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Abstract

This work investigates Langmuir waves generated in an experimental laboratory appa-

ratus, as an analog for solar-wind beam{plasma Langmuir instabilities. The motivation is

to understand if the beam-plasma instabilities observed in space (Parker Solar Probe data)

can be reproduced on a laboratory scale, through experiments across a plasma and beam

energy parameter space, in an e�ort to interpret the energy dependency and wave{particle

interactions that result in collisionless plasmas. Experimentally, a dual-�lament setup in a

low-pressure argon/helium plasma is used: a primary heated �lamentF0 creates a steady

thermal plasma and a second negatively-biased beam �lamentFb injects a supra-thermal

electron beam. Langmuir probes and antennas measure the plasma parameters (electron

density ne, temperature Te, voltage potential Vp) and capture the time-resolved electro-

static oscillations. To complement the experimental scans, a 1D-1V Vlasov{Poisson code

is employed to simulate the beam{plasma system, evolving the electrostatic potential.

The major �ndings are that clear Langmuir oscillations appear once the experimental

beam energy exceeds a threshold (e�ective accelerating potential� 17 eV). Above this

threshold, the Langmuir wavepackets grow exponentially with time and the measured

growth rates increase with beam current, consistent with bump-on-tail instability theory.

Frequency-domain spectra exhibit a dominant peak at the plasma frequency (! � ! pf )

that closely matches the value predicted from the probe-measured density. As beam

parameters increase in power, the main dominant modes broaden, with additional low-

frequency modes appearing, indicating mode coupling and the onset of turbulence, with the

numerical simulations return power spectra in agreement with the experiments. To further

compliment this, Parker Solar Probe (PSP) electrostatic potential signals are extracted

from the Time Domain Sampler (TDS) instrument of the spacecraft. When plotted in

accordance with the experimental and numerical waveforms (normalised to their associated

! pf ), the Langmuir wave-packets and the non-linear saturation mechanisms are clearly

present, providing compelling evidence that laboratory experiments can act as reliable

analogues of the wave-particle interactions observed in the solar wind.
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1 Introduction

Plasma science is on the precipice of a signi�cant breakthrough. Numerous plasma tech-

nologies, like tokamaks, spheromaks, pinches and other magnetic-fusion-related laboratory

devices have been able to produce transient, high-density, magnetised plasmas (Scime et al.,

1992), with the latest multi-national project, namely, theInternational Thermonuclear Ex-

perimental Reactor (ITER) aiming to con�ne burning plasma for the very �rst time in an

e�ort to achieve commercial fusion. During extended performances, ITER will be capable

of producing more than 500 MW of fusion power, an amount that is comparable to one of

today's electricity generating plants (Rebut et al., 1995). Although present knowledge is suf-

�cient for building the machine of ITER, it is a given fact that many phenomena, which take

place in the plasma, are still not well understood (ITER et al., 1999). Fortunately, plasma

science has made enormous scienti�c advancements, with rapid progress in the capabilities

of predicting plasma behaviours fueled by new diagnostic characteristics that are able to

observe and measure well-re�ned plasma details (Council et al., 2008). These advancements

in plasma generation and diagnostics have also enabled the study of astrophysical plasma

phenomena in controlled laboratory environments. Facilities such as the Wisconsin Plasma

Astrophysics Laboratory (WiPAL) now provide accessible platforms for experimental inves-

tigations of astrophysical plasmas, with typical electron temperaturesTe � 5 � 20 eV and

electron densitiesne � 1011 � 5 � 1012 cm� 3. These parameters create an ideal testbed

for exploring processes such as magnetic reconnection, jet stability, stellar winds and other

phenomena relevant to space and astrophysical environments, bridging the gap between

laboratory plasma physics and astrophysical observations (Forest et al., 2015). The pre-

dictability of plasma behaviour has markedly improved due to signi�cant advancements in

diagnostic instrumentation, which now allow for high-resolution, real-time measurements of

key plasma parameters, including density, temperature, electric and magnetic �elds and 
ow

velocities. Current plasma diagnostics can be classi�ed into seven categories: magnetics,
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probes, spectroscopy (visible, UV, X-ray), millimetre and sub-millimetre diagnostics, laser-

aided diagnostics, particle diagnostics and fusion product diagnostics (Donn�e, 2004), with

these benchmark experiments being essential for improving the understanding of the speci�c

challenges posed by plasma waves. These empirical advancements have progressed along-

side increasingly sophisticated theoretical frameworks and high-performance computational

models, enabling more accurate and self-consistent simulations of plasma dynamics across a

broad range of regimes. An example includes the integration of diagnostic data with simu-

lation outputs via techniques such as data assimilation and machine learning, leading to a

more re�ned ability to forecast plasma evolution and classify relevant astrophysical plasma

near-Earth regions (Breuillard et al., 2020). In the domain of low-temperature plasmas, data-

driven approaches have also played a signi�cant role in improving model interpret-ability and

computational e�ciency. For instance, reduced-order modeling techniques such as the sparse

identi�cation of nonlinear dynamics (SINDy) (Brunton et al., 2016) have been employed to

extract compact, interpretable dynamical systems that e�ectively capture the essential be-

haviour of high-�delity kinetic plasma simulations. This methodology constructs reduced

nonlinear di�erential equations by selecting relevant dynamics from a large set of candidate

functions via sparse regression. Recent applications to particle-in-cell (PIC) simulations

of space and astrophysical plasmas have demonstrated the potential of such approaches to

recover fundamental plasma dynamics, providing valuable insights and tractable surrogate

models for complex systems (Alves & Fiuza, 2022). This has been particularly crucial for

capturing nonlinear phenomena such as turbulence, magnetic reconnection and kinetic in-

stabilities, all of which play a fundamental role in both laboratory and astrophysical plasmas

(Trieschmann et al., 2023).

Many advances in understanding space phenomena have been linked to insight generated

by theoretical modeling and laboratory experiments (Koepke, 2008), through customised

laboratory experiments that provide con�rmation of theories through the identi�cation, iso-

lation and study of the physical phenomena present (Council et al., 1995). The bene�ts
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of laboratory experiments to investigating space plasma physics are their reproducibility,

control lability , con�gurability and a�ordability compared to a satellite mission or rocket

campaign (Koepke, 2008) and although the plasma being investigated in a laboratory device

is quite di�erent from that being measured by a space-borne instrument, laboratory experi-

ments provide validation on theoretical models, whilst pioneering key diagnostic techniques

relevant to the experiment. Whilst it is unrealistic to expect the dimensional parameters

corresponding to space plasmas to be achievable in the laboratory, the experiment is consid-

ered well-designed if the subset of parameters relevant to the speci�c process share the same

phenomenological regime as that of the space parameters. In the case of plasma experimen-

tation, laboratory experiments focused on the key ideas revolving around parallel electric

�elds, magnetic topology and the coupling between these key solar aspects as a means of

both understanding their interrelations (Akasofu, 1981) and their e�ect on space-engine me-

chanics (Winglee et al., 2000). Since the Sun's activity has important consequences on the

Earth's magnetosphere (Russell, 2002), it is crucial to introduce the very phenomena that

have been observed in the plasma of the Sun. The Sun's activity encompasses a wide range of

dynamic phenomena, including solar 
ares, coronal mass ejections and radio bursts (Priest,

2012). The Sun, classi�ed as a G2V main-sequence star, has a photospheric temperature

of approximately 5800 K. Over the course of its stellar evolution, variations in the Sun's

temperature, radius and luminosity are expected to produce distinct changes in the prop-

erties of the solar wind (Vidotto, 2021) that it produces. The existence of the solar wind

was �rst predicted theoretically by Parker (1958), who showed that the high temperatures in

the solar corona could drive a continuous, supersonic out
ow of plasma into interplanetary

space. This prediction was con�rmed by theMariner 2 spacecraft in 1962, which provided

the �rst in situ measurements of the solar wind (Neugebauer & Snyder, 1966). The ob-

servations of the solar wind were found to carry a plethora of plasma wave activity, with

various space missions revealing a complex interplay between waves and particles. Of par-

ticular interest were the Type III radio bursts, �rst identi�ed at metre wavelengths by their
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rapid, frequency-drifting structure, associated with energetic electrons propagating outward

through the solar corona (Wild, 1950). These bursts are connected to regions where Lang-

muir waves are excited and subsequently converted into radio waves via nonlinear plasma

processes (Melrose, 1985). These observations have solidi�ed the understanding that plasma

waves serve as e�ective probes of particle dynamics in the solar wind, particularly through

wave{particle and wave{angular{momentum interactions.

The solar wind is also a key mechanism for angular momentum loss from the Sun. Ini-

tial spacecrafts such as Vela and IMP-1 inferred non-radial velocity components of the solar

wind, suggesting angular momentum was being carried away at signi�cant rates (Hund-

hausen, 1970). The WIND spacecraft, launched in 1994, further con�rmed these �ndings

and highlighted the role of particle 
ux and magnetic stresses in extracting rotational energy

from the Sun (Ogilvie & Desch, 1997; Finley et al., 2019). These observations underscore the

importance of understanding solar wind dynamics for stellar evolution. Additionally, solar

wind characteristics, including the presence of electron and proton beams (Marsch et al.,

1982), supra-thermal tails (Maksimovic et al., 1997) and the high velocities of fast wind

streams (Zouganelis et al., 2005) necessitate a kinetic modeling approach. These models

naturally account for non-Maxwellian behaviour and allow for self-consistent development

of high-frequency electrostatic waves, such as Langmuir waves (Briand, 2015). Owing to

their strong dependence on electron dynamics, Langmuir waves are a prime target for both

observational and experimental investigations.

In this project, the focus is on the experiment of Langmuir wave dynamics in a controlled

laboratory experiment. Through the implementation of a reconstructed beam-plasma model

(Elskens, 2019) and conducting plasma experiments at Consorzio RFX (Padua, Italy), the

largest plasma physics research institute in Italy, this thesis leverages the shrinking of the

spatial scale from astronomical distances to a compact vacuum chamber, along with vary-

ing operational power conditions, to o�er complementary high-resolution diagnostics of the

conditions that result in the formulation of Langmuir Waves. Chapter 2 will introduce the
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relevant ideas behind the properties of plasmas, the premise ofLangmuir Wavesand their

presence in the Solar Wind. This will be followed by the characterisation of the Langmuir

characteristics, through the use ofLangmuir Probes(to obtain measurements for theelectron

density ne, the electron temperatureTe and the 
oat potential Vp and through antennas that

capture the Langmuir electrostatic waveforms for the unmagnetised plasma. This is followed

by an in-depth description of the experimental setup and data interpretation (Chapter 3),

before going into detail of the data analysis. The Results (Chapter 4) are spread across two

distinct sections, relating to the experimental results (Chapter 4.1) and the numerical simu-

lations (Chapter 4.2). A further comparison is made with the Langmuir phenomena present

in the Parker Solar Probe (PSP) observations, discussed in Chapter 5. The conclusion to

the analysis is provided in Chapter 6, with the appendix split into the equation deriva-

tions (Appendix A), complete numerical parameter scans (Appendix B.2) and the utilised

code/software for the analysis (Appendix C). This laboratory study will not only aid the

interpretation of spacecraft data but will also contribute to the understanding of energy

transport, turbulence and wave{particle interactions in collisionless plasmas. Bridging the

gap between large-scale space observations and laboratory experiments is thus essential for

gaining deeper insight into astrophysical plasma behaviour.
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2 Theoretical Background

2.1 An Introduction to Plasmas

Most of the known and observed matter in the Universe is in an ionised state. Naturally

occurring plasmas, like the surface regions of the Sun, interstellar gas clouds and the Earth's

magnetosphere happen to exhibit plasma-dynamic phenomena that arises from the inter-

action of magnetic and electric forces (Goldston & Rutherford, 1998). These astrophysical

plasmas are extremely complex, characterised by interactions of multiple length scales, a

strong coupling between the particles and the electric and magnetic �elds and the highly tur-

bulent behaviour that challenges both theoretical modeling and observational interpretation

(Kulsrud, 2005). Plasmas are often described as the fourth state of matter, distinguishing

them from solids, liquids and gases due to their unique composition and collective behaviour

(Chen, 2015). The foundation of plasma physics arose back in the early 20th century, when

Irving Langmuir �rst introduced the term plasma to describe the ionised gases observed in

vacuum tube experiments (Langmuir, 1928). Alongside Lewi Tonks, they identi�ed electro-

static oscillations, now known as Langmuir waves, that revealed the collective dynamics of

charged particles in a medium (Tonks & Langmuir, 1929), with these studies providing the

groundwork for modern day kinetic theory and wave{particle interactions observed and de-

tected in plasmas. This �eld of science rapidly evolved in the mid-20th century due to the rise

in the interest in both fusion energy and astrophysical phenomena, where early satellite mis-

sions such as Explorer I and Voyager con�rmed the presence of naturally occurring plasmas

in the Earth's magnetosphere and interplanetary space (Parks, 2004). Today, spacecrafts

such as Wind, Cluster and the Parker Solar Probe provide high-resolution measurements of

plasma waves, shocks and instabilities in the solar wind, further highlighting the relevance of

laboratory scale experiments for understanding cosmic plasma systems (Bale et al., 2016b).

Plasmas consist of a gas of neutral atoms and molecules, with an existence of stripped,

free electrons and positively charged nuclei, namely ions. Unlike in a neutral gas, where
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particles interact primarily through short-range collisions, the long-range electromagnetic

interactions in a plasma dominate its dynamics, leading to a variety of phenomena such

as waves, instabilities and coherent structures not observed in non-plasma 
uids (Choud-

huri, 1998). Plasmas possess important characteristics that distinguish their properties from

non-plasmas. These include the capacity to attain temperatures and energy densities far

exceeding those achievable through conventional processes. Secondly, even at relatively low

temperatures, plasmas can produce highly energetic species, capable of initiating chemical

reactions that are otherwise challenging to achieve through conventional chemical methods

(Fridman & Kennedy, 2011). Whilst plasmas form naturally in a vast variety of astrophysi-

cal environments, they can also be created in laboratory settings using electrical discharges,

lasers or radio-frequency �elds. In fact, it is estimated that more than 99% of the visible

universe is in the plasma state (Chen, 2015). As such, the study of plasma physics is not

only fundamental to understanding laboratory phenomena such as fusion or space propulsion

but also essential to interpret measurements taken from spacecraft missions that explore the

heliosphere and beyond.

2.1.1 Plasma Fluid Equations

2.1.2 Plasma Fundamentals

To understand the dynamics and structure of plasmas both in space and in the laboratory,

it is crucial to examine the fundamental laws that govern the electric and magnetic �elds

in these ionised environments. The behaviour of electric and magnetic �elds in plasmas is

governed byMaxwell's equations , which describe the classical electrodynamic laws. In

di�erential form, these equations are:
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r � E =
�
"0

(Gauss's law for electricity) (2.1.1)

r � B = 0 (Gauss's law for magnetism) (2.1.2)

r � E = �
@B
@t

(Faraday's law of induction) (2.1.3)

r � B = � 0J + � 0"0
@E
@t

(Amp�ere{Maxwell law) (2.1.4)

Here,E and B are the electric and magnetic �elds,� is the charge density,J is the current

density, "0 is the vacuum permittivity and � 0 is the vacuum permeability. Here, small-scale

electrostatic phenomena are governed by the present electric �elds, with the magnetic ef-

fects often being neglected. Above the ion-cyclotron frequency (the frequency which ions

spiral around magnetic �eld lines in a plasma due to the Lorentz force acting on charged

particles), the response of magnetic �eld instruments diminishes, making electric �eld data

more suitable for probing the �ne-scale structure and dynamics of high-frequency plasma


uctuations (Briand, 2009). This electrostatic approach is especially valid for phenomena

such as Langmuir waves, where the time scales are much shorter than those associated with

magnetic �eld variations (Sturrock, 1994). In such cases, Gauss's law for electricity (2.1.1)

becomes the most relevant of Maxwell's equations, directly relating charge density to the

divergence of the electric �eld ~E. Such a relation underpins the derivation of Poisson's

equation, which models how electric potentials develop in response to spatial charge varia-

tions within a plasma, enabling the study of fundamental electrostatic phenomena such as

charge shielding, wave propagation and various instabilities (Whipple et al., 1985). Its role

is particularly crucial in both analytical treatments and numerical simulations of plasmas,

where spatial charge distributions give rise to self-consistent electric �elds. This leads to the

classical form of Poisson's equation:

r 2� = �
�
"0

(2.1.5)
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where � is the electrostatic potential. This relation underpins essential concepts like De-

bye shielding and forms the basis for modeling high-frequency electrostatic modes such as

Langmuir oscillations.

To fully characterise the behaviour of a plasma, it is necessary to introduce several key

parameters that govern its characteristic spatial and temporal scales. Among the most

fundamental of these is theDebye length (� D ), which determines the distance over which

electric potentials are e�ectively screened by the redistribution of free charges. To obtain this

parameter, one starts with Poisson's equation in SI units, substituting the charge density�

with � e(ni � ne) (every ion considered here to be ionised only one) to account for the ion

and electron number densities. Thus, equation 2.1.5 becomes:

r 2� = �
e
"0

(ni � ne) (2.1.6)

Assuming stationary and uniform ions, where the timescale of the ion distribution is far

larger than that of the electrons, one takes:

ni = n0 (2.1.7)

Electrons respond to the electrostatic potential according to the Boltzmann relation:

ne = n0 exp

 
e�

kB Te

!

(2.1.8)

Assuming small perturbations in potential such that e�
kB Te

� 1, one linearises the expo-

nential:

ne � n0

 

1 +
e�

kB Te

!

(2.1.9)

Substituting into Poisson's equation:
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r 2� = �
e
"0

 

n0 � n0

 

1 +
e�

kB Te

!!

= �
e
"0

 

� n0 �
e�

kB Te

!

=
n0e2

"0kB Te
� (2.1.10)

This is a linear di�erential equation of the form:

r 2� =
1

� 2
D

� (2.1.11)

where � D is the characteristic screening length. Comparing terms, one can identify the

Debye length:

� D =

s
"0kB Te

n0e2
(2.1.12)

This length scale quanti�es the extent over which electrostatic potentials are screened

out in a plasma due to mobile electrons.

For a plasma with medium dimensions far greater than� De , collective e�ects prevail.

Whenever local charge concentrations or external potentials are introduced into the overall

system, they are shielded out at the distances far smaller thanL (L is the characteristic

length of the system) (Inan & Go lkowski, 2010). This leads to a de�ning feature of a

plasma, that beingquasi-neutrality, meaning that while local charge imbalances can occur,

predominantly at small scales or boundaries, the overall density of positive and negative

charges is nearly equivalent on average over the system (Chen, 2015), which leaves the

majority of the plasma free of large electrostatic gradients. Small deviations from neutrality

give rise to strong~E and rapid collective responses for the relaxation of the distribution. This

can lead plasmas to exhibit collective behaviour, where the motion of individual particles

is in
uenced by the behaviour of many others through self-consistent electric and magnetic
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�elds (Sturrock, 1994). These properties allow plasmas to support a wide range of wave

modes and instabilities, such as Langmuir waves and ion-acoustic waves (IAW).

Another important plasma parameter is theplasma frequency (! pe), representing the

natural oscillation rate of electrons disturbed from equilibrium, with ions assumed to remain

stationary due to their greater mass. It is equal to:

! pe =

s
nee2

"0me
; (2.1.13)

These rapid oscillations underpin the behaviour of Langmuir waves and other high-frequency

phenomena and in order to derive this quantity, one must consider a slab of plasma in which

electrons are displaced slightly by a distancex relative to the ions. This creates a sheet of

net negative charge on one side and a sheet of net positive charge on the other which results

in an ~E that acts to restore the electrons to their original position.

Starting from Gauss's law for electricity (2.1.1), one can derive the expression for the

~E generated by the displaced electrons. The resultant charge separation produces a charge

density of � = � nee for the corresponding region where electrons are absent. Then, if one

applies Gauss's law in the integral form over a Gaussian surface enclosing the displaced

charge, one �nds:
I

E � dA =
Qenc

"0
: (2.1.14)

which, in one dimension and with the assumption of planar symmetry, reduces to:

E � A =
neeAx

"0
; (2.1.15)

Here, A is the cross-sectional area andx is the displacement of the electron sheet . One

would �rst cancel A from both sides, which results in the linearised expression for~E:

E =
neex
"0

: (2.1.16)
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Here, ~E acts to restore the displaced electrons which causes the oscillations at the resultant

plasma frequency. Now, on applies Newton's second law to the electron motion:

me
d2x
dt2

= � eE = � e
� neex

"0

�

; (2.1.17)

)
d2x
dt2

+
nee2

"0me
x = 0: (2.1.18)

This is a simple harmonic oscillator equation of the form

d2x
dt2

+ ! 2
pex = 0;

from which one can identify theelectron plasma frequency as

! pe =

s
nee2

"0me
: (2.1.19)

This frequency determines the natural rate at which electrons oscillate about their equi-

librium position and governs the behaviour of high-frequency phenomena such as Langmuir

waves.

