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Introduction

When we consider a bounded sequence (uy, )nen C L2(R) we usually think of a sequence which converges
to u weakly in L? but does not converge in the strong topology. For istance, we can think of a sequence
u, — 0 weakly in L? but such that HunH%z = A > 0 for every n. The four “non compact” typical
behaviours of such a sequence can be summarized in the following:

n_%u(%) n2u(nz)
— — A NG
e
Example 1la: Vanishing Example 1b: Concentration

u(x — né) u(r)ené e [\ A
Iy

vAllLfS
- il

Example 2a: Translation Example 2b: Oscillation

Figure 1: In all of these examples u,, — 0 while [|u,]|2, = X for all n.
Here u is a fixed smooth function such that [|u|?. = X.

In Example la the sequence u,, spreads out but since the total L? mass is conserved the local mass goes
to 0. Conversely, in Example 1b the sequence concentrates at one point, i.e. |u,|? converges to a delta
measure in 0. In Example 2a the sequence keeps the same shape for all n, but it runs off away from the
origin. Finally in Example 2b we see that u,, oscillates so fast that it converges to 0 weakly in L? by the
Riemann-Lebesgue Lemma.

The disposition of these examples in Figure 1 is not random. First of all, the behaviours on the same
row are dual to each other via the Fourier transform: a sequence which oscillates very fast has a lack
of compactness due to translations in the Fourier space, and vice versa. Similarly, a sequence that
concentrates has a lack of compactness because its Fourier transform vanishes and conversely.

One difference between the two lines is the behaviour with respect to the LP norms with p # 2: if u,
vanishes in the sense of Example la we have that ||u,|z» — 0 for 2 < p < oo and ||uy,||Lr — oo for
1 < p < 2, and the reverse happens in the case of a concentrating sequence. On the contrary, in both
Examples 2a and 2b we have that all LP norms are conserved. This tells us that using information on the
behaviour of LP norms we can detect vanishing and concentration, but not translation and oscillation.
we will give a more precise statement to this idea in Section [1.2

There are also crucial differences between examples of the first and second column: Examples la and 2a
cannot happen in a bounded domain, hence the non compactness of these examples arises from the non



compactness of R?. However, these behaviours are locally compact, which will be one of the key factors
that contributes to the concentration-compactness method functioning.

Another difference between the two columns is the behaviour of the derivatives: in both Examples 1b
and 2b we have that ||[Vuy,||L2 — oo even in the case of a bounded domain, while in Examples 1a and 2a
as ||Vupnl 2 is uniformly bounded. In particular, if we already know that the sequence w,, is bounded in
H'(R%) we can rule out concentration and oscillation a priori.

It is clear that we can combine these examples however we want: we could, for instance, add two sequences
which present different behaviours or compose them. One such example could be a sequence u,, which
concentrates to a point xz, that is escaping to infinity. It is not obvious that the list of behaviours
we discussed is, in some sense, universal; what we mean by universal is that a non-compact sequence
should, up to a subsequence, be a (possibly infinite) sum of sequences having one or more of the above
behaviours. Several works during the 1980s were presented tackling this problem; we have chosen to
focus on the concentration-compactness principle developed by Lions [8, [9] in 1984. Lions’ main result
was Lemma 1.8 which we chose to state as in the original paper to underline its generality. This Lemma
is very general and admits variants based on the setting; however, if one wants to apply it the underlying
space must be locally compact, as in order for the concentration-compactness method to work we need
the Rellich-Kondrachov Theorem (or something equivalent to it for non-Sobolev spaces). Indeed, one
could say that the concentration-compactness method is an extension to functions defined on the whole
R? of the usual methods that only work on bounded domains: since we know that our problem can be
solved in bounded domains, we prove that most of the mass does not escape to infinity and conclude. An
example of this reasoning can be found in Appendix B of [I].

In this thesis we review the concentration-compactness method and the profile decomposition in Sobolev
spaces, which allow to study and analyse lack of compactness of (minimizing) sequences in these spaces.
We then apply these tools to prove that the Hartree energy functional without external potential and
L3/%:% convolutional potential admits a minimizer with large L? mass, which was not previously known
in this case. Finally, we apply some classical spectral analysis tools to prove basic properties of the
minimizer.

In Chapter [I| we first present the bubble decomposition of a bounded sequence as proposed in [6]; then,
we study the case where there are no bubbles, and the sequence vanishes in some sense. Finally, we state
the concentration-compactness principle and how to apply it to minimizing sequences in Sobolev spaces.
Next, in Chapter [2] we apply the method developed in the first chapter to the minimization of the Hartree
energy functional without external potential after a brief presentation of Lorentz spaces and some
useful inequalities, we prove that the Hartree functional admits a minimizer with large L? mass, in the
general case, and with positive mass for some specific convolutional potentials. This is done by tweaking
the method presented in the first chapter in a new way to adapt it to a L3/2° potential. Finally, using
elliptic bootstrapping and a theorem for positivity improvement we prove that the minimizer is positive
and smooth. We do not discuss uniqueness, as the concentration-compactness method is a tool fit only
for existence.

In Appendix A we prove two technical statements from Chapter [} to do so, we use standard calculus tools
and we introduce the Levy concentration functions [0]. In Appendix B we give an heuristic explanation
of the mathematical and physical importance of the Hartree functional.

ii



1 Motivations and formulations of the concentration-compactness
method

In this chapter we will briefly analyse how a sequence u = (u, )nen bounded in L?(R?) can behave up
to subsequences; in particular, we will be interested in when u exhibits a lack of compactness. Then, we
will use these results to state the concentration-compactness principle in the H'(R?) framework and see
how it can be used to prove the relative compactness of minimizing sequences for energy problems. Our
main references for this chapter will be [6] and [§].

Throughout the following two sections, we will always consider the case d > 3 during the proofs, since
all computations are easier to follow in this case but the geist of the proofs stays the same.

1.1 Defining and extracting bubbles

The first problem we are interested in studying is the detection of pieces of mass which retain their shape
and possibly escape to infinity, like in Example 2a. To this aim, we consider all possible limits (up to
translations) of subsequences of u and define the maximum L? mass that these limits can have.

Definition 1.1. Let u = (uy)nen be a bounded sequence in L*(R?) (resp. H'(R?)). We define

m(u) = sup {/]Rd lul? : xp)ren C R up, (- + x1) — u weakly in L*(RY) (resp. Hl(]Rd))} . (1)

First of all, notice that for every sequence of translation x C R? we have m(u) = m(u(-+x)). Moreover,
for every subsequence u’ of u we have m(u’) < m(u). However, there does not necessarily exist a u € L?
realizing the supremum in (1.1]), that is u such that w,, (- + ;) — u with ||u/|3. = m(u). Indeed, letting

Yn(z) = n~%2, /1 — Lu(z/n) for some fixed u € L?(R?) and defining u,, as follows

Uy = 1/117
ug = Y1, uz =1y
ug = th1, us = 1z, ug = 3
Uy = 1/}17
one can easily verify that m(u) = |lu||2, but there is no subsequence which weakly converges (up to

translations) to u.

Example 1.2. We compute m(u) for the examples in Figure 1. We start from Ezample 1a: fix u €
L?*(R%), and let u, (z) = n=%?u(2Z); for every sequence of translations (zy,)nen such that u, (- +z,) — v

n

weakly in L* (up to subsequences) we have that for every ¢ € L?

/ vp = lim Un(x + x,)p(2) do = / Up(2)p(x — x,) de = lim n_d/2/ u(f)ap(gc —Zp) dx
R4 Rd Rd

n—oo [pd n— 00 n

= lim nd/z/ u(z)p(ne — z,) de = lim u(z)[n?p(nz — z,)] dz =0
Rd

n—o0 [pd

since n®2p(nx — x,) — 0 (it is a combination of Examples 1b and 2a). We’ve proved that

/ v = 0 for every ¢ € L*(R%),
Rd

so we have v =0. This proves that for Example 1a m(u) = 0.
Following this line of reasoning one can tackle Examples 1b and 2b.



To tackle Example 2a we have to use a different strategy: using the sequence of translations x, = n&
we have that w,(z + x,) = u(r — né + n&) = u(x), for every v € R, s0 up(- + x,) — u strongly
(and in particular weakly) in L?, hence m(u) > ||ul|2,. Neat, since || - |12 is weakly lowersemicontinous
we also have that for every sequence of translations (x,)nen such that u,(- + x,) — v weakly in L?
vl < linlr_l>i£f lln (- + )|z = linrgigfﬂunHLz = ||lul|z2, hence m(u) < ||ul|3.. In conclusion, we have

that for Ezample 2a m(u) = ||ull3..
If our sequence u is bounded in H'(R?) we can give the following equivalent definition of m(u):

Lemma 1.3. For every bounded sequence u = (uy,)nen in H'(R?) we have

m(u) = lim limsup sup/B ( )|un|2, (1.2)
R

R—00 nooo geRrd

where Br(x) denotes the ball of radius R > 0 centered in x € R%.

