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ABSTRACT

The main objective of this master thesis project is to apply Proper Orthogonal Decomposition
(POD) to the results obtained from a Large-Eddy Simulation of a rigid supersonic parachute
trailing behind a descent module as it travels through the atmosphere of Mars. The most
important goal is to obtain an accurate reconstruction of the original dynamics using the least
amount of modes that compose the flow field. This will preserve the entire time- evolving
nature and behaviour of the system while filtering and reducing the amount of data required
to represent the whole phenomenon. We observe that ten flow modes are enough to achieve
this target. The results obtained are examined in terms of instantaneous and mean fields. The
reconstruction of instantaneous fields reveals the presence of canonical flow regions around
the parachute, like normal shock and the turbulent wake. In particular, specific attention
is given to the interaction between the turbulent wake produced by the capsule and the
bow shock ahead of the parachute; fluctuations of the wake are amplified as they cross the
shock, leading to strong flow oscillations and potential system instability, due to the so
called parachute ‘breathing’ cycle. The comparison of the POD results was performed both
by evaluating the instantaneous two dimensional fields and one-dimensional profiles of the
reconstructed flow and also by addressing the root-mean-square fluctuations associated to the
results averaged in time. The ultimate intention related to the performed research activity
was to show how POD data analysis proves to be an excellent candidate to provide a low order
reconstruction of flow unsteadiness. The results obtained can be potentially implemented in
static aerodynamic databases to aid in the description of the flight instabilities related to

parachute oscillations that contribute to the deviation from the nominal reentry trajectory.
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1 \ INTRODUCTION

Since their discovery, Navier-Stokes equations cannot be analytically solved and this causes
the necessity of using iterative methods. The problem of those methods dwells essentially in

the these two issues:

e we get the almost exact solution! (for instance, with DNS [20]), but with a huge com-

putational cost;

e we obtain a less accurate solution (e.g. with RANS [15]), instead requires a reasonable

computational time.

In particular, turbulence flows involve the interaction of many degrees of freedom over broad
ranges of spatial and temporal scales [5], so the intricacy of the problem increases further.
At the present day, many computational methods that deal with turbulence flows (e.g. wall
modeled large eddy simulation, modal analysis methods, etc.) were developed by researchers,
but this is still a strongly developing sector.

The motivation of this thesis work lies in the recent failure of the ESA’s ExoMars 2016 mis-
sion. We will provide more details regarding the ESA’s ExoMars mission in the first section,
together with its specifics, evaluating also the related problem of breathing cycle connected to
the parachute device. Modal analysis techniques and Proper orthogonal decomposition will

be then presented.

1.1 ESA’S EXOMARS MISSION

ExoMars program consists of two mission:

1. the deliver of Trace Gas Orbiter (TGO)? and Schiaparelli EDL demonstrator,® launched
in 2016;

L Almost exact solution just because there is the necessity to iterate to obtain the solution (which is not
exact); this is due to the fact that, as already said, there is no analytical solution.

2TGO is an orbiter launched to investigate on subsurface water and atmospheric trace gases with the goal
to acquire information on possible on-going biological or hydrothermal processes.[28]

3EDL is an European Entry, Descent, and Landing demonstrator equipped to perform measurements during
descent and on the martian surface.[28]
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2. the launch of two science elements to the martian surface, which are Kazachock -a
surface platform instrumented to perform environmental and geophysics measurements-
and Rosalind Franklin -a rover tasked with conducting a search for signs of life.-

To date, owed to the suspension of collaboration with Russian space agency, this second

part of the mission might be delivered to 2028.

1.1.1 EXOMARS 2016

The ExoMars 2016 mission was launched on March 2016 and after six months of interplanetary
cruise, TGO delivered Schiaparelli toward Mars. On October 2016, Schiaparelli flew in the
Mars atmosphere and after a successful entry, it failed the last part of the descent, crashing
on Mars ground [1]. A hypersonic entry should have been followed by a passive parachute
descent and an active proximity phase: thanks to the activation of retrorockets, horizontal
accuracy of the landing would have been improved. Schiaparelli would have finally landed on

a crushable structure, designed to soften the impact [13].

Schiaparelli enters atmosphere
Time: 0 sec
Altitude: 121 km
Speed: 21 000 km/h
4 Heatshield ion during
v"" Time of maximum heating: 1 m 12 sec
Altitude: 45 km
Speed: 19 000 km/h

Parachute jettisoned with rear cover
Time: 5 m 22 sec

Altitude: 1.2 km

Speed: 240 km/h

Speed: 250 km/h

T

Time: 5 mi

Altitude:

SR K] Time: 5 min.53 sec
Altitude: 0-m
Speed: 10 km/h

Figure 1.1: Representation of the EDL sequence of ESA’s ExoMars 2016 mission [1].

However, the capsule began to oscillate with an angular rates that exceeded the saturation
limit of the Inertial Measurement Unit (IMU), immediately after the parachute inflation; so,
the sensor saturated, providing to the control software the wrong attitude of the module.
This caused an incorrect altitude calculation and a premature activation of the final descent
phase. Hence, Schiaparelli impacted the surface at a speed over the 300 km/h. Schiaparelli
Anomaly Inquire report [27] attributes the main cause of the failure to the coupling of the

large parachute motion (due to the unsteady wake dynamics) and the force oscillation on the
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riser (owed to the parachute area variation) because they were not sufficiently studied during

the design phases.

1.1.2 ROSALIND FRANKLIN (FORMER EXOMARS 2022)

ESA’s ExoMars 2022 mission foresaw the departure at the end of September 2022, with an
arrival on June 2023. The spacecraft composite was to consist of a carrier module (CM) and
a descent module (DM) [28]:

e CM must execute all maneuvers during the interplanetary transfer and release the DM

for landing on Mars;

e DM had to decelerate due to the atmospheric frictional drag and then, a guidance
navigation and control algorithm had to trigger the opening of the first supersonic
parachute. A second subsonic canopy had to be deployed around 540 km/h and at
2 km of altitude the DM had to start to monitor the distance to the ground and the
vertical /horizontal velocity vector, in order to perform the soil relative navigation. At
1 km above the surface, the lander had to detach from back shell and parachute, going
into a free-fall. In the end, the lander had to decelerate by using the main engines,

obtaining a dampen touch down.

9\\6 B 3
Entry . - K
t=0s Max heat et

U:;%k'g g2k uxes 1-st Stage Parachute
P t=100...110 s deployment
2-nd Stage

0=-12.2..-11.6°
Sk  1946..225 s Bt oy R
oty akPa  Hea423..11367 m arachute R

V=428..513 m/s deployment N
M=1.76...2.1 =217.5..246.1s
0=-26.7..-22.5° H=2217..7304 m rerdld) A‘_
V=128..204 m/s  Front shield anding Module
M=0.57...0.82 separation. F— separation.
0=489.-37.3° Landinglegs Radar & Start of power descent
deployment ;. tivation t=2739..4292 s
=218.5..247.15 _nops 25715 A H=497...500 m
H=2131...8600 m H=,664___80,4,,,E’F V=27..35 m/s
V=102..165m/s g0 75 mss | 0=-90..-89.3°
0=-70.4...-55° 3

Propuision cut-off
Landing

' £321.7..4848s
> H=0m
5 s o Ve<2 m/s
Landing Platform Ve<tim/s
deployment

Figure 1.2: Representation of the EDL sequence of ESA’s ExoMars 2022 mission.

Because of the current developments in the geopolitical situation?, the launch scheduled
for 2022 has been aborted and the new take-off is planned for 2028, with the new mission

name of Rosalind Franklin.

4ExoMars mission had to be an international project between ESA and Roscosmos, the Russian space
agency.
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1.2 SUPERSONIC PARACHUTE

Supersonic decelerators are widely used for planetary mission during entry and descent phases,
into the low-density atmospheres (e.g. Martian atmosphere). They are considered as the most
critical element in designing the EDL phase as they provide proper control of altitude and
descent velocity during the descent through the planet atmosphere. Canopies are designed
to be very light and have an high packaging efficiency; this allow parachutes to be very
efficient in their mass/volume ratio, proving to be invaluable when employed as aerodynamic
decelerators [10] [31]. The performances of supersonic parachute in terms of velocity and

altitude (that means in term of density) may be shown in figure 1.3:

40 0.0039

e SR TR e R SN
35 - " Planetaryentry ,° + 0.0082
(Mars landing) .

w
=]

T 0.0181

%\25 ] T 0.0395 -‘,'E‘
S o
e %
=20 T 0.0888
2 . z
E-] Aircraft escape z
< 15 4 missile recovery Ballistic nose cones + 0.1937 5

-
=3

T 0.4127
|

n

T+ 0.7361

- Ordnance devices

P S i i i ' ' ' ' 1225

1 1.5 2 25 3 35 4 45 5
Mach number

Figure 1.3: Supersonic parachute performances [31].