The �nal important plasma characteristic is theelectron thermal velocity (vth ), which

describes the average speed of electrons due to their thermal energy, de�ned by

vth =

s
2kB Te

me
(2.1.20)

vth plays a central role in broadening the velocity distribution of the particles contained

within plasmas, whilst also in
uencing the rate of collisional processes and the dispersion

properties of plasma waves. In order to derive thevth relation, one begins with the as-

sumption that the involved electrons are in a thermal equilibrium and follow the standard

Maxwell-Boltzmann distribution. From kinetic theory, the average kinetic energy of an elec-
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tron in one dimension is given by theequipartition theorem (Levashov et al., 2008) as:

1
2

mehv2i =
1
2

kB Te; (2.1.21)

whereTe is the electron temperature andkB is Boltzmann's constant. Then, solving for the

root-mean-square (rms) velocity results in the the one-dimensional thermal velocity:

vth,1D =

s
kB Te

me
: (2.1.22)

If this is instead adjusted for three-dimensional motion, the total thermal energy is dis-

tributed across three degrees of freedom, that instead results in the expression:

vth =

s
2kB Te

me
: (2.1.23)

This quantity is not just a measure of the average particle speed but also plays a role of

setting the characteristic time and length scales of the resultant plasma. It enters directly

into the derivation of the Debye length and in
uences the Landau damping rate of electro-

static waves (discussed in section 2.2.1), whilst also being essential to understanding how the

particles respond to the electric �eld ~E. In addition to the intrinsic plasma parameters, it

is also crucial to understand plasma behaviour across the various environments, examining

how external conditions a�ect plasma dynamics. Such conditions include temperature, de-

gree of ionisation, collisionality and the interaction with magnetic �elds. The classi�cation

of plasmas into di�erent regimes, including cold/hot, magnetised/unmagnetised and colli-

sional/collisionless, helps to determine which physical processes dominate the plasma and

which modeling frameworks are applicable.
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2.1.3 Plasma Regimes and Classi�cation

In stellar dynamics, one often studies systems that have relaxation times far larger than the

age of the Universe, so that collisions have never been important in the system (Choudhuri,

1998). In a laboratory apparatus, however, the collisions of the system must be considered,

as to determine their in
uence on the properties of the plasma regime, with the regimes

in which the plasma operates, being de�ned by the aforementioned parameters. To begin

analysing said properties, one introduces thecollisionality of a plasma, which refers to

how frequently the particles of the system interact via collisions. This re
ects the balance

between the collective long-range electromagnetic interactions and the short-range binary

Coulomb collisions. Then, this resultant balance determines how the corresponding plasma

behaves. In order to quantify this, one can use theKnudsen number as a measure of how

collisional or rare�ed a plasma is, de�ned as:

K n =
� mfp

L
(2.1.24)

Here, � mfp = vth
� c

is the mean free path, given by the ratio of the thermal velocityvth to

the dominant collision frequency� c and L is the characteristic length scale of the system. In

a fully ionised plasma,� c � � ei is the electron{ion collision frequency. However, in weakly

ionised laboratory plasmas such as in the experimental apparatus of this thesis, the dominant

process is electron{neutral collisions,� en. The latter can be expressed as:

� en = nn � en vth ; (2.1.25)

wherenn is the neutral density, � en is the electron{neutral collision cross section andvth is

the electron thermal velocity. Incollisional plasmas, frequent particle interactions dominate,

with K n � 1, allowing continuum 
uid models like the Navier{Stokes equations and Fourier's

law to apply. When K n is small but non-negligible (0:001 < K n < 0:1), slip 
ow and
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temperature jump boundary conditions are introduced to account for rarefaction e�ects.

As K n increases (0:1 < K n < 10), the system enters thetransition regime, where neither

continuum nor free-molecular descriptions are fully valid and �nally forK n � 1, typical for

collisionless plasmaslike the solar wind or magnetosphere, the mean free path will exceed the

size of the system such that the collective electromagnetic interactions become the dominant

property of the regime.

Another important plasma property is the magnetisation of the plasma. This compo-

nent characterises how charged particles are in
uenced by the presence of magnetic �elds.

It is typically assessed by comparing the gyrofrequency! c = eB=m to � , or by compar-

ing the particle gyroradius to the characteristic system scale. When one observes strongly

magnetised plasmas, charged particles spiral tightly along magnetic �eld lines, holding a

strong in
uence over the plasma transport and particle con�nement, whilst in weakly mag-

netised/unmagnetised plasmas, magnetic �elds have a negligible e�ect on particle trajecto-

ries. In such environments, shock formation and energy dissipation are often governed by

electrostatic or �lament instabilities, such as the relativistic Weibel (two-stream) instability

(Medvedev & Loeb, 1999), which has been shown to mediate shock formation in collisionless

electron-positron and electron-ion plasmas (Nishikawa et al., 2003; Spitkovsky, 2007).

Finally, the temperature of a plasma distinguishes betweencold (Te � a few eV) and

hot (Te � 100 eV) regimes. It typically governs particle kinetic energy and in
uences the

reaction dynamics of the plasma system. In many plasmas that are in non-equilibrium or are

weakly collisional environments, electron and ion temperatures can di�er signi�cantly, requir-

ing non-isothermal modeling, where it is common for plasmas to exhibit multiple, distinct

temperatures simultaneously, with ions and electrons each following separate Maxwellian

distributions characterised byTi and Te respectively. Thedegree of ionisation , heavily

in
uenced by temperature, ranges from partially ionised plasmas like the ionosphere and

gas discharges, to fully ionised plasmas such as those found in fusion cores. The degree of

ionisation has a key in
uence over processes such as the conductivity and recombination of
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the plasma. When one considers these properties and regimes, one then has the capacity to

classify and determine the appropriate theoretical framework to the experimental apparatus

and conditions relevant to the production of Langmuir Waves.

2.2 Langmuir Waves

Typically, plasmas are governed by both electric and magnetic �elds, with the magnetic

�eld playing a role in shaping plasma behaviour, de�ning particle gyration and orbits and

in
uencing magneto-hydrodynamic and electromagentic wave modes. Such plasmas typically

are con�ned because of the presence of magnetic �elds, such that the idea of unmagnetised

plasmas producing waves is quite noteworthy. However, electrostatic properties allow the

propagation of waves in the form of electronic oscillations and acoustic phenomena, such that

waves can occur even in the absence of magnetic �elds, predominantly relying on collective

particle interactions and charge separation. Consider a plasma system in which electrons

are initially displaced from their equilibrium positions. The resulting electric �eld ~E acts

as a restoring force, pulling the electrons back toward their original positions in an attempt

to neutralise the ion charge imbalance. However, the energy stored in~E is converted into

electron kinetic energy, causing the electrons to overshoot their equilibrium positions. This

overshoot leads to the formation of a new out-of-equilibrium density distribution on the

opposite side (Goldston & Rutherford, 1998). The repetitions of this oscillation are termed

"Langmuir Oscillations ". Given the rapid nature and short period of these oscillations,

the background ions are deemed stationary compared to the electrons, such that one can take

the 
uid and Poisson equations to construct a system to derive a corresponding dispersion

relation for the electrostatic plasma wave. The dispersion relation for cold plasma waves can

be derived using both 
uid and kinetic models:

! 2 = ! 2
pe + 3k2v2

th (2.2.1)
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Equation (2.2.1) is known as the Bohm{Gross dispersion relation, which incorporates �nite-

temperature e�ects via the thermal velocityvth , accounting for the thermal spread, arising

when the beam velocityvb, is greater than thevth . The full 
uid derivation of the Bohm-

Gross relation is given in Appendix A.1. To account for thermal e�ects more rigorously,

one turns to the kinetic model , which begins with the Vlasov equation. One obtains

the dielectric function "(!; k ), which, when taken in the long-wavelength limit, produces

same dispersion relation as equation (2.2.1). The di�erence between the two approaches, is

that the 
uid approach treats the plasma as a continuous medium with averaged quantities,

while the kinetic model captures the detailed velocity distribution of particles, allowing

for a more precise treatment of thermal e�ects and wave-particle interactions. The kinetic

derivation (Appendix A.1.3) con�rms the 
uid result, providing a deeper insight into the role

of the velocity distribution and corresponding Landau damping. Figure 2.2.1 provides a plot

of the Bohm-Gross dispersion relation, alongside the thermal limited form,! 2
pe � 3k2v2

th ,

where the frequency becomes linearly dependent on the wavenumber k, achieving sound-like

propagation.

Figure 2.2.1: Bohm{Gross dispersion relation (blue) and the thermal limit (red) dispersion
relations in an unmagnetised plasma.

Under certain conditions, such as when an electron beam propagates through the plasma,

these waves can become unstable, growing exponentially over time due to the energy transfer

from the beam to the wave �eld. This phenomenon is captured through a linear instability



Langmuir Wave Study in a Laboratory Plasma 23

analysis, providing a framework to understand how small perturbations grow or decay in

time.

2.2.1 Beam-Plasma Instability Model

If a plasma is passed by a non-modulated beam of electrons, whose initial velocity exceeds

the average thermal velocity of the plasma electrons, then longitudinal electric waves are

excited in plasma with exponentially increasing amplitude (Bohm & Gross, 1949). In this

case, the state of the beam becomes unstable and the 
uctuations of density and velocity

that exist in the beam also propagate in the form of longitudinal waves with increasing

amplitude. In other words, the area with increased or decreased density naturally arise in

the beam and plasma (Akhiezer & Fainberg, 1949). A drifting electron beam with velocityvb

interacting with a background plasma can excite Langmuir waves if the wave phase velocity

satis�es the resonance condition:

! � kvb: (2.2.2)

If such a condition is met, then one can address the foundation of the modeling of

the resultant instability that arises due to the interaction between a plasma and beam of

electrons. When the velocity distribution function has apositive slope at the resonant

velocity:

v = !=k (2.2.3)

the plasma wave becomesunstable . Two distinct scenarios may arise:

ˆ Energy Absorption (Damping): When there are more particles moving slightly

slower than the phase velocity of the wave and fewer particles movingfaster, the

particles absorb energy from~E. This results in a damping of the plasma oscillation.

ˆ Energy Transfer to the Field (Instability): Conversely, if there are more particles
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moving slightly faster than the phase velocity, they transfer energyto ~E. This leads

to a growth of the oscillation, potentially driving an instability.

This results in exponential growth of the wave amplitude due to theCherenkov reso-

nance mechanism (v� = !=k � vb), where resonant particles transfer energy to the wave.

This is the basis of the beam-plasma instability. Implementing a speci�c system involving

long-range interactions, thebeam{plasma instability model (Elskens, 2019; O'Neil et al.,

1971) describes the injection of a supra-thermal electron beam into a thermalised plasma.

The long-range interactions are characterised by two-body interaction potentials which are

inversely proportional to a power of the inter-particle distance, which is smaller than the

spatial dimension of the system (Campa et al., 2009). It can be shown that the energy per

particle diverges for large sizes and that the contribution due to the boundary surfaces of the

system cannot be neglected with respect to the bulk of the particles. Under certain condi-

tions, the plasma response is non-resonant and it can be treated as a bulk with respect to the

propagation of the beam. The system becomes unstable when Langmuir modes are excited,

as charged particles become e�ectively coupled over long ranges through electrostatic plasma

waves (Carlevaro et al., 2014).

Linear Instability

To study the onset of instability in a plasma, one can derive the dispersion relation by con-

sidering a cold electron plasma composed of two species: a background electron population

containing the bulk of the particles and a drifting electron beam. Both sources of electrons

are treated as separate cold 
uids that interact through the self-consistent~E. Again, the

ions are assumed to be stationary and provide a uniform neutralising background. A de-

tailed derivation of the dispersion relation for this two-
uid cold plasma system is provided

in Appendix A.2 . By linearising the governing 
uid and Poisson equations, along with the

application of Fourier transforms, one can obtain a dispersion relation that captures the cou-

pling between the background plasma! p response and the beam dynamics of! b, resulting
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in the cold-
uid 2-stream instability in the form of:

1 =
! 2

p

! 2
+

! 2
b

(! � kv0b)2
; (2.2.4)

wherev0b is the initial velocity of the beam. The concept of an instability in plasma wave

theory arises when small perturbations to a plasma's equilibrium state grow over time, rather

than dissipate. In the linear regime, where perturbation amplitudes are much smaller than

the equilibrium quantities, the plasma response can be studied by decomposing the wave

�eld into Fourier modes. Each component of the disturbance,�A (x; t), can be represented

as a superposition of plane waves oscillating at frequency! (k):

�A =
X

k

Ak exp(ik � x � i!t ): (2.2.5)

The frequency! is, in general, a complex quantity. Its real part governs the oscillatory

behaviour of the wave, while its imaginary part
 determines the temporal evolution of the

wave amplitude. A positive growth rate (
 > 0) corresponds to an instability, meaning

an exponential ampli�cation of the wave amplitude over time, whereas
 < 0 indicates

damping. Such an instability exists when an electron beam is present in the plasma. The

beam introduces a resonance condition through the term (! � kvb) in the dispersion relation,

allowing wave-particle energy exchange. When the phase velocity of the wave matches the

velocity of the beam particles, constructive energy transfer can occur, amplifying the wave.

Then, for certain values for both the beam velocityvb and wavenumberk, this interaction

causes the imaginary part of! to become positive, leading to exponential wave growth.

This mechanism underlies thebeam{plasma instability (Elskens, 2019; O'Neil et al.,

1971), a standard example of linear instability in plasmas. It demonstrates how the free

kinetic energy of a drifting population can destabilise the system and excite electrostatic

modes, in particular, Langmuir waves. The growth of such modes persist in the linear regime

until nonlinear e�ects, such as wave{particle trapping or mode coupling, begin to dominate
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and saturate the instability. To capture these e�ects mathematically, the dispersion relation

must account for complex frequency solutions:

! (k) ! ! (k) + i
 (!; k); (2.2.6)

In weakly unstable systems, where
 � ! 0, where ! 0 is the initial plasma frequency of

the system, the wave energy evolves slowly over many oscillation periods (Gurnett & Bhat-

tacharjee, 2005).

In the context of the laboratory experiments performed in this thesis, this theoretical

framework provides a valuable foundation for interpreting the observed beam-induced Lang-

muir wave activity. When a drifting electron population is injected into the plasma via

the thermionic beam �lament Fb, it acts as the free energy source required to destabilise

electrostatic modes through the beam{plasma instability mechanism described above. This

manifests experimentally as high-frequency electric �eld oscillations near the local plasma

frequency, consistent with the theoretical Langmuir mode. However, the spatial extent of the

instability-driven oscillations is limited. A wide range of electric �eld strengths was observed

from type III radio emissions with peak values ranging from 50 mV/m around 0.4 AU, down

to 0.3 mV/m at approximately 1 AU (Gurnett et al., 1978), such that the measurements

from a the coaxial antennas may reveal the damping of the waveforms at extended distances,

relating to the aforementioned Debye shielding and Landau damping.

Landau Damping

Observations of small-amplitude oscillations present in beam-plasma interactions, known as

Dawson modes , revealed the presence of longitudinal electrostatic modes that exist for a

wide range of frequency{wavenumber pairs (!; k ). Unlike the discrete normal modes found

in idealised systems, Dawson modes form a continuum of oscillations in collisionless plasmas,

arising from the collective response of particles to an initial perturbation, where individual

plasma particles participate coherently in the wave motion (Dawson, 1960). These modes
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are especially relevant in kinetic simulations, such as particle-in-cell (PIC) models, where

the plasma is represented by a �nite number of computational particles. In such simulations,

small 
uctuations in particle positions or velocities can excite Dawson modes spontaneously,

providing insight into how the plasma responds to perturbations even in the absence of

externally driven waves. Once initiated, they evolve according to the Vlasov-Poisson system

and are subject toLandau damping , where resonant particles absorb wave energy, leading

to a gradual decay in amplitude without requiring collisions (Landau, 1946). Each particle

streams through a plasma with a velocity approximately equal to the phase velocity!=k ,

contributing to and sustaining the mode. These modes are not true eigenmodes of the

Vlasov{Poisson system but rather quasi-modes that exhibit collective behaviour over �nite

timescales before gradually dispersing due to phase mixing. (Stix, 1992, p. 169). Through

the application of a perturbation, it is possible to calculate the transfer of energy between

the ~E and the plasma particles, with the nature of this energy exchange depending on the

distribution of particle velocities relative to the wave's phase velocity.

If ~E is associated with the plasma wave, then:

ˆ In the �rst case, the oscillation is damped (e.g., Landau damping).

ˆ In the second case, the oscillation is ampli�ed due to the energy input from the particles.

The mathematical derivation of the Landau Damping dispersion relation is provided in

Appendix A.3. Figure 2.2.2a shows the initial Maxwellian distribution functionf̂ 0(ux ), along

with the point where ux is equal to the phase velocity of the plasma wave, whilst �gure 2.2.2b

shows the �nal evolution of the distribution function, with the 
attening of the curve at the

�Cerenkov resonance a result of the Landau Damping phenomena.

This phenomena results due to the wave exchanging energy with the particles, highlight-

ing the so-calledwave-particle interaction. In the case of ampli�cation, one can approach

the distribution function with the concept of the two-stream instability. Now, rather than

a singular Maxwellian function, the system is made up of a double-humped distribution,
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Figure 2.2.2: a) Initial Maxwellian velocity distribution and b) its nonlinear evolution near
the resonance velocity!=k (red dashed line). The �nal distribution exhibits the characteristic

attening around the resonance, illustrating the e�ect of Landau damping due todf 0

dv < 0.

one hump representing the primary plasma-wave and bulk of the particles and the second

representing the perturbing plasma beam, as shown in 2.2.3a. This results in a phase veloc-

ity with a positive slope (df 0
dv > 0). SinceIm (! ) is positive, the wave will grow, such that

the instability energy of the relative motion between the bulk of the particles and that of

the perturbing stream, will feed into a plasma wave with the corresponding phase-velocity.

Rather than passing freely by one another, the streams are halted and give rise to plasma

waves in the process (Choudhuri, 1998) producing an eventual single dominant stream due

to the non-linear evolution.

2.2.2 Langmuir Wave Modulation

Langmuir waves are highly sensitive to the ambient conditions of the plasma and are often

subject to modulation by large-scale electrostatic 
uctuations in the form of ion-acoustic

waves (IAWs) and electron-acoustic waves (EAWs). Observations of plasma wave activity

by the Helios and Voyager spacecrafts have revealed that short-wavelength electrostatic


uctuations are present in the solar wind at frequencies that fall between the ion and electron

plasma frequencies,! i < ! < ! e (Gurnett & Anderson, 1977; Gurnett & Frank, 1978; Kurth

et al., 1979). In inhomogeneous or weakly turbulent plasma environments, these acoustic
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Figure 2.2.3: Evolution of the velocity distribution function during the two-stream instability.
(a) shows the initial state with a drifting beam population. (b) shows the nonlinear evolution
and redistribution of particles.(Resonance peak near!=k , red dashed line).

modes can act as a dynamic background that modulates Langmuir wave packets, resulting in

envelope structures, the focusing or defocusing of energy and wave collapse. These nonlinear

interactions are well-captured by the Zakharov equations, which model the coupling between

the high-frequency Langmuir oscillations and low-frequency density perturbations associated

with both IAWs and EAWs (Zakharov et al., 1972).

Another phenomenon present in the Solar Wind observations was that Langmuir waves

exhibit a bursty/clumpy temporal structure, with the mean electric �eld amplitude signi�-

cantly lower than the observed peak values (Robinson & Cairns, 1993). This clumpy nature

of Langmuir wave activity is generally attributed to small-scale 
uctuations in the back-

ground electron density of the solar wind plasma, refracting the Langmuir waves (Ryutov,

1970) and altering the corresponding Langmuir wave k-vectors. The degree of modulation

in the Langmuir wave �eld depends on the e�ciency of this refraction process, which in turn

is governed by the amplitude and structure of the background density 
uctuations, resulting

in the observed clustering of Langmuir wave packets into localised clumps (Voshchepynets

et al., 2015). Thesein situ measurements of solar wind turbulence at 1 AU have revealed that

the relative density 
uctuations, � n=n, typically ranging from 1% to 10%, follow power-law

spectra, with spectral indices that vary depending on the physical scale being considered
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(Celnikier et al., 1987). It is this turbulent density landscape that provides the refractive

environment necessary to produce the observed clumpy Langmuir wave patterns.

