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Introduction

Since its early developmen¥odern Portfolio Theory (or MPThas represented a building
block of portfoliomanagemerand, more in general, of finance. Markowitz dmlpioneering
work operedthe door to a more quantitative approach to asset allocaliomjng the extreme
benefits of diversification and the great ieasswherewithit was possible to improve the
portfdio performancesWhile the idea of diversifying risks was already known, Markowitz
showed how it was theoretically possible to combine the elssstue the overall risk, without
necessarily sacrificing the retwrHe demonstrated that, for a givenverse of securities, it
was possible to create a set of dominating portfolios, such that it was impossible to improve the
returnfurthermorewithout increasinghe risk. Therefore, investohmavejust to choose across
suchset ofsuperiorportfolios depenthg on their riskreturn preferencedVhen plotted in a
returnstandard deviation space, this set of portfolios results irbranch of aparabola

commonlycalledefficient frontier

Despite the easiness and attr a@tsemseseverals of
drawbacks when applied to the real worleir®) kased on severalrict assumptions, optimal
portfolios often result in assetllocationswhich are not feasiblego againstreal world
limitations or that would require large cost to set Ap example is théarge changes into the
portfolio composition due to the high sensibility of the optimization process to slight changes
in the inputs(returns and varianeeovariance matrix)Moreover, several studies proved that
these secalled efficien portfolios are often outperformed by more naive approaches, such as
an equally weighted portfoliddAmong the main fallacies, the model do®d take into account

the market capitalizatioand therelativelevel of liquidity of the assetthat theinvestors are
required tanvest in. This represent a huge limitation, especially for large institutional investors.
Even if they were feasible, the establishment of large positions eligoid assets would have

a huge market impact and thenefaesulting on worse execution priceddower portfolio
returnthan what predicted by the theoretical model

The aim of this work is to try to introduce a new parameter, namebsgediquidity, into the
optimization problemThe resulting efficient frontier will be now addmensionalsurface
graphing thetradeoff between portfolio return, risk and liquidity. It will be investigated
whether the introduction of liquiditgharacterists results in more feasible portfoliwom
several poirg of view, and howgross and nateturns respond to the liquidity parameter. The

data set used to conduct this analysis inclpdess,turnovervolumes Bid-Ask spreagdmarket
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capitalizationand oustanding sharesf the constituents of thEuraStoxx600, from 1999to

2019, with observations recordddily. The dissertation is then organized as it follows:

Chapterl presentsa reviewof Markowitzb sneanvarianceoriginal framework and further
developments, highlighting advantages daffacies of the optimization problem anthe

variousresults.

Chapter2 gives a description of tb concept of liquidity, its multiple definitions and sources
ard the role that it plays imriving the investment decisiondoreover,the most common
liquidity measuresised by the literature and in real world applicatiwill be describedas
some of them, will béaterimplemented in the empirical analysis.

Chapter3 describes theptimizatims modelsused in the empirical investigatiofhe liquidity

will be proxied by two very popular measur&se Bid-Ask spreadand the Amihud measure

of illiquidity. The first represents treasiest and most diresgpproximation of transaction costs,

the seondis a roughproxy of the market impact. Liquidity will be implemented as an additional
constraint in the optimization process, so that each portfolio satitheged level ofiquidity.
Firstly, this constraint will be introduced in a static contelgince, we will attempt at creating

a MeanVarianceLiquidity surface in opposition to the more classicedanvariancefrontier.

We will analyze how portfolio allocation, returns and performance measures vary at the
different level of liquidity imposedSubsequently the liquidity will be introduced also from an
active perspective. With a monthly rebalancing, we will andiyazeportfolios with a minimum

level ofill iquidity to understand whether liquidity can play a role in determining the success of

an investment strategy.

Chapter4 provides the data used and reports the MATLAB results of the analysis and
optimizations described in part 3.



1. Literature Review: Markowitz 6 eptimization problem

1.1.Before Modern Portfolio Theory

Before the groundbreaky work of Harry Markowitz and the subsequent developswthe
modernportfolio theory, asset allocation and portfolio strategies were mainly based on the
concepts elaborated by John Burr Willsmn hi s book in 1938, nTh
V a | uTéis book, which can be considered as one ofple@eersof the currentMPT,
introduced notions which have been used, later on, by Markowitz, Modidfidler and Fama.

In his work,John Burr Willians made a significant contribution to the field of fundamental
analysis, developinthe concept of discount cash flow and, in particular, the divitbesed
valuation. According to his theories, investors shalilocatewealth inthose stocks whichre
undevalued hoping that the price wijllsooner or latercorrect to its fundamental value.
Therefore, bef oBtheory tetermibedl dhe way Wartfolio imanagers were
investing they were screening across hundreds of stocks in order to find iplhyent
undervaluednvestment opportunities. However, as Markowitz pointed out in one wfdrks,

if the value of a stocks the present value of its future dividends, as Wilkaamsertedbut

investos careonly about the expected value of a securibg eonsequentlyhe expected value

of their portfolio, they should put all their money in the security delivering the highest expected
return. However, this makes no serseceit is well known thatthe allocatiorof all your eggs

into one basket notwise choice Moreover, Williansdinvestment strategies were little or no
concerredabout the risk associated withe securitiesand howtherisks of different securities

interact with each othelt should be pointed out that Markowidr notintroducethe concept

of diversification which was alreadywell k n o wn , even drefach there ateh e 5
evidencesglespite beingjuite rudimental, of the concept of diversificaterenduring the 18
century, when Shakespeare wrote nirtdpneplecart ur e
nor is my whole estatgpon the fortune of this present yetlrerefore, my merchandise makes

me not sad. Act |, S ¢ e nVenicd(Markowitz, 119999eHoWwesemo u s
what was lacking at that timevas an adequate theory of investment ¢toatd covethe effects

of diversification when risks are correlated and aretigk-returntradeoff on the portfolio as

a whole(Markowitz, 1999).



1.2.Mean Variance Framework

Markowitzd svork in 1952 opened the doors to wlitais currently caled ModernPortfolio
Theory or meatvariance analysjssince it isbased onthe expected returngmear) and
thestandarddeviation (variancé of the different portfolios His groundbreaking workas
shownthe positive benefits of diversification in portfolio constructidie.emphasized that the
overall quality of the portfolio can be different from the quality of the individual securities
consttuting the portfolioitself. In fact, ty choosing securities which are not positively
correlated (i.edo notmove together in the sand@ection, it is possible to reduce the overall
risk of the portfolio, still maintaining readequatelevel of return.In his original work,
Markowitz stated that all investosharewo preferenceshey all prefer higher returns to lower
and they all dislike uncertainty. These assumptions ensure that investors are rational and risk
averseRational investors like more dh lessas this maximize the utility obtained, and they
like more what is certain thavhat is uncertain, as the estimation émetcastof future utility
becomes easief heserepresent few of the several assumptions postulated by Markowitz.
Although being quite restricting artardly to be met in reality, they work quite well for
academi@urposess itis possible to obtain a close solution to the optimization problem.

Consicering a portfolio oh securities, in which investors can invest a fractigri=1, 2,é , , n
of the available funds intieththe security.The returs on individual securities are assumed to
be jointlyrandomlydistributedand represented by the variaBlewith theexpected valubeing
equal toE(R)=ri. Letting w= (m, ws, ..., up) andr = (rl, r2, ..., rn) berespectiveljthevectors

of securitiesveights andexpectedeturrs, it is possible to define thexpectedoortfolio return

as

oY (0] 1Y 1 OY 11 1a& p

Hence, the resulting portfolio return is a simple linear combination of the security specific
return andts weight.Concerning the portfolio riskhere is no unique and universal variable to
effectively describehis concept. Investors have used diffdrelimensions to expresand
measureisk, but Markowitz quantified thesk using two weHknown statistical measures: the
variance and, its square root, the standard deviation. Computations are generally easier when

dealing with the variance. Thereforé,is convenient to setip theproblem in terms of the



variance and then just compute the square root to recover the standard deviation (Fabozzi,

2011). The variance can be expressed as it follows:

w T 1

Where,, oY i Y 1 representshe covariance between the return of ittle

andj-th assetln matrix notation it takes this form:

I ;|

Wherem represents the variancevariance matrixAs we can see from thigst equation
portfolio return is just a weighted linear combinatiorseturitiesreturns while the variance

of the portfolio depemsinot only on the variance of the singdecuritiesconstituting the
portfolio, but also on the way thesecuritiesmove(the correlaton), and the amount invested
ineach | n otlierthengs,beirfig equahe more returns on individual securities tend to move

up and down together, the less do variations in individual securities cancel out each other and
hence the greateristhe véria | i ty of return on thRecalngrtf o
Williams theories, investors should choose the portfolio which guarantees the highest expected
return. No or little attention was paid to the concept of. liswas claimed that by the law of

large number, by investing in a sufficient numbeseduritiesit was possible to eliminate the
portfolio risk. However, as Markowitz mentioned in his wdHe presumption that the law of

large numbers applies to a porifobf securities cannot be acceptaetauseeturns are too
intercorrelatedT hus,diversification cannoéntirelyeliminatethevariance(Markowitz, 1952).
Markowitz had the brilliant insight that, despite correlation cannot completely eliminate the
risk, it might reduce itwithoutimpairingportfolio returrs. In fact, correlation andheresulting
diversificationdo play a key role, sinds possible to obtain portfolsonvhich dominate single
securities. This measnthat is possible to combirsecuritiesn a portfolio whose either return

is higher that the single security or the risk is loke risk is not completely eliminated as
stated bywilliams). Any combination of securities that results in a portfolio is called feasible
portfolio. The universe of all these feasilsielutionsis called feasible set of portfolios. Across
these, there are some whichnnot be dominateth terms of risk and returnhé efficient
portfolios A portfolio is saido beefficient whenfor a given level of riskno other combination

of securitiescangeneratea higher level of return without increasing the risk. In the same way,

is also efficienthe portfolio which delivers a given level of return withlower level ofrisk

