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Chapter 1

Introduction

1.1 Related work

Consider the smooth convex optimization problem
min{ f(x) | x € Q} (1.1.1)

where () is a compact and convex subset of R", f is a continuously differentiable
convex function, and we define X* C €2 as the set of solutions.
Among many first order algorithms to solve this problem the FW algorithm, first
introduced in 1956 by Marguerite Frank and Philip Wolfe [21], has recently been the
subject of renewed interest.
There are two main properties of this algorithm that make it more suitable for many
smooth convex optimization problems than other first order optimization methods.
Let {x)}ren be the sequence generated by the FW method. The first property is
that xj is the convex combination of at most k£ "elementary" points, and for many
problems this means that the FW method can find efficiently e.g. low rank and sparse
solutions. The second property is that the main computational cost of each iteration
comes from solving a problem with linear objective to compute the search direction,
that is

AtV =y — 1z with y € argmin{(V f(z1),v) | y € Q} (1.1.2)

When (2 is a polytope computing df" becomes a LP problem, which is often cheaper
than projecting on 2. FW like algorithms have been successfully applied to optimiza-
tion over polyhedral sets in submodular function optimization [1], structured SVM
learning [35] and variational inference problems [31]. For these problems the feasible
region is represented as the convex hull of a finite set of points. However, FW like
algorithms have also been applied to smooth optimization over non polyhedral sets
for instance in matrix completion [22] and metric learning [14] problems.

The main thread of the thesis is proving convergence properties for some popular
variations of the classic FW method. The theoretical analysis of FW like algorithms
is currently a very active area of research, where much work has been done to prove
that FW variants can match the convergence rate of other first order methods. In
this thesis we prove not only general convergence rates for the value of the objective
function, but also results about active set complexity.

We now discuss the convergence results for FW like algorithms most relevant to the
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thesis, while we refer the reader to [23] for a more detailed summary.

One of the drawbacks of the classic FW algorithm is its slow theoretical convergence
rate on convex compact sets of O(1/k) [21], which can be tight even for polytopes
and quadratic objective functions when the solution is on the boundary [13].

The slow convergence rate of the FW algorithm when the solutions are a subset of
the boundary is due to the fact that as the algorithm approaches the boundary the
search directions can become almost orthogonal to the gradient, and the sequence
{k }ren then forms a slow converging zig-zag pattern. To address this problem Wolfe
[42] formulated the away step FW (AFW), which at every step choses between the
classic FW direction given by (2.5.68) and an alternative search direction

AV = x;, — y with y € argmax{(V f(zy),u) | u € Sk} (1.1.3)

where Sy, C Q) is such that z;, € conv(Sy) and |Sk| < k. It was proved only recently
([33], [34]) that the AFW has a linear convergence rate on polytopes for p - strongly
convex objectives with L— Lipschitz differential. This rate depends from the condi-
tion number of the objective £ and from a certain parameter PdirW(2) determined
by the polytope. This result was then extended to other FW variants and also for
objective of the form f(z) = g(Axz) + (b,z) with g strongly convex [3]. Later [39]
several equivalent characterization for PdirW(2) were proved.

As for non polyhedral sets, a convergence rate of 0(,?12) was proved for the classic
FW method applied to strongly convex functions on strongly convex sets [23]. In
order to interpolate between the convergence rate in the general convex case and the

convergence rate of the strongly convex one the Holderian error bound condition
flz) — f* > ~dist(x, X*)P (1.1.4)

was used in the recent works [44], [30] where v > 0, p > 1 and f* is the minimum
of f|q. Finally, for non convex smooth functions a convergence rate of O(ﬁ) was

proved [32] for the FW gap

QFW(%) = (Vf(xg), zr) —min{y € Q | (Vf(2x),y)} (1.1.5)

The active set identification problem (AS identification problem) is broadly speaking
identifying the manifold containing the set of minimizers or more in general a certain
subset of stationary points. In this thesis we focus on a geometric definition for the
AS identification problem. Given ¥ € X* we say that the manifold containing z is
the face Eq(—V f(Z)) of Q exposed by —V f(x):

Eo(=V[(7)) ={z € Q| (=V[(2),x - T) = 0} (1.1.6)
The set Eq(—V f(z)) is a face of Q2 since by first order optimality conditions
(=Vf(@),r—2)<0Vze (1.1.7)

When f is convex it is not difficult to see that Eq(—V f(z)) does not depend on the
particular x € X*, so that we can define the support of X* as A} = Eq(—V f(z)) for
any x € X*. A sequence generated by a certain method identifies a support if the
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sequence generated by the method is definitely in the support.

The projected gradient algorithm applied to convex functions on polytopes identifies
Al in finite time ([11], [12]). An analogous result was recently proved for the AFW
and the PFW [9] using hypotheses on f weaker than strong convexity but which
are not implied by convexity alone (and conversely). Another possible approach to
identify a support is to combine a first order method with an AS strategy which can
identify the support of a solution once the sequence is close enough to that solution,
improving the value of the objective at the same time. Such a strategy was recently
defined on the simplex [18] and can be generalized to polytopes when combined with
an affine invariant method like the FW or the AFW methods.

1.2 Contributions

We now describe the original contributions of this thesis chapter by chapter.

Chapter 2. We analyze the FW method with in face directions (FDFW), which was origi-
nally introduced for polyhedral sets [27], but which we apply to general convex
sets. A variation of this method was recently applied to matrix completion
problems, with numerical results showing that it outperforms other FW vari-
ants [22]. For every k the algorithm choses its search direction between the FW
one and another feasible for the minimal face of €2 containing z);. Our main rea-
son for choosing this method is that the AFW linear convergence rate property
does not seem to extend to non polyhedral sets, as observed by Lacoste-Julien
and Jaggi in their article proving linear convergence for the AFW on polytopes
[34]. Instead we prove that the FDFW has a linear convergence rate not only
on polytopes, but also on a class of strictly convex sets. As for the AFW | this
linear convergence rate depends on the condition number of f and on a param-
eter determined by the geometry of the feasible set €2, which we call NW(Q).
In particular when f is strongly convex with Lipschitz gradient we have lin-
ear convergence whenever NW(€Q2) > 0. The idea behind the proof is basically
that NW(2) is designed to ensure that the slope along the direction computed
by the FDFW is at least a fraction depending on NW(2) of the highest slope
possible among all feasible descent directions. These properties of slopes then
translate to a linear convergence rate because f(xy)— f(2*) and f(x) — f(2r41)
can be upper and lower bounded proportionally to the slope of —V f(x}) along
x* — xp and xp1 — 7 respectively for x* € X*. We prove that for polytopes
NW(Q) > mn;ivl\)/(g) with D = diam(Q2) applying the alternative characterization
of PdirW(Q) recently proved in [39]. Then we prove NW(Q2) > 0 also for some
strictly convex sets including those whose boundary looks locally like a sphere.
We do this by giving a lower bound on NW(2) with an expression involving
the variation of

lQ’j(d) = max{)\ € RZO | T+ M € Q} (121)

for a fixed z € 0N as a function of dist(d, T (7)), where T(Z) is the tangent
cone to € in the point Z and d can vary in 9B(0, 1).

In the convergence analysis we assume the Holderian error bound condition
(1.1.4) to interpolate between the O(z) and the O(e™**) rates of the general
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Chapter 4.

and strongly convex case respectively.

The main drawback of the FDFW is that even its "simplest' variant needs
oracles for maximal feasible step sizes and linear optimization in the minimal
face containing the current iterate. These oracles may be very expensive when
Q) is represented as the convex hull of a finite number of points. In this setting
we show how at least in theory computing these oracles can be reduced to other
well known optimization problems.

We first prove the equivalence between the geometric definition of support in-
troduced in section 1 and an algebraic one based on non zero Lagrangian mul-
tipliers in some KKT like optimality conditions. Then we prove several AS
related results for first order algorithms. First, we give a new proof for the
projected gradient method finite time AS identification with explicit estimates
using a property of polyhedral cones, that is the bijection between faces of a
cone and faces of the dual cone given by the orthogonality mapping. Our proof
however still needs the Moreau-Yosida lemma used in the original proof. We
then prove finite time AS identification for non convex objectives for the AFW
and the PFW methods assuming convergence to a subset of X* with constant
support.

In this chapter we give explicit estimates for the AS identification complexity
of the AFW on polytopes. We work considering as feasible region the simplex
and then prove analogous results for generic polytopes mainly using the affine
invariance of the AFW. With respect to the recent work done on AFW com-
plexity [9] our main improvement is removing the additional assumptions on
f, which in our work can be any function with Lipschitz gradient. We also
give explicit bounds for the AS radius as a function of the Lipschitz constant
of Vf(z) and the value of Lagrangian multipliers. This AS radius is the radius
of a ball centered on a point z* € X* inside which the AFW identifies "quickly"
the support of z*. We give a lower bound for the AS radius by approximating
the optimal value of a related linear programming problem. As in [9], we make
an additional assumption on the set of accumulation points for {z }reny which
generalizes convergence to a strict minimum. Finally, we obtain a general AS
complexity bound that we combine to AFW converge rates for both strongly
convex and non convex objectives to prove more explicit AS complexity bounds
in these particular settings.



Chapter 2

A FW like algorithm with linear
convergence on non polyhedra

The classic Frank Wolfe algorithm has a theoretical convergence rate of O(1/t)

for convex functions on convex sets. This rate is known to be tight on polytopes.
At the same time, many variants of the Frank Wolfe algorithm have recently been
shown to have a global linear convergence property on polytopes for strongly convex
objectives. However, there are not many results concerning FW-like algorithms on
non polytopes that give faster convergence rates using only the condition number of
the objective and the geometry of the set.
In this chapter we analyze an algorithm which at each step chooses between the
classic FW direction and an alternative direction in the minimal face containing the
current iterate. We prove that our algorithm has global linear convergence rate for
strongly convex objectives not only on polytopes, but also on a class of convex sets
including strictly convex sets whose boundary locally looks like a sphere.

2.1 Introduction

The main focus of this chapter is to study the convergence rate of the in face

directions FW method (FDFW) not only on polytopes, but also on a class of strictly
convex sets. Following the techniques already used in [34], [39] and [33] for polytopes,
we prove a linear convergence rate for strongly convex objectives. This rate depends
on a parameter which we call normalized width resembling the pyramidal width
defined for the first time in [33]. In [23] a convergence rate of O(1/t?) was proved
for the classic FW algorithm on strongly convex sets for strongly convex functions.
Our results can be viewed as an improvement of the convergence rate for a FW like
algorithm on a class of strictly convex sets.
In section 2.2 we describe the FDFW algorithm and analyze several way to choose the
in face directions. In section 2.3 we recall a few key definitions and basic properties
of Holderian error bounds. In section 2.4 we give bounds for the normalized width
on polytopes and a class of strictly convex sets. In section 2.5 we compute the
convergence rate of the FDFW as a function of the Holderian error bound on the
objective. In the appendix we recall a few useful theorems and definitions concerning
convex sets and generalize part of our analysis to reflexive Banach spaces.



2.1.1 Notation

In the rest of the thesis {2 will be a compact and convex set unless specified
otherwise, f € C'(Q) a convex function with min f|g = f* and argminf|q = X,
¢ = c/|c| for ¢ € RN /{0}, * will always denote a vector in the unit euclidean ball;
for z € ) we define To(Z) as the tangent cone to € in = (see subsection 5.1 of the
appendix for some useful properties), and we also define F(z) as the minimal face of
Q2 containing . We will indicate with A, the n— dimensional simplex A,, = {z €
RZ, | |lz]ls = 1}. Finally, for a convex set C' and a vector r € R™ we define 7(C,r)
as the projection of r on C.

2.2 FW method with in face directions

The in face direction FW method (FDFW) was introduced for the first time in
[27] for polytopes represented as 2 = {z € R" \ {0} | Az = b,z > 0}. Thanks to a
simple geometric interpretation relying on the concept of minimial face it can easily
be extended to generic compact convex sets. It is a FW method in the sense that its
most expensive component (at least on polytopes) is the linear minimization oracle

LMO¢(r) € argmin,c(r, x) (2.2.1)

where C' can vary among the faces of 2.
However, it also needs a stepsize oracle

Omax(Z,d) = max{a € R | z + ad € Q} (2.2.2)

for z € €2, d € R™. This oracle gives the maximal feasible step in the direction d from
z. Notice that if Q = {z € R" | Az < b} then

A;d
The FDFW, with new strategies to select the in face direction, was recently applied

in [22] to the matrix completion problem. Some variants of the algorithm performed
significantly better than the FW and the away step FW methods on the test problems.

| Ayd > 0} (2.2.3)

Omax (T, d) = min{

Table 1: FW method with in face directions

Let zq €

for k = 0...T do

Let s := LMOq(V f(z)) and dfWV := s, — zp

Select dif such that xy + dit € aff(F(xy)) and (Vf(xy),ds) <0
if &'V .= (=Vf(z),dE") < € then return z;,

Choose dj, € {di}, d""} using a suitable criterion.

if d, = dI'"V then ap,, =1

else oy i= max{a € R | 7, + adi' € Q} = amax (T, di)
9. end if

10. Choose ay, € [0, imax| using e.g. line search.

11. Update zpyq = xp + audy

12. end for
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In table 1 a general scheme for the FDFW is described. In steps 3 and 4 the classical
FW directions and the facial direction are computed respectively. In step 5 we have
the stopping criterion with e representing the desired precision on the objective:
indeed it follows immediately from the properties of convex functions that

g = (=Vf @), di") = fla) = [ (2.24)

In step 6 the algorithm chooses between the facial direction and the classic FW
direction according to a suitable criterion, while in step 7 to 10 the algorithm defines
the step size which of course must never be greater than the maximal feasible step.
It remains to specify how to select dii and how to choose between df™ and di.
Broadly speaking, there are two possible reasons to look for an alternative direction
dif. The first is that the classical FW direction can be almost orthogonal to the
gradient, so that a line search along the alternative direction di can guarantee a
greater decrease of the objective function. The second reason is that since x;, + di
is in F(z;) a maximal step along di always decreases the dimension of the minimal
face containing the current iterate. This is particularly useful whenever the solution
z lies in a low dimensional face, since in this setting a FDFW method can hopefully
identify F(Z) in a finite number of steps.

We now describe three ways to define di\. The first is

dit = xj, — x4 with 74 € argmax{(Vf(z1),7) | € F(z1)} (2.2.5)

This choice is strictly related to the away direction selected by the AFW method.
Indeed, if we further impose that dif = g, — x; with g, a vertex of F(zy), then dj is
an away direction with respect to the active set of atoms formed by all the vertexes
in F(zg).
Finally, one can always select the steepest descent direction possible in F(xy), which
is

di} =z, — ), With 7, = TagF(ey) (@1 — V. (71)) (2.2.6)

This can be convenient when it is possible to compute the projection on aff(F(xy))
quickly, for instance when F(xy) has low codimension.

As for the criterion to choose between di' and df"V, one can either compare the slopes
. " di} FW A
k k

or even without normalizing
if (=Vf(zr),di™) > (=Vf(xi),d) then d = di", else d; = dj (2.2.8)

with no significant differences in the theoretical analysis. To try and decrease quickly
the dimension of F(xz)) a more aggressive strategy can be

if f(2p + Qmax(Tr, d)dy) < f(ap) then dy, = df, Tp1 = % + Qmax(Tr, dib)di
(2.2.9)
followed by (2.2.7) or (2.2.8) whenever the condition f(zy + amax (T, dit)d3) < f(x)
is not satisfied.
As for the step size, we need a strategy that guarantees either a maximal step or a
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decrease of the objective function proportional to the square of the slope along the
descent direction. To this aim we can either use linesearch or compute the step size
with the formula

_ (=Vf(zy), dy)

oy, = min( lde 2L ; max)

(2.2.10)

2.3 Error bounds

A very common hypothesis used in convex optimization to obtain faster conver-
gence results is strong convexity. However, this hypothesis leaves a gap between the
slow convergence rate of the general convex case and the fast convergence rate of
the strongly convex one. In order to interpolate between these convergence rates one
possibility is to use Holderian error bounds [8]. We now recall that for y € R™ and
A C R™ the point set distance dist(y, A) is defined as

dist(y, A) = inf{|jly — z|| | z € A} (2.3.1)

A continuous function g : R™ — R is said to satisfy an error bound condition on the
set () if it has minimum ¢* with nonempty set of minimizers S and

w(g(z) —g*) > dist(zx, 5) (2.3.2)

for every z € Q for some increasing w : R — R with w(0) = 0. When w(x) = 827 so
that
Blg(x) — g")" > dist(x, S) (2.3.3)

with 0 < 0 < 1, 8 > 0 the error bound is said to be Holderian. When 6 > 0 this
condition is sometimes written as

g(x) — g* > ~dist(x, )P (2.3.4)

for some v > 0 and p = 1/6. In the recent work [30] the Holderian error bound hy-
pothesis was applied to the analysis of an AFW variant on polytopes. Convergence
rates of O(l/k%) for 0 < 6 < 1/2 and O(e=“*) for § = 1/2 were proved. These
results, which can also be proven for the classic AFW with the same techniques,
interpolate between the already well known O(1/k) rate in the general convex case
and the linear rate of the strongly convex one. Analogously, in [44] Holderian error
bounds were used to interpolate between the classic FW method O(1/k) rate for gen-
eral convex functions and the O(1/k?) rate for strongly convex functions on strongly
convex sets.

We now recall a few relevant facts about error bounds. For a more exhaustive refer-
ence with many examples of applications we refer the reader to [§].

A very important class of functions satisfying error bounds is that of semialgebraic
functions, for which the t.ojasiewicz’s inequality implies an Holderian error bound
condition.

Theorem 2.3.1 (Lojasiewicz’s inequality). Let Q be a closed and bounded semi-
algebraic set, f and g two continuous semialgebraic functions from ) to R such that
f740) € ¢g71(0). Then there exists an integer N > 0 and a constant ¢ € R such that
g1 < clf] on Q.
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This is a classical result and a reference is for instance [7], Corollary 2.6.7. We
have the following corollary:

Corollary 2.3.2. Let Q be a compact semialgebraic set and f : Q — R a semialge-
braic continuous function. Let S = argminf and f* = min f. Then for some N € N
and vo >0

Yodist(z, )N < f(z) — f* (2.3.5)
for every x € Q.

Proof. Since S is a semialgebraic set dist(z,S) : 2 —> R is a semialgebraic function.

Now let f = f(x) — f*. We have dist(z, S)71(0) = S = f71(0). We can then apply
Lojasiewicz’s inequality to dist(z, .S) and f(z) and obtaln (2.3.5) with ~q for instance
equal to Cj%l O

When f is a convex piecewise polynomial we have the following Holderian error
bound condition on sublevel sets:

Theorem 2.3.3. ([8], Proposition 8) Let f : R" — R be a piecewise convex polyno-
mial with degree d. Suppose that argminf # (0. Then, for any r > inf f there exists
v > 0 such that

edist (2, argmin f)N < f(x) — f*

for every x € Q, ={z | f(z) <r} and for N = (deg(f) — 1)"™" + 1.

In order to study the connection between error bounds and Vf|o we need to
introduce the restriction fo : R" — (—o0, 00] of f to Q given by

falx) = f(z) +iq(2) (2.3.6)
where iq is the indicator function of :
0 if x € Q
1 = 2.3.7
ia(2) {—i—oo if x ¢ Q ( )

The function fqo(z) is of course not differentiable in R™ even when f is, but we can
still relate its subgradient to error bounds using the subgradient norm:

Definition 2.3.4. For every x € 2 the norm of the subgradient dfq(x) is defined as

0sa(@) = min_ iy (238)

The following proposition relates ||0fq(z)|| to —V f(x) using the tangent cone
Ta (SIJ) to Q.

Proposition 2.3.5. For every x € 0€) we have

10fa(x)|| = 7 (To(z), =V ()] (2.3.9)
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Proof. Since Jig(x) is equal to the normal cone Nq(z) and fo(z) = i(z) + f(x) we
have, by the calculus rules for the subdifferential, dfo(z) = 9i(z) + V f(z) so that

Ofa(r) = Na(z) + V[(z) = Na(z) = (=Vf(2))

Thus (|0 fa(x)|| = minyeng (@) [ly = (=V f(2))[| = dist(Na(z), =V f(z)). Since To(z) =
Nq(x)? the conclusion follows from Lemma 5.1.10. O

We can now prove an important relation between Holderian error bounds and a
condition on V f(x).

Proposition 2.3.6. Let 0 < 0 < 1.
For every x € Q if dist(z, argminf|g) < M(f(x) — f*)? then

(f(z) = )

I7(Ta(x), =V f(2))]| = i

Proof. Let x* be the projection of x in argmin f|q so that ||z—x*|| = dist(x, argminf|q)
and f(z*) = f*. Then on the one hand by Lemma 5.1.10 we have

(=V/f(z),2" — )

[l — |

< [Im(Ta(x), =V f(2))] (2.3.10)

where by the definition of x*
(—Vf(x),x* - 1:) . (—Vf(l'),l’* - l’)

= 2.3.11
Iz — o] dist(z, argmin f|o) (23.11)
On the other hand by convexity
(=Vf(x),z" —x)> f(x) — f(z") = f(x) — [~ (2.3.12)
so that - . i
dist(x,argminf|g) — dist(z, argminf|q)
Applying the error bound hypothesis we obtain
_ f* _ px\1-6
dist(x, argmin f|q) M

The conclusion follows concatenating all the inequalities we proved from (2.3.14) to
(2.3.11) with the exception of (2.3.12). O

The proposition above will allow us to use error bounds to prove converge rates
for the FDFW under some assumptions on ().
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2.4 The normalized width NW((2)

2.4.1 Motivation

For both step size strategies described in section 2.2 if the step k of a FDFW
method is non maximal it is easy to prove using the standard descent lemma

1

di
Tl (241)

In the unconstrained case the choice that maximizes the right hand side is the gradient

descent one, dy = —V f(x)). Instead if we are constrained to pick feasible directions
we have (- f(z2) )
—Vf(zg),y—=
sup WY 2T r(Ta(a), —V f ()| (2.4.2)
ver [y — @

(see Lemma 5.1.10 for a proof), and therefore

(—V (). Hj’;w < I (Talen), — fa0)] (2.43)

For the directions selected by the FDFW we want to prove that

di;

m) > h|w(Ta(a), =V f (@) (2.4.4)

(—Vf(ﬂfk:),

for some fixed 0 < h < 1 and for every z;, € Q. Since by Lemma 2.3.6

(f(z) = fH"°

| (To(zx), =V f(x))]| > i

under the Holderian error bound condition (2.3.3) we can then use (2.4.4) to give a
lower bound for the decrease of the objective function at every step.
This motivates the definition of normalized width.

2.4.2 The normalized width.

We will first define a parameter NWY(Q) depending on f, such that inequality
(2.4.4) holds with h = NW/(Q) for the FDFW with away directions. We will then
eliminate the dependence from f and define the normalized width NW(2) depending
only on the geometry of the set. This normalized width NW(§2) will be a lower bound
for NW/(Q), or in other words NW/ () > NW(Q) for every convex f differentiable
in Q.

Let
m, = argmax{(r,v) | v € Q}
and
M, (z) = argmin{(r,v) | v € F(z)}
Let

(T’S — Q>

*(7) = inf
or @) = T+ e =4l

| s €m,, ¢ € M. (2)} (2.4.5)
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Let 7z(r) be the norm of the projection of r on the tangent cone to 2 in :

) = lI=(To(z), )|

h—z
7z(r) = max(0, sup (r, ——
neo/tzy |h =7l

If 7z(r) # 0 we define the directional normalized width of 2 in Z as

dirNW(Q,z,7) = —

Notice that when 7z(r) # 0 we have ¢ m, by first order optimality conditions so
that the term ||s — z|| is bounded away from zero in (2.4.5). Therefore by continuity
and compactness the inf is actually a min and there exists s} € m,., ¢¢ € M,(Z) such
that

(r, sy —qy) . (r,s —q) .
L = inf{ | sem,, g€ M, (z)} (2.4.6)
sy = [l + llgr — ] Is = [l + [lg — =]

Finally we define NW/(Q) as

NW/(Q) = ig{x dirNW(Q, z, -V f(z)) (2.4.7)
Tre
and
NW(Q) = }ggfz’ dirNW(Q, z,r) (2.4.8)
r:ﬂf(r);éo

As anticipated NW(Q) is a lower bound for NW/(Q):

Proposition 2.4.1. For any convex f € C'(Q)
NW/(Q) > NW(Q) (2.4.9)

Proof. By first order optimality conditions

m(=Vf(z),To(r) =0 <= 7€ X (2.4.10)
so that
NW/(Q) = inf ditNW(Q,z, -V f(Z)) = inf dirNW(Q,z, -V f(z))
zeQ\X TEN,

m(=Vf(2),Ta(Z))#0
<inf inf  ditNW(Q,z,7r) = NW(Q)
TN reR™,
m(r,Ta(Z))#0

]

As we will see later in this section NW(€2) is greater than 0 not only for polytopes
but also for strictly convex sets satisfying a certain condition for every vertex. This
condition fundamentally imposes a bound on the variation of the width of {2 measured
from a vertex along directions at a fixed distance from the boundary of the tangent
cone. This boundedness property holds for instance for all sets whose boundary looks
locally like a sphere.
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This is interesting because when NW(Q2) > 0 using the same technique employed in
[33] for the AFW it is possible to prove linear convergence for the FDFW with away
directions for strongly convex functions with Lipschitz gradient.

Unfortunately there exists strongly convex sets with NW(Q) = 0 even in R?. Building
a strongly convex set for which there actually is no linear convergence for the FDFW
seems more complicated.

Remark 2.4.2. the main properties of NW(Q) still hold if we only consider the
vertexes maximizing or minimizing the linear function 7.

