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Abstract

A light-tight magnetic shield is essential for protecting superconduct-
ing circuits, as these devices are extremely sensitive to external mag-
netic fields and stray electromagnetic radiation. Even minimal mag-
netic flux or light leakage can break Cooper pairs, induce quasiparti-
cles, and introduce noise or decoherence, significantly degrading cir-
cuit performance.

Designing a shield that combines high magnetic permeability with
opacity at microwave, optical, and infrared frequencies allows for the
suppressionof ambientmagnetic fieldswhile preventingphoton-induced
excitations, ensuring stable superconducting operation.

The characterization of such a shield by measuring its magnetic field
attenuation, light leakage, and thermal compatibility at cryogenic tem-
peratures, is fundamental to verify that itmeets the strict requirements
for superconducting circuit experiments.
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1
Introduction

Superconducting circuits have emerged as a highly versatile platform for the physical implemen-
tation of quantum technologies. Benefiting from the maturity of microwave engineering and
scalable microfabrication techniques, these devices are central not only to quantum comput-
ing and information processing but also to quantum sensing. Operating in the microwave fre-
quency domain, superconducting sensors offer exceptional sensitivity, enabling applications
ranging from electron spin resonance detection in solids [1, 2] to fundamental physics research
[3], such as high-frequency gravitational waves [4] and dark matter axions [5, 6]. However,
this extreme sensitivity inherently results in a high susceptibility to environmental noise [7].
To preserve quantum coherence and ensure reliable operation, it is strictly necessary to isolate
these circuits from their external environment.

This thesis presents research conducted during a four-month internship at the Quantronics
group (SPEC,CEAParis-Saclay), focusingon the comprehensive shieldingof superconducting
circuits, particularly on single microwave photon detectors (SMPD) [8]. In many sensing ap-
plications, the devicesmust operate in proximity to strongmagnetic fields, where uncontrolled
magnetic flux can degrade the performance of superconducting components. To contextual-
ize these challenges, Chapter 2 outlines the fundamental principles of superconductivity, while
Chapter 3 provides a theoretical review of superconducting qubits. Building on this founda-
tion,Chapter 4 details the design and evaluationof a compact,multilayermagnetic shield. This
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section includes finite element method (FEM) simulations to model the magnetic attenuation
provided by combining high-permeability ferromagnetic materials with both Type I and Type
II superconducting layers.

In addition to magnetic interference, superconducting circuits are vulnerable to pair-breaking
radiation. Ambient infrared photons can generate non-equilibrium quasiparticles, which con-
stitute a primary decoherence channel. Quasiparticle tunneling reduces the energy relaxation
time of the qubits and increases the dark count rate in sensing applications [9, 10]. Chapter
5 focuses on mitigating this specific noise source through environmental shielding. Strategies
to achieve strict light-tightness are discussed, including the use of interlocking mechanical de-
signs, infrared-absorbing coatings, and in-line microwave filters. Although fabrication time
constraints prevented a full experimental characterization within the internship period, a test-
ing protocol utilizing offset-charge-sensitive (OCS) qubits is presented to quantitatively evalu-
ate the efficacy of the shielding against stray photon leakage [11].

Finally, the concept of shielding is broadened in Chapter 6 to include the protection of the
quantum state from the control andmeasurement apparatus itself. During standard dispersive
readout, increasing the photon population inside the readout resonator improves the signal-to-
noise ratio but can simultaneously invalidate the dispersive approximation [12]. This break-
down leads tomeasurement-induced state transitions (MIST), where the qubit undergoes spu-
rious excitations and ionization due to non-trivial multi-photon resonances. Chapter 6 inves-
tigates these parametric processes using both quantum branch analysis and semi-classical Flo-
quet simulations. By applying this computational framework to a single microwave photon
detector, the study provides a methodology to map the safe operational parameter space, guid-
ing future circuit design to avoid measurement-driven decoherence.
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2
Superconductivity

The phenomenon of superconductivity was first discovered in 1911 byH. K.Onnes [13], who
observed that the electrical resistance of various metals drops to zero when cooled below a
material-specific critical temperature Tc. Subsequent experiments demonstrating the existence
of persistent currents inside superconducting rings provided further evidence of this dissipa-
tionless state. In 1933, Meissner and Ochsenfeld [14] observed that superconductors also ex-
hibit perfect diamagnetism: when some materials are cooled below Tc in the presence of an
external magnetic field, the field is actively expelled from the bulk.

In this chapter, we introduce the theoretical frameworks required to understand the phenom-
ena of superconductivity. We begin with the macroscopic electrodynamic description devel-
oped by the London brothers in Section 2.1. This model provides the justification for treat-
ing superconducting shields as perfect diamagnets and establishes the range of validity for the
shielding models presented in Chapter 4. In Section 2.2, the Ginzburg-Landau theory is in-
troduced to explain the thermodynamics of the phase transition, the emergence of Type II
superconductivity, and the dynamics of flux vortices, which are central to the performance of
superconducting circuits. Finally, in Section 2.3, the microscopic Bardeen-Cooper-Schrieffer
(BCS) theory is briefly reviewed.
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2.1 London equations

Following the experimental observationsofOnnes andMeissner, thefirst successful phenomeno-
logical description of superconducting electrodynamics was proposed by F. and H. London
in 1935 [15]. Their model assumes that a fraction of the conduction electrons, denoted by
a super-carrier density ns, participate in the dissipationless supercurrent [16]. Applying the
Drude model in the absence of scattering (zero resistance), the acceleration of these supercon-
ducting carriers ofmassm and charge e in an electric fieldE is given by dvs/dt = eE/m. This
expression yields the time evolution of the supercurrent density:

dJs

dt
=

nse2

m
E. (2.1)

This relation is known as the first London equation. It captures the zero-resistance property,
showing that any applied electric field will continuously accelerate the charge carriers, in con-
trast to the steady drift velocity described by Ohm’s law in normal metals.

To capture the Meissner effect, we take the curl of Equation 2.1 and substitute Faraday’s law
of induction,∇× E = −ωB/ωt. This yields the second London equation:

∇× Js = −nse2

m
B. (2.2)

By inserting this result into Ampère’s law, we obtain an Helmholtz equation that describe the
magnetic field inside the superconductor:∇2B = B/ε2s, whereεs =

√
m/µ0nse2 is defined

as the London penetration depth. The exponential decay of the solutionB(x) = B(0)e→x/λs

explains the Meissner effect, demonstrating that magnetic fields are not strictly discontinuous
at the surface but rather penetrate the superconductor over a characteristic distance εs.

For standard superconducting materials, the typical value of εs is on the order of 100 nm. Be-
cause this penetration depth is orders of magnitude smaller than the thickness of our macro-
scopic magnetic shields (which are typically on the order of 1 mm), we can safely employ a
perfect diamagnet approximation (B = 0 everywhere inside the bulk) for the superconduct-
ing layers. This approximation simplifies the boundary conditions and enables the analytical
results derived in Chapter 4, which served as the foundation for the initial shield design.
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2.2 Ginzburg-Landau theory

While the London equations successfully describe the electrodynamics of the superconducting
state, they do not account for spatial variations in the supercurrent density or the thermody-
namics of the phase transition. In 1950, V. Ginzburg and L. Landau [17] proposed a model
that describes the superconducting electrons using a complex pseudo-wavefunction ψ(r), act-
ing as the order parameter of the transition. The local density of superconducting carriers,
herein treated as a condensate, is given by ns = |ψ(r)|2.

According to GL theory, near the critical temperature Tc, the free energy density of the su-
perconducting state fs can be expanded in a series of powers of the order parameter. Using
Gaussian units, the expansion around the normal state free energy fn takes the form:

fs − fn = α|ψ|2 + 1

2
β|ψ|4 + 1

2m↑

∣∣∣∣

(
−i!∇− e↑

c
A

)
ψ

∣∣∣∣
2

+
H2

8π
, (2.3)

Here, e↑ andm↑ denote the effective charge andmass of the supercurrent carriers (subsequently
identified by BCS theory as Cooper pairs, such that e↑ = 2e andm↑ = 2m). The first term
represents the energy associatedwith the condensate density, contributing an energyα per unit
volume, while the quartic term describes the self-interaction of the condensate with a magni-
tude of β/2. The third term accounts for the kinetic energy of the carriers, incorporating both
the canonical momentum operator p̂ = −i!∇ and the minimal coupling to the magnetic
vector potentialA. The final term represents the energy stored in the magnetic fieldH. An
electric field contribution is omitted because the presence of a steady supercurrent enforces
E = 0, in accordance with the first London equation.

In the absence of an applied magnetic field, the equilibrium state of the system is found by
minimizing the free energy terms fs − fn = α|ψ|2 + 1

2β|ψ|
4. The physical behavior of the

systemdepends entirely on the sign of the parameters. To capture the phase transition observed
byOnnes, theparameterα is defined tohave a linear temperaturedependence,α(T ) = α0(T−
Tc), where α0 and β are fixed positive constants.

Consequently, for temperatures aboveTc, the parameterα is positive, and the globalminimum
of the free energy occurs at |ψ|2 = 0, corresponding to the normal resistive state. However,
when the system is cooled below Tc, α becomes negative. The free energy profile develops
a ”Mexican hat” shape (shown in Figure 2.1), and the minimum shifts to a non-zero value
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Meissner
phase

Normal
phase

Figure 2.1: (Left) The free energy landscape as a function of the order parameter ψ for a zero-
field superconductor. Depending on the sign of α, the system either possesses a single mini-
mum at ψ = 0 (normal phase) or degenerate minima at a finite |ψ| (superconducting phase).
(Right) A temperature-magnetic field phase diagram illustrating the boundary between the
normal and superconducting states.

|ψeq|2 = −α/β. This spontaneous symmetry breaking results in a finite density of supercon-
ducting carriers, marking the transition into the Meissner phase.

Substituting this equilibrium value back into the free energy expansion yields the condensa-
tion energy of the superconducting state, fs − fn = −α2/2β. If an external magnetic field
is applied, the superconductor must spend energy to expel the field from its bulk. The su-
perconducting state will be destroyed if the magnetic energy cost exceeds the condensation
energy. Equating the two terms allows us to define the thermodynamic critical magnetic field
H2

c = 4πα2/β. If the applied field exceedsHc, it becomes energetically favorable for the ma-
terial to revert to the normal state and allow the magnetic flux to penetrate uniformly.

The interplay between temperature and magnetic field defines the operational boundaries of
the superconducting phase, as showed in the right panel of Figure 2.1. This thermodynamic
vulnerability is one of the primary reasons whymagnetic shielding is an necessity when operat-
ing superconducting circuits.
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2.2.1 Type II superconductors

Minimizing the free energy in Equation 2.3 by expressing the order parameter in the polar form
ψ(r) = |ψ(r)|eiϕ(r) yields the Ginzburg-Landau differential equation:

αψ + β|ψ|2ψ +
1

2m↑

(
−i!∇− e↑

c
A

)2

ψ = 0. (2.4)

This relation takes the formof a time-independent Schrödinger equation for aparticle of charge
e↑ and massm↑, with an energy eigenvalue of−α and a nonlinear repulsive potential given by
β|ψ|2. The supercurrent density J can be computed analogously to a probability current:

J = − ie↑!
2m↑ (ψ

↑∇ψ − ψ∇ψ↑)− e↑2

m↑c
|ψ|2A =

e↑

m↑ |ψ|
2

(
!∇φ− e↑

c
A

)
. (2.5)

By analyzing the field-freeGinzburg-Landau equation in one dimension for a normalizedwave
function f = ψ/ψeq, we identify a characteristic length scale for spatial variations in the order
parameter. This Ginzburg-Landau coherence length is defined as ξ(T ) = !/

√
2m↑|α(T )|,

yielding the dimensionless equation:

ξ2
d2f

dx2
+ f − f 3 = 0. (2.6)

The coherence length ξ is particularly important when considering the boundary between a
superconducting region (f = 1,H = 0) and a normal region (f = 0,H = Hc).

The thermodynamic behavior of the superconductor is governed by the interplay between the
magnetic penetration depth εs and the coherence length ξ. By defining the dimensionless
Ginzburg-Landau parameter κ = εs/ξ, materials can be classified into two distinct categories:

• κ < 1/
√
2: The magnetic field penetrates the material over a distance shorter than the

length required for the superconducting condensate to recover. This results in a positive
surface energy at the boundary between normal and superconducting domains. The
system minimizes its energy by avoiding such interfaces, resulting in the destruction of
superconductivity above a critical field. This behavior defines Type I superconductors.

• κ > 1/
√
2: The surface energy becomes negative, making the formation of interfaces

energetically favorable. Magnetic flux penetrates the superconductor through isolated
tubes of normal phase known as Abrikosov vortices [18], where ψ = 0. Materials ex-
hibiting this behavior are classified as Type II superconductors.
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Because the system seeks to maximize the number of these favorable interfaces, each vortex car-
ries one magnetic flux quantum, Φ0 = hc/e↑. Experimental measurements of this quantized
flux confirm that the charge of the supercurrent carriers is e↑ = 2e, providing evidence for
electron pairing.
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Figure 2.2: (Left) Illustration of the interplay between the superconducting coherence length
ξ and themagnetic penetration depthεs at a superconductor-normal region interface. (Right)
A temperature-magnetic field phase diagram detailing the boundaries between the normal and
superconducting states. This diagram highlights the mixed phase characteristic of Type-II su-
perconductors, where magnetic flux penetrates the material through vortices.

The formation of vortices allows Type II superconductors to enter a mixed state, where su-
perconductivity persists in the presence of penetrating magnetic fields. Consequently, these
materials exhibit two critical fields: a lower critical fieldHc1 marking the onset of vortex pene-
tration, and an upper critical fieldHc2 where bulk superconductivity is fully destroyed. This
extended resilience to strong magnetic fields makes Type II materials highly suitable for the
protective shielding environments which will be discussed in Chapter 4.

