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Abstract

La presente tesi magistrale affronta in modo esaustivo lo studio teori-
co, la progettazione numerica e la realizzazione sperimentale di un filtro
digitale per sistemi di assorbimento attivo bidimensionali (2D), basato
sull’utilizzo di una sonda di livello (wave gauge) posizionato nel campo
vicino (near-field), direttamente di fronte alla palaa generatrice di onde
(wavemaker paddle).

L’obiettivo principale del sistema proposto consiste nella riduzione delle
riflessioni indesiderate che si formano in prossimità del generatore d’onda
durante gli esperimenti di laboratorio, migliorando così la fedeltà della
generazione ondosa e la qualità delle misure idrodinamiche nei test fisici
di strutture costiere, corpi galleggianti e dispositivi per l’energia dal moto
ondoso.

L’intera attività di ricerca è stata condotta presso il Laboratorio Marit-
timo dell’Università di Padova, una struttura dotata di un canale ondoso
di grande lunghezza e di un generatore di onde di tipo a pistone ad alta
precisione, in grado di generare onde regolari e irregolari a cresta lunga.

Il laboratorio dispone, inoltre, di un sistema di misura altamente stru-
mentato, con sonde di livello, sensori di forza e dispositivi di acquisizione
e controllo in tempo reale.

Dal punto di vista teorico, la tesi approfondisce i principi fondamentali
della generazione ondosa nei canali e le basi concettuali dell’assorbimen-
to attivo delle onde, con un’attenzione particolare alla formulazione in
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forma complessa delle equazioni del moto ondoso, che consente una rap-
presentazione compatta e rigorosa delle relazioni di ampiezza e fase tra
il moto del fluido e la superficie libera.

In questo contesto vengono introdotte e analizzate le funzioni di trasferi-
mento che descrivono la relazione dinamica tra lo spostamento della pala
generatrice e la risposta della superficie libera, elementi centrali per la
progettazione di filtri digitali di controllo.

Nel corso dello studio sono state considerate differenti strategie di filtrag-
gio digitale, basate sia su strutture FIR (Finite Impulse Response) sia
su IIR (Infinite Impulse Response), nonché approcci alternativi fondati
sull’uso di funzioni di trasferimento derivate dai modelli idrodinamici del
sistema.

Ogni metodologia è stata valutata in termini di prestazioni, stabilità,
risposta in frequenza e robustezza, con particolare riferimento alle con-
dizioni di campo vicino, dove l’influenza dei modi evanescenti diven-
ta significativa e può compromettere l’efficacia dei metodi di controllo
tradizionali.

Dal punto di vista applicativo, la tesi presenta la modellazione completa
della funzione di trasferimento pala–superficie, la progettazione del filtro
digitale per il controllo in tempo reale e la sua implementazione numerica,
per una futura integrazione nel sistema di comando del wavemaker.

Il lavoro sperimentale ha permesso di validare il modello teorico e di
quantificare i miglioramenti ottenuti in termini di riduzione del coeffi-
ciente di riflessione, accuratezza della generazione ondosa e stabilità del
controllo.

La ricerca fornisce quindi una metodologia sistematica per lo sviluppo
di filtri di assorbimento attivo basati su sonde in campo vicino, appli-
cabili a sistemi bidimensionali, e delinea una possibile estensione verso
configurazioni tridimensionali e multidirezionali.

Struttura e contenuti della tesi Capitolo 1 – Introduzione

Il capitolo introduttivo presenta una panoramica completa dell’attività
sperimentale e dell’infrastruttura di laboratorio utilizzata.
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Viene descritto dettagliatamente il canale ondoso, illustrandone le ca-
ratteristiche geometriche (lunghezza, profondità, larghezza), il sistema
generatore d’onda, la spiaggia dissipativa per l’assorbimento passivo e la
disposizione strumentale lungo il canale.

Segue una discussione dei principi della generazione e del controllo del-
le riflessioni, introducendo le motivazioni alla base dello sviluppo di un
sistema di assorbimento attivo basato su sonde nel campo vicino.

L’introduzione inquadra inoltre il lavoro nel contesto dell’ingegneria ma-
rittima e oceanica, sottolineando l’importanza della minimizzazione delle
riflessioni per garantire la riproducibilità e la precisione dei test idrodi-
namici su modelli fisici di opere costiere e dispositivi energetici.

Capitolo 2 – Background matematico

Il secondo capitolo costituisce il fondamento teorico dell’intero lavoro,
sviluppando in modo rigoroso la teoria lineare delle onde.

La prima parte è dedicata alla Teoria delle Onde Lineari.

L’equazione differenziale che governa il potenziale di velocità ϕ(x, z, t)
viene derivata a partire dall’equazione di Laplace:

∆ϕ = 0

soggetta alle condizioni al contorno appropriate sulla superficie libera e
sul fondo del bacino.

Attraverso il metodo di separazione delle variabili, la soluzione generale
viene espressa in forma complessa, che consente una descrizione compatta
delle relazioni di ampiezza e fase.

La relazione di dispersione, ω2 = gktanh(kh), collega la pulsazione ω
e il numero d’onda k, stabilendo il legame fondamentale tra frequenza,
profondità e lunghezza d’onda.

Il capitolo è suddiviso in tre sezioni principali:

Soluzione dell’Onda Progressiva, che descrive le onde propaganti generate
dal moto della pala e dirette verso la spiaggia dissipativa;
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Soluzione dell’Onda Evanescente, che rappresenta i modi localizzati e de-
crescenti in prossimità del generatore, particolarmente rilevanti in campo
vicino;

Soluzione Finale del Potenziale di Velocità, ottenuta combinando i con-
tributi progressivo ed evanescente per una rappresentazione accurata del
campo ondoso totale.

Questa formulazione matematica fornisce la base teorica per la compren-
sione della risposta idrodinamica del canale ondoso in funzione del moto
imposto alla pala, e costituisce il punto di partenza per la definizione
delle funzioni di trasferimento necessarie al controllo attivo.

La seconda parte riguarda le Definizioni Fondamentali e Strumenti di
Analisi.

Introduce le definizioni fondamentali e gli strumenti matematici e nume-
rici impiegati in tutta la tesi.

Vengono chiariti i concetti di onda incidente, riflessa, progressiva, evane-
scente e stazionaria, per poi passare alla trattazione dei principi dell’ela-
borazione dei segnali.

Sono formalmente definite la serie di Fourier, la trasformata di Fourier,
la trasformata di Laplace e la convoluzione nel dominio del tempo, di-
scutendone le applicazioni alla modellazione e al filtraggio dei segnali
ondosi.

Segue un’analisi comparativa tra filtri analogici e digitali, tra strutture
FIR e IIR, e tra sistemi causali e non causali.

Il capitolo si conclude con la distinzione tra Analog Signal Processing
(ASP) e Digital Signal Processing (DSP), evidenziando i vantaggi delle
implementazioni digitali, in particolare per i sistemi di controllo adattivo
e in tempo reale dell’assorbimento ondoso.

Capitolo 3 – Descrizione Generale del Generatore d’Onde

Il terzo capitolo approfondisce gli aspetti meccanici e idrodinamici del
generatore di onde.
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Dopo aver descritto la configurazione fisica del canale e il sistema di
azionamento della pala, si passa alla derivazione della funzione di trasfe-
rimento di Biésel, che lega lo spostamento della pala all’elevazione della
superficie libera.

Vengono analizzati i diversi tipi di moto della pala — piston-type, flap-
type e combined-type —, ciascuno associato a una specifica relazione
cinematica tra ampiezza di corsa e altezza d’onda generata.

Per ogni configurazione viene dedotta l’espressione analitica della fun-
zione di Biésel e discussa la dipendenza in frequenza della risposta del
sistema, evidenziando come essa influenzi l’accuratezza della generazione
ondosa.

Il capitolo si conclude con considerazioni pratiche riguardanti la taratura
del moto della pala e la determinazione dello spostamento efficace.

Capitolo 4 – Generazione di Onde Irregolari a Cresta Lunga

In questo capitolo vengono descritte le metodologie per la sintesi di stati
di mare irregolari in laboratorio, basate sulla rappresentazione spettrale
dell’energia.

Dopo aver introdotto i concetti di spettro di energia e statistica delle
onde, vengono illustrati gli spettri Pierson–Moskowitz e JONSWAP, che
rappresentano rispettivamente il mare completamente sviluppato e gli
stati di mare in crescita.

Vengono poi descritte e confrontate tre principali tecniche di generazione
di onde irregolari:

Random Phase Method (RPM),

Random Complex Spectrum Method (RCSM),

White Noise Filtering Technique.

Le prime due operano nel dominio della frequenza, generando spettri
complessi con fasi casuali o coefficienti complessi casuali, trasformati
successivamente nel dominio temporale mediante trasformata inversa di
Fourier veloce (IFFT).
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La terza tecnica, invece, agisce direttamente nel dominio del tempo fil-
trando un segnale di rumore bianco attraverso filtri digitali opportuna-
mente progettati.

Ogni metodo è analizzato dal punto di vista della fedeltà spettrale, effi-
cienza computazionale e applicabilità pratica in laboratorio.

Capitolo 5 – Separazione delle Onde Incidenti e Riflesse (SIRW)

Il quinto capitolo presenta il metodo SIRW (Separation of Incident and
Reflected Waves), un approccio di filtraggio digitale che utilizza due son-
de di livello posti lungo il canale per separare le componenti incidente e
riflessa del segnale.

La sezione dedicata al principio del metodo illustra la formulazione mate-
matica, mentre la sezione sul progetto del filtro presenta gli algoritmi di
implementazione, esplicitando il legame tra le funzioni di trasferimento
dei sonde e i coefficienti del filtro digitale.

Sono inoltre riportate simulazioni numeriche atte a valutare la precisione
e la robustezza del metodo, seguite da linee guida sperimentali per il
corretto posizionamento delle sonde e la taratura dei filtri.

Il capitolo comprende grafici ottenuti dall’elaborazione in MatLab delle
formule ottenute, in accordo con i risultati teorici.

Capitolo 6 – Sistema di Assorbimento Attivo 2D con Due Sonde in Campo
Lontano

Il sesto capitolo estende l’analisi ai sistemi di assorbimento attivo bidi-
mensionali basati su due sonde posizionati nel campo lontano (far-field).

Dopo una rassegna storica dei principali approcci di assorbimento attivo,
viene illustrato il principio di funzionamento del controllo, che consi-
ste nella correzione dinamica del moto della pala per controbilanciare
l’energia riflessa.

Viene formulata la relazione di ingresso-uscita del filtro FIR, seguita dalla
derivazione del segnale correttivo da applicare al generatore d’onda.

L’analisi della risposta in frequenza dei filtri digitali consente di iden-
tificare le bande ottimali di funzionamento, minimizzando gli effetti di
sfasamento e garantendo la stabilità del controllo.

6



I risultati numerici dimostrano l’efficacia del sistema in diverse condizioni
di mare irregolare.

Capitolo 7 – Sistema di Assorbimento Attivo 2D con Sonda nel Campo
Vicino

Il settimo capitolo costituisce il cuore innovativo della tesi.

Esso descrive in dettaglio lo sviluppo e la realizzazione di un sistema di
assorbimento attivo bidimensionale basato su un singolo sonda collocato
nel campo vicino, in prossimità immediata della pala.

Dopo una breve introduzione storica, il problema del controllo viene for-
mulato matematicamente, includendo esplicitamente gli effetti dei modi
evanescenti, che dominano la dinamica in questa regione.

Vengono quindi presentate le curve di prestazione, che mostrano la di-
pendenza della riduzione del coefficiente di riflessione dai parametri del
filtro e dalle condizioni ondose.

La sezione sull’implementazione in tempo reale illustra una possibile inte-
grazione del filtro digitale nel sistema di controllo del laboratorio, mentre
l’algoritmo iterativo di ottimizzazione consente l’adattamento dinamico
dei coefficienti del filtro in base ai dati sperimentali.

Il sistema sviluppato è inoltre dotato di un modulo di analisi online bidi-
mensionale, che permette l’adattamento automatico della risposta del fil-
tro durante i test, migliorando ulteriormente la capacità di assorbimento
anche in condizioni non stazionarie.

Capitolo 8: Il metodo di Andersen et al. (2016) per l’assorbimento attivo
in campo vicino

Sulla base dei fondamenti teorici illustrati nei capitoli precedenti, questa
sezione introduce la formulazione e l’implementazione della strategia di
assorbimento in campo vicino sviluppata in questa tesi, direttamente
ispirata alla metodologia proposta da Andersen et al. (2016).

A differenza delle configurazioni in campo lontano, l’assetto in campo
vicino richiede la modellazione completa della relazione idrodinamica tra
l’elevazione della superficie libera misurata immediatamente davanti al
generatore di onde e lo spostamento della pala necessario a sopprimere
le onde riflesse.

7



Tale relazione è espressa tramite una funzione di trasferimento complessa
e dipendente dalla frequenza, che incorpora non solo i modi propagativi,
ma anche i contributi evanescenti del campo vicino, determinanti quando
il sensore è collocato molto vicino al paddle.

La funzione di trasferimento teorica è definita inizialmente nel dominio
della frequenza; tuttavia, la sua applicazione in tempo reale richiede una
rappresentazione causale nel dominio del tempo.

In linea di principio, un operatore di assorbimento ideale imporrebbe
esattamente ampiezza e fase sull’intero intervallo di frequenze di interes-
se; tuttavia, come dimostrato in letteratura e affermato chiaramente da
Andersen et al., il guadagno e la fase di un filtro causale non possono
essere specificati in modo indipendente.

Un filtro che riproducesse esattamente la funzione di trasferimento teorica
richiederebbe informazioni future del segnale e sarebbe dunque intrinse-
camente acausale.

Questa limitazione fondamentale motiva la strategia adottata sia nell’ar-
ticolo che in questa tesi: la funzione di trasferimento obiettivo deve essere
modificata affinché la sua fase risulti compatibile con una rappresenta-
zione causale a risposta impulsiva finita (FIR).

Capitolo 9: FIR Filter – Implementazione del metodo proposto

Per ottenere questa rappresentazione, la procedura di progetto imple-
mentata inizia con la discretizzazione della funzione di trasferimento
teorica H_model(f) all’interno di una banda di frequenze ottimizzata
[fmin, fmax], scelta in base allo spettro operativo del wavemaker.

Al di fuori di tale banda viene applicata un’attenuazione graduale (“gain-
down”) per evitare transizioni brusche e sopprimere amplificazioni inde-
siderate che potrebbero comprometterne la stabilità.

Successivamente, si introduce un fattore di fase parametrico, variato si-
stematicamente per costruire diverse funzioni di trasferimento candidate,
identiche in modulo ma differenziate da una rotazione di fase costante.

Per ciascuna funzione candidata, si calcola la risposta impulsiva tramite
campionamento in frequenza e trasformata inversa; la parte non causale
viene eliminata tramite troncamento.
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Poiché questa operazione distorce inevitabilmente modulo e fase, l’impul-
so risultante viene riscalato per soddisfare il vincolo di stabilità, ovvero
evitare l’amplificazione del rumore e degli offset di misura.

La qualità di ogni filtro viene valutata calcolando il coefficiente di ri-
flessione associato alla risposta effettiva, combinando un termine pre-
stazionale (che misura la riflessione all’interno della banda utile) e un
termine di penalizzazione che considera eventuali guadagni indesiderati
all’esterno della banda.

Il fattore di fase che minimizza tale errore determina il filtro FIR causale
ottimale, che rappresenta l’operatore di assorbimento finale.

I grafici diagnostici mostrano che, all’interno della banda operativa scel-
ta, il filtro riproduce con soddisfacente fedeltà il modulo e la fase della
risposta obiettivo.

Sono presenti deviazioni ai margini della banda, come previsto a causa
dei vincoli di causalità e delle operazioni di smoothing, ma nel complesso
il comportamento rimane coerente con le previsioni teoriche e indica una
buona attenuazione dell’energia riflessa.

Ciò conferma che una strategia di assorbimento in campo vicino basata
su un filtro FIR opportunamente progettato non solo è realizzabile, ma
anche efficace, fornendo un meccanismo di controllo stabile e affidabile
per la generazione d’onde bidimensionale.

Relazione con i metodi IIR esistenti

Parallelamente allo sviluppo principale, la tesi include un’analisi com-
plementare basata sulla formulazione orientata agli IIR dell’“existing
method”, corrispondente alle Eqs. 8.0.4–?? dell’articolo.

Questa parte è implementata in uno script ausiliario, dove la funzione di
trasferimento viene approssimata direttamente tramite le espressioni in
acque basse fornite nel paper.

Lo scopo non è ricostruire l’intero filtro IIR utilizzato storicamente, bensì
generare un riferimento nel dominio della frequenza da confrontare con
il filtro FIR più avanzato sviluppato nella tesi.

Il codice calcola forme approssimate della funzione di trasferimento (in-
cluse le soluzioni all’Eq. 8.0.4), ricava i corrispondenti profili di ampiezza
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e fase e applica infine una procedura di frequency sampling per ottenere
una semplice approssimazione FIR.

Rappresentando su grafico i moduli e le fasi ottenute mediante l’appros-
simazione in acque basse, la funzione teorica completa e i vari filtri FIR
di differente lunghezza, lo script consente di visualizzare le differenze tra
i tre approcci.

Tali confronti evidenziano i vantaggi della procedura FIR ottimizzata
sviluppata nella tesi: il metodo approssimato fornisce indicazioni quali-
tative corrette, ma non possiede l’accuratezza spettrale né la raffinatezza
in termini di stabilità del metodo di design del filtro FIR.

Conclusioni

La tesi si conclude riassumendo il quadro metodologico sviluppato per
l’assorbimento attivo in campo vicino e delineandone le basi teoriche e
l’implementazione numerica.

Il metodo si fonda direttamente sulla formulazione idrodinamica propo-
sta da Andersen et al., estendendola in un completo procedimento di
progettazione digitale adatto alla generazione d’onde bidimensionale.

Pur non mirando a riprodurre perfettamente l’operatore di assorbimen-
to teorico (obiettivo irraggiungibile a causa dei vincoli di causalità) la
metodologia fornisce un modo strutturato e fisicamente coerente per
approssimarne il comportamento nella banda di frequenze desiderata.

Un risultato centrale del lavoro è il riconoscimento esplicito di una limi-
tazione classica dei sistemi lineari: ampiezza e fase di un filtro causale
non possono essere specificate indipendentemente.

Come chiarito nella teoria dei sistemi e ribadito da Andersen et al., un
operatore ideale richiederebbe una risposta impulsiva acausale e quindi
non implementabile in tempo reale.

Di conseguenza, la fase della funzione obiettivo deve essere modificata
prima della costruzione del filtro FIR.

La procedura di ottimizzazione della fase adottata in questa tesi deriva
da questo vincolo teorico e risulta essenziale per garantire causalità e
stabilità.
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Il metodo implementato include operazioni di smoothing, limitazione
della banda e vincoli di ampiezza, derivati da considerazioni fisiche di
stabilità e sensibilità al rumore.

L’esplorazione iterativa di diversi fattori di fase permette di costruire
un filtro che approssimi la funzione teorica con la massima accuratezza
compatibile con la lunghezza finita del filtro e i vincoli di causalità.

I risultati numerici mostrano che il filtro FIR ottenuto riproduce con buo-
na precisione la risposta attesa nella banda operativa selezionata, mante-
nendo un comportamento stabile e evitando amplificazioni indesiderate
fuori banda.

In sintesi, la tesi sviluppa un quadro numerico completo per l’assorbi-
mento attivo in campo vicino basato su filtri FIR, fondato sui principi
introdotti da Andersen et al. e adattato alle esigenze dei wavemaker 2D
da laboratorio. ù

Pur riflettendo inevitabilmente le limitazioni dei filtri causali a lunghezza
finita, l’approccio costituisce una base robusta e fisicamente motivata per
futuri sviluppi.

Possibili estensioni includono l’integrazione in tempo reale nei sistemi di
controllo dei laboratori, il perfezionamento della procedura di ottimizza-
zione e l’estensione a bacini multi-direzionali e tridimensionali.

Parole chiave

Teoria delle Onde Lineari; Assorbimento Attivo; Elaborazione Digitale
del Segnale (DSP); Filtri FIR e IIR; Funzione di Trasferimento di Bié-
sel; Modi Evanescenti; Campo Vicino; Generatore d’Onde; Generazione
di Onde Irregolari; Controllo in Tempo Reale; Laboratorio Marittimo;
Riduzione della Riflessione Ondosa.
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Abstract

This thesis presents a comprehensive study on the theory, design and
numerical implementation of a digital filter for two-dimensional (2D)
active wave absorption systems, employing a wave gauge positioned in
the near-field, directly in front of the wavemaker paddle.

The proposed system has been conceived to reduce unwanted wave reflec-
tions at the wavemaker, thereby improving the fidelity of wave generation
in physical model testing facilities.

