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Abstract

Many BSM theories include extensions of the fermionic content of the Standard
Model. Typically the new particles are very heavy, so that a smart way to deal with
them is by means of the effective theory approach. In this thesis we are interested in
new fermions admitting Yukawa-like couplings ΨHq between the Higgs doublet and any
Standard Model fermion. After a general overview of the possible extensions compatible
with SU(3)c×SU(2)W ×U(1)Y gauge invariance, we’ll focus on a particular vector-like
quark of charges (3c, 2W , 7/6Y ). For this model we’ll first perform a review of the known
results present in literature and then move towards the derivation of the effective theory,
which will be computed up to 1-loop by means of the functional integral method. Finally
by confronting the obtained Wilson coefficients with their experimental constraints we
will obtain new bounds on the coupling constants of this model.
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Introduction

The Standard Model of particle physics is one of the best tested theories not only
of physics, but of all science. It has successfully passed all the experimental tests of the
past fifty years, finding its coronation with the discovery of the Higgs boson in 2012.
However there are still several open problems which suggest that the Standard Model is
not the ultimate theory of particle physics, but more probably just a piece of a broader
story. The certainly most known issues are the impossibility to include gravity in a
coherent way, the origin of dark matter and the mistery of neutrino masses, but there are
also many other questions which has not found yet a satisfactory answer. This has made
the research in the field of physics Beyond the Standard Model one of most the active
branches in the last years: both experimentally, with the increasing number of proposal
for more and more advanced high energy colliders, but also of a more theoretical nature.
Among the many theories that aim to extend and solve some of the open problems a
recurring presence is that of new, exotic fermions coupling with the Standard Model
particles.

The heaviest particle known today is the top quark, for which its big mass mt ' 173
GeV [1] makes it natural to guess that the new fermions should be at least heavier than
that, placing themselves in the TeV range. No such particles have been discovered yet
in high energy colliders, also because of the high suppression in the production of such
massive states, so an alternative way to check for the presence of this kind of new physics
is by means of an effective theory approach. Effective field theories have been widely used
in the past (Fermi theory, in the context of particle physics, is the most known example)
and have always provided important insight about the underlying ”complete” model.
Indeed thanks to them it is possible to make predictions for low energy observables,
which are typically precisely measured and any discrepancy between the theoretical and
the experimental value put stringent constraints on the model of interest.

This is exactly the procedure we will adopt throughout this work. In chapter 1,
after a qualitative discussion about the models that predict this kind of new particles,
we will make a brief review of the Standard Model. Employing a phenomenological
approach, then, we will see what kind of new fermions can be introduced that both
respect SU(3)c×SU(2)W×U(1)Y gauge invariance and couple to the SM matter content.
Once this classification will be completed a particularly interesting exotic fermion will
be picked and studied in detail: a vector-like quark which charges (3c,2W , 7/6Y ). In
chapter 2 we will recap the studies present in literature about this particle, justifying the
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need of an effective theory approach. After a general review of Effective Field Theories
we will derive the tree-level EFT for that model, thanks to which the known bounds
on the new coupling constants will be improved. To proceed further we will need some
operators that are generated only at 1-loop. The relevant ones will be selected thanks to
an estimate that makes use of the powerful method of spurion analysis combined with
~−counting. Also, in this chapter we will discuss how this model relates to CP violation.

Chapter 3 will be devoted to the computation of the 1-loop operators. We will adopt
the functional integral method, using the new technique of Covariant Derivative Ex-
pansion to calculate the functional traces. Having computed the Wilson coefficients at
1-loop, we will make use of the Renormalization Group Equation to bring the coefficients
to the scale at which the experimental constraints are given. Through this comparison
we will be able to obtain new, improved bounds on the couplings of this model that will
be summarized in the Conclusions, 4.
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Chapter 1

Fermionic extensions

1.1 Motivations

As of today, the Standard Model has passed all the experimental tests to which it
has been subjected. Incredibly high precision measurements have been performed, and
the result have almost always been in agreement with the theoretical predictions.
Nevertheless there is still a number of open problems that demand for a solution. Many
theoretical attempts have been made to solve these issues, and a typical way to do so
is to incorporate the Standard Model in a wider scenario. In fact, a way to explain
how the SM makes such accurate predictions is that there exist new physics at a scale
ΛUV � ΛEW , undergoing then some kind of mechanism at lower energies such that it
reduces to the ordinary SM enriched however with a set of new particles interacting with
the matter content known today. These states are usually very heavy, but lighter ones
are possible provided they don’t modify too much the precision observables currently
measured. In this context fermions are favoured candidates, since chiral symmetries
make it possible for them to have smaller masses with respect to the scale ΛUV .

Actually many extensions predict for the new sector the presence of exotic fermions,
which can have very different properties with respect to the usual SM ones.
This is the case, for example, for the neutrino mass problem. Experimentally the mass
of the neutrinos is found to be not null, contrary to the SM prediction. A well known
solution that avoids the necessity of an unnaturally small Yukawa coupling is given by
the see-saw mechanism, which introduces a right-handed majorana fermion interacting
with the Higgs and lepton doublets through a Yukawa term.
Another set of theories in which new fermions are typically found are the ones that aim
to solve the naturalness problem. One way to avoid fine tunings of the Higgs mass is
to introduce new physics around the TeV scale. These theories usually include a large
spectrum of new particles, among which also fermions. In many Composite Higgs Mod-
els, for instance, a number of vector-like fermions are predicted.
Even solutions to the strong CP problem consider the addition of new fermions: other
than the Peccei-Quinn solution with the well known scalar axion, mechanisms such as
the Nelson-Barr one need the introduction of vectorlike quarks coupling to the Higgs

3



1.2. THE STANDARD MODEL CHAPTER 1. FERMIONIC EXTENSIONS

doublet and the SM quarks.
Finally new fermions are often found also in flavor models, which try to explain the
origin of the fermion masses hierarchy, and in supersymmetric extensions of the SM.

From these qualitative examples it’s clear that new fermions are a commonly shared
feature of BSM theories. Without specifying any UV completion, in this work we will
just assume the existence of new fermions at the TeV scale and study their phenomenol-
ogy. In this way our study can be used as a reference for any UV completion that
predicts this kind of particles.
Before starting the quantitative discussion about the possible fermionic extensions, how-
ever, it is useful to perform a general review of the main principles that guide the con-
struction of the Standard Model.

1.2 The Standard Model

The Standard Model is a quantum field theory invariant under the gauge group
SU(3)c × SU(2)W × U(1)Y .
Let’s start analysing the properties of the particle content under the SU(2)W group.
The fermionic content is chiral, so the left and rights components transform in different
representations. We define the quark and lepton left handed doublets to be

QL,i =

(
ui
di

)
, LL,i =

(
νi
`i

)
. (1.1)

These are in the two dimensional representation of SU(2)W . The index i = 1, 2, 3 is
the flavor index and distinguishes between different generations of fermions. The right
handed counterparts

uR,i, dR,i, `R,i (1.2)

are in the singlet representation. Note that neutrinos do not have a right handed com-
ponent.
We have an additional complex scalar field doublet, the Higgs boson doublet

H =

(
H+

H0

)
. (1.3)

Finally the gauge bosons live in the adjoint representation of the corresponding
gauge group, and these are Bµ for the U(1)Y group, W i

µ(i = 1, 2, 3) for SU(2)W and
Aaµ(a = 1 . . . 8) for SU(3)c. In this way the covariant derivative of a field f is given by

Dµf = (∂µ − igsAaµtaf − igW i
µt
i
f − ig′YfBµ)f (1.4)

where taf = (λa, 0) if f is in the triplet or singlet representation of SU(3)c; t
a are the

Gell-Mann matrices. Then tif = (σi/2, 0) for the doublet or singlet representation of
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CHAPTER 1. FERMIONIC EXTENSIONS 1.2. THE STANDARD MODEL

SU(2)W , σi being the Pauli matrices. Yf is called hypercharge and labels the U(1)Y
representation of f .

The transformation properties of the previously introduced fields are summarized in
table 1.1.

Field SU(3) SU(2) YU(1)

QL 3 2 1/6
uR 3 1 2/3
dR 3 1 -1/3
LL 1 2 -1/2
`R 1 1 -1
H 1 2 1/2

Table 1.1: Transformation properties of the Standard Model matter fields.

Now we can introduce the full lagrangian, split in three different parts:

LSM = Lbosonic + Lfermionic + Lyukawa (1.5)

• the bosonic part contains the kinetic terms for the gauge bosons and the Higgs,
and also the Higgs potential

Lbosonic = −1

2
trGµνG

µν − 1

2
trWµνW

µν − 1

4
BµνB

µν

+DµH
†DµH + µ2H†H − λ(H†H)2 (1.6)

with the field strength for a gauge field f defined as

fµν =
i

g∗
[Dµ, Dν ] = ∂µfν − ∂νfµ − ig∗[fµ, fν ] (1.7)

where g∗ = g, g′, gs for W i
µ, Bµ, A

a
µ;

• the fermionic part is simply given by the sum of the kinetic terms of all the fermions

Lfermionic = Q̄LiDµγ
µQL + ūRiDµγ

µuR + d̄RiDµγ
µdR + L̄LiDµγ

µLL + ¯̀
RiDµγ

µ`R.
(1.8)

Note that explicitling the covariant derivates we can readily see the interactions
between the fermions and the gauge bosons of the Standard Model;

• the Yukawa sector is

Lyukawa = −
(
ūRyuH̃

†QL + d̄RydH
†QL + ¯̀

Ry`H
†LL + h.c.

)
(1.9)

The sum over the flavor indices is implicitly understood. The field H̃ = iσ2(H†)T

has been introduced, and yu,d,` are generic 3x3 complex matrices in the flavor
space.
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The Standard Model undergoes a phase transition, called spontaneous symmetry
breaking. The Higgs field chooses a value of the vacuum manifold, breaking the SU(2)W×
U(1)Y symmetry into an electromagnetic U(1)EM . Explicitly, in the unitary gauge the
Higgs field can be written as

H =

(
0

v+h(x)√
2

)
, λv2 = µ2. (1.10)

The kinetic term of the Higgs then provides mass to the gauge bosons, and redefining
them as the physical fields we have

W±µ =
Wµ,1 ∓ iWµ,2

√
2

, m2
W =

g2v2

4(
Zµ

Aµ

)
=

(
cw −sw
sw cw

)(
Wµ,3

Bµ

)
, m2

Z =

(
g2 + g′2

4

)
v2, m2

γ = 0. (1.11)

where the Weinberg angle has been introduced, cw = g/
√
g2 + g′2.

This mechanism provides mass not only to the gauge bosons , but also to the fermions
via the Yukawa sector. The mass of the fermions is given by mf = ŷfv/

√
2, where ŷf are

the eigenvalues of the complex matrices appearing in the Yukawa sector. To diagonalise
these matrices we must perform a different, unitary rotation for every fermion

dL → DLdL, uL → ULdL, dR → DRdR, uR → URuR

νL → LLνL, `L → LL`L, `R → LR`R. (1.12)

In this way we have given mass to all the fermions, except for the neutrinos. The fact
that neutrinos are massless makes it possible to have flavor diagonal interactions between
the bosons W±, A, Z and the leptons, for we have made the same rotation between `L
and νL.

In the quark sector this is not possible, and the interactions provide a mixing between
different generations of quarks1. The mixing is regulated by the matrix VCKM = U †LDL.
In the three flavor case this matrix has three angles and one phase, that phase being
responsible for the violation of the CP symmetry. In Wolfenstein parametrization, to
order λ3 the matrix reads

VCKM =

 1− λ2

2 λ Aλ3(ρ− iη)

−λ 1− λ2

2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

 (1.13)

where experimentally λ ' 0.22, A ' 0.81, ρ ' 0.13, η ' 0.35.

1Note that the mixing is present only for the W± mediated interactions.
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For future reference it is convenient to report the complete form of the Standard
Model lagrangian density after the symmetry breaking

LSM =
∑

fermions

ψ̄f (i/∂ −mf )ψf +
1

2
∂µh∂

µh− µ2h2−

1

4

[
∂µAν − ∂νAµ − ie(W−µ W+

ν −W+
µ W

−
ν )
]2

− 1

4

[
∂µZν − ∂νZµ + ig′cw(W−µ W

+
ν −W+

µ W
−
ν )
]2

− 1

2

[
∂µW

+
ν − ∂νW+

µ − ie(W+
µ Aν −W+

ν Aµ) + ig′cw(W+
µ Zν −W+

ν zµ)
]2 − 1

2
trGµνG

µν

− g√
2

(W+
µ ūLγ

µVCKMdL +W+
µ ν̄Lγ

µ`L + h.c.)−
∑

fermions

Qf ψ̄f /Aψf

− g

cw
Zµ

∑
fermions

(
(t3f − s2

wQf )ψ̄fLγ
µψfL − s2

wQf ψ̄fRγ
µψfR

)
−
(

1 +
h

v

)2(
m2
WW

+µW−µ +
1

2
m2
ZZµZ

µ

)
−

∑
fermions

yf√
2
hψ̄fψf − λvh3 − λ

4
h4

(1.14)

where e = gsw and t3f is the value of the t3 component of the fermion relative to its
SU(2) representation.
For further reading about the Standard Model an excellent reference is [2].

1.3 Exotic fermions

Having reviewed the main features of the Standard Model we will now have a look
at its possible fermionic extensions. As a guiding principle we will rely on SU(3)c ×
SU(2)W × U(1)Y gauge invariance, since there’s no evidence that this should not be
respected in BSM theories.
Experiments suggest that generic flavor and CP violating new physics can be present
only at scales ΛUV � ΛEW . However non-generic models may admit particles of mass
m � ΛUV , even of TeV order. This is the case we will consider throughout this work.
We will look for renormalizable BSM lagrangians, since any term of mass dimension
greater than four would be suppressed from the new scale ΛUV and so would induce
effects too small to be detected.

The first kind of extensions includes models where the new fermions do not couple
at all with the SM. This means that they must be gauge singlets and there must be
no term in the lagrangian involving them and any other SM fermion or boson. These
fermions are ”invisible” and the only constraints on these kind of models can come from
cosmological consideration. In this work we will mainly discuss bounds coming from low
energy experiments where the new particles must leave a detectable trace, and therefore
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must have some kind of interaction with the SM content; since no information about
invisible particles is available here, we’re not discussing further these kind of models.

Focusing our attention, then, on a scenario with non-vanishing couplings with the
SM, the number of possibilities is rather constrained. At renormalizable level the inter-
actions with the gauge bosons can only appear through the covariant derivative. Indeed
gauge invariance implies that different kind of terms must necessarily include fµν and
putting this together with Lorentz invariance, which imposes the presence of at least two
fermions, the ”minimal” interaction must be of the form ∼ ψσµνχf

µν that has already
mass dimension 2 + 3

2 · 2 = 5 and is not renormalizable.
Besides interactions with the gauge bosons the only other renormalizable coupling

between the new fermion and the SM must be of Yukawa type. On general ground the
terms without the Higgs doublet must be of the form ∼ Ψq, where Ψ is the new fermion
and q any SM fermion. Here Ψ must be ”mirror-like” to q, meaning the charges under
the gauge group must be the same but for opposite chiralities. This kind of interaction
basically represents a mass mixing term.
Terms with only the Higgs doublet H/H̃ and two new fermions must be of the type
Ψ′HΨ,Ψ′H̃Ψ. For these models there are many possibilities; two Dirac fermions (see
1.3.2) can be in an arbitrary SU(3)c representation and in any SU(2)W × (1)Y such that
dimSU(2)(Ψ

′) = dimSU(2)(Ψ) + 1, YΨ′ = YΨ ± 1
2 ; for two chiral fermions the mechanism

is the same as for the SM; one Dirac and one Majorana fermion is also admitted upon
specific requirements for the gauge group representations of these particles (the usual
for Majorana and consistently for the Dirac to allow the coupling); and so on. A feature
of this kind of interactions is the presence of a Z2 symmetry (Ψ,Ψ′)→ −(Ψ,Ψ′) which
forbids any decay of the new fermions to SM particles. This strongly constraints the
models in which this is the only renormalizable interaction to the SM.
We will therefore focus our attention on fermions whose couplings involve both the Higgs
doublet and any already present SM fermion:

∆LBSM ∼ ΨHq, ΨH̃q. (1.15)

To proceed quantitatively in the classification of the new particles allowing the interac-
tions (1.15) a distinction must be made between two classes of Ψ: it can either be chiral
or vector-like (non-chiral) with respect to the SM gauge group. In the following sections
we will explore these two possibilities and their compatibility with the experimental
results present at today.

1.3.1 Chiral extensions

A chiral fermion is a fermion for which the left and right component behave differently
under the gauge group. This kind of particles can acquire mass only through the Higgs
mechanism, which is what the new interaction is providing. This means that they should
be present already around the EW scale. New physics in that range is ruled out from
low energy precision tests and direct searches at LHC, closing any possibility for the
realization of these models.
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As a concrete example to show how much chiral extensions are bound to be excluded
let’s consider the addition of a fourth generation of quarks and leptons. To analyse this
model we just need to extend the flavor index i = 1, . . . 3 → i = 1, . . . 4 for any flavor
multiplet already present in the Standard Model. Now yu, yd, y` will be 4x4 matrices in
the flavor space, referring to equation (1.9).

Figure 1.1: Anomaly diagram.

A first important observation that can be made is that we can’t introduce a new
generation of quarks without a new generation of leptons and vice-versa. This bound
comes from anomaly cancellation ([3], [4]). Diagrams like the one in figure 1.1, with two
SU(2) gauge bosons and one U(1) gauge boson, would generate local anomalies if the
condition

TrQ = 0 (1.16)

is not fullfilled. Q is the electric charge of the particles circulating in the loops, so
exploiting the values for the up-type and down-type quarks and for the charged leptons
this condition can be written

Nc ·
(

2

3
− 1

3

)
×N q

gen −N l
gen = 0→ N q

gen = N l
gen. (1.17)

The strongest bounds that exclude this extension come from the Higgs boson searches.
There are many reviews summarizing the experimental results that lead to this conclu-
sion, as [5]. However it is worth exploring a particular ”historical” bound coming from
the cross-section for the Higgs production via the gluon-gluon fusion mechanism , com-
puted first in [6]. At the leading order the cross-section for the diagram in figure 1.2 is
given by

σLO(pp→ h) = τH
dLgg

dτH
·Gµ

α2
s(µ

2
R)

288
√

2π
|3
4

∑
f

AH1/2(τf )|2 (1.18)

where the first part involves the parton distrubution function; then we have the variable
τQ = m2

h/4m
2
f , for which AH1/2 → 4/3 when τf → 0 and is null in the opposite limit.