The parachute used in this thesis is quite similar to a Disk-Gap-Band (DGB) canopy, but
without the "band” (for further details, see section 2.5). In the earliest studies of parachutes,
researchers tried to put a conventional canopy in a supersonic flow: when a parachute is placed
in a supersonic flow, the capsule wake interacts with the parachute shock-wave (coupled with
the structural dynamics of the flexible canopy), causing not negligible pressure fluctuations in
the parachute. Those pressure oscillations origin some large canopy deformations, including
the breathing cycle oscillation (see next section 1.2.1), above Mach 1.5: the consequence is
the relative low and unstable drag coefficient, which might causes a critical damage of the
parachute [24]. This is why DGB canopy (shown in figure 1.4 with capsule and wires) is
the only one which may be used in the supersonic conditions. Stability and drag coefficient
are the principal criteria used to define the performance of a parachute: drag increases when
Mach number grows from 1.2 to 1.8 or from 1.8 to 2.0, but it decreases for higher Mach
number. In particular, the coupling between capsule wake and canopy shock, origins drag
losses and with the increasing of Mach number, breathing phenomena, fabric dynamics and
dynamic loads increase [31].

The stability of a supersonic parachute is an important goal to achieve in order to get the

best behavior of the canopy and, as consequence, the stability of the capsule; this stability,
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which may be static or dynamic, considers many parameters, such as canopy configuration,
parachute distance by the capsule and the interactions between capsule wake and canopy
shock. Stability can be improved by increasing the geometric porosity (e.g. changing the
vent diameter), increasing the fabric permeability, the parachute radius and the band height
(etc.) [7]. However, a compromise is necessary because as the porosity increases, we observe
a decrease in the drag coefficient: indeed, drag coefficient is affected by the total porosity

and a parachute with a lower total porosity has a higher drag coefficient [8].

RN R R

R

=
=
@
aAi
=
[0}
©

Figure 1.4: DGB parachute configuration, represented with capsule and wires [17].

1.2.1 BREATHING CYCLE

We define as breathing cycle the periodic inflation and deflation motion of the parachute
canopy when subjected to a supersonic unsteady turbulent flow. This phenomenon is owed
to the cyclical variation of suction pressure, resulting from the passage of vortex structures,

around the exterior surface of the canopy [16], as shown in figure 1.5.

16 1.6+
141 1.4
121 L 124
N
\
1.0 L 1.0
0.8 \ L 0.8
A
0.6 1 | L 0.6
0.4 L 044
R’
0.2 L 024
04 0 J
08 06 04 02 0 02 04 06 08 08 06 04 02 0 02 04 06 08

(a) Time-averaged streamlines

(b) Vorticity contours at Re ~ 3.0 - 10*

Figure 1.5: Vortexes on the parachute which cause the breathing cycle. X-axis represent the
dimensionless radial velocity r/D,, (where D), is the canopy diameter), while Y-axis represents
the non-dimensional coordinate z/D,, [16].

The parachute shock is perturbed by the unstationary phenomena of the capsule wake

and the fluctuations of pressure (and also of the momentum) become stronger as they pass
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through the shock-wave. These changes cause large deformations in the inflated shape of
the parachute and bow shock (that is the canopy shock) oscillations, which further bolster
the unsteadiness of the pressure in the canopy. A noticeable detail is that is not required
a flexible parachute to generate the irregular dynamics of the canopy shock [3] [17]. In the
following figure is shown a typical trend of the breathing cycle:

back front, side top

(a)

1

)
1,
S
é
)

i7 5
E
,

?
;

(@) . )

Figure 1.6: DGB parachute: phases of breathing cycle [17].

In figure 1.6, () corresponds to maximum inflation point, (3) is the average inflation,
() represents the minimum inflation, while () is again the average inflation, but before that

parachute reverts to the maximum inflation.

1.3 MODAL DECOMPOSITION

In recent years there has been an increased interest in model reduction which uses modal de-
composition techniques to analyze the underlying dynamics connected to extended flow field
data. The success/advantage connected to these methods resides in the ability to decompose

the complex unsteady flow-field into several flow independent elements. These, taken sepa-
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rately, can aid in the analysis of the dynamics and highlight different flow properties. Proper
Orthogonal Decomposition (POD) is the most widely used method: it categorizes modes by
their relative energy content, separating them from their temporal dependency [19].

As highlighted in [26], there are strengths and weaknesses of POD.

Strengths:

e It provides an orthogonal set of basis vectors with the minimal dimension. This property

is useful in constructing a reduced-order model of the flowfield.

e POD modes are simple to compute; notably, the snapshots POD method is mainly

attractive for high-dimensional spatial datasets.

e Data incoherent noise generally appears at high-order of energy modes, provided that
the noise level is lower than the signal level. POD analysis may be used to remove that

disturb from the dataset by removing high-order modes, as is generally done.
e POD analysis is extensively used in a wide spectrum of studies.
Weaknesses:
e Since POD is based on second-order correlation, higher-order correlations are left out.

e Temporal coeflicients of spatial POD modes generally contain a mix of frequencies: a

single mode cannot identify a specific energy content.

e POD modes are not dynamically arranged, but are sorted from the most energetic mode

to the least one.
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2 | METHODOLOGY

In this chapter we explain theory and methods behind Proper Orthogonal Decomposition and
Large Eddy Simulation (hints), starting by balance equations. Then we show the numerical

method used, exhibit the simulation setup and explain the POD method.

2.1 BALANCE EQUATIONS

The mathematical model [2] [25] describing the problem is based on the Navier-Stokes equa-
tions, which express the balance for a Newtonian, isotropic fluid. These equations are derived

from three fundamental principles of physics:

1. mass conservation;
2. momentum conservation;

3. energy conservation.

In particular, Navier-Stokes equations consist of the momentum equations only, but as it
often happens for convenience, we call Navier-Stokes equations the entire system made by
mass, momentum and energy conservation equations.

For a compressible, viscous and heat-conducting gas (neglecting heat exchanged by radiation),

we can write Navier-Stokes equations using index notation as:

Op | O(pu;) _
ot o = 2.1)
d(pu;) | I(pujuj) ~Op Doy

8t 81:]- + 856]' 69:]- =0 (22)
d(pe) | O(pev; +puj) g  Oloijui) _

o T on,  ow 0w O (2:3)

where p is the gas density, ¢ is the time, z; is the j-th direction (with j = 1,2,3), u; is the
velocity component in the j-th direction, p is the thermodynamic pressure, o;; is the viscous
stress tensor, e is the total energy per mass unit and g¢; is the total heat flux.

We can express 0;; and g; as:

L auz 8Uj 2 8uk B

9
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6= Nor (25
where 11 is the gas dynamic viscosity, d;; is the Kronecker delta, A is the heat transfer coeffi-
cient, and T is the gas temperature.

This model consists of 5 equations with 7 unknowns, which are p, u;, p, e and T: we need to
add some equations in order to complete the system and we can do that using the following
equations. In particular, we assume the gas as an ideal gas, so we use a state equation and

a constitutive equation for total energy:

p = pRT (2.6)
Ui Ug
2
where R is the specific gas constant (which is defined as R = #/.# , with Z = 8.314 Jmol ' K~!

universal gas constant, and .# [kg mol~!] molar mass of the gas) and ¢, is the heat coefficient

e=c,T + (27)

at constant volume.
Navier-Stokes equations is now self sustained. We can re-write these equations in a non-

dimensional form, so that known dimensionless groups can be introduced.

2.1.1 NON-DIMENSIONAL NAVIER-STOKES EQUATIONS

The adimensional form of Navier-Stokes equations is useful to minimize the number of inde-
pendent parameters which control the system, as well as normalize the relevant quantities to
be order one, thus reducing the computational cost. Non-dimensional quantities (indicated
with the superscript ’ ) are obtained through a change of variables: each dimensional variable
is expressed as the product between the corresponding dimensionless variable and a reference
quantity (which is indicated with the subscript 0). So we have the following adimensional

values:

; t
. gt gt
lo ug Po to
(2.8)
;€ ’ T ;M I A
e = — , T = — uw=— , AN = —
€0 To Ho Ao
Reference values are arbitrary and we have defined them as:
_ Mo
Ro = poTo
up = v RoTp
.
PO = Poo lo = 7%
0= 0 = potolo
b P K P (29)
To =T Ao = poRo
[lo = Do Cpo = %
Cyo = %
’lL2
eo = colo + 3
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where ¢, is the heat coefficient at constant pressure, c, is the heat coefficient at constant
volume, [y is the reference length (set equal to the parachute diameter Dy = 2Ry) and =y is

the specific heat ratio. With this choice we obtain unitary free-stream quantities:
Pho =Poo =T = R, =1

We can now introduce 4 fundamental non-dimensional groups using the Buckingham’s theo-

rem (also said IT thoerem), starting from reference values of 2.9:

Enthal
Specific heat ratio nthalpy PR _ &0
Internal energy Cu0
Velocity Uoo
Mach number PRI My, = —=
Speed of sound oo
Inertial f l
Reynolds number n'er tal forees PN Re = Pototioo
Viscous forces Lo
Viscous diffusion oo
Prandtl b Pr = c, o2
A Thermal diffusion W

where the free-stream speed of sound a, can be expressed as:

oo = \/’yRoTO (2.10)

From these groups we can now compute the non-dimensional free-stream quantities of the
velocity (ul,), gas dynamic viscosity (ul,) and heat transfer coefficient (\.,). As we did in

2.8, we normalize those values and obtain:

, Uoo Moaso

= = = M 2.11

—— /‘;OO — Polouoo . 1 _ ﬁMoo _ % (2 12)
Hoo 140 Re poloug Re Re '

N — )‘ﬁ _ p0 1 v i . VMo -7 @ (2.13)

OO_)\O_Mmpr.polouoRgzv—l'Pr Re ~—1 Pr

In order to be clearer, we now use non-dimensional quantity only, omitting the superscript

used so far. It is now possible re-write the Navier-Stokes equations in the dimensionless form:

9p . 9(puj)
P 2N 2.14
o " ox, 0 244
Olpus) | Olpuij) | Op VMoo Ooij _ (2.15)
ot Ox;j Ox;j Re Ox;
; ; Mo ij Wi j
pe) | Opeus +puy) ViMoo [Ooyws) v L 9] _ o (944
ot Ox;j Re Ox; v—1 Pr Oxj

Prandtl number and heat specific ratio are considered constant, using the hypothesis of
calorically perfect gas - it is possible to use this one until the temperature is lower than
1000 K; in this case, the maximum temperature of the gas is about 400 K.