The research was conducted within the Maritime Laboratory of the Uni-
versity of Padova, which features a long wave flume equipped with a
high-precision paddle-type wavemaker capable of generating both regular
and irregular long-crested waves.

The theoretical framework reviews the principles of wave generation in
flumes and the fundamentals of active wave absorption, with particular
attention with a focus on the complex form of wave equations, which
enables a compact representation of amplitude and phase relations, as
well as to highlight the transfer functions between paddle motion and
free-surface elevation.

Different digital filtering strategies (FIR/IIR) and transfer-function-based
approaches are analyzed, discussing their benefits and limitations in
near-field conditions, especially in the presence of evanescent modes.

The practical contribution includes the modeling of the paddle–surface
transfer function, the design and implementation of the digital filter
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for real-time control, and its integration into the laboratory wavemaker
system.

This study provides a systematic methodology for the development of
near-field active absorption filters in 2D configurations and outlines fu-
ture extensions for multidirectional systems.

Here is presented in details the content of each chapter.

Chapter 1 - Introduction

The introductory chapter provides an overview of the experimental setup
and laboratory infrastructure.

The wave flume is described in detail, including its geometric charac-
teristics, the wavemaker system, the wave absorption beach, and the
instrumentation layout.

The principles of wave generation and reflection control are discussed,
outlining the motivation for developing an active absorption system based
on near-field sensing.

The introduction also contextualizes this research within the broader
framework of coastal and ocean engineering, emphasizing the importance
of reflection minimization for accurate hydrodynamic testing of coastal
structures, floating bodies, and energy devices.

Chapter 2 - Mathematical background

It is divided in two section. The first one, “Theory of Linear Waves”,
establishes the theoretical foundations of linear wave theory upon which
the entire study is built.

The governing differential equation for the velocity potential ϕ(x, z, t)
is derived from the Laplace equation:

∆ϕ = 0

subject to appropriate boundary conditions at the free surface and the
bottom.

Using the method of separation of variables, the general solution is ex-
pressed in complex notation, which facilitates a compact representation
of amplitude and phase relationships.
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The dispersion relation ω2 = gktanh(kh) links the wave frequency ω and
the wavenumber k.

The chapter is structured into three key sections:

Progressive Wave Solution, describing propagating waves moving away
from the paddle;

Evanescent Wave Solution, accounting for near-field decaying modes;

Final Solution of the Velocity Potential, combining both contributions to
accurately represent the total wave field near the wavemaker.

This mathematical formulation provides the theoretical basis for un-
derstanding the hydrodynamic response of the wave flume to arbitrary
paddle motions.

The second part, called “Some Elementary Definitions” introduces the
fundamental definitions and mathematical tools used throughout the
work.

It clarifies the concepts of incident, reflected, progressive, evanescent,
and standing waves, before shifting to a detailed discussion of signal
processing theory.

The Fourier series and transform, Laplace transform, and time-domain
convolution are formally defined, and their applications in wave modeling
and filtering are discussed.

A comparative analysis of analog and digital filters, FIR (Finite Impulse
Response) and IIR (Infinite Impulse Response) structures, as well as
causal and non-causal systems, is presented.

The chapter concludes by distinguishing between Analog Signal Proces-
sing (ASP) and Digital Signal Processing (DSP) frameworks, emphasi-
zing the advantages of digital implementations for adaptive control in
real-time wave absorption.

Chapter 3 - General Description of the Wave Maker

The third chapter focuses on the mechanical and hydrodynamic charac-
teristics of the wavemaker.
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The physical configuration of the flume and the paddle drive system are
detailed, followed by the derivation of the Biésel Transfer Function, which
relates paddle displacement to free surface elevation.

Different paddle motion modes (piston, flap, and combined) are analyzed,
each associated with a distinct kinematic relationship between stroke and
wave amplitude.

For each configuration, the analytical expression of the Biésel transfer
function is derived, showing how the frequency-dependent response of
the system influences wave generation accuracy.

The chapter concludes with practical considerations for the calibration
of paddle displacement and the computation of effective stroke.

Chapter 4 - Generation of Long-Crested Waves

This chapter deals with the synthesis of irregular sea states in laboratory
conditions.

It begins with the characterization of waves, introducing the concept of
wave spectra as a statistical representation of energy distribution across
frequencies.

The Pierson-Moskowitz and JONSWAP spectra are described in de-
tail, providing the mathematical background for generating realistic sea
conditions.

The wave generation techniques section compares deterministic and sto-
chastic methods for irregular wave synthesis.

Three main approaches are implemented and analyzed:

Random Phase Method (RPM),

Random Complex Spectrum Method (RCSM),

White-Noise Filtering Technique.

The first two methods operate in the frequency domain, generating a
complex spectrum with random phases (or random complex coefficients)
which is then transformed into the time domain using the inverse Fast
Fourier Transform (IFFT).
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The third technique performs the synthesis directly in the time domain,
by filtering a white noise signal using appropriately designed digital
filters.

Each method is described mathematically, with a discussion of its spec-
tral fidelity, computational efficiency, and suitability for laboratory ap-
plication.

Chapter 5 - Separation of Incident and Reflected Long Waves Using
Digital Filters

This chapter introduces the SIRW (Separation of Incident and Reflec-
ted Waves) method, a digital filtering approach that uses two wave
gauges placed along the flume to separate incident and reflected wave
components.

The Principle section outlines the mathematical formulation of the me-
thod, while the Filter Design section presents practical algorithms for
filter implementation.

The relationship between the transfer functions of the two sensors and
the filter coefficients is derived, and numerical simulations are presented
to assess filter performance in terms of accuracy and robustness.

The chapter concludes with experimental guidelines for positioning wave
gauges and calibrating filters in laboratory environments.

The plots inside this chapter come from the implementation in MatLab
of the formulas.

Chapter 6 - 2D Active Absorption System Using Two Wave Gauges in
the Far Field

This chapter extends the theory to two-dimensional active absorption
systems employing two wave gauges located in the far field.

After a historical overview of active absorption techniques, the principle
of active absorption is described, showing how the paddle displacement
can be dynamically corrected to counteract reflected waves.

The input-output mathematical relationship of the FIR filter is formu-
lated, followed by the derivation of the correction signal applied to the
wavemaker.
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The frequency response of digital filters is analyzed to determine optimal
frequency ranges for stable control and minimal phase distortion.

Chapter 7 – 2D Active Absorption System Using a Wave Gauge in the
Near-Field

The final chapter represents the core contribution of this thesis.

It addresses the design and realization of a 2D active absorption system
using a single wave gauge located in the near-field, immediately in front
of the wavemaker.

After an introduction and brief historical background, the mathematical
formulation of the control problem is derived, explicitly accounting for
the influence of evanescent modes in the near-field.

The performance curves are presented, showing the dependence of reflec-
tion coefficient reduction on filter parameters and wave conditions.

The real-time implementation section describes the integration of the de-
signed digital filter into the laboratory control system, while the iterative
procedure for filter design introduces a feedback-based optimization loop
that refines the filter coefficients based on experimental data.

The 2D online analysis framework enables adaptive adjustment of the
filter response during ongoing tests, allowing for improved reflection sup-
pression even under non-stationary wave conditions.

Chapter 8: The Andersen et al. (2016) Framework for Near-Field Active
Wave Absorption

Building upon the theoretical foundations established in the previous
chapters, the following section introduces the formulation and imple-
mentation of the near-field absorption strategy developed in this thesis,
directly inspired by the methodology proposed by Andersen et al. (2016).

Unlike far-field configurations, the near-field arrangement requires mo-
delling the full hydrodynamic relationship between the surface eleva-
tion measured immediately in front of the wavemaker and the paddle
displacement required to suppress reflected waves.

This relationship is expressed through a complex and frequency-dependent
transfer function that incorporates not only propagating wave modes but
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also evanescent near-field components, which play a significant role when
the wave gauge is positioned very close to the paddle.

The theoretical transfer function is initially defined in the frequency
domain, but its direct implementation in real time demands a causal
time-domain representation.

In principle, an ideal absorption operator would impose exact magnitude
and phase over the entire frequency range of interest; however, as rigo-
rously demonstrated in the literature and explicitly stated by Andersen
et al., the gain and phase of a real-time causal filter cannot be prescribed
independently.

A filter matching the exact theoretical transfer function would necessarily
require future knowledge of the signal and would therefore be acausal.

This fundamental constraint motivates the strategy adopted both in the
article and in this thesis: the target transfer function must be modified so
that its phase becomes compatible with a causal finite impulse response
(FIR) representation.

Chapter 9: FIR filter: present method implementation

To achieve this, the implemented design procedure begins by discretising
the theoretical transfer function H_model(f) over an optimised frequency
band [fmin, fmax], selected according to the operational spectrum of the
wavemaker.

Outside this band, a smooth attenuation (“gain-down”) is applied to avoid
abrupt transitions and suppress undesirable amplification that would
compromise stability.

A parametric phase factor is then introduced and systematically varied,
allowing the construction of multiple candidate transfer functions whose
phases differ by a constant rotation.

For each candidate, the corresponding time-domain impulse response is
computed via frequency sampling and inverse transform, and the non-
causal part is removed by truncation.

Because this truncation inevitably distorts both magnitude and pha-
se, the resulting impulse response is rescaled to satisfy the stability
requirement that noise and measurement offsets must not be amplified.
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The quality of each filter is evaluated by computing the reflection coef-
ficient associated with the realised response, combining a performan-
ce term (measuring reflection inside the target frequency band) and a
stability penalty that accounts for unwanted gain outside the band.

The phase factor minimising this error yields the optimal causal FIR
filter, which becomes the final absorption operator.

Diagnostic plots demonstrate that, within the selected operational band,
the filter reproduces the magnitude and phase of the target response with
satisfactory fidelity.

Deviations appear near the band edges, as expected from the causality
constraints and smoothing operations, yet the overall behaviour remains
consistent with theoretical predictions and shows robust attenuation of
reflected energy.

This confirms that a near-field absorption strategy based on a carefully
designed FIR filter is not only feasible but effective, providing a reliable
and stable control mechanism for experimental 2D wave generation.

Relation to the IIR Existing Methods

Parallel to this main development, the thesis includes a complemen-
tary analysis based on the “existing-method” IIR-oriented formulation,
corresponding to Eqs. 8.0.4-?? of the paper.

This part is implemented in the auxiliary script, where the transfer func-
tion is approximated directly by the shallow-water expressions presented
in the article.

The aim is not to reproduce the full IIR filter used historically, but
rather to generate a comparable frequency-domain reference that can be
contrasted with the more refined FIR filter developed in this thesis.

The code computes approximate forms of the transfer function (including
the solutions to Eq. 8.0.4, constructs corresponding magnitude and phase
profiles, and finally applies a frequency-sampling procedure to obtain a
simple finite impulse response approximation.
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By plotting the resulting magnitude and phase curves together with those
obtained from the full theoretical model, the script illustrates the diffe-
rences between the shallow-water approximation, the theoretical transfer
function, and the FIR filters of various lengths.

These comparisons highlight the benefits of the optimised FIR procedure
developed in the main part of the thesis: the approximated method pro-
vides reasonable insight but lacks the bandwidth accuracy and stability
refinement of the full FIR filter implementation.

Conclusion

The thesis concludes by consolidating the methodological framework de-
veloped for near-field active wave absorption and by outlining its theo-
retical basis and numerical implementation.

The approach builds directly upon the hydrodynamic formulation pre-
sented in Andersen et al., extending it into a complete digital-filter design
procedure suitable for two-dimensional wave generation.

Although the method does not aim to produce a perfect reproduction of
the theoretical absorption operator—something fundamentally impossi-
ble under causality constraints—it provides a structured and physically
consistent way to approximate the desired behaviour within a prescribed
frequency band.

A key outcome of this work is the explicit recognition of a classical li-
mitation of linear systems: the magnitude and phase of a causal filter
cannot be prescribed independently.

As demonstrated in control theory and reaffirmed by Andersen et al.,
an ideal absorption transfer function would require an acausal impulse
response, meaning it would depend on future values of the measured
signal. This constraint is not a numerical inconvenience but an inherent
property of real-time physical systems.

Consequently, the phase of the target transfer function must be modified
before attempting to construct a finite impulse response (FIR) filter.

The phase-optimisation strategy adopted in this thesis emerges naturally
from this theoretical requirement and is essential to ensuring that the
resulting filter is both causal and stable.
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The implemented design procedure incorporates smoothing, band limi-
tation, and amplitude constraints that follow directly from the physical
considerations of stability and noise sensitivity.

The iterative evaluation of different phase factors allows the construction
of a filter that approximates the theoretical transfer function as closely
as possible within the practical limits imposed by finite filter length and
causality.

The numerical results show that the obtained FIR filter achieves reasona-
ble accuracy across the selected operational frequency range, while main-
taining stable behaviour and avoiding undesirable amplification outside
the target band.

In summary, this thesis develops a complete numerical framework for
near-field active absorption based on FIR filtering, grounded in the prin-
ciples introduced by Andersen et al. and adapted to the requirements of
2D laboratory wavemakers.

While the implementation inevitably reflects the limitations of finite-
length causal filters, it provides a robust and physically justified basis for
future development.

Potential extensions include real-time integration within laboratory con-
trol software, refinement of the optimisation procedure, and generalisa-
tion to multi-directional and three-dimensional wave fields.

Keywords:

Linear Wave Theory, Digital Signal Processing, Active Absorption, FIR
Filters, Wavemaker Theory, Evanescent Modes, Near-Field Measurement,
Biesel Transfer Function, Random Wave Generation, Real-Time Control,
Maritime Laboratory, Wave Reflection Reduction.
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Introduction

The Hydraulic School inside the University of Padua was established in
1842 by Domenico Turazza.

Padova was the first university in Italy to focus on maritime works (1910),
and by 1925 a wave basin had already been set up.

To our knowledge, the only other similar laboratories in Europe at that
time were located in Dresden, Karlsruhe, Pietersburg, and Vienna. In
1954, a new wave basin measuring 18 m × 21 m was built (in the area
where the current wave flume is located), the first of its kind in Italy.

Since then, the Maritime Laboratory has been extensively used for the
prediction of wave transformation inside ports.

Today, the Maritime Laboratory is equipped with the most modern and
valuable equipment, suitable to perform laboratory tests both for basic
research activities and for applied research studies.

The wave flume has a dimension of 35.0 m x 1.0 m and it is equipped
with a fixed wave generator (with a hydraulic paddle measuring 1.0 m ×
1.4 m), featuring a servo valve and a position transducer connected to a
computer.

This system allows the generation of both regular and irregular waves
with assigned spectral characteristics.

Moreover, random wave sequences can be repeated.
27



The wave paddle can operate in different modes - acting as a piston
(horizontal translation) or hinged at the bottom.

In most cases, the wave generator operates in "piston mode," i.e., with
horizontal displacements.

The flume was completely reconstructed in 2002, replacing the old con-
crete structure with a steel one.

The new structure consists of U-section steel beams (without superstruc-
tures), topped with a pair of rails that allow a trolley to move along
them.

Wave gauges or an automatic bed profiler can be mounted on this trolley.

Both sides of the flume are made entirely of glass, carefully aligned along
the entire length to minimize differential friction.

The flume is also equipped with a new pumping system that enables water
recirculation from one end of the channel to the other. The main pump
currently provides a discharge of about 50–100 m³/h, while a separate
auxiliary pump can reach up to 100-300 m³/h.

In 2005, the facility was upgraded with an "active absorption" system de-
signed to prevent reflected waves (originating from the tested structures
or beaches) from interfering with the wave generation process itself.

The Wallingford Wave Generation Software is used to operate the wave
makers in the flume, capable of reproducing regular and irregular waves.

Irregular waves are typically generated according to a JONSWAP spec-
trum using a white noise filter with random phase and amplitude, with
a cycle of 20 minutes.

The software can generate other standard or custom defined spectra.

A self-made software has been developed to generate waves correct at
second order for research testing.

A hardware wave absorption system is present, installed at the wave
flume.

The measuring devices in use in the maritime laboratory are shortly
summarized hereafter:
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• wave gauges (several resistive gauges of different length)
• strain gauges (of different shape, weight and design load)
• electronic water discharge measuring instruments
• pressure transducers
• displacement meters
• automatic bottom profilers (laser and touch-sensitive probes)
• a current flow meter (micropropeller)
• an air flow meter
• digital camera and video recording equipment interfaced with a

photographic overlay technique
• laser level and laser measuring device
• logging system can sample up to 50kHz
• the flume and basin are also equipped with suitable software for

wave generation and data acquisition from all instruments, and
for the analyses of the results with the most updated methods

• energy backup system of 20 minutes
• workstation for numerical simulations equipped with Tesla K80

GPU card.

Figure 1:Wave flume present inside the Maritime hydraulic Laboratory
in the University of Padua
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Figure 2: Wave generated through the wavemaker that breaks again a
structure
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Mathematical background

Theory of Linear Waves

An ideal wave describes a disturbance of matter.

In physical oceanography, surface gravity waves are understood as pro-
pagating oscillations that carry energy and momentum across the water
surface without permanently displacing water mass.

Figure 3: Description of sea and wave components

The water particles follow orbital or near-circular trajectories (in deep
water), with the amplitude of motion decreasing with depth.
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Because of viscous effects and internal shear, different depths experien-
ce slightly different motion, gradually dissipating wave energy absent
continual wind forcing.

An ideal wave describes a disturbance of matter.

Such a disturbance propagates through space over time; therefore, it is
possible to provide a complete description of the wave either by fixing
a position in space and observing its temporal evolution, or by fixing
a given instant of time and evaluating the amplitude of the fluctuation
along the spatial domain.

Usually waves are described mathematically as the summation of a large
number of sinusoids.

The amplitude of the free surface elevation of the water can be expressed
as

(1.0.1)



η(x, y) = H
2
sin(kx− ωt) = Re

{
Ã · ei(kx−ωt)

}
Ã = 0− iH

2

k = 2π
ω

ω = 2π
T

= 2πf

where the wave amplitude is equal to half of the wave height, that is, the
vertical distance between the crest and the trough.

Figure 4: Description of a wave
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From the wave function, the propagation celerity can be determined by
evaluating the value of η in (△x, △t):

(1.0.2) η(△x, △t) = A · sin(k△x− ω△t)

from which, imposing

(1.0.3) k△x− ω△t = 0 =⇒ △x
△t

=
ω

k

we find the celerity

(1.0.4) c =
L

T

This value is constant only in the case of ideal regular waves, i. e. waves
in which the distance between consecutives crest and trough is constant.

Now, consider an incompressible fluid with an irrotational flow.

Therefore there exists a scalar function ϕ called velocity potential and
the velocity field can be found from

(1.0.5) →
u = −∇ϕ

Since the fluid is irrotational,

(1.0.6) ∇×∇ϕ = 0

If the fluid is assumed incompressible, the continuity equation yields that
the potential must satisfy the Laplace equation:

(1.0.7)


→
u = −∇ϕ

∇ · →u = 0
=⇒ ∇ · ∇ϕ = 0 =⇒ ∆ϕ = 0

Explicitating the Laplace equations
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(1.0.8) ∆ϕ = 0 =⇒ ∂2ϕ(x, z, t)

∂x2
+
∂2ϕ(x, z, t)

∂z2
= 0

Linked with the piston-type wave maker problem, there are the following
boundary conditions:

All water particles at the free surface remain at the free surface (linearised
kinematic bc).

Free surface is at constant pressure (linearised dynamic bc): surface boundary

condition

(1.0.9)
1

g

∂2ϕ(x, z, t)

∂t2
+
∂ϕ(x, z, t)

∂z
= 0 in z = η

The water accompanies the wave paddle, which is displaced as a sine:
e(z, t) = e(z)sin(ωt) = e0f(z)sin(ωt), where e0 = e(z = 0).

(1.0.10)
∂ϕ(x, z, t)

∂x
= ω × e(z)× cos(ωt)

The bottom is impermeable, i.e. ω = 0 for z = −h: cinematic boundary

condition at the bottom

(1.0.11)
∂ϕ(x, z, t)

∂z
= 0

The propagating wave is of constant form:

(1.0.12)
∂ϕ(x, z, t)

∂t
= 0

Consider a rectangular domain; since it is a compact subset of R2 the
method of separation of variables can be used.

The velocity potential can be written as

(1.0.13) ϕ(x, z, t) = X(x) · Z(z) · T (t)
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where X, Y, Z, T: R −→ R are functions of class C2(R).

The Laplace equation is therefore

(1.0.14) ∆ϕ = ϕxx + ϕzz =
d2X

dx2
· Z · T +X · d

2Z

dz2
· T = 0

from which

(1.0.15)
∆ϕ

ϕ
=

d2X
dx2

· Z · T
X · Z · T

+
X · d2Z

dz2
· T

X · Z · T

and it can be obtained that

(1.0.16)
X ′′(x)

X
+
Z ′′(z)

Z
= 0

There are three different cases:

(1.0.17)

X ′′(x) = −k2x

Z ′′(z) = k2z

(1.0.18)

X ′′(x) = k2x

Z ′′(z) = −k2z

(1.0.19)

X ′′(x) = 0

Z ′′(z) = 0

The last one can be neglected because the longitudinal velocity u and the
transversal velocity w are two linear functions that tend to infinity at the
outermost bounds of the domain, breaking every energy conservation law.

