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Abstract

This thesis studies universal derived equivalences between categories of diagrams over finite posets.
Given a finite poset X and an abelian category A, one considers the category AX of diagrams
over X with values in A, and asks when two posets X and Y give rise to derived equivalent
diagram categories for every abelian category A. After recalling the necessary background on
triangulated categories, complexes, and derived categories, the thesis presents a detailed proof of
a criterion, due to Ladkani, under which suitable combinatorial data on finite posets produce
pairs of universally derived equivalent posets. The proof is based on the construction of explicit
combinatorial data, called formulas, which give rise to functors on complexes of diagrams and
induce triangulated functors on the corresponding derived categories. The final chapter develops
original results aimed at producing posets that are universally derived equivalent to a given finite
poset. More precisely, it studies when the order structure of a finite poset can be described in
terms of a partition into two subsets and an order-preserving map between them, proves that
this map is uniquely determined whenever such a description exists, and formulates algorithmic
procedures for detecting these partitions and constructing the corresponding universally derived
equivalent posets, together with some results on when different constructions may lead to
isomorphic outputs.
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Introduction

Motivation

A classical problem in algebra is to determine when two rings are isomorphic. A more flexible
question, central to representation theory, is whether two rings R and S have equivalent categories
of modules, that is, when Mod-R ~ Mod-S. If R and S are isomorphic, then their module
categories are certainly equivalent, but the converse does not hold in general. A classical example
is that every ring R is Morita equivalent to the matrix ring M, (R) for every n > 1, so that
Mod-R ~ Mod-M,(R), even though R and M, (R) are typically not isomorphic. The precise
characterization of when two rings have equivalent module categories is provided by Morita
theory, developed in the 1950s.

One can relax the question even further and ask when the derived categories D(Mod-R) and
D(Mod-S) are equivalent as triangulated categories. Derived categories were introduced by
Grothendieck and Verdier in the 1960s as a framework for homological algebra, and have since
become a fundamental tool across algebra, algebraic geometry, and representation theory. Two
rings whose module categories are equivalent are necessarily derived equivalent, but the converse
fails: derived equivalence is a strictly weaker notion, yet it still preserves a rich amount of
homological information.

A landmark contribution to the study of derived equivalences is due to Happel [%], who showed
that a tilting module over a finite-dimensional algebra induces an equivalence between the
corresponding bounded derived categories. This was subsequently generalized by Rickard, who
proved that two rings are derived equivalent if and only if one can be realized as the endomorphism
ring of a suitable complex, called a tilting complex, over the other. These results, which form
the core of tilting theory, provide a powerful framework for establishing and detecting derived
equivalences between algebras that are not equivalent at the level of modules.

A concrete and instructive example arises from quiver representations. Consider the two quivers
of type As
Qi:1—=-2—3 and @Q2:1— 2+« 3.

The path algebras K Q1 and K@Q2 over a field K are not isomorphic, and their module categories
Mod-K Q1 and Mod-K Q- are not equivalent. Indeed, this can already be seen at the level of quiver
representations: ()1 has one source, whereas ()2 has two, so the corresponding categories have a
different number of simple injective objects and therefore cannot be equivalent. Nevertheless,
their derived categories are equivalent; indeed, this is a special case of the fact that any two
orientations of a tree are universally derived equivalent, see [3, Corollary 1.8]. This example
illustrates that derived equivalence can detect structural similarities that are invisible at the
level of module categories.

For finite posets, these questions admit a particularly concrete reformulation. Given a finite
poset P and a category A, one can consider the category A of diagrams over P with values in
A: the objects are families of objects (A;).ep in A together with morphisms A, — A, for each
relation z < 2/, compatible with the order. When A = Mod-K is the category of modules over a
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field K, i.e. the category of K-vector spaces, this category of diagrams can be identified with
the category of representations of the poset over K, and, for finite posets, with the category of
modules over the incidence algebra Ap of P. Therefore, for posets P and P’, the question of
whether D(A”) and D(A"") are equivalent reduces, in the classical case of vector spaces, to the
question of whether the incidence algebras Ap and Ap/ are derived equivalent.

However, one can ask for something stronger. Rather than fixing a field K and working only
with vector spaces or modules, we ask whether the equivalence D(A”) ~ D(AF") holds for every
abelian category A. When this is the case, the two posets are said to be universally derived
equivalent. This is a considerably stronger property: it says that the equivalence is determined
entirely by the structure of the posets and does not depend on any particular choice of coefficient
category. In this sense, universal derived equivalences provide a natural meeting point between
homological algebra and order theory. This is the point of view of this thesis.

The central reference for this thesis is the work of Ladkani [3], who gives sufficient combinatorial
conditions under which two finite posets are universally derived equivalent. More precisely,
starting from two finite posets X and Y together with a family of subsets Y, C Y, indexed by
the elements of X and satisfying suitable compatibility conditions, he constructs two new posets
on the disjoint union X LY. Both posets preserve the original orders within X and within Y,
but they differ in the mixed relations: in one, the additional relations go from elements of X to
elements of Y, while in the other they go in the opposite direction. The main result is that these
two posets are universally derived equivalent. The proof is based on the explicit construction of
functors at the level of complexes of diagrams, called formulas, which are then shown to induce
triangulated functors between the corresponding derived categories. In Chapter 2, we present
this construction in detail and make its mechanism as explicit as possible.

Chapter 3 develops original contributions motivated by the singleton case of this construction,
in which each subset Y, consists of a single point and the data reduce to an order-preserving
map f: A — B. The singleton case provides a particularly transparent setting in which the
categorical construction can be translated into concrete combinatorial questions. In other words,
rather than starting from two separate posets and combining them, we start from a single poset
and ask whether it can be decomposed to produce new universally derived equivalent posets.
The central observation is that, given a finite poset P, one can ask whether P itself arises from
this construction, that is, whether P can be decomposed into two pieces A and B in such a way
that all mixed relations in P go from A to B and are determined by an order-preserving map
f: A — B. If so, one can reverse the directions of the mixed relations, obtaining a new poset
universally derived equivalent to P. We call such a decomposition an admissible cut. The main
result of the chapter (Theorem 3.2.2) gives a complete characterization of admissible cuts: a
partition P = AU B is admissible if and only if A is an ideal, B is a filter, and for every a € A the
set of elements of B above a has a minimum. Moreover, whenever these conditions are satisfied,
the map f is uniquely determined by the poset and the partition. This leads to an algorithmic
procedure for systematically enumerating all posets universally derived equivalent to a given one
via a single application of the singleton construction. We also prove that automorphisms of P,
as well as automorphisms of the pieces A and B, can identify different cuts or different maps
that produce isomorphic outputs, thus refining the combinatorial count. The algorithms and
results are applied to concrete examples throughout the chapter.

Structure of the thesis

Chapter 1 collects the background material needed in the rest of the thesis. We recall the
definition and basic properties of triangulated categories, introduce cochain complexes and the
homotopy category, and construct the derived category of an abelian category via localization.
The main references for this chapter are Mili¢i¢ [1] and Weibel [2].



Chapter 2 contains the central mathematical result of the thesis: a detailed proof of Ladkani’s
criterion for universal derived equivalence (Theorem 2.2.4). The content of this chapter follows
the approach of [3], but the exposition has been substantially reworked. In particular, the
statement of the main theorem is reformulated so as to make the role of the combinatorial
hypotheses more transparent; several intermediate lemmas are introduced in order to clarify the
logical structure of the proof; a number of verifications that are only sketched or omitted in [3]
are written out in detail; and a running example is used throughout the chapter to illustrate the
construction concretely. The argument is developed in two stages: first, the elementary case in
which the posets are 1 — 2 is treated in detail, since it provides the local model for the general
construction; then, the formulas and natural transformations are assembled in the general case
to prove the main theorem.

Chapter 3 develops some original contributions by answering questions arising from the singleton
case of the construction introduced in Chapter 2, where the data reduce to an order-preserving
map f: A — B. After a preliminary counting problem for order-preserving maps, the chapter
turns to its main structural point, namely Theorem 3.2.2, which characterizes exactly when a
partition P = AU B is an admissible cut — that is, when P arises from the construction with
the mixed relations going from A to B — and shows that the order-preserving map f, whenever
it exists, is uniquely determined by the poset and the partition. This leads to a reconstruction
procedure and to an algorithm for detecting all admissible cuts of a finite poset. The chapter
also proves new isomorphism results showing how automorphisms of the initial poset, and of the
pieces A and B, may identify different cuts or different maps giving rise to isomorphic outputs,
thus refining the naive combinatorial count. Finally, the algorithm is applied to a concrete
example, producing several new posets universally derived equivalent to a fixed starting one,
together with some structural observations on the resulting family.

In this sense, the thesis moves from exposition to exploration: Chapter 2 revisits a known con-
struction in a more explicit way, while Chapter 3 uses it as a starting point for new combinatorial
questions.



1 Preliminaries

In this chapter, we collect the background material that will be needed in the rest of the thesis.
We begin by recalling the axioms and basic properties of triangulated categories, then introduce
cochain complexes and the homotopy category, and finally define the derived category of an
abelian category via localization. The main references for this chapter are Mili¢i¢ [!] and Weibel

[2]-

1.1  Triangulated categories

In this section, we recall the notion of a triangulated category.

Let C be an additive category ' and let [1] : C — C be an automorphism of the category C,
called translation functor, or shift functor.

For an object X € Ob C we write X[1] for its image under [1] and for a morphism f: X — Y,
we denote by f[1]: X[1] — Y[1] its image under the functor [1]. More generally, for n € Z
we denote by [n] the n-th iteration of [1]; for an object X we write X [n], and for a morphism
f: X =Y we write f[n|: X[n] — Y|[n].

A triangle is a diagram of the form

X =Y —Z7Z— X[1].

It can also be represented as follows.

X—>Y

Given two triangles X Ty Lz X([1] and X’ Ty Ly g X'[1], a morphism
of triangles is a triple ¢ = (u, v, w) given by the three mapsu: X — X', v: Y =Y w:Z = 7'
such that the following diagram commutes.

x —J+ Ly ¢ Z X[

u v u[l]

X' Y’ — 7’ > X'[1]
f g n

If w, v and w are isomorphisms, then ¢ = (u, v, w) is said to be an isomorphism of triangles.

A triangulated category is obtained by equipping C with a chosen shift functor [1] and
with a particular collection of triangles, called distinguished triangles, satisfying the following
four axioms.

1C is an additive category if it has a zero object, it admits finite products and coproducts, (Home(X,Y), +) is
an abelian group VX,Y € Ob C and the operation ”+” is biadditive with respect to the composition of morphisms.



TR1 (i) Distinguished triangles are closed under isomorphisms.
(ii) For every X € Ob C, the following triangle is distinguished:
XX 50— X [1].
(iii) Every morphism f: X — Y can be completed to a distinguished triangle
x Ly 4z xn)

TR2 [Rotation axiom] A triangle

is distinguished if and only if

is distinguished.
We call the latter triangle the rotation of the former triangle.

TR3 Given the diagram

X ! Y g Z h X[1]

u v ull]

X' , Y’ , z' , X'1]
! g h

where the two rows are distinguished triangles and the left square commutes (i.e. vo f =
1/ ou), there exists a morphism w: Z — Z’ making the entire diagram commute (and then

becoming a morphism of triangles).

TR4 [Octahedral axiom| Given the following three distinguished triangles

x Ly %z x
X HwS k- X[
vy Lw S g =Y
if h = go f, then there exists a distinguished triangle of the form:
Z 5% K5 J— Z[1]

such that the following diagram commutes.

x 1 Ly @ Z X[1]
idx g u idx )
X h W b K X[1]

f idy v f11
Y g w ¢ J Y1
a b idy af1]
Z - K] 201



An easy way to interpret this axiom is to picture an octahedron and place the three given
distinguished triangles on it so that they appear as three faces with no edges in common. The
distinguished triangle whose existence is ensured by the axiom can be viewed as a fourth face of
the octahedron, sharing no edges with the previous three. The commutativity of the diagram
can be interpreted as the commutativity of the corresponding octahedron.

Let C and D be triangulated categories. A graded functor from C to D consists of an additive
functor F': C — D together with a natural equivalence n: F'o[l] = [1]o F. It means that for every
X € Ob C, nx is an isomorphism such that, for every f: X — Y, F(f)[1] onx = ny o F(f[1]).
By iterating 7, we can obtain a natural equivalence F'(X[n]) = F(X)[n| for all n € Z.

A graded functor F': C — D is said to be exact (or triangulated) if it preserves distinguished
triangles. It means that if

x Loy 2z M xp,

is a distinguished triangle in C, then

£(f) F(

F(X) Y)

is a distinguished triangle in D.
Two triangulated categories C and D are said to be equivalent as triangulated categories
if there exists an exact graded functor F': C — D that is an equivalence of categories.

Given a triangulated category C, we consider its opposite category C°PP. We equip it with
the translation functor induced by the inverse shift of C (so that shifting in C°PP corresponds
to applying [—1] in C). Whenever

x Ly 2z xq

is a distinguished triangle in C, we declare

z 5y Ly x MU g

to be a distinguished triangle in C°P?. With these choices, C°PP satisfies the axioms of a
triangulated category; a detailed proof can be found in Mili¢ié [!, Chapter 2, Section 1.2].
We call it the opposite triangulated category of C.

Distinguished triangles play in triangulated categories a role analogous to short exact sequences
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in abelian categories . The following lemma is the analogue, in triangulated categories, of the
fact that for a short exact sequence

O—>Ai>B1>C—>O,

in an abelian category we have g o f = 0 (in particular, exactness at B means Im(f) = ker(g)).

In fact, short exact sequences in an abelian category A give rise to distinguished triangles
in the derived category D(.A). This will be discussed in the next sections: first by introducing
complexes and mapping cones (Section 1.2), and then by passing to the derived category via
localization (Section 1.3).

Lemma 1.1.2 — Let
x-Lyv4 oz x

be a distinguished triangle. Then:

® gof=0;
® hog=0;
e (f[1])oh=0.

Proof. By axiom TR2, any rotation of a distinguished triangle is again distinguished. Therefore,
it is enough to prove that g o f = 0; applying the same argument to the rotations yields hog =0
and (f[1])oh = 0.

Consider the following triangle, which is distinguished by TR1:

X X5 x50 — X1

Together with the distinguished triangle of the statement, we obtain the following diagram

X L x 0 4y X[1]
idx f | idx 1],
.
X —F—Y —— 2 X1,

where the left square is commutative by construction. Then, by TR3, the dashed arrow can
be chosen as a morphism u: 0 — Z so that the diagram becomes a morphism of distinguished
triangles. Hence, since the middle square commutes, we obtain:

gof=uo0=0.

Any distinguished triangle
x Ly 4z xq
can be extended to an infinite diagram of the form

h[-1] faj g[1]

Lo e M Ly 9 7 R X

Y

By Lemma 1.1.2, we have go f =0, hog =0, and f[1] o h = 0. Since [n] is a functor for every
n € 7, the same relation hold for all the shifted maps, so the composition of any two consecutive
arrows in the above diagram is zero.

2Recall that an abelian category is an additive category in which every morphism has a kernel and a cokernel,
every monomorphism is a kernel, and every epimorphism is a cokernel.



Let C be a triangulated category, A an abelian category, and F': C — A an additive functor.
Then applying F' to the above diagram yields a complex in A of the form:

(h[-1]) F(h)

LD gz £ L9, p(z) F(xq)) 2V,

An additive functor F': C — A is said to be cohomological if for every distinguished triangle
x Ly 4z xn,

the sequence

2(f) (9)

F(X)

is exact in A. In this case, the complex obtained by applying F' to the infinite diagram associated
to the triangle is exact.

F(Y) F(Z)

Example 1.1.3 (Hom-functors)
For every object X in the category C, the covariant hom-functor “

hx = Hom¢(X,—): C — Ab

is a cohomological functor on C, where Ab denotes the category of abelian groups.
Dually, the contravariant hom-functor

hX = Home(—, X): CPP — Ab

is a cohomological functor on CPP.
We refer to Mili¢ié¢ [|, Chapter 2, Proposition 1.4.1] for the proof.

“Recall that, for a fixed object X in the category C, the hom-functors Home(X,—) and Home(—, X)
assign to an object Y in C the abelian groups Home(X,Y) and Home (Y, X), respectively. For a morphism
f:Y — Z, the induced map Home (X, f): Home(X,Y) — Home(X, Z) is given by composition g — f o g,
while Home(f, X): Home(Z,X) — Home(Y, X) is given by h +— ho f.

Theorem 1.1.4 — Consider the following morphism between distinguished triangles.
x—7r sy ¢ 7z b X[
u v w‘ ull]
X' f,> Y’ T z' — X'[1].

If two among u,v and w are isomorphisms, then the third one is an isomorphism as well.

Proof. (sketch) By rotating the triangles, we may reduce to the case where v and v are isomor-
phisms. Applying the covariant hom-functor Home(Z', —) to the morphism of distinguished
triangles yields a morphism between long exact sequences. Considering the five-term segment
centered at Home(Z',w), all the other vertical maps are isomorphisms. Hence by the 5-lemma
the map Home(Z',Z) — Home(Z', Z') is an isomorphism. Therefore w admits a right inverse
a: Z' — Z with w o a = idz . Dually, applying Home(—, Z) gives a left inverse b: Z' — Z with
bow =1idy. Hence w is an isomorphism.

O]

FY[1])...



Lemma 1.1.5 — Consider the distinguished triangle depicted in the figure.

The third vertex Z is determined up to
isomorphism by X, Y and the morphism 1]
f: X =Y. Wecall Z a cone of f.

Proof. Let f: X — Y be amorphism. By TR1 any morphism can be completed to a distinguished
triangle.
Now suppose we have two distinguished triangles completing f:

x Loy 2z xq

and /
x Ly Lz xn.

Consider the following diagram:

x 1 Ly 9 Z h X[1]
idx idy idx [1]
!
X ——Y ——— 7 ——— X[1].

By TR3, there exists a morphism w: Z — Z’ making the above diagram a morphism of
distinguished triangles. Since the maps on the first two vertices are isomorphisms, by Theorem
1.1.4, w is an isomorphism. Therefore Z = Z’, so the third vertex is determined up to isomorphism
by f: X =Y. O

Lemma 1.1.6 — Let

x Ly 4z xq

be a distinguished triangle. If two of the objects X, Y, Z are isomorphic to 0, then so is the
third.

Proof. By axiom TR2, we may rotate the triangle and assume that the two objects that are
isomorphic to 0 are the first two. Since distinguished triangles are closed under isomorphism, it
is enough to prove that in the triangle

0 —0—Z —0[1]

the vertex Z is forced to be isomorphic to 0.
By TR1, the triangle

0450 —0— 0[]

is distinguished, and, since both triangles complete the morphism idy: 0 — 0, by Lemma 1.1.5
Z = 0. O

Lemma 1.1.7 — Let

x Ly 4z xq

be a distinguished triangle. Then the following are equivalent:

(i) Z=0;




I (ii) f is an isomorphism.

Proof. Consider the following morphism of distinguished triangles:

X L x ' 0 XT1]
tdx fl l idx[1]
X ———Y Z » X[1].

The top row is distinguished by TR1, while the bottom row is distinguished by hypothesis,
and the morphism of distinguished triangles exists by TR3.

(i) = (i) | If Z =0, then the third vertical arrow of the diagram is an isomorphism, and, since also
the first one is so, then, by Theorem 1.1.4, f is an isomorphism.

(i) < (i) |: If f is an isomorphism, then the first two vertical arrows of the diagram are isomorphisms.
Then, by Theorem 1.1.4, 0 — Z is forced to be an isomorphism, meaning that Z == 0.

1.2 Cochain complexes and homotopy category

Let A be an additive category. A (cochain) complex in A is a family of objects X*® = (X")
indexed by integers, together with morphisms d% = (d% )nez called differentials, where, for
every n € Z, we have d%: X™ — X"*! such that anH od% = 0. We depict a complex as an
infinite sequence of the form

dn72 dnfl dn dn+1
N e (N G

where the composition of any two consecutive arrows is zero.

Given two complexes (X*®,d%) and (Y*,dy ), a morphism of complexes f*: (X°®,d%) —
(Y*,dy) (also called a cochain map) is a family of morphisms f": X™ — Y™ such that, for
every n € Z, we have "1 o d% = dy o f", i.e. the following diagram commutes:

dn—Q dn—l dn dn+1 dn+2
X Xn—l X xn X N Xn+1 X Xn+2 X
fn—l f" fn+1 fn+2
n—1 n n+1 n-—+2
° dn—2 Y dn—l ’ Y d;l/ Y dn+1 Y dn+2
Y Y Y Y

Composition of morphisms of complexes is defined degreewise: if f® = (f": X" — Y"),ez
and ¢°* = (¢": Y™ — Z")pez, then (go f)" = g" o f™ for all n € Z. The identity morphism on
X* is given by the family (idxn)nez.

The category of complexes in A, denoted by ('(.A), is the category whose objects are complexes
in A and whose morphisms are morphisms of complexes.

We define the translation functor (or shift functor) [1]: C(A) — C(A) as follows: given a
complex (X®,d%) = (X", d%)nez, its shift (X*,d%)[1] = (X'[l],dg(m) is the complex whose
components are shifted by one degree, namely (X[1])" = X" *! for every integer n, and whose
differential d%,;: (X[1])" — (X[1])**" is given by dp) = —dx'.

With this choice X[1] is again a complex, because the composition of two consecutive
differentials is still zero.



On morphisms, the shift functor acts degreewise: if f*: (X*®,d%) — (Y'*,dS ) is a morphism
of complexes, then f*[1]: (X'[l],d;([l]) — (Y'[l],d;/[l]) is defined by (f[1])* = f"*! for every
n. It is easy to verify that f[1] is again a morphism of complexes, i.e. it commutes with the
differentials of the shifted complexes. Then [1] is an automorphism of C'(A), as required in the
definition of a translation functor. Iterating, we obtain X|[p] for all integers p, and [p] is an
automorphism with inverse [—p].

Lemma 1.2.1 — Let A be an additive category. The category C(A) is additive.

Proof. Since A is additive, for any objects U, V', the set Hom 4(U, V) is an abelian group and
composition is bilinear.

Let (X*,d%) and (Y*,d3 ) be complexes. By definition, a morphism of complexes f*: (X*®,d%) —
(Y*,dy) is a family (f": X — Y™),ez satisfying " o d% = df o f for all n. Given two such
morphisms f°®,¢%: (X*,d%) — (Y°,d3} ), we define their sum degreewise by (f*+¢°)" == f" +g".
Then

(" g*) o dy = (/" 4+ g™ o dy = fH oy + g o dy =
=dyoft+dyogt=dyo(f"+4g")=dyo(f*+g¢°)",
so f® 4+ ¢° is again a morphism of complexes. The zero object is the zero complex
.= 0=20—=-0=-0—=0—...

and additive inverses are given degreewise. Hence Homc(4)(X,Y') is an abelian group. Moreover,
bilinearity of composition in A implies bilinearity in C'(A).