Simulation and reconstruction parameters were set to replicate the Martian atmosphere,
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considering CO, as a perfect gas, hence we utilize the following parameters:
y=130 , Pr=072 , Myx=2 , Re=10°

We have chosen this value of free-stream Mach number because it corresponds to the parachute
deployment Mach number (that is a critical stage of the re-entry maneuver). From these val-

ues, non-dimensional free-stream velocity and viscosity can be easily calculated in this way:

Uoo = /T Moo = 2.28 (2.17)
uoo 76

— —= 2929810 2.18

foo = (2.18)

Dynamic viscosity and heat transfer coefficient both depend on the gas temperature, so that

they are expressed as (all quantities are normalized by their reference values):

p=p(T) = oo T (2.19)

A=XNT)= L. £ ~137.10-5 707 (2.20)

.
vy—1 Pr
We assume that viscosity follows the Power-law of a generalized flow: we decide not to use

the Sutherland’s law because its constant is not calibrated for the Martian atmosphere.

2.2 TURBULENT REGIME SCALES

In this section we briefly explain the energy cascade theory and the Richardson and Kol-
mogorov model (also said K41 model), then we understand the phenomenon which charac-

terizes the eddy viscosity.

The energy cascade concept consists of transferring the energy content of large vortex
structures to smaller ones, until the phenomenon reaches sufficiently small scales, such that
the viscosity becomes relevant in order that energy can be dissipated. For Re >> 1, is known
that viscosity is negligible at larger scales, but in the smaller scales (known as wuniversal
scales), - where vortexes are ever smaller - local gradients grow increasingly and so, viscosity
get a dominant role.

It is possible to subdivide the energy cascade region in 3 macro areas:
1. big scales, also known as Iy scale;
2. mid scales, or inertial range;

3. small scales, known as Kolmogorov microscale or K41 model.
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2.2.1 [y SCALE

This scale is the biggest one, where there are the largest vortrex structure with the major
quantity of energy. The requirements to be defined as [y scale are these:
2

lo~Lo , up~u,,= gk (2.21)

where [y is the characteristic dimension of the biggest vortex, Ly is the characteristic dimen-
sion of the case, uy, is the characteristic velocity of the biggest vortex, u..,,, is the root mean
square value of the fluctuating velocity - it is experimentally found that u..,,, ~ (0.1 0.3)Uy

-, Up is the undisturbed flow velocity and £ is the turbulent kinetic energy.
It is possible to define the Reynolds number for the big scales as Rey,:

rms

’U,lolo N u’ lo N U()Lo

14 14

Re;, =

0

= Re (2.22)

where v is the cinematic viscosity (v = p/u).

Another fundamental concept to consider is how much energy can be transfer from the big
scale, to the smaller one. Considering Iy = Lo and calling 7, as the characteristic life time
(i.e. the time during which energy exchange occurs), the turbulent kinetic energy introduced

per time unit is proportional to:
3 <
ko U, Us

~ 2.23
Tl lo Lo (223)

2.2.2 KOLMOGOROV MICROSCALE

Kolmogorov microscale consist of the dissipative range, where the dimension [ of this region

is proportional to the smallest vortex dimensions 7; in particular:
l~n<ly

At this scale, the behavior of the vortex structures becomes universal, - which means vortexes
are not affected by the main flow (so neither from geometry) - thus flow turn to isotropic and
homogeneous.

In the K41 model, the following two hypotheses apply:

Hypothesis 0: if Re > 1 and | < [y, then flow is locally isotropic and homogeneous, statistics
of these scales are universal and they depend at best on v and ¢ (that is the dissipation

term of turbulent energy equation);

I similarity hypothesis: smallest scales depend on v and € only.
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With this knowledge, we can define characteristic dimension, velocity and time of Kolmogorov

scale respectively as:

31
= (= w) = (vn)
n - ) n n s T

Considering these relations, we can also define the Reynolds number and the dissipation as:

(2.24)
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So, it is clear that kinematic viscosity v plays a key role at these scales, thus dissipation due

to Kolmogorov scales ¢, is approximately equal to the turbulent flow dissipation e.

2.2.3 INERTIAL RANGE

The inertial range (also known as Taylor microscale) is the scale between [y and Kolmogorov

scales, where the characteristic length [ is:
NIl

Also for this mid scale, we need to add a hypothesis:

IT similarity hypothesis: if Re > 1 and n < | < [y, statistics are universal, but independent
by the kinematic viscosity v; hence, there is only turbulent flow dissipation ¢ dependence

(and implicitly by ).

This dissipation is not a real term of “consumption” of energy because, as said before, at
these scales there is the energy transfer to the smallest vortex structures.

Therefore, characteristic velocity of these structures is:
1
w = (el)s (2.26)

To confirm the second similarity hypothesis we have to verify that the Reynolds number of

inertial range Re; > 1; thus:

4
I [1\3
Re; = % = <n> — Re > 1 (2.27)

Again, the transferred energy from big scales to smallest ones ¢; is:

k‘l ulQ l
~ 2~ — . — 2.2
g . ull e;=¢ (2.28)

where k; is the turbulent kinetic energy and 7; is the time of the scale.
After this brief explanation of the energy cascade theory, we show it in the following

picture:
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Dissipation Inertial subrange Energy-containing
range range

Figure 2.1: Energy cascade [21].

Production &2 is the term that dissipates the energy from mean field K to feed turbulent
filed k, which in turn is dissipated through the dissipation term . The understanding of the
energy cascade mechanism will be fundamental for introducing the different computational

techniques.

2.3 NUMERICAL METHOD

We present the three main computational strategies for solving Navier-Stokes equations. In
the next paragraphs we understand the difference between these three methods and why LES

can be considered the current state of art in computational fluid dynamics.

2.3.1 DIRECT NUMERICAL SIMULATION

DNS solves Navier-Stokes equations in order to get an instantaneous field as result. This
technique is extremely accurate, but costly too because the simulation requires the solution
of the whole energy cascade process. In fact, grid-step A is of the same order of magnitude
of the Kolmogorov’s vortexes:

A~n

Another feature of DNS is that the characteristic length is similar to the domain dimension,

in fact:

The problem of this simulation is the computational time, because the total number of points
Npps required for obtaining a converging solution is very high:
T To

— NAtzﬂzT—ocRe
n

9 1
1 2

NDNS ~ Re

where:
e Np; are the time instants to be simulated;

e T is the simulation time;
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e Tj is the big scales time;
e At is the time-step;

e 7, is the Kolmogorov microscales time.

It is clear that, to date, DNS can only be used for the simplest cases.

2.3.2 REYNOLDS AVERAGED NAVIER-STOKES

Reynolds Averaged Navier-Stokes is a flow simulation technique that consists of solving the
time-averaged Navier-Stokes equations; these equations need a turbulence closing model be-
cause of the presence of the Reynolds Stress tensor. RANS represents the standard of industry
simulation given the low computational cost connected, but it provides mean fields only and
turbulence modeling requires particular attention.

Before analyzing RANS, we have to introduce the Reynolds average operation (also said

time-averaging). Taking velocity as reference (just for simplicity’s sake), this average consists

of:
N

u(z,t) =Ul(z,t) = %Zu(k) (x,t) (2.29)
k=1

where N is the experiment number (N > 1), u®)(z,t) is the measured velocity of each
experiment and U (z,t) is the Reynolds-averaged velocity.
It is possible to decompose instantaneous velocity u(z,t) in two terms: the Reynolds-averaged

velocity U(z,t) and u/(z,t), that is the velocity fluctuations term; hence:
u(x,t) = U(x,t) +u'(x,t) (2.30)

For all this section, capital letters refer to the time-averaged quantities, while terms with
superscript [ 7 ] refer to fluctuating quantities. For compressible, the density weighted Favre

averaging (indicated by [7])

~ pPu;
U; =

(2.31)

p
is a more useful concept than the traditional Reynolds averaging (note that pu; is the
Reynolds-averaging of (pu;) and p is the Reynolds-averaged density). Nevertheless, RANS
equations are written using the traditional Reynolds-averaging concept instead of the Favre
averaging, although the mean-flow solution method used is suitable for compressible flows.

So, dimensionless RANS for incompressible flow may be written as [15]:

oU;
al‘i
ou; _oU; 10P 9 ([ ou;\  O(ufuf)
AUt —me — (v +—
ot Oxj pOx; Ox; \ Ox; Ox;j

—0 (2.32)

=0 (2.33)

The only difference between RANS and Navier-Stokes equations is the last term, which is

the divergence of u;ug this is known as Reynolds stress tensor and it tends to even out the
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flow (opposing the gradient 0U;/0x;). That term is a second order symmetric tensor, but it
depends on a three-fold correlation - that problem persists even if the initial equation order

raise up and it called closure problem:

D (uju))
Dt

where % is the material derivative! and . is a generic function.