We will provide a proof of this statement in the Appendix.

The purpose of m(u) is to detect the largest piece of mass in the sequence u; this piece of mass can escape
to infinity if |zx| — co. Indeed, if m(u) > 0 one can find a subsequence u,, , translations (x3)reny C R?
and 0 # u € L?(R?) such that u,, (- + zx) — u weakly in L? and 0 < m(u) — € < |[ul|?. < m(u).

We have found the first “bubble” u; we could go on and try to find the next one by considering r, =
U, — u(- — x)) and the corresponding m(r). Proceeding by induction, we could find all the bubbles
contained in the original sequence u, as shown in the following

Lemma 1.4 (Extracting Bubbles). Let u = {u, }nen be a bounded sequence in L?>(R?) (resp. H'(R?)).
Then there exists a sequence of functions {u™,u®, ...} in L2(RY) (resp. H'(R)?) such that the following
holds:

For any € > 0 fized, there exists

e JEN,
o A subsequence (un, )ren of U,

(7)) koo
il

e space translations (x,(j))kzl CRY j=1,..,J such that |3:§€j) — —— o0 forj #7j’,

such that
Zu(a) (J) +7~](€J+1) (1.3)

where r,(CJH)(' + Ig)) 2o weakly in L*(RY) (resp. H'(R)?) for all j =1, ...,J and m(r+1D) < ¢
In particular, we have

Un, (- + x,(cj)) — w9 weakly in L*(R?)(resp. H'(R?))
and

T (Jung 132 = 132 Z 2. (1.4

Moreover, if the sequence u is also bounded in H'(R)? we have

J
Jdim ([Vean, |22 = 1V H1Ee) = D I1Vel|2: (1.5)



and

J
i (a1, = [ 150) = D @, (1.6)
j=1

for every subcritical p, i.e. 2 <p <2* 2* =00 ford=1,2 and 2* = d%dQ ford > 3.

The bubbles u9) are the possible weak limits of subsequences of u up to the translations 29 What
is telling us is that we can decompose u as a linear combination of these limits (translated in space)
up to the reminder r,(c‘]ﬂ). This reminder is not necessarily small in L?-norm, because it can still have
other compactness issues; however, we know that its maximal local mass is small. Let us also remark
that the bubbles u¥) do not depend on the choice of e: they can be constructed a pr%o)ri for any sequence
J
k

u. However, the choice of € influences the number of bubbles J, the translations z,”’ and the choice of

subsequence uy, .

Proof of Lemma[1.3. Let Let u = {u, }nen be a bounded sequence in L?(RY) (resp. H'(RY)). We can
assume that m(u) > 0, otherwise there would be nothing to prove. Then, there exist a subsequence

Up, , translations (z3)geny € R? and uP € L2(RY), u™ # 0 such that # < Jpa WM < m(u)
and U, (- + z,(fl)) LEiNE weakly in L? (resp. H'). We define r,(cz) = Uy, —uM (- — x,&l)), so that
r,(f)(~ + x;l)) — 0 weakly in L? (resp. H'). Moreover,

172 = D¢ = {2 + 272 + 20 (rP u O (= 2f)) .

Next, since [u®(- = {2, = u®|2; and (r{? u®( =) = (P +a)u®) = 0 by

the weak convergence of r,(f), we conclude that
. 2 2))12 1))12
i (Jlung 132 = 7132 ) = u® 3.
— 00
If u is bounded also in H*, reasoning in the same way we get in addition

1 2 2 1
IVun 132 = 1Vu ¢ = 2{D) 22 + [V |3 + 2R (VP VuD (- =)

that we use to conclude ,
i ([ Vun, 132 = 1972132 ) = [9u)3..
— 00

Now, if m(r(®) = 0 we are done. If not, we can find a further subsequence ng,, other space translations

and u® € L2, uy # 0 such that r,(j)(~ + xl(z)) — 4. We also extract a further subsequence Up,,, and

x,(;) For ease of notation, we will only index further subsequences with the index k. We can can then

write ty,, = u(l)(. o chcl)) + u(2)(. o JL‘](E)) + T](CS) with r](c?))(, + 1,;@2)) —~0.

(1 _ 23 is bounded in RY, then there exists

Now, we prove that |x,(€1) - x,(f)| — o00: by contradiction, if x
v € R? such that, up to a subsequence, xg) — x,(f) — v. Next, up, (- + x,(cl)) — oM + 4@ (- +v) because
r,(CB)(~ + xg)) = r,(cs)(- +v+ a:,(f)) — 0 by the weak convergence of r,(f). Since Uy, (- + x,gl)) — u® by
construction, this would imply that «(?) = 0, which is not the case.

Now, r,(:’)(~ + x,(fl)) = Up, (- + x,(cl)) —u®M —u®( x,(cl) - ;v}f)) — 0 since up, (- + m,gl)) — 4 and
u® (- — (ng) — wg))) — 0 because |x,(€1) — x,(€2)| — 0.

Finally, we could apply the same reasoning as before to get

. 2
lim (| Vun, 2 = V72132 ) = Va2 + [Vu® ..



We could repeat this process until we reach a remainder r,;”'l such that m(r(J +1)) = 0; if that is not
reached, we continue and construct v?) and 7 for every j € N. Moreover, this construction satisfies

B (g |17z = 17 172) leu [
—00

for every J € N. In particular, Z [u]2, < hmsup lunl|72 < oo, therefore |[u |2, — 0 as j — oco.
jeN
In addition, if the sequence is bounded in H', the construction also satisfies

<

Jim (V|22 = IV Ee) = 3 IVa® [Ze.

j=1

Finally, since by construcion m(r/*1) <2 [0, [u@?, m(r()) — 0 as J — oco.

To prove in the H' framework, we use two functional analysis tools: the Rellich-Kondrachov The-
orem, Whlch states that if u, — u weakly in H' then up to a subsequence u, — u strongly in L? for
every 2 < p < 2* and almost everywhere, and the Brezis-Lieb Lemma, which states that if v, — u almost

everywhere, then lim (/ |t |P —/ |u— un|p) :/ |u|P for every p > 1.
n—oo Rd Rd

(1))

First, up, (- + x(l)) — uM) weakly in H', so up to a subsequence u,, (- + z; ') — v in L? and almost

everywhere. In turn, this implies that
[t = tim ([ o 2P do = [ @), o+ o) de
R4 k— o0 Rd Rd
= / [t | — / [ty () = uD (@ — 2fV)|P da
k—o0 Rd Rd
. 2 1 2
=i ([ ol = [ st af?) - aa - ) - o).

Since up, (- —l—xf)) — u® and uM (- — (m,(:) —xl(f))) — 0 weakly in H', we can repeat this argument to get

P P
lim (/ [t | —/ Un,, (T + x,(f)) —uV(z — (x,(cl) — x,(f)) — u(2)(a:)‘ dx) = / u +/ u
k—ro0 Rd Rd Rd Rd

The same reasoning can be applied J times to finally get

Jim (o, 2, — 1 +12,) Znumnp
— 00
Notice that all the terms are well defined because H*(R?) C LP(R?) for every 2 < p < 2*. O

As we will see in Section 2.2} sometimes it is useful to “isolate” the bubbles; this means writing wy,,
as a sum of “localized bubbles” ug ) with compact support such that u(] ) 49 strongly and the
distance between the supports diverges. This is more in spirit of Lions’ orlgmal concentration-compactness
principle seen in [8]; it is not always useful in the L? or H! framework, but it is the preferred technique
in other spaces, in particular non-Hilbert ones. In our setting we provide the following theorem, which
we will prove in the Appendix.