Finite biproducts exist in C'(A) and are computed degreewise. We define X°® @ Y'® in this
way: (X*@Y*®)" = X"®Y" and for the differential we define d'yeyye = d’% © dy.

The canonical inclusions and projections in each degree form morphisms of complexes:
% X*—=>XY®, Y > XpY®, pk: X°Y* > X*, py: X°Y* Y
and the biproduct identities
pxix =idkx, pyiy =idy, pkiy =0, pyik =0 and i%pk +iypy = idxegye

hold degreewise, hence in C(A). Therefore, C'(A) has finite biproducts and bilinear composition,
so it is an additive category. O

* Remark. If A is an abelian category, then C(.A) is also abelian. Indeed, given a cochain
map f®: X® — Y*, its kernel and cokernel are computed degreewise: in each degree n we take
ker(f™) and coker(f") in A, and the differentials are induced by the universal properties using
the commutativity f"!od% = df o f*. In particular, exactness in C'(A) can be checked degree
by degree.
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Let (X*,d%) and (Y*,d},) be complexes in C(A), and let f*: (X°®,d%) — (Y*,d}) be a
morphism of complexes. We say that f* is (or ) if
there exists a family of morphisms h® = (h": X™ — Y™~ 1), .z such that, for every integer
n, it holds:

fr=dy o h™ + A o dY.

We call h® a from f* to zero.
d}72 xn—1 d§71 xn ey y X+l LH) xn+2 L
fn—l fn fn+1 fn+2
. Yn—l N 4L Yn+1 Yn+2
a2 dyp? dy dytt a2
We denote by the set of null-homotopic morphisms from (X*®,d%) to (Y*,d},).

We say that two morphisms of complexes f*,¢%: (X*,d%) — (Y*,d},) are
if f* — ¢® is homotopic to zero, i.e. if f* — ¢®* € Ht(X*,Y*). In this case, we write f® ~ ¢°.
Clearly, ~ defines an equivalence relation on Homg(4)(X*®,Y®).

Lemma 1.2.3 — Let (X°*,d%), (Y*,dy,),(Z°,d%) and (W*®,dy,) be complexes in C(A).
Then:

(i) The set Ht(X®,Y*) of null-homotopic morphisms from (X*®,d%) to (Y*,dy ) is a
subgroup of Homg(4)(X*®,Y*).

(1t) The family Ht(—,—) is stable under composition: if f®: (X*,d%) — (Y*,d}) is
null-homotopic and ¢*: (Y*,dy,) — (Z°,d%) is any morphism of complexes, then
g*o f*: (X*,d%) — (Z°,d%) is null-homotopic. Similarly, if u®: (W*,dy,) — (X*,d%)
is any morphism of complexes, then f®ou®: (W*,dy,) — (Y'*,dy ) is null-homotopic.

Proof. (i) The zero morphism is null-homotopic, with the zero homotopy.
If f°,¢° € Ht(X*,Y*), choose homotopies h® = (h"),cz and k®* = (k") ez from f* and ¢°
to zero, respectively. By definition f™ = d?fl oh™+h"lod% and g" = dgﬁ*l ok + k" lodn.
Then, for every n € Z, the n-th degree of f® 4 ¢° is:
(f Jrg)" _ fn +gn _ dgz/fl o h™ + hn+1 Od?{ +d7)z/fl o kM + kn+1 OdSL( _
_ dgfl o (hn + kn) + (thrl 4 knJrl) o d?(?
so f® + ¢° is null-homotopic, with homotopy h® + k°.

Moreover, — f™ = d’;fl o(—h")+(=h"t1)o d%, so — f* is homotopic to zero with homotopy
—h®. Thus, Ht(X*®,Y*) is closed under additive inverses.

Hence, Ht(X*®,Y*®) is a subgroup of Homg(4)(X*,Y*).

(i) Assume f*® is null-homotopic, say f" = d’{fl o h™ + h"tlod%. Since g* is a morphism of
complexes, then it commutes with differentials, so g" o d?fl = d%fl o g" 1. Consider the
composite g® o f°. In degree n it is

(gof>n:gnofn:gno(d?fflohn_i_hn-i-lod}):gnod'}rﬁflohn_'_gnohn-i-lodr;(:

:dgflogn—lohn_kgnohn—i-lodr)z(.

10
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This proves that ¢g®o f® is null-homotopic, with homotopy ¢* = (£"*),,cz, where £* = g"~toh™.
The proof that, if u®: (W?*,d},) — (X°®,d%) is a morphism of complexes, then f®ou® is
null-homotopic, is analogous.

L]

Let A be an additive category. The homotopy category /< (.A) is defined as follows. Its
objects are the same as those of C'(A), namely the cochain complexes in A. Given two
complexes (X°®,d%) and (Y*,d},), we set

Homp(4)(X®,Y?®) == Homc(4)(X*,Y*®)/Ht(X®,Y?®).

By Lemma 1.2.3, null-homotopic maps are stable under composition, hence composition of
morphisms of complexes descends to the quotient and is well-defined. Therefore, K(A) is a
well-defined category.

We denote by ¢g: C(A) — K(A) the canonical functor, which is the identity on objects and
sends a cochain map to its homotopy class.
* Remark. Two cochain maps f®,¢°: X® — Y*® become equal in K(A) if and only if f® — g°
is null-homotopic, i.e., f® ~ g°.

Lemma 1.2.5 — The category K(.A) is additive.

Proof. (sketch) Since Homg(4)(X®,Y*®) is an abelian group and Ht(X*®,Y*) is a subgroup,
the quotient Homg(4)(X*®,Y*®) is an abelian group. Biproducts in K(A) are induced by the
biproducts in C'(A) (the inclusions and projections are taken up to homotopy classes). The
composition is biadditive, and the zero object corresponds to the zero object in C'(A). Hence
K (A) is additive. O

Lemma 1.2.6 — Let (X°*,d%) and (Y*,ds ) be complexes in C'(A), and let f®: X* — Y*
be a morphism of complexes. Then the following statements are equivalent:

(i) f* is null-homotopic;
(i) f*[1] is null-homotopic.

In particular, the shift functor [1] on C(A) induces an automorphism of the homotopy
category K (A).

Proof. Let us prove that (i) and (i7) are equivalent:

(1) = (i7) | Assume f* is null-homotopic. Then there exists a family of morphisms A® = (h": X" —
Y™~ 1),cz such that, for every integer n,
fr=dy o bt 4+ A o dY.
Define a family k* = (k": (X[1))" — (Y[1])" !),ez by setting k" = h"*l. Using the
definitions of the shifted differentials d?(p] = —d}“ and d;‘,ﬁl] = —dy, we obtain

(P = 4 = dg o AL 4 B2 o di = (—dyl) o k™ + KM o (—dypy) =

e d’gffﬁ o (—kn) + (_kn+1) o d?([lp

then f*[1] is null-homotopic with homotopy —k*°.

11
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(1) < (i1) | If f°[1] is null-homotopic, to show that also f*® is null-homotopic, we apply the same
argument to the inverse shift [—1].

We have proved that (i) and (ii) are equivalent. It follows that [1] preserves the subgroup
Ht(X*®,Y*) for all X*,Y*, so it descends to the quotient defining K (A). Since [—1] is the inverse
of [1], the induced functor on K(A) is an automorphism.

O

Assume now that A is an abelian category. Since some of the arguments below involve
only finite diagrams, we shall occasionally use elementwise language to simplify the exposition.
This is justified by the Freyd-Mitchell embedding theorem, after restricting to the small abelian
subcategory generated by the finitely many objects involved. *

For each p € Z, the cohomology functor HP: C(A) — A is defined on objects by
HP(X*) = ker(d%)/Tm(d% ).

This is well defined, since d% o d% ' = 0, which implies Tm(d% ') C ker(d%).

For a morphism of complexes f®: (X*®,d%) — (Y*,d}.), the relation fP™lodb = db, o fP
implies that f?(ker(d%)) C ker(d?) and fP(Im(d% ")) C Im(d% ). Therefore, f* induces a
morphism

HP(f*): HP(X®) — HP(Y®).

One checks immediately that HP(idxe) = idgr(xe) and that HP(g® o f®) = HP(g®) o HP(f*).
Hence H?: C'(A) — A is a well-defined functor.
We now list some basic properties of the cohomology functor:

e The functor H? is additive, because the induced map on cohomology is defined on classes
by HP(f°)([z]) = [f?(x)], hence HP(f* + g°) = HP(f*) + HP(g*).

e For every complex (X*,d%),

HP(X*[1]) = ker(dY ;) /Tm(d ;) = ker(=di™) /Tm(—d% ) =

= ker(d% ) /Im(d%,) = HPFL(X®).
e Similarly, since (f[1])? = fP*!, we obtain

HP(f*[1]) = HPFH(f°).

e In particular,
HP = H o [p).

Lemma 1.2.8 — Let f* ¢°: X* — Y* be two homotopic morphisms of complexes. Then

HP(f*) = HP(¢g®) forevery peZ.

3More precisely, by Freyd-Mitchell embedding theorem, one may pass from that small abelian subcategory to
a full exact embedding into a module category, where the corresponding elementwise arguments can be carried
out. In particular, expressions such as f(kerg) C kerh or f(Im g) C Im h are understood in this sense. For the
embedding theorem and the corresponding metatheorem on finite diagrams, see Mitchell [, Chapter VI, Theorem
7.2 and Metatheorem 7.3]; for a concise modern formulation, together with an illustration via the snake lemma,
see Potter, [10, §3.1.2, Theorem 3.4, Corollary 3.6, and the proof of Corollary 3.7.].

12
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Proof. Since f® ~ ¢°, the morphism f® — ¢® is null-homotopic. Let h® be a homotopy from
f® — ¢° to zero. By definition

fP—gP = d%’,_l o h? + hPtlodh.  for every p€ Z.
Let o € ker(d% ). Then d% (z) = 0. Hence
(ff = ¢")(@) = i (hP(z)) € Im(d3").
Thus fP(x) and gP(x) represent the same class in
HP(Y*) = ker(d) /T (d, ).
Therefore f® and ¢°® induce the same morphism
HP(X®) = HP(Y®),
and hence HP(f*®) = HP(g°). O

As a consequence, the functor HP depends only on the homotopy class of a morphism, hence
it factors through the canonical quotient functor

q: C(A) — K(A).

Therefore, for every p € Z, we obtain an induced additive functor, still denoted by H?: K(A) — A.

Let A be an additive category, and let f*: (X*,d%) — (Y*,dy,) be a morphism of complexes.
The mapping cone (or simply cone) of f*, denoted C(f*®), is the complex whose n-th
component is

C(f.)n — Xn+1 D Yn,
and whose differential df, ;. C(f*)™ — C(f*)"! is defined by

c(fe) — fn—l—l d?

When A is a concrete additive category, for instance a category of modules, the above differential
may be written as

dg(f.)(xn+17yn) _ (_d?{-&-l(anrl)’ fnJrl(anrl) +d3n/(yn)),

where ("1 y") denotes an element of C(f*)".
Thus C(f*) has the same underlying graded object as X*®[1] & Y®, but it is equipped with

the differential
n o g O
ey )

since dy = —dy " and (f*[1])" = /.

Lemma 1.2.10 — The mapping cone C(f*), equipped with the differential d'c(f.), is a

complex, i.e. dg{;,) o dg(f.) = 0 for every n € Z.

13
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Proof. We compute the composition directly:

L ogn (AT 0\ (=diTh 0 A2 o dit! 0
C(fe)~"C(f*) frt2 d?}l/—l-l frH dr — 2 an+1 + d@‘i_l o frtl dgz/—&-l odn )

The top-left entry vanishes because d% is a differential, and the bottom-right entry vanishes
because d3- is a differential. For the bottom-left entry, since f® is a morphism of complexes we
have f”+2 o d}‘H = d?/'H o f"+1, SO —f”'*'2 o d}?’l + d§+1 o f”"‘1 =0. O

The cone comes equipped with two canonical morphisms of complexes. The canonical
inclusion

ipe: Y = C(f°)
is defined in each degree by

n_ 0 . n n+1 n __ o\n
zf._<idw>.y = X" g Yt = ()",

and the canonical projection
pre: C(f°%) = X°[1]
is defined in each degree by
Phe = (idxne1 0): X" @Y™ = C(f)" — X" = (X[1])".

One verifies immediately that both ife and pye are morphisms of complexes: for ise, we have

. ” —d¥t 0 0 0 il m
dC(f') Olfe = < fn+1 dg}) (idyn) = <d7{/> =lpe Ody,

and for pye,

_dn—l—l 0
n+1 n . n—+1 n 7
pf:r e} dC(f') = (den+2 0) < fn)-(i-l d’;) = (—dX+ 0) = dX[l} Opfn

since d&E] = —d}“. Moreover, pye 0iye = 0.
We thus obtain the triangle associated to f°:

Dye

X oy I o) P xe.

We call this the standard triangle associated with f°.
In a concrete additive category, these maps are given by 3™ — (0,y") and (z"*1,y") s 271,
A triangle in K (A) is said to be distinguished if it is isomorphic (in K (A)) to the standard
triangle associated to some morphism of complexes.

Theorem 1.2.11 — Let A be an additive category. Then the homotopy category K (A),
equipped with the shift functor [1] and the class of distinguished triangles defined above, is
a triangulated category.

For the verification of the axioms TR1-TR4 we refer to Milici¢ [!, Chapter 3, Section 2].
Assume now that A is an abelian category.

A complex (X°,d%) is said to be acyclic (or exact) if HP(X*®) = 0 for every p € Z.

Equivalently, (X*,d%) is acyclic if ker(d% ) = Im(d% ') for every p € Z.

14
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A morphism of complexes f*: (X°®,d%) = (Y*,d}) is called a quasi-isomorphism if the
induced map on cohomology

HP(f*): HP(X®) — HP(Y?®)

is an isomorphism in the category A for every p € Z.

Since homotopic morphisms induce the same map on cohomology (Lemma 1.2.8), the notion
of quasi-isomorphism depends only on the homotopy class of a morphism. Therefore, quasi-
isomorphisms are naturally defined in the homotopy category K(A): if f® ~ ¢°, then f® is a
quasi-isomorphism if and only if ¢° is.

The following lemma relates quasi-isomorphisms to acyclicity of the mapping cone. It
is the cohomological analogue of Lemma 1.1.7: the role of an isomorphism is played by a
quasi-isomorphism, and the role of the zero object by an acyclic complex.

Lemma 1.2.14 — Let A be an abelian category, and let f®: X°® — Y® be a morphism of
complexes. Then f* is a quasi-isomorphism if and only if the mapping cone C(f*®) is acyclic.

Proof. Consider the standard triangle associated to f®:

x* Ly 1 o) 2 xeq).

This is a distinguished triangle in K (.A). The mapping cone C'(f*), viewed as an object of K (.A),
is a cone of f* in the triangulated sense.

Since the cohomology functors H? are cohomological on K(A) (see Mili¢i¢ [!, Chapter 3,
Corollary 2.3.2]), for every p € Z we obtain a long exact sequence

HP(ige) HP(pye) HPHL(f*®)
— —

o Hr(x) T, gy HY(C(f%)) i (xe) D ety

[=]: Assume that f® is a quasi-isomorphism. Then, for every p € Z, both

HP(f*): HP(X®) — HP(Y*) and HPTY(f*): HPTY(X®) — HPTL(Y®)

are isomorphisms. Since HP(f®) is an epimorphism, exactness at HP(Y®) gives
ker(HP(ig+)) = Im(H?(f*)) = HP(Y*),

hence HP(ife) = 0. Therefore Im(HP(ige)) = 0.
By exactness at HP(C(f*)),

ker(HP(pge)) = Im(HP(ise)) = 0.
On the other hand, since HP*1(f*) is a monomorphism, exactness at HP*(X*) gives
Im(HP(pge)) = ker(HPT1(f*)) = 0.

Thus HP(pyse) has trivial kernel and trivial image, so necessarily H?(C(f®)) = 0. Since this
holds for every p € Z, the complex C(f*) is acyclic.

[<=] Conversely, assume that C'(f®) is acyclic. Then HP(C(f*®)) =0 for all p € Z. Fix p € Z.
Exactness at HP(Y'®) yields

Im(H?(f*)) = ker(H"(ife)) = H"(Y*),

15
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so HP(f*) is an epimorphism (here ker(HP (it )) = H?(Y®) because the codomain of HP (i e )
is HP(C(f*®)) =0, so HP(ise) is the zero map).

Moreover, exactness at HP(X*®) gives
ker(HP(f*)) = Im(H?*(pgs)).

Since HP~1(C(f*)) = 0, then Im(HP~!(pse)) = 0. Therefore ker HP(f*) = 0, so HP(f*) is a
monomorphism (here Im(H? ! (pse)) = 0 because the domain of H?~!(pse) is HP~H(C(f*)) =
0.)

Thus HP(f*®) is an isomorphism for every p € Z, and therefore f® is a quasi-isomorphism.

O]

In K(A), the cone construction provides a canonical way to associate a distinguished triangle
to any morphism. The cone associated with an isomorphism of complexes is acyclic. More
generally, a morphism of complexes is a quasi-isomorphism if and only if its mapping cone is
acyclic (see Lemma 1.2.14). However, quasi-isomorphisms are not, in general, invertible in K (.A).
The derived category D(.A) is obtained by formally inverting quasi-isomorphisms; we will briefly
recall this construction in the next section.

1.3  Localization and derived categories

As we have seen in Theorem 1.2.11, the homotopy category K (A) of an additive category A is
triangulated. In particular, this applies when A is abelian, and the cohomology functors HP
are well-defined on it. However, the homotopy category is still too rigid for many purposes:
morphisms that induce isomorphisms on all cohomology groups — the quasi-isomorphisms of
Definition 1.2.13 — are not in general invertible in K (A).

The derived category D(A) is obtained by formally inverting all quasi-isomorphisms. To
make this precise, we first recall the general construction of the localization of a category with
respect to a class of morphisms, and then specialize it to the class of quasi-isomorphisms.

We begin by collecting some basic properties of the class of quasi-isomorphisms. By Lemma
1.2.8, the notion of quasi-isomorphism depends only on the homotopy class of a morphism, so
quasi-isomorphisms may be regarded as morphisms in K (A).

Lemma 1.3.1 — Let A be an abelian category, and let S denote the class of quasi-
isomorphisms in K (A). Then:

(i) Every isomorphism in K (A) belongs to S.

(ii) If f*: X* - Y*® and ¢°: Y* — Z°® are in S, then g® o f® isin S.

(#i) S is compatible with the shift functor: for every n € Z, f® € S if and only if f®[n] € S.
Proof. (i) If f*® is an isomorphism in K (.A), then in particular it induces isomorphisms on all
cohomology groups, since each cohomology functor H?: K(A) — A preserves isomorphisms.

(ii) For every p € Z, the induced map HP(g® o f*) = HP(g®) o HP(f*®) is a composition of
isomorphisms, hence an isomorphism.

(iii) For every p € Z, we have HP(f*[n]) = HPT"(f*), so f*[n] is a quasi-isomorphism if and
only if f* is.
O

We now recall the general notion of localization, which provides a universal way to formally
invert a given class of morphisms.

16
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Let C be a category and S a class of morphisms in C. A localization of C with respect to S
is a pair (C[S™Y],Q), where C[S™!] is a category and Q: C — C[S™!] is a functor, called the
quotient functor, satisfying:

(i) for every morphism s € S, the morphism Q(s) is an isomorphism in C[S™1];

(ii) for every category B and every functor F': C — B such that F'(s) is an isomorphism
for all s € S, there exists a unique functor G : C[S™!] — B such that F' = G o Q.

Then we obtain the following commutative diagram of functors:

F
C ———
e

Q

cls-1

Theorem 1.3.3 — For every category C and every class S of morphisms in C, the localization
(C[S™1],Q) exists and is unique up to isomorphism of categories.

Proof. We prove uniqueness. Suppose (C[S71],Q) and (D, Q') are two localizations of C with
respect to S. Since ()'(s) is an isomorphism for every s € S, the universal property of (C[S™!], Q)
gives a unique functor G': C[S™!] — D with Q" = GoQ. Symmetrically, we obtain H: D — C[S™!]
with Q = Ho @Q'. Then H o Go () = @, and by the uniqueness of the factorization through Q,
we have H o G' = id¢g-1y. Analogously G o H = idp, so G is an isomorphism of categories.

For the existence, we sketch the construction; full details can be found in Mili¢ié¢ [!, Chapter 1,
Section 1.1].

The localized category C[S~!] has the same objects as C. To describe its morphisms, we
introduce the notion of (left) roof. A roof from X to Y is a diagram of the form

X% \Y

where s € S. Intuitively, such a diagram represents the ”fraction” f o s !
not be invertible in C.

Two roofs

, even though s need

M

M/
2N 2N
X Y X Y

are said to be equivalent if there exists a third roof

Ml/

SH f//

17
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and two morphisms u: M"” — M and u': M"” — M’ such that
sou=s"=sou and fou=f"=fou,

i.e. s” € S and the following diagram commutes.

M
. . !
X gy Ty
u/
S, fl
M/

A morphism from X to Y in C[S~!] is an equivalence class of roofs. The quotient functor
Q: C — C[S™1] is the identity on objects and sends a morphism f: X — Y to the equivalence

class of the roof
X
iV \
X Y.

For this construction to yield a well-defined category, one must verify that equivalence classes
of roofs can be composed associatively. We refer to Mili¢ié¢ [I, Chapter 1, Section 1.1] for the
complete argument.

However, the situation simplifies considerably when S admits a calculus of left fractions,
meaning that the following conditions hold:

LF1 S contains all identity morphisms and is closed under composition;

LF2 every diagram
MLyex

with s € .S can be completed to a commutative square

N—9% X
M ————Y

with t € S;

LF3 if fos=gos for some s € S, then there exists t € .S such that to f =tog.

When these conditions are satisfied, the composition of two roofs can be computed by using
(LF2) to complete the middle square, and then the equivalence relation between roofs reduces to
an easier form. Furthermore, there is an analogous notion of calculus of right fractions (with the
dual conditions), and when S admits both, we can speak about calculus of fractions. O

We now apply the general localization construction to the homotopy category K (A), taking
as S the class of quasi-isomorphisms.
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Let A be an abelian category, and let S denote the class of quasi-isomorphisms in K (.A).
The derived category of A is the localization

The quotient functor @: K(A) — D(A) sends each complex to itself and each morphism to its
equivalence class. In particular, Q(s) is an isomorphism in D(.A) for every quasi-isomorphism
s.

Let ga: C(A) — K(A) be the canonical functor. It is standard that the same category
D(A) can equivalently be viewed as the localization of C'(A) with respect to quasi-isomorphisms.
Therefore, when convenient, we shall also consider the canonical functor

Q.A ::Qoin C(A) —)D(A)

In particular, @ 4 sends quasi-isomorphisms in C'(A) to isomorphisms in D(.A).