This issue for the Reynolds stress tensor can be solved using an energy transport equation,

so it is:
!,/
D(“i“j) _p D
— =Pij —€ij + i + Dy; (2.34)
D¢
where:
o Py =—u, u;C ggk — uhul, ggk' — Pij = Production
ou/, 8“ . .
® g = 2dek 89% — ;5 = Dissipation
ou,  Ou; g
o ;= ;p’(az; + 8:53) e ®,;; = Redistribution

!l

o awaa 1 wa — ouju;
* Dij = 8:%( wpuiuy — ;((L'kp’u; + dkpuf) 4 v a:ckj> — Dy = Fluzes

Pi; is the rate at which energy is fed from the mean flow to each stress component, ¢;; is a
viscous dissipative term which cannot be computed from available variables (hence it must
be modeled), ®;; is the redistribution term, because its trace is zero and thus it neither intro-
duces nor subtract mechanical energy and, in the end, D;; is the sum of three fluxes (i.e. the
transport by velocity fluctuations, the pressure transport flux, and the viscous flux of each
stress component).

Equation 2.34 explains the behavior of the aforementioned energy cascade (section 2.2), start-
ing from the largest vortexes to the dissipation range, passing through the inertial range.
To solve RANS equations, it is necessary to use a turbulence model. There are a lot of
them, as k — ¢ model, & — w model (both based on Boussinesq hypothesis?), Menter model,
Spalart-Allmaras model and so on. Just to understand how a turbulence model is made, we
very briefly describe the k — e model [21].

The k£ — ¢ model belongs to the class of two-equation models, in which model trans-
port equations are solved for two turbulence quantities (the turbulent kinetic energy k and
the viscous dissipation ¢). From these quantities, reference values may be calculated such
a length-scale (L = k3/2/¢), a time-scale (1 = k/e), etc. In addition to the Boussinesq

hypothesis, this model consists of:

1. a model transport equation for k;

"Material derivative is defined as DDUti = aéjti U; gg

2Boussinesq hypothesis introduces a turbulence viscosity v, and it defines Reynolds stress tensor and
molecular stress tensor as similar.
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2. a model transport equation for ¢;
3. the explanation of the turbulent viscosity as vy = Cﬂksi.

C, = 0.09 is one of the five calibration constants of the model; these five constants are

arbitrary and properly tuned according to the type of flow analyzed.

2.3.3 LARGE EDDY SIMULATION

Large Eddy Simulation (or simply LES) is a flow simulation technique which allows to solve
unstationary cases: it solves large vortex structures, while filtering and smothering the smaller
ones (only the universal scales).

To obtain LES, we introduce a low-pass filter to the Navier-Stokes equations. Filtering is

done by decomposing a generic variable (e.g. X-direction velocity u) as:
u=1u+u (2.35)
where:
e 1 is the instantaneous velocity;
e 7 is the filtered velocity and represents the flow field of LES;

e 1’ is the subgrid velocity; it is composed by high frequencies of the flow, which are the

modeled quantities.

The filtering of the equations can be done in explicit (e.g. Top-Hat filter, Gauss filter, etc)
or implicit way; in this work, we use an implicit filter, taking advantage of fact that the grid

acts as a filter for structures smaller than it. So, we call A as grid-step and it is:

A= {/Ax Ay Az

It is convenient to express values in terms of density-weighted variables (Favre variables)
because, in this way, we avoid the appearance of sub-grid terms in the mass balance equation
(eq. 2.14) and ensure the filtered governing equations a structurally similar form to the

unfiltered one equations. So, a general variable x can be decomposed as:
r==z+2" (2.36)
where:
e I = % is the density-weighted resolved part;

e 1”is the modeled part of x.
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Non-dimensional Navier-Stokes equations can be re-written as:

dp  O(pu;) _
ot + ox; 0 (257)
Npis) | Opuity)  Op M 05y 0750
at + 8:1:j + aTj Re an + 8xj =0 (238)
0pe) | 0ty +ply) _ ViMoo [0(0T) _ oy 1 0a] 050 _ o
ot 0 Re 0z v—1 Pr Ox; Ox; ’

This is the system after the application of the spatial filter (7) and the definition of the
Favre filter (7), known as dimensionless filtered Navier-Stokes equations. In particular, the
main difference to non-dimensional Navier-Stokes (eq. 2.14, 2.15, 2.16) is the presence of the

sub-grid stress tensor (7"50) and the sub-grid energy term (éfG), that are:
700 = p(ww; — widiy) , €% = peu; + pu; — (pét; + pii;) (2.40)

These two quantities have to be modeled and represent the unresolved turbulent contributions
arising from the filtering process. Using the Boussinesq’s hypothesis we can assume that
turbulence fluctuations act in a dissipative way through a residual viscosity, known as eddy
viscosity (v¢). This parameter contains the sub-grid stress tensor and sub-grid energy and it
can be modeled as:

Vv = csup A (2.41)

where:
e ¢; =0.12 4+ 0.06 is the Smagorinsky’s constant;
e A is the grid-step;
e up is the characteristic velocity on A scale.

STREAmS solves the compressible Navier-Stokes equations in dimensionless form (eq. 2.14)
without adding any external model, but in order to use this approach we have to discretize
Navier-Stokes equation in both space and time. Spatial discretization is based on finite-
difference method (see 2.47), but this type of discretization causes a numerical dissipation
that can be exploited to achieve an effect similar to eddy viscosity: this is known as artificial
viscosity. In particular, the discretization of convective terms is characterized by low-pass
filters, which provide an implicit sub-grid model naturally coupled to the solvable scales of
the flow. So, using this implicit sub-grid model, we can omit conventional LES turbulence
modeling. This model is known as Implicit Large Eddy Simulation (ILES).

It is now possible to understand the choice to use ILES as reference: there is no turbulence
models, nor empirical equations which damage the solution, so we obtain reliable results

without the inaccessible times of DNS.
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2.3.4 DISCRETIZATION

In order to get numerical results, it is necessary to the Navier-Stokes equations in both space
and time domain, by approximating partial derivatives with finite differences. In particular,
temporal derivatives become differences of successive instants of time, while spatial derivatives

become differences of values of the adjacent grid nodes.

2.3.4.1 SPATIAL DISCRETIZATION

The convective terms in the Navier—Stokes equations are discretized using a hybrid energy-
preserving/shock-capturing scheme in locally conservative form [6]. The one-dimensional

convective flux (e.g. along x) f, may be written as:

fo = pugp (2.42)

where p is the density, u is the velocity and ¢ is the transported quantity. The numerical

discretization of the streamwise flux derivative at the i-th node is expressed as:

1

Ofe " )
5r |~ Ar (fz,i-i—l/? - fz,i—l/Q) (2.43)

where Az is the spacing of the mesh (grid-step), while fx7i+1 /2 is the numerical flux defined
at the intermediate nodes (Fig. 2.2).

The numerical flux may be written as

-1

L
Frivije =2 Z a (m)i,m,l (2.44)
=1 m=0

which is the conservative formulation. The a; coefficients are the standard coefficients for
central finite-difference approximations of the first derivative, while 2L is the order of ac-
curacy. (Mo)i_m’l, instead, is the two-point, three-variable discrete averaging operator,
defined as:

—_ N 1
(P1u:);, = 3 (it pia) (s + wia) (03 + Pivi) (2.45)
i+1/2
- ° ° I ° o - °
i—1 i—1 i i+1 i+2 i+

Figure 2.2: Scheme of the computational stencil in one space direction [6].

Central schemes are more efficient than schemes upwind and downwind (and even the most
accurate), but they cannot describe shockwaves and may only be used in the smooth regions
of the flow. When STREAmS detects a shock, it switches to generalized off-centered schemes

in order to capture it. The locally conservative formulation allows direct hybridization of the



2.3. NUMERICAL METHOD 21

central flux with classical shock-capturing reconstructions, based on Lax—Friedrichs flux split-
ting3[11]; the components of the positive and negative characteristic fluxes are reconstructed
at the interfaces using a Weighted Essentially Non-Oscillatory (WENO) reconstruction. To
judge on the local smoothness of the solution and switch between the two type of discretiza-

tion, STREAmS relies on a modified version of the Ducros shock sensor? [6]:

ezmax< —Vu : ,0) € (0,1) (2.46)
VY w4V x4

where ug Lo are the reference velocity and length. This sensor is designed to be 6 ~ 0
in smooth flow regions, and # = 1 in the presence of shockwaves. The viscous terms are
expanded to Laplacian form and approximated with sixth order central schemes, to avoid
odd—even decoupling phenomena. So, the numerical discretization of the spatial derivative in

X-direction of the viscous fluxes at the i-th node is:

o ( ou 1 &/,
e\ Panl )| = A > af pisrwiss + pibruis (2.47)
i/ Ji —1.

where b; coeflicients are the finite-difference coefficients for the second derivative of order 2L.

2.3.4.2 TIME INTEGRATION

From discretization of the spatial derivatives, we obtain a semi-discrete system of ordinary

differential equations of the type [6]:
ow
— =R 2.48
>~ R(w) (2.49)
where w = [p, pu, pv, pw, pE] is the vector of the conservation variables and R is the vector

of the residuals.

Time integration relies on a three stage, third order Runge-Kutta scheme, that is:
wth = wl 4 o AtREY 4+ g ARD | 1=0,1,2 (2.49)

where [ is the sub-step, w(®) = w” is the solution at n-th step, w® = w"*! is the so-
lution at (n+1)-th step and the integration coefficients are oy = (0,17/60,—-5/12), 8 =
(8/15,5/12,3/4) [6].