The solutions will be written using Euler notation: eiψ = cosψ + i sinψ,

or equivalently

cosψ = eiψ+e−iψ

2

sinψ = eiψ−e−iψ
2i

.
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Progressive Wave Solution

Solving separately the two equations of 1.0.17 one finds

(1.0.20)

X(x) = Acos(kx) +Bsin(kx) = Re
{
(A− iB)eikx

}
Z(z) = Ccosh(kz) +Dsinh(kz)

that is

(1.0.21)
ϕ(x, z) = X(x) ·Z(z) =

[
Re
{
(A− iB)eikx

}]
· [Ccosh(kz) +Dsinh(kz)]

After the evaluation of the coefficients A, B, C, D, it is possible to prove
that the solution has the form

(1.0.22) ϕ(x, z, t) = ϕ0
cosh[k(h+ z)]

cosh(kh)
cos(kx− ωt+ ϕ0)

that can be written as

(1.0.23) ϕ(x, z, t) = Re

{
ϕ̃0
cosh[k(h+ z)]

cosh(kh)
eikxe−iωt

}
In general, it holds

(1.0.24)
u = ∂ϕ

∂x
= Re

{
ϕ̃0ik

cosh[k(h+z)]
cosh(kh)

eikxe−iωt
}

w = ∂ϕ
∂z

= Re
{
ϕ̃0k

sinh[k(h+z)]
cosh(kh)

eikxe−iωt
}

that yields to the aspect ratio

(1.0.25)
|u|
|w|

=
max
x,t

|u|

max
x,t

|w|
=

1

tanh(kh)

For semplicity, we will no more specify that we are using the real part of
the exponential and the exp(-iωt) will be omitted.

36



In order to find the value of ϕ0, the wave function η and the free surface
boundary condition are used:

(1.0.26)
η(x, t) = H

2
sin(kx− ωt) = −iH

2
eikx

1
g
∂ϕ
∂t

+ η = 0

∂η
∂t

= ∂ϕ
∂z

1
g
∂2ϕ
∂t2

+ ∂ϕ
∂z

= 0

−→ −iH
2
eikx =

1

g
ϕt|z=0

Integrating this equality yields to : cambiare tutta quetsa parte mettendo
la derivata

(1.0.27)
1

g
ϕt|z=0 =

1

g

[
ϕ0
cosh[k(h+ z)]

cosh(kh)
(−ω)sin(kx− ωt)

]
|z=0

Comparing this result with the solution of the velocity potential 1.0.22
one finds that

(1.0.28)
1

g
ϕt|z=0 =

1

g
[ϕ0(−ω)sin(kx− ωt)] =

H

2
sin(kx− ωt)

and the constant function ϕ0 is therefore

(1.0.29) ϕ0 = −gH
2ω

It is possible to write the solution for the “progressive” velocity potential
as

(1.0.30) ϕ(x, z, t) = −gH
2ω

cosh[k(h+ z)]

cosh(kh)
cos(kx− ωt)

or equivalently

ϕ(x, z, t) = Re

{
−gH

2ω

cosh[k(h+ z)]

cosh(kh)
eikxe−iωt

}
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Dispersion relation

The dispersion relation is the equation that relate the frequency of
the wave to the depth of the body of water.

From the surface boundary condition and the espression 1.0.30 for the
velocity potential

ϕ(x, z, t) = −gH
2ω

cosh[k(h+z)]
cosh(kh)

eikxe−iωt

1
g
∂ϕ
∂t

+ ϕz = 0 in z = η

it is found that

ω2 = gk tanh(kh)

This equation gives us important informations about the propagation
celerity of waves and on the shape of the orbit.

In deep waters, for value of h sufficiently big, it holds kh ≥ π and
therefore tanh(kh) ≃ 1.

In this case the dispersion relation becomes

ω2 = gk

and the orbits have a circular shape with a ray that is inversely propor-
tional to the depth.

Evanescent wave solution

Now we will focus on the second case of equation 1.0.17:

(1.0.31)

X ′′(x) = k2x

Z ′′(z) = −k2z

The separation of variables method yields
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(1.0.32)

X(x) = Ae−kx +Bekx = Ae−kx

Z(z) = C̃e−ikz

Imposing both initial condition and boundary conditions, we find a so-
lution that is exponential for x and periodic for z (everything multiplies
the common periodic function in time) ;

(1.0.33)ϕe = ϕ0
ecos[k(h+ z)]e−kxcos(ωt) = Re

{
ϕ0
ee
ik(z+h)e−kxe−iωt

}
∂ϕ(x, z, t)

∂z
= 0 in z = −h

For semplicity we can omit the real simbol and the e−iωt.

This solution is called evenescent because it is negligible when x→ ∞.

In particular, since the dispersion relation admits infinite solutions, the
evanescent wave potential can be expressed as the following linear com-
bination:

(1.0.34) ϕe(x, z, t) =
∑
i

ϕ0
e,icos[ki(h+ z)]e−kixcos(ωt)

ϕe(x, z, t) = Re

{∑
i

ϕ0
e,icos[ki(h+ z)]e−kixeiωt

}

Dispersion relation

Substituting eq. (0.0.34) with the surface boundary condition one finds
the dispersion relation for the evanescent wave:

(1.0.35)

ϕe = ϕ0
ecos[k(h+ z)]e−kxcos(ωt)

1
g
∂ϕ
∂t

+ ϕz = 0 for z = η

and for z=0, the dispersion relation for evanescent waves is found:
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(1.0.36) ω2 = −gk tan(kh)

It is important to notice that this equation admits infinite solutions for
k.

Final Solution of Velocity Potential

The linearity property of Laplace equation enable us to assemble the
total solution using the superposition principle

ϕ(x, z, t) = ϕp(x, z, t) + ϕe(x, z, t)

that is

(1.0.37)

ϕ(x, z, t) = −ϕ0
p

cosh[k(h+ z)]

cosh(kh)
cos(kx−ωt)+

∑
i

ϕ0
e,icos[ki(h+z)]e

−kixcos(−ωt)

ϕ(x, z, t) = −ϕ0
p

cosh[k(h+ z)]

cosh(kh)
eikx +

∑
i

ϕ0
e,icos[ki(h+ z)]e−kix

The first term describes the generated progressive wave (far-field solu-
tion), while the second describes the standing waves (near-field solution).

As the second term decreases with increasing x the near-field waves are
only important relatively close to the generator.

Therefore, in most cases only the far-field solution is considered but
the near-field solution is fundamental for active absorption based on
measurements in the near-field.

The “disturbance” from the near-field solution will at a distance of 1-
2 wave lengths from the wave maker be less than 1% of the far-field
solution.

It is now straight forward to calculate the Biésel Transfer Function for any
wave maker as long as the stroke, S(z), of the paddle can be described.
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As stated by Biésel, it is necessary to require that S(z) and its first two
(three) derivatives are limited for −h < z < 0.

Types of Waves

A progressive wave, also known as a traveling wave, is a disturbance
that moves continuously through a medium, transferring energy from one
point to another.

The particles of the medium oscillate about their fixed equilibrium posi-
tions, but do not travel along with the wave.

Progressive waves can be either transverse (particles oscillate perpendi-
cular to the wave’s direction, like light waves) or longitudinal (particles
oscillate parallel to the wave’s direction, like sound waves).

The key difference from stationary waves is that unlike stationary (or
standing) waves, which do not transfer energy, progressive waves conti-
nuously move energy forward.

An incident wave is a wave that travels from a source and approaches
a boundary or interface between two different media.

Therefore, it is a wave that strikes a boundary between two different
media.

When the incident wave reaches the boundary, it may be reflected back,
transmitted through the new medium, or absorbed.

What happens is that some of the wave’s energy is transferred to a
reflected wave, which bounces back into the original medium, and a
transmitted wave, which continues into the new medium.

The interaction of the incident wave with the boundary creates a reflected
wave, which travels back in the opposite direction.

The combination of incident and reflected waves can cause effects like
standing waves.

A standing wave occurs when two waves of the same frequency and
amplitude are moving in opposite directions and interfere with each other.
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The difference between an incident and a standing wave is that the fir-
st one is a single, traveling wave that approaches a boundary, while a
standing wave is a stationary interference pattern formed by the super-
position of two waves traveling in opposite directions, like an incident
wave and its reflection.

An evanescent wave is an oscillating field that does not propagate as
a conventional wave and decays rapidly with distance from its source.

It typically occurs when a wave undergoes total internal reflection at the
boundary of a medium.

Although the wave is fully reflected, a small, non-propagating field "leaks"
across the boundary.

The wave’s energy is spatially concentrated near the boundary.

There is no net transfer of energy away from the source.

Types of Filters

In signal processing, filters may be broadly classified according to whether
they operate in continuous time (analog) or discrete time (digital).

An analog filter processes a continuous-time input signal and produces
a continuous-time output, typically implemented with passive or acti-
ve electrical components (resistors, capacitors, inductors, op-amps) and
described via Laplace-domain transfer functions.

On the other hand, a digital filter works on sampled and quantised
signals: the input and output sequences are defined at discrete time
instants and are described via difference-equations or Z-domain transfer
functions.

While analog filters inherently rely on continuously evolving states (for
instance, the memory of capacitors and inductors), digital filters opera-
te by arithmetic manipulations of the discrete-time samples (e.g., delay
lines, sums and multipliers).
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The main difference is that digital filters operate on a digitized, sampled
signal using mathematical algorithms and a computer or DSP, while ana-
log filters use physical electronic components like resistors, capacitors,
and inductors to manipulate the continuous analog signal directly.

This means digital filters are more stable, flexible, and precise, whereas
analog filters are faster for real-time, high-speed applications but are
susceptible to environmental factors like temperature and component
tolerances.

The design of digital filters often draws on transformations from analog
prototypes (e.g., via bilinear transforms or impulse-invariance methods)
to obtain desired frequency responses in the discrete domain.

FIR (Finite Impulse Response) vs. IIR (Infinite

Impulse Response) filters

Within the digital filter domain (and sometimes in discrete approxima-
tions of analog filters), two major categories arise: FIR filters and IIR
filters.

A FIR filter (finite impulse response) is one whose impulse response,
i.e. the output produced by a discrete impulse input, has strictly finite
duration.

This means that after a certain number of time-steps, the impulse re-
sponse becomes exactly zero.

In implementation terms, the output at time n, y[n], is a weighted sum
of a finite number of past input samples x[n], x[n− 1], ..., x[n−N − 1],
x[n], x[n− 1], ..., x[n−N + 1], with no dependence on prior outputs.

In contrast, an IIR filter possesses an impulse response that in principle
extends indefinitely (though it may decay), typically because the filter
incorporates feedback (the current output depends on previous outputs
as well as previous inputs).

The Z-domain transfer function therefore has non-trivial denominator
polynomial terms.
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The main difference is that FIR filters use a finite sequence of past inputs
to produce an output, while IIR filters use a recursive feedback loop that
incorporates both past inputs and past outputs.

FIR filters are intrinsically stable (because they do not rely on feedback)
and are often amenable to designs that enforce linear phase behaviour
(useful in applications requiring phase fidelity).

However, achieving sharp transition bands (steep roll-off) may require
high filter order (many coefficients) in FIR form.

IIR filters can approximate sharp spectral transitions with lower order
(hence fewer computational resources) but bring additional design com-
plexity (ensuring stability, controlling feedback, phase non-linearity) and
potential risk of unstable behaviour if not properly constrained.

Causal versus Non-Causal Filters

An important dimension in filter theory is causality.

A filter is said to be causal if its output at any time depends only on
present and past inputs (and, in some cases, past outputs), but not on
future input values.

This property is essential for real-time realizable systems: one cannot use
information from a future time-instant to compute the present output.

By contrast, a non− causal filter allows the output to depend on fu-
ture input values (or future outputs)—these cannot be implemented in
real-time, but may be used in offline signal processing (e.g., zero-phase
filtering where input data are known in advance).

An anti-causal filter is a special case in which the output depends strictly
on future inputs only.

Naturally, any real-time control or signal-modification setup (such as
wave generator/absorber systems) must employ causal filters—otherwise
the system would require future information which is unavailable.

Even when designing filters offline, non-causal forms may be used for
zero-phase responses, but when converted for online use, a time-delay
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must be introduced (effectively shifting the non-causal impulse response
so that its support lies in non-negative time).

Summary of Relations and Practical Considerations

In practice, the choice among analog vs. digital, FIR vs. IIR, and causal
vs. non-causal is guided by system constraints:

• Analog vs. digital: If the system handles continuous physical
signals and must operate with minimal latency and no quan-
tisation, analog may be chosen; but digital filters offer greater
flexibility, programmability and reproducibility (especially when
integrating into modern digital control systems).

• FIR vs. IIR: Use FIR when linear phase is required (e.g., in
measurement or sensing applications) and computational resour-
ces permit; choose IIR if computational efficiency is critical and
phase distortion is acceptable or can be compensated.

• Causality: For real-time operations (measurement, control, acti-
ve absorption, generation), filters must be causal. If offline pro-
cessing suffices (e.g., post-processing of data), non-causal forms
may be acceptable (or even preferable for zero-phase behaviour).

By ensuring these design decisions align with the application (e.g., real-
time wave absorption for a wave flume or basin), one obtains a filter ar-
chitecture that meets the necessary frequency-response, stability, latency
and implementation cost constraints.”

Fourier Transform

The fourier transform is an extremely powerful mathematical tool that
allows you to view your signals in a different domain, inside which several
difficult problems become very simple to analyze.

To understand the importance of the Fourier transform, it is important
to step back a little and appreciate the power of the Fourier series put
forth by Joseph Fourier.

In a nut-shell, any periodic function g(x) integrable on the domain D =

[−π, π] can be written as an infinite sum of sines and cosines as
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g(x) =
∞∑

k=−∞

τke
ikx

τk =
1

2π

∫
D

g(x)e−ikxdx

where eiθ = cos(θ) + isin(θ) .

This idea that a function could be broken down into its constituent fre-
quencies (i.e., into sines and cosines of all frequencies) was a powerful
one and forms the backbone of the Fourier transform.

The Fourier transform decomposes signals into constituent complex ex-
ponentials:

eiωt

and complex exponentials are the eigenfunctions for linear, time invariant
systems.

Put simply, if a system, H is linear and time-invariant, then its response
to a complex exponential will be a complex exponential of the same
frequency but (possibly) different phase, ϕ , and amplitude, A , and the
amplitude may be zero:

y = H[eiωt] = Aeiϕeiωt

So the Fourier transform is a useful tool for analyzing linear, time-
invariant systems.

The Fourier transform can be viewed as an extension of the above Fourier
series to non-periodic functions.

For completeness and for clarity, I’ll define the Fourier transform here.

If x(t) is a continuous, integrable signal, then its Fourier transform, X(f)

is given by

X(f) =

∫
R

x(t)e−i2πftdt ∀f ∈ R

and the inverse transform is given by
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x(t) =

∫
R

X(f)ei2πftdf ∀t ∈ R

First and foremost, a Fourier transform of a signal tells what frequencies
are present in a signal and in what proportions.

Apart from some very useful elementary properties which make the ma-
thematics involved simple, some of the other reasons why it has such a
widespread importance in signal processing are:

The magnitude square of the Fourier transform, |X(F )|2 instantly tells
us how much power the signal x(t) has at a particular frequency f .

From Parseval’s theorem (more generally Plancherel’s theorem), we have

∫
R

|x(t)|2dt =
∫
R

|X(F )|2df

which means that the total energy in a signal across all time is equal to
the total energy in the transform across all frequencies.

Thus, the transform is energy preserving.

Convolutions in the time domain are equivalent to multiplications in the
frequency domain, i.e., given two signals x(t) and y(t) , then if

z(t) = x(t) ∗ y(t)

where * denotes convolution, then the Fourier transform of z(t) is merely

Z(f) = X(f) · Y (f)

For discrete signals, with the development of efficient FFT algorithms,
almost always, it is faster to implement a convolution operation in the
frequency domain than in the time domain.

Similar to the convolution operation, cross-correlations are also easily
implemented in the frequency domain as Z(f) = X(f)⋆Y (f) , where ⋆

denotes complex conjugate.
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By being able to split signals into their constituent frequencies, one
can easily block out certain frequencies selectively by nullifying their
contributions.

A shifted (delayed) signal in the time domain manifests as a phase change
in the frequency domain.

While this falls under the elementary property category, this is a wi-
dely used property in practice, especially in imaging and tomography
applications,

Derivatives of signals (nth derivatives too) can be easily calculated using
Fourier transforms.

Digital Signal Processing (DSP) vs. Analog Signal Processing (ASP)

The theory of Fourier transforms is applicable irrespective of whether
the signal is continuous or discrete, as long as it is "nice" and absolutely
integrable.

So yes, ASP uses Fourier transforms as long as the signals satisfy this
criterion.

However, it is perhaps more common to talk about Laplace transforms,
which is a generalized Fourier transform, in ASP.

The Laplace transform is defined as

X(s) =

∫ ∞

0

x(t)e−stdt ∀s ∈ C

The advantage is that one is not necessarily confined to "nice signals" as
in the Fourier transform, but the transform is valid only within a certain
region of convergence.
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General Description of the

Wavemaker

A wave maker is a device, equipped with a large paddle, used in a wave
flume to generate realistic waves for hydraulic and coastal engineering
research.

It operates by moving back and forth in the water, controlled by motors
or hydraulic systems, and can produce both regular and irregular waves
with specific spectral characteristics.

Regular wave are produced by a paddle moving at a consistent rate to
create a single frequency wave train.

Irregular waves are generated from a computer-controlled sequence to
create random wave patterns, which can be based on standard spectra
like JONSWAP.

Modern wave makers feature active wave absorption to minimize reflec-
tions and can be programmed to create a variety of wave conditions,
from single frequencies to random sequences that simulate real-world sea
states.

The core component is a large paddle, which can act different kinds of
movements.

It is driven by either electric servo motors or hydraulic power, depending
on its size.
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A computer system controls the paddle’s motion to generate waves with
precise frequency, height, and spectral characteristics.

Active wave absorption systems are often integrated to absorb reflected
waves from test structures, ensuring more accurate results.

Figure 5: Sketch of the wave flume

In the following paragraph are presented some wave maker types.

The stroke of the paddle S refers to the horizontal displacement of the
paddle during one cycle of its motion, which is the distance the paddle
moves from its rearmost position to its foremost position.

This movement is what pushes the water to create waves, and the stroke
is a key parameter used to determine the characteristics of the waves
being generated, such as their height.

The Biésel Transfer Function is defined as the ratio between the far-
field wave height, H, and the stroke of the paddle for z = 0, denoted
S0.

The Biesel transfer function is a key concept in hydraulic engineering
that describes the relationship between the displacement of a wavemaker
(like a piston or flap) and the amplitude of the generated progressive
wave.

It’s a theoretical function that accounts for both near-field and far-field
effects to predict how much wave height will result from a given paddle
movement, and it is used in designing and operating wave flumes and
basins.
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It provides a mathematical link between the input to a wavemaker (its
stroke or displacement) and the output, which is the amplitude of the
desired wave.

The function incorporates both the immediate effects of the wavemaker’s
motion (near-field) and the resulting waves that propagate further into
the basin (far-field).

In practice, the Biesel transfer function is used to calculate the requi-
red wavemaker signal to generate a specific wave, and it is essential for
accurately controlling wave generation in laboratory settings.

In order to describe the motion of displacement of the wave maker we
use the function

(2.0.1)

f(x) = 1 + z
h+l

z ≥ −(h− h0)

0 z < −(h− h0)

where l is the depth below the bed level and h0 is the elevated wave
maker.

These paddle of the wave maker includes various mechanisms and me-
thods in order to generate the desired wave power profile, but the most
commonly utilized configurations to generate waves are the piston type,
plunger type, and the flap or hinged paddle type.

The wave maker present in University’s laboratory is not elevated i. e.
h0 = 0 and it is able to produce three kinds of displacements:

• Translation, l = ∞ : a flat paddle moves horizontally back and
forth, like a piston.

• Rotation, l = −h0: also called flap, the paddle rotates around a
pivot point, that acts like a hinge.

• Combination, l > −h0, is the combination of the two previous
movements.
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Figure 6: Types of movement of the paddle

A simple theory for the generation of waves by wavemakers was pro-
posed by Galvin (1964), who reasoned that the water displaced by the
wavemaker should be equal to the crest volume of the propagating wave
form.

The piston type wave maker corresponds to h0 = 0 and l = ∞ and has
a stroke S which is constant over a depth h.