Theorem 1.5 (Extracting localized bubbles). Let u = (u,)nen be a bounded sequence in H'(R?) and
(u(j))jeN C H'(R?) be the sequence given by Lemma . For any € > 0 and any fixed sequence 0 <

k—
Ry, == 00, there exist



e 0<JeN,

o a subsequence (Un, )keN,
e sequences of functions u?) = (ufﬁl))keN,..,,u(J) = (Ug]))keN, P = (1!11(€J+1))keN in H'(RY),
e space translations x1) = (x,il))keN,,,.,x(J) = (xiJ))keN in R,

such that
J

. j j J+1
R e B O e =0 (1.7)
=t H1(R)

where

. ug) converges to u) weakly in H'(RY) and strongly in LP(RY) for all 2 < p < 2*;

o supp(u\’’) C Bg, (0) for all j =1,...,.J and all k;

o supp( ](€J+1)) C RH\ U‘j]=1 Bsr, (x,(gj)) for all k;

. |a:§;) - x,(cj)| > 5Ry, for alli # j and all k;

e m(yp/HY) <e.
We remark that 9+ is different from r/+% defined in Lemma even though they behave essentially
the same in the limit £ — oo. Once again, w(J'H) is not necessarily small in L? norm, since it can still
undergo vanishing, but we know that it does not contain local mass larger than e.
Even though we cannot say anything of the L? masses of both r(/*1 and @b(‘]+1)7 we can say something

about their subcritical norms (provided (uy)nen is bounded in H'): indeed, at the end of section [1.2] we
will prove the following

Lemma 1.6. Let u = (u,)nen be a bounded sequence in H'(R?). There exists a constant C depending
only on d such that

limsup/ lun |2t4 < Cm(u)? lim sup ||un||%11(Rd). (1.8)
Rd

n—oo n—o0

Using Lemma [T.6] and Holder’s inequality we have that for every 2 < p < 2*

» 220 | 41 6 1-6
Il < IO Iz S me D) 2 <p <245 2= S

_ 2 4 L1 6 1-6
I < IOl el VIR S m(e 0 F it 245 <p <2t = g

and similarly for 'c,b(‘]H). This means that we can make the subcritical norms of the remainders r(/*1)
and 1,[}(J+1) as small as we want, provided we take J large enough.

1.2 Vanishing sequences and subcritical L” norms

In the previous section we have defined the highest mass that the weak limits can have up to translations;
then, by Lemma we proved that any bounded sequence in LQ(Rd) can be written as a linear com-
bination of “bubbles” plus a remainder r(/+1) such that m(r(/+1) is small. If we continue this process
indefinetly, we are essentially left with a remainder r(°) such that m(r(‘x’)) = 0. Motivated by our earlier
remarks on LP norms in the examples of Figure 1, we proceed in studying what happens when m(u) = 0
under the additional hypothesis of boundedness in H*(R%),



Lemma 1.7 (Vanishing). Let u = (uy,)nen be a bounded sequence in HY(R?). Then the following are
equivalent:

1. m(u) =0;
2. For all R >0, we have lim sup / [un|? = 0;
N0 peRd J Bg(x)

8. un — 0 strongly in LP for all 2 < p < 2*.

Proof of Lemma[I.7.
(1)=(2): We start by proving that
lim sup sup / [u,|? < m(u) (1.9)
n—oo zeZd JC,
d
with C, = H[z(”,z(]“)); here we used the notation R? 3 z = (2, ..., 2()). Consider a sequence
j=1
(zn)nen C R such that lim lu,|? = limsup sup/ |un|?. Then, the sequence wu,(- + z,) is
n—oe Je, ., n—oo zezdJC,

bounded in H?, so up to a subsequence it converges to u weakly in H!(R?) and strongly in L?(Cp). Next,
since u is the weak limit of (u,)n,en up to the translations (z,)nen we have

lim |un|2 = lim |tn,, (z + an)‘de - /C |u|2 < /Rd |u|2 < m(u)
o o

n—00 C., k—oo Jo

which proves our claim.

Next, from (1.9) and the hypothesis (1) we get that limsup sup / |u,|? = 0. Finally, since every ball
C.

n—oo zez7Zd

z,R z,R
e

Br(x) € R can be covered by finitely many unitary cubes , we get

lim sup sup / [, |* < thsup sup / [, |? < K lim sup sup / [t | = 0.
Br(a) ol c.

n—oo0 geRd4 j=1 "> z€R n—oo zezZd
(2)=(3): First, we prove that
2
. o4+ 4 . 2 4, 2
limsup [ |u,|*Td < C | limsup sup [tn] limsup [lun || 71 (e (1.10)
n—00 Rd n—oo zeZd JC, n—00
By Holder’s inequality

0 .1 60 1-6
[l =3 [l < 5 ol ol wien = £ 220

z€7Z4 2€Z4

Choosing ¢ = 2 + 2, we have ¢(1 — ) = 2 and ¢6 = % Notice that with this choice we have 2 < ¢ < 2*.

Combining this with the Sobolev embedding inequality [, [|7 .- ) < C’Huan{l(Cz) we get

4 4
/ [un | < C(sup [lunllzc)® Y lunllmc.) = Clsup [[unll2(cn)) @l e
Rd z€Z4 zezd z€Z4

because the constant C' depends only on the volume of the d-dimensional cube. Passing to the limsup
n — oo and recalling that the limsup of a product of non negative sequences is not greater than the



product of the limsups of the sequences, we deduce our claim.
Then, by (1.10) and the hypothesis (2), we have that ||u,| ;2+4/a — 0. Recalling that by Sobolev embed-
ding (un )nen is bounded in both L? and L?", we end using Holder inequality in two different ways:

0 1-6

4 1
0 1-6 : : _ .
||un||LP S ||'U/n||L2||un||L2+4/d 1f2 <p < 2+ E Wlth 5 = 5 + m,

4 1 0 1-6
0 1-6 - * .
lunllze < lunllz24a/allunll2 if 2+ p < p < 2" with 5= ST/ + —

(3)=(1): Let (zy, )ken such that u,, (- + z,,) — u weakly in H' and strongly in LP, 2 < p < 2*. Since

l[tn, (- +2n, ) |lLe = ||tn, ||Le — O we have that u,, — 0 strongly in L” so by uniqueness of the weak limit
u = 0. Since every weak limit of subsequences of u up to translations is 0, then m(u) = 0. O

Notice that the hypothesis u bounded in H' and not only in L? is really necessary: in Examples 1b and
2b we have m(u) = 0 but both (2) and (3) fail.

Finally, notice that the proof of Lemma [I.6]is a direct consequence of our proof of Lemma [I.7} indeed

combining (|1.9) and ([1.10) we get

limsup/ \un|2+% < Cm(u)% limsupHUn”%Il(Rd)'
n—oo JRd n—0o0

1.3 The concentration compactness method in Hilbert spaces

The concentration-compactness principle was first stated by Lions in [8, []; we will briefly discuss his
results and then focus on [6], which provides a more structured approach to the matter.

The concentration-compactness principle is a method which can be used to prove the compactness of
sequences u = (Up)nen (possibly up to translations); in particular, we are interested in applying it to
minimizing sequences for variational problems. It is important to note that applying this method does not
consist in merely checking the hypothesis of some abstract theorem; one has to adapt a general strategy
to each practical case.

The main idea is to prove the compactness of u by showing that it must stay “concentrated”, meaning
that it does not split in two or more bubbles and it does not vanish. In practice, this is done proving
that if the sequence is not compact then the energy is too high.

1.3.1 Setting

Let € be an energy functional on H'(R?), which is bounded from below, continous and coercive on

SS)\:{uEHl(Rd) :/ u|2§/\}.
Rd

Sy = {ueﬂl(Rd) : /R W:A},

we are interested in the minimization problem

1) = inf €(u). (M)

Letting

We always assume that 1(0) = 0.
To deal with vanishing and splitting (or, as Lions calls it, dichotomy) we introduce two auxiliary fun-
cionals, together with corresponding minimization problems:



e To deal with vanishing, we define £Y*" which is the original energy £ to which we remove all the

“subcritical terms”, i.e. all terms that go to 0 when u,, — 0 in LP(R?) for 2 < p < 2*. Then, we
define

van o van _ : s van
I (\) = ulenéf:)\ EV(u) = u:(ggc& hnni}lgf E(uy) (M)
m(u)=0

In most applications, £Y*" only contains the gradient terms of £.

To deal with dichotomy, we define a “problem at infinity”: we consider £°°, which is the original
energy £ to which we remove all the compact terms that converge to 0 when u,, — 0 weakly in
H'(R?) without assuming a priori that u,, — 0 in LP(R?). Then, we define

I°°(A) = inf €%(u) = inf liminf&(u MS?
(3= nf &(u) = inf  Timinf £(u,) ()
Uy —
In most examples, £°° consists in the translation-invariant terms of £ and the ones which admit a
“limit at infinity”.

Notice that I°°(A) < IV**(X). Moreover, if the initial problem (M,)) is translation invariant we have
I°(N) = I(N).

1.3.2 A general view: the original concentration-compactness principle

In this section we adapt to our setting what Lions discusses in [8]; there one can find a general method
for functionals defined on Hilbert and Banach spaces.
First of all, one can always prove that

I < I{a) + I(A — ) for every 0 < av < A.

We give an heuristic proof of why this inequality holds: let € > 0 and ., ve such that

I(e) < &E(uc) < I(a) + ¢, [ucll2 = @
I®(A—a) SEX(v)) S I*A—a) +e,  vlfe =A—a

Without loss of generality u. and v, have compact support. For a fixed unit vector ¢ € R? we define

o)

= v(- + n&), so that d, = dist(supp(u.), supp(vé"))) — oo. Hence we deduce

e + 02 = (uele + [087]22) = 0
E(ue + ™) = (E(ue) + E2 (™)) = 0

and since £€°° is translation invariant

{I(a) +I°A—a) < 1i7IL1r15(uE + o™ = liTILn(S(ue) +EM)) < I(a)+I®(\—a)+ 2

|22 + ([0S ]122 — A

so we conclude

I\ <I{a) + I°(A— a) + 2e.