2.2.2 Josephson effect

A direct application of the Ginzburg-Landau theory is the derivation of the Josephson effect
[19]. Consider two bulk superconductors at equilibrium separated by a insulating barrier of
lengthL. Within the bulk, themagnitude of the normalized order parameter approaches unity
(|f |2 = 1). We can write the order parameters on each side as f1 = eiϕ1 and f2 = eiϕ2 . With-
out loss of generality, we can absorb the global phase and define the relative phase difference as
φ = φ2 − φ1, such that f1 = 1 and f2 = eiϕ.
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If the barrier is short compared to the coherence length (L ≪ ξ), the gradient term inEquation
2.6 dominates, reducing the differential equation to d2f/dx2 = 0. The solution is a linear
interpolation f(x) = a + bx across the junction. Applying the boundary conditions and
substituting the resulting wave function into Equation 2.5 yields the current-phase relation:

I = Ic sinφ, (2.7)

where Ic is the critical current of the junction. Equation 2.7 demonstrates that a DC supercur-
rent can flow between the junction even in the complete absence of a voltage bias. In addition,
applying a voltage V across the junction causes the phase difference to evolve dynamically at a
rate dφ/dt = 2eV/!. Together, these relations constitute a non-linear inductance, serving as
the foundational element for superconducting quantum circuits.

2.3 BCS theory

In 1957, J. Bardeen, L. Cooper, and J. R. Schrieffer (BCS) [20] provided the first comprehen-
sive microscopic theory of superconductivity. The central mechanism of BCS theory is that
electrons in a metal can experience a net attractive interaction mediated by the vibrations of
the underlying crystal lattice. An electron moving through the lattice slightly displaces the
positively charged ions, creating a localized region of positive charge that attracts a second elec-
tron. When this phonon-mediated attraction overcomes theCoulomb repulsion, the electrons
bound together to form a Cooper pair.

Because the total momentum of the ground state condensate must be zero, the pairing occurs
between electrons with equal and opposite momenta (k and−k) and opposite spins (↑ and ↓).
The BCS pairing Hamiltonian can be expressed as:

HBCS =
∑

kσ

ξkĉ
†
kσ ĉkσ +

∑

kk′

Vkk′ ĉ†k↓ĉ
†
→k↓ĉ→k′↓ĉk′↓. (2.8)

The first term accounts for the kinetic energy of the normal electrons, where ξk = !2k2/2m−
εF is the energy relative to the Fermi level, and the ladder operators ĉ†kσ and ĉkσ respectively
create and annihilate an electron with momentum k and spin σ. The second term represents
the scattering process responsible forCooper pair formation, coupling paired states with initial
momenta±k′ to final momenta±k through an interaction potential Vkk′ .
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2.3.1 Quasiparticles
While a complete derivation of macroscopic superconducting properties from BCS theory is
beyond the scope of this thesis (see Reference [16] for an extensive treatment), we briefly out-
line the concept of quasiparticle excitations. Understanding these excitations is critical for an-
alyzing the decoherence mechanisms in superconducting qubits and motivates the mitigation
strategies presented in Chapter 5.

By treating the interaction in a mean-field approximation, we define the superconducting en-
ergy gap∆k = −

∑
k′ Vkk′ ⟨ĉ→k′↓ĉk′↓⟩. This parameter quantifies the energy gained by con-

densing paired electrons relative to the normal state. The BCS Hamiltonian can then be diag-
onalized using a Bogoliubov transformation, which yields an effective non-interacting Hamil-
tonian:

Heff
BCS =

∑

k

(ξk − Ek +∆k ⟨ĉ→k↓ĉk↓⟩) +
∑

k,σ

Ekγ̂
†
kσγ̂kσ. (2.9)

Thefirst term is a constant representing themacroscopic energyof the superconducting ground
state. The second term describes single-particle excitations out of this condensate, known as
Bogoliubov quasiparticles. These excitations are governed by the fermionic creation and anni-
hilation operators γ̂†kσ and γ̂kσ.

The energy spectrum for these quasiparticles is given byEk = (ξ2k+ |∆k|2)1/2. Consequently,
the parameter∆k dictates the minimum energy required to break a Cooper pair and create a
quasiparticle excitation, acting as a gap in the density of states. In the limit where T → Tc, the
gap vanishes (∆ → 0), and the system reverts to the normalmetal phase. At absolute zero, BCS
theory predicts that the gap is proportional to the critical temperature, ∆(0) ≈ 1.764 kBTc.
For aluminum, this superconducting gap corresponds to approximately 50GHz.

In the next chapter, we will analyze how quasiparticles can couple with the superconducting
circuit, resulting in a loss of coherence in transmon qubits. In Chapter 5, the thermal popula-
tion of quasiparticles will be explained, serving as an argument for the excessive quasiparticle
population experimentally observed. We will also discuss the potential mechanisms driving
this non-equilibrium population and detail the measures implemented in the shield design to
reduce it.
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3
Superconducting circuits

In classical information theory, the fundamental unit capable of storing information is the
discrete binary state, or bit. By direct analogy, quantum information processing requires an
equivalent quantum mechanical unit, the qubit [21]. Consequently, experimental research
has focused on identifying physical substrates that allow for the isolation and coherent control
of two-level quantum systems.

Superconducting circuits provide a versatile platform for this purpose. By engineering macro-
scopicmicrowave circuits cooled tonear absolute zero, it is possible to constructartificial atoms
with tunable energy spectra.

This chapter presents an overviewof superconducting circuits, detailing the transmon architec-
ture and its primary decoherence mechanisms. Particular attention is given to quasiparticles,
as their dynamics directly motivate the light-tightness measures integrated into the shielding
design. Additionally, the interaction between the quantum system and external drive and read-
out, is described within the context of the dispersive regime and quantum non-demolition
(QND) measurements. These principles serve as the theoretical foundation for Chapter 6,
which establishes the parameter regimes in frequency and amplitude necessary to shield the
circuit against spurious excitations and unwanted state transitions.
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3.1 LC circuit as a quantum harmonic oscillator
To understand how a circuit can behave as an atom, we first consider the simplest classical reso-
nant circuit: an LCoscillator composed of a capacitorC and an inductorL. The energy stored
in this device can be expressed by the Hamiltonian

H =
Q2

2C
+

Φ2

2L
, (3.1)

whereQ is the charge stored on the capacitor and Φ is the magnetic flux in the inductor. Ob-
serving the similarities between this Hamiltonian and the one of a mechanical harmonic oscil-
lator with frequency ωr = 1/

√
LC , we are prompted to promote the canonical variables to

quantumoperators Q̂ and Φ̂, and impose the commutation relation [Φ̂, Q̂] = i!. We can then
define the bosonic annihilation and creation operators as [22]

Φ̂ =

√
!Zr

2
(â+ â†), Q̂ = −i

√
!

2Zr
(â− â†), (3.2)

where Zr =
√

L/C is the characteristic impedance of the circuit and the prefactors are the
zero-point fluctuation of flux Φzpf and charge Qzpf respectively. Substituting these operators
back into the Hamiltonian 3.1 yields the familiar quantum harmonic oscillator (QHO):

Ĥ = !ωr

(
â†â+

1

2

)
, (3.3)

The eigenstates of this system are the Fock states |n⟩, where the number operator â†â = n̂

expresses the number of photons inside the resonator.

Because the eigenstates of a harmonic oscillator are equally spaced Eij = !ωr, any resonant
pulse to drive a transition between the ground state |0⟩ and the first excited state |1⟩will simul-
taneously drive transitions to higher energy states. Consequently, it is not possible to isolate a
two-level subspace.

3.2 Josephson junction-based artificial atoms
The problem of equally spaced energy levels can be solved by introducing a non-linear elec-
trical element into the circuit. In superconducting architectures, this non-linearity is often
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provided by the Josephson junction. As discussed in Section 2.2.2, JJ consists of two super-
conductors separated by an oxide barrier. This component allows a dissipationless supercur-
rent I = Ic sin(φ) to flow across the barrier, where Ic is the critical current and φ is the su-
perconducting phase difference. Because the phase is directly related to the magnetic flux by
φ = 2πΦ/Φ0 (withΦ0 = h/2e the magnetic flux quantum), the junction acts effectively as a
non-linear inductor.

By employing this non-linearity, we can construct a circuit composed by a Josephson junction
in parallel with a capacitorC . The Hamiltonian of this system becomes:

Ĥ = 4EC(n̂− ng)
2 − EJ cos(φ̂). (3.4)

Here, we have introduced the charge number operator n̂ = Q̂/2e, which encodes the num-
ber of Cooper pairs transferred across the junction, and the conjugate phase operator φ̂ =

2πΦ̂/Φ0, satisfying the commutation relation [φ̂, n̂] = i. The quantity EC = e2/2CΣ rep-
resents the charging energy associated with the total capacitance CΣ, whileEJ = IcΦ0/2π is
the Josephson energy. Additionally, because the circuit is coupled to a noisy electrostatic en-
vironment or external gate voltage, we include a dimensionless parameter ng to represent the
effective offset charge.
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Figure 3.1: Energy difference ωi − ω0 for the spectrum of the Hamiltonian 3.4 as the charge
offset ng and theEJ/EC ratio changes.

As illustrated in Figure 3.1, the behavior of the circuit depends drastically on the ratioEJ/EC .
In early designs, known as the Cooper-pair box [23], this ratio was kept smallEJ/EC ! 1. In
this regime, the energy difference between the ground and first excited states depends strongly
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on the offset charge ng. While this allows the qubit to be driven efficiently, it also leaves it vul-
nerable to dephasing due to charge noise. To mitigate this, the transmon qubit was developed
[24]. By adding a large parallel capacitor to increase the ratio to EJ/EC " 50, the transmon
operates in a regime where the charge dispersion is exponentially suppressed. This provides
robust immunity to low-frequency charge noise while only sacrificing the anharmonicity alge-
braically.

In the transmon regime, the variance of the phase fluctuations φ̂ is small. Therefore, we can
expand the cosine term in Equation 3.4 as a Taylor series. By considering only the first two non-
vanishing terms and applying the rotatingwave approximation (RWA),weobtain the following
Hamiltonian:

Ĥ = !ωq b̂
†
b̂− 1

2
EC b̂

†
b̂
†
b̂b̂ (3.5)

where !ωq =
√
8ECEJ − EC is the qubit transition frequency. In the same fashion as the

LC circuit quantization, we have introduced the bosonic annihilation and creation operators
b̂ and b̂

†
through the relations:

φ̂ =

(
2EC

EJ

)1/4

(b̂+ b̂
†
), n̂ =

i

2

(
EJ

2EC

)1/4

(b̂
†
− b̂). (3.6)

As discussed previously, adding the non-linearity breaks the degeneracy of the energy levels,
and the resulting anharmonic oscillator is characterized by an anharmonicity of approximately
−EC . Because of this anharmonicity, we can effectively restrict the systemdynamics to the two-
level subspace. In this subspace, the ladder operatorsmap to the Paulimatrices, b̂

†
,→ |1⟩ ⟨0| =

σ̂+ and b̂ ,→ |0⟩ ⟨1| = σ̂→, allowing the Hamiltonian to be written as Ĥ = !ωqσ̂z/2.

3.3 Dispersive regime

Having established the fundamental components of superconducting circuits, we now con-
sider their interaction. The simplest interaction between a transmon qubit and a readout res-
onator is realized via capacitive coupling. In this configuration, the resonator zero-point volt-
age fluctuations couple directly to the dipole moment of the transmon. This system is well-
described by the Jaynes-Cummings Hamiltonian [22]:

Ĥ =
1

2
!ωqσ̂z + !ωrâ

†â+ !g(â†σ̂→ + âσ̂+) (3.7)

14



This Hamiltonian couples the degrees of freedom of the transmon and the resonator, mediat-
ing the coherent exchange of excitations between the qubit and the cavity field.

For qubit readout, it is advantageous to operate in the dispersive regime, where the detuning
∆ = ωq−ωr between the qubit and resonator frequencies is large. In this far-detuned limit, the
effective coupling strength is weak (|g/∆| ≪ 1), allowing Equation 3.7 to be perturbatively
expanded to second order in g/∆. This yields the effective dispersive Hamiltonian:

Ĥdisp ≈ 1

2
!ω′

qσ̂z + !ω′
râ

†â+ !χâ†âσ̂z (3.8)

In this frame, the primary effect of the interaction is to weakly dress the bare frequencies (yield-
ing ω′

q and ω′
r) and to introduce a state-dependent dispersive shift parameterized by χ. By

factoring the Hamiltonian, it becomes evident that the effective resonator frequency is shifted
by±χ depending on the qubit state, forming the fundamental basis for dispersive readout.

Additionally, because the dispersive Hamiltonian commutes with the qubit observable σ̂z , the
measurement process does not induce transitions between the qubit eigenstates. This allows
themeasurement to be repeatedmultiple times without disturbing the post-measurement pro-
jected state, a paradigm known as quantum non-demolition (QND) measurement.

In practice, the validity of the dispersive approximation depends not only on the detuning but
also on the cavity photon population. The perturbative expansion breaks down if the average
number of photons n̄ approaches the Jaynes-Cummings critical photon number, defined as
ncrit = (∆/2g)2. Experimentally, probing the cavity with a larger photon number improves
the readout signal-to-noise ratio. However, strong readout drives can induce spurious excita-
tions of thequbit [12]. These events, knownasmeasurement-induced state transitions (MIST),
degrade readout fidelity and are particularly detrimental in sensing applications. The dynamics
governing these mechanisms will be analyzed in detail in Chapter 6.
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3.4 Decoherence in superconducting qubits

In the experimental implementation of these circuits, uncontrollable factors in the surround-
ing environment can interact with the qubit, leading to a loss of coherence and a reduction in
operational fidelity. These sources of error have become a central focus within the quantum
information science community. Not only they are one of the main limitation to scalability
in quantum computing, but they are also a crucial limitation in quantum sensing, where dark
counts (false positive events) is one of the primary figure of merit.

To quantitatively describe how these environmental interactions degrade quantum informa-
tion, we describe a two-level system using the Bloch sphere representation. Here, a pure state
can be expressed as |ψ⟩ = cos(θ/2) |0⟩ + eiφ sin(θ/2) |1⟩, where we map the ground state
|0⟩ to the north pole and the excited state |1⟩ to the south [7]. The vertical z-axis defines the
longitudinal axis, while the x-y plane forms the transverse direction.

The decay of this quantum state is generally characterized by two distinct rates:

• Longitudinal relaxation rate (Γ1 = 1/T1): This rate describes the depolarization of
the qubit along the quantization axis. It incorporates the contributions of relaxation
from the excited state to the ground state (Γ10) and the reverse process (Γ01), such that
Γ1 = Γ1→0 + Γ0→1. Following the principle of detailed balance under Boltzmann
statistics at the millikelvin operational temperatures of a dilution refrigerator, the ther-
mal excitation rate Γ01 is exponentially suppressed. Therefore, Γ1 ≈ Γ10, indicating
that the qubit predominantly tends to lose energy to the colder environment.