Concretely, D(.A) has the same objects as K (.A), namely cochain complexes over A, while its
morphisms are obtained from those of K(A) by formally inverting quasi-isomorphisms. In the
present situation, the class of quasi-isomorphisms admits a calculus of fractions (see Milicié¢ [I,
Chapter 3, Section 3]), so that morphisms in D(.A) may be represented by roofs

M.
X* Y

in K(A), where s is a quasi-isomorphism. We will not use this explicit description in the sequel.
Instead, the functors considered in Chapter 2 will be constructed at the level of complexes and
then shown, via the universal property of localization (Proposition 1.3.6), to descend to derived
categories.

The derived category inherits a triangulated structure from the homotopy category. The shift
functor on D(A) is defined by [1] o @ = @ o [1], which is well-defined since the shift preserves
quasi-isomorphisms (Lemma 1.3.1(4i7)).

Theorem 1.3.5 — Let A be an abelian category. The derived category D(.A), equipped
with the shift functor [1] and the following class of distinguished triangles, is a triangulated
category: a triangle in D(.A) is distinguished if and only if it is isomorphic, in D(A), to the
image under @ of a distinguished triangle in K (.A). Equivalently, the distinguished triangles
in D(A) are those isomorphic to triangles of the form

(ige)

Q(X.) Q([f.]) Q(Y.) Q Q(pf')

QC(f%))

where f* is a morphism of complexes, [f*] denotes its homotopy class in K (.A), and

Q(X*[1]),

xSy I o) 2 xe

is the standard mapping-cone triangle associated with f°.

Proof. (sketch) We briefly indicate the key ideas of the proof, and we refer to Milic¢i¢ [1, Chapter 3,
Section 3] for a detailed proof. Axioms TR1 and TR2 follow directly from the corresponding
axioms in K (A). For TR3, the key observation is that morphisms in D(.A) can be described in
terms of roofs, or equivalently as compositions of morphisms in K (A) and formal inverses of
quasi-isomorphisms. This allows one to lift the problem to K(.A), apply TR3 there, and project
back to D(A) via Q. Axiom TR4 follows by an analogous lifting argument. O
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* Remark. The quotient functor Q: K(A) — D(A) is an exact functor of triangulated
categories: it commutes with the shift and sends distinguished triangles to distinguished triangles.
This is immediate from the definition of the triangulated structure on D(A).

The universal property of the localization gives a direct criterion for when a functor defined at
the level of complexes induces a functor between derived categories, that will be used repeatedly
in the rest of the thesis.

Proposition 1.3.6 — Let A and B be abelian categories, and let F': C(A) — C(B) be an
additive functor that preserves quasi-isomorphisms, i.e., F'(s) is a quasi-isomorphism for
every quasi-isomorphism s. Then the composition

Qp o F: C(A) — D(B)

maps quasi-isomorphisms to isomorphisms. Therefore, by the universal property of localiza-
tion, there exists a unique functor F': D(A) — D(B) such that the diagram

C(A) u s C(B)
Qa Qs
D(A) s D(B)

S|

commutes, i.e., Fo Qa=QpoF.
If moreover F' is compatible with the shift functor and preserves mapping cones, then F'
is a triangulated functor.

Proof. Since F preserves quasi-isomorphisms, the composition Qo F' sends every quasi-isomorphism
in C'(A) to an isomorphism in D(B). Since D(A) may also be viewed as the localization of C'(A)
with respect to quasi-isomorphisms, the universal property of the localization yields a unique
functor F: D(A) — D(B) such that Fo Q4 = Qgo F.

For the second statement, recall that a distinguished triangle in D(.A) is isomorphic to the
image under @ 4 of a standard mapping-cone triangle in C'(A). If F' is compatible with the shift
and preserves mapping cones, then it sends mapping-cone triangles to mapping-cone triangles.
Hence, after passing to the derived categories, F sends distinguished triangles to distinguished
triangles. Therefore F is a triangulated functor. [

* Remark. We can now make precise the claim of Section 1.1 that short exact sequences in an
abelian category A give rise to distinguished triangles in D(A). Let

05ALBYS S0

be a short exact sequence in A. Viewing A, B and C as complexes concentrated in degree zero,
f induces a morphism of complexes f®: A®* — B°®. By Definition 1.2.9, its mapping cone C(f*)
is the complex
o0 AL B0

concentrated in degrees —1 and 0. The morphism ¢g: B — C extends to a morphism of complexes
C(f®) — C*, which is a quasi-isomorphism by exactness of the original short exact sequence.
Indeed, H=*(C(f*)) = ker(f) = 0 and H(C(f*)) = coker(f) = C. Hence C(f*) = C in D(A).
Therefore, the standard triangle associated with f® yields a distinguished triangle

AL B o AN

in D(A).
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2 Universal derived equivalences
of posets

In this chapter, we consider universal derived equivalences of finite posets. Given a finite poset
X and an abelian category A, we first introduce the category of diagrams AX. The main goal is
to prove Theorem 2.2.4, following the approach of Ladkani [3]. More precisely, starting from
suitable combinatorial data, we construct explicit functors at the level of complexes of diagrams,
called formulas, and show that they induce triangulated functors between the corresponding
derived categories. After introducing formulas and studying their basic properties, we apply
them first in the elementary case where the poset is the chain 1 — 2, and then in the general
setting to prove the main theorem.

2.1 Posets as categories and diagram categories

A partially ordered set, also called poset, is a pair (X, <), where X is a set and < is a
binary relation on X, called a partial order, satisfying the following properties:

o (Reflexivity) Vo € X, it holds that x < x;
e (Antisymmetry) Vz,y € X, if x <y and y < z, then z = y;
o (Transitivity) Va,y,z € X, if z <y and y < z, then z < z.

If x <y and x # y we also write z < y.

A finite poset (X, <) can be represented ol

graphically by a Hasse diagram, i.e. a

quiver whose vertices are the elements of / \
X, and in which we draw an arrow z —y  ®2 3

iff x < y and there is no z € X such that
r<z<uy.

o/
Example 2.1.2 / \
%) o6
Consider, for example, the set X; =
{1,2,3,4,5,6,7} endowed with the fol- \ /
o7

lowing covering relations: 1 < 2; 1 <
3;1 <4;2<5 3<6;4<5;4< Notice that relations implied by
6; 5<7; 6 <7. We can draw the cor- transitivity are omitted. We de-

responding Hasse diagram on the right. | note this poset by X, and we will
use it several times.
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Given a poset X and a category A, a over X with values in A is a pair (4,r),
where:

o A= (A,).cx is a family of objects in the category A;

® 1= (T32/)za/cXxX,p<z is & family of morphisms, where every morphism 7, : A, —
A, is called restriction map and satisfies:

— Tze =1da, for all x € X;

— Tugr = TgrgnTee Whenever x < x’/ < a”.

Given two diagrams (A, r) and (A’,7") over X, a f:(Ar)—
(A’,r") is a family of morphisms (f,: Ay — Al )zcx such that, for every x < 2/, the following
diagram commutes; that is, fy o rpe =177, 0 fo.

Ay —L s oa

rx T

Ay —— A,
The over X with values in A, denoted by , is the category
whose objects are the diagrams (A, r) and whose morphisms are morphisms of diagrams.
Since a poset X can be viewed as a category, an object in AX is a functor from X to
the category A and a morphism of diagrams is a natural transformation.

With the notation introduced above and in Section , C(AX) denotes the category of
complexes of diagrams over X with values in A, while C(A)X denotes the category of diagrams
over X with values in C'(A).

Theorem 2.1.4 (C/(A"Y) ~ C/(A)") — There exists a natural equivalence ®x 4 between the
categories C'(AX) and C(A)X such that for every additive functor F': A — A’ the following

diagram commutes.

C/(AX) A y O(A)X
| |
C(FX) C(F)X
! !
C(A/X) S | — C(A/)X

In other words, we have a correspondence between a complex of diagrams and a diagram
of complexes.

Proof. An object of C(AX) is a complex (K*®,d*), where for each i, (K?,r%) is a diagram over
X with values in A, with K* = (K%),cx and r’ = (riy)xgy, and d' = (d\: K! — Kit),cx is a
morphism of diagrams (K’, ') — (K1, r"*1). Thus, for every x < y, we have riftodl = di orl,.

An object of C(A)¥ is a diagram of complexes of the form ((K2)zex, (124))- Then a natural
way to define on the objects the functor we are looking for is

Ox A(K*,d°) = ((K7)zex, (12y))-

By the commutativity relation above, 3, is a morphism of complexes.

Y
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Let f: (K*® d®*) — (L*,6%) be a morphism in C(A%X), where f = (f: K' = L');cz with
fi=(fi: Kl - L!)zex for each i € Z.
On the morphisms we define
(I)X,A(f) = (fct):rEXv

where for each z € X, fi == (f)icz-

Note that ®x 4(f) is defined by evaluation at each € X: the complex (®x 4(K*®)), has
terms K and differentials d’, and for a chain map f we have (®x a(f))z = f.. In particular,
evaluation commutes with differentials and chain maps, i.e. everything is defined componentwise.

Then it is immediate that ®x 4 is well-defined. Also the induced functors C(FX) and C(F)*
act pointwise, hence the square of the statement commutes.

Define a functor Wx 4: C(A)* — C(AY) as follows: given an object ((K$)sex, (rs,)) in
C(A)X, set, for each i € Z,

K= ((K!)zex, (r;y)), and d' == (d%)pex: K' — K,

This yields a complex (K*®,d®) in C(AX). On morphisms, we define ¥ X,A in this way: given
(f2)zex: (K3, m8,) — (L3, s3,) in C(A)X, define Wx 4((f2)z) = f°*, where in each degree i we
set f: K — L' to be the morphism in AX with components (f!),cx. Then f* is a chain map
since the identities 6% f¢ = fit!d’ hold for every i.

By construction, for every (K*,d®) in C(AX) we have (Ux 40 ®x 4)(K*,d*) = (K*,d*)
since in degree i we recover the same diagram K* with the same restriction maps and the same
differential. Similarly, for every morphism f in C'(AX) we obtain (Vx 40 ®x 4)(f) = f, because
it is defined componentwise in each degree and at each z € X.

Conversely, for an object ((K$)zex, (r3,)) in C(A)*, applying ¥x 4 and then ®x 4 returns
the same diagram of complexes, since in each degree i we recover the same diagram K* and the
same structure maps.

Hence Wx 40 Px a4 = Idgyxy and @x 40 Vx 4 = Idcg)x, so Px 4 is an equivalence of
categories.

O

Lemma 2.1.5 — Let A be an abelian category and X a poset. Then:

(i) Kernels are computed pointwise: for every morphism f: A — A’ in A, with
f = (fo: Ay = A" )pex, ker(f) exists and is given by a diagram K € AX, defined
by K, = ker(f;). For every x < 2/ , the restriction map K, — K, is uniquely
determined by the universal property of the kernel. Moreover, for every x € X, we
have (ker f), = ker(f,).

(ii) Cokernels are computed pointwise: for every morphism f: A — A’ in AX, with
f=(fe: Ay = A)zex, coker(f) exists and is given by a diagram Q € A%, defined
by Q. = coker(f;). For every x < x’ , the restriction map Q, — @, is uniquely
determined by the universal property of the cokernel. Moreover, for every = € X, we
have (cokerf), = coker(f;).

(iii) Tmages are computed pointwise: for every morphism f: A — A’ in AX,

(Imf),; = Im(f;) for all x € X.

(iv) Cohomology is computed pointwise: for every complex K*® in C(AX) and for every
1 €7,

HY(K*®), = H'(K?) for all z € X.
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(v) Mapping cones are computed pointwise: for any morphism of complexes f: K®* — L*

in C(AY),

C(f)e =2 C(fy) for all x € X.

(vi) Acyclicity of mapping cones is characterized pointwise: for every morphism of com-
plexes f: K®* — L*® in C(AX),

C(f) is acyclic <= C(f;) is acyclic for all z € X.

(vii) Quasi-isomorphisms are characterized pointwise: a morphism f in C(AX) is a quasi-
isomorphism if and only if f, is a quasi-isomorphism for every x € X.

Proof. (i) Let X be a fixed poset.

Since f = (fz)zex is a morphism of diagrams A fa 0
in AX, the diagram on the right commutes v r
Vo < 2/, ie.

Tt r/

T:/rx’ © fJU = fl‘/ O Tya!-

Am’ _— A;:/
/

For every = € X, we call (K, k;) the kernel of the morphism f,.

Since
k fz
K . A Al
foorgp oky =71t 0 froky=1,00=0, v * x
|
|
. |
by universal property of (K,/,k,/) there oy Twa! -
exists a unique map r¥,: K, — K,/ such i
that erorfx, = 1y 0ky, hence k = (kz)zex K, : Ay ; A,
is a morphism of diagrams. o o
; K _ ; K _ K K / 1
By uniqueness, r;}, = idg, for all x € X, and r;},, = 7,5, o r;,, whenever v < 2’ < 2.

Hence (K, %) is a diagram in AX.
Now we claim that (K,r%) = ((K;)zex, (rE,).<.) is the kernel of f = (f3)zex-

Consider a diagram (B, r?) = ((By)zex, (r2,).<,) and a map g: B — A, where
9= (gz: By = Az)zex such that fog=0,1ie. f,0g, =0 forevery x € X.

A, — o

For all z € X we can use 7

the universal property of o - o
(K,, k), stating that there o o
exists a unique map /
e Ky Ay Al
,/ 9x = km/ fm/ r
oy By — K, / 7
such that k, o a, = g,. B, f"z;
Let @ = (az)zex. We | 7
claim that « is a morphism T I
in AX. 1 //

x/

Since ¢ is a morphism of diagrams, 7.,/ © g, = g, © rfx/.

Moreover, 7.,/ 0 Gy = Tz O ky 00ty = kg O r,ﬁ(x, oay and g, o fo' = Kk 0Qy O rfgc,, therefore,
since k,s is a monomorphism, we obtain rf;/ 00y = (ryr O rfx,, meaning that « is a morphism
of diagrams. The uniqueness of « follows from the uniqueness of each component «,.
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(7i) The statement follows by a dual argument to (i), replacing ker(f,) with coker(f,) and
using the universal property of cokernels.

(iii) By definition Imf = ker(coker(f)), then, by the previous points, for every x € X, we have:

(Imf), = (ker(cokerf)), = ker((cokerf),) = ker(coker(f;)) = Im(fz).

(iv) Since by definition H*(K*®) = ker(d’)/Im(d*~1), by using (i), (ii) and (iii) we get
HY(K®), = (ker(d") /Im(d" 1)), = (coker(Im(d"~ ') < ker(d"))), =
= coker((Im(d*™1)), < (ker(d")),) = coker(Im(d’ 1) < (ker(d.)) = ker(d:)/Im(d 1) = HY(K?).

(v) By definition of mapping cone, C(f) is the complex in AX defined by
_d’n-‘rl 0

()t =K@ L", &) = < e dn> '
L

For every x € X, evaluation at 2 sends direct sums and morphisms in A% to the corre-
sponding direct sums and morphisms in A.

Hence
Cp=(CNH) =K oL}

and gt .
@)= (it g ).
which is the differential of the mapping cone C(f,). Therefore C(f), = C(f,) for all x € X.
(vi) Using (iv) and (v), for every i € Z and every x € X, we have
HI(C(f))e = H(C(f)2) = HI(C(f,).

Therefore, C(f) is acyclic (i.e. H'(C(f)) = 0 for all i) if and only if H*(C(f,)) = 0 for all
i and z € X, i.e. if and only if each C(f,) is acyclic.

(vit) By Lemma 1.2.14 f is a quasi-isomorphism if and only if C(f) is acyclic. By (vi), C(f) is
acyclic if and only if C(f;) is acyclic for every = € X. Applying Lemma 1.2.14 again in
C(A), this is equivalent to f, being a quasi-isomorphism for every = € X.

[

Two posets X and Y are said to be universally derived equivalent if, for every abelian
category A, the categories of diagrams AX and .AY have equivalent derived categories (as
triangulated categories), i.e.

D(AX) ~ D(AY).

2.2 Main theorem
Given two posets X and Y, for y € Y we define
[y, o] = {y € Y such that y <y},

[e,9] = {y/ € Y such that 3 < y}.

Let X and Y be two finite posets and {Y,},ex a collection of subsets of Y such that the
following properties hold.
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(i) Ve e X, Vy #y €Yy,
[y7 .] N [ylv .] =0 and [.7 y] N [.73//] - Q);

(il) Vz,2’ € X such that © < 2/, we have a bijection ¢, : Y, — Y, such that Vy € Y,,
Yy < P! (Z/)

Now, we define two relations <; and <_ on the disjoint union X LY. These relations
coincide with the original orders on X and on Y (i.e. if x < 2/ in [X, <], then 2 <, 2/ and
x <_ 2/, and similarly for elements inside [Y, <]). Moreover, if z € X and y € Y, we define:

r<yy <= 3y €Yyst oy, <y,

y<_x <= 3y, €Yrst y<y,.

Lemma 2.2.1 — The relations <; and <_ defined in the previous construction are partial
orders on X LY. Therefore, (X UY, <) and (X UY,<_) are posets.

Proof. We first show that the element y, € Y, used to compare x € X with y € Y in X UY
is unique (whenever it exists): for fixed z € X and y € Y, there is at most one y, € Y, such
that y, < y. Indeed, if y.,y. € Y, satisfy y, <y and y,, <y, then y € [y,, ®] N [y, o], hence this
intersection is nonempty; by (i) we must have y, = y.. Analogously, there is at most one y, € Y,
such that y < y,.

Now, using this uniqueness, we show that <, is a partial order on X UY. Indeed:

e For x € X we have x <, x since <; restricts to the given order on X; similarly for y € Y.
It follows that <. is reflexive.

e To check the antisymmetry, take a,b0 € X UY and assume that ¢ <, b and b <4 a. If
a,b € X or a,b €Y, antisymmetry follows from antisymmetry in X or Y. Now, without
loss of generality, suppose a = x € X and b =y € Y. By definition of <., the relation
x <, y means that there exists y, € Y, s.t. y, <y, but since by definition there are no
relations from Y to X, y <, x cannot occur.

e Let a <4 band b <, ¢. We must show a <4 ¢. If a,b,c € X or a,b,c € Y, this is true
because of the transitivity of X or Y. Since it is impossible that y <, z, with y € Y and
x € X, the remaining cases are two: a,b € X and c€ Y, and a € X and b,c € Y. In the
first case a <4 b means a < b in X and b <, ¢ means that there exists y, € Y} such that
yp < c. By (ii), the bijection pg: Y, — Y} satisfies z < ¢qp(2) for all z € Y,. In particular,
setting 1, = gp;bl (yp), we obtain

Yo < Pav(Ya) =yp < c=a <i c.

In the second case, where a € X and b,c € Y, the conclusion a <; ¢ follows immediately
from transitivity in Y, since a <, b provides y, € Y, with y, < b < c.

The proof for <_ is analogous. O

Lemma 2.2.2 — For all z,7’, 2" € X with z < 2’ < 2" we have

Pz’ = Pa'z" Prx’ -
Proof. Fix y € Y. By condition (ii) we obtain

Y < Prar (V) < Paran (Paar (y))

In particular, the two elements @, (y) and @, (@ (y)), both lying in Y,~, belong to [y, e];
equivalently, y belongs to the intersection between [e, @~ (y)] and [e, p,/. (@re(y))], forcing
those elements to coincide by condition (1).

O]
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Let X := X; be the poset from Example . Consider the poset Y whose Hasse diagram is
as follows:
(17} s ob > oC s od.

Consider the collection {Y, },cx of subsets of Y defined by:
Yi={a}; e=Ys=Yi={}; Ys=Y={c}; Yr={d}.

Notice that, in this particular case, all the Y, are singletons. We can formalize these types
of situations by stating that there exists a uniquely determined function f: X; — Y, with
Y, = {f(x)}. Then assumption (i) is automatically satisfied, while assumption becomes
f(z) < f(a') whenever x < 2/, that is, f is an order-preserving map.

In this singleton case, the mixed relations reduce to:

We obtain
fQ)=a=1<,a
f(5):f(6):C:>5§+C,6<+C,

Thus, (X; UY, <) is represented by the following Hasse diagram, where the pink arrows
indicate the cover relations between X and Y induced by <.

| a ]
i \.75/'6 e
|

Similarly, the Hasse diagram of (X; UY, <_) is the following.
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Theorem 2.2.4 — The two posets (X UY,<y) and (X UY,<_) are universally derived
equivalent.

Idea of the proof:
For every abelian category A, let

P = (XUY, <) P =(XUY, <)

The proof of Theorem 2.2.4 is divided into three steps.

Concretely, the goal is to show that for every abelian category A there is an equivalence
of triangulated categories D(AF") ~ D(AP").

The main tool is the notion of a formula, namely a combinatorial construction that associates to
a diagram of complexes over a poset a new complex. We use two types of formulas:

e formulas to a point, inducing functors F¢ p: C(A)X — C(A);

e formulas from X to Y, that is, Y-indexed families of formulas to a point, inducing
functors F¢: C(A)X — C(A)Y by applying the pointwise formulas at each vertex of Y.

These functors preserve quasi-isomorphisms and therefore descend to triangulated functors on
derived categories.

¢

Subsection 2.2.2 studies the elementary case of the chain 1 — 2. This provides the basic
local model for the general construction: two explicit formulas yield functors whose composites
are naturally quasi-isomorphic to the shift functor [1].

In Subsection 2.2.3, this local construction is repeated at each vertex z € X, with the subset
Y, C Y playing the role of the second vertex of the chain. Using two formulas ¢ and £, we
construct two functors

R™ = Fer: C(AT" = 0T and R™=F: C(AT = c).

At vertices y € Y, R is the identity and R~ is the shift, while at vertices z € X both functors
are defined via mapping cones. After defining the restriction maps case-by-case (inside X, inside
Y, and for mixed relations), we obtain well-defined functors of diagram categories. We then
verify that these assignments are compatible with identities and compositions.
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Finally, using the local computations from the case 1 — 2, we construct two natural transforma-
tions

RTR™ =[] and [l]= R RT,

whose components are quasi-isomorphisms. Passing to derived categories, we obtain
R*R™~[1] and R R"~[1].

Hence R and R~ are equivalences, quasi-inverse to each other up to shift, and therefore

D(AP") ~ D(AF").

Throughout the proof, we keep in mind Example 2.2.3, which illustrates the local constructions
and the different kinds of restriction maps appearing in the argument.

2.2.1 Formulas

To construct derived equivalences between diagram categories over posets, it is convenient to
work with complexes and to encode the relevant functors combinatorially. For this purpose, we in-
troduce formulas, which allow us to build new complexes from diagrams of complexes over a poset.

Let X be a fixed poset. Consider the category with object set X x Z, in which there is a
unique morphism
(x,m) — (z/,m)

whenever x < 2/ in X and m < m' in Z.

Now consider the category C'y, whose objects are finite sequences & = {(;,m;)}";, which
can be regarded as finite formal sums of the generators (z,m).

Given two objects { = {(zi,m;)}}; and § = {(a],m}) ?/:1, a morphism ¢ : & — £ is
specified by an integer matrix (cj;) of size n’ x n, where the entry c;; is as integer multiple of the
morphism (x;, m;) — (m;, mg) whenever such a morphism exists in Cx, and is 0 otherwise.