2.4.3 Bounds for NW(Q)) on polytopes

We now prove a lower bound for NW(€2) using the facial distance ®(£2) studied
in [39], which is also equal to the pyramidal width PWidth(Q2) studied in [34] (see
Theorem 2, [39]). Before proving the lower bound on NW(2) we briefly recall the
definition of the facial distance ®(£2).

Let A = [aq, ..., 4] € R™™ a matrix with m columns; with a slight abuse of notation
we use A also to denote the set {ay,...,a,,} CR" . For z € A,_1, we define I(z) as
the set of indexes greater than 0:

I(z) ={ie{l,...,n}:x; >0} (2.4.11)

and
S(z) ={a; i€ I(x)} (2.4.12)

For z,z € A, such that A(z —2) # 0 let d = A(x — 2)/||A(x — 2)||. We finally
define

d(A — i _ 2.4.13
(A,z,2) Jeailin seéﬁf},’é@q(p’s a), ( )

and

A =, e, i, 2 22) (24.14)

The analogy between dirNW (€2, z,7) and ®(A, z,2) is evident: in both definitions
x is used as a "center' from which we compute a certain minimum considering all
directions r with (T (x),r) # 0 and p with (p,d) = 1 for some d respectively.

We now prove an inequality relating these two quantities whenever Q2 = conv(A).

Proposition 2.4.3. Let Q) = conv(A), where A = {ay, ..., a,,} is a finite set of vectors
in R"™, and assume diam(Q)) = D.
Then NW(Q) > %4,

We begin with the following lemma:

Lemma 2.4.4. Under the hypotheses of proposition (2.4.3) for every r € A,,_1,
p € R\ {0} there exists z € A1 such that

(P, Alz = 2)) > 0 (2.4.15)

if and only if
m(To(Ax),—p) # 0 (2.4.16)
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Proof. By Lemma 5.1.10 for every p € R™\ {0} we have

(=p, h — Az) (—p, A(z — z))
m(To(Az), —p) = max(0, sup —————=)=max(0, sup
L I i P PRI
(2.4.17)

where we used {2 = conv(A) to apply the substitution h = Az in the last equality.
The right hand side of (2.4.17) is greater than 0 if and only if (2.4.15) holds for some
z € A,,_1, from which the desired equivalence follows. O

We now prove the result reported in Proposition 2.4.3.

Proof. In the rest of this proof

Az — 2)
d = (2.4.18)
[A(z = 2)]]
with z, 2z € A,,_1 and A(x — z) # 0. We have
d(A,2,2) = min max (p,q—s)=  min max (p.g—5)

pER™:(p,d)=1 g€S(x),s€A pER™:(p,d)>0 geS(x),s€A  (p,d)

Now Q = conv(A) by hypothesis and S(z) C F(Azx) because Az is a proper combi-
nation of the elements in S(z), which therefore are all in the minimal face of conv(A)
containing Az. We then have

max L’ q-5) <  max (p.q—5) = (P.qp = 5-) (2.4.19)

geS(x)seA  (p,d) T qeF(Az)seq  (p,d) (p, d)

for any ¢_, € argmax{(p,q) | ¢ € F(Ax)}, s_, € argmin{(p, s) | s € Q}. Here we
are considering —p instead of p to keep the notation consistent with the one used in
the definition of NW () as it will be apparent later in the proof. Let I14, be the set
defined by

Ha, = {r e R"\ {0} | 3z € A,,,_1 such that (r, Az — Az) > 0}
By Lemma 2.4.15 we have
Mae = {p € R*"\ {0} | 7(Ta(Ax), —p) # 0} (2.4.20)

We now rewrite ®(A) switching two minimization operators.

S_p—q_
®(A)= min P(A,x,z) = min min (P:5p = G-p)
T,2€EN,_1: T,2EN—1: pER™: (p, d)
A(z—2)#0 A(z—2)#0 (p,d)>0 (2 4 21)
~ i omin PSe—) e (s —dp)
TEA 1, 2EAm—1: (p, d) TEA—1 2EAm—1: (—p, —d)
p€llaz  (p,d)>0 p€llay  (p,d)>0

We are now going to eliminate A,, ; from this expression. First we observe that
since §2 = conv(A)

Az — 2) h — Ax

MeR [ d= e = * € 2 = YT

| heQ, h+ Az}
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Then

min  min PS5 ) e (Bsop — )R — 2l
2€Am 1 26011 (—p, —d) zeQ  heQ, (—p,h — )
PEllas  (p,d)>0 PEMs (—ph=2)>0 (2.4.22)
- . . (T7QT_57")||h_i'”
=  min min —
zeQ) heQ, (r,h—z)>0 (r,h —x)
rim(To(x),r)#0
where we used 2 = conv(A) to apply the substitution d = Hﬁi:ﬁill = Hi:Z” in the
first equality. Now as a direct consequence of Lemma 5.1.10
h—A h—A 1
min b = Az]] = max (r z) = (2.4.23)
heQ\{Az} (1, h — Ax) heQ\{Az} ||h — Az|| |7 (Ta(Ax),r)||
for every r such that ||7(Tq(Ax),r)| # 0.
Therefore
. . (racIr_Sr)Hh_i"l _ . . (T7q7“_37‘>
E (nh—7) 20 @ [r(Ta(@), )]
rin(Ta(x),r)#0 (r,h—A;i)>O ’ e @ ’
< min 2DdirNW (€2, z, 1)
zeQ
(2.4.24)

where the last inequality follows immediately from the definition of dirNW(2, z, )
and D = diam(€):

. — . — — — (Ta q* - S*) (T7 qr — ST‘)
2DdirNW (Q, z,7) > dirtNW(Q, z, r)(||g:—z||+||si—Z||) = = —
7 (Ta(z), Il N7 (To(z), )|
(2.4.25)
Concatenating (2.4.21), (2.4.22), (2.4.24) we get
P(A) < min 2DdirNW(Q, z,7) = 2DNW(Q) (2.4.26)
[

We now give a lower bound for NW(Q) on polytopes as a function of simple
geometric properties of the polytope, using a result proved in [39] for ®(A).

Corollary 2.4.5. Assume Q = conv(A) with A = {aq,...,an} CR™, m > 2 and let
D = diam(R2). Then

NW(Q) > min dist(F, conv(A\ F))/2D (2.4.27)
Fefaces(conv(A))
OC FCconv(A)

Furthermore, if F' € faces(conv(A)) minimizes the right hand side, then there exists
h € conv(S), with S C A\ F, & € F such that

h € argmax,c.ony(s)(h — 7,9), T € argmin,cq(h — 7,y) (2.4.28)

and -
b=z

NW(Q) > =

(2.4.29)
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Proof. By [39], Theorem 1 the right hand side in (2.4.27) is equal to ®(A), so that
(2.4.27) is equivalent to Proposition 2.4.3 we just proved.

Again by [39], Theorem 1 there exists x, z € A,,_; such that Az € ', Az € conv(A\
F) and

®(A) = max (p,s —a) = ||Az — Az| (2.4.30)
seo(z
a€conv(A)

where p = %. Let h = Az and ¥ = Az, so that

z—h
|7 = Al

=1 (2.4.31)

We can then write

max (p,y)—min(p,a) = max (p,y—a)= ®(A) = (p, Av—Az) = (p,2—h) = (p,7)—(p, h)
yEconv(S) acQ yecong\g(S)
ac

(2.4.32)
Since Z € conv(S) and h € 2 equating the first and the last term of (2.4.32) it follows
necessarily (2.4.28). Finally

|h —Z|| |Az — Az||  ®(A)
2D 2D op = NWE) (24:33)

2.4.4 Bounds for NW((2) on strictly convex sets

In this section we define sufficient conditions for NW(2) to be greater than 0 on
strictly convex sets. In particular we will prove that NW(Q) is greater than 0 on sets
whose boundary looks locally like a sphere. Remarkably, this particular hypothesis
on the boundary has already been used in a weaker form in [20] to prove linear
convergence for the classic FW method with the additional assumption of a unique
non singular minimum. This result together with the work in [19] about perturbations
on the feasible set provided a theoretical justification for the effectiveness of the FW
algorithm in highly constrained problems.

When computing NW(2) one can always assume that €2 is full dimensional. This is
not restrictive since NW(£2) does not depend on the dimension of the space containing
(), as a corollary of the following proposition:

Proposition 2.4.6. Assume that T : aff(Q) — RI™CHD) s an isometry. Then
NW(Q) = NW(T'(Q)).

Proof. For a fixed z in Q and for every r € R™ we have (r, z—2) = (w(aff(Q?),7), 2—)
for every z € Q, so that ditNW(Q, z,r) = dirNW(Q, z, 7(aff(2), r)).Therefore in the
definition of NW the inf is taken on the same sets for Q2 and T'(2). O

We now introduce the directional length function

Definition 2.4.7. For z € Q2 we define lg z : To(z) — Rxg as

loz(c) =sup{k e R |z + kc € Q} (2.4.34)
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This function is the fundamental block to define bounds for the NW(Q2) on strictly

convex sets. A few of its properties are proved in the appendix. Most notably, in the
interior of T (%) it is the pointwise inverse of the Minkowski functional of Q — {z}.
We remark that since we are assuming 2 compact the sup in (2.4.34) is actually a
max for ¢ # 0.
The most general result in this section is that we can give a lower bound on NW(£2)
using another geometric parameter which is possible to compute knowing the local
behaviour of €2. Before stating the result it is convenient to define the main building
blocks of this parameter.

Definition 2.4.8. Let 2 be a compact strictly convex set and z € 0€2. We define
the following for 0 < < < 1.

l5.2(8,0) =sup{laaz(2) | B < dist(¢, Ta(2)°) < 0}

b ) ) - (2.4.35)
lgvi(ﬁ,é) = inf{lgz(¢) | B < dist(¢, Ta(z)) < 6}
Finally, for 0 < £ < 1 we define:
15 (k6,6
Rox(k) ,7(K0,0) (2.4.36)

=809

Some motivation and properties of these functions are reported in the appendix.
We can now state the main theorem:

Theorem 2.4.9. Let ) be a strictly convex set and let k = /D, with o > 0 such
that there exists a ball of radius o contained in ). Assume that:

inf Roz(k) =M >0 (2.4.37)
for some k < a/4D.
Then if Q has width W and diameter D

. W M
NW(€2) > min{ 5D’ 9
We now introduce some notation to present an outline of the proof. We fix z € Q)
so that for simplicity we can write C instead of To(Z) and [ instead of lg z. We will
always use ¢ to represent a generic vector in R"/C, with {s(c)} = argmax{(c,y) |y €
Q} and {q(c)} = argmin{(c,y) | y € 2}, where the argmax and the argmin are
singletons for the strict convexity of Q. Since dirNW(€, z, ¢) does not change if we
multiply ¢ by a positive scalar we can always consider ¢ instead of c¢. The point
p € C\ {0} will be the projection of ¢ on C.
Even if the proof is rather long and technical, the main ideas are quite simple. In
order to bound NW(Q) we need to bound dirNW(€, z, ¢) for every z € Q and ¢ such
that m(To(z),c) # 0. We will distinguish two cases according to whether z € Q° or
z € 09. In the first case it is rather straightforward to prove dirNW (2, z, ¢) > W/2D
without using the hypothesis on Rqz. When z € 92 the proof is more technical. In
this case the expression for dirNW (2, z, ¢) simplifies as

: ~ oy (es(e) =)
dirNW(Q, z,¢) = oIz =500 (2.4.38)
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In order to give a lower bound to this quantity we first give an upper bound on
|z — s(c)|| in terms of IZ using a property of cones; then we give a lower bound on
(C’SI(I;)”_ ) in terms of I* identifying a point § in the form of Z + zI(z) such that

(¢, (x + 2l(2)) — &) = (¢,2l(2)) is "large enough'. The theorem will finally follow
applying hypothesis (2.4.37).

In the rest of the proof §*(#) = max{dist(d, To(z)¢)/{0} | d € To(z) \ {0}} is the

Figure 2.1: Configuration of the proof when z is on 0f2.

Q — {x}

maximum distance of a unitary vector in Tq(z) from the border of the cone. We will
use 0" instead of 0*(z) when z will be obvious from the context.

Proof. Since €) contains a ball of radius @ we have W > 2« by monotony of the width
function.

Furthermore, if ¢ + & € Q such that B(q + z,«) C 2 then B(q,a) C Q —{z} C C
and as a consequence

1

s dist(g, (2 — {x})*) _
fal -

i
D D
(2.4.39)

1
dist(q, C°) > —dist(q, C°) >

§* > dist(q, C°) -

We now distinguish two cases according to the position of z.
Case 1: z € Q°. Under this hypothesis (¢, s(c) — ¢q(c)) is simply the directional
width of 2 with respect to ¢, which is at most ||c[|WW. We also have mz(c) = ||¢|| since
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x € Q°. Putting together these properties we can conclude

dirNW(Q,f, C) _ (07 S(C)__ Q(C)) _ Z VI/HCH _ Z E
ma(c)(lls(e) = 2l + [la(e) = zll) ~ llell(lls(c) = 2l + lla(e) — z[]) — 2D
(2.4.40)
Case 2: 7 € 9. Let § = dist(¢,C?) and s be the point maximizing ¢ in 2. Then
(¢,s —Z) > 0 so that by Proposition 5.1.4 & € C§ implies that s — 7 is not in C_;
which means dist(¢, C¢) < 0. Therefore

|s — z|| < max{l(w) | dist(w,C") < §} (2.4.41)

We now recall that p is the projection of ¢ in C, so that ||p|| = 6 by Lemma 5.1.2.
By Proposition 5.2.3 there exists © € C' N —C< such that dist(d, C¢) = ¢*. Consider

the point

o.. 0,
z-(l—i)p%—iv

We want to show that (c,-) decreases enough along the ray z + Az, A > 0 before the
ray reaches the boundary of €.
By the concavity of C*¢

J J J J
dist(z,C¢) = dist((1 — Z)ﬁ + Z@, C°) > (1— Z)dist(ﬁ, C°) + Zdist(@, C%) =0%0/4
(2.4.42)
and by convexity of the norm
Oy O
Il < (@ = DIlBll + Zllol <1 (2.4.43)
We can now use (2.4.42) and (2.4.43) to give a lower bound for dist(2, C°)
dist(2,C°) = dist(z,C)/||z]| > 0% /4 (2.4.44)
Again by convexity
. . , d,. 0. . 6. . )
dist(z, conv(0, p)) = dist((1 — Z)p + 1U,CODV({O,p}) < Zdlst(v,conv({o,p})) < 1
(2.4.45)
By Proposition 5.2.3 we have (p,v) > 0 so that
J 4] ) §on1 1 1
>[(1==)p+ -9 > (1) + ()2 > —=> = 2.4.4
ol 2 1= )+ 0l 2 (1= D+ (D} 2 55 > (2.4.46)
and therefore
dist(2, C°) = dist(z, C)/||z]| < 2dist(z, C¢) < 2dist(z, conv(0,p)) < g (2.4.47)

where the second inequality is justified by 0,p € 9C and we used (2.4.45) in the last
inequality.
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Now since p is the projection of ¢ on the cone C we have é = p+ p*, with (pt,p) = 0.
We apply this to bound (¢, 2):

1 1 J 1 J
672 = 6,2 :76713—{—7@_?6\)):7 p—i—pj‘,ﬁ)—l—*é,@—ﬁ))z
“2) qu< A ER i
1 5 1 J 1 J J J
pll = 2lp—ol) = — (- 2p—ol) > — (-2 > -2 >2
(2.4.48)
By equations (2.4.47) and (2.4.44) we have
L0 L J
J 1 < dist(2,C°) < 2 (2.4.49)

which implies
[(2) > min{l(®) | §6* /4 < dist(w,C*) < §/2}

We give a lower bound for (s — Z, &) considering the point z + zI(z) = = + 21(2) € Q:

(s —z,¢) =max(y — z,¢) > (I(2)2,¢) > él( ) (2.4.50)
yeQ 2
where we applied (2.4.48) to bound (2, ¢) in the last inequality.
Notice that with these relations together with (2.4.41) we have lower and upper
bounds for every term appearing in the computation of dirNW (2, z, ¢).
Indeed, we can write

N o (ela-1) o S/0) 1 min{l() | §*6/4 < dist(id, C%) < §/2}
ANWL2.0) =tlle =2 = 8llq - 2] = e 12) | (0,07 <) =
I min{i(w) | §*6/4 < dist(w, C"") < 5} .
=2 max{l(0) | dist(w, C*) < §} 7RQ$(5 /4

(2.4.51)
and since Rq; is monotone increasing with §*/4 > a/4D by (2.4.39)

Raa(6"/4) > S Ras(a/aD) (24.52)

N | —

We can now prove the thesis for x € 02 taking the inf on both sides of inequality
(2.4.51)

*ie%fﬂ dirNW(Q, z,¢) > 1nf 7RQ$(5*< )/4) >

e (To(@),c)#£0 (2.4.53)

1 1 M
>—1 3 > — (k) > =
3 20fa Toa0/4D) 2 5 Jpf, Raell) 2 5

where we used hypothesis (2.4.37) in the last inequality. Combining (2.4.53) with
inequality (2.4.40) we proved for case 1 we can finish the proof

M W

NW(Q) = inf  dirNW(Q,z,¢) > min(— 53D

inf 2 (2.4.54)
an(To(z),c)#0

]
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Remark 2.4.10. A possibly weaker hypothesis alternative to (2.4.37) can be inf Rq 7(6*(Z)/4) =
M > 0.

Remark 2.4.11. In the proof above the largest possible « is the inradius of €2, which
is the sup among the radii of the balls contained in §2. As proved for instance in [26],
there always exists a ball inscribed in €2 with radius equal to the inradius of (2.

Remark 2.4.12. As anticipated in the introduction, there exists strongly convex
subsets of R? with NW(Q) = 0. When € is not strictly convex, we conjecture that
if there exists a face F' of ) of dimension < dim(€2) — 2 such that around that face
2 is strictly convex, then NW(€2) = 0. The intuition behind this claim comes from
considering small directions orthogonal to F'.

We now want to show that if €2 locally looks like a sphere, meaning that its second
fundamental form is positive definite, we have NW(2) > 0. We will assume that
is smooth so that for every = € ) the tangent cone is a semi space, and there exists
a unique tangent plane 7,.€). To analyze the local behaviour of €2 we will intersect it
with compact cylinders Cy_ contained in Tq(z) with base T2 N B(x,) and height
£. More explicitly, if 7, is the projection on T,

Cre ={y € Ta() | [me(y) —zll <7, lly — ma(y)ll < €} (2.4.55)

Having introduced this key elements we can state the main result of this section.

Theorem 2.4.13. Let r,e, h > 0 be with the following property: for every x € €) the
set IQNCY_ is the graph of a function f B(z,e) = Rxq with respect to T,QNB(x, €)
with f such that Lyh||y||? < f(y) < La|ly||* for everyy € B(0, ) and for some L, > 0.
Then NW(Q) > 0.

To prove the theorem we first need to bound the width diameter ratio Rq ; us-
ing the parameters we introduced. This is possible because thanks to the regularity
conditions we imposed on €2 we can give a lower and an upper bound of €2 in the
sense of inclusion. The lower and the upper bound on {2 will then translate in lower
and upper bound for the length of 2 measured along a fixed direction from a vertex.
Thanks to the radial symmetry of the bounds on €) the upper and lower estimates for
this kind of directional length depend only on the angle between the direction and
the plane T,€2. Therefore, we can use these estimates to bound Rgq ;.

In the rest of this section we use [, (c), I2(d) and 17 (0) as shorthands for lg . (c), 1§, (0, 9)
and I§ (6, 0) respectively.

Lemma 2.4.14. Let D be the diameter of Q, x € 02. Under the hypotheses intro-
duced in theorem 2.4.13:

1. For every 0 <6 < 1:

s b
15(6) > § elo) for - < rhah (2.4.56)
min(r, &, 7=5) for 7= > rLszh
2. For 0 such that
5 5

——  for 2= <rLzh
1B(5) < { Tera=e i =t (2.4.57)

D for Vio® > TLxh
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Figure 2.2: 91 behaves locally like the boundary of a sphere. The limit case of Lemma
2.4.14 with dist(¢, To2) = s~ (hLor) is represented.

(r,hLyr?)

3. Let s : [0,1) — R be defined by s(0) = \/%, 0, = s Y(rLzh). For every
0<k<1

e k6, kh(1-6,)

Proof. Let ¢ be in the semispace Ty (z) with 0 = dist(¢,7:Q) € (0,1) < 4. For A > 0
small enough x4+ A¢ is in 2° by property 5.1.9 of tangent cones. Therefore there exists
a unique A > 0 be such that z 4+ \é € 99 by strict convexity. We also have Iz(¢) = \.
Since the quantities involved in this theorem are invariant by isometry we can assume
without loss of generality 7500 = {x € R" | z,, = 0} and z = 0. In particular, our
original hypotheses imply in this setting that there exists f(z) : B(0,r) — [0, €] such
that

QN Cy_ = graph(f) (2.4.59)

We now want to prove that

J
< rLoh 2.4.60
i = (2.4.60)
implies \é € CY., or in other words that when (2.4.60) holds the second intersection
between the ray {A¢ | A > 0} and 09 is in C},. In order to show this it suffices to
prove that the second intersection Acé of the ray {A\é | A > 0} with dC}, is a point
below graphf. Indeed we then have A\é¢ € Q°NCy_ for X small enough, A\c¢ € CP,\

so that necessarily A\é € C2_ N9 with A € (0, Ac] by convexity.
Let & = (ze,9.) € R x R so that ||| = V1 — 2 and y. = 6. Then ——=¢ = (z,y)

V1-62
with ||z]| =7, y = rﬁ, and in particular f(z) > r?Loh > y_by (2.4.60). Hence
(z,y) € OCY, lies below graph(f) and by the above reasoning A € (0, i=z) with
AeC)..
We can now use this fact to prove the estimates (2.4.56), (2.4.57).
L. If Aé is not in C7_ then
A= |IA¢]| > dist(0,Q2\ CY.) > dist(0, Ta(0) \ C2.) > min(r, ) (2.4.61)

It remains to consider the case \é € C’ge. In this setting we have by hypothesis
QN CY, = graph(f), so that M€ onn C?. = graph(f). Then if e = (y, f(y)) we
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have

) Al Dl 6
- — — 2.4.62
ol = M~ el = VI (2:4.62)
and since f(y) < Lo||y||*> we deduce
0yl = 7)< LolylP = ——— < |yl (2.4.63)
Voo = =Rl = e, = W -

From this inequality together with (2.4.62) we can finally estimate

(&)= )= I\l = _ 2 213 > [yl > 0
z(6) = A= |IAell = Iy, fF)Il = W@+ NIyl 2 =5 2 Lo(l= )
. (2.4.64)
Now if \/15_7 < rLgh we proved that \¢ € C’ge. Therefore
)
b . ~ . A
l5(0) = min{ly(¢) | dist(¢,T,2) =6} > Lo =) (2.4.65)

where we used (2.4.64) in the inequality. This proves the first case of (2.4.56).

In the other case, that is ﬁ > rLoh, if ¢ is not in C?. we have l(¢) > min(r, )

by (2.4.61). If A¢ is in CY, then again [o(¢) >
bounds we get the second part of (2.4.56)

ﬁ. Putting together these two

15(8) = min{ly(&) | dist(¢, T,Q2) = 6} > min(e, r, [/()(16_52)) (2.4.66)
2. If A¢ is not in C?, we can give the very rough bound
b(é) =A< D
Otherwise again Aé = (y, f(y)) with
0 fy) _ Lohllyl?
_ W ~ Lohly] (2.4.67)
vi-62 |y Iyl ’
which implies
(&) = A= [y, F)I = (lyll> + 11 F W17 = (lyll + yIMW%<44£4*
0 ’ 1— 62 = Loh(1 — 62)
B (2.4.68)
We can now prove the bound (2.4.57). If ﬁ < rLoh then Xé € C}_ so that
: A1 A g
lOB<5) = mln{lo(c) | dlSt(C, T()Q) = (5} S m (2469)
If \/%7 > rLoh then the bound
12(6) <D (2.4.70)

is trivial.
3. It is straightforward to check that the bounds given in point 1. and 2. are
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increasing in 0. From this observation together with (2.4.56), (2.4.57) we get that if

\/%7 > rLgh or equivalently § > s~!(rLoh) =, then

15(ko,8)  min{ly(é) | k6 < dist(é, Tp2) < 6} min{ll(7) | k6 < 7 < 6}
12(0,0)  max{lp(¢) | 0 < dist(6, TpQ) <6}  max{lF(r) |0< 7 <68} ~
>min(7“, e, kd/Lo(1 — k26%)) - min(r, &, kd, /Lo(1 — k?*62))

- D - D
(2.4.71)
If o <9, then with the same reasoning
lg(ké, J) >k5/(L0(1 — k26?)) B

_ kh(1— 5?) >k;h(1 —9) S kh(1 —4,)
O 1—k202 T (1—k§) T (1—k6,)
where in the last inequality we used that the term on the left is decreasing in ¢ and
that § < 4.,.
Recall that

1%(kd, )
Ros(k) = it 755 5)

and since (2.4.71) together with (2.4.72) give a lower bound on the ratio independent
of § and x also point 3 follows putting together these two results. m

(2.4.73)

This lemma allows us to easily prove the main theorem as a consequence of crite-
rion 2.4.9.