• Transverse relaxation rate (Γ2 = 1/T2): This rate is composed of a combination of
the longitudinal relaxation limit and the pure dephasing rate, given byΓ2 = Γ1/2+Γϕ.
Pure dephasing tracks the loss of phase information along the transverse plane. Physi-
cally, Γ2 represents the rate at which a coherent superposition is lost, or equivalently,
the decay of the off-diagonal elements in the density matrix ρ = |ψ⟩ ⟨ψ| that describes
the quantum system.

While superconducting circuits are subject tomultiple decoherencemechanisms [7], including
flux noise [25] and coupling to two-level systems (TLS) [26], the remainder of this section will
focus specifically on quasiparticle tunneling. Understanding this particular decoherence chan-
nel is essential, as it provides the primary physical motivation for the light-tightness measures
integrated into the shield design presented in Chapter 5.
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3.4.1 Quasiparticle tunneling
One of the most prominent decoherence processes affecting Josephson junction-based super-
conducting circuits is the coupling between the qubit and the quasiparticles that tunnel across
the junction [27]. For a Josephson junction comprising a left and a right superconducting elec-
trode separated by an insulating barrier, the total Hamiltonian of the system can be written as:

Ĥ = Ĥϕ + ĤQP + Ĥϕ,QP, (3.9)

where Ĥϕ is the isolated qubitHamiltonian and ĤQP governs the quasiparticle dynamics. Fol-
lowing the formalism introduced inEquation2.9, ĤQP =

∑
L,σ ELγ̂

†
Lσγ̂Lσ+

∑
R,σ ERγ̂

†
Rσγ̂Rσ

accounts for the quasiparticle excitations in both the left (L) and right (R) electrodes. The in-
teraction term Ĥϕ,QP couples the superconducting phase difference across the junction to the
quasiparticle degrees of freedom. This termcontains operatorproducts of the formeiϕ̂/2γ̂†Lσγ̂Rσ

and their Hermitian conjugates. Physically, these terms describe the tunneling mechanism
where a quasiparticle is annihilated in one electrode (e.g., γ̂Rσ) and created in the opposite elec-
trode (e.g., γ̂†Lσ), with a shift in the phase as result. A complete derivation of these tunneling
matrix elements is detailed in Reference [28].

Treating this interaction perturbatively, Fermi’s golden rule can be employed to compute the
corresponding qubit transition rates ΓQP

ij . We define the normalized quasiparticle fraction as
xqp = nqp/ncp, wherenqp andncp are the densities of quasiparticles andCooper pairs, respec-
tively. Under this framework, the tunneling of quasiparticles across the junction drives energy
relaxation in the qubit at a rate given by:

ΓQP
10 =

16EJ

!π

√
EC

8EJ

√
∆

2!ω10
xqp. (3.10)

Consequently, the presence of quasiparticles constitutes a fundamental limitation for both su-
perconducting qubits and related quantum sensors. Quasiparticle poisoning degrades the per-
formance of these architectures by increasing the energy relaxation rate and generating spurious
excited-state populations, which rises the dark count rates in sensing applications. In Chapter
5, wewill further analyze the steady-state quasiparticle fraction xqp and its nonequilibrium dis-
tribution, providing the physical justification for our engineering efforts to shield the device
from stray environmental radiation.
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4
Magnetic field shielding

Superconducting quantum circuits are sensitive to straymagnetic fields. Anuncontrolledmag-
netic environment degrades the coherence and performance of both qubits and microwave
resonators. Fields exceeding the critical magnetic field of the material (10.5 mT for bulk alu-
minum, for instance) destroy the superconducting phase, causing the metal to revert to its nor-
mal resistive state.

However, backgroundfieldswell below this critical threshold, such as theEarth’smagnetic field,
also remain detrimental. While bulk Type I superconductors exhibit perfect diamagnetism,
thin films behave as Type II superconductors [29] instead. Consequently, when a thin film is
cooled below its transition temperature in a residual out-of-plane magnetic field, the magnetic
flux is not entirely expelled. Instead, it penetrates the film and becomes pinned as quantized,
Abrikosov vortices. Under applied microwave excitation, the motion of trapped vortices leads
to energy dissipation [30].

In addition, weak magnetic fluctuations couple directly to the circuits. Many architectures,
such as the flux tunable transmon and resonator, employ Superconducting Quantum Inter-
ference Device (SQUID) loops to control their transition frequencies via an external magnetic
flux. Consequently, any variation in the ambient field shifts the component frequencies, mak-
ing the system susceptible to frequency jitter.
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To protect the quantum states against these mechanisms, the experimental setupmust be mag-
netically shielded. The standard requirement is to attenuate the ambient magnetic field to a
level where less than a single magnetic flux quantum (Φ0 = h/2e ≈ 2.07 × 10→15 Wb) pen-
etrates the active area of the device. For a typical circuit footprint of approximately 100 ×
100 µm2, this requires suppressing the background field to below 200 nT.

The efficacy of a magnetic shield is quantitatively evaluated using the shielding factor, S. This
figure of merit characterizes the attenuation of the external magnetic field B0 to the residual
interior fieldBint, and can be expressed either as a linear ratio or on a logarithmic scale:

S =
B0

Bint
, SdB = 20 log10

(
B0

Bint

)
. (4.1)

As discussed in the introduction, the deployment of quantum sensing devices in experimental
setups frequently subjects them to high field environments. For instance, electron spin spec-
troscopy operate in ambientmagnetic fields that can reach 500mT [2]. Similarly, fundamental
physics experiments searching for darkmatter axions employ haloscopes that employmagnetic
fields reaching 10 T [6]. Although active compensation coils are used, spatial field maps re-
veal that the residual magnetic flux density at the location of the superconducting circuit can
still reach values up to 80 mT. To establish a robust operational margin, the shield design pre-
sented in this chapter is specifically engineered to attenuate external fields up to 100 mT. To
reliably suppress a background field of this magnitude down to sub-flux-quantum regime, the
shielding architecture must achieve a total attenuation factor between 105 and 106.

4.1 Shuntingmagneticfieldswithferromagneticma-
terials

While the Meissner effect allows superconductors to completely expel weak magnetic fields,
they must be operated well below their critical field Bc. Normal ferromagnetic materials are
therefore employed as a primary shielding layer to pre-attenuate the ambient environment. Fur-
thermore, because background fields such as the Earth’s magnetic field (∼ 50 µT) can be
trapped during the initial cryostat cooldown, the shielding architecture must be functional
even at room temperature. In this section, we analyze the fundamental principles of magnetic
shunting using ferromagnetic materials. We establish the analytical framework for modeling
field attenuation and discuss the selection of our material stack based on key quantities such as
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magnetic permeability and field saturation.

4.1.1 Analytical results for infinite cylinders

If we consider a infinite cylinder with inner radius a of a materials with permeability µr sub-
jected to an external fieldB0, it is possible to compute analytically the value of the field inside
by employing themagnetic scalar potentialψ and ensuring its continuity in the boundaries. In
the limit of high permeability µr ≫ 1 and small thickness t ≪ a, then we can find the shield
factor to be:

S =
µrt

2a
(4.2)

The full derivation can be found in Appendix A. In the same way, we can compute the atten-
uation of multiple shield by concatenating the different boundary conditions. If we consider
two shields with respectively shielding factor S1 and S2 and internal radius a1 and a2 we find:

Stot = S1S2

(
1− a21

a22

)
+ S1 + S2 (4.3)

Is important to notice that the multiplicative effect of the shielding factor is stronger when the
layers are far apart (i.e. a1 ≪ a2). Again, the full derivation for an arbitrary stack of layers can
be found in Appendix A.

By checking with numerical values for materials with high permeability as Mu-metals with
µr ∼ 105 and thickness in the order t ∼ 10→3 m and radius a ∼ 10→2 mwe obtain shielding
factors on the order of 104. Therefore, combining a pair of Mu-metal shield should give al-
ready the desiderate attenuation. This however is not the case. Because of the saturation of the
magnetic domains inside the ferromagnetic materials, the permeability is strongly dependent
on the magnetic field with a non-linear relation known as B-H curve, at a point that in high
enough field, the differential permeability decreases toward the vacuum levels µ0.

4.1.2 Field saturation

Because of the non-linear relation between themagnetic flux densityB and the applied fieldH ,
we need to consider not only the maximum value of the permeability µmax

r , but also its satura-
tionBsat. In Figure 4.1 the permeability ofmaterials considered in the shield design are showed
as the external field is changed. Nickel-iron based alloys asMu-metal can reach very high values
of permeability∼ 70 000, however its critical field is relatively low∼ 0.7 T, therefore the ap-
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proach used to define the layers stack for the shield uses a graded permeability approach: outer
layers uses high-saturation materials (as pure iron or low-carbon steel) to absorb the bulk flux,
leaving lower field inside the low-saturation but high permeability mu-metal shield.

It is important to notice that different compositions and annealing process can exhibit signifi-
cantly differentmagnetic properties. The data reported is the one used in the results of Section
4.3.2 as they comes from the build-in COMSOLmaterial library.
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Figure 4.1: The relative permeability (µr) of various ferromagnetic materials. The dashed
black line represents a curveµr(B) = (µmax

r −d)/(1+eb(x→Bsat))+d thatwas fittednumerically
to determine the maximum permeability µmax

r and the saturation field Bsat. The data used in
this analysis was provided by COMSOLMultiphysics.

4.1.3 Cryogenic considerations
Both magnetic permeability and saturation flux density are significantly affected by cryogenic
temperatures. Ferromagnetic materials naturally contain microscopic inclusions and residual
internal microstresses [31]. At low temperatures, the thermal activation energy required for
magnetic domainwalls to overcome these physical defects is drastically reduced. Consequently,
these inclusions and stress points act as pinning sites that decrease domainwallmotion. This re-
sults in a measurable reduction in maximummagnetic permeability, alongside a slight increase
in the saturation flux density.

This behavior is highlymaterial-specific and strongly dependent on prior thermal andmechan-
ical treatments. Literature indicates that cooling steel alloys to liquid nitrogen (LN) tempera-
tures results in an approximate 8% decrease in maximum permeability and a 4% increase in sat-

22



uration flux density [32]. It should be noted, however, that these specific tests were conducted
at 77 K and on different steel grades than the AISI 1010 analyzed in this report. Further stud-
ies confirm this general trend, demonstrating a slight decrease in themaximumpermeability of
ARMCO pure iron at liquid helium (LHe) temperatures [33].

In contrast to pure iron and low-carbon steels, high-permeability nickel-iron alloys like stan-
dard Mu-metal suffer a more drastic performance drop. To operate effectively in cryogenic
settings, these alloys require specialized hydrogen annealing to reduce inclusions and optimize
their magnetic parameters for cryogenic temperatures. This cryogenically optimized family of
alloys is commercially known as Cryoperm. Given its high permeability at low temperature,
Cryoperm has been selected for the innermost ferromagnetic layer of the shield.

4.2 Expellingmagnetic fieldwith superconductors

While ferromagnetic materials provide substantial magnetic field attenuation, relying exclu-
sively on them to reach the desired shielding targets would require multiple thick layers to pre-
vent the magnetic saturation discussed in Section 4.1.2. Given the strict spatial constraints
of a typical dilution refrigerator, alongwith the extended cooldown times associated with large
thermalmasses, constructing a compact shield solely from ferromagnets is impractical. By lever-
aging the complete flux expulsion of Type I superconductors via theMeissner effect, alongside
the enhanced field resilience of Type II superconductors, hybrid designs can achieve high atten-
uationwithin a limited volume [34, 35]. In this section, we analyze the capabilities and physical
limitations of employing superconducting layers for magnetic shielding.

4.2.1 Type I superconductors and perfect diamagnetism

Based on the analysis in Section 2.1 regarding the exponential decay of the magnetic flux den-
sity at a superconducting boundary, macroscopic layers composed of Type I superconductors
can be treated as perfect diamagnets. Under this approximation, it is possible to analytically
derive the magnetic field attenuation for a superconducting cylindrical cup of inner radius a
and height L. As one moves along the cylinder z-axis, the shielding factor takes the form:

S(z) ≈ eα1z/a, (4.4)
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where α1 ≈ 2.405 is the first root of the zeroth-order Bessel function of the first kind. A
complete derivation of the exact shielding factor is provided in Appendix A.

4.2.2 Type II superconductors and mixed phase

Simulating Type II superconductors presents significant challenges, primarily due to the com-
putational cost of modeling the microscopic behavior of Abrikosov vortices. While it is theo-
retically possible to solve numerically the time-dependent Ginzburg-Landau equations using
finite element methods [36], the vast length-scale disparity between individual flux vortices
O(1µm) and themacroscopic shield dimensions necessitates a huge number ofmesh elements,
resulting in computational intractability. To overcome this, several macroscopic models of su-
perconductivity have been proposed. This section discusses the Critical State Model (CSM),
which provides both a practical simulation methodology and a robust framework for deriving
analytical shielding requirements.

Critical state model andE-J power law

Instead of explicitly tracking the dynamics of flux vortices, we can macroscopically describe
their behavior using a non-linearmaterial resistivity [37]. According to thesemodels, thermally
activated flux creep generates an electric field

E(J) = Ec
J

|J| exp
[

U0

kBT

(
|J|
Jc

− 1

)]
(4.5)

whereU0 is the activation energy of the vortex bundle and Jc is the critical current density that
causes an electric field Ec (typically defined arbitrarily, often as 10→4 V/m). This relationship
is frequently simplified to a power law:

E(J) = Ec
J

|J|

(
|J|
Jc

)n

(4.6)

where n = U0/kBT . For low temperature and hard superconductors, n ≫ 1. In this limit,
theE-J power law transitions into theCritical StateModel (CSM), which postulates that: any
non-zero macroscopic electric field induces a current density exactly equal to Jc.
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Analytical results for type II SC infinite cylinders

Consider a infinitely long cylinder of inner radius a ant thickness t, constructed from a Type
II superconductor. Assume a uniform transverse magnetic fieldB0 is applied. IfBc1 < B0 <

Bc2, the material enters the mixed state, allowing magnetic flux to penetrate via vortices. Un-
der the CSM, this vortex penetration is macroscopically represented by a screening current of
density Jc that begins flowing at the outer surface to cancel the incident fieldB0.