We can safely assume that the particles circulating in the loop coming from the new
quark generation (t′, b′) must be heavier than the top quark, for which already τf → 0.
If this wasn’t the case, these particles should already have been observed.
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p

p

p

p

h

Figure 1.2: Gluon-gluon fusion process for the Higgs production. Only coloured fermions enter
in the loop.

In this limit the main contributions to (1.18) come from the t, t′, b′ quarks and the
deviation with respect to the Standard Model prediction reads

r =
σLO,BSM (pp→ h)− σLO,SM (pp→ h)

σLO,SM (pp→ h)
' |

∑
t,t′,b′

1|2 − |
∑
t

1|2 = 8. (1.19)

This cross-section has been studied in great detail at LHC, and it has been found to be
compatible with the Standard Model expectation within 10% [7]. From (1.19) we see
that the deviation induced by a fourth generation of flavor would be far too big and
incompatible with LHC results.

Other processes that would be significantly affected by this fourth generation are
the Higgs decays [5]. The channel h→ γγ is very much constrained (4σ) and would be
modified by a factor of five with respect to the SM prediction. Also the h → ττ has
a similar constrain and would be hugely modified, as well as the Higgs-strahlung process.

Putting all these informations together, the addition of chiral fermions is severely
excluded both from theoretical consistency of the theory and experimental evidences.
The most reasonable thing to do is then to consider the addition of non-chiral fermions
to the Standard Model particle content.

1.3.2 Vector-like extensions

Vector-like fermions are fermions for which a mass term in the lagrangian is allowed
before the spontaneous symmetry breaking, meaning they must be non-chiral under the

10
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SM gauge group. These particles can be of two types: Majorana fermions and Dirac
fermions.

Majorana fermions

From the Dirac point of view, a Majorana fermion is a fermion for which the left
and right component are present. Basically, a Majorana fermion has the same degrees
of freedom a single massive Weyl spinor. The existence of such a fermion is perfectly
possible and its non-interacting lagrangian in the two-components notation reads

Lmaj = iχ̄σ̄µDµχ−
m

2
(χχ+ χ̄χ̄) (1.20)

with χχ = χαχα = εαβχαχβ, χ̄α̇ = χ†α and σ̄µ =
(
1,−σi

)
. The mass m can always be

chosen real2.
Without having introduced yet the interaction, the invariance of the lagrangian (1.20)

under the Standard Model gauge group already strongly constraints the possible charges
of χ:

1. U(1)Y : since this symmetry is realized as χ → eiα(x)Yχχ, the mass term imposes
Yχ = 0,

2. SU(2)W : only representations of odd dimension are allowed (RW ∼ 1,3,5, . . . ).
Indeed the mass term is symmetric, thus the tensor product of the representations
must give symmetric singlets;

3. SU(3)c: the representation must be real, so Rc ∼ 1,8, . . . .

Once the interaction with the Higgs doublet and the SM fermion χHq is introduced,
only two possibilities are left:

χ ∼ (1c,1W , 0Y ), χ ∼ (1c,3W , 0Y ). (1.21)

The first possibility represents a sterile particle, while the second is in the triplet repre-
sentation of SU(2)W . In both cases the only allowed coupling is with the lepton doublet

Lint = −ỹχ̄H̃†LL + hc (1.22)

and gives origin to the well known see-saw mechanism (type I and III). This extension
can explain the smallness of neutrino masses while keeping their Yukawa couplings of
order one, but only provided that the mass of the new Majorana fermion is around
1014 GeV. This means that any low-energy effect would be too much suppressed to be
detectable, since it would be proportional to the inverse of that mass. For this reason we
shall not investigate further this model. An excellent comprehensive review about the
full theoretical scenario of this mechanism and the status of the experimental searches
is given in [8].

2Indeed the more general mass term (mχχ+m∗χ̄χ̄) can always be cast in the form of (1.20) upon
redefining the field χ = exp(−iγ/2)χ′ for m = |m| exp(iγ).
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Dirac fermions

Dirac fermions are fermions whose left and right components behave in the same way
under the Standard Model gauge group. This opens up the possibility for the addition
of a Dirac mass term3 to the Standard Model lagrangian in the pre-SSB phase:

LV L = Ψ̄
(
i /D −m

)
Ψ + Lint. (1.23)

The fact the mass is not originated by the Higgs mechanism leaves m unconstrained,
and as such it can take arbitrarily big values.

At this point Ψ can have any charge of the gauge group, so in order to classify the
possibilities the interaction must be introduced. The interaction of interest is again the
Yukawa’s ΨHq. Since H is an SU(2)W doublet and q can be either a singlet or a doublet,
the possible SU(2)W representations for the Dirac fermions are 1,2,3. Furthermore, the
Higgs is colorless while q can be a lepton or a quark. This fixes the SU(3)c representation
to be 1 or 3. The hypercharge Y has no constraints and depends on the specific fermion
q involved in the interaction.

The possible models have been listed in two different tables. In the classifica-
tion procedure, first the SU(3)c representation has been fixed, distinguishing between
coloured and colorless fermions. Then also the SU(2)W one has been selected. Once
the compatible interactions have been written down, the hypercharge was finally fixed
by forcing the U(1)Y invariance. With this procedure, the lists below have been de-
rived. Table 1.2 contains the so called vector-like leptons, table 1.3 the vector-like
quarks. In the tables, the SU(2)W -multiplet components of Ψ have been explicited;
they have electric charges Q(X) = 5/3, Q(T ) = 2/3, Q(B) = −1/3, Q(Y ) = −4/3 and
Q(N) = 0, Q(E) = −1, Q(F ) = −2.

ΨT SU(3) SU(2) YU(1) Interaction

(N,E, F ) 1 3 −1 L̄LHΨ
(N,E) 1 2 −1/2 ¯̀

RH
†Ψ

(E,F ) 1 2 −3/2 ¯̀
RH̃
†Ψ

N 1 1 0 L̄LH̃Ψ
E 1 1 −1 L̄LHΨ

Table 1.2: Vector-like leptons that provide a consistent extension of the Standard Model.

Some of the multiplets are actually copies of the Standard Model ones, with the
only difference that these fermions are non-chiral. This means that for these particles
also a coupling with its SM relative and without the Higgs, q̄Ψ, is possible. These are
L̄L(N,E)T , ¯̀

RE for the leptons and Q̄L(T,B)T , ūRT, d̄RB for the quarks. The new ones,
instead, contain the exotic fermions X,Y, F which have unusual electric charges; these
particles, therefore, do not mix with the SM fermions after the spontaneous symmetry
breaking.

3Again, modulo a field redefinition m can always be chosen to be real.
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ΨT SU(3) SU(2) YU(1) Interaction

(X,T,B) 3 3 2/3 Q̄LHΨ

(T,B, Y ) 3 3 −1/3 Q̄LH̃Ψ
(X,T ) 3 2 7/6 ūRH

†Ψ

(T,B) 3 2 1/6 ūRH̃
†Ψ, d̄RH

†Ψ

(B, Y ) 3 2 −5/6 d̄RH̃
†Ψ

T 3 1 2/3 Q̄LH̃Ψ
B 3 1 −1/3 Q̄LHΨ

Table 1.3: Vector-like quarks that provide a consistent extension of the Standard Model.

Some of these fermions have already been studied in detail, in particular the vector-
like leptons ([9]) for which flavor changing processes like µ− → e−γ, that would be
induced from the interactions in table 1.2, put important constraints.
The quark sector, instead, is the one which is more interesting. Here we have bounds
both from flavor violation and LHC. The most relevant bounds for flavor violation come
from B0

s , B
0
d ,K

0 meson oscillations for the down-quark, and D0 meson oscillations for
the up quarks. In particular the up-quark sector has the weakest experimental con-
straints, and as such is the perfect environment in which new approaches should be
tried. For this reason in the rest of this work the attention will be entirely focused on
a particularly interesting and yet not much explored model: the vector-like quark (X,T ).
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Chapter 2

Vector-like quark (X,T )

In chapter one the possibilities for non-chiral fermionic extensions of the Standard
Model have been listed. The new fermion Ψ can have different combination of charges
under the SM gauge group, and each representation will provide a different Yukawa
interaction.
Even if general ground considerations on this class of models can be done in a qualitative
fashion, a quantitative analysis is needed to obtain meaningful physical considerations.
This kind of analysis is possible only upon choosing between one of the vector-like
fermions listed in the tables 1.2 and 1.3.
In this chapter the focus will be on a particular vector-like quark.
The first part contains an overview of the results from high-energy physics experiments.
This will give the possibility to justify the necessity of an effective field theory approach,
that will be derived at tree-level and discussed in the second part of this chapter.

2.1 The model of interest

The model that has been selected to be studied is the one involving a new vector-
like quark of charges Ψ ∼ (3c,2W , 7/6Y ), so actually a doublet of particles (X,T ) with
electric charges Q = +5/3,+2/3.
The full ultraviolet lagrangian for this model is

LUV = LSM + Ψ̄
(
i /D −m

)
Ψ−

(
ūRiyiH

†Ψ + Ψ̄Hy†iuRi

)
. (2.1)

This model appears to be simple but already shows some interesting features:

• the new interaction in (2.1) is the only one compatible with the Standard Model
gauge group for Ψ having the charges listed above. With this interaction the lepton
number conservation is automatically ensured. This is not the case for the baryon
number, for which we can recover the symmetry by implying the transformation
Ψ→ exp (iα/3) Ψ under U(1)B;
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• the number of new parameters introduced is minimal: m can always be chosen
to be a real scalar number, while y is generally a 3-dimensional complex vector
in the flavor space. However, through a rotation of Ψ, one of the phases can be
eliminated. In this way the total number of newly introduced parameters is 6.
Looking at the tables 1.2 and 1.3, it’s straightforward to see that any other possible
fermion must bring at least this number of new variables, if not even more;

• the fact that y is a complex, three dimensional vector has many fundamental im-
plications. First, the two physical phases give a new source of CP violation that
adds up to the already present Standard Model one.
Secondly it provides flavor violation even at tree-level, so we are dealing with a
model that does not respect the Minimal Flavor Violation assumption. This could
be very dangerous since there are strong bounds on flavor violation in the leptonic
and down-quark sector. However Ψ does not couple to any lepton nor directly to
any down quark, so this model does not suffer particularly from these constraints.
Indeed, that’s one of the reasons for which this fermion has been selected to be
studied;

• after the Spontaneous Symmetry Breaking, the UV lagrangian reads

LSSBUV = LSM + X̄(i/∂ −m)X + T̄ i/∂T

+

(
5

3

)
eX̄ /AX +

(
2

3

)
eT̄ /AT + X̄ /ZX

g

cw

(
1

2
− 5

3
s2
w

)
+ T̄ /ZT

g

cw

(
−1

2
− 2

3
s2
w

)
+

g√
2

(
X̄ /W

+
T + T̄ /W

−
X
)

+ gsX̄ /A
a
taX + gsT̄ /A

a
taT

−mT̄T − (v + h)√
2

(
ūRyT + T̄ y†uR

)
. (2.2)

The new Yukawa interaction in the last row provides a mass mixing term between
the Standard Model up quarks and the T fermion:

LmmUV = −
(
ūL T̄L

)(vyu√
2
∅

vy√
2

m

)(
uR
TR

)
+ hc. (2.3)

In principle this term should be diagonalized in order to move to the mass eigen-
states of this matrix, slightly splitting X and T ’s masses.
However we will see later that |y|v/m� 1. In this limit the mixing can be ignored,
as will be proved now, and we can treat the interaction as an usual perturbative
term.
Indeed, considering a simplified case with Ψ interacting only with the top quark,
the mixing (2.3) is described by a 2× 2 matrix that can be diagonalized with two
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CHAPTER 2. VECTOR-LIKE QUARK (X,T ) 2.1. MODEL OF INTEREST

unitary matrices, M̂ = ULMU †R, as shown in [10]. The eigenvectors of this matrix
are a mixture of tR, TR, tL, TL regulated basically by one angle

sin θR =
|y|v√

2

(
m2

(
1− m′2t

m2

)2

+
y2v2

2

)−1/2

, sin θL =
m′t
m

sin θR

m2
t = m′2t

(
1 +

y2v2

2m2

1

1−m′2t /m2
T

)
, m2

T = m2

(
1 +

y2v2

2m2

1

1−m′2t /m2

)
(2.4)

where the physical, observable parameters are m′t,mT and θR/L.
The diagonalization of the mass matrix in the more general case of eq. (2.1) is
just computationally more involved, but the qualitative reasoning is the same: in
the limit |y|v/m � 1 the mixing angle becomes null, justifying the perturbative
expansion in the calculations that will follow.

The fact that the mass mixing term can be treated as a small perturbation has an
important consequence regarding the possible values that y can assume. As quantified in
the works [11], [12] the rotation to the mass basis would induce already at tree-level many
processes not present in the Standard Model, among which also flavor changing in the
neutral Z and higgs currents that are severely suppressed from experimental evidence.
These constraints are usually used to set the coupling between the new fermion and the
up and charm quarks to zero, for the interaction with the top quark has the weakest
constraints. Actually, as we can see from (2.4), the mixing angle is suppressed as mq/m
in the left-handed sector. This would be sufficient to argue that it is not needed to put
y1,2 = 0 to respect flavor violation bounds. The problems may actually come from the
right handed sector that is suppressed ”only” as |y|v/m. However, the peculiarity of the
model we’ve chosen is that it only affects up-quark physics. This means that the bounds
on flavor violation coming from Kaon and B-mesons mixing, which are the strongest
ones, are avoided.
In [12] a full tree-level analysis of the effects induced by the mixing has been developed.
Since it is a quite comprehensive work, the main results that they obtained will be
schematically reported here:

• the most stringent constraint comes from the measurements in the D meson sector.
The oscillation D0−D̄0 gets modified by the FCNC generated from the presence of
the new (X,T ) quarks, and it has been found out that the most important bound
reads

|y1||y2|
v2

2m2
< 3.2× 10−4 → |y1||y2| < 1.02× 10−2 ·

( m

TeV

)2
. (2.5)

Later on we will show that a stronger bound can be obtained from the study of
the four fermions operators generated at tree-level and 1-loop;
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• a milder bound comes from atomic parity violation. The mass basis rotation
modifies also the diagonal coupling of the u quark to the Z, which is experimentally
well known by the measurements of the weak charge of the 133Cs, [13].
The derived result is

|y1|v√
2m

< 7.8× 10−2 → |y1| < 4.4× 10−1 ·
( m

TeV

)
; (2.6)

• the modifications of the up-quarks couplings to the Z are constrained also from
the measurements of the Z partial widths at LEP [14]. We will perform the same
analysis in section 2.3 using the LHC value for mh [1], not known at the time, so
the results will be reported directly there.

These values are the most stringent constraints on the couplings of this model present
at today; still, it’s definitely not enough to justify the common choice y1 = y2 = 0.
Later in this work the effective field theory will be derived in a pre SSB form, in which
the basis is not the mass one and we can look for complementary bounds on y directly
from there.

Direct searches for this kind of vector-like quarks in high-energy experiments have
been performed extensively during the last years, particularly in ATLAS and CMS ex-
periments at LHC.
From the lagrangian (2.1) we see that Ψ couples to all the Standard Model gauge bosons.
This means that in a pp collission, such as at LHC, an important production mechanism
is pair production through the exchange of gluons. Pair production is a particularly
interesting mechanism since it does not depend on the strength of the newly introduced
Yukawa coupling, making it possible to obtain complementary informations about the
mass m and y. In figure 2.1 it’s reported a representative diagram for this process, where
also the possible decay modes

T →W+b, T → Ht, T → Zt (2.7)

are shown, assuming a mixing with the third generation only. In high energy experiments
this is the standard assumption.

This very process has been studied at ATLAS, [15], using the LHC data of 2015 and
2016 runs at

√
s = 13 TeV: the results of the analysis are shown in figure 2.2. The

analysis has been done separately for every decay channel, which is directly written in
the graph, and then the results have been put together. From this figure it is evident that
the production cross-section decreases very rapidly with the mass of the new fermion,
becoming undetectable for masses above 1.4 TeV. In particular, assuming the branching
ratios B(T → Ht) + B(T → Zt) + B(T → Wb) = 1, a lower limit on the mass of T has
been found:

mT > 1.3 TeV. (2.8)
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b, t, t

W+, Z, h

W−, Z, h

b̄, t̄, t̄

g

g

T

T̄

Figure 2.1: Pair production of the T fermion via gluon-gluon fusion, along with the possible
decay modes, studied in [15].
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Figure 2.2: Pair production cross-section as a function of T quark’s mass found in [15].

Also searches for the associated single production of the T quark have been performed
at LHC; however these studies always assume a model for which T is an SU(2) singlet,
instead of being pared with X in the (X,T ) doublet. This induces a difference in the
possible decay channels of T , since in the doublet model also the channel T → XW− is
present and this would clearly have an impact on the analysis of the experimental data.
Even if this may seem an important difference, actually it is not so big: the almost equal
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masses of X and T give a huge suppression on this decay, such that we can still obtain
relevant informations from these experiments.

In [16] the flavor-violating single production process in figure 2.3 has been studied.
Again, in this work it is assumed that the new physics couples only to the top quark.
The results of this paper are reported in figure 2.4, where the value of the mixing angle is

Figure 2.3: Single production of T studied in [16].

drawn as a function of mT . Also the already known bounds coming from S, T electroweak
precision parameters are shown together with the new results, making it clear that these
observations are compatible.
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Figure 2.4: Mixing angle vs mass of T found in [16] in the limit of mixing with the third generation
only.

We can use this plot to get an approximate bound on y3, since it’s the only parameter
which has not yet been constrained. Using the formulae (2.4) with mT = 1.3 TeV and
sin θR ≈ 0.31, we get the reference value |y3| . 0.7. Although this is not the result of a

1We are using an opposite convention with respect to [16], so their sin θL is actually our sin θR.

20



CHAPTER 2. VECTOR-LIKE QUARK (X,T ) 2.2. EFTS

precise simulation, it gives an idea about the magnitude of the constraints on the mixing
with the third generation.

All in all, for large values of m the production cross-section becomes virtually null and
there is no hope for this particle to be directly detected at the energies available today.
The bounds coming from single production searches are for very specific models that
slightly differ from the one of interest, and anyway give a weak bound which is still not
satisfactory. The most interesting constraints come from the study of flavor violation,
which however are all mixing-induced tree-level results and basically tell nothing about
y3.

This suggests the use of a completely different kind of approach: look for indirect
effects induced at low energy by the presence of this particle. Low energy observables
are measured with a very high degree of accuracy and thus can be important sources of
information. This strategy is well known and brings us to the realm of Effective Field
Theories.
In the next sections the concept of EFT will be introduced and applied to the (X,T )
model.