3Lax-Friedrichs flux splitting consists of dividing flux into two components (up-wind propagation f* and
down-wind propagation f~) -so that f(u) = f*(u) + f~ (u)- and then using the local maximum velocity of
propagation as splitting elements. So, we can write this flux splitting method as: f¥(u) = 1(f(u) £ au), with
a = max,|f'(u)|.

4See F. Ducros, V. Ferrand, F. Nicoud, C. Weber, D. Darracq, D. Gacherieu, T. Poinsot, "Large-Eddy
Simulation of the Shock/Turbulence Interaction” J. Comput. Phys. 152 (2),1999, 517-549.
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2.3.5 IMMERSED BOUNDARY METHOD

The simulation used as reference consists of the solution of the flow around two bodies:
capsule and parachute. Therefore, it is necessary to apply the boundary conditions (BCs) of
no-slip and no-penetration on the surface of those bodies; we do it by applying the Immersed
Boundary Method, also known simply as IBM.

The concept of IBM is that the solid surfaces of the immersed bodies do not coincide with
the nodes of the computational grid, hence, instead of applying directly BCs (i.e. by setting
u = 0), a fictitious force (fipmy) is applied to the flow in the proximity of the interfaces, such
that the flow is locally forced to move with the same local velocity of solid walls. If the
relative velocity between the flow and the the body is zero, no-slip and no- penetration BCs
are indirectly satisfied. The Navier-Stokes system is solved on a fixed grid -which does not

conform to the immersed solid surfaces- to represent the dynamics of the flow:

dp | 9(puj)
it = 2.
T ol (2.50)
d(pu;) ~ O(pusuj) ~ Op 0oy
_r — ofp, = 2.51
o ' om, 0w ow, Plm=0 (251)
O(pe) | O(peuj +pu;)  Ogqj  O(oijui)
94 o f s = 2.52
o T oz, ow, 0x, ~Plemui=0 (2:52)

In particular, fipm = fiom (i, t).

IBM is divided into two main groups: continuous forcing method and discrete forcing method.
The first one is represented in the 2.51 system and it is accurate and straight-forward to
implement, but it works with Dirichlet BCs only. Therefore, since compressible Navier-Stokes
equations require both Dirichlet and Neumann boundary conditions, it is necessary to use
the discrete forcing method, which which is able to work with both BCs. This method may
be direct or indirect: the second one exploits a force distribution function, which introduces
a spreading effect on the interfaces (undesirable when great accuracy is needed). The direct
boundary conditions imposing is applied through the Ghost Point Forcing Method (GPFM),

allowing a sharp representation of the body surface [11].

2.3.5.1 GHOST PoINT FORCING METHOD

The method is more suitable for the applications where the natural boundary conditions are
specified as a gradient of some fluid variables as in thermal and compressible flows problems.
It needs to discern if a computational node is a fluid, a ghost, or a solid one and to pursue
this target, some automatic solid-detection techniques must be employed (e.g. ray tracing
algorithm). Thus, the boundary can not be represented by a collection of Lagrangian points,

but the surface must be discretized by a mesh with elements like triangles in 3D cases.
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Figure 2.3: Representation of the points in the proximity of an immersed boundary (GPFM
schematic representation). F; are fluid points, G is the ghost point, and B; and P; are
locations where the boundary condition can be enforced [18].

The imposition of boundary conditions on the surface is implemented through the use of
ghost cells that are cells in the solid that have at least one neighbor in the fluid. Hence, a
ghost region is created adjacent to the immersed boundary: ghost nodes within the ghost
region must be as many as required by the accuracy order of finite-difference scheme utilized
by the solver. Since in this work we employ sixth-order schemes, the number of ghost nodes

is set to six.

2.4 MODAL ANALYSIS FOR FLUID FLOWS

Modal decomposition is used to extract energetically (and dynamically) important features
from data sets, such as fluid flows.. That spatial features are called modes and they are
accompanied by characteristic values, representing either the energy content levels or growth
rates and frequencies. These modes can be determined from the flow-field data or from the
governing equations [26].

Modal analysis methods for fluid flows extract the important oscillatory modes of the flow
and, as shown in figure 2.4, two of these most dominant modes and the mean represent
(reconstruct) the flow-field very effectively. Others additional modes may be added to recon-
struct the original flow more accurately, but their contributions are much smaller than the
two unsteady modes shown in this example.

There are a lot of modal analysis methods which are growing and developing -e.g. Singular
Value Decomposition (SVD), Eigenvalue Decomposition, Proper Orthogonal Decomposition
(POD), Dynamic Mode Decomposition (DMD), balanced POD, Eigensystem Realization Al-
gorithm (ERA) and others [23]-, but in this work, we have focused on POD method. Before
explaining the used method, we take a look to the Eigenvalue Decomposition and the SVD,
then the POD.
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Instantaneous

| . ‘, Modal decomposition
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Figure 2.4: Example of a POD reconstruction of a two-dimensional incompressible flow over a
flat-plate wing [26]. This example is only meant to show how a complex non-linear separated
flow is well represented by only two POD modes.

2.4.1 EIGENVALUE DECOMPOSITION

Eigenvalue decomposition is performed on square matrices and it is usually employed when
the range and domain of the matrix are the same.

The classical eigenvalue expressions [26] [29] is:
Av =)\v (2.53)
where:
e A € C™*™ is a matrix;
e v € C" is the eigenvector;®
e )\ € C is the eigenvalueS and it is scalar.

If A has n linearly independent eigenvectors v; (so, there will be \; eigenvalues, with j =

1,...,n), we can modify equation 2.53 into:

AV = VA (2.54)

°If v is an eigenvector, also av is an eigenvector, with a € C.
5The set of all eigenvalues of A is called spectrum of A.
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where V = [v,...,v,] € C"" and A = diag(A1,...,\,) € C™*™
Hence, we obtain the eigenvalue decomposition simply post-multiplying V~! to the 2.54
equation:

AV =VAV™! (2.55)

It is important that A is composed of a full set of n linearly independent eigenvectors, in
order that eigenvalue decomposition is applicable.

Now, assuming that the quantities of interest (e.g. velocity) at a particular time have been
discretized and assembled into a vector z(t); this vector is called the state vector. For linear

dynamical systems z(t) € C™ is described by the following equation:
%x(t) = Ax(t) — x(t) = exp (At)x(0) = Vexp (At)Vx(0) (2.56)

where x(0) is the initial condition.

The eigenvalues A\; are composed by the real part, which represents the growth (or decay)
rate and the imaginary part, that is the frequency at which x(¢) evolves in the direction of
the eigenvector. These two parts denote the dynamic behavior of the system, which might
be:

e unstable — if Re(A\j) >0
e metastable — if Re(\;) =0
e stable — if Re()\;) <0

So, for a linear system to be stable, i.e. each mode tends to dampen, it is necessary that
Re(\j) < 0 for each j (figure 2.5).

stable unstable

frequency

increasing Im(X) |

— NN AA
\ N~ “u‘/\’ \ N\

increasing
| | * | growth rate

Re())

Figure 2.5: Schematic of the dynamic stability of a system, characterized by the eigenvalues.
Representation over the imaginary plane [26].

2.4.2 SINGULAR VALUE DECOMPOSITION

Singular value decomposition (SVD) can be applied on rectangular matrices; furthermore

SVD shows how a rectangular matrix stretches and rotates a vector -thus domain and range



26 CHAPTER 2. METHODOLOGY

spaces are not necessarily the same.
Let’s consider the complex rectangular matrix A € C™*", the unit vectors v; € C" and

u; € C™ and the magnitudes ;. Between them we can write the following relation
AVj = oju;y (2.57)

which may be re-write in matrix form as:

AV = UX (2.58)
where V = [vy,...,v,] € C" and U = [uy,...,u,] € C™*™ are unitary matrices”, while
¥ € R™*" is a diagonal matrix with oy > --- > ¢, > 0 along its diagonal, with subscript

p = min (m,n). Now we can multiply equation 2.58 for V* and obtain the singular value
decomposition, defined as:
A =UXV” (2.59)

The column vectors u; and v; are called respectively left singular vectors and right singular
vectors; both of them can be determine up to a complex scalar of magnitude one. An example
of SVD may be represented by the following figure 2.6, which shows how this decomposition
can stretch and rotates a vector:

Av; = oju;

—

Figure 2.6: Representation of the stretching of a sphere via singular value decomposition.
Example with A € R3*3 [26].

So, we can imagine SVD as a tool that represents the effect of matrix operation through
the multiplication by scalars (which are the singular values), given the appropriate directions.
Because SVD is applied to a rectangular matrix, we need two sets of basis vectors to span
the domain and range of the matrix. Thus, the left singular vectors U span the range of A
(which may be interpret as way to assign the grid-point in the discrete fluid-flow domain),
while the right singular vectors V span the domain of A (that can be interpret as way to
assign the temporal coefficient in the discrete fluid-flow domain). This is the bigger difference
between SVD and eigenvalue decomposition because in the second one, domain and range

are generally the same.

"Unitary matrix means that a general matrix satisfies X* = X! where 7+’ indicates the conjugate
transpose.
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2.4.3 PROPER ORTHOGONAL DECOMPOSITION

The proper orthogonal decomposition (POD) determines the optimal set of modes to represent
data, based on Le norm, that is the energy. The goal of POD is to decompose a set of data
into a minimal number of basis functions or modes to capture as much energy as possible; so
we call the modes of this modal decomposition technique as energy modes.