(lower variance)The collection of all these portfolios creates a line cafédient frontier All
thefeasibleportfolios that lie belovthis line are notefficient enoughsincefor samelevel of

risk, the return can bmcreasedpr risk can be decreased for the same level of reWdrel
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efficient frontierclearly showdhe tradeoff between risk and reward: as we move to left, the
return increases but also does the risk. Baingere combination of securitigscharacteristics
theefficient frontieris the same for all the investors, regardless their risk preferences

There arg@wo optimization problems behind the formulations of the main principleeohean
varianceanalysis investors want to either maximize the retdon a given level or risk or
minimize the riskfor a given level dreturn Both the structures deliver the same resals
theyrepresent the same optimization problerkled from two different poistof view. The

problem in matrix notationis the following:

a Qg

o oBaEhd
1 Q p
Whereeis acolumnvector of onessizen by 1. This problem aims at minimizing the variance
of the portfolio under two constraints: firshe overall return of the portfolio is equal to the
target returmp, which depends on the invesi®risk preferences; the second is a full budget
constraint which ensures that 100% of fheds availablefor investing are allocateish the
portfolio. Very often this minimization process is presented with in a similar way, by
multiplying the variance by 1/2. Thig just a convenience with makes mathematical
computationsa little easier. However, from a practical point of view, the two processes are
equivdent and lead to the same resulguivalently, the other optimization problem aims at
maximizing the portfolio return, keeping the variantéhatarget level.
aoa i
i 0 hwEHS) -
1 Q p

Where the first constraint defines the target varignce be achievedt can be noticed that

Mar kowi tz6és original opti mi zExceptfa the fpllbwdgee s s i
constraint, no other restrictisareimposed, so that theoredlly any position can be taken on

the single assat As described later, this is far froneal world applicatios and further
assumptions are required in order to makedptmizationfeasible Both theoptimization
problens can be solvedisingthe Lagangianmultipliers approach. For the purpose of this
work, we will focus on the minimization procesg obtain the minimum, theagrangian

function has to be obtain as it follows:
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Then, partial derivatives witrespect to the vectaf weightsand the Lagrangian multipliers

have to be taken and set equatéoa

10
— g m _I Q 1
|’I1 "

u | ¢ T
e T
cp 10 .
voT 1 Qp ™

By solving the system for the , | 1 and| 2, and replacing the values of the Lagrangian

multipliers intg , it is possible to derive the optimal weights equation

, Imi TmQ 'm Q 1Tm i
| T

Where 1m i,/ im Qand Qm 'QThe vector * represergthe ogimal weight
for each asset in the portfolisatisfying both the return and the full budget constrdihe
efficient frontieris then derived byarying thetarget return in theonstraint andkeepsolving
the optimization problenfor the different levelsAlso, the equation describing tledficient
frontier can be easily retrieved by substitutingthe i gdguaton back into the minimization

problem.

This expressionrepresents the anaiy equation of thefficient frontier relating theportfolio
variance with theexpectedeturn.As it can be noticed, the variance is a quadratic function of
the portfolio expectedeturn Thereforethefrontier has a parabolic shapeameanvariance
space wherethe portfoliovariance is represented on fhaxs and theexpectedeturn on the

X-axis
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Mean-Variance Relationship

Portfolio Return

(Figure 1 MeanVarianceparabolg computed for the EuroStox® Sime window: 2009
2019

However, given such shape, the understatintie existenceof a dominating solutionn the
spaceis not immediate. To this end is much more convenient and easier to represent
frontierin a mearstandard deviation planeith returns on the-pxis and standard deviation

on the xaxis given also thatthe two variables have the same unit of measurerireféct,

being the standard deviation a direct transformation of the variance, the optimization problem

could be solved directly for the standard deviation and the results wouderiiecal In this

scenario, the frontier is represented by a horizontal parakitiethe verteXocated on e h-

and the two asymptotes following the equation - .

Mean-Variance Frontier with Asymptotes

0 2 4 6 8 10 12
Portfolio Standard Deviation

(Figure 2 Full meanstandard deviation frontier witthe green dot representing the vertex
and the red lines thasymptotescomputed for the EuroStox®,5ime window: 2002019
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The vertex represents one of hertfolios of major interestthe Global Minimum Variance.
Suchportfolio is the one characterized by the lowest possiblatility. As the figure shows,

no matter what the reduction in the expected return is, it is not possible to reduce the risk of the
portfolio below theMinimum Variancdevel. The Global Minimum \arianceis also important
because it representhe threshold between tlimminatingefficient frontier, the part of the

curve above the vertex, and thecadled inefficient frontier, the part below the part below

is called inefficient because, desgpitaving even lower returns than the Global Minimum
Variance they have a largestandard deviation and hence higher risk. Stheseportfolios

are exactly on the same standard deviation level of a portfolio on the upper curve, they are

dominated by those as they have same risk but lower return.

Dominating Efficient Frontier

Ll
Portfolio Standard Deviation

(Figure 3 DominatingMeanStandard deviatiorEfficient Frontier, computed for the
EuroStoxx B, time window: 2002019

In building the efficient frontier, the correlation betweengbeuritiesepreserda key driver.
Recalling thatthe correlation movesn the interval {1,1], these benefits can beasily
demonstratedonsideringan example witljust two securitieSVhen the correlation is perfectly
positive (equals tal), there is no space for diversification benefithe efficient frontier is a
simple linegoing through the two assethus,the expected return of the portfoim linearly
increasing in the risk. Theppositeextreme correlation equalsl, representshe best possible
scenario asgt is theoretically possible to combine the twecuritiesin a portfolio with
essentiallyzerovolatility. Whencorrelation moves between the two extremethe efficient
frontier moves between teetwo cases. Of course, thsa clearextremization of the reality
but it is still important to explain why negative correlation and potential for diversificaten

importantdriversin building the efficient frontier.
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One of the most attractivieaturesof this framework is that, provided the assumptions are
satisfied, the only inputs necessary as&urns, variance and correlationespite this, the
estimation of such parametersnist easy, and tend to produce several drawbacks in the asset
allocation Markowitz himself did not specifyhow to estimate those parametesdether
investorsshoulduse historical valuegr notto computethe expected returns aride variance
covariancematrix. What he did say wdlsat investos shouldu s eeleviant beliefs about future
performanced wi tspgeafying how to get thosgMarkowitz, 1952) Later, howeverhe

stated that average pasturnsand past covariance could actually be assumadyasd proxy

for future return and risk measur@is poses several problems both from the results validity
and appropriateness of the measures point of view. Howasenuch as it might be an
oversimplification, for academic purpose, the use of historical data makes the computations
much easier. That is why, historical values of returns and variance will be used to compute the

meanvariance analysis and any further deyeghentin thisdissertation

1.3.Relevant portfolios: Global Minimum Variance and Maximum
Trade-off

As mentioned,the optimal portfolio for an investor strongly depends on his risk aversion
characteristics. More risk averse individuals will presgfer portfolios, with less riskttached
while more risk lover investors will prefer portfoliasth a stronger risk componeriowever,
across all the efficient portfolipshere are two which have desirable and interesting
characteristicsthe Global Minimum Variance and the Maximuifradeoff (alsoknown as
Max Sharpg portfolio. These are, respectively, the portfolios with the lowest possible risk
(assuming the variance/standard deviation as proxy for the aigk)the portfolio withthe
highestSharpe ratio, hence the highask-returntradeoff. These portfolios will be later used

in the empirical analysisThe Sharpaneasureis indeed definedas the ratio between the

portfolio excess return over the riflee i rate divided by the standard deviation of the

portfolio itself.

It essentiallyneasures the reward over the fiskerateper unit or risk takerideally investors
are looking for portfolios with positive and high Sharpe ratio. Negative values suggest that the

portfolio is underperforming the riskee security, despite the higher level of risk taken. In this

14



case, investors would be better off by switching thmeiedmentsto the riskfree assetGiven
their characteristics, these portfolios are easily recognizable along the efficient frontier. The
popularity of theGlobal Minimum Variancéhas risen quite a bit in the literature in et
years.This popularity comes from the fact that t@dobal Minimum Variancehas some
desirabléeatures, both from thetatisticaland portfolio composition point of viewrirst,stock
returns ardifficult to estimate Merton 1980) Estimateamight significantlydiffer from the
real valuesThis estimation err@would affect the optimization process aalfimately result
in a suboptimal portfolio composition, which might lead to poor performan€emgf,
Memmel2005. However, th&lobal Minimum Variancés theresult of variance minimization
problemand thustiis notaffected by errors in thestimation ofreturrs. In fact, variance
covariance matrix can generally be estimated much more precisely thars, réterefore
improving the optimization results (Kempf, Memme&0D05. Moreover, there exist more and
better methoslto cope with the uncertainty in the variara®/ariance matrix than with the
estimationof returns Secondit has been often proved that low volatility stocksidioperform
much worse than those with much higher volatility (Coqueret 2015)efdre, theGlobal
Minimum Variances theresult ofa portfolio optimizationproblem, where theonlg b i ndi n g €
constraint ighe budgebne (no target return constrgint
aQeEl m
[ 6 0 BEODQ p

The Lagrangiameduces to

With the following partial first drivatives:

I’PT01 Q ™
TTT"Cm=
rel U .
Solvingfor_ and the substituting back into the we
Q i Q
1 dl 1 ,m, T—‘Y’O P
Qm Q Qm Q 7 7]
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As anticipated, e Global Minimum Variances located on the vertex of tledficient frontier
parabola with coordinatejs/l—ﬁ— . Moreover, heweight combination is a mere function of the

variancecovariance matrixthus reducing the risk of madlocation due to errors in the
estimation of the return©n the other hand, thHdaximumTradeoff portfolio is the result of
a more complex optimization problemhich aims at maximizing the Sharpe ratio, stilder
the budget constraint

11
nm
[ 60 BENQ p

aow

Again, solvingthe first derivatives for andfor_and substituting back

formula we obtain the followingjuantities

mi imio
- : - — Y

Qm i l Qm 1 1 ©

| =

AP
an

The Maximum Tradeoff has coordinates :I_s.ﬁ_ . Differently from the Global Minimum

Variance the weightsarea function of both the varianemvariance matrix and the returns.
Therefore, the estimationf the returnsplays a key role in determining the portfolio
composition.The Maximum Tradeoff portfolio acquires particular importance whamisk-
free securityis added to the analysis. tinis scenarioaccording to the one fund theorem later
described the Maximum Tradeoff, alsoreferredas the tangency portfoliggpresents the
optimal risky portfolio in which evenyindividual should invest in regardlessthe risk
preferencesThen,the investor can control the overall risk and adapt fispreferences by
taking a position on the riskee security A deeper discussion is presented in the next
paragraph. However, it important to point out thatvhen the riskree security is introduced,
the resultingVlaximum Tradeoff portfolio will be different from the onestimated from the
efficient frontier with only risky securities as now theortfolio6 Sharperatio to maximizeis
defined with respect to the rigkee rate.