The stroke of the paddle is described as S(z) = S0 and its Biésel transfer
function is

(2.0.2)
H

S0

=
2sinh2(kh)

sinh(kh) cosh(kh) + kh
=

4sinh2(kh)

sinh(2kh) + 2kh

The piston wave maker generate a velocity profile that fits with the shal-
low water profile and thus performs best in this range leading to no
evanescent modes in this range.

The problem occurs when generating deep water waves with a piston
wave maker; for ω

√
h/g >3.4 the evanescent mode exceed the progressive

amplitude at the wave board.

These large evanescent modes could trigger wave breaking at the paddle
and will also contribute to a significant second order wave interaction.

The flap wave maker corresponds to h0 = 0 and l = 0 and it is charac-
terized by a Biésel function of the form

52



(2.0.3)
H

S0

=
2sinh(kh)(1− cosh(kh) + kh sinh(kh))

kh(sinh(kh) cosh(kh) + kh)

and

S(z) =
S0

h
· (h+ z)

The flap wave makers has the best fit with a velocity profile on deeper
water.

The combined piston and flap wave maker employs two independent
actuators, enabling operation in pure piston mode, pure flap mode, or
any intermediate configuration obtained through a linear combination of
the two.

For this part we rewrite the relation between the surface elevation and
the paddle motion as:

(2.0.4)
η(x, t)

e0
= C0,2Dcos(ωt− kx) +Dx(x)sin(ωt)

where

(2.0.5) C0,2D =
c0
e0
sinh(kh)

(2.0.6) Dx(x) =
∞∑
j=1

Cj,2De
−kjx

(2.0.7) Cj,2D =
cj
e0
sinh(kjh) for j ≥ 1

Since c0 and cj are coefficients that vary linearly with the vertical eigen-
function e(z), the same linear dependence applies to C0,2D and Cj,2D.

Consequently, the overall transfer function H/S0 can be expressed as the
superposition of the individual contributions from both motion types, a
relation that also extends to the evanescent components.
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The most favorable ratio between piston and flap motions is determined
by minimizing the amplitude of the evanescent modes.

It is evident that at low frequencies the piston mechanism produces
the weakest evanescent response, whereas at higher frequencies the flap
configuration performs better in suppressing these unwanted modes.

When
√
ωh/g > 2, the optimal actuation corresponds to a pure flap

motion.

For lower frequencies, the evanescent components generated by the piston
(positive contribution) and those from the flap (negative contribution)
can partially offset each other if an appropriate ratio between the two is
selected.

However, complete cancellation of the evanescent modes can only be
achieved at a single spatial location (typically at the generator), due to
the exponential terms appearing in the summation of Eq. 2.0.6.

The relative contribution of piston and flap motions is defined in terms
of their respective stroke amplitudes as follows:

(2.0.8) λ =
Spiston

Spiston + S0,f lap

1− λ =
S0,f lap

Spiston + S0,f lap

In this definition, λ = 1 represents pure piston operation, while λ = 0

corresponds to pure flap motion.

The optimal ratio λoptimal is obtained by minimizing the evanescent mode
amplitude at the paddle face and is determined from:

(2.0.9)

λoptimal =


1 for Dpiston

0 , Dflap
0 ≥ 0 and | Dpiston

0 |≤| Dflap
0 |

0 for Dpiston
0 , Dflap

0 ≥ 0 and | Dpiston
0 |>| Dflap

0 |
Dflap0

Dflap0 −Dpiston0

for Dpiston
0 , Dflap

0 < 0
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The variation of λoptimal with frequency is shown for hinge positions
located at one-half and one-quarter of the water depth.

Although complete elimination of the evanescent contribution cannot be
achieved at all positions, the results demonstrate that these modes remain
very small as long as

√
ωh/g is below approximately 2.1 for h0/h = 0.5

and below 3.0 for h0/h = 0.75.

For higher frequency ratios, the motion corresponds to a pure flap beha-
vior and therefore follows the characteristic evanescent response of that
generator configuration.

In certain situations, it may be necessary to depart slightly from the
theoretically optimal ratio derived above in order to avoid exceeding the
stroke limits of one of the actuators.

For any intermediate value of λ (with 0 < λ < 1), the respective pi-
ston and flap stroke amplitudes can be obtained from the following
relationship:

(2.0.10) Spiston =
H

c0,piston +
1−λ
λ
c0,f lap

(2.0.11) Sflap =
H

λ
1−λc0,piston + c0,f lap

Unsteady waves generated in a wave channel of finite length are studied
in this paper.

Linear wave theory is used to formulate the problem.

The Laplace transform is applied to the time and the finite Fourier co-
sine transform to the space coordinate to solve the corresponding initial
boundary value problem.

Exact analytic solutions for generations of surface waves on the wavema-
ker are presented.

The present theory can also be used to simulate wave generations in a
channel of infinite length by specifying a relatively large channel length.
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Generation of Long Crested Waves

Characteristic of Waves

Waves propagating in shallow water, kh < π/10, are often called long waves

or shallow water waves.

Tidal waves, tsunamis and waves with extremely long periods and wave
lengths are shallow water waves, even in the deep ocean.

This chapter introduces three mathematical techniques for generating
two dimensional waves in a laboratory environment.

The techniques are: the Random Phase Method, the Random Complex
Spectrum Method and the White Noise Filtering Method.

Wind-generated ocean waves exhibit inherently random behavior and are
typically modeled as the superposition of a large number of sinusoidal
components.

Mathematically, the sea surface elevation η(t) can be expressed as the
sum of these harmonic components, whose amplitudes and phases are
determined through the Fourier transform of the surface elevation time
series.

The Fourier transform provides the frequency-domain representation of
the signal, thereby revealing the spectral characteristics of a given sea
state.
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In practice, a wave field is often described in terms of its energy, or
variance, spectrum S(f), which quantifies the distribution of wave energy
across frequencies.

Empirical formulations of S(f) have been developed by fitting theoretical
models to observed wave data collected under various wind and fetch
conditions.

The fetch is the length of the open water surface where wind is blowing
in a single direction, from the point where the waves are generated to
their point of breaking.

These spectral density functions are typically parameterized either in
terms of environmental variables such as wind speed and fetch length, or
in terms of integral wave parameters such as the significant wave height
Hs and the spectral peak frequency fp.

Several empirical spectral models have been proposed to represent the
evolution of the wave spectrum during different stages of wave develop-
ment.

Among the most widely used are the Pierson–Moskowitz (PM) spectrum,
which characterizes a fully developed sea, and the JONSWAP (Joint
North Sea Wave Project) spectrum, which accounts for the influence of
finite fetch and non-equilibrium growth.

In the present study, attention is focused on the JONSWAP spectrum
since it is what our laboratory uses.

Pierson–Moskowitz spectra type represents fully developed sea states
and it is defined by

(3.0.1) Sη(f) =
αg2

(2π)4
f−5exp

(
−0.74

(
f0
f

)4
)

where

α = 0.0081

f0 = g(2πU19.5)
−1

Pierson-Moskowitz type, parametrized:
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(3.0.2) Sη(f) =
5

16
H2
m0f

4
p f

−5exp

(
−5

4

(
fp
f

)4
)

Jonswap spectra type represents conditions at which the fetch length of
the wind is a limiting factor :

(3.0.3) Sη(f) =
αg2

(2π)4
f−5exp

(
−5

4

(
f

fm

)4
)
γ
exp

(
− 1

2σ2
( f
fm

−1)
2
)

where

α = 0.076x−0.22

x = gFU−2
10

fm = 3.5gx−0.33

U10

σf = 0.07 if f ≤ fp

σf = 0.09 if f > fp

γ = 3.3 in average in the North Sea

U10 denotes the wind speed 10 meters above the mean water level.

Jonswap type, parametrized:

(3.0.4) Sη(f) = αH2
m0f

4
p f

−5γβexp

(
−5

4

(
fp
f

)4
)

α =
0.0624

0.230 + 0.0336γ − 0.185
1.9+γ

β = exp

(
−(f − fp)

2

2σ2
ff

2
p

)
where

σf = 0.07 if f ≤ fp

σf = 0.09 if f > fp

γ = 3.3 in average in the North Sea
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Wave Generation Techniques

The laboratory generation of irregular waves combines the mathematical
formulation of random sea states, as previously discussed, with the dy-
namic transfer function that defines the relationship between the wave
generator motion and the resulting free-surface elevation for sinusoidal
inputs.

Over the years, several methodologies have been developed to reproduce
irregular sea states with prescribed statistical and spectral properties.

In general, wave generation techniques can be classified into two principal
categories: deterministic and non-deterministic (stochastic) approaches.

Deterministic techniques aim to produce wave trains of finite duration
that exactly replicate a specified target spectrum, Starget(f), within nu-
merical accuracy.

In contrast, non-deterministic methods yield realizations that only repro-
duce the spectral characteristics in a statistical sense; that is, an indivi-
dual realization may deviate from Starget(f), but the ensemble-averaged
spectrum converges toward the desired energy distribution as the number
of realizations increases.

Three principal wave generation techniques are commonly employed in
experimental hydrodynamics.

The Random Phase Method (RPM) and the Random Complex Spectrum
Method (RCSM) generate random wave trains in the frequency domain,
subsequently transformed into the time domain using the inverse Fast
Fourier Transform (IFFT).

The RPM has deterministic nature, as it preserves the specified ampli-
tude spectrum while assigning fixed random phases.

The RCSM, on the other hand, introduces randomness both in amplitude
and phase, thereby constituting a non-deterministic approach.

These methods were initially developed by Rice (1944) and later ap-
plied to random wave synthesis, both linear and nonlinear, by Tuah and
Hudspeth (1982).
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Alternatively, the White Noise Filtering Method (WNFM) operates di-
rectly in the time domain through digital filtering of a white noise signal.

This stochastic method, originally introduced by Nunes (1981), simula-
tes the inherent variability of ocean waves by generating a broadband
random input that, when passed through a frequency-dependent filter,
yields a signal whose spectral density converges to the target spectrum
with increasing record length.

An advantage of this approach is its ability to produce long, non-repetitive
time series in real time, significantly reducing pre-processing requiremen-
ts compared to IFFT-based techniques.

Moreover, by designing filter transfer functions for each wavemaker padd-
le in accordance with the specified directional spectrum S(f, θ), the WN-
FM can achieve smooth and continuous energy distributions (particular-
ly advantageous for structural response studies sensitive to narrowband
frequency content near system eigenfrequencies).

In natural sea states, nonlinear interactions between individual spec-
tral components give rise to low-frequency modulations known as group-
bounded long waves (Ottesen-Hansen, 1978).

Accurate reproduction of these secondary waves is often crucial for phy-
sical model fidelity.

However, the present discussion will be limited to the generation of linear
irregular waves.

Random Phase Method

In the Random Phase Method (RPM), irregular wave trains are synthe-
sized by combining the discrete amplitude spectrum, derived from the
target wave energy spectrum S(f), with a randomly generated phase
spectrum.

The complex Fourier components are constructed in order to have a time
series with the desired discrete power spectrum.

The corresponding time-domain signal η(t) is then obtained through the
inverse Fourier transform (IFFT).
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The steps of calculating a time series using the Random Phase Method
are:

1. Define a target wave energy density spectrum (from measurements
in nature or from calculations of the spectral density Sη):

(3.0.5) Sη(f) =
5

16
H2
s f

4
p f

−5exp

(
−5

4

(
fp
f

)4
)

where

Hs is the significant wave height

fp is the peak frequency

f is the frequency

2. Choose the sample frequency, fs and the resolution of the spectrum
(half the number of Fourier components) N.

This yields a frequency domain resolution of ∆f = fs
N

.

Calculate the discrete wave energy spectrum σ2
η(fi) :

(3.0.6) σ2
η(fi) = Sη(i ·∆f) ·∆f

3. Determine the discrete paddle-displacement energy spectrum.

The far field transfer function for small amplitude regular waves was
given by Biésel and Suquet (1951) in the following form for piston wave
paddles:

(3.0.7)
H

S0

=
2sinh2(kh)

sinh(kh) cosh(kh) + kh

where

H is the wave height

k is the wave number k = 2π
L

h is the water depth

S0 is the stroke of the piston
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The Biésel transfer function can be calculated if the water depth is known.

It is now possible to determine the discrete paddle-displacement energy
spectrum, σ2

x(fi):

(3.0.8) σ2
x(fi) =

σ2
η(f)(

2sinh2(kh)
sinh(kh) cosh(kh)+kh

)2
Note that k is a function of the frequency.

4. Calculate the N complex Fourier coefficients C = A+ iB by picking
a random phase, ϕ(f), between 0 and 2π for all frequencies smaller than
the Nyquist frequency, fn = fs

2
:

(3.0.9) Ai = cos(ϕ(fi)) ·
√
σ2
x(fi)/2

(3.0.10) Bi = sin(ϕ(fi)) ·
√
σ2
x(fi)/2

Mirror the N Fourier components into the Nyquist frequency fn in order
to obtain a hermitian Fourier Transform, i.e.:

(3.0.11) CN+1 = C∗
N−1 + 1 i = 1, . . . , N

where * denotes complex conjugate.

5. Apply the inverse Fourier Transform (InvFFT) and calculate the
time series of the control signal for the wave paddle (the real parts of the
inverse Fourier Transform is the time series, the imaginary parts are zero
due to the fact that the Fourier Transform is hermitian).

6. Use oversampling in order to get a better discretization of the control
signal.

The RPM is considered a deterministic wave generation technique, since
the resulting power spectrum of the synthesized wave train exactly re-
produces the target energy spectrum over the specified duration of the
time series.
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Consequently, multiple realizations with different random phase sets re-
main statistically comparable because they share identical spectral cha-
racteristics.

The feasible length of the generated signal is constrained primarily by
computational capacity; however, with modern processing power, even
long time series can be generated efficiently.

When second-order (bound wave) corrections are included, computatio-
nal demand increases significantly.

To mitigate this, it is often practical to generate several shorter segments
(typically 5–10 minutes in duration) using the RPM and concatenate
them to form a longer record.

This approach is particularly effective for pilot experiments, wave gene-
rator calibration, and reflection analysis.

For long-duration simulations, however, a single extended realization is
generally preferred to preserve the natural variability of the spectral
energy distribution over time.

Moreover, since the RPM introduces energy at discrete frequency inter-
vals, it may fail to capture continuous spectral characteristics critical for
certain structural responses.

In such cases, the Filtered White Noise Method provides a more suitable
alternative, as it produces smoother and more continuous spectra without
discrete frequency artifacts.

Random Complex Spectrum Method

The Random Complex Spectrum Method (RCSM) is a non-deterministic
approach to irregular wave generation that produces time series with
Gaussian-distributed amplitude spectra.

The method closely resembles the Random Phase Method (RPM), but
differs in the way the complex Fourier coefficients are defined.

When the Random Complex Spectrum Method is applied, the real and
imaginary components of the complex Fourier coefficients are described
as
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(3.0.12) Ai = Gj ·
√
σ2
x(fi)/2

(3.0.13) Bi = Gj+1 ·
√
σ2
x(fi)/2

where G is a normally distributed random variable with zero mean and
a standard deviation of σ = 1.

Instead of prescribing fixed amplitudes and random phases, both the
real and imaginary components of each Fourier coefficient are assigned
random values drawn from a normal distribution with zero mean and
unit standard deviation.

Because of this stochastic formulation, each realization generated by
the RCSM yields a slightly different power spectrum, reflecting natural
variability between samples.

Despite this, the ensemble-averaged spectrum converges toward the tar-
get wave energy spectrum.

The RCSM shares several practical limitations with the RPM: the length
of the synthesized time series is constrained by computational resources
required for the Fourier transform, and wave energy is distributed over
discrete frequency bins.

To overcome these constraints, an alternative approach (described in the
following section) can be used, which avoids discretization effects and
allows for continuous energy representation.

White Noise Filtering Method

The White Noise Filtering Method (WNFM) is a time-domain wave gene-
ration technique that relies on digital filtering, typically employing Finite
Impulse Response (FIR) filters.

In this approach, a digital filter is characterized by a set of coefficients
hi, known as the filter operator, which defines its impulse response.
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These coefficients are computed in such a way that the convolution of
the input signal with the filter produces the desired frequency response.

The sea surface elevation time series, η(t), is generated by convolving a
white noise signal W (t), consisting of samples drawn from a standard
Gaussian distribution, with a filter operator derived from the inverse
Fourier transform of a discrete frequency response function corresponding
to the target wave energy spectrum (the surface elevation filter).

The input–output relationship of the filter is expressed by the discrete
convolution integral:

(3.0.14) ηj =
2N−1∑
i=0

hi ·Wj−1

where 2N represents the number of filter coefficients.

η(t) is then convolved with another filter operator, that is obtaine from
the inverse Fourier transormation of a frequency response function ( the
response function represents the inverse of the far-field Biesel transfer
function, the Biésel filter).

In this way it is possible to obtain the wave paddle displacement time
series corresponding to Eq. 3.0.14.

Designing the surface elevation filter can be divided into 6 steps:

1. The desired wave power spectrum is defined.

2. The wave power spectrum is discretized in N components.

3. For each component, a phase Φi is chosen as

(3.0.15) Φi =

0 if i is even

π if i is odd

This phase removes the phase shift introduced by the filter delay.

For wave generation, removing the phase shift is unnecessary but, howe-
ver, it is of importance in other applications.
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4. Determine the value of the frequency response function H correspon-
ding to each component i (frequency sampling)

(3.0.16) Re {H(fi)} = cos(Φi) ·
√
σ2
η(fi)/2

(3.0.17) Im {H(fi)} = sin(Φi) ·
√
σ2
η(fi)/2

here H corresponds to the desired frequency response of the surface
elevation filter.

5. Mirror the discrete frequency response function into the Nyquist
frequency to obtain a Hermitian discrete frequency response function ,
i.e.

(3.0.18) H(fn + fi) = H∗(fn − fi)

6. Compute the Inverse Fourier Transform of the frequency response
function to produce the filter operator. In this case the real parts of the
InvFFT are the filter coefficients whereas the imaginary parts are zero
(because H is hermitian).

The Biésel filter is designed by proceeding from step 3 and determining
the discrete values of the frequency response function as

(3.0.19) Re {H(fi)} = cos(Φi) ·
1

Kf (fi)

(3.0.20) Im {H(fi)} = sin(Φi) ·
1

Kf (fi)

where Kf denotes the far field Biésel transfer function.

In order to eliminate the phase shift between flap displacements and
surface elevations, the phase Φi is chosen as −π/2 .

The Gaussian white noise input required for the surface elevation filter
is produced using a unit Gaussian random generator.
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Since most built-in random number generators produce uniformly distri-
buted samples, a transformation to Gaussian noise is necessary.

This can be achieved using, for example, the Central Limit Theorem
method or the Box-Muller transform, both of which depend on a high-
quality uniform random number generator.

Poorly designed pseudo-random generators may exhibit undesirable sta-
tistical properties, such as serial correlation, and should therefore be
replaced with more reliable sources to ensure statistical accuracy of the
simulated wave field.
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Seperation of Incident and Reflected

Long Waves Using Digital Filters

Principle

In hydraulic laboratory experiments, it is often necessary to decompose
an irregular wave field into its incident and reflected components.

This separation is essential because the structural response of interest is
primarily governed by the incident wave field impinging on the structure.

The first systematic approach to this problem was proposed by Goda and
Suzuki (1976), who developed a frequency-domain technique for estima-
ting the amplitudes of irregular incident and reflected waves in random
seas.

Subsequently, Mansard and Funke (1980) refined this approach by intro-
ducing a least-squares estimation method, which improved the accuracy
of the separation.

In the following, a time-domain approach, referred to as the Separation
of Incident and Reflected Waves (SIRW) method, is presented.

To understand better this method, a wave generator with two wave
gauges is used.

This method utilizes digital filtering techniques and enables real-time
separation of the two wave components.
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To illustrate the principle of the SIRW method, consider the schematic
shown in Figure 7:

Figure 7: Sketch of a wave generatore with two gauges

The free-surface elevation, η(x, t), measured at a distance x from the
wave generator, can be expressed as the superposition of an incident
wave, propagating away from the wave maker, and a reflected wave,
traveling in the opposite direction.

Although the method is applicable to irregular sea states, the underlying
concept will first be demonstrated for the simpler case of monochromatic
waves.

(4.0.1) η(x, t) = ηI(x, t) + ηR(x, t) =

= aIcos(2πft− kx+ ϕI) + aRcos(2πft+ kx+ ϕR)

where

f is the frequency

a = a(f) is the wave amplitude

k = k(f) is the wave number

ϕ = ϕ(f) is the phase
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I and R are the indices that denote respectively the incident and the
reflected wave.

