoO}")

A = target_snr / rhoO

scaled_signal_buffer = A * signal_buffer
measured = optimal_snr(scaled_signal_buffer[cfg.crop_slicel, cfg)
info = {
"target_snr": float (target_snr),
"unscaled_snr_crop": float (rho0),
"amplitude_scale_A": float(A),
"measured_snr_crop": float(measured),
}

return scaled_signal_buffer, info
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D.10 Whitening and band-passing

1 def whiten_and_bandpass (buf: np.ndarray, cfg: GWConfig,
fir order_duration: float = 1.0,
3 beta: float = 5.0) -> np.ndarray:

N

! """Whiten with the analytic PSD, then highpass/lowpass with FIR filters."

nn

5 ts = TimeSeries(np.asarray(buf, dtype=np.float64), delta_t=cfg.dt)

6 psd = make_psd(len(buf), cfg)

7 psd = inverse_spectrum_truncation(

8 psd,

9 max_filter_len=int(cfg.max_filter_duration * cfg.sample_rate),

10 low_frequency_cutoff=cfg.f_low,

11 trunc_method="hann",

12 )

13

14 out = (ts.to_frequencyseries() / psd ** 0.5).to_timeseries ()

15

16 order = int(fir_order_duration * cfg.sample_rate)

17 out = out.highpass_fir(cfg.f_low, order=order, beta=beta,
remove_corrupted=False)

18 out = out.lowpass_fir (cfg.f_high_safe, order=order, beta=beta,

remove_corrupted=False)

20 # Defensive: preserve ortiginal buffer length
21 arr = np.asarray(out, dtype=np.float64)
22 if len(arr) > len(buf): arr = arr[:len(buf)]

23 elif len(arr) < len(buf): arr = np.pad(arr, (0, len(buf) - len(arr)))

24 return arr

D.11 Building one signal or noise sample

1 def generate_signal_sample(cfg: GWConfig,
rng: np.random.Generator,

N

3 max_tries: int = 20,

| return_debug: bool = False):

5 """One signal+noise ML sample (label = 1) - whitened crop."""

6 for attempt in range(max_tries):

7 try:

8 P = sample_bbh_parameters(cfg, rng)

9 target_snr = float(rng.uniform(cfg.snr_min, cfg.snr_max))

10 tc = float(rng.uniform(cfg.tc_min_in_crop, cfg.
tc_max_in_crop))

11 noise_seed = int(rng.integers (0, 2**x31 - 1))

12

13 h = generate_waveform(p, cfg)

14 signal_buffer = place_in_buffer(h, cfg, tc)

15 signal_buffer, snr_info = scale_to_snr(signal_buffer, cfg,
target_snr)

16 noise_buffer = generate_colored_noise(cfg, seed=noise_seed)

17

18 x_white = whiten_and_bandpass(signal_buffer + noise_buffer,

19 x_ml = x_white[cfg.crop_slice].astype(cfg.dtype)

20

21 meta = {"label": 1, "attempt": attempt, "noise_seed": noise_seed,

22 "tc_in_crop": tc, "target_snr": target_snr, **p, *x*
snr_infol}

24 if return_debug:
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25 signal_white = whiten_and_bandpass(signal_buffer, cfg)

26 noise_white = whiten_and_bandpass(noise_buffer, cfg)

27 debug = {

28 "signal_white_crop": signal_white[cfg.crop_slice].astype(
cfg.dtype),

29 "noise_white_crop": mnoise_white [cfg.crop_slice].astype(
cfg.dtype),

30 "x_white_crop": x_ml,

31 }

32 return x_ml, meta, debug

33 return x _ml, meta

35 except ValueError:
36 continue
37 raise RuntimeError (f"No valid signal sample after {max_triesl} tries.")