2.2 Effective field theories

The idea behind effective field theories is to be able to perform calculations for a pro-
cess without using or even knowing the exact ”full theory”. This allows us to compute
experimentally measurable quantities with a finite, improvable degree of accuracy. In-
deed an EFT is typically given in terms of a small parameter, δ, for which the expansion
is truncated at some order n; in this way the ”error” is of order δn+1 and the precision
at which observables are computed can be controlled.

In the contex of quantum field field theories, if the EFT is the low-energy limit of
a complete ultraviolet theory, as we are interested in, the parameter δ is usually the
inverse of a mass scale Λ. At that scale the physics is described by a full microscopic
theory that we call fundamental. Moving to an energy scale E � Λ, we should be able
to describe the interactions in terms of an effective action. In general this will contain
non-renormalizable operators, which will be suppressed by the scale Λ. Therefore in a
four-dimensional spacetime we can write

SEFT (Λ) =

∫
d4x

Ld≤4 +
∑
d>4, j

cj
Λd−4

O(d)
j

 (2.9)

where the index j lists the possible operators of dimension d, each one coming with its
dimensionless coefficient cj , called Wilson coefficient.
By dimensional analysis we can see that the amplitude for a dimension d operator is
scaling as

A ∼
(
E

Λ

)d−4

(2.10)
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from which it is evident that at small energy scales the contribution from higher-
dimension operators is more and more suppressed. For this reason the operators with
d < 4 are called relevant, with d = 4 marginal and with d > 4 irrelevant. In this way
the expansion in terms of Λ is well defined and we can truncate it at some order n > 4
for which the effects of the underlying UV theory become negligible.

The case of our interest is when the microscopic effects are due to a heavy field with
mass m� mZ , where mZ is the EW scale at which the light fields are defined. The EFT
is built out of the light fields only, so we can determine a priori what kind of operators
can appear at a definite order of the expansion. This is done imposing the symmetries
that we want our effective theory to respect, and looking for the operators of dimension
d compatible with these symmetries. In this way the operators expansion is reduced to
the determination of the Wilson coefficients. The computation of these is generally very
involved, and can be performed in two ways:

1. amplitudes matching. This is the most intuitive approach and in this way it’s
possible to clearly see what is happening.
In this procedure a particular process that is present both in the UV theory and
in the EFT is chosen. Since we want to integrate out the heavy field, the process
must involve it in some way that is not as a final state or initial state, i.e. it must
appear only via a propagator. The procedure is composed of three steps:

• first, the amplitude of the process is computed in the effective theory. This
will give something depending on the scale Λ and on the Wilson coefficients
cj

AEFT = f(cj ,
E

Λ
). (2.11)

At tree level f is given by fTL(cj ,
E
Λ ) =

∑
d,j

cj
Λd−4 〈f | O

(d)
j |i〉, where O

(d)
j are

defined in (2.9). However when considering loop diagrams the amplitude can
involve more complicated functions of cj , E/Λ;

• the amplitude is computed in the full UV theory and is expanded in powers
of 1/Λ;

• the results of the two calculations are matched order by order

ÂUV = AEFT (2.12)

the hat meaning the expansion in terms of the new physics scale.

By considering a sufficient number of processes a system of equations will be ob-
tained, from which it possible to read the values for the Wilson coefficients cj .
This method is the most straightforward and direct one, although it can be lengthy
in some cases and requires special care for the selection of the most convenient ba-
sis of operators and observables.
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2. functional integral. This is the most formal approach and requires some techni-
calities. However it can be much faster than matching amplitudes, in particular
for cases where the contributions for a process are given by many diagrams and
it can be difficult to exactly identify and compute each one of these contribution
in the right way. In fact the effective operators are directly generated from the
evaluation of functional determinants, so it is not required to identify them before
starting the calculation.
The formalism for the computation of the operators generated at 1-loop will be
fully developed in chapter 3; however the tree-level result in this approach is sim-
ple and well-known. Calling the set of heavy and light fields Φ, φ, the effective
lagrangian at this order is simply obtained by substituting Φ with its classical
solution, i.e. the value for which it satisfies the classical equation of motion:

L(0)
EFT (φ) = L̂UV (φ,Φc(φ)). (2.13)

The hat, again, signifies the expansion in terms of the new physics scale Λ. Indeed
the classical solution Φc(φ) is usually given in terms of non-local operators, that
must be expanded in order to get the right Wilson coefficients.

Now that the general formalism of effective field theories is known, the application of
all this to the case of our interest is straightforward. The key point is that the number of
the possible operators of a given dimension is fixed, and these are determined a priori and
independently of the underlying UV theory generating them. Once this set of operators
is found, it is possible to make predictions in terms of their Wilson coefficients. Finally,
the comparison between experimental results and these predictions constrains the values
of the Wilson coefficients.
Since we are proceeding in a top-down approach, the cj ’s are given in terms of the new
physics parameters. In this way the constraints are translated in bounds on the UV
model, that is what we are ultimately interested in.

2.3 Tree-level EFT

Using the concepts of section 2.2 we are now ready to derive the EFT for the (X,T )
model. The computation will generate both relevant, marginal and irrelevant operators.
New physics effects are mostly included in the last class, which however get less and
less important as energy decreases, according to the scaling in equation (2.10). For this
reason the expansion will be stopped at dimension six operators.
Furthermore we need to set the limits in which the expansion is defined:

1. E � m. We are interested in physics at energies well below the mass of the new
fermions (m > 1.31 TeV). This is the limit on which a general effective field theory
relies on;
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2. |y|2 � 16π2. This limit states that we are in a perturbative regime, so loop expan-
sion is well defined. This is a reasonable assumption that will be also confirmed
later;

3. |y|v/m � 1. This is the null-mixing limit already described in section 2.1, and
will be verified a fortiori. Note that this limit is perfectly coherent with 1. and 2..
In particular it would make no sense to diagonalize the interaction while stopping
the expansion at 1-loop: the order of magnitude of the two processes is the same,
so it would be equivalent to evaluate ”all the loops” in one side, while stopping at
the first order on the other side.

Having set the limits of validity of our effective theory, we can finally begin its
computation. We start by substituting Ψ with its classical value in the UV lagrangian.
The equations of motion for Ψ can be read from the lagrangian (2.1)2:{

(i /D −m)Ψ = Hy†uR

Ψ̄(i
←−
D +m) = −ūRyH†.

(2.14)

Defining O = (i /D−m), the solution is formally given by Ψ = O−1Hy†uR. Substituting
this in the original lagrangian we get the non-local form:

LTL = LSM − ūRyH†O−1
(
Hy†uR

)
. (2.15)

To get the effective lagrangian we need to expand (2.15) in powers of 1/m, coherently
with the limits in which we are deriving the effective theory. As such we can write

O−1 = − 1

m

(
1 +

i /D

m
+ . . .

)
. (2.16)

The 0th order is null upon substitution because of the projectors product PLPR = 0.
Thus the effective lagrangian at tree level is given by:

L(0)
EFT = LSM +

1

m2
ūRyy

†(i /DuR)H†H +
1

m2
ūRyγ

µy†uRH
†DµH. (2.17)

At this point, in order to confront the coefficients of these dimension six operators
with their experimental values, a specific basis needs to be chosen. The most common
choices are the Warsaw [17] and the SILH [18] bases. In this work we will stick to the
last one, since the constraints that are interesting for our model are usually given in that
basis. Indeed, that basis has been built specifically for the study of the Higgs physics.
The SILH lagrangian is actually just a piece of the most general dimension six lagrangian
compatible with the Standard Model gauge symmetries. In fact the full lagrangian3 can
be split into

2From now on the compact notation ūRiyi ≡ ūRy will be used.
3Actually LSILH ,LV contain only CP-even operators. The most general lagrangian should include

also odd operators, however later on we will show these are not generated at 1-loop, so we are not
reporting them.
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Ld=6 = LSILH + Lcc + Ldipole + LV + L4f (2.18)

with

LSILH =
c̄H
2v2

(∂µ|H|2)2 +
c̄T
2v2

(
H†
←→
DµH

)2
− c̄6λ

v2
(H†H)3

+
( c̄u
v2
yu|H|2ūRH̃†QL +

c̄d
v2
yd|H|2d̄RH†QL +

c̄`
v2
y`|H|2 ¯̀

RH
†LL + hc

)
+
ic̄W g

2m2
W

(
H†σi

←→
DµH

)
DνW

iµν +
ic̄Bg

′

2m2
W

(
H†
←→
DµH

)
∂νB

µν

+
ic̄HW g

m2
W

(
DµH

†σiDνH
)
W iµν +

ic̄HBg
′

m2
W

(
DµH

†DνH
)
Bµν

+
c̄γg
′2

m2
W

|H|2BµνBµν +
c̄gg

2
s

m2
W

|H|2GaµνGaµν (2.19)

Lcc =
ic̄HQ
v2

Q̄Lγ
µQL

(
H†
←→
DµH

)
+
ic̄′HQ
v2

Q̄Lσ
iγµQL

(
H†σi

←→
DµH

)
+
ic̄Hu
v2

ūRγ
µuR

(
H†
←→
DµH

)
+
ic̄Hd
v2

d̄Rγ
µdR

(
H†
←→
DµH

)
+

(
ic̄Hud
v2

ūRγ
µdR

(
H̃†
←→
DµH

)
+ hc

)
+
ic̄HL
v2

L̄Lγ
µLL

(
H†
←→
DµH

)
+
ic̄′HL
v2

L̄Lσ
iγµLL

(
H†σi

←→
DµH

)
+
ic̄`
v2

¯̀
Rγ

µ`R

(
H†
←→
DµH

)
(2.20)

Ldipole =
c̄uBg

′

m2
W

yuūRσ
µνH̃†QLBµν +

c̄uW g

m2
W

yuūRσ
µνH̃†σiQLW

i
µν +

c̄uGgs
m2
W

yuūRσ
µνH̃†λaQLG

a
µν

+
c̄dBg

′

m2
W

ydd̄Rσ
µνH†QLBµν +

c̄dW g

m2
W

ydd̄Rσ
µνH†σiQLW

i
µν +

c̄dGgs
m2
W

ydd̄Rσ
µνH†λaQLG

a
µν

+
c̄`Bg

′

m2
W

y` ¯̀Rσ
µνH†LLBµν +

c̄`W g

m2
W

y` ¯̀Rσ
µνH†σiLLW

i
µν (2.21)

LV =
c̄2W g

2

m2
W

(DµWµν)i (DρW
ρν)i +

c̄2Bg
′2

m2
W

(∂µBµν) (∂ρB
ρν) +

c̄2Gg
2
s

m2
W

(DµGµν)a (DρG
ρν)a

+
c̄3W g

3

m2
W

εijkW i
µνW

jνρW kµ
ρ +

c̄3Gg
3
s

m2
W

fabcGaµνG
bνρGcµρ (2.22)

and L4f includes all the operators involving 4 fermions, which we are not going to list
explicitly here.
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The coefficients c̄X and the Yukawa’s yu/d/` are matrices in flavor space4, and the la-
grangian has been split in a way that the operators belonging to different classes have
different primary effects. Indeed, LSILH affects mainly Higgs physics, Lcc modifies the
couplings of the fermions to the vector bosons, Ldipole includes all the dipole operators
and LV is made of pure gauge operators that give oblique corrections.

Since we have chosen to stay in this basis, we must convert the tree-level lagrangian
(2.17). To do so it is just needed to perform the local field redefinition

uRi → uRi −
(yy†)ij
m2

uRjH
†H. (2.23)

From S-matrix equivalence theorem the amplitudes won’t be affected by this change,
and with this substitution we can rewrite the tree-level result in the SILH format:

L(0)
EFT =LSM +

i

2m2
ūRyγ

µy†uR(H†
←→
DµH)

− 1

2m2
|H|2

(
ūR(yy†yu)H̃†QL + Q̄LH̃(y†uyy

†)uR

)
. (2.24)

In this form the corresponding coefficients can be read immediately:

c̄Hu =
yy†

2

(
v2

m2

)
, c̄u = −yy

†

2

(
v2

m2

)
. (2.25)

Now we can start to analyse the experimental constraints on the tree-level EFT. The
operator ÔHu of (2.24) modifies the coupling of the up-quarks to the Z boson:

ÔHu =
i

2m2
ūRyγ

µy†uR(H†
←→
DµH)

SSB−−−→ v2

2m2

g

cw
ūRy /Zy

†uR + . . . (2.26)

This has been studied accurately at LEP, where they found [1]

Rexph =
Γ(Z → hadrons)

Γ(Z → µ+µ−)
= 20.785± 0.033. (2.27)

We can obtain an approximate bound on |y1,2| by computing this observable in our
model. At tree-level this is given by

Rh =
∑

i,j=d,s,b,u,c

Γ(Z → qiq̄j)

Γ(Z → µ+µ−)

= RSMh +Nc

(
gRu

|y1|2v2

m2 + gRu
|y2|2v2

m2 + |y1|4v4

4m4 + |y2|4v4

4m4 + |y1|2|y1|2v4

2m4

g2
Le + g2

Re

)
(2.28)

4The notation here is a bit sloppy, but for the sake of clarity all the coefficients have been moved in
front of the operators omitting the flavor indices.
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where gRu, gRe, gLe are the SM coupling of the Z to the up-quarks and the leptons
and can be read off from (1.14). The comparison with the experimental result at 2σ
constraints the parameters to lie in circles whose radius grows with m, as depicted in
figure 2.5. On the axes the bounds read

|y1| < 5.4× 10−1 ·
( m

TeV

)
, |y2| < 5.4× 10−1 ·

( m

TeV

)
. (2.29)

Figure 2.5: Regions allowed by Rexph for the new couplings.

A more sophisticated analysis has been performed in the work [19], in which they found
−0.008 < c̄Hu(11) < 0.02,−0.01 < c̄Hu(22) < 0.02. This translates into the bounds

|y1| < 4.4× 10−1 ·
( m

TeV

)
, |y2| < 4.4× 10−1 ·

( m

TeV

)
(2.30)

which are slightly better than the results (2.29) of our raw analysis, as expected.
The interaction (2.26) generates also four fermions operators inducing ∆F = 2 transi-
tions. Indeed integrating out at the lowest order the Z boson from the diagram in figure
2.6 we obtain an effective vertex in the lagrangian:

L(0)
EFT ⊃

1

2

v4

4m4

g2

c2
w

1

m2
Z

(
ūRyγ

µy†uR

)(
ūRyγµy

†uR

)
=

1

2

v2

m4

(
ūRyγ

µy†uR

)(
ūRyγµy

†uR

)
.

(2.31)
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ūR

uR

ūR

uR

Z

Figure 2.6: Diagram generating the effective four fermions interaction (2.31).

The constraints on this operator can be found in the work [20], which uses the data
coming from ∆F = 2 processes involving B0

s , B
0
d ,K

0 and D0 mesons oscillations. The
strongest constrain on (2.31) is on the mixing between the u and c quarks and reads
cu(1212) < (28Re, 0.83Im)×10−8 TeV−2. By confronting with our coefficient we obtain the
bounds

Re
{

(y1y
∗
2)2
} v2

2m4
< 28× 10−8 TeV−2 → |y1||y2|

√
| cos 2(φ1 − φ2)| < 3.0× 10−3

( m

TeV

)2

Im
{

(y1y
∗
2)2
} v2

2m4
< 8.3× 10−9 TeV−2 → |y1||y2|

√
| sin 2(φ1 − φ2)| < 5.2× 10−4

( m

TeV

)2

(2.32)

These bounds are stronger than the ones (2.5) from the work [12]. This is due to the
fact that in that paper they did not use the data about CP violation in D0− D̄0 mixing.
Indeed in the last years the measurements in the D mixing sector have become more
accurate, and this is the reason for which our result (2.32) is more tight.

The operator Ôu of the tree-level EFT (2.24) can generate ∆F = 1 and ∆F = 2
transitions in the Higgs mediated processes. However these will not improve the bounds
obtained from ÔHu, as we will show now.

f̄R

fL

ūR

uL

h

Figure 2.7: Diagram generating a ∆F = 1 process. The u-quark vertex is given by Ôu, the other
by a usual SM Yukawa coupling.

The ∆F = 1 processes are given by diagrams like the one in figure 2.7, where the u-quark
vertex is given by Ôu and the other is a usual Yukawa coupling of a SM fermion. If we
integrate out the virtual Higgs boson we are left with an effective four fermion ∆F = 1
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operator of the form ūRuLf̄RfL with coefficient c∆F=1
ijkl =

(yy†yu)ijv
2

4
√

2m2 · 1
m2
h

(yf )kl√
2

(obtained

for example from amplitudes matching), and is clearly diagonal in the indices (kl). The
bounds present in literature for the ∆F = 1 operators usually constrain m to be in the

TeV range; this translated on c∆F=1 implies

√
(yy†yu)yf
m · 7 × 10−1 . 1 TeV−1, which is

always satisfied using the known bounds on y from the ÔHu analysis (2.30), (2.32) and
from direct searches (y3 . 0.7), and thus brings no new information.
The ∆F = 2 processes are generated when in the diagram of figure 2.7 we use two Ôu
vertexes mediated by the Higgs boson. In this case the coefficient of the effective four

fermion operator reads c∆F=2
ijkl =

(yy†yu)ij(yy
†yu)kl

32
v4

m4
1
m2
h
. For the c − u mixing we have

c∆F=2
1212 = (y1y

∗
2)2y2

c
v2

32λm4 , which is basically the coefficient of (2.31) multiplying the fac-

tor y2
c

16λ . This factor gives a ∼ 10−4 suppression to the coefficient, meaning that the best

bound coming by ∆F = 2 transitions is still the one from ÔHu (2.32).

In order to proceed further in the determination of new constraints on this model we
should carry on and look for the next terms in the effective field theory. This means we
should start the derivation of the operators generated at 1-loop.
Before even introducing the formalism needed for the loop computations, it’s important
to first understand what terms will really be relevant and could bring improved bounds
with respect to the ones already derived. Indeed an enormous quantity of operators will
be generated, and the mechanical calculation of all of them would be meaningless. To
understand what will be the relevant terms, an estimate of the order of magnitude of
the coefficients must be given. This can be performed in two ways:

1. diagrammatically. With this method the operation is easily done simply by using
the rules of the UV lagrangian (2.1) and drawing the diagram that generates the
concerned operator. Apart from numerical coefficients of order one, the couplings
appearing in the vertexes are the ones that will be found in the coefficient. Putting
this together with the usual loop suppression factor 1/16π2 and placing enough
powers of m (that is, the only relevant UV scale in this model) to correct the
dimensionality of the lagrangian, the rough estimate of the coefficient is given;

2. by combining the ~-counting with the spurion analysis.
The ~-counting basically consists in checking that the dimensionality of the term
of interest is correct. In fact, the condition [S] = ~ together with c = 1 imposes
the dimension of the scalar fields to be [φ] = ~1/2`−1 and of the fermionic ones
to be [ψ] = ~1/2`−3/2. From this it’s possible to read that the dimensions of the
gauge couplings and of the Yukawa couplings must be [g∗] = [y∗] = ~−1/2, while
the Higgs quartic interaction must have [λ] = ~−1. The last piece of information
comes from the fact that the loop expansion is actually an expansion in ~, and as
such each loop factor brings ~/16π2. In this way, depending on the kind of the
fields appearing in the operator, it’s possible to determine the number of couplings
that must enter in the coefficient.
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As an example, let’s consider a four fermions operator. The four fermionic fields
bring ~2. If the operator is generated at 1-loop then an additional ~ is present,
making the term of dimension ~3. This implies that the coefficient must go as ~−2,
and this is possible for yn∗ g

m
∗ λ

k with n+m+ k/2 = 4.