At the two wave gauge we have:

(4.0.2) η(x1, t) = aIcos(2πft− kx1 + ϕI) + aRcos(2πft+ kx1 + ϕR)

(4.0.3) η(x2, t) = aIcos(2πft− kx2 + ϕI) + aRcos(2πft+ kx2 + ϕR)

Substituting x2 = x1 +∆x into eq 4.0.3 we obtain:

η(x2, t) = aIcos(2πft−kx1−k∆x+ϕI)+aRcos(2πft+kx1+k∆x+ϕR)

Using Euler notation, these equations become:

(4.0.4) η(x1, t) = aIe
i(ωt−kx1) + aRe

i(ωt+ikx1)

(4.0.5) η(x2, t) = aIe
i(ωt−kx1−k∆x) + aRe

i(ωt+kx1+k∆x)

It is seen that the incident wave is phase shifted ∆ϕ = k∆x from signal
η(x1, t) to signal η(x2, t), and the reflected wave is phase shifted ∆ϕ =

−k∆x due to opposite travel directions.

These phase shifts are called the “physical phase shifts” and are denoted
ϕphysI and ϕphysR , respectively.

We will now proceed with some manipulations of the elevation signal so
that the signal is phase-shifted from the two wave gauges.

This allows the incident parts of the wave signals to be in phase while
the reflected parts of the signals will be in mutual opposite phase.

In this case the sum of the two manipulated signals is proportional to
and in phase with the incident wave signal.

The modified signal is denoted η∗.
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For the i-th wave gauge signal the modified signal is defined as:

(4.0.6) η∗(xi, t) = CaIcos(2πft− kxi + ϕI + ϕtheoi )+

+CaRcos(2πft+ kxi + ϕR + ϕtheoi )

where C is an amplification and ϕtheo is a theoretical phase shift.

This gives at wave gauge 1 and 2:

(4.0.7) η∗(x1, t) = CaIcos(2πft− kx1 + ϕI + ϕtheo1 )+

+CaRcos(2πft+ kx1 + ϕR + ϕtheo1 )

(4.0.8) η∗(x2, t) = CaIcos(2πft− kx1 − k∆x+ ϕI + ϕtheo2 )+

+CaRcos(2πft+ kx1 + k∆x+ ϕR + ϕtheo2 )

To simplify implementation aspects, we use Euler notationquivalenty, in
Euler notation

(4.0.9) η∗(x1, t) = C̃
[
aIe

i(ωt−kx1) + aRe
i(ωt+kx1)

]

(4.0.10) η∗(x2, t) = C̃ei∆ϕ
theo [

aIe
i(ωt−kx1−k∆x) + aRe

i(ωt+kx1+k∆x)
]

where ∆ϕtheo = ϕtheo2 − ϕtheo1 .

If we call ηsum(t) the sum of η∗(x1, t) and η∗(x2, t), after some calcula-
tions we obtain:

(4.0.11) ηsum(t) = 2CaIcos(0.5(−k∆x− ϕtheo1 + ϕtheo2 )·
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cos(2πft− kx1 + ϕI + 0.5(−k∆x+ ϕtheo1 + ϕtheo2 ))+

2CaRcos(0.5(−k∆x+ ϕtheo1 − ϕtheo2 )·

cos(2πft+ kx1 + ϕR + 0.5(k∆x+ ϕtheo1 + ϕtheo2 ))

In Euler notation

(4.0.12)
ηsum(t) = C̃

[
aIe

i(ωt−kx1)(1 + ei(−k∆x+∆ϕtheo)) + aRe
i(ωt+kx1)(1 + ei(k∆x+∆ϕtheo))

]
It is seen that ηsum(t) and the incident part of eq 4.0.2, aIcos(2πft −
kx1 + ϕI), are the same when the following three conditions hold:

(4.0.13) 2Ccos(0.5(−k∆x− ϕtheo1 + ϕtheo2 ) = 1

(4.0.14) 0.5(−k∆x+ ϕtheo1 + ϕtheo2 ) = 0 + n · 2π n ∈ Z

(4.0.15) 0.5(−k∆x− ϕtheo1 + ϕtheo2 ) =
π

2
·m+ π m ∈ Z

Solving the equations above gives:

(4.0.16) ϕtheo1 = k∆x+
π

2
+mπ + n2π

(4.0.17) ϕtheo2 = −π
2
−mπ + n2π

(4.0.18) C =
1

2cos(−k∆x− π
2
−mπ)
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If we solve this problem following the Euler notation, we must find the
value of C̃ that satisfies

(4.0.19)
C̃
[
aIe

i(ωt−kx1)(1 + ei(−k∆x+∆ϕtheo)) + aRe
iωte+ikx1(1 + ei(k∆x+∆ϕtheo))

]
= aIe

i(ωt−kx1)

This means that the following contition must be satisfied

(4.0.20) (1 + ei(k∆x+∆ϕtheo)) = 0 =⇒ ei(k∆x+∆ϕtheo) = −1

(4.0.21) C̃(1 + ei(−k∆x+∆ϕtheo)) = 1

That yield to

(4.0.22) k∆x+∆ϕtheo = π + 2nπ =⇒ ∆ϕtheo = π + 2nπ − k∆x

(4.0.23) C̃ =
1

1 + ei(∆ϕtheo−k∆x)
=

1

1 + ei(π−2k∆x)

Figure 8: Comparison between the actual incident wave signal ηI(x1)
and the calculated incident wave signal ηsum.

The calculation done above aims at finding an amplification and a phase
shift for each of the two elevation signals η1 and η2.
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Remembering that all the quantities we have found depends on the fre-
quency, it is clear that the goal is already reached in the frequency
domain.

However, the implementation of the principle will be done in the time
domain using digital filters.

It is seen that singularities may occur.

It is important to mention that one way to bypass the singularities is to
use a velocity meter instead of one of the two wave gauges.

Figure 9: Flow diagram for signals in the SIRW-method.

The purposes of the filters shown in Figure 9 are exactly a frequency
dependent amplification and a frequency dependent phase shift on each
of the two elevation signals.

Taking n = 0 and m = 0 the frequency response functions H1(f) for
filter 1 and H2(f) for filter 2 calculated due to Eqs. 4.0.16 - 4.0.18 are
given below in complex notation:

(4.0.24) Re {H(f1)} =
1

2cos(−k∆x− π
2
)
· cos(k∆x+ π

2
)

Im {H(f1)} =
1

2cos(−k∆x− π
2
)
· sin(k∆x+ π

2
)

(4.0.25) Re {H(f2)} =
1

2cos(−k∆x− π
2
)
· cos(−π

2
)

Im {H(f2)} =
1

2cos(−k∆x− π
2
)
· sin(−π

2
)

Based on Eqs. 4.0.24 - 4.0.25 it is straightforward to design the time
domain filters.

75



Filter Design

Through the inverse discrete Fourier transformation is possible to obtain
the impulse response of the filters.

The impulse response (or filter coefficients) is obtained as:

(4.0.26) hj = (j ·∆tfilter) =
1

N

N−1∑
r=0

Hr · exp(i2πrj
N

)

where r=0, ..., N-1 and j=0, ..., N-1,

∆tfilter is the time increment of the filter,

Hr is the complex frequency given by Eqs. 4.0.24 - 4.0.25 at the frequency
f = r ·∆f

Moreover, Hr should be hermitian, i.e. H(fn + fi) = H∗(fn − fi).

Figure 10: Magnitude (gain) of the frequency responses of a discrete
filter. N = 64 , h = 0.5 m, ∆f = 0.10 Hz, ∆tfilter = 0.16 sec., ∆x =

0.2m.
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The frequency increment, Δf, in the frequency response is found by

(4.0.27) ∆f =
1

N ·∆tfilter

Note that in the previous formula Eq. 4.0.26 there are N discrete values
of the complex frequency response: this gives an impulse response of
finite duration.

Having only N frequencies in the transformation leads to a minor inac-
curacy in the performance of the filter at input frequencies, which do not
coincide with one of the calculated frequencies in the discrete filter.

In principle, when we include more frequencies, the accuracy of the filter
should be enhanced.

In practice, there is a limit beyond which the accuracy of the filter starts
to decrease due to other effects in the model.

The convolution integral (summation), describes the input-output rela-
tionship for the filters and it is

(4.0.28) η∗p =
N−1∑
j=0

hj · ηp−j

where

j, p = 0, ..., N-1

ηp−j is the elevation at time t = (p− j) ·∆tfilter

η∗p is the output from the filter at time t = p ·∆tfilter

hj is the filter coefficient corresponding to time t = j ·∆tfilter
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Figure 11: Filter coefficients corresponding to Filter 1 and Filter 2. N
= 64, water depth h = 0.5 m, ∆f = 0.10 Hz, ∆tfilter = 0.16 sec., ∆x =

0.2m.

It should be observed that the resulting signal η∗(x, t) is shifted in time
by (N−1)

2
sampling intervals with respect to the input signal η(x, t).

Experimental investigations have revealed the presence of singularities in
the system response at frequencies near 2.0 Hz and 2.8 Hz.

Since the filter’s frequency response is evaluated only at discrete frequen-
cy points, these singularities do not compromise the numerical stability
or the accuracy of the computed response.

Nevertheless, it is advisable to truncate the frequency response whenever
its magnitude exceeds approximately five.

In practical implementation, this implies that whenever | H(f) |≥ 5

during the computation, the corresponding value of | H(f) | should be
limited to 5.

Additionally, it is advantageous to position the singularities within a
frequency band where the wave spectrum contains negligible energy (ty-
pically at frequencies around three times the spectral peak frequency).
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This condition can always be satisfied by a proper selection of the spa-
tial and temporal discretization parameters, ∆x and ∆tfilter, ensuring
that ∆x remains smaller than one quarter of the shortest wavelength
considered.

Numerical Test Examples

To assess the performance of the SIRW method, two numerical test cases
involving known incident and reflected wave components are analyzed.

The error is defined as the deviation between the computed incident wave
signal, ηsum, and the true incident wave signal, ηI .

In these examples, the total surface elevation resulting from the superpo-
sition of two sinusoidal waves is expressed by Eq. 4.0.29, which represents
a situation with a reflection coefficient of 50% for the incident wave field:

(4.0.29) η(x, t) = 0.01 · cos(2πf1t− k1x) + 0.01 · cos(2πf2t− k2x)+

0.01 · 0.5 · cos(2πf1t+ k1x) + 0.01 · 0.5 · cos(2πf2t+ k2x)

Using Euler notation, the above equation can be written as:

(4.0.30)
η(x, t) = 0.01·ei(ωt−k1x)+0.01·ei(ωt−k2x)+0.01·0.5·ei(ωt+k1x)+0.01·0.5·ei(ωt+k2x)

The signals are sampled at a rate of 6.4 Hz.

Figure 12 illustrates how the method operates when both f1 and f2 coin-
cide with specific discrete filter frequencies, that is, integer multiples of
n ·∆f .
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Figure 12: A comparison between ηI , ηcalc and ηx1 . N = 64, water
depth h = 0.5 m, fs = 6.4 Hz, f1 = 4∆f , f1 = 7∆f , ∆x = 0.2.

As expected, the method provides exact results when the signal energy
is located exclusively at these discrete frequency points (see Figure 12).
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2D active absorption systems using 2

wave gauges in the far field

Introduction

In coastal engineering, both physical and numerical models are employed
to simulate hydrodynamic phenomena under conditions representative of
the natural environment.

A major challenge in wave modelling, whether in computational domains
or laboratory flumes, is the contamination of the incident wave field by
re-reflected components, which distort the target wave conditions.

Effective mitigation of these reflections requires the wave generator to
function dually as a source of incident waves and as an absorber of
reflected ones.

The design of such an integrated generation-absorption system, as first
articulated by Gilbert (1978), necessitates

(i) the detection of reflected waves approaching the paddle;

(ii) the production of counter-waves of equal amplitude and opposite
phase to cancel them;

Earlier approaches, such as Milgram’s (1970) moving-boundary absorp-
tion method, employed analog filtering of surface elevation signals but
operated only in absorption mode.
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Conventional active absorption systems estimate reflected waves indi-
rectly by comparing measured and prescribed surface elevations at the
paddle face (e.g., Bullock & Murton, 1989; Hirakuchi et al., 1990; Schäffer
et al., 1994).

However, this indirect estimation introduces cumulative errors due to
model uncertainties.

In contrast, Frigaard (1993) developed an open-loop system at Aalborg
University enabling real-time separation of incident and reflected com-
ponents, thereby achieving superior absorption performance (Frigaard &
Christensen, 1994).

Subsequent developments introduced three alternative absorption confi-
gurations, denoted (η, η), (η, u) and (u, w), which rely respectively on
combinations of surface elevation and velocity measurements.

Principle of Active Absorption Systems

We will now recall the theory that describe the near-field surface elevation
of a wave maker.

The displacement of the paddle can be described by the function

(5.0.1) e(z, t) = e0f(z)sin(ωt)

where e0 represents the stroke of the paddle at z = 0, f(z) depends on
the type of wave maker and ω = 2π

T
is the frequency.

In the case of a piston wave maker, f(z) = 1 and in shallow waters,
f(0) = 1.

The movement of the paddle in shallow waters can be described by the
function

(5.0.2) X(t) = e0sin(ωt)

The surface elevation in the generated wave field is calculated as
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(5.0.3) η(x, t) = −1

g

∂ϕ(x, 0, t)

∂t

Defining the Biésel transfer function in the near-field

(5.0.4) C0,2D =
c0
e0
sinh(kh)

the Biésel trasfer function in the far-field

(5.0.5) Cj,2D =
cj
e0
sin(kjh) for j ≥ 1

and Dx(x) is the sum of the evanescent transfer functions

(5.0.6) Dx(x) =
∞∑
j=1

Cj,2Dexp(−kjx)

(5.0.7) D0 = Dx(0) =
∞∑
j=1

Cj,2D

we get

(5.0.8) η(x, t) = (C0,2Dcos(ωx− kt) +Dx(x)sin(ωt)) e0

Since we are in shallow waters here ω solves the dispersion relation

ω2 = −kjg tan(kjh)

The active wave absorption system operates through real-time processing
of signals using digital finite impulse response (FIR) filters.

Conceptually, a digital FIR filter connects a sequence of N input samples
ηk−i to an output xk via a discrete convolution of the input data with N
predetermined coefficients hi, known as the filter weights.
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The mathematical input-output relationship of the FIR filter is expressed
as

(5.0.9) xk =
i=M∑
i=−M

hiηk−i , M =
N − 1

2

where the coefficients hi define the filter’s impulse response.

For a prescribed frequency response, the corresponding impulse response
is obtained by applying the inverse Fourier transform to the complex
frequency response function.

It should be noted that the resulting filter introduces a temporal offset
of N−1

2
time steps between the input and output signals.

In real-time applications, this inherent delay must be compensated.

In the present configuration, this can be effectively mitigated by posi-
tioning the measurement gauges at a sufficient distance from the wave
paddle such that coefficients corresponding to future input values are
negligible.

The correction signal for the paddle motion, required to absorb the re-
flected wave field, is derived through digital filtering followed by linear
superposition of two measured quantities (either surface elevations or
velocity components) recorded at locations in front of the wave generator.

Figure 13: Active absorption system sketch

When active absorption is engaged, this correction signal is added to the
original paddle displacement signal supplied by the control generator,
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thereby enabling simultaneous wave generation and reflection cancella-
tion.

In the next paragraph it is shown how to apply active absorption systems
that uses a single wave gauge in the nearfield.

Frequency Response of Digital Filters

Having established the operating principle, the remaining task is to define
the appropriate frequency response for the applied filters.

The approach is based on the configuration shown in Figure 13, in which
two wave gauges are installed within the flume.

At any position x, the measured surface elevation may be represented as
a superposition of harmonic constituents, as the influence of near-field
disturbances becomes negligible for x > 3h, where h denotes the water
depth (Biesel & Suquet, 1951).

For a single frequency component f , the total surface elevation may thus
be expressed as the sum of the corresponding incident and reflected wave
contributions:

(5.0.10) η(x, t) = ηI(x, t) + ηR(x, t) =

= aIcos(ωt− kx+ ϕI) + aRcos(ωt+ kx+ ϕR)

where

f is the frequency

a = a(f) is the wave amplitude

k = k(f) is the wave number

ϕ = ϕ(f) is the phase

and indices I and R denote incident and reflected, respectively.
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Assuming a linear relationship between paddle displacement and the re-
sulting surface elevation, the corrective paddle motion X∗(t), which eli-
minates the reflected component while preserving the incident wave, can
be determined from the following relation:

(5.0.11) X∗(t) = BaRcos(ωt+ ϕR + ϕB + π)

where

B is the piston stroke over the wave height relation, defined as B = C−1
0,2D

ϕB is the phase shift between paddle displacement and surface elevation
on the face of the paddle

In the subsequent discussion, it is demonstrated that one can appropria-
tely amplify and phase-shift the surface elevation signals obtained from
the two wave gauges such that their summation exactly reproduces the
paddle correction signal corresponding to the absorption of the reflected
wave component, as expressed by Eq. 5.0.11.

At the two wave gauges we have:

(5.0.12) η(x1, t) = aIcos(ωt− kx1 + ϕI) + aRcos(ωt+ kx1 + ϕR)

(5.0.13) η(x2, t) = aIcos(ωt− kx2 + ϕI) + aRcos(ωt+ kx2 + ϕR)

= aIcos(ωt− kx1 − k∆x+ ϕI) + aRcos(ωt+ kx1 + k∆x+ ϕR)

where x2 = x1 + k∆x has been substituted into Eq. 5.0.13.

Within this framework, a gain factor Gη and a theoretical phase di-
splacement ϕη are introduced into the mathematical representation of
η(x, t).

The modified surface elevation signal is then denoted as η∗ .

For the i’th wave gauge signal the modified signal is defined as
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(5.0.14)
η∗(xi, t) = GηaIcos(ωt− kxi+ ϕI + ϕη

i

) +GηaRcos(ωt+ kxi+ ϕR+ ϕη
i

)

This gives at wave gauges 1 and 2:

(5.0.15)
η∗(x1, t) = GηaIcos(ωt−kx1+ϕI +ϕ

η1)+GηaRcos(ωt+kx1+ϕR+ϕ
η1)

(5.0.16) η∗(x2, t) = GηaIcos(ωt− kx1 − k∆x+ ϕI + ϕη2)+

+GηaRcos(ωt+ kx1 + k∆x+ ϕR + ϕη2)

The sum of η∗(x1, t) and η∗(x2, t) which is termed ηsum(t) is:

(5.0.17) ηsum(t) = η∗(x1, t) + η∗(x2, t)

= 2GηaIcos

(
k∆x+ ϕη1 + ϕη2

2

)
cos

(
ωt− kx1 + ϕI +

−k∆x+ ϕη1 + ϕη2

2

)
+

2GηaRcos

(
−k∆x+ ϕη1 − ϕη2

2

)
cos

(
ωt+ kx1 + ϕR +

k∆x+ ϕη1 + ϕη2

2

)
It is seen that ηsum(t) and X∗(t) = BaRcos(ωt+ϕR+ϕB+π) are identical
signals in case:

(5.0.18) GηaIcos

(
k∆x− ϕη1 + ϕη2

2

)
= B

(5.0.19) kx1 +
k∆x+ ϕη1 + ϕη2

2
= ϕB + π + n2π

87



(5.0.20)
k∆x+ ϕη1 − ϕη2

2
=
π

2
+mπ

where n, m = (±1, ±2, . . .).

Solving Eqs. 5.0.18 - 5.0.20 with respect to ϕη1, ϕη2 and Gη with m =

n = 0 gives:

(5.0.21) ϕη1 = ϕB − k∆x− kx1 + 3π/2

(5.0.22) ϕη2 = ϕB − kx1 + π/2

(5.0.23) Gη =
B

2cos(−k∆x+ π/2)

The relationships given in Eqs. 5.0.21 - 5.0.23 define the frequency-
dependent characteristics (namely, the amplification factors and phase
shifts) of filters 1 and 2 illustrated in Figure 13.

If we consider the particular case where a wave gauge and a horizontal
velocity sensor are placed at the same spatial location, the two input
signals are related by:

(5.0.24) η(x1, t) = aIcos(ωt− kx1 + ϕI) + aRcos(ωt+ kx1 + ϕR)

(5.0.25) η(x2, t) = aIω
cosh(k(h+ z))

sinh(kh)
cos(ωt− kx1 + ϕI)

−aRω
cosh(k(h+ z))

sinh(kh)
cos(ωt+ kx1 + ϕR)

Through a derivation analogous to that applied for the (η, η)-configuration,
one obtains for the (η, u)-system the gain factor Gη associated with the
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surface elevation signal, the gain Gu corresponding to the velocity signal,
and the theoretical phase shift ϕη = ϕu common to both quantities:

(5.0.26) Gη =
B

2

(5.0.27) Gu = − B

2ω

sinh(kh)

cosh(k(h+ z))

(5.0.28) ϕη = ϕB + π − kx1

(5.0.29) ϕu = ϕB + π − kx1

Finally, for spatially co-located horizontal and vertical velocity signals
the two input signals are:

(5.0.30) w(x1, z, t) = −aIω
sinh(k(h+ z))

sinh(kh)
sin(ωt− kx1 + ϕI)−

aRω
sinh(k(h+ z))

sinh(kh)
sin(ωt+ kx1 + ϕR)

(5.0.31) u(x1, z, t) = aIω
cosh(k(h+ z))

sinh(kh)
cos(ωt− kx1 + ϕI)−

aRω
cosh(k(h+ z))

sinh(kh)
cos(ωt+ kx1 + ϕR)

The configuration based on (u, w) signals behaves almost identically to
the (η, u)-system, since an amplification of the vertical velocity compo-
nent by the factor − sinh(kh)

ωsinh(k(h+z))
together with a phase shift of π

2
directly

yields the equivalent surface elevation signal (see Eq. 5.0.30).