10 def generate_noise_sample(cfg: GWConfig, rng: np.random.Generator,
41 return_debug: bool = False):

42 """One noise-only ML sample (label = 0) - whitened crop.
43 noise_seed = int(rng.integers (0, 2**31 - 1))

44 noise_buffer generate_colored_noise(cfg, seed=noise_seed)

nmun

45 Xx_white = whiten_and_bandpass(noise_buffer, cfg)

46 x_ml = x_white[cfg.crop_slicel].astype(cfg.dtype)

47

48 meta = {"label": 0, "noise_seed": noise_seed, "target_snr": 0.0}

49 if return_debug:

50 return x_ml, meta, {"noise_white_crop": x_ml, "x_white_crop": x_ml}
51 return x_ml, meta

D.12 Plotting helpers

1 def as_timeseries(crop: np.ndarray, cfg: GWConfig) -> TimeSeries:
2 """Wrap a whitened crop array as a pyCBC TimeSeries (epoch = 0)."""
3 return TimeSeries (np.asarray(crop), delta_t=cfg.dt, epoch=0.)

6 ’’’def plot_whitened_crop(ts: TimeSeries, label, snr=None, idx=None, ax=None)

7 if ax is None:

8 fig, ax = plt.subplots(figsize=(20, 4))

9 ax.plot(ts.sample_times, ts, label=f"signal {idx} | label={labell}")
10 ax.set_xlabel ("Time [s]")

11 ax.set_ylabel ("Whitened strain")

12 title = f"Signal {idx} | label={labell}"
13 if snr is not None:

14 title += f" | SNR={snr:.2f}"

15 ax.set_title(title)

16 ax.legend ()’

15 def plot_whitened_crop(noisy_ts, label, snr=None, idx=None,
19 signal_ts=None, noise_ts=None, ax=None):

20 """Overlay pure signal, pure noise and signal+noise on one axis.

21

22 ‘signal_ts ¢ / ‘noise_ts ‘ are optional (whitened pure-signal / pure-noise
23 crops). When given, all three traces are plotted with transparency so you
24 can visually check that signal + noise == the noisy data.

25 e

26 if ax is None:

27 fig, ax = plt.subplots(figsize=(20, 4))
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29 # Plot noise first (background), then signal+noise, then pure signal on

top
30 if noise_ts is not None:
31 ax.plot(noise_ts.sample_times, noise_ts,
32 label="noise", color="C7", alpha=0.35, 1lw=0.8)

33 ax.plot(noisy_ts.sample_times, noisy_ts,

34 label="signal + noise", color="C0", alpha=0.5, 1lw=0.9)
35 if signal_ts is not None:

36 ax.plot(signal_ts.sample_times, signal_ts,

37 label="signal", color="C3", alpha=0.9, lw=1.2)

39 ax.set_xlabel ("Time inside crop [s]")

40 ax.set_ylabel ("Whitened strain")

a1 title = f£"Signal {idx} | label={labell}"
12 if snr is not None:

13 title += f£" | SNR={snr:.2f}"

14 ax.set_title(title)
15 ax.legend (loc="upper right")

D.13 Generating the full dataset

| if BOOL_SAVE_PURE_SIGNAL_AND_NOISE:

2 list_pure_signals = []
3 list_pure_noises = []
4 list_signals_plus_noises = []
¢ if BOOL_TEST_TOPOLOGICAL_FEATURES == False:

7 rng = np.random.default_rng(cfg.seed)

9 list_ml_set_signals []
10 labels = []
11 list_SNR_values np.zeros (num_signals)

12 list_mass_ratio_coef = []
13

14 n_signal = 0

15 n_noise = 0

17 for i in tqdm(range(num_signals), desc="Generating signals"):

18 is_signal = (i % 2 == 0) # interleave: signal, noise, signal,

19

20 if is_signal:

21 x_ml, meta, dbg = generate_signal_sample(cfg, rng, return_debug=
True)

22 ts = as_timeseries(x_ml, cfg)

23 list_ml_set_signals.append(ts)

24 labels.append (1)

25 list_SNR_values[i] = meta["measured_snr_crop"]

26 list_mass_ratio_coef.append(metal"q"])
27 n_signal += 1

29 if BOOL_SAVE_ PURE_SIGNAL_AND NOISE:

30 list_pure_signals.append(as_timeseries(dbg["signal_white_crop
"], cfg))

31 list_pure_noises.append(as_timeseries (dbg["noise_white_crop"
1, cfg))