In alternativeto theGlobal Minimum Variance and the Maximufmadeoff, there is another
portfolio which, despite not necessarily lying on the efficient frontier, is of particular interest
for the investos. the equally weighted portfolio. This portfolio is often referredaasive
portfolio because it is based on a naive diversification (eteng against what introducéy

Markowitz, the equally weighted portfoliavests evenly across all tiNesecurities available

16



ignoring the data and any optimization process. Deggitsimplicity, a naivaliversification
approachis widely used & benchmark for several reasons. First, it does not involve any
estimation error as moments do not need te@draputedin order to find the optimahsset
allocation.Moreovetr many studies s a lack of diversification in the portfolio holdings. An
equal weighted approach ensures sufficient diversification, avdatigg concentratiain the

same small group of assets. This turn, might improve the portfolio liquidity and
performances by partially reducing the market impact of Markéwgizrtfolios. Second, even

after decades of new models amelv methods to estimate parameters &mdope with the
estimation errors, many invessdteep using a naive approach to allocate wealth across assets
especially when looking at passive investment straté@ieMiguel, Garlappi, Uppal 2009).
Moreover, many studies provéuat the equally weighted portfoi@erform not much worse

or even otperform more advancedtrategies, especially when the number of securities
involved is high, since, even if naively, there is more potential for diversification Wigle
increasing number of parametéo be estimated for th@ore advancethodelsalso ncreases

the potential for estimation errors. Similarly, naive approaches work best when the data
available are limitedas theparameters estimatidrecomes less precig@eMiguel, Garlappi,
Uppal 2009)

1.4. Efficient frontier with risk -free asset

Markowitzb s bi ggest achievement i s, wimpdnancetof any
diversification inthe portfolio construction. Moreover, the introductiontbé MPT, provided

the foundations for several other developments. Particukarigrkable has been the work done

by Tobin(1958) Sharpe and Lintner in analyzing fingoact of introduction of a riskee asset

in the analysisThey showed that adding a riffike componengenerate®fficient portfolios

which aresuperior tahoseavadlable to investors without (Rachey Stoyanov Fabozzi2008)
Moreover, they found out that the efficient portfsliare a combination of a specific risky
portfolio, called markefor tangent)yortfolio, common to all the investors, and the fiske
securities. Investors are still assumed to optimizertheldingsas stated by Markowitz, but

now they are also allowed to borrow or lend as much as they want atfeeesiete (the
assumption of unlimited borrowing has been widely proved to be unreglisénding
corresponds to having a long positiavhile shorting the risree security corresponds to
borrowing. This assumption has important effect on the budget constraint, as the weights of the

risky portfolio no longer have to sum to one, as investor are allowed to short tieeesk
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security andhus increase their long position on the risky assets above H0#ever, it is

still assumed that the positions on the two assets equal thesmityat all the funds astill

invested(such assumption is implicitly incorporated in thegetreturn onstraint) Therefore,

investorsallocate their funds between a portfolio of (rislegcuritiesand the riskfree asset.

The expected return of this combined portfadia simple linear combination of the returns,
oY1 1 i

With1  repregnting the fraction invested in the rifilee assefit is a scalar value since it is
assumed that there is only one #iske asset)The variance (andtandard deviatignon the

other handhas the same structure as before, since thdraskasset hamero variance.

w 1

The optimization problem takes the following form
a Qg n
[ 60 @Fnid p 1 Qi ‘

And the resultingequation of the efficienexpressed iareturnstandard deviation spaas:

i , 1o

With H being equal tdO 1 Qiax i Qi . In this case the efficient frontier is no
longer a parabola in the meatandard deviation space, but it is a straight line, winiecepts

the yaxis at the riskree rate value. In the extreme case where T |, the efficient line
would equatehe aymptotes previously calculated for the @iy frontier. However, if that
was the case, ti@lobal Minimum Variancevould have the same expected return of the riskless

rate, which is clearly impossiblelgbbert2007). Therefore, the only feasible cashen

T JT . Since such frontier represents all the possible combirsatifdhe riskfree security and
risky portfolio, itis possible to create an infinite numbeglimes which differ only in the slop@ s
coefficient {/asicek, McQuown 19721t can be proved that the slope of this new efficient
frontier coincides witlthe Sharpeatio of the risky portfolio selectedince all investors are
utility maximizer, they would like to maximize the ris&turntradeoff, hencethey would like

to invest in a portfolio which lies on the highest feasible lBiwen this assumptiornhe best
efficient line isthe ore going through theangency portfolipsince it haghe highest Sharpe
ratio. Thus, the efficient frontier with ksfree asset can be thought as any combination of the

tangency portfolio and the riss asset.This assumption is commonly called one fund
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theorem.The tangency portfolio i®ften referredas market portfolicsince, under certain
assumptiongsit consiss of the entire universe of available ass#tsleed, 1 all the investors

share the same views about asset moments, theglMniest a fraction in the tangent portfolio

and borrow or lend the riskee securityhencedemanding the same risky portfalibhen,
assumingthat markets aren equilibrium so that supply equals demamdgery investor's
holdingswill be made up of a part of the same portfolicfollows thatthe tangencyortfolio
comprises all the shares outstanding of all the common stot¢ke market. This portfolio is
thuscalledfimarket portfolo 6 and i ncl udes a)ptopottidnaly totheirs t a n
market capitalization\(asicek, McQuown 1972 The resulting frontier is commonly known
Capital Market Line (CML)anNd itcan be represented ia$ollows:

Efficient Frontier with Risk-free asset

rtiolio Standard Deviation

(Figure 4 Capital Market Linecomputed for the EuroStox® ime window: 2002019)

It is easy to noticéhat all portfolios that lie on thesky efficient frontier( Mar kowi t z96s o
frontier) arenow inferior solutionsto the portfolios on the CMLin the sense that they result in
lower expected retuafor the same amount of rigk/asicek, McQuown 1972This theorem
has important implication asljfferently from the world without riskree asset, all investor
shouldnow pick the same portfolio regardless their risk preferenResk aversion doesot
determine the composition of the risky portfoiinymore but it affects the composition of the
overall efficient portfolig resuling from the combination of the riskee asset and thearket
portfolio. More risk averse individual will position themselesthe right of the optimal
portfolio along the CML, taking a londput smalér than the unityposition on thdangency
portfolio and investing mainly in the ridkee asset. On the other hand, very risk lover might
opt to invest everything in th@ngemry portfolio or even short the riskee asset (borrow) in

order to take a long positia@xceeding the unityThe crucialconclusionthereby suggested is
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that every investor must resolve what risk level he is willing to assume but netedsetsct
particular stocks nor be concerned witbw to combire them into a portfolio(Vasicek,
McQuown 1972 Theoretically i f al | the model 6s assumpti c
invest in all the stocks in the market and borrow/invest imigthefreeasset and automatically

obtain the efficient portfolio.

1.5. Optimal Portfolio and Utility Maximization

In portfolio theory, as in many other situations in economics, individweals to make choices

in a world dominated by uncertainty this contextthey are asked to choose across a set of
portfolios, each with its own risketurn profile, and, thus, different level of utilitgince
rational individuals prefer more to less, they alwmake decisions in order to maximize the
resulting expected utility Therefore, portfolio choice should also be concerned about
maximizing the utility If the meanvariancedominating portfolio individuated by Markowitz
aretruly superior choices compared to the +efficient ones, theghouldalsoproducea higher

level of utility than all the nomlominating portfolios, otherwisavestorsmight opt forthose
portfoliosthatdo nat lie on the efficient frontiedn the standard portfolio analysiggtprimary
concerns for investerare risk andeturns Thu s utility function mai
preferencedowards these parametemshich represestonly the first two moments of the
distributionof returns In particular the slopef the functionis positive to reflect the fadhat,

to maintain tle same level of utilitya riskaverseinvestorhas to be compensated witlgher
returrs in order to accept higher risKFabozzi 2012)Moreover, the more risk averse an
individual is {.e.the larger is theisk aversion coefficient), the steeper is the utility curve, since
he must be extremely rewarded in order to accept an even small increment in the risk.
mentiored above, the optimal portfolio for an investor depends on his risk preferences,
embedded imis utility function.Ther ef ore, the problem reduces:s
utility function. The literature behind the estimation of the indifference cuswesy wide, but

also very debatke While the existence of function that camperfectly explainand quantify

i ndi vi dual svduld beregtrereety eisefoire reality this is not always the cask

fact, there are many evidences franoth traditional andbehavioral studies, thabot only itis
difficult to determine the utility funain, but alsoindividuals are notfully rational as
Markowitz predictecandthe utility function typeas welltherisk preferencesmight change
depending on the circumstances and {{Fabozzj Pachamanova010) An example is the fact

that househal sportfolio tendsto be homebiased, with extreme low diversification across
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foreign stocks. It seems that foreign stocks are perceived riskesithdar domestic stocks.
Clearly, this behavior reflects na@ational beliefsFrench and Poterl{d991) have showthat
investors in the USA and Japan allocate more than 90% of their overall investment in domestic
stock, resulting in a much lower diversification than what standard portfolio models suggest.
Moreover, the assumption that utility is espsed just by the first two moments of the
distributionof returnsis a departure from the expected utility theory. According to it, when
facing many uncertain scenarios, an individual always chooses the prospect yielding the highest
level of expected uiily. In that case, the choice depends on the entire probability distribution
function of the return and not merely on the expestednand the standard deviatiof&iswas