Proof. We first show that for any fixed k € (0, 1] there exists M), such that
%fz Roz(k) > My >0 (2.4.74)

By (2.4.58) we have Rq z(k) > min;<;<4(a;(Z)) where a;(z) is the i—th term appearing
in the min argument of (2.4.58). Then 1 <14 <4 it suffices to show that there exists
a lower bound M;. > 0 for a;(z) independent from z. This is obvious for i = 1, 2.
We now show that L; is upper bounded. It follows immediately from the definitions
hLzr* < ¢ < D: indeed in the setting introduced in Lemma 2.4.58, which is not
restrictive with respect to the general case, we have hLzr? < min| (=, f (x) < ¢
and € < D otherwise the distance between 0 € Q and the second intersection of
{Xe,, | A > 0} with © would be greater than D. As a consequence, rLzh is bounded
so that 6,(z) = s '(rLzh) < m < 1 for every Z since s : (0,1) — R.q is a strictly
increasing bijection. Hence

aq(T) = kL= 0-(2) > kh(1 — 0.(z)) > kh(1 —m) = M}

1= ko. ()
As for ¢ = 3 we have
@) = k6. (%) L kou(®) _ krhou(@) _
T DLzl - k26.(2)2) = DL:  s(0.(z)) (2.4.75)

= krhy/1 — 6,(2)2 > krhv/1 — m2 = M}

Since (2.4.74) holds with M} = minj<;<4{M}}, we have all the hypotheses to apply
Theorem (2.4.36) and conclude NW(2) > 0. O
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Remark 2.4.15. We spend a few words to illustrate how the bound conditions are
equivalent, under a few additional regularity assumptions, to the positive definiteness
of the second fundamental form of €.

Let f: B (0,7) — R be the function whose graph locally represent 02 with respect
to a tangent plane in a fixed point .

When 99 is a smooth submanifold of R”, f is smooth, so the bound condition
hLz||z||> < f(z) < L|z|/? translate to a condition on the Taylor series of f. We
will have, by the definition of tangent plane f(z) = 12" H(0)z + o(||z||?) with H(z)
the Hessian of f. Then the bound conditions hold if and only if the Hessian H(Z)
is positive definite in 0. If this condition holds for every z € 0f2, then the second
fundamental form of €2 is positive definite. However, it should be noted that our
theorem requires also some uniformity condition on o(x).

Remark 2.4.16. Under the same hypotheses an analogous lemma to 2.4.14 holds if
hL||z||* < f(x) < L||z||* with a > 1. This seems to suggest that the bound we gave
for NW(Q) could be adapted also for sets with a few "singular points" where different
bound conditions hold.

As an example, it is easy to check that the unit ball in every dimension respects the
quadratic bound conditions uniformly, so that NW(B(0,1)) > 0. By the theorem
on polytopes, NW(Q2) > 0 also for the ¢; and /., balls. However, it is not yet clear
whether NW(Q) > 0 for every ¢, ball, a > 1.

2.5 Convergence theorem

In this section we analyze the convergence rate of a FDFW method using away
directions as described in Table 2. In the appendix we explain how to extended the
analysis for other variations.

Before stating the converge theorem we prove a straightforward lemma which will
help us estimate the convergence rates:

Lemma 2.5.1. Let hg > 0, 0 < 8 < 1, 1 < r < 2 and {hg}ren be a sequence
satisfying

hi — hi41 > Bhy, (2.5.1)
Then
1—B)hy ifr=1
P (2.5.2)
(B)Pk™P ifl<r<2
where p = .
Proof. In the case r = 1 inequality (2.5.1) can be rewritten as
hier < (1= B)hy, (2.5.3)
and the result follows by induction.
For 1 <r <2let H,(z) = (§)'z™" with p = —L_. We have for every z > 0
/ _ p p,.—p—1 __ p p+1,.—p—1 __ T
H)(w) = —p(Zyrzr = —p(2yHa ! = —BH,(2) (2.5.4)

B p
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By convexity

H.(x+1)>H.(z)+ (x+1—2)H.(x) = H.(x) + H.(2) (2.5.5)
and applying (2.5.4) to the right hand side of (2.5.5) we get
H.(x+1)> H.(z)+ H(x) = H(z) — BH,(x)" (2.5.6)

Let kg = %—1@ so that H,.(ko) = ho. We will now prove by induction
hy < H, (ko + k) (2.5.7)

for every k € Ny. For k = 0 equation (2.5.7) follows by the definition of k. Assume
we have hy, < H,.(k+kg) for some k € N; so that in particular hy = H,(k+ko+ A) for
some A > 0 since H, : Ry — R+ is decreasing and a bijection. Applying hypothesis
(2.5.1) we get

hiir < by — Bl = Ho(k + ko + A) — BH, (k + ko + A’ (2.5.8)
and applying (2.5.6) to the RHS with z = ko + k + A we get
Ho(k+ko+A) — BH,(k+ ko + A) < Hy(ko+k+A+1) < Hy(ko+k+1) (25.9)

where the last inequality follows from the fact that H, is decreasing. Concatenating
(2.5.8) and (2.5.9) the inductive step is proved. We thus have for every k € N

hie < Hy(ko + k) < Hy(k) = (2)%’ (2.5.10)

O]
We assume here that f(z) has Lipschitz gradient
V(@) = Vil <Lz -yl Va,yeh (2.5.11)
and that it satisfies the Holder error bound condition
M(f(x) — f)? > dist(z, X) V2 € Q\ X (2.5.12)

where 0 < 6 < 1 and we recall that X is the set of minimizers for f.

Table 2: FDFW using the away directions

1. Let oy € Q)

2. for k =0..T do

3. Let s, := LMOq(V f(zy)) and diW := g5, — 23,

4. Let vy := LMOz(4)(—V f(2y)) and di} := zy — vy,

5. if gi'W = (=V f(zy),df") < € then return z;

6. if (L (), dPV) A2 > (~Vf (i) d)[dEY | then
7. dy = dfw and oy =1

8. else

9. dy = di* and apay ;= max{a € R | 7}, + adf* € Q}

10. end if

11. oy, = min(%7 Omax)  manimize the upper bound of f

12. Update xpyq := xp + aygdg
13. end for
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By Proposition 2.3.6 equation (2.5.12) implies

_ px\1-0
In(Ta(z), -V f(2)]| > L&) Mf Sy rea\x (2.5.13)
In our convergence rate estimates we will use only (2.5.13) and not (2.5.12) directly,
so that we could only assume (2.5.13) and prove the same convergence properties.
However, for 6 > 0

M

?(f(x) — ) >dist(z, X) Vo € Q\ X (2.5.14)
whenever (2.5.13) holds, so that the error bound conditions are actually necessary in
our convergence proof, up to the constant 6. For § = 0 the error bound condition is
trivially satisfied by every continuous function f with M = diam(2).

If fis p - strongly convex than for every x € X, x € Q
Fa)— = fle)~ F(5) 2 @)+ (- 2.V FE) + Ll = 2 - 27 (2515

were in the last inequality we used (x — Z, Vf(Z)) > 0 by first order optimality
conditions. We can rewrite (2.5.15) as

2
“(f@) = 2 2 o — 7] = dist(x, X) (2.5.16)
]
so that we retrieve the Holder error bound condition with §# = 1/2 and M = (%)%
In the statement of the convergence theorem we will use

dimy(2) = _ max deim(]:)

1S a}_éi(gzze O

Theorem 2.5.2. Assume that f satisfies the error bound condition (2.5.12), that it

has L— Lipschitz gradient and that NWf(Q) > 0. Then for the sequence generated
by the FDFW in Table 2:

max( 1?(0)7 (NQVZz/Lf](\gz Yq(k) ) for0<6< %

2aq(k
22 (2.5.17)
max(}, (1 — NP0 0hy for 6 =}

f(l’k)—f*é{

Jor p= 1255 and q(k) = Lmj If 5 <0 <1 then hy = O(57)-

The proof roughly follows the same steps of [39], Theorem 4 which proves linear
convergence for the AFW method on polytopes in the strongly convex case. We will
study how the decrease of the objective function f(xy)— f(zx11) relates to the current
gap f(zr) — f* in 3 possible cases. When ay < amnay the decrease can be related to
the square of the slope of —V f(x}) along the descent direction dj. In turns this slope
can be related to the current gap using the error bound condition and the hypothesis

NW/(Q) > 0. When d; = df" and ap = oumax = 1 the Lipschitz condition on the
gradient alone implies f(zy) — f(7p41) > L(f(2x) — f*). Finally, when the algorithm
makes a maximal away step we cannot control how much f decreases because we can’t
give a lower bound on the size of the step. However, since under these conditions
F(zgs1) < F(xx) we can bound the number of maximal away steps as a fraction of

the total steps.
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Proof. Let hy = f(xy) — f*, me = =V f(xy) and py = ||7(Ta(xr), =V f(zk))||. Let

my, = argmin{(V f(zy),v) | v € Q}

M, = argmax{(V f(xy),s) | s € F(xx)} (2.5.18)

so that for the s and v, selected by the minimization oracle we have s, € my and
v, € My, respectively. We divide our analysis in 3 cases, and for ¢ = 1,2, 3 introduce
the functions n;(k) giving the number of times that case i occurs in the first k steps.
We will assume from now on x;, ¢ my, otherwise gi'" = 0 and the algorithm stops
with f(xy) = f* by first order optimality conditions.
Case 1: a; < amax. Then the error bound condition (2.5.12) implies condition
(2.5.13) so that

hi? < Mpy, (2.5.19)

Moreover by the standard descent lemma (see [6], proposition 6.1.2)

2
Flaw + ady) < fzg) + a(V (), di) + O‘QLHdku? (2.5.20)

Minimizing the right hand side with respect to o we have that for a = a4

1 2
which bringing f(x) on the left hand side becomes
1 1 dy,
hi — hpaq > ———— (11, di)? = — (1, ——)? 2.5.22
k k+1 Z QLHdkHQ(rkH k’) 2L<Tk’a ”dkH) ( )

where we used hy — hg1 = (f(zx) — f*) — (f(2k41) — f*) = f(ar) — f(apy1). Now
by definition

dlI'NW(Q, Tk, T’k) = inf (S —Y Tk) — inf (S — Tk — (U - xk)7 Tk) <
seme ([lo = al[ + s —aelpe — scme (o —all + s — @l
(Sk — Tk — (l’k - Uk); Tk)

= prlllow =zl + sk — 2il])

(2.5.23)
We now distinguish two cases. If dif = 0 then d, = df'" = s, — z;, and
(s — xx — (v — xp), T%) _ (s, — @k, 1) _ (dg, %) (2.5.24)
pr(lloe — il + llse — 2xll)  prllsk — vkl prlldll
If d + 0 then
dy drw da
(rg, ——) = max((rx, — ), (Tky 75 )) (2.5.25)
||| ™| [zl
and " o
L (e =) + (@ —ww)yr) 1 (g + i me)
i sk — il + [Jox — 2] pe 1+ 1™ ) —
N ) (2.5.26)
<L (), (e ~2) = (i, )
<—max((rg, ——), (rp, ——)) = — (1, ——
Dr 1™ | | di|] pe o |ldkll
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Now the left hand side of equations (2.5.24) and (2.5.26) is also an upper bound for
dirNW(Q, xy, ) by (2.5.23). Hence in both cases we have

1 d
dirNW(Q, 24, 71,) < — (rp, ——) (2.5.27)
pe Ikl
and isolating the scalar product
. d
prditNW(Q, xy, 1) < (7%, ||d]l:||> (2.5.28)
Since by definition NW/(Q) < dirNW (€, z, 71,
d
peNW/(Q) < (14, ||dZH) (2.5.29)
We finally have
1 de 5 1 NW/(Q)?
- > — > —pINW/H(Q)? > ——~ L p2 % 2.5.

were we used (2.5.22) in the first inequality, (2.5.29) in the second inequality and
(2.5.19) in the third one respectively.

Case 2: ap = Qpay = 1, dj, = dEW. First, notice that for any z* € X

hie = f(xr) = f(27) < (=Vf(ap), 2" — i) (2.5.31)

Now since by hypothesis dy = df"V = s — x;, with s € my = argmin, o (V f(z), x)

we have (V f(zx), ) > (V f(z4), s¢) so that
(Vf(an), o — 27) < (Vf(@e), 2 — sk) = (=V [ (), di)
Combining this equation with (2.5.31) we obtain
he < (=Y F(z2), di) (2.5.32)

Again by the standard descent lemma applied to f with center x; and o =1

Flonn) = flan +di) < fGoe) + (V5 (er),do) + 5 P

(VI (@e).di])

TLIET ,1) = ag, = 1 we have

Since by the case 2 condition min(

(=V f(zn), dp)

L 2 L= L 2 (V) dy) (2.5.33)

so that
L, .. 1
hie = Pierr 2 f(2k) = f@ren) 2 (=V ), di) + S llde]” 2 =5 (Vf(zr), i) (2.5.34)
Concatenating (2.5.32) multiplied by 1/2 to this inequality we get hy — hj1 > %hk.
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Case 3: ap = Quax, dr, = di*. Let Dq(z) = dim(F(z)). Then since 2y, = xp+dy,
lies on the boundary of F(zy), we have Dg(xki1) < Dg(xg) — 1. Thanks to this
relation it is easy to see that there can not be dims(€2) + 2 consecutive case 3 steps.
Indeed, an easy induction shows that if the algorithm does j case 3 consecutive steps
from the iteration k to the iteration k£ + j — 1, then it produces a center zj.; such
that dim(F(zp4;)) < dim(Q2) — j + 1.

The analysis of case 3 proves that among dimy(€2) + 2 consecutive steps there
must be at least one not in case 3, so that necessarily

k

ni(k) + na(k) > [mj (2.5.35)
In particular ' .
max(ni (k), na(k)) > §LmJ > q(k) (2.5.36)

Let 7(n) be the n—th index for which the step size is not maximal, or in other words
respecting the conditions of case 1. Notice that i(-) is defined on a subset I of N such
that || is the number of case 1 steps.

Using i(n) we can rewrite the number of case 1 step in the first k iterations as

ni(k) = max(n € Ny | i(n) < k) (2.5.37)
e (1 (k) = i(max(n € Ny | i(n) < K)) < k
i(ny = i(max(n € Ny | i(n) < <
i(ni(k)+1) =i(max(n € No | i(n) <k)+1) >k (2:5.38)
We define j(n) analogously for case 2, so that
j(n2(k)) = j(max(n € Ny | j(n) <k)) <k (2.5.30)

(
jna(k)+1) =j(max(n € Ny | j(n) <k)+1) >k
)

By (2.5.36) at least one between n;(k) and nq(k) is greater than or equal to g(k).
If ni(k) > q(k) then i(q(k)) < i(ni(k)) < k, so that by monotonicity hr < hi(g())-
Analogously if na(k) > q(k) then hy, < h(j(q (k))) Summarizing

hk S max(hi(qk), hj(q(k))) (2540)

We now examine what happens for # varying in [0, 1).

0 < 6 < 2. Then the sequence {ln}tner = {hin) tner satisfies the hypotheses of

Lemma 2.5.1 with r =2 — 20 and g = NZYMQ Indeed

NWHQ? y oy NWIO)

lnt1 = hignr1) < higy+1 < higy — SYAVE y = ln— SYAVE (2.5.41)
by equation (2.5.30). Hence by Lemma 2.5.1
QpLM2
Pigg) = lqk k)P 2.5.42
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with p = 1555. Analogously since hjget1)) < 5hj(q(r)) we have

1
hjtate) = ey ho (2.5.43)
Now using (4.6.3) and (4.6.10) to bound the right hand side of (2.5.40) we get exactly
the thesis for 6 € [0, 1).

0= % Let C; be the set of indexes for which the method does a case i step, for
1t =1,2. For every n € C; we have

NW/(0)?
< (1 - — 7 .D.
it < (1= =2 (2.5.44)
and for every n € Cy .
i1 < Sha (2.5.45)

Since equations (2.5.44) and (2.5.45) hold for ni(k) and ny(k) distinct values of n
smaller than k respectively we get by induction

NW/(Q) 1 1 NW/(Q)
< _ 1 N yma(k)  Zyna(k) il _ 1 N yyu(k)ne(k)
hi < ho(1 SN2 ) (2) _homax(2,(1 2L ) <
1 NW/(Q
< homax(, (1= " P
(2.5.46)
1 _ Nwf(0)? _ : 1
5 <0 <1 Let =55 and r =2 —20. Exactly as in the case 0 < 0 < 5 we
get equation (2.5.41)

We want to show that the sequence {l,, },e; has at most (N — f*)/(3Y(=)) +1 terms,
where N = sup,.q, f(z). Since r < 1 we have [,, — I < 0 for [, < g¥/1-7).

For every n € I different from sup I we have I, > 8(1=") otherwise [, would be
< 0, contradicting the strict positivity of the sequence. Thus

Lot < 1, — B < 1, — BT (2.5.48)
for every n € I \ sup /. By induction
0< 1l <l —nBT™ <N — f* —pBr (2.5.49)
where we used 1 < hg = f(zo) — f* < N — f*. From (2.5.49) it follows immediately
N — f*
BT

and the uniform bound on the length of {l,},ec; is proved.
We therefore have

n <

< —x =Ny (2.5.50)

for every k € N so that
na(k) > 2q(k) — Ny (2.5.51)



by (2.5.35) and consequently

ho ho2Nr.o 1
hi < ona (k) =< 22q(k) (qu(k:))

(2.5.52)

]

When we start the algorithm from a vertex of €2, we get the following result:

Corollary 2.5.3. If the algorithm in Table 2 starts from a vertex of €, then the same

results hold with .

18) = S iy £ 2)

Proof. We will use the notation introduced in the proof of the main theorem. Since
the algorithm start from a vertex the first step must in the FW direction d5", and in
particular not a case 3 step. Since there can be at most dims(£2)+1 case 3 consecutive
steps.

k—1 k
k k) >1 >
mi(k) +na(k) 2 1+ G 50 2 G 2
The conclusion follows as in the main theorem. OJ

If Q is strictly convex then dimy(€2) = 0 so we get the following:

Corollary 2.5.4. Assume §Q is strictly convex. Then the results of the main theorem
hold with q(k) = |k/4].

For the simplex A" the estimate can be improved with an argument equiva-
lent to the one used originally in [34] for the AFW method: it is easy to see
that dim(F(xgy1)) < dim(F(xg)) + 1 in case 1 and 2. As a consequence, when-
ever the algorithm starts from a vertex dim F(xy) = ny(k) + n2(k) — ng(k) so that
n1(k) 4+ na(k) > n3(k) and the corollary below follows:

Corollary 2.5.5. Assume ) = A,, and that algorithm 1 start from a vertex. Then
the same results of the main theorem hold with q(k) = k/2.

2.5.1 Inexact oracles

When dealing with inexact oracles the main obstacle to generalize Theorem
2.5.2 is that the approximated solution of the linear subproblem may be far from the
actual set of minimizers. As a consequence the slope along the approximated search
direction may be arbitrarily smaller than the slope along the actual search direction,
even for solvers with small error on the objective. Using more explicit equations, if
di is the approximated search direction then (—Vf(zx),dr) ~ (=Vf(xx), di) does
not imply in general d; & d;. Since ensuring that (—V f(zy), Hg—:H) is large enough
is fundamental in the proof of Theorem (2.5.2), it becomes necessary to add the
assumption that z + dj, is close enough to the set of minimizers as a property of the
oracle. For this reason we will use an approximating oracle LMO¢(r, d, u) € C such
that

(r, LMOc¢(r, 0, 1)) — min{(r,z) | z € Q} <9 (2.5.53)

35



and
dist(LMOc¢(r, 0, ), argmin{(r,z) | x € Q}) < p (2.5.54)

for every r € R", §,u > 0 and C varying among the faces of 2. Before stating the
convergence theorem we show a couple of examples when this oracle may be possible
to build starting from "simpler" oracles.

Example 1. Assume that Q is a polytope represented as {z € R" | Az < b}, and
that the linear minimization oracle can correctly identify the set of active constraints
I related to the problem min{(r, z) | z € F} for every face F of Q2. Assume also that
the error in solving the corresponding linear system A;r = b; is at most €, where
e could be some function of the machine precision and the dimension of the prob-
lem. In other words assume that for every possible I representing a vertex we have
|Z — A;'br|| < €, where  is the solution computed by the minimization oracle. Then
the error on the objective is at most (r, %) — (r, A7 'b;) < ||r|le. If r = £V f(z) then
Irlle = [[Vf(z)]le < Me with M = max,cq ||V f(x)]. In conclusion, if the approxi-
mated solutions of the linear system of active constraints are in {2 we have an oracle
LMOgq(r, d, ) for every p < e and § < Me.

Example 2. Assume that € is a strictly convex set, and assume that we have an
upper bound oracle

LMOY(r, 8) € ©, (2.5.55)

Then (see Proposition 5.5.1 of the appendix) there exists § > 0 and a strictly increas-
ing function mg, : [0, 7] — R>q such that mq(0) = 0 and

maq(0) > max dist(LMOg (7, d||7]]), argmin, o (r, x)) (2.5.56)
reR”

for every ¢ € [0, 7].

Table 3: FDFW with approximated oracle

Let xg € Q, (50,#0) € (0, 1)2, D >0

for k = 0...T do

if (Vf(zx), LMOgq(r,e,D)) > (Vf(xg),zr) then return z;
Set (CZEW, Ok+1, tk+1) = ApDirections(V f(z), Ok, fik, Tk, §2)

if (—Yf(l‘k), LMO;(zk)(—Vf(xk), €, D)) > (—Vf(l’k), xk) then
Set (—d, do, pto) = ApDirections(—V f (), do, po, T, F (7))
else: go to step 10

end if

if (=Vf(zr), HZ%*X”) > (=Vf(zy), %) then

P NS T WD

w

10. czk = csz and aupay =1

11. else

13. dj, := df* and onpay == max{a € R | zj, + adi € Q}
14. end if

15. ap = min(i(_ﬁgiﬁ’;%d") , amfx)

16. Update xp1 := xx + apdi

17. end for
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Table 4: procedure ApDirections (r, 4, u, x,C)
L Let d:= 0, (p,B) € (0, 1)

2. if § < f(d,r) and p < 3||d|| return (d, o, ;1)
3. else:

4. 6 := pd, p:= pp

5

6

. d:=LMO¢(r,d, ) —
. Go to step 2.

This function mg gives an upper bound on the distance of LMOg(r, ) from the
set of actual minimizers given the approximation error on the objective. We then
have an oracle

LMO¢,(r, d, 1) = LMO (1, d)

for every pu > m(‘%), since by equation (2.5.56)

rl

4]
T

dist(LMOg(r, d), argmin o (r, ) < m( (2.5.57)

In the algorithm described in Table 2 we use the procedure ApDirections which
guarantees

(V). %) 2 A f ). )
| ||

whenever both the classical and the away FW directions are computed with § € (0,1)
some function of the algorithm’s parameters. Notice that with respect to Table 2 we
anticipated the stopping criterion to step 3 and also inserted a preliminary condition
before computing the away step. These modifications are necessary to ensure finite

termination of the procedure ApDirections.

(2.5.58)

Lemma 2.5.6. If e > 0, the procedure ApDirections terminates in a finite number of
iterations when called by the algorithm in Table 3.

Proof. We distinguish two cases. If (V f(xy), ) — mingeq(V f(zr),y) < € then the
algorithm in Table 3 returns xj at step 3 and does not call Apdirections. Otherwise,
let 7 be the number of cycles performed by an ApDirections instance called in step 4,
and let 8/, d., ju; be the values of 4, d, p in cycle i. Then we clearly have 0! = p'd, — 0

for i — oco. But then since r = V f(xy)

B(d;,r) = (LMOc(V f (), 0;, p5) — 2, V f (2k)) =

>(V (k) x) = min(Vf(ar),y) = 6 > € = 6 > (2.5.59)

where the last inequality holds for ¢ large enough. The analysis for the instances
called by step 6 is completely analogous. O]

We can now prove a converge theorem analogous to the one proved for exact
oracles:
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Theorem 2.5.7. Assume that in the algorithm of Table 3 € > 0. Then under the
hypotheses of Theorem 2.5.2 the algorithm stops after a finite number of iterations
M, and for 0 < 0 < % it has the same convergence rate with

1-p

oy —
W (Q)_2+25

NW/(Q) (2.5.60)

instead of NW/(Q) and lﬁg) instead of% as base of the exponential term.

Proof. First we have by Lemma 2.5.6 that the procedure ApDirections always termi-
nate in a finite number of iterations. We now claim that

-V L dEY > 2.5.61
(=9 flaw), dE¥) 2 = (2:5.61)
Indeed the return condition in the procedure ApDirections dictates
Orer < B, =V f (1)) (2.5.62)
with .
dfw = LMOc(V f(xr), Okt 1, Hrt1) (2.5.63)
But then
(=Vf(aw),di") = (Vf (ﬂfk yox) —min{(Vf(zp),y) [y € Q) <

s L — LMOC(Vf(ka), (5k+17 Hi+1, Q)) + 5k+1 S
s 0 — LMOG(V f (), 6k, fiig1, Q) + B(=V f (1), d) =

)
)
)
(=Vf(zy), d~k)

1+5)
(2.5.64)
where we applied (2.5.62) and (2.5.63) in the last inequality and in the last equality

respectively.
With the same proof We also have

(2.5.65)

whenever the condition in step 5 is satisfied.
As for dfW the return condition on Apdirections implies that there exists y, €
argmin{y € Q | (Vf(zx),y)} such that

ok + i = will < Bl (2.5.66)

We can assume di"V =y, — 2y, since the proof of Theorem 2.5.2 does not depend on
a particular oracle. Then equation (2.5.66) can be rewritten as

i —df™ || < BlldE™ || (2.5.67)
which implies
1 1-7
- 2.5.
[V = (2.5.68)
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Again with the same proof
1 1—-0
S 2 (AW
™1~ de™ |
whenever the condition in step 5 is satisfied. To conclude we analyze a few details
about how the analysis of the 3 cases done in Theorem (2.5.2) adapts for this ap-
proximated algorithm.
Case 1: ap < Qmax. Multiplying (2.5.61) by (2.5.68) we get

(2.5.69)

av . 1-p ar

Whenever the condition in step 5 is satisfied reasoning analogously on OZ,?W and
passing to the max we get the same inequality relating d, with di. Then by equation
(2.5.28) (we recall that r, = —V f(xy)):

)21_5
1+ 8

dy
i

dy ) > 1-8
[dil]” — 1+

(Te, PeNW/(Q) (2.5.71)

(Tk7

It remains to analyze what happens when the condition in step 5 is not satisfied. In
this setting we have (—V f(z),dE") > € and (—=V f(z),d") < e. Then

(rkv di + dl?W) < Z(Tk’ dgw)

and we can apply this to bound (dX", ;) in terms of NW/(Q) as we’ve already done
for the exact algorithm

NW/(Q) < dirNW(9, 2, 73,) = (re, ¢"(r) = 5"(re)) -
Pkl Cllg*(rie) = il + l[s*(re) — )
_ (ri 4+ df™) e d EdY) (e df™)
Ipell (g™ (re) = 2all + 5= () = @ell) — Npell U™ 1+ 1)~ llsll ™ 1+ 1D~
FW JFW
el ™ 1= 1 = B pellldE™ |
o . (2.5.72)
Therefore since the algorithm in Table 3 sets dy = df" if d!"V is not computed
1-— " d
B piliNw? (@) < i are) _ (deri) (2573

2(1+p)

Summarizing, we have that in case 1 the approximated algorithm has indeed the same
descent property of the exact one described by equation (2.5.30) with %NWJC (Q)
instead of NW/(Q). ) .

