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Introduction

Local cohomology was introduced by Grothendieck in the early 1960s, in part to answer a conjecture
of Pierre Samuel about when certain types of commutative rings are unique factorization domains.
In the area of algebraic geometry, local cohomology modules arise in a natural way. Indeed, given
a function defined on an open subset of an algebraic variety, they measure the obstruction to
extending that function to a larger domain. But in addition to this, local cohomology allows us to
answer many seemingly difficult problems such as the minimum number of defining equations of
algebraic sets or their connectedness properties.

There are many equivalent ways to define local cohomology. From the homological algebra
perspective, one of the easiest definitions is the following: given an ideal a in a commutative ring,
for each module we consider the submodule of elements annihilated by some power of a. This
operation is functorial but is not exact and so the theory of derived functors leads us to define
the local cohomology functors H{(_), which measure the failure of this exactness. Typically, local
cohomology modules are not finitely generated, and in this sense they may seem "big" and difficult
to work with. However, they frequently have properties that make them manageable objects of
study. Our main interest is to study their finiteness properties.

In the first chapter we will study the local cohomology functors for modules over Noetherian
local rings. In this context, it turns out that all the local cohomology modules with respect to the
maximal ideal H (M) are Artinian when the module M is finitely generated [Theorem .

The main problem we consider in the following is how to extend this result to the non-local case
and to non-maximal ideals: local cohomology modules are torsion, and for m-torsion modules N
over Noetherian local rings, one may show that being Artinian is equivalent to Ext’ (R/m, N) being
finitely generated for all 4 [Theorem. Modules which satisfies this latter property with respect
to an ideal a are called a-cofinite modules, and the above led Grothendieck to conjecture that
Hi(M) is a-cofinite whenever M is a finitely generated module over a Noetherian ring. Hartshorne
showed in [Har70] that this conjecture is false, and was able to construct a counterexample. At
the end of the chapter we will present this counterexample to Grothendieck’s conjecture, and in
the remaining of this thesis we will describe a way to correct it, using the language of derived
categories, whose construction and basic properties will be recalled in the second chapter.

The idea is to move our set-up from the category of modules over a ring Mod(R) to its derived
category D(R) and instead of considering the classical derived functors H:(M), we will consider
the total right derived functor RI'4(M), which is a complex whose i*" cohomology is equal to
HE(M). In this new setup we will define the triangulated subcategory of cohomologically a-adically
complete complexes D(R)q—com and the one of cohomologically a-torsion complexes D(R)q_tor--
In the section dedicated to the MGM equivalence we will show that the total right derived functor
RT'4(_) is actually an equivalence between these two triangulated categories. Then, we will define
cohomologically a-adically cofinite complexes as bounded complexes which are images through the
functor RI'y(_) of bounded complexes with finitely generated cohomologies. Since these latter
complexes are cohomologically a-adically complete, it follows that the cohomologically a-adically
cofinite complexes are cohomologically a-torsion.

Finally, in the end of the third chapter, we will prove that over a Noetherian and a-adically
complete ring R, the bounded cohomologically a-adically cofinite complexes are exactly the cohomo-
logically a-torsion complexes N*® such that Ext%(R/ a, N*) is finitely generated for every i [Theorem
. So, we can conclude that given a finitely generated module M over a Noetherian and a-
adically complete ring R the complex RI'(M) is cohomologically a-adically cofinite. Indeed, we
will end the chapter understanding this result in the context of the Hartshorne’s counterexample.






Chapter 1

The Local Case

All the rings R are supposed to be commutative.

1.1 Local Cohomology Functor

Definition 1.1 (a-torsion functor).
Let R be a commutative ring, a C R an ideal. Denote by a” = {ay ... a, |a; €aVi=1,...,n}.
Given an R-module M define its a-torsion as

Fa(M):={meM|a"-m=0 for somen € N} = U(O:Ma”)
neN

where (0 :pr a™) is the set of elements m in M such that a™-m = 0.

Remark 1.2.

Clearly, I'y(M) is a submodule of M. When I'q(M) = M, M is said to be an a-torsion module.
Moreover, given a homomorphism of R-modules f : M — M’ we have that f(T'q(M)) C T'q(M'),
and so we can define the homomorphism

La(f) == f|Fn(M) :To(M) — Fa(M/)
Proposition 1.3. T'y(_) is a covariant left-exact functor.

Proof. Obviously, I'a(idar) = idr,ar) and a(g o f) = La(g) o T'a(f) for every R-module M and
pair of morphism M ENS VOENS VI So, I'y(_) is a covariant functor.
Given a short exact sequence

0MLNL K0

notice that 'y (f) is still injective and Im(Ty(f)) = Im(f)NT4(N) = Ker(g) NTy(N) = Ker(Ty(g)).
O

Remark 1.4. In general T'y(_) is not exact.
Take R = Z and a = (2). Notice that I';3)(Z) = 0 and I'(3)(Z/(2)) = Z/(2). Applying I'i2)(_) to
the short exact sequence

O—>Zﬁ>Z—>Z/(2)—>O

gives the sequence
0-0—-20—-2Z/(2)—=0

which is not exact.

Definition 1.5 (Local Cohomology Functor). _
The ;" right derived functor of I'y(_) is denoted by Hj(_) for every j > 0.
Given an R-module M, we call j** local cohomology module of M with respect to a

H3 (M) = H’(Ta(E*))

a



where E* is an injective resolution of M and I'y(E*®) is the complex with components Iy (E™) and
differentials I'q(d™).

Example 1.6. 4
Take R =Z an p = (p), with p € Z prime. We want to compute H}(Z) for j > 0.
An injective resolution of Z is

E=0—-Q—Q/Z—0)

By a computation we can show that
I'(Q) = 0 and T (Q/Z) = {q €Q/Z|q= 1 for somer €L, k> 0} >~ 7[1)/2
and so we have that the sequence I'y(E®) = (0 - 0 — I',(Q/Z) — 0) gives
H}(Z) =0 for j #1 and Hy(Z) = Z[1]/Z

Now we want to summarize the main properties of these functors. The following corresponds
to Proposition 7.3 and Theorem 7.8 of [ILLT07]:

Proposition 1.7. Let R be a ring, a C R an ideal and M € Mod(R). Then:
1. HY(M) = T4(M).

2. Hg(M) is a-torsion Vj > 0.

3. HI(M) = HQE(M) Vi > 0.

4. Let {Mx}xea a family of R-modules: Hﬁ( h M)= P Hg(M)\) Vj > 0.
AEA AEA

5. There is a natural isomorphism of functors Hi(_) = lignExt%(R/a",i).
n

6. Every short exact sequence 0 — M — M’ — M" — 0 induces a long exact sequence

o= HITY(M) — HI(M) — HI(M') — HI(M") — HIVY(M) — ...

1.2 Injective Modules over Noetherian Rings

Since the local cohomology is computed using injective resolutions, it is fair to ask if (or under which
assumptions) there is a classification of injective modules and, in general, of injective resolutions.

Theorem 1.8 (Baer’s Criterion [ILLT07, Theorem A.2]).
Let R be a ring and E an R-module. Then E is injective if and only if every R-linear map f :a — E
can be extended to f: R — E for every ideal a C R.

Proposition 1.9. E; @ E5 is an injective R-module if and only if Eq, E5 are injective R-modules.

Example 1.10 (Divisible Modules).
Let R be an integral domain. An R-module M is called divisible if for every non-zero element
r € Rand m € M there’s an element n € M such that r - n =m.

1) If M is injective then M is divisible.
Let r € R and m € M be two non-zero elements. Consider the ideal a = r - R and the R-linear
map f : a — M such that f(r-s) = s-m. By injectivity of M exists f: R — M extending f
and m = f(r) = f(r) = r- f(1). Taking n := f(1) we have the thesis.

2) If R is a PID: M injective if and only if M is divisible.
Let a C R be a non-zero ideal and f : a — M an R-linear map. By hypothesis there is 7 € R
generating a = (r) and by divisibility there is n € M such that r-n = f(r). Define f(s) := s-n,
this extend f and so M is injective.



Definition 1.11 (Essential Extension).
Given two R-modules £ and M. F is an essential extesion of M, denoted by M <. E, if :

(i) M C E is a submodule,
(ii) For every non-zero submodule N C E: M NN # 0.

An essential extension E of M is maximal when it is not contained in another essential extension
E' of M.

Example 1.12.

Let p C R be a prime ideal, the set R\ p is a multiplicatively closed set of nonzerodivisors in R.
We denote by R, = {Z | r € R, s € R\ p} the localization of R at p.

It turns out that R <. R, is an essential extension. Indeed, the localization map 7 : R — R, is
injective and any ideal b C R, is of the form b = w(a)R, for some ideal a C R and since 7(a)
contains a copy of a by injectivity, RN b # 0.

Remark 1.13.

1) Let M C Ly C Ly be non-zero R-modules. Then M <. Lo if and only if M <. L, and
Ly <¢ Ls.

2) M is an injective R-module if and only if M has no proper essential extensions.

Proof of 2. If M is injective, we can prove that for every module M’ which strictly contains M
there is a non-zero submodule of M’ disjoint from M. In fact, in such a situation, the short
exact sequence

0—-M<—M - M/M—0

splits by injectivity of M. So, M’ = M & S with S = M'/M and M NS =0.

On the other hand, by the fact that every module M embeds in an injective module I, let
¢ : M — I be the embedding and S be the maximal submodule of I disjoint from (M), which
exists by Zorn’s lemma. Notice that M = o(M) = o(M)/S and for every non-zero submodule
N C1I/S,since N = N'/S for some S C N’ C I and p(M) N N’ # 0 by maximality of S:

(p(M)/S)NN #0
So, M =2 p(M)/S <. I/S and by hypothesis I/S = M. It follows that the short exact sequence
0=+S—=I5M—=0

is right split trough ¢, indeed mp(M) = (M )/S = M. So, I 2 S & M and M is injective. O

From these last remarks we can guess that, when a maximal essential extesion of a module
exists it is injective. We will show a deeper relation between injectives an essential extensions with
the following theorem.

Theorem 1.14. Let R be a ring and M an R-module. The following are equivalent:
1. Iis a mazimal essential extension of M.

2. 1 is injective and M <. I.

3. I is minimal among the injective modules that contain M.

Moreover, such a module always exists and it is unique up to isomorphism.

Proof. The equivalence of the statements is proved in [Lam99, Theorem 3.30]. For the existence
and the uniqueness see [Lam99, Lemma 3.29, Corollary 3.32]. O

Definition 1.15 (Injective Hull).
A module satisfying the above conditions is called injective hull of M and it is denoted by Er(M).



Remark 1.16. An R-module M is called indecomposable if it cannot be written as a direct sum
of two proper non-zero submodules. For injective hulls holds the following property:

M is indecomposable if and only if Er(M) is indecomposable

Proof. Let M be indecomposable. Suppose by contradiction we have the decomposition Eg(M) =
J @ J', then by definition of injective hull M N J and M N J’ are both non-zero submodules of M
and M =(MnJ)e(MnJ).

On the other hand, let Er(M) be indecomposable. If M = N&N’, then Eg(N) and Er(N') are
injective submodules of Eg(M), in particular they are direct summands and so they are both equal
to Er(M). It follows that Eg(N) = Eg(N’) and so N C Er(N’), that means N NN’ # 0. O

These last objects are very useful to construct a standard injective resolution.

Definition 1.17 (Minimal Injective Resolution).
Let M be an R-module. We call minimal injective resolution of M the complex

d° dt d?
0 E' S PSS B2 5

where E° = ER(M), E* = Egr(E°/M) and E*t! = ER(E!/E*~1) for i > 1 and the differentials
are the composition of the natural projection onto the quotient and the injection into the injective
hull. Indeed, B! = Eg(Im(d?)) for i > 0.

In general, injective modules are not finitely generated neither have a standard direct sum
decomposition. So, without further assumptions on the ring there is no hope to get some nice
results. But we will discover that, in Noetherian rings, injective modules, and hence minimal
injective reslutions, have a complete characterization. The following results are proved in [Lam99,
Theorem 3.48].

Theorem 1.18 (Bass - Papp Characterization).
A ring R is Noetherian if and only if every direct sum of injective R-modules is injective over R.

Corollary 1.19.
Every injective module over a Noetherian ring is a direct sum of indecomposable injective modules.

It is immediate, from this corollary, that the most important injective modules over a Noetherian
ring are the indecomposable ones. We can say much more about them using associated primes of
a module.

Definition 1.20.

Given an R-module M, a prime ideal p is said to be associated to M if p = (0 :g m) for some
m € M. We will denote the set of the prime ideals associated to M with Ass(M). While, the set
of all prime ideals will be denoted with Spec(R).

Lemma 1.21. Let R be a Noetherian ring and M a non-zero R-module. Then:

1. Ass(M) # 0.

2. U »= U (0:gm).
peAss(M) meM

Proof.

1. Let S be the set of ideals of the form (0 :g m) for some non-zero element m € M. Let
p = (0:r ) be a maximal element in S, which exists since R is Noetherian. We claim that p is a
prime ideal of R.

Let rs € p and suppose that s is not in p. Then r € (0:5 sz) and p C (0 :g sz). By the maximality
of p, it holds the equality and therefore r is in p.

2. Clearly, any element of an associated prime is a zero-divisor for M. On the other hand, if
rm = 0, then (r) is contained in (0 :g m) which is contained in a maximal element of S, i.e. in a
prime p € Ass(M). O



We have to mention now a few basic results about how injective modules behave with localizations,
and, surprisingly, everything turns out to work in a very easy way. The following lemma is about
the localization at a prime ideal, but it can be generalized to every multiplicatively closed subset.
The general version can be found in [ILLT07, Proposition A.22].