For analytical tractability,we assume the axial screening current±Jcẑflows in the regionbounded
by the outer surface of the cylinder and an internal ellipsoidal penetration front [38], which can
be parameterized in polar coordinates by:

u(θ, ξ) = x2 + y2 =
aξ√

1− (1− ξ2→2/n) sin2 θ
(4.7)

where aξ dictates the position of the penetration front along the principal axis, and n defines
the ellipticity. As the external fieldB0 increases, a greater total screening current is required. Be-
cause theCSMrestricts the local current density toJc, the superconductor responds by expand-
ing the depth of the current-carrying region, driving the penetration front ξ deeper towards the
center (see Figure 4.2). If the penetration depth exceeds the wall thickness a(1 − ξ) > t, the
shield reaches its saturation and the magnetic flux leaks into the shielded volume.

To determine theminimum thickness required for aType II superconducting cylinder tomain-
tain a zero-field interior, we apply the Biot-Savart law to compute the field generated by the
current distribution bounded by this ellipsoidal shell:

B(r) =
µ0I

4π

∮
dr × (r − r′)

|r − r′|3 =
µ0I

2πr
êθ (4.8)

We integrate the current density Jc over the cross-section to find the effective screening field.
By symmetry, we evaluate only the contribution from the+Jc region on the positive x-axis:

Bθ(ξ) = 2
µ0

2π

∫ φ/2

→φ/2

dθ

∫ a

u(θ)

Jcr cos θ

r
drdθ =

2µ0Jca

π

(
1− ξ

arcsin
√
1− ξ2→2/n

√
1− ξ2→2/n

)

The bracketed term depends weakly on n and can be approximated as 1 − ξ. To successfully
shield the interior, the magnetic field generated by these supercurrents must exactly cancel the
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external field, meaning Bθ(ξ) = B0. Inverting this relationship yields the position of the
current front. To ensure zero field inside the hollow cylinder, the penetration front must not
reach the inner wall, requiring 1− ξ < t/a.
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Figure 4.2: (Left) Schematic representation of the±Jc current density ellipsoid profile flow-
ing along the z-direction. (Right) Magnetic field intensity inside an infinite type II supercon-
ducting cylinder as a function of the wall thickness t for varying ellipticity n (blue shading
indicates values from 2 to 100), compared with the linear approximation (black dashed line).
When the thickness exceeds the critical threshold defined by Equation 4.9 (black dot), the ex-
ternal magnetic field B0 is completely shielded. The plot is generated for a cylinder of radius
a = 40mmwith a critical current density Jc = 109 A/m2 and an applied fieldB0 = 10 T.

This condition yields the minimum thickness required for an infinitely long Type II supercon-
ducting cylinder to effectively shield its interior, mimicking a Meissner state:

t >
πB0

2µ0Jc
= 0.125mm

(
B0

100mT

)(
109 A/m2

Jc

)
(4.9)

Despite the lack of a precise literature reference for the critical current density Jc of the specific
Type-II superconductor (a lead-tin alloy) used in the final design, typical values for critical cur-
rent densities generally range from 108 to 1011 A/m2. Therefore, this analytical model demon-
strates that a Type-II superconducting layer with a thickness on the order of 1 mm is sufficient
to guarantee perfect internal shielding evenwithin themixed phase. In this regime, thematerial
functions equivalently to the Type-I Meissner mechanism discussed in the previous section.
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4.3 Shield design and simulations
Subject to the spatial constraints imposed by the physical dimensions of the sample holder and
the clearance required for the SMA feedthrough connectors, the internal diameter of the shield
is set to 80 mm. According to the analytical approximation in Equation 4.4, achieving a trans-
verse magnetic attenuation factor of 105 with this diameter would necessitate a shield height
of approximately 190 mm. However, as the magnetic field approaches the completely diamag-
netic bottom enclosure, it is forced to zero. By applying the more exact analytical treatment
from Equation A.12, a shorter cylindrical profile is allowed. Furthermore, capping the assem-
blywith a superconducting lid provides supplementary attenuation. This configuration allows
the total height of the shield to be reduced to less than 150mm. This initial analytical intuition
is subsequently corroborated through the numerical simulations presented in the following sec-
tions.

Figure 4.3: 3D rendering of a (right) quarter-section cutaway of the magnetic shield and its
physical positioning inside a Bluefors XLD dilution refrigerator (left).

Thematerial selection for the shielding stack reflects the gradedpermeability and superconduct-
ing principles established in the previous sections. The outermost layer is constructed from
1010 Steel, a ferromagnetic material with high field saturation and good magnetic permeabil-
ity. Progressing inward, the intermediate layer consists of a Type II superconducting Lead-Tin
alloy (60% Sn, 40% Pb). Even in a deeply saturated state of the Steel, the upper critical field of
155 mT [39], ensure perfect diamagnetic screening at a thickness of ∼ 1 mm, as analyzed in
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Section 4.2.2. Any residual magnetic flux that either penetrates the bulk or leaks through the
gap between the cylindrical layers and the lid, is subsequently attenuated by an innerCryoperm
shell. Because the outer layers have already substantially reduced the ambient field, the Cryop-
erm layer operates well below its saturation threshold, providing an attenuation factor of up to
104. This attenuation ensures that the innermost layer, a Type I superconducting aluminum
shell, operates safely within its strict Meissner phase.

In addiction, this specific configuration ensures effective magnetic shielding even at room tem-
perature, therebymitigating the risk of flux trapping during the cryostat cooldown. This opera-
tional advantage, alongwith the electromagnetic characteristics of this design, will be evaluated
in the following sections through a comprehensive suite of numerical simulations aimed at val-
idating the shield’s overall performance.

The complete mechanical specifications and drawings of the shield assembly are provided in
Appendix B along with thermal consideration. The detailed design of the lid structure is in-
stead presented in Chapter 5, as its geometry is chosen to provide light-tightness.

4.3.1 Zero-field cooldown

The operational protocol for the device begins with a zero-field cooldown to prevent initial
magnetic flux trapping. During the initial cooling phase from room temperature, the supercon-
ducting layers remain inactive. Consequently, the system relies entirely on the ferromagnetic
layers, specifically the steel and Cryoperm shells, to shunt the ambient Earth’s magnetic field.
The use of a Cryoperm shield is highly effective in this regime, as it has been shown to attenu-
ate room-temperaturemagnetic fields by a factor of approximately 1000. This pre-attenuation
ensures that as the device transitions through its critical temperatureTc, the localmagnetic flux
density at the surfaces of the superconducting shells is heavily suppressed. Numerical simula-
tions validating this room-temperature operation will be detailed in the subsequent section.

Once the system reaches its base temperature and the superconducting layers become fully ac-
tive, the external magnetic field is slowly ramped to the target operational level. Provided the
field remains belowBc, the superconducting shells will completely expel the applied magnetic
flux. However, the ramp rate of the external magnet must be carefully controlled. A rapidly
changing magnetic field can induce excessive eddy currents within the ferromagnetic layers,
leading to unwanted thermal power dissipation. A simulation of these transient dynamics will
be presented to establish a safe magnetic field ramp rate.
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4.3.2 Introduction to finite element methods

The finite element method (FEM) is a computational technique used to numerically solve par-
tial differential equations by subdividing the continuous spatial domain Ω into discretized el-
ements known as a mesh [40]. Each mesh element, typically triangles in two dimensions and
tetrahedra in three dimensions, is used to decompose the unknown solution u into a linear
combination of polynomial basis functions φi, also called trial functions:

u =
N∑

i=1

ciφi, (4.10)

where the coefficients ci represent the degrees of freedom to be determined by the solver.

If the solution is a scalar field, standard Lagrange (or nodal) finite elements are generally em-
ployed. In this approach, the degrees of freedom correspond to the values at the vertices of the
mesh, and the basis functions interpolate these nodal values. Therefore, Lagrange elements
enforce continuity across the boundaries of all adjacent elements. However, this causes the
method to fail when applied to vector fields with a non-zero curl, such as magnetic fields. To
resolve this, Nédélec (or edge) elements are utilized. For Nédélec elements, the degrees of free-
dom are associatedwith the edges (or faces in 3D) of themesh rather than the nodes. This func-
tional space space guarantee continuity of the tangential components across element bound-
aries while allowing discontinuities in the normal components.

TheH-formulation

To model the electromagnetic response of the system, we consider Faraday’s law of induction,
∇ × E = −ωtB, and Ampère’s law. Under the magneto-quasistatic approximation, the dis-
placement current ωtD is negligible, reducing Ampère’s law to ∇ × H = J. Using Ohm’s
law, E = ρJ, we can combine these relations to derive theH-formulation [41] of Maxwell’s
equations:

∇× (ρ∇×H) = −ωB
ωt

. (4.11)

In this formulation, themagnetic flux density is given byB = µ(H)H, where the permeability
µ(H) accounts for the non-linearB-H relations of thematerials. Additionally, the resistivity ρ
can depend on the current density, as demonstrated by theE-J power law discussed in Section
4.2.2, yielding a state-dependent resistivity ρ(J) = ρ(∇×H).
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Variational formulation for non-linear problems

To solve Equation 4.11 using FEM, the partial differential equationmust be recast into its weak,
or variational, form [40]. This is achieved by taking the inner product of the equation with a
vector test function v and integrating over the entire spatial domain Ω. Applying integration
by parts and enforcing appropriate Dirichlet boundary conditions, the surface integral terms
vanish. The resulting variational formulation requires finding anH such that:

∫

Ω

ωB

ωt
· v dΩ+

∫

Ω

ρ(∇×H) · (∇× v) dΩ = 0 (4.12)

holds for all valid test functionsv. This integral equation forms a systemofnon-linear algebraic
equations, F (H,v) = 0. The system is typically solved iteratively using a Newton-Raphson
algorithm to determine the coefficients ci from Equation 4.10 in the Nédélec edge element
basis.

4.3.3 Numerical results

During the preliminary phase of the simulation framework development, several numerical
solverswere evaluated. The initial studieswere conductedusingFEMM(FiniteElementMethod
Magnetics) [42], an open-source 2D solver. While FEMM allows for the rapid simulation of
non-linear B-H curves of ferromagnetic materials, it lacks the capability to incorporate the
non-linear resistivity required to model Type II superconductors. A second open-source al-
ternative, FEniCSx [43], was also explored. FEniCSx offers an exceptional degree of flexibility,
allowing users to define arbitrary partial differential equations directly in their weak variational
form. However, while this high level of control is ideal for simulating a broad class of models,
even beyondCSM, the reliance on externalmeshing tools and a highly involved software frame-
work made it impractical for rapid prototyping. Consequently, the commercial finite element
software COMSOL Multiphysics was selected as the primary simulation environment. This
software natively supports theH-formulation, allowing the explicit definition of both custom
non-linear resistivity models andB-H curves within a unified interface.

It is important to note that simultaneously simulating the fullE-J power law for superconduc-
tors alongside ferromagnetic non-linearities is computationally expensive, primarily due to two
factors. First, the shield’s geometry comprises very thin walls; the resulting high aspect ratio of
the mesh elements degrades matrix conditioning and undermine solver convergence. Second,
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the formulation itself is computationally demanding: capturing the dynamics of Type II super-
conductors requires a time-dependent transient simulation to correctlymodel the induced crit-
ical current Jc. Furthermore, the H-formulation relies onNédélec edge elements to accurately
represent the vector field, which consumemorememory and give rise to higher computational
cost compared to standard Lagrange nodal elements.

To mitigate these computational costs, appropriate physical approximations must be applied
when valid. If a Type II superconducting layer can be safely approximated as a perfect diamag-
net (either because it remains strictly within the Meissner phase or possesses sufficient thick-
ness to fully screen the field, as established in Section 4.2), it is more efficient to omit the H-
formulation and use instead the standard magnetic vector potential (A-formulation) within a
purely magnetostatic solver.

Validation of Type II superconductor behavior

As explained in the previous section, the simulation of a Type II superconductor can be imple-
mented using theE-J power law. WithinCOMSOLMultiphysics, theMagnetic Field Formu-
lation (H-formulation) allows to specify a custom, non-linear relationship for the electric field
E. The remaining materials in the shield can be simulated using the simpler A-formulation
(Magnetic Fields interface), which natively handles non-linear materials with custom B-H
curves. The multiphysics coupling between these domains is achieved by enforcing electric
and magnetic field continuity at the boundaries separating the two physics formulations.

A primary issue with explicit Type II simulations is the high computational cost and the in-
stability of the solver convergence. Accurately capturing the steep spatial change of the critical
current density Jc requires an extremely finemesh. In Figure 4.4, 20 radial mesh elements were
utilized across the superconducting layer; even with this highmesh density, numerical artifacts
remain visible at the current penetration front. Despite this, the analytical solution for the
front position, derived using the Critical State Model (CSM), demonstrates good agreement
with the numerical simulation. The most prominent discrepancy is the smooth spatial decay
of the simulated current density, as opposed to the sharp step-function change from Jc to zero
predicted by the CSM. The reason of this smoothing can be found on the finite exponent n
(set to 80 in the present simulation); increasing n asymptotically recovers the strict CSM limit.

The overhead of theH-formulation and the necessity of running a time-dependent solver (in
Figure 4.4, a linear field ramp to 150mTwas applied) increase further the computational load.
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Figure 4.4: COMSOLMultiphysics simulation of a Type II superconducting shell character-
ized by a critical current density Jc = 2× 109 A/m2 and anE-J power law exponent n = 80.
A uniform external transverse magnetic field of B0 = 150 mT is applied along the y-axis.
(Left) Two-dimensional cross-section illustrating themagnetic flux density norm alongside the
induced axial screening current density, J/Jc, within the superconducting layer. (Right) Ra-
dial profile of the normalized current density, J/Jc, measured inward from the outer radius
(a = 40mm), plotted in comparison with the analytical predictions of the CSM.

Nevertheless, as predicted by the analytical formalism, the magnetic field inside the bulk of
the Type II superconductor is essentially zero. This observation justifies a major physical sim-
plification, rendering full 3D simulations tractable. By treating the macroscopic behavior of
the Type II superconductor identically to a Type I material (provided the applied field satisfies
B < Bc2), we can model it as a perfect diamagnet.