This method alone, however, does not fix the structure of the coefficient. Indeed,
this must be integrated with the spurion analysis.
The concept of spurion analysis is simple: it consists in promoting the coupling
constants to fields that transform in a very specific way, in order to have an ad-
ditional symmetry in the lagrangian. The coefficient of the operator of interest,
then, must respect this new symmetry and as such is very much constrained.
For example, by promoting the Standard Model leptons’ Yukawa to a field trans-
forming as ULy`U

†
` we get an additional U(3)L × U(3)R global symmetry:

L̄LHy``R → L̄LHU
†
LULy`U

†
`U``R = L̄LHy``R. In this way every operator con-

taining LL, `R must have a coefficient respecting this symmetry, and this together
with the informations from the ~-counting basically fixes the term.

The spurion analysis relevant for our model concerns the Yukawa couplings; in this
case the couplings transformations are

y` → ULy`U
†
` , yu → UuyuU

†
Q, yd → UdydU

†
Q, y → Uy (2.33)

with the fields transforming as

QL → UQQL, uR → UuuR, dR → UddR, LL → ULLL, `R → U``R. (2.34)

Once the coefficient has been fixed, apart from order one factors, with either one
of the two methods above, the numerical estimate is given by substituting y with the
saturated bounds (2.30). If the constraints present in literature on this coefficient are
weaker than its estimated value, no new information is added and its exact computation
would be pointless.

Proceeding in this direction, we should give an estimate of all the coefficients of
the general dimension six lagrangian (2.18). These must be generated from processes
in which Ψ is present, and this already rules out many of these operators. In fact the
new interaction involves only uR,Ψ and H and the new fermion can only be present as
virtual. This is sufficient to exclude most of the operators involving leptons, since there
is no way they can be generated at 1-loop.
Anyway a more specific analysis is necessary, so in the rest of this section every term
of (2.18) will be separately analysed and depending of the outcome of the order-of-
magnitude estimate the operators worth to be derived will be chosen. Particular atten-
tion will be paid on the possible improvements of the bounds on y3, since for the moment
is the less constrained quantity.
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� LSILH : the terms in this lagrangian have relevant constraints since they modify
Higgs physics. For the flavor invariant operators, spurion analysis allows the co-
efficients to be of the form |y|pλqgr∗(try

†
fyf )s, y†yuy

†
uy, . . . . A direct estimate of

|y| =
√
|y1|2 + |y2|2 + |y3|2 has not yet been given, so it’s definitely worth deriving

every single one of the terms with this structure.
Now let’s consider the flavor violating Ôu, Ôd, Ô`. Ôu is already present at tree-
level, so the bounds from the 1-loop analysis would be of the same kind but weaker.
For Ôd, Ô` by ~-counting we get that the combination of couplings in c̄d, c̄` must
have dimension ~−2, since the c̄d, c̄` are defined to be adimensional. In fact if the
operators are generated at one loop then it must be c̄d,` ∼ v2

m2 × ~
16π2 × [~]−2, where

[~]−2 denotes the function of the couplings with dimension ~−2. Here we used
[v2] = ~1, obtained from ~0 = [m2

h] = [λv2].
From now on we will go back to natural units where ~ = 1, but the reason-
ing just exposed still holds. Exploiting the spurion analysis, the two poten-
tially relevant possibilities for the coefficient of the operator involving leptons are
c̄` ∼ v2

m2
1

16π2 |y|4, v
2

m2
1

16π2 |y|2λ. These come from the non 1PI diagrams of figure 2.8:
it’s just either one of the 4-Higgs operators described above for which an external
leg is attached to the SM Yukawa vertex y` or a process already present in the SM
in which the self-energies corrections are applied to the Higgs propagator. Since
these operators are not 1PI they are not directly generated from the EFT compu-
tation, but can emerge in the process of change of basis (in particular eliminating
some two Higgs operators as D2H†D2H, see section 3.2.3). Anyway we can use
the bound on c̄` in [21], obtained by looking at the modification induced by this
operator to the Higgs couplings to the fermions, vector bosons and itself. This

reads c̄` . 10−1. The strongest inequality we can get is 10−3 |y|4
m2(TeV)

< 10−1 which

doesn’t give an interesting bound on |y|.
The situation for Ôd is analogous, but there is an additional possibility: also the
non-trivial flavor structure c̄d ∼ v2

m2
1

16π2 y
†
uyy†yu is admitted. This case is similar to

the one at the beginning of this section for Ôu that was however generated at tree
level, meaning the constraints now will be even weaker. Indeed with this structure
the final term in front of the operator Ôd is ydc̄d/v

2 ≈ (yby
2
t Vtby

2/m2) · 10−2 ∼
10−4( TeV−2), while the typical values in literature are ∼ 10−2( TeV−2), so no
new informations can be inferred from this coefficient.
Summing up, all the operators in LSILH except Ôu, Ôd, Ô` are worth to be studied
and will be derived in the next chapter.

� Lcc: in this sector the situation for the leptonic operators is similar as for LSILH :
c̄HL,HL′,H` ∼ v2

m2
1

16π2

(
|y|4, |y|2λ, |y|2y2

` , |y|2g2
∗, . . .

)
. These operators are not 1PI,

and their flavor structure is diagonal. The constraints in literature [19] are at best
of order 10−3 and thus in the less suppressed case give, exploiting the analysis of

the LSILH discussion, |y|4
m2(TeV)

. 1. Better bounds will be provided by LSILH .

This analysis holds also for c̄Hd, for which the situation is the same (even the
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h

hh

LL

`R

uR

uR

Ψ Ψ

(a) 4-Higgs irreducible diagram with attached a
Yukawa vertex y` to one of the external Higgs.

LL

`R

h

h

h

Ψ

uR

(b) Diagram already present in the SM with the 1-loop cor-
rection to the Higgs propagator coming from Ψ.

Figure 2.8: Diagrams generating the operator O`.

constraints are of the same order).
The operator ÔHu is already present at tree-level, and shall not be derived at 1-
loop.
The other operators are responsible for ∆F = 1 transitions at tree-level, and
thus can be potentially relevant. The only possible flavor violating coefficients
are c̄HQ, c̄

′
HQ ∼

v2

m2
1

16π2 y
†
uyy†yu and c̄Hud ∼ v2

m2
1

16π2 yy
†yuy

†
d. However we already

stated that constraints from ∆F = 1 transitions are weak, so the 1-loop study of
these effects wouldn’t give any new information. Indeed, in [22] the best experi-
mental bound on FV is |c̄HQ,32|/v2 < 1.4×10−2 TeV−2. In our model |c̄HQ,32|/v2 ∼
|ytycy3y

∗
2|/16π2m2, so we get the ridiculous bound |y3y2| . 104

(
m

TeV

)2
. Deriving

this operator would be useless, since we already got stronger bounds from tree-level
considerations.
In conclusion, no operator in Lcc is worth to be derived at 1-loop.

� Ldipole: this lagrangian includes (chromo)electric and (chromo)magnetic dipole op-
erators.
In this term the operators involving leptons can, again, only have the flavor in-
variant invariant structure as in LSILH ,Lcc and thus are not interesting. Indeed,
as shown later in section 2.4, the potentially relevant leptonic electric dipoles are
related to CP violation that can occur only at three or four-loops.
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A simple spurion analysis shows that also the ones involving down quarks must have
that same structure. This means that the only possibly relevant dipoles are the

ones with up quarks, for which flavor violation is allowed: c̄uV ∼
m2
W
m2

1
16π2 yy

†. From
the analysis in [23], the coefficient of chromo-magnetic dipole operator of the top
quark has been found to be |µ̃t|mt < 0.05. After SSB this gets contributions from
mtv
m2
W
c̄uG,33 ∼ |y3|2m2

t /16
√

2π2m2, from which we can read |y3| . 2.1
(

m
TeV

)
. This

is not an improvement with respect to the result from direct searches |y3| . 0.7.
Also bounds on the flavor violating component are present in literature, particu-
larly for the top mixing. However, the work [22] provides |c̄uW,32| < 0.15, which

gives |y3y2| . 24
(

m
TeV

)2
and again is not an improvement.

Because of these estimates, then, no dipole operator will be computed at 1-loop.

� LV : the ”pure gauge” term. These operators involve only the gauge fields and give
oblique corrections to their propagators. These corrections are tightly constrained,
since they can be linked to the Y,W,Z parameters ([24]) that are severely bounded
from the electroweak precision tests.
Diagrammatically these terms are given by self-energy diagrams that involve only
the couplings of the heavy fermion with the gauge bosons, so they are always
present. As such, the coefficient of these operators will not involve y. This is
extremely useful because in this way it’s possible to obtain bounds on m that are
independent on the new Yukawa coupling.
Needless to say, these operators are fundamental and will be derived in the next
chapter. In particular the (X,T ) model is charged both under SU(3)c, SU(2)W
and U(1)Y , so every term of (2.22) will be generated.

� L4f : this term hasn’t been written explicitly because of its length, but it’s actually
very important.
It contains the operators involving four fermions, so of the form f̄i,L/Rfj,R/Lf̄k,L/Rfl,R/L
and f̄i,L/Rγ

µfj,L/Rf̄k,R/Lγµfl,R/L with all the possible colour index contractions
and the possible insertions of the generators λa/2, σi/2 between the fermions.
The coefficients cXijkl are typically much constrained (note that these are not de-

fined in an adimensional way, L4f ⊃ cXijklÔ
X
ijkl). They can have arbitrary flavor

indices, therefore generating ∆F = 2 processes which have been experimentally
much investigated, as we’ve seen in the tree-level analysis.
In our model the generated 1PI operators are Ôufijkl = ūi,Rγ

µuj,Rfk,L/Rγµfl,L/R,

and from spurion analysis the possible flavor violating coefficients must be cufijkl ∼
(yy†)ij(yfy

†
f )kl/m

2 . From works like [20] we see that the constraints are strong
on the real and on the imaginary part of these coefficients. This makes it worth
the derivation of these terms, so also this lagrangian will be computed.

All in all, thanks to this analysis we have identified the operators which could give
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new, interesting bounds. These are the ones in LSILH (except Ôu, Ôd, Ô`), LV , L4f . At
this point everything is ready to perform the exact calculation at 1-loop, that will be
the subject of the next chapter.

2.4 CP violation

Before jumping in the 1-loop computation of the EFT, let’s justify an assumption
we made in section 2.3.
In writing the most general dimension 6 lagrangian (2.18) the CP-odd operators of
LSILH ,LV have been omitted upon the claim that they are not generated at 1-loop.
Indeed, thanks to the ~−counting and the spurion analysis tools introduced in section
2.3, we can prove this statement in a quantitative way.

First let’s review how CP acts. An explicit form of the charge-conjugation and the
parity operators’ action on fermions is given by

C : ψ → iγ2γ0ψ∗, P : ψ → γ0ψ. (2.35)

so a fermionic bilinear transforms as5

ψ̄iχj
CP−−→ χ̄jψi. (2.36)

If a model contains this kind of interactions the check for the presence of CP violation
is easily done: calling Aij the coupling and X a generic CP-invariant scalar field, the
lagrangian transforms as(

ψ̄Aχ+ χ̄A†ψ
)
X
CP−−→

(
χ̄ATψ + ψ̄(A

†)Tχ
)
X

=
(
ψ̄(A∗)χ+ χ̄(A∗)†ψ

)
X. (2.37)

From this it is clear that the general requisite for the CP symmetry to be violated is
A 6= A∗.
This is indeed the case for the Standard Model, where the Yukawa interactions are re-
sponsible for the violation since yu, yd, y` are general complex matrices.

In the (X,T ) model the coefficient y is a complex vector, meaning that CP violation
is allowed in principle. The lowest order CP violating and flavor invariant observable θ
can be found from the condition θ 6= θ†6, where θ must be a combination of y, yu, yd, y`
that must be invariant when the coupling constants are promoted to spurion fields.
In pure Standard Model that observable is proportional to the Jarlskog invariant [25] and

is given by C = det[yuy
†
u, ydy

†
d], however since now also y is present new combinations

5Proof: ψ̄iχj → (iγ2ψi)
T iγ2χ∗j = −ψTi γ2T γ0γ2χ∗j = −ψTi γ0χ∗j = χ̄jψi, where it has been used

{ψα, χ∗β} = 0 and (γ2)2 = −1.
6Since θ must be a scalar the CP violating condition θ 6= θ∗ is the same as θ 6= θ†.
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are possible. Indeed it’s easy to see that the minimal CP-odd quantity involving y is
given by

θ = y†
[
yuy
†
u, yuy

†
dydy

†
u

]
y. (2.38)

In the interaction basis this quantity can be written as

θ = y†ŷu

[
ŷ2
u, VCKM ŷ

2
dV
†
CKM

]
ŷuy

=
∑
i<j

ŷu,iŷu,j(ŷ
2
u,i − ŷ2

u,j)(y
∗
i yjBij − yiy∗jB∗ij) (2.39)

where B = VCKM ŷ
2
dV
†
CKM . Using Wolfenstein parametrization for the CKM matrix, an

estimate of this quantity (assuming yiy
∗
j − y∗i yj is approximately the same for all the

three generations) is given by

θ ≈ y3
t ycy

2
bAλ

2(yiy
∗
j − y∗i yj) ∼ 10−8(yiy

∗
j − y∗i yj). (2.40)

As we can see θ is very small (Jarlskog invariant is ∼ 3× 10−5), meaning CP violation
in this model is highly suppressed.

This result can be used to determine at how many loop the electron dipole moment
operator is generated. This is a quantity that is experimentally very much constrained,
so it’s important to check if the theory prediction is consistent with the data.
With a slightly improper notation, this operator is given by

ÔEDM = i
c

m2
¯̀
Rγ

5σµνH†LLFµν . (2.41)

From spurion analysis and NDA the CP-odd coefficient c can only be 7 c ∼ ey`θ, up to
O(1) constants.
Then ~-counting implies [c] = ~. Since [ey`] = ~−1 and [θ] = ~−4 we need a factor
(~/16π2)4, meaning that the EDM is generated at four loops.
Note that this reasoning holds only in the limits mq/m � 1, with mq the mass of SM
quarks, and yv

m � 1. We have already seen that these conditions are respected from this
model. If the second assumption would not be satisfied then y could enter through the
adimensional combination yv/m, so the operator would be generated already at three
loops. The first condition, instead, ensures that the SM Yukawa’s in θ don’t come from
the adimensional ratio mq/m = yfv/m.

7This is true because we are working in an EFT, where the infrared divergences of the loop integral
generating the operator get cancelled in the matching procedure (they are the same in both the theories).
In this way the only term of the integral that survives is the one analytic in the light masses (and so
in the Yukawa’s yf ). This can be expanded, meaning that the CP violating coefficient can always be
written as a polynomial in the couplings.
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Thanks to this result it’s possible to give an estimate of the numerical prediction of
the EDM in this model, which is proportional to the coefficient of the EDM operator:

|de| ∼ e
me

m2

|θ|
(16π2)4

≈ 10−40

(
TeV

m

)2

|yiyj | sin(ϕi − ϕj) e · cm (2.42)

The most recent measurement [26] gives the bound |dexpe | < 1.1 × 10−29e · cm, which is
by far respected plugging the saturated values of m, y in (2.42).

Coming back to the general question about the possible CP odd operators generated
at 1-loop, the answer is readily given following the reasoning just exposed.
The operators not involving fermions (as HHGG̃,GGG̃, . . . ) must contain θ and are
therefore excluded. For the other ones, either they have a trivial flavor structure (as
the ones involving leptons) and so they are generated at three or four loops, or the non-
trivial possible structures have already been listed with the help of spurion analysis and
it has been shown that the bounds they provide are not particularly interesting.
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Chapter 3

EFT at 1-loop

In chapter 2 the operators generated at 1-loop that can give improvements to the
already known bounds on this model have been selected.
In order to get quantitative results, the exact computation of these operators is needed.
For this reason this chapter is dedicated to that calculation. In section 3.1 the formalism
for the EFT derivation by means of the functional integral method is introduced, and it
will be concretely applied to the case of interest in the remaining sections.

3.1 Functional integral method

In order to introduce the functional integral method for the EFT computation, let’s
have a short review of the necessary formalism of the path integral in the context of
quantum field theories.

Given a set of fields [φ], an ensemble of currents [J ] is introduced in the generating
functional

Z[J ] =

∫
[Dφ] ei

∫
d4x(L(φ)+Jφ). (3.1)

In this way the correlation functions are computed by differentiation

〈φ(x1) . . . φ(xn)〉 =

(
−i δ

δJ(x1)

)
. . .

(
−i δ

δJ(xn)

)
logZ[J ]|J=0. (3.2)

All the building blocks needed to compute any amplitude are actually encoded in the
1-particle irreducible diagrams, that are not generated by (3.1), but from its Legendre
transform. This functional is defined in terms of the classical field φb:

φb = −iδ logZ[J ]

δJ(x)
. (3.3)
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Then the quantum 1PI action is given by

Γ[φb] = −i logZ[J ]−
∫
d4xJ(x)φb(x) (3.4)

where J(x) must be given as a function of φb(x): J(x) = J(φb(x)). The 1PI diagrams
can be computed by differentiation

〈φ(x1) . . . φ(xn)〉1PI = i
δnΓ[φ]

δφ(x1) . . . δφ(xn)
. (3.5)

At this point we have all the necessary informations needed to build an EFT given
a UV theory using the functional integral. Let’s consider a theory with two sets of light
and heavy particles (φ,Φ) and with a lagrangian LUV (φ,Φ). The task is to compute an
effective theory valid for energies much smaller than the heavy particles’ masses. This
will give a lagrangian LEFT (φ) valid for low energies and given in terms of the light
particles only. We say that Φ has been integrated out.
The matching between the UV theory and the EFT can be given entirely in terms of
the 1PI quantum action. Given the partition function for both the theories

ZUV [Jφ, JΦ] =

∫
[Dφ][DΦ] ei

∫
d4x(LUV (φ,Φ)+Jφφ+JΦΦ)

ZEFT [Jφ] =

∫
[Dφ] ei

∫
d4x(LEFT (φ)+Jφφ) (3.6)

the correlation functions for the light fields in the UV theory are entirely given in terms
of ZUV [Jφ, 0], while in the EFT by means of ZEFT [Jφ]. For practical reasons it is more
convenient to consider the 1PI quantum action. Therefore, following the reasoning just
exposed, the matching condition simply reads

ΓUV [φ, 0] = ΓEFT [φ]. (3.7)

The condition (3.7) is actually stronger than we need, since we only need S-matrix
element equivalence and not both on and off-shell correlation functions; thus field redef-
initions will be allowed once LEFT will be evaluated.
The key point is that the condition (3.7) must be satisfied only up to some order 1/Λ.
This allows to perform a perturbative expansion and match the condition order by order.
In this work we are interested in computing the EFT up to 1-loop, so let’s see how to
match the condition in this case.

