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Introduction

The Yang—Baxter equation is an important equation coming from statistical
mechanics, first appearing in the works of C.N. Yang [37] and R. Baxter [5].
A solution of the Yang-Baxter equation is a pair (V, R) with V a vector
space and R a linear map R: V®V — V ® V such that

(R®id)(id ® R)(R® id) = (id ® R)(R ® id)(id ® R).

In 1992 Drinfeld [I6] remarked that was possible to study solutions of the
Yang-Baxter equation studying a set-theoretical solutions, i.e. solutions on
a basis of V. So a set-theoretical solution of the Yang-Baxter equation is a
pair (X,7), where X is a set and r: X x X — X x X is a map such that
(rxid)(id x r)(r x id) = (id x r)(r x id)(id x r). Recently, subclasses of this
type of solutions has receveid a lot of attention, not only for the applications
of the Yang-Baxter equation in Physics, but also for its connection with
other topics of recent interest in mathematics, like bijective 1-cocycles [17],
knot theory, braid group, radical rings [32], regular subgroups of Hopf-Galois
extensions [15] 19], and others.

If we write the map r by its components, i.e. r(z,y) = (f2(v), gy(x)),
we say that r is non-degenerate if f., g, are bijective maps. Initially, non-
degenerate solutions were studying under the additional property of invo-
lutivity, that is adding the request that 72 = id, for example by Etingof,
Schedler and Soloviev in [I7] and Gateva-Ivanova and Van den Bergh in
[21]. After that, Soloviev [36] and Lu, Yan and Xhu [27], understood that,
by removing the request for involution, with the same techniques it was
possible to obtain results completely similar to those already reached.

In 2007, Rump [32] introduced a new algebraic structure, braces, that

helps to study involutive non-degenerate solutions of the Yang-Baxter equa-



tion. A brace A is an abelian group (A4,+) with a further multiplica-
tion (a,b) +— ab such that A turns out to be a group with respect to
aob:=ab+a+b. Rump proved that involutive non-degenerate solutions of
the Yang-Baxter equation correspond exactly to braces. However, braces do
not cover the results of Soloviev, and Lu, Yan, and Zhu for the non-involutive
case. In 2017 Guarnieri and Vendramin [22] generalised the notion of braces,
obtaining a one-to-one correspondence between this new algebraic structure
and bijective non-degenerate solutions of the Yang-Baxter equation. They
introduced what it is called a left skew brace. A skew brace is a triple (A, *, o)
where (A, *) and (A, 0) are groups and ao (b*c) = (aob) xa™ ' * (aoc) for
every a,b,c € A. The simplest examples of left skew braces are:

(1) For any associative ring (R, +,-), the Jacobson radical (J(R),+,o0),
where o is the operation on J(R) defined by x oy = zy + x + y for every
z,y € J(R).

(2) For any group (G, *), the left skew braces (G, *,*) and (G, *, *°P).

In the thesis, we will be concern with the study of the algebraic structure
of skew braces and their connection to the study of set-theoretical solutions

of the Yang-Baxter equation.

In Chapter 1, we define what a left skew braces is, we describe its sub-
structures (subbraces), ideals, and morphisms, and we describe their major
properties. In Chapter 2 and 3 we study the category SKB of left skew
braces. In particular, we consider the Huq commutator and Smith com-
mutators of two ideals. These are two concepts borned respectivitely in
Category Theory and Universal Algebra, and then extended in a number of
directions. After giving the definition of the Huq commutator and Smith
commutator for two ideals of a skew brace, we describe a set of generetors
for them. Then we prove that they coincide. The condition "Hugq=Smith”
allows us to have a "nice” product between ideals. In this way the lattice
of ideals of a skew brace becomes a multiplicative lattice in the sense of
[18] and hence the notion of prime ideal, semiprime ideal, Zariski spectrum,
nilpotency, solvability, centralizer, center, etc., have a natural meaning. The
results of Chapter 3 are based on a paper written with D. Bourn and A. Fac-

chini 7] that has been submitted for pubblication. In Chapter 4 we give

vi



an explicit description of the free skew brace over a set. Finally, in Chap-
ter 5, we conclude with studying the Yang-Baxter equation and some other

structures related to its solutions.
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Chapter 1

Skew Braces

A left skew brace is an algebraic structure introducted by L. Guarnieri and
Vendramin [22] in 2017. In this chapter we describe the main properties
of left skew braces. Guarnieri and Vendramin defined a left skew brace to

generalise the notion of left brace given by W. Rump [32].

1.1 Basic Definitions

Definition 1.1. A left brace is an additive abelian group (A4, +) with a

further multiplication such that

(B1) a(b+ c¢) = ab+ be for every a,b,c € A
(B2) (A,o) is a group

where a o b:=ab+ a + b.

This is not the original definition of left brace given by W. Rump [32]
in 2007. For Rump a left brace is an abelian group (A, +) with a further
multiplication (a,b) — ab, such that for all a,b,c € A

(R1) a(b+c) =ab+ ac
(R2) (ab+ a+b)c = a(bc)+ ac+ be
(R3) the map x + az + x is a bijection.

Of course the two definitions are equivalent as the following proposition

shows.



1.1. Basic Definitions

Proposition 1.2. Let (A,+) be an abelian group with a further multiplica-
tion (a,b) — ab. Then (B1) — (B2) hold if and only if (R1) — (R3) hold.

Proof. First observe that the associativity of o is equivalent to (R2):
ao(boc)=(aob)oc
)
alb+c+bc)+a+ (b+c+bc)=
)

a(bc) + ac+be = (a + b+ ab)c.

(a+b+ab)c+ (a+b+ab)+c

Now assume that (B1) — (B2) hold. Notice that the map x — az + x can
be rewritten as x — —a + a o x. Fix an element a € A, call a’ the inverse
of a with respect to the operation o. Consider y another element of A and

define z := (y + a) oa’. Then
ao(a'o(y+a))—a=y,

that is the map is surjective and clearly it is also injective, since
GOT—a=a0Y—a <> ao0Tr=aoy < T =y.

Conversely, assume that (A, +) is an abelian group satisfying the properties
(R1) — (R3). We want to prove that (A, o) is a group, with aob = ab+a+b.
We noticed at the beginning of th proof that o is associative if (R2) holds.
Observe that by (R1) we have

ab = a(b+ 0) = ab+ a0,
hence a0 = 0. Moreover, with a = b = 0 in (R2), we obtain
0c = 0(0c) + 0c 4+ 0c = 0 = 0(0c) + Oc,
and by (R3) we have Oc = 0. Thus
ao0=a0+a+0=a

Ooa=0a+0+a=a,

namely 0 is also the neutral element of (A4, o). Moreover let a’ be the inverse

image of —a via the map z — ax + x, hence
aod =ad +a+d =—-a+a=0,

2



1.1. Basic Definitions

i.e. a’ is a right inverse of a. Hence
/
aoa oa=00a=ao0,

which gives a’ o a = 0. This completes the proof.

Notice that a(—b) = —ab, indeed
a(—b) +ab=a(—b+b) = a0 = 0.
In 2017 L. Vendramin and L. Guarnieri [22] generalised the notion of
braces to that of skew braces.

Definition 1.3. A left skew brace is a triple (A, *, o), where (A, ) and (A, o)

are groups (not necessarily abelian) such that
ao(bsxc)=(aob)xatx(aoc), (1.1)

for every a,b,c € A. A right skew brace is defined similarly, replacing (|1.1))
by

(bxc)oa=(boa)*a 'x(coa).

A skew left brace also satisfying the condition of a right brace is called a

two-sided skew brace.

We indicate with a !, @’ the inverses of a respectively to the x operation
and the o operation.
Observe that a brace is an example of skew brace. Indeed, if A is a brace,

by definition (A, +) and (A4, o) are groups. Moreover
ao(b+c)=alb+c)+a+(b+c)=ab+ac+a+b+c
and
aob—a+aoc=(ab+a+b)—a+ (ac+a+c)=ab+ac+a+b+ec.

Hence (/1.1)) holds.

We are going to present some general results about skew braces. Most

of them appears in the original article of L. Vendramin and L. Guarnieri

(22]).



1.1. Basic Definitions

Lemma 1.4 ([22]). Let A be a left skew brace. Then the following hold:
1. a0y = Lias:
2. a0(btxc)=ax(aob) tx(aoc).
3. ao(bxc )= (aob)x(aoc) ! xa.
Proof. The first claim comes from with ¢ = 14,
aob=ao (bx14,))=(aob) sa 1% (ao Lias)

hence a = a o 1(4,). By unicity of the identity element, the first claim
follows. To prove the second claim, let d = b * c. Then (|1.1)) becomes

aod=(aob)xatx(ao(d!*d)),
hence ao(b~'*d) = ax(aob) ' x(aod). The last claim is proved similarly. [

From now on, we indicate with 1 the neutral element of both the groups
(A,0) and (A, *).
Ezxamples 1.5. 1. For any group (G, ), (G,*,*) and (G, , *°P) are two-

sided skew braces. If (G, *) is abelian, they coincide.

2. For any associative ring (R, +,-), the Jacobson radical (J(R),o,+) is
a brace, with x oy = 2y + x + y for every z,y € J(R).

3. Consider Z/nZ = (g) the cyclic group of n elements. Define the sec-
ond operation as follows: g% % ¢g° := g(*l)b‘”b, for any a,b € N. Then
(Z/nZ,*, %) is a skew two-sided brace, where x is the natural multipli-

cation of Z/nZ.

Proposition 1.6 ([22]). Let A be a skew brace. Then A : (A, o) — Aut(A, x),
given by X : a + Ay, where A\o(b) = a= % (aob), is a well defined group

homomorphism.

Proof. 1. Ag is an automorphism of (A,x*) for every a € A.
Let b,c € A. By (1.1) we have:

Aa(bxc) =atx(ao(bxc)) =a tx(aob)xatx(aoc) = A (D) * Aa(c),

4



1.1. Basic Definitions

S0 Aq is a group homomorphism. Moreover
Aa(b) = Aa(¢) <= aob=aoc < b=c,
then )\, is injective and if b is any element of A, then
b= X(a o(axb)),
S0 A\g € Aut(A4, *).

2. A is an homomorphism of groups.

We have to prove that

Aaob () = Aa(Np()),
for all a,b,x € A. By definition of A,, for the left hand side we have
Aaoh = (a0 b) ™ ((a 0 b) 0 x);
on the other hand the right hand side equals
AWt x(boc))=atx(ao (bl (box)))
=a 'x(aob ) xax(aoboux).
Now, by ([L.1), ao (bxb™') = (aob) xa™! * (aob™'), hence
Ma(btx(boc)=(aob) tx(ao(bsxb ) xatx(aobox)
=(aob)Lx(aobox).

By the associativity of o, we conclude.

O]

Remark 1.7. Notice that, A\, = id4 if and only if for every z € A, a™! * (a o
x) =z if and only if a o x = a * x for every z € A.. Hence the kernel of X is

the normal subgroup of (A, o)
{a€Alaxx=aoxforall x € A}.

Lemma 1.8. Let A be a left skew brace. Then the map p: (A,0) — Aut(A, *)
given by p: a > pg, where py(b) = a’ o (a *b) is a well-defined group anti-
homomorphism. Moreover p, and A\, are mutually inverse automorphism of

(A, *).



1.1. Basic Definitions

Proof. Notice that p,(b) = a’o(axb) = (a’oa)*(a’)"1*(a’0b) = Ay (b), hence
pa is an automorphism of (A, *) for every a € A and pajoa; = Aajoas)y =
AayAaf = PazPay, for every ai,as € A, i.e. pis group anti-homomorphism.

Moreover p and A are clearly mutually inverse. ]
Remark 1.9. It follows that
aob=axX(b), axb=aol\;1(b)

Lemma 1.10 ([26]). Let (A, x) be a group and X : (A, x) — Aut(A,x*), a —
Ao be a map such that
)‘a*Aa(b) = AaAp, (12)

for every a,b € A. Then A with aob = ax* A\ () is a left skew brace.

Proof. First of all notice that, with a =b=1in , we get \; = id. This
implies that aol = ax\4(1) = a*x1 = a and 1loa = 1x\;(a) = 1*¥a = a. Hence
1 is the neutral element also for (A4,0). Moreover, consider b = A\;!(a™!) in
becomes AgAy~1(,-1y = id. Then the inverse with respect to (A, o) of

an element a is @’ := A\, (a™!), indeed
ao X e =ax O a ) =axa =1

and

Ata™ea= 27 am) ¥ Ay (@) = (O (@) T x AT Ha) = 1.
We check now the associativity of ” o”. For every a,b,c € A we have

ao(boc)=axA(bxN(c)) =axA(b) x \gAp(c),
and on the other hand
(aob)oc=axNa(b)* Agur,(b)(c) = a* Aa(b) x AaAp(c).

Finally we check the skew brace condition:

ao(bxc)=axA(bxc)=ax(b)Aa(c) = (aob)xa™t x(aoc),
where the last equality was obtained multiplying by a * a~". O

6



1.2. Subbraces and Ideals

1.2 Subbraces and Ideals

Definition 1.11. Let (A, %,0) be a left skew brace. Consider X a subset of
A. We say that

1. X is a subbrace of A if it is a subgroup of (A4,0) and (A4, ). We will
write X < A;

2. X is an ideal of A if it is a normal subgroup of both (A4, o) and (A, *)
such that ax [ = ao [ for every a € A. We will write I < A.

Remark 1.12. Notice that a normal subgroup I of (A,0) and (A,x*) is an
ideal of a left skew brace (A, x,0) if and only if A\,(I) C I. Indeed if I is

L% 41 % a for some

an ideal then A\, (i) = a™ ' x (aoi) = a ' * (a*ig) = a”
i0,71 € I. But since I is normal in (A, %), we have that \,(i) € I for every
ac A.

Conversely, let a € A and i € I. Then there exists ig € I such that

Ma(i) = a1 % (a0i) =i, hence aoi = a * ig.