Lid field dynamics

The primary failure mode of the shield design arises from the risk of exceeding the critical mag-
netic field of the superconducting layers. Furthermore, even when the external field remains
safely below this critical threshold and the superconductors operate strictly within theirMeiss-
ner (ormixed) states, magnetic flux penetrating the physical gap between layers and lid degrades
the overall field attenuation (see Equation 4.4). To analyze the local magnetic field dynamics
in the vicinity of the lid, a 2D simulation was conducted.

Figure 4.5 illustrates the cross-sectional field profile at the conjunction between the lid and the
cylindrical walls. Moving from the innermost layer outward, the shielding stack comprises a
Type I superconductor (e.g., aluminum), a Cryoperm layer, a Type II superconductor (e.g.,
Niobium or a Lead-Tin alloy), and an outermost layer of 1010 Steel. Incident magnetic field
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lines attempting to penetrate the shielded volume are effectively collected by the outermost
steel layer and shunted around it. The two colormaps display the magnetic flux density norm
for all domains, except for the Type II superconductor (the second outermost layer), where the
normalized current density is represented.

Figure 4.5: Profile simulation of the shield is presented. The type I superconductor is assumed
to be a perfect diamagnet, while the Type II superconductor employs theE-J power law. The
second color bar represents the ratio J/Jc flowing through the material, relative to the Type II
superconductor. The first color bar shows themagnetic flux density inTesla, relative to the rest
of the domain. The simulationwas performed using COMSOLMultiphysics with an external
magnetic fieldB0 = 100mT and with Jc = 109 A/m2.

A potential source of concern is the relatively high field concentration observed in proximity to
the superconducting layers. This effect is visible in the redd regions of theType II superconduc-
tor, where a critical current Jc front expands to cancel the external field. However, because the
experimental protocol requires operation under a static DC external field, pinned flux vortices
will not contribute significantly to dissipation. If the shield were instead required to operate in
time-varying external fields, a more complex architecture might be necessary, such as physically
recessing the superconducting layers and extending the ferromagnetic layers to act as active flux
diverters [44].

Axial and transverse field

Following preliminary validations of the Type II superconductor behavior, we proceed to ana-
lyze the complete shield geometry. The most efficient approach for this initial analysis is a 2D
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axisymmetric simulation. This method exploits the rotational symmetry of the system; how-
ever, it limits the orientation of the applied magnetic field. To satisfy the divergence-free con-
dition imposed by Maxwell’s equations, the external field must be oriented parallel to the axis.
Despite this limitation, the 2D axisymmetric approach, combined with the perfect diamagnet
approximation for the Type II superconducting layers, yields a computationally inexpensive
simulation that converges on the order of tens of seconds.

Figure 4.6: 2D axisymmetric magnetostatic simulation performed using COMSOL Multi-
physics. A uniform external field of B0 = 100 mT is applied along the axial direction, and
both superconducting layers are modeled as perfect diamagnets. (Left) Cross-sectional spatial
distribution of themagnetic flux densitywithin the shield geometry. (Right) Profile of themag-
netic field magnitude evaluated along the central axis of symmetry, corresponding to the path
indicated by the black arrow in the left panel. The gray shaded region delineates the physical
location of the sample volume.

Figure 4.6 presents a simulation of themultilayered screen subjected to a 100mT external axial
field, with the resulting magnetic field profile along the central axis plotted on the right. In the
vicinity of the sample volume, the residual field drops below the 100 nT threshold, successfully
achieving the targeted attenuation factor of 106 (or 120 dB).

Simulating transverse or off-axis magnetic fields is a much complex task. The necessity of a full
3D simulation not only increases computational complexity but also undermines solver con-
vergence. This difficulty primarily came from the extreme aspect ratios of the mesh elements
within the thin shielding layers, which yield an ill-conditioned system matrix. To overcome
this, COMSOL’s built-inMagnetic Shielding boundary condition was used. This feature re-
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places the volumetric bulk of the thin shells with an effective 2D surface boundary, completely
circumventing the need to explicitly mesh the interior volume of the layers. This geometric
simplification provides a substantial computational speedup.

Figure 4.7: Full 3D simulation in COMSOLMultiphysics of the magnetic flux density (Left)
and attenuation (Right) for an external magnetic fieldB0 = 100mToriented along the y axis.

Figure 4.7 illustrates the 3D simulation of the shield subjected to a 100 mT external field ori-
ented along the transverse y-axis. Evenwith these approximations, the 3Dmodel remains com-
putationally demanding, typically requiring several hours to converge. The attenuation results
are noticeably worse than those observed in the axial case. This degradation occurs because the
gap between the lid and the cylindrical layers allow transverse magnetic flux to penetrate the
shielded volume more easily.
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Low field operation

Not all experiments are conducted in high-magnetic-field environments; in many cases, shield-
ing against the ambient Earth’s magnetic field (∼ 50 µT) is sufficient. The shield architecture
was designed to be highly modular, allowing individual layers to be removed independently
based on specific experimental requirements. For low-field applications, the SnPb and steel lay-
ers can be safely omitted. As showed in Figure 4.8, the remaining layers easily achieve a residual
field well below the 1 nT threshold. This configuration also offers the possibility of reducing
the overall height of the shield, facilitating its integration into more compact cryostat geome-
tries, and accelerating the cooldown process because of the reduced mass.

Figure 4.8: 2D axisymmetric magnetostatic simulation performed using COMSOL Multi-
physics. A uniform external field of B0 = 50 µT is applied along the axial direction, and
both superconducting layers are modeled as perfect diamagnets. (Left) Cross-sectional spatial
distribution of themagnetic flux densitywithin the shield geometry. (Right) Profile of themag-
netic field magnitude evaluated along the central axis of symmetry, corresponding to the path
indicated by the black arrow in the left panel. The gray shaded region delineates the physical
location of the sample volume.

Room-temperature operations

As previously discussed, it is important to attenuate the ambient Earth’s magnetic field even
at room temperature to prevent initial flux trapping as the system cools through the super-
conducting transition. Figure 4.9 presents a simulation of the full shield stack under room-
temperature conditions. In this regime, the superconducting layers are completely inactive
and provide no shielding contribution.
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The simulation results indicate only minimal attenuation from the outer steel layer, primar-
ily due to the saturation. Conversely, the inner Cryoperm layer proves highly effective. Ben-
efiting from the pre-attenuation provided by the steel and the multiplicative shielding effect
between the nested layers. Even if residual magnetic flux were to become trapped within the
Type II superconductor during cooldown, the Cryoperm layer acts as an optimal secondary
shield, protecting the innermost Al layer.

Figure 4.9: 2D axisymmetric magnetostatic simulation performed using COMSOL Multi-
physics. A uniform external field ofB0 = 50 µT is applied along the axial direction, because
we are at room-temperature, the superconducting layers are inactive. (Left) Cross-sectional
attenuation within the shield geometry. (Right) Profile of the magnetic field magnitude eval-
uated radially in proximity of the sample holder. The shaded regions delineates the physical
location of the ferromagnetic layers.

Eddy current dissipation

During the magnetic field ramp following a zero-field cooldown, induced eddy currents pri-
marily dissipate heat within the outermost ferromagnetic layer of the shield. To quantify this
effect, the volumetric loss density across the material was integrated during a simulated linear
field ramp of 1 mT/s. The calculated transient power dissipation remains strictly below 1 µW.
This minor heat load adds to the baseline thermal dissipation of the mixing chamber plate and
other internal cryostat components. Overall, this transient heat load is manageable and falls
well within the typical 10 µW to 20 µW cooling power budget of standard dilution refrigera-
tor operating at the 10 mK base stage.
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4.4 Final considerations and shield validation
Due to manufacturing lead times, a comprehensive experimental validation of the magnetic
shield could not be completed during the course of this internship. Nevertheless, rigorous
empirical testing and characterization of the shield’s magnetic properties remain essential to
validate the numerical models and guide future design iterations. While the finite element sim-
ulations presented in the previous sections provide a solid foundation for the initial geometry,
the inherent uncertainty regarding the exact magnetic properties of the selected alloys neces-
sitates experimental verification. As discussed in Section 4.1.3, ferromagnetic materials can
exhibit highly variable characteristics depending on their prior thermal and mechanical treat-
ments, leading to unpredictable performance in cryogenic environments.

To fully characterize the shielding efficacy, a testing protocol should be implemented. Initial
assessments can be conducted at room temperature using Hall probe measurements to deter-
mine the baseline magnetic field attenuation provided by the outer ferromagnetic layers. Sub-
sequently, measurements at cryogenic temperatures could be performed using SQUIDmagne-
tometry to quantify the sub-microtesla residual fields.

The highly modular architecture of the proposed shield allows for the systematic removal of
individual components. By evaluating the system with varying shielding configurations, it is
possible to isolate and characterize the specific magnetic attenuation provided by each layer.
Acquiring this data will be beneficial for calibrating the material parameters within the simu-
lation framework, reducing theoretical uncertainties, and optimizing future iterations of the
device design.
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5
Stray photons shielding

As discussed in Section 3.4.1, quasiparticle tunneling constitutes a primary decoherence chan-
nel in superconducting circuits, limiting the energy relaxation time T1 and increasing the resid-
ual thermal populations. While quasiparticles are expected to be negligible at typical dilu-
tion refrigerator temperatures, experimental evidence consistently reveals a significant non-
equilibrium population across various devices.

A leadingphysicalmechanism responsible for this excess population is thought tobe the absorp-
tion of stray infrared (IR) photons. When incident photons possess an energy exceeding twice
the superconducting gap, they can break Cooper pairs and directly generate non-equilibrium
quasiparticles. Although mitigation strategies can be implemented directly at the chip level,
such as engineering the superconducting bandgap profile or utilizing vortices to trap quasi-
particles, macroscopic environmental shielding remains a necessity to block incident radiation
before it reaches the device.

This chapter focuses on the design of such shielding mechanisms. The following sections will
first detail macroscopic mitigation strategies, including the use of infrared-absorbing coatings,
in-line microwave filters, and the mechanical design of a light-tight enclosure lid. Finally, to
quantitatively evaluate the efficacy of these light-tightness measures, we will outline an experi-
mental characterization method utilizing offset-charge-sensitive (OCS) transmon qubits.
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5.1 Non-equilibrium quasiparticles

Building upon the formalism discussed in Section 2.3, the thermal quasiparticle fraction xth
qp

can be estimated by integrating the superconducting density of states over the Fermi-Dirac
distribution [45]. This yields an expression for the thermal contribution to the quasiparticle
population at a given temperature T :

xth
qp =

√
2π

kBT

∆
e→∆/kBT (5.1)

Assuming an aluminum-based superconducting circuit (∆Al ≈ 0.2meV) is in thermal equi-
librium with the mixing chamber of a dilution refrigerator operating at 10 mK, the expected
thermal population is vanishingly small (approximately 10→80). However, experimental mea-
surements consistently reveal a residual population on the order of 10→9 to 10→6, correspond-
ing to an effective quasiparticle temperature of approximately 100 mK [46].

The precise origin of these non-equilibrium, or hot, quasiparticles remains an area of active
research. However, substantial evidence indicates that contribution on quasiparticle poison-
ing can be attributed to phonon burst [47], cosmic rays and environmental ionizing radiation
[48, 49, 50], and especially stray infrared photons with energies exceeding twice the BCS gap
(2∆Al " 100GHz) that can break Cooper pairs and increase the quasiparticle population xqp

[9, 51].

Regardless of the specific origin of these non-equilibrium excitations, the time evolution of the
quasiparticle fraction xqp can be phenomenologically described by a rate equation:

dxqp

dt
= g − sxqp − rx2

qp (5.2)

where g represents the generation rate, s is the single-quasiparticle trapping rate, and r is the
recombination rate at which two quasiparticles recombine into a Cooper pair. Various miti-
gation strategies to suppress the steady-state population have been implemented at the circuit
level. A common approach is to enhance the trapping rate s through gap engineering [52, 53]
or controlled vortex trapping [54]. Alternative designs incorporate normal-metal traps that al-
low quasiparticles to diffuse away from the junction, effectively introducing a spatial diffusion
term into the rate equation [55].
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This thesis focuses on minimizing the quasiparticle generation rate g through macroscopic
shielding strategies. A primary contributor to g is infrared radiation propagating through
transmission lines, stray photons originating from higher-temperature stages of the dilution
refrigerator, and black-body radiation emitted by poorly thermalized microwave components
such as attenuators and filters. In the following sections, we will analyze specific methodolo-
gies to block this incident infrared radiation and detail how these light-tightness measures are
integrated into the overall shielding design.

5.2 Mitigation strategy against stray IR radiation

5.2.1 Infrared filters

The integration of infrared (IR) filters along all microwave transmission lines has become stan-
dard practice in superconducting circuit architectures [34]. The core requirement for an IR
filter is near-zero insertion loss at the operational frequencies of the circuit (typically 4–8GHz)
while providing aggressive attenuation at higher frequencies (> 20 GHz). To achieve this,
many commercial filters (such as the YQuantum YQ-IR-110A) utilize EccosorbCR-110 epoxy,
which provide an attenuation scaling from approximately 5.4 dB/cm at 100 GHz up to 90
dB/cm at 1 THz. Because some of these absorptive epoxies contain magnetic particles whose
performance can be degraded by strong external magnetic fields, they are optimally placed in-
side the innermost magnetic shield. Alternatively, filters employing non-magnetic, carbon-
based absorbers (such as the Sweden Quantum HERD2) are immune to external magnetic field
interference. Regardless of the chosen dielectric, all IRfiltersmust be rigorously thermalized to
the base temperature stage to ensure optimal absorptive performance and to prevent thermal
emission.

5.2.2 Indium Seals and Stub Filters

The mechanical interface between the lid and the main cylinder body represents a critical vul-
nerability for stray photon ingress. To mitigate this, we employ two primary sealing strategies.
First, the structural copper lid features a machined stub that protrudes into a corresponding
mating groove on themain copper cylinder wall. This interlocking geometry acts as a labyrinth
seal, highly attenuating high-frequency radiation. Future full-wave electromagnetic simula-
tions of the S21 transmission parameter will be necessary to fully characterize and optimize
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this geometry. Second, to hermetically seal this labyrinth and ensure continuous electrical
boundary conditions, a high-purity superconducting indium wire ring is compressed within
the groove during assembly.