Lemma 1.22. Let R be a Noetherian ring and p € Spec(R):
1. If E is an injective R-module, then Ey is an injective Ry-module.

2. If M <. E is an essential extension of R-modules (resp. E = Er(M)), then M, <. E, is an
essential extension of Ry-modules (resp. Ey = Eg, (M,)).

3. If E® is a minimal injective resolution of M over R, then EY is a minimal injective resolution

of My over R,.

Theorem 1.23.
Let R be a Noetherian ring, p € Spec(R) and set K(p) = R, /pRy and E = Er(R/p). Then:

1. For every x € R\ p the map E 2 E is an isomorphism. Moreover, E,=FE.
2. Ass(E) = {p} and E is p-torsion. In particular, if ¢ £ p then Er(R/q), = 0.
3. Hompg, (K(p), £) = K(p) and Homg, (K(p), Er(R/q)y) = 0 for every prime ideal q # p.

Proof.

1. Let 2 € R\ p and consider the map E =+ E. For every r # 0 € R/p we have that = - r # 0,
otherwise = - r € p which implies that r € p. So R/p N Ker(z-) = 0. Since E is an essential
extension of R/p, it follows that Ker(z-) = 0 and so Im(z-) & E. Thus Im(z-) is an injective
module containing a copy of R/p as a submodule. We can conclude that Im(z-) = E and the map
is surjective.

Moreover, the localization map E — E, is an isomorphism. Indeed, { = % if and only if there
isxz € R\ psuch that - (e-1—0-1) = x-e = 0, by injectivity of z- it happens if and only if
e = 0. To prove the surjectivity, let £ € Ej, by surjectivity of multiplication by x, e can be write

ase=x-€ and so £ = = <.
x x 1

2. Let q = (0:p e) € Ass(E) be a prime ideal associated to E. By definition of E: R/pNR-e#0
and so there is 7 € R\ q such that r - e € R/p, which implies that p = (0 :g - ¢€). Since R is
commutative, it holds that (0 :g 7-¢) = ((0 :g €) :r 7). We can conclude that p = (q:rp r) = ¢
and so Ass(FE) = {p}.

Pick an element e € F and let a = (0 :p €), one can notice that R/a =2 R-e C E and so
Ass(R/a) C Ass(E) = {p}, which is equivalent to say v/a = p [Mus| Proposition 2.3]. It follows
that e € I'(E) = I'y(E) by Proposition [1.7 (3), so T',(E) = E.

In particular, given a prime ideal q such that q ¢ p then exists z € q\ p and for every e € Er(R/q)
q'-e = 0 for some ¢t € N. It follows that for every e € Eg(R/q)p: € = % = 0andso Egr(R/q), = 0.

3. Let q € Spec(R). If g £ p then Er(R/q), = 0 and so Hompg, (K(p), Er(R/q)y) = 0.
If g C p then every homomorphism ¢ : K(p) = Er(R/q), is uniquely determinated by ¢(1) and it
has to be such that p(pR,) = pR, - ¢(1) = 0. It follows that

Hompg, (K(p), Er(R/a)p) = (0 :5,(r/q), PRy)

If this is not 0, then 3 e € Er(R/q) such that p-e=0,1ie. pC (0:ge) Cq, and so p =q.
If p = q: Hompg, (K(p), Ey) = (0 :g, pRy) and this is a K(p)-vector space, since every module
over a field is both injective and projective, the inclusion K(p) < (0 :g, pR,) splits and since
K(p) = (R/p)p C Ey is essential, it follows that (0:p, pR,) = K(p). O

Proposition 1.24.
Let R be a Noetherian ring. The assignment which sends a prime ideal p to Er(R/p) is a bijection
between Spec(R) and the set of isoclasses of indecomposable injective R-modules.



Proof. We first show that the map is well-defined, i.e. Egr(R/p) is indecomposable for every
p € Spec(R). By contradiction let Er(R/p) = J1 @ Ja, it follows that Jz; # 0 € R/pNJ; for i=1,2.
Since R/p is a domain z1 - x5 # 0 but lies in J; N Jo = 0.

To prove the surjectivity, let M be an indecomposable injective R-module. By Lemma m (1),
we can find p € Ass(M) and so an injection i : R/p — M. We can suppose R/p C M and
so Er(R/p) C Er(M), since both M and Egr(R/p) are injective submodules, they are direct
summand of Er(M), which is indecomposable. It follows that M = Er(R/p).

For the injectivity, let p,q € Spec(R) such that there is an isomorphism Er(R/p) = Er(R/q), it
follows that {p} = Ass(Er(R/p)) = Ass(Er(R/q)) = {q}. O

Corollary 1.25 (|ILLT07, Theorem A.21]).
FEvery injective module E over a Noetherian ring R has a direct sum decomposition of the form

E= P Er(R/p)®

peSpec(R)
and the numbers p, are independent of the decomposition.

Definition 1.26 (Bass Numbers).
Let R be a Noetherian ring, M an R-module and E*® a minimal injective resolution of M over R.
According to Corollary for each component E? we have the following decomposition

Ei = @ ER(R/p)GB’“(p’M)
peSpec(R)

The number u;(p, M) is called i** Bass number of M with respect to p.

Theorem 1.27.
Let R be a Noetherian ring, M an R-module and p € Spec(R), set K(p) = R, /pR,.

wi(p, M) = rankK(p)(Ext%F (K(p), My)) for every i >0

where the action of an element k € K(p) is induced by the map K(p) LN K(p).

Proof. Let E* be a minimal injective resolution of M over R. From Lemma (3), By is a
minimal injective resolution of M, over R, and by Theorem (2) and the fact that localization

commutes with direct sums ()
% Duqilq,
Ep = @ ER(R/q)p” a
q€Spec(R)
qaCp
i.e. the Bass numbers of M and M, are the same for the ideals q C p.
Now consider the complex Hompg, (K(p), E3):

0 = Homp, (K(p), E§) ““= Homp, (K(s), E}) = Homp, (K(p), E2) == ...

We claim that all the maps in this complex are the zero maps, i.e. for every homomorphism
¢ : K(p) — B} the composition d' o ¢ = 0. Let p(x) # 0 € Ey, by the minimality of Ey we have
that B} = Eg, (Im(d""")), so 7-¢(x) # 0 € Im(d*~") for some r € R, \ pRy. Since r has an inverse
in Ry, it follows that ¢(z) € Im(d~!) and so d*(¢(x)) = 0.

By this last claim Extzl';{p (K(p), My) = Hompg, (K(p), E;) and since K(p) is finitely generated over
Ry, we have that Hompg, (K(p), ) commutes with direct sums, and so

Hompg, (K(p), E}) = @ Home(K(p),ER(R/q)p)eam(q,M)
q€Spec(R)
aCp

The thesis follows from Theorem [1.23] (3):
Extip, (K(p), M) = Hompg, (K(p), Er(R/p))" M) = K(p)r P20,



Lemma 1.28. Let R be a Noetherian ring, a C R an ideal and M an R-module such that aM = 0.
Then M is also an R/a-module and M is finitely generated over R if and only if M is finitely
generated over R/a.

Proof. For every m € M and r € R, since a-m = 0, it follows that rm = 7m in M. So, for every
my,...,mi € M we have that Rmy + --- 4+ Rmy, = (R/a)mi + - - - + (R/a)my,. O

Corollary 1.29. Let M a finitely generated module over a Noetherian ring, then for every prime
ideal p € Spec(R) all the Bass numbers p;(p, M) are finite.

Proof. Let R be a Noetherian ring and p € Spec(R). The ring R, is a Noetherian local ring
with maximal ideal pR, and M, is a finitely generated Rp-module. Denote as usual the residue
field as K(p) = R,/pR,. Since K(p) and M, are both finitely generated over R,, it turns out
that Exthp (K(p), My) is a finitely generated R,-module for every ¢ > 0 [Rot09, Theorem 7.36].
Since every element of K(p) is annihilated by the ideal pR,, the same holds for the modules
Extlép (K(p), My). So, by Lemma they are finitely generated also as K(p)-modules. Hence,
the Bass numbers p;(p, M) are finite Tor every ¢ > 0. O

1.3 Back to Local Cohomology

Now that we have a deep characterization of the injective modules and of the minimal injective
resolutions, we can obtain nice results also in the context of local cohomology. Indeed, as we
mentioned in the first section, the torsion functor commutes with direct sums and so, for example,
to compute this functor on an injective module over a Noetherian ring, it is sufficent to compute
it on the indecomposable injectives.

Theorem 1.30. Let R be a Noetherian ring, a C R an ideal and p € Spec(R).

Er(R/p) if aCp
0 otherwise

Fu(ER(R/p)> = {

Proof. By theorem 1.3, E = Er(R/p) is p-torsion and I'y(E) C I'y(E) for every a C p.

If a ¢ p, the intersection aN R\ p is non-empty and multiplicatively closed, and so 3z € a* "R\ p
for every ¢t € N and multiplication by z in Eg(R/p) is injective. It follows that at - e # 0 for every
e€ E ie. T'\(F)=0. O

Corollary 1.31. Let R be a Noetherian ring, a C R an ideal. If E is an injective R-module, then
the module T'y(E) is still injective.

Proof. By Corollary [[.25] F is an injective R-module if and only if it can be written as

E= & ErR/p)®

peSpec(R)

From Proposition (4) and the previous theorem, it follows that

To(E)= P Er(R/p)®*
peSpec(R)
aCp

O

Remark 1.32. Let (R,m) be a Noetherian local ring and M an R-module.

Some of the proprierties of the local cohomology modules H# (M) depend on the properties of the
injective hull of the residue field Fr(K), where K = R/m, in particular on the properties which
are inherited by direct sums, quotients and submodules.

Indeed, let E®* be a minimal injective resolution of M, by the previous theorem follows that

Cw(E®) =0 — Eg(K)Fe™M) —y Brp(K)m ™M) pp(K)r(mM)

and so all the modules Hi, (M) are quotients of submodules of Eg () (™M),
If the module M has finite Bass numbers p;(m, M), we can look at the properties inherited by
finite direct sums, like Artinianity, Noetherianity, having finite length, etc.
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1.4 Matlis Duality

By the previous remark, we know that of particular importance is the injective hull of the residue
field of a Noetherian local ring.

We will write (R, m) to mean a Noetherian local ring R with maximal ideal m and we will denote
with K = R/m the residue field.

The following results about completions can be found in [AM69].

Definition 1.33. Let (R, m) be a Noetherian local ring, the Matlis dual of an R-module M is the
module MY = Hompg (M, Er(K)).

Lemma 1.34. Let (R,m) be a Noetherian local ring and M an R-module. Then, the map
viM — M"Y, where x+— v, and v, (f) = f(x)

is injective. In particular, (_)V is faithful, i.e. MY =0 if and only if M = 0.

Proof. Let x € M be a non-zero element and set L = R-x C M. Notice that L/mL is an R/m-
vector space generated by one element and so L/mL = K, in particular T — 1. Consider the
composed map

f=L>K<SE

Since E is an injective module, f can be extended to a map f : M — E. It follows that

vo(f) = f(z) = f(z) = i(1) # 0.

Definition 1.35 (a-adic Completion).

Let R be a commutative ring, a an ideal of R and M an R-module.

The natural surjections ... - M/a*M — M/a>M — M/aM — 0 give an inverse system, whose
inverse limit is called a-adic completion of M, denoted by M or Ay (M) when we want to underlying
the functorial property of this operation. More formally:

M =lim(M/a'M) = {(..., 3,72, 701) € [ [ M/a’M | mis1 —m; € a’M}

There is a natural homomorphism 75 : M — M where v (m) = () ien.

Now we will mention some basic results about completions, which can be useful for the understanding
of what follows:

(1) Ker(rar) =’ M.

(2) Risa ring and 7 : R — Ris a flat ring homomorphism, i.e. it makes R a flat R-module.

(3) M is an R-module and 7 is compatible with the structures, i.e. Tr(r) - (M3)ien = 7 - (M) ieN
for every r € R and (Th;);eny € M.

(4) If R is a Noetherian ring, then also R is Noetherian as a ring.
(5) If (R,m) is a local ring, then (R, mR) is local.
(6) If M is a finitely generated R-module, then M=~RoprM.
In particular, Misa finitely generated R-module and if R is a-adically complete, then M = M.
(7) R/a'R =~ R/a" for every i > 0, and so:

If M is a-torsion, then M = R r M. In particular, it has an R-module structure.
If M, N are both a-torsion, then Homy(M, N) = Homp(M, N).
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Theorem 1.36 ([ILL"07, Theorem A.31]). Let (R,m) be a Noetherian local ring, R its m-adic
completion, K = R/m and E = Er(K).
The map R — Hompg(FE, E), where r — (e — 1 - €), is an isomorphism.

Corollary 1.37. Let (R,m) be a Noetherian local ring, K = R/m, then Er(K) is an Artinian
module.

Proof. Consider a descending chain of submodules ... C E3 C Fy C E; C ER(K).
Applying the Matlis functor, it gives a sequence of surjections

and, since R is a Noetherian ring, the ascending chain
Ker(R — EY) C Ker(R — EY) C Ker(R — EY) C ...

stabilizes. It follows that EY = E}, | for every i > n for some n € N.
By exactness of (_)V, we have the two short exact sequences

0— Ei+1 — F, — Ei/E7;+1 — 0

0= (Ei/Ein1)” — EY S EY, —0

from the last one, we can conclude that (E;/F;11)Y = 0 and so by Lemma E;/E;11 =0.
It follows that E;; = E; and also the descending sequence stabilizes.