Case 2: ap = Qpax = 1, dp = df". On the one hand combining (2.5.32) with
(2.5.61) we get

1™l ldi]

hi < (=V f(ax),dy) < (1+ B)(=V f(ax), dy) (2.5.74)
while on the other hand (2.5.34) still holds for the approximated algorithm

ﬁk—ﬁﬂlz;pwuﬂ%xﬁ) (2.5.75)
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Multiplying the second inequality by 2(1 + ) and concatenating

(24 28) (hi — higr) = I (2.5.76)

which can be rewritten as 1425
k1 < mhk (2.5.77)
Hence the same linear descent property of the exact algorithm holds with % instead

of %

Case 3: a; = Qpax, Jk = wa The analysis does not change in this case since we
only need dj, to be a descent direction.

Given these analogies in the analysis of the 3 possible kinds of steps, the rest of the
proof is identical to the one of Theorem (2.5.2). O
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Chapter 3

Active set complexity

3.1 Introduction

In this chapter we discuss the complexity of the active set problem. We first
introduce the problem from a geometric and an algebraic point of view, in terms
of exposed faces and non zero Lagrangian multipliers respectively. We then show
that for polytopes these two approaches yield equivalent definitions. In the rest of
the chapter we makes several examples of methods with the finite time active set
identification property. While in this chapter our analysis is done in the geometric
framework, in chapter 4 we will analyze the AFW active set complexity using the
algebraic framework.

3.1.1 Exposed faces

In the rest of this chapter €2 will be a convex and closed subset of R", f: 2 — R
differentiable with X* the set of local minima for f.
We first recall the definition of exposed face:

Definition 3.1.1. If Q2 is a closed convex set and ¢ a linear function the face of 2
exposed by c is the the set

Eq(c) = argmax{cx | x € Q} (3.1.1)

It follows immediately from the definition that z € Eq(c) if and only if ¢ € Ng(z)
(see for instance [11] for a proof). Since the first order optimality conditions can
be expressed as —V f(z*) € Ng(z*), they can also equivalently be written as z* €
E(=V f(z*)). We can now define the support of a subset of solutions:

Definition 3.1.2. We will say that a face F of €2 is the geometric support of a subset
A of X* with respect to f and write F = Af(A) if

F = Eq(—Vf(x)) (3.1.2)
for every x € A.

When it is clear from the context what function we are considering we will simply
say that F is the geometric support of A.
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Notice that A C F because by first order optimality conditions = € Eq(—V f(z)) for
every x € X*. This notion of support allows us to formally define what it means to
solve the active set problem for sequences converging to the set of minimizers.

Definition 3.1.3. Let {zx}ren C €2 be a sequence converging to a subset A of X*
with geometric support F, that is to say

dist(x, A) = 0 (3.1.3)

with Af(A) = F. We say that {x)}ren solves the active set problem in M steps if
x, € F for every k> M.

We now introduce the definition of polyhedral face, which comes from a general-
ization of a property concerning the faces of polyhedral sets.

Definition 3.1.4. A face F of 2 is said to be polyhedral if for any z € ri(F):
aff(F) = {«} + lin(Tq(x)) (3.1.4)

As a notable example, all the faces of a polyhedral set are polyhedral. We now
need to introduce two properties of polyhedral faces that define the structure of their
normal cones. These properties of normal cones will be relevant when studying the
projection on €, because mo(z) =y < x € {y} + Na(y).

Proposition 3.1.5. Let F be a polyhedral face of Q. Then for every x,y € ri(F) we
have Nq(x) = Nq(y).

Proof. See [12]. O

Thanks to this first property one can define N (F) = Nq(z) for some x € ri(N(F)),
and the definition does not depend on x. We can now state the second property:

Proposition 3.1.6. Let F be a polyhedral face of Q). Then
1. d € 1ri(N(F)) if and only if Eq(d) = F.
2. For every x € F the cone N(F) is a face of No(x).

Proof. 1. See [12].

2. If F is a singleton the statement is trivial because N(z) = N(F) for the only point
x € F. Otherwise consider y # x such that y € ri(F). Let e = y — z. We claim that
N(F) = En()(e). Since (e,d) = (y — z,d) <0 for every d € No(z) we have

MaXeNg (z) (€, d) =0 (3.1.5)

so that d € En(,(e) if and only if (d, e) = 0. We now prove the two inclusions.
C: for every d € N(F) C Nq(z)

(d7 I) - (d7 y) = maXzGQ(d; Z) (316)

so that in particular (d,e) = (d,y — x) = 0 which means d € Ey(,)(e).
D: if (d,e) = 0 then again (3.1.6) and therefore d € Ng(y) = N(F). O
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3.1.2 Optimality conditions

We now give an algebraic definition of active set complexity. This complexity
will be defined for constrained problems as the number of iterations that it takes
to identify a certain subset of the constraints which are satisfied on a possibly local
minimum. This subset corresponds to the indexes of possibly non zero Lagrangian
multipliers in some KTT like optimality conditions. There are of course different
kind of hypotheses that imply the existence of Lagrangian multipliers, so that it is
now convenient to pick one type of conditions which encompasses all the problems
we will deal with in this chapter.

In the rest of this chapter for any constrained problem and any feasible point x*
we call A(z*) the subset of indexes of the inequality constraints which are active
(satisfied with equality) in x*.

We now recall stationarity conditions for systems of inequalities (see for instance [25]
for a proof).

Proposition 3.1.7. Given the problem
min{f(z) | gi(x) <OV 1<i<n, hjx)=0V1<j<m} (3.1.7)

with g;(x) convex and differentiable, h;(x) affine assume that x* is a local constrained
minimum and that f,g; are differentiable in x*. Assume also and there exists T such
that hy(x) = 0, g;(x) < 0 (this condition is known as SMFCQ). Then there exists
AeR™ ueR™ such that

Vf(z)+ MN'Vg(x*) + " Vh(z*) =0
A >0 (3.1.8)
(g(z"),A) =0

where g(z) = (91(2), ..., gu(2))T and h(x) = (hy(x),...,h,(2))T. When f is convex,
the converse is also true.

We can finally define the set of proper active constraints A™*(z*).

Definition 3.1.8. Under the assumptions of Proposition 3.1.7, we say that an index
i € {1,..,n} is in A" (z*) if there exists Lagrangian multipliers (\, ) satisfying
(3.1.8) such that A; > 0.

By convexity and positive linearity of the optimality conditions, it is easy to see
that there exists A satisfying (3.1.8) such that A\; > 0 for every i € AT (z*).
Finally, we define the algebraic support of a subset of solutions:

Definition 3.1.9. Let A" be a subset of {1,...,n} and A be a subset of X*. We say
that the surface F = {z € Q | gi(x) = 0 Vi € A"} is the algebraic support of A and
write F = A$(A) if A" (z) = A" for every z € A.

In the rest of this section we cite a few results concerning the connection between
active sets of constraints and normal or tangent cones.
The following theorem which relates the normal cone to the active constraints is a
particular case of [24], Theorem 3:
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Theorem 3.1.10. Under the hypotheses of Proposition 3.1.7 if ) is the feasible set
then

To(z") = {d € R" | (Vgi(z*),d) <0V i € A(z*), (Vhi(a*),d) =0V 1<i<m}
(3.1.9)

Then this description of the normal cone immediately follows by linear duality:

Corollary 3.1.11. Under the hypotheses of Proposition 3.1.7 if € is the feasible set
then

No@)={ % )\7;Vgi(x*)—|—iuivm(x*) N >0Vie A@D))  (3.1.10)

i€ A(z*) i=1

77777

of the smallest face of Ng(z*) containing —V f(x*).
Proposition 3.1.12. Under the hypotheses of Proposition 3.1.7 the set
F = cone({Vgi(z*) }icat @) +span({Vr;i<i<m)
is a face of No(z*) and —V f(x*) € ri(F).
Proof. Follows from Proposition 5.1.5 of the appendix, considering as set of generators
G ={Vyg(r") icat @) U{Vriticicm U{=V7ihi<i<m
O

These results allow us to study the relation between algebraic and geometric
support.

3.1.3 Equivalence of definitions for linear constraints

In general for any z € X* the geometric support is a subset of the algebraic
support, and the inclusion can be strict as can be seen for instance in balls. Indeed
given the euclidean unit ball described by the constraint ||z||* < 1 and a differentiable
function f : B(0,1) — R having a non singular minimum in p € 9B(0,1) it is easy
to check that Af({p}) = {p} while A}({p}) = dB(0,1). We now prove the inclusion.

Proposition 3.1.13. Under the hypotheses of Proposition 3.1.7 for every x € X*
Eo(~V (@) € A3({))
Proof. For every x € Q, i € A(z) 2 A*(Z) we have
(Vgi(x),(xr —x)) <0 (3.1.11)

because ¢;(z) = 0, g;(z) < 0 and g;(z) is convex. By hypothesis we can apply
Proposition 3.1.7 to obtain

V@ = Y AV 430, Vh(@)

i€AT(Z) j=1
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where we can choose A4tz such that \; > 0 for every i € A*(z). Let z €
Eq(—=V f(z)), so that (z — 2,V f(z)) = 0. Then

0=(=Vf@),z-2)= > N(Vg(@),z-2)+ iuj(th(i')w —I) =
i€ AT (2) J=1 (3.1.12)

€AY (Z)

Applying (3.1.11) to this equation we obtain that the last sum is equal to 0 if and
only if (Vg;(z),z — ) = 0 for every i € AT(x). We then have by convexity g;(x) > 0
for every i € AT (z) forcing g;(x) = 0 for every i € A" (Z) and in particular = €
As({z}). O

When the {g;};c a4+ (z) are linear, positive multipliers are related to the face exposed by
the negative gradient —V f(x). We begin the proof with the following lemma con-
cerning a feasible set given by the intersection of two closed convex sets.

Lemma 3.1.14. Let QQ = PN U where P, U are closed convex sets. Let x € P and
d € Np(x). Then if x € Q)
Eq(d) = Ep(d)NU (3.1.13)

Proof. The hypothesis d € Np(x) can be equivalently rewritten as x € Ep(d). Then
(x,d) =max{y € P | (y,d)} (3.1.14)
and since Q = PNU C P, x € Q
(z,d) = max{y € Q| (y,d)} (3.1.15)
so that

Eq(d) = argmax{(y,d) | y € U} = {y € Q[ (y,d) = (2,d)} =

={yeP|(yd) =(z,d), yecU} =Ep(d)NU (3.1.16)

]

Proposition 3.1.15. For a constrained problem like the one in 3.1.7, let x € X*
and assume that g; is affine for every i € AY(z). Than the geometric support of {T}
coincides with the algebraic support of {z}:

Eo(=Vf(z)={reQ| gx)=0Viec A" (2)} (3.1.17)
Proof. Let P be the polyhedral set defined by
P={zeR"|g(z)<0Vie A (x), hj(x) =0V 1<j<m}

Then by Proposition 3.1.12 we have —V f(z) € ri(Np(z)). Since Z satisfies all con-
straints with equality the minimal face of P containing x is

Fp(z)={x eR" | gi(z) =0V ie A (z),r;(x) =0V 1<j<m}
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which is an affine subspace. In particular Fp(z) = ri(Fp(z)) so that z € ri(Fp(Z)).
By Lemma 3.1.6, this together with —V f(z) € ri(Np(z)) implies Ep(—V f(Z)) =
Fp(z). Let now U = {z € R" | g;(x) <O0Vie{l,..,n}\ AT (Z)}. Then

A4 (@) ={r € Q| gi(x) =0V iec A" (2)} =
=UNn{zeP|g(x)=0Vie A7 (2),Vhj(z)=0V1<j<m}= (3.1.18)
=UNFp(x)=UnNEp(-Vf(7))

where by Lemma 3.1.14 since Q =U N P
UNEp(=V[(T)) = Ea(=Vf(T))
O

We have the following corollary for polyhedra, that is when 2 = P in the notation
of Proposition 3.1.15.

Corollary 3.1.16. If ) is a polyhedron, the support and the algebraic support of any
subset of X* coincide when one of the two exists.

Proof. Just apply the previous proposition to any point a of a set A C X* with
constant support. ]

3.2 A new proof for PG finite time active set iden-
tification with convergence estimates

In this section we present a new proof of finite time active set identification for
the projected gradient method on polytopes and give explicit convergence estimates
under suitable hypotheses on f. P will be a polyhedron and given z € P the set
F(x) will be the minimal face of P containing x. This proof differs from the one
[12] because we will not use normal cones to faces and the corresponding partition
lemma. We will instead do a local analysis which will highlight how the active set
radius depend on the position of the optimum and on the gradient of the objective
function on the optimum.

As it was done in the original proof (see [11], [12]) we start by recalling a few relevant
properties of convex sets. We begin by characterizing the minimal face containing a
certain point z.

Lemma 3.2.1. For every x € P the minimal face F(z) of P containing x is uniquely
defined by x € 1i(F(z)).

Proof. Let
f(l’) = MG is a face of PG

el
be the minimal face of P containing x. Assume by contradiction = ¢ ri(G). Then by
the separation theorems there would exists an hyperplane (c,y) = (¢, x) separating z
from ri(F). But the intersection between this hyperplane and F would be a smaller
face of P containing x, absurd. O]
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In the above proof we used implicitly that all the faces of F(x) are still faces of P,
which is well known (see for instance [17], proposition 3.25). A corollary of Lemma
(3.2.1) is the partition property (see for instance [41] for a proof)

P = U ri(F) (3.2.1)

F is a face of P
We now need a technical lemma in which we relate the width of P with respect to
tangent cone in a fixed point with the distance of this point from a certain set of

faces. In practice, this lemma will allow us to consider Tp(x) instead of P in a small
enough neighborhood of x.

Lemma 3.2.2. For z € P let r = 1% ,(0,1) defined in chapter 1. Consider the set G
of faces of P such that F(x) is not a subset of G. If

D=|JH
Heg

then dist(z, D) =r >0

Proof. Any face H in G can not contain x otherwise we would have F(x) C H by
the minimality of F(z).

It is thus clear that dist(z, D) > 0, since D is a closed set not containing x.

Now just applying the definition we get

r=15,(0,1) = inf{lp, (&) | ¢ € Tp(x)} (3.2.2)

We will first show that r < dist(x, D). Let p be a projection of z on the set D, and let
¢ = (p—ux)sothat ¢ € Tp(z). Then lp,(¢) > ||p— x| because p € P. Moreover, there
exists by hypothesis a (proper) face of P containing p but not z, so that z + \(p — z)
is not in P for every A > 1. To see this, consider (g, -) a linear function exposing the
face of P containing p but not x. Then on the one hand

(¢,p) =max{y € P | (¢,y)} (3.2.3)

and on the other hand

(¢.2) < (q,p) = (¢, Mp — x)) > (¢, p) for A > 1 (3.2.4)

which proves x + A\(p —z) ¢ P for A > 1.

We can now deduce [p,(¢) = ||p — x| = dist(x, D) and the < is proved by (3.2.2).

It remains to prove r > dist(x, D), or in other words lp,(¢) > dist(x, D) for every
¢ € Tp(x). For a fixed élet A\, = lp,(¢) so that y = x + \.¢ € P, x + \é ¢ P for every
A > A.. If we prove y € D we are done because then clearly

lp2(8) = Ac = |ly — || > dist(z, D) (3.2.5)

Assume by contradiction that y ¢ D, or equivalently F(x) C F(y). Since y €
ri(F(y)) by definition and x € F(y) we would then have x + Ay —z) € F(y) C P for
some A > 1, contradiction with the maximality of A.. Then y € D and we are done
by (3.2.5). O
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We now apply the lemma we just proved to show the local coincidence of P and
Tp(x). Furthermore, we show with quantitative estimates the lower semicontinuity
of F(z) on P as a set valued function.

Lemma 3.2.3. For every x € P let r = 1% ,(0,1) as in Lemma 3.2.2. Then:
1. PnB(z,r) —{x} =Tp(x) N B(0,)
2. For every y € PN B(x,r) we have F(y) D F(x).

Proof. 1. Since P—{x} C Tp(x) we have PNB(x,r)—{z} C Tp(z)NB(x,r). On the
other hand for every ¢ € Tp(x)\{0} there exists y € P such that ¢ = To—ay- Reasoning
as in Lemma 3.2.2 we get + Aé € P for every 0 < A\ <r. If c € Tp(x)NB(0,7)\ {0}
we have ||c|| < r and ¢ = ||c||¢, so that in particular ¢ € PN B(z,r) — {z}.

2. This is a corollary of Lemma 3.2.2, since using the notation introduced in the
lemma r = dist(x, D) with y ¢ D if and only if F(y) D F(x) for y € P. O

Having proved these facts we can now describe how the projection on a cone
behaves in a neighborhood of a point in the dual cone.

Proposition 3.2.4. Let C be a polyhedral convex cone and let e € C¢. Let F(e) be
the minimal face of C¢ containing e. Let

r = lgd@(o, 1)
Then for every x € B(e,r) the projection mc(z) of x on C is on Ec(e).

The proof relies on the Moreau Yosida decomposition and on the duality Lemma
5.1.6. In this proof and in the rest of this section we use the notation m4(z) for the
projection of z on a closed convex set A.

Proof. Let x € B(e,r). By the Moreau Yosida decomposition
x = me(x) + mea(z) with mo(z) L moa(x) (3.2.6)

Since the projection is 1 - Lipschitz, we have mqa(z) € B(e,r) and by Lemma 3.2.3
we have F(mqa(x)) D F(e).

Since mo(z) L mea(z) we have, using the notation of Lemma 5.1.6:
mo(x) € (F(mea(x))” C (F(e))" C Ec(e) (3.2.7)

where we recall that (-)* reverse inclusions and in the last inclusion we are using
Ec(e) =Cnet. O

We can finally describe quantitatively how close a point must be to a certain
vector in the normal cone to identify the same face in a polyhedral set:

Lemma 3.2.5. Let P be a polyhedral set, let x € P and let e € Np(x). Let
e = Wp@).e(0,1), 7o =13,(0,1) (3.2.8)

and T, = min(re, r,) Then for every y € B(e,ry,) the projection mp(y + ) of y + x
on P is on Ep(e).
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Proof. Let p = wp(y), p’ = mp(Tp(z)). On the one hand by Lemma 5.1.10 we have
lp'|| = dist(y, Np(z)) < rp < 74 so that p’ € Tp(z) N B(0,7,) = PN B(x,r,) — {z}
where the last equality is justified by Lemma 3.2.3 . Then p = p/ + x with p’ €
Erp(e) by Lemma 3.2.4. This implies (e,x) = (e,p’ + ) = (e,p), so that also
pE Ep(@). ]

Given Lemma 3.2.5 it is straightforward to compute how close the sequence gen-
erated by a projected gradient method must be to the optimal point for the active
set identification to happen.

Lemma 3.2.6. Suppose that x* € P satisfies first order optimality conditions for a
function f with L— Lipschitz gradient so that =V f(z*) € Np(x*). Letr, =1} ,.(0,1)
and ry = l?V(:c*),—Vf(x*)(O’ 1). For every x € P and a > 0 such that

(14 al)||x — z.|| < min(ary, ) (3.2.9)
we have mp(z — aV f(z)) € Ep(=V f(z"))
In the rest of this proof we use N(-) as a shorthand for Np(-).
Proof. We have by the Lipschitz condition
[z = aV[(z)) = (&7 = aV[(@"))] < [l = 2" + o[ V(z) = V(@")]| <

3.2.10

<(1+al)||zr — 2" < min(ary,r.) ( )
Now we notice that

ary = all])V(m*),—Vf(J:*)(O’ 1) = l?V(x*),—an(x*)(O? 1) (3211)

as it is immediate to check from the definitions using that N(z*) is a cone. To
conclude now it suffice to apply Lemma 3.2.5 with x — oV f(x) instead of y and
(x*, —aV f(z*)) instead of (z,e). O

We can now apply this lemma to the well known results about projected gradient
method convergence to get finite time active set identification results:

Theorem 3.2.7. Under the assumptions of 3.2.6, suppose additionally that f(z) is
conver. If {xp}ren is a sequence generated by the projected gradient method with
decreasing step size {ay tren — @ then

1. There exists a minimizer z* € P of f such that {x} — x*

2. Forr, and rv defined as in Lemma 3.2.6 we have x, € Ep(—V f(2*)) for every
k > k, where k is the minimum index such that

(14 azL)||zg — x| < min(ary,r.) (3.2.12)

Proof. By [6], proposition 6.1.7 there exists a minimizer x* for f such that z; — x*
and ||z — 2*|| — 0 is decreasing in k. So 1. follows immediately and 2. follows by
3.2.6. Indeed for every k > k

(14 L)y, — .|| < (1 + aL)||lzg — 2.]| < min(ary,r.) < (3.2.13)
< min(agry, ry) B

so that condition (3.2.9) is satisfied. O
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In the next theorem we state active set identification bounds for strongly convex
objectives.

Theorem 3.2.8. Under the assumptions of 3.2.6, suppose additionally that f(z) is
strongly convex, and let x* be the unique minimizer for f over P. If {x}}ren is
a sequence generated by the projected gradient method with constant step size a €

(0,2/L) then
1. Let ¢ = max(1l — aL,1 — au) with u the strong convezity constant of f. Then
o — 2| < ¢* |0 — 27|
2. Forr, and rv defined as in Lemma 3.2.6 we have x, € Ep(—=V f(z*)) for every
k> k41, with k defined by
In((1 4+ aL)(||zo — z*||)) — In(min(ary, r.))
In(1/q)
Proof. 1. Follows by [6], proposition 6.1.8. It is then straightforward to check that

for every k > k the condition (3.2.9) of Lemma 3.2.6 is satisfied as we have already
done in 3.2.7. O

ol

= T (3.2.14)

3.2.1 Descent directions

We now state a few key facts related to first order algorithms that will be useful
in the analysis of the active set complexity problem. In the rest of this section € is
a closed compact set and f : 2 — R is a differentiable function with gradient having
Lipschitz constant L.

First, we will define the descent directions and the A, function that are fundamental
in the analysis of first order algorithms especially when the line search method is
employed to compute the step size.

Definition 3.2.9. Given x € Q, d € R" such that x + d € Q we say that d is a
descent direction and write d € Dq(z) if f(x + d) < f(x + td) for every t € [0,1).
We define Apax (€2, ,d) = max{\ € Ry} + A\d € Q}.

When the objective function is convex we can determine whether a direction is a
descent direction by studying its subdifferential. In the following proposition we use
the notation (A, z) with A C R" and z € R™ to denote the set {(z,a) | a € A}.

Proposition 3.2.10. Let g : 2 — R be a convex function. If v,z + d € Q) and
RoogNIf(z+d)-d#0
then d € Dq(z).

Proof. By hypothesis there exists z € df(z + d) such that (d,z) < 0. Then since
z € 0f(z +d)

flx+td) > flx+d)+(x+td— (x+d),2) = flx+d)+ (t —1)(d,2) > f(x+d)
for every t € [0, 1). O
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If f has Lipschitz gradient then the usual quadratic upper bound and descent
lemma properties are easy to relate to descent directions:

Proposition 3.2.11. Assume that f has Lipschitz gradient with constant L.
1 flz+d) < f(2) + (Vf(2),d) + 5ld]*
2. (Vf(z+d),d) = (Vf(z),d) — L||d||?
3. If (Vf(x),d) — L||d||*> < 0 then d is a descent direction.

Proof. 1. See [6], proposition 6.1.2.
2. Follows immediately from the Lipschitz property of f

(Vf(@+d) = Vf(2).d) > =[IVf(z+d) = Vi@)lld] = -L|d| (3.2.15)

3. Follows from Lemma 3.2.10 and point 2.
O

3.3 Active set identification for AFW and PFW

In this section we prove finite time active set identification for the AFW and the
PFW algorithm on polytopes assuming (continuous) differentiability on the objective
and convergence to a subset of minimizers with constant support. In [9] it has already
been proved that for the AFW and the PFW methods on the simplex the active set
is identified in finite time with a few additional assumptions on the objective function
but without the convergence assumptions that we use here.