Another common leakage pathway is through structural fastener holes. To eliminate this, all
mounting points on the primary inner copper shield utilize blind tapped holes, ensuring the
wall thickness is never fully pierced. For instance, the coldfinger supporting the sample holder is
bolted to the inner face of the copper lid using screws anchored inblind threadedholes. This en-
sures excellent thermal contact without creating a line-of-sight radiation path into the shielded
volume.

Figure 5.1: Cross section of the shield lid.

Finally, the system must interface with external microwave lines via SMA feedthrough ports
that penetrate the entiremulti-material layer stack of the lid. To prevent radiation from leaking
radially into the shielded volume through the clearances between these nested layers, secondary
indium wire gaskets are compressed around each SMA feedthrough at every layer interface,
effectively blocking lateral light propagation.

5.2.3 IR-absorbing coating

A final preventative measure to control the quasiparticle population is the proactive absorp-
tion of any residual blackbody IR radiation that successfully enters or is generated within the
shielded volume. This is accomplished by applying a highly absorptive coating to the interior
surfaces of the shields. A compound consisting of silica, carbon powder, and silicon carbide
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(SiC) grains provides broadband absorption of stray radiation. Tominimize specular reflection
of incoming IR photons and maximize absorption, the coating is applied such that its surface
roughness is on the same order of magnitude as the target IR wavelengths [34].

5.3 Light-tightness characterization
Due to fabrication time constraints, an experimental validation of themanufactured shieldwas
not possible within my internship activity. Consequently, this section outlines an experimen-
tal methodology to characterize the shield’s effectiveness against Cooper pairs braking stray
photons.

5.3.1 Offset Charge Sensitive qubits
As detailed inChapter 3, quasiparticle tunneling events couple to the qubit degrees of freedom
and degrade circuit performance. The effectiveness of the light-tightness strategies presented in
this chapter can therefore be evaluated bymeasuring the quasiparticle tunneling rate. A prelim-
inary approach to assess this shielding involves measuring the energy relaxation time T1 of the
qubit and comparing it with baselinemeasurements from previous, unshielded configurations.
To introduce a controlled perturbation, a resistive filament can be mounted outside the shield;
driving a current through this filament generates a black-body radiation source, enabling tests
across different incident power levels. However, relying solely onT1 is not completely rigorous,
as qubit relaxation is simultaneously driven by a multitude of decoherence mechanisms.

A more precise method to isolate the shielding contribution is to directly analyze individual
quasiparticle tunneling events at the Josephson junction. This is achieved bymonitoring parity
switches, which correspond to the tunneling of a single unpaired electron. To account for these
events, the Hamiltonian from Equation 3.4 is modified to:

Ĥ = 4EC

(
n̂− ng +

P − 1

4

)2

− EJ cos φ̂, (5.3)

where the parameter P = ±1 represents the even and odd charge parity states of the island
respectively. Because the charge operator n̂ is quantized in units of Cooper pairs (2e), a transi-
tion between the even and odd parity states shifts the effective offset charge by half a Cooper
pair, signaling a single quasiparticle tunneling event. By continuouslymonitoring the parity of
the qubit, one can build a direct record of quasiparticle tunneling.
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As discussed in Section 3.2, the standard transmon regime exponentially suppresses sensitivity
to offset charge. To experimentally distinguish between the even and odd parity bands, the
qubitmust be designed in an intermediate parameter regime between theCooper-pair box and
the transmon. This configuration, characterized by a ratio EJ/EC ∼ 20, is referred to as the
offset-charge-sensitive (OCS) regime and is standard for probing quasiparticle populations in
superconducting circuits [11, 51]. The energy levels of an OCS qubit for the even and odd
parity states are plotted in Figure 5.2.

� 0.5 0.0 0.5
ng

E0

E1

|0, oi|0, ei

|1, oi|1, ei

Figure 5.2: (Left) Energy level spectrum of anOCS qubit (EJ/EC = 10) as a function of the
gate-induced charge bias ng. The transition frequencies between the ground and first excited
states for the odd (|0, o⟩ → |1, o⟩) and even (|0, e⟩ → |1, e⟩) are denoted as fo and fe, respec-
tively. (Right) Schematic of the Ramsey-like pulse sequence utilized to map the charge parity
onto the state of the qubit.

The parity can be monitored in real time using a quantum non-demolition readout coupled
with a specific Ramsey-like pulse sequence that maps the charge parity directly onto the qubit
state [11]. As depicted in Figure 5.2, the sequence begins with a π/2 pulse applied along the
y-axis, placing the qubit into the coherent superposition (|0⟩ + |1⟩)/

√
2. The system is then

allowed to idle for a duration∆t = 1/(4∆f), where 2∆f = fe − fo is the frequency differ-
ence between the even and odd parity transitions. During this interval, the qubit state vector
precesses around the z-axis of the Bloch sphere, accumulating a relative phase of ±π/2 con-
ditioned entirely on the parity state. A final π/2 pulse applied along the x-axis maps the odd
parity state to |1⟩ and the even parity state to |0⟩.

Following the measurement, the qubit is conditionally reset, and the sequence is repeated. By
fitting the power spectral density (PSD), the parity switching rate ΓQP

10 can be extracted. From
this rate, the quasiparticle population xqp is derived using Equation 3.10.
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6
Measurement induced state transitions

While previous chapters focused on shielding against external factors like magnetic fields and
stray photons, this chapter broadens the concept of shielding to address interactions between
the quantum system and its control apparatus. Specifically, it investigates the detrimental ef-
fects of drive and readout pulses on the quantum state.

During dispersive readout, increasing themeasurement photon number n̄ improves the signal-
to-noise ratio but simultaneously breaks down the approximations used to derive the dispersive
Hamiltonian. As higher-order terms become significant, the measurement loses its QNDness
[12]. This breakdown results in non-trivial couplings between transmon states at vastly dif-
ferent energy scales, driving spurious qubit excitations commonly referred to as measurement-
induced state transitions (MIST).

To address this, a comprehensive simulation framework for a transmon coupled to arbitrary
resonators is presented. By moving beyond the standard dispersive approximation, this tool
determines the QND validity regime in advance. This allows for circuit design adjustments to
avoid MIST, such as shifting operational frequencies or tuning auxiliary parameters like the
gate charge bias ng. Ultimately, this methodology provides a reliable strategy to shield the cir-
cuit frommeasurement-induced transitions and establish a safe operational parameter space.
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6.1 Introduction

Before analyzing the spurious excitations of the qubit driven by multiphoton resonances, it is
instructive to begin with the Jaynes-Cummings model. This two-level approximation, intro-
duced in Section3.3, provides closed-form solutions for concepts such as state dressing, avoided
crossings, and hybridization, which will be essential in the following sections.

Recalling the Hamiltonian of Equation 3.7, we recognize the first two terms associated with
the bare qubit !ωqσ̂z/2 and the bare resonator !ωrâ

†â. In the absence of the coupling term,
parametrized by the constant g, the resulting bare states are simply the tensor product |q, n⟩. In
this two-level approximation, q ∈ {g, e}denotes the state of the qubit, whilen ∈ N represents
the number of photons inside the cavity.

By activating the cavity-qubit interaction term, !g(â†σ̂→ + âσ̂+), we allow for the coherent
exchange of a single quantum between the qubit and the resonator. This interaction results in
a dressing of the bare states, which can be computed analytically within the Jaynes-Cummings
framework [22]. The resulting JC spectrum exhibits a block-diagonal structure where, for a
fixed number of total excitations â†â + σ̂+σ̂→, the dressed eigenenergies and eigenstates are
given by:

Eg,n = !nωr −
!
2

√
∆2 + 4g2n , |g, n⟩ = cos

(
θn
2

)
|g, n⟩ − sin

(
θn
2

)
|e, n− 1⟩

Ee,n→1 = !nωr +
!
2

√
∆2 + 4g2n , |e, n− 1⟩ = sin

(
θn
2

)
|g, n⟩+ cos

(
θn
2

)
|e, n− 1⟩

where∆ = ωq − ωr is the detuning between the bare qubit and resonator frequencies, and
θn = arctan(2g

√
n/∆). Depending on the value of ∆, the bare states begin to mix. At

resonance (∆ = 0), the dressed eigenstates become equal superpositions of the two bare states.

To quantify the degree of mixing between the states, we can define a hybridization metric,
Θ(ε) = 1 −

∣∣⟨ε|ε⟩
∣∣2, based on the overlap between a bare state |ε⟩ and its corresponding

dressed state |ε⟩. As depicted in Figure 6.1, maximum hybridization occurs when the two
states are in an equal superposition, yieldingΘ(ε) = 0.5. The coupling term 2g

√
n dictates

the broadening of this hybridization, which is also evident in the avoided crossing of the energy
levels: at zero detuning, the energy splitting between the two branches is 2g

√
n.

46



Figure 6.1: (Left) Avoided crossings of the dressed states eigenenergies for effective coupling
strengths 2g

√
n = 0.1 and 0.4. The lower panel displays the corresponding hybridizationmet-

ricΘ swept across the resonance condition (∆ = 0). (Right) A heatmap of the state hybridiza-
tion as a function of frequency and effective coupling, demonstrating the increased broadening
that occurs at stronger coupling strengths.

In the subsequent sections, we will move beyond the two-level approximation of the Jaynes-
Cummings model to analyze how, and to what extent, the presence of cavity photons can trig-
ger higher-ordermultiphotonprocesses. By extending the formalismdiscussedhere, wewill uti-
lize the hybridizationmetric and the analysis of avoided crossings to track energy exchanges be-
tween a multilevel transmon and coupled resonators. Because additional effects such as Lamb
shifts and AC-Stark shifts arise from the interaction of the multilevel transmon with the res-
onators, the simple hybridization features observed in Figure 6.1 will gain non-trivial contribu-
tions as multimode resonances occur. This approachwill allow us to systematically analyze the
spurious excitations that violate the dispersive approximation and compromise the fidelity of
QNDmeasurements.
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6.2 Quantummodel

Let us consider a system composed of a transmon qubit characterized by the Hamiltonian Ĥ t

from Equation 3.4. The transmon is coupled to N resonator cavities, each with a resonance
frequency ωk and a transmon-resonator coupling strength gk. The combined resonator and
interaction Hamiltonian takes the form:

Ĥr + Ĥ int =
N∑

k=1

ωkâ
†
kâk − i

N∑

k=1

gk (n̂t − ng)
(
âk − â†k

)
(6.1)

Here, theLCoscillators and the transmonare capacitively coupled, similar to the Jaynes-Cummings
Hamiltonian of Equation 3.7. However, because we want to study how the resonator fields in-
duce spurious couplings between higher transmon levels, we avoid both the two-level approxi-
mation and the RWA.

To this system, we can apply a time-dependent drive, which could be either a readout tone
directed at one of the resonators or an external pump applied directly to the transmon. A time-
dependent drive with frequencyωd and amplitude εd applied to the k-th resonator is described
by the Hamiltonian:

Ĥd(t) = −iεd sin(ωdt)
(
âk − â†k

)
(6.2)

In principle, the open-system dynamics can be simulated using a Lindblad master equation
framework. This approach utilizesN Lindblad operators L̂k =

√
κkâk tomodel the coupling

between the quantum system and its external environment. Specifically, these operators cap-
ture the energy exchange with the outside world, accounting for the pumping and the dissipa-
tion of cavity photons at rateκk [56, 12]. Thismethod is however computationally prohibitive
because the required resources scale exponentially with the number of coupled modes. For in-
stance, the total dimension of the system’s Hilbert space is dim(H) = Dt ×

∏N
k=1 Dk, where

Dt defines the truncation for the transmon energy levels, and Dk represents the maximum
photon allowed in the Fock space of the k-th resonator.

For a transmoncoupled to a single resonator, the authors ofReference [56] considered aHilbert
spacedimensionof215, carryingout the simulationonGoogle’sTensorProcessingUnits (TPUs).
More recentwork [57] leverages tensor networks to efficiently simulate the same system, achiev-
ing a 105 reduction in required computational resources.

While tensor networks present aworthwhile path for future implementations, the presentwork
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focuses on analyzing how the presence of photons inside the resonators dresses the quantum
states. By tracking these dressed states and identifying their correspondencewith the bare states
|it;n1, ..., nN⟩ as the cavity photonnumber changes, we canobserve the onset of hybridization.
This is achieved by identifying avoided crossings between energy levels and observing popula-
tion swaps between the excitations of the transmon and the resonators. This branch analysis
[12] provides a robust framework capable of tracking MIST and other parametric processes
occurring at the circuit level.

6.2.1 Branch analysis

The primary purpose of the branch analysis is tomap the dressed eigenstates back to their corre-
sponding uncoupled bare states. By tracking how these energy levels mix when the interaction
is turned on, we can identify the nature of each hybridized state allowing to identify the states
participating in the spurious excitations. The procedure is carried out through the following
steps:

1. Initializationanddiagonalization: Webeginby considering theundriven, time-
independent Hamiltonian Ĥ = Ĥ t + Ĥr + Ĥ int. By numerically diagonalizing this
Hamiltonian, we obtain a set of dressed eigenstates {|ε⟩}.

2. Groundstates identification: Next,we consider the resonatorbare ground states
|it; 01, ..., 0N⟩ derived from the uncoupled Hamiltonian Ĥ = Ĥ t + Ĥr and identify
the corresponding dressed eigenstate that maximizes the wavefunction overlap:

|it; 01, ..., 0N⟩ = argmax
|λ〉

| ⟨ε|it; 01, ..., 0N⟩ |2

3. Recursive state labeling: To label the higher-order dressed eigenstates, we recur-
sively apply the creation operator â†k for each k-th resonator and find the dressed wave-
function |ε⟩ that maximizes the overlap:

|it;n1, ..., nk + 1, ..., nN⟩ = argmax
|λ〉

| ⟨ε|â†k|it;n1, ..., nk, ..., nN⟩ |2

This procedure is repeated until all relevant dressed states are labeled. Once the complete spec-
trum of dressed states is established, physical observables can be directly computed, such as
the average transmon excitationNt and the expected photon numberNk populating each res-
onator mode. Evaluating these observables clearly reveals the onset of coupling between states.
For instance, the branch plot presented in Figure 6.2 tracks the transmon excitation Nt as a
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function of the increasing resonator population, explicitly indicating the cavity photon occu-
pation levels at which specific spurious parametric processes occur.