Beyond the envelope modulation, such wave{wave interactions can give rise to mode

conversion processes central to solar radio emissions. The idea of "three-wave-interactions"

has been proposed, where Langmuir waves (L) can couple with ion-acoustic waves (S) to

generate secondary Langmuir waves (L0), a process described byL + S ! L0. This coupling

can lead to the conversion of electrostatic Langmuir waves into escaping electromagnetic

radiation (T) via interactions such asL + S ! T or L + L0 ! T. These nonlinear processes,

driven by beam{plasma instabilities and modulated by ambient acoustic 
uctuations, o�er a

theoretical basis for understanding the origin of fundamental and harmonic plasma emission

observed in solar radio bursts. However, for such emissions to be detectable, conditions

in the solar corona must allow the escaping radiation to overcome free{free absorption, a

requirement tied to the local plasma density scale height and opacity (Melrose, 1987). This

wave-wave modulation has also been observed through the power spectrum of the Freja

spacecraft (Lundin et al., 1994), where multiple peaks are observed, corresponding to the

frequencies of multiple waves. However, whilst Langmuir wave interactions with IAW's have

been proposed to explain the observed low modulation frequencies present in solar wind,

it could not be attributed to the bulk of the observed higher frequency modulations of the

Langmuir waves (Bonnell et al., 1997). IAW's, like Langmuir Waves, also have an associated

dispersion relation. This relation is derived in appendix section A.1.2.

2.2.3 Langmuir Phenomena in Solar Wind Observations

In a similar manner for the Sun, it is hypothesised that during periods of enhanced so-

lar activity, such as solar 
ares, energetic electrons are accelerated into relativistic beams

(Ginzburg & Zheleznyakov, 1958). These electron beams, which can reach velocities up to

0:3c (Fainberg & Stone, 1970), may excite nonlinear electrostatic oscillations in the back-

ground plasma. These oscillations typically occur at frequencies near the fundamental plasma
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(Langmuir) frequency ! p0 and its harmonics, such as 2! p0 (Tonks & Langmuir, 1929) and

spacecraft such asWind, Parker Solar Probeand Ulysseshave observed Langmuir-like tur-

bulencein situ, using onboard probes. The complexity of the electric-�eld spectra observed

by the TDS during the passage of a type III solar radio burst (�gure 2.2.4), was captured

by the WAVES experiment on the Wind spacecraft (Bougeret et al., 1995).

Figure 2.2.4: Electric-�eld spectrum measuredin situ in the solar wind during the passage
of a type III burst, using the Ex spin-plane electric dipole antenna of the TDS instrument
on the Wind spacecraft. Reproduced from Bougeret et al. (1995).

The two large frequency peaks at 27.48 kHz and 54.84 kHz are presumed to be at the

plasma frequency and its harmonic. Since the power of the harmonic is comparable to that of

the �rst one, this indicates that the Langmuir oscillations must be very nonlinear (Fainberg

& Osherovich, 2022). In addition toin-situ observations of the solar wind showing plasma

frequency emissions in the kHz range, laboratory spectra at higher densities also exhibit

sharp power enhancements near the electron plasma frequency, which will be detailed later

on in the thesis. Given this beam-plasma instability model and the observed Langmuir

phenomena in solar wind, it is of importance to investigate these e�ects in a controlled

environment, in which an electron beam is injected into a background plasma con�ned within

a laboratory box to determine if lab beam{plasma conditions mimic those thought to occur
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in solar type-III source regions. This con�guration will allow the detailed exploration of

wave{particle interactions, mode growth and harmonic generation under well-characterised

conditions through the use of various antennas and probes. Thus, it is important to address

the theory behind the laboratory plasmas, along with the associated characteristics and

models that in
uences the corresponding diagnostic measurements.

2.3 Laboratory Plasma Physics and Diagnostic Theory

2.3.1 Thermionic and Vacuum Discharge Phenomena

Typically, to create a plasma in a laboratory, one would apply an electric �eld~E to a neutral

gas, preferentially at low pressure in order to favour plasma formation. The applied~E

accelerates the free electrons present in the gas, resulting in collisions between the electrons

and atoms, inducing the corresponding ionisation. The method involved in this thesis,

consists of the heating of a negatively polarised electrode to high temperatures, achieved

using a tungsten wire carrying a high current. Thethermionic emission phenomenon

is associated to the cathode emitting an electron current. The generated free electrons

are accelerated towards the anode, interacting with the corresponding gas present in the

system, resulting in the creation of a plasma. The thermionic emission occurring at such

high temperatures can be described byRichardson's law :

J = AT 2 exp

 
e�
kT

!

(2.3.1)

Here,J is the electron current density, due to the thermionic emission, � is theextraction

potential (the minimum energy to be given to an electron in a metal, to provide the capacity

to escape the metal itself),e is the elementary charge, k is the Boltzmann constant, T is the

�lament temperature and A is the material dependent constant. For Tungsten, the parameter

A is equal to 7� 105 A/m 2K2, whilst � is equal to 4.55V. As shown in �gure 2.3.1, an increase

in the temperature T corresponds to a rapid increase in the emitted current.
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Figure 2.3.1: Current densityJ emitted from a tungsten wire as a function of the temperature
T.

Considering a currentI F driven by a corresponding potential di�erenceVF , the relation-

ship between these two quantities can be described by Ohm's law, where the proportionality

constant is the �lament resistance, which depends on the �lament's temperature. Then, to

obtain information about the temperature, one can use the balance between the Ohmic in-

put power heating the �lament and the radiated power from the �lament itself. For a given

�lament of length L and radius r , one has the following relations:

VF = � (T)
L

�r 2
I F (Ohm's Law)

VF I F = ��T 42�rL (Power Balance)

where � (T) is the temperature-dependent electrical resistivity of the �lament mate-

rial, � is the emissivity of the �lament surface and� is the Stefan{Boltzmann constant

(� = 5:67� 10� 8 W· m� 2· K � 4). Through the combination of these two equations and the

explicit removal of the temperature dependency, it is possible to evaluate the voltage{current

characteristics of the �lament. One can also obtain theelectron emitted current as a func-
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tion of the current 
owing through the �lament itself. The derivation of such a function

is provided in appendix A.4.1, whilst �gure 2.3.2 shows the corresponding behaviour in the

voltage-current and electron-current characteristics for �r (�lament diameter).
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Figure 2.3.2: For �lament diameter values (� r ), left: applied voltage to the �lament as a
function of the current 
owing in the �lament itself. right : The emitted electron current as
a function of the current 
owing in the �lament itself.

When electrons are thermionically emitted from a cathode and accelerated toward an

anode, the emitted current can become limited not only by the emission rate (Richardson's

law) but also through the build-up of negative charges in the inter-electrode region. This

space-charge e�ect leads to an electrostatic barrier that repels further electrons, thereby

restricting the current (Umstattd et al., 2005). In the regime where this occurs, the electron

current density is no longer governed by the thermodynamics of the emission but rather

by the Child{Langmuir (space-charge-limited) law. The derivation of Child's law is

provided in the appendix A.4.2. As a consequence of the two laws, in an experimental device

operating with a hot cathode, the associated electric voltage-current characteristics will be

made of two parts: for current values low enough, theV 3=2
0 dependence predicted by Child's

law will be found: as the voltage is increased, a current saturation is encountered due to the

limit arising from Richardson's Law.
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2.3.2 Langmuir Probe

A Langmuir Probe is a small electrode immersed in a plasma under study. Based on the

associated electric characteristics of a Langmuir probe, it is possible to obtain the informa-

tion regarding the electron temperatureTe, the electron densityne and the plasma potential

Vp by analysing the associated saturation currents. However, the interpretation of the Lang-

muir probe characteristics is complicated by the probes' perturbation to their local plasma

surroundings, because of the currents collected by and emitted from the probes. The current

"collected" by the probe consists of a combination of collected ion and electron currents from

the plasma and secondary electron current produced by electron, ion and photon bombard-

ment of the probe (Hershkowitz et al., 1989, p. 115). In such a system, two saturation levels

of the current exist. The �rst corresponds to the case for which the applied potential is so

negative, resulting in the complete repelling of all electrons (ion saturation current). The

second corresponds to the opposite limit, for which the applied voltage is so positive, that

all ions are repelled (electron saturation current). Figure 2.3.3 provides a schematic for the

aforementioned saturation currents, taken from Diego et al. (2017).

Figure 2.3.3: Voltage-Current characteristics from a Langmuir probe exhibiting no saturation
of the ion and electron currents. Credit: Diego et al. (2017).

The intersection of the curve with the horizontal axis indicates the scenario of the null

current, referring to the characteristic known as the
oat potential . By �tting the charac-

teristic curve in the region of ion saturation and exponential electron current growth using
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Equation (2.3.7), the parametersI si , Vf and Te can be extracted. Then, using this expres-

sion and the 
oating potential relation Vf (Equation (2.3.5)), one can determine both the

electron densityne and the plasma potentialVp. These expressions are derived below in the

following section.

2.3.3 Saturation Current Derivations

To derive an analytical expression for the Langmuir probe characteristics, one starts with

the expressions for the electron and ion 
uxes to the probe:

� e =
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wherevte is the electron thermal velocity andcs is the ion sound speed.

For a probe with surface areaA, the net current collected is:

I = eA
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At the 
oating potential V = Vf , the net current vanishes. Equating �e = � i , one

obtains:

Vf = Vp + �
kTe

e
; (2.3.5)

where

� =
1
2

log
� �m

2M

�

: (2.3.6)

Substituting Equation (2.3.5) into Equation (2.3.4) and simplifying yields the standard

form:
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I = I si
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#

; (2.3.7)

where the ion saturation currentI si is:

I si =
1
2

Aencs: (2.3.8)

It is noteworthy that (2.3.7) has a dependency on the electron temperatureTe. The

treatment involves the formation of a sheath around a negatively biased probe (Riemann,

1991). If an electrode in a plasma is subject to a potential di�erence,di�erent from the

local plasma potential, the electrons and ions will distribute themselves spatially around the

electrode, to shield such an e�ect on the bulk of the plasma (Merlino, 2007). A positively

biased electrode forms an electron shielding cloud, whilst a negative biased electrode acquires

a positive charge cloud, where the characteristic shielding of the potential disturbance is given

by (2.1.12). Due to the gradual expansion of the layer of positive ions around the probe (the

Debye Sheath), there is an increase in the e�ective collecting probe area. The e�ects of

sheath expansion can be minimised through the use of electrodes that are much larger than

the Debye sheath (Dotson & Janes, 1964), however modeling the corresponding Langmuir

characteristics is still challenging. Empirical formulas have been derived from a numerical

sheath model in order to provide an easier way to account for sheath expansion (Sheridan,

2000) and whilst it has been shown to be an e�cient process (Lee & Hershkowitz, 2007), it

has a signi�cant dependency on the system geometry. As a result, laboratory experimental

characteristics do not always resemble theoretical ones, with the respective ion and electron

currents not exhibiting a clear saturation level. To address this issue, a multi-step correction

procedure is utilised, with particular relevance for analysing data in experiments such as

VESPA (Lawrie et al., 2016).

The steps involved in the procedure are as follows:

1. Ion Saturation Fit: A linear �t is applied to the region of the I{V curve correspond-
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ing to negative voltages, where the ion current dominates. This region is selected to

ensure that the current trend is su�ciently linear. The resulting line represents the

ion current contribution to the total current.

2. Electron Current Extraction: The previously obtained linear �t is subtracted from

the total current to isolate the electron current.

3. Logarithmic Plot: The resulting electron current is plotted on a logarithmic scale as

a function of probe voltage, taking advantage of its exponential dependence on voltage.

4. Dual Linear Fits: Two linear �ts are applied to the logarithmic electron current

curve:

ˆ One in the region of exponential growth (associated with bulk electrons),

ˆ One in the saturation region.

5. Determination of Plasma Parameters:

ˆ The intersection point of the two �tted lines indicates the plasma potential .

ˆ The current value at this intersection corresponds to theelectron saturation

current , which can be used to calculate the plasma density via:

ne =
I esat

eAp

q
kTe

2�m e

(2.3.9)

ˆ The slope of the exponential region �t provides theelectron temperature ,

assuming a relationship of the form:

I e / exp
� eV

kTe

�

(2.3.10)

It is important to note that in some cases, the log-scale plot of the electron current

may show two distinct slopes. These represent two Maxwellian electron populations at
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di�erent temperatures, often referred to as \bulk" (cold) and \tail" (hot) electrons. In

such cases, the electron temperature derived from the slope associated with the colder,

more populous group (right-hand side of the log plot) should be used in calculations. This

technique e�ectively compensates for non-ideal probe behaviour and allows for more accurate

extraction of key plasma parameters such as plasma potential, electron temperature and

density. The selectedI -V curve is then �tted to a nonlinear model based on the theoretical

Langmuir probe response, which accounts for electron saturation current, 
oating potential,

electron temperature and a sheath correction factor. Speci�cally, the current is modeled as:

I (V) = I si [1 + R(V � Vf )]
�

e
V � Vf

Te � 1
�

; (2.3.11)

whereI si is the ion saturation current, Vf the 
oating potential, Te the electron temper-

ature and R a resistance-like �tting parameter. The �t is performed using a least-squares

optimisation routine and the resulting parameters are used to calculate additional plasma

properties. These include the ion sound speed, computed from:

cs =

s
eTe

mi
; (2.3.12)

and the electron density:

ne =
2I s

ecsA
; (2.3.13)

whereA is the e�ective probe collection area. The plasma potential is estimated as:

Vp = Vf + �T e; (2.3.14)

with � derived from the electron-to-ion mass ratio (equation 2.3.6). Although parameters

such as 
oating potential, plasma potential and ion sound speed can be extracted through the

use of the advanced �tting models, the analysis here focuses solely on determining electron



Langmuir Wave Study in a Laboratory Plasma 40

temperature and density for the analysis of the experiment. In the following section, the

laboratory setup is described in detail and is used to study the associated processes of the

Langmuir phenomena in an e�ort to reproduce the key features observed in space-based

measurements.

2.4 Kinetic Simulation Techniques in Plasma Physics

In order to complement the experimental analysis, a set of numerical simulations has been

performed during the thesis project. Kinetic simulations are useful tools for advancing the

understanding of space and laboratory plasmas, particularly in regimes governed by micro-

scopic and nonlinear processes, requiring the use of suitable algorithms that lead to stable and

accurate solutions across the dependent time-scales (Jardin, 2010). These simulations enable

the resolution of intricate wave{particle interactions, non-Maxwellian velocity distributions

and the self-consistent evolution of instabilities, relevant phenomena that are inadequately

described by macroscopic 
uid models such as magnetohydrodynamics (MHD) (Pouquet &

Patterson, 1978; Pouquet, 2015). In weakly collisional environments like the solar wind,

where particle mean free paths are long and collision frequencies are low, kinetic approaches

are crucial for capturing dynamics at the Debye length and electron inertial scales. Numerical

methods for kinetic simulations are broadly classi�ed into two categories:particle-in-cell

(PIC) and Vlasov (Eulerian) approaches. PIC methods track individual macro-particles

through a self-consistent electromagnetic �eld and are widely used due to their computational

e�ciency and scalability (Dawson, 1983). However, PIC simulations su�er from statistical

noise (Langdon, 1979) because the distribution function is approximated using a �nite num-

ber of particles. This noise can mask weak signals or subtle instabilities unless extremely

large particle numbers are used, leading to PIC simulations undermining the physical results

of the simulations (Tavassoli et al., 2021).

Vlasov simulations, on the other hand, directly evolve the distribution function on a �xed

phase-space grid. As a result, it has lead to a steady increase in the applications of continuum
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simulations for situations that are poorly amenable to the PIC approach (Von Alfthan et al.,

2014). Such a framework avoids particle noise and provides high accuracy in resolving �ne-

scale structures in phase space, such as for Bernstein{Greene{Kruskal (BGK) modes (Feix

et al., 1994). Nevertheless, the high dimensionality of phase space makes such simulations

computationally intensive, requiring careful treatment of numerical di�usion and stability

conditions (Nakamura & Yabe, 1999). Further, the sheer number of degrees of freedom

and nonlinearities in plasma systems introduces a richness of behaviour far exceeding that

of compressible 
uid dynamics (Forslund, 1985). While analytic models provide important

theoretical insight, they often rely on assumptions that break down in highly nonlinear

regimes. In such cases, kinetic simulations provide a critical bridge by either validating

or challenging theoretical predictions, particularly when weak turbulence theory fails to

capture essential dynamics. Vlasov models, while computationally demanding, o�er a noise-

free alternative where �ne resolution of velocity-space gradients is essential, particularly in

regimes involving wave{particle resonance and kinetic instabilities. As such, the next step

of this thesis is to reproduce the observed experimental results using aVlasov-Poisson

numerical code .
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3 Experimental Setup

3.1 Instrumentation

The external apparatus of the experiment is presented in �gure 3.1.1a, whilst 3.1.1b illus-

trates a diagram of the internal setup of the chamber.

(a) External Apparatus (b) Internal Diagnostics

Figure 3.1.1: Overview of the external and internal components of the experimental and
plasma generation system. Labels are as follows: a) 16 channel digital oscilloscope. b)
vacuum measurement system. c) turbo-molecular pump. d) scroll pump.

Figure 3.1.1a outlines the foundational components and instrumentation essential to es-

tablishing the internal experimental setup, with core parts annotated from points A through

D to highlight its speci�c role within the overall system:

ˆ Point A: Oscilloscope and Probe Monitoring

A 16-channel digital oscilloscope with electrically insulated input is employed to mon-

itor and record electrical signals from the Langmuir probe throughout the experiment.

This instrument is essential for measuring both the voltage applied to the Langmuir
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probe and the resulting current collected by it. The setup typically utilises 10:1 atten-

uation probes, which include internal voltage dividers that reduce the signal amplitude

by a factor of 10, thereby protecting the oscilloscope from over-voltage conditions, it

is not rated to receive direct input signals exceeding a few tens of volts.

ˆ Point B: Vacuum Gauge Control and Monitoring

A dedicated control unit manages the vacuum measurement system, providing real-

time readings from the vacuum gauges installed in the chamber. Three types of gauges

are employed: a Pirani vacuum gauge positioned between the scroll pump and the

turbomolecular pump to measure pre-vacuum levels, a Capacitive gauge that monitors

the pressure directly within the chamber under medium to high vacuum conditions

and an Ionisation pump. The latter is used for high vacuum estimation and is not

reliable in the presence of the plasma as it is sensitive to the mobility of charged

particles, produced by a �lament internal to the gauge itself. The electrons of the

plasma then have a direct e�ect on the measurement. The vacuum generation system

comprises two pumps operating in series: a scroll pump, which establishes the initial

pre-vacuum and a turbomolecular pump, which can only be activated once pressure falls

below approximately 0.1 mbar. The turbomolecular pump is crucial for achieving the

high-vacuum environment necessary for stable plasma generation, whilst also providing

distinct pressure levels that allow the assessment of the in
uence of these parameters

on the plasma characteristics.

ˆ Point C: Turbomolecular Pump and Gas Flow Regulation

The turbomolecular pump, speci�cally a LEYBOLD TURBOVAC 350 iX model, is

positioned behind the vacuum chamber and is responsible for maintaining ultra-high

vacuum conditions. This type of pump uses high-speed rotors with �nely engineered

vanes that impart momentum to gas molecules, e�ectively expelling them through a

directed outlet. A needle valve connected to a gas supply system via a controlled piping
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network allows for precise regulation of neutral gas in
ow (e.g., argon or helium) into

the chamber, facilitating controlled plasma conditions.

ˆ Point D: Scroll Pump (Pre-Vacuum Generation)

The scroll pump used in this system is a dry vacuum pump of the SCROLLVAC Plus

series, operating on the spiral compression principle. It is installed in series with the

turbomolecular pump via a sealed piping system and is responsible for generating the

initial vacuum levels. Although not visible in the primary view of the chamber, the

turbomolecular pump is situated directly behind the experimental apparatus and works

in tandem with the scroll pump to reach the pressure levels required for initiating and

sustaining plasma conditions.

3.2 Plasma Formation and Beam{Plasma Injection Mechanism

Several essential components are involved in setting up the experimental system used to

study plasma dynamics and beam{plasma interactions. The primary working gases used for

ionisation in this experiment are argon and helium, both selected for their well-characterised

atomic properties and widespread use in low-temperature plasma research (Jonkers et al.,

2002; Moravej et al., 2004; Murphy, 2002). The experimental setup includes multiple power

supplies connected to the vacuum chamber. The �rst power supply is responsible for heating

the primary �lament, denoted as F0, acting as the main electron emitter. A current is

passed throughF0, raising it to high temperatures su�cient to induce thermionic emission

of electrons. A secondary power supply then biasesF0 negatively relative to the grounded

chamber, generating an~E that accelerates the emitted electrons into the neutral gas. These

high-energy electrons collide with neutral atoms, leading to ionisation and the formation

of the background plasma. Once a stable plasma is established, a second �lament,Fb, is

activated in the system. A separate current heats this �lament, again biased with a negative

potential relative to the chamber. This con�guration causesFb to emit a beam of supra-

thermal electrons, which propagate through the pre-formed thermal plasma. This beam
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propagates through the background plasma, which consists of the slower, thermalised electron

population produced byF0. These electrons, approximately Maxwellian in distribution, form

the bulk of the plasma and provide the medium that supports collective oscillations. By

contrast, the beam electrons are supra-thermal, possessing a much higher directed velocity

and it is the interaction between this fast electron beam and the slower thermalised plasma

particles that gives rise to a range of phenomena, including wave excitation and energy

exchange processes. This con�guration e�ectively replicates the conditions described in

section 2.2.1, relating to thebeam{plasma instability model (Elskens, 2019; O'Neil

et al., 1971). The experimental setup thus provides a valuable platform for investigating

microscopic dynamics in systems governed by collective, long-range interactions of plasmas.