We now describe the typical results that we can obtain using the concentration-compactness principle: in
the case where £ is not translation-invariant we have that for every fixed A > 0 all minimizing sequences
of (M,) are relatively compact if and only if

I(\) < I(a) + I°(A — ) for every 0 < av < A. (C1)



In the translation-invariant case, where (M,)) and are equivalent, we have that for every fixed A > 0
all minimizing sequences of (M,)) are relatively compact (up to translations) if and only if

I\ < I{a) + I(A — ) for every 0 < ae < A (C2)

since in this case I(a) = I*°(a) for every 0 < a < A. The fact that the condition (C1)) (resp. (C2))) is
necessary is a consequence of the argument we just used: for instance, if for some 0 < a < A

IN) =I(a) + I(A — )

and we denote with u,,, v, minimizing sequences with compact supports of (M,) and (M_,) respec-
tivly, letting 0, = v, (- + n&) we have that w, = u, + 0, cannot be relatively compact. Indeed, since
dist(supp(uy),supp(v,)) — 0o we can find x,, € C&(R?) such that [,, wyx, = 0. However, we also find

that
lwallZ: = A
E(wy) = lirlln(é'(un) + E(vn)) = I(N)

hence w,, is a non relatively compact minimizing sequence.

We now give an heuristic argument for proving that (resp. (C2)) is sufficient to ensure the relative
compactness of the minimizing sequences. The argument will be based on the following Lemma, which
admits variants based on the setting:

Lemma 1.8 (Concentration-compactness Lemma). Let (p,)nen C LY (RY) such that ||u,||pr = A where
A > 0 is fized. Then there exists a subsequence (pn, )ken such that one of the following three possibilities
oCCurs:

1. (Compactness) There exists (yx)ren C RY such that for every e > 0 exists 0 < R < co such that

/ Pr = A — € (1.11)
Br(yr)
2. (Vanishing) For every 0 < R < 0o
lim sup/ Pny, =0; (1.12)
kﬁooyE]Rd Br(y)

3. (Dichotomy) There exists 0 < a < A\ such that for every € > 0 there exists kg € N and 0 <
p,(cl), p,(f) € LY(RY) such that for every k > ko

pn, — (P + ) 11) < €
ol = al < e [lIp ) — (A —a)| < e (1.13)

dist(supp(pg)), supp(p;(f))) — 00

The proof of this Lemma uses the Levy concentration functions we will introduce in the proof of Theorem

one can find it in [§].

We apply Lemmato a minimizing sequence for (M,)) with p, = |u,|? and find a subsequence (uy, )ken
such that (1), (2) or (3) occurs. We then have to rule out possibilities (2) and (3):
First of all, (2) cannot occur since by (CI)) I(X\) < I*°(\) and |lu,||2, = A. Then, if (8) occurs we can

split u,, as we split p,, and find, for all € > 0, ug), ug) S Hl(Rd) such that

1 2
lu 122 — al < € a2 — (A —a)| <e ol <e
dist(supp(u,il)), Supp(u,(f))) — 00



Since we can exchange a and A — «, we can assume that lilgl(g(ug)) - 5°°(u§c2))) > 0, and we obtain

1) = lim € (up,) = (€ () + €% (7)) = 6. = I(a— &) + I*(A—a —¢)

and sending € to 0 we obtain
IN) > I(a)+ I\ —«)

which contradicts . To conclude in the case where £ is not translation invariant, one should also
check that once we are reduced to (1), we do not have |yx| — oo.

We once again remark that the argument we’ve presented is not at all rigorous, it will have to be adapted
and perfected in each practical case.

It is also important to notice that in order to be able to apply this method a lot of assumptions on the
energy & are required: this is because we need our problem to be solvable by “usual” arguments (like
convexity-compactness) if it was posed in a bounded domain instead of the whole space. Then, the role
of (resp. (C2)) is to ensure that when we utilize Lemma[L.8]cases (2) and (3) cannot occur, so that
we can reduce our problem to the case of a bounded domain.

1.3.3 A more specific approach for the H' framework

In this section we utilize the tools of Sections [I.1] and to get a more precise procedure to follow when
we want to use the concentration-compactness method for bounded sequences in H*(R¢). Our main
reference for this part is [6].

The main idea of this method is to study what happens to the minimizing sequences when they undergo
vanishing or splitting and find out how the total energy behaves in these cases.

We start by proving the energetic inequalities

IN) <I(A—a)+I%(a)forall0 <a <A (1.14)

and
IN) <IA—a)+ "™ (o) forall0 <a <A (1.15)

The proof of these inequalities usually follows a similar blueprint to what we’ve discussed in the previous
section. Then, since we always assume I(0) = IV*(0) = I°°(0) we get that

I(X) < I°°/v¥()) for every A

For translation-invariant functionals we always have £°° = &; in these cases the best we can do is to
prove relative compactness up to translations. We start by explaining what to do in this case:
The first thing to do is to rule out vanishing, usually by proving that

I(A\) =I®(\) < I (X) for all A > 0 (1.16)

Unlike our first energetic inequalities, there is no general blueprint to prove this strict one; in the example
we give below, the argument is based on how the different terms of £(u) scale when we scale u. It is worth
mentioning that is not the only way to rule out vanishing: by Lemma if we already know that
the subcritical norms of u,, do not go to 0 we know that m(u) > 0, so vanishing does not occur.

Now, by definition of m(u) we know that there exist a subsequence (still denoted with u,, for ease of

notation), 0 # u") € H*(R?) and (x%l))neN C R such that u,, (- —xg)) — u™ in H(R?). Using Lemma

we write uy, (- — xg)) =y + 7“,(3) and prove that

Elun) = E(un(- —2M)) = EWM) + EP) + 0,(1) (1.17)
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using properties (1.4]), (1.5, (1.6) or other similar results, for other kinds of terms in the energy £.
Defining

AW = [ M2 >0
Rd

we remark that by (1.4))
/ lr@ 12— x— W,
RE

£GP > T ( / |r£?>|2)
]Rd

and passing to the limit n — oo (here we use the continuity of A — I(X)) we get

Using that

IO = EwM) + TN = Xy > 10Dy 4 1(A — AWD)
which together with gives
I = EWM) + I = AD) = TADY) 4 1(A — AW,

This in particular implies that u(!) is a minimizer for (M,q)) and that 5(7",(?)) — IA=X1) ie. (r,(f))neN
is a minimizing sequence for (M, _ ).
If we already know that

IN) <IA—a)+I(a)foralld <a< A (1.18)

we conclude (since A(Y) > 0) that A = A(!) and so u) is the sought minimizer of (M}]).

In practice, proving may be difficult without knowing more information on I(«) and I(A — ). In
the example provided in Section to get this strict inequality we once again take advantage of the
scaling properties of the Hartree energy functional through the application of the following

Lemma 1.9. Let h; [0,\] = R such that for every x € (0, ) and every 6 € (1,2) h(6z) < 0h(z). Then
h(A) < h(x) + h(A —z) for every 0 < x < A.

Proof. If, £ > X\ — x, we have

A A A—zx A—zw x
h(\) h(;x) < Eh(x) = h(z) + . h(z) = h(z) + - h()\ — x(A —1z)) < h(z) + h(A — ).
Conversely, if A — z > x just exhange  and A — z in the previous computation. O

More generally, one possible strategy consists in extracting more bubbles and apply the previous argument
to r® = (r'?), ey, which we know to be a minimizing sequence for I(A — A1) (assuming that A1) < \):
by (T.16) r® cannot vanish, so there exists 0 # u(® € H'(R?) and 22 such that Unp (- +:c£?)) —u® (up
to a subsequence). As before, we can prove that u(?) is a minimizer for M, 2), where A\(?) := Jga lu®|? > 0.
Moreover, we can write 7.2 (- — 22)) = u® +r$ and r® is a minimizing sequence for T(A — AL — @),
As a consequence, we get
I) = TAW) + TA®@) 4+ 1A = AD — \@))

and that I(AM)) and I(A®) have v(*) and u(® as minimizers. Next, by applying (T.14) twice

IO) < ITAW £ X)) 1 T = AW —A@) < 1(AD) 4+ TA®) 4 11 = 2D = \@)
and since the first and last term are equal we have

TOW £ 2@y = 1AWy 4 1(A@),

11



To get a contradiction, we have to prove the strict inequality ; we’ve gained that without loss of
generality we can assume that both I(«) and I'(\ — o)) have minimizers. In practice, one proceeds to put
the minimizers “far away” at a distance R and then study the energy expansion as R — oo to show that
the bubbles must in fact attract each other.