When the frequency responses of the two filters are taken into account,
this leads to:
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(5.0.32) Gu = − B

2ω

sinh(kh)

cosh(k(h+ z))

(5.0.33) Gw = − B

2ω

sinh(kh)

cosh(k(h+ z))

(5.0.34) ϕu = ϕB + π − kx1

(5.0.35) ϕw = ϕB + π − kx1 −
π

2

Although the theoretical frequency responses of these filters can be rea-
dily computed from Eqs. 5.0.21 - 5.0.23, 5.0.26 - 5.0.29 , and 5.0.32 -
5.0.35, the practical realization or approximation of these responses using
finite impulse response (FIR) filters is far from straightforward.

Any attempt to determine suitable filter coefficients so as to match the
theoretical response inevitably introduces a fitting error, which must be
minimized to achieve optimal system performance.

This fitting error is highly sensitive to several parameters, including: the
water depth h, the positions of the wave gauges x1, x2 and/or velocity
sensors x1, z , the number of coefficients N used in the filter, and the
sampling frequency fs .

Consequently, the actual behavior and efficiency of the absorption system
depend strongly on the specific configuration and tuning of these filters.

Optimal Filter Design

In order to assess the effectiveness of the active absorption system and
to allow for its optimization, it is necessary to quantify how the fitting
error affects the filter performance within a given frequency range.

The combined frequency response of the two filters can be obtained by
analyzing their reaction to a simple cosine input signal:
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(5.0.36) η(t) = cos(ωt)

and the frequency response functions of the two filters

(5.0.37) H1(ω) = G1 (cos(ϕ1) + i sin(ϕ1))

(5.0.38) H2(ω) = G2 (cos(ϕ2) + i sin(ϕ2))

By performing the convolution between this cosine input and the respec-
tive frequency response functions of the two filters, and subsequently
summing their individual outputs, the resulting signal becomes:

(5.0.39) X(t) = G1cos(ωt+ ϕ1) +G2cos(ωt+ ϕ2)

= {G1cos(ϕ1) +G2cos(ϕ2)} cos(ωt)− {G1sin(ϕ1) +G2sin(ϕ2)} sin(ωt)

The gain corresponding to this combined input/output relation is:

(5.0.40)
GX =

{
(G1cos(ϕ1) +G2cos(ϕ2))

2 + (G1sin(ϕ1) +G2sin(ϕ2))
2}1/2

If the value ofGX is computed for both the theoretical frequency response
functions, as given by Eqs. 5.0.21, Eps. 5.0.23, 5.0.26 or 5.0.29, and
the realized impulse response functions obtained from the implemented
filter coefficients, the ratio P (f) expresses the performance of the actual
absorption system:

(5.0.41) P (f) =
GX, real

GX, theo
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System (η, η) (η, u) (u, w)

∆f [Hz] 0.143 0.143 0.143
x1 [m] 3.1 3.1 3.1
x2 [m] 3.3 - -
z [m] - -0.15 -0.15
d [m] 0.55 0.55 0.55

Table 1: Setup parameters

This ratio, referred to as the performance function, describes the degree
of absorption achieved at each frequency of interest.

For a perfectly absorbing system, P (f) = 1.

The error, denoted by ϵ, is then evaluated as:

(5.0.42) ϵ =

∫ fhigh

flow

(1− P (f))2df

Using this error measure, the setup parameters of each system can be
analyzed.

Here, flow and fhigh represent the lower and upper cutoff frequencies, re-
spectively, which define the frequency band where the filters are designed
to operate.

The results indicate that all systems exhibit excellent absorption efficien-
cy within the frequency interval [0.3; 1.5] Hz, with only minor variations
in behavior.

Generally, to achieve a high-quality fit, the frequency increment ∆f

should be small, corresponding to a longer filter length.

Although a smaller ∆f implies a larger filter delay that must be compen-
sated within the filter design, in practice, longer filters are not necessarily
more problematic than shorter ones, since the non-causal segment of the
impulse response function does not increase significantly.

For the filters to remain valid under such conditions, it is crucial that
the wave gauges or velocity sensors are located sufficiently far from the
wave paddle so that the non-causal contribution of the impulse response
function becomes negligible.
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This enables the use of standard filter design techniques such as frequency
sampling.

It can further be demonstrated that the lower the frequencies to be
absorbed, the greater the required distance from the generator.

As a general guideline, x1 > L(flow)/2 is the wavelength associated with
the low-frequency cutoff used during filter design.

However, this spacing introduces the risk of phase accumulation errors
due to the dispersion relation (accurate to second order for free waves),
particularly at higher frequencies.

Consequently, the filter design must balance between achieving a strong
low-frequency response and avoiding excessive phase distortion at higher
frequencies.

In practice, gauges can be installed closer to the paddle than this rule of
thumb suggests if the filter coefficients are obtained through an iterative
optimization process.

Altough there are no substantial differences among the systems, a signifi-
cant distinction lies in the sensitivity of the (η, η)-system to the internal
gauge spacing x2 − x1.

The frequency response of this system is highly dependent on this spacing
because a singularity can occur due to the phase difference between the
two input signals.

In contrast, the (η, u)- and (u, w)-systems employ co-located input
sensors, avoiding such singularities and thus being easier to implement
in practice.

Nevertheless, the velocity-based configurations ((η, u) and (u, w)) exhi-
bit greater sensitivity to non-linear wave effects than the (η, η)-system.

For the tested setup, the absorption frequency range encompasses the
portion of the wave spectrum containing most of the energy, leaving only
very low-frequency (long-period) components unabsorbed.

If the system is to be applied in different sea states from those charac-
terized in Table 1, the setup parameters can be Froude-scaled according

93



to the ratio between the new and original peak wavelengths (or peak
frequencies).

The same procedure for computing ϵ and P (f) remains valid under this
scaling.

Finally, it should be emphasized that the distance between the wave
paddle and the gauges must exceed three times the water depth to
ensure that the gauges operate within the Biésel far-field region, since
the elevation model of Eq. 5.0.10 does not account for local near-field
disturbances.
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2D Active Absorption System Using

Wave Gauge in the Near-Field

Introduction

Various strategies for implementing active wave absorption in laboratory
basins have been proposed in the literature.

These include methods employing wave gauges positioned in the far-field
(Christensen, 1995), measurements obtained directly at the paddle face,
typically of local surface elevations (Schäffer et al., 1994), and techniques
based on integrated quantities such as wave board forces (Salter, 1982).

In wave flumes, far− field gauge systems are often the preferred configu-
ration, as the extended time delay between wave generation and detection
simplifies the design of causal filters.

However, applying this approach to basins is considerably more complex
due to directional spreading of the wave field, which complicates the
transformation of measured signals back to the paddle boundary.

Despite these challenges, Christensen (1995) proposed a fully three-dimensional
system incorporating a large array of far-field gauges and fitted digital
filters designed to converge toward a prescribed response.

Although this setup demonstrated satisfactory performance, the exten-
sive instrumentation and spatial requirements render it impractical for
most routine applications.
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When near− field measurements are used instead, integrated quan-
tities (such as the total hydrodynamic force acting on the wave board)
are generally more stable than pointwise quantities.

Nevertheless, force-based systems require either dry-back operation or
highly efficient damping mechanisms to ensure accuracy.

Furthermore, their performance at high frequencies is constrained by the
substantial added mass associated with near-field motion.

For these reasons, systems employing wave gauges remain the practical
standard in most experimental facilities.

The most demanding aspect of designing such a system lies in its real-
time implementation, as the requirement of filter causality inevitably
reduces accuracy and may introduce various operational issues.

Another key consideration is the precise estimation of the desired near-
field wave field.

This is typically derived from Eq. 1.0.37, which assumes an infinitesimal
paddle width and thus neglects evanescent wave effects resulting from
paddle segmentation.

The present chapter focuses on the two-dimensional configuration, repre-
sentative of wave flume systems.

In practice, this type of system is frequently extended to three-dimensional
basins by assigning one control unit per paddle, producing a quasi-3D
arrangement.

Such systems, however, do not account for directional effects in the
absorption process.

The fundamental concept of near-field gauge-based active absorption in
two dimensions was first introduced and experimentally validated by
Milgram (1970) for pure absorption control.

Combined generation-absorption systems generally employ a single com-
puted control signal per generator (single-mode configuration), as descri-
bed by Schäffer et al. (1994).

In this scheme, the control signal represents the target far-field surface
elevation at the paddle face without reflections.
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The system then subtracts half of the measured surface elevation from
this reference signal, and the result is processed through a digital filter
to obtain the corrected paddle displacement signal.

However, this single-mode approach presents several inherent drawbacks:

• The paddle motion can only be computed under linear wave
theory.

• The overall performance depends strongly on the precision of the
digital or analog filter used for real-time implementation. Since
the filter must be causal, its frequency response cannot perfectly
reproduce the desired behavior, thereby degrading the quality of
the generated waves.

• The Biesel transfer functions governing near and far-field rela-
tions are affected by wave incidence angle, which is neglected in
single-mode configurations for both generation and absorption.

A more advanced framework overcomes these limitations by decoupling
the generation and absorption processes, introducing two independent
control signals (dual-mode operation).

The theoretical foundation of this dual-mode active absorption system
was formulated by Schäffer and Jakobsen (2003).

In this method, an active absorption correction term is superimposed on
the primary steering signal.

Compared to the single-mode approach, the dual-mode configuration cor-
rectly models the desired near-field wave conditions even for short-crested
seas, enabling fully three-dimensional wave generation combined with
quasi-three-dimensional absorption.

Consequently, deviations in the filter’s frequency response affect only the
absorption efficiency, leaving the generation quality intact.

In addition, the wave generation signal can be derived from nonlinear
wave theory.

Two notable distinctions exist between the present system and that pro-
posed by Schäffer.
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The physical gap between the wave gauge and the paddle face is explici-
tly included in the transfer function, following Milgram’s treatment but
omitted by Schäffer.

This small spacing, typical in experimental setups, can significantly in-
fluence the response at higher frequencies.

The present approach employs digital FIR filters for real-time realization,
in contrast to the analog and IIR filters used in earlier studies by Milgram
and Schäffer.

A dedicated method for filter design is presented here, which was not
disclosed in Schäffer’s original work for proprietary reasons.

Mathematical Formulation

The subsequent section formulates the mathematical framework for the
dual-mode two-dimensional active absorption system, under the assump-
tion that reflected waves propagate perpendicularly to the paddle line.

The near-field surface elevation at the paddle face, η0(t) , consists of
components generated by the paddle motion x(t), reflected waves ηR(t),
and re-reflections from the paddle ηRR(t).

Transforming into Fourier space, we define the complex amplitude A =

a + ib, where a and b denote the cosine and sine Fourier coefficients,
respectively.

Multiplication in the Fourier domain by eiϕ introduces a phase shift of
ϕ, while multiplication by i i corresponds to a phase delay of π

2
.

It should be noted that Schäffer employed an alternative sign convention,
where multiplication by e−iϕ produces a positive phase delay of ϕ.

Accounting for this difference, it can be shown that both formulations
yield identical results when the gap between the paddle and the gauge is
zero (x = 0).

Let X and A represent the paddle motion and surface elevation, respec-
tively, in the frequency domain.

The relationship between these quantities in Fourier space is then ex-
pressed as:
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(6.0.1) A0 = (−iC0,2D +D0)(Xgen +Xabs) + AR + ARR

The surface elevations can be written similarly using the x coordinate
(instead of having x equal to zero) and this leads to:

(6.0.2)
Ax = (−iC0,2Dexp(ikx)+Dx)(Xgen+Xabs)+ARexp(−ikx)+ARRexp(ikx)

Including the spatial coordinate x enables the utilization of wave gau-
ges positioned a short distance from the wave generator, for instance to
compensate for greater mechanical response delays.

AR and ARR are the reflected and re-reflected surface elevations at the
paddle.

When 100% reflection at the wave board is assumed, ARR = AR implies
that:

(6.0.3)
Ax = (−iC0,2Dexp(ikx) +Dx)(Xgen+Xabs) +AR(exp(ikx) + exp(−ikx))

= (−iC0,2Dexp(ikx) +Dx)(Xgen +Xabs) + 2cos(kx)AR

The incident far-field component at the paddle, denoted AI , consists of
the wave components produced by the paddle motion together with those
arising from secondary reflections at the paddle surface.

In the frequency domain, this relationship can be expressed as

(6.0.4) AI = −iC0,2D(Xgen +Xabs) + AR

Isolating AR and substituting into Eq.6.0.3 gives:

(6.0.5)
Ax = (−iC0,2Dexp(ikx)+Dx)(Xgen+Xabs)+2cos(kx)(AI+iC0,2D(Xgen+Xabs))
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which can be rewritten into the single mode active absorption solution:

(6.0.6) Xgen +Xabs =
2AIcos(kx)− Ax

iC0,2D(exp(ikx)− 2cos(kx))−Dx

that is

(6.0.7) Xgen +Xabs = (2AIcos(kx)− Ax)H(f)

where H(f) is the active absorption transfer function.

(6.0.8) H(f) =
1

iC0,2D(exp(ikx)− 2cos(kx))−Dx

It should be emphasized that both the control system and the mecha-
nical assembly contribute their own transfer characteristics, introducing
additional gain and phase shift (time delay).

These effects are not accounted for in the previously defined transfer func-
tion but must be incorporated when implementing the model in physical
experiments.

Once the desired incident wave component AI has been computed and the
actual wave signal Ax has been obtained from the gauge installed on the
paddle, the total paddle motion can be determined as X = Xgen +Xabs.

Nevertheless, since this formulation is expressed in the frequency domain,
it must be reformulated into a causal time-domain representation for
real-time operation.

In order to have perfect absorption AI is the desired incident waves, i.e.
the control signal to be calculated.

The single mode leads to first order for both active absorption and
generation.

For this reason it is preferible to apply the dual mode, that allows to use
the non-linear generation.

The dual mode solution is obtained from Eq. 6.0.5 by removing the
components due to Xgen on both sides, i.e.
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(6.0.9)
Ax, abs = (−iC0,2Dexp(ikx) +Dx)Xabs + 2cos(kx)(AI + iC0,2DXabs)

Since perfect absorption means that AI = 0 for the absorption signal, the
previous equation can be rewritten into the dual mode active absorption
solution:

(6.0.10)

Xabs = −Ax, abs
1

iC0,2D (exp(ikx)− 2cos(kx))−Dx

= −Ax, absH(f)

where Ax, abs = Ax − Ax, gen.

Ax, gen is the desired incident surface elevation at distance x from the
paddle including near-field components.

A surface elevation gauge measures Ax.

Accordingly, the corrective signal is determined from the difference bet-
ween the measured and the theoretically computed surface elevation at
the paddle face, where the computation incorporates the Biésel near-
field formulation and employs a filter characterized by the target transfer
function H(f) defined as:

(6.0.11) H(f) =
1

iC0,2D (exp(ikx)− 2cos(kx))−Dx

For a wave gauge mounted directly on the paddle surface, i.e. with no
spatial offset (x = 0), the formulation yields the well-established result
previously derived by Schäffer et al. (1994) and Schäffer and Jakobsen
(2003).

When the system is implemented in a physical model, it becomes essential
to adjust the transfer function H(f) to account for both the mechanical
amplification and the inherent time delay of the servo mechanism.

The response delay of typical servo systems generally lies within the range
of 50–150 milliseconds.
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It can be shown that, within the operational frequency range, a separa-
tion of approximately 3.5 cm produces only negligible alterations to the
transfer function.

Nevertheless, if a sufficiently sharp cut-off is not introduced in either the
absorption filter or the servo control loop, the high-frequency stability of
the system may be adversely affected.

An increased servo delay can be partially compensated by introducing a
finite gap between the gauges and the wave generator.

This configuration also helps to reduce the impact of reflected waves
striking the paddle surface, an effect that can be particularly troublesome
near the corners of wave basins.

Performance Curve

The performance curve refers to a plot of the re-reflection (or reflec-
tion) coefficient Cr(f) (or equivalently an absorption efficiency metric)
versus frequency f .

The performance curve is derived from the frequency-response functions
of the active absorption system, including the filter transfer function ,
the gauge-to-paddle transfer functions (e.g., the near-field relation from
gauge to paddle motion), the mechanical servo delays, the gauge spacing,
and other system dynamics.

The performance curve is derived from the filter response function H̃(F )

(6.0.12) H̃(F ) =
1

iC̃0,2D (exp(ikx)− 2cos(kx))− D̃x

In this case the real active absorption is

(6.0.13) X̃abs = −Ax, absH̃(f)

Now consider Eq. 6.0.3 with only the absorption part and substitute the
theoretical absorption correction with the real correction.

In this way the actual surface elevations due to absorption correction
reflections and rereflections can be obtained:
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(6.0.14) Ax, abs = αX̃abs + 2ARcos(kx)

where α = −iC0,2Dexp(ikx)−Dx

inserting eq. 6.0.13 in 6.0.12 gives

(6.0.15) X̃abs = −
(
αX̃abs + 2ARcos(kx)

)
H̃(f)

Isolating X̃abs leads to:

(6.0.16)
X̃abs

H̃(f)
+ αX̃abs = 2ARcos(kx)

(6.0.17) X̃abs

(
1

H̃(f)
+ α

)
= 2ARcos(kx)

From which we can finally find X̃abs :

(6.0.18) X̃abs =
2ARcos(kx)

1

H̃(f)
+ α

The incident waves of the absorption correction will then be:

(6.0.19) ÃI,abs = −iC0,2DX̃abs + AR

which after insertion of X̃abs gives:

(6.0.20) ÃI,abs − AR =
i2C0,2DARcos(kx)

1

H̃(f)
+ α

The performance parameter λ is now found as:
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(6.0.21) λ = −ÃI,abs − AR
AR

= −i2C0,2Dcos(kx)
1

H̃(f)
+ α

= − i2C0,2Dcos(kx)
1

H̃(f)
− iC0,2Dexp(ikx)−Dx

We can calculate the performance based on the actual filter response and
the theoretical Biésel far-field and near-field transfer functions.

The paddle reflection coefficient is calculated as:

(6.0.22)
ÃI,abs
AR

= 1 +
ÃI,abs − AR

AR
= 1− λ

The amplitude reflection coefficient is thus calculated as | 1− λ | with λ
computed by 6.0.21.

Frequencies with reflection coefficient significantly higher than unity should
be avoided as these are possible instability frequencies of the system.

Real Time Realisation Using Digital
Filters

For implementation in real-time systems, the absorption correction si-
gnal must be formulated in the time domain, implying that the transfer
functionH(f) must be represented through a digital filter approximation.

The signal entering the filter corresponds to the time series represen-
ting the difference between the theoretically computed and the actually
measured near-field surface elevations.

The computed series ηx, gen may, in the case of inverse FFT wave gene-
ration, be determined beforehand by incorporating the Biésel near-field
expression for every frequency component.
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For random (white noise) wave generation, however, this series must be
obtained through digital filtering of the surface elevation data.

The absorption filter may be either recursive (IIR filter) or non-recursive
(FIR filter).

In a FIR configuration, the output depends on present, past, and, in
principle, future input samples, while an IIR configuration also includes
dependencies on previous output values in addition to the inputs.

The filter must be causal, meaning that it can only depend on current
and past inputs, since future samples are not available in real time.

Consequently, both FIR and IIR filters can be represented in the form:

(6.0.23) vp =
M−1∑
j=0

ajup−j+
N−1∑
j=1

bjvp−j

where u denotes the input and v the output signal.

The coefficients aj and bj are the filter parameters, and in the specific
case of a FIR filter all bj = 0.

The IIR filter has the advantage of achieving comparable frequency per-
formance with a smaller number of coefficients, particularly in the low-
frequency range.

However, the downside is its potential sensitivity to cumulative numerical
errors and possible instability if the filter design is not robust.

Conversely, FIR filters are usually easier to design and are intrinsically
stable, although in active absorption applications instabilities may still
arise because the overall coupled system (filter-paddle-wave field) is not
necessarily stable by itself .

For a stable operation, the filter itself must remain stable, that is, it
should be an impulse-response (IR) stable system.

To minimize noise-induced instabilities, Milgram (1970) specified the
condition
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(6.0.24) | H̃(f)

H(f)
|< 1

which is equivalent to requiring that the filter gain remains below its
theoretical maximum.

Although Milgram applied this constraint only for f −→ ∞, it is gene-
rally advisable that it holds across the entire frequency range.