We define the addition and the composition of morphisms in Cx to be the usual addition
and product between matrices.

The composition is well-defined. Indeed, if we have three objects & = {(z;, m;)}l, & =
{(a%, m;)};il and ¢ = {(z},m{)}7",, and two morphisms (c;;) = ¢: & — & and (dy;) =
P: & — &, the composition ¢ o ¢ is a n” x n matrix whose (k, i)-entry is zero unless z; < z, and
m; < mj. To verify the size of the matrix is trivial because of the size of the product between a
n” x n’ matrix and a n’ x n matrix. Now we want to verify the second feature: the entry (k,i) is
given by the sum dgici; + dgaco; + -+ + dpyw i, that can be different from zero only if there
is at least one index r such that di.c.; # 0, meaning that both dg, and ¢,; are different from
zero. Since dy, # 0 implies that ). <z} and m;. < mj, while ¢,; # 0 implies that z; < ;. and
m; < m,., by transitivity z; < = and m; < mJ.

To encode the condition that morphisms shifting the second coordinate by at least 2 vanish
(because squares of differentials are zero), we pass to a quotient. Let Ix be the ideal in Cx
generated by all morphisms (z,m) — (x,m + 2) for (z,m) € X x Z, and set

CX = éx/fx.

Morphisms in C'x can still be represented by integer matrices (c¢j;) as above, viewed modulo
Ix. In particular, entries with m; —m; > 2 do not contribute in C'x. Hence, we will always
choose representatives with c;; = 0 whenever mg —m; > 2.

Notice that both Cx and Cx are preadditive categories, and that the natural projection
functor from the first category to the second one is an additive functor.

The translation functor [1]: Cx — Cx is defined on objects by sending & = {(x;, m;)}}; to
&[1] = {(xs,m; + 1)}, and on morphisms by keeping the same coefficient matrices.
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Example 2.2.5

For example, by taking X = X, where X is the poset of Example 2.1.2, two possible objects
in C'x can be £ = {(2,0),(3,0),(5,1)} and & = {(2,1),(6,1),(5,0),(7,1)}, and a morphism
p: & — £ is specified by the following matrix.

C11 0 0
0 C292 0
C31 0 0

C41 C42 €43

Notice that some entries are forced to be zero because there is no morphism (z;, m;) — (7, m%).
For instance:

e c12 = 0 because there is no map between (x2, ma) = (3,0) and (2}, m}) = (2,1) since
za =34« 2=21) in Xy;

e c33 = 0 because there is no map between (z3,m3) = (5,1) and (x4, m4) = (5,0) since
mg=1>0=mj.

Applying the translation functor, we obtain
1] =1{(2,1),(3,1),(5,2)} and ¢&[1] ={(2,2),(6,2),(5,1),(7,2)},

and the shifted morphism @[1]: £[1] — &'[1] is represented by the same coefficient matrix as
before.

Finally, for an abelian category A we will work with complexes of diagrams over X with
values in A. Using the natural equivalence C(AX) ~ C(A)X (see 2.1.4) we identify a complex
of diagrams over X with a diagram over X of complexes, and we freely switch between these
viewpoints. Therefore, from now on we denote such an object simply by K, rather than K*°.

Lemma 2.2.6 — There exists a functor n: Cx — Fun(C(A)%X,C(A)) that commutes with
the shift functor [1], where Fun(C(A)X,C(A)) denotes the category of additive functors
from C(A)* to C(A).

Proof. We write K, for the complex obtained by evaluating K € Ob(C(A)X) at € X. For a
complex K, the shifted complex K[1] has (K[1]) = K**! and differential dé{[ll = —di}', then
(K:[m])" = Kit™ and dZKJL (m] = (—1)md’;2m. We denote by dg[m] the differential on the complex
K;[m], and by r,,[m] the chain map K,[m] — K, /[m], obtained by shifting the restriction chain
map 7., K, — K, of the diagram. For a morphism f: K — K’ we write f,: K, — K/, for its
component at z € X.
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Step 1 Given an object & = {(z;,m;)}]~; in the cat-
egory Cx, we define an additive functor Fy :

3 n(&) = Fe C(A)X — C(A) by setting
¢ e Fe(K) = é K, [mi).
i=1
¢ n(e) = F On a morphism f: K — K’ we define
K Fe(K) .
! l&(f) Fe(f) = G_? S [mi].
K’ Fe(K") Since f is a morphism of complexes in AX,

each component f;, is a chain map, hence so is
fz;[my], and therefore F¢(f) is a chain map.

Fe¢(f) can be viewed as a n x n diagonal matrix with entry f;,[m;] in position (4,1).

Example 2.2.7
For instance, taking & = {(2,0),(3,0),(5,1)} (as in 2.2.5), we obtain:

Fg(K) =Ko Ks EBK5[1],

Fe(f) = fo® f3@ f5[1],

represented by the following diagonal matrix.

fo 0 0
0 fz 0
0 0 f5[1]

Step 2 Given a morphism ¢: & — £ in the category C'x, we have to define a natural transformation

n(p) == ny, = F,: F¢ = Fg (since morphisms in the category Fun(C(A)*,C(A)) are
natural transformations). This means that the following diagram commutes for every K, K’
and f: K — K" in C(A)X

Fop(K)

Fe(K) Fe (K)
Fg(f) Fgl(f)
Fe(K') T Fe(K')

e First consider the case where £ = (z,m) and & = (2/,m’). Then a morphism p: & — ¢’
is given by a 1 x 1 matrix (hence an integer ¢), which can be non-zero only if z < 2/
and m’ € {m, m + 1}.

In this case F¢(K) = K;[m| and Fo(K) = Ky [m/'], thus the component n,(K) =
F,(K) is a morphism K [m] — K,/ [m/].

We define
¢ Ty M) if m"=m and z <2’
Ne(K) =< ¢ dy[m]org[m] if m"=m+1 and = <2’
0 otherwise.
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Applying the first two cases to the previous diagram we obtain:

Kofm] —"=" 1) 1) " R 1]

Both squares commute since f is a morphism in C'(A)*, hence for every z < 2’ in X we
have r! ;o fy = fu ory, and for every x the map f, is a chain map. By applying the
shift, we obtain r!_,[m]o fz[m] = fu/[m]|oryy[m] and d’,[m]o fu[m] = fo[m+1]ody [m].
The commutativity of the remaining case is trivial since the horizontal maps are zero.

Hence 7, is natural.

To show that n is a functor, we have to check that it respects composition. Let
e =1(c): (x,m) — (&/,m') and ¢' = (¢): (2/,m") — (2", m”) be morphisms in Cy.
We claim that for every K we have 1y/o,(K) =y (K) 0 1, (K).

We distinguish three cases according to the degrees.

If m"” = m, then both sides reduce to cc’ - .7 [m], using the relation ry . = 174z 0ryy.

If m"”" = m + 1 (exactly one among ¢ and ¢’ raises the degree by 1), there are two
sub-cases. If m’ = m and m” = m + 1, the right-hand side is ¢’ - dyv[m] o ryrgn[m]oc-
Teer[mM] = ¢ - dyn[m] o 1y [m], which equals the left-hand side. If m’ = m + 1 and
m” =m+ 1, then m” = m’ and the right-hand side is ¢ - rppv[m + 1] 0 ¢ - dy[m] o
Tegr[M] = ec - ryrgn[m 4+ 1] o dyr[m] o rypr[m]. Since 7,7 is a chain map, we can
rewrite 7,7 [m + 1] o dy[m] = dyrn[m] o rprpr[m], and composing with r,,[m] gives
cc - dgn[m] o ryrpr[m], which again equals the left-hand side.

If m"” = m + 2, then the composite ¢’ o ¢ vanishes in C'y (since it factors through a
shift of 42 which is zero modulo I'x), and the right-hand side also vanishes because
dyr[m + 1] o dyr[m] = 0. Indeed, the only way to get m” =m+2ism/ =m+1, in
which case the composite involves dyr[m + 1] 0 ryrpn[m + 1] o dy [m] o 74,/ [m]; since r
is a chain map this equals d,»[m + 1] o dyv[m] o 73 [m] = 0.

Now let § = {(x;,m;)}]_; and §' = {(2,m]) ?/:1, and let ¢: & — & be represented
by an integer matrix (c;j;) with 1 <i <nand 1 < j <n'. For K € Ob(C(A)X),

i=1

Fﬁ(K) = @Kﬂfz[m%] and FE’(K) = @Kag[m;]a
j=1

hence 7, (K) = F (K) : F¢(K) — Fe(K) can be written as an n’ x n matrix of
morphisms.

We define its (7, 7)-entry by

(M () ji 3= ;) (B) : Ko [mi] — Ko [mf],

where 7;,)(K) is defined above as in the singleton case.
Since naturality and compatibility with composition hold for each entry, they hold for
M-

Indeed, let f: K — K’ be a morphism in C'(A)X. The morphisms Fe(f) and Fer(f)

are diagonal matrices whose diagonal entries are fg,[m;] and f,/ [m;], respectively.
J
Therefore the (j,)-entry of the composition Fe(f) o n,(K) is

fz; [m;] © (nw(K))ji - f:r; [m;] © Nejis
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while the (j,7)-entry of n,(K')Fe(f) is

(M (K"))ji © fa;[ma) = 1e;; (K") © fu [ma].

These two morphisms coincide by the naturality of the singleton case Ne;;- Hence
Fer(f) o np(K) = no(K') o Fe(f).

Similarly, for composable p: & = & and ¢': & — £”, the (k,i)-entry of 9o, (K) is
computed by matrix multiplication as a sum over j, and each summand reduces to
the singleton compatibility with composition, therefore 1,0, (K) = 1, (K) o 0, (K).

Example 2.2.8

Let £ = {(2,0),(3,0),(5,1)} and & = {(2,1),(6,1),(5,0),(7,1)}, with X = X; as
above. As explained in (2.2.5), p: & — ¢ is described by

C11 0 0
0 ¢ O
C31 0 0

C41 C42 (43

Hence n,(K): Fe(K) = Ko® K3 @ K5[1] = Ka[1]® Kg[1]® K5 @ K7[1] corresponds
to the matrix

C11 - dg 0 0
0 C29 d67"36 0
C31 - T25 0 0

ca1 - dyror  cag - d7rsr ca3 - Ts7[l]

Step 3 Finally, we check compatibility with the shift functor [1]. For every K € Ob(C(A)X) we

have:
(1] o Fo)(K) = (Fe(K))[1] = (@K W) 1) = @D Ko i + 1] = Fegy (K.
=1 =1

On the other hand,
(Fe [W)() = Fe(K[1]) = (K)o m] = €D Ko + 1,

8o [1] o F¢ = Fg o [1] = Fypyy.-

Similarly, for a morphism ¢: & — ¢ the natural transformation 7, is defined entrywise
in terms of restriction maps and differentials, and these constructions commute with
shifting. Hence ([1] o n,)rx = (np)k[1] = (1)) x and (1,) k(1) = (M © [1]) i, Which yields
[1]o N = My © [1] = N[1]-

O]

So far, for a fixed £ = {(x;,m;)}}—,, the complex F¢(K) = @} K;,[m;] carries only the
differential @&}, d,,[m;]. For our purposes, we need to allow more general differentials, mixing
the summands through restriction maps. This is encoded by a morphism ¢: £ — & in Cx via
the natural transformation 7,,.

Let ¢ = (¢ji): £ — & be a morphism in C'x. We now define a morphism ¢*: { — & by setting

cro= (—l)m;'_micﬁ.

It means that ¢* is obtained from ¢ by multiplying each component by the sign resulting from
the shift.
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Let ¢ = (¢): (z,m) — (2/,m’) be a morphism in Cx.
We call ¢ a ife/ =xz,m'=m+1andc=1.
We call ¢ a ifm'=m and z < 2.
More generally, a morphism ¢: { — & (given by an integer matrix (cj;)) is called
if all its nonzero entries are restrictions in the above sense.

A is a pair (£, D), where & = {(z;,m;)}"; is an object of C'y and
D = (Dj;)i<ji<n: & — &[1] is a morphism in Cx satisfying:

(1) D*[1]o D =0 in Cx;
(i) Dj; =0 for all i > j (i.e. D is lower triangular);
(i4i) the diagonal entries D;; are differentials for all 1 <i < n.

Given two formulas to a point (£, D) and (¢/, D’), a
p: (&, D) — (¢, D') is a morphism ¢: £ = £ in Cx such that:

e ( is a restriction;
e D'op=gll]oD.

Formulas to a point, together with these morphisms, form a category which we denote by

The shift functor on Cx induces a shift functor [1] on Fx that shifts both components:
(&,D)[1] = ([1], D[1]), and for a morphism ¢, @[1] is its image under the shift functor
[1]: Cx — Cx (hence is represented by the same coefficient matrix of ¢).

Lemma 2.2.11 — Let D: £ — £[1] be a morphism in Cx such that D*[1] o D =0 in Cx.
Then, for every K € C(A)¥, the morphism np(K): Fe(K) — F¢(K)[1] is a differential, i.e

np(K)[1] o np(K) = 0.

Proof. Let § = {(z;,m;)}]~; in Cx. As we saw in the first step of the proof of Lemma , €
determines a functor

Fe: C(A)Y — C(A)

=1

Moreover, by the second step of the same lemma, every morphism ¢: & — & in C'y induces a
natural transformation n,: Fe = Fg.

In our case, { = ¢[1], and ¢ = D: & — £[1], hence we obtain a natural transformation
np: Fg = Ff[l]-

Since F¢py(K) = Fe(K)[1] (by the third step of lemma ), for every K € C(A)¥ we obtain
a morphism

np(K): Fe(K) — Fe(K)[1].

To prove that np(K) is a differential, we need to show that np(K)[1] o np(K) = 0.
We first prove the identity:
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—(p(K)[1]) = n-p= (K). (2.1)
Let D = (Dj;)1<i,j<n and fix indices (j,4). Let ¢ := Dj; € Z be the corresponding coefficient,
so that the (j,7)-component of np(K) is the map

(np(K))ji = n(e)(K): Ka,fm,) — Ka;[m; +1]

defined by Lemma 2.2.6. Since Cx is a quotient of C'x such that shifts > 2 vanish, we have
mj +1—m; € {0,1} whenever ¢ # 0.

Recall that the differential on a shifted complex satisfies d¢(;) = —dc[1]. Therefore, if we
view np(K) as the differential on F¢(K), the differential on the shifted complex F¢(K)[1] is given
by —np(K)[1].

Now we compute the (j,7)-component case by case:

e case m; + 1 = m,; (restriction):

(_(nD(K)[l}))JZ = _(C “Txyx; [ml])[l] = —C Ty [mz + 1]

e case mj + 1 =m; + 1 (composite differential and restriction).

(=(np(K)[1]))ji = —(c-du; [miforae; [mi])[1] = —e-(dy; [ma]) [Horg,; [mit1] = e-dy; [mit1]ors, e, [mi+1].

Then, to show that np(K) is a differential, we need np(K)[1] onp(K) = 0. This is equivalent
to showing that —(np(K)[1]) onp(K) = 0.

By definition of ¢*, for any entry (x;,m;) — (x;,mj + 1) we have ¢* = (—1)(ms+D-mic,

To explicitly verify equation (2.1), we want to compute the (7, 4)-entry of the right-hand side,
n—p+(K). Recall that the shift functor [1] on Cx does not change the coefficient matrix. Thus,
the coefficient for the (j,)-entry of —D*[1] is exactly —cJ; = —(=1)(matD=mic Furthermore, this
morphism evaluates from the i component of £[1] (which has degree m; + 1) to the j component
(which has degree (m; + 1) +1 =m; +2). Let us apply the rules of Lemma 2.2.6 to this map:

e case mj + 1 = m; (restriction): the coefficient evaluates to —(—1)% = —c. The target

degree m; + 2 is equal to the source degree m; + 1. According to lemma 2.2.6, this
corresponds to a restriction map, yielding:

(n-D*(K))ji = —C+ Taya;[mi +1].

e case mj + 1 =m; + 1 (composite differential and restriction): the coefficient evaluates to

—(=1)lc = c. The target degree m; + 2 is equal to the source degree m; + 1 plus one.
According to Lemma 2.2.6, this corresponds to the composite of a differential and a
restriction, yielding:

(N—prpy(K))ji = ¢+ dy;[mi + 1] 0 g0, [y + 1]
Hence (2.1) holds.
By applying equation (2.1), we obtain:

—(np(K)[1]) o np(K) = n_ps1)(K) o np(K) = n_p+(11op (K).

Therefore np(K)[1] o np(K) = 0, as required. In particular, the statement applies to every
formula to a point (&, D), since condition (i) in definition 2.2.10 is precisely D*[1] o D = 0.
O

We introduced the category Fx of formulas to a point, and now we want to show that each
formula (&, D) canonically produces a functor

F&D: C(.A)X — C(A),

by equipping F¢(K') with the differential np(K). Moreover, morphisms in Fx induce natural
transformations between the corresponding functors.
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Proposition 2.2.12 — There exists a functor n: Fx — Fun(C(A)X,C(A)).

Proof. We will construct this functor by adapting the functor n: Cx — Fun(C(A)X,C(A))
constructed in Lemma 2.2.6. With a slight (but standard) abuse of notation, we will denote
this new functor by the same symbol 7, since its evaluation on morphisms relies entirely on the
original one.

Step 1: (Action on objects.) Let (&£, D) be a formula to a point in Fx. We define an additive functor
Fep: C(A)X — C(A) as follows:

— For an object K in C(A)X, we set F¢p(K) = Fe(K) and we equip it with the
differential dp, ,,(x) = np(K). By Lemma 2.2.11, np(K)[1] o np(K) = 0, hence F¢ p
is a well-defined complex in C'(.A).

— For a morphism f: K — K’ in C(A)*, we define F¢ p(f) = F¢(f). We must
verify that F¢(f) is a chain map between the complexes (F¢ p(K),np(K)) and
(Fe,p(K'")),np(K")). This is equivalent to showing that it commutes with the differen-
tials:

Fe(f)[1] o np(K) = np(K') o F¢(f).

Recall from Lemma 2.2.6 that np: F¢ = Feq) is a natural transformation. Since
Fepp = Fe o [1], by applying the morphism f: K — K’ to the component 7p, by
naturality we obtain exactly the equation written above. Thus, F¢ p(f) = Fe(f) is a
chain map, hence F¢ p is well-defined on morphisms.

Step 2: (Action on morphisms.) Let ¢: (£, D) — (£, D’) be a morphism of formulas to a point. By
definition 2.2.10, ¢: & — £ is a morphism in Cx satisfying ¢[1] o D = D’ o ¢. From lemma
2.2.6, ¢ induces a natural transformation n,: Fy = Fy. We want to show that 7, extends
to a natural transformation between our new functors, 7,: F¢ p = Fg pr.

In order to do this, we need to check that for any complex K in C(A)X , the map
Ne(K): Fe p(K) — Fo pr(K) is a chain map. This means it must commute with the
respective differentials np(K) and np/(K), i.e.

np (K) o ny(K) = n,(K)[1] o np(K). (22)
To prove this, note that, by functoriality of n on Cx (proved in Lemma 2.2.6), we have:
npr (K)o n@(K) = UD’O@(K)a

which is equal to 7,[110p (/) because of the definition of morphism of formulas to a point.
By using again the functoriality of 7, we can split this, and we obtain

11 (K) 01 (K) = 1) (K) © np (K).

Finally, by Lemma 2.2.6, n commutes with the shift functor, meaning 1, (K) = (n,(K))[1] =
no(K)[1]. This concludes the proof of the equation 2.2, so 1,(K) is a chain map. The
naturality of 7, and the functoriality on the assignment (£, D) — F¢ p follow immediately
from the functoriality of n on Cx.

O]

To illustrate how formulas to a point work in practice, we show that they can recover two
standard homological constructions with two examples.
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Let x € X be a fixed element. Consider the sequence £ = {(z,0)} and the 1 x 1 matrix
D =(1): £ — &[1]. The pair (£, D) trivially satisfies the conditions of Definition . For
any complex of diagrams K € Ob(C(A)X), the induced functor yields

Fe p(K) = Fe(K) = Fig o (K) = K[0] = K,

with differential given by

Let f: K — K’, then

Fep(f) = Fe(f) = Fiaon (f) = fa

Thus, this formula simply acts as the evaluation functor, extracting the complex K, and
for morphisms it acts componentwise.

Now consider two elements = < y in X. We define the sequence § = {(z,1), (y,0)} and the

i (1)> . Let us verify that (£, D) satisfies

the condition of Definition to be a formula to a point:

morphism D: £ — £[1] given by the matrix D = (

(i) We must check that D*[1] o D = 0 in Cx. Recall that c}; = (—1)m97micjz-. Since D
maps £ = {(z,1), (3, 0)} to £[1] = {(2,2), (4 1)}, we compute the signs:

X /=1 0) (1 0\ (-1 0
DMOD_<1 -1)°\1 1) "o -1)°
Recall that the category Cx is the quotient Cx /Ix, where Ix is generated by
morphisms shifting the second coordinate by > 2. The map D*[1]o D goes from & to
&[2]. The diagonal entries represent the opposites of the morphisms (x,1) — (z,3)

and (y,0) — (y,2), both of which contain a +2 shift and thus they vanish modulo
Ix. Hence D*[1]o D =0 in Cyx.

(i1) It is evident that D is lower triangular.

(i7i) The diagonal entries are ¢1; = 1: (z,1) — (2,2) and c2 = 1: (y,0) — (y,1). Both
represent shifts of exactly +1 on the same element from the poset, so they are differentials
in Cx.

Finally, we apply this formula to a complex K € Ob(C(A)¥X) and to a morphism f: K —
K’ in C(A)X. We obtain:

2
Fep(K) = Fe(K) = D Kz, [mi] = K. [1] @ K, [0] = K.[1] © K,

=1
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and

2
Fep(f) = Fe(f) = @ fuslmi] = £oll] @ f, = (fxom ; > |
i=1

To compute the differentials np (K): K;[1] & Ky — K.[2] ® K,[1], we apply the rules
established in lemma 2.2.6 to the entries of D :

e for (1,1)-entry: ¢;1 = 1: (z,1) = (x,2), with m’ = m + 1, yields d,[1];

e for (2,1)-entry: co; = 1: (x,1) = (y, 1), with m’ = m and = < y, is a restriction map,
and yields 7y [1];

e for (2,2)-entry: coo = 1: (y,0) = (y,1), with m' = m + 1, yields d,[0] = d,.

Assembling all the components, we obtain the matrix

np(K) = (dx[l] 0) :

Toy(l]  dy

This structure corresponds to the definition of the mapping cone C(r4,) of the restriction
map 7gy: Ky — K,. Thus, for any z < y, the formula F¢ p builds the mapping cone
C(K, =% K,) in C(A).