As for the projected gradient method, we start by analyzing a few relevant properties
of closed convex cones. We use these properties to prove that any method employing
search directions transversal to the active set and "close" to its tangent cone eventually
does maximal steps if it hasn’t already identified the active set. This then becomes
the key lemma in the proofs concerning the AFW and the PFW methods.

Given a cone C' it is well known the dual cone C? can always be decomposed in an
orthogonal sum

C? N aff(C) P aff(C)" = CNaff(C) P lin(C?) (3.3.1)

By the definition of dual cone, we have (d,p) = 0 for any p € C¢ and d € C. In the
next two propositions we compute bounds for (d, p) when d is still in C' but p is not in
C?. Of course our bounds will depend on how close p is to C¢ and to the orthogonal

complement of aff(C'). We use the notation rbd(A) for the relative boundary of a
convex set A: rbd(A4) = A\ ri(A4).

Proposition 3.3.1. Let C be a closed and convex cone, d € ri(C) and 6 = dist(rbd(C), d).
For every p € C?

(d,p) < —0llp — Miincy(P) | (3.3.2)
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Proof. We now apply the decomposition (3.3.1) to write p as an orthogonal sum. We
have

P = Tiin(cd)(P) + (P — Tiin(cay (D)) = Tincay (p) + po

with T ca)(p) € lin(C?) = aff(C)* and pe € aff(C) so that (d, my,cay(p)) = 0.
Thus (p,d) = (d,pc), and by the definition of § we have d — dpc € C, so that
(d,pc) + 0|lpllc = (d + dpe, pe) < 0, and the thesis follows. O

Proposition 3.3.2. Let C be a closed and convex cone, d € ri(C) and 6 = dist(rbd(C), d).
For every p € 0B(0,1), if v = dist(p,C?), a = | Trin(cay ()| then

(d,p) < =5y/1 =42 — a2 +~|d] (3.3.3)

Proof. Since R™ = lin(C?4) @ aff(C) with lin(C?) L aff(C') we can write p = p; + p, in
a unique way with p; € lin(C?) and p, € aff(C) so that p, L p; and

L=lpll = Ipall® + llpell* = llpall® + o* = [|pall = V1 — (3.3.4)

Let moa(p) = g = qu+q with the summands on the right hand side defined analogously
to p, and p;. Since

lg = plI* = g0 — pall® + lla: — 211>
with the right hand side the minimum for ¢ € C¢ necessarily ¢ = p;, so that
190 — pall = dist(p, C) =~

Since ¢ is a projection on a convex cone with A\g € C? for every A > 0 we have

Pa—G=p—qLlq (3.3.5)

Since ¢, — p, € aff(C') we have ¢, — p, L ¢ and then (3.3.5) implies ¢, — ps L ¢a.
Hence
1—a® = |Ipal® = lgall® + l12a — Pall* = llgal® + (3.3.6)

so that [|q.|| = v/1 — a? — v2. Applying Proposition 3.3.1 to ¢ we get
q

(d,q) < =6y/1 =2 — a2 (3.3.7)

and since ||p —q|| =~

(d,p) < (dyq) +lld]] < —6y/1 =2 — a2 + || d| (3.3.8)
]

We now define an identifying property for search directions which generalizes a
property of the AFW and PFW search directions.

Definition 3.3.3. Let 2 be a compact convex set and F be a polyhedral face of 2.
A sequence of directions in R™\ {0} is said to be F— identifying if for k large enough:

1. dist(dy, —=T(F)) = 0
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2. || mamm) (di)|| < b for some fixed h < 1.

We can now prove the lemma which guarantees maximal steps for the AFW and
the PFW methods for iterations which have not yet identified the active set.

Lemma 3.3.4. Let Q) be a compact convexr set and F be a polyhedral face of €.
Let f:Q — R be a convex function with continuous differential and let {xy}ren be a
sequence in S generated doing linesearch along the directions {dy.}ren. In other words

T € argmin{ f(z) | * = xx + Adg, A >0} (3.3.9)

Assume that dist(xy, A) — 0 for some A with geometric support F. Then for k large
enough Tri1 = Tg + Amax (2, Tk, di.).

Proof. 1t suffices to show that zy,1 — xx € Dq(xy) for k large enough, or by Lemma
3.2.10 that (Vf($k+1),$k+1 — .CEk) < 0 which is true iff (Vf(a:kﬂ),czk) < 0. Let ay
be the projection of x; on A so that if 8 = ||V f(arx) — V f(x)|| then by uniform
continuity £, — 0. First, we have inequality

(Vf(@rs), di) < (Vf(ar), di) + |V f(ax) = V (@)l = (Vf(ar), di) + B (3.3.10)

with =V f(a;) € N(F).
Let 0y, = dist(rbd(N(F)), =V f(ax)) so that d; > ¢ for every k with

§= mei;ll dist(rbd(N(F)), =V f(z)) > 0 (3.3.11)
because —V f(z) is continuous and dist(rbd(N(F)), =V f(z)) > 0 for every z € A
since F is the geometric support of A. A A
Let ar = [[Masr)—a} (—di)|| = Mm@ (=di)ll and v = dist(T'(F), =dx). By

hypothesis 7, — 0 and oy < h <1 for some fixed 2. We now apply Lemma 3.3.2
with d = =V f(ay), C = T(F), p = —dj. and obtain

(Vf(ar),di) = (=V flar), —di) < —86/1 =72 — a2 + %l V(@) (33.12)

Plugging this inequality into (3.3.10) we get

(VF(@rs1), de) < = k1= 3% + B2 — oF + ]| VF(an)|| + B <

< —0y1— —af + M+ By

with M = max,e4 ||V f(x)]. To conclude, we have

51— A2 g2 — 51— a2
kh_}rglo 01— — o + M+ By 0/1—af (3.3.14)

so that for k large enough (Vf(p41), dy) < 0. O

(3.3.13)

We recall that given a convex and closed set P, and z € P we define F(z) as
the minimal face of P containing x. In the next proposition we prove active set
finite time identification for an abstract version of the AFW. We do not prove an
analogous proposition for the PF'W, which does not appear to have a simple geometric
generalization.
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Proposition 3.3.5. Let Q be a compact convex set, f : Q — R a C* function, A C Q
with geometric support F. Let {dy}ren be a sequence of F— identifying directions,
let {xk}ren be a sequence in Q and let M > 0 be with the following properties:

1. dist(xg, A) — 0.

2. For k> M, either x.1 € F or xp,1 is the result of a linesearch along dy from
L.

3. For k > M, either x4 € F or a1 € F().
Then for k large enough x; € F.

Proof. By Lemma 3.3.4 applied to property 2. there exists N > M such that for
k > N either x) € F or Tpy1 = Tk + Amax (2, Tp, di ) d.

We first show that if z; € F for some k > N then x), € F for every k > k. Tt suffices
to show that z; ; € F and then the claim follows by induction. But z;,, € F is
immediate because by property 3 xjq is either in F or in F(zz) C F.

Let k > N such that zx ¢ F. Then xpy1 = g + Amax(Q, zk, di)dy, together with
Tpr1 € F(xy) imply that x4y € rbd(F(zy)) so that dim(F(xgy1)) < dim(F(z)),
which can of course happen finitely many times since the minimal dimension is 0.
This means that eventually there must exists k& such that z; € F, and the theorem
follows from the first claim. O]

We start to set up the main theorem by introducing an additional assumption
which however is not restrictive with respect to the general case. Let P be a finite set
of points in R™, with n = |P|. We assume P = {e; }1<i<n so that conv(P) = A,,_; C
R™. This is not restrictive because the key elements of our theorem are invariant by
affine transformation. It is now necessary to introduce some notation to make a more
explicit statement and prove it.

Let A be the matrix whose columns A’ are the elements of P, so that {Ae; }1<i<, = P.
Let fp : conv(P) — R with continuous differential and f : A, ; — R defined by
f(x) = fp(Ax).

First, if {of}ren in conv(P) is a sequence generated by the AFW or the PEW with
respectively, it is well known (see for instance [28]) that there exists a sequence
{Zk}reny in A,_1 generated by the corresponding method applied to f and such that
Axy, = zf for every x € N.

As for the set of minimizers, it is clear that if X} is the set of minimizers for fp then
X* = A71(X}) is the set of minimizers for f on A,,_;.

If Fp is a face of conv(P) then there exists a subset Fp of P such that

Fp = conv(Fp) = conv({A" | i € A(Fp)}) (3.3.15)
for some A(Fp) C {1,...,n}. We claim that if F = A~*(Fp) then
F =conv({e; | i € A(F)}) (3.3.16)

Indeed if x € F then by definition x = >7;c 45 Aie; With i > 0,2 cam) A = 1.
Therefore Ar = 3 ;cam) MNAY € Fp. Conversely, if Az € Fp then it cannot be
that z; # 0 for some j ¢ A(F), otherwise Az = NA 4+ Yy gy MA" with
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Xi >0Vie{1,...,n}, A\; > 0. This would mean in particular Az ¢ Fp, contradiction.
With this we proved that F is a face of A,,_;.

It remains to check that if Ap C X3 N Fp has geometric support Fp then also
A7YAp) C X* N F has geometric support F. The C relation follows clearly from
the definitions, so it only remains to prove that E(—V f(x)) = F for every z € A.
Equivalently we want to prove

(~Vf(2),y) = (~Vf(2),2) Vo € A (~Vf(x),y) < (~Vf(x),2)Vy ¢ F (3.3.17)
But —Vf(z) = -V fp(Az)A, A = A" Ap so that the first piece can be rewritten as
(~Vfp(Az)A,y) = (—~V fo(Ax)A,z) ¥V y € A~ (Fp) (3.3.18)

or equivalently

(=Vfp(Az), Ay) =(=V fp(Ax), Az) V y € Ail(]'—P) & (=Vfp(Az), 2) =

=(=Vfp(Az),Az) V z € Fp (3.3.19)

which is true because by hypotesis Ep(—V fp(Ax)) = Fp. The second piece of
(3.3.17) can be proved analogously.

Remark 3.3.6. We just proved implicitly that ri(N(F)) = A~'ri(N(Fp))
We can finally state the main theorem:

Theorem 3.3.7. Let P be a finite set of points in R, P = conv(P), f : P - R
with continuous differential, A C X* with geometric support F. Let {xy}ren be a
sequence generated by the AFW or the PE'W converging to A using linesearch for the
step size. Then xy, € F for k large enough.

By the previous reasoning we can assume without loss of generality P = {¢;}1<i<n
so that P = A,,_1. Indeed once we’ve proved the statement for A,,_; we can generalize
to conv(P) by conjugation. One key point is that {z;} — A also for the transformed
sequence in A,_; because the transformation A : A,,_; — conv(P) is surjective.

We need to check that the AFW and the PFW satisfy all the hypotheses of the more
abstract theorems proved, and for the PFW additional considerations will be also
needed to complete the proof.

In the rest of this section F ={z € A, | x; =0, ¢ € [°} will be a face of A,,_;.

Lemma 3.3.8.
ri(F)={zeF|z; >0V jel}
aff(F)={z €R" |2, =0Vic I Y a;=1} (3.3.20)
jel
Proof. Follows immediately from the definitions. =

Lemma 3.3.9. There exists a neighborhood U of A such that for every x € U:

.....

min(=Vf(z), ;) > max(=Vf(z), e;) (3.3.21)
min(=V f(z), e; — 2) > max(=Vf(z),z — ;)
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Proof. We recall that F = {x € A,_1 | 2; = 0 Vi € I°} is by definition the ex-
posed face by —V f(z) for every x € A. This means that for every x € A we have
(Vf(z),e;) = (Vf(z),z) for every i € I and (—=Vf(z),e;) > (=Vf(z),z) for every
i € I°. The inequalities in (3.3.21) then follow immediately for any x € A and by
continuity also in a neighborhood of every x € A. But A is compact so that the
inequalities in (3.3.21) hold in a neighborhood of A. O

Lemma 3.3.10. For every x € U defined as in Lemma 3.3.9 if v ¢ F the away
direction selected by a FW variant d*V is equal to x — e; for some i € I¢ and the
classic FW direction d*™V is equal to e; —x for somei € I. Moreover, the AFW select
dW as search direction.

.....

;>0
x ¢ F there exists i € I¢ such that x; > 0, so that by the second equation of (3.3.21)

-----

'''''

It remains to prove that the AFW select d" or writing explicitly the selection rule
(dW, -V f(x)) > (d¥V, -V f(x)) for every x € U \ F. But

(@, =V f(2)) = (-V[(z),2 - &)

for some 7 € I¢ and

(@™, =V f(z)) = (=V (), ¢; — 2)
for some j € I so that (d4W,—Vf(x)) > (df", -V f(x)) follows by the third in-
equality in (3.3.21). ]

Lemma 3.3.11. Under the notation introduced above

sup M =yl _
yeF le: — yll
1el”

h(F) <1 (3.3.22)

Proof. Since I¢ is finite it suffices to prove the inequality for every ¢ € I¢. Since
lin(T'(F)) = aff(F) — {y} clearly by the characterization in Lemma 3.3.8 ¢; —y ¢
lin(T'(F)) so that

| Tiin(r () (€ — )|

hi(y) = <1
les =yl
for every y € F. But then since h;(y) is continuous
sup h;(y) = max h;(y) < 1 (3.3.23)
yeF yer

[]

Lemma 3.3.12. Let K ={k € N | z; ¢ F}. Then the sequence of search directions
{di}rex generated by the AFW and the PFW is a sequence of identifying directions
for F
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Proof. We first prove the lemma for the PFW search directions. If U is the neigh-
borhood of Lemma 3.3.10, then for k£ large enough z; € U so that

APFW = gFW 4 gAW o ¢ (3.3.24)

for some i € I, j € I°. since for any z € 1i(F) clearly —dy " is a feasible direction,
dPTW e —T(F) whenever (3.3.24) is satisfied and in particular for k large enough.
It remains to show that for k large enough ||mmirr) (di ™) < h||dE*"]| for some
fixed h < 1. But even without explicitly computing the projection, by (3.3.24) it
follows that di " takes a finite number of values and is never in lin(7(F)). Then
for some M € N there exists h such that

||7TlinT(F) (dfFW) ||
1"V

—h<1 (3.3.25)
k>M

because ||dfFV || > || minr ) (dE FV) || for every k > M and df F"V takes a finite number
of values.
We now prove the lemma for the AFW search directions. Let M, e > 0 be such that
x, € UN B(F,e) for every k > M with dist(e;, F) > 2¢ for every i € I. Then by
Lemma 3.3.10 we have dj = d;?W = x5, — ¢; for some ¢ € [¢ for every k > M such
that x; ¢ F. It is now convenient to split the iteration indexes in a family of sets
{K;}icre defined by

Ki={k>M|dM" =x —e;} (3.3.26)

so that

Fix i € I¢. For every k € K;, let ay = mx(xy) so that
dist(=T(F),di"™) = dist(=T(F), zp—e;) < dist(ax—es, vp—e;) = |lax—xx| (3.3.28)

where the inequality is justified because a;, € F so that ay —e; € —T(F). We can
finally write

lim sup dist(—T(F), d") < limsup |la — ]| = 0 (3.3.29)
hers hers

Notice that by the definition of M we have ||diV || = ||e; — xx|| > €, so that

v dist(—T v
lim sup dist(—7'(F), -—a—) < limsup isU(-T(F), di ") =0 (3.3.30)
kek; keK;
We now prove that for every k € IC; we also have
. dAW
“mﬂﬁéﬁ)”<h<1 (3.3.31)
k

for some fixed h < 1. First, notice that since (di"); < 0 for every k € K; then
diW ¢ 1in(T(F)) so that the fraction in (3.3.31) is < 1. We also have

dAW in dAW
lim I = lim Imimcrey (dic )l =1 (3.3.32)
’;22,8? lei — ax| ’;238? [ min(r ) (€ — ax)]|
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so that

in dAW in T

lim sup 1™ T(]XIEVk M i s 1Mimren (e — a
koo | || k— 00 lei — ax|
ex; keK;

7 ?

<hF)<1  (3.3.33)

where the constant h(F) is the one of Lemma 3.3.11 and does not depend on .
Equation (3.3.33) together with the fact that the fraction in (3.3.31) is always < 1
gives that for some constant k;

I mimr ) (di™ )l

N <k<l1 (3.3.34)
I
so that for every k > M such that zy ¢ F
I (™)
< ; 0.
T _Hz’lgIXkZ <1 (3.3.35)
O

We can now prove the main theorem:

Proof of Theorem 3.3.7. Let M be as in Lemma 3.3.12 and & > M. We first want
to prove that if x; € F then xp; € F for both the AFW and the PFW. But this is
true because diV' = z — ¢; for some ¢; € F(x) C F, and by Lemma 3.3.9 we have
dfW = e; — x for some e; € F. Then xy, + Ady € aff(F) for every A € R and in
particular xy 1 € F.

On the other hand if K is the set of indexes such that zj ¢ F we’ve already proved
in lemma 3.3.12 that {dj}rex is a sequence of identifying directions for 4. Thus for
the AFW the only condition that remains to be proved to apply Proposition 3.3.5
is 341 € F(x1). Indeed we have dy = diV = e; — xy, for some ¢; € F(xy) \ F by
Lemma 3.3.9 and this concludes the proof for the AFW.

As for the PFW, let J, = {i € I°| (xx); > 0}. Since di*™V = ¢, —¢; fori € I,
j € Ji and by Lemma 3.3.4 the 11 = T + Anaxdh ™V = a1, + (1) ;d5 FV it follows
that (x5+1); = 0, (Tg41)n = (zx)n for every h & Jy so that |Jyy1| < [Ji|. It follows
that eventually there must be k such that |.J;| = 0, or equivalently such that x; € F.
This together with the first part implies xz,,, € F for every m € N. O
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Chapter 4

AFW active set complexity

4.1 Introduction and preliminaries

In this chapter we give explicit bounds for the AFW active set complexity on
different settings. We mostly analyze applications of the AFW over the simplex,
which is not restrictive with respect to the general polytope setting by the affine
invariance properties of the AFW (see for instance [28]). In fact every application of
the AFW to a polytope can be seen as an application of the AFW to the simplex,
with each vertex of the simplex corresponding to one of the atoms generating the
polytope.

The key idea in the complexity proofs is that there exists a neighborhood of the set
of minimizers for which the AFW at each iteration identifies an active constraint.
In particular to bound the active set complexity it is sufficient to control how many
iterations it takes for the AF'W sequence to enter this neighborhood.

Finite time active set complexity for the AFW on the simplex has been proved recently
in [9]. However the proof used additional hypotheses on the curvature of f, which
we will not use here, and no explicit bounds were given. Here we use also a slightly
different definition of support identification, which for general polytopes can be nicely
translated in terms of exposed faces as we will show later in this chapter, subsection
4.6.4.

In the rest of this chapter f : A,y — R will be a function with gradient having
Lipschitz constant L and X* will be the set of minimizers of f. The constant L will

also be used as Lipschitz constant for V f with respect to the norm || - ||;. This does
not require any additional hypothesis on f since in general || - ||; > || - || so that
IVf(x) =Vl < Lllz —yll < Lllx =yl (4.1.1)

for every z,y € A,_1.

For x € R", X C R"™ the function dist(z, X) will be the standard point set distance
and for A C R" the function dist(A, X) will be the minimal distance between points
in the sets:

dist(A, X) =inf{la € A,z € X | |la — z||} (4.1.2)

We define dist; in the same way but with respect to || - ||;. Given a (convex and
bounded) polytope P and a linear function ¢ we define the face of P exposed by c as
F(c) = argmax{cz | z € P} (4.1.3)
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It follows from the definition that the face of P exposed by a linear function is always
unique and non empty.

We now introduce the multiplier functions, which were recently used in [18] to define
an active set strategy for minimization over the simplex.

For every x € A,,_1, i € {1,...,n} the multiplier function \; : A,,_; — R is defined as

Ai(w) = (Vf(z), e — )

or in vector form

Az) =V f(zx)—(x,Vf(z))e (4.1.4)

Remarkably, for every x € X* these functions coincide with the Lagrangian multipli-
ers of the constraints z; > 0.

4.2 Local active set variables identification prop-
erty of the AFW

In this section we prove a rather technical proposition which is the key tool to give
quantitative estimates for the active set complexity. It states that when the sequence
is close enough to a fixed minimizer at every step the AFW identifies one variable
violating the complementarity conditions with respect to the multiplier functions on
this minimizer (if it exists), and it sets the variable to 0 with an away step. The main
difficulty is giving a tight estimate for how close the sequence must be to a minimizer
for this identifying away step to take place.

A lower bound on the size of the non maximal away steps is needed in the following
theorem, otherwise of course the steps could be arbitrarily small and there could be
no convergence at all.

We use the notation introduced in [34] for the FW direction df"’ and the away
direction ds..

Theorem 4.2.1. Let x* be a fixed point in X*, let
I={ie{l,..,n} | N(z") =0}

and let I¢ = {1,..n} \ I. Let {xy}ren, be the sequence of points generated by the
AFW,
Omin = min{\;(z*) | i € [°}, Jpy={i € I°]| (zx); > 0}

Assume that for every k such that dy = di* the step size oy, is either mazimal with

ey . —Vf(z ,d min —
respect to the boundary condition or oy > %. If |z — z]1 < 5mfn+2L =7,
then

|Jk+1| S maX{O, |J]€| - 1} (421)

Before proving the main theorem we need to compute the local Lipschitz constant
of X in x*.

Lemma 4.2.2. Given h >0, z € A,_q such that ||z, — x*||; < h let
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and assume that Oy # I¢. Let 6% = max; jef1,.n)\0, Ni(2*) — \;(z*). For every
ie{l,..,n}:
5k
INi(z*) — Ni(zr)| < h(L + E) (4.2.2)

In this proof we simply show that we have all the hypotheses to apply the technical
Lemma 4.6.1 to bound the left hand side of (4.2.2).

Proof. Let A: A,_; x R* — R” be defined by A(x,a) = a — (a,z)e so that for every
S An—l B
Az, Vf(z)) = Az) (4.2.3)

and in particular
i) = Ni(@®)] = [Nilaw, V() — M, V f (7)) (4.2.4)

for every i € {1,...,n}.
We have ||2* — z¢||1 < h, 7 = (z1); = 0 for ¢ € Oy by hypothesis and

IV (") = V(ze)lh < Llla" = all < Lllo™ = zpfls < Lh (4.2.5)

by the Lipschitz condition. This means that using the notation of Lemma 4.6.1
we have (x, Vf(xg)) € P,S}j(m*,Vf(a:*)) and by applying the lemma we get the
inequality

Ot (V f (27))

Xi(2", VF(27)) = Xile, V()] < h(L + =225 )

Concatenating this to (4.2.4) we obtain

Ok (V f (27))

Ail2") = Ai(y)] < (L + = )

where

Omax(VF(27) = max  Vfi(a") = Vf;(a") = max = Ai(a)—X(@7) =0

]

We now show a few important relations between the multipliers and the directions
selected by the AFW algorithm. Notice that for a fixed z; the multipliers \;(zy) are
the values of the linear function z — (Vf(x),x) on the vertexes of A,_; up to a
constant, which in turns are the values controlled by the AFW to select the direction,
so the next results should not be surprising.

Lemma 4.2.3. Let H, ={i € {1,...,n} | (zx); > 0}. Then

(a) If max{\;(zy) | i € Hp} > max{—\;(xy) | i € {1,...,n}}, then the AFW does
an away step with dy = dit = x — e; for some i € argmax{\;(xy) | i € Hy}.

(b) For everyi e {1,...,n}/Hg if \i(xr) > 0 then (vx41); = (zx); = 0.
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Proof. (a) Notice that since the vertexes of the simplex are linearly independent for
every k the set of active atoms is necessarily Hj. In particular
dit € argmax{(—=V f(xy),d) | d =z — e;,i € Hy} and this implies

dd = z,—e; for some i € argmax{(—V f(zz), zr—e;) | i € Hy} = argmax{\;(z;) | i € Hy}
(4.2.6)
As a consequence of (4.2.6)

(=Vf(zp),dd) = max{(=Vf(xp),d) | d = —e; +ap,i € Hy} = max{)\;(z3) | i € Hy}

(4.2.7)
where the second equality follows from \;(xy) = (=V f(zy),d) with d = —e; + .
Analogously

(=V f(zr), d]”Y) = max{(=V f(z),d) | d = e; — x,i € {1,..n}} = (4.2.8)

= max{—\;(z) | i € {1,..n}} o
We can now prove that (—V f(z),d?") < (=V f(xx),d7) so that the away direction
is selected :

(=Vf(zr), dY) = max{—X;(z) | i € {1,..n}} <
< max{\;(zy) | i € Hy} = (=V f(z1), d})

where we used (4.2.7) and (4.2.8) for the first and the second equality respectively,
and the inequality is true by hypothesis.

(b) We will first show that (dy); = 0 for every i € {1,...,n}/Hy such that A\;(zx) > 0.
We distinguish two cases.

Case 1: d, = df = x; — ¢; for some j € Hy. Since (z1); = 0 for every i €
{1,...,n}/Hy, we also have (d7'); = (w1); — (e;); = (&;); = 0 were the last equality is
justified because j € Hy so that in particular j # 7.

Case 2: dj, = di"V. We will assume that the minimization oracle selects a vertex
solution which simplifies the proof and in practice is often true. In section 4.6 we
prove that this additional assumption is not necessary anyway.