Assume that the unsteady component of the vector field may be decomposed as the difference

between a vector field q(,t) (e.g. velocity) and its temporal average q(€), so that:

a(é,t) Zam £, t) (2.60)

¢j(&,t) are the modes, a; are the expansion coeflicients, & is the spatial vector and ¢ is the
time. Equation 2.60 represents the flow-field in terms of generalized Fourier series for some
set of basis function, as ¢;(¢,t) are, and we clearly searching for the optimal set of basis
functions for the given stream data. This approach led to modes which are functions of space
and time (or even frequency). As for the aeroelasticity methods [29], we can decompose the
right hand side of the previous equation 2.60 in order that the expansion coefficients a; will
be time-dependent, while the modes will be only space-dependent (so they will be spatial

modes). Re-writing the equation we obtain:

a(é,t) Za] (t)o;(¢ (2.61)

It is noticeable that the fluctuations in the original field are re-defined as a linear combination
of the modes and their corresponding temporal coefficients. The inputs are snapshots of scalar
(e.g. pressure) or vector (e.g. velocity) field q(&,t), over up to three-dimensional discrete
spatial points & at discrete times ¢;. Instead, the outputs are a set of orthogonal modes
¢; (&) with their corresponding temporal coefficients a;(t) and the energy levels A; (which are
arranged in the order of their relative amount of energy). We mean there are three outputs:
the matrix of modes, the matrix of temporal coefficients and the matrix of the energy.
There are two main approaches to fulfill the POD of the fluid-flow data:

e spatial POD method;

e snapshot POD method;

2.4.3.1 SPATIAL POD METHOD

This approach is also called classical POD method and it starts from the preparation of the
flow-field snapshots (where the flow-field is q(&,t)), in order to obtain a collection of column
vectors x(t). These vectors are the fluctuations of the fluid-flow and we can express them

-considering a collection of finite dimensional data vectors- as:

x(t) =q(&t) —q(§) eR" , t=t1,....tm (2.62)
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In order to find the optimal basis vectors that can best represent the given data, we are
searching for ¢;(§) such that (&) is represented in an optimal way and with the least number
of modes. So, we need modes with the maximum energy content so that we can use minimum
number of them. It is possible to do it by calculating the eigenvalues A\; and the eigenvectors
o7k

Rpj=Ajdj , &R, A > 22 20 (2.63)

In this case, eigenvalues are in descending order: since each eigenvalue represents the growth
(or decrease) rate along one direction, the bigger the mode, the more important it is from an
energy point of view.

R is defined as the covariance matrix® of vector x(t):

m
R=> x(t;)x"(t;) = XXT e R™*" (2.64)
i=1
where X is the matrix which represents the m snapshot data that are stacked into a matrix
form:
X = [x(t1) x(t2) ... x(ty,)] € R™™ (2.65)

X is essentially a matrix made by stacking all the points of the domain in columns and
flanking them with the different snapshots/time-steps m. The size of the covariance matrix
depends by the spatial degrees of freedom of the data: in fluid-flow application, that data-size
n is generally equal to the number of grid points, multiplied by the number of variables to
be considered in the data.

The eigenvectors ¢; are called POD modes and they are orthonormal; so it means that scalar

product between the modes satisfies the following condition:

where 6;;, = 0 if j # k. It notice that we consider that the flow-field data are placed on a
uniform grid, such that scaling due to the size of the cell volume, does not need to be taken
into account? [26]. So, the eigenvalues )\; indicate how much each eigenvector ¢ captures
the original data in the Lo norm sense,'” scaled by m. If velocity vector is associated to
x(t), the calculated eigenvalues coincide to the kinetic energy captured by the POD modes.
Thanks to this correspondence, we may use the eigenvalues to determine the optimal modes

number (), necessary to represent the fluctuations in the fluid-flow data. In order to satisfy

8 Covariance matrix is defined as R = XXT/m: just not to burden the writing, we lump the factor 1/m in
the eigenvalues.

9If we consider the size of the cell volume, the covariance matrix should be written as R = X X7 W, where
W contains the spatial weights. The same approach is used for the 2.4.3.2 paragraph where, in the equation
2.70, matrix X7 X should be X" W X.

'“We remember that Ly norm is defined as || f|| = 1/, f?
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this requirement, we have to obtain

Z§:1 Aj

Zj:l Aj

which means that the partial/total energy ratio must be similar to one.
So, it is possible to re-define the fluctuations of the fluid-flow in terms of the truncated (and

so finite) series as:

a(&t) —al§) = > a;(t)s;(€) (2.68)
j=1

It is clear the power of this result: we reduce the high-dimensional (n) flow-field into only r
modes, which represent it.

The temporal coefficients a;(¢) may be calculated by:
a;(t) = (x(t), ¢;(§) , x(t)=a(&t)—a(§) (2.69)

2.4.3.2 SNAPSHOT POD METHOD

The snapshot POD method is used when the spatial size of the data (n) is very broad.
Because of the covariance matrix R = X X7 is an n x n matrix, evaluating the eigenfunctions
using the spatial POD method is unrealizable. This method takes a collection of snapshots
x(t;) at discrete time levels ¢;, (i = 1,...,m, with m < n) and it solves an eigenvalue case
of a narrower size (m x m) to find the POD modes. The number of snapshots (m) must be
defined such that principal fluctuations of the flow-field are well resolved in time. In order to

be more formal, we can write:
XTXpj =My, ¢, €R™ | m<n (2.70)

where X7 X is an m x m matrix (instead of n xn) and 9); are the eigenvectors of the "reduced”

eigenvalues. From these eigenvectors, POD modes may be recovered by

1
¢;=Xp;——€R" | j=1....m (2.71)

VA

and it may be written in the matrix form as:
®=XWA /2 (2.72)

where:
o & =[p1¢2 ... oy € RP™
o A= [)\1)\2 )\m] € Rmxm

This method is widely used for the fluid-mechanics problems because, since those problems

are high-dimensional data, it allows to get a big reduction in the required computation and
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memory resources, which means a huge decrease of calculation time.

2.5 SIMULATION SETUP

The reference Large-Eddy simulation was computed using the in-house compressible flow
solver STREAmS developed by Bernardini et al.[6], 2021 at ”"La Sapienza”, University of
Rome. STREAmS (Supersonic TuRbulEnt Accelerated navier-stokes Solver) implements
advanced numerical methods based on finite difference energy preserving schemes with inte-
grated WENO algorithms.

Inside the domain of the simulation there are two bodies, which are the capsule and the
trailing parachute; the simulation specifications are based on the ESA’s ExoMars 2022 mis-
sion. The two bodies are constrained to their domain position; the parachute structure is
rigid (Figure 2.7). The reference system of coordinates is located on the leading edge of the
capsule (i.e. it is situated on the capsule nose), with the x-axis on the system symmetry
axis. In this work, suspension lines are not considered because their effect on the flow field
(if considering their diameter) may be considered negligible [10] [30]. The dimensions of the

capsule and the parachute are shown in the following figure 2.8.

Z

Mean Flow

——————————
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|
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N}

L

Figure 2.7: Capsule-parachute system, two-dimensional view on (x, z) plane.

The capsule is a scaled version of ExoMars 2022 descent module, with a maximum diam-

eter D = 3.8m, a height h = 0.61D = 2.32m and an aeroshell half-angle equal to 70°. The
distance from the capsule tip to the parachute leading edge is called trailing distance and it
is L = 10D. ExoMars trailing distance is L, = 1.5L: we choose a lower value in order to
emphasize the capsule-parachute interaction [25].
The parachute is inspired by the Disk Gap Band (or simply DGB) configuration, but with-
out the band; moreover, the hole on in its apex is known as vent. This choice is owed to the
fact that we want to emphasize the effects of the breathing cycle, which are reduced by the
presence of the band of the DGB.
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0.12D
0.61D

2.57D

Figure 2.8: Dimensions of capsule and parachute, not to scale.

The typical inflation ratio of a DGB parachute is D./Dy = 0.65, where D, is the the
projected diameter of the inflated parachute and Dy = 15m (nominal diameter) is a fictitious
diameter obtained by assuming that the nominal area of the canopy is a circle [7] [9]; thus,
the diameter of the inflated parachute results D, = 9.75m. Normalizing D, by D (maximum
capsule diameter), we obtain that the maximum dimensionless diameter of the inflated canopy
is D, = 2.57. In order to get results for the parachute, it was designed with an increased
thickness of 0.12 (in non-dimensional term) and with a rounded leading edge.'!

In the same way of D), we normalized the diameter of the vent D,, so that D, = 0.26.

2.5.1 COMPUTATIONAL LES DOMAIN

The non-dimensional dimensions -and their respective coordinates- of the LES domain are:
o L, =200 — [1;19]
e L,=10D — [-5;5]
e [,=10D — [-5;5]

In the following figure 2.9 it is shown the domain; as already said, the origin of the coordinates

system is centered on the capsule tip:

"During the simulation, if an object is smaller than the ghost region, it cannot be simulated, as in the case
of cables; this is why we have increased the parachute thickness.
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Figure 2.9: Representation of the 3D domain of the LES simulation.