Let’s consider first the EFT. First, we perform the change of variables φ = φb + φ′,
where φb is defined as in (3.3). Note that since φb solves the equation of motion with
an arbitrary source Jφ, the terms linear in φ′ are absent (at tree level). Then the 1-loop
partition function reads

ZEFT [Jφ] = ei
∫
d4x(LEFT (φb)+Jφφb)

∫
[Dφ′] e−

i
2

∫
d4xφ̄′QEFTφ

′
(3.8)

38



CHAPTER 3. EFT AT 1-LOOP 3.1. FUNCTIONAL INTEGRAL METHOD

where a generic notation φ̄′ has been used, since no assumption were made about the
nature of the fields. What has been done is basically an approximation of the action at
the second order, where the functional appearing at the exponent is defined as

QEFT = −δ
2LEFT
δφδφ̄

|φ=φb . (3.9)

The formula for the gaussian integral at the exponent is well known, and depends on the
kind of the field that needs to be integrated. Labeling the appropriate coefficient with
cs the result is

ZEFT [Jφ] = ei
∫
d4x(LEFT (φb)+Jφφb) · [detQEFT ]−

cs
2 + . . .

→ ΓEFT =

∫
d4xLEFT +

i

2
cs log detQEFT + . . . . (3.10)

with cs = 1 for scalar fields cs = −2 for fermionic fields.

On the UV side the calculation is similar. However since the source relative to the
heavy fields has been set to zero, JΦ = 0, the equation of motion for Φ are exactly
the classical ones and thus it becomes a function of the light fields only: Φb = Φc(φ).
Therefore the quantum 1PI functional is given by

ΓUV [φ] =

∫
d4xLUV |Φ=Φc(φ) +

i

2
cs log detQUV + . . . . (3.11)

Ordering the EFT side in terms of loop expansion, LEFT = L(0)
EFT +L(1)

EFT + . . . , the
matching condition (3.7) immediately tells us the tree-level EFT

L(0)
EFT (φ) = L̂UV (φ,Φc(φ)) (3.12)

where the hat means the expansion of LUV in 1/Λ. This is the well known result for the
tree-level EFT, which has been used also in chapter 2, 2.2.
For the 1-loop matching some care is required in evaluating the functional determinant
on the EFT side. If we want to get a 1-loop result we must take into account only

L(0)
EFT in the functional determinant, otherwise we would get results at 2 or more loops.

Explicitly, this means taking

Q
(1)
EFT = −

δ2L(0)
EFT

δφδφ̄
|φ=φb . (3.13)

In this way it’s straightforward to obtain the formula for the effective lagrangian up to
1-loop:

∫
d4xL1−loop

EFT =

∫
d4xL̂UV (φ,Φc(φ)) +

i

2
cs log detQUV −

i

2
cs log detQ

(1)
EFT . (3.14)
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The result (3.14) is reliable and very general. The tree-level piece, again, is well known
and widely used; on the contrary the 1-loop result is seldom found. It involves the
calculation of functional determinants that can turn out to be a quite complex task.

The formula of equation (3.14) is not so straightforward to apply in case fields of
different nature are present. Nevertheless, it is possible to obtain a usable expression.
In a completely general way, let’s write the second order lagrangian as

δ2L =
1

2

(
ξTAξ + η̄Bη − ηTBT η̄T + ξT Γ̄η − ηT Γ̄T ξ + η̄Γξ − ξTΓT η̄T

)
(3.15)

where ξ, η are collections of bosonic and fermionic fields. The quantities A,B are bosonic
operators, while Γ, Γ̄ are fermionic operators in the relative spaces and depend on the
classical solution of the fields.
We would like to evaluate the functional integral∫

[Dξ][Dη][Dη̄]e
i
2

∫
d4xδ2L (3.16)

to get the explicit expression to plug in (3.14); however the Hessian 3.15 is not diagonal
in the two kind of fields, so the integral is not well defined. In order to disentangle these
two, we square the second order lagrangian

δ2L =
1

2

(
η̄ + ξT Γ̄B−1

)
B
(
η +B−1Γξ

)
+

1

2

[(
η̄ + ξT Γ̄B−1

)
B
(
η +B−1Γξ

)]T
+

1

2
ξT
(
A− Γ̄B−1Γ + ΓTB−1T Γ̄T

)
ξ. (3.17)

At this point we first integrate over the fermionic fields. By shifting η → η −B−1Γξ we
are left with a simple gaussian integral, which yields the expression1∫

[Dξ][Dη][Dη̄]e−
1
2

∫
d4xδ2L = c · detB

∫
[Dξ]e−

1
2

∫
d4xξT (A−Γ̄B−1Γ+ΓTB−1T Γ̄T )ξ

= c · detB ·
[
det
(
A− Γ̄B−1Γ + ΓTB−1T Γ̄T

)]−1/2
(3.18)

where we finally integrated also over the bosonic fields ξ, and c is an irrelevant constant.
This is the familiar result found for example in [27], [28].
Applying this to (3.14), the final expression for the 1-loop EFT lagrangian is given by

∫
d4xL1−loop

EFT =

∫
d4xL̂UV (φ,Φc(φ))− i[log detBUV − log detBEFT ]

+
i

2

[
log det

(
A− Γ̄B−1Γ + ΓTB−1T Γ̄T

)
UV

− log det
(
A− Γ̄B−1Γ + ΓTB−1T Γ̄T

)
EFT

]
. (3.19)

1In evaluating the integral we have moved to the Euclidean space. In this way can use the expression
for the Gaussian integrals and the result is well defined. Then we can move back to the usual Minkowski
space through a Wick rotation.
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Equation (3.19) is the starting point for the calculation of our 1-loop EFT and will be
used all throughout this chapter. It includes fluctuations of scalar, vector and fermionic
fields; since we are studying a new fermion in addition to the SM particles, we will need
to integrate all over these fields. In this regard, gauge bosons will be considered as
collections of scalar fields.

3.2 Computation of the operators

Before jumping in the concrete derivation there are some very useful considerations
that can be done in the case of this particular model, thanks to which the calculations
will become more doable.

First, it is convenient to perform a field redefinition for Ψ:

Ψ = Ψcl + δΨ = O−1Hy†uR + δΨ (3.20)

where O−1 is given by (2.16). In this way the lagrangian (2.1) becomes

LUV =LSM + δΨ̄OΨcl + Ψ̄clOδΨ− ūRyH†δΨ− δΨ̄Hy†uR + δΨ̄OδΨ

+ Ψ̄clOΨcl − ūRy†Ψcl − Ψ̄clHy
†uR

=LSM − ūRyH†O−1(Hy†uR) + δΨ̄OδΨ. (3.21)

This manipulation is extremely useful because in this way the Ψ contribution to the
Hessian is separated from the rest of the Standard Model particles. Indeed let’s imme-
diately see this by starting the computation of the UV action at the second order.
We begin by evaluating the fermionic piece. With the redefined UV lagrangian (3.21)
the part involving the new fermion is factorized, meaning BUV = (i /D−m)⊗B̃UV , where
B̃UV includes the variations with respect to the SM fermions. Indeed BUV reads

BUV =



δΨ δuR δdR δQL δ`R δLL

δΨ̄ i /D −m 0 0 0 0 0

δūR 0 UU 0 −yuH̃† 0 0

δd̄R 0 0 i /D −ydH† 0 0

δQ̄L 0 −y†uH̃ −y†dH i /D 0 0

δ ¯̀
R 0 0 0 0 i /D −y`H†

δL̄L 0 0 0 0 −y†`H i /D


(3.22)

UU = i /D − yH†O−1y†H.

Next we have to write down AUV ,ΓUV , Γ̄UV . We will consider only the Higgs contri-
bution because none of the operators that we consider are generated by diagrams with
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virtual gauge bosons. Under this approximation AUV becomes

AUV =

( δH δH†T

δH† a −λ
2HH

T

δHT −λ
2H
†TH† aT

)
(3.23)

a = −D2 + µ2 − λ

2
(H†H +HH†)− ūRy

1

i /D −m
y†uR.

Similar considerations apply to Γ, Γ̄. With the redefined lagrangian (3.21) Ψ is factorized
with respect to the SM particles, so the matrices read

Γ̄UV =

( δuR δdR δQL δ`R δLL

δH† UH ′ 0 −d̄Ryd 0 −¯̀
Ry`

δHT 0 −Q̄L,iy†d ūRyuε −L̄L,iy†` 0

)
(3.24)

ΓUV =



δH δH†T

δūR UH 0

δd̄R 0 −ydQL,i
δQ̄L −y†ddR −εy†uuR
δ ¯̀
R 0 −y`LL,i

δL̄L −y†``R 0


(3.25)

UH = yuQL,iεji −H†y
1

i /D −m
y†uR

UH ′ = −εijQ̄L,iy†u − ūRy
1

i /D −m
Hy†. (3.26)

where the index i refers to the SU(2) components.

Now that the UV action at the second order has been computed we should derive
also the EFT action at second order. However there is smart observation that can be
made, stated also in [27], thanks to which we won’t need that Hessian. Indeed, after
the field redefinition for Ψ the UV lagrangian reads (3.21). We can note that the EFT
at tree level is simply obtained by expanding the non-local operator O−1 and setting
δΨ = 0:

LUV = LSM + δΨ̄(i /D −m)δΨ− ūRH†y
(

1

i /D −m

)
Hy†uR

L(0)
EFT = LSM − ūRH†y

(
− 1

m
+
i /D

m2

)
Hy†uR (3.27)
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Now, the UV action at second order is factorized between δΨ and the SM particles.
This means that the difference between the UV and the EFT functional determinants
is entirely given by the difference between O−1 and its expansion, so its non-local part
ONL:

1

i /D −m
= − 1

m
− i /D

m2
+ONL → ONL =

1

m2

(i /D)2

i /D −m
(3.28)

The practical relevance of this consideration is that we don’t need to compute separately
the two functional determinants of the UV and the EFT actions and then subtract them.
We can just compute the determinant of the UV action and drop the local counterparts of
O−1. This is equivalent to computing the UV and EFT determinants and then subtract
them. Concretely this means substituting any O−1 with ONL in the functional traces we
must compute. In our case we will encounter only two kind of traces, so lets see explicitly
how that applies. We will indicate the operation of dropping the local counterparts with
the subscript d. So for generic function of the fields P (x), Q(x), R(x) the d operation
reads

·) tr

{
P (x)

1

i /D −m
Q(x)

}
d

=
1

m2
tr

{
P (x)

(i /D)2

i /D −m
Q(x)

}
·) tr

{
P (x)

1

i /D −m
Q(x)

1

i /D −m
R(x)

}
d

=
1

m2
tr

{
P (x)

(i /D)2

i /D −m
Q(x)

1

i /D −m
R(x)

}
+

1

m2
tr

{
P (x)

1

i /D −m
Q(x)

(i /D)2

i /D −m
R(x)

}
− 1

m4
tr

{
P (x)

(i /D)2

i /D −m
Q(x)

(i /D)2

i /D −m
R(x)

}
.

(3.29)

The second relation can be derived by explicitly computing the difference between the
trace with O−1 and the one with its expansion.

At this point we have all the tools that are needed to start the computation. We
will look at the traces coming from the UV functional determinant and apply the d
prescription, as explained above, to obtain the EFT at 1-loop. The next sections we will
be devoted to the complete derivation of the operators marked in chapter 2 as relevant.

3.2.1 Pure gauge

The first class of operators to be derived is the one of the pure gauge dimension six
operators, present in LV . As already stated these affect the gauge bosons self-energies,
which are constrained by the electroweak precision tests.
Diagrammatically, these operators are generated by loops where only the heavy fermion
is present, as in figure 3.1, and many external gauge bosons can be attached to the
propagators entering the loop.

This class is entirely encoded in the variations of the action with respect to the new
fermion Ψ only. From the central formula (3.19) only −i(log detBUV − log detBEFT )
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V µ

V µ

V µ
Ψ

Ψ

Figure 3.1: Example of a diagram generating the pure gauge operators. V µ is a generic vector
boson. Many external gauge bosons can be attached to the Ψ propagators.

generate these operators, since double variations with respect to fermions are present
only in B. Besides BEFT does not contain variations with respect to Ψ, so we just
have to look at BUV . From the explicit form of BUV (3.22) we see that the pure gauge
operators are simply included in the factorized (i /D −m):

∫
d4xLV ⊂ −i log det(i /D −m). (3.30)

To proceed with the evaluation of this functional determinant we have to handle a
little bit this expression. The determinant is invariant under flipping the sign of the γµ

matrices, so we can write

∫
d4xLV ⊂ = −i log det(i /D +m)

= − i
2

log det
[
(−i /D +m)(i /D +m)

]
.

= − i
2

log det
(
D2 +m2 + U

)
. (3.31)

Here we have used

(−i /D +m)(i /D +m) = /D
2

+m2 = D2 +m2 − i

2
σµνG′µν (3.32)

where σµν = − i
2 [γµ, γν ] and the properties of the γµ matrices have been exploited:

γµγν = ηµν − iσµν . Finally G′µν = [Dµ, Dν ] = −igsGµν − igWµν − iY g′Bµν , Y = 7/6.

Functional determinants like the one in (3.31) are not new and the result is well known
in literature, [29]. The formula is obtained through the Covariant Derivative Expansion
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technique, explained in appendix A. The full expression truncated at dimension six reads

log det(D2 +m2 + U) ⊃
∫
d4x

(
− i

16π2

)
tr

{
m2

[
(1 +

1

ε
+ log

µ2

m2
+ log 4π − γ)U ]

]
+m0

[
1

2
(
1

ε
+ log

µ2

m2
+ log 4π − γ)U2

+
1

12
(1 +

1

ε
+ log

µ2

m2
+ log 4π − γ)G′2µν

]
+

1

m2

[
−U

3

6
+

1

12
(DαU)2 − 1

12
UG′2µν +

1

60
(DµG′µν)2

− 1

90
G′µνG

′νρG′µρ

]}
(3.33)

and has been computed in dimensional regularization with ε = (4 − d)/2. The trace
must be taken in the space where the heavy field used to live: we have a trace over the
spinorial space, SU(2) and SU(3).
We immediately see that trU ∝ trσµν = 0. Then we must trace also U2, U3 over the
spinorial indices:

trU2 = −1

4
trG′µνG

′
ρσtrσµνσρσ = −1

4
(8trG′µνG

′µν) = −2trG′µνG
′µν (3.34)

trU3 =
i

8
trG′µνG

′
ρσG

′
γδtrσ

µνσρσσγδ =
i

8
(−32itrG′µνG

′νρG′µρ ) = 4trG′µνG
′νρG′µρ . (3.35)

Finally the operators not involving any σµν are proportional to the identity in the spino-
rial space; this gives a factor tr14×4 = 4.

The next trace to be taken is the one on the internal gauge group2. Since trσi =
0, trλa = 0 the surviving terms after this operation are, ignoring for a moment how they
are Lorentz contracted,

trG′G′ = −g2
sG

aGa − 3

2
g2W iW i − 6Y 2g′2BB (3.36)

trG′G′G′ = −1

2
g3
sf

abcGaGbGc − 3

4
g3εijkW iW jW k (3.37)

where the SU(N) identities trGaGbtatb = GaGb/2 and trGaGbGctatbtc = i
4f

abcGaGbGc

have been used (for W we just exchange fabc → εabc).
We can then compute the traces of all the terms contained in (3.33):

• 1
2trU2 = g2

sG
aµνGaµν + 3

2g
2W iµνW i

µν + 6Y 2g′2BµνBµν ;

• 1
12trG′2µν = −g2

s
12G

aµνGaµν − 3
24g

2W iµνW i
µν − 1

2Y
2g′2BµνBµν ;

• 1
12trDαUD

αU = g2
s
6 DαG

aµνDαGaµν + g2

4 DαW
iµνDαW i

µν + Y 2g′2∂αB
µν∂αBµν ;

2As for the trace over the spinorial space, operators not involing directly generators of the gauge group
are meant to be proportional to the identity in that space. This gives a factor tr1SU(2) = 2, tr1SU(3) = 3.
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• 1
60tr(DµG

′µν)2 = −4g2
sDµG

aµνDρG
aρ
µ − 6g2DµW

iµνDρW
iρ
µ − 24Y 2g′2∂µB

µν∂ρB
ρ
µ;

• −trU
3

6 = g3
s
3 f

abcGaµνG
bνρGcµρ + g3

2 ε
ijkGiµνG

jνρGkµρ ;

• − 1
90trG′µνG

′νρG′µρ = g3
s

45f
abcGaµνG

bνρGcµρ + g3

30ε
ijkGiµνG

jνρGkµρ ;

Looking at the list above it is immediate to see that we have three kind of operators of
dimension six:

DµG
a
µνDρG

ρa
ν , DαG

a
µνD

αGaµν , fabcGaµνG
bνρGcµρ (3.38)

and the same holds for W , while for B the triple field strength interaction is not present.
However only two out of the three operators in (3.38) are really independent. The
decision is to eliminate DαG

a
µνD

αGaµν : this is simply dictated by the fact that in the
LV lagrangian (2.22) this operator is not present.
We can eliminate that operator exploiting Bianchi identity: it can be proved that the
following relation holds for any SU(N) gauge field:

1

2
DαF

a
µνD

αF aµν = DµF
a
µνDρF

ρa
ν − g∗fabcF aµνF bνρF cµρ . (3.39)

This expression holds also for Bµν by setting fabc = 0 (U(1) is Abelian, the structure
constants are null).