1997) However,assuming that investors are fully rational and utility maximizereasake
analysis easier and allows for a solution to the optimization probléen, under certain

assumptions, theeanvarianceutility coincides with the expected utility theotyet still bei

the random portfolio returny/ the final wealthew @ p * handWo the initial wealth
which can be normalized to the unity so that the only arguwfetite utility function is the
return.Because of the difficulties in estimating the correct utilitactitioners often work with

a mearnvariance approximation of the chosen utility function (Fahdathamanova010). In
fact, by applying a Taylor series expansion around it is possible to show that mean
varianceframework isreconcilable withthe expected utility theorynderspecific assumptions
aboutinvestob preferencesand returns distributionDespite being just an approximation,
many studies showed that a two moments expansion works as a useful proxy to the expected
utility when it cones to selecting portfolios of common stoeksl including higher moments
do notalways improve the resulfsllawitschka 1994)A common assumption about the utility
shape is that it iguadratic A quadratic utility functiorhas several mathematical adveges,
such as that all the derivatives above the third power are zero. Moreevgiand Markowitz
(1979)showed thatwhen dealing with mutual fundhe expected utility function can be very
well approximated by a function of the mean and the variahtieegportfolio returs. They
found out that aneanvarianceapproximation performs particularly well when returns range
from -30% to 60%Moreover,they demonstrated thdte mean variance frontier included the
portfolio maximizing the true utility function (Cremer&riztman 2003). Therefore, the

guadratic approximation can take the following form

. .0
Y & 711

Whereo Tirepresentsthe nvestor s attitude towards r

from the one described by Pratt (1964hwever,the presuppositiorof a quadratidunction
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results in some unr eal i s thehaviordisss aiquadtatic atiity a b ¢
Is characterized by increasing absolute risk aversion, which implies a reduction in the nominal
amount invested in risky assets as the wealth increases. Second, it exhibits a positive marginal
utility function only up to a certain level of wealth, after whitlstarts decliningIngersoll
1987) Alternatively, similar conclusiamcan be derived assuming a multivariate normal
distribution of the returnas investors can infer the entire distribution of returns from its mean
and variance andherefore, higher moments become irrelev@itemers Kriztman 2003.
When returns follow a normal distribution, a meammiance approach makes sense regardless
t he shape of Aiverywersnbrochoicehendealing with gormally distributed
returns isthenegativeexponential utility functiom CARA (Constant Absolute Risk Aversigon)
which iseasier to optimize than some of the other utility functions.

Yoo Q

With © representing the Arrowratt constant coefficient of risk aversiofhen, the
maximization of such utility is equivalent to the-called meanvarianceutility function

expressed as (Ingersoll 1987)

In both cases, the resulting eqbed utilities will dependnerelyon thefirst two moments of
the returs. Hereof, the connection with teeanvarianceframework.Therefore, besides the
methods previously shown, there is another way to derive the efficient frontier, which consist

on the direct maximization of a meamriance utility functio © is replace with A to

simplify the expression)
Aww] 1 = m
C
i 6o Q@Odo p
Recalling that the maximization of a function equals the minimization oégative form, we
can express the Lagrangianthe following form
. G ,
U 1 1 E-| m _1 Qp

The solution to this minimization problem can be easily obtain by replicating the steps followed

for the standard optimization problem. The resultingtsm is:
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Or, alternatively,

The last representation is particularly interesting because it showfehaptimal portfolio,

and in general any optimal portfolio for a given risk param&tés a linear combination of the
Global Minimum Variance and Maximuifradeoff portfolio. When the investor is infinitely

risk lover, so thab © T, the solution is given by an extreme long position inNfaimum
Tradeoff and a short on th&lobal MinimumVariance On the other hand, whén® Hthe
investor is infinitely risk averse, and the solution simply converges t&Gkbleal Minimum
Varianceportfolio, with zero holdings in the Maximum Trad&. Therefore, by varying the

risk parameter and solvingealoptimization it is possible to derive the efficient frontier, which

is exactly equivalent to the one deriviedthe previais sectionslt is easy to understand the
attractiveness of theneanvarianceapproximation. It provides a direct way to compute the
portfolio maximizang the expected utility instead of having to compute the utility for each
possible portfoli® somposition along the fronti€Cremers Kriztman 2003. Despite being
quitestraightforwardthis procedure is not exempt framiticisms Even if all the assumptions
about the utility form andhe distributionsof returnsare correct, there still would be several
pitfalls. The main drawbaclconcerns thestimation of the risk aversion paramstdn fact,
despite the large literature behind, nowadays there is no procedure paitticesa unique

result. There have been many attempts to directly gliertsk aversiorpreferencesusing both
qualitative and quantitative procedure. Qualitativeocpdure exploit surveys and
questionnaires, which are also widely applied in psychology. Theshancomingwith these

kinds of procedureis that they danot directly quantify a risk aversion parameter but simply
allow to determine whether people anere or less risk aversResults tendilsoto be biased

as people might not fully understand the questions. Moreover, and this probably represents the
biggestproblem, people daot distinguish between risk aversion and risk perceptiamah

means thaprobabilitesare not held constant). Therefore, some people ngethtlassifiechs
extremely risk averse only because they attach a much bigger probability to a risky event that
what othersdo. Quantitative approaches, on the other hand, can provide an estimate of the risk
aversion parameter. These approaehe based on simulated games or scesat@re people

are asked how they would behave depending on the conditions. Byhesing thoseresuls

and making some assumptions about the utility functias possible to infer the risk aversion

parameter, provided that individuals are utility maximizer. The main advantage, compare to
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qualitative methods is that now probabilitiesra given (and thus held constant across
individuals) therefore there is no error caused by different risk perceptions. However, also these
approaches have some drawbacks. Many evidences show that people involved in these
simulations tend to underestimakeir willingness to payhencethe resulting risk aversion is
overstated. Moreover, the answers tend to change in accordance to the sizgofdl@nce

that the efficient frontier has been constructed, the next step is to determine the optimal
portfolio. Since the higher is the indifference curve, the higher idinlé utility, rational
investors would alwayBke to be on the highest possible indifference curve. Therefore, the
resulting optimal portfolio, will be determined by the tangency of the higitidist curve with

the efficient frontieror with the CML line in case the ridkee asset is included in the ayst

Concluding, whileBernoulli andVon Neumann and Morgenstérmvork suggests that
investors wish to rationally maximizeheir utility, practitioners have found that for most
investors, the utility function is an impractical device for selecting fdotios. In their
experience, they find that investors do haty understand the concept of utility and are
generally unable to provide the information required to determine their function analytically.
This alsoexplain why the literature is mainly foas in dealing with simpler approximation
(Guerard2010.

1.6. Drawback and Fallaciesof Mean Variance Framework

The meanvarianceframework and the portfolio selection methods arising from liave
become standard investmeobls. Aside from theitheoretical appeal, the easssof the
practical implementation was surely among the crucial determinants of their great popularity.
The constant development of technology alloiwsrun optimization algorithmsfor the
computatios of the minimumvarianceand the market portfoliguite fast also on personal
computers. Moreovert is also relatively easy to estimate retgrmariances and covariances,

at least using historical datisl¢rawski2008) However, despite such attractivenessntiean
varianceandysis is subject to several limitations aiatlacies Michaud (1989) pointed out that

the traditional procedure often leads to financially irrelevant or false "optimal" portésimhs
sometimes, even a naive apprqaah an equally weighted portfolio, mighirn out to bea

superior solution.
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The firstshortcomingconcerngheestimatiorof the riskreturn parameters. In fact, while using
historical data simplifies a lot the process, the results obtainedlitteveneaning for future
portfolio allocations and performance. Therefore, a forwao#fing estimate is required.
However, this complicates the analystgork. In fact, asMichaud (1989) and Black and
Litterman (1992p oi nt ed out , Ma r k otemdstozp@dilect those seauritie N [
with high expected returns and negative correlations compared to those with low return and
positive correlation. However, these securities are also those more prone to estimation errors
(Michaud2001). Therefore, the ophization procedure ends up maximizinggberrors. This
problem might be partially alleviated by focusing only on the minimization of the risk.
However, evein this casethe estimation procedure is rsot easierlf, for example, a portfolio

is composd by 50 securities, this requires the estioraof 50 expectedreturrs and 1225
covariancegthe number of covariance M(N-1)/2). While theestimationof 50 returis might

still be reasonablet is clear thatl225 covarianceare not feasible tbe estmatel without
incurring in significant errotsin fact, Markowitz realizedthat some kind of moddbr the
covariance structure was needed for the practical application of normative analysis to large
portfolios (Morawski2008) Moreover, Markowitz introduced the variance as a proxy for risk.
However, the variance is more a measure of uncertaintyvanite it is straightforward that

there is a positive relationship between risk and uncertainty, the varianaeotiesdly capture