Let &V = e; — x;, with

j € argmin{(Vf(zg), e, —xx) | L€ {1,...,n}}

We can now prove that \;(zx) > 0 implies i # j:

(ej — ax, Vf(xx)) = (d, V f(w)) = min{(Vf(zx), e —xx) | L€ {1,...;n}} =
=min{(Vf(zy),z —x) | v € Apq} < (Vf(x), 26 —xk) =0 < N(xg) = (€5 — xp, Vfxg))
(4.2.9)

In particular

()5 = (e — x1)i = (¢j)i — (21)i = 0 (4.2.10)
To finish the proof, just observe that (zx41); = (x); + v(dk); by definition with
(xk): + v(dx); = 0 for every ¢ such that (zx); = 0 and \;(zx) > 0 because also the
second summand in both of the two cases we just examined is 0. O]
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We can now prove the main theorem. The
strategy will be to split {1,...,n} in three subsets e;
I, J, and Oy = I¢/J, and use Lemma 4.2.2 to
control the variation of the multiplier functions
on each of these three subsets. In the proof we
examine two possible cases under the assump-
tion of being close enough to a minimum. If
Jr = 0, which means that the current iteration
of the AFW has identified the support of the so-
lution, then we will show that the AFW choses

a direction contained in the support so that also i
i1 = 0. r
If Ju # 0, we will show that in the neighbor- Bt X

hood claimed by the theorem the largest multi-
plier in absolute value is always positive, with
index in Ji, and big enough so that the corre-
sponding away step is maximal. This means that
the AFW at the iteration k + 1 identifies a new
active variable.

Figure 4.1: Away step identifies
one active variable

Proof. If A\(z*) = 0 < I¢ = () then there is nothing to prove since J, C I° = () =
|kl = |Jk4a| = 0.

Otherwise since I¢ # () and since by optimality conditions X\;(z*) > 0 for every i
necessarily 0, > 0.

As in Lemma 4.2.2; let Oy = {i € I° | (z); = 0}, so that [°/Oy = Jj and

oF = max N(2®) = Ni(z") =  max \(z¥) — min  A\;(z%) =
ije{l,...n} /Oy (%) i(@) i€{1,....n}/Op (%) je{l,..n}/Oy i)
= ) i ) = g M)
(4.2.11)

where in the last equality we used that A;(x*) > 0 for every j and that I # () so that
minej,ur Aj(2*) = 0. For every ¢ € {1,...,n}, by Lemma 4.2.2

5k

Ai(wr) = Ail@” + (2 = 27)) 2 Mi@”) = [low — 2L (L + o) >
S (L) (4.2.12)
(%) — I N [l S A
> \i(2%) —ro(L + 2) (") 5L 10

We now distinguish two cases.
Case 1: |Ji| = 0. Then §* = 0 because J, UI = I and \;(z*) = 0 for every i € I.
Equation (4.2.2) becomes

OminL
Y Ni(*) — 4.2.1
(zk) > Ai(z") YA (4.2.13)
so that for every ¢ € I° since \;(x*) > dmin
OminL
A Omin — —— 4.2.14
(ze) > 2L 4 Omin >0 ( )
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This means that for every i € I¢ we have (z3); = 0 and \;(zg) > 0, so we can apply
part (b) of Lemma 4.2.3 and conclude (xy41); = 0 for every i € I°.

Case 2. |Jg| > 0. In particular if i € argmax{i € J; | \;(z*)} we have

Ni(z") = max Ai(z™) = ax, Ai(z")
where we used that \;(z*) = 0 < \;(2*) for every j € I. Then by the definition
(4.2.11) it follows
so that o
5min<L + ?)

519
> (4.2.15)

where we used (4.2.12) and that 6% > .
We will now show that d, = z;, — e; with ¢ € J,.
For every i € I since \;(z*) = 0 again by Lemma 4.2.2

izl = i) = Ai(@")] < Jla — 271 (L + 6/2) <

4.2.16
<1 (L +6%/2) < 6%/2 ( )
and for every i € I¢ by (4.2.12)
5min L & 6k

>
2L + Omin 2

Then using this together with (4.2.16), (4.2.15) we get —\;(xx) < 6%/2 < \y(zy) for
every j € {1,...,n}, h € argmax{\;(z*) | ¢ € Ji}. So the hypothesis of Lemma 4.2.3
is satisfied and dj, = d' = 1 — e; with i € argmax{\;(z}) | i € Hy}. We need to
show i € Ji. But H, C I U J; and by (4.2.16) if i € I then \;(zg) < 6%/2 < \j(xy)
for every j € argmax{i € Ji | \;(z*)}. If i € O then (z3); = 0 and ¢ ¢ Hy. Hence
we can conclude argmax{\;(zx) | i € Hr} C Jy and dy = xp — ¢; with ¢ € J;. In
particular, by (4.2.15) we get
51@

Ni(zy) = max{\;(xy) | 7 € Jp} > 5 (4.2.18)

We now want to show that aj = amayx. Assume by contradiction ay < @pae. Then

ay Z (_Vf(l'k); dk) _ )\z(xk)2 > 5min ;
L|d]| Ll|dy|[* = 2L||dx]

(4.2.19)

where in the last inequality we used (4.2.18) together with 6% > .5, Also, by Lemma
4.6.3

dy)i
Hdk” = Hez - fﬂkH S \/5(61 — :L'k)l = —ﬁ(dk)l = H(d:|)’2 S —1/2

* ||fEk - x*Hl T 6min
i = —2), S ——F— <5 =
(we)i = (wp = 27) 2 2~ 4L + 20,

(4.2.20)
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Finally, combining (4.2.20) with (4.2.19)

T 6min
o , 4 T e
(Tr11)i = (Tn)i + (di)ic < 9 + <dk)22LHdkH2 -

6min 5min

< _
Sirros ap 0

where we used (4.2.19) to bound « in the first inequality, (4.2.20) to bound (zy); and

(dr)i
lldxl?

Hence (zy41); < 0, contradiction. O

4.3 Active set complexity bounds

Before giving the active set complexity bounds in several settings it is important
to clarify that by active set associated to a solution x* we do not mean the set
A(xz*) = {i € {1,...,n} | (z*); = 0}} but the set I°(z*) = {i € {1,...,n} | \i(z*) >
0}. In general I°(z*) C A(z*) by complementarity conditions and the two sets
coincide under strict complementarity conditions. The face F of A,,_; defined by
the constraints with indexes in 7¢(z*) still has a nice geometrical interpretation: it is
the face of A, exposed by —V f(z*).

It is at this point natural to require that the sequence {z} }ren converges to a subset
A of X* for which ¢ is constant. This motivates the following definition:

Definition 4.3.1. Given a compact subset A of X* we will say that the multiplier
function A has the support identification property for A if there exists

I°(A,N) C{1,...,n}

such that for every x € A the support of the multiplier function is 7¢(A, A). Under
these conditions we define

Omin(A,\) = min{\;(z) |z € A, i € [°}

The geometrical interpretation of the above definition is the following: for every
point in the subset A the negative gradient —V f(z*) exposes the same face. This is
trivially true if A is a singleton, and it is also true if for instance A is contained in
the relative interior of a face of A, _; and strict complementarity conditions hold for
every point in this face.

Notice that by the compactness of A we always have dp,i,(A, A) > 0. We can finally
give a rigorous definition of what it means to solve the active set problem:

Definition 4.3.2. Consider an instance of the AFW generating a sequence {xy }ren
converging to a subset A of X* for which A has the support identification property.
We will say that this instance solve the active set problem in M steps if (zx); = 0 for
every i € I°(A,\), k> M.

We can now apply Lemma 4.2.1 to show that once a sequence is definitely close
enough to a set for which A has the support identification property the AFW identifies
the active set in at most |I¢| steps.
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Theorem 4.3.3. Let X* be the set of minimizers of a function f : A,_1 — R
with V f having Lipschitz constant L. Let {xy} be a sequence generated by the AFW
applied to f on the simplex, and assume that there exists a compact subset A of X
such that dist(zy, A) — 0 and for every x € A the support of the multiplier function
is 1¢. Then there exists M such that (zy); = 0 for every k > M, i € I°(A, ).

Proof. Since A has the support identification property for A we can set Oy, =
Omin(A, ) > 0 and I¢ = I¢(A, \) to simplify notations. Let k be such that dist, (), 4) <
2L‘5f3;in =r, for every k > k, and let J, = {i € I°| (z1); > 0}.

Then every k > k there exists y* € A with ||xx — y*||1 < .. But since by hypothesis
for every y* € A the support of the multiplier function is I¢ with 0., < A\;(y*) for
every 1 € I¢, we can apply Theorem 4.2.1 with y* as fixed point and obtain that
Jer1 < max(0, Jp — 1). This means that it takes at most |Jz| < |I¢| steps for all the

variables with indexes in |I°| to be 0. To conclude, again by (4.2.1) since |J5 | =0
by induction |J,,| = 0 for every M > k + |I°. O

The proof above also gives a relatively simple upper bound for the complexity of
the active set problem:

Proposition 4.3.4. Under the hypotheses of Proposition 4.53.3 the active set com-
plexity is at most

min{k € N | disty (zy, A) < r,Vk > k} + |I]

* 5min
where r* = T

Finally, under some assumptions on the set of minimizers X* and on the step sizes,
we can prove finite time active set identification. This theorem is a consequence of
the local convergence properties we just proved combined with a general convergence
theorem that we prove in the appendix. In subsection 4.6.3 we discuss the hypotheses
on X* and the step sizes.

Theorem 4.3.5. Assume that X* = U | A; where {A;} is a family of compact and
disjoint sets, and assume that for each of these sets X\ has the support identification
property. Let {xy}ren be the sequence generated by the AFW with step sizes satisfying
ar < 2(V f(xr), dy)/||di|*L or more in general

xy, € argmax{ f(z) | * € conv(zy, vp11)} (4.3.1)

If f(xy) — f* then there exists i such that
disty (xg, A;)) = 0 (4.3.2)

Moreover, (xy); = 0 for every i € I°(A;\),
i >k + |[1°(A;, N (4.3.3)

where k is the minimum such that

‘ 5mjn(Ai7 )\)
) <
dlStl (xkn Al) — 2] + 6min(Ai’ )\)
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Proof. Thanks to the condition on the step sizes by Lemma 4.6.5 the AFW satisfies
the condition
xy € argmax{ f(z) | x € conv(xy, Tx11)} (4.3.4)

In particular we have all the hypotheses to apply 4.6.4 and obtain that there exists
A; such that dist; (zg, A;) — 0. The active set complexity bound (4.3.3) follows the
immediately from 4.3.4.

m

As an example of a more concrete application of Theorem 4.2.1 we prove an active
set complexity result for strongly convex functions on the simplex. We will actually
use a slightly weaker hypothesis: f is convex and has a unique minimum x* on the
n — 1 dimensional simplex A,,_; such that

Ul «
flo) 2z Sllz—= 13 (4.3.5)
for every x on A, _;.

Corollary 4.3.6. Let {x;}ren, be the sequence of points generated by the AFW,
he = f(xy) — fo. Let ¢ < 1 be such that hy, < q*hg. Under the same hypotheses
of Theorem 4.2.1, if also the error bound condition (4.3.5) holds, then the active set
complexity s

In(ho) — In(ur?/2)

In(1/q)

Proof. Notice that by the linear convergence rate hj, < ¢*hy the number of steps that
it takes to reach the condition

max (0, )+ | I°]

hi < %rf (4.3.6)

is at most
In(hg) — ln(ulrf/Z))
In(1/q)

We claim that if condition (4.3.6) holds then it takes at most |I¢| steps for the sequence
to be definitely in the active set.

Indeed if hj, < %r? then necessarily z;, € B(z*,r,) by (4.3.5) and by monotonicity
of the bound we then have 4., € B(z*,r,) for every h > 0. Once the sequence is
definitely in B(z*,r,) by (4.2.1) it takes at most |J;| < |I¢| steps for all the variables
with indexes in [/°| to be 0. To conclude, again by (4.2.1) since [Jg, ;| = 0 by

k = max(0,

induction |J,,| = 0 for every m > k + |I°|.
[

Remark 4.3.7. In the above proof we did not use Theorem 4.3.5, which would
require additionally the sequence {f(z;)} to be decreasing. It is anyway not difficult
to see that the hypothesis

xy € argmax{ f(z) | x € conv(zg, Tpy1)} (4.3.7)

is only used to show that the sequence {xy} does not escape from the connected
components of sublevel sets, which in the convex case is obvious since every sublevel
set is connected.

The proof of AFW active set complexity for generic polytopes in the strongly
convex case requires additional theoretical results and is presented in the appendix.
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4.4 Active set complexity for non convex objec-
tives

In this section we give a more explicit convergence bound for the general non
convex case. A fundamental element in our analysis will be the FW gap function
g:A,_1 — R defined as

g9(x) = (=Vf(x),2) —min{(=Vf(2),y) [ y € An1} . (4.4.1)

We have clearly g(z) > 0 for every z € A,,_; with equality iff x is a stationary point.
The reason this function is called FW gap is evident from the relation

g(@) = (=V f(zx), i) . (4.4.2)

This FW gap function was used in [32] to analyze the convergence rate of the classic
FW algorithm for non convex functions. In particular, a convergence rate of O(ﬁ)
was proved for
« .

9 = Orgilélkg(xi) : (4.4.3)
The key insight of [32] is that to prove a convergence rate for this sequence g; one can
extend in a straightforward way the techniques used in the convex case to the non
convex one. This does not appear to be true if one still tries to prove a convergence
rate for the sequences { f(zx)}ren or {V f(zx)}ren. Following this insight we mostly
repeat the steps used to compute the convergence rate of the AFW in the (strongly)
convex case (see for instance [39]) to prove a convergence rate for {g; }ren, in the non
convex one.
In the rest of this section we assume that the AFW starts from a vertex of the simplex.
This is not restrictive because otherwise by affine invariance one can apply the same
theorems to the AFW starting from e, for f : A, — R satisfying

f(@) = f((z1, s 2n) + Tpp1p) (4.4.4)

where p € A, _; is the desired starting point. We will discuss more in detail the
invariance of the AFW under affine transformations in section 4.6.4.

Theorem 4.4.1. Let f € CY(A,_1,R) be with L— Lipschitz differential. Let f* =
mingea, , f(2), and let {zx}ren be a sequence generated by the AFW algorithm ap-
plied to f on § with step size

1
ap = min(akmax’ LHdkH? (—Vf(SCk), dk)) . (445)

Assume that the linear minimization oracle always selects a vertex solution, and that
the algorithm starts from a vertex. Then for every T € N

. 8
gT S maX( T ) T )
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Proof. Let ry = =V f(xy), let S, = {i € {1,....,n} | (x); # 0} and g, = g(zx). We
distinguish 3 cases.
Case 1. oy < a?®*. Then by the standard descent lemma (see [6], Proposition 6.1.2)

2
Flaw +ady) < Flee) + (V1 (), i) + Sl (4.4.6)

Minimizing the right hand side with respect to a we have that for a = ay,

1 2
which rearranging becomes
2 2 i
— > > ' > & 4.4.
fxr) — f(xpe) 2 2LHdkH2<Tk’dk) = 2LHdkH2gk = AL (4.4.8)

where we used (g, di) > (1, d”Y) = gi in the second inequality and ||di|| < v/2 in
the third one.

As for Si, by hypothesis we have either d, = dfw so that d, = e¢; — x, or d, = d;:‘ =
x), —e; for some 7 € {1,...,n}. In particular Siy; C SpU{i} so that [Sky1| < |Sk|+ 1.
Case 2: ap = o™ = 1,d, = di"Y. Again by the standard descent lemma applied
to f with center x; and a =1

Flonn) = flan +di) < floe) + (95 en),de) + o e

(=Vf(zk),dr)

ldk|I*L 71) = aj = 1 we have

Since by the Case 2 condition min(

(=V f(zr), di)

so that
f(wr) = f(xrg1) > (=Vf(2r),dp) — §\|dk!|2 > —;(Vf(xk),dk) = ;QT . (4.4.10)

Reasoning as in Case 1 we also have |Sgi1| < |Sk| + 1.
Case 3: o = o™, dy, = d;;‘. Then d;, = z;, — ¢; for 7 € S;, and

(Trr1); = (1 + ap)(zr); — anles);

with a = af® = % Therefore (z441); = 0 for j € {1,...,n} \ S, U {i} and
(xr41); # 0 for j € Si \ {¢}. In particular |Siy1| = |Sk| — 1. For i = 1,2, 3 let now

n;(T) be the number of Case i steps done in the first T" iterations of the AFW. We
have by induction on the recurrence relation we proved for | S|

for every T' € N.
Since ng(T) =T — ny(T) — na(T') from (4.4.11) we get

T+ [Sr] =[S
2

n1(T) + na(T) > > :g (4.4.12)
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where we used |Sp| = 1 < |Sr| Let now C be the set of indexes up to 7' — 1
corresponding to Case i steps for i € {1,2,3}, which satisfies |C7| = n;(T). We have
by summing (4.4.8) and (4.4.10) for the indexes in CT and C’QT respectively

Z f(xpgr) — flan) + Z f(@rg) = fzg) > Z 4L + Z gk (4.4.13)

keCT keCcT kecT keCT

We now lower bound the RHS of (4.4.13) in terms of g;.

gk’ T gk T Gk
+ > | mln + |C5 | min =— >
kezc:‘T AL kezC;T g% = 141 T 4L 2l keCcf 27

2

*

>(CF |+ 105 1) min( W 0y = (0,(7) 4 (1) min( 92

~—

9?9, T gy (97)?
> Ty = 2 .
o min(=7m, 50) = 5 min(S, <)

Since the LHS of (4.4.13) can clearly be upper bounded by f(zo) — f* we have

T ) * *\2
fzo) — f* > §mln(%T, (iTL) ). (4.4.15)
To finish, if 5 mm(QQT : (94;]:)2) = TTQ; we then have
4 _ *
T
and otherwise
gh < \/8L<f(‘”;> - (4.4.17)

The thesis follows taking the max in the system formed by (4.4.16) and (4.4.17). O

In the rest of this section we will use the notation introduced in Theorem 4.3.5.
Before stating the active set complexity bound result, we need to introduce a few
new elements. Let

5min<Ai, /\) diStl(AZ', X* \ Az)
2L + dpin (A, N)’ 2

r; = min( ) (4.4.18)

and
X;: U Bi(ri A) . (4.4.19)

It follows immediately from the definition that the connected components of X3 are

By(r;, A;) for 1 <i < C. Let m = min{x € 0X5 | f(z)} so that in particular m > f*
because X* C (X3)°. Finally, let

T =min{g(z) | z € f'(m, +o0))} (4.4.20)
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Theorem 4.4.2. Assume that in addition to the hypotheses of Theorem 4.5.5 we also

have
<_Vf($k>7dk) max

Qp = min , QY . 4.4.21
Then the constant k appearing in the statement of Theorem (4.3.5) satisfies

T T2
Proof. We have all the hypotheses to apply the bound given in Theorem 4.4.1 for g;.

4t < max( \/SL(f(xZ) = 1) 4flan) = 17, (4429
It is straightforward to check that if
= max(A o) = 1) 8LU ) = /), (4.4.24)
then ' '
g <T. (4.4.25)

So that in particular g(z;) < 7 for some k < h. Hence, by the definition of 7 we get
f(z) < m and also f(z;) < m given the monotonicity of the AFW with step sizes
given by (4.4.21). We claim that zj, € X} for every h > h. Indeed otherwise since
z, — X* C X} there would be &' > h such that z,, ¢ X} but 2., € X;. But as a
consequence we would have on the one hand m > f(x)/) with

xp € argmax{f(x) | x € conv(zp, xp 1)}

and on the other hand f(y) > m for y € conv(zy, xp41) NOX5 # 0, a contradiction.
With the same argument we can prove that for every h > h the point x;, is in the
same connected component of X3, or in other words there exists 7 such that

5min(Aia )\)
< r; S
- 2L + 5min(Ai7 )‘)

for every h > h. Of course this ¢ must then coincide with the one in the statement
of Theorem (4.3.5). The thesis follows immediately from the definition of k. O

Combining this result with Theorem 4.3.5 we have the following more explicit

estimate for the AFW active set complexity in the non convex case.

Corollary 4.4.3. Under the hypotheses of Theorem 4.4.2 the active set identification
complexity is at most

A(f (o) = f*) BL(f(w0) = [7)

T T2

)+ 1. (4.4.27)

n + max(

Proof. We have by Theorem 4.3.5 that the active set complexity is
C(f) < ki + |15(4s, M| (4.4.28)
where 7 is the index such that x;, — A;. Then

A(f (wo) — f*) BL(f(w0) — f7)

)
T T2

C(f) <k + |I°(A;, N)| < n 4 max( ) +1 (4.4.29)

where we used Theorem 4.4.2 in the second inequality. O
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4.5 Conclusions

We proved general results for the AFW finite time active set convergence problem,
giving explicit bounds on the number of steps necessary to identify the support of a
solution. As an example of application of these results we computed the active set
complexity for strongly convex functions. Possible expansions of these results would
be to adapt them for other FW variants and compute the active set complexity for non
strongly convex functions applying the known convergence results. It also remains
to be seen if these identification properties of the AFW can be extended to problems
with non linear constraints.

4.6 Technical proofs

4.6.1 Technical inequalities

In the following technical lemma we define a linear programming problem related
to the variation of the multiplier functions and compute an upper bound to its optimal
value. Before defining the problem we need to introduce some notation. Let X :
A,_1 x R* — R" be defined by \(z,a) = a — (a,2)e, so that if X is the vector of
multiplier functions for f then \(z) = Az, Vf(z)). Let € A,_1, a € R*, h, L > 0,
O CA{1,...,n} and let

P,gL(.%, a) ={(y,b) € A1 xR | ly —z|y < h, ||b—aly < Lh, yi=x; Vi€ O}

Finally, let 6, (a) = max; jef1,...n}/0 & — @;. Then:

max

Lemma 4.6.1. Let m € {1,...,n} and

2 = max |5‘m(y7b) - 5\TrL(x7a)’

(4.b) € PO, (x,0) (46.1)

Then z < (L + 62, (a)/2)h.

Notice that in principle one could solve two linear programming problems with
the same feasible region of (4.6.1) to compute the maximum and the minimum of the
objective function without absolute value. However, the computations seem rather
complex, so that instead we will just prove the upper bound on z by splitting the
objective function in two summands much easier to bound individually. Our estimate
turns out to be the actual optimal value for some instances of the problem, as we
show in the remark after the proof.

Proof. By the definition of \,, and the triangular inequality

A (Y, 0)=Am (2, @)| = b —am+(a, 2—y)+(a=b,y)| < [b—am~+(a—b,y)|+|(a,r—y)|

(4.6.2)
Let t; = —y; for i € {1,...,n}/{m}, t,, = 1 — y,,. Since y € A,,_; and in particular
0 <y; <1 we have |t;| <1 for every ¢ € {1,...,n}. This implies that

|bm = am + (@ = b, y)| = (b —a, )] < b —all1[[t] < Lh (4.6.3)
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where the last inequality is justified by the Holder inequality with exponents 1,00
and holds for every (y,b) € PY)(z,a).
We now bound the second piece. Let

k; = max{0, (z — y);}, l; = max{0, —(z — y);} (4.6.4)

..........

ie{1,...,n} te{l,...,n} i€{1,...,n} ie{l,...,n}
Moreover, 2 Zie{l ..... n} ki =2 Zie{l ,,,,, n} l; Eie{l ..... n} ki +1; Zie{l ..... n} ’1’@ - yi‘ <h
so that
S k= Y LER/2<h/2 (4.6.6)
€{1,...,n} ie{l,...,n}

Let a,, = Mile(1, .. n}/0 Gi; Gy = MaX;e(]
i€{1,...,n} so that

ny/0 @;. By definition k;,[; > 0 for every

-----

i€{l,...,n}/O i€{1,...,n}/O ie{l,...,n}

where in the last equality we used that by hypothesis k; =1; =0V i € O. Also

Reasoning analogously for [; we get

I I

(a,l) € [éam, EaM]’ (a,k) € [Eam, iaM] (4.6.9)

We can finally bound the second piece of (4.6.2)

(CLM—CLm) < §(CLM_CLWL) = gégax(a)

| =

(@, z=y)l =] > aiki=l)| = [(a,k)=(a,])| <

(4.6.10)
for every y € A, _1.
To conclude, by (4.6.2)

2 < max{[by, — am + (a = b,y)| | (y,0) € Pz, a)} +max{|(a,x —y)| | (y,b) € Pp(z,a)} <
< max{|by — am + (@ = b,y)| | (.b) € P (2, a)} + max{|(a,z —y)| | y € Aui}

(4.6.11)
and bounding the two summands with (4.6.3) and (4.6.10) respectively
O 5r?1ax(a)
mae{ by (ab. )] | (1.) € POy (o, a)mae{|(a, 2] |y € Ay} < (Lt 2ty
(4.6.12)
O]
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Remark 4.6.2. There are many simpler ways to bound the variation of the multi-
pliers function, so that it is important to underline that the bound we gave on this
linear problem can be optimal. We provide a set of vectors for which our estimate
coincide with the actual optimal value of the problem. Let z,a, m be such that for
some i, j # m we have 69, (a) = a; —a;j and z,,, = 0. Let y; = z;+h/2, y; = x; — h/2

and Y1, a)\{ij} = T{1,..oP\ (i} Finally, let by oy fm) = a1, np\(m}s b = am — Lh.
It is easy to check that if x; <1 —h/2, x; > h/2 then (y,b) is feasible for problem
(4.6.1) and that [\ (y,b0) — Am(w,a)| = (L + 62,.(a)/2)h coincides with the upper
bound we proved.

A few elementary properties of the simplex A, _; which will allow us to relate
different norms restricted to A,,_; will be useful to show that the AFW away steps
are long enough to be maximal with respect to the boundary conditions.

Lemma 4.6.3. Given x,y € A,_1, 1 € {1,...,n}:
1. les — z|| < V2(ei — )i
2. (y—x)i <|ly — /2
Proof. 1. (e; —x); = —x; for j # 1, (e; — x); = 1 — x; = 3 ,; ¥;. In particular
lei =l = (2§ + (e = 2)))* < (L) + (1= 2)*)% = VAL 2) = V2(es — );

i i i
(4.6.13)

..........