Proposition 1.13. There is a one-to-one correspondence between the set of
all ideals of a left skew brace A and congruences on A, that is the equivalence
relations ~ on Asuch that a ~ b,c ~ d implies axc~bxd and aoc ~ cod,

for every a,b,c,d € A.

Proof. Let ~ be a congruences of A. Define I = [1].. By the reflexivity
of ~, 1 € I. Moreover let a,b € I, then a ~ 1, and b ~ 1, thus 1 ~ b, so
a ~ b and, since b’ ~ b we have, aob/ ~ bol/ = 1. Moreover if z ~ 1
and a is any element of A, then a ~ a and a’ ~ a’ then by compatibility

Lyozxa~alxlxa =1 for

adoroa~ aoloa = 1. Similarly, a”
every a € A,z € I. So it remains to check that A\,(z) € I for every
ac€ Az el Wehavethat a ! ~a Y a~axz~1 thenaox~aol=a
and a=! % (aox) ~ a~! xa = 1. Therefore, I is an ideal of A.

Conversely, let I be any ideal and define a relation on A as follows,
x~yy & voy €l,
for all x,y € A. It is an equivalence relation:

Reflexivity. xox' =1 € I



1.2. Subbraces and Ideals

Symmetry. xoy € I = (zoy') =yoa' e€1;
Transitivity. xoy € [,yoz € I = (zoy')o(yo)=x02 €.

Let us check the compatibility with the operations. If a ~; b and ¢ ~y d,
then aob’ € I,cod € I. But then bo (cod') ol € I because I is a normal
subgroup of (4, o), hence aoco(bod)’ = aocod ol = (aob')o(bocod ob') € I,
that is a o ¢ ~7 bod. Moreover, since a ol = a * I, for every a € A and
since I is a normal subgroup of (A,#), we have that = ~; y if and only if
xxy~ ' € I. Therefore a ~yband ¢~y dimply axb™' € [ and cxd™ ' €1,
hence we can conclude that a * ¢ (b d)~! € I with similar argument used
for the compatibility with o.

Finally, for every ideal I, we have that I = [1].,, since
M., ={acAla~1l}={acAlacl}=1,

and for every equivalence relation ~ compatible with the operation, the

equivalence relation ~;j_ coincide with ~, since, for every z,y € A,
zpLyezoy elllveroy ~ler~y.
O

By definition of ideal, the quotient groups A/I for both operations are
the same, then A/ is a skew brace, with the natural operations.

Let A be a left skew brace, B a subbrace and I an ideal. Denote with
B« I theset {bxi|be Bie€ I} and with BoI the set {boi|be Bi e I}.

Lemma 1.14. Given a left skew brace A, consider B a subbrace and I an
ideal. We have:

(1) the sets Bx I and B oI coincide;

(2) Bx1 = Bol is a subbrace of A;

(3) if B=J is an ideal of A, then J I = J ol is an ideal of A.

Proof. Let B be a subbrace of A and I an ideal of A.

1. Observe that B+ I = Jycgb* I and Bol = J,cgbol. Since I is an
ideal, bx I = bo I, hence

Bxl= Ub*]z UboI:BoI.
beB beB



1.2. Subbraces and Ideals

2. Trivial, since (B * I,%) is a subgroup of (A,*) and (B o I,0) is a
subgroup of (A, o).

3. Suppose B = J is an ideal of A. Clearly, (J*1, %) is a normal subgroup
of (A,*) and (J o I,0) is a normal subgroup of (4, o). Moreover, let
a € A. We have
ao(JxI)=ao(Jol)= U(aoj)oI: U(a*)\a(j))ol
jeJ jeJ
= U(a*)\a(j)*[) =ax*(Ix*J).
Jje€J

Hence JxI =1I%xJ=10oJ=Jolis an ideal of A.

O]

From now on, we indicate with BI the subbrace B x I = B o I. Observe
that B C BI and I C BI.

Proposition 1.15. (1) Let { By }acs be a family of subbraces of a skew brace
A. Then (\,eg Ba is again a subbrace.
(2) Let {In}aes be a family of ideals of a skew brace A. Then [ cg la

18 again an ideal.

Proof. (1) B, is a subgroup of (A,0) and of (A,*), hence [,cg Ba is a
subgroup of both (A, o) and (A, ).

(2) I, is a normal subgroup of (A,0) and of (A,x*), hence (N ,cg o is
a normal subgroup of both (A,0) and (A,*). Moreover, let z € (), cg La

then x € I, implies that \,(x) € I,, for all a € A and for all & € S, hence
() € Npes La- O

Definition 1.16. (1) The subbrace (X )q, generated by X is the interesection
of all the subbraces that contain X, i.e.
(X)gp = ﬂ B.
B<A
BCX
(2) The ideal (X)ia generated by X is the interesection of all the ideals that

contain X, i.e.

(X)ia:=[ T
144
X



1.2. Subbraces and Ideals

Proposition 1.17. Let A be a left skew brace, B a subbrace of A and I an
ideal of A. Then BI = (B, I)gp.

Proof. (B, I)g, is a subbrace that contains B and I hence contains all the
products b ¢ with b € B and i € I. Therefore, BI C (B, I)g,. Conversely,
by Lemma BI is subbrace of A that contains B and I, hence (B, I)g, C
BI, hence the thesis. O

Definition 1.18. An ideal I of a skew brace A is said to be a principal ideal
if I = ({z})iq, with z € A. We indicate it as (z).

Proposition 1.19. Let A be a left skew brace and {I}aca a chain of ideals

of A. Then |J,cg Lo is an ideal of A.

Proof. Let us prove that (|J,cg la;*) is a normal subgroup of (A, *). First
notice that 1 € J,cg
then there exist o, 3 € S such that z € I, and y € Ig. Since {Iy}aca is

I,, since it belongs to every I,. Now let z,y € |J,eg la;

linearly ordered, without loss of generality suppose I, C Ig. Hence x xy~le
acs la and a € A. Then
there exists & € S such that z € I, but then axzxa"t € I, C UaES 1.
This proves that (|J
be proven that (|J,cg la:©) is a normal subgroup of (4,0).

Finally, let € [Jueg
a € S. Since I, is an ideal, A\,(z) € I, and hence belongs to |J,cg Io. This

Ig, but then zxy~! € J,cg Ia- Moreover, let z € |J

acs las ) is a normal subgroup of (A, *).Similarly it can

I, and a € A. We have that z € I, for some

concludes the proof. O

The Center of a Left Skew Brace

Define the center Z(A) of a left skew brace A as follow
Z(A):={a€Alaxx=x%a,a0x=x0a,a0x =axxzx, forallze A}.
In literature the center is often called the socle.

Proposition 1.20. Let A be a left skew brace. Z(A) is an ideal of A.
Moreover Z(A) = Z(A,x) N Z(A,o) NKer .

10



1.3. Skew Braces and G-groups

Proof. Notice that the condition a o x = a * x for every = € A is equivalent
to saying that A\, = id( ) for every a € Z(A). Moreover a’ = a~! for every
a€c Z(A).

Let us prove that Z(A) is a subgroup of (A,0). Clearly 1 € Z(A). Let
a,be Z(A), then aod/ € Z(A). Indeed

Aaot! = Aady = Ao\, T = id.
Moreover for every x € A we have that:
(aob)ox=ao(box)=(box)oa= (rob)oa=zo0(boa)=zo0(aob),

(aob)xx=(axb)xx=ax(bsxx)=ax*x(x*xb)=(r*xb)xa=zx*(aob),
dox=(x'oa) =(aca’) =xo0a,
-1

dxr=alsxz=( xa)t=(axz ) T =zxat=2xd.

Z(A) is a subgroup also of (A, ), because in Z(A) the two operations co-
incide. Clearly Z(A) is a normal subgroup of (A,0) and (A,x), because
t'oaox=a=ax"'xaxz for every a € Z(A) and x € A.

We conclude observing that A\, (Z(A)) = Z(A) for every x € A, therefore
Z(A) is an ideal of A. O

Remark 1.21. If A is a left brace in the classic sense as in Definition (1.1

then the center of A is

Z(A)={a€ A | ab=ba=0for allb € A}.

1.3 Skew Braces and G-groups

Let us recall the definition and some properties of G-groups.

Definition 1.22. For any two groups G and H we say that H is a left
G-group if there is a group homomorphism « : G — Aut(H).

Equivalently, a G-group is a group H endowed with a mapping G x H —
H, (g,h) — gh, called left scalar multiplication, such that

(i) g(hh') = (gh)(gh"),

11



1.3. Skew Braces and G-groups

(ii) (99')h = g(g'h),
(iii) 1¢h = h,

for every g,¢' € G and every h,h/ € H.

Hence for any skew brace (A, *,0), we have that (A, %) is an (A, o)-group
with respect to the group homomorphism A descriped in Proposition |1.6
Conversely, suppose that a set A has two group structures (A, o) and (A4, %)
and that (A, %) is an (4, o)-group with respect to the group homomorphism
A (A,0) — Aut(A,*), defined by X : a — Ay, where A\,(b) = a=! x (aob).
Then, since ), is an automorphism, A, (b * ¢) = (D) * A\o(c), i.e. a1 (ao
(bxc)) = a tx(aob)xa"1x(aoc), from which ao(bxc) = (aob)*xa 1 (aoc).
Hence skew braces are exactly those particular G-groups (H, \) for which
G = H as sets, and ) is defined by Ay (b) = a=! % (a o).

The semidirect product corresponding to such (A, o)- group (A4, ) is the
group P := (A, x) X (A,0), i.e. the cartesian product P := A x A with the

group operation defined as

(al,ag)(bl, bQ) = (a1 * a2_1 * (CLQ e} bl),ag o bg). (1.3)

Conversely, given two groups (A4, o) and (A, *) on the same set A such that
P := A x A with the operation as in ([1.3]) is a group, then (A, *,0) is a left

skew brace.

Proposition 1.23. Let A be a left skew brace. Then Z(A)x Z(A) C Z(P).
Proof. The center of the group P = (A, x) x (A, o) is the set
{(a,0) € P | (a,b)(z,y) = (z,y)(a,b) for all (z,y) € P},

namely

{(a,0) | (ax Mp(2),b0y) = (zx Ay(a),y o b)}.
Let (a,b) € Z(A) x Z(A), then a* (M\py(x)) =a*z =z *xa = x * \y(a) and
boy =yob, that is (a,b) € Z(P) as we wanted to prove. O

Proposition 1.24. A subset X of a brace A is a subbrace of A if and only
if X x X is a subgroup of P.

12
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Proof. Let X be a subbrace. Consider (z1,z2), (y1,y2) € X X X, then

(x1,22)(y1,y2) = (71 * a;2_1 x (rgoyy),za0y2) € X x X

since X is a subgroup of (A,0) and (A, ).

Conversely, let us suppose that X x X is a subgroup of P, then for every
z,y € X, (L,z)(1,y) = (l,zoy) € X x X implies that x oy € X and, on
the other hand, (z,1)(y,1) = (x xy,1) € X x X implies that x xy € X.

O

1.4 Morphisms

Definition 1.25. Let A, B be two left skew braces and f: A — B a map-

ping. We say that f is a skew brace morphism if:
L flzxy) = f(z) = f(y)
2. f(xoy) = f(z)o f(y),

for every z,y € A.

We denote by Ker f the subset {a € A | f(a) = 1} and by Im f the
subset {b€ B|3Jae€ Ast. b= f(a)}.

Proposition 1.26. Let f: A — B be a skew brace morphism, then
1. Im f is a subbrace of B;
2. Ker f is an ideal of A;
3. every ideal is the kernel of a skew brace morphism.

Proof. 1. Let b1, b2 be two element of Im f. Then there exist aj,a2 € A
such that by = f(ay), ba = f(ag2). Hence

b * bfl = f(ag) * f(al)_1 = f(aq *afl),

and
by o by = f(az) o f(a1)" = f(ag 0 ay),

SO bg*bl_l,bgobll € Im f.

13
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2. Let x,y € Ker f and a € A. Then

flxoy) = flx)o fly) =1,

and

hence Ker f is a normal subgroup of (A, o). Similarly Ker f is a normal
subgroup of (A,x*). Moreover, if a € A and z € Ker f, f(A(x)) =
fla) ™ x flaox) = fla)™t * f(a) = 1, i.e. A\y(x) € Ker f for every
a € A and every x € Ker f.

3. It sufficies to consider the projection A — A/I, that maps a into aoI.
Then, by construction, the kernel is I.
O

Proposition 1.27. A skew braces morphism f: A — B is injective if and
only if Ker f = 1.

Proof. Assume f injective. If € Ker f, then f(a) =1 = f(1), hence a = 1.
Conversely, let 2,y € A such that f(x) = f(y). Then f(z xy~!) = 1, that
iszxy teKerf=1sox*xy ' =1. O
1.5 Isomorphism Theorems
As we can expect, the classical isomorphism theorems also hold for braces.
Theorem 1.28. Let f : A — B be a skew brace morphism. Then
A/Ker f =2 Im f. (1.4)
Proof. Call K the kernel of f. Our aim is to construct an isomorphism
¢:A/K — Im f.

Let z € A/K be a coset, and define ¢(z) = f(z).
We claim that ¢ is a well defined map. Indeed, let y € A be another

14
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representative of Z, namely x * y~! € K, which means that f(z*y~!) = 1.

But then
$(@) x 9(7) ' = fl@)x fly) ' = flaxy ) =1
Moreover ¢ is a skew brace morphism, since, for every z,y € A we have
° O(T) xd(y) = fz) x f(y) = flz*xy) = ¢(T*Y) = o(T *y);
° ¢(T)od(y) = flz)o fly) = flzoy) =¢(Toy) = (T oy).
It remains to prove that ¢ is bijective.

e Injectivity.
Suppose ¢(a) = 1. Then, by definition, f(a) = 1. This means that
ae K,thusa=ax K = K.

e Surjectivity
Let b € Im f. Then, since there exist a € A s.t. b= f(a), b = ¢(a).