Theorem 1.38. For every finitely generated module M over a Noetherian local ring (R, m) all the
cohomology modules Hi, (M) are Artinian.

Proof. As it is proved in Corollary all the Bass numbers p;(m, M) are finite. By Remark
all the cohomology modules H3, (M) are quotients of submodules of finite direct sums of Fr(K),
so the Artinianity of the latter is inherited by all the cohomologies. O

Theorem 1.39. Let (R, m) be a Noetherian local ring, K = R/m and M an m-torsion R-module.
Then M is Artinian if and only if all the Bass numbers p;(m, M) are finite.

Proof. In the case in which all the Bass numbers with respect to m are finite, we have the same
situation as for a finitely generated module, i.e. all the local cohomology modules H{ (M) are
Artinian. Moreover, since M is m-torsion, we have that M = I'y,(M) = H (M).

On the other hand, let M be Artinian. Since M is m-torsion, we have that (0 :py m) <, M is an
essential extension, and so Er((0 :3y m)) = Er(M). Indeed, for any non-zero element x € M, let
t be the smallest integer such that m*z = 0, then m‘~tx C (0 :p;y m) N Rz. Moreover, (0 :3; m) is
Artinian and it has a K-vector space structure (it is isomorphic to Homg (K, M)), so it is a finite
dimensional K-vector space, i.e. (0:3 m) = K" for some n € N. In particular, Er(M) = Er(K)"
and the Bass number uo(m, M) = n is finite.

Notice that Eg(M) is m-torsion by Theorem [1.23] (2) and Artinian by Corollary so it is also
Egr(M)/M. Since, in the minimal injective resolution E®, E! = Er(Eg(M)/M), it follows that E*
is again a finite direct sum of Er(K), hence also the Bass number pq (m, M) is finite. By induction
on ¢ we have the finiteness for all the Bass numbers. O

Corollary 1.40. Let (R, m) be a Noetherian local ring and M a finitely generated R-module.
Then Exty, (K, Hy(M)) is finitely generated over R for every i,j > 0.

Proof. Since the localization by m is trivial, in the sense that M., = M for every module M, in
general the Bass numbers are p;(m, M) = rankg(Ext% (K, M)). Combining Theorem and

we have that Exth (K, M) is finitely generated over K for every i. So, by Lemma | they
are finitely generated R-modules. O

Since we mentioned the Matlis duality, we have to state also the following important theorem,
which will explain what the word "duality” stands for: the Matlis functor gives an anti-equivalence
between the categories of Artinan and Noetherian R-modules.
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Theorem 1.41 (Matlis Duality [ILL"07, Theorem A.35]).
Let (R,m) be a complete Noetherian local ring and M an R-module:

1. If M is Noetherian (resp. Artinian), then MY is Artinian (resp. Noetherian).

2. If M is Artinian or Noetherian, then the injective map M — MYV is an isomorphism.

1.5 The Non-Local Case: A Counterexample

The first attempt to generalize the result in Theorem [I.38]to a non-local ring R and a non-maximal
ideal a was by replacing the Artinianity with the weaker condition to have finitely generated
Ext%(R/a, )-modules [Corollary . The new aim was to find when for a module M the local
cohomology modules Hj (M) have this finiteness property.

In particular, Grothendieck conjectured that for a finitely generated module M over a Noetherian
ring R the modules Extlé(R/ a, HJ(M)) are finitely generated for every i, > 0. But Hartshorne
showed with the folllowing counterexample that this was false.

Example 1.42 (Hartshrone [Har70]).

Let R = K[z, y][[u, v]] be the ring of formal power series in the variables u, v with coefficents in the
ring of polynomials over a field K in the variables x,y. Choose a = (u,v) be the ideal generated
by the elements u,v and M = R/(zu + yu). Notice that R is Noetherian and M is a finitely
generated R-module. We want to show that Hompg(R/a, H2(M)) is not finitely generated, i.e. the
Grothendieck’s conjecture fails for ¢ = 0 and j = 2.

It is well known that there is a natural isomorphism of functors [Proposition (5)]

Hi(L) = lim Exty(R/a™, _)
but we can find a further characterization in our example which will be useful for the following

computations.

Proposition 1.43. Denote by a™ = (u™,v™). Then
lny Bt (R/a™),_) & lny Extl (R/a" )
Proof. We first show that for any n € N, it holds that

a2n71 C aﬁﬁ Ca”

2n—1 . .
Indeed, an element of a®*~! is of the form a = > 7o~V =% with r; € R. By splitting the
i=0
sum in k <n—1and i > n we find s,t € R such that a = su™ +tv", so a € a(™. The containment
a™ C a” is strightforward.
From the identification Hompg(R/a, M) = (0 :ps a), it follows that for every R-module M there is
a containment of Hom-modules

Homp(R/a", M) C Homg(R/a'™, M) C Homp(R/a®>" "1, M)

Since the index set {2n — 1},¢n is a cofinal subset of N (i.e. for any n € N there is an m € N such
that 2m — 1 > n), from the theory of direct limits we have that

hﬂHomR(R/aQ"_l,i) ~ limHompg(R/a", _)=: L

Since the direct limit is an exact functor: it respects the above inclusions

L = lim Homg(R/a", M) C lim Homg(R/a"™, M) C lig Homp(R/a*" "', M) = L

And it commutes with the cohomology functors H'. So, given an injective resolution M — I®, for
every ¢ > 0 we have that
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lgExtR(R/a(”) M) ngHl(HomR(R/a(”) I%) = Hi(l'gHomR(R/a(”) 1) =

H' (hi>nHomR(R/a" I')) = lngZ(HomR(R/a" I°) = lgnExtR(R/a , M)

O

We start computing H:(R) and to do this we want to use the latter proposition. Let us take

(] RN

Pt=(0—-R—=>R®R-—>R—0)

as a projective resolution of R/a(™. Applying the functor Homg( ,R) we get the complex
concetrated in degrees [0, 2]

L] [0 ]

Homp(Py,R)=(0R— R®&R— R —0)
It follows that

(n) _ ‘ lim R/a™  fori=2
R/a Jori=2 and so Hy(R)= 7111

<t (R/a™ R) —
Extp(R/a™, R) { 0  fori#2 0 fori#2

Remark 1.44. Recall that the direct limit is defined as follows
lim R/a") = (@R/a(">) / S

where S = ({(...,0,7,...,—wW "I . 1;,0,...) | i € N,r; € R/a j > i}) g
So, every element of the direct limit can be represented by just one element of R/a(™ for n
sufficiently large. Indeed, let n be the last non-zero entry of the sequence, we have that

[(r1,... 7, 0,...)] = l(O,...,Zu"iv"iri,O,...)] .

n n—
Moreover, notice that the element Y u"~‘w"~%r; can be written uniquely as Z u*v'ks with
s,t=0

=1 s

kst € Kz, y].
We can find a more menageable identification for H7(R). Let N be the free K[z,y]-module
generated by the set {u'v? | i,j < 0} where the R-module structure is given by the followng rules:
i utol ifi4+1<0
u-u'r! = Co
0 ifi+1=0

v v = uid Tl if j+1<0
0  ifj+1=0

We achieve the identification N = th/ a(™ identifying each element u’v/ with the class of the

n
element (...,0,u* v+ 0,...) for n sufficiently large. Indeed, since for every n > max{|i, |j|} all
the elements (..., 0, u*™ v 0,...), with the only non-zero entry at positon n, belong to the same
class, the assignment is well defined and injective. By the previous remark every element of the

n—1 n—1
direct limit can be written as [(0, R S At 0 T | O )] and it is the image of Y w® 0! "k,
s,t=0 s,t=0

so the assignment is also surjective.

Now consider the short exact sequence

0— R B M0
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Applying the functor I'y(_) we obtain the long exact sequence in cohomology
0— H\(M)—=NEL N = HE (M) =0
where ¢ is again the multiplication by zu + yv and so H2(M) = N/ Im(ep).

Taking the elements a,, = y" lu~"v~! for any n € N, notice that a,, ¢ Im(yp), indeed the only

S-S, N—2—S§ —n+s,U—2—s’

n—1
element © € N which satisfies a, = ¢(x) would be the element > (—1)°z°y u

s=0
but obviously it does not exist, otherwise for s = n — 1 we would have z" 'y lu~tv™""! € R.
However, we have (z,y,u,v) - a, C Im(p):

n—1, —n—-1,—1

Tan =y w0,

n—1
Y- ay = ( (_l)sxsyn—l—su—n—i-sv—2—s>’

n—2
U Ay = @ < > (—1)S$Sy"25u”+1+sv2s> for n > 2,

s=0

v-oan, =u-a; =0=¢(0).

In other words @, # 0 in H2(M) and for a non-zero element 7 € R we have that
r-a, Z0if and only if r € K

It follows that the submodule of HZ(M) generated by the set {a,, | n € N} is an infinite dimensional
K-vector space and so @ Homp(R/a,K) C Homg(R/a, H2(M)) as a submodule. We can conclude

i=1
that the latter is not finitely generated since is not Noetherian.
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Chapter 2

Preliminaries on Derived
Categories

To obtain results analogue to the ones in the first chapter in the setting of non-local rings, we have
to move our set-up from the category of modules over the ring R to the derived category of the
category of modules over R. Derived categories are the natural framework where to use derived
functors. Until now, we computed derived functors on a module in three steps: taking a resolution
of the module, applying the functor to the resolution and taking the cohomologies of the resulting
complex. This last step is very important because it solves the problem of non-uniqueness of the
resolutions. Indeed, all the resolutions of a module are homotopy equivalent but in general they
are not isomorphic to each other. And so, if we take different resolutions and we apply a functor
to them we obtain different complexes but still homotopy equivalent, hence they have isomorphic
cohomology modules.

Clearly, there is a loss of information in focusing only on the cohomologies instead on the whole
complex and to avoid this problem we need an environment where things work better. In particular,
we want to construct a category where two homotopy equivalent complexes are isomorphic and
each module is isomorphic to its resolutions. In this way applying a derived functor to a module,
or more in general to a complex of modules, is the same as applying it to one of its resolutions and
this operation will be independent on the choice of the latter. Moreover, the resulting complex
carries all the information with it, indeed taking its cohomologies will give us the same modules
resulting from the "previous' derived functor. For this reason we will call this the total derived
functor.

Let us show briefly how derived categories are constructed.

2.1 Derived Categories

Let M be an abelian category (for example M = Mod(R) the category of modules over a
commutative ring R). We will denote by C(M) the category of complexes over M, where the
objects are the complexes

di—l . di . di+1
M® = (... 2 M2 Mt M)

and the morphisms ¢® : M*® — N*® are sequences of morphism in M such that ¢’ : M* — N? and

o ody, =dy oy’ for every i.

We will omit the symbol ® when it is unnecessary.

Proposition 2.1 ([Yek12, Definition 4.1.1]). If M is abelian then C(M) is still an abelian category.
Recall that two morphisms of complexes ¢®,1® : M — N are homotopic if there is a sequence

of morphism h* : M* — N*~! in M such that ¢ — ¢’ = hi*! o di, + d ' o h'. Being homotopic

is an equivalence relation in every Hom-set Homg (v (M, N). Two complexes M,N are homotopy

equivalent if there are two morphisms ¢ : M — N and ¥ : N — M such that their compositions
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are homotopic to the identities, in this case the morphisms are called homotopy equivalences. We
will denote with K(M) the homotopy category of complexes over M. In particular, it has the
same object of C(M) and the morphisms in K(M) are homotopy classes of morphisms in C(M).
Notice that with this construction two complexes which are homotopic equivalent in C(M) are
isomorphic in the category K(M).

Example 2.2. If we consider M = Mod(Z) and the module M = Z/2Z, we can take two different
20

projective resolutions of M: P* = (0 — Z 27— 0)and Q*=(0—>ZdZ M> Z@Z—0).

Clearly this two complexes are not isomorphic, but there are two morphism ¢ : P* — Q°® and

1 Q® — P*®, which are homotopic equivalences inverse to each other:

53]

0 Z Z Z 0 0 ——Z®Z —ZOZ — 0
=] oy B L= e
0 Z@Z[M]Z®Z——a0 0 7 —*% Z 0

Indeed one can check that 1 o ¢ = idpe and ¢ o 1 is homotopy equivalent to idge through the

homotopy h® such that h® = {8 ﬂ and h' = 0 for every i # 0.
So we have that P* = Q* in K(Mod(Z)), while the same is not true in C(Mod(Z)).

More in general this result holds for every pair of projective (or injective) resolutions of a module
in the homotopy category.

The homotopy category K(M) is no longer an abelian category but it has a new important
structure called triangulated category.

Definition 2.3. Let T be an additive category. A shift functor on T is an additive functor
3 : T — T which is an auto-equivalence of categories. A triangle in T is a diagram of the form
X =»Y = Z — ¥(X) and a morphism of triangles is a triple of maps (u,v,w) such that the
following diagram commutes

X Y Z 2(X)
Pl e
X' Y’ z' (X

If w, v, w are isomorphism, it is an isomorphism of triangles.

A triagulated category structure on T consists of a shift functor ¥ and a set of triangles called
distinguished triangles which satisfies the following properties:

Any triangle isomorphic to a distinguished triangle is a distinguished triangle. For any object
XeT,

idx

X —=X—-0-%X)

is a distinguished triangle. For any morphism f : X — Y in T, there exists a distinguished
triangle

xLyozoxx

The triangle
xLy%zhsx
is distinguished if and only if the triangle

Y %z 5 sx) 229 sy

is distinguished.
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(TR3) Let
X Y Z B(X)
A e
X/ Y’ 7! $(X')

be a diagram where the rows are distinguished triangles and the first square is commutative. Then
there exists a morphism w : Z — Z’ such that the triple (u,v,w) is a morphism of distinguished
triangles.