By making use of all the considerations reported above the final result is obtained
just by a straightforward sum of the traces of all the terms contained in the expression
(3.33). The pure gauge effective lagrangian at 1-loop then reads

L(1)
EFT,V =− 1

4

[
1− g2

s

12π2

(
log

m2

µ2
− log 4π − 1

ε
+ γ +

1

2

)]
GaµνG

aµν

− 1

4

[
1− g2

8π2

(
log

m2

µ2
− log 4π − 1

ε
+ γ +

1

2

)]
W a
µνW

aµν

− 1

4

[
1− Y 2g′2

2π2

(
log

m2

µ2
− log 4π − 1

ε
+ γ +

1

2

)]
BµνB

µν

− 1

16π2

1

m2

[
2

15
g2
sD

µGaµνD
ρGaνρ +

g3
s

90
fabcGaµνG

bνρGcµρ +
1

5
g2DµW a

µνD
ρW aν

ρ

+
g3

60
εabcW a

µνW
bνρW cµ

ρ +
4

5
g′2Y 2∂µB

µν∂ρB
ρ
ν

]
. (3.40)

The divergences in the corrections to the kinetic terms are reported to make explicit
the contribution of the new fermion to the beta function of the coupling constants, and
may be eliminated by adding the usual counterterms. Also, the matching between the
UV theory and the EFT is performed at µ = m; in this way the logarithms in the ex-
pression above are null.
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3.2.2 Four fermions

The next set of operators that is going to be derived is the one comprehending four
fermions operators.
These operators are generated from the diagrams in figure 3.2, that are of two kinds:
they may have four y vertices or two y and two Standard Model yf vertices. In both
cases the flavor structure is non-trivial.

uR uR

uRuR

Ψ Ψ

(a) 4-fermions operator involing four y
vertices.

uR fR/L

fR/LuR

Ψ fL/R

(b) 4-fermions operator involving two y and
two SM’s yf vertices.

Figure 3.2: Diagrams generating the 4-fermions operators.

With reference to the formula (3.19) and looking at the matricesBUV , AUV ,ΓUV , Γ̄UV
we note that these operators are encapsulated in the bosonic term:∫
d4xL4f ⊂

i

2
log det

(
AUV − Γ̄B−1

UV ΓUV + ΓTUVB
−1T
UV Γ̄TUV

)
d

=
i

2
log det(AUV )d +

i

2
log det

(
1−A−1

UV Γ̄UVB
−1
UV ΓUV +A−1

UV ΓTUVB
−1T
UV Γ̄TUV

)
d

(3.41)

where we used the d for the UV-EFT difference, as explained in section 3.2.

The first term in (3.41), log det(AUV )d, generates the y4 operator Ô4f,y4 . The matrix
AUV can be rewritten as

AUV = (−D2 −m2
h)

1 +
1

−D2 −m2
h

−ūRy 1
i /D−my

†uR

0 −
(
ūRy

1
i /D−my

†uR

)T
+ . . .


≡ (−D2 −m2

h)

(
1 +

1

−D2 −m2
h

ΩA

)
(3.42)

where the . . . contain terms involving the Higgs boson that do not contribute to the four
fermions operators, and we defined ΩA. Exploiting the logarithm properties we have

log detAUV = log det(−D2 −m2
h) + log det(1 + (−D2 −m2

h)−1ΩA).

Since we are working in a perturbative regime, the coupling constants are supposed to
be small. In this way, using the well known equality log detM = tr logM , we have

47



3.2. COMPUTATION OF THE OPERATORS CHAPTER 3. EFT AT 1-LOOP

something of the form log(1 + x) which can be expanded.
Indeed, the determinant of AUV becomes

log detAUV = log det(−D2 −m2
h) + tr

1

−D2 −m2
h

ΩA −
1

2
tr

1

−D2 −m2
h

ΩA
1

−D2 −m2
h

ΩA + . . .

(3.43)

The y4 four fermion operator is part of the ∼ Ω2
A trace:

Ô4f,y4 = − i
2
· 1

2
tr


(

1
−D2−m2

h

(
ūRy

1
i /D−my

†uR

))2
0

0

(
1

−D2−m2
h

(
ūRy

1
i /D−my

†uR

)T)2


d

= − i
2

tr

{
1

−D2 −m2
h

(
ūRy

1

i /D −m
y†uR

)
1

−D2 −m2
h

(
ūRy

1

i /D −m
y†uR

)}
d

(3.44)

where the property trM = trMT has been exploited together with the antisymmetry of
the fermionic operators.
Now we just need to apply the d prescription explained in section 3.2. In particular we
need the formula (3.29) for P (x) = 1, Q(x) = R(x) , which is even simpler3: we can just
evaluate one piece containing ONL and multiply it by two, and then subtract the two
ONL contribution.
The evaluation of this trace is performed by means of the CDE technique, as explained
in appendix A. Since the four fermionic fields already sum up to mass dimension six, we
must stop the expansion at the lowest order. In this way the one-ONL term gives

Ô4f,y4,a = − i

m2
tr

{
1

−D2 −m2
h

(
ūRy

(i /D)2

i /D −m
y†uR

)
1

−D2 −m2
h

(
ūRy

1

i /D −m
y†uR

)}
= − i

m2
tr

{
1

−D2 −m2
h

(
ūRy

(i /D +m)(i /D)2

− /D2 −m
y†uR

)
1

−D2 −m2
h

(
ūRy

(i /D +m)

− /D2 −m
y†uR

)}
= − 4i

m2
tr

∫
d4xd4p

1

p2 −m2
h

ūRy
/pp2

p2 −m2
y†uR

1

p2 −m2
h

ūRy
/p

p2 −m2
y†uR

= − 4i

m2
tr

∫
d4x

(
ūRyγ

µy†uRūRyγ
νy†uR

)∫
d4p

pµpνp
2

(p2 −m2
h)2(p2 −m2)2

=
1

16π2m2
· 1

2

(
1− 6m2

h/m
2 +m4

h/m
4

(1−m2
h/m

4)2
+ 2

m4
h

m4

(3−m2
h/m

2)

(1−m2
h/m

2)3
log

(
m2

m2
h

)
+

2

ε
+ 2 log

(
µ2

m2

)
− 2γ + 2 log 4π

)
× tr

(
ūRyγ

µy†uRūRyγµy
†uR

)
. (3.45)

The factor of 4 in the third lines comes from the fact that we must apply (−D2−m2
h)−1

to all the fields, giving that combinatorial factor. Finally, the momentum integral has

3Thanks to the cyclicity of the trace trONLQ(x)O−1Q(x) = trO−1Q(x)ONLQ(x).
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been performed in dimensional regularization with ε = (4− d)/2.
The two-ONL term coming by (3.44) has a similar expression:

Ô4f,y4,b = − i

2m4
tr

{
1

−D2 −m2
h

(
ūRy

(i /D)2

i /D −m
y†uR

)
1

−D2 −m2
h

(
ūRy

(i /D)2

i /D −m
y†uR

)}
= − i

2m4
tr

{
1

−D2 −m2
h

(
ūRy

(i /D +m)(i /D)2

− /D2 −m
y†uR

)
1

−D2 −m2
h

(
ūRy

(i /D +m)

− /D2 −m
y†uR

)}
= − 4i

2m4
tr

∫
d4xd4p

1

p2 −m2
h

ūRy
/pp2

p2 −m2
y†uR

1

p2 −m2
h

ūRy
/pp2

p2 −m2
y†uR

= − 4i

m4
tr

∫
d4x

(
ūRyγ

µy†uRūRyγ
νy†uR

)∫
d4p

pµpνp
4

(p2 −m2
h)2(p2 −m2)2

=
1

16π2m2
· 1

2

(
2− 3m2

h/m
2 − 3m4

h/m
4 + 2m6

h/m
6

(1−m2
h/m

4)2
+ 2

m6
h

m6

(2−m2
h/m

2)

(1−m2
h/m

2)3
log

(
m2

m2
h

)
+
(
1 +m2

h/m
2
)(2

ε
+ 2 log

(
µ2

m2

)
− 2γ + 2 log 4π

))
× tr

(
ūRyγ

µy†uRūRyγµy
†uR

)
.

(3.46)

Finally we must evaluate the last trace over the remaining degrees of freedom SU(2),
that gives just a factor of two (the only degree of freedom of the Higgs field, since we
are taking the variation with respect to it).
By subtracting the second piece from the first and stopping at the lowest order in
(mh/m)2 we obtain the expression for the first 4-fermion operator:

Ô4f,y4 = − 1

16π2m2

(
ūRyγ

µy†uRūRyγµy
†uR

)
. (3.47)

Note that the matching has been performed at the scale µ = m and we employed the
MS scheme, subtracting then (1

ε − γ + log 4π).

The y2y2
f operators are enclosed in the right term of (3.41). To compute this deter-

minant we need A−1
UV and B̃−1

UV
4. Exploiting the perturbativity, A−1

UV can be written
as

A−1
UV =

(
(−D2 −m2

h)

(
1 +

1

−D2 −m2
h

ΩA

))−1

=

(
1− 1

−D2 −m2
h

ΩA + . . .

)
· 1

−D2 −m2
h

(3.48)

and B̃−1
UV as

B̃−1
UV =

(
(i /D)

(
1 +

1

i /D
ΩB

))−1

=

(
1− 1

i /D
ΩB + . . .

)
· 1

i /D
. (3.49)

4Since BUV is factorized between the variations with respect to the new fermion and the SM fermions
we we only need B̃UV .
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Expanding the right determinant of (3.41), the first order already contains the operators
we are interested in:

Ô4f,y2y2
f
⊂ i

2
log det

(
1−A−1

UV Γ̄UVB
−1
UV ΓUV +A−1

UV ΓTUVB
−1T
UV Γ̄TUV

)
d

= − i
2

tr
(
A−1
UV Γ̄UVB

−1
UV ΓUV +A−1

UV ΓTUVB
−1T
UV Γ̄TUV

)
d

+ . . .

= −2
i

2
tr
(
A−1
UV Γ̄UVB

−1
UV ΓUV

)
d

+ . . . (3.50)

where the property A = AT has been used. By making use of the explicit expressions for
the UV matrices (3.22),(3.23),(3.25) in the formulae above with A−1

UV at the 1st order
and B̃−1

UV at the 0-th order (i.e. B̃−1
UV = (i /D)−1) we get

Ô4f,y2y2
f
⊂
∑
fL,fR

i tr

{
ūRy

1

i /D −m
y†uR

1

−D2 −m2
h

(
f̄Ryf

1

i /D
y†ffR

)}
d

+ i tr

{
ūRy

1

i /D −m
y†uR

1

−D2 −m2
h

(
f̄Ly

†
f

1

i /D
yffL

)}
d

(3.51)

with fL,R being the Standard Model fermions (we are working in the pre SSB phase)
and yf the relative Yukawa coupling.
The evaluation of these terms is straightforward. The d prescription (3.29) here just
consists in substituting O−1 → ONL.Furthermore we just need the CDE at the lowest
order, so that for the right handed fermions we have

Ô4f,y2y2
f ,fR
⊂ i

m2
tr

{
ūRy

(i /D +m)(i /D)2

− /D2 −m
y†uR

1

−D2 −m2
h

(
f̄Ryf

i /D

− /D2 y
†
ffR

)}
=

2i

m2
tr

∫
d4xd4p

1

p2 −m2
h

ūRy
/pp2

p2 −m2
y†uR

1

p2 −m2
h

f̄Ryf
/p

p2
y†ffR

=
2i

m2
tr

∫
d4x

(
ūRyγ

µy†uRf̄Ryfγ
νy†ffR

)∫
d4p

pµpν
(p2 −m2

h)2(p2 −m2)

=
1

16π2m2

(
3

4

1−m2
h/3m

2

1−m2
h/m

2
−
m2
h

m2

1−m2
h/2m

2

(1−m2
h/m

2)2
log

(
m2

m2
h

)
+

1

2ε
+

1

2
log

(
µ2

m2

)
− γ

2
+

1

2
log 4π

)
×
(
ūRyγ

µy†uRf̄Ryfγµy
†
ffR

)
.

(3.52)

Now again we keep the lowest order in (mh/m)2, we take the final trace and we match
at µ = m, subtracting the divergences with the MS scheme. The operator then becomes

Ô4f,y2y2
f ,fR

=
1

16π2m2
· 3

2

(
ūRyγ

µy†uRf̄Ryfγµy
†
ffR

)
. (3.53)
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The expression for the left-handed SM fermions is identical upon the substitution fR →
fR and inverting the order of yf , y

†
f in the expression above.

In the end, the final 4-fermions lagrangian at 1-loop reads

L(1)
EFT,4f =

1

16π2m2

[(
−yy† · yy† +

3

2
yy† · yuy†u

)
ūRγ

µuRūRγµuR

+

(
3

2
yy† · ydy†d

)
ūRγ

µuRd̄RγµdR

+

(
3

2
yy† · y†uyu +

3

2
yy† · y†dyd

)
ūRγ

µuRQ̄LγµQL

+

(
3

2
yy† · y`y†`

)
ūRγ

µuR ¯̀
Rγµ`R +

(
3

2
yy† · y†`y`

)
ūRγ

µuRL̄LγµLL

]
.

(3.54)

The flavor structure is the same of (3.47),(3.53) but for brevity the coefficient has been
moved in front of the operator.

3.2.3 Two Higgs

This and the next section will be dedicated to the derivation of the relevant operators
in LSILH . In this section the focus will be on the operators involving two Higgs, while
in the next one we will compute the four Higgs fields terms.

h h

Ψ

uR

(a) Diagram involving only two external
Higgs.

h

V µ

h

Ψ

uR

(b) Diagram involving two external Higgs
and one vector boson.

Figure 3.3: Example of diagrams contributing to the 2 Higgs operators.

The two Higgs operators are generated from diagrams like the ones in figure 3.3.
The ones involving two external Higgs and one or more gauge bosons are obtained by
inserting the external leg of the vector field between the uR or Ψ propagators.
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With reference to the formula (3.19), these operators are encoded in the first order of the

−i
(

log det B̃UV − log det B̃UV

)
term of (3.19) since we need two external Higgs boson:

Ô2h ⊂ −i
(

log det B̃UV − log det B̃UV

)
= −itr log

{
i /D(1 + (i /D)−1ΩB)

}
d

' −itr
(
(i /D)−1ΩB

)
d

+ . . .

→ Ô2h ⊂
i

m2
tr

{
1

i/∂

(
H†y

(i /D)2

i /D −m
y†H

)}
(3.55)

where the d prescription (3.29) has already been applied. Since we have a gauge singlet
in the brackets the external covariant derivative has been substituted with a partial
derivative Dµ → ∂µ.

In order to obtain all the operators up to dimension six we must apply the CDE to
the denominators of (3.55). To do this, first we bring the γµ matrices to the numerator

Ô2h ⊂
i

m2
tr

{
i/∂

(i∂)2

(
H†y

(i /D +m)

−D2 −m2 − U
(i /D)2y†H

)}
. (3.56)

The operator U comes from − /D2
= −D2 − U, U = − i

2σ
µνG′µν .

Then the formalism of the CDE must be applied. The consequences of the shift i /D →
i /D − /p are 

(i /D)2 = p2 − 2ipµDµ −D2 − U
1

(i∂)2 =
∑

n
1

(p2)n+1

(
2ipµ∂µ + ∂2

)n
1

−D2−m2−U =
∑

n
1

(p2−m2)n+1

(
2ipµDµ +D2 + U

)n (3.57)

where n labels the order of the denominator’s expansion. Also, the shift in the numera-
tors reads (i/∂)→ (i/∂ − /p), (i /D +m)→ (i /D − /p+m).

The full calculation of all the traces resulting from this expansion is lengthy, so the
derivation will be reported only schematically. Indeed, let’s have a closer look at the
equation 3.56. First we focus on the term with two /p’s at the numerator 5, where the

slashed momentum comes from the shift described above. We call this term Ô2h,1. A
compact notation will be employed, including

∫
d4xd4p in the definition of trace. In this

way we must compute the operators up to dimension six generated by 6

Ô2h,1 =
2i

m2
tr

{
/p

(iD − p)2

(
H†y

/p(p2 − 2ipµDµ −D2 − U)

(iD − p)2 −m2 − U
y†H

)}
. (3.58)

The various orders of the denominators’ expansion can be labelled by n = nL+nR, where
nL and nR are the orders at which the left and the right denominators are expanded.
Then we can look at the generated operators at fixed n:

5The term with the m from (i /D −m) at the numerator will never contribute, since with this term
one would always have tr#oddγµ = 0.

6The factor of 2 comes from the Leibniz rule. In fact actually the CDE must be performed after
applying the operator (i /D)−1 to ∼

(
H†ONLH

)
, bringing two identical terms with the /p in front of

everything. So we explicitly opened the derivative, performed the CDE, and resummed.
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• n = 0: here we obtain H†H and H†D2H, without gauge fields since tr/p/pU =
trp2U = 0;

• n = 1: we can have either nL = 1 or nR = 1:

2i

m2
tr

{
/p

p4

(
2ipµ∂µ + ∂2

)(
H†y

/p(p2 − 2ipµDµ −D2 − U)

p2 −m2
y†H

)}

+
2i

m2
tr

{
/p

p2

(
H†y

/p
(
2ipµDµ +D2 + U

)
(p2 − 2ipµDµ −D2 − U)

(p2 −m2)2
y†H

)}
.

(3.59)

It is immediate to see that the left expansion is useless: the numerator
(
2ipµ∂µ + ∂2

)
always generates terms that are total derivatives, that can be neglected in the

∫
d4x

of the action. For this reason we can always keep nL = 0, and focus only on the
expansion of the right denominator.
Having in mind that, this term then generatesH†D2H,H†D4H and also trH†UUH =
−2trH†G′µνG

′µνH;

• n = 2: in this case we have, keeping nL = 0 as explained before,

2i

m2
tr

{
/p

p2

(
H†y

/p
(
2ipµDµ +D2 + U

) (
2ipµDµ +D2 + U

)
(p2 − 2ipµDµ −D2 − U)

(p2 −m2)3
y†H

)}
.

(3.60)

generatingH†D2H,H†D4H,H†DµD
2DµH,H†G′µνG

′µνH. The operator withDµU
is not present since tr#odd pµ = 0;

• n = 3: at these orders we can generate only operators of dimension six or greater:

2i

m2
tr

{
/p

p2

(
H†y

/p
(
2ipµDµ +D2 + U

) (
2ipµDµ +D2 + U

)
(p2 −m2)3

·
(
2ipµDµ +D2 + U

)
(p2 − 2ipµDµ −D2 − U)y†H

)}
. (3.61)

The possible combinations of the expansions are many. They generate H†D4H,
but also the new operator H†DµDνDµDνH. This comes from∫

d4p
pµpνpρpσ

p2(p2 −m2)3
H†DµDνDρDσH

which provides two metric tensors gg with all the possible symmetric permutation
of the indices;
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• n = 4: this is the last order of the expansion that is needed:

2i

m2
tr

{
/p

p2

(
H†y

/p
(
2ipµDµ +D2 + U

) (
2ipµDµ +D2 + U

)
(p2 −m2)3

·
(
2ipµDµ +D2 + U

) (
2ipµDµ +D2 + U

)
(p2 − 2ipµDµ −D2 − U)y†H

)}
.