The probe signals are in
uenced by several experimental parameters, including the plasma

gas (e.g., helium or argon), chamber pressure, the current and voltage applied to �laments

Table 1: Experimental input parameters and their corresponding notation.

Description Main Filament ( F0) Beam Filament ( Fb)

Filament label F0 Fb

Voltage (V) VF0 VFb

Current (A) I F0 I Fb

Polarising voltage (V) Vp(F0 ) Vp(Fb)

Polarising current (A) I p(F0 ) I p(Fb)

Antenna distance from Fb (cm) � DFb

F0 and Fb. A list of the operational parameters is provided in table 1, distinguishing the

heating power, the polarisation power, the two �laments and the utilised gas. Note thatFb

is �xed, hence the cross in the last row.
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3.3 Data Acquisition, Oscilloscope Interfaces and Antenna Applications

3.3.1 Optimising Background Plasma Conditions for Beam Injection

In the experimental setup, two distinct oscilloscopes are employed, each paired with speci�c

antenna systems tailored to separate diagnostic goals. The �rst oscilloscope is connected to

the Langmuir probe system, which is used to characterise the previously mentioned funda-

mental plasma parameters. This oscilloscope, with a 1 MHz bandwidth, captures the volt-

age{current characteristics of the probe and stores the data in proprietary formats, typically

.WVFand .HDR�les. These �les contain high-resolution waveform and metadata information,

respectively, which are subsequently processed to extract diagnosticI { V characteristics. To

extract plasma parameters from Langmuir probe data, a systematic approach was imple-

mented using a Python-based analysis routine, based on the literature supplied in Desideri

& Serianni (1998). The process begins with the acquisition of time-resolved current and

voltage signals from the probe, as shown in Figure 3.3.1.

Figure 3.3.1: Acquisition of Langmuir probe data. The lower panel shows the applied si-
nusoidal bias voltageV(t), with red crosses indicating the extrema that de�ne the interval
over which the current{voltage (I { V) characteristic is constructed. The corresponding probe
current responseI (V) is shown in the upper panel.

The lower panel of this �gure displays the probe bias voltage as a function of time,
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which is typically a periodic sweep (in this case, a sinusoidal waveform). Two critical points,

corresponding to the trough and peak of the voltage waveform, are manually selected to de�ne

the time interval over which the current-voltage (I -V) characteristic is to be constructed,

illustrated as the red crosses. The corresponding current response, recorded synchronously,

is shown in the upper panel. Upon selecting this temporal segment, the code extracts the

I -V pairings and plots the characteristic curve, as illustrated in Figure 3.3.2.

Figure 3.3.2: Extraction of plasma parameters from the Langmuir probeI { V characteristic.
The shaded region highlights the electron-retarding to electron-attracting transition zone
used for �tting, following Desideri & Serianni (1998). Key parameters and their correspond-
ing values are provided from the �tting.

Within this �gure, a region is selected (highlighted in red) around the electron-retarding

to electron-attracting transition zone, a region crucial for determining key plasma param-

eters, according to the aforementioned literature (Desideri & Serianni, 1998). The linear

region of the ion saturation current (I s), combined with the Te, is used to estimate the

electron densityne in equation (2.3.9). Additional parameters core to the Langmuir char-

acteristics are also calculated, including the 
oating potentialVf , where the net current is

zero and the plasma potentialVp, inferred from the in
ection point or extrapolation of the

exponential region, just as discussed in section 2.3.2. Since the Langmuir probe characteris-

tics are highly sensitive to the properties of both the plasma and any superimposed beam,
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it is essential to investigate how di�erent beam-plasma conditions a�ect the probe's current-

voltage I -V response. Such an analysis is critical for understanding the underlying plasma

behaviour and for ensuring accurate interpretation of diagnostic measurements. The results

represent the key Langmuir characteristics that de�ne the local plasma environment and

are crucial for diagnosing electron energy distributions, plasma density and sheath proper-

ties in the vicinity of the probe. Having established the method of interpretation for the

experimental Langmuir characteristics, one must now establish a stable and well-controlled

background plasma before introducing any electron beam perturbations. Achieving an ap-

propriate plasma density is essential, as the beam-plasma dynamics are highly sensitive

to the relationship between the beam parameters and the inherent properties of the back-

ground plasma. In this experiment, the background density is adjusted to approach values

corresponding to a plasma density of the order ofne � 1:5 � 1015 cm� 3, which is typical

for Langmuir oscillations in low-temperature plasmas. Establishing this baseline density

ensures that the system is responsive to perturbations introduced by the supra-thermal elec-

tron beam and allows for the excitation of electrostatic waves and instabilities, replicating

that described by the beam-plasma instability model.

By tuning the plasma density to this regime, the interaction between the beam and

the plasma becomes resonant, maximising energy exchange and wave growth-phenomena

that are central to the investigation of collective e�ects in plasma systems. However, if the

beam density is too signi�cant, the density of the background can be altered due to the

beam contributing to the ionisation of the gas, resulting in densities and thus frequencies

above the regime that the oscilliscopes are capable of measuring (3GHz, as per section

3.3.1). Further, whilst the Langmuir Instability is of interest, one must be considerate of

unintentionally giving rise to other plasma instabilities. If the polarising power of theF0

�lament is too high, one can observe non-linear plasma instabilities, arising in the same

frequency range as that of the Langmuir instability, meaning that one can not attribute

the perturbations to that introduced by the supra-thermal electron beam. To explore this
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background parameter space, three separate chamber pressures are set, testing a variety of

combinations of the background plasmaF0 power parameters. Figure 3.3.3 illustrates the

variation of the pressure of the chamber, for a scan in the power (I P0 � VP0 ) supplied to the

polarisation of the background �lament.

Figure 3.3.3: ne as a function of theF0 polarised power, across three di�ering chamber
pressures. Lower and upper bounds have been set to capture the densities that produce the
desired Langmuir! pf . Values outside of this range have been marked in red. A power law
has been �tted for the in-boundary data, with the exponent given in table 2.

Pressure (mbar) Power Law Exponent (� )
2 � 10� 3 0.45
6 � 10� 3 0.43
1 � 10� 2 0.85

Table 2: Power law exponents� for electron densityne / (I P0 VP0 )� at di�erent pressures.

There is a clear increase in the electron density as the pressure grows, illustrating the

in
uence of the pressure in the chamber on the corresponding electron density. The blue-

dashed lines indicate the lower and upper electron density thresholds for the conditions set

around the desired Langmuir plasma frequency, governed by (2.1.13). While the �rst two

plots demonstrate relatively weak power-law relationships (with exponents� = 0:45 and

� = 0:43), the third plot, corresponding to a pressure of 1� 10� 2mbar, exhibits a notably

stronger power-law correlation. Speci�cally, the power-law exponent of 0.85 between the

applied input power and the resulting electron density indicates that the plasma system
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follows a sublinear scaling behavior. The electron density increases rapidly with power but

the rate of increase gradually diminishes at higher polarisation powers. This behaviour

may be attributed to several factors including the enhanced energy losses through collisions

between particles in the chamber, ionisation saturation or an increase in the sheath presence

at the probe. Clearly, the electron density in this regime is strongly dependent on the applied

F0 power. If these plots are now separated intoF0 I (A) values, one can observe how theF0I

intensity in
uences the correspondingne, shown in �gure 3.3.4.

Figure 3.3.4: ne as a function ofF0 I (A) and the F0 polarised power, across three di�erent
chamber pressures. Lower and upper bounds have been set to capture the desired Langmuir
! pf . Values outside of this range have been marked in red.

The three pressure conditions appear suitable whenI F0 is around a value of 17:1 � 0:1A,

for most/all power conditions. For too low a power, the pressure is redundant, indicating

that the polarised power has the most direct in
uence on the electron density, accelerating

the F0 electrons to ionise the gas and create the plasma. In the case of the highest pressure,

too large a current will produce an electron density/plasma frequency beyond the capabilities

of the diagnostic equipment. For higherF0I values (tan crosses), a higherne is observed in

comparison to the lowerF0I values (pink crosses). This is likely due to the higher thermionic

emission of electrons that results from an increase in the current provided to the main

�lament. One can also observe the plateau of the data as the polarised power increases,

particularly in the �rst and second plots of 3.3.4. This indicates that such systems have

reached an ionisation equilibrium, where the ionisation rate is approximately equal to the
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rate of recombination, this being the premise of the limit that arises from Richardson's law

in (A.4.8) (discussed in section 2.3.1). It also may be inhibited by the sheath growth that

impairs the electron emission via the space-charge limitations, resulting in the limit set by

Child's law (A.4.18) (discussed in section 2.3.1.)

3.3.2 Spectral and Wave-vector Diagnostics of Langmuir Waves

The second oscilloscope is used for the detection of the high-frequency plasma Langmuir

wave phenomena, using a movable diagnostic setup that comprises two antennas connected

via coaxial cables. Each antenna is linked to the oscilloscope, capable of sampling at 20Gs/s

with a bandwidth of 3GHz. Such a con�guration enables high temporal resolution mea-

surements of plasma 
uctuations such as ion acoustic waves and Langmuir oscillations. To

analyse the spectral content of Langmuir wave activity in the plasma, the time-resolved volt-

age signals collected by the Langmuir probe are processed to extract their frequency-domain

characteristics. These voltage time traces are subjected to a Fourier transform to convert the

temporal data into the frequency domain, producing a power spectrum that reveals the dis-

tribution of signal energy across di�erent frequencies. This spectral representation is crucial

for identifying the dominant modes present in the system and allows for a direct comparison

with the theoretically predicted Langmuir frequency. Observing a strong spectral peak near

the expected plasma frequency con�rms that the measured 
uctuations are indeed Langmuir

waves and validates the underlying plasma parameters used in the prediction. Moreover, the

width and shape of the spectral peak provide insight into the temporal coherence, stability

and potential non-linear evolution of the wave packets. In addition to frequency-domain

analysis, a two-point measurement technique is employed using spatially separated co-axial

receiving antennas to estimate the wavevector~k of the observed wave packets. This method

relies on measuring the phase di�erence between the signals detected at the two probes,

allowing for the determination of the wavelength and propagation direction. Following a

procedure similar to that described by Martines et al. (2001), the signals from the two
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probes are divided into slices of equal length. For each slice, discrete Fourier transforms are

computed to obtain both the power spectral density and the cross-phase between the two

signals. The phase di�erence is then used to estimate the wave number along the direction

connecting the probes,k(f ) = � (f )=� x, where � x is the distance between the probes. By

repeating this procedure over all slices and compiling the results into a histogram, a sta-

tistical reconstruction of the spectral densityS(k; f ) is achieved. This approach assumes

that the underlying process is stationary and that the probe separation is small compared

to the typical 
uctuation wavelength, thereby allowing for an accurate determination of the

wavevector and the associated dispersion characteristics of the observed wave packets.

Estimating the wavevector is particularly important for testing the �Cerenkov resonance

condition, i.e., vph = !=k � vbeam and to characterise the corresponding instability. For a

characteristic frequency of! = 2� � 5� 108 rad/s and a measured wavevector ofk = 1000 m� 1,

(which, as shown in section 4.1.5, is the typical order of magnitude measured), the resulting

phase velocity is approximately 3� 106 m/s. Assuming a kinetic energy relationvbeam =
q

2eV0=me, this corresponds to a beam energy of approximately 25eV. Thus, a beam energy

of approximately 25eV is expected to induce the onset of Langmuir wave activity observable

in the probe signals. This can be con�rmed, by measuring the Langmuir characteristics

to determine the plasma potentialVpot and through the combination of theVpot with the

applied beam �lament voltage, the minimum energy threshold required for the excitation of

Langmuir waves can be identi�ed.

However, the possible wave-numbers that can be determined is limited. This is due

to the minimum wavelength that the system can measure. The signal measuring probes

are at a �xed distance apart, allowing the calculation of the wave vector by using the 2

spaced antennas and two-point technique. In the spatial domain, this is governed by the

Nyquist{Shannon sampling theorem, which states that the sampling resolution must be �ne

enough to resolve all spatial features of the signal, in order to avoidaliasing. This phenomena

arises when a continuous signal is sampled too coarsely to fully capture its higher-frequency
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components. Speci�cally, the spatial sampling interval �x must satisfy:

kmax <
�

� x

Here,kmax denotes the maximum wavenumber that can be represented without aliasing. For

this system, thek-axis is restricted to values of the order of� 0:2k� D , which depends on the

plasma parameters. In this case,kmax � 2000 m� 1, indicating that the spatial sampling rate

is su�cient to represent only those wavenumbers within our measurable range.

Together, the combination of the Langmuir characteristics and signal probes functioning

as diagnostic tools, provide a comprehensive view of both the steady-state properties and the

dynamic behaviours of the plasma, allowing for a multi-faceted investigation of beam{plasma

interactions. Before delving into the core experimental results, it is essential to �rst interpret

and contextualise the raw signals and diagnostic features obtained during the measurement

phase.

3.3.3 Retarding Field Energy Analyser

To characterise the properties of the beam, one can measure the attributes of the perturbing

beam fromFb, in order to quantify and characterise the related electron distribution function

in the velocity space. To perform such a process, the experimental apparatus included

a Retarding Field Energy Analyser (RFEA) that is able to measure the electron energy

distribution through a set of polarised grids. The RFEA is often used in both space and

magnetic con�nement fusion experiments and has played an important role in experiments

related to space-charge e�ects in particle beams (Ullmann et al., 2016) and to the energy

distributions found in magnetic fusion devices (Pitts et al., 2003). The principle setup of

the RFEA used in the experiment is illustrated in Figure 3.3.5, including new controlled

system parameters. These include thecollector voltage Vc, measuring the current of

particles that pass through the retarding grid, ensuring e�cient collection and suppression

of secondary electrons and thegrid 2 voltage VG2 , biased at a sweeping potential, selectively
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repelling electrons/ions with energies below the applied voltage, allowing the measurement

of the particle energy distribution. The plasma electrons enter the analyser through the

reference aperture at the top. A �rst grid (G2 Grid) serves as a �lter for positively charged

particles, while the following grid is biased at a retarding potential, which selectively repels

electrons with kinetic energies lower than the applied potential. Only electrons with su�cient

energy can pass through. Finally, a copper collector is placed downstream to measure the

transmitted electron current. The grids are embedded in a Macor ceramic housing, with

stainless steel and micrometric molybdenum meshes providing the grid structure.

Figure 3.3.5: Retarding Field Energy Analyser (RFEA) used to measure the energy distribu-
tion of beam electrons. Successive biased grids create an electrostatic barrier, allowing only
electrons with kinetic energyE > eVr to reach the collector. The resultingI -V characteristic
yields the electron energy distribution functionf (E).

In addition to the experimental setup, numerical simulations can provide further insight

into the operation of the retarding �eld energy analyser. As an illustrative example, Fig-

ure 3.3.6 shows a numerical model obtained with the OPERA3D code, which solves the

electrostatic �eld distribution and particle trajectories self-consistently. In this approach,

the grid potentials are imposed as boundary conditions and electrons are launched from the

left boundary of the simulation domain towards the plasma electrode. At the initial step, the

Laplace equation is solved to determine the potential distribution and particles are traced
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through the resulting �eld. Their space charge is then deposited on the numerical mesh,

after which the Poisson equation is solved again. This procedure is iterated until numerical

convergence is reached. The �gure shows only the trajectories of thermal electrons as they

pass through the extraction grid, retarding grid and onto the collector. By adjusting the bias

applied to the second gridVG2 , the optics of the extracted beam are modi�ed, highlighting

the role of the retarding �eld in shaping the transmitted electron distribution. Although

the OPERA3D simulations were not carried out as part of the present thesis work, they

serve as a useful visualisation that reinforces the physical operation of the RFEA used in

the experiment.

Figure 3.3.6: Numerical simulation of the retarding �eld energy analyser geometry using
the OPERA3D code. Shown are the plasma electrode, extraction grid, retarding grid and
collector, with Al2O3 insulators separating the electrodes.

From the RFEA experimental scans, a corresponding characteristic curve is produced as

a result of sweeping the polarised voltage applied to the retarding �eld. The characteristic

curve obtained from the RFEA is typically the collected currentI as a function of the
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retarding potential Vr . As the retarding voltage is increased, the particles with su�cient

kinetic energy E > eVr are able to overcome the potential barrier and reach the collector.

Consequently, the current decreases with increasingVr , producing a monotonically decreasing

I (Vr ) curve. This current{voltage characteristic is directly related to the energy distribution

of the incoming charged particle beam. To extract the energy distribution functionf (E), one

di�erentiates the current with respect to the retarding voltage. Since the current at a given

Vr re
ects the number of particles with energies greater thaneVr , the negative derivative of

the current with respect to Vr gives the di�erential energy distribution:

f (E) / � e
dI
dVr

;

whereE = eVr . This relation allows the RFEA to act as an energy analyser, mapping the

energy spectrum of particles in the beam. Peaks in the resultingf (E) curve correspond

to the most probable energies of the particle population, providing insights into the beam

dynamics. Moreover, the collector current densityj c = I c=A, where A is the e�ective area

of the collector, serves as a measure of theintegral velocity distribution along the beam axis.

Theoretically, it can be expressed as:

j c = j 0e
Z 1

vk

vkf (vk) dvk;

where j 0 (s� 1) is a proportionality constant depending on the system geometry and trans-

mission e�ciency, qe is the elementary charge andf (vk) is the velocity distribution function

of electrons moving parallel to the retarding �eld direction. This integral represents the total

contribution of particles with velocities exceeding the threshold set byVr , reinforcing the

interpretation of the RFEA measurement as a cumulative probe of the beam's kinetic energy

content. Whilst the system employs a sequence of grid bias potentials that selectively inhibit

electrons below a user-de�ned energy threshold, care must be taken when interpreting such

measurements, as space charge e�ects can alter the electrostatic �elds applied at the grids



Langmuir Wave Study in a Laboratory Plasma 57

(Sartori et al., 2017). These distortions can a�ect the accuracy of plasma potential measure-

ments and the energy spectrum of secondary particles in the drift region, particularly in the

presence of beam-induced plasma formation. By adopting the use of the RFEA apparatus, it

aims to allow only higher-energy electrons to reach the collector and enable the measurement

of the energy distribution of the emitted beam electrons.
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4 Results

4.1 Experimental

The experimental data are divided into two distinct methods of acquisition, performed in

parallel: one capturing time-resolved Langmuir probe signals and the other measuring Lang-

muir probe characteristics. The following subsections outline the details and insights derived

from each procedure.

4.1.1 Modulation and Growth Dynamics of Beam-Driven Langmuir Waves

As discussed in section 2.2.2, the experimental signals will likely contain the presence of

several di�erent waves, such that the desired Langmuir wave may be modulated by the

presence of the lower-frequency wave components. To account for this, one can observe

how the �ltering of the low-frequency components changes the corresponding electrostatic

� evolution. Figure 4.1.1 illustrates a comparison between an experimental probe signal

(top) and the remaining high-frequency component after the �ltering of the low-frequency

components (bottom).

The top panel shows the � evolution over 20� s which contains both rapid Langmuir

wave packets and slower background 
uctuations, likely attributed to AW's. To isolate the

high-frequency Langmuir content, aSavitzky-Golay �lter was applied to the raw data

using a third-order polynomial and a window length of 51 points. This �ltering technique

is particularly e�ective for preserving local structures whilst smoothing the signal, making

it suitable for identifying envelope modulations in oscillatory plasma signals (Savitzky &

Golay, 1964). The resulting smoothed signal approximates the low-frequency modulation,

which when subtracted from the original signal, yields the high-frequency component shown

in the bottom panel, with the low-passing �lter revealing signi�cantly cleaner and more

coherent Langmuir wave packets.



Langmuir Wave Study in a Laboratory Plasma 59

0.006

0.004

0.002

0.000

0.002

0.004

0.006
V

ol
ta

ge
 (

m
V

)

Original Probe Signal

Original Probe Signal

Low Frequency Modulator

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Time (µs)

0.0050

0.0025

0.0000

0.0025

0.0050

0.0075

V
ol

ta
ge

 (
m

V
)

Filtered Signal

High-Frequency Component

Figure 4.1.1: top: Original probe signal (blue), along with the low-frequency component
(red). bottom: High-frequency Langmuir component after �ltering the low-frequency modu-
lation (black).