(TR4) Let f,g and h = g o f be morphisms in T. Then the diagram

x 1oy 2. 2(X)
lid X lg lE(id x)
X-tlsz-t.pB (X)
lf Jidz =0
Y 45272 —=2>C 2(Y)
where the rows are distinguished triangles can be completed to the diagram

Xty -—9e,a 2(X)

idx g u J{E(ldx)
X-"rsz-2,B (X))

f idz v lg( )
y 45272 <5 2(Y)

a b ide lz:(a)

A—“5 Bty 0" 5(4)

where all four rows are distinguished triangles and the vertical arrows are morphisms of triangles.
One of the main results regarding distinguished triangles is the following lemma.

Lemma 2.4 ([Mil, Lemma 1.4.2]). Let

X Y Z 2(X)
bl e
X' Y’ 7z (X

be a morphism of distinguished triangles. If two morphisms among u,v,w are isomorphisms, then
so is the third.

The triangulated structure of K(M) is given by the usual shifting 3(_) = (_)[1], where on
objects M[1]* = M*! and d?\/[[l] = —dit!, while on morphisms ¢[1]" = ¢**!. We will use the
notation X" (M) = M|[n] for any n € Z. The set of distinguished triangles is the set of triangles
isomorphic in K(M) to

M % N — Cone(a) — M][1]

where a € Homgny (M, N) and Cone(a) = M[1]@N with differential deope(a) = [d(ivfﬁ] dO ] .
N
Definition 2.5. Given two triangulated categories (T, %), (T',%'). A triangulated functor is an
additive functor F' : T — T’ which commutes with the shifts, i.e. ¥ o F = F o X, and sends
distinguished triangles to distinguished triangles.
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Remark 2.6. Let FF : M — M’ an additive functor between abelian categories. This can be
extended to an additive functor CF : C(M) — C(M’) where (CF(M?®))" = F(M?). Moreover,
since the functor CF' respect homotopy equivalences, we can get another additive functor KF :
K(M) — K(M’). This last functor is a triangulated functor, indeed it commutes with the shift
(_)[1] and it preserves cones, i.e. KF(Cone(a)) = Cone(KF(a)).

We said in the introduction that our aim was to construct a category in which all the resolutions
of the same module are isomorphic to each other and to that module. Is the homotopic category
sufficent enough ?

Example 2.7. Go back to the Example We can think at the module M = Z/2Z as a
complex M* = (0 — Z/2Z — 0) concentrated in degree 0. Clearly M*® is not isomorphic to

P=0—7Z 2y 7 - 0) in C(Mod(Z)). Tt turns out that they cannot be isomoprphic either in
K(Mod(Z)). Indeed all the morphisms between them have to be 0 at degree -1 since M~ = 0,
so to proof the homotopy equivalence we need a Z-linear map h" : Z — Z such that idz = h° 0 2-.
In particular, if we set h%(1) = n, it must satisfy 1 = h%(2-1) = 2 - n which has no solution in Z.

In general the morphisms between modules and their resolutions are almost never homotopic
equivalences, but they are always quasi-isomorphisms. Now, what we need to do is to construct
another category in which these quasi-isomorphisms are isomorphisms. The general idea is to
formally invert them using localization.

Recall that the cohomology functors H® : C(M) — M send homotopy equivalences to isomorphisms,
so they are well-defined functors also in the homotopy category as H* : K(M) — M.

Definition 2.8. A morphism ¢ : M — N in K(M) (or in C(M)) is called quasi-isomorphism if
it induces isomorphisms it the cohomologies, i.e. H'(p) : H*(M) — H*(N) is an isomorphism for
every i € Z.

Let S be the set of all quasi-isomorphisms of K(M), clearly S is a multiplicatively closed subset,
i.e. it contains all the identities and it is closed under composition. Moreover S satisfies other
axioms, which make it a localizing class (see [Mil, Section 1.6 and Proposition 3.1.2]).

We define the localization of K(M) at S being the category S~'K(M). It has the same objects
of K(M) and it is naturally endowed with a localization functor @Q : K(M) — S~™1K (M), which is
the identity on objects and sends quasi-isomorphisms to isomorphisms. A morphism of S~1K (M)
is the composition of a morphism in K(M) and the formal inverse of a morphism in S. More
formally, ¢ € Homs_lK(M)(M7 N) can be written as

©=Q(s1) 0 Q(¢1) = Q(p2) 0 Q(s2) "

for some ¢; € K(M) and s; € S, where the latter equality is guaranteed by the conditions on S.
Morphisms can be also represented by diagrams called right and left roofs:

L K
- LN 2N
M N M N

Remark 2.9 ([Mil, Theorem 3.2.1]). Since all the homotopy equivalences in C(M) are quasi-
isomorphism, if we denote with S¢ the set of all quasi isomorphism of C(M), it turns out that the
two localizations SélC(M) and ST'K(M) are equivalent categories. With our construction we
wanted to emphasize the two-step process, which reflects the fact that resolutions can be in some
sense unique, still remaining different from the original module.

The derived category of M is the category D(M) = S™'K(M). This category inherits a
triangulated structure from K (M) and the localization functor @ : K(M) — D(M) is a triangulated
functor. Moreover, it satisfies the following universal property.

Proposition 2.10. Given a triangulated category T and a triangulated functor F : K(M) — T
such that F(s) is an isomorphism for every s € S, then there exists a unique triangulated functor
ST1F:D(M) — T such that ST'FoQ = F.
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Example 2.11. Go back to the Example The morphism of complexes € : P* — M*® which
is the natural projection €° : Z — Z/27 at degree i = 0 and & = 0 for every i # 0 is a quasi-
isomorphism. Indeed, H(P*) = H°(M?®) = Z/2Z and H°(e) = idg o7, and H'(P*) = H'(M*) = 0
and H'(¢) = 0 for i # 0, so the cohomology functors induce isomorphisms in every degree. If we
consider the complexes in the derived category, the quasi-isomorphism ¢ is an isomorphism with
inverse Q(e) 1.

We have that P®* = M* in D(Mod(Z)), while the same is not true in the other categories.

More in general this result holds for every projective (or injective) resolution of a module in the
derived category.

2.2 Total Derived Functors

In the following we will restrict our work to the category of modules over a ring R. We will denote
the derived category of Mod(R) with D(R), similarly for C(R) and K(R).

By Remark [2.6] given an additive functor F' : Mod(R) — Mod(S) we constructed a triangulated
functor KF : K(R) — K(S). When the functor KF preserves quasi-isomorphism we can consider
the functor @ o KF : K(R) — D(S) and apply the Proposition which allow us to define the
lifted functor to derived category DF' : D(R) — D(S). Sadly, this does not happen very often.
There are some relevant cases in which KF' preserves quasi-isomorphisms s : M*® — N°*, like when
F is exact, or M*® and N*® are "special' complexes, for example they are bounded above complexes
of projective modules (more generally K-projective complexes) or bounded below complexes of
injective modules (more generally K-injective complexes). In this section we will show briefly how
to construct these lifted functors. As we restricted our setting to the category of modules, it may
be necessary to introduce some basic definitions and notation that could be used in the following.

Definition 2.12. Given a non zero complex M* € C(R), define:
sup(M®) =sup{i € Z | M* #0} € ZU {+o0}
inf(M®) =inf{i € Z | M* # 0} € ZU {—o0}

amp(M*®) = sup(M*®) — inf(M*®) € NU {400}

The complex M* is called bounded above if sup(M*®) < +o0, bounded below if inf(M*®) > —oo and
bounded if it is both bounded above and bounded below (if and only if amp(M*®) < +o00). We
will denote with C~>F*(R) the full subcategories of C(R) consisting of bounded above, bounded
below and bounded complexes, respectively. Similarly, we write K—7*(R) and D™ *(R).
Analogous notation is used for the boundedness type of the cohomologies: the definitions of
cohomologically bounded can be obtained from the above substituting M*® with H(M®) and M°®
with H?(M*). In this case, we will denote the full subcategories with C(R)™+? (or K(R)™+?,
D(R)~ ).

It can be checked that the inclusions D™?(R) C D(R)™ " are equivalences.

Before starting with the construction, let us see an example about why if the functor KF' does
not preserves quasi-isomorphism a lifted functor DF would have no meaning.

Example 2.13. Take R = S = Z, F = I'(y : Mod(Z) — Mod(Z) the (p)-torsion functor,
M* = (0 — Z — 0) and an injective resolution I* = (0 — Q = Q/Z — 0) with the quasi-
isomorphism of complexes p : M® — I*®, which is the natural injection p° : Z — Q at degree i = 0
and p' = 0 for every i # 0.

By the computation on Example [1.6| we have that KI'(,)(M*®) = (0 = 0 — 0) while KI'(,,)(I°®) =
(0—=0— Z[%]/Z — 0). Notice that in K(Z) the complexes M*® and I°® are quasi-isomophic but
not isomorphic, while the complexes KI'(,)(M*) and KT'(,,)(I®) are not even quasi-isomorphic.

If it would exist the lifted functor DT'(,) : D(Z) — D(Z) such that DI'(,;j o Q = QoKT'(,,y we would
have a contradiction. Indeed on one hand Q(M*®) would be isomorphic to Q(I*) through Q(u),
and so DI'(,y(Q(M?*)) = DI'(,,)(Q(I*)) but on the other hand we do not have any isomorphism
between Q(KF@)(M.)) and Q(KF(p) (I.))
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To construct another kind of lifted functors we need the notions of K-projective and K-injective
resolutions of a complex of modules.

Definition 2.14.
Given two complexes M and N in C(R), we can define a new complex Hom%, (M, N) where

Homf (M, N) = [ [ Homp(M™, N"*)
neZ

Given an element ¢ = (¢, )nez € Hom’ks (M, N) the differential is
di

Homs (11,3 () = (AN 0 0n = (=1)'@nt1 0 diy)nez

Definition 2.15.

A complex P € K(R) is called K-projective if for any acyclic (i.e. exact) complex M € K(R)
the complex Hom¥y (P, M) is acyclic. A K-projective resolution of a complex M € K(R) is a
quasi-isomorphism ey : Py — M where Py, € K(R) is K-projective.

The following results about K-projective resolutions can be found in [Spa8§].

Proposition 2.16.

1. Bounded above complexes of projective modules are K-projective.

2. K(R) has enough K-projectives, i.e. every compler M has a K-projective resolution.
Moreover, if the complex is bounded above a K-projective resolution can be chosen of the type
at point 1.

3. Given two complexes M, N with K-projective resolutions epr : Pyy — M and ey : Py — N,
for any morphism ¢ : M — N there exist a unique morphism P, : Ppy — Py such that there is
a commutative diagram

Py =2 M

P e
v

Py Y4 N

Moreover, if ¢ is a quasi-isomorphism then P, is an homotopy equivalence, i.e. an isomorphism.

4. Let P be a K-projective complex. Then for every complex M the canonical map Homg gy (P, M) —
Homp gy (P, M) is an isomorphism.

Definition 2.17.

A complex I € K(R) is called K-injective if for any acyclic complex M € K(R) the complex
Hom% (M, I) is acyclic. A K-injective resolution of a complex M € K(R) is a quasi-isomorphism
pnr 2 M — Ipy where Iy € K(R) is K-injective.

Proposition 2.18.

1. Bounded below complexes of injective modules are K-injective.

2. K(R) has enough K-injectives, i.e. every complex M has a K-injective resolution.
Moreover, if the complex is bounded below a K-injective resolution can be chosen of the type at
point 1.

3. Given two complexes M, N with K-injective resolutions ppr : M — Iny and puy @ N — Iy,
for any morphism ¢ : M — N there exist a unique morphism I, : Ing — In such that there is
a commutative diagram
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N 2 Iy

Moreover, if ¢ is a quasi-isomorphism then I, is an homotopy equivalence, i.e. an isomorphism.

4. Let I be a K-injective complex. Then for every complex M the canonical map Homg gy (M, I) —
Homp gy (M, I) is an isomorphism.

Remark 2.19. Similar results can be obtained for free and K-flat resolutions.

A free resolution of a complex M € K(R) is a quasi-isomorphism eps : Fpy — M where F) is a
bounded above complex of free modules. Every bounded above complex has a free resolution such
that sup(Fir) = sup(H(M)).

The definition of K-flat resolution needs the definition of the tensor product of complexes.
Given two complexes M and N in C(R), we define the complex (M ®g N)®, where

(M ®@p N)' = @ MP ®pr N

pFg=i

Given an elementary tensor m @ n € MP ® g N? the differential is
AL ey (M @) = B () @1+ (<1)7m @ d ()

A complex P € K(R) is called K-flat if for any acyclic complex M € K(R) the complex (M ®g P)*
is acyclic. A K-flat resolution of a complex M € K(R) is a quasi-isomorphism ey : Pyy — M
where Py € K(R) is K-flat. For this resolutions it holds a proposition analogue to the Proposition
[2.16] in particular, bounded above complexes of flat modules are K-flat.

Definition 2.20. Given a functor F : Mod(R) — Mod(S), we have a well defined triangulated
functor F : K(R) — D(S) (with some abuse of notation we call it F' instead of @ o KF).
For any complex M take a K-projective resolution €5 : Py — M. The total left derived functor
of I is the triangulated functor

LF:D(R) — D(95)

where LF(M) = F(Py) and LF(¢) = LF(¢pos™1) = F(Py) o F(Ps)~ 1.
For any complex M take a K-injective resolution pps : M — Ip;. The total right derived functor
of F is the triangulated functor

RF :D(R) — D(95)

where RF(M) = F(Ip;) and RF(p) = RF(¢ o5~ 1) = F(I,) o F(I,)~".