O]

Theorem 1.29. Let A be a left skew brace. For every subbrace B of A and
every ideal I of A, we have that

BI/I= B/BnI. (1.5)

Proof. Define a skew brace morphism 7 : B — BI/I, by w(b) = bx I. For
every elements b € Bi € I, we have (b*1i)* [ =bx*I = mw(b), therefore 7 is
surjective. Moreover, Ker r ={be B |bxI =1} ={be B|bel}=BnNI.
Hence, by Theorem B/BNnI<=BI/I. O

Theorem 1.30. Let I,J be ideals of a skew brace A such that I C J. Then
(A/D)/(J/I)= A/ J. (1.6)

Proof. Define a function
¢: A/l — AlJ,

by ¢plaxI)=axJ.
Let us check that it is well defined. If ax I = bl € A/I, then ax b~ € I
and as I C J, we have that axb™ ' € J,soa*xI =bx1.

15
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Clearly, ¢ is a surjective skew brace morphism. Now an element axI € A/I
belongs to the kernel of ¢ if and only if axJ = J if and only if @ € J. Then
Ker ¢ = J/I.

Hence, by the First Isomorphism Theorem, we have

(A/1)/(J)T) = A/ J.

16



Chapter 2
Category of Left Skew Braces

We will denoted by SKB the category of all left skew braces.
We will show some basic properties of SKB, for example that is equiva-
lent to the categor of bijective 1-cocycles. Moreover we will study the Huq

Commutator and Smith Commutator in SKB.

2.1 Digroups

In Section [1.3] we proved that left skew braces are particular groups, in the
sense that there is a faithful functor SKB — Grp, A — P = (A, %) x (A, o),
f — f x f, because every skew brace morphism f: A — A’ induces a
corresponding group morphism f x f: P =Ax A - P' = A x A, (f x
f)a;b) = (f(a), f(b)).

Recall that in a skew brace the units of the two groups coincide. So, SKB
appears as a fully faithful subcategory SKB — Digp of the category Digp
of digroups, where a digroup is a triple (G,*,0) of a set G endowed with
two group structures with same unit. This notion was introduced in [10] by
D. Bourn. There are two forgetful functors U; : DiGp — Grp, i € {0,1},
associating respectively the first and the second group structures. They
both reflect isomorphisms. Since Uy is left exact and reflects isomorphisms,
it naturally allows the lifting of the semiabelian aspects of the category
Grp of groups to the category DiGp. In turn, the left exact fully faithful
embedding SKB < DiGp makes SKB a semiabelian category. The notion of

17
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semiabelian category was introducted in [24] and it is beyond our discussion,
but in a semi-abelian category the notions of Huq Commutator and Smith
Commutator simplify. The notion of semiabelian category arised to capture
typical algebraic properties valid for groups, rings and algebras, say, just
as abelian categories allow for a generalized treatment of abelian-group and

module theory.

2.2 Abelian Objects

Recall [20] that an object C' of a semi-abelian category C is abelian when the
identity of C' commutes with itself, or, equivalently, when C' can be provided
with the structure of an abelian group, that is, there exists a morphism
m: C x C'— C in C such that mo (id¢,0) = mo (0,id¢) = ide.

Lemma 2.1. A left skew brace (A, x,0) is an abelian object in the semi-
abelian category SKB if and only if the two multiplications o and * coincide

and are commutative.

Proof. If o and * coincide and are commutative, then clearly the morphism
m: Ax A — A in SKB defined by m(a,b) = a*b is such that mo (id4,0) =
mo (0,idy) = id 4.

Conversely suppose that (A, *,0) is a left skew brace and that there is a
morphism m: Ax A — A is such that mo (id4,0) = mo(0,id4) = id4. Ap-
plying the faithful functor SKB — Grp, A — P = (A, *) x (A,0), f — fx [,
we get a morphism m’: P x P — P in Grp such that m’ o (idp,0) =
m’ o (0,idp) = idp. The unique group morphism with this property is
the multiplication m’: P x P — P. But if the multiplication is a group mor-
phism, the group is necessarily abelian. Hence P is an abelian group. Since
the two groups (A, o) and (A, x*) are canonically isomorphic to subgroups
of P, it follows that both (A,o) and (A, *) are abelian groups. Moreover,
if a,b € A, the equality (a,a) - (b,1) = (b,1) - (a,a) in P and give
axalx(aob)=bx1"1x(loa),soaob=">bxa=ax*b. Thus o and x

coincide. O

18



2.3. Kernel, Cokernel and Product

2.3 Kernel, Cokernel and Product

SKB has a zero object that is the trivial brace with only the identity.
In Chapter (I, we have defined the kernel of a morphism as the set of
elements that are mapped in the identity. Consider a morphism of left skew

brace f: A - B, K := Ker f the kernel of f, and i: K — A the natural

inclusion.
Proposition 2.2. (K1) is the kernel of f in the category SKB.

Proof. Clearly, fi = 0. So let € € Homskg(H, A) be such that fe = 0. We
need to define ao: H — K such that the diagram

K%A%B

commutes. Set a(h) := e(h) for every h € H. Then « is well defined and

ai = €. Moreover, by construction, « is unique. O
Proposition 2.3. Let f: A — B be a skew brace morphism, Then f is a
monomorphism if and only if it is injective.

Proof. Suppose that f is a monomorphism. Consider the following diagram

Kerf::;;AL>B

Then fi = f0 = 0 implies ¢ = 0. But this implies that Ker f = 1, so f is

injective. Conversely, if f is injective, then f is clearly a monomorphism. [J

Let f: A — B be a left skew brace morphism. Denote by C' the ideal
(f(A)) of B generated by f(A) and let p: B — B/C be the projection.

Proposition 2.4. (B/C,p) is the cokernel of f.

Proof. Claerly pf(a) = f(a) o C = C. Moreover let (D,q), q: Y — D be
such that ¢f = 0. We want to define ¢: Y/C — D such that the following

diagram commutes:



2.4. n-cocycles and Skew Braces

So set G(bo C) := q(b). It is a well defined morphism because, if by contra-
diction there exist b1,ba € B such that by o C = by o C and q(b1) # q(b2),
then b; o b, € C'\ Kerq. Recall that Kerq is an ideal of B, moreover, since
qf =0, Kerq O Im f and so that C C Ker ¢ and this is a contradiction. [J

Let A, B be two left skew braces. The product of A and B is the carte-
sian product with operations defined componentwise, i.e. it is the carte-
sian product (A x B, x,0) with (a1,b1) * (a2,b2) = (a1 * b1, a2 * be) and
(a1,b1) o (az,b2) = (a1 0 b1, ag 0 be). Clealy, A x B is a skew brace.

Proposition 2.5. Let A and B be two skew braces. Then A x B satisfy the
universal product, namely for every two skew brace morphism f: C — A,
g: C — B, there exist a unique p: C — A x B such that the following

diagram commutes
AXx B

A ® B

T

C

Proof. The claim follows setting ¢(c) := (f(c), g(c)). O

2.4 n-cocycles and Skew Braces

Let us recall some basic definitions on group cohomology. Let G be a group.
It is well known that the category of G-groups H with H abelian is isomor-
phic to the category Z[G] — Mod of left Z|G]—modules.

If (G,-) is a group and (H, +) is an abelian G-group, denote with g.h the
action of g on h, namely g.h = a(g)(h), where a: G — Aut(H) is the group
homomorphism that makes H a G-group. For every n > 0, let C"(G, H)
the abelian group of all functions from G™ to H. Its element are called
n-cochains. Since G° = {1}, we have that C°(G, H) = H. Consider the

co-boundary homeomorphisms
. oG, H) — "G, H)
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2.4. n-cocycles and Skew Braces

defined as follows

(@) (g1 gnt1) = g1.0(g2 -+ gns1) — ©(G192, * * Gny1)+
+ (91,9293 Gnr1) — -+ (=1 (g1, - gn).

We have that d"t! o d® = 0, so this defines a cochain complex whose co-
homology can be computed. It can be shown that the above-mentioned

definition of group-cohomology in terms of derived functors is isomorphic to
H"(G,H) = 2"(G,H)/B"(G, H),

where Z™(G, H) is the kernel Ker (d"!) of d"*1 and B"(G,H) is 0 if n = 0
and is the image Im(d") of d" if n > 1. The elements of Z"(G,H) are
called n-cocycles and the elements of B™(G, H) are called n-coboundaries.

In particular, a n-cocycle is a map ¢: G — H such that

n+1

n
g10(g2- - gni1)+Y_(=1)'0(g1 - gi1gis1 -+ gnp1)+(=1)"o(gr - gn) =0
=1

If H is not abelian and n > 1, the sum above is not well-defined, hence
this description does not work for the cohomology of the non-abelian case.

However, it is possible to compute the zero and first comohology for a
non-abelian group. Let H be a not-necessarily abelian G-group with a: G —
Aut(H). Now for H we use the multiplicative notation. We can defined both
HY(G,H) and HY(G, H). Indeed, we have H*(G,H) = {a € A | ay4(a) =
afor allg € G} and H'(G, H) is the defined as the set of 1-cocycles modulo

an equivalence relation. So let us define what a 1-cocycle is.

Definition 2.6. A 1-cocycle is a map 7: G — H such that, for every z,y €
G

m(zy) = (@) (7(y))- (2.1)

Let us introduce an equivalence relation between two 1-cocycles w,0: G —
H. We say that m ~ 0 if there is an element h € H such that for every z € G
we have 0(x) = h='n(z)az(h). Clearly, ~ is an equivalence relation. There-
fore, H'(G,H) = Ker d?/ ~, where d*: C(G,H) — C?*(G, H) is defined
for every m € C1(G, H) as follows: d?(7)(zy) = m(xy) " 'n(x)a.(r(y)), with
z,y € G.
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2.4. n-cocycles and Skew Braces

A morphism between two 1-cocycles 7: G — H and 7’: G’ — H' is a
pair (f,g) where f: G — G" and g: H — H' are two group morphisms such
that the following diagram

G—L—>sH

A

G —— H'

commutes and f(az(h)) = a}(x) (g(h)), for every x € G, h € H.
Moreover, we say that 7: G — H is a bijective 1-cocycle, if 7 is a bijection
of sets and we denote with € the full subcategory of bijective 1-cocycles with

objects m: G — H.

Lemma 2.7 ([3]). Let H be a G-group, with a: G — Aut(H) the corre-

sponding homomorphism. Let m: G — H be a 1-cocycle. Then
1. n(1) = 1.
2. m(g7Y) = a; Y (n(g))"t for all g € G.

g

8. If g € G can be written as g = g7 - -- g;" where each ¢; € {+1,—1},

then
T(9) = ag, (m(91))" -y ((g2))? - - - gy (7(gk)) -
where x; = gi* -+ g ifei=1orm; =g --- g if & = —1.

Proof. 1. We have that n(z) = 7(1z) = 7(1)ay(7(z)) = w(1)7(x), hence
(1) = 1.

2. Tt follows directly from 1 = w(g~1g) = m(g7!) - ag_l(ﬂ(g)).

3. This is just a recursive application of the 1-cocycle condition where we
apply part 2. if ¢, = —1.
O

Proposition 2.8 ([3]). There is a one-to-one correspondence between left

skew braces and bijective 1-cocycles.

Proof. Assume that we have a (G, o)-group (H,-) with the action of G on
H given by a: G — Aut(H) and a bijective 1-cocycle m: G — H. Define an
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operation on G as follow: z %y := 7~ (n(2)m(y)), where 7! is the inverse
of m. It is clear that (G, *) is a group and that 1(g ) = 1(g,0). Let us check

the skew brace condition. Notice that

gom t(h) ="} (n(g)ag(h)), (2.2)

for every g € G and every h € H, indeed, by the 1-cocycle condition, we
have:

nH(n(g)ag(h)) =7~ (m(gon ™ (h)) = gon ().
Moreover, by Lemma 1 =7(1) = 7(g*g ') = 7(g)m(g~'), hence

1

m(g™!) = w(g9)~!, where g~! is the inverse of g by *. Then, for every

a,b,c € G, we obtain

ao(bxc)=aor (n(b)r(c) E 77 (r(a)aa(r(b)7(c)))

Hence the skew brace condition holds.
Conversely, if (A, , o) is a left skew brace, consider the action \: (4,0) —
Aut(A, ) as in Lemma Then the map id: (B,o) — (B, *) is a bijective

1-cocycle since a o b = a x \y(b). This concludes the proof. O

Indeed, this correspondence is an equivalence of categories. We want to
construct two functors

SKB # ¢

Define ®(A,*,0) := (ida: (A,0) — (A,*)), where (A,o0) acts on (A4, *)
trough )\, then id4 is a bijective 1-cocycle by the previous Proposition.
Given f € Homskg (A, B), we set ®(f) := (f, f). The following diagram

(A,0) —45 (A, %)

| |7

(37 o) W (A7 *)
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is commutative and f(Ag, (a2)) = f(a;* * (a1 0 ag)) = f(a1)™" * (f(a1) o
f(a2)) = Ap(a,)(f(a2)), for every ay,as € A. Clearly ® preserves the identi-
ties and is compatible with compositions, hence it is a functor.

Conversely, let 7: (G,0) — (H,-) be a bijective 1-cocycle, with « the action
of G on H. We saw in the previous Proposition that G is a skew brace with
the ” *” operation given by z*y = 7~ !(7(x)7(y)). Then set ¥(r) := (G, *,0)
and if (f,g) € Homg(my,m2), with m;: G; — H;, set ¥(f,g) := f. Clearly
for every x,y € G1, f(xoy) = f(x) o f(y) since f is a group morphism and
we have that ma(f(zxy)) = g(mi(z+y)) = g(mi(z)mi(y)) = g(mi(2))g(m(y))

and mo(f(z) * f(y)) = ma(f(2))m(f(y)) = g(m(x))g(mi(y)), then by the
injectivity of mo, f is a morphism of skew braces. Therefore also ¥ is a

functor.
Proposition 2.9. SKB and € are two equivalent categories.