The numerical diagonalization and subsequent branch analysis were implemented using JAX,
a high-performance Python library. This framework allows for the efficient parallelization of
linear algebra operations and code execution across CPUs, GPUs, and TPUs within a unified
computational environment.
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Figure 6.2: (Left) Branch analysis for a transmon (EJ/h = 16.40 GHz, EC/h = 0.1695
GHz and ng = 0) capacitively coupled to a spectator resonator (ωr/2π = 9.029 GHz)
with a coupling strength gr/h = 0.153 GHz. The transmon Hilbert space is truncated to
the first Dt = 31 energy levels, while the spectator cavity to Dr = 4. A drive tone at
ωd/2π = 10.715 GHz is applied to the transmon with a coupling gd = gr, and the drive
is truncated to Dd = 150 photons. The branches are distinguished by the unique quantity
Nt,r = DrNt + Nr, where Nr and Nt represent the average photon number and the trans-
mon excitation, respectively. (Right) The dressed energy levels folded within the quasienergy
interval [−ωd/2,ωd/2]. (Inset) A detailed view of the avoided crossing resulting from the cou-
pling between the bare states |7t, 0r⟩ and |13t, 0r⟩.

To validate this numerical framework, the simulations are benchmarked against the experimen-
tal results reported in Reference [58]. Figure 6.2 presents the branch analysis of this driven
transmon-resonator system, revealing several features. Notably, the transmon excited state
|1t, 0r⟩ couples to a higher-energy state |4t, 1r⟩ via a six-wave mixing (6WM) process. In this
multi-photon interaction, two drive photons are converted into three transmon excitations,
promoting the transmon from |1t⟩ to |4t⟩, alongside the creation of a single photon in the
spectator cavity. This 6WM process is dictated by the energy conservation condition, ω14 +

3∆ac
t + ωr = 2ωd. The required energy is supplied by the drive and dynamically tuned by the
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AC-Stark shift (∆ac
t ), which is induced by a population of approximately 20 photons inside

the drive resonator.

These parametric processes can be highly detrimental in experimental setups. For instance,
attempting to measure the qubit in its excited state via standard dispersive readout can trigger
a transition to the ionized state |4t⟩, even when the detuning between the qubit and the drive
exceeds 6 GHz. The combination of AC-Stark shifts, multi-photon excitations, and inelastic
scattering involving externalmodes can hybridize the circuit energy levels in a highly non-trivial
way, breaking the QNDness of the measurement.

6.2.2 Hybridization and scar plots

Having established a formal framework to analyze specific transitions coupling different quan-
tum states, it is convenient to evaluate the systemover a broad parameter space, probing various
drive frequencies and amplitudes. To quantify the degree of statemixing and generalize the on-
set of branch-swapping mechanisms, we extend the hybridization parameterΘ introduced in
Section 6.1 as:

Θ(ε) = 1−max
|λ〉

∣∣⟨ε|ψ⟩
∣∣2 (6.3)

To illustrate the physicalmeaning of thismetric, consider a subspace spannedby twobare states,
|ε1⟩ and |ε2⟩. A generic dressed state in this subspace canbe expressed as |ε⟩ = α |ε1⟩+β |ε2⟩.
In the far-detuned limit, the states do not hybridize (e.g., |ε⟩ ≈ |ε1⟩), the maximum overlap
approaches | ⟨ε1|ε⟩ |2 = 1, and therefore Θ(ε) = 0. Conversely, at exact resonance, the
two bare states hybridize evenly, yielding the superposition |ε⟩ = (|ε1⟩ ± |ε2⟩)/

√
2. In this

maximally hybridized scenario, the overlap drops to 0.5, yieldingΘ(ε) = 0.5.

By evaluating Θ(ε), one can construct a two-dimensional heatmap of the hybridization met-
ric as a function of the drive frequency ωd and the drive amplitude, which is parameterized by
the average cavity photon number Nd. This visualization, presented in Figure 6.3, highlights
regions in the parameter space where a target energy level undergoes strong hybridization. Be-
cause of theAC-Stark shift, the regions ofmaximal hybridization (Θ ≈ 0.5)manifest as curved
trajectories across the parameter space. Due to their distinct visual appearance, these heatmaps
are sometimes referred in the literature as scar plots [59].
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Figure 6.3: (Top) Hybridization of the bare ground state |0t, 0r⟩. (Bottom)Hybridization of
the excited state |1t, 0r⟩. The system parameters are identical to those in Figure 6.2. The drive
frequency ωd/2π is swept across the interval [10.2, 11.3] GHz using a grid of 500 samples,
yielding results in good agreement with the Floquet analysis presented in Reference [58]. For
this numerical simulation, the Hilbert space is truncated to Dt = 15 for the transmon and
Dr = 3 for the resonator. The main scars are annotated with the specific bare state transitions
that most closely correspond to the hybridized dressed states.

As illustrated in Figure 6.3, the hybridization metric is not perfect: certain artifacts arise from
the mislabeling of bare states, which become increasingly pronounced at higher drive cavity
photonpopulations. This difficulty is particularly evident for transitions tohigher energy levels
that exhibit a high degree of hybridization across multiple states. For this reason, a classical
approximation can be employed for the drive field. This approach removes the constraint of
a discrete photon number inside the drive resonator, enabling the implementation of more
sophisticated branch-tracking techniques [60]. In the following section, this framework based
on Floquet theory is briefly introduced and compared with the full quantum simulations.
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6.3 Floquet simulation
An alternative to the full quantum model approximates the quantum drive of Equation 6.2
with a classical tone coupleddirectly to the transmoncharge operator, Ĥd(t) ≈ Ωd cos(ωdt)n̂t

[60, 12]. This eliminates the drive resonator and its large associated Fock space, drastically
reducing the Hilbert space dimension. The classical amplitude Ωd is connected to the quan-
tum model via the average drive photon number Nd and coupling gd, accordingly to Ωd =

2gd
√
Nd.

Because this Hamiltonian is periodic with the drive period T = 2π/ωd, the system dynamics
can be solved using Floquet theory. Analogous to Bloch’s theorem in solid-state physics, Flo-
quet’s theorem dictates that any solutions to the time-dependent Schrödinger equation can
be constructed from periodic Floquet modes, |φi(t+ T )⟩ = |φi(t)⟩, corresponding to the
eigenvectors of the one-period time-evolution operator:

Û(t+ T, t) |φi(t)⟩ = e→iεiT |φi(t)⟩ (6.4)

where εi are the Floquet quasienergies, which are constrained to the first Floquet ”Brillouin
zone” εi ∈ [−ωd/2,ωd/2]. Following diagonalization, the Floquet modes are analyzed simi-
larly to the dressed states in the quantum branch analysis. In the zero-drive limit, the Floquet
modes map exactly onto the bare states. By adiabatically increasing the drive amplitude, these
states can be continuously tracked [12]. To more robustly identify multiphoton resonances
and reproduce the hybridization metric from Equation 6.3, a polynomial fit of the state over-
lap across the drive amplitude-frequency parameter space can be performed. This fitting pro-
cedure constructs an ideal displaced Floquet mode |φ̃(t)⟩. Any deviation from this ideal state,
quantified asΘ(φ) = 1− | ⟨φ̃|φ⟩ |2, directly signals the onset of resonant processes [60, 58].

This method also allows the phenomenological inclusion of the drive cavity decay rate κd. By
setting the amplitude sweep step proportional to the cavity rate (δΩd ∝ κd), the simulation
accurately mimics Landau-Zener transition dynamics. A coarse step (representing a fast sweep
or large κd) causes a diabatic transition that bypasses population swapping at narrow avoided
crossings. Conversely, a finermesh enables adiabatic following of the hybridized branches [12].

This Floquet-based framework was successfully employed in References [59, 58] using the
Python library floquet [61]. The resulting simulations show good agreement with the full
quantum models presented earlier. The primary advantage of the Floquet formalism lies in
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the significantly reducedHilbert space, at the cost of the needs of performing sweeps over both
the drive frequency ωd and amplitude Ωd, as well as the necessity to time-average observables
over one drive period. Nevertheless, for more complex architectures, Floquet analysis provides
a highly scalable and powerful tool. In the next section, this formalism is applied to probe
parametric processes within a more complex quantum sensing device, specifically a Single Mi-
crowave Photon Detector (SMPD).

6.4 Case study: single microwave photon detector

In this final section, the single microwave photon detector (SMPD) [8, 62] is presented as a
case study to analyze the parametric processes that enable its functionality, specifically the four-
wave mixing (4WM) mechanism responsible for detecting single microwave photons. By em-
ploying the Floquet formalism, we will investigate the operational dynamics of the device and
systematically analyze the drive- and measurement-driven transitions that can compromise its
performance.

In its fundamental architecture, the SMPD comprises two resonators: a buffer mode (ωb) and
a wastemode (ωw), both capacitively coupled to a central transmon qubit (ωq). The detection
protocol operates via 4WM, wherein an incident photon entering the buffer resonator is con-
verted into a localized qubit excitation alongside a photon in the waste resonator [63]. This
parametric conversion is actively triggered by an external pump tone applied at a frequencyωp,
satisfying the energy conservation relation ωb + ωp = ωq + ωw. Following this conversion
step, a dispersive measurement of the qubit state is performed using the waste mode as a read-
out channel: detecting the transmon in its excited state signals the arrival of a photon in the
buffer line. Finally, the qubit is reset to its ground state to repeat the detector cycle.

In physical implementations, the coupling between the qubit and the resonators makes the
system susceptible to the Purcell effect, whereby the qubit can relax by emitting a photon into
the external feedlines. Toprevent these spurious qubit decays, the experimental device typically
features secondary resonators acting as band-pass Purcell filters on both the buffer and waste
lines [62]. For the sake of computational tractability, these Purcell filters are omitted from the
simulations presented here. Future work will investigate whether their inclusion introduces
relevant high-order effects to the parametric dynamics analyzed in the following sections.
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During continuousoperation, thepresenceofdrive-inducedunwanted state transitions (DUST)
causedbymultiphoton resonances from the pump tone, alongsideMIST triggered during read-
out, can be highly detrimental. These spurious transitions disrupt both the measurement and
reset protocols, increasing the dark count rate and degrading the detector’s performance.

In the following paragraphs, the specific device architecture detailed in Reference [62] is an-
alyzed to showcase the application of branch analysis and Floquet simulations to a complex
system with practical utility. SMPDs are currently deployed in several experimental contexts,
including the study of spin systems [1, 2] and the search for dark matter axions [6].

6.4.1 Tracking parametric processes

Following the experimental configuration detailed in Reference [62], the Floquet simulation
is initialized with a qubit frequency ωq/2π = 6.533 GHz, a buffer resonator at ωb/2π =

7.7 GHz, and a waste resonator at ωw/2π = 8.475 GHz. Purcell filters are omitted in this
simplified model. The effective cavity-transmon couplings are defined by the cross-Kerr shifts,
χb/2π = 3.5MHz and χw/2π = 16MHz. The drive frequency ωd/2π is swept from 7.20
to 7.30 GHz, with the drive amplitude parameterized by the induced AC-Stark shift∆ac

q [58].
The Hilbert space is truncated toDt = 11 levels for the transmon andDr = 3 photons for
each resonator, though a more rigorous convergence analysis is warranted for future iterations.
Simulations were executed using a custommodification of the floquet library.

Figure 6.4 displays the resulting scar plot, highlighting the ground state hybridization and fo-
cusing on the target states for 4WM dynamics: |0t, 1b, 0w⟩ and |1t, 0b, 1w⟩ (basis ordered as
transmon, buffer, and waste). Both the branch analysis and the quasienergy spectrum resolve
the avoided crossing between these states, directly confirming their resonant coupling. The scar
plot reveals that as the pump amplitude increases, higher-order processes such as six- and eight-
wave mixing begin to emerge. However, the quasienergy avoided crossings associated with
these events are significantly narrower. Dictated by Landau-Zener adiabaticity conditions, the
probability of these higher-ordermixing transitions occurring remains small. Crucially, within
this operational frequency range, no prominent spurious transitions are observed, which aligns
with the relatively low pump-induced dark count rate α4wm measured experimentally [62].

Despite these insights, several open questions remain. The plot exhibits anomalous dark re-
gions indicating exceptionally low state hybridization; it is currently unclear whether these
features represent true physical suppression or are artifacts of the overlap metric and fitting
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Figure 6.4: (Left) Scar plot illustrating the hybridization of the system ground state
|0t, 0b, 0w⟩ and the primary states driving themixing process. The 4WMtrajectory is indicated
by a solid black line, while higher-order processes are also annotated. The dotted black line
shows the chosen pump frequency ωp/2π = 7.21GHz used for the branch analysis. (Right)
Branch analysis at ωp/2π = 7.21GHz, revealing the onset of higher-order multi-photon pro-
cesses as a function of pump amplitude.

procedure inherent to the Floquet formalism. Furthermore, the theoretical 4WM resonance
condition is slightly detuned from the experimental value. This discrepancy likely stems from
anoverly aggressiveHilbert space truncation or an incomplete physicalmodel, such as the omis-
sion of the Purcell resonators. To resolve these ambiguities, a completely rewritten Floquet
simulation framework and further experimental validation are being pursued.

6.4.2 TrackingMIST

The analysis of MIST during the readout process is computationally simpler than the preced-
ing analysis. In this scenario, the external pump tone is absent, and the readout field applied to
the waste resonator is instead modeled as a classical drive within the Floquet framework. Con-
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sequently, the system configuration is analogous to the one analyzed in Section 6.3, comprising
a single spectator resonator (the buffer mode) coupled to the transmon, with the readout field
(the waste mode) acting directly as the drive.

This classical treatment of the readout field significantly reduces the dimensionality of the
Hilbert space, as it eliminates the necessity of explicitly modeling the waste resonator as an
additional quantized mode. To investigate the onset of MIST, a frequency sweep of this classi-
cal readout drive is performed across the interval [8.4, 8.5] GHz. The resulting scar plot, pre-
sented in Figure 6.5, highlights the hybridization landscape and annotates the spurious state
transitions occurring in the vicinity of the waste resonator frequency, ωw/2π = 8.475GHz.
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Figure 6.5: (Left) Scar plot illustrating the hybridization of the system ground state |0t, 0b⟩
and the two primary states involved in the mixing process. The dotted black line indicates the
frequency position of the waste resonator (readout) at ωw/2π = 8.475 GHz. (Right) The
corresponding branch analysis is also shown.