32 list_signals_plus_noises.append(as_timeseries (dbgl["
x_white_crop"], cfg))

33 else:
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49

50

51

x_ml, meta, dbg = generate_noise_sample(cfg, rng, return_debug=
True)

ts = as_timeseries(x_ml, cfg)

list_ml_set_signals.append(ts)

labels.append (0)

list_SNR_values[i] = 0.0

list_mass_ratio_coef.append(np.nan) # no mass for motse-only

n_noise += 1

if BOOL_SAVE PURE_SIGNAL AND NOISE:

# No injected signal: pure-signal crop s zeros,; pure-noise
crop is the data.

zero_crop = np.zeros(cfg.crop_n, dtype=cfg.dtype)

list_pure_signals.append(as_timeseries (zero_crop, cfg))

list_pure_noises.append(as_timeseries(dbg["noise_white_crop
1, cfg))

list_signals_plus_noises.append(as_timeseries(dbgl["
x_white_crop"]l, cfg))

print (f"Generated {num_signals} samples ({n_signal} signal+noise, {
n_noisel} noise-only)")

_nonzero = [s for s in list_SNR_values if s > 0]
if _nonzero:
print (f"Measured -SNR range (signal class): {min(_nonzero):.2f} - {max

(_nonzero) :.2f}")

# Visual check of the first few samples
>?2for i in range(min(7, num_signals)):
plot_whitened_crop(list_ml_set_signals[i], labels[i],
snr=1ist_SNR_values[i] if 1list_SNR_values[i] > O
else None,
idx=1i)
plt.show ()’’’
for i in range(min (7, num_signals)):
if BOOL_SAVE_PURE_SIGNAL AND NOISE:
plot_whitened_crop(
list_signals_plus_noises[i], labels[i],
snr=1ist_SNR_values[i] if 1list_SNR_values[i] > O else None,

idx=1i,
signal_ts=1ist_pure_signals[i] if labels[i] == 1 else None,
noise_ts=1list_pure_noises[i],
)
else:

plot_whitened_crop(
list_ml_set_signals[i], labels([il],
snr=1ist_SNR_values[i] if 1list_SNR_values[i] > O else None,
idx=i,
)
plt.show ()

D.14 Topological-feature test mode

1

2

if BOOL_TEST_TOPOLOGICAL_FEATURES == True:

print ("--- RUNNING IN TOPOLOGICAL TEST MODE ---")
rng = np.random.default_rng(cfg.seed)

# Fized parameters for the test waveform
p = {"mass1": g_test * mtot_test / (1.0 + g_test),
"mass2": mtot_test / (1.0 + q_test),
"q": q_test, "total_mass": mtot_test, "coa_phase": 0.0}
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#target_snr = float (0.5 * (cfg.snr_min + cfg.snr_maz)) # mid-range
target

target_snr = float (SNR_TEST_MODE)

tc float (0.5 * (cfg.tc_min_in_crop + cfg.tc_max_in_crop))

noise_seed int (rng.integers (0, 2*x*31 - 1))

h = generate_waveform(p, cfg)

signal_buffer = place_in_buffer(h, cfg, tc)

signal_buffer, snr_info = scale_to_snr(signal_buffer, cfg, target_snr)
noise_buffer = generate_colored_noise(cfg, seed=noise_seed)

signal_white = whiten_and_bandpass(signal_buffer, cfg)[cfg.crop_slicel.
astype (cfg.dtype)

noise_white = whiten_and_bandpass(noise_buffer, «cfg)l[cfg.crop_slice].
astype(cfg.dtype)
Xx_white = whiten_and_bandpass(signal_buffer + noise_buffer, cfg) [cfg

.crop_slicel].astype(cfg.dtype)
SNR = snr_info["measured_snr_crop"]

# [pure signal, pure mnoise, signal + noise]

list_ml_set_signals = [as_timeseries(signal_white, cfg),
as_timeseries(noise_white, cfg),
as_timeseries(x_white, cfg)]

[1, o, 1]

[0.0, 0.0, SNRI]

[q_test, np.nan, q_test]