(y—x)i=> (r—y);

JF

and as a consequence

ly—zli= > |y—a)|>Wy—a)+ ;(m —y); =2y — ) (4.6.14)
je{1,...,n} J#i

]

4.6.2 Oracles that do not guarantee a vertex solution

We now prove Lemma 4.2.3 without assuming that the minimization oracle finds
a vertex solution.

Proof. We omit the first part of the proof which has no significant differences with
the one of Lemma 4.2.3 and start from case 2 of point b).
We first prove that the smallest multiplier is at most 0:

min{\;(x) | i € {1,...,n}} = min{(V f(zg),e; —zx) | i € {1,....,n}} =

= min{(Vf(z1), 7 —a) | # € Ay} < (Vf(ap), 2 — 21) =0 (4.6.15)

Let dy = d"V = x; — x;, with
zy € argmin{(Vf(vg), 2 — %) | © € A1} = argmin{(V f(x),7) | € A, 1} = Oy
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Since A,_; is a polytope with vertexes {e;}1<;<, we have
Cy = conv({e; | e; € C}) (4.6.16)
where e; € (Y}, if and only if

Vfi(wr) =min{(Vf(zx),¢;) | 5 € {1, .ont} = min{A;(wp) + (2, V() | 7 € {1, nt) =
:mln{)\J(ajk) | j € {1, ,n}} + (l’k, Vf(xk:>>
(4.6.17)
and bringing (xg, V f(zx)) on the left hand side the condition becomes
Ai(zy) = min{\;(xy) | 7 € {1,...,n}}. In other words

ei € Cy, & Ni(xy) € argmin{\;(zp) | j € {1,...,n}} = A,

Since xy € Cj, = conv{e; | i € Ay} we have xy = >4, qye; where a; > 0,

Yica, @ = 1. As a consequence (zy); = 0 for every j such that \;(z;) > 0, because
Nj(zg) > 0 > min{\;(zx) | ¢ € {1,...,n}} by (4.6.15), hence j ¢ Aj. If additionally
(xk?)j =0,

(d); = (wp —ax); = (x5); — (22); = 0 (4.6.18)
so also case 2 is proved.
The conclusion follows as in Lemma 4.2.3. O

4.6.3 Convergence lemma.

The following is a very general and straightforward lemma which ensures that if
the set of minimizers of f can be split in a family of disjoint and compact sets then
any minimizing sequence with a certain descent property converge to one of these
set. The property is

xy € argmax{ f(z) | x € conv(xy, Tx1)} (4.6.19)

and it is obviously stronger than the usual monotonicity. However, if f is convex,
this property is equivalent to f(xx) > f(zk41). Indeed given

x € conv(zy, Tpg1) = { v + (1 — N)zgyr | A € [0, 1]}
for A € [0, 1] we have
SOz 4+ (1= Nagga) < Af(2n) + (1= A) f(2r41) < )

if f(or) < f(Tre)

Lemma 4.6.4. Assume that X* = UL, A; where the {A;}1<i<c is a family of compact
and disjoint sets. Assume that {xy} is a sequence in A,y with the property (4.6.19).
Then if f(xy) — f* there exists i such that dist(xy, A;) — 0.

In the proof we use that as a consequence of (4.6.19) the sequence xj can not
escape from connected components of sublevel sets, so that when it falls into a con-
nected component of a sublevel set close to a certain A; it cannot reach the other
components of X*.

We define
B(X)={zeR"| |z — X| <&} (4.6.20)
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Proof. First notice that by the continuity of f and the compactness of A, 1 neces-
sarily
dist (z;, X*) — 0 (4.6.21)

otherwise for an € > 0 we could pick a converging subsequence {y;} of {x}} outside
B.(X*) so that f(yx) = f(limg—eo yx) > f*, a contradiction.

Since the family of sets {A;}1<i<c is formed by compact and disjoint sets we have
that D = minj<,;<c dist(A4;, 4;)/2 > 0. Consider any § < g: then for every
x € A;, y € A; we have ||z — y|| > 26 so that {Bs(4;)}1<i<c is a family of open and
disjoint sets.

Let

c
f=min{f(z) [z € Ap—y/ J B5(Ai)} = min{f(z) |z € Ap_r/Bs(X")} > f*

i=1
Since f(z),) — f* there exists k such that f(x;) < f for every k > k. This implies
that xj, € Bs(X*) for every k > k. Let zz € A;. We claim that z;, € Bs(4;) for
every k > k. It suffices to show that if z; € Bs(A;) then also zx1 € Bs(A;). Assume
by contradiction x4y € A; with j # i. Then there exists p € conv(zg, xx+1) such
that p ¢ U, Bs(A;) because otherwise {Bs(A;) N conv(zy, Tri1 }1<i<c would be a
partition open in conv(xy, Tx41) of a connected segment. But then f(p) > f > f(x),
contradicting hypothesis (4.6.19).
We now have x;, € Bs(A;) which implies x5, ¢ Bs(A;) for every k > k, j # i. This
means that dist(A;, v;) < ¢ and dist(A4;,z) > & for every j # i, k > k, which
implies dist(X*, ;) = dist(A;, ;) for every & > k. To finish, notice that since
dist(X™, xx) — 0 then also dist(A;, zx) — 0. O

If Vf has the Lipschitz property and the step size respect a certain upper bound

depending on the Lipschitz constant and the current center z; then condition (4.6.19)
still holds. The proof uses the standard descent lemma (see [6], proposition 6.1.2).

Lemma 4.6.5. Consider a sequence {xy}ren in R™ such that xy1 = xx + agdy, with
ap € R, di, € R™. Assume that 0 < oy < (=2V f(xy),ds)/||de||* L. Then the sequence
{zk }ren has the property (4.6.19).

Proof. By the standard descent lemma

< s Ll
f(x) < flar) + (Vf(zy),d) + 5
so that Ll
Pl + ad) < Flaa) + o (Vf (). d) + a2 1] (46.22)
Since for 0 < a < W we have
L||d|?
a(V f(xy), dy) + o el <0 (4.6.23)
for every x € conv(xy, zp11) C {x +apdy | 0 < a < W}
_ o Ll di|?
f(z) = fx + ady) < f(ag) + (Vf(zg), dp) + 5 < f(ag) (4.6.24)
]
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4.6.4 AFW complexity for generic polytopes

It is well known as anticipated in the introduction that every application of the
AFW to a polytope can be seen as an application of the AFW to the simplex. We've
already used this property of the AFW in section 3.3 of chapter 2. There we proved
that the sequence generated by the AFW is definitely on the face of the polytope
exposed by —V f(z*), where x* is a point in a certain subset of minimizers to which
the function converges. An analogous result was already well known for the gradient
projection algorithm, and in section 3.2 of chapter 2 we gave explicit estimates for
the convergence rate. In this section our aim is to give explicit estimates for the
AFW active set identification complexity for generic polytopes. With respect to the
considerations made in section 3.3 we are then more interested in obtaining quanti-
tative results. There is however some overlap between the beginning of this section
and section 3.3, which we maintain instead of referencing equations for clarity.
Before stating the general theorem we need to introduce formal notations and prove
a few simple properties in the generic polytope setting.

Let P = {z € R" | Cxz < b} be a polytope and f : P — R™ be a function with
gradient having Lipschitz constant L. In the rest of this section the vectors in R”
have dimension n X 1 and V f(z) has dimension 1 x n, so that we can use the product
between matrices and omit the scalar product notation.

To define the AFW algorithm we need a finite set of atoms A such that conv(A) = P.
As for the simplex we can then define for every a € A the multiplier function
Ao : P — R by

Aa(x) = V[(z)(a —z)

Let finally A be a matrix having for columns the atoms in A, so that A is also a
linear transformation mapping Aj4_; in P with Ae; = A’ € A.
In order to apply Theorem 4.2.1 we need to check that the transformed problem

min{ f(Az) | z € Aja-1} (4.6.25)

still has all the necessary properties under the assumptions we made on f.
Let f(z) = f(Az). First, it is easy to see that the gradient of f is still Lipschitz:

Vi) = V[y) = (Vf(Ax) = Vf(Ay))A < LI A@z = )| A7) < LIANIAT] |z — y]
) (4.6.26)
This computation also shows that V f has Lipschitz constant

La = LIIAJ[IA"] (4.6.27)

Also A is invariant under affine transformation, meaning that A4i(Az) = X\;(z) for
every i € {1,...,|Al}, z € P. Indeed

Mi(Ax) = Vf(Ax) (A" — Az) = Vf(Ax)A(e; — ) = V(f(Ax))(e; — ) = Ni(2)

We now need to check that the active set identification property and the disjoint
compact partition property used in Theorem 4.3.5 are also invariant under affine
transformation. Let X} be the set of minimizers for f on P, so that X* = A~1(X}) is
the set of minimizers for f. If X3 = U, B; with {B;}1<;<c compact and disjoint than
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also X* = UL, A7Y(B;) with {A~(B;)}1<i<c compact and disjoint. The invariance
of the identification property follows immediately from the invariance of A: if the
support of the multiplier functions for f restricted to B is {A’}ice, then the support
of the multiplier functions for f restricted to A~1(B) is I°.

We now show the connection between the face exposed by —V f and the support of
the multiplier function. Let 2* € X} and let

P'(z*)={x € P | Vf(a")x =V f(z")z"} = argmax{—-V f(z")x | x € P} (4.6.28)

be the face of the polytope P exposed by —V f(z*). The complementarity conditions
for the generalized multiplier function A can be stated very simply in terms of inclusion
in P*: since 2* € P* we have \,(z*) = 0 for every a € P*, \,(z*) > 0 for every a ¢ P*.
But P is the convex hull of the set of atoms in A so that the previous relations mean
that the face P* is the convex hull of the set of atoms for which A,(z*) = 0:

P*(z*) = conv{a € A | \o(z") =0} (4.6.29)
or in other words since A4 (z*) = 0 if and only if i € I(z*):
P*(z*) =conv{A; € A|ieI(x")} (4.6.30)

A consequence of (4.6.30) is that given any subset B of P with the active set identi-
fication property necessarily P(z*) = P(y*) for every z*,y* € P, since I(z*) = I(y*).
For such a subset B we can then define

P*(B) = P*(z") for any z* € B (4.6.31)

where the definition does not depend on the specific * € B considered. We can now
restate Theorem 4.3.5 in slightly different terms:

Theorem 4.6.6. Assume that X} and {x} have the properties described in 4.3.5.
Then there exists M and i € {1,...,C} such that x), € P*(A;) for every k > M.

Proof. Follows from 4.3.5 and the affine invariance properties discussed above. O

We now generalize the analysis of the strongly convex case.

The technical problem here is that strong convexity, which is used in Corollary 4.3.6,
is not maintained by affine transformations, so that instead we will have to use a
weaker error bound condition. As a possible alternative, in [34] linear convergence of
the AFW is proved with dependence only on affine invariant parameters, so that any
version of Theorem 4.2.1 and Corollary 4.3.6 depending on those parameters instead
of u, L would not need this additional analysis.

Let x* be the unique minimum of f on P and u > 0 be such that

f(@) 2 Slla - | (4.6.32)

The function f inherits the error bound condition necessary for Corollary 4.3.6 from
the strong convexity of f: for every x € A4y by [3], lemma 2.2 we have

dist(z, X™) < 0]|Ax — 2|
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where 6 is the Hoffman constant related to [C”, [I;e; —e]"]". As a consequence if f
is the minimum of f

Fz) = f* = f(Az) — f(z*) > gHAx — | > %dist(x,X*)Q (4.6.33)
and using that n|| - ||* > || - ||? we can finally retrieve an error bound condition with
respect to || - [|1:

~ ~ U . .
flx)—f*> 2n92dlst1(x,X )? (4.6.34)
where dist; is the set point distance computed with respect to || - ;.

Having proved this error bound condition for f we can now generalize (4.2.6):

Corollary 4.6.7. The sequence {xy} generated by the AFW is in P*(x*) for

In(ho) — In(upr?/2)
In(1/q)

where f(xy) — f(z*) < ¢*(f(xo) — f(x*)), up = goegy T = ﬁrﬁ with Omin =
min{ A\, (z*) | A(z*) > 0}.

k > max(0, )+ 1€

Proof. Let I = {i € {1,...,|A|} | A\ai(2*) = 0}, P* = P*(x*). Since P* = conv(AN
P*) and by (4.6.30) conv(A N P*) = conv{A’ | i € I} the theorem is equivalent to
prove that for every k greater than the bound z) € conv{A’ | i € I'}. So if {Z}} is
the sequence corresponding to {z;} generated by the AFW on the simplex we need
to prove that for every k greater than the bound

Ty € conv {e; | i€}

or in other words (Zj); = 0 for every i € I°.
Reasoning as in Corollary 4.3.6 we get that disty(Z, X*) < r, for every

In(ho) — In(upr?/2)
YT R

Let k be the minimum index such that (4.6.35) holds. For every k& > k there exists
y* e X* with ||zg — y*[i < re. But ANi(z) = Aai(a*) for every z € X* by the
invariance of A\, so that we can apply Theorem 4.2.1 with fixed point y* and obtain
that if J, = {i € I°| Z; > 0} then Jyy; < max(0,J; — 1). The conclusion follows
exactly as in Corollary 4.3.6.

) (4.6.35)

]
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Chapter 5

Appendix

We give in this chapter the necessary definitions and basic theorems used in the
rest of the thesis. The author was not able to find a reference for some elementary
properties, and in this case the (straightforward) proofs are included.

5.1 Preliminaries

Definition 5.1.1. Given a convex and closed cone C' C R™ we define:
1. C?% as the dual of C: C?={z € R" | (z,c¢) <0Vce C}
2. Cs ={0y U{z e R"\ {0} | dist(, C) < d} for 6 > 0
3. C_s={0}u{zeR"\ {0} | diSt(H;Wv C° >4} ford >0

We will need the following results that relate the distance of a point from the dual
cone to the norm of the projection on the cone:

Proposition 5.1.2. For every x € R"

dist(x, C%) = sup(é, ) (5.1.1)
ceC

As stated in [11] this is an immediate consequence of the Moreau decomposition:
v =7(C,z) + n(C?% )

However here we prove this statement in a way that generalizes straightforwardly to
Banach spaces, which will be useful for the analysis in section 5.6.

Proof. First we show that for every e > 0, ¢ € C'\ {0}
dist(z, C%) + ¢ > (&, 2) (5.1.2)
Let ¢ € C¢ such that dist(c*, z) < dist(z, C9) + . Then

(&,2) = (&, + (v — ")) < (6,¢" —x) < ||¢* — 2| <dist(z,C?) +¢ (5.1.3)
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where in the first inequality we used (c¢*,¢) < 0. This proves (5.1.2).
It remains to prove that for every € > 0 or equivalently for every e € (0, dist(z, C?)/2)
there exists ¢ € C'\ {0} such that

dist(z,C?) — e < (&, 2) (5.1.4)

Let d = dist(z,C%) — &/2. Consider ¢ separating the open convex set B(z,d + £/4)
and C?, so that
ce C\ {0}, (¢,b) >0 (5.1.5)

for every b € B(x,d + ¢/4). Then
(¢,2) = (6,2 —dé +dé) = (&, x — dé) +d > d > dist(x,C?) — ¢ (5.1.6)

where in the first inequality we used that x — dé € B(z,d + ¢/4). Hence (5.1.4)

is proved so that combining it with (5.1.2) and taking the limit for ¢ — 0 we get
(5.1.1). O

Remark 5.1.3. The sup in (5.1.1) is actually a max for cones in R” by compactness.

It is not difficult to prove that Cs and C_s are cones for every 6 > 0, and moreover
that C'_s is the closed convex cone dual of C¢. In particular, in chapter 1 we use the
following:

Proposition 5.1.4. Given a cone C':
a) Cs is a cone for every ¢ € [—1,1].
b) If C is closed and convex, (C$)? D C_s for every 1 > § > 0.

Proof. a) We assume § > 0, but the same proof works also for § < 0. By definition,
{0} € Cs. If x # 0 € Cs then for every A > 0 we have

A\x

dlSt(H)\ K C) =

dist(-2,0) <& (5.1.7)

[E1N
so that Az € C.

b) Proving the inclusion is equivalent to prove that given ¢ € C_s for every ¢ € C¢ we
have (¢,¢) < 0. Fix c € C_5 and ¢ € C§. Without loss of generality we can assume
lle|l = ||¢ll = 1. By Proposition 5.1.2 we have

dist(¢, C?) < 0 = %IQCX(U c)<é (5.1.8)

Assume by contradiction that (¢,¢) > 0. We identify the plane containing c, ¢, 0
with R?, and assume without loss of generality that ¢ = (0,1), ¢ = (cos(f), sen(6))
for some 0 < 6 < 7. We distinguish two cases.

Case 1: B(c,6) N {(0,y) | y > 0} # 0. Then since B(c,d) C C we also have
¢ = (0,1) € C. Then the max in (5.1.8) is 1 attained for © = ¢. It follows § = 1
so that C¢ = C¢ = R", contradiction because then C' = C_; = C_5 = {0} so that
c¢ C_s.

Case 2: B(c,6)N{(0,y) | y > 0} = (. We refer to Figure 5.1 for the analysis of this
case. We have for ¢ = arcsin™'(6) + 6 € (0, %)

G = (cos(yp),sin(yp)) € C (5.1.9)
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Figure 5.1: Configuration of the proof that C_; C (C%)<.

¢ =(0,1)
g =Atos ¢, sin
q _
B(c,6)cC
1)
¢ = (cos B,sin Q)
gresin &
8

using again that B(c,d) C C. But then
(¢,4) = sin(y) = sin(arcsin™*(8) + 0) > sin(arcsin*(§)) = &

contradicting (5.1.8).
[

Studying convex problems over a polytope with a degenerate solution requires
relating conic combinations to the facial structure of the cone, and also a certain
lemma about the relation between the faces of a cone C' and the faces of his dual C.

Proposition 5.1.5. Let M(C) be a n x m matriz whose columns generate the convex
cone C. Then for every face F' of C if Mp ={i € {1,....,m} | M(C); € F} in F the
relative interior of F' is the set of vectors

{C: Z /\ici | >\z >0V’L€Mp}

i€Mp
Proof. See for instance [12]. O

Theorem 5.1.6. If C' is a convex polyhedral cone then there is a one to one idem-
potent and inclusion reversing correspondence

{faces of C} <— {faces of C%}

T =0CNr1t
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Proof. See [16], Theorem 9. O
We recall the definition of tangent cone to a general set (2:

Definition 5.1.7. A vector w € R" is tangent to a set Q in & € Q, written w € Ty(7),
if there exists a sequence of positive scalars 7, — 0 and a sequence {zy }ren in € with
x — T such that

(l‘k — .f')/Tk — W

The tangent cone T () to © in = defined as the set of vectors tangent to 2 in Z.

We also recall the general definition of regular normal cone:

Definition 5.1.8. The regular normal cone N(Z) to a set Q in Z is defined as the
set of vectors v satisfying

(v,2 — ) = of||x — Z||) for x — T in Q (5.1.10)

The next proposition characterizes the tangent cone and the normal cone for
convex closed sets.

Proposition 5.1.9. Let Q be a closed convex set. For every point & € Q if To(z) is
the tangent cone to ) in T then

To(z) = cl{w | IX > 0 with = + dw € Q},
int(To(z)) = {w | IA > 0 with z + dw € int(Q)}
No(2) = To(2)!
Proof. See [40], Theorem 6.9. O

Using these characterizations we now prove a formula connecting the maximal
'slope" of a linear function along an admissible direction to the tangent and the
normal cone:

Proposition 5.1.10. If Q is a closed convex subset of R", x € Q) then for every

reR"” .
max{0, sup (7 )} dist(r, No (7)) = ||7(Ta(z),r)]|
neavizy Ih = flfH
Proof. We first prove that
h— 7 .
sup (7’,73_:) = sup (r,h) (5.1.11)
neo/tzy b — || heTq(z)/{0}

Let h € To(x) \ {0}. Then there exists sequences {\;} and {h;} in R and
respectively such that \;(h; — z) — h. In particular |\;(h; — z)|| — ||| so that we

also have \;(h; — z)/||\i(h; — 2)|| = (hi — 2)/||hi — z|| — fl Hence

({Hh H | he Q\{0}}) = { | h € Ta(2)/{0}} (5.1.12)

and (5.1.11) follows immediately by the continuity of (r,-). R
Since Nq () = To(7)? the first equality is exactly the one of Lemma 5.1.2 if r ¢ Nq(Z),
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and it is trivial since both terms are clearly 0 if 7 € Ng(z).
It remains to prove

max{0, sup (r,h)} = ||7(Ta(z),r)| (5.1.13)
heTa(z)/{0}

Let 7, be the projection of r on Ty (Z), and 7 the projection of r on Ng(Z). By the
Moreau - Yosida decomposition r = m, + 7¢ with 7, L 7% If r € No(Z) then 7, = 0
so that again the equation (5.1.13) is true with both sides equal to 0.

Otherwise on the one hand

sup  (r,h) > (r,#,) = (m, + 7 2,) = |m| (5.1.14)
heTo(@)/(0)

and on the other hand for every h € To(z) \ {0}

~

(h,r) = (h,m + m0) < (b, ) < ||| (5.1.15)

Taking the sup in (5.1.15) and combining it with (5.1.14) we get the desired equality.
[

5.2 Length function and vertex width diameter ra-
tio.
The width of a convex set, and more precisely its ratio with the diameter, will be

crucial to give lower bounds for the decrease of the objective function at every step
in the convergence analysis of the FDFW.

Definition 5.2.1. Given 2 C R” closed and convex we define the directional width
of Q in y with respect to r € R"/{0} as

dirW(Q,r,z) = max{r(z —y) | z € Q}
the directional width of €2 with respect to r as
DirW(Q,r) = max{r(z —y) | z,y € Q}
and the width of 2 as
W(Q) = min{DirW(Q,r) | r € 0Br(0,1)}

It is easy to check that this width function is non negative and monotone increasing
with respect to the inclusion. The width of a set isn’t of much help in the convergence
analysis of the FDFW method when dealing with points on the boundary, so that for
these we need to define a sort of width and diameter dependent on a restricted set of
admissible directions. We define these parameters in section 2.4.4. The motivation
behind definitions 2.4.7, 2.4.8 is fundamentally that they allow us to give a lower
bound on the directional normalized width for every vertex and every direction.
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We now prove a few properties of the parameters defined in section 2.4.4. Let
paz : R" — Ry U {oo} be the Minkowski functional of Q; = Q — {z}:

paz(z) = inf{a € Rog U {oo} | alreQ—{z}}

It is well known that this functional is convex, homogeneous for positive scalars and
lower semicontinuos on all R™. It is now convenient to use the convention 1/0 =
00, 1/00 = 0 in the rest of this section. With this convention it easy to prove the
following:

1
loz(c) = Ve e To(x 5.2.1
0al6) = s Vo € Te(@ 521
since for a fixed direction ¢ € T (z)/{0} one has
loz(c) = laa(&)/|lcll = 1/paa(z) (5.2.2)

As a corollary, to the properties of po ; correspond analogous properties for lg z, as
we prove in the following proposition.

Proposition 5.2.2. With the notation introduced above, let C' = To(Z):

1. lgz is continuous in int(C'), upper semicontinuous in C;

2. For 0 < 3 the inf is actually a min in the definition (2.4.35) of lg’m; the sup s
always a max in the definition (2.4.35) of 1§ ;;

3. The following formula holds for Q) strictly convex:

Ros(k) = in min{pq z(¢) | 0 < dist(¢, C°) < 4}
0.z 0<6<1 max{poz(¢) | kd < dist(é, C¢) < 5}

Proof. 1) The continuity of lgz in int(C') follows immediately if we can prove that
pa.z is continuous in int(C'). By Proposition 5.1.9 for every x € C'\ {0} there exists
A > 0 such that Az € Q — {z}. Then

paz(r) = inf{a € RygU {oo} | a 'z € Q — {z}} < HT < +00 (5.2.3)

A
|

so that pq 7 is finite in T (Z). But po 7 is also convex, hence continuous in its domain

which contains C°.

As for the upper semicontinuity, it follows from the fact that the inverse of a positive

lower semicontinuous function is an upper semicontinuous function.

2) Follows immediately from the fact that an upper semicountinuous function and a

lower semicontinuous function have always a maximum and a minimum respectively

on a compact set.

3) We have

.. inf{laz(é) | ko < dist(¢,C°) <o} .. inf{1l/paz(é
Roz(k) = inf A — = in ’
’ 0<s<1 sup{lnz(¢) | 0 < dist(¢,C¢) <} 0<s<i sup{1l/pgz(
_ inf{paz(¢) | 0 < dist(¢,C¢) < §}
<<t sup{paz(6) | k6 < dist(e,C¢) < 4}

(5.2.4)
where in the last term the inf is actually a min by lower semicontinuity of pg z and
the sup is actually a max by the continuity of pgz on C° proved in point 1). O]
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The following property concerning unitary vectors maximizing the distance from
the boundary of a cone will be useful to study NW(Q) for strictly convex sets.

Proposition 5.2.3. If C is a full dimensional closed convex cone different from R™,
then
argmin e g dist(¢, C°) C C° N —C (5.2.5)

The proof is a fairly straightforward application of optimality conditions. How-
ever, transforming the problem in a constrained programming one to which we can
apply optimality conditions requires a few observations.

Proof. As first step we want to find a problem equivalent to minimizing the distance
from the boundary to which we can apply Kuhn Tucker necessary optimality condi-
tions (see [2], Theorem 3.7).