In this simulation, the readout tone was probed at a substantially higher amplitude, reaching
an AC-Stark shift of 12MHz, which corresponds to amaximumpopulation of approximately
50 photons within the waste resonator. At these high drive strengths, higher-order multipho-
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ton processes begin to emerge. This includes a ten-wave mixing (10WM) process capable of
ionizing the transmon, driving it directly from the ground state to the sixth excited state. How-
ever, similar to the findings in the parametric analysis, these high-order transitions exhibit weak
coupling in the quasienergy spectrum. As a result, the standard operation of the dispersive read-
out remains largely safe from these highly suppressed spurious transitions, even at high photon
number.
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7
Conclusions

This thesis has investigated the comprehensive shielding of superconducting quantum circuits,
addressing both ambientmagnetic field interference and pair-breaking stray radiation. By com-
bining high-permeability ferromagnetic layers with Type I and Type II superconductors, the
proposed magnetic shield achieves a numerical attenuation factor exceeding 105. The highly
modular and compact design ensures robust attenuation across different field and tempera-
ture regimes. The configuration provides effective magnetic shunting at room temperature,
suppressing the ambient field before the superconducting transition and thereby mitigating
the risk of flux trapping and subsequent dissipative effects. To support this design, a suite of
magnetostatic finite elementmethod simulationswas developed, addressing the specificnumer-
ical challenges associatedwithmodelingmacroscopic superconducting domains. Furthermore,
the cryogenic compatibility of the assembly was evaluated, confirming minimal eddy current
dissipation and ensuring proper thermalization of all components.

In addition to magnetic isolation, a primary focus of this work was the establishment of strict
light-tightness to protect the circuits from stray infrared photons. The absorption of these
high-energy photons may generates non-equilibrium quasiparticles, which constitute a major
decoherence channel in superconducting devices. To suppress this quasiparticle poisoning, sev-
eral macroscopicmitigation strategies were implemented, including the geometric engineering
the enclosure lid, the integration of absorptive foam, and the deployment of in-line microwave
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filters. Due to manufacturing time constraints, full experimental validation of the shield was
not completed. Given the variability in the properties of magnetic alloys at cryogenic tempera-
tures, future experimental testing using SQUID magnetometry is required to rigorously char-
acterize the magnetic attenuation. Similarly, the light-tightness measures, such as the inter-
locking lid and stub design, must be validated through experimental quasiparticle tunneling
measurements.

In the last chapter, the concept of shieldingwas extended to the interactions between the quan-
tum system and its control and readout signals. The thesis analyzed how external drive and
readout pulses can induce spurious qubit excitations, leading to a breakdown of the disper-
sive measurement regime. By employing a semi-classical Floquet framework, the behavior of a
realistic quantum sensing device, specifically the SMPD, was successfully simulated. This anal-
ysis tracked the relevant parametric processes and identified the onset ofmeasurement-induced
state transitions triggered by the readout pulses. Futureworkwill focus on improving this com-
putational approach by developing a more performant Floquet simulation framework. Addi-
tionally, integrating tensor network methodologies presents a highly promising path to drasti-
cally reduce the Hilbert space dimensions, enabling the simulation of larger devices and more
complex coupling architectures.
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A
Derivations for magnetic shielding

A.1 Shieldingwith ferromagnetic materials

A.1.1 Analytical results for infinite cylinders

Let consider a infinite long cylinder of inner radius a and outer radius b made of a material
with relative magnetic permeability µr. In the magnetostatic approximation, there is no cur-
rent flowing, therefore ∇ × H = 0. This make more convenient to consider the magnetic
scalar potential ψ defined byH = −∇ψ. This make the Gauss law for the magnetic field be
written as∇2ψ = 0. Now, let consider a cross section of the cylinder, therefore we canwork in
polar coordinates (r, θ) and from separation of variables we find the relation of the magnetic
potential as:

ψ(r, θ) =

(
Ar +

B

r

)
cos θ (A.1)

where A and B are arbitrary constant. Now let consider the three regions inside the shield
r < a, inside the material a < r < b and on the outside r > b. Because of the constrain at
r = 0 and r → ∞, we are constrain on the choice of the constants. By requiring the continuity
of ψ and its derivative−µ ωψ/ωr (normal component ofB = µH) at its boundaries r = a
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and r = b, we recover the expression for the magnetic field in the interior of the shield:

Bint =
4µrB0

(µr + 1)2 − η2(µr − 1)2
(A.2)

where η = a/b. In the thin-shell approximation t = b− a ≪ a and then we can approximate
η2 ≈ 1 − 2t/a, therefore the shielding factor, assuming high permeability materials µr ≫ 1,
we can write the shielding factor as:

S =
(µr + 1)2 − η2(µr − 1)2

4µr
≈ µrt

2a
(A.3)

A.1.2 Multiplicative effect

To analyze how multiple nested shields combine to yield a high total shielding factor, let us
generalize the previous findings using a transfer matrix formalism. Consider a cylindrical in-
terface at a radial position Ri separating two materials: an inner region i with permeability
µi, and an outer region j with permeability µj . The state vectors defining the magnetic scalar
potential in these two regions, evaluated at the interface, are vi(Ri) = (Ai, Bi/R2

i )
T and

vj(Ri) = (Aj, Bj/R2
i )

T .By imposing continuity of the scalar potential ψ and the normal
magnetic flux density µ ωψ/ωr, we obtain the following relations:

Ai +
Bi

R2
i

= Aj +
Bj

R2
i

µi

(
Ai −

Bi

R2
i

)
= µj

(
Aj −

Bj

R2
i

)

These equations can be rearranged into a matrix form by defining an interface matrix Mij ,
which transforms the state vector across the boundary from the outside medium to the inside
medium: (

Ai

Bi/R2
i

)
=

1

2

(
1 + κij 1− κij
1− κij 1 + κij

)(
Aj

Bj/R2
i

)
(A.4)

where we have defined the permeability ratio κij = µj/µi. Symbolically, this boundary trans-
formation is expressed as vi(Ri) = Mijvj(Ri).

WhileMij solves a single boundary interface, a shield consists of layers of finite thickness. We
must therefore propagate the state vector through a continuous material domain k from an
outer radius rout to an inner radius rin. Because the coefficients remain constant within a ho-
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mogeneous medium, we define a propagation matrixP(rin, rout):
(

A

B/r2in

)
=

(
1 0

0 r2out/r
2
in

)(
A

B/r2out

)
(A.5)

Or symbolically, vk(rin) = P(rin, rout)vk(rout). A single shell layer is therefore character-
ized by a composite transfer matrixTlayer that combine the outer boundary, the internal bulk
propagation, and the inner boundary:

Tlayer = MinP(rin, rout)Mout (A.6)

For a multi-layer shield, the complete system requires cascading all individual matrices along
with the propagation matrices representing the free-space gaps between them. For a system of
N concentric shells, the total transfer matrixTtot is given by the following product:

Ttot =
N∏

k=1

TkPgap,k (A.7)

This total transfer matrix links the uniform external field to the field at the center of the shield.
By applying the boundary condition that the field must remain finite at the origin, the total
shielding factor is extracted directly from the upper-left matrix element Stot = (Ttot)11.

Two-layer shield

In the specific case of a two-layer shield, we can simplify the algebra by using the thin-shell
(t ≪ a) and high-permeability (µr ≫ 1) approximations. This allows to decompose each
shell k in terms of its individual shielding factor, Sk.

The total transfer matrix is given byTtot = T2P(a1, a2)T1, whereP(a1, a2) crosses the vac-
uum gap from the inner shell (radius a1) to the outer shell (radius a2):

Ttot =

(
1 + S2 S2

−S2 1− S2

)(
1 0

0 a21/a
2
2

)(
1 + S1 S1

−S1 1− S1

)
(A.8)
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By isolating the upper-left element, we recover the total shielding factor:

Stot ≈ S1S2

(
1− a21

a22

)
+ S1 + S2 (A.9)

A.2 Shieldingwith superconductors

A.2.1 Analytical results for perfect diamagnet

Following the derivation of the field attenuation for an infinitely long cylinder presented in
the previous section, we can similarly determine the magnetic field behavior inside a super-
conducting cup. Consider a closed-bottom cylindrical shell subjected to an external axial field
B0. By employing the magnetic scalar potential ψ such that∇2ψ = 0 we can solve Laplace’s
equation in cylindrical coordinates and enforce the zero-field boundary conditions at the super-
conducting walls. Assuming separation of variables, we decompose the potential as ψ(r, z) =
R(r)Z(z). Substituting this into the Laplace equation yields the following uncoupled ordi-
nary differential equations:

ω2Z

ωz2
= k2Z ρ2

ω2R

ωρ2
+ ρ

ωR

ωρ
+ ρ2R = 0 (A.10)

where we have introduced the separation constant k and the radial coordinate change of vari-
able ρ = kr. The general solution to the axial differential equation isZ(z) = Ae+kz+Be→kz ,
which can be equivalently expressed asZ(z) = C cosh k(z − z0). Setting the open top of the
cup at z = 0, and the closed bottom at z = L, and constraining the field to vanish at the base,
we obtainZ(z) = C cosh k(L− z).

The radial differential equation takes the form of Bessel’s equation, and its solution is the
zeroth-order Bessel function of the first kind, R(ρ) = J0(ρ). Due to the Meissner effect,
the normal component of the magnetic field at the internal wall of the cylinder r = a has to
be zero, therefore J0(ka) = 0. Let α1 ≈ 2.405 denote the first root of J0. This determines
our separation constant as k = α1/a. Consequently, the magnetic scalar potential inside the
cylinder takes the form:

ψ(r, z) ∝ J0
(
α1

r

a

)
cosh

(
α1

L− z

a

)
(A.11)
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By taking the gradient of the scalar potential, we recover the axial magnetic field component:

Bz(z) =
B0

sinh(α1L/a)
sinh

(
α1

L− z

a

)
∼ B0e

→α1z/a (A.12)

where B0 is the applied field at the top opening of the cup. The exponential approximation
holds true for aspect ratios where L ≫ a.
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B
Detailed Geometry and Dimensions

B.1 Shield dimensions
Based on the simulations and analysis presented in Chapter 4, the height of the innermost
copper layer is set to 130mm. The heights of the outer shielding layers are spaced in accordance
with the thermal contraction constraints discussed in Section B.2, yielding a total base height
of 140 mm. The top lid assembly adds an additional 15 mm to the overall vertical profile.

Figure B.1 illustrates the complete 3D designmodeled inAutodesk Inventor. A cross-sectional
view displays the full internal assembly, while panels (a) and (c) detail the lid structure using
a false-color rendering to clearly distinguish the individual material components. The corre-
sponding radial dimensions for each layer are summarized in Table B.1.

B.2 Thermal contraction
When cooling from room temperature to cryogenic temperatures, the materials of the shield
undergo varying degrees of thermal contraction. The specific contraction values for the mate-
rials utilized in our assembly are detailed in Table B.2.

To accommodate this differential contraction between the inner copper core and the outer
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Layer Material Inner diameter Thickness Gap after
0 Cu (OFHC) 80.0 1.0 0.5
1 Aluminium 83.0 1.0 0.5
2 Cryoperm 86.0 1.0 0.5
3 Lead-Tin 89.0 1.3 0.5
4 Steel 1010 92.6 1.0 –

Outer diameter 94.6

Table B.1: Radial dimensions expressed inmillimeters for the diameter, thickness, and the gap
between successive shells of the shield layers.

Figure B.1: Cross-sectional views of the complete shield assembly, equippedwithHERD2 IR
filters installed on the feedthrough ports. (a) and (b) present the axial cross-sections, while (c)
displays a longitudinal cut detailing the underside of the lid and themechanical layer interfaces.
Panels (a) and (c) employ false-color rendering to clearly distinguish the individual material
components.
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shielding shells, a radial clearance of 0.5 mm is instituted between adjacent cylindrical layers.
Because the absolute magnitude of contraction scales with dimension, the axial contraction
along the height of the shield is more pronounced. Consequently, an axial spacing of 1.0 mm
is maintained between the bottom caps of the nested layers.

Material ∆L/L (300 K→ 4 K) Contraction at r = 40mm
Copper 0.33% 0.13 mm
Aluminum 0.42% 0.17 mm
Lead 1.0% 0.40 mm
Steel / Cryoperm ∼0.20% ∼0.08 mm

Table B.2: Relative thermal contraction of shielding materials from 300 K to 4 K, and the
corresponding absolute radial contraction for a typical layer radius of r = 40mm.

At themechanical interface between the shielding layers and the primary copper top lid, the de-
sign must ensure unconstrained dimensional changes while maintaining reliable thermal con-
tact. To address this, the structural mounting interfaces feature radially slotted holes (see panel
c of Figure B.1). This configuration allows the individual layers to slide radially during the
cooldown process, effectively decoupling the stresses induced by differential contraction from
the structural integrity of the assembly.

B.3 Thermalization
Proper thermalization of the shield is established through direct contact between the mixing
chamber plate of the dilution refrigerator and the innermost copper layer. At millikelvin tem-
peratures, thermal boundary resistance, governed by the Kapitza effect [64], requires minimiz-
ing the number of physical interfaces between dissimilar materials. The mechanical strategy
used to manage thermal contraction concurrently provides a highly reliable thermal interface.
Because each individual shielding layer is bolteddirectly to theprimary copper structure (which
is robustly anchored to the mixing chamber) rather than to adjacent shells, the design achieves
a parallel thermalization path. This configuration offers significantly higher overall thermal
conductance than a cascaded or series-connected architecture.

A strict design priority is the thermal anchoring of the sample holder. This is addressed using a
dedicated cold finger bolted internally to the top copper lid, establishing direct, high-pressure
contact with the main copper body. The exclusive use of copper-to-copper interfaces along
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this primary cooling pathminimizes thermal impedancemismatches andmaximizes boundary
conductance. Furthermore, dedicated anchor points on the cold finger permit the attachment
of flexible copper braids, ensuring that the infrared filters are adequately thermalized to the
mixing chamber stage.
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