Moreover, this two total derived functors comes together with two natural transformation, which
makes them unique in some sense. They are:

n:LF oQ — F where ny = F(en) : F(Py) — F(M)

p: F— RFoQ where ppy = Fun) : F(M) — F(1y)

It follows that the pair (LF,7) is terminal among all such pairs [Yek12, Definition 5.2.3], i.e. for
every other pair (G,n) exist a unique natural transormation 6 : G — LF such that ' = no 6.
While the pair (RF, p) is initial among all such pairs [Yek12| Definition 5.2.1], i.e. for every other
pair (H, p’) exist a unique natural transormation 6 : RF' — H such that p’ =6 o p.

Remark 2.21. In general, total derived functors do not exist for every triangulated functor F :
K(M) — T, where M is an abelian category and T is a triangulated category. In our setting the
existence of the total derived functors LF and RF is guaranteed [Yek12, Corollary 6.3.6] by the
fact that the category K(R) has enough K-projectives and enough K-injectives, respectively.
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Example 2.22.
The complexes defined in Definition 2.14] and in Remark [2.19] are actually additive functors in
C(R). So they can be extended to

Hom%(_, ), _®r_*:K(R) x K(R) — D(R)
Their total derived functors are
RHomp( , ), ®% :D(R)xD(R) — D(R)

The first one can be computed using either K-projective or K-injective resolutions [Yek12, Lemma
14.5.1]:
RHomp(M,N) = Hom%(Py, N) = Hom%k(M, Iy) = Hom% (P, In)

and the "usual" Ext-modules can be calculated also on complexes defining them as
Ext% (M, N) = H (RHompg(M, N)) for every i
The second one can be computed using K-projective (or K-flat) resolutions [Yek12 Lemma 14.4.4]:
M ®% N = (Py @p N)* =2 (M ®p Py)® 2 (Py ®@r Py)®

We can not only extend the calculation of Ext-modules to complexes, but we can also obtain
long exact sequences of Ext-modules from distinguished triangles, as was the case with short exact
sequences. Indeed:

Proposition 2.23. Given a distinguished triangle in D(R)
X->Y—=Z-—X[1]
We get the long exact sequence in cohomology in Mod(R)
.= H Y Z) = HX) > H'(Y) - H*(Z) - H'(X) — ...
In particular, for any complex M € D(R), since RHompg(M,_ ) and RHompg(__, M) are triangulated
functors, we get the long exact sequences
.= Extpt (M, Z) — Ext% (M, X) — Ext(M,Y) — Ext% (M, Z) — Extp(M, X) — ...
o= Ext (X, M) — Ext%(Z, M) — Ext% (Y, M) — Ext% (X, M) — Extp(Z, M) — ...
Ext-modules of complexes over R are an important object of study, since they are able to detect
morphisms in the derived category D(R).
Proposition 2.24. Given two compleres M, N € D(R). Then for everyi € Z
Ext% (M, N) = Hompg) (M, N[i])
Proof. Given a K-projective resolution of P — M and a K-injective resolution N — I, we know
that Ext’y (M, N) = Hi(Hom%(P,I)).
Consider the differential d* = di; 0 p ) : n];[z Hompg(P", I"*") — ] Hompg(P™, ["Ti+l),

Hom
R nez

¢ € Ker(d') <= d}T"op, = (1) pur10d}p for everyn <=
pr dp Pn+1
J%L Lpnﬂ commutes for every n <= ¢ € Homgg)(P, I[i])
ar,
Il — Ifi+

Moreover, consider the differential d~1 : [[ Homp(P", I"*=1) — [ Hompg(P", I"t).
ne neL

pelm(d™) = ¢, =d}" oy, — (—1) W41 0dp for every n <= Ignoring the sign
n—1

On = dIm 0 Y + Pnt1 0 dp where ¢y, : P* — I[i|"~! <= ¢ is homotopic to 0

It follows that _
H (Homy (P, T)) 2 Homg ) (P, I[i])

And so by Proposition m (4), Exth (M, N) = Homp gy (P, I[i]) = Hompg) (M, N[i]) O
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Chapter 3

The Global Case

The aim in this chapter is to study the finiteness properties of the complexes RI'q(M*®) in the
category D(R), trying to generalize the results of the first chapter to any Noetherian ring R and
any ideal a. In the end of the chapter we will focus on the failure of the Grothendieck’s conjecture,
explaining why given a finitely generated module M, the results which are not true for local
cohomology modules H:(M) are instead true for the complex RI'4(M). Moreover, in this chapter
we will study properties and relations between some triangulated subcategories of D(R), here is a
glossary:

o D(R)4—com is the full triangulated subcategory of cohomologically a-adically complete complexes.

e D(R)q—tor is the full triangulated subcategory of cohomologically a-torsion complexes.

o D(R)q—coy is the full triangulated subcategory of cohomologically a-adically cofinite complexes.

e Dy_com(R) is the full triangulated subcategory of complexes with a-adically complete cohomologies.
o D/ (R) is the full triangulated subcategory of complexes with finitely generated cohomologies.

o Dy_.of(R) is the full triangulated subcategory of complexes with a-adically cofinite cohomologies.

In the following we will suppose R to be a Noetherian ring and a an ideal in it.

3.1 Completion and Torsion

In this section we will introduce two important total derived functors, constructed starting from
two foundamental operations associated to an ideal a: the a-adic completion and the a-torsion.
Recall that the a-adic completion of an R-module M, as defined in Definition is

Aa(M) = lim(M /i M)

K2

This operation defines an additive functor A, : Mlod(R) — Mod(R) and a functorial homomorphism
v i M — Ag(M) for any M € Mod(R), i.e. a natural transformation between the identity functor
idpoa(r) and Aq(_). Given a complex M*® we will call a7« the morphism of complexes such that
Tyrs = Tari for every i, which is again a natural transformation between the identity functor id¢ (g
and CA4(_).

A module M is called a-adically complete if Tpr is an isomorphism. We denote by Mod(R)a—com
the full subcategory of Mod(R) consisting of a-adically complete modules.

The functor A, is idempotent, in the sense that 75 (ar) : Aa(M) — Aq(Aa(M)) is an isomorphism
for every module [Yekl11l, Corollary 3.5].

Remark 3.1. Idempotence of A, follows from Noetherianity of R. Indeed, it is always the case
when the ideal a is finitely generated. Moreover, if the ring R is both Noetherian and a-adically
complete, then all finitely generated modules are a-adically complete [Definition m (6)].
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As for any additive functor, the functor A, has a left derived functor
LA, : D(R) — D(R)
constructed using K-projective resolutions, together with a homomorphism [Definition
v LAG(M®) — Aq(M?)
which is an isomorphism when M*® is a K-projective complex.

Theorem 3.2. Let M* € D(R). There is a functorial morphism
Th  M® — LA(M®) such that na o o = 7o

Proof. Choose a K-projective resolution € : P* — M?®. Since both np and & are isomorphisms in
D(R), we can define

iy = LAq(e) onptotpoe™t : M® — LAL(M®)

P LA«(P)
which is the composition of two left roofs: / Y V \L‘A“E) . O
M )

Aq(P LAq(M)

Definition 3.3.

A complex M*® € D(R) is called cohomologically a-adically complete if the morphism 71, is an
isomorphism.

The full subcategory of D(R) consisting of cohomologically a-adically complete complexes is
denoted by D(R)q—com-

A full subcategory C of a triangulated category (T,X) is called triangulated subcategory if it
is invariant under the shift functor, i.e. ¥(C),X~!(C) C C, and for every distinguished triangle
X =Y = Z — ¥(X) in T such that X and Y are in C, then so is Z. This last condition is
equivalent to the 2-out-of-3 version, which says that if two among X,Y, Z are in C, then so is the
third.

Theorem 3.4. The subcategory D(R)a—com s triangulated.

Proof. Since the functor LA, commutes with the shifting, if M = LA,(M) then for any n € Z
Mn] 2 LA;(M)[n] 2 LA, (M[n]) and so D(R)q—com is closed under shifting.

Now suppose that L -+ M — N ﬂ> L[1] is a distinguished triangle in D(R) such that L and M

are cohomologically a-adically complete. The morphism 7% induces a morphism of triangles

L M N L[1]

ﬁ lrkf JTIIG ﬁm

LAo(L) —— LAq(M) —— LAG(N) —— LAG(L)[1]

Since both T% and T]I\"/[ are isomorphisms, then by Lemma so is X O
Proposition 3.5 ([PSY14, Proposition 3.6]). If P*® is a K-flat complex then the morphism

np : LAa(P®*) = Aa(P®)
is an isomorphism in D(R). Thus we can calculate LAy using K-flat resolutions.

In what concerns the a-torsion operation, we have analogous results. Recall that the definition
of the a-torsion of an R-module M is

Lo(M) = | J(0:a a™)
neN
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This leads to an additive functor 'y : Mod(R) — Mod(R) and a functorial homomorphism
opm : To(M) — M, which is just the inclusion, for any M € Mod(R), this gives a natural
transformation between I'q(_) and the identity functor idnoa(r). Given a complex M*® we will
call opre the morphism of complexes such that oj,. = o for every 7, which is again a natural
transformation between CA4(_) and the identity functor idg(g).

Also in this case we denote with Mod(R)q—tors the full subcategory of all a-torsion modules, i.e.
the modules for which o), is an isomorphism.

The functor I'y is always left-exact and idempotent, without any assumption on R neither on a.

Like every additive functor, the functor I'y has a right derived functor
RT, : D(R) — D(R)
constructed using K-injective resolutions, together with a homomorphism [Definition
par : Ta(M®) = RTq(M")
which is an isomorphism when M* is a K-injective complex.

Theorem 3.6. Let M* € D(R). There is a functorial morphism
o i RLG(M®) — M*® such that o%; o par = o

Proof. Choose a K-injective resolution p : M*® — I°®. Since both p; and pjps are isomorphisms in
D(R), we can define

oy = piyf o010 pr o RDa(puar) : RT(M®) — M*®

RIa (1) I
which is the composition of two right roofs: RFD“‘M/ m V wf . O
La(M) Ta(I) M

R

Definition 3.7.
A complex M* € D(R) is called cohomologically a-torsion if the morphism ¥, is an isomorphism.

The full subcategory of D(R) consisting of cohomologically a-torsion complexes is denoted by
D(R)a—tor-

Theorem 3.8. The subcategory D(R)q—tor @s triangulated.
Proof. Same as proof of Theorem (with some modifications). O

3.2 Cohomologically Complete Nakayama

Now we want to get a better understanding of cohomologically a-adically complete complexes and
of the objects in the categories Mod(R)q—com and D(R)q—com- The aim of this section is to prove
a version of the Nakayama’s Lemma in the latter category. To do this we will introduce some new
objects.

Definition 3.9. Let Z be a set.
We denote by F(Z, R) the set of all functions from f: Z — R. This is an R-module, precisely

F(zZ.R)=]]R

z€Z

Given such a function, the support of f is the subset of Z consisting of all the z € Z such that
f(2) # 0. The subset of finite support functions is denoted by Fy;,(Z, R), this is a free R-module
with basis the set {d,}.cz of delta functions, namely ¢,(z) = 1 and 0,(2') = 0 for any 2’ # z. In
particular

Frin(Z,R)= PR

z€Z
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Let R = Aq(R) and @ = a- R. In general, @ is an ideal of R and if the ring R is Noetherian then R
is Noetherian and a-adically complete (see Definition for other properties). Given an element
r € R, its a-adic order is

ordy(r) =sup{i e N | r €@’} € NU {00}
A function f: 7 — R is called a-adically decaying if for every i € N the set
{z € Z | ordy(f(2)) <i}

is finite. The subset of a-adically decaying functions is denoted by Fye.(Z, §)7 it is called the
module of decaying functions and it is an R-submodule of F(Z, R). An R-module M is called
a-adically free if it is isomorphic to Fy..(Z, R) for some set Z.

The following results show that the a-adically free module Fye.(Z, ﬁ’,) is actually the free object
on Z in the category Mod(R)q—com. The proofs are presented in [Yek11] Section 3].

Theorem 3.10 ([PSY15| Theorem 1.5, Corollary 1.6]). Let Z be a set:
1. Fyee(Z, R) is the a-adic completion of Frin(Z,R), i.e. Fyee(Z, R) Ao(Frin(Z, R)).
2. Fyee(Z, }AB) is a flat and a-adically complete R-module.

3. For any a-adically complete module M and any function f : Z — M, there is a unique
homomorphism ¢ : Fyec(Z, R) — M such that ¢(5,) = f(z).

In particular, any a-adically complete R-module is a quotient of an a-adically free R-module.

Definition 3.11.
An R-module P is called a-adically projective if it is a projective object in Mod(R)q—com-
In particular:

(i) P is an a-adically complete module,

(ii) Given two a-adically complete modules M and N, for any surjection ¢ : M — N and any
homomorphism ¢ : P — N there is a homomorphism ¢ : P — M such that go @ = .

Corollary 3.12 ([PSY15], Corollary 1.7, Corollary 1.8]).