If our functional is not translation-invariant, i.e. £ # £°°, we need one more step in the beginning. We
first need to show that
I(A\) < I°(A) for all A > 0,

which implies that a minimizing sequence u = (uy,)nen cannot have a vanishing limit up to subsequences,
ie. up, — u® # 0. Notice that in this first step there is no translation. Then, we write u, = u(") + 7“22)

and as before we need to show that the energy splits as
E(un) = EM) + EX(rP) + on(1).
Notice that the second term is £°° because rg) — 0, so the local terms disappear.

Arguing as before we find
I = IOW) 4 1o = AW),

The rest of the precedure is similar to the translation-invariant case, and the strict inequality one needs

to prove is
TOW £ 0@ < 1AWy 4 120\,

where both T(AM)) and I°°(A(?)) can be assumed to have minimizers.
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2 Existence of a minimizer for the Hartree equation without
external potential

In this chapter, we will discuss the existence of a minimizer for the Hartree energy functional without
external potential. In particular, we will study the functional

J(u) = | Vulz — /RS (w * [ul*) (@) u(@)|* dz, u € Sy (2.1)

where 0 < w = wy +wz € L®(R3) + L¥2°(R%), w # 0 and S\ = {u € HY(R3) : |lul|2. = A}
This energy functional arises from the study of the stationary states of the Hartree equation

i0pu = —Au + (w * |ul?)u, (HE)

which has many applications in the quantum theory of large systems of non-relativistic bosonic atoms
and molecules. Indeed, appears in the study of the mean-field limit of such systems, i. e., of a regime
where the number of bosons is very large, but the interactions between them are weak. We will give an
heuristic explanation of this in Appendix B.

We are interested in finding a minimizer for

1) = inf J(w). (2.2)

In order to do so, we will need the following assumption on w:

Hypothesis 1. The decomposition w = wy + wy € L®(R3) + LE/Q’OO(R‘?’) is such that wi(xz) — 0 as
|z| — oco. In more precise terms, for every € > 0 there exist wy € L™ and ws, € L3/2:°° guch that

W = Wi,e + W2 e,
wye(z) = 0 as |x| = oo,

lwa cllps/2.00 <€

For example, it is not difficult to verify that for all 0 < a < 2, the potential w(xz) = % belongs to

|z

1
L>® +L§/2’°°. Indeed, setting wo = Helsse and Wi, = 1‘@% with d. < ((%)%6) 270, we have that wy .

]

is bounded and vanishing at infinity, while a direct computation shows that ||wa | ps/2.0 < €.

Proving the following theorem will be the main goal of this section; its proof relies mainly on the
concentration-compactness principle stated in Chapter [1} along with some ideas from [§] and [1].

Theorem 2.1. Let 0 < w = wy + wy € L®(R3) + L¥?°°(R3), w # 0 satisfy Hypothesis . Then there
exists \* > 0 such that for every A > A\* problem (2.2) has a minimizer u € Sy, which is smooth and
strictly positive.

We will show that for the specific convolutional potential w = ﬁ, 0 < a < 2 we have \* = 0. However,
it is known that for some specific potentials that A* > 0.

We remark that Theorem does not answer the question of uniqueness (up to translations) of the
minimizer. There are, however, some results in this direction: E. Lieb [7] has proven uniqueness of the
minimizer up to phases and translations in the case w = |71‘
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2.1 Notation and Preliminaries

In the proofs contained in Section we will use some functional inequalities in Lorentz spaces that we
present in this section.

Definition 2.2. For 1 < p < oo, 1 < q < 00, we define the Lorentz space LP1(R%) as the set of
(equivalence classes of) measurable functions f : R® — C such that

1 £llzea = PN > )Pt La((0,00),01/1)

is finite. Here \ is the Lebesque measure on R®.
In particular, for 1 < p < oo

1l = sup (AL > 1))
t>0

Remark 2.3. For1 <p<oo,1<q; < g < o0, we have LP1 C LP% and such embedding is continous.
Moreover, we can identify LP'P with LP.

Remark 2.4. For 1 <p < oo, if f € LP*° then for every § >0 fljp>s € LTV 1< q<p.

Lemma 2.5 (Holder Inequality in Lorentz spaces). For 1 < p,p1,p2 < 00, 1 < q,q1,q2 < oo, there exists
a constant C' > 0 such that
1 1 1 1 1 1
[f1fellea < Cllfrlleva |l follzree,  —=—+— —=—+— (2.3)
p P P29 @1 G2
whenever the right hand side is finite.

Lemma 2.6 (Young Inequality in Lorentz spaces). For 1 < p,p1,ps < 00, 1 < gq,q1,q2 < 00, there exists
a constant C' > 0 such that

1 1 1 1 1 1
[f1* follLrs < Cllfillrva |l follLrae,  14+-=—4— —=—+— (2.4)
p p1 P2 q q1 Q2
whenever the right hand site is finite. Moreover, for 1 < p < 0o, 1 < g < oo there exists C' > 0 such that

1 1 1 1
1 f1 % fallzee < Cllfillzeallfallzorars » +o=1=-+- (2.5)

For a proof of these inequalities, see [4].

We also have the following estimates that will be used several times in Section 2.2] The first one is an
obvious application of the usual Hélder and Young inequalities, while the second and third ones are close
to the Hardy-Littlewood-Sobolev inequality but cannot be directly deduced from it. To be more concise,
we introduce the following notation: a < b if and only if there exists C' > 0 such that a < Cb. We also

recall the definition of the homogeneous Sobolev space Hl(Rd) ={feD'(RY) : Vfe L*>(R%}.
Lemma 2.7.

1. Let uy, us € L? and w € L. Then

[w * (urug)l|zee S lwllzoelluall L2 luzll2- (2.6)

2. Let uy, ug € Hl and w € L3 Then

[w * (urug)llLoe S 1wl pasz.co [[unl o lJuzll g1 (2.7)
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Proof.
(2.6) follows directly from the classical Young and Hoélder inequalities:

[w * (wrug)l[pe < Jlwreeuruszr S flwllpe [[ua]] L2 [luz] 22

To prove (2.7)), we start applying Young and Holder inequalities (2.4) and (2.3))

[w * (urug)l|zee S lwllpasze[lurug|[ s S lJwllperzs e luzllLo.2-

Moreover, Hl(Rg) C L%2(R?): indeed,

_ 1 1
[ullzo2 S IF(F(w))llLo2 S NF (W)l pers. = ||m|k|f(u)|\m/5=2 S HWHLMO|||/~€\]'"(U)||L212
S IVaullpe = [lull 41,
where we’ve used (2.3)) once more and that
1 1 1 4 1.2

—||p3.0 = sup[tA(— > t)3] =sup[t(s7m—=)3] < o0

|| |]€| HL3 t>g[ (|]€‘ ) ] t>g[ (3 tg) }
Putting all of this together, we get (2.7). O

2.2 Proof of Theorem 2.1]
2.2.1 Fundamental properties of the energy functional

In this section we will check the fundamental properties of the functional J required for the application of
the concentration-compactness method as stated in Section [1.3.3] which can be sum up in the following.

Lemma 2.8. Assume that w satisfies Hypothesis[1. Then J is well defined, translation invariant, con-
tinous, bounded from below on H'(R?) and coercive on S<y for all A > 0, where S<) = {u € H'(R3) :
lullz2 < A}

Proof. First of all, [|[Vul|3 is finite for every u € H'; then, | [ps (w * [u?)[ul?| < [|w * [u|?|| g~ ||u]|?, and
lw s [ul*| o < Jlwy  [ul?[[pee + lwa * [ul?[[ e S Nwillze [lulZz + w2l sz lulF

by (2.6) and (2.7) In conclusion, we have that

[

which allows us to conclude that J is well defined on H*(R3).
Now, we prove that J(u) = J(u(- + 2)) for every z € R3:
Clearly [|[Vul|3, = [|[V(u(- + 2))||32; then,

< (lwillze lullfe + lwall o2.co lullF ) el 22, (2.8)

/RS ( [ty + 2wl —y) dy> ju( + 2)|? da = /R (/R () Pw(z + 2 — y) dy) fu(z + 2)|? de

-/ ( [ 1wt -y dy) () dt,

so J(u) = J(u(- + z)).
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Using ([2.8), we have J(u) = [|[Vull32 — [gs (w [u?)(2)|u(z)]* dz Z —||ul| 3 > —o0, so J is bounded from
below.