As a concrete application, we consider our running example poset X defined in the
Example 2.1.2. Choosing the relation 4 < 5, the previous formula becomes ¢ = {(4,1),(5,0)}
and we have the same matrix as before. For any complex of diagrams K € Ob(C(A)X1), this
formula yields the complex F¢ p(K) = K4[1] @ K5 equipped with the differential

np(K) = (d4[1] ;3)5) -

r45[1]

This explicitly constructs the mapping cone C(K; % Kj5) in C(A) associated to the
restriction map r45 in the poset Xj.

Lemma 2.2.15 — There exists a natural isomorphism €: [1] o — no [1].

Proof. We must construct a natural isomorphism e¢ p for each object (§,D) in Fx. First,
we explicitly evaluate the domain and the codomain of this isomorphism on a complex K €

Ob(C(A)X):

e The composition (1 o [1]) applied to (£, D) yields the functor Fey) ppj- Evaluating on K
yields Fgp1) ppj(K) = Fe,p(K[1]).

e The composition ([1] o) applied to (§, D) yields the functor [1] o F¢ p. Evaluating this
on K shifts the resulting complex and gives Fg¢ p(K)[1]. Recall from the equation 2.1 in
the proof of 2.2.11 that the differential on the shifted complex Fg p(K)[1] is n_p«pj(K).
Therefore, the complex F¢ p(K)[1] coincides with F¢jy) _ ps1)(K).

Thus, defining a natural isomorphism of functors ez p: [1] o Fz p — F¢ p o [1] is equivalent to
defining an isomorphism of formulas in Fx between (£[1], —D*[1]) and (¢[1], D[1]).

Step 1: (Construction of the isomorphism.) Let § = {(z;,m;)};_; and D = (Dj;)7;_;. We define a
morphism I¢: { — £ in Cx given by the diagonal matrix whose (i,4)-entry is (—1)". Since
I¢ acts as the identity up to a sign on each component, it is its own inverse, and thus is an
isomorphism in Cx.

To show that I¢[1] defines a morphism of formulas from ({[1], —D*[1]) to (£[1], D[1]), it
must be a restriction (that is trivial because it is diagonal) and it must commute with the
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differentials according to Definition 2.2.10:
(I[1h[A] o (=D*[1]) = D[] o I¢[1].
Since applying the shift functor to morphisms in C'x does not change their coefficient

matrices, this reduces to verifying the matrix equation I¢ o (=D*) = D o I¢, or equivalently
—IgOD*:DOlg.

Let us compute the (j,i)-entry on both sides. Recall that D is a morphism from ¢ to
&[1], so its target degree is m; + 1. By the definition of the twisted matrix, we have
Dj; = (1)t =mi D ji = — (1) 7™ Dy,

e The (j,7)-entry of the left side —I¢ o D* is:
—(=1)"-Dj; = —(=1)™ (=(=1)™ "™ Dy;) = (=1)*™ ™ Dj; = (=1)"™ Dyj; = (—1)™ Dys.
e The (j,i)-entry of the right side D o I¢ is:
Dy (~1)™ = (~1)"™ D,
The two sides match, so I¢[1] is an isomorphism in Fx. We define e¢ p = NIef)-

Step 2: (Naturality.) To prove that € is a natural transformation, we need to verify that the
following diagram commutes for every morphism of formulas ¢: (£, D) — (¢, D’) and for
every K € Ob(C(A)X).

Fe p(K)[1] Fepy,pp) (K)
(1] Me(1]
FEI’D/ (K) [1] E‘t’:/yD/ Fg/[l}’D/[l} (K)

Recall that n,[1] = [1] o n, = n, o [1] = n,p). By functoriality of 7 (see Lemma 2.2.6),
to check that the above square commutes, we can check that I¢ o ¢ = po I in Cx.
¢ is represented by the matrix (cj;), while I¢ and I¢ are diagonal matrices whose (,1)
and (j, j)-entries are, respectively, (—1)" and (—1)m9. Then the (j,7)-entry of ¢ o I¢ is
cji - (—1)™ and the (j,i)-entry of I¢ o ¢ is (—1)™; - ¢ji. By Definition 2.2.10, the morphism
of formulas ¢ must be a restriction, so a non-zero entry can occur only when degrees match,

"= m,;, proving the commutativity of the diagram.

1.e. m]

O]

We established the algebraic structure of the functor F¢y p and now we want to study its
homological properties. The goal is to show that formulas induce well-defined functors on derived
categories; as a first step, we show that F¢ p preserves exactness.

Lemma 2.2.16 — For any formula to a point (&, D), the functor F¢ p: C(A)X — C(A)
maps short exact sequences to short exact sequences.

Proof. Let & = {(x;,m;)}_; and consider a short exact sequence of complexes of diagrams in
C(A)X:
(N AN QR RN '}
By Lemma 2.1.5, kernels, cokernels, and images of morphisms in C(A)¥ are computed

pointwise. Consequently, exactness is a pointwise property. Thus, evaluating this sequence at
any fixed point x € X yields a short exact sequence of complexes in C'(A):

0 K Ik, T ko,
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Next, notice that the shift functor [m] is an exact functor on C'(A) (because it acts by
re-indexing degrees and by changing the sign on the differential, which does not affect the
exactness of the sequence). Therefore, for every element (z;,m;) in the formula &, the following
sequence is still exact:

12 [mi]
0 = K7, [mi] =5 K, [mi] = K7 [mg] — 0.

Since A is an abelian category, the category of complexes C(A) is also abelian (see 1.2).

Moreover, in abelian categories, finite direct sums are exact. Taking the finite sum of the exact
sequences above over indices i = 1,...,n, we obtain the following exact sequence:

n

- @ fh,Imi] L, f1,
0= P KL [mi) ——=5 P Ko Imi] ——5 @D KL [mi] - 0.
i=1 =1 =1

By the definition of the functor F¢ p on objects and morphisms (as established in Proposition
2.2.12), the components of this sequence are exactly the images of the initial complexes and
morphisms under F¢ p. Substituting the notation, we get:

F ! F "
0= Fep(K') “205 Fe (i) “2005 e p(K") =0,
This sequence is a short exact sequence in C'(A), which concludes the proof. []

Lemma 2.2.17 — For any formula to a point (¢, D), the functor F¢ p: C(A)X — C(A)
maps quasi-isomorphisms to quasi-isomorphisms.

Proof. We proceed by induction on n, the length of the sequence & = {(z;, m;)}" .

Base case (n =1): Assume { = {z1, m1}. In this case, D is the 1 x 1 matrix (1). By definition, for
any complex K € Ob(C(A)X), we have F¢ p(K) = K, [m;] equipped with the differential
dz,[m1]. For a morphism f: K — K', F¢ p(f) = fz[mi1]. If f is a quasi-isomorphism
in C(AY), then by point (vii) of Lemma 2.1.5, its pointwise evaluation fy,: Ky, — K,
is a quasi-isomorphism in C'(A). Since the functor [m;] is exact and therefore preserves
quasi-isomorphisms, f,,[m1] is also a quasi-isomorphism, which proves the base case.

Inductive step (n > 1): Assume that the claim holds for n — 1. Let & = {(x;,m;)}?=} and let D' =
(Dji)1<i,j<n—1 be the (n — 1) x (n — 1) upper-left submatrix of D.

In order to show that (K, [my],ds, [my]) is a subcomplex, we can visualize the global
differential np(K) as a block matrix acting on the direct sum F¢ p(K) = Fo p(K) @

By Definition 2.2.10, the matrix D is lower triangular (meaning D;; = 0 for all ¢ > j), and
the diagonal entries are 1. Therefore, the n-th column of D consists of zeros, apart from
the diagonal entry D, = 1. For Lemma 2.2.6, this is the standard differential d, [m,,].
Hence, the differential has the following lower-triangular block structure:

np(K) = (UD'](%K) ! ) ,

Ay, [0

where R is a block representing the restriction maps from the first n — 1 components into
the n-th component.

When 7np(K) is applied to an element lying in the n-th component (represented by a
column vector with zeros in the upper block), the zero matrix in the top right ensures
that the output remains entirely within the n-th component. This invariance means that
(Kz, [mn)], dg, [my]) is a well-defined subcomplex of (F¢ p(K),np(K)).
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Furthermore, the canonical inclusion tx : Ky, [my,] — & K;,[m;] trivially commutes with
the differential due to this invariance.

Similarly, the canonical projection 7g: @' ; Ky, [m;] — @?:_llei [m;] " forgets” the bottom
row of the block matrix. Since the top-left block is np/(K), the projection strictly commutes
with the differentials as well.

This gives rise to the short exact sequence of complexes in C'(A):
0— Kxn[mn] Li) F&D(K) W—K> Fg’,D’(K) — 0.

Let f: K — K’ be a morphism in C(A)¥. The functoriality of this construction gives
a commutative diagram of short exact sequences. Passing to cohomology, this induces a
commutative diagram with exact rows (the long exact sequence in cohomology):

. — H"Y(Fo p/(K)) — H'(Ky,[my)) — H'(Fep(K)) — H'(Fg p(K)) — ...
H'=Y(Fer pi(f)) H(fap [mn]) H'(Fe,p(f)) H'(Fer (1))

. — H"™Y(Fg p(K')) — H'(K}, [my]) — H'(Fep(K')) — H'(Fgpr(K') — ...

Tn

Now, assume f is a quasi-isomorphism. We evaluate the vertical arrows:

(i) By Lemma 2.1.5 (vii), f, is a quasi-isomorphism, and since the shift preserves this
property, fz, [my] is a quasi-isomorphism too. Thus, the vertical maps H(f., [my])
are isomorphisms for all 7.

(#1) By our induction hypothesis applied to the formula of length n — 1, Fo p/(f) is a
quasi-isomorphism. Thus, the vertical map H'(Fg p/(f)) and H™ ' (Fg p/(f)) are
isomorphisms for all i.

Since the two outer vertical maps on both sides of H'(F¢ p(f)) in the extended diagram
are isomorphisms, we can apply the Five Lemma. It immediately follows that the middle
vertical map H'(F¢ p(f)) is an isomorphism for every integer i. Therefore, F¢ p(f) is a
quasi-isomorphism, completing the induction.

O]

After all the homological preliminaries, we can now see that formulas to a point behave well
with respect to localization. Since they preserve exact sequence and quasi-isomorphisms, they
induce functors on the derived category.

Corollary 2.2.18 — Let (&, D) be a formula to a point. The functor Fg p: C(A)X — C(A)
induces a triangulated functor:

F&D: D(.AX) — D(.A)

Proof. Let Sx and S denote the multiplicative classes of quasi-isomorphisms in C(A)* and
C(A), respectively.

Recall that, by Definition 1.3.4 and the discussion thereafter, the derived categories may also
be viewed as the localizations D(AY) = C(A)X[Sy'] and D(A) = C(A)[S™!] (see Definition
1.3.2).

Let Qx: C(A)X — D(AX) and Q: C(A) — D(A) be the corresponding localization quotient
functors.
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We consider the composed functor:
Qo F&DZ C(.A)X — D(.A)

To apply the universal property of the localization to this composition, we must verify that it
maps every morphism in Sx to an isomorphism in D(.A).

Let s € Sx be a quasi-isomorphism in C(A)X. By Lemma 2.2.17, the functor F¢ p preserves
quasi-isomorphisms, meaning F¢ p(s) € S. Furthermore, by the defining property of the quotient
functor @ (1.3.2), it maps every element of S to an isomorphism. Thus, (Q o F¢ p)(s) is indeed
an isomorphism in D(A).

By the universal property of localization (setting the target category to B = D(A)), the
functor @ o F¢ p factors uniquely through @) x. This guarantees the existence of a unique functor
Fep: D(AY) — D(A) making the following diagram commute:

Y —=2— C(4)
Qx BQ
D(AX) ———— D(A),

Fep

that is, F&D oRx =Qo F§7D.

It remains to show that Fg} p is a triangulated functor. Recall that the triangulated structure
on the derived category D(.A) is induced from the homotopy category K (A) (see Theorem 1.3.5):
a triangle in D(A) is distinguished if and only if it is isomorphic in D(A) to the image, under
the localization functor Q: K(A) — D(A), of a standard cone triangle

KL Loy K

in K(A).

By Lemma 2.2.15 the functor F¢ p is compatible with shifts. Moreover, Fy p: C(A)X — C(A)
is additive and preserves short exact sequences of complexes componentwise (Lemma 2.2.16);
hence it sends a short exact sequence 0 — K — L — M — 0 in C(A)¥ to a short exact sequence
0—= Fep(K) = Fep(L) = Fep(M) — 0in C(A).

In particular, for any morphism f: K — L in C(A)%X, applying F¢ p to the cone construction
yields a canonical isomorphism

Fe,p(C}) = CF, ()

in C(A), and therefore the image of the cone triangle of f is a cone triangle of Fg, p(f). After
passing to the derived category via localization, F¢ p sends distinguished triangles to distinguished
triangles. Hence Fy p is a triangulated functor. [

Having understood how formulas act to produce complexes evaluating at a single point, we
now generalize this concept. Instead of targeting a single complex, a general formula targets an
entire category of diagrams over a new poset Y.
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Let X and Y be two posets. A formula from X to ) (also referred to as general formula)
is a diagram over Y with values in the category Fx.
Explicitly, a formula from X to Y, denoted by &, consists of:

(1) an assignment of a formula to a point (§,, D,) € Ob(Fx) for every element y € Y;

(ii) a morphism of formulas to a point ¢, : (§, Dy) — (§, Dy) in Fx for every relation
y <7 inY, satisfying:

® pyy =idg, p, forall y € Y;
® Oy = Py 0y forally <y’ <y’ inY.

Given £ and ¢ two formulas from X to Y, a morphism of formulas from X to Y
a: & — & is a morphism of diagrams. It is defined by a family of morphisms in Fy,
ay: (&, Dy) — (&, Dy) for each y € Y, such that:

o gogy, 0y = Qy 0y, for every relation y < 3 in Y (where ¢’ denotes the
morphism defining the diagram &’).

Formulas from X to Y, together with these morphisms, form a category which we
denote by /..

Proposition 2.2.20 — There exists a functor n: F% — Fun(C(A)*,C(A)Y).

Proof. Let n: Fx — Fun(C(A)*X,C(A)) be the functor constructed in Proposition 2.2.12. Any
functor between two categories induces a functor between their respective diagram categories
over a fixed poset Y via composition. Therefore, applying 1 componentwise induces a functor:

nY: F¥ — Fun(C(A)X,C(A)Y.

An object ¢ € FY is a diagram y — &, in Fx; then ¥ () is the diagram y — 7(&,) in
Fun(C(A)X,C(A)), with the structure natural transformations induced by functoriality of 7.
Now we want to explain why Fun(C(A)X, C(A))Y canonically identifies with Fun(C(A)X, C(A)Y).
Set B:= C(A)X and C := C(A).

Define a functor ®: Fun(B,C)Y — Fun(B,CY) as follows. An object of Fun(B,C)Y is given
by functors (Fy)yey together with a natural transformation 7,<,/: F,, = F,/ for every relation
y < y'. We define ®((F,,7)) = H: B — CY by:

e for K € B, the object H(K) € CY is the Y-diagram with

H(K)y = Fy(K), H(K)y<y = (Ty<y)K;

e for a morphism u: K — L in B, the morphism H(u): H(K) — H(L) in CY is given at
each y by
H(u)y = Fy(u).

The compatibility with the arrows y < 3/ is exactly the naturality of 7,<,.
Conversely, define ¥: Fun(B,CY) — Fun(B,C)Y by sending G: B — C¥ to the Y-diagram
(Gy,TG), where
Gy =evy ol
and for each relation y < 9/ the natural transformation ngy,: Gy = Gy is defined on
K € B by
(Tngy/)K = (G(K))y<y : G(K)y = G(K),y.
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(That is, the structure map of the Y-diagram G(K) is precisely the component at K of the
required natural transformation.)

We check that ® and ¥ are inverse to each other.

(i) Let (F,,7) be an object of Fun(B,C)Y, and set H := ®(F,, ).
For each y, (¥(H)), = evy o H, hence, for every K € B,

(evy o H)(K) = evy(H(K)) = H(K), = F,(K).

Thus (V(H)), = F,. Moreover, for y <y’ the natural transformation in W(H) has
component at K

(Tyh;y’)K = H(K)y<y = (Ty<y' )k,

SO T;éy, = Ty<y'- Therefore V(®(F,, 7)) = (F,, 7). The verification on morphisms is

analogous (componentwise evaluation), hence W o ® = Idp,,gc) -

(i) Let G: B — C¥ and set (Gy,7%) = U(G), then H := ®(G,, ") satisfies: for every
K € B and every y € Y,

H(K)y = Gy(K) = (evy o G)(K) = G(K)y,
and for every y < v/,
H(K)y<y = (ng;gy/)K = G(K)y<y'-

Hence H(K) = G(K) as objects of C¥. Similarly, for a morphism u: K — L we have
for each y,
H(u)y = Gy(u) = evy(G(u) = G(u)y,

so H(u) = G(u) in C¥. Thus H = G and again the check on morphisms is componen-
twise. Therefore ® o W = Idp,,5cv)-

Consequently, ® is an isomorphism of categories (with inverse W), hence
Fun(B,C)Y = Fun(B,CY).

Finally, define n := ® o ¥ : F¥ — Fun(C(A)X,C(A)Y), that is the functor we were
looking for.

O]

Before starting the next lemma, let us make explicit the functor F¢ associated with a general

formula £ € Ob(]—"};). For each y € Y, the component (§,, D,) is a formula to a point, hence it
defines a functor

ny,Dy : C(.A)X — C(A)

n
K @ K. [mi].
=1

See Step 1 in the proof of Lemma 2.2.6 for explicit construction.
By Proposition 2.2.20, these component functors assemble into a functor

Fe: C(A)Y — CA)Y.

For K € C(A)X, the object F¢(K) is the Y-diagram whose value at y is F¢, p, (K). Moreover,
for every relation y < ¢’ in Y, the morphism of formulas

Pyy’ * (éyaDy) — (ngDy’)
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induces a natural transformation

nApyy/ : ny,Dy = ny/,Dym
and the corresponding structure map of the diagram F¢(K) is the morphism
(Mo, )it Fe, 0, (K) = Fe . p,, (K).
Finally, if u: K — K’ is a morphism in C(A)%, then Fg(u) is defined componentwise by

(Fe(u))y = Fe,.p, (),

and its compatibility with the structure maps follows from the naturality of Moy -

Lemma 2.2.21 — For any formula £ € Ob(]—"}?), the induced functor F; maps short exact
sequences to short exact sequences and maps quasi-isomorphisms to quasi-isomorphisms.

Proof. As established in Lemma 2.1.5, exactness and quasi-isomorphisms in the functor category
C(A)Y are characterized pointwise. Since every local component functor Ft, p, preserves short
exact sequences (Lemma 2.2.16) and quasi-isomorphisms (Lemma 2.2.17) in C'(A), the global
functor F¢ preserves both properties, since they are checked pointwise. O

Corollary 2.2.22 — Let £ € Ob(]-"}g) be a formula. The functor F; induces a triangulated
functor .
F¢: D(AY) — D(AY).

Proof. The proof follows exactly the localization arguments detailed in Corollary 2.2.18, applied
to the global functor F¢. The componentwise preservation of shift, mapping cones, and quasi-
isomorphisms guarantees the unique factorization through the derived categories. []

2.2.2 Application of formulas

As a first application of the theory developed so far, we consider the simplest non-trivial poset
o]l —— o2

We focus on this specific case because it effectively demonstrates the fundamental principle
underlying the main theorem and explicitly shows how standard mapping cones arise from
formulas to a point.

Let us define three specific formulas to a point in Fj_9:

(i) & ={(1,1)}, D= (1)
(ii) & ={(2,0)}, D2 = (1);

(iii) € = {(1,1).(2,0)} Dy = G (j).

Notice that the first two items are trivially formulas to a point, and we proved that the third
one is a formula to a point in Example 2.2.14.

Let A be an abelian category and let K € Ob(C(A)'7?). We can view K as a diagram
K; 22 Ky of chain complexes in C(A). According to the functorial action defined in the
previous sections, applying the functors associated with these three formulas yields the following
complexes in C(A):

(i) Fe p,(K) = Ki[l];

45



46

(i) Fey,p,(K) = Ko;
(iii} F£12,D12(K) - C(Kl = KQ)'
Now, we define two morphisms in the category C_,o:

e p1=(1 0):&2—¢&;

® vy = (?) 1 & — &0

Both are restrictions. Moreover, since the shift functor [1] on 12 does not change the
coefficient matrices of the morphisms, we can verify the commutativity condition with the
differentials (i.e. ¢[1] o D = D’ o @) via standard matrix multiplication:

¢1D12 = (1 0)- G (1)> =(1 0)=()-(1 0)=Dip

o= 1) ()03 -

Thus, ¢1 and @9 are valid morphisms in Fj_,o.

By using these morphisms, we can construct two general formulas from X =1 — 2 to
Y =1 — 2 (meaning two diagrams over 1 — 2 with values in Fj_,9):

o {7 = (&2, D12) 25 (&1, D)
o & =(&,Ds) 2 (&12, D1a).
By Corollary 2.2.22, these two formulas induce two functors

Fee, Fer: C(A7?) = (A7),
We will denote them by
R™=F, and R" = Fg.
They induce triangulated functors
R™,R": D(A'™?) — D(A'™?).

Evaluating them on the object K, we obtain the following diagrams of complexes:

R (K) — r1o (riuf1] 0) _
(K) = C(Kl — KQ) _— Kl[l],

0
+ <7“22) T12
Recall that restriction maps satisfy r,, = idg,, hence, in particular, r;; = idg, and ros =

idr,.

Proposition 2.2.23 — There are two natural transformations
e :RToR™ =1

and
€ T:[1]= R oR"

such that for all K = (K; 22 Kj) € Ob(C(A'7?)), the maps ¢™~(K) and ¢ *(K) are
quasi-isomorphisms.
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1
Proof. We will explicitly construct the natural transformation by working at the level of formulas

in F1_,2, and then we will prove that they are quasi-isomorphisms by demonstrating an explicit
chain homotopy. The proof proceeds in three main steps.

Step 1: (Composition of formulas.) We start by describing the composite formulas corresponding
to the composite functors RT o R~ and R~ o RT.

We will use the notation & and &, for the values of £ at the vertices 1 and 2 of the poset
1— 2, i.e. 61_ = (flg,Dlg) and 52_ = (él,Dl); similarly ff_ = (§Q,D2) and f;_ = (flg,Dlg).
Recall that shifting a formula (£, D) by [1] shifts every pair (z,m) in & to (z,m + 1). For
the matrices, we use the convention induced by the usual shift of complexes, then in our
case we have:

o &[] ={(1,2)}, Di[l] =(1);
o &[] ={(2,1)}, Dol = (1);

e &12[1] ={(1,2),(2,1)} and the off-diagonal entry, which corresponds to the restriction
1 0
-1 1)'
cone C(K; — K3) with the summand K;[1] and the map induced by K; — Ko; after

shifting, that map appears with a minus sign.)

map, changes sign, hence Dis[1] = (Concretely: (£12, D12) encodes the

The functors R™ o R~ and R~ o R™ are induced by the composition of the general formulas
defining R™ and R~. They correspond to the composite formulas:

o T i=¢To(§) = &),
o &Tti=¢"0 (¢ = &),
Computation of £~ and (£121, D191):

Since & = (&12, D12) and & = (&1, Dy), this means we are applying £ to the diagram
(&12, D12) — (&1, D1), ie. to the morphism ¢;.