An additional source of potential instability occurs if the reflection coef-
ficient exceeds unity at any frequency, meaning that the outgoing wave
amplitude surpasses the incoming one.

This condition does not necessarily imply an unstable system on its own,
since the overall response also depends on dissipation mechanisms, the
phase characteristics of the reflected wave from the structure, and the
properties of the initial wave field.

Iteration Procedure for Filter Design

In the following section it is defined an easy and fast iteration procedure
for the design of the causal FIR filter.

Iteration 1: Stating guess for FIR filter design

The conventional frequency-sampling technique commonly employed for
FIR filter construction cannot be directly utilized in this case, as it re-
sults in a non-causal filter whose impulse response exhibits substantial
coefficients associated with future time steps.

Since the theoretically required phase shift is approximately 90
◦ , the

corresponding impulse response becomes nearly antisymmetric around
the present time instant.

When the cut-off functions are chosen appropriately, the non-causal com-
ponent of the filter becomes relatively insignificant.

Nevertheless, the delay compensation merely translates the important
future coefficients to earlier times, which does not eliminate the non-
causality.
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To clarify this, one may consider an infinitely long filter; in such a case,
the future coefficients are displaced infinitely far into the past, which, in
practice, should not influence the current correction.

Therefore, an alternative strategy is required to ensure causality in the
filter design.

As an initial approach, a practical first step is to take the non-causal FIR
filter and simply set all coefficients corresponding to future time steps to
zero.

This produces a reasonable approximation of the target frequency re-
sponse.

Iteration 2: Phase Adjustment by Overall Factor

The filter derived in the first iteration successfully reproduces the theore-
tical amplitude characteristics within the relevant frequency range, while
the gain is slightly reduced outside this region.

However, the phase shift within the working range tends to exceed the
theoretical phase, resulting in increased reflection coefficients since the
system performance is highly sensitive to phase deviations.

In some situations, this phase discrepancy becomes sufficiently large to
induce instability, producing reflection coefficients notably greater than
unity.

Consequently, the second iteration aims to refine the phase response.

It has been found that applying a uniform phase correction factor across
all frequencies provides a satisfactory improvement.

Iteration 3-N: Gain and Phase Adjustment per

Frequency

Subsequent iterations adjust both gain and phase individually for each
frequency, based on the discrepancy between the desired and the actual
transfer function obtained from the preceding iteration.

Generally, an accurate approximation is achieved after the second itera-
tion, with later iterations yielding only minor refinements in performance.
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It can be shown that the filter response remains non-zero at zero frequen-
cy, as the impulse response contains mainly positive coefficients.

This behavior is not problematic provided that the wave gauges are
zeroed before the experiment begins.

The finite response at zero frequency represents a compromise between
maintaining effective absorption of long-period waves and limiting paddle
drift.

Reducing the lower cut-off frequency in the filter design increases the
low-frequency gain, typically yielding a sum of filter coefficients between
4 and 15, corresponding to a low-frequency gain in the same range.

As a result, a long-period water level variation of 1 cm (caused, for exam-
ple, by set-down or leakage) would lead to a paddle displacement bet-
ween 4 cm and 15 cm, an effect generally negligible in most laboratory
conditions since it involves only a small portion of the total stroke.

A further challenge is that obtaining a sufficiently steep attenuation at
high frequencies can be difficult.

Inadequate suppression of these frequencies may produce instability if the
reflection coefficient locally exceeds unity where dissipation is limited.

In the configuration analyzed here, the maximum reflection coefficient
is 1.07, though the actual value would be lower when accounting for
mechanical amplitude transfer.

Moreover, the re-reflection coefficient remains below 5% within the 0.6-
1.3 Hz frequency band.

The corresponding performance curve indicates that this approach achie-
ves superior damping of long waves, such as standing wave componen-
ts, compared to far-field gauge-based methods, a result confirmed by
physical model experiments.

Enhanced absorption at even lower frequencies can be realized by further
decreasing the lower cut-off frequency, though this comes at the expense
of increased paddle drift in response to gradual water level variations.
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In the configuration presented, a 10 s wave corresponds to a reflection
coefficient of approximately 0.5, which is generally sufficient to prevent
seiche formation often observed in tests lacking efficient active absorption.

Servo Delay and Gauge Placement

A high-quality performance curve can be readily achieved if the servo
delay remains small.

For gauges mounted flush with the paddle surface (x=0), the total me-
chanical delay should not exceed roughly 60 ms to maintain excellent
absorption efficiency.

When longer delays are unavoidable, it is advisable to mount the gauges
at a slight distance from the paddle, which also reduces the influence of
impulsive run-up along the paddle face.

More advanced filter-optimization schemes could potentially improve this
performance, but their computational requirements are considerable due
to the longer FIR filters needed, rendering them impractical for real-time
applications.

It should be emphasized that the performance curves shown represent
theoretical predictions under the assumption that the reflected waves are
linear and propagate perpendicularly to the generation line.

Furthermore, it is assumed that the near-field waves are accurately com-
puted and that any deviations are solely due to reflection and absorption
effects.

This represents a limitation compared with systems where the correction
signal are derived from a direct decomposition of incident and reflected
waves.

For wide paddles, it is therefore advisable to employ multiple surface-
elevation gauges to minimize cross-mode effects and improve reliability.
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2-D online analysis

Real-time estimation and visualization of the incident and reflected wave
spectra enable continuous verification of the generated spectrum, the
incident wave height, and the corresponding reflection coefficient.

To perform such an analysis, an appropriate estimation method must be
established, as derived in the following section.

The wave field immediately in front of the paddle consists of the incident
waves produced by the generator, accounting for the Biésel near-field
formulation, as well as the reflected wave components and, in the case of
an imperfect absorption system, additional re-reflected contributions.

A procedure for online decomposition of incident and reflected wave com-
ponents, utilizing both the control (steering) signals and the measured
surface elevations at the paddle face, was introduced by Schäffer and
Hyllested (1999).

The general expressions applicable to configurations with a finite distance
between the wave gauge and the paddle are presented below, derived from
the theoretical framework established in the preceding sections:

(6.0.25)
Ax = (−iC0,2Dexp(ikx) +Dx)(Xgen+Xabs) +AR(exp(ikx) + exp(−ikx))

Isolating AR gives:

(6.0.26) AR =
Ax − (−iC0,2Dexp(ikx) +Dx)(Xgen +Xabs)

(exp(ikx) + exp(−ikx))

=
Ax − (−iC0,2Dexp(ikx) +Dx)(Xgen +Xabs)

2cos(kx)

The incident waves are determined from

(6.0.27) AI = ARR + AI, gen+abs
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=
Ax − (−iC0,2Dexp(ikx) +Dx)(Xgen +Xabs)

2cos(kx)
− i(Xgen +Xabs)C0,2D

if x=0 we get the formulae of Schäffer and Hyllested (1999):

(6.0.28) AR = 0.5(AR − (Xgen +Xabs)(−iC0,2D +D0))

(6.0.29) AI = 0.5(A0 + (Xgen +Xabs)(−iC0,2D −D0))
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Framework for Near-Field Active

Wave Absorption

Introduction

Active wave absorption is a fundamental requirement in physical model-
ling, especially when experiments are performed in facilities where reflec-
ted waves can interfere with the incident wave field and compromise the
accuracy of the measurements.

Modern flumes increasingly rely on feedback-based control systems that
detect unwanted reflections and adjust the wavemaker motion accordin-
gly.

However, the effectiveness of such systems is strongly linked to how ac-
curately they use real-time information obtained from sensors positioned
near the paddle.

The design of a reliable and robust near-field absorption strategy becomes
even more critical when dealing with complex wave conditions, non-linear
effects, and the practical limitations of laboratory hardware.

Within this context, the work by Andersen et al. (2016) represents a
major step forward and serves as an essential reference.

Their study introduces a refined active absorption approach that relies on
near-field surface-elevation measurements combined with a causal digital
filter to compute the corrective paddle motion.
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Unlike many earlier systems, which were typically based on idealized as-
sumptions or sensitive recursive filters, Andersen et al. propose a method
that is both theoretically grounded and experimentally validated, demon-
strating strong performance for linear, irregular, and highly non-linear
waves.

Their treatment of gauge placement, delay compensation, and stability
considerations provides a practical framework for constructing absorption
systems that function reliably in real laboratory environments.

Here are some important aspects of the method presented.

First, their methodology reinforces the idea that near-field gauges can be
used not only for measuring wave properties but also as part of an active
control loop, a principle that is central to the system presented here.

Second, their work highlights the benefits of digital filter-based absorp-
tion, which motivates the development and adaptation of similar strate-
gies for two-dimensional (2D) wave generation and absorption.

Finally, their experimental evidence confirms that high-quality absorp-
tion is achievable even under non-linear wave conditions, supporting the
feasibility of implementing advanced near-field control in 2D settings.

For these reasons, Andersen et al. (2016) is included in this thesis as a
key scientific and methodological reference.

Their contribution not only contextualises the current research but al-
so provides the theoretical and practical foundation upon which the
proposed 2D active absorption system using near-field wave gauges is
developed.

Overview of the proposed method

The starting point of their method is the theoretical relation between the
surface elevation measured close to the paddle and the motion that the
paddle must perform to cancel reflected waves.

In principle, this relationship can be expressed in the frequency domain
by a complex-valued transfer function that links the Fourier components
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of the measured elevation to the Fourier components of the corrective
paddle displacement.

If one were to use this transfer function directly in time-domain control,
it would require transforming it into the time domain and implementing
it as a convolution kernel.

In earlier active absorption systems, this has often been accomplished
using an infinite impulse response (IIR) filter, where the transfer function
is approximated by a rational function whose numerator and denominator
represent recursive filter coefficients.

Although this approach is theoretically elegant, Andersen et al. note
that it suffers from several practical drawbacks: numerical instability,
poor robustness to systematic gauge offsets, and the risk of instability if
the filter is not tuned precisely.

To overcome these issues, the authors deliberately choose to express the
absorption operator as a finite impulse response (FIR) filter, meaning
that the filter is non-recursive and consists of a finite set of coefficients.

The output of the filter is obtained by multiplying the most recent se-
quence of measured elevations by these coefficients and summing the
result.

Because FIR filters do not feed previous outputs back into the system,
they are inherently stable and far less sensitive to drift or noise.

However, approximating a continuous-time absorption operator using a
finite number of coefficients is not straightforward.

The authors therefore propose a systematic procedure to construct the
filter in a way that matches the frequency response of the theoretical
absorption function as closely as possible within the frequency bandwidth
of interest.

The procedure begins by discretizing the theoretical complex transfer
function over a set of frequencies that cover the operational range of the
wavemaker.

The idea is to sample the ideal frequency response at discrete points,
typically spaced uniformly over the range of wavelengths that the system
must be able to absorb.
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Each sampled point is a complex number representing the magnitude and
phase that the filter should reproduce at that particular frequency.

The next step is to solve a least-squares approximation problem, where
the objective is to find a set of FIR coefficients such that the discrete-time
Fourier transform (DTFT) of the filter matches the sampled frequency
response, as closely as possible in a least-squares sense.

This transforms the filter design into a linear algebra problem: one con-
structs a matrix where each row corresponds to a frequency and each
column corresponds to a time-shifted sample index of the filter.

Solving the least-squares system gives an initial estimate of the filter
coefficients.

However, because the system is constrained to be causal (it cannot de-
pend on future measurements), the time-domain support of the FIR filter
must lie entirely in the present and past.

A naïve least-squares solution might produce a filter whose impulse re-
sponse extends symmetrically around zero, which would be unsuitable
for real-time absorption control.

To enforce causality, the authors apply a time shift to the theoretical
response before performing the least-squares fit.

This shift effectively relocates the impulse response so that all coefficients
lie at non-negative time indices.

The required amount of shift depends on the characteristics of the trans-
fer function and the desired length of the filter.

This step is crucial: it ensures both real-time operability and numerical
stability.

Once a causal FIR filter is obtained, the authors do not adopt it imme-
diately.

They instead proceed through an iterative refinement process.

The initial filter may not represent the frequency response accurately
enough, or may exhibit undesirable oscillations in the time domain.
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To address this, they evaluate the error between the filter’s frequen-
cy response and the ideal transfer function across the chosen frequency
range.

If the deviation exceeds a tolerance threshold, they adjust various aspects
of the fitting procedure.

This may involve modifying the time shift, altering the number of fil-
ter coefficients, recalibrating the weighting applied to different frequency
components in the least-squares formulation, or increasing the density of
frequency sampling to capture more detail.

After revising these settings, they recompute the FIR filter and reassess
its accuracy.

This cycle continues until they obtain a filter that satisfies both perfor-
mance and stability requirements.

The iterative nature of the approach ensures that the final filter is not
only theoretically sound but practically robust and suitable for real-time
implementation.

In addition to constructing the filter, the authors introduce important
refinements related to the physical arrangement of the wave gauges.

Many laboratories cannot place gauges directly on the paddle face; in-
stead, the gauge is located a short distance away.

This separation introduces a phase shift between the paddle motion and
the measured surface elevation.

Andersen et al. incorporate this effect directly into the transfer function
before designing the filter, effectively treating the gauge–paddle distance
as an additional term in the theoretical model.

This allows the FIR filter to “anticipate” the effect of the gap.

Interestingly, doing so also helps compensate for the inherent time lag in
the servo system that drives the paddle.

The phase lead introduced by the physical distance can, in some cases,
help counteract control-system delays, improving absorption performan-
ce.
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The final system combines the FIR-based corrective action with a pre-
diction of the surface elevation produced by the incident wave command.

This predicted elevation is computed from the generation signal using
the same linear wave theory that underlies the absorption strategy.

The actual elevation measured by the near-field gauge is then compared
to this prediction.

Any deviation is attributed to reflections or other unwanted disturbances,
and the FIR filter processes this difference to compute the correction
applied to the paddle.

This structure allows the system to generate non-linear waves while still
absorbing reflections reliably.

The generation signal may include high-order non-linear components, but
because the absorption correction is based on the discrepancy between
predicted and measured elevation, the system does not interfere with the
intended wave pattern.

Consequently, the absorption mechanism remains effective even when the
wave field contains strong superharmonics.

Here it is a resume of the fundamental steps I have followed in order to
design the FIR filter described in the paper:

1. Define the optimized frequency band [fmin, fmax]. Inside this
band, reflections must be minimized; Outside the band band the fil-
ter’s response must be attenuated to avoid instabilities and undesired
amplifications.

2. Construct the target transfer function H_target(f), starting from
the theoretical transfer function H_model(f). Then, a low and high
frequencies “gain-down” is applied, with a smooth transition (to avoid
harsh changes in the phase that lead to instability). The attenuation
parameter can be choosen.

3. Frequency sampling to obtain the impulse in the time domain:
the impulse response related to H_target(f) is calulated using the fre-
quency sampling technique (IFFT). This impulse response function will
be formed by a causal (future) and a non-causal (past) part. The causal
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impulse response is obtained by truncating the future part, but this will
lead to important distorsion that will be adjusted later on.

4. Correction / iteration: after the truncation, the effective impulse
response is calculated (magnitude and phase).

The filter is normalized/scaled with a costant gain factor such that the
obtained magnitude is less than the theoretical one (rule “noise not
amplified”). Then, the error function defined is made of:

• performance term: integral (or discrete sum) of C2
r inside the

target frequency band (this term must be minimized)
• stability term: penalizes whe reflections are >1 or high gain

outside the band.

5. Results: the final filter is the causal and scaled verssion of the
truncated impulse response, in which the spectrum (frequency response)
is the best possible for the defined error.

Key Findings and Performance

The authors validate the entire method experimentally and show that
the FIR-based absorption system performs remarkably well.

The refined filter captures the essential physics while remaining stable,
resistant to noise, and easily implementable in real time.

Their tests include linear regular waves, highly non-linear waves, and ir-
regular seas, and in all cases the measured absorption performance closely
matches theoretical predictions.

The system’s ability to mitigate re-reflections across a broad frequency
range demonstrates the practical value of the FIR design and the iterative
refinement procedure.

Strenght and Advantages of the Method

• Robust Filtering: The adoption of a causal FIR filter is a major
strength: the filter can be finely tuned, and because it is finite
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in length, it’s more stable in practice, especially when real-world
non-idealities (noise, offsets) occur.

• Delay Compensation: By allowing a gauge-paddle gap, they pro-
vide an elegant way to compensate for control-system delays.
Many practical wave flumes have non-negligible servo delay;
their method helps mitigate that.

• Non-Linear Capability: Many active absorption systems are groun-
ded in linear theory only; Andersen et al.’s method handles
non-linearity explicitly, which is very useful for realistic wave
tests.

• Validated in Physical Flume: They don’t just propose a theo-
retical method but validate it experimentally, providing strong
evidence of its real-world applicability.

Limitations and Considerations

While the method is powerful, its design requires accurate calibration
of gauge measurements and paddle response: mis-calibration can harm
stability, as the control depends on matching measured elevation to
predicted elevation.

The FIR filter design must carefully balance length (number of coeffi-
cients) vs. responsiveness: longer filters give better frequency accuracy,
but may introduce latency or demand more computational resources.

The extension of theory to small gaps helps with delay, but only small
gaps; very large distances between gauge and paddle would likely require
more complex corrections.

The absorption correction is still based on linear transfer functions, even
when absorbing non-linear waves; extreme non-linear phenomena (e.g.,
wave breaking) might reduce performance.

In summary, the method proposed by Andersen et al. successfully turns
a theoretical absorption operator into a robust and highly effective digital
control algorithm.
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Their use of near-field measurements, combined with a carefully con-
structed and iteratively optimized FIR filter, results in an absorption
system that is both theoretically sound and practically reliable.

The incorporation of gauge–paddle distance effects, the systematic treat-
ment of causality, and the ability to integrate non-linear wave generation
further enhance the versatility of the method.

This combination of theoretical modelling and practical engineering ma-
kes their contribution a foundational reference for any modern active
absorption system, including the one developed in this thesis.
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FIR filter: present method

implementation

Now it will be shown the numerical implementation of the previously
described method.

The design of a digital filter capable of reconstructing the paddle mo-
tion from measurements collected by a wave gauge placed in front of a
wavemaker constitutes a central problem in experimental hydrodynamics.

The difficulty lies in the physical structure of the transfer function linking
paddle displacement to free-surface elevation at a remote point.

This transfer function, denoted H(f), contains contributions from the
progressive propagating mode as well as a series of exponentially decaying
evanescent modes.

As highlighted in the reference article, the exact inverse of this function
has an impulse response which is not time-limited and is generically non-
causal, i.e. depends on future outputs, which are unknowns.

Consequently, applying the exact inverse in real time is impossible, be-
cause the filter would depend on future values of the input.

The core challenge is therefore to approximate this ideal inverse with
a causal filter that provides accuracy within the operational frequency
band of the wavemaker while maintaining stability and noise robustness.

The paper emphasizes this fundamental limitation in a particularly im-
portant passage: “For real time application the transfer function in Eq.
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(9) has to be approximated by a causal time domain filter. . . . However,
in the following is shown that it is possible to approximate the transfer
function with either IIR or FIR causal filters, but the response cannot
in neither of the cases be ideal. This is because the gain and phase of a
linear causal filter cannot be selected independently.”

This statement encapsulates the essence of the present design problem.

A frequency response uniquely determines a causal time-domain kernel:
if an impulse response is required to be causal and stable, then its am-
plitude and phase are linked through the Paley–Wiener minimum-phase
constraints.

As a consequence, one cannot freely impose both the magnitude and the
phase of a filter unless the target itself is realizable as a causal system.

The inverse hydrodynamic function, however, is not compatible with
these constraints.

Its phase inherently includes negative-time contributions and its magni-
tude diverges near frequencies for which the hydrodynamic denominator
vanishes.

The challenge is thus not only technical but conceptual: one must de-
liberately break the ideal relationship between magnitude and phase to
obtain a realizable filter.

The reference article proposes a pathway through this difficulty: intro-
duce a parametric modification of the phase while preserving, as much
as possible, the necessary hydrodynamic magnitude structure.

The central idea is to rescale the phase of the theoretical inverse by an
adjustable factor, effectively “compressing” negative-time behaviour into
the positive-time domain.

This ensures that the truncated FIR filter, extracted from a symmetrized
impulse response, remains causal and stable.

In this thesis, this methodology was faithfully implemented and extended,
producing a fully operational FIR filter design.

The first stage of the MatLab script consists of parameter selection,
guided directly by the prescriptions of the article.
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The paper stresses that the design must be performed within a frequency
band where the hydrodynamic model is reliable and where the waves to
be reproduced or measured actually reside.

Thus, the script begins by setting the frequency grid f , the sampling
interval dt, the FIR length Nb , the frequency band [fmin, fmax]within
which the filter must be accurate and a smoothing width controlling the
smoothness of the magnitude window.

The selection of these parameters follows directly from the article’s di-
scussion about balancing filter length, causality constraints, and band-
width.

An excessively short filter would fail to capture the fine-scale structure
of the inverse hydrodynamics; a filter that is too long would introduce
unnecessary latency and make real-time implementation impractical.