Beam Filament Voltage Dependence

Figure 4.1.2a shows the raw Langmuir probe signals, whilst �gure 4.1.2b displays the same

signals after the �ltering of the low-frequency components. The signals are arranged from

bottom to top in order of increasingVp(Fb) , with each panel labeled accordingly. As one

observes the signals moving upward, a few distinct phenomena become observable. The

�rst thing to observe is that as the Vp(Fb) increases, distinct Langmuir wave packets begin

to emerge beyond a threshold of 13V, with these wave packets becoming more frequent

and pronounced at higher beam energies. They are also accompanied by the low-frequency

modulation, as described in section 2.2.2, appearing to modulate the high-frequency oscil-

lations. This threshold corresponds to the minimum beam energy required for the onset of

the beam{plasma instability, where the fast electron beam emitted fromFb couples with the

background plasma electrons. As the polarised voltage onFb increases, the energy of the

supra-thermal electron beam rises, enhancing the growth rate of the instability and thereby

amplifying the amplitude of the excited Langmuir wave packets. In section 3.3.2, the pre-
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Figure 4.1.2: a) Probe Signals as a function of increasingFb polarised voltage. b) The same
signals, with the low-modulation removed. The colour bar indicates the magnitude of the
peak amplitude of the signal wave packets.
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determined threshold beam energy required to excite Langmuir waves was estimated to be

approximately 25 eV. From the experimental results, one observes that the beam �lament bias

voltageVp(Fb) = 13:1 V. When combined with the measured plasma potentialVpot = � 4:2 V,

obtained from the processes described in section 3.3.1, the e�ective accelerating voltageV0

can be calculated as:

V0 = Vp(Fb) � Vpot = 13:1 � (� 4:2) = 17:3 V (4.1.1)

This corresponds to a beam energy of 17.3 eV, which is below the predicted 25 eV thresh-

old. However, the excitation of Langmuir waves depends not only on absolute energy but

also on the velocity relation between the beam and thermal electron population, due to

the �Cerenkov estimate. Speci�cally, the beam{plasma instability condition requires that

vbeam & vth;e .

The beam velocity is calculated using:

vbeam =

s
2eV0

me
=

s
2 � (1:602� 10� 19 C) � 17:3 V

9:109� 10� 31 kg
� 7:78� 106 m=s (4.1.2)

For the electron temperatureTe = 2:27 eV, the corresponding thermal velocity is:

vth;e =

s
2eTe

me
=

s
2 � (1:602� 10� 19) � 2:27

9:109� 10� 31
� 2:78� 106 m=s (4.1.3)

Thus, the velocity ratio is:

vbeam

vth;e
=

7:78� 106

2:78� 106
� 2:8 (4.1.4)

This satis�es the conditionvbeam & vth;e , supporting the onset of beam{plasma instability

and the subsequent generation of Langmuir waves. Although the beam energy is below

the initially predicted 25 eV order of magnitude estimation, the true threshold depends on

various parameters, including the plasma temperature and density. Thus, the experimental
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conditions satisfy the kinetic criterion for wave excitation relating to the core principles of

the Langmuir phenomena.

Spatial Dependence of Probe Measurements

It is also of importance to address the in
uence of the distance between the measuring probe

and the beam �lament Fb. Given the in
uence of the sheaths that form at the probe in

the plasma, one must determine which distances such a sheath extends too. Further, one

must determine the distances at which the various plasma phenomena dissipate due to the

changing distance between the �lament and the measuring probes. The results of such a

test, with consistent power parameters, is present in �gure 4.1.3.

One can observe that for distancesDFb < 13 mm, the Langmuir phenomena are absent

or signi�cantly attenuated compared to those captured atDFb � 13 mm. It was initially

hypothesised that this suppression may be a consequence of Debye shielding, as introduced

in Eq. (2.1.12). Using the �tted plasma parametersTe = 0:79 eV andne = 2:51� 1015 m� 3,

the Debye length is computed explicitly as:

� D =

s
"0kB Te

nee2
(4.1.5)

=

s
"0 Te (eV)

nee
(4.1.6)

=

vu
u
t (8:854� 10� 12 F m� 1) � 0:79

(2:51� 1015 m� 3) � (1:602� 10� 19 C)
(4.1.7)

�
p

1:739� 10� 8 (4.1.8)

� 1:32� 10� 4 m (4.1.9)

= 0:132 mm: (4.1.10)

This value of � D � 0:13 mm is more than two orders of magnitude smaller than the

empirically observed suppression distance of� 13 mm. Therefore, classical Debye shielding
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Figure 4.1.3: Increasing distancesDFb between the measuring antennas andFb. Low fre-
quency waves appears even at high separation distances.
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alone cannot explain the lack of observable Langmuir oscillations forDFb < 13 mm; the e�ect

may instead arise from an extended pre-sheath, a larger spatial dependency requirement for

the Langmuir phenomena to form, or perhaps near-�lament perturbations exist that extend

far beyond the� D measurement.

Beyond this distance, clear Langmuir packets appear in the measured � evolution. At

DFb � 30 mm, however, the high-frequency Langmuir wave packets begin to dissipate, in-

dicating that these oscillations are localised near the excitation region. Their dissipation

is consistent with Landau damping, since for the dominant excited modes (k� D � 1) the

phase velocityv� � vbeam � vth;e , leading to strong resonant damping. As a result, the

e�ective group velocity vg � vth;e , restricting the propagation distance of the wave packets.

By contrast, the low-frequency component persists at largeDFb, which can be attributed to

the non-linear evolution of Langmuir turbulence. The dissipation of the Langmuir modes

generates the low-frequency AW's which are weakly damped and can propagate over longer

distances without signi�cant attenuation. As a result of this analysis, a distance of 15mm is

chosen to separate theFb and the measuring antennas for the experiment.

Linear Growth Analysis of Wavepackets

During the linear growth phase, the amplitude of these wave packets, resulting from the

electrostatic 
uctuations, can be described by an exponential function of time, re
ecting the

instability's characteristic growth rate. The temporal evolution of the wave amplitudeA(t)

can thus be expressed as:

A(t) = A0e
t (4.1.11)

whereA0 is the initial amplitude and 
 is the linear growth rate, derived from the imaginary

part of the frequency in the plasma dispersion relation.

As illustrated in Figure 4.1.4, this exponential form captures the early-stage ampli�ca-

tion of Langmuir wavepackets with high �delity, prior to the onset of nonlinear saturation

mechanisms. To analyse this behaviour quantitatively, a Python script was developed to
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Figure 4.1.4: Temporal evolution of the electrostatic potential for anFb polarised voltage =
39V, highlighting the linear growth phase of the Langmuir wave instability. The red curve
is of the form of equation (4.1.11), with a growth rate
 = 5 � s� 1.

process the high-frequency signal data recorded in the experiment. The analysis focuses on

a series of manually de�ned time intervals where clear wavepacket structures are present.

Having �ltered the low-modulation components using the Savitzky-Golay �lter, the script

isolates the relevant signal segment for each interval and identi�es the positive and negative

envelopes of the waveform using a Hilbert transform. These envelopes are then �tted with

exponential functions to extract the respective growth rates, illustrated in Figure 4.1.5.

Figure 4.1.5: Exponential �tting of the observed wave packets.

The extracted positive and negative exponential growth coe�cients are systematically

grouped according to the appliedVp(Fb) and I p(Fb) . To ensure statistical robustness, outliers

are removed using the interquartile range (IQR) method, where eccentric exponential values
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were systematically excluded so that the analysis re
ects the core physical behaviour of the

system. The cleansed data are visualised withseaborn boxplots (Waskom, 2021), illustrating

how the growth rates vary with the applied current. Figure 4.1.6 presents the dependence of

Langmuir wave-packet growth rates,
 , on the I pFb across three distinctI F0 currents. Colour-

coded groups (darker shade for positive exponential, lighter shade for negative exponential)

denote the di�erent background currents, with a secondary x-axis mapping the corresponding

electron densities obtained from the Langmuir probes, o�ering a comprehensive perspective

on how wave packet ampli�cation depends on the plasma parameters. AsI p(Fb) increases, a

consistent enhancement in the growth rates is observed, indicating that higher beam densi-

ties facilitate stronger beam{plasma coupling and more e�ective wave{particle interactions.

Notably, beyond a critical threshold of approximately 0.011 A, there is an abrupt increase

in the linear growth rates, marking the onset of a more pronounced instability regime.

The values across the positive and negative exponentials are closely matched, with minor

deviations attributed to inherent limitations in probe measurements, including uncertain-

ties from low-modulation subtraction procedures and the �tting errors introduced during

exponential decay analysis. At lowerI F0 current (0.125 A), a sharp rise in
 is observed

as I p(Fb) increases from 0.011 A to 0.013 A. This behaviour is consistent with a threshold

crossing: at small background densityne, the relative beam densitynb=ne and the positive

slope of the electron distributionf (v) at the wave phase velocity become large enough to

overcome Landau and collisional damping. In this regime, a narrow band of wave numbers

near v� � ! pe=k ' vb suddenly becomes unstable, producing the order-of-magnitude jump

in growth rates that is measured. In contrast, for higherI F0 currents (0.55{0.59 A), the

growth rate does not continue to rise signi�cantly with increasingI p(Fb) & 0:019 A. This


attening may be attributed to several e�ects. These include saturation, since asI F0 (and

ne/ ! pe) increase, the sameI p(Fb) corresponds to a smallernb=ne, weakening the linear regime,

stronger Landau damping at higher densities and beam heating at higher currents, which in-

creases the velocity spread of the beam and reduces the positive slope off (v) at v� , capping
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Figure 4.1.6: Log-scale boxplot of measured Langmuir wave-packet growth rates (
 ) as a
function of I p(Fb) for three I F0 currents, distinguishable by colour. The darker tone represents
the growth rates for the positive exponential and the lighter tones for the negative exponential
of the wave packets.Lower x-axis: I p(Fb) polarised current (A). Upper x-axis: Electron
density (m� 3). Most outliers have been removed using the IQR method.
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the growth. Collectively, these e�ects are consistent with standard bump-on-tail instabil-

ity theory and indicate that the instability enters a saturated regime at higher background

currents. Furthermore, forI p(Fb) exceeding 0.041 A, the distribution of
 values becomes in-

creasingly concentrated, indicating reduced statistical variance and suggesting that the wave

packet growth stabilises at higher beam energies. This behaviour correlates strongly with

the electron density values displayed on the secondary (top) axis of the plot: elevated den-

sities both provide a larger population of supra-thermal electrons available to resonate with

the beam and simultaneously reduce the relative beam drive. These results highlight the

transition from a sharp instability threshold at low background current to a saturated regime

at higher background current, governed by the aforementioned e�ects. However, whilst the

background and beam parameters in
uence the system, it is crucial to understand which

parameters have the greater in
uence on the system mechanics.

4.1.2 Multivariate Correlation Analysis of Operational Parameters and Plasma

Characteristics

As listed in table 1, each of the operational parameters in
uence the plasma behaviour and

a�ect both the Langmuir I{V curves and probe signals. It is important to determine the

multivariate relations that exist between each of these parameters because plasma systems

are inherently complex and by examining each parameter in isolation (a uni-variate analy-

sis), one can miss key insights, such as the e�ects of one parameter and its dependence on

the values of others. To explore how these variables relate to key plasma characteristics,

the experimental data is processed using thepandas library McKinney (2010). This is used

to visualise parameter distributions and pairwise correlations. Linear regressions with 95%

con�dence intervals and corresponding coe�cients of determination (R2) are included, with

separate plots generated for each gas, revealing the di�erences in trends across the back-

ground and beam �laments, providing an insight into how the experimental power sources

impact the plasma behavior, allowing one to observe which �lament is more in
uential on
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the system characteristics. An initial evaluation of the main �lament parametersF0 revealed

that their in
uence on the �tted Langmuir probe characteristics was negligible. For argon,

the parametersVF0 , I F0 and Vp(F0 ) showed only very weak correlations withne (0.03, 0.03,

0.03) andTe (0.04, 0.04, 0.04). In helium, correlations were similarly absent, with only the

background pressure exhibiting a moderate correlation withne (0.41). It is important to

note that these measurements were not obtained through systematic parameter scans, but

rather under conditions chosen to maintain operational stability. As a result, a quantitative

characterisation of the background �lament's in
uence on plasma parameters could not be

established and the correlations are therefore not presented in �gure form. In contrast, the

in
uence of the beam �lament parametersFb is more pronounced, as shown in Figure 4.1.7.

For argon, the beam power-related parametersVFb, I Fb and Vp(Fb) exhibit stronger posi-

tive correlations with ne (0.15, 0.16, 0.51, respectively), indicating a measurable impact on

plasma density. The same beam parameters (VFb, I Fb, I p(Fb)) show consistent correlations

with ne (0.16, 0.15, 0.56) and slightly stronger, though still modest, correlations withTe

(0.08, 0.08, 0.02) compared to argon. These results collectively suggest that the beam �la-

ment parametersFb, along with the background gas pressure, exert a greater in
uence on the

Langmuir probe characteristics than the main �lament parametersF0. This �nding is con-

sistent with the understanding that plasma expansion and uniformity are primarily governed

by the background pressure and the electric biasing of beam-source surfaces (Sartori et al.,

2021). Table 3 provides a summary of the correlation values between the power parameters

of each �lament and their corresponding impact on the Langmuir characteristics.

4.1.3 Measurement of Electron Beam Energy via RFEA

Having characterised the background density produced byF0 of the system through the

veri�cation of the ne scans taken by the oscilloscope, one can now address the properties of the

perturbing beam fromFb, as discussed in section 3.3.3. The measurement procedure consists

of applying a sweeping retarding voltage to the grids, as illustrated in Figure 4.1.8a and



Langmuir Wave Study in a Laboratory Plasma 70

Fb Correlation Analysis

(a) Argon plasma

(b) Helium plasma

Figure 4.1.7: Correlation plots showingTe and ne versus the keyFb parameters (VFb, I Fb,
Vpp(Fb)) for (a) argon and (b) helium plasmas. Linear regression �ts with 95% con�dence
intervals and R2 values are included to highlight the strength of each correlation.
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Table 3: R2 values showing correlation between �lament and operational parameters with
the extracted Langmuir probe characteristicsne and Te for argon and helium plasmas.

Filament Gas Parameter R 2(n e) R 2(Te)

F0

argon
VF0 (V) 0.03 0.04
I F0 (A) 0.03 0.04
Vp(F0 ) (A) 0.03 0.04

helium
VF0 (V) 0.00 �
I F0 (A) � �
Vp(F0 ) (A) 0.01 �

Fb

argon
VFb (V) 0.15 0.01
I Fb (A) 0.16 �
Vp(Fb) (A) 0.51 -0.25

helium
VFb (V) 0.16 0.08
I Fb (A) 0.15 0.08
Vp(Fb) (A) 0.56 0.02

� : correlation not determined or negligible

recording the corresponding collector current response. From this process, a characteristic

current-voltage curve is obtained (Figure 4.1.8b), which serves as the basis for reconstructing

the beam electron energy distribution.

The set of experimental conditions previously introduced in table 1 now include the addi-

tion of the collector voltage Vc and the grid 2 voltage VG2 , providing another parameter

for which to control and observe how the correspondingf (v) changes. Figure 4.1.9 presents

an example of an experimental distribution function obtained under speci�cF0 and Fb oper-

ating conditions, where the most probable beam energies can be identi�ed from the observed

peak.

The selected experimental parameter values are present in table 4. In the considered con-

�guration, the collector is biased atVC = 33 V while the retarding grid is set to VG2 = 35 V.

The potential applied to Grid 2 acts as an energy discriminator, allowing only particles with

kinetic energy greater thaneVG2 to pass through the analyser, such that only electrons with

energies above 35 eV can reach the collector. Since the collector bias is slightly lower than

the grid potential, it will simply collect all transmitted electrons while suppressing secondary

emission. Therefore, the measured current under this condition corresponds exclusively to
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(a) Applied sweeping retarding voltage sig-
nal recorded during the RFEA measurement.
This waveform drives the polarised grids and
progressively inhibits electrons below the set
threshold energy.

(b) Resulting current{voltage characteristic
I (Vr ), showing the decrease in collected current
with increasing retarding potential. This curve
forms the basis for deriving the electron energy
distribution function.

Figure 4.1.8: Retarding Field Energy Analyser (RFEA) measurements. (a) Applied sweep-
ing voltage used to modulate the retarding �eld. (b) Corresponding current{voltage curve
obtained from the collector, which is later di�erentiated to extract the electron energy dis-
tribution.
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Figure 4.1.9: Experimental electron distribution function measured with the RFEA, plotted
as a function of the beam-to-thermal velocity ratiovb=vth . Peaks indicate the most probable
beam energies under the given plasma conditions.
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the high-energy tail of the electron distribution, providing information on the presence of

supra-thermal electrons in the beam perturbing the plasma.

Table 4: Experimental parameters values.

Gas Pressure (mbar) VF0 I F0 Vp(F0 ) I p(F0 ) VFb I Fb Vp(Fb) I p(Fb) VC VG2

He 3 � 10� 3 12.2 V 19.6 A 45 V 2.8 A 9 V 3.4 A 71 V 0.018 A 33 V 35 V

Figure 4.1.9 shows the experimental electron distribution function obtained with the

RFEA under the conditions listed in Table 4. The distribution is expressed as a function of

the beam-to-thermal velocity ratio vb=vth , allowing direct comparison between the injected

beam energy and the thermal background population. A clear maximum is observed at

vb=vth � 6, indicating the most probablevb of the beam electrons. The sharpness of this

peak demonstrates that a large fraction of electrons preserve a well-de�ned energy despite

collisional scattering and space-charge e�ects within the plasma. The �nite width of the

peak re
ects the spread in beam electron energies, which may be attributed to initial �la-

ment emission characteristics as well as interactions with the background plasma. At higher

velocity ratios, a faint supra-thermal tail persists, suggesting the presence of electrons ac-

celerated beyond the nominal beam energy, consistent with the biasing of the collector and

retarding grid. The overall shape of the distribution con�rms the measuring capacity of

the RFEA to resolve both the dominant beam component and the higher-energy minority

population, providing another quantitative source of analysis that can be compared with

numerically.
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4.1.4 Frequency-Domain Characterisation of Langmuir Oscillations

With a clearer understanding of which parameters exert the greater in
uence over the beam-

plasma Langmuir characteristics and � evolution, it is now necessary to move to a more

quantitative form of analysis. Observing the power spectrum of the � evolution is essen-

tial for understanding the frequency-dependent behaviour of plasma systems. The power

spectrum reveals how the energy or signal variance is distributed across di�erent frequency

components, allowing the identi�cation of the dominant oscillations, resonances and charac-

teristic frequencies. For this case, the power spectral analysis enables the detection of the

Langmuir plasma oscillations and instabilities and, by varying the corresponding parameter

space, one can observe the variance in the power spectrum, developing a comprehension for

the relation between the system power and the frequency domain. Through the spectral

decomposition, one can distinguish distinct features including harmonics (as shown in �g-

ure 2.2.4) and frequency shifts in order to determine when non-linear mechanisms come to

fruition. From a collection of experimental signals, �gure 4.1.10 illustrates how an increase

in the Fb power produces a distinct plasma frequency peak.

One can observe that above theFb power threshold of 31:3W, the red dashed line, rep-

resenting the ! pf value calculated from the Langmuir characteristics, aligns exceptionally

close with the main peak in the power spectrum. Then, as the signals continue to increase

in power, the peak begins to dissipate and multiple smaller peaks begin forming at lower

frequencies. It is likely that one may be observing a transition from a coherent, linear regime

to a turbulent, nonlinear regime, driven by the increase in power. The existence of multiple

peaks at the lower frequencies indicates that multiple waves are likely co-existing, perhaps

pertaining to the existence of AW's, or, the peaks may be associated with wave-wave in-

teractions, leading to such non-linear evolutions. Upon closer observation of the Langmuir

peak present in the power spectrum, there is a clear distinct secondary peak, that, when

compared to the predicted secondary harmonic of the associated Langmuir plasma frequency,

2! pf , plotted as the green dashed line, aligns very closely with the spectrum too.
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Figure 4.1.10: A series of signal power spectrum's, increasing inFb power from left to right,
top to bottom. The corresponding! pf and 2! pf values are plotted as the dashed red line and
green line, using equation (2.1.13), where each frequency is found using thene calculated
from the Langmuir probe characteristic �tting. A 15% error has been included on the! pf

measurements as per the Langmuir Probe characteristic data acquisition.
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Having analysed the power spectrums for the signals, it is important to transform to the

dispersion space, characterised bywave number kand angular frequency! , in order to

observe the underlying structures and modes inherent to the Langmuir phenomena, allowing

the pronounced presence of the dominant k,! values around the Langmuir frequency, that

can be related to theoretical predictions.

4.1.5 Mapping Spatiotemporal Dynamics in Dispersion Space

Plasma waves, instabilities and dispersion relations are most naturally described in terms of

the wave numberk and angular frequency! , as outlined in the derivations of the various

dispersion relations in Appendix A. By transforming experimental power spectrums into

Fourier dispersion space, one can directly compare it to the peak wavemodes associated to

the theoretical dispersion relations, speci�cally, Equation (2.2.1). If the diagnostics are op-

erating in the correct regime, the experimental spectral data should align with the predicted

dispersion relation when plotted overk and ! . This allows one to identify which plasma

conditions give rise to the expected wave behavior and how closely the data conforms to the

Bohm{Gross dispersion relation. Additionally, using a Fourier spectrum with a color map

facilitates interpretation by visualising how wave energy is distributed across di�erent modes,

helping to identify dominant features and regions of non-linear activity that begin to arise

for larger plasma energies. Figure 4.1.11 illustrates the power spectrum's and corresponding

dispersion space for a selection of signals, that are increasing in the associatedne.