Proof. We have just constructed the functors ®, ¥. It remains to construct
two natural isomorphisms 77: ®¥ — ide and £: VP — idskp.

For every 7 € €, define 1, as (idg,m). It turns out to be an isomorphism
in € and moreover 7 is a natural trasformation, because, given (f,g) €
Homg (71, m2), with m;: G; — H;, by definition we have that ®U(m) = idg,
and ®U(f,g) = (f, f) and the commutativity of the following diagram

) (idg,,m1)
dg, —— m

(faf)l lf

idq, — T
G2 (idg, m2) 2

follows from (fag)(idGuﬂ-l) = (fa gﬂ-l) = (fv 772f) = (idG2a772)(fa f)
Finally, for &, it is enough to consider, for every A € SKB, the identity on

A to get a natural isomorphism from ®V to idskg. O
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Chapter 3

Commutators

Commutators are a prominant object of study in Categorical Algebra and
Universal Algebra. In this chapter, we study the Huq commutator and the
Smith commutor. We will show that they coincide for skew braces.

Let us recall some notions from Universal Algebra.

Definition 3.1. For A a nonempty set and n a nonnegative integer we define
Ap = {0}, and, for n > 0, A, is the set of n-tuples of elements from A. An
n-ary operation on A is any function f from A, to A; n is the arity of f. A
finitary operation is an n-ary operation, for some n. The image of (ay, ..., a,)
under an n-ary operation f is denoted by f(ay,...,a,). An operation f on A
is called a nullary operation if its arity is zero; it is completely determined by
the image f(0) in A of the only element () in Ay, and as such it is convenient
to identify it with the element f(()). Thus a nullary operation is thought of
as an element of A. An operation f on A is unary, binary, or ternary if its

arity is 1,2, or 3, respectively.

Definition 3.2. A language of algebras is a set F of function symbols such
that a nonnegative integer n is assigned to each member f of F. This integer

is called the arity of f, and f is said to be an n-ary function symbol.

Definition 3.3. If F is a language of algebras then an algebra A of type F
is an ordered pair (A, F) where A is a nonempty set and F' is a family of
finitary operations on A indexed by the language F such that corresponding

to each n-ary function symbol f in F there is an n-ary operation f* on A.
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Given a class of algebraic structures of the same signature, we can define
the notions of homomorphism, subalgebra, and product. G. Birkhoff proved
that a class of algebraic structures of the same signature is a variety if and
only if it is closed under the taking of homomorphic images, subalgebras
and arbitrary products.

A left skew brace is an algebra (A, *,0,71 /1), where * and o are binary,
—1/ are unary and 1 is nullary, satysfing the following conditions:
(SB1): (A, *,71) is a group;

(SB2): (A,0,) is a group;
(SB3): ao (b*c)~ (aob)xal*(aoc).

Clearly, the class of all left skew braces is a variety.

Let A be an algebra. A binary relation on A is a subset r of A%, If

(a,b) € r, we write arb.

Definition 3.4. Given an algebra A, a binary relation r on A is an equiv-

alence relation if, for any a, b, ¢ from A, it satisfies:

1. ara;
2. arb implies bra;
3. arb and brc imply arc.

Definition 3.5. Let A be an algebra of type F and let § an equivalence
relation on A. Then 6 is a congruence on A if 6 satisfies the following
compatibility property:

For each n-ary function symbol f € F and elements a;, b; € A, if a;0b; holds
for 1 < i < n then fA(ay,...,a,)0 (b1, ..., b,) holds.

Given an algebra A, and a pair of conguences «, 8 of A, the composition

of @ and f is the subset of A x A defined as follows
aof:={(a,b)e AxA|Jce A:(a,c) € a,(cb) € p}

We say that o and 8 permute if « o 8 = S o «a. An algebra A is called
congruence permutable when each pair congruences of A permute. A variety
of algebras V is referred to as congruence permutable when every algebra in

V is congruence permutable.
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In [28] it is proven that the following conditions are equivalent for a
variety of algebras V:
(a) V is congruence-permutable.
(b) There is a Mal’tsev term p,
where a Mal’tsev term is a function p: X x X x X — X such that p(z,z, z) ~
z and p(z, z, 2) = x, for every z,z € X.

Congruence-permutable varieties are called Mal’tsev varieties. Any va-
riety that contains a group operation is congruence-permutable, and the

1

Mal’tsev term is xy ™ z. Hence the variety of left skew braces is a Mal'tsev

variety.

3.1 Huq Commutator and Smith Commutator

What we call the Huq commutator is a category-theoretic concept intro-
duced by Huq [23]. In the case of a semi-abelian variety )V of universal
algebras it can be defined as follows. Given X in V and normal subalgebras
A and B of X, the Huq commutator [A, B]y is the smallest normal subal-
gebra C' of X such that the canonical homomorphism AIl B — X/C factors
through the canonical homomorphism AIl B — A x B, where A1l B is the
coproduct of A and B. Hence the existence of such factorization means that
the canonical homomorphism A x B — X/C is well defined.

The Smith commutator is a concept originally introduced by Smith [34]
for congruences in a Mal’tsev variety. Together with its various generaliza-
tions, this notion is well known not only in universal algebra but also in
category theory. For an algebra X in a Mal'tsev variety with Mal’tsev term
p(z,y, z) and two congruences « and  on X, the commutator [«, 5]g is the

smallest congruence # on X for which the function

p:{(z,y,2) | (z,9) € a, (y,2) € B} = X/0

sending (z,y, z) to the f-class of p(x,y, z) is an homomorphism. When X
belongs to a semi-abelian variety V), it is well known that there is a one-to-
one correspondence between the normal subalgebras and the congruences
on X. From a superficial glance, this may suggest that the congruence

approach should give the same results everywhere as the ideal (normal sub-
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3.1. Huq Commutator and Smith Commutator

algebra) approach, that is, for normal subalgebras A and B of X and their
corresponding congruences « and 5 on X, the congruence corresponding to
[A, B]g coincides with the Smith commutator [a, 8]g. Well-known examples
are the varieties of groups, Lie algebras, associative algebras and non-unital
rings. However, this is not the case in general, indeed there are some exam-
ples of varieties such that the two commutators do not coincide, for example

digroups, near-ring ([25]) and loops (][29]).

Definition 3.6. Let A be a left skew brace and I and J be two ideals of A.
The Huq Commutator [, J]g of I and J is the smallest ideal K of A such

that the canonical homomorphism p: I x J — A/K, u(i,j) =i j* K is
well-defined.

Proposition 3.7. ([7]) If I and J are two ideals of a left skew brace (A, *,0),
their Huq commutator [I, J] g is the ideal of A generated by the union of the

following three sets:
1. the set {i'oj'oiojliel, jeJ};
2. theset {i txj txixjlicl, je€J};
3. the set {i™txjtx(joi)|iel, j€J}.

Proof. Assume that the mapping p: I x J — A/K, u(i,j) =i+ j* K is a

skew brace morphism for some ideal K of A. Then

(10§)0 K = (io K)o (joK) = (i+K)o(j+K)=
= M(lvl) O/,L(l,j) :M(<Z7 1) ° (17.7)) :M(Z7]> - /,L((l,]) © (Z7 1)) -
=u((1,j)ou(i,1))=(j*K)o(ix K)=(joK)o(ioK)=(joi)o K.

This proves that the set (1) is contained in K.

Similarly,

(i%7)* K = (ix K)x(j*K)=p(i,1)*p(1,7) = p((4,1) * (1,5) = pi, j) =
= pu((1,5) % (4,1)) = p((1,5) * p(i, 1)) = (F* K) + (i K) = (§ * i) * K.

This proves that the set (2) is contained in K.
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3.1. Huq Commutator and Smith Commutator

Also,

(ioj)*K = (iof)o K = (ioK)o(joK)=(ixK)o(j*K)=
Yo u(1,5) = u((3,1) o (1,9)) = (i, ) = p((i, 1) * (1,5)) =
) (L) = (i% K) % (j x K) = (i % ) * K.

7’7 i

p(i, 1
(i, 1

This proves that the set (3) is also contained in K.
Conversely, let K be the ideal of A generated by the union of the three
sets. It is then very easy to check that the mapping pu: I x J — A/K,

u(i,j) =i*j* K is a skew brace morphism. O

Definition 3.8. The Smith Commutator [/, J]s of I and J is the smallest
ideal C of A for which the function

p:{(z,y,2) |zxy telTandyx2z"teJ} = A/C

1

defined by p(z,y,z) = x *xy 'z * C is a well-defined homomorphism.

Proposition 3.9. If I and J are two ideals of a left skew brace (A, *,0),
their Smith commutator [I,J]|g is the ideal of A generated by the union of

the following four sets:
1. the set {i ™' xj 1 xixjlicl, jeJ};
2. the set {((i*xx)oj)*(ix(xzoj))t|iel,jeJxecA};
3. the set {((jxx)oi)xax txjtxax(voi)t|icl,jeJaxecA};

4. the set {((ixj*x)oy)o((j*xx)oy) tx(zoy)*((i*xz)oy) t]|ic
I.jeJx,yc A}.

Proof. We must determine when p is a left skew brace morphism, that is,
preserves * and o. It preserves * if and only if [I, J](4.) C [I, J]s, that is, if

1

and only if all elements of the form i % j*i ! %j~! withi € I and j € J are

in [I, J]g. Moreover, p preserves o if and only if [/, J]s contains all elements

of the form
(xoa)x(yob) 1 x(zoc)x((xxy txz)o(axbtxe)) ™!, (3.1)
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3.1. Huq Commutator and Smith Commutator

1

with z *y~! and ax b~ ' in I, and y * 2~ ! and b ¢~ in J. Let 14,7, jo

denote z xy~!,a*x b~ ',y x 27! and b* ¢!, respectively. Then (3.1 can be

rewritten as
((ixj*2)o(ig*joxc))*((j*z)o(joxc)) tx(zoc)* ((ixz)o(ig*c)) ™t (3.2)

Applying (L.1)), we get

1

((ixjx2)oig)*(ixj*2) Lx((ixjx2)ojo)*(i*xjx2)"tx

(
((ixjx2)oc)* (((j*2)0go)*(j*2)" *((j*2)0c) x
s(z0c) % (((i % 2) oig) * (i % 2) L (i % 2) 0 ¢))~! =

1 .1 1

itk ((ixj*2)ogo) k2 b xi b xi Ttk
-1

=((i*j*2z)odg)*z x5~

w((ixj*2)0c)((j*2)0c)™ *(j*2)*((j*z) o jo)
x(zoc)* ((ix2)oe)) tx(i*xz)x((i*2z)oidg) L.

*

(3.3)

Now it suffices to show that given a congruence ~ on A with i % j ~ j x4
for all i € I and j € J, all elements in the three sets (2), (3) and (4) in the
statement of the Proposition are congruent to 1 if and only if all elements
of the form in are congruent to 1.

“If”: Notice that if
-ig=j=c=1, becomes ((i % 2) o jo) * (2 0 jo) ™! * i, hence (2);
-i=jo=c=1, becomes ((j * z) 0ig) * 271 % 571 % 2 % (2 0 4p), hence
(3);
-9 = jo =1, becomes ((i*j*z)*c)*((jxz)oc) L x(zoc)*((ixz)oc)™L,
hence (4).

“Only if”: Suppose that all elements in the three sets (2), (3) and (4) in
the statement of the Proposition are congruent to 1, and suppose we have

an element

1 1 —1, ,—1

xi L s ((ixjx2)ogo) vzt lailx
1

((i%j%2)oig)* 2z xj~
w((ixjxz)oc)* ((jx2)oc)™ x(jxz)*((j*2)o0j0)”
Vs (ix2) % ((i % 2) 0dg) ™

*

x(zoc)x((ixz)oc)”

(3.4)
of the form (3.3))).

Let us prove that (zoc) * ((i * z) o ¢)~! belongs to I. This is equivalent

to proving that zoco ((i * z) o ¢) belongs to I. But zoco ((ix2)oc) =
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3.1. Huq Commutator and Smith Commutator

zococ o(ixz)' = zo(ixz)', and this belongs to I if and only if zx(i%z) ™! = i~!

belong to I, which is trivially true.

Let us prove that (jz) % ((j* 2) 0j0) ! belongs to J. This is equivalent
to proving that (j*2)o((j*z)ojo) belongs to I. But (jxz)o((j*z)ojo) =
(j % 2) 0 jj o (j*z), which belongs to J because jo € J and J is a normal
subgroup of (A, o).

Now elements of I and elements of J commute modulo ~, so that the

element (3.4) is
~((xjxz)odo)xz™hnj i ha ((Pxjxz) o) w27l wjmwi e
(i jx2)oc)x((j2)00) # (z00) % ((i+2) 0 )

#(G % 2) % (% 2)0jo) L (i 2) % ((i % 2) 0odg)~L.

*

In this formula, the second line is an element in the set (4) of the state-

ment of the proposition, so that the element (3.4) is

1 1 =1, ;-1

xi bk ((ixjxz)ojo)xz t s txilx

#(%2) % ((%2)0jo) L (i 2) % ((i*2) odg)~ L.

~((ixj*2z)oig)x2z L xj™

Let us prove that (i * z) * ((i * 2) 0ig) ~! belongs to I. This is equivalent
to proving that (i 2)o ((i*2)oip) belongs to I. But (ix2)o((ix2)o0ig) =
(i % z) o i o (i % z)’, which belongs to I because ig € I and I is a normal

subgroup of (A, o).

1

Let us prove that ((i * j * 2) 0 jo) * 2= 1 % j~! % i~! belongs to J. Its

1 and this belongs to J if and only if

inverse is i j « z % ((i % j % 2) 0 jo)~
ixjxzo((ixjxz)ojo) = (ixj*z)ojlo(i*j=*z), and this belongs to .J
because J is a normal subgroup of (A, o).