The value at the second vertex of £ is (€12, D12), so the second component of the composite
is the cone of ¢1.Then &191 = (£12[1],&1) = {(1,2),(2,1),(1,1)}. Now we compute the

differential:
1 0 0
_ (D12[1] 0 _
D191 = ] D)= -1 1 0
P1 1 1 0 1

Computation of £~ and (£312, Da12):

Since & = (&, D2) and & = (€12, D12) , this means we are applying £~ to the diagram
(&2, D2) — (&12, D12), i.e. to the morphism ¢s.

The value at the first vertex of £~ is (€12, D12), so the first component of the composite is
the cone of Y2. Then 5212 = {(62[1],612)} = {(2, 1), (1, 1), (2, 0)}

Now we compute the differential:

S
=
[\
Il
s
(&)
=
[a)
~_
|
= =
—
_= o O

Then we have:

[
)
a)

° (51217D121): {(172)7(271)7(171)}7 -1 10 )
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= O O

1 0
i (52127D212) = {(27 1)7(171)’(270)}7 0 1
1 1

Using these objects, the composite formulas £~ and £~ can be expressed as the following
diagrams over 1 — 2:

0
0

o (T =(&4,D) ; (€121, Di21),
B (1 0 0)
o {1 = (812, Da12) —— (&[1], D2[1]).

Step 2: (Construction of natural transformations.) Now we want to connect these compositions to
the shift functor [1], that corresponds to the diagram

v =(&,D1) D (&[1], Do1)).

To relate €7~ to v and v to £ 7, we introduce four morphism a1, s, 51 and S in the
category (19 that act as projections and inclusions between the 1- dimensional formulas
and the 3-dimensional ones:

1
ar = | =1 | : (&, D1) = (§212, D212), Bi=(0 =1 0): (12, D22) = (&1,D1),
0
0
ag = | 1] : (&[], D21]) = (&121, D121),  Ba= (0 1 1): (&121, Dim) — (&2(1], Do[1]).
0

These vertical maps yield the following commutative diagram of formulas in Fj_,s.

(1)

[£31

(&1, D1)

0
0 (1) (10 0)
1

(&121, D121) — (&2(1], Do[1]) — o (2[1], D2[1])

(&1, D1)

(&212, D212)

This commutativity induces morphisms of formulas ¢~ — v and v — £~ 1, that induce
the required natural transformations e~ : RYR™ = [1] and e *: [1] = R~ R™.

Step 3: (Homotopy Argument.) To conclude the proof, we must show that evaluating e™~ and
€~ on any complex K yields a quasi-isomorphism. By Lemma 2.1.5, quasi-isomorphisms
are checked pointwise, then it is sufficient to prove that the component maps 7,,(X) and
ng,(K) are quasi-isomorphisms in C(A).

We will explicitly show that a; and (3; are chain homotopy equivalences. We define the
homotopies hq: o212 — E212[—1] and hg: 191 — &121[—1] by the matrix:

0 0 1
hi=ha= 10 0 0
0 0 0
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A standard matrix calculation leads to the following relations:

prar = (1), 1B+ (h[1]Da1a + D3yo[—1]h1) = I3

and
Bacy = (1), @2fs + (ha[l] D121 + Diy[—1]ho) = Is;
-1 0 0 —1 0 0
where Diy = | -1 —1 0 | and D5y = | O -1 0 | and I3 is the identity
1 0 -1 1 1 -1

matrix 3 x 3.

The first two equations mean that (1 is a strict left inverse of a; (and similarly for £ and
a1). The last two equations became

I3 — a1 81 = hi[1]Da12 + D35]—1]h

and
I3 — apf3y = ho[1] D121 + D7y [—1]ho,

meaning that ay07 ~ I3 with homotopy h; and asf8s ~ I3 with homotopy he. Then a; and
B1 are homotopy equivalences, as well as ag and 2. Then 7y, (K, 7asy, 15, and ng, are quasi-
isomorphisms.

Proposition 2.2.24 — There are two natural transformations
etT:RToRY - R~

and
€ :RYo[l]] > R oR™

such that for all K = (K; 22 Kj) € Ob(C(A'7?)), the maps ¢t (K) and ¢~ (K) are

quasi-isomorphisms.

Proof. We work at the level of formulas in F1_,5. As in the previous proposition, we first identify
the composite formulas, then we construct morphisms of diagrams of formulas, and finally we
check that the induced maps are quasi-isomorphisms.

Step 1: (Identification of the composite formulas.) Recall that the functors RT and R~ are induced
by diagrams of formulas over the poset 1 — 2, denoted by ¢ and £~. As before, we write
5? for the value of £+ at the vertex i € {1,2}. By the definition of composition in Fj_,2,
the composites functors BT o RT and R~ o R~ correspond to the composite diagrams:

o T =¢to (& — &),
o (T =¢0(§ 2 &)

This is the same composition principle used in Proposition 2.2.23. We now compute the
two composite formulas explicitly.

Computation of £ and (€219, D212): Recall that €T is the diagram

(&2, D2) 2 (€12, D12),

so & = (&2, D) and & = (£12, D12). Therefore the inner diagram (& — &5) is exactly
the morphism 3.

e The value of £t at the first vertex is obtained by applying (&2, Do) to the inner
diagram; since (§2, D2) corresponds to taking the second vertex of the inner diagram
(it produces Ko on objects), this gives

(1)1 = (&2, Dr2).
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e The value of £ at the second vertex is obtained by applying (€12, D12) to the inner
diagram; since (£12, D12) is the mapping cone formula, this produces the cone of ¢
(that we already computed in Proposition 2.2.23):

(£7)2 = C(p2) = (€212, Da12).
Finally, the arrow in the diagram £+,

M
(12, D12) — (€212, D212),

is the canonical inclusion &9 < &212 = (&2[1],&12) inside the cone. This inclusion is
represented by the matrix

0 0
M++ — 1 0
0 1

Hence "
71 (€12, D12) = (£212, D212).

Computation of ¢~ and (&12[1], —D7j,[1]): Recall that £~ is the diagram

(€12, D12) 25 (&1, Dy),

so & = (&i2, D12) and &, = (&1, Dy). Therefore the inner diagram (§; — &) is exactly
the morphism ;.

e The value of {7~ at the first vertex is obtained by applying (&12, D12) (the cone
formula) to the inner diagram, hence

(&)1 =Cl(e1) = (&121, D121)-

(This is the same ({121, D121) that we already computed in Proposition 2.2.23.)

e The value of {~~ at the second vertex is obtained by applying (£1, D1) to the inner
diagram. Since (£, D1) corresponds to taking the first vertex and shifting (it produces
K;[1] on objects), this yields the shifted formula &;2[1]. On the level of differentials, the
shift convention implies that the shifted differential is described by —D*[1]. Therefore

(€7 )2 = (§12[1], =D [1]).
Now we compute —D7,[1] explicitly.
We have €15 = {(1,1),(2,0)} and Dy — G (1))

By definition, if D: § — £[1], then (D*);; = (—l)mg_m"Dﬁ, where m; is the degree
in the source and mz is the degree in the target. Here &12[1] = {(1,2),(2,1)}, so
(m1,m2) = (1,0) and (m}, m)) = (2,1). Hence, we obtain the matrix

opn= ().

Finally, the arrow in the diagram £~

(&121, D121) EEEN (§12[1], —=D15[1]),

is the canonical projection from the cone &121 = (£12[1],&1) into &12[1]. This projection is
represented by the matrix
1 0 0
M__ = .
<O 1 0)

§ 7 (&121, D121) = (§12[1], = D7s[1]).

Hence
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Step 2: (Construction of the natural transformations.) We now construct the morphisms of
formulas that will induce the required natural transformations e and e~ ~. Evaluating
such morphisms on C(A)!7? yields natural transformations between the associated functors.
A morphism of formulas is given by a commutative square connecting the corresponding
diagrams. We will show that the matrices ay and (31 defined in the previous proposition
provide exactly the maps we need.

Construction of ett: RTo RT = R

We need to define a morphism from the composed formula 7 to the formula £~. Recall
that £~ = (&12, D12) 1 (&1, D) with ¢ = (1 O).

At the first vertex, both formulas evaluate to (£12, D12), so we can take the identity map

id(e,y, D) = T2 = <(1) (1)> At the second vertex, we need a map from (€212, D212) to

(&1,D1). We can use the projection into the middle component of the cone, which is
—p1 = (0 1 O). This yields the following diagram:

(€12, D12) S R (&12, D12)

(€212, D212) IR (&1[1], D1 [1]).

Since the square commutes, it defines the natural transformation e*.

Construction of e 7: Rt o[l]= R oR™:

Here we need a morphism from the formula £*[1] to the composed formula £~ ~. Applying
the shift functor to &+ yields €+[1] = (&[1], Da[1]) 225 (£12[1], D1a[1]), where @s[1] = (;’)

On the other hand, at the second vertex, the composed formula £~ evaluates to (£12[1], —D7,[1]).
At the first vertex, we need a map from (£2[1], D2[1]) to the cone (£121, D121) We use the

0
canonical inclusion into the middle component, which is exactly gy = | 1

0

At the second vertex, to connect (£12[1], Di2[1]) to (&12[1], —Djs[1]), we apply the map
-1 0

v=(5 )

This yields the following diagram:

(&2(1], D2[1]) i (€121, D121)

pa2[1] M__
(&12[1), D12[1]) ——F—— (&2(1], =D [1)).
This is a commutative square, then it defines the natural transformation e~ ~.

Step 3: (Quasi-isomorphisms property.)

Finally, we show that the natural transformations ™ and ¢~ ~ are quasi-isomorphisms.
Recall that a morphism in the diagram category C(A)'7? is a quasi-isomorphism if and
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only if it is a quasi-isomorphism pointwise at each vertex of the poset. Furthermore, any
homotopy equivalence of chain complexes induces a quasi-isomorphism.

For ¢": The components of the morphism of formulas evaluated at the two vertices are
Iy and —f31, respectively.
e At the first vertex, the identity matrix /s induces an isomorphism of complexes, which
is in particular a quasi-isomorphism.

e At the second vertex, we must analyze the map induced by —p3;. As explicitly shown
in Proposition 2.2.23, 81 is a homotopy equivalence with right inverse a;, satisfying
the homotopy equation

I3 — alﬁl = hl[l]D212 + D;u[*l}hl.
Consequently, —(; is also a homotopy equivalence, with right inverse —a;. Therefore,
—f1 induces a quasi-isomorphism.
Since €T is a quasi-isomorphism at both vertices, e evaluates to a quasi-isomorphism
for any diagram of complexes K.

For ¢~ 7: The components of the morphism evaluated at the two vertices are ao and the

matrix N = <_01 ?)

e At the first vertex, the map is given by as. By Proposition 2.2.23, as is a homotopy
equivalence with left inverse B9, then it induces a quasi-isomorphism.

e At the second vertex, the map is given by the matrix N, which is an involution
(N? = I5). Then it induces an isomorphism between chain complexes, which trivially
is also a quasi-isomorphism.

Since €~ is a quasi-isomorphism at each vertex, it is a quasi-isomorphism.

O]

The previous two propositions provide natural transformations between various composites
of R and R~ whose components are quasi-isomorphisms. Passing to the derived category, these
maps become natural isomorphisms, yielding strong relations between the induced functors.

Corollary 2.2.25 — Let A be an abelian category. The functors R™ and R~ preserve
quasi-isomorphisms and therefore induce triangulated endofunctors

RT,R™: D(A'™?) — D(A'™?).

Moreover, the following natural isomorphisms hold in D(A!7?) :

RtoR =[1]2R oR", (R")?=R (R )?=R"o]l].

In particular, .
(RF)® = [1].

Proof. Since R™ and R~ are defined via formulas, they send quasi-isomorphisms to quasi-
isomorphisms; hence they descend to triangulated endofunctors on the derived category. We
denote the induced functors by Rt and R~

By Proposition 2.2.23, there are natural transformations

e RtoR =1[1], € T:[1]= R oR",

whose components are quasi-isomorphisms. After passing to D(A'~?), these become natural
isomorphisms, hence . . ) .
RtoR =[1] and [I]2 R oR™.
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In particular, Rt and R~ are autoequivalences.
By Proposition 2.2.24, there are natural transformations

e RToRt" =R, € :R'o[l]=R oR",

whose components are quasi-isomorphisms. Passing again to the derived category yields natural
isomorphisms

(R")?=R™, and RTo[l]= (R

Finally,

(R")? =Rt o(RT)?=RYoR™ =]1].

2.2.3 Proof of the main theorem

The proof of Theorem 2.2.4 can be regarded as a global version of the elementary 1 — 2 case
treated in the previous subsection (see Proposition 2.2.23). The key idea is that the local
construction appearing in that case is repeated at each vertex x € X, where the role of the second
endpoint is played by the subset Y, C Y. and these local pieces are then assembled through
suitably defined restriction maps. In this way, the case of the chain 1 — 2 provides the basic
local model for the general construction.
Set
PT=(XUY,<y) and P~ = (XUY,<).

We define two formulas ¢ and £, inducing functors
Rt:C(AP" > AP and R : CA)F = cA)P".

Throughout the proof, we keep in mind the singleton example of Example 2.2.3, where
X = X; and the subsets Y, are given by Y, = {f(x)} for a uniquely determined order-preserving
map f: X1 — Y. We use this example in order to make the constructions more transparent and
to illustrate the different types of restriction maps.

Definition of the formulas to a point:

We begin by defining the formulas to a point associated with the elements of X LY.
For each x € X and y € Y, we introduce the elementary formulas to a point

§o = ((1’,0), (1))7 fy = ((y70)7 (1))7

and, for every x € X,

€Yz = ((y7 O)yEYza I)?

where I denotes the identity matrix.

By Example 2.2.13, the formulas £, and , simply evaluate a diagram at the points x and
y, respectively. Thus, for a diagram K, they produce the complexes K, and K. Similarly, the
formula &y, produces the direct sum

FEYI(K) = @ K.

yeEY,

In the running example X, each Y, is a singleton, so this direct sum reduces to a single term.
For each z € X, these formulas determine a local copy of the construction for the chain
1 — 2. More precisely, we consider the two formulas to 1 — 2

Crv, = (& = &) €OBFRY?), fvoa = (§v, = &) € OB(Fp?),
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where the first arrow is given by the column vector whose entries are all equal to 1, and the
second by the row vector whose entries are all equal to 1. Evaluating these formulas on diagrams
K € Ob(C(A)P") and L € Ob(C(A)P™), we obtain the natural maps

Kx%@[(y, @Ly%Lx.
YyEYy yeYe

More explicitly, if {74, } and {s,,} denote the restriction maps in K and L, then these morphisms

are
E LyTzy and g SyzTys

yeYy yeYy

where ¢, and 7, are the canonical inclusions and projections.
By the discussion of the chain 1 — 2, the formula &9 yields the mapping cone of a morphism.
We therefore define

& =Coy, & =&208y, 4

Thus, for each © € X, the general construction is obtained by applying the elementary 1 — 2
construction to the corresponding local map.
For y € Y, we simply set

& =& € Ob(Fp+), §, =& € Ob(Fp-).
Hence, if K € Ob(C(A)F") and L € Ob(C(A)F™), the corresponding functors satisfy
R+(K)y = Ky, R™(L)y = Ly[1],
while for z € X we obtain
+ ZerI tyTzy
RY(K),=C|K, =" P K, |,
YEYy

and
— Z:yeyI SyaTy
R (L,=C|PL, =L,
yeY,

Thus, the vertices of Y are treated directly, whereas at each vertex x € X the original complex
is replaced by a suitable mapping cone.

Definition of the restriction maps:

We now define the restriction maps of the diagrams R (K) and R~ (L). More precisely, after
having defined the complexes attached to each vertex of P~ and P, we must specify, for every
order relation in the target poset, the corresponding morphism between these complexes. With
these definitions, the assignments defining R+ and R~ become well-defined diagrams on C'(A”")
and C (A" +), respectively. We distinguish several cases according to the type of relation involved.
We denote by pT the restriction maps in the diagram R (K), and by p~ those in R~ (L).

e Case 1: relations inside Y
If y <4 in Y, the restriction maps are the obvious ones. Indeed, by construction we have

R+(K)y =Ky, and R (L), = Ly[1].
Therefore we define
Py (K) =1y Ky = Ky, p (L) = sy [1]: Ly[1] — Ly [1].

In other words, on the vertices of Y, the functor R* keeps the original restriction maps,
while R~ keeps them up to the shift.
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e Case 2: relations inside X
If z <2/, both RT(K), and R"(K),s, as well as R~ (L), and R~ (L),, are mapping cones.
Therefore the corresponding restriction maps are defined componentwise: on the first
summand we use the restriction map 7,,/[1], while on the second summand we use the
bijection ¢,/ : Y, — Y,/ to match the corresponding summands.

Since y < @ (y) for every y € Y,, the maps

() Ky = Ky ) and s t Ly = Ly ()

LETRVI. YOt ()

are well-defined. We therefore define the diagonal morphisms

Paor(K) = 1o [1] & @ Ty (v) | RY(K)s = RY(K)y,
YyEYy

and
p;x, (L) = @ 8y7¢zz,(y)[1] @D Sppr s R™ (L)x — R~ (L)x/
yeY,

These are well-defined chain maps, since the corresponding squares commute by functoriality
of the restriction maps and by the relation y < ¢,./(y) for all y € Y.

In other words, on the X-part the restriction maps are obtained by acting separately on
the two components of the cone: on the first one, we use the restriction map between the
vertices x and 2/, while on the second one we use the bijection ¢,/ : Y, — Y,/ to match
the corresponding summands.

e Case 3: elementary mixed relations
If y,. € Y., then by definition of the orders <, and <_, we have

Yo <_ T and r <4 Ygp.

Now we define the corresponding restriction maps.

For R*(K), recall that

S ey tyre
RY(K), = C | K, == (NK, |, RY(K), =K,.
yeYy

Hence we define
+ . 0 . ZyEYz LyTzy
i o (K) = o) Ky, = C | K, === (P K,
* YEYy

In other words, this map sends K, into the cone by placing it in the second component,
namely in the direct sum € K,, through the canonical inclusion ¢,,. Similarly, for
R~ (L) we have

YyeY:

D= @r, 22 ) R, = L)
YEY,
We define
Syx T
D)= (m 1] 0):C [ @ r, =2 1 ) Sr, 1),
yEYz
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Thus, in the case of an elementary mixed relation, the restriction map is obtained by
selecting the distinguished summand indexed by ¥,: in R (K) via the canonical inclusion
into the cone, and in R~ (L) via the canonical projection from the cone into its shifted first
component. These are exactly the local maps appearing in the elementary construction for
the chain 1 — 2.

Case 4: general mixed relations
It remains to treat the non-elementary mixed relations.

Suppose first that y <_ x. By the construction of the order <_ on X LY, there exists an
element y, € Y, such that y < y,. Moreover, this element is unique by condition (i) on the
family {Y,}zex (see the beginning of the proof of Lemma 2.2.1).

The relation y <_ x can therefore be decomposed as
Y <Yy <- 7,

where the first relation lies inside Y, and the second is an elementary mixed relation.
We then define

Explicitly, this is the composite

Dually, suppose that x <, y. By the construction of the order <; on X LY, there exists
an element y, € Y, such that y, <y. Moreover, this element is unique by condition (i) on
the family {Y, }.cx (see the beginning of the proof of Lemma 2.2.1).

Hence, the relation z <, factors as

<y y: <y,

where the first step is elementary mixed and the second lies inside Y.

We define

Explicitly, this is the composite

R, P g g 2l gy

Therefore, every mixed restriction map is obtained by passing through the unique inter-
mediate vertex y, € Y, singled out by the defining relation. This makes the construction
completely local: once the elementary mixed maps are understood, all the other mixed
maps are obtained by composition with the restriction maps inside Y.

With these definitions, every relation in the target poset is assigned a morphism of complexes.
The identity and compatibility conditions follow from the corresponding properties of the original
restriction maps and from the uniqueness of the element y, € Y, appearing in the mixed cases.
Hence the above assignments define two formulas

¢t e Ob(FL) and & e Ob(FL),

and therefore two functors

+

Rt: A" o, R0 o)
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Before proceeding with the explicit description of the functors R and R~ , we briefly recall the

running example introduced in Example , which we will use throughout the construction.
Recall that, in Example , we chose X = X7 and Y as follows.
ol

Recall also that the family {Y,}.cx is defined by
Vi={a}; Ya=Ys=Y,={b}; Vs=Ys={c}; Yr={d},

or equivalently, that we have an order-preserving map f: X; — Y such that Y, = {f(z)} for
every x € X1, namely

7 eq _— T eq
ol ) S /o/l/\‘/\/,,f,,
o2 / \ 3 7\> ;}) o2 / l \ 3 - = ;})
AT AT
/ \ 1 / \ 1
') 6 . oC %) o6 . c
e ~__
P =(XjuY,<y) P =(Xjuy, <)

These are precisely the two posets whose universal derived equivalence is established by
Theorem

Now we describe explicitly the two general formulas £ and £~ on this example. Recall
that £+ € Ob(FL,) and £~ € Ob(]-'gf). Therefore, £ is a diagram over P~ with values in
Fp+, while £ is a diagram over P with values in Fp—. Thus the general formula T has
the global shape of the poset P~, and at each of its vertices it assigns a formula to a point of
PT. Dually, the general formula £~ has the global shape of the poset PT, and at each of its
vertices it assigns a formula to a point of P~. Then we have the following objects:
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Let us describe them more explicitly: for every y € Y, the value of both general formulas
at the vertex y is the formula &, = ((y,0), (1)). Thus, at the vertices a,b, ¢, d both £t and £~
assign the corresponding formula to a point

§a = ((a70)’ (1))a & = ((bv O)a (1))a §e = ((Ca 0)7 (1))7 §a = ((d’ O)a (1))

Now we analyze what happens for z € X;. Since each Y, is a singleton, and we have
Y, = {f(x)}, the formulas {y, reduce to the one-point formulas {s,). Hence, the local
formulas at the vertices of X; become the elementary two-point construction

E;— = 512 © ga:,f(x)v g; =&20 é.f(ac),ara

where &, ¢(;) is the formula to the chain 1 — 2 determined by the morphism §; — (), and
§f(x),x 18 the formula to the chain 1 — 2 determined by the morphism &) — &
Equivalently, at each vertex x € Xj, the formula £* assigns the local copy of the
elementary construction associated with the arrow = — f(z), while £~ assigns the dual local
copy associated with the arrow f(x) — z.
In this example, this gives the following list:

e & corresponds to 1 — a,

o &F,&5,&f correspond to 2 — b,3 — b,4 — b,
o & &4 correspond to 5 — ¢,6 — ¢,

e ¢ corresponds to 7 — d,

and dually

e & corresponds to a — 1,

e & ,&,&, correspond to b — 2,b— 3,b — 4,
o &, & correspond to ¢ — 5,¢ — 6,

e ¢, corresponds to d — 7.
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The general formulas £ and £~ induce the corresponding functors
Rt:C(AF" 5P, R :CcAP = CcA)f,

and describe explicitly the complexes attached to the vertices in the running example.
Let K € Ob(C(A)P") and L € Ob(C(A)F7).
For the vertices of Y, the construction is immediate:

RY(K), =Ky, R (L),=Ly[l] foreveryyc€eY.
Hence, we have
RT (K)o =K4. RT'(K)y=K,, R"(K).=K., R"(K);= Ky,

and
R™(L)q = La[1]> R (L), = Lb[l]a R (L) = LCD]’ R™(L)a= Ld[l]'

The direct sums appearing in the general construction reduce to a single summand. Therefore,
the complexes attached to the vertices of X; become

Tz,f(z) = Sf(x),x
RT(K), = C(Ks =22 Kimy), R (D)o =C(Lpay 125 Ly).