The �rst column illustrates the lack of an active instability, present in the 
at power spec-

trum and the colourless dispersion space. Beyond this threshold, both the power spectrum

and dispersion space show immediate activity. The distinct Langmuir peak is present, whilst

the dispersion space illustrates the active wave modes corresponding to that arising from the

beam-plasma instability. As the density increases, the Langmuir frequency peak begins to

dissipate/shift to higher frequencies. Simultaneously, one observes the formation of several

plasma peaks emerging for lower! , which may be associated to non-linear interactions. This
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Figure 4.1.11: The power spectrum and Fourier space as a function of increasingn0. The
associated! pf (red dashed line) is also shown.

is clear in the dispersion space, where the peak white colours in the 2nd and 3rd columns

illustrate the main power spectrum peak, before the shifting to higher frequencies beyond

the measuring capabilites, along with multiple, lower frequency peaks observed in the power

spectrum and a greater spread of physical k values in the dispersion space, illustrated in

the darker red colour. It is evident that at large beam densities, the Langmuir peak in the

power spectrum is less clear, such that the relevant k-estimation is more di�cult to obtain.

Given that the lower frequency components become dominant, the maximum k values can

no longer be con�dently attributed to the Langmuir frequency.

One can also observe that in the dispersion space, the dominant wave modes appear to

extend in to the negative range for the wavenumber k. In this analysis, thek-axis is limited to

� 0:2 k� D , implying that the spatial sampling rate is only su�cient to represent wavenumbers

within that range. Any component of the signal with jk� D j > 0:2 will undergo aliasing,

such that it is folded back into the representable range and appears as a lower-wavenumber
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component. This explains the observed behavior in thek{ ! spectrums show in �gure 4.1.11:

as the signal propagates beyond thek-space boundary of� 0:2 k� D , it appears to wrap

around and re-enter from the opposite side. This is not physical propagation but rather an

artifact introduced by the undersampling of the spatial domain. The only way to prevent

such aliasing is to increase the spatial sampling resolution (i.e., decrease �x), which expands

the representable wavenumber domain. However, the current apparatus limits achieving the

higher spectral resolution and thus extendedk{ ! space.

4.2 Kinetic Plasma Simulations

4.2.1 Numerical Setup and Initial Conditions

In this work, a high-resolution 1D{1V Eulerian Vlasov{Poisson solver (Pezzi et al., 2013)

is employed, which allows for the investigation of beam{plasma interactions under weakly

collisional conditions. This code resolves the time evolution of the distribution function

and of the electrostatic potential on a phase-space grid. The simulation is con�gured in a

one-dimensional spatial domain with velocity space discretisation, corresponding to a 1D-1V

phase-space geometry. The computational grid is de�ned byNx = 256 spatial grid points

over a domain of lengthL x = 600 and Nv = 200 velocity grid points spanningL v = 8:0. The

time step is set to � t = 10� 2 and the total simulation runs for 500;000 iterations, ensuring the

resolution of both fast wave dynamics and long-time nonlinear e�ects. The initial distribu-

tion function comprises two electron populations, with this bimodal con�guration mirroring

the experimental setup described in section 3.2, in which thermionically emitted electrons

from �lament Fb form a supra-thermal beam propagating through a stationary plasma. The

separation in velocity space between the two populations serves as a driver for beam{plasma

instability, inducing the growth of Langmuir waves and nonlinear phase-space dynamics.

The system is initially perturbed with random low-amplitude (� = 10� 5) electrostatic 
uc-

tuations, seeded withN = 50 random Fourier modes across a range of wavenumbers. These

perturbations serve to initiate instability growth and allow observation of spontaneous wave
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ampli�cation. By adjusting the relative beam density nb, velocity Vb and temperatureTb,

this model allows systematic exploration of di�erent instability regimes. The resulting data

from this code can be directly compared to the experimental Langmuir signals, power spectra

and dispersion space, thereby bridging simulation and laboratory diagnostics in the study of

the plasma Langmuir wave phenomena.

4.2.2 Parameter Space Exploration

Distribution Functions

To systematically analyse the output of the Vlasov{Poisson simulations described above, an

interactive Python-based framework was constructed usinghvPlot , HoloViews and Panel

(Rudiger et al., 2019; Stevens et al., 2015). This framework enables detailed comparisons

of the distribution function f (x; v; t) at di�erent stages of the simulation across multiple

parameter spaces. Three diagnostic routines were implemented to explore the sensitivity of

the system to key beam parameters:

1. Velocity perturbation scan: The initial electrostatic perturbation was varied across

a range of beam velocitiesvb = 2; 3; 4; 5; 6; 7 at �xed nb = 0:1n0; Tb = 0:1T0, highlight-

ing variability in the early nonlinear dynamics (�gure 4.2.1).

2. Beam density scan: The beam densitynb was varied as fractions ofn0 (1%, 3%,

5%, 7%, 10%) while holding the perturbation velocity �xed at vb = 4 and Tb =

0:1T0, demonstrating how higher densities amplify wave growth and broaden nonlinear

velocity-space features (�gure 4.2.2).

3. Beam temperature scan: The beam temperatureTb was varied relative to the

background plasma temperature (Tb = 0:1; 0:15; 0:2; 0:25T0) at �xed vb = 3; nb = 0:1n0,

showing that narrower beams produce stronger non-linear structures, while broader

beams di�use more gradually in velocity space (�gure 4.2.3).
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For each case, 2D phase-space slices off (x; v) were extracted at representative times

(initial t = 0 and �nal), with visualisations rendered both as colour maps off (x; v) and as

the spatial averagehf i x (v) to emphasise velocity-space di�usion and Landau damping.

The results of the parameter space exploration reveal clear dependencies of the beam{

plasma instability on both beam velocity and beam density, consistent with theoretical ex-

pectations of resonant wave-particle interactions. Figure 4.2.1 illustrates the outcome of

varying the beam velocityvb at �xed density ( nb = 0:05n0). For small velocities (vb = 2; 3),

only weak nonlinear modi�cations occur, as the resonance lies close to the bulk electron ther-

mal velocity and the excited Langmuir waves are strongly Landau damped. At intermediate

velocities (vb = 4; 5), the coupling is most e�ective: wave growth is enhanced and nonlinear

saturation manifests through plateau formation inhf i x (v). At higher velocities (vb = 6; 7),

the interaction weakens again, as the resonance shifts to higher phase velocities where fewer

thermal electrons are available, reducing energy transfer to Langmuir waves. This highlights

the existence of an optimal velocity range for e�cient beam{plasma coupling. Figure 4.2.2

complements this picture by examining the role of beam density at �xedvb = 4. At low

density (nb = 0:1), the drive is too weak to produce appreciable wave growth and the distri-

bution remains largely unchanged. Increasing the beam density (nb = 0:3{0:5) signi�cantly

ampli�es the instability, resulting in pronounced plateau formation and enhanced wave ac-

tivity. At high densities ( nb = 0:7{1:0), strong nonlinear behaviour emerges, with broad

velocity-space distortions indicative of intense wave{particle trapping and secondary nonlin-

ear processes such as mode coupling. Together, these two scans demonstrate that instability

growth requires a balance between resonance conditions (set byvb) and available free en-

ergy (set by nb), with maximum wave activity occurring when both are optimally aligned.

These distribution functions can then be used as a point of the reference with the RFEA

distribution functions (section 4.1.3) to categorise the experimentalFb properties.
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Numerical Scan Results: Temperature, Velocity and Density Dependence

(a) Beam Velocity Scan

Figure 4.2.1: Evolution of the spatially averaged velocity distribution functionhf i x (v) across
varying initial perturbation seeds (casesv2{ v7) at �xed beam density nb = 0:05n0. Each
row shows both the initial and �nal state, highlighting variability in the nonlinear saturation
evolution.

(b) Beam Density Scan

Figure 4.2.2: Evolution of the spatially averaged velocity distribution functionhf i x (v) across
varying beam densities (cases 1%� 10%) with �xed perturbation seed v4. Increasing beam
density ampli�es wave growth and broadens nonlinear features in velocity space.
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(c) Beam Temperature Scan

Figure 4.2.3: Evolution of the spatially averaged velocity distribution functionhf i x (v) across
varying beam temperaturesTb = 0:1; 0:05; 0:03; 0:01T0 at �xed vb; nb. Lower beam temper-
atures correspond to narrower distributions with stronger nonlinear features, while higher
temperatures broaden the velocity distribution and reduce growth amplitudes.

k{ ! Spectral Analysis

Transitioning to the dispersion domain for the numerical simulations provides valuable

insight into how the chosen beam parameters in
uence the excitation of plasma modes. In

particular, examining how the beam densitynb and beam velocityvb a�ect the distribution

of spectral power allows one to assess whether the observed modes align with the theoretical

dispersion relations previously discussed. By analysing the resultingk-! spectra from these

scans, one can directly observe how changing each parameter modi�es the excitation and

propagation of modes in the plasma. This spectral information will enable a quantitative

comparison with experimental measurements. Through this comparison, one can infer which

beam conditions are most likely realised within the laboratory setup, providing a crucial link

between the simulation and experiment. The aforementioned conditions and their dispersion

space results are present in �gure 4.2.4, with the following dispersion relations plotted over

each spectrum:

ˆ dotted curve: the Bohm-Gross relation as derived in (2.2.1).
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ˆ dashed line: the Bohm-Gross dispersion relation taken for small wavelengths (small k),

approaching the linear relationship (2.2.3).

Beginning by examining the e�ect of varying beam densitynb at a �xed velocity vb = 4v,

as shown in Figure 4.2.4a, the results reveal distinct changes in the modal structure of the

k-! spectra. At higher densities, the excited spectral power increasingly aligns with the

beam-driven phase velocity dispersion branch, rather than the Bohm-Gross relation. In

contrast to the lower-density case, where mode excitation is localised near the intersection of

the two branches, increasingnb leads to a broadened excitation that extends along the full

beam mode curve. Additionally, there appears to be another, smaller mode, present arising

below the Bohm-Gross dispersion relation, which may be associated with an AW or another

low-frequency instability. This mode becomes signi�cantly more pronounced with increasing

density and is distinctly separated from the primary dispersion branches, exhibiting minimal

spectral overlap. The overall spectral intensity (illustrated by the color bar) also grows with

higher beam density, re
ecting stronger wave{particle interactions.

Now considering Figure 4.2.4b, which presents thek-! spectra for increasing beam veloc-

ities vb (from left to right), a clear correlation emerges between the excited modes and the

theoretical dispersion relations. As the beam energy increases with highervb, the spectral

intensity becomes more concentrated along both the dispersion branches, denoted by the

dashed and dotted lines, respectively. This alignment con�rms that the growing beam en-

ergy directly excites these plasma modes. At lower velocities, a distinct mode emerges along

the Bohm-Gross dispersion curve, suggesting the presence of well-separated and individually

resolvable resonances. Asvb increases, the associated energy gain results in broader spectral

features and the onset of mode overlap, particularly where the two branches intersect, where

the low and high frequency mode coupling make the interpretation of the simulation results

di�cult.

Finally, turning to the e�ect of increasing beam temperatureTb as shown in Figure 4.2.4c,

the primary observation is a progressive broadening and weakening of the excited spectral
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Dispersion Space Parameter Scans

(a) Comparison of k-! spectra for varying beam densities at �xed velocity vb = 4.

(b) Comparison of k-! spectra for varying beam velocities at �xed density nb = 0 :05n0.

(c) Comparison of k-! spectra for varying beam temperatures at �xed beam velocityvb = 6.

Figure 4.2.4: Fourier domain analysis of beam{plasma interaction under di�erent parameter
scans. (a) Density scan with �xed velocity, temperature. (b) Velocity scan with �xed
density, temperature. (c) Temperature scan with �xed velocity, density. The dashed white
line represents the thermal phase velocity relation given in (2.2.3), whilst the dotted white
curve represents the Bohm{Gross relation (2.2.1).
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features. At the lowest temperature,Tb = 10%T0, the excitation is relatively sharp and well

aligned with the v � !=k branch, with some spectral spread along the Bohm-Gross relation.

The potential AW dispersion relation is also de�ned well here. AsTb increases, however,

the enhanced thermal spread of the beam particles leads to a suppressed broadening of the

mode excitation. This is particularly evident near the intersection of the two dispersion

branches, where the initial broadened excitation becomes more strongly aligned to the phase

velocity. By Tb = 25%T0, the dispersion space has diminished in spectral spread, with the

strongest features only faintly following thev � !=k relation. These results demonstrate

that larger beam temperatures act to suppress the distinct mode excitation observed at

lower Tb, instead promoting broader, less structured spectral signatures due to the increased

velocity-space overlap of resonant particles. Numerical scans at smallerTb values found that

the dispersion space had an even greater expanse, where the spectral broadening covered

a wide frequency range and both dispersion branches. At values belowTb � 0:05T0, there

was far greater spectral spread, yet minimal variance across the plots for the tested beam

temperature values (Tb = 0:05; 0:03; 0:01 of T0) respectively, with �gure B.1.1 illustrating

these dispersion space scans (see Appendix B.1).

Given the results of the RFEA experimental vs numerical scans (�gure 4.3.1 and the

fact that smaller Tb values played a minimal role in the dispersion space variance, a full

parameter scan in thevb-nb space was conducted, as presented in Figure B.2.1 (see Appendix

B.2) to gain a comprehensive understanding of how bothnb and vb jointly in
uence mode

and wave excitation. Each subplot in the �gure corresponds to a unique pairing of beam

density and velocity, with the theoretical dispersion relations superimposed for reference.

As observed in the top row of Figure B.2.1, lower beam velocities (e.g.,vb = 2v) generally

fail to excite discernible modes along the predicted dispersion curves, except in cases where

the beam density is relatively high (e.g.,nb = 10%). This indicates that su�cient beam

energy is required to drive plasma instabilities that manifest as coherent modes in thek-!

domain. Progressing through the grid, both across and down, the phase velocityvph =
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!=k of the excited modes increasingly aligns with the theoretical curves, particularly for

moderate values ofnb and vb. At low densities, the Bohm{Gross dispersion relation is

clearly followed by the spectral power. However, as the beam density increases, the spectra

become increasingly broadened, indicating the onset of nonlinear e�ects and complex mode

coupling. This spectral broadening diminishes the clarity of dispersion features and makes

it challenging to attribute observed structures to speci�c theoretical branches. The color

map further highlights these trends: whilst the strongest excitations often coincide with the

theoretical dispersion curves, higher beam densities and velocities lead to a spread of power

across a wider range ofk-! values. This results in less well-de�ned modal structures and

complicates direct comparison with the linear theory approximations.

4.3 Experiment vs Numerical Simulations

To interlink the resulting experimental and numerical data, one can directly compare the

distribution functions, the power spectrum's and the k-! space to observe where observa-

tional phenomena aligns and where it breaks down. In order to more accurately model

the experimental distribution function, one needs to introduce the combination of the three

parameters in an e�ort to more accurately map the experimental RFEA f(v) outcomes. Tak-

ing the RFEA �gure shown in �gure 4.1.9, one can compare the corresponding numerical

distribution function scans to see which most accurately maps to that of the experimental

outcome. It can be observed that as the temperature of the beam increases, the correspond-

ing width of the beam velocity distribution function becomes narrower, as seen in �gure

4.2.3. Thus, selecting a �xedvb = 5, nb = 0:05n0, whilst varying the Tb values, compares

the series of beam temperature scans to that of the experiment. Figure 4.3.1 illustrates the

experimental scan (cyan) to a series of numericalTb scans. The increase in theTb parameter

quite clearly illustrates the narrowing of the width of the beam component of the distri-

bution function. The Tb values, listed in �gure 4.3.1 caption, illustrate also the growth of

the peak of the beam, with the experimental outcome (cyan) sitting somewhere between
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0:01T0 � Tb � 0:03T0. Thus, the overall properties of the beam have been accounted for

with the RFEA measurements and the numericalf (v) comparative scans.
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Figure 4.3.1: Experimental RFEA (cyan) and simulated (colored) velocity distribution func-
tions for varying Tb = �T 0 values at �xed vb = 5, nb = 0:05n0. � represents the chosenTb

percentages of theT0 temperature (lime ! � = 0:1, red ! � = 0:05, orange! � = 0:03,
black ! � = 0:01). Numerical results correspond to sequential increases in beam tempera-
ture, illustrating the narrowing of the distribution peak amplitude.

Recalling the beam �lament material (section 2.3.1), the experimental tungsten �lament

can reach a temperature of the order ofT�l = 3000 K produces an intrinsic thermal energy

spread given by

kB T�l = (8 :617� 10� 5 eV=K) � 3000 K� 0:25 eV; (4.3.1)

setting the characteristic thermal width of the emitted electron distribution due to thermionic

emission. The electron beam emitted by the �lament will likely have a truncated Maxwellian
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distribution function, where only the particles with energy greater than the extraction poten-

tial escaping. The RFEA measurement in �gure 4.3.1 indicates that the beam temperature

is around 2% of the background electron temperature, �tting between the numerical scans

of Tb = 0:03T0 and Tb = 0:01T0. For a measured electron temperature in the plasma around

3eV, the ratio between theT0; Tb components gives a result sitting slightly below 10%, which

is the order of magnitude measured for theTb with respect to the T0, just as observed in the

numerical simulations.

The next point of comparison is to consider the Fourier power spectrums of the two

separate frameworks. Figure 4.3.2 illustrates the power spectrum comparison between the

experimental results and the numerical scans. The comparison between the power spectra

of the experimental probe signal and the numerical simulations reveals distinct correlations

between the plasma harmonic structures and the evolution with increasingnb. The green

oval in Fig. 4.3.2 marks the �rst and second plasma harmonics,! pf and 2! pf , which are most

prominent for smallernb values. Asnb increases, the dominant peak shifts to higher frequen-

cies, beyond the measurable range of the instrumentation, as highlighted by the black oval.

The magenta oval encloses spectral components arising from nonlinear interactions, which

grow in signi�cance at higher powers due to the energy supplied by the plasma-generating

system. These observations demonstrate a clear transition from harmonic-dominated spectra

at low nb to non-linear interaction-dominated spectra at highernb, showing a clear correlation

between the experimental and numerical results.

To further illustrate the prevalence of the correlation between the experimental and nu-

merical outcomes, one can move to the dispersion space to observe if the dominant modes

are consistent across the two approaches. Figure 4.3.3 presents the dispersion space for the

experimental and numerical scans. The experimental and numerical dispersion spaces have

now been adjusted to the samek� De scale, with the green dashed line corresponding to the

maximum range that the experimental apparatus can determine. As discussed in section

3.3.2, aliasing occurs when the spatial sampling is insu�cient to capture all wavenumber
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Figure 4.3.2: Comparison of experimental spectrums and simulated power spectra for varying
nb values. Green, black and magenta ovals highlight key spectral features.

components, causing high-jkj modes to appear folded back into the representable range.

In the current setup, the region beyond the green line corresponds to such aliased modes.

Initially, the experimental wavenumbers (k� De) measured up to 1000 m� 1. Values beyond

this range appeared as aliased signals. To account for this, the antennas were moved closer

together, e�ectively increasing the maximum measurable wavenumber to 3000 m� 1, elimi-

nating the aliasing e�ect. The resulting dispersion space then captures all relevant energy

and wave modes belowk = 3000 m� 1. The cyan dashed line represents the thermal phase

velocity relation given in (2.2.3) (straight line) and the Bohm-Gross relation (2.2.1) is given

as the magenta curve. In each rows, one can observe that the dominant wave modes lie

closely along both dispersion relations. Although limited by the experimental regime, the

dominant modes can be seen to directly line up for each column, illustrating the correlation

between the experimental and numerical results.