1. An R-module is a-adically projective if and only if it is a direct summand of an a-adically free
module.

2. Any a-adically projective R-module is flat over R.
3. Any a-adically complete R-module is a quotient of an a-adically projective R-module.
4. If P is a projective R-module then its a-adic completion Aq(P) is a-adically projective.
Here it is a characterization of bounded above cohomologically a-adically complete complexes.
Theorem 3.13. The following conditions are equivalent for M*®* € D(R)™ :
1. M* is cohomologically a-adically complete.

2. There is an isomorphism M® = P*® in D(R), where P*® is a bounded above complex of a-adically
free modules and sup(P®) = sup(H (M?*)).

3. There is an isomorphism M*® = P* in D(R), where P® is a bounded above complex of a-adically
projective modules.
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Proof. [1.=2.] Assume M® € D(R)q—com, choose a free resolution ey : F* — M*® and let P* =
A.(F*). Notice that, for a suitable choice of F*, we have sup(P*®) = sup(F®) = sup(H(M?*)).
Since each component F? is a free R-module it can be viewed as an F tin(Z;, R) where Z; is a
basis of F*, it follows that each P’ is an a-adically free module by Theorem (1). Because
F* =~ M* in D(R), F* is also cohomologically a-adically complete and so 7% : F* — LA(F®) is
an isomorphism. Because F'® is also K-projective ng : LA4(F®) — Aq(F®) is an isomorphism, and
SO
M® 2 F* 2 LA(F®) 2 A (F°) =P

[2.=3.] Any a-adically free module is also a-adically projective by Corollary (1).

[3.=1.] Let P*® be a bounded above complex of a-adically projective modules. By definition each
P' is also a-adically complete and so P® = A,(P*) via 7p. By Corollary (2) each P! is flat
over R and so, by Remark 2.19] the complex P* is K-flat. From the Proposition [3.5] follows that
LAL(P*) = Ay(P*) vianp. So 75 = np'o7p is an isomorphism in D(R), i.e. P* is cohomologically
a-adically complete, hence so is M*. O

Lemma 3.14.

Let R be a Noetherian ring, a-adically complete with respect to some ideal a. Let Ry = R/a and
¢ : M — N be a homomorphism between a-adically complete R-modules. Then ¢ is surjective if
and only if the induced homomorphism

idp, ® ¢: Ro®@r M — Ry @r N
s surjective.
Proof. The first implication follows from the fact that the tensor product is a right exact functor.

For the converse, assume that ¢y = idg, ® ¢ is surjective. Choose a surjection ¢ : Fye.(Z, R) = M
for some set Z [Theorem [3.10]. We get a commutative diagram

Fpee(Z,R) — 22— M 4 N

I J [

Frin(Z, Ro) —25 Ro@p M —25 Ry@p N

Since ¢¢ is surjective, then so is ¢g o g o . So, let (¢ o ¥)(d,) = n., it follows that the set
{mn(n:)}zcz generetes the Ry-module Ry ®p N.

According to [Yeklll Definition 2.10, Theorem 2.11], for every n € N exists a decaying function
g € Fuee(Z, R) such that

n=3gn. =3 g(@)60v)(6.) = (60 v) (Zgw)éz) — (pov)(9)

z2€Z z2€Z z€Z
i.e. ¢ o1 is surjective. Hence ¢ is surjective. O
In the following there are the main results of this section. We will write Ry = R/a.

Theorem 3.15 (Cohomologically Complete Nakayama [PSY15, Theorem 2.2]).
Let R be a Noetherian ring, a-adically complete with respect to some ideal a.
Let M® € D(R);_oom and i = sup(H(M?*)). Assume that H"(Ry @% M*®) is a finitely generated

Ro-module. Then H(M?®) is a finitely generated R-module.
Proof. By shifting if needed, we may assume without loss of generality that igc = 0. By Theorem

we can replace M*® with a complex P* of a-adically free modules such that sup(P*) = 0.
There is an exact sequence of R-modules

P4 PO S HOPY) 0
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Since each P! is also a-adically projective [Corollary (1)] and P* is bounded above, by Theorem
[B:13] P* is K-flat. Consider the functor

Ro®% :D(R) — D(Ry)

and notice that Ry ®% M*® = Ry ®g P* in D(Ry). Setting Ly = H°(Ry ® P*®) we have an exact
sequence of Rp-modules

idRo ®d
—_—

R0®RP_1 R0®RPOL>L0—>O

Let {P }.ez be a finite collection of elements of Ry®r P® =2 P°/aP? such that {v(p;)}.cz generates
Lo. Let
0o : Fyin(Z,Ro) = Ro @ P such that 00(3.) = bz

Then the homomorphism
o = (idg, ®d,6o) : (Ro ®r P™") ® Fyin(Z, Ro) = Ro ®r P’

is surjective.

For any z € Z choose a representative p, € P° of the element p;. We get the corresponding
homomorphisms of R-modules 6 : Fy;,,(Z, R) — P, such that 6(5,) = p., and ¢ = (d,6) :
P~' @ Fti,(Z, R) — P°. Which fit into a commutative diagram

P& Fpn(Z,R) ———— PO

- !

(Ro ®@r P~Y) & Fyin(Z, Ro) —> Ry ®@p P°

Where (Ry @r P™1) @ Fin(Z,Ro) = Ry ®p (P~' @ Ffin(Z,R)) and 7, 7' are the canonical
surjections induced by R — Ry. Since both P! & Fy;,(Z, R) and P are a-adically complete, by
previous lemma the homomorphism 1 is surjective. So, we can conclude that HY(P*®) is finitely
generated by the collection {£(p,)}.ez- O

Lemma 3.16 (Kiinneth Trick [CFH22, Proposition 7.6.8 (b)]).
Let M*, N* € D(R)~. Ifi > sup(H(M®)) and j > sup(H(N?®)), then there is a canonical
isomorphism of R-modules

H™TI(M* @% N*) = H' (M*) @ H (N*)

Proof. Take two K-flat resolutions P — M and @ — N such that sup(P*®) = sup(H(M?*)) and
sup(Q*®) = sup(H(N*®)). Recall that H'™(M* ®@% N*) = H*I(P* @ Q®). We have to compute
this last cohomology on the sequence

o itj—1 S it
(P* @R Q)71 S (P @R Q1) <50

Which is

(df ' ®idg;,(—1)" idps @dgl)

(P orQ)) @ (ProrQ ") Pro@’ =0

It follows that o ‘ .

H™Y(P*or Q") = (P'®Q’)/s
where S = <{d§;1(p’) ®q¢"+ (-1)'p"® dgl(q’) |p/ e Pt ¢ e Q7Y plePl ¢ € Qj}>R.
With this identification the map ¢ : H(P®) ®r H’(Q®*) — H*"/(P* ®x Q*) such that p(p ®7) =
P ® ¢ is an homomorphism with inverse ¢~ *(p ® ¢) = p®q. So,

HH (M @l N*) = BV (P* 0 Q%) = HI(P*) wp HY(Q") = H'(M*) g HY(N®).
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Remark 3.17 ([Autl Lemma 00DV)). Classical version of Nakayama’s lemma. (We refer to
Remark for the defintion of Jacobson radical).

Let R be a commutative ring, a C R an ideal, J(R) its Jacobson radical and M an R-module.
Then, if M/aM =0, M is finitely generated and I C J(R) then M = 0.

Corollary 3.18. Let R be a Noetherian ring, a-adically complete with respect to some ideal a.
Let M* € D(R); If R/a®@% M® =0 then M*® = 0.

a—com -

Proof. Assume by contradiction that Ry ®% M® =0 and M* # 0. Let io = sup(H (M*)).

By Lemma H(R/a ®% M*) = R/a ®@p H°(M®*). Hence R/a @ H(M®) = 0 and by
the cohomologically complete Nakayama H®(M?®) is a finitely generated R-module. So, by the
Classical version of Nakayama’s lemma and by Proposition we can conclude that H (M®) =
0. This is a contradiction. O

3.3 MGM Equivalence

In this section we will show an important result concerning the categories of bounded cohomologically
a-adically complete complexes D(R)® and the category of bounded cohomologically a-torsion

a—com
complexes D(R)%_,, .. In particular, it turns out that the two categories are equivalent [Theorem
3.29).

We start the section showing that the two derived functors LA4(_ ) and RI'q(_ ) are idempotent.
Theorem 3.19. 1. For any M*® € D(R)~ the morphism
Tiag(are) : LAG(M®) = LAG(LAL(M*))
is an isomorphism. So the functor
LAa(L) : D(R)™ = D(R)g—com
is idempotent.
2. For any M* € D(R)™ the morphism
ORr,(are)  ROa(M?) = RTo(RTo(M*))
is an isomorphism. So the functor
RIa() : D(R)" = D(R){_ o,
is idempotent.

Proof of 1. By Proposition [2.16] we can replace M* with a bounded above complex of projectives
P*. Consider the commutative diagram in D(R)

LAL(P*) 2900 A (LA (PY)
J,WP. y J{LA(‘("]P.)
Aa(P*) — 220 AL(A(PY))
Aa(An(P*))

Since P* is a K-projective complex, the morphism npe is an isomorphism and so is LA4(npe).
By Corollary (4) Aq(P*®) is a bounded above complex of a-adically projective modules and
so by (2) it is a K-flat complex. From Proposition we can conclude that also nj,(pe) is an
isomorphism. Since the completion functor is idempotent 74 (pe) is an isomorphism too. It follows
that 7y (pey and 7y, (pe are both isomorphism.
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Proof of 2. The logic of the proof is the same, just consider a bounded below complex of injectives
I*, consider the following diagram and use the fact that over a Noetherian ring I'y(_) of an injective
module is again injective [Corollary |1.31].

RI4 (R (I°)) — 20" 4 RPy(1%)
TRFn(pI‘) i T'DI.
R, (To(I1°)) DD Ta (1)
La(Ta(1°))

O

Recall that a triangulated functor F' : D(R) — D(R) is said to have finite cohomological
dimension if amp(H (F(M?®))) < amp(H(M?®)) + d for some d € N, for all M* € D(R).

Corollary 3.20. For any bounded complex M*® € D(R)® one has

RI(M*) € D(R)Y_,,, and LA, (M®) € D(R)®

a—tor a—com

Proof. This is a consequence of the fact that RT'4(_) and LA4(_) have finite cohomological
dimenson [PSY14, Corollary 4.28, Corollary 5.27]. O

Before continuing with further results we have to talk about Koszul complexes.

Definition 3.21. Given an element x € R the Koszul complexr of R on x is
KR;z)=(0—= RS R—0)

concentrated in degrees [—1,0]. Given a finite sequence x = (x1,...,2,) of elements of R, the
Koszul complex associated to x is

K(Rix) = K(R;21) ©r - ©r K(Ri z,)
This is a complex of finitely generated free R-modules, concentrated in degrees [—n, 0].
In particular, K% = R(i) for0<i<n.

Example 3.22.
The complexes P2 in Example are Koszul complexes, precisely P = K(R;u™,v™).

Two main properties of Koszul complexes are presented in the following, see [ILL 07, Chapter
6, Sections 1-3] for more details.

Proposition 3.23.
Let a = (ay,...,a,) be an ideal in R and K* = K(R;aq,...,a,) the associated Koszul complex.
Then:

1. HY(K®*)~ R/a and a C (0 :g H(K®)) for any i € Z.
In particular, H'(K*®) is a finitely generated R/a-module for every i.
2. Let K*¥ := Hom¥%(K*®, R). The Koszul complex has the following self-duality property

K* =~ K*[n]

Example 3.24.
Consider the Koszul complex, concetrated in degrees [—2, 0], associated to two elements x,y

(]

KRiz,y)=(0—R "L Rer "L R 0)
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The dual complex Hompg(K(R; x,y), R), concetrated in degrees [0, 2], is
KY(R;2,y) = (O%RMR@RER%O)

The homomorphism of complexes ¢ : K(R;z,y) — KV (R;z,y)[2] such that

_ . _ 0 1 .
902:ZdR7801:|i_1 O:|7300:_ZdR

is an isomorphism.

For any i > 1, if x = (z1,...,x,), we define x®¥ = (2%,...,2%). If j > i then there is a
homomorphism of complexes

pij: K(R;xW) = K(R;x)

which, in degree 0, corresponds to the canonical surjection R/x(j) — R/x(i).
Thus the set { K (R;x()};en forms an inverse system of complexes, while { KV (R;x))};ey forms
a direct system of complexes. We call infinite dual Koszul complex associated to x, the complex

KL (Ryx) = lim KV (R; x)

Here is a characterization of infinite dual Koszul complexes, see [PSY14] Section 4] for more details.

Proposition 3.25.
Given an element x € R the infinite dual Koszul complex on x is

KY(Riz)=(0—R%Rjz™']—0)

where R is in degree 0, R[z~1] is the localization of R by the multiplicatively closed subset S =
{1,z,22%,...} and the differential d : R — R[z '] is the localization map.

Moreover, given a finite sequence x = (x1,...,x,) of elements of R, the infinite dual Koszul
complex associated to this sequence is

KY(R;x) =K. (R;x1) ®p - Qr KL (R;x,,)

In particular, infinite dual Koszul complexes are bounded complezes of flat R-modules, thus they
are K-flat.

The infinite dual Koszul complexes turn out to be very useful for the computation of derived
torsion and, moreover, they have nice properties in the context of completions. Indeed, there are
some isomorphisms involving them which are worth to be mentioned. We want to summarize them
in the following.

Proposition 3.26. Given an ideal a = (ay,...,a,) of R and a complex M®, there is a canonical
isomorphisms in D(R):

(]) RFa(M.) = K;(R;al,...,an) KRR M*
Moreover, if P* is a K-flat complex, then:

(2) Aa(KY(R;ay,...,a,) @r P*) = Aq(P*)
(3) KY(R;a1,...,a,) ®r Ag(P®*) 2 KY.(R;ay,...,a,) ®g P*
Proof. Taking into account the result in [PSY14, Theorem 4.34]:
(1) follows form [PSY14l Corollary 4.26].
(2) follows from [PSY14, Equation 7.3 in Lemma 7.2].