Similarly ((j * 2) 0 jo) * 27! % j ! belongs to J. (Simply take i = 1 in the
previous paragraph.)

Thus the element (i z) * ((i % 2) 0ig) ~! of I and the element ((i* j*z)o

1 1

Go) ¥zt w7 x ik (% 2) 0 jg) x 271 571 of J commute modulo ~, and

we get that the element (3.4)) is
~((ixjxz)odg)x 2z ki b xiTlx (i%2) % ((i % 2)0dg)”

x(ixj*z)ojo)* 2 L xj b xi lx(jx2)
z
(

2

((j*(ix2))odg)*z b xi~txj™
x(ix (jx2))ojo)*x(G*2)txitx(j*z
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3.2. Hug=Smith

In this formula, the third line is an element in the set (3) of the statement
of the proposition. Looking at the elements in the set (2) of the statement,
we get that the element is ~ix((jx2))ojo)*(jxz)txitx(jxz)x*
((j*2)0jo)~t. Set t:=j*z, getting i* (tojo)xt 1 xi " txtx(tojo)~t. Now
t* (tojo)~lisin J, because toJ = J xt, so tojg=j *t for some j; € J,
so (tojo) *t~! = ji, hence t * (t o jo) ™' = j;* € J. Therefore t * (t o jo) !
and i~! commute modulo ~, so that the element (3.4)) is ~ 1, as we wanted

to prove. O

3.2 Huq=Smith

Theorem 3.10. Let A be a left skew braces, I,J two ideals of A. Then
[IvJ]H = [LJ]S

Proof. 1t suffices to prove that if [I,J]g = 0, then [I,J]s = 0. Hence,
suppose we have a left skew brace (A, %, o) for which ixj = jxi, ioj = joi and
ioj =ix*jforallic Iandalljc J. Consider the “corestriction” \|’ of the
group morphism A: (4,0) — Aut(A, %) defined by A|/: (A,0) — Aut(J, %),
MNJ(j) =at*(aoj)fora€ Aand j € J. Then the condition ioj =ixj
for all i € I and all j € J can be re-written as I C ker A|7.

In order to prove the theorem, it suffices to prove that the mapping
p: {(a,b,¢) | a,b,c € A, a =b (mod I), b =c (mod J)} — A defined by
p(a,b,c) = a*b~! xcis a left skew brace morphism. This is equivalent to
proving that a * b~! x ¢ = a o b o ¢ for every a,b,c € A with a = b (mod I)
and b = ¢ (mod J). equivalently, write a in the form a =i % b and ¢ in the
form bo j. Then [I,J]g is zero if and only if i % (bo j) = (i xb) o j for all
be A ic I, je J. Multiplying by (i * b)~! on the left, one finds that
i*(boj)= (i*b)oj can be rewritten as \y(j) = A\ip(4), that is, A\|” maps
the elements b and i * b to the same element of Aut(J). In other words, A
is constant on the cosets I xb =1 ob of any b € A. That is, I is contained
in the kernel of \|”: (A4,0) — Aut(J, %), which we know to hold as we have

seen in the previous paragraph. ]
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3.3. The Lattice of Ideals of a Left Skew Brace

3.3 The Lattice of Ideals of a Left Skew Brace

Now that we have a good notion of commutator, we can consider the lattice
Z(A) of ideals of a left skew brace A. Clearly, IANJ =1NJ and IV J =
IJ. It is a complete multiplicative lattice in the sense of [18], indeed the
”commutator operation” [—, —]: Z(A) x Z(A) — Z(A) is such that [I,J] C
INJ. Moreover, the following proposition shows that Z(A) is a commutative

lattice.

Proposition 3.11. For every pair of ideals I and J of a left skew brace A,
[, J] = [J.1].

Proof. 1t sufficies to prove the statement for a set of generators of [I,.J]. It
is well known that [I, J](a,0) = [/, I](a,0) and that [I, J](a4) = [J, [](a)- By
Proposition [3.7] it remains to prove that if i*j = ioj, i*j = j*i, i0j = joi
for every i € I,j € J, then jxi = joi for every i € I,j € J. But
this is true since for every ¢ € I, j € J we have this chain of equalities
jRi=1i%xj=1t0j=joi. O
Remark 3.12. The lattice Z(A) satisfies the monotonicity condition, i.e. I; C
Iy and J; C Jo imply [I1, J1] C [I2,J2]. Indeed I} C Iy and J; C Jo imply
11, J1](a,0) € 2, J2)(a,0) and [I1, J1](a4) C [l2, J2)(a,«). Moreover the set
{itxj Y« (joi)|i€ I, j € J1} is contained in the set {i 1 j 1% (joi) |
i €1y, j€ Jo}.

Definition 3.13. An ideal P of A is a prime ideal if P # A and
[[,J]CP = (ICP or JCP)

for every I,J € Z(A).
The set Spec(Z(A)) of all prime ideals of A is the Zariski spectrum of
Z(A).

Let I be an element of Z(A). The lower descending series of I is the

descending series
I=I'D*D>IPD--.

where "1 .= [I" I] for every n > 0. If I" = 1 for some n > 1, then [ is

nilpotent. The element I is idempotent if I? = [I,1] = 1.
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3.3. The Lattice of Ideals of a Left Skew Brace

The derived series of I is the descending series

IT=710 571 572 5. ..

where I+ .= [T 1()] for every n > 0. The term I’ := I? = [I,I] = IV
is called the derived ideal of I. The ideal I is solvable if I™ = 1 for some
n > 0.

Definition 3.14. An ideal I of a left skew brace A is meet-irreducible if
I=JnNZ implies I = J or I = Z for every J, Z € Z(A).

Definition 3.15. An ideal S € Z(A) is semiprime if I? C S implies I C S
for every I € Z(A).

Proposition 3.16. If I, J, K are ideals of a left skew brace A, then
[I,Jx K] =[I,J]«[I, K].

Proof. From J«K D J, K, it follows that [I, J* K] D [I, J], [I, K]. It follows
that [I,J*« K| D [I,J] «[[,K] = [I,J] o [I,K]. Now it is known that the
equality [I, JK] = [I, J][I, K] holds for normal subgroups I, J, K of a group
G. Hence, to conclude the proof, it suffices to prove that if (A, *,0) is a left
skew brace such that i x j = jxi=joi=do0j,ixk=kxi=koi=iok
foreveryie€ I, je Jand k € K, thenix* (jok) =io(jok) for every i, 7, k.
Now i*j =t 07 for every ¢ and j can be restated saying that J is contained
in the kernel of the group morphism A|’: (4,0) — Aut(l,*). Similarly,
K is contained in the kernel of that group morphism. Therefore J o K is
contained in that kernel, that isi*xxz =diox for every x € Jo K = J x K,

as desired. 0

In the languange of multiplicative lattice, the previuos proposition showed

that Z(A) is m-distributive.

Proposition 3.17. Any ideal P is prime if and only if is meet-irreducible

and semiprime.

Proof. Clearly, prime ideals are semiprime. Suppose P = I N J for some
I,JeZ Then[I,J]CINJ=PimpliessI CPorJCP.ButP=InNnJ
implies P C I and P C J. Therefore either P =1 or P = J.
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Conversely, assume that P is a meet-irreducible and semiprime ideal.
Let I,J € Z(A) be two ideals such that I ¢ P and J ¢ P. We need to show
that [I,J] € P. Now IP D> P and JP D P. Since P is meet-irreducible,
IPNJP D P. As P is semiprime, it follows that (IP N .JP)? ¢ P. But
(IPNJP)?=[(IPNJP),(IPNJP)| C [IP,JP] = [I,J][I, P|[P,J]|P, P].
It follows that [I, J] € P. O

Theorem 3.18. Let A be a left skew brace. Spec(Z(A)) = Z(A) \ {A} if
and only if Z(A) is linearly ordered and every ideal in Z(A) is idempotent.

Proof. Suppose Spec(Z(A)) = Z(A) \ {A}. If Z(A) is not linearly ordered,
there exist I, J ideals of A such that I Q J and J Q I. Then I and J are
two ideals of A such that I D I'NJ and J D I NJ. This shows that I NJ
is not meet-irreducible, hence is not prime by Proposition So we get a
contradiction.

Now let I a not idempotent ideal of A. Then I? C I, so I? is not
semiprime. In particular 12 is not prime, another contraction.

Conversely, assume Z(A) linearly ordered and that every ideal is idem-
potent. Let P be any ideal of A, P # A. In order to show that P is prime,
suppose I[,J € Z(A), I ¢ Pand J ¢ P. Then I D P and J D P. As Z(A)
is linearly ordered, it follows that I NJ D P. By Remark it follows
that [I,J] D [INJ,INJ]=1InJ D P. This proves that P is prime. O

Definition 3.19. An ideal M of a left skew brace A is said to be mazimal
if M # A and M C I implies I = A.

Clearly, maximal ideals are prime.

Proposition 3.20. Every left skew brace has a maximal ideal.

Proof. By Proposition the Zorn’s Lemma applied to the set of all
proper ideals of A implies the thesis. O

Following again [18], we can define what the centralizer of an ideal is. In-
deed, let I be an ideal of a left skew brace A. The left annihilatorl.ann(I) of
L'is[];; n=1 J and similarly the right annihilator r.anna(I) of I'is []j; -, J.
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3.3. The Lattice of Ideals of a Left Skew Brace

By Lemma lanny (1) = r.anny (1) =: C4(I) and we call it the central-
izer of I. Moreover, the center of A is exactly the centralizer C4(A) of

A.
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Chapter 4

The free skew brace

The aim of this chapter is to build the free skew brace over a set X. This
chapter is based on the work of J. Orza [30]. Let us recall the definition of
a free object for a concrete category.

Let C be a concrete category with a faithfull functor U: C — Set.

Definition 4.1. Let X be a set. A free object over X is a pair (F,i) where
F € Ob(C) and i: X — U(F) is an injection such that they satifies the
following universal property: for any pair (A, f) with A an object in C and
f: X — U(A), there exists a unique morphism f: F — Ain C such that

the following diagram commutes

Whenever C is a variety, the free object exists for every set X.

First of all we need another characterization of skew braces.

4.1 Initial Construction

Proposition 4.2. A group (A,o), endowed with a pair (p,d) of
anti-homomorphisms of groups, with p,0: (A,o) — Sym(A), is a skew brace
if and only if

a o pg(b) =body(a), (4.1)
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4.1. Initial Construction

for every a,b € A.

Proof. We prove that having such p,§ as in the statement, is equivalent to
having a homomorphism of groups a: A — Sym(A) and an anti homorphism
of groups : A — Sym(A) such that a o b = «a4(b) o fp(a) as in Theorem
hence we get a bijective 1-cocycle anche hence by Proposition [2.8| a
left skew brace. We have that a o b = a4(b) o Bp(a) holds if and only if
a' o ag(b) = bo (By(a)), if and only if a o ag(b) = bo (Bp(a’)). And we
can conclude noticing that if G is any group and F': G — Sym(G), g — Fy,
is a homomorphism (resp. anti-homomorphism) of groups, then the map
F':gw— F,-1 is an anti homomorphism (resp. homomorphism) of groups,
and the map F”: g — F,' with F}/(z) = F,(z~')"! is still a homomorphism
of groups. O

Notice that the name p is not accidental, indeed for a skew brace (A, *, o),
we always have axb = ao p,(b) = bo (V) o (a*b)) =: body(a), where p is the
inverse of A (see Proposition .

Let us recall some facts about the free group over a set. Let X be a set
and let X1 = {27! |z € X} a copy of X. Let Z = X U X 1. Consider
M the monoid generated by S and identify every word that contains pairs
of the type zz~!. We obtain then a group F(X) that is the free group over
X. So a generic element of F'(X) is of the form z; - - z, with z; € Z.

So let X be a set. We start defining recursively a set Z in the following
way. First we set:

Vi=XUuXx!

where X1 = {27! | x € X} is a disjoint copy of elements of X. Next we

define the following sets:

Xy = {pa(b) | a,b € Y;i_1, b # py-1(c) for anyc € Y, 1, }
Y, = {5a(b) | a,be Y, 1,b# 5a*1(0) for any c € Yn*l’}
Zy = Zna U(X, UY,) U (X, UY,) 7Y

where p,(b) and J4(b) are formal elements. Then we set Z := J,,~ Z» and

we denote with (G, -) the free group F(Z) over Z.
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4.1. Initial Construction

Our aim is to define two anti-homomorphisms from (G, ) to Sym(G). In
order to do that, first we define two maps p,d: Z — Sym(Z) as follows: let
a,b e Z, set

o(b) ifd w—1(¢), 0q(b) ifb#£6,-1(c),
R XU IO CACRE R IC
c ifb = p,-1(c), c ifb=19,-1(c).

Now we extend these maps from Z to Sym(G). Recall that a generic element

of GG is of the form 21 --- 2z, for z; € Z. So define recursively:

with z, 21, -z, € Z and hence we extend them from G to Sym(G) in such

a way to have an anti homomorphism of groups, namely

Pzyzn (g) = PPy P21 (9)s
621"'Zn(g) = 6zn62n71 T 531 (9)7
for every g € G, 21 -2, € Z.

Lemma 4.3. For every a,b,c € G, we have

pa(bc) = pa(b)péb(a) (6)7

Proof. We divide the proof into three steps.
L. pz(ab) = p.(a)ps,(»)(b); d.(ab) = d.(a)d,, - (b), for every a,b € G,z €
Z.

We proceed by induction on the length of a. If a € Z we have nothing

to prove. So suppose a = z1 - -+ zp, With z; € Z. We have:

pz(ab) = p (21 20)b) = p=(21)ps., () (22 - 2D)
2 ()5, () (22 26, () (D)

= pz(21 " 2n)ps......, (=)(D)

= p=(a)ps,(z)(b).

And similarly for ¢.
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2. pa(zc) = pa(2)ps,(a)(C); a(zc) = 64(c)d, (a)(c), for every a,c € G and
z€ 4.