We begin by rewriting the problem equivalently as

sup{dist(c,C°) | ¢ € 9B(0,1)} = max{dist(¢,C) | ¢ € 0B(0,1)} (5.2.6)

where the sup is actually a max because we are maximizing a continuous function in
a compact set. We also have by the positive homogeneity of the distance

Amax{dist(c,C°) | ¢ € 0B(0,1)} = max{dist(c,C) | ¢ € A\0B(0,1)} (5.2.7)
so that

max{c € 0B(0,1) | dist(c, C°)} =max{dist(c,C°) | ¢ € A\0B(0,1),0 < X <1}

=max{dist(c,C) | ¢ € B(0,1)}
(5.2.8)
with argmax{dist(c, C) | ¢ € B(0,1)} € dB(0,1). Indeed if there existed
z € B(0,1)\ {0} € argmax{dist(c,C°) | ¢ € B(0,1)} we would have dist(2, C¢) =
ﬁdist(x, C°) > dist(x, C¢). We also have clearly

argmax{dist(c,C) | ¢ € B(0,1)} c C°

so that in particular 0 ¢ argmax{dist(c, C°) | ¢ € B(0,1)} since by hypothesis 0 ¢ C.
By the biduality theorem for cones

C=CY"= (N {zeR*|(Ez)<0t= () A

ceCi\{0} c€CNOB(0,1)

where A. = {x € R" | (¢,z) < 0}. Therefore

dist(z, C¢) = dist(z, () A.)°) = dist(z, (| A9)) = inf  dist(z, A9)
ceC4nOB(0,1) ceC4nPB(0,1) c€CNOB(0,1)
B (5.2.9)
Let z € CN B(0,1) and ¢ € dB(0,1) N C?. We have
dist(x, AL) = ||7(re, z)|] (5.2.10)

where 7. is the line generated by c. Since ¢ € C¢ we have (—c, ) > 0 which together
with ||c|| = 1 implies
Hﬂ'('l"c), :CH = (_C7 .T) (5211)
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Starting from (5.2.9) we can now further transform the expression for dist(x, C):

inf  dist(z, AS) = inf —(c,x)= min  —(c,x) (5.2.12)
ceC4noB(0,1) ceCnoB(0,1) ceC4noB(0,1)

where the last equality is justified by the continuity of (x,-) and the compactness of

C'noB(0,1)

Let f:R™ — R be defined by

flo) = cecgggg(o,l)(c’ 7)

Since f(x) is the maximum of convex continuous functions it is convex, l.s.c and
Of (x) = conv{c € C*NIB(0,1) | (¢,r) = f(z)} C C? (5.2.13)

as it follows from the formula for the subdifferential of the max of convex functions.
Moreover, for every € C¢ by the separation theorems there exists ¢ € C¢ such
that (¢,x) > 0, so that f(z) > 0. At the same time by (5.2.9) and (5.2.8) we have
f(z) = —dist(x, C*) for every x € C. Then

argming,c g 1) f(r) = argmax, ¢ 1 dist(z, C¢) C C°
and we can finally rewrite our problem as

max{dist(c, C°) | ¢ € B(0,1)} = max{—f(c) | c € B(0,1)} = —min{f(c) | ||c[* < 1}

(5.2.14)
As observed at the beginning of the proof if ¢ € C'N B(0,1) is a solution necessarily
|le|]] = 1, so that the Kuhn Tucker optimality conditions dictates

0 € 0f(c) + A\2¢ (5.2.15)

for a certain A > 0. Since 0 is a vertex of the cone C? it can not be a proper conic
combination of elements in C¢ different from 0, hence by (5.2.13) 0 ¢ df(¢). But
then A > 0 in (5.2.15) so that ¢ € —3Jf(¢)/2), which implies the thesis because
—df(e) c —C*. O

5.3 Step size oracle for convex hulls

Let © = conv(A), with
A={a;|1<i<n} (5.3.1)

a finite subset of R™. We are interested in trasforming the problem
Omax(T,d) = max{a € R | 2+ ad € Q} (5.3.2)

in a linear programming problem for a fixed z € 2, d € R".
Consider an hyperplane

H.s={z €R" | (c,z) + 5 = 0} (5.3.3)
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such that ) is contained in the negative half space H_g:
(c,x)+ <0V e (5.3.4)

Assume also that (¢,d) = 1. We now consider the set H of hyperplanes with these
two properties to give an upper bound on ay,,,. Then we will show that this upper
bound coincide with the actual value of ayay.

Let a%? (Z,d) be the maximal feasible step from Z in the direction d with respect to

the set H. g:
agl (z,d) = max{a € R | T+ ad € H,z} (5.3.5)

From now on we will write a%? and au,., instead of a2
z, d are fixed anyway.
Notice that

(Z,d) and apax (T, d) since

(,2+al d)+B=0=a%’ =—p—(c7) (5.3.6)

max

where we used (¢,d) = 1.

a%f gives an upper bound for aipay:

a? > s (5.3.7)

max

because by hypothesis H, 5 2 (0.
We can now define a linear programming problem which has optimal value auyay:

z=min — (¢,z) —
(c,d) =1 (5.3.8)
(c,a;))+/<0V1I<i<n

Since © = conv({a; }1<i<n), the third condition is equivalent to Q@ C H_,. Therefore
¢, b satisfies the constraint of problem (5.3.8) iff H. 3 € H. We can now use the above
reasoning to conclude that ama < a%? = —(c,7) — B for every feasible (c, 3), so
that z > apax.

To see that equality holds we distinguish two cases. If d is not a feasible direction
then amax = 2z = 0, where the optimal value in problem (5.3.8) is obtained for the
hyperplane separating €) from the ray z 4+ Ad, A > 0. If d is a feasible direction then
F(Z + amaxd) © F(7) so that there exists a supporting plane H; 5 for 2 in T + amaxd
not containing z. But then

(€, % + amaxd) + 8 > (¢,2) + (5.3.9)

so that (¢,d) > 0. It is now immediate to check that by diving the coefficients of
H 5 by (¢,d) we get a feasible point (¢’,3’) for problem (5.3.8) for which oy =
—(c,z) — . This proves that ama.y is indeed the optimal value of problem (5.3.8).

5.4 Minimal face for convex hulls

We now show that when Q2 = conv(.A) as in the previous section for every z € Q
finding the minimal face F(Z) of € containing Z is equivalent to finding a point in
the interior of a certain polyhedron. The key property our analysis is based on is the
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following: given a polyhedron P and z € P then F(Z) is the face exposed by the
vectors in ri(Np(z)). In formulas, given r € ri(Np(z)) :

F@)={yeP|(ry) =(2)} (5.4.1)

and conversely if » € R™ is such that (5.4.1) holds then r € ri(Np(z)). We use this
property extensively also in chapter 32, where we provide references and show the
connection with other properties of normal cones.

Applying this property to our problem we get that if we can find r € ri(Ng(Z)) then

F@)y={yeQ| (r,z)=(ry)} =conv({a € A| (a,7) = (a,2)}) (5.4.2)

so that we can identify the subset of A given by its intersection with F(z) and
consequently solve linear optimization problems checking the value of the objective
on the points in this subset.

We have thus reduced the problem of identifying .4 N F(Z) to the problem of finding
r € ri(Nq(z)). By Proposition 5.1.9

No(@)={yeR" | (yz—2)<0Vz e} ={yeR" [ (y,a) < (y,7) Va e A}
(5.4.3)
where we used §2 = conv(A) in the second equality. We can finally write inequalities
describing Ng(Z) in matrix form

No(z) ={z e R" | Az < e(z,%)} (5.4.4)

The problem of finding a point in the relative interior of Nq(Z) is then a particular
case of the problem of finding a point in the relative interior of a polyhedron (more
precisely a cone) given in standard inequality form. This problem has already been
studied for its relevance in the initialization of interior point methods and in com-
pressed sensing (see for instance [37], [15] where an algorithm with linear convergence
and asymptotic quadratic convergence is given).

5.5 Strictly convex sets

We now prove a lemma guaranteeing a sort of continuity modulus for bounding
the distance of an approximated solution from the minimizer of a linear function.

Proposition 5.5.1. Let 2 be a strictly convex set. Then there exists an increasing
Junction mg : [0, 4+00) = Rsg U {oo} continuous in 0 such that mqa(0) =0 and

(r,z) — mingeq(r, y))

i (5.5.1)

dist(x, argmin, (7, y)) < ma(

for every x € Q, r € R™\ {0}.

Proof. Since both sides of equations (5.5.1) are invariant if r is multiplied by a positive
scalar, we can assume r € 9B(0,1). We define ¢(r) as the continuous function from
0B(0,1) to 0N associating to r the minimizer of (r,-) on Q. Then for § > 0 we define

C(r,0)={ye Q| (y—c(r),r) =46} (5.5.2)
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and
m(r,d) = sup{[ly — c(r)[| | y € C(r,d)} (5.5.3)

Thus in particular m(r,0) = 0 and the sup is actually a max whenever the set C(r, ¢)
is non empty. We finally define

mq(d) = sup m(r,d) (5.5.4)
redB(0,1)
0<8'<s

for every 0 > 0. Since m(r,0) = 0 for every r € 0B(0,1) we have mq(0) = 0 and
mg is also increasing because the sup is taken on increasing sets. It remains to prove
that mgq is continuous in 0. Assume by contradiction that this is not the case, or
equivalently that there exists a sequence {r;};eny in 0B(0,1) and a sequence {d; }ien
converging to 0 such that

m(r;, 8;) > € (5.5.5)

for some fixed € > 0. By compactness we can assume r; — 7. Let s; € C(r;, ;) such
that
ls; — c(ry)|| > € (5.5.6)

Modulo considering a subsequence we can again assume s; — s € ). Then on the
one hand passing to the limit (5.5.6) we get by the continuity of ¢(r)

IIs —c(r)]| > ¢ (5.5.7)
and on the other hand passing to the limit in s; € C'(r;, ;) we get
(c(r)—35,7)=0 (5.5.8)

which is incompatible with (5.5.7) since €2 is strictly convex and ¢(7) is a point on
the boundary. O

5.6 Generalizing on Banach spaces

In this section we discuss a few technical details about how the elements intro-
duced in the preliminaries generalize to Banach spaces. We then use these results to
analyze the FDFW method on a more general setting than R".

The main references for this section are [2] for convex analysis, and [10] for some
elementary properties of Banach spaces.

X will be a Banach space with norm || - || and dual X*. For every ¢ € X* x € X we
will write (¢, x) instead of ¢(z).

The notion of (strongly) convex function generalizes in a straightforward way to Ba-
nach spaces. As for differentiability, we remark that for a function f : X — R we
will use the Frechét definition of differential Df : X — X*. So we say that f is
differentiable in a point x if there exists D f(z) € X* such that

f(x+h) = f(z)+ Df(x)(h) + o([[A]])

We say that f is differentiable in 2 if it is differentiable for every point in a neigh-
borhood of €2. The Lipschitz condition than becomes || D f(z) — Df(y)| < L|lx — t||
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where we are using || - || also for the dual norm on X*. In particular we have that
if a function has Lipschitz differential than a fortiori its restriction to any line has
Lipschitz derivative. To see this, consider z € X, d € X with ||d|| = 1. Then:

0 9
@+t oy = o f @+ td) o =

=(Df(x +td),d) = (Df(z),d) < |[Df(z + td) = Df(x)||[|d]| < Lt

(5.6.1)

Another important element of our analysis is the polar of a set, which generalizes the
concept of dual cone. Given A C X, the polar of A is the set A? C X* satisfying:

A% = {z* € X* | sup(z*,z) < 1} (5.6.2)
€A

Before stating its properties we need to recall an important theorem about reflexive
Banach spaces:

Proposition 5.6.1. If a Banach space X is reflexive than every closed, convex and
bounded subset of X is weakly compact.

The properties of the polar set and its connection with conjugate functions are
discussed in [2], but here we are interested only in the case where A is closed and
convex, with 0 € int(A). We recall that a closed convex subset of a Banach space is
called smooth if for every point on the boundary the normal cone is a ray. Here we
are using normal cones defined extending the definition of normal cones in R™ in an
obvious way.

Proposition 5.6.2. Let A be a closed convex subset of a reflexive Banach space such
that 0 € A. Then

1. (A=A
2. 0 € int(A) & A? is bounded, and conversely.
3. Ais (smooth) strictly convez if and only if A? is (strictly convex) smooth.

Proof. 1. Obvious corollary of the bipolar theorem. See for instance [2], Theorem
2.206.

2. This is straightforward and well known for R" (see for instance exercise B.15, [4]),
and in this setting can be proved in the same way.

3. See [2], Theorem 1.101. Even if this theorem is for balls with respect to a certain
norm, the proof works step by step also in our setting. O]

Finally, if Q is strictly convex, smooth, and 0 € int(€2) then we can define a
generalization of the duality function (which is usually defined for balls) J : 092 —
004 imposing (J(x),z) = 1, and its inverse J* : 9Q — Q¢ analogously.

Proposition 5.6.3. Assume that Q is strictly convexr, smooth, bounded and that
0 € int(Q). Then J(z) and J*(z) are well defined bijections with J* = J~1.
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Proof. 1t suffices to show that J and J* are well defined since then (J(z),z) =1 =
r = J*(J(x)) and analogously y = J(J*(y)) which suffices to prove the bijection
property. We need to show that for every x € 0 there exists a unique z* € 99¢ such
that (x,2*) = 1. By the separation theorem there exists z* such that (z*, x) = 1,
(z*,y) < 1 for every y € Q. Then by definition of Q¢ we have x* € 9Q and by the
smoothness hypotheses necessarily Nq(x) = cone(z*) so that x* is unique. As for J*,
notice that it is the same functional defined for Q¢, which by Proposition 5.6.2 has
the same properties of €. O

This function J turns out to be strictly monotone:

Proposition 5.6.4. Under the same hypotheses of 5.6.3
(J(z) = J(y),x —y) >0 (5.6.3)

for every x #£ y

Proof. (J(z),z) = 1 by the definition of J and (J(x),y) < 1 for every y # z, y €
by strict convexity. The same holds of course if the roles of z and y are switched, so
that we can conclude

(J(@) = J()z —y) =2 (J(2),y) = (J(y),z) > 0 (5.6.4)
[l

We now formally state the definition of normal cone for closed convex sets in
Banach spaces, which is sometimes stated in terms of subdifferential of the indicator
function. As anticipated, it will be a straightforward extension of the definition used
for sets in R™.

Definition 5.6.5. Let {2 be a closed and convex subset of a Banach space X with
dual X*. The normal cone Nq(Z) to €2 in the point Z € € is the subset of X* made
by the vectors which supports 2 in z:

No(@z)={ve X" | (v,x—2) <0VreQ} (5.6.5)

As for the tangent cones, one can still show generalizing in a straightforward
way Proposition 5.1.9 how Clarke’s definition applies to convex and closed subsets of
Banach spaces (see [2], lemma 3.22 and definition 3.23).

We will instead need a slightly different argument which does not use compactness
to prove that Nq(Z) = To(z)? still holds for Banach spaces.

Proposition 5.6.6. Let 2 be a closed convex subset of a Banach space X. Then
Nq(Z) = To(Z)?¢ for every point T € Q.

Proof. First notice that by the continuity of the dual defining condition
Cl={weX" | (v,r—2)<0VzeC} (5.6.6)

we have C% = C? for any C cone in X.
Let
A={Nz—2) | z€Q,\X>0} (5.6.7)
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so that A is a convex cone in X. Then

Ta(@) =cl({MNz —2) | 2 € QA > 0}) = cl(A) (5.6.8)
and
No(@)={ve X" | (v,z—2) <0V eQ}= (5.6.9)
={veX" | (v,Az—2))<0VzecQ, A>0}=A4 o
Therefore we can conclude Nq(7) = To(Z)¢ using (5.6.6). O

We can proceed to generalize part of 5.1.10, which is essential to simplify the
definition of normalized width.

Proposition 5.6.7. Let Q) be a closed convex set. For every r € X*

max{0, sup (r h-o )} = dist(r, No(Z)) (5.6.10)

neo/tzy I1h— 2|

The proof is exactly the same that we presented for R”.

5.7 NW(Q) from the dual point of view

The classic FW algorithm for convex optimization on Banach spaces has already
been analyzed in [43], where several convergence properties were proved assuming
also uniform continuity of the differential.

In the same spirit, here we try to prove convergence properties in a more general
setting than R™ for our FDFW. In the rest of this section X will be a Banach space
and  will be a convex and bounded subset of X. A few less obvious assumptions
will be also needed.

Assumption 1: X is reflexive.

Since every closed and convex bounded subset of a Banach space is weakly compact,
this assumption guarantees that every linear functional has a maximum and a mini-
mum over 2. In terms of our algorithms the existence of the FW direction and the in
face direction depends on the existence of extreme points for linear continuous func-
tions. In principle we could just assume €2 to be weakly compact. However, together
with assumption 2 this would still implies that X is reflexive.

Assumption 2: ) has non empty interior.

This is necessary to guarantee that the width of €1 is greater than 0. It is also not
restrictive with respect to assuming that €2 has non empty relative interior. Indeed
in this case we can repeat the same analysis translating 2 so that it contains the
origin and restricting everything to the vector space aff({2). Notice that under these
conditions aff(Q2) is a closed subspace of F, hence a reflexive Banach space itself.
Assumption 3a: The dimension of the faces of €2 is bounded by a finite constant
M.

This is necessary because we need to bound the number of maximal in face steps done
by the FDFW as at most a fraction of the total. Indeed at least with the current
proof we don’t control how much the objective function decreases after one of these
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steps.

To avoid a few technical details concerning the definition of faces in Banach spaces
we will in practice use the stronger strict convexity assumption.

Assumption 3b: () is strictly convex.

Under assumptions 1, 2, 3a, we can still define the normalized width for subsets of X
generalizing in a straightforward way the normalized width for subsets of R". Indeed
given r € X*, & € ), we can still define F(z) as the minimal face of Q containing
x, because by assumption all proper faces containing x have finite dimension, hence
if x € 0N their intersection is the proper face with minimal dimension containing z.
The sets argmin,cq(r, ¥), argmax, ¢z (r, ¥) are non empty by assumption 1, so that
we can still define s¥(Z). Finally, by Proposition 5.6.7 about tangent cones

7z(r) = max{0, sup (r h=1 )} = dist(r, Ng(f))

neo/zr ||h — ||

so that we have all the elements to define dirNW(Q,z,r) and as a consequence
NW(Q).

Now under assumptions 1, 2, 3a the linear convergence Theorem 2.5.2 and its corol-
laries still holds with the same exact proofs. Indeed if f is strongly convex and has
Lipschitz differential then it has these properties along every line with the same con-
stants, so that we can write the same inequalities concerning the upper bound on the
solution gap and the lower bound on the decrease of the objective function at each
step.

We are now interested in giving conditions for NW(Q) to be greater than 0 under
assumptions 1, 2, 3b. Without loss of generality we can assume {0} € int(€2), since of
course NW(Q2) is invariant by translation. First we prove a technical lemma. ||- ||, will
be a norm equivalent to the euclidean norm with dist, and B (z) the corresponding
distance and ball of center z and radius 7.

Lemma 5.7.1. Let Q be a convexr subset of R? such that 0 € int(Q2), let and let
r, R >0 such that Bf(0) C Q C Bg(0). Let ¢,c* € 0. If C* is the ray generated by
c* then

dist. (¢, C*) >

——||lc — ||« 2.7.1
> gle <l (57.1)

Proof. Let p = (1—t)c* be a projection of p on C* so that 1—¢ > 0 and dist. (¢, C*) =
lc = pll«. If t =0 then p = ¢* and

|lc = ¢*||« = dists(c, C*)

Otherwise applying a dilatation of center ¢* and factor % which sends p to the origin
we get

le=plle =[tllle” + 5 (p =€) = (" + S e =Dl = [tllle” + (e =)l (5.72)
If 0 <t <1 sothat % > 1, since ¢*, ¢ € 02 we have
sk 1 k o\cC
c +¥(C—C)G(Q ) (5.7.3)
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and if ¢ < 0 again (5.7.3) holds because 1 < 0. Then using the hypothesis B}(0) C Q2
we obtain

* 1 *
e+ (e~ el > e (5.7.4)
Concatenating (5.7.2) with (5.7.4), we get

HC - p”* > |t‘7’ (575)
Now by the definition of p
le" = pll« = [t < J¢[R (5.7.6)
and by (5.7.5)
. R R
|l =pll« < Jt|R = WT? < HC—p”*? (5.7.7)

From these two inequalities we can finish the proof using the triangular inequality

le =« < lle=plls + llp = €[l < lle = plls + [HR < Jle = pl[(1 + R/r) =

= (1 + R/r)dist.(c,C*) (5.7.8)

O

We use this lemma to compute dirNW(Q, z, ¢). J will be the generalized duality
function introduced in section 5.6; under the hypotheses of Proposition 5.6.3, which
are included in the following lemma, .J is a bijection between 9Q and 9(Q%).

Lemma 5.7.2. Let ) be a convex and bounded smooth subset of X for which assump-
tions 1, 2 and 3b hold. Letr, R > 0, and assume 0 € int(Q2) with B,(0) C  C Bgr(0).
Let T € 99, c € 9(Q) \ cone(J(Z)), let x* = J7(c) and ¢* = J(z). Then

(x* —Z,¢)

< dirNW(Q, 2, ¢) < k(x* —2,0) .
le = c* |||z — 2]

le = el ==
with k =1+ R/r.
The assumption 0 € int(2) is not restrictive up to translation.

Proof. Since ¢ € 9Q¢ with Q smooth and strictly convex ¢ = J(x*) & ¢ € No(z*).
Since X is weakly compact, strictly convex and with non empty interior every linear
functional has exactly one solution, so that

¢ € No(z*) = 2" € argmax(c,-) = {z*} = argmax{(c,-)} (5.7.9)

Now using the definitions given at the beginning of section 2.4, since by strict con-
vexity F(Z) = z so that M.(Z) =z, m, = {z*} by (5.7.9) and

(c,s —r) (c,x* — )

or(z) = inf{ ~ — | s €me,q € Mo(Z)} = = (5.7.10)
ls = z[| + [Ir — ] 17— ]
Therefore
_ _ () (c,z* — )
dirNW(Q2 = £ = 711
XNW(S, 2, ¢) dist,(c, cone(c*))  ||& — a*||dist.(c, cone(c*)) (5:7.11)
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the thesis follows if we can prove

lc = ¢*|| < dist(c, cone(c”)) < kl|lc — " (5.7.12)
The first inequality is trivial since ¢* € cone(c*) and the second follows by applying
Lemma 5.7.1 to the plane spanned by ¢, ¢* with the restriction of || - || in this plane
as norm. [l

Theorem 5.7.3. Under the same hypotheses of Lemma 5.7.2 on Q, X let
(z —y, J(z))

MO = B o=@ - Tl (5:7.13)
Then o, M(Q)
M(Q) > NW(Q) > mm(ﬁ, T) (5.7.14)
with k =1+ %

Proof. Since dirNW (€2, z,¢) is invariant by positive rescaling of ¢, we can always
assume ¢ € 0(Q4) in the rest of the proof. For every ¢ € 9(Q?) there exists yy, ¥, such
that yys is the unique maximizer of (¢, -) and y,, is the unique minimizer of (c,-). By

hypothesis +ér € Q so that (¢, ym) < (¢, —ér) = —||c||r and (¢, yn) > (¢, ér) = ||c||r.
Therefore if x € Q° so that ||7r, @)l = |lcll
m 9 2
dirNW(Q, z, ¢) = (Ym = yar, ©) > 2rllel _ - (5.7.15)

el (N (m = 2)l + llyar — ) — 2Dlef D
We can now use this result in combination with Lemma 5.7.2 to bound NW(Q):

NW(Q) = inf dirNW(Q,z,¢) =

TEN,
c¢No(Z)
=min( inf dirNW(Q,z,—c¢), inf dirNW(Q,z,¢)) >
z€N°, x€I9, (5.7.16)
c¢ N (z) c¢ No ()
LT (/= (e) =z, c)
> min(—, inf )
D’ weoa klc—J(@)|lle =T ()]

c¢No(7)

Now we will use that J is a bijection from 9§ to 9(Q¢) to change variables in the
computation of the inf. Setting y = J~'(¢) we obtain

: (‘]71(0) —ZL‘,C) : (y_$ac)
inf = inf (5.7.17)
acon, kle=J@)lllz =Tl wveon. k[ T(y) = J()lllle =yl

Applying this last equation to (5.7.16) we get the desired lower bound on NW(€2).
The upper bound can be proved exactly in the same way, ignoring the case x € €2°. [

Corollary 5.7.4. Under the same hypotheses Theorem (5.7.3)

)~ )
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Proof. Follows immediately from the upper bound in Theorem 5.7.3 above switching
the roles of x and y, summing and using the superadditivity of the inf operator. [

Remark 5.7.5. Notice that in this upper bound for NW(2) the numerator is exactly
the measure of monotonicity of .J, which is sort of normalized dividing by the norms
of the two terms in the denominator. In R", if § is the angle between x — y and
J(x) — J(y), then the value of the upper bound is cos(f)/2.

Remark 5.7.6. We now explain how the upper bound

(=g, J(x) - J(y)
U Y) = S =y @) = T (5.7.19)

is related to the positive definiteness of D.J(z). Assume that 02 x 09 is strongly
compact. The upper bound u(z,y) is continuous and strictly positive in the set
{(z,y) € 02 |  # y}. Then it is bounded away from 0 if and only if u(zy, yx) — ¢ > 0
for every (zy,yr) — (z,%), € Q. If J is regular enough this is equivalent to say

i (= 0 DI@)E ~ 1)
Yp—T Ha_: — kaHDJ(q_:)(f - yk)”

>0 (5.7.20)

for every y; sequence in the tangent space to {2 Finally, inequality (5.7.20) holds if
DJ(Z) is positive definite and has continuous inverse.
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