(3) follows from [PSY14] Equation 7.7 in Lemma 7.6] combined with [PSY14] Lemma 5.7, Corollary
5.21].
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O

There are isomorphisms involving the two derived functors LA4(_) and RIT'4(_) which will
allow us to show that they are actually inverse to each other. We will give a sketch of the proofs,
showing that the isomorphisms hold without writing them explicitly. The complete results are
proved in [PSY14, Lemma 7.2, Lemma 7.6].

Proposition 3.27. For any M € D(R)® the morphism
LAG(054) : LAG(RT(M®)) — LAL(M®)
is an tsomorphism.

Proof. Let a = (aq,...,a,) and e : P* — M* a K-flat resolution, with P* a bounded above complex

of flat modules. Since direct sums and tensor products of flat modules are flat, KX, (R; a1, . . ., a,)®r
P is still K-flat. By Proposition (1), (2)

LAL(RTL(P*)) = LA‘,(KXO(R;al7 coan) Qg P*) = Au(K;/o(R; a1y...,0n) Qr P*) =2 A (P°)
and so we can conclude that

LA(RT4(M*)) = LAG(RT4(P*)) = Aq(P*) = LA4(M")

Proposition 3.28. For any M € D(R)® the morphism
R4 (7h7e) : RTG(M®) — RT4(LAG(M*))
is an isomorphism.

Proof. Let a = (ay,...,a,) and € : P* — M* a K-flat resolution, with P* a bounded above
complex of flat modules. By Proposition (1), (3)

RIG(LAG(P*)) = K (R;a1,...,a,) ®r Ag(P*) = KX (R;ay,...,a,) g P* = RI4(P*)
and so we can conclude that

RTo(LAq(M*)) 2 RI4(LAG(P*)) 22 RT4(P*) 2 RT,4(M*)

Now we can prove the main result of this section.

Theorem 3.29 (MGM equivalence).
The functor RT'q(_) induces an equivalence of triangulated categories

RIL(_): D(R)® — D(R)®

a—com a—tor

with quasi-inverse LA4(_).

Proof. The two maps are well-defined by Corollary
Moreover, let N* € D(R)?% i.e. N* = LAL(N®). Applying Proposition

a—com?
LAG(RT(N*)) 2 LAG(N®) = N°.
On the other hand, let M* € D(R)?%, ie. M* 2RI (M*). Applying Proposition

a—tor»
R (LAG(M*®)) = RTo(M®) = M*.
O

Remark 3.30.

With some extra work, using the way-out argument [PSY14] Proposition 2.9], one can prove that
this result is true also without the boundedness assumptions. A stronger version of the MGM
equivalence can be found in [PSY14, Theorem 7.11 (2)].
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3.4 Cohomologically Cofinite Complexes

In this section we want to go deeper in the understanding of the MGM equivalence and show how
this can be restricted to two subcategories of complexes which have important finiteness properties.
We will end the chapter with two results which are a generalization of Theorem [[.39]and Corollary
in the category D(R). In the next, all the rings R are supposed to be Noetherian and a-adically
complete.

Remark 3.31 ([Yekl11], Section 1 and 2]). Before starting the section, we want to give a topological
interpretation of a-adic completion. Given an ideal @ C R, any R-module M can be naturally
endowed with a structure of a topological module, called a-adic topology, in which the collection
of submodules {a’M};>¢ is a basis of open neighborhoods of the element 0. It turns out that any
homomorphism of R-modules f: M — N is continuous with respect to the a-adic topology.

Now consider an R-module M such that () a‘!M =0, i.e. a7 : M — M is injective.
i>0

Given an element m € M, we can define its a-adic order as
ordy(m) =sup{i € N | m € a’M}

For any two elements m,n € M, define

1 ordq (m—n)
distq(m,n) = (2>

The function dist, is a metric on M, which we call the a-adic metric.
The module M is a-adically complete if and only if it is a complete metric space with respect to
the a-adic metric.

Given a set Z and a function f : Z — M, one says that the series Y f(z) converge to some
z€Z
element m € M for the a-adic topology, if for any natural number ¢ > 0 there is a finite subset

Z; C Z, such that

f(z) € M for all z ¢ Z; and m — Z f(z) €atM
2€Z;

In this case, one can write m = Y f(2).
z€Z

Proposition 3.32 ([Yek11], Proposition 2.5]).

Let M be an a-adically complete R-module and let f : Z — M be a function. Then the series
> f(z) converges in M for the a-adic topology if and only if f is decaying.

z€Z

Remark 3.33.

Recall that the Jacobson radical J(R) of a ring R is the intersection of all maximal ideals of R.

Given an ideal a C R, it turns out that a C J(R) if and only if for every x € a the element 1 — x
is invertible in R [Autl Lemma 0AME].

Proposition 3.34.
Let R be an a-adically complete ring, then the ideal a is contained in the Jacobson radical J(R).

Proof. Given an element x € a, let Z = {1,2,22,...} and f : Z — R the inclusion. Notice that
the order of each element is ord,(z*) > i and so, for every i > 0 the set {2z € Z | ord,(f(2)) < i}

is finite, i.e. f is decaying. We can conclude that, by the previous proposition, the series > f(z)
zZ€EZ
converges, and so there is a well defined element r = 1+ 2 + 22 + ... in R, which is the inverse of

1—x. O

Remark 3.35 ([Yeklll Corollary 2.6]). Recall that from Theorem (3), given an a-adically
complete module M and a function f : Z — M, there is a unique homomorphism ¢ : Fy..(Z, R) —
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M such that ¢(5,) = f(z). It can be proved that for any decaying function g : Z — R the image
of g is the series ¢(g9) = > g(2)f(z) and this converges in M for the a-adic topology, i.e. there is
z€Z

a well defined element m = Y g(2)f(z) € M.
z2€Z

The next result is a particular case of Theorem m (3) stated for a-adically complete modules,
but using the topological interpretation of a-adic completion and the notion of convergence in
Remark [3:31] it can be proved without referring to it.

Proposition 3.36. Let M be an a-adically complete R-module. Then there is a quasi-isomorphism
P* — M, where P® is a bounded above complex of a-adically projective R-modules.

Proof. By Corollary (3) there is an a-adically projective module P and a surjection 7 : PY —

M. The module K° = Ker(7) is a closed submodule of PY with respect to the a-adic topology.

Choose a collection of elements {n,}.cz in K that generates K° as an R-module. Consider the

function f : Z — K° such that f(z) = n. and the homomorphism ¢ : Fy..(Z, R) — M. Because

KO is closed, it follows that the clements ¢(g) = 3 g(z)n, are in K°. Writing P~! = Fy..(Z, R),
z2€Z

we have constructed a surjection ¢ : P~' — K. Iterating this last step, we obtain a bounded above
complex P* of a-adically projective modules such that H*(P*) = 0 for all i # 0 and H°(P*®) & M.
So, the natural projection 7 induce a quasi-isomorphism. O

In the following we will prove some results using a very common tecnique in homological algebra
which allow us to apply induction on complexes. In particular, it is the induction on amp(H (M?*)).
To do this we need to know smart truncations. Given a complex M € D(R) and n € Z, we define
the complexes x<,(M)® and x>, (M)®, where:

M ifi<n 0 ifi<n
X<n(M) = { Ker(d") ifi=n and xsn(M)' =<Im(d") ifi=n
0 ifi>n MY ifi>n

The morphisms ¢ : Ker(d™) < M™ and d" : M™ — Im(d"™) induce the distinguished triangle
XSn(M). - M*® — X>n(M). —

Moreover,

H' (x<n(M)*®

Il
—

)
.

~
<

~

AN

3

and so,
H'(M®) = H'(x<n(M)*) @ H' (x>n(M)*)

Recall that we denote by Dgy_com(R)? the subcategory of bounded complexes M*® whose
cohomologies H(M*®) are a-adically complete R-modules.

Corollary 3.37. Let M®* € Dg_com(R)®. Then M*® is a cohomologically a-adically complete
complez, i.e. Dq_com(R)? C D(R)®

a—com”*
Proof. By induction on amp(H(M?®)). If the amplitude of H(M?®) is 0, then we can assume
M* = (0 - M — 0) is a single a-adically complete module (sitting in degree 0). Applying
Proposition [3.36/ and Theorem it follows that M*® is cohomologically a-adically complete.
If amp(H(M?*®)) > 0, let n = sup(H(M*)) — 1 and using smart truncations we get a distinguished
triangle

VG VLI YEN
where M' = x<,(M*®) and M" = x>, (M*) have smaller amplitudes and their cohomologies are

still a-adically complete modules, i.e. M’ and M" are in D(R)q—com- By Theorem 3.4 D(R)q—com
is a triangulated subcategory of D(R) and so it contains M too. O
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Recall that we denote by D ¢(R)® the subcategory of bounded complexes M*® whose cohomologies
Hi(M?*) are finitely generated R-modules.

Corollary 3.38. Let M* € Df(R)b. Then M*® is a cohomologically a-adically complete complez,
i.e. Df(R)" € D(R)’ .
Proof. Since we assume R be Noetherian and a-adically complete, any finitely generated R-module
is a-adically complete [Definition (6)]. So D#(R)® C Dg—com(R)” and by the last corollary we
get the thesis. O

Definition 3.39.
A complex M*® € D(R)® is called cohomologically a-adically cofinite if M® = RI'((N*®) for some
N*eD f(R)b. We will denote the full subcategory of cohomologically a-adically cofinite complexes

with D(R)2_, ;-
By idempotence of the functor RI'g, it follows that D(R)ﬁ_cof CD(R)_,,.

Proposition 3.40. The subcategory D;(R)® is triangulated.

Proof. Obviously the subcategory D f(R)b is closed under shifting.

Now suppose that L — M — N 1, L[1] is a distinguished triangle in D(R) such that L and M

have finitely generated cohomology in every degree. By Propostion for every i € Z we obtain
the exact sequences
HY (M) — H'(N) — H" (L)

Since R is a Noetherian ring, we can conclude that H?(N) is finitely generated. So, N € Df(R). O

Corollary 3.41. The subcategory D(R)® is triangulated.

a—cof

Proof. This follows from the fact that D(R)® >~ R, (D (R)®) and that R[4 (_) is a triangulated

a—cof —

fully faithful functor. O

We will see in Remark that the word cofinite is used also for modules and that the two
notions are essentially the same. Here is a characterization of cohomologically a-adically cofinite
complexes.

Proposition 3.42. Let M* € D(R)?, then:

a—tor’

M*® € D(R)® if and only if LAL(M®) € Ds(R)"

a—cof

Proof. By MGM equivalence LA4(M*) € D(R)® and M*® = RI',(LA,(M?*)). Moreover, for

a—com
any N°* such that M*® = RI'4(N*®), we have that LA(M*®) = N°®. Thus M* € D(R)ﬁfcof if and
only if LA, (M*®) € Dy(R)®. O
Corollary 3.43 (Restricted MGM equivalence).
The functor RTq(_) induces an equivalence of triangulated categories

RFCL(—) : Df(R)b - D(R)gfcof

with quasi-inverse LA4(_).
Proof. Immediate from the MGM equivalence and the previous proposition. O

The characterization of cohomologically a-adically cofinite complexes in Proposition is
theoretically powerful but it is not really close to our purpose. In the following we will try to get
another characterization of the category D(R)%_ 5 We will write Ro = R/a.

Lemma 3.44. Let L*, K* € D(R)". Assume that Exth(Ro, L*) and H'(K*) are finitely generated
Ro-modules for every i € Z. Then Exty(K*®,L*) are finitely generated Ro-modules for all i.
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Proof. By induction on amp(H (K*)). If the amplitude of H(K*) is 0, then we can assume K*® =
(0 - K — 0) is a single R-module (sitting in degree 0). Then, by hypothesis K is finitely generated
over Ry. Let

M*® = RHOHIR(R(), L.) € Df(R())+

By the derived Hom-Tensor adjunction [Yek12, Proposition 14.5.8]
R Homp(A® ®% B®,C*®) = RHomg(A®, R Homp(B®,C*))

for any two rings R, S such that there is a ring homomorphism R — S and complexes A®, B® €
D(S) and C* € D(R). So we get

RHompg(K,L*) = RHompg (K ®Ij;£0 Ry, L*) 2 RHompg, (K,R Hompg(Ry, L*)) = RHompg, (K, M*)

Now, we want to show that R Homp, (K, M*) has finitely generated cohomologies. To compute
it, we need a projective resolution of K. Since it is a finitely generated Rgp-module, by [Yek12l
Theorem 13.3.9] we can replace it with a bounded above complex P* of finitely generated projective
Rop-modules. This is a projective resolution of K and we have that P* = 0 for all i > 0. Since M
is bounded below, we can assume that M* = 0 for all i < m, for some integer m. The complex

X* = RHompg, (K, M*) = Homg (P*, M*)

in degree 4, is given by X* = [] Homg,(P", M™"") and, by our boundedness assumptions, we
nez

have that P® = 0 for n > 0 and M™*% = 0 for n +4 < m. So, the components of X* which are
non-zero are precisely those indexed by k € Z such that m < k4 ¢ < i. In other words, in each
degree i, only finitely many components of M*® play a role in the computation of X¢. What this
implies is that when we want to compute the i*” cohomology of the complex X*®, we do not need to
consider the whole complex M*®, but we can consider the smart truncation y<;4+1(M®) € D(Ry)®
and the result will not change.