Langmuir Wave Study in a Laboratory Plasma 90

Figure 4.3.3: Top row: Experimental dispersion space in accordance with the top row of
�gure 4.3.2. Bottom row: Numerical dispersion space in accordance with the bottom row
of �gure 4.3.2. The thermal phase velocity (2.2.3) (cyan) and the Bohm-Gross relation
(2.2.1) (magenta) are plotted. The dashed green line indicates the maximum wavenumber
measurable for the experimental procedure.
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5 Langmuir Waves in the Heliosphere: Observational Evidence

The study of Langmuir wave phenomena in space has been shaped by a long history of space-

craft missions focused on observing solar wind and associated plasma waves. Following the

con�rmation of the solar wind by Mariner 2, subsequent missions deepened the understand-

ing of wave{particle interactions in the heliosphere. TheUlysses Uni�ed Radio and Plasma

Wave (URAP) mission, aimed to study radio emissions andin situ plasma waves, reveal-

ing signi�cant activity embedded within the solar wind, especially in regions with enhanced

electron 
ux (Stone et al., 1992). Observations from URAP and other missions linked Type

III bursts to electron beams exciting Langmuir waves, which then emitted radio waves via

nonlinear processes. WIND spacecraft data further validated early �ndings from the Vela

and IMP-1 missions about angular momentum loss, showing that solar wind plasma 
ows

were not purely radial and that magnetic and particle stresses played a vital role (Ogilvie

& Desch, 1997; Finley et al., 2019), enhancing the understanding of how the solar wind

extracts rotational kinetic energy from the Sun, a�ecting its long-term evolution. Earlier

e�orts, such as those from the Orbiting Geophysical Observatory (OGO-5), helped in deriv-

ing empirical models of solar wind density pro�les between the corona and 1 AU based on

frequency-time drifts in Type III bursts (Alvarez & Haddock, 1973). More recently, Type III

radio burst decay times were used to infer density 
uctuation levels in the inner heliosphere,

with measurements from the Parker Solar Probe suggesting continued probing of solar wind

turbulence well within 0.1 AU (Krupar et al., 2020). These bursts not only track electron

beam dynamics but also provide a real-time tracer of both global and small-scale solar wind

structure. These �ndings provide the valuable insight into the relevant plasma processes and

have shaped the scienti�c motivation for missions such as theParker Solar Probe(PSP),

which now provides unprecedentedin-situ measurements of the near-Sun environment. The

convergence of spacecraft observations and laboratory analogues highlights the relevance of

studying beam{plasma interactions in controlled conditions to better understand naturally
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occurring plasma turbulence and wave{particle interactions in the heliosphere.

5.1 Parker Solar Probe

The Solar Probe Plus (Parker Solar Probe, PSP) is an ongoing NASA mission designed to

explore the plasma physics of the near-Sun plasma environment, by making use ofin-situ

and remote-based measurements (Fox et al., 2016). The spacecraft pertains to numerous

scienti�c investigations, carrying an array of advanced technologies for speci�c missions,

numerous instruments, including the following:

ˆ Solar Wind Electrons Alphas and Protons (SWEAP)science investigation performsin

situ measurements of electrons, protons and alpha particles over an energy range from

a few eV to several tens of keV (Case et al., 2013; Kasper et al., 2016a).

ˆ The Wide-�eld Imager for Solar Probe (WISPR) investigation captures images of den-

sity structures in the near-Sun plasma using Thomson-scattered light (Vourlidas et al.,

2016).

ˆ The Integrated Science Investigation of the Sun (ISIS)measuresin situ solar energetic

particles, including electrons from 25 keV to 6 MeV and ions from 20 keV/nucleon to

100 MeV/nucleon (McComas et al., 2016).

ˆ Lastly, the FIELDS experiment measuresin situ electric �elds (DC to � 1 MHz), mag-

netic �elds (DC to � 1 MHz) and remotely generated radio signals up to 19.2 MHz (Bale

et al., 2016a).

Of importance to this thesis is the FIELDS data measuring the plasma waves present

in the Solar Wind, accounting for a range of Solar phenomena including Alfv�en waves and

their Poynting 
ux, compressive waves, cyclotron waves, whistler-mode waves and Langmuir

waves (Malaspina et al., 2016). A scheme of the Parker Solar Probe is shown in 5.2.3, with

each of the FIELDS sensors labelled accordingly.
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Figure 5.1.1: Scheme of the Solar Probe Plus spacecraft with FIELDS sensors indicated.
Reproduced from Malaspina et al. (2016).

The PSP instruments cover a broad range of frequencies. The measurements of the~E and

the magnetic �eld ~B are divided across the instrumentation to account for such coverage.

The FIELDS instrument takes measurements of the electric and magnetic �elds and waves,

density 
uctuations and radio emissions over 20 MHz of bandwidth and 140 dB of dynamic

range (Raoua� et al., 2023). By accessing the available data through the NASA Goddard

Space Flight Center (GSFC) SPDF portal, one can reproduce the electric �eld evolution

and corresponding power spectrums, in order to compare the characteristics of both the

numerical and experimental Langmuir results, allowing a �nal correlation between the three

experimental, numerical and observational approaches.

5.2 Detecting Solar Wind Langmuir Waves

Making use of the TDS data, two key studies are performed here. The �rst relates to the

decrease in thene for the Solar Wind as the measuring point moves further away from

the Sun. It is expected that this decrease in electron density will result in a decrease in

the ! pf . The second investigation is on the electric �eld evolution, aiming to compare the

observational �eld with that of the numerical and experimental outcomes.
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5.2.1 PSP Instrumentation - Time Domain Sampler

The TDS forms the core of the FIELDS2 subsystem on Parker Solar Probe and is responsible

for capturing high-frequency waveforms at very high temporal resolution (Bale et al., 2016b).

Derived from heritage instruments on missions such as the Solar TErrestrial RElations Obser-

vatory (STEREO), the TDS simultaneously samples up to �ve waveform channels, including

electric dipoles, monopole and a search coil magnetometer at rates up to 1.92 MSa/s (Nyquist

frequency - 1 MHz). This capability makes it particularly well suited for the observation of

Debye-scale and electron-scale plasma phenomena, including that of Langmuir waves and ion

acoustic waves. To maximise the associated scienti�c return within the limited bandwidth,

the instrument uses onboard triggering, �ltering and event-quality selection to down-link

only the most valuable waveform captures. Each event typically consists of 65,536 samples

(� 33ms), digitised with 16-bit resolution and low intrinsic noise (30� V RMS at 100 kHz).

In addition to triggered burst captures, the TDS produces continuous low-rate data prod-

ucts, such as peak, mean and RMS values, as well as zero-crossing counters that provide

real-time indicators of wave activity and dust impacts. A unique feature of the TDS is its

integration with the Solar Wind Electron Alpha and Protons investigation (SWEAP) instru-

ment Kasper et al. (2016b). Particle counts from SWEAP are time-stamped at the same 1.92

MSa/s cadence as the waveform data, allowing for unprecedented correlation of plasma wave

activity with particle 
ux. Through the synchronisation with the FIELDS master clock, the

TDS ensures precise timing alignment across the instruments, enabling coordinated studies

of wave{particle interactions, related to the �ne-scale dynamics of Langmuir phenomena

close to the Sun.

Solar Wind Densities - Power Spectrum

It is expected that the variation of electron density directly relates to the radial distance

from the Sun where the signals are taken. The electron densityne at a given distancer is

modeled based on a known reference densityn0 at a reference distancer0 (typically 1 A.U).
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Due to the radial expansion of the solar wind, the electron density decreases with increasing

distance following an inverse square law:

ne(r ) = n0

� r0

r

� 2

(5.2.1)

This relationship re
ects the physical principle that as plasma 
ows outward from the

Sun, particles become more dispersed over a larger spherical area, resulting in a lower density.

The associated plasma frequency! fp , depends on the local electron density as:

! pf /
p

ne (5.2.2)

Therefore, as the electron density decreases with distance, the plasma frequency corre-

spondingly decreases. By computing the electron densities at multiple distances closer or

farther from the Sun, one can predict the expected plasma frequencies at those locations.

When analysing the power spectra of Langmuir waves, the peak frequencies in the power

spectrum should match the plasma frequencies associated with the local electron densities.

This allows for a direct diagnostic of the plasma environment: the farther from the Sun, the

lower the electron density and thus the lower the Langmuir wave frequency peak observed

in the power spectrum. To analyse the wave activity observed by the PSP TDS, a Python

code extracts waveform samples from pairs of electric �eld antennas (V1{ V2 and V3{ V4) on

the PSP spacecraft. For each selected burst, the corresponding spacecraft{Sun distance is

recorded to allow radial comparison of plasma conditions. The waveform time series are

transformed into the frequency domain using Welch's method (Welch, 2003), providing ro-

bust power spectral density (PSD) estimates by averaging modi�ed periodograms, reducing

the variance of spectral estimates. To further suppress statistical 
uctuations and emphasise

the scaling properties of the phenomena, the PSDs are smoothed using logarithmic frequency

binning, with the resulting spectra compared across di�erent heliocentric distances enabling

the investigation of how wave power evolves depending on the heliocentric distance of the
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spacecraft from the Sun. Since the TDS captures high-frequency 
uctuations up to the elec-

tron plasma frequency, this analysis provides a direct means of identifying and characterising

Langmuir waves, their spectral signatures and their radial variation in the near-Sun solar

wind. Figure 5.2.1 shows the power spectral density of the electric �eld 
uctuations as a

function of frequency for three di�erent heliocentric distances sampled by PSP.

Figure 5.2.1: Power spectral density (PSD) of electric �eld 
uctuations measured by PSP at
three heliocentric distances: 0.454 AU (red), 0.176 AU (green) and 0.096 AU (blue). Left:
V1 � V2 channel; right: V3 � V4 channel. The spectra reveal a systematic shift in spectral
power with radial distance, with the closer the PSP is to the Sun (higherne) the larger
the high-frequency components. The sharp instrument-related spikes have been masked to
accentuate the broad physical peaks associated with Langmuir wave activity.

A clear radial trend is observed: at the closest approach (0.096 AU, blue), the spectra

extend to higher frequencies, re
ecting the enhanced electron density near the Sun and the

correspondingly larger plasma frequency. At intermediate (0.176 AU, green) and farther

(0.454 AU, red) distances, the distribution shifts toward lower frequencies, consistent with

the inverse-square scaling ofne(r ) as shown in Eq. (5.2.2). This is quantitatively evident in

the results present in table 5

These values illustrate that as the radial distances from the Sun decrease, the corre-

sponding! pf and thus ne increase. In relation to the main phenomenon of this thesis, these

denser environments support Langmuir oscillations at higher characteristic frequencies, while
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Table 5: Plasma frequency peaks and corresponding electron densities at di�erent radial
distances from the Sun.

Heliocentric Distance 0.454 AU 0.176 AU 0.096 AU
Peak frequency [Hz] 1:52� 105 2:41� 105 4:01� 105

Electron density [cm � 3] 2:31� 1010 5:79� 1010 1:61� 1011

sparser regions farther from the Sun support only lower-frequency modes.

A direct comparison can be drawn between the observational spectra obtained by PSP and

the experimental spectra from the laboratory experiments (Figure 4.1.10). In the laboratory,

by systematically increasing the background density through the beam{plasma setup, a dis-

tinct shifting of the plasma frequency peak is observed, with the measured spectral maxima

aligning closely with the predicted values of! pf and its harmonic 2! pf . Conversely, in the

solar wind, the natural radial decrease in density with heliocentric distance produces the

opposite e�ect: the plasma frequency peak progressively shifts to lower frequencies, consis-

tent with the ne / r � 2 dependence described in Eq. (5.2.2). In both cases, however, the

fundamental behaviour is the same: the Langmuir wave peak is a direct proxy of the local

plasma density and its movement across the frequency spectrum re
ects said variations in

the underlying environment. This parallel illustrates how controlled laboratory experiments

and in-situ spacecraft observations converge on the same sensitivity to the diagnostics of

the electron density. Experimental procedures allow the observations of nonlinear e�ects as

the density and beam power increase, whilst the PSP data captures the large-scale natural

counterpart of this phenomenon, where density variations are imposed by the Sun's radial

out
ow.

5.2.2 PSP - Electrostatic Potential Evolution

As previously accounted for in the experimental results, the variations in operational param-

eters such as beam energy, current and plasma density contribute to observable di�erences

in wave features. Such variability in wave packet characteristics has also been documented

in in-situ measurements from solar wind spacecraft. For example, Krasnoselskikh et al.
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(2011) conducted a comprehensive analysis of Langmuir wave packets detected by the WIND

spacecraft, revealing a diverse spectrum of wave packet features that re
ect the complex and

dynamic nature of beam-plasma interactions in space plasmas. Figure 5.2.2a illustrates the

variety of these Langmuir wave packets recorded by the WIND mission, whilst �gure 5.2.2b

presents the same diverse waveforms generated in the laboratory experiments, illustrating

the capacity to replicate the Langmuir characteristics observed on an astrophysical scale.

(a) WIND: Solar Signal Observations
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(b) Experimental Signal Variation

Figure 5.2.2: Comparison of di�ering samples of Langmuir wave bursts observed by the
WIND spacecraft (left) and replicating experimental electrostatic evolutions generated under
varied plasma{beam conditions (right).

Solar Wind - Electrostatic Evolution

To more rigorously capture this comparison, one can examine the corresponding � signals

from the three approaches: the laboratory experiment, the numerical Vlasov{Poisson simu-

lation and the PSP observational data. In the laboratory dataset (SURF), the raw voltage

signals were �rst high-pass �ltered by subtracting a Savitzky{Golay smoothed envelope, iso-

lating high-frequency oscillations associated with Langmuir activity. The time axis is then

scaled to! pf , computed from the localne and determined from the Langmuir Probe data,

yielding dimensionless normalised time! pf t. Numerical simulation outputs from a Vlasov{

Poisson code were treated similarly, with the temporal axis already expressed in units of! pf
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and the electric �eld extracted at a �xed spatial location. The observational PSP data is then

converted from measured frequenciesf p in Hz to angular frequency using! pf = 2�f p, with

the time axis was normalized accordingly. The three normalised waveforms are presented in

Figure 5.2.3.

Figure 5.2.3: Comparison of � evolution, normalised to the associated! pf : (top) experimen-
tal laboratory measurements (Lab, SURF), (middle) numerical Vlasov{Poisson simulation,
(bottom) PSP (Parker Solar Probe) observational data in the solar wind.

There is a clear qualitative resemblance between the experimental, numerical and ob-

servational wave packets. The signals display a diversity of structures, including both long,

extended packets and short, burst-like features. The nonlinear saturation of these packets

is also evident, providing compelling evidence that laboratory experiments and numerical

simulations can act as faithful analogues of the wave-particle interactions observed in the

solar wind, highlighting a shared phenomenology between theory, experiment, simulation
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and space observations.
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6 Conclusion

This work explored Langmuir wave generation in a laboratory experiment, to study the

beam{plasma instabilities present in the Solar Wind, aiming to reproduce and interpret

the energy-dependent wave{particle interactions observed in PSP measurements of collision-

less space plasmas. The experimental investigation characterised beam-driven Langmuir

dynamics in plasma, showing that instabilities arise when the beam velocity exceeds the

thermal electron velocity, vbeam & vth,e . Langmuir wave packets were observed and quan-

ti�ed after �ltering low-frequency modulations, revealing a clear energy threshold depen-

dence (Vp(Fb) = 17eV), whilst beam �lament-antenna separation distances ofDFb � 30 mm,

found Langmuir wave packets beginning to dissipate, indicating that these oscillations are

localised near the excitation region. The apparent suppression of Langmuir phenomena for

DFb � 13 mm was proven to not be the result of the associated Debye sheath (0.133mm), with

the absence likely attributed to sheath and space-charge e�ects. The exponential �tting to

wave packet envelopes demonstrated that growth rates increase withI Fb, transitioning from

a threshold-driven linear regime to saturation at higher currents, resulting from the reduced

relative beam density. The multivariate analysis indicated that the beam �lamentFb dom-

inates local plasma conditions, in
uencing density and temperature, whilst the background

plasma parameters exhibited minimal e�ect. This was followed by the RFEA measurements,

showing that the beam properties, showing a peak atvb=vth � 6 with a minor supra-thermal

tail. Frequency-domain and dispersion-space analysis revealed that at low densities, modes

follow the Bohm{Gross dispersion relation, while higher densities and beam powers induced

a greater spectral intensity and mode broadening.

Comparison with numerical Vlasov{Poisson simulations showed strong agreement across

velocity distributions, Fourier power spectra andk{ ! space. Simulations reproduced the

experimental beam shape, with the beam parameters likelyvb = 6v0, Tb = 0:03T0 and

nb = 0:05n0. Fourier analysis in both the power spectrum and thek{ ! space further quan-



Langmuir Wave Study in a Laboratory Plasma 102

ti�ed the correlation between the experimental and numerical mode excitation. Both the

power spectrum and dispersion space each presented analogous peaks and modes, with the

�ndings providing a robust framework for determining the associated parameters to both the

beam and the observed Langmuir phenomena. A comparison of the RFEA measurements

with the numerical f (v) scans allowed an estimate of the beam temperature, showing that

the tungsten �lament-emitted electrons (Tb � 0:03T0 � 0:01T0 � 0:06� 0:09 eV) were an

order of magnitude cooler than that of the plasma (T0 � 3 eV). Finally, to interlink these

�ndings with the astrophysical examples, PSP observations are incorporated to provide the

desired astrophysical context. The analysis illustrated the Langmuir wave frequencies de-

creasing with heliocentric radial distance, consistent with the local electron density scaling,

whilst the electrostatic potential evolution and wave packet characteristics observed in PSP

data, when normalised to the associated! pf , resembled that produced experimentally and

in simulation. This qualitatively demonstrated that the controlled laboratory beam-plasma

interactions are capable of capturing the essential aspects of wave-particle dynamics in the

solar wind. However, it requires a stronger quantitative analysis to validate the experimental

and numerical approaches being e�ective analogues for Solar Wind studies. The main limi-

tation of the present study is the neglect of a background magnetic �eld. The experiments

and simulations have been performed on a unmagnetised plasma, whilst magnetic �elds are

present in the solar wind. In order to accurately consider that aspect of the Solar Wind, one

must incorporate a magnetic component into the experimental and numerical frameworks, in

order to quantify the impact of the ~B �eld. Future experiments incorporating both a uniform

and non-uniform (MH) B-�eld will further bridge laboratory studies with the magnetised

solar wind, advancing understanding of space-plasma instabilities.
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A Equation Derivations

A.1 Derivation of the Bohm{Gross Dispersion Relation

To illustrate the consistency between 
uid and kinetic plasma descriptions, one derives the

Langmuir wave dispersion relation using both approaches. The 
uid model provides a sim-

pler, more intuitive framework under appropriate assumptions, while the kinetic model o�ers

a more complete treatment, capturing thermal e�ects and the velocity distribution of parti-

cles.

A.1.1 Bohm-Gross Dispersion Relation

In the cold plasma approximation (neglecting pressure and collisions), Langmuir waves can

be derived from the linearised 
uid and Poisson's equations. One begins with:

ˆ Continuity equation:
@ne
@t

+ r � (neve) = 0 (A.1.1)

ˆ Momentum equation (neglecting pressure and nonlinear terms):

mne

 
@ve

@t
+ ve � r ve

!

= � eneE � r pe (A.1.2)

ˆ Poisson's equation:

r � E =
e
"0

(ni � ne) (A.1.3)

One considers the electrons moving in the direction of propagation of the plane wave,

which one takes to be thex-direction. This is also aligned with the ~E, characterising a

Langmuir wave. Accordingly, the gradient operator simpli�es tor = x̂ @
@x. Assuming all

�rst-order quantities vary as expf [i (kx � !t )]g, the spatial and temporal derivatives reduce

to @
@x ! ik and @

@t ! � i! , respectively. With these substitutions, one can now linearise
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and combine the equations to derive the dispersion relation. The equation of motion then

becomes:

ne = n0 + n1; ve = v1; E = E1; pe = p0 + p1

The linearised equations become:

ˆ Linearised continuity:

� i!n 1 + ikn 0v1 = 0 (A.1.4)

ˆ Linearised momentum (with pressure term):

� i!mn 0v1 = � en0E1 � ikp1 (A.1.5)

ˆ Linearised Poisson's equation:

ik" 0E1 = � en1 (A.1.6)

having droppedv0 = 0, E0 = 0. All quadratic terms have been neglected as a result of

the linearisation schematic. The pressure perturbationp1 requires connection to the density

perturbation n1. This can be achieved using the equation of state. For electron compression

occurring adiabatically and in one dimension, one �ndsp / n
 and thus 
 = 3, such that

one can obtain the pressure perturbation as:

p = Cn


dp
dn

= 
Cn 
 � 1 =

p
n

= 
T

dp = 
T dn

p1 = 
Tn 1 (A.1.7)



Langmuir Wave Study in a Laboratory Plasma 105

Substituting (A.1.7) into (A.1.5) and expressingv1 and E1 using (A.1.4) and (A.1.6), one

obtains:

i! 2mn1

k
=

� e2n0n1

ik" 0
+ 3iTn1 (A.1.8)

Neglecting the trivial solution of n1 = 0 and multiplying the overall relation by � ik
mn 1

, one

obtains the Bohm-Gross dispersion relation , derived �rst by D Bohm and E P Gross

(Bohm & Gross, 1949):

! 2 = ! 2
pe + 3k2 eTe

me
(A.1.9)

= ! 2
pe + 3k2v2

th;e (A.1.10)

where! pe, the plasma frequencyand vt;e are given by

! 2
pe �

nee2

� 0me
(A.1.11)

vth;e =

s
2eTe

me
(A.1.12)

A.1.2 Extension to Ion-Acoustic Waves

While the previous derivation assumed stationary ions and focused on high-frequency elec-

tron oscillations in the form of Langmuir waves, one can now consider the complementary

case of low-frequency waves involving ion motion | the ion-acoustic waves. These waves

occur when! � ! pe, such that electrons respond instantaneously and follow a Boltzmann

relation, while ion inertia dominates the wave dynamics.