the concept of riskin fact, the variance treats all the deviations from the ragéme same
eitherthey arepositive or negativeHowever, risks are not symmetrical, and investors are
generally more concerned with the negative diRechey Stoyanoy Fabozzi2008. This is
especially the case of hedge fundéose potential downsides are extremliaige, and the
variance cannot rég capture the full extent of the risk tak@ung Hsieh1999. Markowitz
suggestedo usethe downside senstandard deviation as a proxy for riskhich is the
deviation ofthe returrs falling belowa giventhreshold Thisapproach alstas the advantage

of beingtailored to the specific objectives and risk profile of investath differentlevels of
targetreturn.Another measure of dispersiadhg MeanAbsoluteDeviation(MAD), might be

used. Differently from the standard deviation, MAD measures the absolute distance from

the meanrather that the dispersion squared. The MAD s¢adbe more robust to outlgithose
observations falling in the tails of the distributidarawski2008) Al t er nat i vel y, |
ri sk me albewsee Jhese cisk measures generally value the probability that portfolio
returnsare lowerthan a given target. The most famous measure is the Value gt&isionly
abbreviate td/aR). However, even the VaR has its own limitations, @eds not consider the
concentration of returns in the tails beyati@ thresholdTo overcome these limitations,
conditional Value at Risk (CVaRias been introduce€VaR, also called expected shortfall or
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expected tail loss, measures the expected vdlpertfolio returnswhen returns fall beyond
the VaRthreshold In this sense, the CVaR represent a much more coherent risk measure
(Morawski2008.

Another main drawback, highly linked with estimation error, is the facthleabeanvariance

model terds to be quite unstable. As the inputs slightly change, the resulting portfolio
composition might be completely differeince trading costs are directly proportionaiite

size and number dfadessuch instability wouldranslaten very hightransation costs, thus
undermining the portfolioperformancesKourtis 2015). Moreover, Markowitzd soriginal
optimization process, doestinclude any constrairat asset level, so that the optimization can
determinepositiors of any size The optimal portfoliocan resulin extreme large positian

which in reality mightbe unfeasible. This is particularly true farany institutional investors
which have investment restrictions andyht not beallowed to short securities. Ttiawhy, in

order to obtairmore realisticand stable results, robust estimators should be included in the
analysis, as they result less sensitive to outligisrgwski 2008. Such solutions includiée
Black-Litterman Mode] which allows investors to makesasnptions about future returns {so
called views) and express how reliable they think these views are. The views, weighted by the
assigned probability, are then combined watjuilibrium valuesto determinethe expected
returnsand standard deviations. Mighd, on the other hand, developed a model to reduce the
impact of estimation errors by computing mean and covariance matrix from a sample of
simulated returnsiAnother drawbacks that the model doesot allow to express the level of
uncertaintyfor the esimates of the parameters. This is a quite relevant issue especially during
period of high volatility and uncertain such as during financial crisis. Indeed, it is reasonable
to assume that estimates of parameters during such periods are likely tonhax&aa
component of uncertainty compared to period of steady gromibreforecasing is much
easier. Since these periods are quite different, Chow created a model where observations are
distinguished in inlier and outlier, with respect to a threshaldmpater, and portfolio allocation

is calculated in botlscenariosThen, the resulting optimal portfolio allocation is a weighted
average of the inlier and outlier portfolio, where the weights are the probability of being in a
situation of steady growth rier observatiog) or during a financial crisis (outlier

observation).

However, he mainfallacy linked to the purpose of this dissertation is thatrtieanvariance
model doesiot take into account information about the market capitalizatiwh liquidty of
the stocks during optimization procegghile this is likely to be irrelevant for ttemall, private
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investor given the size of hisades andportfolio, it might significantlyaffect thelarge
institutional investor@decisions As mentioned, sometimes the portfolio allocatiesulting

from the optimizatiomequires very large longndbr short positions, which may bery costly

or evenimpossible to establish. However, problems arise also with small position, when these
haveto be taken on illiquid assdiise. Small or MidCap stocks or asset with Idiguidity such

as real estatehn fact, generally, the more capitalized is a company, the more shatessially
availablefor trading and the more liquid itan be Such stoks would allow investors to
establish quite large positismvithout significantly impact the executioprice. On the other

hand, for less liquid asset, it might be difficult even to take a small position without affecting
the market, and thus negatively pacting the portfolio performances Therefore, stocks
liquidity can play a key role in affecting portfolio feasibility and returfilsere have been
attempts to include a dAliquidity di mensi on:i
incorporatinga measure of transaction costs into the model. The idea behind is to penalize the
portfolio turnoverwhich means to penalize thbangsin the vector compaosition respect to an
initial portfolio, by setting a given parametewhich should reflect the ¢ant of the transaction
costs(Kourtis 2015) The model would still aim at minimizing the variance, but under the

following constraint:

T’ 18 -

Where] represent the initial portfolio compositioHlowever, given the nonlinear form of
transaction costs, such problem tends not to have a closed form saluticomputations
might be hard andhefficient, especially wherthe number of assets is larff¢ourtis 2015)
Given the large dimension of the univeasal time windowused in the empirical analysis, this
approach has beawnsideredunpracticableAlternatively, Kourtis (2015) proposed a model
to improve the stability, penalizing the portfolio changds. suggested to include a such
penalty directly into the minimization function, so that investors fatemdeoff between

efficiency and stabilitywhich can be controlled through the stability parameter

a8 m o 1 @ ]

Thelarger is the parametdhe more thestability will be considered importarthe closer will
be the optimal portfolido] and thus the larger will be the deviation to M@ r k o wi t z 6
equivalent portfolio(Kourtis 2015). The optimal portfolio will be jus combination of a

portfolio along the efficient frontier and the initial portfglio
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2. Liquidity

In theliterature, t is difficult to find a uniquedefinition of what liquidity is.This is because

there are different tygand dimensionsf liquidity. There is an asset specific type of liquidity,
there is a market liquidity and there is asooncept of liquidity at a corporate level, when
looking at thec o mp aswolyefcy and ability to pay. While the latter is of little relevance for

the purpos of this analysis, the first two are of gezanterest.Most researchers and investors

can ideallyidentify liquidity characteristics when analyzing a security or the madmtever,

it is a bit more difficultto try to uniquely define itAs it is explained after, over time, a lot of
differentdefinitions andneasures have been developed, each of them describing a given aspect
of the liquidity. However given thaino uniquesolutioncurrently exists, from a practical point

of view, investohavea sort of Adiscretionaryod approac
thing sure is thaiquidity is used on a daily basis as investment criterion by many investment
funds and bargk and, at the end of the year, liquidity can represent a signifieaiablein
determiningthe sign of the trading P&LFirst, it is important to understand why liquidity is so
important. The easiest answer is that liquidity determines the market value of a product, not
only when it comes to stocks or financadsetsbu basically for any product in the world.
Given everything else equahet easier it is to find, the less you are willing to pay. To get a little

bit moretechnical t he degree of | iquidity affects tF
tends to ha® a higher value than more illiquid. This is because investors value the ability and
the speed at which is possible to convert their holdings into cash if necessary. Therefore, having
low liquid assets pos@xtra risk challenges as they might end up imgjJdhose securities more

than what they would ideallwant and thus increasing their expostwemarket fluctuations

(Dyl, Jiang2008).However, as mentioned, there are different measures of liquidity, and none
of them can ultimately determivehether arasset is liquid or not, but at least it is possible to

get an idea of what is more or less liquid than othiergbably, themost widely recognized

proxy of liquidity wherworkingwith stocks is th&id-Ask spread which has been extensively

usedin empirical studiever the years.

These risksassociated with unforeseen impossibility to liquidate a position when reguired
have also stimulated the literature to try to find whether this extra risk component (extra in the
sense that doe®t directly depend on prices changes) is actually rewarded soméiueed,

many researchedncluding Amihud and Haim Mendelsorf1986 and Amihud (2002),
suggested that part of stock excess return is due to illiquidity prertheyproved a positive

relationship between stock return atifferent measures of illiquidity (mainBid-Ask spread
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and a function of the stock dollar volumsluggsting that small firm stocks should be better
compensate in terms of returns as result of
be repercussion on the portfolio compositidn. early liquidationof a portfolio with a heavy
exposure orsmal-Capmight significantlyreduce the portfolio performareél hus, investors

with a shoriterm investment horizoshould focus on more liquid securities, while lgagm
investos can attenuate the consequences of trading illiquid asset and therefore taptu
potentialpremiumreturn. t is clear how liquidity can affect not only portfolio characteristics

but also its profitabilityMany measures of liquidity are linked witlosts estimates, as more
liquid markets and securities are assumed to be chéagermore illiquid. While for the
househal, those cents spent in transaction cost might be irrelevant, for large trearsght
determine between who wins and who losesMoreover, as mentioned, Markowitz
optimization doesottake into accourgtock®featuresHence, the portfolio composition might

load aggressively on those ldiguid securitiesgiven the potential higher returns they offer,
resulting in unfeasible portfolio or significant differences in the theoretical and realized returns.
Furthermore, Ohler (1990) conducted a study questioning financial advisors about the
investment characteristics that are considered as the most important by their clients. Aside from
risk and return, which unsurprisingly were ranked as the most impdig@ndjty classified in

the top 3 desirable characteristics, showing the importance of such component also for the
clients. Therefore, it seems reasonableaimalyzed whether it makes senseirtboduce a
measure of liquidity in theneanvarianceframeworkand what are the potential implicaton

and resultsHowever, first it is necessary to try to define whasetliquidity and market
liquidity are and their consequences on portfol@location Subsequently, we will try to
understandwvhere liquidity come from, which might be the sources of different degree of
liquidity across similar assets. Finally, we will analyze the most fammaasuresf liquidity

developed by the literature in order to try to give a numerical representation to this variable.