So, we can assume that M*® € D f(RO)b is a bounded complex with finitely generated cohomologies
and, by [YekI2l Theorem 13.3.9], it is isomorphic to a complex Q°® consisting of finitely generated
Rg-modules. It follows that

R Hompg, (K, M*) = Hom% (P*,Q°%) € Dy(Ro)™
This shows that the modules Ext% (K, L*) are finitely generated over Ry [Rot09, Theorem 7.36].

If amp(H(K*®)) > 0, let n = sup(H(K*)) — 1 and using smart truncations we get a distinguished
triangle

K - K- k"1,
where K/ = x<,(K*®) and K” = x>,(K*) have smaller amplitudes and their cohomologies

are still finitely generated. By applying the triangulated functor R Hompg(_ , L*) we obtain the
distinguished triangle

R Homp (K", L*) — R Homp(K*®, L*) — R Homp(K', L*) 12

By Proposition for every i we get the exact sequence
Exth (K", L*) £ Bxtiy(K*, L*) % Exty(K', L*)
and so, the short exact sequences
0 — BExth (K", L*)/Ker(p) — Exty(K*, L*) — Im(¢)) — 0

where Ext% (K", L*)/ Ker(p) and Im(v)) are finitely generated Ro-modules, hence so it is Ext (K, L*).
O

Lemma 3.45. Let L* € D(R)" and ig = sup(H(L®)). Assume that Ext'y(Ro, L*) is a finitely
generated Ro-module for every i € Z. Then H™(Ry ®£§ L*®) is a finitely generated Ro-module.
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Proof. Let ay,...,a, be a generating sequence for the ideal a and K* = K(R;ay,...,a,) the
associated Koszul complex [Definition [3.21]. Consider the complex

M* = RHomp(K*,L*)

by Lemma and Proposition (1), H'(M?*) is a finitely generated Ro-module for every i € Z.
Since K*® is a bounded complex of finitely generated free R-modules by [CEH22], Corollary 12.3.23]

M* = RHompg(K*, R®% L*) 2 RHomp(K*,R) ®p L* = K*¥ @} L*
So, by the Kiinneth trick [Lemma [3.16] (applied twice)

W0 (M*) = H'™o (K™ @) L) = HM(K*) 95 HO(L*) & Ry ©p H(L*) = H(Ry @) L*)

Hence H (R ®% L*) is a finitely generated Ro-module. O
Proposition 3.46. Let N®* € D(R)%__, .., then:

N* ¢ Df(R)b if and only if Ext%(Ro, N*) is a finitely genenerated Ry-module for every i € Z

Proof. Let N* € D;(R)". Since the modules Ext%(Ry, N*) are a-torsion, by Lemma it is
sufficent to prove that they are finitely generated R-modules.

We can proceed by induction on amp(H (N°®)). If the amplitude is 0, we can assume N°® = (0 —
N — 0) is a single R-module, finitely generated by hypothesis. Since Ry is also a finitely generated
R-module, it turns out that Ext%(Ro, N) is a finitely generated R-module for every i [Rot09,
Theorem 7.36].

If amp(H(N*®)) > 0, the proof is similar to the one of Lemma Let n = sup(H(N*®)) — 1 and
using smart truncations we get the distinguished triangle

N = N - N B

where N’ = x<,(N®) and N” = x5, (N®) have smaller amplitudes and their cohomologies are
still finitely generated. By applying the triangulated functor R Hompg(Rp, ) we obtain the exact
sequences

Exto(Ro, N') — Ext's(Ro, N*) — Ext’(Ro, N”)

where Ext% (Ro, N') and Ext’; (Ro, N”) are finitely generated R-modules, hence so it is Ext(Ro, N*®).
Conversely, suppose that EXtZé(Ro,N *) is a finitely genenerated Rgp-module for every i and let
ip = sup(H(N*®)). We are going to prove that H'(N*®) is finitely generated over R by descending

induction on i, starting from i = ip + 1 (which is trivial). Take i < iy and suppose that H’/(N®) is
finitely generated for all j > .

Using smart truncations at 7 we get the distinguished triangle N’ — N® — N” ﬂh where
HI(N') =0 and H'(N")= H’(N*®) for all j >i
HY(N") =0 and H*(N') =2 H/(N*) for all j <i

So N €D f(R)b has finitely generated cohomologies by induction hypothesis. By Corollary

N/l 6 D(R)g.fcom'
Since N*® is cohomologically a-adically complete too and D(R)%__, ., is a triangulated category,
it follows that also N’ € D(R)%__,,.- Moreover, by the first part of the proof we know that

Ext%(RO, N") is a finitely genenerated Rg-module for every j € Z.
By applying the triangulated functor R Hompg(Rg, ) and by Proposition [2.23] for every j we
obtain the exact sequence

Ext? ' (Ro, N) — Ext%,(Ro, N') — Ext](Ro, N*)

So, we have that Eth%(Ro,N ] is a finitely genenerated Ro-module for every j € Z. From the
previous lemma it follows that H(Ry ®% N') is a finitely generated Ro-module and applying the
cohomologically complete Nakayama H*(N®) = H'(N’) is finitely generated over R. O
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The main result of this section is the following characterization of cohomologically a-adically
cofinite complexes, this is a generalization of Theorem in the category D(R)®.

Theorem 3.47. Let M* € D(R)® then:

a—tor’

M* € D(R)? if and only if Ext}(RO, M?®) is a finitely genenerated Ro-module for every i € Z

a—cof
Proof. By Propositions and [3.46, we know that M* € D(R)%_,,, if and only if N* =
LAL(M®) € Dy(R)? if and only if Ext’y (R, N®) is a finitely genenerated Ro-module for every
i € Z.
By MGM equivalence [Theorem [3.29] LA, is a fully faithfull functor and since Ry is a-adically
complete

Homp gy (Ro, M*) = Hompg)(LA«(Ro), LA«(M*®)) = Homp g (Ro, N*)
Finally applying Propositon [2.24]
Ext (Ro, N*) 2 Hompy) (Ro, N*[i]) 2 Hompr) (Ro, M*[i]) 2 Exty(Ro, M*)
So we get the result. O

There is also a very important generalization of Corollary [[.40]

Corollary 3.48. Let M* € D;(R). Then Ext's(Ro, R[q(M*)) is a finitely genenerated R-module
for every i € Z.

Proof. From the restricted MGM equivalence we have that RT'4(M*®) is a bounded complex cohomologically
a-adically cofinite, and so, by the last theorem, the modules Ext}i(Ro,RI‘a(M *)) are all finitely
genenerated over Ry. Morever, since they are annihilated by a, from Lemma they are finitely
generated also over R. O

Corollary 3.49. Let M € Mod(R) be a finitely generated module. Then Ext’y(Ro, RTq(M)) is a
finitely genenerated R-module for every i € 7Z.

Remark 3.50 (Back to the Local Case).

Suppose (R, m) is a Noetherian local ring and take a = m, its maximal ideal. An R-module is called
cofinite if it is Artinian. We proved Theorem [I.39]that an m-torsion module M is cofinite if and only
if all the Bass numbers j;(m, M) are finite, i.e. if and only if Ext’; (R/m, M) is a finitely genenerated
R/m-module for every i € Z. Looking at a module M as a complex M*® = (0 — M — 0) € D(R)?,
we conclude that if M is a cofinite module, then M*® is cohomologically m-adically cofinite.
Furthermore, given a finitely generated module M we proved in Theorem [I.3§] that all the local
cohomology modules HE (M) = HY (R, (M?*)) are cofinite and by restricted MGM equivalence we
know that the whole complex RI',(M*®) is cohomologically m-adically cofinite. Indeed, this is a
particular case of the Theorem [3.52] which is a new result.

Definition 3.51. Let a C R be an ideal. An R-module M is called a-adically cofinite if Ext’y(R/a, M)
is a finitely genenerated R/a-module for every i € Z.
Notice that Artinian modules over a Noetherian local ring are m-adically cofinite.

Recall that we denote by Dq_co (R)? the subcategory of bounded complexes M*® whose cohomologies
H?(M?®) are a-adically cofinite R-modules.

Theorem 3.52. Let M® € Dy_cof(R)?. Then M*® is a cohomologically a-adically cofinite complez,
i.e. Da_cof(R)® C D(R)®

a—cof "

Proof. We will prove the result by induction on amp(H (M*)) using the characterization of Theorem

Let us write Ry = R/a.

If the amplitude of H(M?®) is 0, we can assume M* = (0 — M — 0) is a single R-module, a-
adically cofinite by hypothesis. We have that Ext (Ro, M®) = Extk(Ro, M) is finitely generated
over Ry for every i € Z.
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If amp(H(N®)) > 0, the proof is similar to the one of Lemma Let n = sup(H(M?*)) — 1 and
using smart truncations we get a distinguished triangle

M = Mme— m

where M’ = x<,(M*) and M" = x>,(M*) have smaller amplitudes and a-adically cofinite
cohomologies, so Ext%(Ro, M) and Ext’(Rg, M") are finitely generated Rg-modules for every
i € Z. By Proposition applying the triangulated functor R Homp(Rg, ), we obtain the
exact sequences

Ext's(Ro, M') — Ext’(Ro, M®) — Ext’(Ro, M")
Hence the Ry-module Extlé(Ro, N*) is finitely generated for every i € Z. O

Remark 3.53. The key point to understand what is the difference between what happens in
Mod(R) and in D(R), in particular why the Grothendieck conjecture fails, is that the containment
of Theorem [3.52)is strict. There are cohomologically a-adically cofinite complexes whose cohomologies
are not a-adically cofinite modules, that is the case of the Hartshrone’s counterexample [Example
1.49).

Example 3.54. We continue with the set-up of Example
Consider the complex M*® = (0 — M — 0). Recall that

Hi(M) = H'(R[q(M*))

we already showed that the complex RTq(M*) does not lie in Dy (R)?. Now, we will show that
it belongs to D(R)Zﬁcof. By Theorem , it is sufficent to prove that Extls(R/a, R['q(M*)) is a
finitely genenerated R/a-module for every i € Z.
Let M*® — I® be an injective resolution, since M* is a bounded complex then I® is a bounded
complex of injective modules. Let X® := RT'4(M*®) = I'(I*). From Corollary we know that
X* is still a bounded complex of injectives. Moreover, from computations in Example we
have that
Ker(p) fori=1
H'(X®)=HL(M)={ N/Im(p) fori=2
0 otherwise

where N is the R-module generated by the set {u‘v’ | i,5 < 0} and ¢ : N — N is the multiplication
by zu + yv.
We can suppose that
dl
X*=0—-X'"25X?-0)

Moreover, there is a solid diagram with exact rows, which can be completed to a commutative
diagram

HY(M) <"+ N —— N 2 H2(

J{E st 52
~

. e 1
HI(M) <2 xt Dy x2 PXy 2oy

a

S

)

IR

where the existence of s' follows from the injectivity of X!, since it is the lifting of 4 ; while the
existence of s? follows from the injectivity of X2, indeed there is a short exact sequence

Homp(N, X2) =2 Homp (N, X2) =2 Homp(H (M), X?)

and since the composition (d} o s') oiy = 0, it follows that d o st € Ker(_ oiy) =Im(_ o).
Let us define the complex N®* = (0 —» N % N> 0) and the morphism of complexes s : N®* — X*
which is s’ = 0 in degrees i # 1,2. One can check that both H](s) and H2(s) are isomorphisms
(respectively the left one and the right one in the above diagram), it follows that s is a quasi-
isomorphism and so RT'q(M*®) =2 N*® in D(R).
Taking as a projective resolution of R/a the complex

]

Pr=0->RYLSRerR "L R 0
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It can be shown by a calculation that the complex RHompg(R/a,RT'4(M*®)) = Hompg(P, N*®),
concetrated in degrees [1,4], is

d'=|v
HomﬂPf,N')—(O—)NAN@N@N

d3=[¢ — v u]

NeN®N —— N —0)

0 %] —v

Let us compute the Ext-modules Ext’ (R/a, R['4(M?®)) for i = 1,2, 3, 4.

(1) Extyp(R/a,RTq(M?®)) = Ker(d') = {n € N | (un,vn, p(n)) = 0} = Ker(u-) N Ker(v-) N Ker(y)
Since Ker(u-) NKer(v-) = (u~tv~1) C Ker(yp) is the submodule of N generated by the element
u~ w1 it follows that Exth(R/a, R[4(M®)) = (u=*v~') is finitely generated.

VN, — ung
(2) Ker(d?) =< (n1,n2,n3) e N& N®N | | ¢(n1) —ung | =0
p(n2) —vng
For an element n = > rijuivj, denote with u=!n = > rijui_lvj and notice that (n1,n2,n3) €
,§<0 ,j<0
Ker(d?) if and only if (n1,n2,n3) = d*(u""n;). So, Ext%(R/a, R['q(M*)) = 0.
(3) Ker(d®) = {(n1,n2,n3) € NO&N DN | p(n1) —vng +unz =0}

For an element n = > rijuivj, denote with v='n = > rijuivj_l and notice that (n1,n2,n3) €
i,j<0 i,5<0
Ker(d®) if and only if (n1,n2,n3) = d?((v"'n1,0,—v"'n3)). So, Ext}(R/a, RT4(M*)) = 0.

(4) Notice that d® is surjective, indeed for every element n € N it holds n = d3((0, 0, u‘ln)). So,
Exth(R/a, R[q(M*)) = 0.

We can conclude that RT'y(M?®) is a cohomologically a-adically cofinite complex.
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