The number of the grid nodes is set as: N, = 2560, N, = 840, N, = 840, where N,,
Ny and N, are respectively the number of points on the x, y and z direction. This grid is a
rectangular elements structured grid, increases its density toward the center of the domain,
in order to satisfy the local requirement. For example, flow regions near the solid bodies are
provided with the finest resolution to better describe the fluid-solid interaction, while the
frontier zone is less dense. Considering the x direction, capsule and parachute regions have
a contraction factor equal to 0.2: this means that the grid-step is 0.2A¢, where Ag = L, /N,
is the reference value of the grid-step. Grid-step varies from Ay to 0.2A¢ sharply in front of
the bodies, while smoothly behind the bodies. In fact, bow shocks are in proximity to the
bodies, while the turbulent wake (that requires a fine resolution) extends over a long distance
behind the bodies. The refinement along y and z directions ensures that the region around
the symmetry axis has the best resolution: along both y and z axis, contraction factor is 0.3
and symmetrical with respect to x axis.

Simulations are performed on CINECA’s Marconil00 cluster, using the parallelization of the
domain on 64 GPUs.

2.6 GRID UNIFORMITY

Every discrete analysis requires a grid on which to unfold the calculations. The domain taken
for the POD reconstruction is smaller than the entire LES domain because, in this work, we
are analyzing the parachute behavior only; hence, we cut the domain in order to reduce the
calculation time and to focus on the canopy. In particular, we change the dimensions of the
grid as it shown in the following table 2.1; note that there is no Y/D dimension for POD

analysis because we calculated the reconstruction on a 2D domain.
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Dimension LES POD
X/D 20 — 12
Y/D 10 - -
Z/D 10 — 4.5

Table 2.1: Non-dimensional LES and POD grid size

Consider now the 2D grid for both LES and POD. The grid of the LES is quite uniform

because it is divided in 9 zones:
e Five uniform zones where grid elements are constant;
e Four zones where grid elements are gradually changing their size.

These 4 regions are small and hypothetically negligible, in fact their sum covers about 3% of

the entire domain, in particular, these four regions are allocated at these positions:
e before the capsule, at X/D = —0.5;
e behind the capsule, at X/D = 4.5;
e in front of the parachute, at X/D = 8.5;
e after the parachute, at X/D = 13.5.

Nevertheless, in order to obtain more valid results we calculated the area of each grid element
and we evaluate the variation of it. These areas were calculated by creating a second fictitious
grid, where X and Z dimensions correspond to the distance between two adjacent nodes;
this distribution of values associated to each node can be considered as a scalar field which
represent the rate of change in the dimensions of the grid cells. An important detail is in the
correspondence of borders of the domain: on these positions, with this method, we do not
consider the last grid cell; however, this does not represent a relevant issue given the position
of the parachute, which is located in the middle of the control area.

To obtain a meaningful value, these areas were normalized by the average value of the area
of the all grid cells, in order to assess the change of every cell, compared to a reference value.
In particular, what was important to assess was not the absolute rate of change, but the

non-dimensional area variation between two adjacent cells.
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3 \ RESULTS

In the following chapter we present the results obtained from the modal reconstruction of the
POD technique, applied to the baseline Large-Eddy Simulation introduced in the previous
pages.

First, we analyze the energy modes and their fluctuations; the reconstructed flow field are
then compared with the original LES data, both using one-dimensional profiles and via root-
mean-square evaluation of the averaged fluctuations. The effect of grid uniformity is briefly
considered at the end in order to assess its influence on the accuracy of final results.

LES domain is three-dimensional, while POD domain is defined in the two-dimensional XZ
section, extracted from the whole computational space. In the following figures 3.1 and 3.2
there are a representation of the all capsule-parachute domain (two-dimensional y=0 section
obtained from the LES three-dimensional field); in particular, we represent the instantaneous

and mean density field and the instantaneous and mean non-dimensional X-momentum field:

=N

3.00
2.50

(3]

2.00
1.50
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o
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0.50

|
N

(a) Instantaneous 2D density

Figure 3.1: Capsule-Parachute 2D domain: instantaneous and mean density.
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(b) Mean 2D density

Figure 3.1: Capsule-Parachute 2D domain: instantaneous and mean density.
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(a) Instantaneous 2D X-momentum
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(b) Mean 2D X-momentum

Figure 3.2: Capsule-Parachute 2D domain: instantaneous and mean dimensionless X-
momentum.
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3.1 ENERGY MODES FIELD

In order to obtained a reasonable amount of energy in the reconstruction, we combinated a
total of ten POD modes, as described previously at 2.4.3 paragraph. In this way, we obtain
more than 74% of the total energy, with 150 snapshots taken, in an observation window that
ranges from t/tp = 52 to 56. From this condition, we start to validate the obtained results
by POD reconstruction.

It is important to highlight that each mode of POD reconstruction does not contain only
one frequency, but it stores different frequencies which the same energy content. The energy
fluctuations contained in these different modes are related to the turbulence kinetic energy of
the real flow; in particular with this reconstruction we find the average patterns of oscillations
and show them through different energy modes.

In the following figure 3.3 are shown the 10 energy modes calculated by our reconstruction. In
each representation we can distinctly observe the shape of the front shock wave: this is due to
the strong fluctuation that moves the discontinuity and cause the "breathing” phenomenon.
This results would not be visibile if there were no capsule wake, since the shock motion is
intrinsically connected to the turbulence ingestion that is produced from the descent module

positioned in the front. This motion of instability is the breathing cycle instability.

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

R/ I N8
oo N I ey

(e) Mode 5 (f) Mode 6

Figure 3.3: First 10 energy modes.
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(8) Mode 7 (h) Mode 8

par 'l B

CU N

(i) Mode 9 (j) Mode 10

97603 0005 0 0005 87603
(k) Legend

Figure 3.3: First 10 energy modes.

As we explain in 2.4.3.1 section, the first mode is the one with the higher energy content;
a common feature of each mode is the large energy variation behind the parachute, where
the wake develops; this is due to the separation of boundary layer, which generates vortex
structures. We can also see that there is a slight sort of symmetry in the wake; this symmetry
is lost as we move toward the inlet of the canopy, after the shock wave.
In order to better evaluate the differences connected to the energy modes, one-dimensional

profiles along the axial direction are proposed in the following section.

3.1.1 ENERGY FLUCTUATION

In the following pictures, we present one-dimensional profiles along the axial direction of the

energy connected of each selected POD mode.
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Figure 3.4: Energy fluctuation of the energetic modes.
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These plots of figure 3.4 show the fluctuations of energy modes around the parachute. In
this way, it is possible to highlight the trends of the flow oscillations around the canopy and
evaluate them, finding the differences between the various modes.

On X/D = 6.94 we are in the wake region of the capsule; starting from there and moving
towards the parachute shock wave, we observe a low energy fluctuations zone due to the
rebalancing of the flow that closes in correspondence of the shock. For our model, there is
nothing between the capsule and the parachute, so the flow moves freely. At X = 8.5 there
is the aforementioned shock: due to the ingestion of incoming turbulence from the shock
wave, oscillations begin to increase, producing instabilities that further destabilize the shock
position. The most important and critical region is the one preceding the canopy shock wave
and the one following it, up to the inside of the parachute. The perturbation generated by
capsule on the canopy shock causes the breathing cycle of the parachute; in fact, the capsule
wake interacts with the bow shock, changing its position dynamically.

As we can see, the biggest energy variation is at X =& 12, at the start of fully developed wake,
after the vent exit; here we get a normal shock wave (in the form of a Mach disk at the exit of
a nozzle!) which further disrupts the flow together with the wake. Successively, the parachute
wake gradually develops as it travels towards the outflow and the oscillations assume a trend
similar to a somewhat periodic sinusoidal function at higher flow modes (mode 9 and 10 in

particular).

3.2 PoD - LES COMPARING

The goal of this work is to validate the POD analysis, in order to show how POD data
analysis can provide proper reconstruction of flow unsteady dynamics related to the parachute
instability. To do this, we use the results given by Large Eddy Simulation (LES) computed
using STREAmS. In figure 3.5 it was chosen to show three of the 150 snapshots (snapshots
correspond to non-dimensional times t/¢p, so snapshot 24 (e.g.) corresponds to t/ty = 24) of
the POD and compare them with the same LES snapshots: the first (0), the last (149) and
the middle one (74). We have chosen to show the velocity parameter because it allows to

better appreciate the flow around the parachute.

(a) Snapshot 0 POD (b) Corresponding LES snapshot 0

Figure 3.5: POD vs LES snapshots comparing at three different dimensionless times: snapshot
0, snapshot 74 and snapshot 149.

'For further details about nozzle behavior, see [4].
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(e) Snapshot 149 POD (f) Corresponding LES snapshot 149

Figure 3.5: POD vs LES snapshots comparing at three different dimensionless times: snapshot
0, snapshot 74 and snapshot 149.

First, we focus on the data range scales of LES and POD. It notes that the upper and

lower limits of data scales, which correspond to the maximum and minimum non-dimensional
velocity values, are very close to each other. This result gives a first validation to the solution
since there are no outliers that taint the solution.
The most important detail in these figures is the similarity in the after-shock region: the
big vortex structures follow the same pattern of recirculation. However all the small vor-
texes connected to higher frequencies dynamics are truncated by the POD reconstruction,
smothering and dampening the small scales of turbulence. We furtherly study this behaviour
by considering the one-dimensional profiles of the reconstructed POD quantity along the
x-direction.