One begins by including the ion 
uid equations and electron pressure through the Boltz-

mann relation. The relevant linearised equations are:
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Figure A.1.1: Bohm-Gross dispersion relation for the high-frequency electrostatic Langmuir
wave in an unmagnetised plasma.

ˆ Ion continuity:

� i!n 1 + ikn 0u1 = 0 ) n1 =
kn0

!
u1 (A.1.13)

ˆ Ion momentum:

� i!u 1 = �
e

mi
ik� 1 ) u1 =

ek
mi !

� 1 (A.1.14)

ˆ Electron density response (Boltzmann relation, linearised):

ne = n0

 

1 +
e� 1

kB Te

!

(A.1.15)

One now substitutes these into the linearised Poisson equation:

� k2� 1 = �
e
"0

(ne � ni ) = �
e
"0

 
n0e� 1

kB Te
� n1

!

(A.1.16)

Substituting for n1 using the expressions above:

� k2� 1 = �
e2n0

"0

 
� 1

kB Te
�

k
!

�
ek� 1

mi !

!

(A.1.17)

Canceling� 1 6= 0 and rearranging:
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k2 =
e2n0

"0

 
1

kB Te
�

k2

! 2mi

!

(A.1.18)

Multiplying both sides by " 0
e2n0

and solving for! 2, one arrives at:

! 2 =
k2kB Te

mi
(A.1.19)

which yields the ion-acoustic dispersion relation for cold ions and isothermal electrons:

! = kvs; vs =

s
kB Ti

mi
(A.1.20)

To include �nite ion temperature e�ects, the ion-acoustic speed becomes:

vs =

s
kB (Te + 
 i Ti )

mi
(A.1.21)

where 
 i is the ion adiabatic index (typically 
 i = 3 in 1D). This relation captures the

speed of compressive, electrostatic ion-acoustic waves propagating through the plasma.

A.1.3 Kinetic Model Derivation

One begins by only considering the motion of the electrons, starting from the 1D, collisionless

Vlasov{Poisson system for electrons (ions taken immobile on the Langmuir time scale, with

the same zero-order number densityn0 as the electrons). Considering Vlasov's equation,

with q = � e;E = r � ; B = 0, the equation results as:

@f
@t

+ v r f +
e
m

r � r vf = 0 (A.1.22)

(A.1.23)
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and Poisson's equation

r 2� =
� � q

� 0
=

e
"0

0

@n0 �
1Z

�1

f d 3v

1

A : (A.1.24)

Following the linearisation, one assumes that the electron velocity distribution function

f (v), consists of a spatially uniform Maxwellian equilibriumf 0(v) with density n0 and tem-

perature Te, plus a small �rst-order perturbation f 1(v):

f (x; v; t) = f 0(v) + f 1(v)

Writing the same for � = � 1 and linearing equations (A.1.22), (A.1.24) and noting that
R

f 0d3v = n0, the �rst-order form of the equations become:

@f1
@t

+ v r f 1 +
e
m

r � 1 r vf 0 = 0 (A.1.25)

r 2� 1 =
e
"0

1Z

�1

f 1(v) d3v: (A.1.26)

Through the use of the Fourier transforms (@@t ! � i! , @
@x ! ik , the equations now

become:

� i!f 1 + ikvx f 1 + i
e
m

k� 1
@f0
@vx

= 0 (A.1.27)

k2� 1 = �
e
"0

1Z

�1

f 1(v) d3v (A.1.28)

Solving for f 1 from equation (A.1.27), gives:

f 1 =
� 1

(kvx � ! )
e
m

k� 1
@f0
@vx

(A.1.29)
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which, substituted into (A.1.28)results in:

k2� 1 =
e2

� 0m
k� 1

Z 1

�1

(@f0=@vx )
(kvx � ! )

d3v:

Rearranging the terms as to factor out �1 results in the homogeneous equation:

"

1 �
e2

"0mk2

Z 1

�1

@f0=@vx
vx � !=k

d3v

#

� 1 = 0 (A.1.30)

For the potential to have a non-trivial solution, the term within the brackets must be

zero, resulting in the dispersion relation:

D(k; ! ) = 1 �
e2

"0mk2

Z 1

�1

@f0=@vx
vx � !=k

d3v = 0 (A.1.31)

It is now necessary to de�ned a normalised 1-D distribution function:

F0(vz) =
1
n0

Z 1

�1
f 0(v)dvydvz (A.1.32)

As a result of dividing by n0, the reduced distribution function is normalised such that
R

F0(vx )dvx = 1. Recognising that ! 2
p = n0e2

� 0m , one can rewrite (A.1.35) as:

D(k; ! ) = 1 �
! 2

p

k2

Z 1

�1

@f0=@vx
(vx � !=k )

dvx = 0 (A.1.33)

D(k; ! ) = 1 �
! 2

p

k2

Z 1

�1

F0

(vx � !=k )2
dvx = 0 (A.1.34)

(A.1.35)

where equation (A.1.35) arises as a result of integration by parts. In order to return

back to the premise of Langmuir Oscillations, one needs to evaluateD(k; ! ), assuming the

phase velocity to be far greater than the electorn thermal speed((!
k )2 � h v2

x i . Then, one can

expand out the powers in the integrand of (A.1.35) for smallkvx=! :
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D(k; ! ) = 1 �
! 2

p

! 2

Z 1

�1

2

41 + 2

 
kvx

!

!

+ 3

 
kvx

!

! 2

+ :::

3

5 Fe0dvx (A.1.36)

Under the assumption that there is no zero-order current, the �rst moment is zero, as
R

vxFe0dvx = 0. Retaining the terms up to the second moment,hv2
x i =

R
v2

xFe0dvx , gives:

D(k; ! ) = 1 �
! 2

p

! 2

 

1 + 3
k2

! 2
hv2

x i

!

= 0 (A.1.37)

! 2 = ! 2
p

 

1 + 3
k2hv2

x i
! 2

!

(A.1.38)

Given the initial assumption that ( !
k )2 � h v2

x i , the �rst approximation is ! 2 = ! 2
p, which,

when substituted into (A.1.38), gives:

! 2 = ! 2
p + 3hv2

x i k2 (A.1.39)

matching that of the �nal form of equation (A.1.10).
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A.2 Instability Dispersion Relation (Fluid Model)

A.2.1 Beam{Plasma Instability Derivation

The system components are denoted as follows:

ˆ n1p; v1p: density and velocity perturbations of the background plasma electrons (ini-

tially at rest),

ˆ n1b; v1b: density and velocity perturbations of the drifting electron beam (drift velocity

v0b),

ˆ n0p and n0b: unperturbed densities of the plasma and beam electrons, withn0 =

n0p + n0b,

ˆ E : electrostatic electric �eld perturbation.

The linearised 
uid and Poisson relations for each species are written as:

Background plasma electrons:

@n1p

@t
+ n0p

@v1p

@x
= 0; (A.2.1)

@v1p

@t
= �

e
me

E: (A.2.2)

Beam electrons:

@n1b

@t
+ n0b

@v1b

@x
+ v0b

@n1b

@x
= 0; (A.2.3)

@v1b

@t
+ v0b

@v1b

@x
= �

e
me

E: (A.2.4)

Poisson's equation:
@2E
@x2

=
e
"0

(n1b + n1p): (A.2.5)
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Applying the Fourier transformations

nj ; vj ; E / ei (kx � !t ) ;
@
@t

! � i!;
@

@x
! ik;

and substituting into (A.2.2) and (A.2.4), the following relations are obtained:

Background plasma:

� i!n 1p + ikn 0pv1p = 0 ) n1p =
� ek2En0p

me! 2
; (A.2.6)

i!v 1p =
e

me
ikE ) v1p =

� ekE
me!

: (A.2.7)

Beam electrons:

� i!n 1b + ikn 0bv1b = 0 ) n1b =
kn0bv1b

!
; (A.2.8)

(i! � ikv0b)v1b =
e

me
ikE ) v1b =

� eE
me(! � kv0b)

: (A.2.9)

Poisson's equation:

ik 2E =
e
"0

(n1b + n1p): (A.2.10)

Substituting n1p and n1b into Poisson's equation gives:

ik 2E =
e
"0

 
� ek2En0p

me! 2
�

ek2En0b

me(! � kv0b)2

!

:

CancellingE (assumingE 6= 0) and rearranging yields:

1 =
e2

me"0

 
n0p

! 2
+

n0b

(! � kv0b)2

!

: (A.2.11)
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Recognising the plasma and beam frequencies:

! 2
p =

e2n0p

me"0
; (A.2.12)

! 2
b =

e2n0b

me"0
; (A.2.13)

the �nal beam{plasma dispersion relation is:

1 =
! 2

p

! 2
+

! 2
b

(! � kv0b)2
: (A.2.14)

Equation (A.2.14) is the dispersion relation for the cold beam{plasma system.

A.2.2 Instability Growth Rate

Starting from equation (A.2.14), the next step is to multiply by both sides by! 2 and rear-

range the equation:

! � ! 2
p =

! 2! 2
b

(! � kv0b)2
(A.2.15)

then, one can obtain a 4th order equation in! in the form of:

(! � kv0b)2(! � ! 2
p) = ! 2! 2

b (A.2.16)

The regions of interest are when! b � ! p, ! b � ! p. Is it possible that the imaginary

components can exist? Taking the square root of (A.2.16), one �nds:

! � kv0b =
! � ! bq
! 2 � ! 2

p

(A.2.17)

If !! b is small, where! . ! p, then the square root will have a negative value inside the

function, resulting in the imaginary component
 entering into the growth. The frequency

space of interest is when! � kv0b � ! p. For ! p = kv0b, one can write:
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! � ! p + � (A.2.18)

� kv0b + � (A.2.19)

where� � ! p. Thus, one has:

! 2 � ! 2
p = ! 2

p + � 2 + 2! p� � ! 2
p: (A.2.20)

Then, returning to (A.2.16), the fourth order equation becomes:

(! � kv0b)2(! 2 � ! 2
p) = ! 2

p! 2
b (A.2.21)

(� )2
h
(kv0b + � )2 � ! 2

p

i
= ! 2

p! 2
b (A.2.22)

� 2
�
� 2 + 2kv0b� + k2v2

0b � ! 2
p

�
= ! 2

p! 2
b (A.2.23)

When does� have an imaginary part? To �nd such solutions, one needs to multiply by

eil 2� . Thus:

� 3 =
! 2

p! 2
b

2
eil 2� (A.2.24)

� =

 
! 2

p! 2
b

2

! 1=3

ei` 2�
3 (A.2.25)

� =

 
! 2

p! 2
b

2

! 1=3 �

cos
�

`
2�
3

�

+ i sin
�

`
2�
3

��

; ` = 0; 1; 2; : : : (A.2.26)

(A.2.27)

For l =0, sin = 0. At l = 1, 2, sin
�

2�
3

�
=

p
3

2 . Then, the imaginary part of � and thus !

is:
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Im(� ) = Im( ! ) =

 
! 2

p! 2
b

2

! 1=3

�

p
3

2
= 
 (A.2.28)

such that, solving for ! pb gives:

! pb =

" 
2

p

3

!

�
2
! p

#1=2

(A.2.29)

justifying the use of (2.2.6).
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A.3 Landau Dampening Derivation

Continuing from equation (A.1.33), integrating now over the dummy variableux in place of

vx , one can now address the serious problem that arises as a result of the pole existing in the

denominator. Since the denominator goes to zero atux = !=k , the integrals do not converge

unless bothf 0; @f0
@ux

are zero atux = !=k :

1 =
! 2

p

k2

Z @̂f 0(ux )=@ux
ux � !=k

dux (A.3.1)

Carrying out the integration over the dummy variable ofux will allow a dispersion relation

to be found, connecting! with k. There is clearly a pole atux = !=k . If both are real, the

pole is on the real axis. If the disturbance evolves in time in a sinusoidal fashion,! is also

real. However, if the disturbance grows/decays with time, then! must have an imaginary

part. This is shown in �gure A.3.1:

4 2 0 2 4
Re(ux)

3

2

1

0

1

2

Im
(u

x
)

/k

Landau Contour

Figure A.3.1: Landau contour avoiding the pole at!=k .

Now, with the addition of i� times the residue at the pole due to the small semicircular

path, one has:
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1 =
! 2

p

k2

2

6
4P

Z 1

�1

@̂f 0(ux )=@ux
ux � !=k

dux + i�
@̂f 0

@ux

�
�
�
�
�
�
ux = !=k

3

7
5 (A.3.2)

For a phase speed of the wave far greater than the typical thermal velocities in a warm

plasma, or, in other words!=k � ux , one can make use of the binomial expansion as:

�
1

ux � !=k
=

1
!=k

+
ux

(!=k )2
+ ::: (A.3.3)

Only the odd powers ofux contribute to the integral, leading to:

1 =
! 2

p

k2

2

6
4

k2

! 2
+ 3

� B T
me

k2 k4

! 4
+ i�

@̂f 0

@ux

�
�
�
�
�
�
ux = !=k

3

7
5 (A.3.4)

Thus, apart from an additional imaginary term, one has the same relation derived in

equation (2.2.1), having taken the square root and used thebinomial theorem:

! = ! p

2

6
41 +

3
2

� 2
Dek2 + i

�
2

! 2
p

k2

@̂f 0

@ux

�
�
�
�
�
�
ux = !=k

3

7
5 (A.3.5)

The imaginary part of equation (A.3.5) implies damping if negative or instabilities if

positive, depending on the sign of@̂f 0
@ux

at ux = !=k .
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A.4 Langmuir Law Derivations

A.4.1 Derivation of Emitted Current in Terms of Filament Current

One begins with two expressions that describe the behaviour of a heated �lament:

1. Ohmic voltage drop across the �lament:

VF = � (T)
L

�r 2
I F (A.4.1)

2. Radiative power loss balanced with input electrical power:

VF I F = ��T 4(2�rL ) (A.4.2)

Where:

ˆ VF is the �lament voltage,

ˆ I F is the �lament current,

ˆ � (T) = 
T is the temperature-dependent resistivity of tungsten (with
 a material

constant),

ˆ � is the emissivity,

ˆ � is the Stefan-Boltzmann constant,

ˆ T is the �lament temperature,

ˆ r is the �lament radius,

ˆ L is the �lament length.

From equation (A.4.1), substitute � (T) = 
T to get:

VF = 
T
L

�r 2
I F (A.4.3)
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Now substitute this into equation (A.4.2):

�


T
L

�r 2
I F

�

I F = ��T 4(2�rL ) (A.4.4)

) 
T
L

�r 2
I 2

F = ��T 4(2�rL ) (A.4.5)

Divide both sides byT and rearrange to isolateT3:


LI 2
F

�r 2
= ��T 3(2�rL ) (A.4.6)

Now solve forT:

T3 =

I 2

F

2� 2r 3��
) T =

 

I 2

F

2� 2r 3��

! 1=3

(A.4.7)

Finally, substitute this expression forT into Richardson's law:

J = AT 2 exp

 

�
e�
kT

!

(A.4.8)

So J becomes a function of the �lament currentI F , �lament radius r and material

constants via T(I F ) from equation (A.4.7). This gives a direct link between the �lament

electrical conditions and the thermionic emission behaviour.

A.4.2 Derivation of Child's Law

Consider a system, with a cathode emitting electrons with initial velocityv0, accelerated

towards the anode at some distance d due a voltage potentialV0 applied to the electrodes.

For a large enough electrode surface, one can consider the model mono-dimensional, with the

charge conservation law removing the dependency on x (j = env = constant). Consider now

the limit of low current density and thus low charge density. Poisson's equation, evaluating

the electrostatic potential between two electrodes, reduces to the Laplace equation as:
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d2V
dx2

= �
en
� 0

� 0 (A.4.9)

Through the integration and application of the boundary conditions V = 0 at the cathode

(x=0) and V = V0 at the anode (x=d), the corresponding voltage linearly increases with x:

V(x) = V0
x
d

(A.4.10)

For a �nite current density, the case changes, as it is now necessary to evaluate the

electron velocity. Through the application of the energy conservation law:

1
2

mv2 � eV =
1
2

mv2
0 (A.4.11)

and thus

v(x) =

s

v2
0 +

2eV
m

(A.4.12)

This allows the reformulation of equation (A.4.9) as:

d2V
dx2

= �
en
� 0

=
j
� 0

=
j
� 0

�

v2
0 +

2eV
m

� � 1
2

(A.4.13)

This 2nd order non-linear di�erential equation can be integrated by multiplying both

members by 2dV/dx and making use of the mathematical identity:

d
dx

 
dV
dx

! 2

= 2
dV
dx

d2V
dx2

(A.4.14)

giving

 
dV
dx

! 2

�

 
dV
dx

! 2

0

=
2mj
e�0

2

4

s

v2
0 +

2eV
m

� v0

3

5 (A.4.15)

It is here that one now implements the "space charge limited current condition" hypoth-
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esis. This hypothesis prescribes that the current emitted from the cathide can grow up to

the level that the repulsion form the electron cloud oppsoes the further emission of electrons

and that this situation arises when the elcetirc �eld at the cathode is null. Essentially, this

guideline treats the second term of the �rst member of the equation to be equal to zero.

Thus, the relation becomes:

dV
dx

=

s
2j
� 0

� 2m
e

� 1=4

V 1=4 (A.4.16)

Integrating, with the conditions of V=0 at x=0, the following space distribution for the

electrostatic potential is found:

V(x) =
� 9j

4� 0

� 2=3 � m
2e

� 1=3

x4=3 (A.4.17)

Rewriting this relation, with the current density appearing at the �rst member, with the

evaluation at x = d, one �nds the corresponding Child's law for a scenario with space-charge

limited current:

j = �
V 3=2

0

d2
(A.4.18)

where

� =
4� 0

9

s
2e
m

= 2:334� 10� 6A=V3=2 (A.4.19)

This completes the derivation.
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B Numerical Results and Parameter Scans

B.1 Supplementary Tb Scans

As per section 4.2.2, the results of the �Tb dispersion space were shown for �Tb � 0:1T0, as

dispersion space for values ofTb < 0:1T0 did not show distinct mode di�erence. Here, those

dispersion scans are shown.

Figure B.1.1: Dispersion space for �xed beam densitynb = 0:1n0, �xed beam velocity vb =
3v0, with � Tb. The scans includeTb = 0:1T0; 0:05T0; 0:03T0; 0:01T0. The dashed line
shows the beam resonance condition! = vbk; the dotted curve illustrates the Bohm{Gross
dispersion relation.

B.2 Complete nb � vb Parameter Space

Presented here, are the full spectral response of the electric �eld~E in k{ ! space for varying

beam densities and velocities, as described in Section 4.2.2.
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Figure B.2.1: Dispersion space for beam densitiesnb = 1%n0{10%n0 and beam velocities
vb = 2{7 (in units of vth ), with �xed Tb = 0:1T0. The dashed lines show the beam resonance
condition ! = vbk; the dotted line shows the Bohm{Gross dispersion relation.
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C Software and Computational Tools

The data processing and analysis throughout this thesis were conducted using a set of open-

source Python libraries, together with literature-based Fortran codes for specialised plasma

modelling. All custom analysis scripts are available upon request or included in the digital

appendix.

Python libraries

The primary tools used for data manipulation, signal processing and visualisation were:

ˆ Python 3.x { General-purpose programming language used for all analysis.

ˆ numpy(Harris et al., 2020) { Numerical computing and array operations.

ˆ pandas (McKinney, 2010) { Data manipulation and handling.

ˆ matplotlib (Hunter, 2007) { General plotting and visualisation.

ˆ matplotlib.ticker.FuncFormatter , matplotlib.colors andmpl toolkits.axes grid1.inset locator

{ For customised tick formatting, colour mapping and inset plots.

ˆ seaborn (Waskom, 2021) { Statistical visualisation.

ˆ scipy.signal.welch and scipy.stats (Virtanen et al., 2020) { Power spectral den-

sity estimation and statistical computations.

ˆ cdflib (CDF, cdfepoch) { Reading and handling NASA CDF data �les.

ˆ datetime (Python standard library) { Handling of time series in UTC.

ˆ pyspedas and pytplot { Loading, time clipping and plotting of Parker Solar Probe

datasets.

ˆ Standard libraries functools , os, glob , sys { File handling, functional programming

and system control.
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Literature codes

In addition to Python-based analysis, reference was made to published simulation and �tting

codes:

ˆ Fortran-based Eulerian simulations of collisional e�ects on electrostatic plasma waves

(Pezzi et al., 2013).

ˆ Langmuir probe characteristic �tting routines for plasma diagnostics (Desideri & Seri-

anni, 1998).

Custom scripts

Custom scripts developed for this thesis were used to:

ˆ Clean and preprocess Langmuir probe and RFEA data;

ˆ Perform regression and correlation analysis between plasma parameters;

ˆ Generate visualisations, including corner plots with con�dence intervals andR2 anno-

tations;

ˆ Compute power spectral densities and plasma frequencies from Parker Solar Probe

electric �eld burst data.
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