Thus, on the vertices of Y, the functor R leaves the original complexes unchanged, whereas
R~ shifts them by [1]. On the vertices of X, both functors are obtained by taking the
mapping cone of the unique morphism determined by the value of f at that vertex.

We next describe the restriction maps of the diagrams R*(K) and R~ (L) in the running
example. As above, we denote by

Tw: Koy — Ky and  syy: Ly — Ly

the restriction maps in K € Ob(C(A)P") and L € Ob(C(A)P"), respectively. As in the
general construction, we distinguish four cases.

e Case 1: relations inside Y

For every relation y < ' in Y, the restriction maps are:

P;ry/(K) =Tyys  Pyy (L) = syy[1].
Then in particular, we have:
PHE) =Tap,  PLK) =Tbe,  p(K) = rea,
Pa(L) = sab[l],  pp(L) = spc[l],  pg(L) = call]-
All the remaining maps inside Y are obtained by composition.

e Case 2: relations inside X3

Since f is an order-preserving map, for x < 2’ in X; we have f(z) < f(a’). The
restriction maps are diagonal block maps acting separately on the two components of
the cones. For example, for the covering relation 1 < 2:
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s = (" 0 = (0.

Tab 812
All covering relations in X; yield maps of the same form, with 74,/ [1] and 7¢(g) ()
(respectively s¢(z)f(2r)[1] and s;.r) as diagonal entries. The restriction maps for non-
covering relations are then obtained by composition.
e Case 3: elementary mixed relations

The elementary mixed relations are of the form
f(z) <_z and z <4 f(x).

In each case the restriction map is either the canonical inclusion into the second
component of the cone, or the canonical projection onto the shifted first component.
For example, at the vertex 1 € X7:

oK) = ( 0 ) L (D) = (10 0).

1k,
The maps at the remaining vertices of X; have the same form, with Ky, and Lj(,) in
place of K, and L,.
e Case 4: general mixed relations

Every remaining mixed relation is of the form

y<fl@)<-z or <4 f(z) <y

For example, the relation a <_ 2 factors as a < b <_ 2. The corresponding restriction
map is:

PK) = o) 0 () = () Y oran= () ).

Dually, the relation 2 <, ¢ factors as 2 <y b < ¢. Hence the corresponding restriction
map is:

Pac(L) = (L) © pyy (L) = se[l] 0 (11, (1] 0) = (sue[1] 0).

This completes the explicit description of RT(K) and R (L) in the running example. In
each case, the restriction maps are entirely determined by the local cone construction at each
vertex X7 and by the order-preserving map f.

Verification of commutativity:

We verify that the restriction maps satisfy the compatibility conditions
Paz = Py 0 Pay and  po=popy
for every composable chain of relations in P™ and P, respectively.
Indeed, p* denotes the system of restriction maps of the diagram R*(K) € C(A)F", while

p~ denotes the system of restriction maps of R~ (L) € C(A)" T We distinguish several cases
according to the type of relations involved.

e Case 1: y <y <y¢y” inY.
By definition, p;ry,(K) =7y, and p;,y//(K) = ryy. Therefore
p:/r/y”(K) © p;y/(K) = Ty O Tyy = Tyyr = Ty (K),

where the middle equality is the compatibility condition for the restriction maps of the
diagram K.
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The proof for p~ is analogous: since p, (L) = syy[1] and p,, (L) = s,y[1], we obtain
Py (L)o p;y’(L) = syyr[1] 0 syy (1] = syyr[1] = Pz:y”(L)-

Case 2: z <z’ <z"in X.

Recall that
Py (K) = 1o [1] © EB Ty (y
YEYy

and

Pl (K) = rygn(l] & EB Ty o (y')

y' ey,
Since Qupr = QPprpn © Pue by Lemma 2.2.2) we can write the second map as
P;z//(K) = Ty EB @ P00t (U)sp 0wt ()
IS¢
Hence p), (K)o p} ,(K) is again a diagonal map, whose first diagonal entry is
Tz’x”[l] o Tmm/[l] = Ty [1],

and whose y-th diagonal entry is

Tt ) et (W) © Ty 0 (0) = Ty, (y)-

The first equality follows from the compatibility of the restriction maps in K, and the
second one from the same compatibility applied inside Y-part. Therefore

Pl (K) 0 pl(K) = raan (] @ @D vy () = P (K).
yeYy

The proof for p~ is analogous. Indeed,

Prar(L) = @ Sy, 1] | @ Sza
yeYy

and
p;’x” (L) = @ Sy’ Pttt (Y') [1] S Salx!
y/EYx/

S0, using again Q. = Qurer © Pep, We obtain
p;’q;” (L) % pq;_x/ (L> = px_x”(L)‘

Case 3: 3y <y <_z.
Let y.,y. € Y, be the elements determined by the relations
y<ys, and y <y

Since ¥’ < y < y,, the uniqueness part of the condition (i) implies that 3/, = y,. Therefore,
by the definition of the mixed restriction maps,

Py (E) = py (K)o pl, (K).
Using the compatibility inside Y, we also have

Py (K) = piy, (K) 0 i ().

Hence

o (K) = pit o (K) 0 s, (K) 0 p5 (K) = pi(K) 0 p5 (K,
which is exactly the required identity. The dual argument proves the corresponding
statement for p~ in the case v <, y < v/

61



62

e Case 4: y, <_z <2’ where y, €Y.
Let ypr = 0pa (yz) € Yyr. By condition (ii), we have y, < y,». Moreover, y,s is the unique
element of Y, with this property. We claim that

Pyar () = P (K) © pyy o (K).
Indeed, by definition,

0

GREOEY
Ya

>:Kyz—>C K- @K,
yEY

while

P (E) = 1o [11© €D 1y, (0)-
yEYx

Thus the composite p,,(K) o py..(K) has zero first component, while on the second
component it sends K, into the summand indexed by y,s = @2/ (y,) through the map
Ty, Ky, = Ky ,. In other words,

Py opiu) = (, D).
Yo T Y2y
On the other hand, by the definition of the general mixed map,
ot oK) = pt oK) 0 pi (K = (LO ) oty = <L 0 ) .
Yol Yot Yy

Therefore

Pyt () = Py (K) © py o, (K).
The proof for p~ is dual.

e Case 5: y<_z <7

Let y, € Y, be the unique element such that y < y,. Then the chain y <_ x < 2/ can be

refined as y <y, <_ x < 2/. By the definition of the general mixed restriction map, we
have

Py (K) = py,0(K) © py, (K).
On the other hand, by Case 4,
Pt () = piy(K) © py o (K).
Therefore
P (K) = py (K)o py (K) = pf (K)o py (K)o pp, (K)=pl, (K)o pl(K),
which is exactly the required compatibility relation.
The proof for p~ is dual, considering a chain x < 2’ <, y.

Therefore, in all possible cases, the restriction maps satisfy compatibility conditions with
composition. Hence the assignments defined above determine well-defined diagrams

RT(K)e C(A)P  and R (L)ecCA".

Example 2.2.27

Before turning to the construction of the natural transformations, let us briefly illustrate
the previous verification on the running example by checking two representative nontrivial
compatibility relations involving general mixed relations. In P~ the relation a <_ 2 factors
as a < b <_ 2, so by the explicit description above we have p,(K) = pj,(K) o pfy (K).

We first illustrate Case 4 on the chain b <_ 2 < 5in P~, where b = f(2) € Y5. By Case 3,
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the elementary mixed restriction map is

0
P (K) = <ide> : Ky — C(K — Ky),

and by Case 2, the restriction map inside X is

7“25[1] 0

,0;5<K) = < 0 Tbc) : C(KQ = Kb) = C(K5 = Kc),

where rp. appears because p95(b) = ¢. The composite is

snonan- (50 2)(2)-(2)

On the other hand, the relation b <_ 5 factors as b < ¢ <_ 5, so the general mixed restriction
map is
p;5<K>=p+<K>op+<K>:(.° >orb =<°>.
c5 be lch c Tbe

Therefore p(K) = p35(K) o pjp(K), confirming the compatibility of Case 4 on this relation.
This is the point where the bijection @o5: Yo — Y5 enters concretely: it sends b to ¢, and the
map 7. in the second component of pé% (K) is precisely the restriction map T o)

Analogously, the Case 5 chain a <_ 2 < 5 (where a ¢ Y3) requires an additional
factorisation through b = f(2).

Composing with the restriction map associated with 2 < 5 in Xy, we obtain

P%(K ) OPZFQ(K )= (T%O[l] 7’1) (r(a)b> - (Tbc(:”ab> - (r2c> '

On the other hand, since a < ¢ <_ 5, the mixed relation a <_ 5 factors through ¢ = f(5),
and therefore

Tac

oK) = p(K) 0 pla(K) = ( 0 ) |

This is exactly the compatibility encoded by the following diagram:

+
Ka paQ(K) C(K2 N Kb)
Pi5(K) p§r5(K)
C(K5 — Kc)

The two computations above show that the two morphisms from K, to C(K5 — K.) coincide.
Therefore p/-(K) = p3s(K) o p/,(K), so the required compatibility holds. This makes visible,
in the running example, the mechanism behind the general argument: a mixed relation is
handled by factoring it through the intermediate vertex f(z). The remaining compatibility
relations are checked in exactly the same way, and are already covered by the general
verification above. A completely analogous computation can be made for R™.

Construction of the natural transformations RTR™ = [1] and [1] = R™R™*:

Having defined the formulas £ and ¢, and having checked that they determine well-defined
functors

RT: (AP S o), R0 S o),
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we now compare the compositions R*R~ and R~ R" with the translation functor [1].
Recall that the composition of general formulas is computed pointwise. For y € Y, both general
formulas assign the same formula to a point §,. Therefore, their compositions satisfy

(§+§_)y = fy[lL (’5_§+)y = 'fy[l]-

Let z € X. At the vertex x, the local situation is the same as in the case of the chain 1 — 2: the
composition £T¢~ produces the formula &191, while the composition £ ~¢T produces the formula

§212-
More precisely,

(T )e =60y, (€N =810y,

where £191 and &9219 are the formulas introduced in the local computation for the chain 1 — 2.
Let v denote the general formula inducing the translation functor [1]. Thus, for every vertex
z € X UY, the value of v at z is the shifted formula to a point &,[1].

We now define morphisms of formulas

R S A N e S

by specifying their components at each vertex.
For y € Y, we define both components to be the identity morphism

_ 1 _ 1
e & =& T[] = &1
For = € X, we use the morphisms S5 and a; coming from the local 1 — 2 case. We define

ﬁQoéYm,x

&1 0 &y, » = &1,

€208y, 0

and

_ @108y,
TGl =G0y, —5 &190&,y,.

The equalities
Ea[l] o8y, » = &J[1] and & o0&y, = &u[l]

follow from the fact that &y, , and &, y, are formulas to the chain 1 — 2: the formula &> selects
the second vertex, while & selects the first one.

We claim that €™~ and e~ are morphisms of general formulas. On the vertices of Y this is
immediate since all components are identities. On the vertices of X, the claim reduces to the
local commutative squares already verified in the case of the chain 1 — 2; composing those local
morphisms with {y, , and &, y, yields the required compatibility with the restriction maps.
Therefore, by functoriality of the construction of general formulas, e~ and e~ ' induce natural
transformations

e RTR™ =11, e*1:[1]=R R'.

It remains to show that these natural transformations are quasi-isomorphisms. Since quasi-
isomorphisms of diagrams are checked pointwise, it is enough to verify this at each vertex.
For y € Y, both components are the identity morphisms &,[1] — &,[1], hence they are quasi-
isomorphisms. For x € X, the components are obtained by evaluating the local morphisms (5
and aq on the formulas &y, , and &, y,. In the local 1 — 2 case, we already proved that a; and
B2 induce quasi-isomorphisms after evaluation on any diagram. Therefore, the same holds here.

We conclude that, for every abelian category A, the natural transformations
e RTR™ =1, e1:[1]=R R'
are pointwise quasi-isomorphisms.
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Passing to derived categories, we obtain natural isomorphisms
RTR™=[1], R R™=[].

In particular, RT and R~ are equivalences, mutually quasi-inverse up to the shift functor. This
proves that

D(AP") ~ D(AF").

Since the construction works for every abelian category A, the two posets PT and P~ are
universally derived equivalent.

First consider the vertices of Y. For every y € Y, the composition RT R~ acts on L, by
R+R_(L)y = R+(R_(L))y =R (L)y = Ly[1],

since R~ shifts the Y-vertices by [1] and R leaves them unchanged. Therefore, the component
4~ is the identity map e, = =idp, [1): Ly[1] = Ly[1], and no further verification is needed at
these vertices.

The interesting case is at the vertices of X, where the iterated cone construction appears.
We illustrate this explicitly at the vertex 2.

Since Y, = {b}, the local situation is exactly the chain b — 2. Therefore, applying first R~

and then R™, the value at the vertex 2 is obtained by iterating the cone construction:

€

R+R_(L)2 = C(C(Lb — Lz) — Lb[l]).

Writing the inner cone explicitly as C(Ly — Lo) = L[1] & Lo, we may view this iterated cone
as the complex
RYR™(L)2 = Ly[2] ® Lo[1] @ Ly[1],

endowed with the differential coming from the iterated cone construction.
The component 62+ ~ is induced by the local morphism (5 from the case of the chain 1 — 2.
Under this identification, it acts by projecting onto the middle summand:

e~ = (0,idp,p],0): Ly[2] @ Lo[1] & Ly[1] — La[1].

In other words, ejf collapses the two outer terms coming from the iterated cone and retains
only the copy of Lo[1]. This is the explicit realization, at the vertex 2, of the general morphism

&7 G210y, 0 — (1]

The same description applies at every vertex x € X, with b = f(2) replaced by f(x), and
dually for e~ T.
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3 Admissible cuts and reconstruc-
tion problems

In this chapter, we investigate some inverse and combinatorial questions related to the singleton
case of the construction introduced in the previous chapter. More precisely, we restrict to the
situation in which each subset Y, consists of a single point, so that the data are encoded by an
order-preserving map f: X — Y. This is exactly the situation discussed in Example 2.2.3, and
it gives rise to the following special case of Theorem 2.2.4:

Proposition 3.0.1 — Let X and Y be finite posets, and let f: X — Y be an order-preserving
map. Define two partial orders S;{ and <; on the disjoint union X LY by requiring that
they restrict to the given orders on X and Y, and that, for x € X and y € Y, we have

e<fy < f@)<y, y<jz <= y<[fl(a)

Then the two posets (X UY, S;{) and (X UY, <)) are universally derived equivalent.

* Remark. Although Proposition 3.0.1 is formally a special case of Theorem 2.2.4, in many
natural classes of posets condition (i) forces |Y;| < 1 for every x € X. Indeed, if Y is a join-
semilattice ' and y # y' € Yz, then y V ¢/ belongs to [y, e] N [/, 8], contradicting condition (i)
of Theorem 2.2.4. Dually, if Y is a meet-semilattice, then y A ¢/ belongs to [e,y] N [e, 1], again
contradicting condition (i). Hence |Y;| <1 for every = € X. In particular, this applies whenever
Y is a lattice. The same conclusion holds whenever Y has a least element or a greatest element.
Therefore, in all these cases, if the sets Y, are non-empty, the data of Theorem 2.2.4 reduce
automatically to an order-preserving map f: X — Y.

* Remark. Condition (ii) of Theorem 2.2.4 implies that, on each connected component of
X, all sets Y, have the same cardinality. Indeed, for every comparable pair x < 2’ there is a
bijection .. : Y, — Y./, and by composing these bijections and their inverses along a path in
the underlying undirected graph of X, we obtain bijections between the sets attached to any two
points in the same connected component. In particular, if X is connected, then all sets Y, have
the same cardinality.

* Remark. The disconnected case reduces componentwise to the connected one. Indeed, if
P = P, U P, is a disjoint union of two connected components, then the category of diagrams
decomposes as

AP g.API % ./41327

and similarly at the derived level. For this reason, when studying classification and reconstruction
problems, it is natural to focus on connected posets.

We are thus led to two questions:

'Recall that, for two elements x, 7 in a poset, a meet is their greatest lower bound, denoted by x A g, while a
join is their least upper bound, denoted by x V y. A poset in which every pair of elements admits a meet is called
meet-semilattice; if every pair admits a join, it is called a join-semilattice; if both exist for every pair, it is
called lattice. For more details, see Garrett Birkhoff [5, Chapter 1, page 9].
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(i) How many monotone maps f: A — B exist for fixed posets A and B?

(ii) Given a fixed poset P, in how many ways can P be written as (AU B, §}r), so as to produce
another universally derived equivalent poset (A L B, SJT)?

The first question is purely combinatorial. The second one is more structural, since once a
decomposition P = AU B is fixed, the map f is not arbitrary; indeed, we will see that, whenever
such a map exists, it is determined by the mixed relations of P.

3.1 Counting monotone maps

We now formalize the notion of a cut.

A cut of a finite poset P is a decomposition P = A U B of the underlying set of P such that
A is an ideal of P; equivalently, B = P\ A is a filter of P. Throughout this section, A and B
are endowed with the partial orders induced from P.

Recall that a subset A C P is called an order ideal if, whenever a € A and x <p a, then
x € A. Dually, a subset B C P is called an order filter if, whenever b € B and b <p x, then
x € B. From now on, we simply write ideals and filters.

Once a cut P = AU B is fixed, the special case of the construction recalled above in which
each Y, is a singleton reduces to the choice of an order-preserving map f: A — B.

By Proposition 3.0.1, every order-preserving map f: A — B determines two posets Pf+ =
(AU B, S;{) and P, := (AU B, <}) which are universally derived equivalent. Hence, for a fixed
cut P = (AU B) the number of possible choices of f is exactly the number of monotone maps
from A to B, namely |Homp,s(A, B)|.

Example 3.1.1

As an example, we consider again the poset X; and decompose it into two subposets A and
B, with underlying sets A = {1,2,4,5} and B = {3,6,7}, as shown below.

02/.1\03 02/.1 o3
05/.4\06 05/.4 o6
\07/ 07/

We now count all order-preserving maps f: A — B for the cut considered above. In
the poset A we have the relations 1 < 2 <5 and 1 < 4 < 5, therefore a map f: A — B is
order-preserving if and only if f(1) < f(2) < f(5) and f(1) < f(4) < f(5). We count these
maps by considering the value of f(1).

o If f(1) =7, then the values of the function on the remaining elements are forced to be
f(2) = f(4) = f(5) = 7. So in this case there is exactly one map.
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o If f(1) = 6, then f(2), f(4) and f(5) can only take values in {6,7}, and they must
satisfy £(2) < (5) and £(4) < £(5).
If f(2) = f(4) = 6, then f(5) can be either 6 or 7, giving two maps.

If at least one among f(2) and f(4) is equal to 7, then necessarily f(5) = 7. In this
way, we have three further maps.

Then in total, if f(1) = 6, we have five maps.
e Finally, if f(1) = 3, we distinguish three cases:

— If f(2) = f(4) = 3, then f(5) may be 3, 6, or 7, so we obtain three maps.

— If neither f(2) nor f(4) is equal to 7, but at least one of them is equal to 6,
then f(5) can be either 6 or 7, and for both there are three options for the pair
(f(2), f(4)), that are the pairs (3,6), (6,3) and (6,6). So this contributes six maps.

— If at least one among f(2) and f(4) is equal to 7, then f(5) is forced to be equal
to 7. The possible values of the pair (f(2), f(4)) are (7,3),(3,7),(6,7),(7,6) and
(7,7), so this gives five maps.

Thus, when f(1) = 3, there are fourteen possible maps.

Summing up, the total number of order-preserving maps f: A — B is 20.

Let us now choose one of the order-preserving maps from the previous example and describe
explicitly the corresponding posets Pf+ and PJT .

Consider the order-preserving map f: A — B defined by f(1) = 3 and f(2) = f(4) =
f(5) = 6. The corresponding posets ij and Pf_ are depicted below. The blue arrows indicate
the mixed relations from A to B in the first case, and from B to A in the second. The two
posets are universally derived equivalent.

02/.[\03 02/.[\

l/°4 l l/'4 l

®5 o6 o5 o6
\_7 \_/
o7 07/
+ —
Py Py

This example shows explicitly that, even after fixing a cut P = A Ll B, an arbitrary order-
preserving map f: A — B produces a poset P;r different from the original poset P. Indeed, an
order-preserving map always produces a pair of universally derived equivalent posets, but in
general the poset (ALl B, S;{) does not coincide with the original poset P. In the next section, we
analyze precisely when this reconstruction occurs. This suggests an algorithmic way to generate
candidates for posets universally derived equivalent to a given poset P.
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3.2  Characterizing admissible cuts

In this section, we study the reconstruction problem in the special case of the construction above
in which each Y, is a singleton. Given a partition P = AU B, we determine when there exists an
order-preserving map f: A — B such that P = (AU B, S;{), and show that, whenever it exists,
this map is uniquely determined by the order relations of P. This yields an algorithmic criterion
for reconstruction.

A cut P = AU B is said to be admissible if there exists an order-preserving map f: A - B
such that P = (AU B, g;t)

Theorem 3.2.2 (Characterization of admissible cuts) — Let P be a poset, and let P = ALl B
be a partition of the underlying set of P. We denote by <p the order relation on the poset
P. We endow A and B with the induced orders from P. For each a € A, define

Up(a) ={be B: a <p b}.
The following are equivalent:
(i) There exists an order-preserving map f: A — B such that P = (AU B, < K );

(ii) Ais anideal of P, B is a filter of P, and for every a € A, the set Ug(a) has a minimum.

Proof. Let P be a poset.

(1) = (i7) | Assume that there exists an order-preserving map f: A — B such that P = (AU B, §}“)
By construction, the orders on A and B coincide with the original ones, and the only mixed
relations in (AU B, gj{) are of the form a <T b with a € A and b € B. Hence no element
of B can lie below an element of A, so A is an ideal and B is a filter.

Now fix a € A. Since P = (AU B, §;f),f0r every b € B we have
a<pb < ag}“b < f(a)<pb.