To prove that J is continous from H' to R, we just need to show that u — [ps(w * [u]?)(z)|u(z)]? dz is:
Let (tn)nen and u such that u, — u in H'; then,

] [ s tualual? = [ =l
R3 R3

= w* (Jun)|? = |ul?))|unl? w o |u|?) (Jun|? = |ul?
= | [ Gl = Pl + [ s ) ? = )

S wn s (funl® = Jul®)) un Pl + I (ws * (Jual® = Jul*))lual?| 22

1w ful®) (= u?) | ze + [l (ws * [ul?) (Jun]® = Tul*)] 22

We handle the third and forth term by applying respectively (2.6) and (2.7).
For the first term, using the classical Young inequality, together with |Ju,|L2 =1 for every n we get

1wy (un|* = [P ) unPllze S s (Junl® = Tul*) 2o lunllze S Twillzo llunl® = Juf®|lzs

Finally, for the second term we use (2.3)), (2.4), the inclusion H' ¢ L5? and that (Un)nen is bounded in
H:

(w2 (un|* = [u®)[un*[l2 S ws * (Jun]® = [ul) [ gs/2.0 un ]| 2o

S llwallporee un* = ul |t [unlFoz < w2l porcolllunl® = Jul?|l 2.

Putting all four terms together, we get

< (hwillze + llwall ps/z.0) unl® = [ul?[ 2

S (lwillzee + lwalla/z.ee) lun + wll L2 [lun — ul L2
<

(lwillzee + llwellgarz.c)un = ul L2,

which proves continuity.
Lastly, to prove the coercivity on S<y, by (2.8), we have that
J(u) Z | Vullze = (i |l o [ul 22 + w2l /2.0 [Vl Z2) ull7e > —[lwi ]| e A + (1= AJwal| ps/2.00) [ V|72

if u € S<, so J is coercive on S< under the assumption 1 — Al|ws]|zs/2.00 > 0, which we have thanks to
Hypothesis O
Remark 2.9. The computations we did for the continuity of u — [o (w * [u]?)(x)|u(x)* dz can be done
with fewer assumptions: indeed, one can prove that if (un)nen is bounded in H' and u, — u in L?(R3)
then fR3(w * [un ) (2)|un (2)]? do — fR3(w * [ul?)(z)|u(z)|? de.

2.2.2 The concentration-compactness method in action

Now that we’ve proved that J is coercive and continous on S<), we know that every minimizing sequence
u = (U )nen is bounded in H!(R?), so up to a subsequence there exists u,, € H(R3) such that u, — use
weakly in H'. We prove that the convegence is also strong in L?(IR?) using the concentration-compactness
method explained in section |1.3
Our problem is translation invariant, we do not need to define a problem “at infinity”. In order to rule
out vanishing, we define

T () = [V, (2.9)
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so that J¥**(u,) — 0 if u,, — 0 in subcritical LP. Next, we define the respective minimal energy
van o van
I»m(\) = ulen‘; TV (). (2.10)
It can be easily proved that IV®"(\) = 0 for all A > 0.
We start by proving inequality ([1.14), i.e.
I <IA—a)+1%(@) forall 0 < a < A,

following the general reasoning we discussed in Section for every € > 0 there exist u. € S, and
ve € Sx_qo such that

IA—a)<Jw) <IA—a)+e
By continuity of J and density of CF(R?) in H'(R?), we can take u. and v. with compact support
without loss of generality. For a fixed ¢ € R? and n € N, define v( n

supp(vg )) N supp(ue) = 0. Then, for such n we have u, + vg € Sy and

{ I(@) < J(u) < I(a) +e

ve(- — n&), so that for n large

I (ue + i) = [V (ue + 0)|I7 / (w (el + [00)) Jue [ —/ (w * (fuel? + [0l %)) [0l
R3 R3

=)+ I = [ @l DOP - [ P
R3 R3
< J(ue) + J (™)
because w > 0. As a consequence, we have
I < J(ue +0™) < J(ue) + J(0™) < I(a) + I(A — a) + 2¢

that allows us to conclude the proof of (|1.14) by arbitrarity of €. In exactly the same way, we can prove

inequality (|L.15]).

As a consequence of , we also have that
I(\) < 17*%(\) for every A > 0 (2.11)
Our next step is to prove that vanishing does not occur: to do so, we need to prove inequality 7 i.e.
I()\) <0 for every A > 0.

Since by (2.11]) we already know that I(\) < 0, we just need to prove that I(\) # 0.
Assuming that for some A > 0 we have I(\) = 0: if this is the case, for every € > 0 there exists u € Sy
such that [|Vu|3. = [ps(w * |[ul?)|u|? + €. Then, for 6 > 0, we have that fu € Sp2) and

T(0) = 62|Vl — 94/ (w # [ul)[ul® < 0 for 6> 1,
RS

which shows that there exists A* such that for every A > \* holds.

It is important to remark that while in general we cannot do better than this, as there are convolution
potentials for which A* > 0, for specific potentials we can do better: for instance, for the potential
w(zr) = II\L" 0 < a < 2, which is in L>®(R3) + L3/2:°°(R3), we can prove that I(\) < 0 for every A > 0
following a similar scaling argument as before:

for o > 0 letting u, () = 0~*/2u(£), we have

Hg) = [ Vol = [ s huePuol? = o5 [ 19 = 2 [ P <o
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for o > 1, which proves that vanishing does not occur for every A > 0 in this case.
We proceed in proving (|1.18)), i.e. the strict inequality

IN) <I(A—a)+ I(a) forall0 < a < A
In order to establish this inequality, we will apply Lemma to h(A) = I()); to do so, we need to prove
Lemma 2.10. For every A > 0 such that I(X) < I"*"(X) =0, I(0\) < 0I(\) for every 6 > 1.

Proof. First, notice that

I(6)\) = inf {9||Vu||2L2 —92/ (w*|u|2)|u|2} =0 inf {|Vu|%2 79/ (w*u|2)|u2}
u€Sy R3 uESH R3

Then, notice that when defining problem we can restrict ourselves to taking the inf over the set
{u € Sy such that [os(w = [ul?)|u[? > a} for a fixed a > 0: indeed, if that wasn’t the case, there would
exist a minimizing sequence (vn)nen C Sy such that [os (w * |vn[?)|v,]* = 0. In turn, this would imply
that I(\) = IV*(\) = 0, which contradicts our hypothesis.

To conclude, observe that since 6 > 1

I(0N) =0 inf ||Vul2e =0 [ (wx|ul®)|ul*} <6 inf $||Vull2: — [ (wx|u*)|u]® b =0I(N).
u€Sy R3 u€ESy R3
O

Finally, we need to prove that minimizing sequences do not split into two or more bubbles. Unlike what
we’ve discussed in Section [I.3:3] we choose to rely on Theorem [I.5 instead of Lemma [T.4] and prove a

similar result to (1.17]).

Since we’ve already ruled out vanishing, we know that every minimizing sequence u = (uy,)nen is such
that m(u) > 0. Then, by Theorem we know that if we fix a sequence 0 < Ry = oo there exist

o A subsequence (un, )ken,
e Sequences of functions (ug))keN, ( ;(f))keN in H1(R?)

e A sequence of translations (x,(;))keN CR3
such that
Uy, — ul? (- — 2y = Y 50 in HY(R?), (2.12)
and

. ug) converges to u(!) weakly in H'(R?) and strongly in L?(R?),

e supp(ul’) C Bg, (0) and supp(¢)\”) C R¥\ Byg, (z1").

Since our problem is translation invariant and we will only deal with a single bubble, without loss of
generality we can choose the translations x,(fl) =0.
As ug) — uM strongly in L?, we have that ||u,(€1)H2LQ — [[uM|2, = « > 0. This, combined with (2.12),

(2)
k

proves that |[1,”[|2, = XA — a. We also have

lim inf J(ulM) < J(uD). (2.13)
—00

Indeed, since u,(:) is bounded in H' and u,(:) — uM) strongly in L? we can apply Remark (12.9) to get
3 (W * M 12 () [l (2))2 dz — s (w [uM2)(z)|u® ()2 dz. The gradient part comes from the weak
R k k R
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lower semicontinuity of the L? norm and the fact that Vufcl) — Vu,
Then, by the continuity of A — I(\) we have

JWP) > I([l|22) = I(A — @) as k — oo (2.14)
Now, if we are able to prove that

I(un,) = Jul) + TP + or (1), (2.15)

combining (2.13)), (2.14)) and (2.15) and passing to the liminf we obtain

IN) > JwD)+I(A—a) > I(a) + I(A —a).
Since the converse inequalty (1.14) holds, we have that
IN) =I(a)+ I(A— a),

which contradicts the strict energetic inequality (1.18) unless o = A.
Finally, since u,, — u(!) weakly in L? by Lemma and [|un, [|2. = A = [[uV||2, we have that the
convergence is also strong in L?(R3), and by uniqueness of the limit 1., = u,
To prove ([2.15)), we start by noticing that as a consequence of (2.12)) and the continuity of J we have
1 2
I(un,) = T +137) + 0k (1).
Moreover, since the supports of u,(cl) and ¢,(€2) are disjoint, we have