(3.62)

The only contribution comes from the pµpνpρpσ, since all the other combinations
generate operators of dimension eight or greater.

The next and last term to evaluate is the one involving i /D at the right numerator of
(3.56). Indeed, keeping i/∂ at the left numerator would mean having again total derivative
terms, which are to be ignored upon the spacetime integration. For the same reason we
must still keep nL = 0. So we just need to evaluate

Ô2h,2 =
2i

m2
tr

{
/p

p2

(
H†y

i /D(p2 − 2ipµDµ −D2 − U)

(iD − p)2 −m2 − U
y†H

)}
. (3.63)

till dimension six. In this case the expansion stops at n = 3, since we already have
∼ H†DH at zero-th order; indeed, the lowest order generated operator here is H†D2H.
The calculations are similar to the previous case, so providing the termsH†D4H,H†D2H,
H†DµD

2DµH,H†DµDνD
νDµH. However in this case there are also some new opera-

tors involving one gauge boson field strength. Indeed, these kind of contributions must

pass by the trace over the spinorial space tr
(
γµγνσαβ

)
tr
(
Xa
µνG

′a
αβ

)
, where X includes

all the Higgs fields and the covariant derivatives. In the case with two /p at the numerator
the quantity X had to be symmetric in the Lorentz indices because the gamma matri-
ces come from γµpµγ

νpν . Then using −i2 tr
(
γµγνσαβ

)
G′aαβ = −4G′aµν we are left with

the contraction trG′aµνX
aµν , which is null because the field strength is antisymmetric by

definition. This does not hold for the case with i /D at the right numerator, for which
Xµν is not symmetric: consequently, in this computation also the terms H†DµG

′µνDνH,
H†DµDνG

′µνH, H†G′µνDµDνH are present.

Once the computation of the two cases are completed the results must be added up.
The ”raw” terms that we get are:

Ô2h =

(
µ2 +

3

2π2
|y|2m2

)
H†H +

(
1 +

15|y|2

8π2

)
DµH

†DµH

− 2|y|2

16π2m2
tr

{
H†D4H

(
−5

9

)
+H†DµDνD

µDνH

(
−2

9

)
+H†DµD2DµH

(
1

9

)
+H†G′µνG

′µνH(1) +H†DµDνG
′µνH(−1) +H†G′µνDµDνH(−2)

+H†DνG
′µνDµH(1)

}
. (3.64)
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Here the matching has been performed at µ = m, so all the log(µ2/m2) factors coming
from the divergent integrals are null. Also, the divergences have already been eliminated
using the MS scheme.

Now this result must be converted in the SILH basis. First we notice that in (3.64)
a lot of operators are redundant, and can be eliminated by means of the following
identities7{

H†DµDνDµDνH = D2H†D2H +DµH
†G′µνDνH

H†DµD2DµH = 2DµH
†G′µνDνH +DµH

†DνG
′µνH +D2H†D2H

(3.65)

together with integration by parts.

Then the operators (H†
←→
D µH)DνG

′µν can be obtained using the following decomposition

ax+ by =
1

2
(a+ b)(x+ y) +

1

2
(a− b)(x− y)

x = DµH
†DνG

′µνH, y = H†DνG
′µνDµH,

(x+ y) = −1

2
H†[Dµ, Dν ]G′µνH = H†G′µνG

′µνH, (x− y) = (H†
←→
D a

µH)DνG
′aµν .

(3.66)

where the result for (x+ y) comes from integration by parts:
DµH

†DνG
′µνH = −H†DµDνG

′µνH −H†DνG
′µνDµH and DµDνG

′µν = 1
2G
′
µνG

′µν .
Putting this together with the final trace we obtain the following dimension six operators:

Ô2h|dim.6 =− 2|y|2

16π2m2

{
D2H†D2H (−2) + ig

(
DµH

†σiDνH
)
Wµνi (−3)

+ ig′
(
DµH

†DνH
)
Bµν (−6Y ) + ig

(
H†σi

←→
DµH

)
DνW

iµν

(
−5

6

)
+ ig′

(
H†
←→
DµH

)
∂νB

µν

(
−5

3
Y

)
+ g2|H|2W iµνW i

µν

(
− 1

24

)
+ g′2|H|2BµνBµν

(
−1

6
Y 2

)
+ gg′(H†σiH)W i

µνB
µν

(
− 1

12
Y

)
+g2

s |H|2GµνaGaµν
(
− 1

36

)}
. (3.67)

The parameter Y is the new fermion hypercharge, Y = 7/6.
Three operators not belonging to SILH basis are left: |H|2WµνiW i

µν , H
†σiHW iµνBµν

and D2H†D2H. The first two can be converted using the identities

ig
2

(
H†σi

←→
DµH

)
DνW

iµν = ig
(
DµH

†σiDνH
)
Wµνi

+1
4

(
g2|H|2W iµνW i

µν + gg′
(
H†σiH

)
W i
µνB

µν
)

ig′

2

(
H†
←→
DµH

)
∂νB

µν = ig′
(
DµH

†DνH
)
Bµν

+1
4

(
g′2|H|2BµνBµν + gg′

(
H†σiH

)
W i
µνB

µν
) . (3.68)

7These can be derived using integration by parts and [Dµ, Dν ] = G′µν .
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The last one, instead, can be eliminated using the equations of motion of the Higgs field

D2H = µ2H − 2λH|H|2 + jH , jH = −d̄RydQL − l̄RylLl + Q̄mLjεijy
∗
u,nmuRn. (3.69)

However the substitution in D2H†D2H generates operators classified as non relevant in
section 2.3. This means that this term can be dropped. Also, the corrections to the
Higgs mass and to the quartic interaction λ can be reabsorbed in the definition of the
EFT parameters.

All in all, the final expression for the two Higgs operators in the SILH basis reads

Ô2h =

(
µ2 +

3

2π2
|y|2m2

)
H†H +

(
1 +

15|y|2

8π2

)
DµH

†DµH

+
|y|2

16π2m2

{
ig
(
H†σi

←→
DµH

)
DνW

iµν

(
11

6

)
+ ig′

(
H†
←→
DµH

)
∂νB

µν

(
11

3
Y − 1

6

)
+ ig

(
DµH

†σiDνH
)
Wµνi

(
35

6

)
+ ig′

(
DµH

†DνH
)
Bµν

(
35

3
Y +

1

6

)
+g′2|H|2BµνBµν

(
1

3

)(
Y 2 − Y

2
+

1

4

)
+ g2

s |H|2GµνaGaµν
(

1

18

)}
. (3.70)

3.2.4 Four Higgs

The last operators left to be derived are the ones involving four Higgs fields. These
come from diagrams like the ones in the figures 3.4, from which it is clear that there are
two kind of contributions. These contributions have coefficients proportional either to
y4 or to y2y2

u and must be summed: Ô4h = Ô4h,y4 + Ô4h,y2y2
u
.

h h

hh

uR

uR

Ψ Ψ

(a) Diagram involving only two exter-
nal Higgs.

h h

hh

uR

uR

Ψ uR

(b) Diagram involving two external
Higgs and one vector boson.

Figure 3.4: Example of diagrams contributing to the 4 Higgs operators.

The |y|4 operators are encoded in −i
(

log det B̃UV − log det B̃EFT

)
of (3.19). Indeed

the determinant expansion is identical to the Ô2h one (3.55), but this time the second
order must be considered:

Ô4h,y4 ⊂
i

2m2
tr
{

(i /D)−1ΩB(i /D)−1ΩB

}
d

⊂ i

2m2
tr

{
(i /D)−1

(
H†y

1

i /D −m
y†H

)
(i /D)−1

(
H†y

1

i /D −m
y†H

)}
d

. (3.71)
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Using the ”d” prescription (3.29) to remove the local counterparts and exploiting the
cyclicity of the trace the expression that must be evaluated becomes

Ô4h,y4 ⊂ 2 · i

2m2
tr

{
(i /D)−1

(
H†y

(i /D)2

i /D −m
y†H

)
(i /D)−1

(
H†y

1

i /D −m
y†H

)}
− i

2m4
tr

{
(i /D)−1

(
H†y

(i /D)2

i /D −m
y†H

)
(i /D)−1

(
H†y

(i /D)2

i /D −m
y†H

)}
.

≡ Ô4h,y4,a + Ô4h,y4,b (3.72)

Also in this case the calculations are fairly involved. Focusing on the first term, once we
apply the CDE we must compute

Ô4h,y4,a =
i

m2
tr

{
(i/∂ − /p)
(i∂ − p)2

(
H†y

(i /D − /p+m)(p2 − 2ipµDµ −D2 − U)

(iD − p)2 −m2
y†H

)

·
(i/∂ − /p)
(i∂ − p)2

(
H†y

(i /D − /p+m)

(iD − p)2 −m2
y†H

)}
(3.73)

where the property i /D(H†H) = i/∂(H†H) has been exploited.
We can already tell that no operators involving G′µν will appear: we start already with a
dimension four H4, so the field strength might appear only as Gαα = 0. This shortens the
computations since it means that the term U can be neglected in both the numerators
and the denominators.

From now on the calculations are identical to the two Higgs case, except this time
more combinations are possible since we have four denominators to be expanded and
many i /D, /p alternatives for the numerators can be picked. We can also keep both m in
the round brackets of (3.73), generating a ∝ m2 trace.
Anyway, the expansion of the denominators must be carried out only up to second order
to get dimension six operators. The generated terms will be of the kind H4 and DDH4,
i.e. all the possible permutations of two covariant derivatives applied to the four Higgs
field. The same reasoning applies for Ô4h,y4,b, whose calculation is a little bit longer since
we have another set of possible combinations from the CDE of (i /D)2 at the numerator.
All in all, the raw result obtained from evaluating (3.72) is

Ô4h,y4 =
|y|4

16π2
(4) tr(H†H)2 − |y|4

16π2m2
tr

{
H†D2HH†H

(
−1

3

)
+ H†DµHH

†DµH

(
25

6

)}
(3.74)

The operators appearing in (3.74) are to be manipulated a little bit. To move to
SILH basis, we first write the D2 operator using integration by parts

H†D2HH†H = −DµH
†DµHH†H −H†DµHD

µH†H −H†DµHH
†DµH (3.75)

The non-Hermitian piece HDHHDH is present since we used the Dirac Lagrangian
for the fermions; indeed we started from a non-Hermitian quantity (3.71). However it is
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known that the Dirac lagrangian can be rewritten as a symmetric lagrangian, up to total
derivatives. As a consequence, also the apparently problematic term must be written in
terms of total derivatives and therefore it can be neglected.
The operator H†DµHD

µH†H can be eliminated by making use of the following identity,
which be easily derived using integration by parts

4|H†DµH|2 =
(
∂µ|H|2

)2 − (H†←→DµH
)2
. (3.76)

Plugging this relation in the lagrangian (3.74) and performing the last trace what is left
is

Ô4h,y4 =
12|y|4

16π2
(H†H)2 − |y|4

16π2m2

{
DµH

†DµHH† (1)(
∂µ|H|2

)2(1

2

)
+
(
H†
←→
DµH

)2
(
−1

4

)}
. (3.77)

In this expression it is possible to recognize the c̄T , c̄H ’s operators of the SILH lagrangian.
The additional DµH

†DµHH†H is not independent and can be eliminated exploiting the
equations of motion for H, that provide

DµH
†DµHH†H =

(
1

2
∂2|H|2 − µ2|H|2 + 2λ|H|4 − 1

2
H†jH −

1

2
j†HH

)
|H|2. (3.78)

The first term contributes to c̄H and is therefore relevant. The other ones can be ne-
glected. Those proportional to jH have been argued to provide negligible constraints,
the µ2 enters in the redefinition of the quartic interaction in the EFT and finally H6

contributes to the coefficient c̄6. The experimental constraints on c̄6 are very weak since
it involves Higgs self-interactions, and for this reason we will ignore it. Finally, then, the
y4 lagrangian reads

Ô4h,y4 =− 3|y|4

4π2
(H†H)2 − |y|4

16π2m2

{(
∂µ|H†H|2

)2
(

1

4

)
+
(
H†
←→
DµH

)2
(
−1

4

)}
.

(3.79)

Now the only contribution left to be computed is the one from the diagram 3.4(b).
This term involves one Ψ and three uR propagators, therefore it is again encapsulated in

−i
(

log det B̃UV − log det B̃EFT

)
of (3.19). Indeed, the third order of the determinant

expansion contains exactly this term

Ô4h,y2y2
u
⊂ −i

(
log det B̃UV − log det B̃EFT

)
= −i log det

{
i /D
(
1 + (i /D)−1ΩB

)}
d

= i3m2tr

{
3 · 1

i /D

(
H†y

(i /D)2

i /D −m
y†H

)
1

i /D
yuH̃

† 1

i /D
y†uH̃

}
+ . . . (3.80)
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Applying the CDE this expression reads

Ô4h,y2y2
u
⊂ i

m2
y†yuy

†
uy

× tr

{
i/∂ − /p

(i∂ − p)2

(
H†

(i /D − /p+m)(p2 − 2ip ·D −D2)

(iD − p)2 −m2
H

)
i /D − /p

(iD − p)2
H†

i /D − /p
(iD − p)2

H

}
(3.81)

where it has been used H̃†H̃ = −HT εε(H†)T = H†H. The U terms have already been
dropped for the same reason as for the y4 case.

The calculations are very similar to the first case, except here no term involving m
at the numerator is present. The denominator must be expanded up to n = 2 , and the
the same kind of operators are generated. In the end, the raw result in MS scheme is

Ô4h,y2y2
u

=− y†yuy
†
uy

16π2
(4)tr(H†H)2 − y†yuy

†
uy

16π2m2
tr
{
DµH

†DµHH†H (−15)

+H†DµHH
†DµH(3) +H†DµHD

µH†H(−4)

+
(
∂µ|H|2

)
(−8)

}
. (3.82)

Now applying the identities (3.75), (3.76),(3.78) and tracing over the gauge group this
term reads

Ô4h,y2y2
u

=− 3y†yuy
†
uy

4π2
(H†H)2 − y†yuy

†
uy

16π2m2

{(
∂µ|H†H|2

)2
(

+
9

2

)
+
(
H†
←→
DµH

)2
(−9)

}
. (3.83)

At this point the two results (3.79), (3.83) can be put together, leading to the final
expression for the four Higgs operators lagrangian:

Ô4h = − 3

4π2

[
|y|4 + y†yuy

†
uy
]

(H†H)2

+
1

16π2m2

{
1

2

(
∂µ|H†H|2

)2
(
−1

2
|y|4 − 9y†yuy

†
uy

)
+

1

2

(
H†
←→
DµH

)2
(

1

2
|y|4 + 18y†yuy

†
uy

)}
. (3.84)

We conveniently summarize the coefficients obtained from the tree-level and 1-loop
computations in the tables 3.1, 3.2. The notation for the coefficients of the four fermions
operators is obvious and refers to (3.54). Note that these are not defined to be adimen-
sional, and the subscripts represent the flavor indices.
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Coefficient Value Coefficient Value

m2

v2 c̄Hu
yy†

2
m2

v2 c̄u −yy†

2

Table 3.1: Coefficients obtained at tree-level. The basis is the SILH one, (2.18).

Coefficient Value×16π2 Coefficient Value×16π2

m2

v2 c̄H −1
2 |y|

4 − 9y†yuy
†
uy

m2

v2 c̄T
1
2 |y|

4 + 18y†yuy
†
uy

m2

m2
W
c̄W

11
3 Y |y|

2 m2

m2
W
c̄B

(
22
3 Y −

1
3

)
|y|2

m2

m2
W
c̄HW

35
3 |y|

2 m2

m2
W
c̄HB

(
70
3 Y + 1

3

)
|y|2

m2

m2
W
c̄γ

(
Y 2

3 −
Y
6 + 1

12

)
|y|2 m2

m2
W
c̄g

1
18 |y|

2

m2

m2
W
c̄3W − 1

60
m2

m2
W
c̄3G − 1

90

m2

m2
W
c̄2W −1

5
m2

m2
W
c̄2B −4

5Y
2

m2

m2
W
c̄2G − 2

15

m2cuijkl −(yy†)ij(yy
†)kl + 3

2(yy†)ij(yuy
†
u)kl m2c

ud(1)
ijkl

3
2(yy†)ij(ydy

†
d)kl

m2c
Qu(1)
ijkl

3
2(yy†)ij(y

†
uyu)kl + 3

2(yy†)ij(y
†
dyd)kl

m2cLuijkl
3
2(yy†)ij(y

†
`y`)kl m2cu`ijkl

3
2(yy†)ij(y`y

†
`)kl

Table 3.2: Coefficients obtained at 1-loop. The basis is the SILH one, (2.18). The first two
blocks of the table comprehend operators that are part of LSILH , the third of LV and the fourth
of L4f .

3.3 Experimental bounds

In the previous section all the 1-loop operators classified in 2.3 as potentially relevant
have been derived, meaning we should be ready to compare the obtained results with
the constraints present in literature in order to get some new insights about the coupling
and the mass of the new fermion. However the coefficients have been found by matching
the UV theory and the EFT at the new scale µ = m, so one last step needs to be
done before performing that comparison. Indeed the constraints are obtained from low
energy observables (E ∼ mZ), so we should first translate the EFT to that energy scale.
This can be done thanks to the Renormalization Group Equation, which tells us how
the renormalized quantities vary with the renormalization scale µ. In particular we are
interested in seeing how the coefficients of dimension six operators change while moving
through the Renormalization Group flow, and so moving from a higher to a lower energy
scale. The effect of this scaling is not only a ”diagonal” change in the values of the
Wilson coefficients but also a mixing between different operators, generating non-trivial
combinations of the Ci’s and the appearance of new dimension six terms.
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In dimensional regularization the running is described by the equation

µ
∂

∂µ
Ci = γijCj , (3.85)

where γij is the anomalous dimension matrix. The computation of γij (a 59×59 matrix,
not counting flavor indices) is quite a hard task and has been entirely performed at
1-loop in the huge works [30], [31], [32] where the results are given in the Warsaw basis,
while only partially in the SILH basis in [33]
In the case of our interest, however, we don’t need to run all the coefficients. In fact the
operators obtained in this chapter come from a 1-loop computation, so evaluating the
running would mean going for a 2-loop result. What we should run, instead, are the two
operators obtained at tree-level 2.24 to get a consistent 1-loop analysis. Since this would
be a quite involved computation we are going to first see when actually it is the case to
perform the running, and then eventually evaluate it thanks to the equation (3.85).