Pictures (a), (b) and (c) of figure 3.6 correspond respectively to the cases (a) - (b), (c) -
(d) and (e) - (f) of figure 3.5. In order to obtain these plots, we evaluated the velocity along
the X domain, on the horizontal line corresponding to Z = 0.

First, we note the similarity between POD and LES velocity field for each graph: POD
reconstruction is really close to the LES. However, POD does not strictly follow the reference
values because of the imposed cap on the higher frequencies given by the fixed number of

POD modes selected for the reconstruction.
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Figure 3.6: POD vs LES for Z/D =0
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Another way to explain the phenomenon is that we can assume POD reconstruction as an
averaged field with the addition of the super-imposed flow oscillations: each mode corresponds
to a set of frequencies with the same energy content, which are added to the averaged field.
The velocity represented on the vertical axis is normalized with respect to a reference quantity;
thus all the velocities in this thesis are always express as U/Up, with U which is the free-stream

velocity. We can also define a reference time as:

Lo _ Doy

to =
0 Uo [075%)

(3.1)

where:
e Dy is the reference length;
e [ is the reference velocity;
e -y is the specific heat ratio;
® 4o, = 235.40 m/s, is the free stream-speed of sound (from ExoMars database).

Another interesting comparison to validate the POD reconstruction consist of analize the LES
and POD velocity along the Z-axis. In particular, we took snapshots of the velocity trend,
as we did before, for three non-dimensional times: snapshot 0 (first), snapshot 74 (middle
one) and snapshot 149 (last). In figure 3.7 we can easily see the transversal sections where

velocity has been evaluated.

Figure 3.7: X/D sections on which velocity is assessed.

This first case, shown in figure 3.8, is almost symmetric; the discontinuity however widens
the portion of recirculation as it travels towards the parachute and fills the canopy volume. In
each plot of the aforementioned figure, the most symmetrical zone is located at the extremes
of it. We see the velocity jump due to the shock at Z/D ~ +1.70 and in particular we
observe that POD reconstruction still follows the LES flow oscillations accurately. Behind
the shock wave there is an initial zone where the profile shows smaller fluctuations and an

almost symmetrical distribution, until we get to the wake region (for Z/D ~ 40.9), where
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oscillations starts. The promising result of the POD can be appreciated in this figure (as well

as in the next ones) because it exhibits the oscillations of the LES profiles even in the wake

area, despite showing more limited amplitudes of oscillations.
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Figure 3.8: POD vs LES for X/D = 9.2

We now repeat this work for specific X-positions; the positions are:

1

3

4

. X/D = 10;
. X/D = 12;
. X/D = 15;
. X/D =18.

Figure 3.9 below represents the streamwise velocity U/Uj along a line located at X/D = 10,

that is the transversal position placed at the inlet of the parachute. In this position, there

is a first external zone outside the canopy where there is a decrease in speed (down to zero)

due to the approach to the parachute. We have chosen to show these plots with a different

velocity range than figure 3.8 to better appreciate the fluctuation of the speed in the wake

region: it is clear once again how POD follows LES very closely.
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Figure 3.9: POD vs LES for X/D = 10

In figure 3.10 is shown the adimensional velocity at X/D = 12. The choice to evaluate
U/Up here is due to the necessity to get results without the near-wall phenomena at the
position corresponding to the outlet of vent (i.e. zero velocity on the wall). As expected,
there is a rapid speed increasing at the vent due to the area restriction, as well as explained

by convergent-divergent theory [4].
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Figure 3.10: POD vs LES for X/D = 12
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Figure 3.10: POD vs LES for X/D = 12

At X/D = 15 (figure 3.11) we are in the wake region of the parachute, quite far from the

vent. Symmetry in the wake distribution is less apparent here, furthermore, due to the higher
intensity in the wake recirculations, POD struggles to follow the LES because the frequency
peaks become more intense. These pictures show U/Uy at X/D = 15; in this position, the

"symmetry” illustrated above begins to break down and the direction of the primary flow

again play a major role on motion in the wake. This point is explained by the vertical axis

range: since there is no negative velocities, vortex structures are not strong enough to go
against the flow, so the primary one prevails.
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Figure 3.11: POD vs LES for X/D = 15

In the last set of pictures, in figure 3.12, we are close to the end of domain, at X/D = 18.

Once again there is no symmetry in the flow and we can see that POD follows the LES, cutting

off higher frequencies contents in the velocity fluctuations. In particular, our reconstruction
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does not follow LES at Z/D ~ [0,0.5]. That result may be considered an outlier because
it is the only one which does not follow the LES. Thus, POD evaluates the flow behavior

very well, even in worst conditions (such as in supersonic wake regions), providing accurate

results.
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Figure 3.12: POD vs LES for X/D = 18

After these comparisons between POD and LES along the X-axis, it is interesting to eval-
uate the root mean square of the streamwise velocity field obtained via the POD technique,

in order to highlight the fluctuation peak gap affecting the reconstruction, compared to LES.

3.2.1 ROOT MEAN SQUARE COMPARISON

In this part of this work we show the results obtain by the root mean square calculation
applied to the streamwise velocity field for both the POD and LES. Before going to the
outcomes, we recall the evaluation made in the previous sections related to effect of the grid
distortion on the obtained results. (see footnote 10 at 2.4.3.1 paragraph).

To strive for better results, we try to consider the size of the cell area by applying the
spatial weights W to the covariance matrix. Being the outcomes obtained unsatisfactory,
we decided to omit those results discarding the erroneous data. Further work is required for
future implementation in order to assess the weight connected to the grid distortion effect on
the average flow oscillations evaluated via the computation of the RMSs.

The following pictures show the dimensionless RMS velocity (U,ms/Up), calculated along the
X-axis, for three different X/D positions: 8, 12 and 16.
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Figure 3.13: Comparison between POD and LES non-dimensional RMS velocity at different
X/D position.
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For each case we chose to evaluate the RMS at snapshot 0. In the first case (figure
3.13(a)), the trend of the velocity fluctuations are calculated before the parachute shock-
wave: as expected, POD peaks are lower than the LES ones? and they are mainly developing
in the Z/D = +1.2 range. This is due to the fact that, on this position, there is the capsule
wake which causes fluctuations in the field; also the RMS peaks are higher than the other
cases, since the amplitudes connected to higher frequencies of oscillations are cut out from
the reconstruction given by the POD. In figure 3.13(b), Uypns/Up is calculated forthwith after
of the normal shock-wave due to the vent. At X/D = 12, POD RMS shows close resemblance
with the peak position to LES RMS; these peaks, compared to figure 3.13(a), have a lower
amplitude due to the position on the X-axis. Note that those higher values are located on
different Z/D: this is clearly owed to the unsteady behavior of the turbulence in the wake
regions and to the normal shock-wave; in particular, "vent-shock” reduces velocity without
allowing too much fluctuations. We attribute the closer resemblance of the two profiles to
the lower quantity of high frequency content in the recirculation patterns. In the last picture
of figure 3.13, we evaluate the fluctuations in the fully developed wake region, at X/D = 16;
once again peaks are located on different position (compared to previous cases), but they
begin to regain intensity since higher frequency contents develop as the flow traverses the

recompression shock behind the parachute.

2The reason of lower peak values is the same of the figure 3.6: POD stores only a percentage of the all
energy content (more than 74% in our case), so we get a solution quicker, but we have to accept a lower
accuracy. Anyway, the resolution of the reconstruction is high and trustworthy.
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4 | CONCLUSION

This work has been drafted with the intention to evaluate the efficiency of modal analysis
techniques applied to supersonic turbulent flows. In particular, we employ Proper Orthogonal
Decomposition on the results obtained from the Large Eddy Simulation of a supersonic rigid
parachute trailing behind a descent capsule. The technique provided satisfactory results when
applied to the simulated flow field. Specifically, we observe how a limited amount of energy
modes extracted from the POD analysis (more precisely, ten modes) are able to provide a
fairly high amount of the total energy (more than 74%) compared to the starting flow. This
allow us to obtain an accurate representation of the original flow field using the reconstructed
dynamics. We observe how energy fluctuations (related to the turbulent kinetic energy of the
flow) follow the expected wake multiscale dynamics, as pattern of recirculations connected
to larger energy contents also correspond to cycles of lower frequencies and smaller regions
instead are related to higher frequencies but are associated to a lower intensity. The fidelity
in the reconstruction of the dynamics is furtherly explored in the one-dimensional profiles
along X and Z directions.

To better evaluate the overall precision in representing the dynamics of oscillations around the
canopy over time, root mean square profiles of reconstructed quantity have been compared
with the original LES RMS time-averaged fluctuations. Once again, it has been observed a
close resemblance of the profiles, despite the existence of a very small gap in the intensity
caused by the excluded POD modes.

Proper orthogonal decomposition, together with other modal analysis methods, might become
an important aid in the foreseeable future of computational fluid dynamics given its capability
to provide an immediate insight in the dynamics of complex turbulent flows. The data
analysis performed shows how it can become an excellent candidate for approaching via low
order modeling the flow unsteadiness. The results obtained can be potentially implemented
in static aerodynamic databases to aid in the description of the flight instabilities related to
parachute oscillations that contribute to the deviation from the nominal reentry trajectory of
the probe. Further development on the subject can involve the use of different modal analysis
techniques such as Dynamic Mode Decomposition or the implementation of machine learning
strategies [14] [22] to additionally improve the extrapolative capabilities of a connected flow

model.
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