T +07) = Ve + Vs - / (s (P [ Dl + 1)
= T(w) + J@w) - / (wr PP~ / ([ Pl
To tackle the integral terms, we define ws = wl,,|>s for a fixed § > 0, so that
[ we - @R W dedy <63+ [ wsto = il @62 @) dedy
R3 xR3 R3 xR3
<oN 4 / / ws(@ = )L jp_yir ol @262 ()] dady
R3 xR3

. 1 2 . 2
since [[ug |32, 437 132 < lun, 132 = A and dist(supp(uy”), supp(¢”)) > Ry.
Finally, letting w1 s = w11}y, |>5 and wa 5 = wal|yy)>s,

JL o wnste =Ly m @R W dedy < 51, 1A = 0
2 X

as k — oo since by Hypothesis [1] w; — 0 at infinity and

2q—1

2 1 2
[ westo = w1 yondal?) @ PR WP dody < NP e 117 P ae, lw25T2m, e
R3 XR3 B

1 2
= 112 aa 1912 aa w2 5T >R, lle = 0

as k — oo for every 1 < ¢ < 3. Indeed, by Remarkwg,g €Lifor1<q<3, s0llwaslispllLa =0

as k — co. Moreover, for such ¢ we have 3 < % <4,s0 H}(R?) C L%(R‘g) and since in the proof of
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Theorem we built both u,(cl) and 1/),22) are proportional to u,, , which is bounded in H!, we get that

)2 4y (9] 4y s bounded.
L2q—-1 L 2q—1

By arbitrarity of 6 > 0 we can conclude the proof of (2.15)), which, in turn, gives us that wu,, — ue
strongly in L2.

Lastly, we prove that u., is in fact a minimizer for (2.2): since u; — uoo in L*(R3), [lusol2. = A, so
Uso € Sx. Then, by weak lower semicontinuity of the L? norm we have,

Vit |2 < limint [ Ve [2.
j—o0
Moreover, by Remark we have that

/ (w * s |?) oo > = lim / (w1 2) s .
R3 77300 JRs3

Combining these, we obtain
I(V) < J(uso) < liminf J(u) = I(N),
j—o0

SO Uso 18 the sought-after minimizer.

2.2.3 Properties of the minimizer

We start by proving that we can take a strictly positive minimizer. First of all, since ||V|u|||L2 < ||Vul|r2
we have that J(|u|) < J(u) fore every u € H'. Thus, we can choose our minimizer u., to be real valued
and non negative. Introducing the Schrodinger operator H = —A + V with V = 2w * u2_, we know that
Uso 1S an eigenfunction, i.e.

Huo = —wig,

which can be written as

e Hyy = e us.

We will prove that e is positivity improving, i.e. that if f > 0 with f # 0 then e # f > 0, which in
turn will give us the positivity of the minimizer.

We just check the hypothesis of the following Theorem, whose proof can be found in the proof of Theorem
2 in 2.

Theorem 2.11. Let H = —A + V be a Schridinger operator defined on RY, with 0 < V € L} (RY).
Then the lowest eigenvalue of H is simple and e~ has strictly positive kernel for every t > 0.

The fact that e * has strictly positive kernel means that
et f(z) = / k(x,y)f(y) dy with k > 0.
Rd

which in turn would imply that e * is positivity improving.
The hypothesis of Theorem are satisfied because H is self adjoint on L?(R?®) with domain H?(R?)
and by ([20), &) V € L*(R") C L}, (&%),

To get the smoothness of the minimizer, we can use elliptic bootstrapping; here, we only choose to show
the first step for the sake of brevity. We know that wu., solves the eigenproblem

Hu = —wu, u € H'(R?)
where w > 0 is as above. We write this as

—Au= f(u("), ue H(R?) (2.16)
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where f(z,t) = =Vt — wt. Now, since —A is an isometry between H' and H~!, it is also an isometry
between W?2P N H' and LP N H~'; to get the integrability of f(-,u) we need in order to conclude, we use
the following Lemma.

Lemma 2.12 (Continuity of the superposition operator). Let f : R?xR — R be a Caratheodory function
such that for some 0 > 1 |f(z,t)| < |t|? for every x,t. Then, for every < p < oo the superposition
operator

®; ¢ LP(RY) — LP/O(RY)

U = f(a u)
is continous. In particular, for § <p <2* ®&; : HY(R?) — LP/%(R?) is continous.
Proof. We compute

/ (e, u(@) P de < / u? = [u]%,.
Rd Rd

This is sufficient to prove our claim. To prove the continuity of ®; : H 1 5 P/ we just combine what
we just proved with the usual Sobolev injections H! « LP, 2 < p < 2*:

HY(RY) — LP(R?) — LP/%(RY)

O

Lemma to get that f(-,us(")) € L¥ = L5, as us, € H' C L% As a consequence, we get that

Since our f defined in (2.16]) is clearly Caratheodory and |f(z,t)| < (||V||z= + w)|t| we can apply
Uso € W28 C C11/2, One can proceed in this fashion to get that u., € C®(R?). O
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Appendix A. Proofs from Chapter

In this section, we prove Lemma [[.3] and Theorem [I.5] whose proof we postponed during Chapter [I] for
the sake of exposition. We start by proving the equivalent definition of m(u) for a sequence u bounded
in H'(RY).

Proof of Lemma[I.3 To prove the equality

R—0o0 nooo recRd

m(u) = lim limsup sup/ |t |2
Br(z)

we prove that both inequalities hold.
>): We proceed as we did in Lemma Let (zn)nen C RY such that

lim |u,|? = limsup sup / |, |2.
"0 JBRr(xn) n—oo zeR?J Br(w)

Since u,, is bounded in H', up to a subsequence wu,, (- +z,,) converges to u weakly in H!(R?) and strongly
in L?(Bg(0)). Then,

lim lu,|? = lim [up (x + 2,)|? da :/

n=0 JBr(zn) n=20 JBRr(0) Br(0)

o < [ Juf < mw)
Rd

Since this estimate holds for every R > 0, it passes to the limit R — oo to get us our desired inequality.
Notice that the limit exists because R — lim sup sup / |t,|? is a non decreasing function.

n—00 geR?JBr(z)
<): We start from the definition of m(u): for every e > 0, there exist a subsequence u,,, and translations
(zk)ken such that up, (- + 2x) = u weakly in H* with m(u) —e < [, |u]* < m(u). By the Rellich-
Kondrachov Theorem, up to a further subsequence wuy, (- + xx) — u strongly in L? . Then, for every
r€R?

loc*

m(u)—eg/ lul* = lim |ul> = lim lim |, |2
R? R=0 JBr(x) Rroonk=00 /By ()

Then, since the limit along a subsequence is always not greater than the limsup and the inequality holds
for every z in R, we get that

m(u) —e < hm lim sup sup / |t |2
Br(z)

R—o0 nosoco geRrd
for every € > 0. Since the choice of € is arbitrary, we get the desired inequality. O

Before tacklig the proof of Theorem we state and prove a technical Lemma we will need:

Lemma A.1. Let (uy)nen be a bounded sequence in H'(R?). Consider two sequences of real numbers
(ar)ken and (br)ken such that 0 < ap < by, and ar, — co. Then there exists a subsequence (Un, )xen such
that

k i k
/| oy N1 @ dz 552 [ D @) do and / (Tt () + [Vt () ) o 225 0
r—x <ag

R4 ak§|w7w§cj)\§bk

for every j =1,...,J, where xé and u'9) are as in Lemma
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Proof. We define the Levy concentration functions

Q;cj)(R) = / ) ‘unkIQ and Klgj)(R) - / [€) |vunk‘2;
Br(ef) Ba()

Clearly Q;ﬁj )(R) +K ,ij )(R) < |, ||§11(Rd) < 00, so by the Rellich-Kondrachov Theorem for every R > 0
and every 7 =1,...J

) (R) = / i (2 + 2|2 da £ / W) = Q(R).
Br(0) Br(0)

Then, since K ,ij ) is a bounded sequence of non-decreasing non-negative functions, there exists a non-

decreasing function KU)(R) such that K ,(Cj )(R) LniaNY e U)(R) for every R. Moreover, for every fixed

j KY(R) is bounded for every R so it has finite limit as R — oco. Next, since Q,(Cj)(ak) — QY(ay),
,(Cj)(bk) — QUY(by,), and the same for the K,gj)7 for every j we have that up to a further subsequence

Q9 (@) — Q9 (@] + 12Y) (51) — Q) (by)| + 1KY (ar) — KO ()| + K ) — K9 (b)) <

which is what we need to prove our claims:

| / i~ / ) 2] =

QY (ar) — QY (00)] < QY (ar) — QD (ar)| + QY (ax) — QW) (c0)]

n / BRSNS
R4\ By, (z))