The first bound we’re going to look for is on |y|/m, to see if there’s any improvement
with respect to the results that we obtained at tree-level (2.30). These kind of bounds
can be obtained from the two-Higgs terms (3.70) and from the four fermions ones.
Let’s focus on the first ones. The constraints on the coefficients of all these operators
can be found in the recent work [21], which uses electroweak precision data from LEP
together with data from LHC Run 1 & 2. The strongest bound is on the Higgs-gluon
operator |H|2GµνaGµνa, for which |c̄g| < 10−5.
This operator is present in both SILH and Warsaw basis, and the conversion from one
basis to the other leaves it untouched. Since also our tree level operators are present in
both the bases8 we can directly look at the RGE from the works [30]- [32], in which the
running for CHG (the equivalent of c̄g in Warsaw) does not involve ÔHu, Ôu

9.
This means that the running of that coefficient doesn’t need to be done at this order,

thus we can directly use the result from (3.70): |c̄g| = 1
18
|y|2
16π2

m2
W
m2 .

Comparing that with the constraint reported above we obtain

|y| < 2.1 ·
( m

TeV

)
. (3.86)

Although not very stringent, this is the best result we can get from the two Higgs opera-
tors computed at 1-loop. Since |y| =

√
|y1|2 + |y2|2 + |y3|2 a conservative bound for |y3|

can be obtained by using the limit y1, y2 → 0: |y3| < 2.1 ·
(

m
TeV

)
. This is comparable

with the bound coming from direct searches on |y3| (. 0.7). It is interesting that the
two result are very similar despite the completely different ways they have been obtained

8Clearly even if the operator is the same the coefficient would be different since in eliminating some
SILH operators (as ∂µB

µν) this term is generated. However this would induce a 2-loop RGE, and as
such can be neglected.

9We stick to the SILH notation for clarity, however the operator |H|2ūRH†QL is called OuH in that
paper.
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(high energy direct searches and low energy indirect measurements).

Now let’s move to the analysis of the four fermions operators (3.54).
The constraints on these terms will be read from the work [20], as for the tree-level
analysis. The most relevant bounds for the operators we have generated are

cu(1212) < (28, 0.83)× 10−8 TeV−2 c
Qu(1)
(1212) < (13, 0.4)× 10−8 TeV−2

Ôuijkl = (ūRγ
µuR)ij (ūRγµuR)kl Ô

Qu(1)
ijkl =

(
Q̄Lγ

µQL
)
ij

(ūRγµuR)kl . (3.87)

where the brackets distinguish between the real and the imaginary part of the coefficients,
and these values are valid only in the yu-diagonal basis.
These operators have a running that involves the tree-level ÔHu, Ôu, so in principle we
should compute the RGE for their coefficients. However the evolution can only add
contributions with the structures (yy†)ij(yuy

†
u)kl to Ôu and (y†dyd)ij(yy

†)kl to ÔQu(1),
since a ∼ y4 would be an higher-order result (diagrammatically we would need two tree
level operators attached in a loop, which means the coefficient would scale as m2

h/m
4).

Once we move to the yu-diagonal mass basis, as for the bounds given above, we have
that yu → ŷu and yd → ŷdVCKM and so the two structures change:

i) (yy†)ij(yuy
†
u)kl → (yy†)ij(ŷ

2
u)kl.

This is diagonal in the indices (kl), so it doesn’t contribute to cu(1212).

Therefore we don’t need to compute the RGE for Ôu, since (3.87) constraints only
the (yy†)ij(yy

†)kl piece of the Ôu coefficient obtained in the 1-loop computation
(3.54).
Following this reasoning, then, we can directly exploit the values (3.87) from which
we get:

Re
{

(y1y
∗
2)2
}
< 4.4× 10−5

( m

TeV

)2
→ |y1||y2|

√
| cos 2(φ1 − φ2)| < 6.6× 10−3

( m

TeV

)
Im
{

(y1y
∗
2)2
}
< 1.3× 10−6

( m

TeV

)2
→ |y1||y2|

√
| sin 2(φ1 − φ2)| < 1.1× 10−3

( m

TeV

)
.

(3.88)

ii) (y†dyd)ij(yy
†)kl → (V †CKM ŷ

2
dVCKM )ij(yy

†)kl.

This structure contributes to c
Qu(1)
(1212), so in this case the running should be com-

puted. However let’s see if that calculation is worth to be performed. If we
estimate the bound using only the 1-loop EFT result, we get

y1y
∗
2

16π2m2
(V †CKM ŷ

2
dVCKM )12 . 10−8 TeV−2

y1y
∗
2

16π2 (m/TeV)2

[
(1− λ2/2)λy2

d − λ(1− λ2/2)y2
s −A2λ5(1− ρ− iη)y2

b

]
. 10−8

→ y1y
∗
2

(m/TeV)2 · 10−9 . 10−8. (3.89)
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By exploiting the tree level bounds (2.32) this inequality reads 10−13 . 10−8,
by far satisfied and thus bringing no new informations. The contribution coming
from the RGE has the same structure multiplying a numerical factor of order one
(see [31]), therefore the computation of the running would not change what seen
qualitatively above and the calculation is not worth to be pursued.

All in all the constraints on the four fermions operators have brought the relations
(3.88). These are very interesting bounds: the quantity y2/m has never been directly
constrained, so this is a real new result. In addition that bound is quite strong and
justifies in a more quantitative way the common assumption y1 = y2 = 0 if added to the
one obtained at tree-level (2.32).

The four Higgs operators generated at 1-loop (3.83) have as coefficient a quantity
proportional to |y|4/m2 from which we can indirectly get the last, missing bound cited

above. We focus our attention on the operator
(
H†
←→
DµH

)2
for which the bound is the

strongest: c̄T < 1.3 × 10−3 [18]. Indeed the bound on c̄H can be read off for example
from [21], that gives just c̄H . 10−1.
The RGE of ÔT involves the tree-level operators (2.24), so this running needs to be
evaluated. The exact computation is an hard task, but we can guess what will be the
most relevant contribution. Indeed, similarly to the four fermions case, the possible
terms coming from the RGE must be of the form y2y2

SM/m
2, for which the strongest

one involves the top Yukawa coupling yt. The RGE for c̄T under these assumptions has
been calculated in [33], that keeping only the contribution from the terms present in our
tree-level lagrangian (c̄Hu) reads

16π2µ
∂

∂µ
c̄T = 4Ncy

2
t c̄Hu(33). (3.90)

We can solve this equation at first order using the tree-level values, ignoring the evolution
of c̄Hu that would lead to a 2-loops result. So, the coefficient at the scale mZ reads

c̄T (mZ) = c̄T (m)− 3y2
t |y3|2v2

16π2m2
log

(
m2

m2
Z

)
=

v2

16π2m2

(
|y|4

2
+

(
18− 3 log

(
m2

m2
Z

))
y2
t |y|2

)
(3.91)

Now we can finally compare this with the experimental bound. The slowly varying
logarithm can be approximated as log(m2/m2

Z) ≈ log 102 ≈ 5 since m is in the TeV
range. Thus, the approximated relation we get in the end is

|y|4

m2
+ 6

y2
t |y3|2

m2
< 4.1× 10−1 TeV−2. (3.92)

Now, we know that the bounds on |y1,2|(2)/m are much more tight than on |y3|/m
(see (2.30), (2.32), (3.88)). Then in the left hand side of the equation above we can
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approximate |y|4/m2 ' |y3|4/m2. In this way we see that the dominant term of (3.92)
is the one which receives corrections from the RGE, so neglecting the y4 and exploiting
yt ' 0.98 we get

|y3| < 2.5× 10−1 ·
( m

TeV

)
. (3.93)

This is a new and very interesting result, which improves the bound previously obtained
from c̄g (3.86) and from direct searches of one order of magnitude. Even if we haven’t
been able to obtain direct informations about |y3|2/m, the relation above indirectly pro-
vides the constraint |y3|2/m(TeV) < |y3|/m(TeV) < 2.5× 10−1 since now we known that
|y3|/m(TeV) must be smaller that unity while m(TeV) > 1.3 .

The only operators left to be discussed are the pure gauge ones, which don’t contain
any y and thus can provide a complementary, independent bound on m. In fact in our
basis it is evident that at 1-loop the RGE can’t include ÔHu, so we can directly look at
the coefficients of (3.40).

The major constraints on these operators come from electroweak precisions tests and
LEP2 data. Indeed gauge boson self energies are modified by these operators, so their
coefficients can be linked to the precision parameters. The relations ([18]) for Ô2W , Ô2B

are very simple

W = c̄2W , Y = c̄2B (3.94)

and for these parameters we can use the data from [24]: W < 1.2×10−3, Y < 2.5×10−3

(at 2σ). Plugging these in the relation above with c̄2W , c̄2B from the 1-loop computation
the strongest bound comes from O2B:

m > 2.0mW → m & 0.16 TeV. (3.95)

This is the best value for m that we can get from the EFT. The coefficients c̄3W , c̄3g

have similar constraints ([21]), but from the 1-loop calculation they get an additional
∼ 10−1 suppression factor which makes the corresponding bound weaker.

This result is extremely important: it exists even when the Yukawa interaction is
turned off, yi = 0, meaning this bound is always present and any mass greater than that
respects EWPT constraints. That being so, with the current experimental precision the
best bound on the mass of Ψ is still the one from direct searches (2.8).
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Conclusions

In this thesis we have derived the effective theory at 1-loop for a Standard Model
extension with a vector-like fermion (X,T ) and, thanks to the constraints coming from
low-energy experiments, we obtained some new bounds on the coupling constants of this
model.

The first part of the work has been devoted to a general analysis of the possible
fermionic SM extensions. Here we focused our attention on models with the presence
of an interaction involving the new fermion, a SM fermion and the Higgs doublet. We
saw that chiral extension are experimentally ruled out, exploring in detail the particular
case of a fourth generation of quarks and leptons. Then we moved toward vector-
like extensions, for which the new fermion can be of Majorana or Dirac type. The
introduction of Majorana fermions leads to the type-I and type-III see-saw mechanism,
which needs masses too big to produce relevant effects at the EW scale. Dirac fermions
are interesting possibilities predicted in many SM UV completions. We classified these
particles by looking at the allowed terms in the lagrangian having fixed their charges
under the SM gauge group, dividing them in the two categories of vector-like leptons and
vector-like quarks. VLL mainly have constraints coming from flavor mixing processes,
while VLQ have strong constraints also from LHC. For this reason we decided to focus
on the latter.

In the second part, then, we picked a picked the particular (X,T ) ∼ (3c,2W , 7/6Y )
VLQ and we studied this model in detail. The choice has been dictated from the fact
that the bounds on the up-quark sector are the weakest, together with the realization
that the number of parameters that this fermion introduces is minimal.
For this model we reviewed the constraints already present in literature, that bound
only the mixing with the u, c quarks, and the ones coming from high energy experiments,
which essentially set the mass to be m & 1.3 TeV. For this reason we decided to adopt an
effective field theory approach and look for bounds coming from low-energy experiments.
We introduced the concept of EFT, and we derived the tree-level effective theory for the
model of interest thanks to which we obtained the bounds (2.30), (2.32): |y1,2| < 4.4×
10−1 (m/ TeV), |y1y2|

√
| sin(2(φ1 − φ2))| < 5.2× 10−4. To go on further we needed the

EFT at 1-loop , so we decided what terms were worth to be derived using considerations
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from ~-counting, spurion analysis and the tree-level bounds, confronting the order-of-
magnitude estimate with the data present in literature. We saw that the most interesting
operators are the two Higgs, four Higgs, pure gauge and four fermions one.

Finally, the third part has been devoted to the 1-loop derivation and analysis of
the EFT. We introduced the formalism and the tools needed for this computation, and
subsequently applied them to the model of interest. In particular we adopted the func-
tional integral approach, exploiting the new Covariant Derivative Expansion technique
(explained in Appendix A). In this way all the operators marked as interesting in the
second chapter have been evaluated, and when possible we explicitly reported the vari-
ous steps of the calculation.
Once all these terms had been worked out, the last step to do before the comparison
with the experimental data was to evaluate the running of Wilson coefficients. This
has been done through the RGE where the entries of the anomalous dimension matrix
have been taken from literature. Fortunately we only had to compute the running of
ÔT , from which we obtained the relation (3.92). The known bounds on y1,2/m allowed
us to approximate that inequality, from which we got an interesting explicit bound on
the third component of the new coupling: |y3| < 2.5 × 10−1 · (m/TeV). From the four
fermions operators we have derived the relations (3.88), which give a bound on y2

1,2/m.
Putting the tree-level and 1-loop results together, the common (qualitative) assumption
y1,2 ' 0 is now quantified by the ratio (y1,2/m(TeV)) . 10−2 coming from the analysis
above.
The pure gauge operators did not improve the bound on m from high energy experi-
ments, giving however the universal result m & 160 GeV.

In summary, thanks to EFT approach we’ve been able to study the space of param-
eters of the (X,T ) model in detail. We determined what are the possible values that
yi can take, and the result that we found is quite astonishing: a coloured particle that
induces flavor violation at tree level is allowed already in the TeV range with Yukawa
couplings of the same order as the Standard Model ones. Models with such properties
are usually strongly forbidden at that energy scale. This means that new physics with
quite big couplings could be just around the corner.
The EFT we obtained can be used as a reference for future studies, either to improve the
actual bounds with data coming from the next generation of high energy colliders and
precision tests or to describe the new particle low-energy interactions in case someday
it will actually be found. An interesting extension of this work would be to derive also

Lcc,Ldipole at 1-loop and compute the RGE to bring all the terms of L(1)
EFT matched at

µ = m to the scale of interest for the experiments.
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Appendix A

Covariant Derivative Expansion

The Covariant Derivative Expansion is a very powerful technique that allows the
computation of functional traces in a gauge invariant way. This method has been fully
developed in the work [29] as an upgrade of the more traditional Partial Derivative
Expansion, for which the covariant derivatives must explicitly be opened and carefully
resummed after the trace evaluation. The CDE method allows to keep Dµ intact, mak-
ing the calculations faster and greatly reducing the probabilities of making mistakes in
the resummation process.
In this appendix we will show what is a functional trace and what are the basis of the
CDE.

Given a a generic functional f(x̂, p̂) the evaluation of its trace begins by formally
writing it in the momentum operator basis: 〈p′| f(x̂, p̂) |p′〉. The trace, then, is simply
given by the sum of the diagonal matrix elements (p = p′), that for the continuous case
is given by

trf(x̂, p̂) =

∫
d4p 〈p| f(x̂, p̂) |p〉 . (A.1)

For the PDE method one should simply stop there and use p̂ |p〉 = p |p〉. However this
would require to split the covariant derivative Dµ = i∂µ− ig∗Vµ, and then to recombine
the various vector fields in a gauge invariant expression after the p integral has been
computed. This is an annoying and definitely not straightforward process which can be
avoided thanks to the CDE.
Indeed, let’s insert a complete set of eigenstates of the position operator

trf(x̂, p̂) =

∫
d4xd4p 〈p|x〉 〈x| f(x̂, p̂) |p〉∫

d4xd4p eipxf(x, i∂x)e−ipx. (A.2)

Then using the BCH formula for the momentum operator

eipxi∂xe
−ipx = i∂x + p (A.3)
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and flipping the sign of p in the integral, the trace reads

trf(x̂, p̂) =

∫
d4xd4p f(x, i∂x − p). (A.4)

Since Dµ = i∂µ − ig∗Vµ the shift is the same also for the covariant derivative: iDµ →
iDµ − p. In this way the functional can be expanded in term of Dµ, keeping its gauge
invariant structure.
The term ”expansion” has been used because usually the covariant derivatives are present
at the denominators, coming either from the perturbative computation of A−1, B−1 or
from the non local form of LUV .

To see explicitly how CDE works, let’s consider a typical case:

f(x̂, p̂) = L(x)
1

−D2 −m2 − U(x)
R(x) (A.5)

where L(x), R(x), U(x) do not contain any covariant derivative and m is a real number.
Applying the formalism developed above, its trace is given by

trf(x̂, p̂) =

∫
d4xd4pL(x)

1

(iD − p)2 −m2 − U(x)
R(x)

=

∫
d4xd4pL(x)

1

p2 −m2 − (2ip ·D +D2 + U(x))
R(x)

=

∫
d4xd4pL(x)

1

p2 −m2

∞∑
n=0

[
1

p2 −m2

(
2ip ·D +D2 + U(x)

)]n
R(x) (A.6)

where the expression (p2 −m2)−1 has been factorized and the geometric series
∑

p x
p =

(1− x)−1 has been exploited.
From now on the procedure is mechanical: one just need to perform all the inte-
grals till the desired order n = n∗. Note that for n > 1 some care is needed if
[Dµ, U(x)], [m,U(x)] 6= 0 since the various terms would not commute.

To conclude with the explanation of the CDE technique, let’s explicitly compute
(A.6) till n = 2:

• n=0: this term has no derivatives acting on R(x). Performing the momentum
integral in dimensional regularization, this order gives∫

d4xL(x)R(x)

∫
d4p

1

p2 −m2

=

∫
d4x

i

16π2
m2

[
1 +

1

ε
+ log

(
µ2

m2

)
− γ + log 4π

]
L(x)R(x); (A.7)
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• n=1: here ip ·D does not contribute since
∫
dp pµ/(p2 −m2)m = 0, so we have∫

d4x

∫
d4pL(x)

D2 + U(x)

(p2 −m2)2
R(x)

=

∫
d4x

i

16π2

[
1 +

1

ε
+ log

(
µ2

m2

)
− γ + log 4π

] (
L(x)D2R(x) + L(x)U(x)R(x)

)
;

(A.8)

• n=2: this calculation is less trivial; besides, operators of different dimension will
be generated. In a real case one would keep only the operators up to a fixed
dimension, however let’s pedagogically keep all the terms:∫

d4x

∫
d4pL(x)

(D2 + 2ipµDµ + U(x))(D2 + 2ipνDν + U(x))

(p2 −m2)3
R(x)

=

∫
d4x

[∫
d4p

1

(p2 −m2)3

(
L(x)D4R(x) + L(x)D2U(x)R(x)

+2L(x)U(x)D2R(x) + L(x)U(x)2R(x)
)

+

∫
d4pL(x)

pµpν

(p2 −m2)3
DµDνR(x)

]
=

∫
d4x

{
i

16π2

(
− 1

2m2

)[
L(x)D4R(x) + L(x)D2U(x)R(x)

+ 2 L(x)U(x)D2R(x) + L(x)U2(x)R(x)
]

+
i

4 · 16π2

(
1

ε
+ log

(
µ2

m2

)
− γ + log 4π

)
L(x)D2R(x)

}
. (A.9)

In the end one should sum the result of the various orders, keeping only the desired
operators. Some care is needed in considering till what order the denominator needs
to be expanded: in the example above, dimension four operators are generated in both
n = 1 and n = 2. If we wanted to keep only these kind of terms, stopping at n = 1
would have meant to lose some contributions.

One final note: in this example it has been assumed that there were no internal
indices to trace on. In a more general case the trace over these degrees of freedom must
be performed together with the functional one.
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