We proceed by induction on the lenght of a. If a € Z, it is nothing
but how we extended p and §. Suppose then that a = z1 - - - z,, with

z; € Z. We have:
ind.
pa(2€) = pzy..ozy, (2€) = pznPZ1~--zn—1(zc) = Pzn (Pz1--~zn—1(Z)Péz(zlmzn,l)(c))

1

= pZnPZl"’anl (Z),O(S 1 (z) (zn)péz(zlmzn_l)(c)

Pzyzpy

1.
= pZ1--'an5z(Z1"'Zn71)5 (z)(z'fl)(c)

Pzyzp_—1
= pa(2)ps. (a)(C)-
And similarly for 6.
3. pa(bc) = pa(b)péb(a) (¢); dalbe) = 5a(b)5pb(a)(c)a for every a,b,c € G.

We proceed by induction on the length of b. If b € Z, it is precisely

2., so suppose as usual b = z1 - -+ z,, with z; € Z. We have:

2.
pa((21- - 2n)c) = pa(21)ps, (@) (22 - 20C)
ind.
= pa(21)ps., () (22" 2n)Ps.,.....,5., (a)(€)

= pa(b)ps,(a)(c)-

And similarly for 6.

O]

Lemma 4.4. Let A be a group and let p,6: A — Sym(A) be two anti-

homomorphisms of groups such that for every a,b,c € A

pa(bC) = pa(b)péb(a) (C)v 6a(bc) = 5a(b)5pb(a) (C)

Let X be a set of generators of A as a monoid. If xp,(y) = yo,(x) for very
z,y € X, then apq(b) = bop(a) for every a,b € A.

Proof. As before, we divides the proof into two steps.
1. zpg(a) = ade(x); apa(x) = xdy(a) , for every z € X,a € A.
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We proceed by induction on the length of a. If a € Z, it is precisely
the hyphotesis. Suppose that a = 21 - - - z,, with z; € Z. Then:

= 2102, (2)ps., (2) (22 2n)
= a’ézz---znézl (37) = aéa(a:).

The other equality can be deduced using the same calculation, ex-

changing the role of p and 9.

2. apq(b) = bdy(a), for every a,b € A.

We proceed by induction on the length of b. If b € Z, we have proved
it in the previous step. Suppose that b = z; - - - z,, with z; € Z. Then:

apa(Zl st Zn) == apa(21)p52(a)(22 e Zn)
= 21521 (a)p(;zl (a) (Z2 P 'ZTZ)
= b5222n521 (CL) = b5b(a)

O

It is not necessarly true that with our definition of p and § on G, we
have that ap,(b) = bdy(a). So let ~ be the minimal equivalence relation
on A such that xp,(y) ~ ydy(x) and such that if a ~ b and ¢ ~ d, then
ac ~ bd, pale) ~ py(d) and 5,(c) ~ Gy(d).

Proposition 4.5. The quotient group (G/.,-,p,0) is a left skew brace.

Proof. We want to apply Proposition 4.2l By construction, p,§ are well-
defined anti-homomorphisms of groups from &/. to Sym(&/.). By Lemma
p, 0 satisfy the hypothesis of Lemma [£.4] so we have that for every
a,b € A, apa(b) = bdp(a). So the claim follows by Proposition O

4.2 The Free Skew Brace

Before concluding, we need a result about skew brace morphism. Recall
that have a skew brace (A, x*,0) is equivalent to have a group (A,o) with

two anti-homomorphism of groups from A to Sym(A).
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Lemma 4.6. Let (Ay,0,p',6'),(As,0,p% %) be two left skew braces and
let f: (A1,0),— (Agz,0) be a group morphism. Then f is a skew brace
morphism if and only if f(plL(b)) = pfc(a)(f(b)), for every a,b € Ay if and
only if f(5L(b)) = 5]2c(a)(f(b)), for every a,b € Aj.

Proof. Suppose that f: Ay — As is a skew brace morphism. Then, for every
a,b € Ay we have f(pa(b)) = f(a'o(axb)) = f(a)'o(f(a)xf(b)) = pf (f(b))-
Conversely, if f(pL(b)) = p?(a) (b), for every a,b € Aq, then, by definition of
b, Flaxb) = f(ao pk(b) = £(a) o F(PA()) = Fla) 0 3y (B) = fla) * F(b):

And similarly for the other implication. O

Theorem 4.7. Let X be a set. With the constructions of G, p,d, ~ defined

above, we have that (G/.,-,p,d) is the free skew brace over X.

Proof. Let f: X — A be a map, with (A, o, u,7y) a skew brace. By Lemma
it sufficies to extend f to a group morphism f: (G,-) = (A, o) such that
it satisfies f(pn(g)) = uf(h)(f(g)), for every g,h € G.

First we extend f to Z as follows:

- We extend f to Zy: f(z~1) := f(z), for every 271 € X1

- Assuming that we have defined f on Z,_;1. A generic element in Z,,_;
is of the form p,(y) or &,(y) with =,y € Z,_1, so we define f(py(y)) :=
i (F() and f(62(9)) = v (F(1) -

Then we extend f to G by defining f(z1---2,) := f(z1)--- f(zn), for
every zi,--- ,2n € 4.

By construction, f is group morphism. We have to prove that f (pn(g)) =
,uf(h)(f(g)). Let us proceed by steps:

- First we prove that f(p.,...,(2)) = Mf(z1~~.zn)(f(z)) for every
21, ,2n,2 € Z. By induction on n we have that:
f(pz1~~-zn< ) = f(ﬂzn (P21 ( )) (f(/’mznq(z)))

= Hia)Pizn) (f( )) = Hf(zzn, )(f(z))

And similarly f(6,(2)) = Vi) (f(2)), for every h € G,z € Z.
- Now we prove that f(pr(9)) = w4, (f(9) and F(3n(9)) = v (f(9))
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4.2. The Free Skew Brace

for every g, h € G. Suppose g = z1 - - - 2y, by induction on n, we have

flon(z1--2n)) = fv(Ph(Q/)Pazl...znfl(h)(Zn))

K (f(len_l))(f(Zn))

Vi)

Finally we extend f to G/. in the natural way and f: G/. — Ais a
well-defined map since A, being a skew brace, satisfies (4.1)). Moreover, by
construction, f : G/, — A is a skew brace morphism and it is the unique

one such that f = fz', with ¢: X — G/_ the canonical inclusion. O
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Chapter 5
The Yang-Baxter Equation

In this chapter we study the main properties of the Yang-Baxter equation,

in order to show their connection with skew braces.

5.1 Set-theoretical Solutions of the Yang-Baxter

Equation

Definition 5.1. A set-theoretic solution of the Yang-Bazter equation is a

pair (X, r), where X is a set and
r: X xX— X xX, r(x,y) = (f2(y), gy(x))

is a map such that

712723712 = T23712723, (5.1)

where r19 = r X i¢d and ro3 = id X 7.

The behaviour of the Yang-Baxter equation can be described by the

following picture:
{ l |
\
] \
) )
Figure 5.1: The Yang—Baxter equation.
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5.1. Set-theoretical Solutions of the Yang-Baxter Equation

The conditions (5.1]) can be written more explicitely as follows:

r12723712(2, Y, 2) = r12723(f2(Y), 9y (), 2)
= r12(f$(y)a fgu(x) (Z), gzgy(aj))
= (ffx(y)fgy(z) (Z)a gfgy(x)(z)f:r(y)a gzgy(x))a

T23112723(%, Y, 2) = ra3r12(®, fy(2), 9:(y))
= r23(f2fy(2), 95,2 (%), 9:(¥))
= (fzfy(z)v fgfy(z>(x)gz(y)v 99. () 9fy(2) (.T))

Then (X, r) is a solution if and only if f and ¢ are such that

Ity f2W) = T o @92(Y) (5.3)
gzgy(x) = Y4.(y)9fy(2) (x)v (54)

for any z,y,z € X.

FEzamples 5.2. Let X be a set and r: X x X — X x X be defined by
r(z,y) = (f(y),9(x)). By (5.3), r is a solution if and only if go f = fog.

In such a case, r is called the permutation solution.

Definition 5.3. A set-theoretical solution of the YBE (X, r) is called:
o [eft non-degenerate if the maps f, are bijective for every z € X;
e right non-degenerate if the maps g, are bijective for every z € X
e non-degenerate if it is both left and right non-degenerate;
o involutive if r* = id;
e bijective if r is bijective.

Ezamples 5.4. Let X be aset. r(z,y) = (y, ) is an involutive non-degenerate

solution.

Examples 5.5. Let G be a group.

1. (G,r1) with ri(z,y) = (y,y 'zy) is a bijective non-degenerate solution
of the YBE;
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5.2. Braiding Operators

2. (G,ry) with ra(z,y) = (2y,y 'z~ ly) is a non-degenerate solution of
the YBE.

Ezamples 5.6. Let r(x,y) = (f(y), g(x)) be the permutation solution. Then
r is bijective if and only if f,¢g € Sym(X), and in this case r is also non-
degenerate. Indeed, an inverse of r is s(x,y) = (97 (y), f~1(x)).

Moreover 7 is involutive if and only if fg = idx.

Proposition 5.7. Let X be a set and AN: X x X — X a binary operation
on X. The map r: X x X — X x X, defined by r(z,y) = (y,ylx) is a
set-theoretical solution of the Yang-Baxter equation if and only if A\ is self
distributive, i.e. for every x,y,z € X, e A(yAz) = (xAy)AN(xAz).

Proof. Call f,(y) = f(y) = y and g,(y) = zAy. Conditions (5.2) and
(5.3) are trivial. Condition (5.4]) is equivalent to saying that zA(yAx) =
(zAy)A(zAx).

5.2 Braiding Operators

We want to consider now the case when X is a group and try to compare

some known notions to the set of solutions of the Yang-Baxter equations.

Theorem 5.8. ([27]) Let G be a group and o, B: G — Sym(G) respectivetely
a homomorphism and an antihomomorphism of groups such that they satisfy

the compatibility condition
uv = ay(v)By(u), (5.5)
for every u,v € G. Then
r(u,v) = (w(v), Bu(u))
1s invertible and is a solution of the Yang-Baxter equation on the set G.

Proof. We verify the relation (5.1). By previous computations we have that

r12723712(U, V) = (aau(v) (O‘BU (u) (w)), 5aﬁv(u)(w) (au(v))a B (By (u)))7
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5.2. Braiding Operators

and

23112723 (U, V, W) = (au(%(w))7 By (w) (1) (Buw(v)), Bﬂw (v)(ﬁau (w) (U)))

Denote
r12r23ri2(u, v) =: (u1,vi,wy), ro37121r23 (U, V) =: (u2, v2, W2).

The compatibilty condition (5.5) implies that wjviw; = ugvows = wvw,

indeed
UIVIW] = au(v)agv(u) (w)Buw(By (1)) = (V) By (u)w = vvw;

ugvawy = vy (y (W) Bay, (w) (W) B (V) = uary(w)Buw(v) = uvw.

Hence it sufficies to prove that u; = v1 and wi = wo, but this is true by the
properties of « and .

Moreover, we can construct an inverse of r.
Let r(u,v) = (z,y), with = ay(v) and y = B,(u). Then we have that
u = PB,-1(y), v = a,-1(x) and, by compatibility, uv = zy. Observe that

ay(v u = ay (v By (y) = yo Tt =27,

hence ayy(v) =271, so v™! = a1 (z71). Similarly

Uﬂm(uil) = Q-1 (w)ﬂm(uil) —ulr = inl

hence u™! = 3,1 (y1).

Therefore we conclude saying that, since r(y =1 271) = (ay-1(271), B2 (y 1)) =
(v=1,u™Y), if we consider «(z,y) := (y~!,271), we have that tr¢ is the inverse

of r. O

Next we give two alternative descriptions of our construction.

Definition 5.9. Let G be a group with multiplication m: G x G — G. A
braiding operator on G is a bijective map o: G x G — G x G satisfying

1. for any u,v,w € G,

o(uv,w) = (id X m)o12093(u, v, w), (5.6)

o(u,vw) = (m X id)oazor2(u, v, w); (5.7)
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5.2. Braiding Operators

2. for any u € G,
o(l,u) = (u, 1), o(u,1) = (1,u); (5.8)
3. for any u,v € G,
mo(u,v) = uv. (5.9)
Theorem 5.10. ([27]) Over any group G, the following data are equivalent:

1. (o, 8): an homomorhism and anti-homomorphism of groups G —
Sym(G) such that uv = ay,(v)By(u), for every u,v € G;

2. o: a braiding operator on G
3. m: G — A: a bijective 1-cocycle.

Proof. Case 1: (a,8) <= 0. The equivalence between (a, ) and o is
given by o(u,v) = (au(v), By(u)).

First we assume that «, 8 are a homomorphism and an anti homomorphism
of groups that satisfy and we verify that ¢ is a braiding operator.

Let us check the properties of a braiding operator.

1. For every u,v,w € G, we have that

o (uv, w) = (au(w), Bu(uv)) = (u1,v1);
on the other hand we have
(id x m)orz(u, ap(w), Bu(v))
= (id x m)(au(aw(w)), Ba, w) (1), Bu(v))
= (o (), Ba, (w) (1) Bu ()

= (ug, v2).

(id x m)oi2093(u, v, W) =

By compatibility condition ([5.5)), we have that ujv, = uvw = uoy,(w) By (v) =

U9V, hence vy = vg, since u; = us.

Analogously, o(u,vw) = (ay(vw), Byw(u) = uzvs and

(m X id)o23o12(u, v, w) = (@ (v)ag, W) (W), Buw(B(u)) = ugvy,

with vy = v3 because u3 = v3 and usvs = uvw = uqvy, again by the

compatibility condition.
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5.2. Braiding Operators

2. For every u € G, we have that o(1,u) = (ai(u), Bu(1)) = (u, Bu(1)).
Moreover if we consider (5.5) with u = 1 we obtain v = v3,(1), that
implies o(1,u) = (u, 1) and similarly o(u,1) = (1, u).