2.1.What is Liquidity?

When dealing with stocksr pretty much any other securttaded in financial marketene of
the most well recognized definition of liquidity is the e&sduy or sell an asset quickiyn
largequantities without substantially affecting thexecutionprice (basically the ease at which
is possible to trade an asset at its fair market vafweprding to thisdefinition, shares in large
blue-chip stocks like General Motors or General Electric racge liquid, because they are
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continuously traded during the day andtherefore the stock pricés unlikely to move
dramatically followingfew tradingorders(Morawski 2008). This definition captures more the

idea of market liquidity than the liquidity of the singisset itself which can be thought as the
ease with which it can be converted into caBhus, cash and equivalents are generally
considered as the most liquid assefailable in the marketiree they are or can be immediately
converted into caslnencaeducing basically to zero the liquidity risBtocks tend to be pretty

liquid (even if with differences depending on ithepecific characteristicand the market
organization and conditiona}s nhowadayscan be easily tradeahd converted in cash. Among

the most illiquid assethere is reaéstatefor which the liquidation process might take days or
weeks and generally involve very high transaction c&tse the purpose of this work is to
show how liquidity affects portfolioallocation and, ultimatéy, the performanceswe will

mainly focus on thenarketdefinition. Despite being quite easlyat definition isvery powerful

and captures several dimensions of the market stejatgtuding time (how much does it take

to liquidate a given positionpst (at which prices will the trade be executed?) and quantity
(how large is the position that can be liquidatg@®rawski 2003. These quantities are also
referred as immediacy (time), size or depth (quantity) and vadthreadth(cost) and they
representhe three main dimensions of market liquidMarketbreadthis defining as the cost

of doing a trade at a given size. Ipismarily associated with thBid-Ask spreadf the security
traded, especially when the trade size is small and thHestmarpact null or almost nulMarket
depthgenerally refers to the size of the market, interpreted either as the market players willing
to trade with you, or the number of units that can be traded at a given price. The idea is that the
more participantthere are, the easier should be to find someartbe other side of the market

to trade with. Thus, largemnd more organizeaharkets (i.e. NYSE) are considered deeper than
smaller markets. However, such identification might actually be misleading. A= gaiut by
Persaud (2002Yhe size itself is not a good indicator of liquidity ifist not followed by a
sufficient diversificatiormmongthe traders. A large market where everyone wants to trade on
the same side cannot be considered more liquid tisama#i onewhereit is always possible to

find someone on the other side willing to trade with you. This balartbe markets ensured

by the presence of noise trader, people trading for exogenous reasons other than profiting from
under/overvalued sectigs. Indeed, if all the market playeskarethe same information and

trade only with respect to under/overvalued securities, everyone would buy or sell at the same
time, making the trades impossible to be executags making the market extremely illiqu
(Morawski2008. Breadth and depth are two sides of the same coin, as in both cases investors
try to execute the trade with the minimum price implametmediacyrefers to the time necessary

to execute a trade of a given size at a given price. The spészltoade firstly depends of the
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type of order submitted. Market orders gemerallyexecutedmmediately When submitng

a market ordennvestors arevilling to trade at the prevailing market conditions. This means
thattheorder is likely to be fast, asot particular conditionare demandedut also likely to

be executed amferior prices On the other hanayith standing limit orderinvestors caexpect

to obtain better prices on average, but more time is required. Hova¢s@the speed greatly
depends on the overall market liquidity, as in case ofdeep market, it might take time even

to execute anarket orderThere exists a clearadeoff between these quantities. When traders
are willing to search longer, they caxpect to find better prices for a given size or better sizes
for a given price, but this comes at the cost of sacrificing immediacy. On the other hand, if they
want to trade lager size, they should expect lower prices, as the trade is likely to occur at a
discount price, and longer searching time. Thus,not possible to fast trading large quantities

at the market price. i@ dimension must be sacrificed in order to maxéntie other two.

2.2.0rigins of liquidity

Now that there is alearerideaof what liquidity is, it is useful to try to understand whére
comes from, what are the factors that determindeth of liquidity of an asset. As defined
before, an asset Iguid provided that it carbe traded quickly and without discount. This
definition implies two main things: first the possibility to find a counterparty, otherwise the
liquidation is impossible, secondhe transaction should have no or little impact ba t
execution price. If selling an asset is impossible, then the liquidity is zero by definition
(Morawski 2008. This is probably the worsiase scenario that all the investors fear: the will

to liquidate a position befothe marketmoves but the impossibility to dsa. Therefore, it is

clear that what determines the liquidity #nese factorsiltimately affecing the duration and
execution of a trade. The factors can be clustered in three main categories: transaction costs,
trading orgaization and infrastructures and differexgsetvaluations(Morawski 200§. The

role played by the first group of variables is clear. Whether those costoa®r lesexplicit,

they lower the liquidation value thereby reducing the trading frequenay.s&bond group
regards the characteristics and infrastructures of the market which will ultimately affect not
only the eamessand ability to find a counterpartput also the duration of the transacton
Finally, also different beliefs regarding the etsswill affect the liquidity, as different valuation

estimatewill resultin longer and more difficult transactians
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2.2.1. Transaction costs

When discussing liquidity, transaction coate often one of the concepts introduced at the
beginning They represent the measurable component of liquidity andrélsearchersry to
estimatethem and establish a relationship with the liquidity. As mentioned earlier in this
chapter, transaction castake a variety of forms, going from pure explicit costs, such as
commissions paid to brokers, to less explicit, likegheeadto pure implicit cost of difficult
estimaion, such as the price impaahd theopportunity costsCommissions represent the
compensation paid to the brokers for a variety of services protodee costumersncluding

the searchof a viable counterparty. This service istgwaluable especially for small, private
investors, who lack of the necessary experntisen those markets where the search for a
counterparty would be extremely costly if done on your.dwnrurn, this provides significant
liquidity-related benefit$or the investors: first brokers have better knowledge of the market
and the actors playing in it. They can find a better counterparty faster and more cheaply that
whatinvestorscould do ortheir own, thus increasing the liquidation speed and decredsing t
liquidity risk. Moreover, they are betteregotiatorsand this can significantly improve the
resultingexecutionprice, thusdecreasing again the liquidity riskdowever, commissions are
generally of less relevance compared to other transactionfoo$t# main reasons: they are
smaller and known upfront, hence their impact on the uncertainty of the execution price is often

quite small.

The second major type of costs inclutle spreadand price impact. These two measures are
grouped together sincsimilarly to commission, they impact negatively the execution price by
lowering the revenues obtain or increasing the price patddifferently from commission they

are not know upfront and their size depends of multiple factors, including ordetypizef
mar ket , ma r k $pteddand maoket dripdct affent siquidity in two different ways.
Spreadis a pure cosit forces the investor to buy higher and sell lower than what is the current
fair market valudthis is because the spreampresetst he deal er 6s profit,
market price is assumed to be in betwBa&handAsk prices) It has a very similar effect to
commissionsHigherspreadeducasthe willingness to trade and the trading frequeteading

to less market actity and thus lower market dep{Morawski 200§. Market impact, on the
other handaffects liquidity through a different chann@&ls mentioned, market impact is the
result of trading huge quantities a market which is unable to absorb such sizes without
significantly impact the execution prida these situatiss)market playerare afraid that those
large tradesmight bedriven by an informational advantage and thus require some price
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concessiosin order totake that risk ande he counterpartyit is clear that market impact
affects the liquidation price. Very often, investors hide their large trades by splitting them in
multiple smaller trades, hoping that their real positiemot discoverednd so the resulting
execution price will béetterthan what they woultlave gotterby executing the entire trade

once. However, this comes at the cost of increasing the liquidation time and thus being subject
to unexpected market fluctuat®(Morawski 2008. What is really interesting is that several
studi es show t hsafttradind sharefithe saine soeratdiqaidity itsedf,tlike

Keim and Madhavan(1998 demonstrate that many determinants of transaction costs (i.e.
stockspecific daracteristics, returns volatility, market infrastructures, type and features of
trading orders) are also factors affecting the liquidgglf. This is why, transaction costs and
liquidity can be used as interchangeable wood$escribéhe same concept.

The last type of transaction costs groups the opportunity costsrépresenthe cost of missed
opportunities: it includes all the lossasd gains that could have been avoided or obtafned
instead of waiting and postponing, the transaction would have been completed earlier. As
rationalinvestors want to maximize their utility, they are looking to maximize their liquidation
price. Assunmg that the time of liquidation is not random but-getermined, investors might
decide to postpone their transaction, hoping to get more favorable(Maresvski 2008. This

search however, results in extending the liquidation period and increasinigjtingity risk by

being exposing to market fluctuations. Of course, market fluctuations might turn out to be
positive for the investor, but anywalgey representan additionalcomponenif uncertainty.
Concluding, transactions costs, whether explicitngplicit, seem to affect liquidity in all its

dimensiors.