AN
T =

proves the first one. Similarly,

/ <loa <t |t ()| = Q,(j)(bk) — Qz(cj)( ) < - + QW (b)) — QY (ay),
ar r—x <bg
/ : 1 _ _
/ ) Vi, ()2 = K9 (b)) — K9 (ax) < = + K9 (b)) — K9 (ay),
ar<|z x(J)\<bk L

which converge both to 0 since both Q) and K@) have finite limits at infinity. O

Remark A.2. Under the hypothesis of Lemma we can also prove that u,, 1, (2 u9) strongly
ap (T
in LP(RY) for 2 < p < 2%: first, un, 1, (29
ay, (T

Hunk]lBak (m£j>)||2L2 — ||ull32, so the convergence is also strong in L*. Moreover, by Sobolev embeddings

= Up, (- + $£ij))]13ak(0) — w9 weakly in L? and

(tn)nen is also bounded in LP(R?), for every 2 < p < 2*, and as a consequence s0 is Uy, (- +m,(€j))]lBak_(0).
Then, by Holder inequality

L5, @un, (- +2) = uD o < 1, (0ytin, (- +2) = D[ 82]|15,, 0y, (- +2) — w157

019, 1-6
wzthE—Q—i— 55 -

We now proceed with the proof of Theorem which will mainly rely on the ideas used to prove Lemma
[[4] and on this last technical Lemma.
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Proof of Theorem[1.5 First, fix J € N. By Lemma there exist space translations x,(j), j=1,..J,
and a subsequence u,, such that u,, (-+ :cg)) — yl) weakly in H'(R%). Looking at the proof of Lemma

clearly we can choose x;j) such that \xfj) — z,(fj)\ > 5 Ry, for every i # j and every k.
Now, we apply Lemmawith ar = Ry/2 and by, = 8Ry,: there exists a subsequence (uy, )ren such that

/ o /Qunk(x)Qda:—)/Rd D () ? da (A1)
:Dfibk S v

and

/ C (um @) + [V, (2)]?) dz — 0. (A2)
Ry /2<|z—z{7)| <8Ry

Next, let y € C®°(R*;[0,1]) such that 0 < x' <2, X|o.) = 1 and X, , =0 and define

Xi() = x (ﬁ) and Cp(z) = 1 — x (2|;|k>

Finally, define _ _
uﬁf) = XkUn, (- + m](cj))

for j=1,...,J and

J
¢](€J+l) _ H Co(- — x,(f)) Un, -
j=1

Notice that supp(ug)) C Bg, (0) for every j =1,...,J and supp(zﬁ,(c‘”l)) C R%\ U§:1 Bsg, (m,(cj)) by con-

struction, as the balls Bapg, (x,(cj)), j=1,...,J are pairwise disjoint for every k.

J
To prove that wu,, — Zug)ﬂ - :E,(f)) - ,(CJH) E2% 0 in H'(R%), first notice that the support of this
j=1
function is contained in the union of annuli {Ry/2 < |z — :cé] )| < 4Ry}. Next, let’s analyse the behaviour

(1)
k

of the function on, for instance, the annulus {Ry/2 < |z — ), ’| < 4Ry }: here, our function is reduced to

Un, (1= x5 — [Ty k(- — ) which behaves like

(1)

L. Ry 2Ry, 4Ry, 17—l

In the region S; = {Ry/2 < |z — x,(cl)| < Ry} we have

|unk(1 - Xk)|2 < ‘unk |2 (A3)

and

32
|V(Unk(1_Xk))|2 = | = VXkun, +ka“nk‘2 < (|unk||vXk|+‘Xk||vunk,|)2 < ?|Unk|2+2|vunk‘2§ (A.4)
k

Wet’ve used that |xx| < 1 and that |Vxg(z)| = ‘X/(%)leﬁl < Rik as |x/| < 2. Usingand we
ge
[, (L= xi) (1) S Nunllmresy =0
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by (A.2).

In the region Sy = {Ry, < |z — x}(€1)| < 2Ry} we directly have that ||w,, || g1 (s,) — 0 by (A.2)).

In the region S3 = {2R;, < |z — a:,(cl)\ < 4Ry} we can proceed as in region Sj.

Moreover, since by (A.1) lim / |u§€j)\2 = lim |u§€j)|2 = / [u)? and ugﬁj) — ul9) weakly in
k—oo Jrd k—o00 Bp, /2(0) Rd

H 1(Rd) the convergence is also strong in LP, 2 < p < 2*. To prove this, we just use Holder inequality

and Sobolev embeddings as we’ve done in Remark [A-2]

Notice that by construction ILB8 <]>)w(J+ ) 50 strongly in L2(R?) for every j =1,...J.
To prove that m(1p(‘]+1)) — 0 as J — 00, we proceed in three steps:
1. We prove that if @/},(CJH)( —yr) — ¥ # 0 weakly in H* for (yr)ren C RY, then u,, (- — yr) — ¢
weakly in H';
2. We prove that (/1 (. + xﬁcj)) — 0 weakly in H' for every 1 < j < J;
3. We conclude.
Step 1: Assume that 1/)(J+1 (- —yr) = ¥ # 0 weakly in H' for (yx)ren C R?: if, up to a subsequence,

lyk| < 6Ry, then Bag, (yr) C Bsg,(0) and ¢£J+1)(- = Yr)1Byn, (0) — 0 = ¢ which contradicts the fact

that ¢ # 0. We can therefore assume that |yx| > 6Ry for k large; this in turn implies that {x = 1 on

Bar, (g1, ths (- = 50) (D, =07

Step 2: We have

—Yk)(1)Bp, — ¥, which concludes the proof of our claim.

(J+1) (H Gl +x l))> Un, = CkHCk(' +331(cj) _ x;_l)) Un, T,

hence 1/J(J+1)( + x,(g))]lBQRk (0) = 0 as supp(x) C R\ Bag, (0). This proves our claim.

Step 3: Since all the possible weak H1 limits of 1/) (J+1) ( — yg) are also the limits of wu,, (- — yx), they
are the u(J_) j € N given by Lemma Moreover, Step 2 implies that all the possible limits remaining
are the ©9) with j > J, thus impliying that

m (4" ) = sup [[u? | 7.
i>J

Since in Lemmawe proved that ||u?)[|2, — 0 for j — oo, we have m(p/Y) 50 as J — oo
This concludes the proof of the Theorem. O

26



Appendix B. Heuristically deriving the Hartree equation as mean-
field limit of large systems

In this section we demonstrate heuristically the emergence of the Hartree equation in the description of
a bosonic system in its mean-field limit; our main reference for this is [3].

Consider a system of IV identical, non-relativistic bosons with two-body interactions given by the potential
kw, where xk > 0 is a coupling constant and w is a real valued function. To be coherent with the energy
functional and equation given in Chapter 2] we work with no external potential. The dynamical evolution
of the state is governed by the linear Schrédinger equation

iUy = HyVy, (B.1)
where Uy = Un(t,21,...,2Nn), T; € R3, 1 < j < N and the N-particle Hamiltonian Hy is given by

N N
1
Hy = z: 7%Am_;’ + R E w(z; — x5), on L2(R3)®5N' (B.2)

j=1 i<j

We have denoted with A, the Laplacian associated with the jth copy of R3, with ®, the symmetric
tensor product and with m the mass of the boson.

Since the energy of the system scales like O(N) 4+ xO(N?), the energy per particle is O(1) if the coupling
obeys k = O(N~1). Thus, we define the mean field limit as

N — oo, and k — 0, such that ¥ = kN is constant.

We will operate under the assumption that all (except o(N)) bosons are in the same one-particle state
described by the wave function ¢ € L?(R?*). We pick an initial datum ¢y € L*(R?) with [|¢]|3. = 1 and
introduce the N —particle state

Un(t=0,21,..,78 o(x;) € L*(R?)®s

||z2

We also assume that approximately preserves the norm of ¥y (¢) when N becomes large, so we can
write

N
Un(t, @1, TN H (t, ;) € L*(R3)®:

Physically speaking, this means that correlation effects remain small.
When approaching the mean-field limit, we expect that the potential per particle V¢¢ given by

Veps(t, ) Z/ w(a = a)[(t,2))* dwj = v(w* [(8)*)(x). (B.3)

From this heuristic discussion we conclude that the dynamical evolution of the bosonic system in its
mean-field regime is described by the Schrodinger equation for the one-particle wave function, ¥(¢, x)
with a potential term given by V.s¢(t,z). Thus, we are led to the (nonlinear) Hartree equation as an
effective description of the limiting dynamics:

100 = =AY + v(w * 1)),
{¢(0,x) = 1o () e
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