Therefore
Ug(a) = {b€ B: f(a) <p b}.

Since f(a) € B and f(a) <p f(a), we have f(a) € Ug(a). Moreover, for every b € Ug(a),
by definition f(a) <p b. Hence f(a) is the minimum of Ug(a).

(i) < (4i) | Assume that A is an ideal of P, B is a filter of P, and that for every a € A the set Up(a)
has a minimum. Define f: A — B by

f(a) = minUp(a).

We first show that f is order-preserving. Let a,a’ € A with a <p d’. If b € Ug(a’), then
a’ <p b, hence also a <p b. Therefore b € Ug(a), and so

Up(a') C Ug(a).
Since both sets have a minimum, it follows that
f(a) = minUp(a) <p minUp(d') = f(a').
Thus f is order-preserving.
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It remains to show that P = (AU B, S;{) Since A and B are endowed with the induced
orders from P, the orders inside A and B already coincide in the two posets. It is therefore
enough to compare the mixed relations.

Let a € Aand b € B. If a <p b, then b € Ug(a), and since f(a) = minUg(a), we get
f(a) <pb.

Conversely, assume that f(a) <p b. Since f(a) = minUg(a), we have f(a) € Ug(a). By
definition of Ug(a), this implies a <p f(a). Hence

a<p f(a) <pb,

and therefore a <p b. Thus
a Sp b = f(a) §p b,

that is exactly the condition defining the mixed relations in <F. Moreover, since A is an
ideal and B is a filter, there are no mixed relations of the form b <p a with b € B and
a € A; and by construction, there are no such relations in (AU B, Sj{) Hence

P=(AUB,<}).
O

* Remark. In particular, whenever such a map exists, it is uniquely determined by P and the
decomposition P = ALl B, and is given by

f(a) =minUg(a) forall a€ A.

Corollary 3.2.3 — Let P be a finite poset, and let P = A U B be a partition satisfying the
conditions of Theorem 3.2.2. Then it canonically produces a second poset

Q= (AUB,<;),

which is universally derived equivalent to P.

Concretely, given a finite poset P and a partition P = A U B, the following procedure
determines whether there exists an order-preserving map f: A — B such that P = (AU B, S}L)
and recovers it when it exists.

Algorithm 3.2.4 (Recovering f from a fixed partition.)

Input: a finite poset P together with a partition P = A Ll B.

Output: either failure, if there is no order-preserving map f: A — B such that P =
(AU B, §?), or the unique such map.

Step 1: Check whether A is an ideal of P and B is a filter of P. If not, stop: no such map f
exists.

Step 2: For each a € A, compute set Up(a) = {b € B: a <p b}.

Step 3: Check whether Up(a) has a minimum for every a € A. If this fails for at least one a,
stop: no such map f exists.

Step 4: Define f(a) = minUp(a) for every a € A.

Step 5: Return the map f.

3.3 An algorithmic search for admissible cuts

We now describe a second procedure, which starts from a finite poset P alone and detects all
admissible cuts of P. It does so by running Algorithm 3.2.4 on every cut of P.
Here, by a non-degenerate cut we mean a cut P = ALl B with A # () and B # ().
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Algorithm 3.3.1 (Detecting all admissible cuts of a poset.)

Input: a finite poset P.

Output: the set of all non-degenerate admissible cuts P = A Ll B, together with the
corresponding uniquely determined maps f: A — B.

Step 1: List all non-degenerate cuts P = A U B.

Step 2: For each cut P = A U B, apply Algorithm 3.2.4.

Step 3: Discard those cuts for which Algorithm 3.2.4 returns failure.

Step 4: For every remaining cut, record the corresponding map f(a) = minUg(a), a € A.
Step 5: Return the list of all admissible cuts, together with their associated maps f.

By Theorem 3.2.2, a cut P = A U B is admissible if and only if for every a € A, the set
Ug(a) = {b € B: a <p b} has a minimum, equivalently, if Algorithm 3.2.4 succeeds on the
partition P = A U B. Therefore, the previous algorithm detects exactly all admissible cuts of P,
and for each of them the corresponding map f is uniquely determined.

For each admissible cut, Corollary 3.2.3 produces canonically a second poset @ = (AU B, S;),
which is universally derived equivalent to P.

Applying Algorithm 3.3.1 to the poset Xi, we obtain 6 non-trivial admissible cuts. However,
some of these decompositions are related by symmetries of the poset X7, and should therefore be
regarded as equivalent. Indeed, X; admits a non-trivial automorphism, namely the involution
exchanging 2 with 3 and 5 with 6, while fixing the remaining elements. This automorphism sends
admissible decompositions to admissible decompositions, so it is natural to consider the action of
Aut(X1) on the set of admissible decompositions and classify them into orbits. In this way, the 6
non-trivial admissible decompositions split into 4 orbits.

A B=X;\A4A f Orbit size
(1,2,3) (4,5,6,7} 154,255, 36 1
(1,2,4,5) (3,6,7} 13,27 46, 57 2

{1,2,3,4,5} (6,77 |1—6,27 36,46, 57 2
{1,2,3,4,5,6} {7} arTforallaec A 1

Table 3.1: Representatives of the Aut(X7)-orbits of non-trivial admissible decompositions of Xj.

This example suggests, more generally, that admissible decompositions lying in the same
Aut(P)-orbit should give rise to isomorphic output posets. The following lemma shows that such
decompositions yield isomorphic output posets.

Lemma 3.3.2 — Let P be a finite poset, let P = A 1l B be a decomposition, and let
f: A — B be an order-preserving map. If o € Aut(P), set A’ = 0(A) and B’ = o(B), and
define f': A" — B’ by f'(c(a)) = o(f(a)) for all @ € A. Then

(i)

(AUB,<}) = (A'UB,<5).
(i)

(AUB,<;) = (A'uB, <5).

Proof. We prove (i); the proof of (ii) is analogous.
Consider the map
6: AUB—A'UB

defined by &(x) = o(z). Since o is a bijection and o(A) = A’, o(B) = B’, the map ¢ is a
bijection.
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It remains to check that ¢ preserves the order. On A and on B, this follows immediately
from the fact that o € Aut(P). For mixed relations, let a € A and b € B. Then

ag}rb < f(a) <pb.

Since o is an automorphism of P, this is equivalent to o(f(a)) <p o(b). By definition of f’, we
have o(f(a)) = f'(c(a)), hence
f'(o(a)) <p a(b),
which is equivalent to
o(a) §}', o(b).

Therefore & is an isomorphism of posets. []

Although quotienting by Aut(P) removes the redundancy coming from symmetries of the
initial poset, it does not yet amount to counting the resulting posets up to isomorphism. Indeed,
different admissible decompositions, even if not lying in the same Aut(P)-orbit, may still produce
isomorphic output posets. This suggests a natural further problem, namely to classify the
resulting posets up to isomorphism.

A further source of redundancy may come from automorphisms of the pieces A and B. For
instance, in the cut A = {1,2,4,5}, B = {3,6,7} considered above, the poset A admits a
non-trivial automorphism exchanging 2 and 4. This suggests that different order-preserving maps
f: A — B may still produce isomorphic output posets, even when the cut is fixed.

Motivated by the previous example, we now formulate the corresponding general statement.

Proposition 3.3.3 — Let A and B be finite posets, let f: A — B be an order-preserving
map, let a € Aut(A) and 5 € Aut(B). Define a map g: A — B by

g=pofoa.

Then

(AUB,<}) = (AUB,<;).

In order to prove this proposition, we need the following lemma:
Lemma 3.3.4 — Let A and B be finite posets, let f: A — B be an order-preserving map.
(i) For every a € Aut(A), if g= foa™!, then

(AUB,<f)= (AU B,<;).

(ii) For every B € Aut(B), if g = S o f, then

(AuB,<f)= (AU B,<;).

Proof. We prove (i); the proof of (ii) is analogous. Define a bijection
a:AUuB— AUB

by
a(a) = afa) fora € A, &(b) =bfor b € B.
We show that & is an isomorphism of posets.
On A, the map & coincides with «, which is an automorphism of A. On B, it is the identity.

Hence & preserves the order inside A and inside B.
It remains to check the mixed relations. Let a € A and b € B. Then

agjfb <~ f(a) <b.
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1

Since g = foa™ ", we have

Therefore

fla) <b <= g(afa)) <b <= ala) S;‘ b.

Since &(a) = a(a) and &(b) = b, this shows that
a S;f b < ala) <J a(b).

Thus & preserves all order relations, and therefore it is an isomorphism. Hence

(AUB,<}) = (AUB,<;).

O
Proof of Proposition 3.5.5. By the first point of Lemma 3.3.4 applied to «, we have
(AUB,<}) = (AUB, <}, ).
By the second point of Lemma 3.3.4 applied to 8, we also have
(AU B, g}roa_l) ~ (AU B, ggofoa_l).
Since g = Bo foa™!, the claim follows. O

* Remark. Although throughout this chapter we work with finite posets, Theorem 3.2.2 and
the isomorphism results of Section 3.3 are purely order-theoretic and do not use finiteness. They
therefore remain valid for arbitrary posets, whenever the required minima exist. The finiteness
assumption is only needed here to stay within the framework of Proposition 3.0.1 and of the
algorithmic procedures.

For the cut A = {1,2,4,5}, B = {3,6,7}, the 20 order-preserving maps f: A — B found in
Example 3.1.1 fall into 15 orbits under the action of Aut(A) given by a - f := f o a~! where
Aut(A) is generated by the involution exchanging 2 and 4. This provides a first refinement of
the purely combinatorial count from Question 1.

3.4 A concrete example

We now illustrate the previous construction on a concrete finite poset. Starting from a fixed
poset P, we apply Algorithm 3.3.1 to determine all admissible cuts. For each admissible cut, the
corresponding map f is uniquely determined by Theorem 3.2.2, and Corollary 3.2.3 produces a
new poset @ = (AU B, g;) universally derived equivalent to P.

Let P be the following finite poset:
ol
o2 3
o4 5 °

Let us apply Algorithm 3.3.1 to the poset P.

6
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Step 1: we list all possible cuts of P: Cut A B=P\A
(a) {4} {1,2,3,5,6}
We do not include the degenerate cuts A = (b) {2,4} {1,3,5,6}
0,B=Pand A= P, B = (. The first one (c) {2,4,5} {1,3,6}
is trivial, while in the second case no map
’ 1,2,4
f: A — B can exist. (d) {1,2,4} {3,5,6}
(e) | {1,2,4,5} {3,6}
0 | (L2345 | {6

Table 3.2: Non-degenerate cuts of the poset P.

Steps 2-5: for each cut listed above, we apply Algorithm 3.2.4 in order to determine whether it is
admissible and, in the positive case, recover the corresponding map f.

Cut Ug(a) f

() Us(d) = {1,2,3,5,6) fd) =2

(b) Up(2) =Up(4) ={1,3,5,6} failure

(©) | Un(®) = Un(d) = {1,3,6), Us(5)= (3,6} | /@)= fd) =1, (5)=3
(@) | Us(1) = (3.6}, Un(2) = Up() = 3,5.6) | f(1) =3, F()=f(d) =5
(e) Up(a) ={3,6} Yaec A fla)=3 Yae A

(f) Up(a) ={6} Vae A fla)=6 Yae A

Table 3.3: Application of Algorithm 3.2.4 to the cuts listed in Table 3.2.

Thus, among six non-degenerate cuts, five are admissible and one is not.

For each admissible cut listed in Table 3.2, Theorem 3.2.2 shows that the reconstructed poset
(AU B, g}) coincides with the original poset P. Therefore, in each admissible case, Corollary
3.2.3 produces a new poset

Q=(AUB,<;),

which is universally derived equivalent to P. We now draw the posets @) corresponding to the
admissible cuts listed above.

o2 /.1\ o3 o2 .1\ 3
oé\L/ \05/ \06 4/ \05/ \06

(a) (c)

02/.1 \03 02/ o3
/ 05/ \06 04%0(5 \06

4

ol

(d) (¢)
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.2/.1\.3
.4/ \.5/
\/

(f)

In each diagram, the red arrows represent the new mixed relations defining <t while the
black arrows represent the original relations inside A and B.

By Proposition 3.0.1, each of these posets is universally derived equivalent to P. Consequently,
they are universally derived equivalent to one another.

Notice that the posets @ obtained in cases (¢) and (d) are isomorphic. Indeed, the automor-
phism o € Aut(P) exchanging 1 and 5 sends the cut in case (¢) to the cut in case (d). Thus
the two cuts lie in the same Aut(P)-orbit, and Lemma 3.3.2 (i7) implies that the corresponding
output posets are isomorphic.

o6

76



4 Conclusion and further directions

Building on the construction studied in Chapter 2, the main contribution of Chapter 3 is a
change of perspective on Ladkani’s construction. Theorem 2.2.4 takes two posets X and Y with
suitable combinatorial data and produces two universally derived equivalent posets P™ and P~
on the set X LY. In the singleton case, we reversed this viewpoint: starting from a single
poset P, we asked whether it can be decomposed as (A LI B, S}L) for some admissible cut and
some order-preserving map f: A — B. Theorem 3.2.2 gives a complete characterization: such
a decomposition exists if and only if A is an ideal, B is a filter, and every element of A has a
least upper bound in B; moreover, the map f is then uniquely determined. Each admissible cut
produces a new poset @ = (AU B, S;) universally derived equivalent to P, and the isomorphism
results of Section 3.3 show how symmetries reduce the combinatorial count.

In the singleton case, this approach transforms the abstract problem of finding universal derived
equivalences into a concrete combinatorial one: enumerate the admissible cuts of a given poset.
Several natural questions arise from this perspective.

4.1 On the number of admissible cuts

The number of admissible cuts of a finite poset depends on its structure in a way that does
not admit a simple description in terms of the number of vertices alone. The following three
examples illustrate the range of possible behaviors.

First, a connected poset may have no non-degenerate admissible cut at all. Consider the poset
on three elements {1,2,3} with 1 <2 and 1 < 3.

02 /.1\03

There are three non-degenerate cuts: A = {1}, B ={2,3}; A={1,2}, B={3}; and A = {1,3},
B = {2}. In the first case, Up(1) = {2, 3} has no minimum since 2 and 3 are incomparable. In
the second case, Up(2) = (). In the third case, Ug(3) = (). Therefore, none of the three cuts is
admissible.

* Remark. This example shows that the absence of admissible cuts does not preclude the
existence of other universally derived equivalent posets. Indeed, the above poset is an orientation
of the tree As, and is therefore universally derived equivalent to the chain on three elements by
Ladkani’s result that any two orientations of a tree are universally derived equivalent |3, Corollary
1.8]. Thus, the singleton construction studied in Chapter 3 does not, in general, capture all
universally derived equivalent partners of a given poset.

At the other extreme, the number of admissible cuts can grow exponentially in the number
of vertices. Consider the poset on 2k + 1 elements consisting of k chains a; < b; (i =1,...,k)
together with a maximum ¢, with b; < ¢ for all 7 and no other relations.

7
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°q ——— ob;

o1y ——— oby

ot

oq, —— ol

This poset is connected and has n = 2k + 1 elements. A non-degenerate cut P = AU B
corresponds to a choice, for each chain a; < b;, of how many elements to place in A: none, only a;,
or both a; and b;. Since ¢t must belong to B for A to be an ideal, this gives 3 — 1 non-degenerate
cuts (excluding the empty-ideal). All of these cuts are admissible: if a; € A and b; ¢ A, then
min Ug(a;) = by, if both a;,b; € A, then min Ug(a;) = min Ug(b;) = t.

Between these two extremes, there exist connected posets on arbitrarily many vertices with
exactly one non-degenerate admissible cut. Consider the poset on 2k +2 elements with underlying
set {0,a1,...,ag,b1,...,bk, c} and relations 0 < a; < b;, 0 < ¢, and ¢ < b; for all i = 1,... k,
with no other relations.

.bl

fan

-
\.

ai
az
ak

oC

Since 0 is the minimum of the poset, it must belong to A in every non-degenerate cut, and
therefore Up(0) = B must have a minimum. If the minimum of B were some b;, then B = {b;}
and the elements a; with j # ¢ would have Up(a;) = (. If the minimum of B were some a;, then
B = {a;,b;} and again Ug(a;) = 0 for j # i. Therefore the minimum of B must be ¢, which
forces B = {c,b1,...,bx} and A ={0,a1,...,ar}. This cut is indeed admissible: min Up(0) = ¢
and min Ug(a;) = b; for every i.

These examples show that the number of admissible cuts is not controlled by the number of
vertices alone, and that no simple bound — neither linear nor polynomial — can hold in general.
It would be interesting to understand which structural features of a poset govern the number of
admissible cuts, and to obtain meaningful bounds within specific families.

Question 1. Which finite connected posets admit at least one non-degenerate admissible cut?

Question 2. For natural classes of posets (chains, trees, posets of Dynkin or Euclidean type),
what is the typical number of admissible cuts?
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4.2  Classification of outputs up to isomorphism

Different admissible cuts of a fixed poset P may produce isomorphic output posets, even when the
cuts do not lie in the same Aut(P)-orbit. Lemma 3.3.2 and Propositions 3.3.3 and 3.3.4 account
for part of this redundancy, but a complete classification of the outputs up to isomorphism
remains open.

Question 3. Given a finite poset P, how many pairwise non-isomorphic posets can be obtained
from P by a single application of the singleton construction?

This classification problem has two distinct layers. One may first fix an admissible cut P = AL B
and ask when two order-preserving maps f,g: A — B give rise to isomorphic output posets. One
may then let the cut vary and ask how the resulting isomorphism classes interact across different
admissible cuts of the same poset.

Even for a fixed cut P = Al B, automorphisms of A and B may identify different order-preserving
maps f: A — B yielding isomorphic outputs. It is therefore natural to ask whether the resulting
equivalence classes are completely described by the action of Aut(A) x Aut(B) on Homp,s(A4, B),
or whether genuinely different maps may still produce isomorphic outputs. More globally, one
may ask whether every isomorphism between two outputs can be explained by symmetries of the
input data, or whether different admissible cuts may lead to accidentally isomorphic posets.

4.3 Iteration of the construction

Because Corollary 3.2.3 produces, from an admissible cut P = ALl B, a new poset (AU B, S;)
on the same underlying set, iterating the singleton construction never changes the number of
vertices. Therefore, if one starts from a finite poset P, the procedure can generate only finitely
many posets up to isomorphism. In particular, the interesting issue is not finiteness itself, but
rather the structure of the closure of P under iteration and the extent to which this procedure
captures the whole derived-equivalence class of P.

One may think of the iterated singleton construction as generating a finite graph whose vertices
are the isomorphism classes reachable from P, and whose edges correspond to a single application
of the construction.

A first natural question is therefore the following.

Question 4. Given a finite poset P, what is the closure of P under iterated applications of the
singleton construction? More precisely, how many isomorphism classes of posets are reachable
from P by repeated applications of the algorithm?

A deeper question is whether this closure exhausts the universally derived equivalent class of P.
The example from section 4.1 shows that this is not the case in general: a finite poset may admit
no non-degenerate admissible cut and yet have other universally derived equivalent partners.
Therefore, the iterated singleton construction is, in general, not exhaustive.

This leads to a more refined problem.

Question 5. How can one characterize the universally derived equivalent posets that lie in the
closure of P under iterated applications of the singleton construction, and those that lie outside
it?

In particular, this shows that being forced into the singleton case is not sufficient, by itself, to
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guarantee that the procedure recovers all universally derived equivalent partners of a poset.

Another natural direction concerns the stability of the singleton regime under iteration. In many
interesting situations the combinatorial conditions force one to remain in the singleton case;
however, as observed above, this does not imply that the singleton construction captures all
universally derived equivalent posets. It is therefore natural to ask whether the singleton regime
is at least stable under the procedure itself, or whether iteration can eventually lead to posets
for which genuinely non-singleton instances of Ladkani’s construction become possible.

Question 6. Suppose that P is a finite poset for which the singleton case is forced. Can iterating
the singleton construction produce a poset () for which the singleton case is no longer forced?
Equivalently, is the class of posets for which the singleton regime is forced closed under iteration?

These questions seem particularly interesting for specific families of posets, such as chains, trees,
and posets arising from representation-theoretic contexts, such as those associated with oriented
Dynkin or Euclidean quivers, where additional structure may help to control both the closure
under iteration and the relation with derived equivalence.

A natural continuation would also be to study the singleton construction systematically on small
finite posets, with the aim of classifying, up to isomorphism, the outputs obtainable from a
given P by a single application or by iteration of the construction. From a more computational
perspective, it would be interesting to implement the algorithm of Chapter 3 in order to generate
explicit data and examples.

80



Bibliography

Dragan Milici¢, Lectures on Derived Categories, The University of Utah.

Charles A. Weibel, An Introduction to Homological Algebra, Cambridge Studies in Advanced
Mathematics, 2013.

Sefi Ladkani, Universal Derived Equivalence of Posets, 2007, https://arxiv.org/pdf/
0705.0946.

Ibrahim Assem, Daniel Simson, Andrzej Skowronski, Cambridge University Press, Elements
of the Representation Theory of Associative Algebras (Volume 1), 2006.

Garrett Birkhoff, Lattice Theory, American Mathematical society, 1973.
Aaron Christie, The Basics of Triangulated Categories, 2008.

Thorsten Holm, Peter Jgrgensen, Triangulated categories: definitions, properties, and
examples, 2010.

Dietel Happel, Triangulated Categories in the Representation of Finite Dimensional Alge-
bras, London Mathematical Society, 1988.

Johns Hopkins, Theory of Categories, University, 1965. https://pages.jh.edu/rrynasil/
NewFoundations4Math/Literature/Textbooks/Mitchell11965Theory0fCategories.
pdf

Lachlan Potter, Homological Algebra Summer Mini-course 202/: Lecture Notes, 2024.
https://web.ma.utexas.edu/SMC/2024/Homalgnotes24.pdf

81


https://arxiv.org/pdf/0705.0946
https://arxiv.org/pdf/0705.0946
https://pages.jh.edu/rrynasi1/NewFoundations4Math/Literature/Textbooks/Mitchell1965TheoryOfCategories.pdf
https://pages.jh.edu/rrynasi1/NewFoundations4Math/Literature/Textbooks/Mitchell1965TheoryOfCategories.pdf
https://pages.jh.edu/rrynasi1/NewFoundations4Math/Literature/Textbooks/Mitchell1965TheoryOfCategories.pdf
https://web.ma.utexas.edu/SMC/2024/Homalgnotes24.pdf

	Introduction
	Motivation
	Structure of the thesis

	Preliminaries
	Triangulated categories
	Cochain complexes and homotopy category
	Localization and derived categories

	Universal derived equivalences of posets
	Posets as categories and diagram categories
	Main theorem
	Formulas
	Application of formulas
	Proof of the main theorem


	Admissible cuts and reconstruction problems
	Counting monotone maps
	Characterizing admissible cuts
	An algorithmic search for admissible cuts
	A concrete example

	Conclusion and further directions
	On the number of admissible cuts
	Classification of outputs up to isomorphism
	Iteration of the construction

	Bibliography