Moreover, the choice of band limits mitigates the theoretical divergences
in the inverse transfer function, since outside the operational frequency
region the filter is deliberately attenuated.

Once the global parameters are chosen, one can proceed to construct the
ideal hydrodynamic inverse transfer function, following the theoretical
expressions provided in the article.

Specifically, the model is derived from the formula

(8.0.1) H(f) =
1

iC0,2D(exp(ikdWG)− 2cos(kdWG))−D(dWG)

which expresses the free-surface elevation at a position x in front of the
wavemaker in terms of the paddle motion.

This model incorporates:

- The Biésel coefficient, C0,2D, which captures the contribution of the
progressive wave mode;

- The infinite sum of evanescent modes, each decaying exponentially with
distance x but each contributing significantly at very short distances such
as those typical of wave-gauge installations.
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In the script, the evanescent contributions are computed iteratively th-
rough the analytical solution of the dispersion relationship for imaginary
wave numbers.

This approach follows exactly the modelling structure of the paper: the
inverse filter must reflect the full physical transfer function, not an over-
simplified shallow-water approximation.

For each frequency, the hydrodynamic model is built as the reciprocal of
the full sum of progressive and evanescent contributions.

This quantity (complex, frequency-dependent, and in general non-minimum-
phase) is the theoretical “ideal” of what the filter should accomplish.

Its magnitude and phase are extracted and stored as H_model_mag and
H_model_phase.

It has been seen that the ideal inverse magnitude grows arbitrarily lar-
ge near certain frequencies, creating numerical instability and excessive
sensitivity to noise.

Therefore, the target magnitude must be regularized to ensure stability.

This is achieved through a smooth “band window,” constructed according
to the method recommended in the article.

The key idea is to design a function which equals one inside the ope-
rational band [fmin, fmax] and gradually transitions to zero outside this
range.

Smoothness here is essential: a sharp cutoff in frequency space would
produce long-range oscillations in the time domain (Gibbs phenomenon),
thereby harming the causality-adjusted filter design.

The transition width is chosen so that the window blends seamlessly with
the raw hydrodynamic magnitude.

This is the smoothing window used in the numerical implementation:
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Figure 14: Frequency band window chosen.

The product of the hydrodynamic magnitude with this smooth window
produces the target magnitude.

It represents the magnitude that a physically realizable inverse filter
should ideally follow within the operational band.

Now we proceed with the artificial reconstruction of the target phase.

This step is the heart of the method, and it is here that the article’s
conceptual framework becomes essential.

Because the exact hydrodynamic inverse cannot be made causal, the filter
designer must break the exact correspondence between magnitude and
phase.

The theoretical phase of the ideal inverse contains negative-time compo-
nents: its unwrapped behaviour is incompatible with FIR causality.

To overcome this, the article suggests introducing a phase-scaling factor.

In the present implementation, the target phase is obtained by multiply-
ing the theoretical hydrodynamic phase by a factor α that ranges within
a pre-defined grid (e.g., from 0.3 to 1.2).
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For each value of α, the target phase becomes:

ϕα(f) = α · ϕmodel(f)

This rescaling “compresses” or “stretches” the phase evolution.

Physically, this corresponds to pulling negative-time components toward
positive time and redistributing the non-minimum-phase content across
the causal time axis.

This step directly implements the insight of the paper: one cannot choose
magnitude and phase independently for a causal filter, but one can in-
telligently tailor one of them (the phase) in order to make the combined
system realizable.

Each candidate α thus generates a distinct target frequency response:

Htarget,α(f) =| Htarget(f) | eiϕα(f)

For each value of the phase factor, the script performs an inverse Fourier
transform of the target response .

The result is a symmetric, non-causal impulse response representing the
best unconstrained approximation of the hydrodynamic inverse having
the chosen magnitude and the scaled phase.

To enforce causality, only the positive-time half of this impulse response
are considered, typically multiplied by two to account for the Hermitian
structure of the full spectrum.

The truncated impulse response is then reduced to a fixed number of
samples Nb, producing a finite-length FIR filter.

This step reflects the theoretical insight that no FIR filter can exactly
reproduce the ideal inverse; truncation inherently induces distortion.

The goal is to minimize this distortion through optimal choice of the
phase factor.

Now the error evaluation process start.

For each candidate filter, the script computes:
128



- The achieved frequency response H_act(f), by combining the FIR
coefficients with the discrete frequency response operator.

- The reflection coefficient Cr(f), defined as

Cr(f) =| 1− λ(f) |

λ(f) = − iC0,2Dcos(kdWG)
1

H̃(f)
− iC0,2Dexp(ikdWG) +D(dWG)

which measures how strongly the filter tends to amplify or create reflec-
tive components at the wavemaker.

- A scalar error metric, integrating the squared magnitude of Cr(f) across
the frequency band.

The inclusion of Cr(f) directly follows the methodology of the article,
which identifies reflection suppression as one of the key indicators of the
filter’s physical consistency.

The script therefore evaluates each tested phase factor according to its
ability to minimize reflection and approximate the target behaviour.

A complete history of trials is stored, including all versions of H_act,
H_try and Cr(f) generated across the phase-factor grid.

This replaces the “local refinement” step described in the article: the
global optimum is selected directly from the grid, eliminating the need
for further fine-tuning.

After all candidate phase factors have been evaluated, the script selec-
ts the filter with the smallest reflection energy and the closest match
between achieved and target frequency responses within the operational
band.

This filter - fully causal, stable, finite in length, and hydrodynamically
consistent - constitutes the final output.

After the optimal phase factor has been identified and the corresponding
FIR coefficients have been selected, the performance of the designed filter
is examined through a set of diagnostic plots generated by the script.
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These visualizations are crucial, as they provide a direct qualitative as-
sessment of how well the final FIR filter approximates the desired inverse
transfer function within the operational frequency band of interest.

Figure 15: Magnitude and phase of H_model

The first set of plots compares the target magnitude response with the
actual magnitude obtained from the FIR filter.

Figure 16: Comparison between the target magnitude and the actual
one.
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Although the agreement is not perfect, the filter reproduces reasonably
well the essential features of the hydrodynamic inverse, particularly in
the central portion of the selected bandwidth.

Small deviations appear near the edges of the passband, where the tape-
ring window transitions gradually to zero and the approximation becomes
intrinsically more difficult.

Such discrepancies are expected and consistent with the theoretical li-
mitations discussed earlier: a perfectly accurate causal approximation
cannot exist because the magnitude and the phase of a causal linear
filter cannot be chosen independently.

Nonetheless, the overall match is satisfactory and confirms that the desi-
gned FIR filter captures the main physical behavior of the target transfer
function without introducing excessive distortion.

A second group of plots evaluates the phase response, showing the phase
of the target model alongside the phase recovered by the FIR filter. Here
the agreement is again good, particularly in the frequency range where
the paddle–probe dynamics are most relevant.

Figure 17: Phase response of the target model vs. the actual model

An additional plot shows the error during the phase factor research. It
can be seen that inside the range of value tested, the error decreases.
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Figure 18: Error during the phase factor investigation

Minor phase drifts appear near the high-frequency end of the band, a
consequence of the phase-scaling method used to enforce causality and
of the finite length of the FIR filter. Even so, the phase evolution re-
mains physically coherent, with no abrupt discontinuities or numerical
instabilities.

Additional diagnostic figures display the FIR coefficients themselves,
illustrating the temporal structure of the resulting filter.

Figure19: Causal filter coefficients.
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The coefficients decay smoothly and remain concentrated near the be-
ginning of the impulse response, which is consistent with the expected
behavior of a causal inverse operator.

Finally, the plot of the residual reflection coefficient Cr(f) demonstrates
that the designed filter substantially reduces spurious reflections within
the chosen frequency range.

Figure 20: Reflection coefficient.

While some residual reflection is still visible at certain frequencies, again
reflecting the impossibility of achieving an ideal causal inverse, the ge-
neral trend shows a marked improvement compared to the unfiltered
case.

The resulting reflection levels remain within acceptable limits for ex-
perimental practice, indicating that the filter performs satisfactorily in
conditions representative of laboratory wave generation.

Together, these plots confirm that, although the FIR filter cannot achieve
a perfect reproduction of the ideal inverse transfer function, the achieved
accuracy is sufficiently high for practical wave-tank applications.
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The filter behaves stably, respects causality, and offers a physically mea-
ningful approximation of the theoretical model, providing an effective
and implementable solution for real-time active wave absorption.

Relation to the IIR Existing Method

In parallel with the development of the physically complete FIR filter de-
scribed earlier, it is essential to compare its performance with the appro-
ximate methods historically used in wavemaker control, which originate
from analytic simplifications of the paddle–gauge transfer function.

In this numerical implementation, these classical approaches are recon-
structed and evaluated on the same frequency grid used for the advanced
FIR design, allowing a direct and coherent comparison.

First, the code constructs a fully hydrodynamic transfer function, H(f),
for a piston-type wavemaker: for each frequency, the contribution of the
progressive mode is computed via a Biesel-type representation, and then
a summation over a finite number of evanescent modes is added, thus
the model includes both the dominant propagating component and the
evanescent fields.

Afterwards H(f) is symmetrized (ensuring Hermitian symmetry bet-
ween positive and negative frequencies) and the zero-frequency (mean)
component is treated with care.

This comprehensive frequency-domain model captures the true physics
of paddle-free-surface coupling, including depth-dependent dispersion,
attenuation, and the effect of modal interference.

In addition, the script reconstructs three classical approximations from
wavemaker literature.

?????The first approximation considered derives from the shallow-water
simplification presented in the following equations:

For a piston generator with no control and mechanical delay and a flush
mounted wave gauge, the transfer function can in shallow water (long
wave approximation) be approximated by:
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This can be transferred to time domain by inverse Fourier transformation
and leads to an integration over the past

(8.0.2) ẋabs(t) = −
√
g

h
ηWG,abs(0, t)

(8.0.3) xabs(t) =

∫ t

0

ẋabs(t
′)dt′ = −

√
g

h

∫ t

0

ηWG,abs(0, t
′)dt′

These expressions provide an approximate analytical form for the transfer
function between the paddle and the free surface elevation in regimes
where the water depth is small compared to the wavelength.

In this limit, the dispersion relation simplifies, the evanescent contribu-
tions become negligible, and the transfer behavior can be expressed using
low-order approximations involving only the dominant progressive mode.

In the script, this approximation is implemented directly by applying
the shallow-water expressions to the frequency vector, thereby yielding a
simplified complex transfer function H3(f).

The third, H3(f), corresponds to the “long-wave / shallow-water” li-
mit: here, under the assumption of very long waves compared to water
depth (so that dispersion and evanescent contributions are negligible),
the transfer function simplifies to

(8.0.4) Hlongwave(f) = − 1

iC0,2D

= − 1

ikh
= −

√
g

h

1

iω

which in the time domain formally becomes a pure integration of the past
free-surface elevation.

This approximation retains only the dominant low-frequency dynamics,
effectively ignoring the complex multimodal behavior of the full hydro-
dynamic theory.

Each of these approximated transfer functions (H1(f)), H2(f), H3(f)

is computed over the same frequency vector (positive and negative fre-
quencies) as the full model, and symmetrized accordingly, so that one
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can directly compare magnitude and phase responses across all methods
in a consistent manner.

Once H(f) (full model) and the approximate functions are all available,
the script proceeds using the previous implemented design of the causal
FIR.

As before, the target frequency response is taken from the complex H(f)

of the full hydrodynamic model: it is sampled over frequency, then
transformed into the time domain via IFFT, appropriately shifted and
windowed to enforce causality and finite support.

The result is a non-recursive, finite-length FIR filter whose coefficien-
ts can be chosen (e.g., Nb = 100–200) to best approximate the full
hydrodynamic inverse response in practical applications.

Unlike the approximated methods, which use analytic formulas or short
filters derived directly from simplifications, this FIR design ensures both
physical fidelity and implementability.

The code then visualises the comparison between full model and appro-
ximations through a set of frequency-domain plots.

A first figure shows magnitude (|H|) vs frequency for H(f) and for
H1(f), H2(f), H3(f) — highlighting differences that arise when neglec-
ting evanescent modes or dispersion, especially outside the low-frequency
region.

Figure 21: Comparison of magnitude and phase for different methods
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A second panel presents the phase responses, emphasising phase discre-
pancies introduced by the approximations.

Such plots are crucial to understand where and how the simplified models
diverge from the full theory.

Additionally, the code computes the impulse responses (via IFFT) cor-
responding to both the full hydrodynamic inverse and the simplified
shallow-water approximation H3(f), and plots them in the time domain.

These plots of h(t) clarify how each method would act in reaction to a del-
ta input — the full model impulse response typically exhibits richer tem-
poral structure (due to modal interference and dispersion), whereas the
shallow-water version reduces to a simple integration kernel representing
long-wave behavior.

To test performance under realistic conditions, a synthetic wave signal
is generated (as a superposition of sinusoidal components) and filtered
using:

(i) the impulse response from the full model H(f),

(ii) the impulse response from the shallow-water approximation H3(f),

(iii) the causal FIR filter derived from H(f), and (if implemented)

(iv) possible FIR filters derived from approximate H’s.

The resulting time-domain traces of paddle motion (or analogous output)
are then plotted together, allowing a direct visual comparison: differences
in amplitude, phase lag, or damping reveal limitations of each method in
reproducing the “true” hydrodynamic behavior.

Finally, a comprehensive set of diagnostic plots is produced: among them,
thr comparison of magnitude and phase of the full hydrodynamic model
with those of the reconstructed FIR filters, both in the simplified scenario
and in the exact theory.
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Figure 22: Magnitude and phase of the transfer function compared to
those calculated by the filter design script.

Magnitude and phase of H(f) using the filter with 200 values:

Figure 23: Comparison of magnitude and phase of the transfer function
for different methods.

And the example of the application of the new method for H(f):
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Figure 24: Surface elevation for different methods

Through this systematic reconstruction, extension and comparison, the
method offers a robust and coherent framework for evaluating the limita-
tions and potential advantages of traditional shallow-water and low-order
approximations.

At the same time, it provides a direct benchmark against which the
performance of an advanced FIR design, faithful to the full hydrodynamic
model, can be critically assessed.

The results confirm the central message: while approximate analytic me-
thods may be sufficient in certain limiting regimes (e.g. shallow water,
low frequencies), a carefully designed causal FIR filter based on the full
hydrodynamic model generally yields superior accuracy, stability and
applicability in realistic laboratory conditions.
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Conclusion

This thesis has developed a comprehensive theoretical, numerical, and
methodological framework for the implementation of a near-field active
wave absorption system based on digital filtering, with specific focus on
the design of a causal finite impulse response (FIR) filter suitable for
two-dimensional laboratory wavemakers.

The work integrates hydrodynamic theory, signal processing, and practi-
cal considerations of laboratory wave generation, offering a unified per-
spective that spans from fundamental linear wave mechanics to real-time
control implementation.

The initial chapters established the mathematical and physical back-
ground upon which the rest of the thesis is constructed.

Starting from the governing equations of linear wave theory, the study
reviewed progressive and evanescent modes, the role of the dispersion
relation, and the structure of the total wave field in the near-field region
of a wavemaker.

These foundations were supplemented with a systematic introduction to
analog and digital signal processing, enabling a clear understanding of
how frequency-domain representations, convolution operators, and digi-
tal filters can be used to model and manipulate hydrodynamic systems.

The mechanical and operational characteristics of the wavemaker we-
re subsequently analysed, leading to a detailed derivation of the Biésel
transfer function and its implications for wave generation fidelity.
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This material positioned the problem of active absorption within the
broader context of laboratory wave control, highlighting why the sup-
pression of reflected waves is essential for accurate physical modelling of
coastal processes, floating structures, and wave-structure interactions.

The thesis then explored a range of methods for constructing waves and
decomposing wave fields, including the synthesis of irregular seas through
spectral approaches and the separation of incident and reflected waves
using dual-wave-gauge filtering techniques.

These chapters not only provided methodological tools but also reinforced
the central role of transfer functions and frequency-domain models in
understanding and controlling wave dynamics.

A key turning point of the thesis arises in the transition from far-field to
near-field active absorption.

Standard active absorption systems rely on wave gauges placed at a si-
gnificant distance from the wavemaker, where evanescent modes have
sufficiently decayed and the hydrodynamic relationship between paddle
motion and surface elevation is dominated by progressive waves.

In contrast, near-field configurations, such as the one implemented here,
operate in a region where evanescent modes are strong and must be
explicitly modelled.

This makes the absorption problem substantially more complex, as the
control signal must counteract reflected components within a hydrody-
namic environment that possesses both spatial and temporal coupling.

To address this difficulty, the thesis adopted and expanded upon the
formulation introduced by Andersen et al. (2016), who demonstrated
that near-field active absorption requires the construction of an operator
that links the measured wave elevation directly to the corrective paddle
motion.

This operator is expressed as a complex frequency-dependent transfer
function incorporating both propagating and evanescent components.

However, the theoretical transfer function is not directly implementable
in real time because it is inherently acausal: its ideal magnitude and
phase cannot be realised by a causal linear system.
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This limitation is not a numerical artifact but a fundamental result from
classical linear systems theory, which states that the magnitude and
phase of a causal filter cannot be chosen independently.

Recognising this constraint, the thesis develops a complete design me-
thodology for obtaining a causal FIR approximation of the near-field
absorption operator.

The approach begins by discretising the theoretical transfer function over
an optimally selected frequency band, applying controlled smoothing and
gain attenuation outside the operational range to preserve stability.

A parametric phase factor is introduced and systematically varied, gene-
rating a family of candidate transfer functions whose phases differ by a
constant rotation.

Each candidate is converted into a time-domain impulse response, which
is then truncated to remove its non-causal components.

Because truncation inevitably distorts the ideal response, a stabilising
rescaling step is applied to prevent amplification of measurement noise
or unwanted low-frequency components.

An objective function based on the reflection coefficient is computed for
each truncated filter, combining accuracy within the operational band
with penalties for excessive gain outside it.

The optimal phase factor, minimising this combined error, defines the
final FIR filter.

The implementation was carried out through a dedicated MATLAB script
that automates the entire process, from discretisation of the theoreti-
cal model to diagnostic comparisons of magnitude, phase, and impulse
responses.

The results show that the designed filter achieves satisfactory consistency
with the theoretical transfer function across the chosen frequency range,
while remaining stable and well-behaved at its boundaries.

Deviations near the edges of the frequency band reflect the unavoida-
ble consequences of causality and finite filter length, yet they remain
controlled and physically interpretable.
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To complement the main development, the thesis also examined a simpli-
fied IIR-oriented method based on the shallow-water approximations pre-
sented in Andersen et al. This parallel analysis, implemented in an auxi-
liary script, generated approximate frequency-domain transfer functions
and corresponding FIR representations.

Comparisons with the full model highlighted the limitations of the shallow-
water formulation, particularly its reduced bandwidth accuracy, and de-
monstrated the advantages of the optimised FIR design procedure deve-
loped in the main part of the thesis.

Overall, the research presented here provides a structured, theoretical-
ly consistent, and practically implementable methodology for near-field
active wave absorption in 2D flumes.

Although the final filter does not aim to perfectly reproduce the theo-
retical operator (an inherently impossible task given the constraints of
real-time causality) it offers a balanced and robust approximation that
respects the physical limitations of the system while maintaining good
performance across the target frequency band.

The results confirm that FIR-based near-field absorption is feasible and
effective, provided that careful attention is given to smoothing, stability
constraints, phase optimisation, and band limitation.

The framework developed in this thesis establishes a strong foundation
for future research and technological development.

Possible extensions include real-time integration of the filter into labo-
ratory control software, automated phase tuning procedures, adaptive
filtering strategies capable of responding to non-stationary wave con-
ditions, and generalisation of the methodology to multidirectional or
three-dimensional wave basins.

These directions reflect both the practical relevance and the theoretical
depth of the problem, underscoring the importance of continued explora-
tion at the intersection of hydrodynamics, signal processing, and control
theory.

The filter design presented in this thesis extends and operationalizes the
theoretical principles articulated in the reference article.
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By incorporating the full hydrodynamic physics, by regularizing the ma-
gnitude through band-limited smoothing, by exploiting controlled phase
manipulation, and by minimizing reflection energy, the developed algo-
rithm successfully constructs a causal FIR filter that approximates the
inverse paddle–gauge relationship with high fidelity.

Most importantly, the design directly addresses the theoretical limitation
that magnitude and phase cannot be chosen independently for a causal
system.

Instead of attempting to enforce both, the method strategically modifies
the phase while preserving essential hydrodynamic characteristics of the
magnitude.

This ensures realizability without sacrificing physical relevance.

The result is a digital filter that not only implements the methodology
suggested in the article but expands upon it with a richer exploration of
the phase parameter space and a complete comparison with existing IIR
approaches.

This makes the method robust, scientifically rigorous, and directly ap-
plicable to modern laboratory wavemaking systems.
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