3. The third property is precisely the compatibility condition.

This completes the proof that ¢ is a braiding operator.

Conversely, assume that o is a braiding operator. Then, comparing the first
coordinates of ([5.6), we see that ay,(w) = a(u, ay(w)) for every u, v, w € G.
Moreover the first equality in implies a(u, 1) = u, for every u € G. This
proves that « is a homomorphism. Similarly £ is an anti-homomorphism.

Moreover, as said above, the compatibility condition is equivalent to (5.8§]).

Case 2:(a,8) <= (A,n). Given «,f: G — Sym(G), a homomor-
phism and an antihomomorphism of groups, take A = G with the following
operation

U v = uay,-1(v). (5.10)

Replaicing v with ay,(v) in ((5.10]), we obtain
U * (V) = uy,—1(ay (v)) = uay (v) = uv,

which means exactly that 7 = id: G — A is a bijective 1-cocycle. It remains
to show that (A, *) is a G-group.

Clearly, 1 % u = ai(u) = u, that is 1 is a left unit and u * o, (u™!) =
uoy, -1 (ay(u™t)) = uu=t = 1, that is o, (u™1) is a right inverse of u with re-
spect to *. Notice that, by compatibility condition, we have that v3,(u)~! =
u " tay (v), that implies u * v = vB,(u™ 1) 7! Hence ux 1 = Bi(u™H) ™' = u,

that is 1 is a right unit and

Bu-1 ()™ xu = uBy(By-1 () = ubi(u) " =uut =1,

that is 8,-1(u)~! is a left inverse of u. Remember that by the compatibility
condition 1 = vu~! = a,(u=1)B,-1(u), hence B,-1(u)~ = a,(u™!), so we
have found an inverse for each u € G.

To prove the associativity of x and that a,, € Aut(A) for every u € G, we
first use the compatibility condition to get

0 (v2) Bus (1) = wvz = 6, (v)Bo(u)a = au(v)ap, (w(@)8: (Bo(w),  (5:11)
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5.2. Braiding Operators

thus, since § is an anti-homomorphism,

o (vT) = ay(v)ag, ) (). (5.12)

Now fix v,w € G, we have that a,(v * w) = ay(va,-1(v)). Taking x =
a,-1(w), we obtain that

(v w) = au(ve) B oy (©)ag, @) (@)

= au(v)aﬁu(u)(alﬁl (w)) = O‘U(U)aﬁv(u)lﬁl (w) (5'13)

" au(v)aau(v)flu(w) = Oéu(U) * au(w)>

that is «, is an endomorphism, and indeed an isomorphism, of A. Finally,
the associativity of x follows from

513
U (Vkw) = ua,—1(v*w) b2

u(ay-1(v) * ay-1(w))

= ut,-1(V), _ (0)-1u-1 (W) = (U V)0 (0) -1 (W)

= (u*v)*w.
Conversely, let A be a G-group and 7: G — A a bijective 1-cocycle, with
(u,a) — u - a the action of G on A. Define a: G — Sym(G), u — «, with
ay(v) := 77 (u - 7(v)), for every u,v € G. The map « is group morphism
since

au(ay(w)) = 7 u- m(ay(w))) = 77 (u- (v 7(w)))
=7 (uwv - w(w)) = ayy(w)

for every u,v,w € G. Moreover, we define 5 according to the compatibility
condition, that is B,(u) := a,(v) luv. It remains to show that 3 is an

anti-homomorphism of groups. In order to prove that, observe
Pl r () (- @) = 7 (n(ur (@) = un (@) (5.14)

for every u,v € G,a € A. Denote by u * v the element 77! (7(u)7w(v)) € G.
Taking a = w™' - 7(v) in (5.14), we obtain

uay—1(v) = ur Hu Tt w(v)) = 7 (7 (u)T(v)) = u* v (5.15)
Since A is a G- group, we have, for every u,v,w € G, that
U wu s w)) = 7N w(0)r(w)
(w-m(v)(u-m(w)) = 7" (w-w(v)) * 7 (u-m(w))
ay (v) * o (W) = o (V) g, () -1 (u(W))-

ay(vxw) = (
1(

=T
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Asin (5.11)) the following equalities hold for every u, v,z € G. v, (vx) By (u) =

wr = oy (v)Bu(u)r = au(v)ag,w)()B:(By(u)). Hence it sufficies to show

that ay(ve) = au(v)ag, ) (z). By compatibility condition, ay(v)™lu =

Bo(u)v™t. So fix u,v,x € G and consider w := o, (z), in such a way to have

v* w = vx. Then

o (v2) = a0 ) B 0y ()t 01 (000 ()
= au(v)aau(v)—lu(w) = au(v)aﬁv(u)v—l(w)
= au(v)ag, ) (ay-1(w)) = au(v)og,w) (@)
And this completes the proof. O

Corollary 5.11. Any braiding operator is invertibile and satisfies the Yang-

Baaxter condition (5.1)).

5.3 Skew Braces and Solutions of the Yang-Baxter

Equation

Theorem 5.12 ([22]). Let A be a left skew brace. Then
ra: Ax A= Ax A rala,b) = (A(b),\o(b) 0aob), (5.16)
s a bijective non-degenerate solution of the Yang-Baxter equation.

Proof. By Corollary[5.11] every braiding operator is a bijective non-degenerate
solution of the Yang-Baxter equation. Thus it is enough to prove that r4
is a braiding operator on (A, o). For simplicity, for the entire proof we will
use 7 instead of r4.

We have that mr(a,b) = A\y(b) 0o \y(b) caob =aob, for all a,b € A.
Moreover, since A is an homomorphism from (A, o) to Aut(A, *), for every
a € A we obtain r(a,1) = (1, A\4(1)" ca) = (1,a) and r(1,a) = (a, A\1(a) ca) =
(a,1). If a,b,c € A, then
(id x m)riarag(a, b, c) = (id x m)ria(a, Ap(c), \p(c)' 0 boc)

= (id x m) (AaAb(€), (AaAp(€)) 0 @o Ay(c), Ap(c) o boc)
= (AaMp(c), AaXp(c)) aoboc)
= (A

aob(€); (Aaob(€)) 0 (a0 b) o ¢)

=r(aob, c).
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From Remark [1.9] we obtain for every a,b,c € A
Aa(boc) = Aa(b* Ap(c)) = Aa(b) * Agop(c).

From this formula we deduce that

Aa(b) © Ax, (b)oach(€) = Aa(b) © Aial(b)(%)\b(c)) = Aa(b) * AAa(b)(A;al(b)()\a)\b(c)))
= Aa(D) * Agop(c) = Aa(boc).

Then

(m % id)regria(a,b,c) =

X Zd) ()‘a(b)v A)\a(b)’oaob(c), AAa(b)loaob(C)/ o )\a(b)/ oaobo c)
boc)) oXa(b)oXg(b) caobo c)
boe) oao (boc)

—~

O

Indeed, this map works also functorially. Let SYBE be the category of
non-degenerate solutions of the Yang-Baxter equation, where a morphism

between two solutions (X,r) and (Y,s) is a map f: X — Y such that this

diagram
xxx P yxy
{ f
xxx 2 yxy
commutes.

Define F': SKB — SYBE by
F(A,x,0):=(A,ra)

and
FAL B) =

F(f) is a morphism in SYBE. Indeed, consider the following diagram:

AXA%BXB

| [

AXAMBXB
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For every aj,as € A,we have that

(f x f)ralar,a2) = (f x f)(M (a2), A (a2)" 0 a1 0 as)
= (f(\2 (a2)), F(A (ag) © ax © as))
= (A]l?(al)(f(az))7 )\}B(al)(f(%))l o f(a1) o f(a2))

and, on the other hand,

r((f x f)(a1,a2)) = rp(f(a1), f(az))
= ()\?(al)(f(@))a A?(al)(f(@))/ o f(ar)o f(a2))-
It is easy to see that F' respects compositions and identies, therefore it is a

functor.

Proposition 5.13. Let (A, *,0) be a left skew brace. Then r4 is involutive

if and only if (A, x) is abelian.
Proof. Let a,b € A. Recall that r4(a,b) = (Ag(b), Na(b) 0@ ob). Let us
compute ri.

r%(a,b) = ra(Aa(b), Aa(b)' 0 @ o b)

_ ()\Aa(b) (Ma(B) 0 @0 b), A,y (Ma(B) 0 a0 b) 0 Aa(b) 0 Aa(b) 0 a0 b)

= (M (2a®) 0 @), 2,y (MalB) 0a0b) 0 a0 b)
On the other hand, Ay, 5)(Aa(b) 0ach) = (Aa(b))~'#(acb) = (ach) 'xax(acb),
hence

r4(a,b) = ((aob)‘l*a*(aob),((aob)_l*a*(aob))/oaob).

Hence r4 is involutive if and only if (aob) "t *ax(aob) = a and ((aob) ' xax*
(aob)),oaob = bif and only if ax(aob) = (aob)*a, for every a,b € A. So for
every element ¢ of A, we have that axc = ax(ao(a’oc)) = (ao(a’oc))xa = cxa.

Therefore the thesis. O

Our next goal is to build a skew brace from a solution of the Yang-Baxter
equation. Let X be a set and denote with F'(X) the free group over X. We
denote by i: X < F(X) the natural embedding. Let S be a set of words in
X, so S naturally gives a subset of F/(X). We define the group presentation
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5.3. Skew Braces and Solutions of the Yang-Baxter Equation

(X; S) of generators in X and relations in S, the quotient group F'(X)/Ng,
where Ng is the normal closure of S in F(X), i.e. the smallest normal
subgroup of F(X) that contains S. Recall that the normal closure of a set
S in an arbitrary group G is precisely the subgroup generated by all the
elements of the form ¢g~'sg, with g € G and s € S, so

Ns={g7"s{'g1- gy 'sbgr | k> 0; gi € G; s; € S, ¢ = £1}.

Consider (X,r) a non-degenerate solution of the Yang-Baxter equation,

with 7(z,y) = (fz(y), gy()).
We define the groups

(G(X,r),0) == (X |zoy = fo(y) o gy(x), forz,y € X),
called the structure group and

(A(X’ T)v *) = <X ‘ €T * fx(y) = fx(y) * ffx(y)gy(x) forz,y € X>7

called the derived group.
We denote by ig: X — G(X,r) and ig: X — A(X,r) the two natural

maps.

Lemma 5.14 ([3]). Let (X,r) be a non-degenerate solution of the Yang-
Baater equation, with r(z,y) = (f2(v),gy(x)). The map f: X — Sym(X),
x > fy can be extended with a unique homomorphism of groupsf: G(X,r) —
Sym(X), namely £;,)(y) = fo(y), for every z,y € X.

It also induces a unique homomorphism of groups f: G(X,r) — Aut(A(X,r))
such that £;,,)(ia(y)) = ia(fe(y)), for any z,y € X.

Moreover, the map g: X — Sym(X), x — g, can be extended with a
unique anti-homomorphism of groups g: G(X,r) — Sym(X).

Proof. 1t is well known that the map f can be uniquely extended to a mor-
phism of groups f: F(X) — Sym(X).

This map f induces a unique morphism f: G(X,r) — Sym(X) if it
preserves the defining relations of G(X,r), i.e. if foy = ff,(y)g,(x), for every
x,y € X, but this is true by . The situation is described by the following
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commutative diagram:

O O e » Sym(X)
i f
\ R /f
&-
F(X)

Similarly, ¢ is extended to a unique anti-homomorphism g: G(X,r) —
Sym(X) since by (5.4) 929y = 9g.(1)9f, (@)

Now we have to prove that f: X — Sym(X) induces a morphism f: G(X,r) —
Aut(A(X,r)). First we check that f,: X — X induces a unique morphism
fe: A(X,r) = A(X,r) such that fo|ax,) =ia(fz).

The map iaf,: X — A(X,r) can be uniquely extended to a morphism
fe: F(X) — A(X,r). The morphism f, induces a unique morphism f,: A(X,r) —
A(X,r) if and only if

Jx(y) * fx(fy(z)) = f:r(fy(z)) * fr (ffy(z)QZ(fL‘))

for any y, z € X. But this is true since:

fo(W) * fofy(2) = Fo(¥) * Fro fo,(2)  (by (B:2))
= [ Fou@) () * Frr, ) Fay () 90y oy (2) T2 (Y)
= folfy(2) * frop, ) fop, 0 @)92(y) (DY and by (5.3))
= fuly(2) % fofr,59:(y)  (by (B.2)).

Therefore we proved that i4 f, induces a unique morphism f, such that the

following diagram

x|

A

A(X, 1) — A(

T

o

A

,7)

>

comimutes.

Similarly we are going to prove that f,!: X — X induces a unique
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morphism F: A(X,r) — A(X,r) such that the diagram

-1
x I . x
A J?A (5.17)
A(X,r) —> A(X,7)
fo

commutes. As before it is enough to check that

Fo @) = £ (Fy(2) = [ (fy(2)) * £ (Fry092(2) (5.18)

for every y, zX.

In order to prove it, we need two more properties on f and g. Condition

(5.2) implies that f, f o) = fy fgf;l(y)(x)’ then

fx_lfy :ffw—l(y)fi (5-19)

1y (@)

Moreover, and (/5.3 imply that fg . (@95 >(Z)(:U) = 9.[=(Yy),
Yy xT

fz  Frp(y)®)
then
-1
y) = g, 5.20
Topr, @9 L ) (@)- (5.20)
Through these identities we get
B w500 B LW o, o)
-1
=1 fgf_l(y)(z)(Z)*fffT (y)f;_1<y)(z) Z)gfg}i_l(y)m(z)fz (y)
G - _
= fxlfy(Z)*ffz—lf )gf;—l z)(z)f 1(9)

(5.20) ,._ _
A AR T el

(z)(x)gz(:w

£ () % £ gy 9 ().