3

2 # the signal+noise sample %is the "realistic"”

labels

list_SNR_values

list_mass_ratio_coef

num_signals

realistic_sample_idx
one

fig, ax = plt.subplots(figsize=(20, 4))

ax.plot(list_ml_set_signals [2].sample_times, list_ml_set_signals([2],
label="signal + noise (whitened)", alpha=0.7)

ax.plot(list_ml_set_signals [0].sample_times, list_ml_set_signals[0],
label="pure signal (whitened)")

ax.set_xlabel("Time inside crop [s]"); ax.set_ylabel("Whitened strain")

ax.set_title(f"Topological test set | SNR = {SNR:.2f}")

ax.legend (); plt.show()

if BOOL_SAVE_PURE_SIGNAL_AND NOISE:
list_pure_signals = [as_timeseries(signal_white, cfg)] * 3
list_pure_noises = [as_timeseries(noise_white, cfg)] * 3
list_signals_plus_noises [as_timeseries (x_white, cfg)] * 3

D.15 Saving the dataset

dataset_to_save = {
"list_ml_set_signals": list_ml_set_signals,
"labels": labels,
"list_SNR_values": list_SNR_values,
"PSD_CONST_VALUE": PSD_CONST_VALUE, # NaN: coloured aLIGO PSD
now
"list_mass_ratio_coef": list_mass_ratio_coef,
"SAMPLE_RATE": cfg.sample_rate,
"M_total": M_total, # representative only
"DURATION_TOTAL": cfg.buffer_duration, # full buffer length [s]
"DURATION_SIGNAL": cfg.crop_duration, # whitened crop length [s

] (what is sawved)
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40

45

46

48

49

if

os.

"EPSILON": EPSILON, # NalN: unused by new

scaling

"MODEL" : cfg.approximant ,

"LOW_FREQUENCY_CUTOFF": cfg.f_low,

"num_snr_values": num_snr_values, # 0 => sampled, not a
grid

"num_mass_ratio_values": num_mass_ratio_values, # 0 => sampled, not a
grid

# ---- extra provenance (exztractor ignores these) ----

"config": vars (cfg),

"CROP_N": cfg.crop_mn,

"PIPELINE": "0l _Generate_Waveform_correct (whitened crop)",

BOOL_SAVE_PURE_SIGNAL_AND_NOISE:
dataset_to_save["list_pure_signals"]
dataset_to_save["list_pure_noises"]
dataset_to_save["list_signals_plus_noises"]

list_pure_signals
list_pure_noises
list_signals_plus_noises

makedirs (folder, exist_ok=True)

# Filename mirrors the old maming scheme so the exztractor’s ‘filename ‘ s

familiar

_nonzero = [x for x in list_SNR_values if x > 0]

snr_min_f
snr_max_f

min(_nonzero) if _nonzero else 0.0
max (list_SNR_values) if len(list_SNR_values) else 0.0

if BOOL_TEST_TOPOLOGICAL_FEATURES == False:
filename = (f"{folder}/gw_data_{num_signals}_signals_"
f"SNR_{snr_min_f:.2f} {snr_max_f:.2f}_ "
f'"num_snr_values_{num_snr_values}_"
f"MassTotal_ {M_total}_ numMassRatios_{num_mass_ratio_values}.
pk1l")
else:

dataset_to_save["BOOL_TEST_TOPOLOGICAL_FEATURES"] =
BOOL_TEST_TOPOLOGICAL_FEATURES

dataset_to_save["realistic_sample_idx"] = realistic_sample_idx
print (£"BOOL_TEST_TOPOLOGICAL_FEATURES = {BOOL_TEST_TOPOLOGICAL_FEATURES}
Il)

filename = (f"{folder}/gw_data_TEST_TOPOLOGICAL_FEATURES_"
f"SNR_{snr_max_f:.2f} _MassTotal_{M_total}_samplingRate_{cfg.
sample_ratel}.pkl")

with open(filename, "wb") as f:

pickle.dump(dataset_to_save, f)

print (f"Dataset and parameters saved successfully to:\n {filenamel}")
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