Hence we proved ((5.18]). Moreover, since the morphism id4(x ,y: A(X,7) —
A(X,r) is the unique morphism such that the diagram

Xd—>

X
AX,r) —— AX

tda(x,r)

,7“)
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commutes, it is clear that ﬁﬁ = FE = idg(x ), SO f. is an auto-
morphism of A(X,r). So we have obtained a well defined map f: X —
Aut(A(X,r)).

Finally observe that if a map h € Sym(X) induces a morphism h: A(X,r) —
A(X,r) such that

X" ,x
ia J/iA
A(X,r) T> A(X,r)

commutes, then h is the unique morphism that satisfies this condition.
Therefore, by (5.2), we can say that

Fofy = Frowfo, @

for any x,y € X, therefore there exists a unique morphism f: G(X,r) —
Aut(A(X,r)) such that £;,,)(ia(y)) = ia(fe(y)), for every z,y € X, and
this concludes the proof. O

We need a previous result about 1-cocycles.

Theorem 5.15. ([3]) Let G be a group defined by a group presentation
G = (X |S) and let H be a G-group with a.: G — Aut(H) the corresponding
action.
Then a map m: X — H induces a 1-cocycle 11: G — H if and only
if T(s) = 1 for every s € S, where w(x) = w(x) for every x € X and
e1

T(af - afr) = ag, (w(21)) -+ ag, (20)" withe; € {£1} and g; = 27 - - 27

ife;=1and g; = a7 -+ a2 if e = —1.

Proof. Suppose to have a 1-cocycle II: G — H such that II|X = 7, then,
since G = F(X)/Ng, II(Ng) = 1 and hence II(s) = 1 for every s € S.
Conversely, given amap 7: X — H, we extended 7 to amap 7: F(X) —
H as in the statement of the Theorem and we assume that 7(s) = 1 for any
s € S. A direct calculation shows that with this extension of 7w, 7 is a

1-cocycle with respect to the action
F(X) < F(X)/Ng > Aut(H).
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Define II: G — H by II(¢Ng) := 7(g). To show that it is a well defined
map, we have to prove that w(n) = 1 for every n € Ng. First, if s € S,
then 7(s™1) = a1 (7(s)) ™! = a;}(1)~! = 1. Moreover, if s € SUS~! and
u € F(X), then

where «,, = idy for every n € Ng since « is a group homomorphism. Hence,
by induction, for every n = ul_lslul . -uglskuk € Ng, m(n) = 1. So let
ulN = vN two different representatives of an element in G. Then v = un

for some n € Ng and hence
I[I(vNg) =7(v) = T(u)ay(T(n)) = 7(u) = H(uNg).

So II is a well-defined map. We conclude showing that II is a 1-cocycle,

indeed, let uNg,vNg € GG, then
II(uNsvNg) = II(uvNg) = T(uwv) = T(u) o, (T(v)) = I(uN)owng (II(vNg)).
O

Lemma 5.16. ([3]) Let (X,r) be a non-degenerate solution of the Yang-
Bazter equation. Then, the map T: ig(X) — ig(X) gwven by T(ig(x)) =
ig(fy (), for all x € X, is bijective with inverse T~ (ig(x)) = ic(g; *(z))
forallx € X.

Proof. Let us check that T is well-defined. So let x,y € X be such that
ic(z) =ig(y). We have to prove that iq(f; (7)) = ig(fy_l(y)).

By Lemmal[5.14] f: X — Sym(X) extends to a morphism f: G(X,r) —
Sym(X) such that f, = f; ). Hence, if ig(z) = ig(y), then f. = f,
implies that f; ! = f, ! and hence iq(f; ' (x)) = iq(f, ' (x)). Similarly,
since g: X — Sym(X) extends to an anti-homomorphism g: G(X,r) —
Sym(X), we also have g» = g;.(») and, if ig(z) = ig(y), then g, = g,
implies that i¢(g.(u)) = ig(gy(u)) for every v € X. Now, let r(u,z) =
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(fu(@), g2 () and r(u,y) = (fu(y), gy(v)) with u € X, then ic(u)ic(z) =
ic(fu(@))ic(9e(u)) and i¢(u)ic(y) = ic(fu(y))ic(gy(u)), so, since ig(z) =
ic(y) and ig(g(u)) = ig(gy(u)), we obtain that ic(fu(z)) = ic(fu(y)) for
any u € X, therefore we get

ic(fy ' (@) =ic(f, (@) =ic(f; ' ().

In an analogous way, one can check that 77: ig(X) — ig(X), ig(z) —
ig(g;1(x)), is well defined.

So it remains to prove that T and 7" are one the inverse of the other.
Notice that 7(z, f;1(x)) = (z, 951 () (z)) for any z € X, henceig(f, 1(x)) =
iG(gf;I(x) (x)) for every x € X. Therefore

T'T(ig(@)) = T'(ic(f; ' (2))) = ialg, ) (F ()
= iG(QE1(m)9f;1(x) () =ic(x),

for any z € X.
Similarly, since r(g, 1 (), x) = (fg;1(x) (x),), forany x € X, ig(g, (7)) =
Z.G(fg;l(m) (x)). Therefore

TT'(ic(x)) = T(ic(g; ' (2))) = ic( g_;ll(m) (9: "' ()

= Z.G( g:;ll(z)fggl(x)(x>) = ig($),

for any z € X, and this concludes the proof. O

Theorem 5.17 ([3]). Let (X,r) be a non-degenerate solution of the Yang-
Baxter equation. Then we can define a product x over G(X,r) such that
(G(X,r),*,0) is a left skew brace and (G(X,r),*) = A(X,r).

Proof. As in Chapter 1, we indicate with ¢’ the inverse of ¢ in G(X,r).

By Proposition [2.8] to have a skew brace it is enough to show that there
is a bijective 1-cocycle from G(X,r) to A(X,r).

Consider f: G(X,r) — Aut(A(X,r)) as in Lemma and its restric-
tion to X, f: X — Aut(A(X,r). Define 7: X — A(X,r) by n(z) = ia(z).

By Theorem [5.15] 7 induces a 1-cocycle I1: G(X,r) — A(X,r) if

7((zy) " fe(y)gy(x)) = 1
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for every z,y € X, where 7: F(X) — A(X,r) is defined in Theorem
By definition,
T(xy) = 7(2) * fo(T(y)) = ia(z) * f4(ia(y))
=ia(z) *ia(fe(y) = ia(fz(v)) *ia(fr, )9y (2))
=ia(fz(y)) * 7fx(y) (ia(gy(2)))
=7(fo(y)) * [ 1,05 (T(gy(2))) = T(fo(y)gy(x))
for any =,y € X. Hence

T((2y) " fe(W)gy(@) = T((xy) ") * foy (T

Therefore, there exists a well defined 1-cocycle II: G(X,r) — A(X,r) such
that I(ig(z)) = ia(x), for every x € X.
Observe that, from 1 = Il(ig(z) oig(x)) = (ig(x)") * ;@ L(ic(z))),

we have
N(ic(x)") = (F;, @ (ia(2) ™" (ia(fy (@), (5.21)

for every x € X. Moreover, if ig(x) = ig(y), then ia(x) =ia(y).
Now we have to construt an inverse for II.

We define 6: (F(X),:) = (G(X,r),0) by
01)=1,  0(z) =ig(x), 0(z7") = ia(g; ' (x)) (5.22)
for every € X, with 27! the inverse of z and recursively define

Oaf - o) = 0t ) 0 Olfy e (Eni) ™), (5.23)

with f: G(X,r) — Sym(X) defined in Lemma First observation: con-
sider now a generic element v € F(X), and z1,29 € X, e1,e2 € {£1}. First

notice that, by definition, §(uz{') = 6(u) o G(fe_(i) (1)), then we have that

0(u
= 0(u) 0 0(fyq, (1)) 0 e(fe_(i>oe<f&l>(m1)el)(IZ)eQ)
= 0(u) 0 0(F; L (21) B3] (22)°2)

= 0(u) o 0(fy ] (a51257)).

O(uat'zy’) = O(uxt') o 9(f71m;1)(l‘2)62)

(5.24)
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Second observation: let z,y € X, we get

O(ufe(y)) = 0(x) 0 0(E,0 (f2(1))) = ici(x) 0 O£, (fo(v)))
= ig(@) 0 0(f; ! (f(y))) = i(x) o i (y)
= i(f2(y)) 0 ia9y(x) = 0(fo () © 09y ()
= 0(F2(y) 1.0 (99(2))),

and this implies that

f( ) (fo) 19 (@) )

' 0(2f2(9)) 0 0 (£ 1, ) (o) 90 (@) 7)

=001 1 90@)) 00 (ks ooy (L@ raman@) ™))
= 0( £ 190 ) (Fe ) 0 (2) 7)) = 6(1) =

(5.25)

/—\

We proved that 6 is trivial over the relations of A(X,r). So, as in Theo-
rem 6 extends to a well-defined map ©: A(X,r) — G(X,r) such that
O(ia(z)) = ig(x) and O(axb) = O(a) o 9(?&@)(5)) for any a,b € A(X,r).

It remains to show that © and II are inverse of each other. First we
check it on the generators. Let x € X, by definition of ©® and II, we have
that

I(O(ia(z))) = U(ig(z)) = ia(z),
and

O(l(ig(z))) = ©(ia(z)) = ic(2).

Now we check it on the inverse of the generators. Let z € X,

5.21)) (5.22)

OGA(f; (@)™ = dalg o (@)
=T (T(ic(z)")) = ic(z)',

where T, 7! are the maps defined in Lemma Moreover

O (ic(z)"))

_ w62 ., - G2 .
(O(ia(x) ™) = Mic(g; (1)) =" ialf 1,05 (@)
on the other hand, ZG( ( 9z W) = T ' T(ig(z)) = ig( ) by Lemma
5.16| and, as we have Just noticed, this implies that i (f (e )gl, Lz)) =
ia(z), therefore, TI(O(is(z) 1)) = ia(x) L.
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Finally, let ig(z1) o- - -0ig(x, )" a generic element of G(X, ), with z; €
X, e; € {1,/ }. We prove by induction that O (I(ig(z1)¢ o+ oig(x,))) =
ig(x1)® o+ oig(x,)®. We have already check the case n = 1. Assume

that the case n is true, and we shall prove the case n + 1.
OI(ig(x1)® o+ oig(xpy1) )

= (—)(H(iG(gjl)el 0---0 Zg(afn) ) * fzg(:m)elo -0ig (xn)en (H(xf{ff)))
Ol (ici(

a(z1) o oig(xy)®)o

0 O (Fori(ig (s )1 0--oigs(on)on ) Fic ()61 00y yor ()

(z

=ig(71)" o oig(xn) 0 (71G (21)°1 0-0igs (m )n Ty (1)1 0-0is (wm)en (TL(@ 1))
=ig(x1) o - oig(xy,) o Oll(ig(x f;fll))

=ig(x1)" o oig(an)™ 0ig(@n41)

where, in the first equalities, we use the fact that II is a 1-cocycle and in
the third and fifth equalities we use the inductive hypothesis.

It remains to do the same thing to prove that 110 = id4x ). So let
ia(x1) * -+ ig(x,) a generic element of A(X,r), with z; € X and e; €
{1,—1}. We proceed by induction assuming that the case n is true.
MO(i4(x1) * - ig(zper) )

F23) , , . =1 :
= H<@(1A(5L"1)e1 *oeig(an)) o 9(f®(iA(ml)‘31*...z’A(azn)en)(ZA(I'rH»l)enJrl)))

=TIO(i(x1) * -+ ia(2p))*
= =1 . o
f@(m(m)el* “ia(zn)en) <H@(f9(i,4(x1)el*~~~iA(:z:n)E”)(7’A(xn+1) +1))>

.17
5:1 ia(x1) % ig(my) s

* f@(”L'A(a?l)ﬁl *"'iA(mn)En) <H@ (iA(fé(l’LA(xl)el *..-iA(xn)en) (xTLJrl)enJrl )>
=ia(@1) * - -ia(wn)mx
% £0(14(e1) 104 (2n)en) (iA(fééA(ml)el ia (o)) (xn+1)€”+1)

.17
B ia(x1) e ig(my) s

1 . en
*f9(1A(331)51* ZA(wn)e”)<f@(lA(ml)el* ia(x )n)(ZA(:Cm-l) H))

=ia(z1) * - -ia(zn)™ *ia(Tpgr) T,
where in the third and fourth equalities we used the inductive hypothesis

and on the second one we use the definition of II.
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This concludes the proof.

Theorem 5.18. ([35]) Let (X, r) be a non-degenerate solution of the Yang-
Bazter equation. Then there exists a unique left skew brace structure over
G(X,r) such that

raxn)ic X ig) = (ig X ig)r,

with ig: X — G(X,r). Moreover, if A is a left skew brace and f: X — A is
a map such that (f x f)r =ra(f X f), then there exists a unique skew brace

morphism : G(X,r) — A such that f = i and (¢ X Q)rg(xr) = T4(P X P).
O

We constructed the skew brace structure of G(X,r) through a bijective
1-cocycle, but doing computations we can forget about 7 and use directly
the x operation over G(X,r). By definition of 1-cocycle, go h = g * £ (h)
for every g, h € G, so in other words g x h = go (f,)~(h).

Remark 5.19. Let (X, r) be a non-degenerate solution. In general, ig: X —
G(X,r) is not injective. For instance, consider X = {1,2,3,4},0 = (12),7 =
(34). Then (X,r), r(z,y) = (c(y),7(x)) is a non-degenerate solutions.
But the canonical map ig: X — G(X,r), x — ig(x) is not injective since
r(1,2) = (1,1) and hence ig(1) = ic(2) even if 1 is not 2.

Hence looking at the structure group we may loose information. So
recently instead of study the structure group, it can be helpful study the
structure monoid, that is the monoid M (X, r) generated by X and such that
xy = fz(y)gy(x). Then for any solution ips : X — M (X, r) is injective. For

further information see for example [14, [12].
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