2.2.2. Type of Market

Market infrastructures have been already mentioned multiple times has a factor affecting
liquidity. This is not surprising. The typd market infrastructures and organization elehine

the way buyers and seller are brought together, as well as the exdiooitignand price Thus,
different markets result in different liquidation duration and price, therefore affecting the
liquidity overall. There are several different types of markets. The simplest ones are the direct
search market, as they require individuals to find a counterparty on their own. These markets
are quite commorior real estate and commoditidst also for those financial pradts of

difficult standardizatiofi.e. credit default swapd)iquidity is severally impaired by the market
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characteristics. Liquidation process can be extremely long as there is absolutely no
intermediationwhich can help to finé willing counterpartyd trade with. Moreoverlso the
valuation of these assets becomes more difficult, especially if they lack of comparables with an
active marketThis might lead to very different valuatigmresulting in even longer liquidation
process and potentially lawvliquidation proceeds. It is a market where bargain power can
significantly affect the outcome of the transaction. This also means that it is possible to execute
operations at terms that would be impossible to obtain on more regulated markets. A similar
type of market is the brokered market. It is a market where investors still have to find each
other, but this function is delegated to brokers. As mentioned before, brokers are extremely
useful because they possess a set ossiilich can significantly iarease the liquidity in the
market. Not only they take care of bringing their clients together, they also provide a set of
corollary services, such as order management. This is particularly useful fosgmgigve

clients that can benefit from a sige#int reduction in the price impact, hence decreasing the
transaction costand improving theliquidation prices Moreover, brokers are experienced
negotiators. They know better the market and the counterparties, thus improving the quality and
the speed ofhe transactios) resulting in larger trading frequency and subsequeagrtater
liquidity in the marketA third form of market is dealer market. Dealers play a similar role to
brokers, but instead of tr adi nownacoount fhesi r c
means that instead of looking for a buyer for their clients that are selling, dealers will directly
buy from the clients. They act as buyers for the sellers and sellers for the buyers. In order to
stay in business, they must prdfibm this activity. This is achieved by offering to buy at the

Bid price and sell at a highérsk price. This difference is indeed thgreadand compensate

the dealer for offering an extreme valuable service: immediacy. Dealers trade whenever their
clients wanto trade, providing thus liquidity in exchange of a compensation that takes the form
of the spread However, thespreaddoes notensure that dealers will profit from biag and

selling a given securities, as they might have to buy a greater quantiti¢hame, they end up
selling later. lthemarket movewhen some of thosestax&ar e st i | I i n the di
might need to redudais Ask price thus losing money. Dealers market are very liquid because,
assuming an investor accspe transactin price Bid or Ask), he can trade immediately at

that price, reducing the liquidation time close to zerfocpurse it then depends on the size
traded. However, the most common form of where stocksd the majority of financial
instrumentsare tradedare auctiormarket They maincharacteristicss that these markets are
centralized an@rganized Buyers and sellers dot even know whdhe counterparty of their
trades isThey simply place their ordgnn terms of price and quantity, and the excleawgl

take care of matchinthemwith someone on the other sidethe marketThere are different
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auctionmarkets depending on how orders are exatwthether it is on a continuous basis or

at specific point in time. Execution price is then determimeddcordance with the pricing

rules, which also depend on the type of market. Overall, these markets are fairly liquid.
Especially in the continuous type, as soon as an order is available on the other side of the market,
it will be matched and executed. kover, since investors are trading directly with other
investors, without the intermediation of dealdransaction costs are lower, thus potentially
increasing the trading frequency and liquidity.

It is now clear thathe market organization can substially affect liquidity, primarily through

its effect on liquidation time and price. These represent the two dimensions highly affected by
the marketds characteristics. Liqui ceatch on d
of a potentialcounterparty to the moment when the trade is finaliZdwe searchdepends

mai nly on two factors: the assetdés charact
active market and comparableave easievaluation process, hence facilitating the oigggions
between parties. On the other hand, higher is the trading frequency, easier is to find someone
on the other side of the markKdlorawski2008. Investors in direct search market are clearly
penalized from this point of view. They bear the ertost ofsearchThis is partially alleviated

in brokered market, where this responsibility is shifted to the broker. From the pure counterparty
searchthese two are definitely the most illiquid markets. Moreover, in these markets often non
standardizeé goods are traded, making also the valuation process a littl&gidkier and
increasing even more the liquidity risk. The others two markets are quite liquid from this
perspective. They basically involve little or searchat all, thus significantlyncreasing the
execution timeMoreover, better and more improvedrketsfor searclof a counterpartyend

to attract more investors. This leadsiigher chances dinding a counterparty, higher trading
frequency and henagreateliquidity. The increasing liquidity and decreasing costs can attract
further investors, exponentializing the results and improving the liquidity beyond the simple
reduction of search costglorawski 2008. Regarding the liquidation price, each type of market

has it benefits. Auctions allow to tra@de thecurrent market valyehus guarantee a market

price liquidation. However, direct and brokered markets enable investors to choose their own

transa&tion terms, hence allowing fpotentialhigher liquidation valuesorawski 2008.

Concluding, market organization plays a key role in determining the level of liquidity in the
market. More organized infrastructures can improve liquidity by mainlycreguhe search

time and costdealer markets reduce the liquidation time to zero in exchange of the payment
of thespreadvhile auction markebn continuous basisonstantly attempt to match buy orsler
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with sell ordes so that a soon as theare matckd theycan be executed. However, there is
little room for improvement in terms of liquidation price. On the other hand, markets that
require the investors to directly or indirectly find their counterparty are associated with higher
transaction costs, bufiven that the trade is conducted privately, investor can obtain more
favorable liquidatiorterms thusdecreasinghe liquidity risk associated with l@wvexecution

price.

2.2.3. Diverging Valuations

The last factor that has to be taken into accourthésassetvaluation. The role played has
already beemartially explainedin the previous paragraphValuation directly affects the
liquidity through its impact on the liquidation time and costs. Whenabere is some
discretionary power in deciding theansaction valuethe overallduration increases as it
becomes more difficult to find a partner agreeingour own personal valuatiolVhy then
thesedifferent valuatios? Wheredo they come from? There are several possible explanations.
Among the mairfactors affecting different valuations there are different information set and
different expectationd{orawski2008. Clearly, having different information concerning the
asset examined wipiroducedifferentestimates. This will result in either a longer search for a
new potential partner or a review of the information currently used to makaltizion Either

way, this is translated in longer liquidation periottsvestors also have different expectation
about the assets. This is translated in different estimates of future revenues and/or different
perception of the underlying risk. In both cases, again, the iresuliluatiors are likely to be
different. There is also another possible explanation that is called divergence of tastes, which
can be defined as the difference in utility attached to the same d{jgretviski2008. While

this generally the case of néimancial instrumerst(i.e. arts, consumption goods and so on),
there are some empirical studies supporting the theory that this phenomenon is also happening
in the financial world. Behavioral finance studies show that many investors are home biased in
their investment strategies: they tend to invest more than what they should do in companies and
stocks that are geographically closer to them. Similarly, just consider thadp®Ghat is
growing fast in thespastyears. Investors sensitive to this topie bkely to attach more value

to companies that are actively involved in ESG operations that investors who are indifferent,

thus resulting in different valuatisfor the same stock.
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Concluding,also valuation plays a key role in determining the oveigiidity level. Assets

that require longer valuation and negotiation process are likely to have higher liquidity cost due
to higher risk. It should be pointed out that, precisely because negotiation power can play a
key role in the outcome, the liquidatigrice can turn out to be greater than what originally
forecasted. However, given that this cannot be known upfront, the overall effect is still to
increase the illiquidity level due to a greater uncertainty surrounding the timing and outcome
of liquidation.

2.3.Liquidity measures

Since investors are assumed be rational, given two securities with identical risk and return
characteristicstheyshouldprefer thecheapest and most liquid ariEhus, in order to include

the liquidity into the decision process, a quantitative measure is requitieite a broad
definition of market and asset liquidity has been provided, the literature has failed to provide
uniqgue empirical measure so far. Asntiened, the definition of market liquidity tackles
several dimensions which are not that easy to quaiitiiy.marketvidth, representing the cost

of doing a trade at a given siis,the less difficult to quantify, since it is composed by some
observableslementsCommissionsbeing the most explicit onesan be easily quantified as
they are directly paid to the broker in exchange of the trading services provided, but also
represent the smallest and less relevant componbkatindirect componeni{sprea, market
impactand opportunity costswhile opaquer, often accouiar thelargest share of the overall

cost. The importance of transaction costs greatly depends on the type of trader and portfolio
management. Forraore passivérader with a buy holdtsategy, market impact might be small

or irrelevant especially if the investment horizon is long. For an aggraasiestorwith an

active portfolio managemeand frequent rebalancinmarket impact andnore generallythe

overall transaction costplay an important role in determining tinetperformancesOverall,
transaction costs are sort of penalties that are paid whenever a trade is erébetegbu trade
frequently or not. Thughey create &radeoff between the will of rebalancing the portfolio to
keep it align as much as possibleheinvestment goals, and the will of minimizing the cost

of trading to increase the performances. It becomes clear why transact®rbemsg strictly
related to theoncept of liquidityhaveto be included into the analysighe focus of this work

will be mainly on estimates dBid-Ask spread market impact and other liquiditglated

measuredor which the estimation requires data that can be easily retrieve foe akcurities.
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There are some common measures that have been wibalfor researctpurposs, but they

all measure different aspsabdf the broad definition of liquidityA first popular group of
measures attempts to quantify the market depth, tblisdas: quantity available for trading at
the given quotes, the trading volume and, in particular, the turnmMaragyski 2008. More
complex measures have been developed by combingdhesétieswith other stockelated
variables. The trading volume mobably the simplest proxy of liquidity: it computes the
overall number of shares tratiwithin a given time windowi.e. minutes, days, months, years)
for a given stockData providers often report values on a daily basis. However, by focusing on
singleday trading volume, the liquidity picture of a stock is likely to be biased, as it could
reflect (high or low) unusual trading activity. That is why, a more popular liquidity measure
based on trading volume consists in averaging the daily traded voluene @eriodT as it

follows:

0 Ow Ow

WhereDV; is the trading volume (i.e. the number of shares traded) on thefday given
security.Even if from a retrospective point of view, this measure allows to better understand
the level of trading activity, smoothing the impact of unusual market activity. The Average
Daily Volume is often averaged oower20 days, 13or 6 months. It is a widg used measure

of liquidity in practice. Increasing or decreasing level of ADV, might signal a shifting market
interest forthe security, therefore signalingkeearish or bullishmomentumdepending orthe

pri ce 0 s Maraoverwlumesane also usko confirm price movemestDuring strong

price upward or downward trendsolume should also rise. Ifig not the casehere may not

be enough interegb supportthe priceshift and price mightrevert back Despite its wide
application|jt alsosuffers fromsomeshortcomingstradingsimilaramounsfor different stocks
might correspond téradesignificant differences in the overdlbat available in the market.
Indeed, a higher volume mightso bedue toa large availability in the market.Erefore,
companiesvith less stocks would appear to be less liquid on average compahexseavith

more outstanding stocks. Similarly, securities with the same trading volume might appear as
equally liquid, while it might not be the case, especiallywbemparing_-argewith Mid and
Small-Cap stocks

Suchlimitations can be easily overcome by relating the traded shares with the total available to
be tradedn the market. This rati® defined agshe ADV over a given period andthe number
of outstandig shares per periazh the same time windaw
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This measure allows to correct for the biased belief that a stock is liquid simply because the
trading volume is high, while that trading volume actually accounts for a very small part of the
outstandingradeable shares. However, even this measun& flawless First, similarly to the

Bid-Ask spread such measure doasttake into account the size of the trade. Second, there is

no clear relationship why larger companies, generally assumed to be more liquid, should have
larger turnover. Indeed, many evidesseiggest the opposite. Large companies generally have

a huge number of outstanding and high price share. Thus, even if the volume appears to be quite
large, it might just reflect a small portion of the outstandihgres On the other hand, small
companis have more affordable shares, which can attract more investors, thus in turn boosting
the volume traded. This is also tteasoncompanies sometimes decide to split their shares to
keep them more affordable and tlmareliquid. Finally, the total numbesf outstanding shares
doesnot fully reflect the real number of tradeable shares. To get a better picture, this measure
is sometimes corrected by multiplying the numberoatstandingshares by the floating
percenage Such measure is later used on theidogd analysis but, unfortunately, the floating
percent could not be obtained for all the ¢
will be used Overall, this group of measurkaswide realworld applicatios whenevaluating
investment deisions as they areunderstandablecost and time efficient and data can be
obtained directly from the exchanges or from data providers. Very often, portfolio managers
screen securitidsy imposing a minimum level of ADYr turnover ratio. This represent a first

Arawodo i mpl e midity toacept io their poftfolib dptimization.

The second group of estimateerelatedto transaction cost@ne of the earliest and most used
measures theBid-Ask spread |t is the first approximation of the market breadth, measured as
the distancdetween thaBid (price for immediate purchase from the market dealer)feskd

price (price for immediate sell from the market dealer). It represents the cost of a round trip for
the investors, the cost bliyingand selling at the same time, the same #g¢c@irom the same
dealer. Such trade results in a loss for the investor aBithprice is always equal or higher
than theAsk price. This is because thgid price represents the cost to buy immediately the
security, thus a premium has to be paidtosomee who i s willing to o
service. Similarly, if the investor wants to sell immediately, he has to offer at discount in order
to compensate the buyer for the service. Thus easy to understand wiBid-Ask spreads

often referred aa proxy of liquidity: it broadly measures the cost for being able to execute your

trade immediately, to transform your illiquid asset into a liquid onevasalversaFrom the
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market dealer point of view trepreadepreserdthe profits for offering liquidity, in the form

of immediacy, maintaining an inventory sufficiently large to cover the different buy and sell
order size. The absolute difference, despite providing an initial measure of liquidity, is quite
problematic forone main reason: high price stocks are more likely to have also high absolute
spreadthus making any comparison between stocks meaningless. Moreover, it is an imperfect
measure of the cost too, as it represents the qepteadrom the market dealersubtrade

can also happen at prices in between these boundari¢ss Wha the realized effectivepread

is a better measure. To make the measure meaningful, the difference is often divided by the
mid-price, estimated as the average of el and Ask price Hence, ptential liquidity

measuredased orthe concept okpreadnclude:

Percentage quotespread= (Pa - Pg) / (Pa + Ps)
Log spread= In (Pa / Ps)
Effectivespread= | 2Pt - (Pa + Pg) |

(GabrielsenMarza Zagaglia2011).For the purpose of this work, we will mainly focus on the
percentage quotedpread Ideally the Bid-Ask spreadshould be lower for more liquid
securities. The more liquids stockss, the easier is to execute a trade, thus lowering the
liquidity risk andcost for immediacy. Howevethe spreagresents also several drawbacks.

First, it can only be computed for dealgpe market, but this represent no problem for the
purpose of trs work. Second, thepreaddoesnot take into account the size of the trade. It
measures the rourtdp cost of a relatively small trade which has no market impact. Therefore,
large institutional trader&ho trade significant quantities at a tinlee Bid-Ask spreadalone

pictures just a partial representation of the upcorfiqugdity coss. Another indirect measure

of spreadwas postulated by Roll in 198Rol | 6s i dea consists in u
effective spreadbased orthe time series propées of observed markegirices and returns
focusing on thenegative autocorrelation produced Bid-Ask bounce(Gabrielsen Marzq,
Zagaglia2011) This measure should be positive correlated with the a8tdahsk spreadHis
modelassumesthat prices follow a random walk and the observed closing prme dayt is

equat o t he stockds true val upreaglhthe® ciroumstances us |
theautocovariance of returns will be negatik#@wever, empirical evidences show thateal

markets it often appears to be positivesuch casethe Roll spreads generally set to zeiia

that given month(B n d o wS®jkaa2017). Thertore, the Roll covariancepreadestimator

would take the following form:
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The implication of this measure is that the highermtégative covariances, the more illiquid

should also be the stock. The main shortcoming of this measure is that naddaise into
account information asymmetries. To better
the pure processing cost, thus assuming do@s not change in response to trades. This
condition, however, would ideally hold only if there were nfmimed traders in the market

and the quotes did not adjust to compengatehanges in inventory positionsdeed,Huang
andStolb s work in 1996 shows t h aspreadrhtieNYSEstlei ma t
resulting value is actually much lowenain the effective hal$pread(Gabrielsen Marzq,
Zagaglia2011).

What Roll 6s measure is missing is the role
trade.This topic is particularly sensitive for investors executing large trades. Indeed, prgcess
large trades might signal that the investor possesses some sort of private informational
advantage and thus it is unlikely that he will be able to execute the entire order at the quoted
prices Bid or Ask) without impacting the execution price. Thideet of trading size on the
execution price is commonly known as mar ke
component of tradingas it cannot be estimated upfront and it is unknow until the trade is
completedTo incentivize others to trade with theimvestorsoffer to sell at discount and buy

at premium with respect to the fair value, causing the priogotee While price impact might

be neglectable for the small investors, it constitutes a big, maybe the biggest, share of costs for
tradersmoving large quantitiesThey would end up paying much more that the half of the
guotedspreadper transactionilhe market or price impact is highly correlated with the liquidity

risk. When the trading size is smahe chances of finding a counterparty are aigktherefore
reducing the risk of overholdinthe security (holding the asset more than what desired).
However, as the size increases it gets more difficult to find willing parties to trade immediately
therefore increasing the risk of being subject tatamdhl prices shifts due to the impossibility

of liquidating the position (at least without significantly impacting the trade execution price).
This is precisely théradeoff mentioned before: the investor can delay his liquidation thus
reducing the market impact, but this will ultimately pose new risks for the remaining portion of
the portfolio that hasot been liquidated yetStange Kaserer2009). Differently from the

spred, the priceimpact cannot be directly observethd thus estimatedt is also hard to
measure because it is the cost of trading many shares relative to the cost of trading one share,

and you cannot run a controlled experiment and trade both many shdreseashare under
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identical conditions Grinold, Kahn1999). It highly depends on the market conditioasd
characteristicsOne of the first factors affecting the price impact is probably the size of the
market itself.In small, illiquid markets, even st trades might cause price to diverge while,

in largerand more complemarkets, big tradegreconducted on a daily basiBhe type of the

market also affects the execution pritading the same security in a regulated exchange or
OTC can result in gnificantly differenttradingprice. Thus, there have been many attempts in
proxying the price impact resulting from a given traédfirst, raw, measure of the market

impact has been introduced by KyE985)anditisc al | ed Ky | és@erivedbg mb d a .

regressinghe stock price on the average trade siz@e following way:

The resulting_ coefficient of the OLS regression will be thpproximated estimatef the
market impact. For very short period, this can be approximated as the ratio between the price
change and a measure of the volume traded, often the turnover.
ST

= Yol €iE0Q
According to this formulation, high liquid stock will experience a smaller price change than
a more illiquid, given the same level of turnover over a peogecondmeasure of market
impact has been proposed by Grinold and Kahn in 1994. This iskaswsigmaootliquidity
model and attempts to estimate the price change as a functiorspfehe stock daily volatility

. , Size of the trade to be conduct€)),(the average traded volunm; and a constant factor

C.
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Thus, the cost of conducting a trade is a constant function obpgheadand depends
proportionally on the daily volatility and the size of the trade compared to the average activity
in the market during a day window répresents.raw measureas it relates the market impact

only to the size of the trade, without taking into account the rate of trade as well as the stock
market capitalizatior-lowever, it represents a goadd complet@approximatiorof the trading
costs,by taking into account both a spread and market impact compdndrnit requires

knowing upfront the trade size
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There isanothergroup ofestimatescalled liquidity ratios thatattemps to combine turnover
andbr other measures of tradim@lumeand returs. A first example also known as Amivest
liquidity ratio, is defined as

Oy ——— =

B nzR o
ds ds

with r¢ being the stock retusnp; the stock price for theth security andy is the number of

shares traded; is thedollartrading volume during that dayhismeasureompares the traded
volume to the absolute price change during a certain period. The higher the volueasi¢he
theprice movement can be absorbed (Rico von Wyss 2004). An200@2) proposed a similar
measurg which became quite popular in the literature. Instead of measuring the degree of
liquidity, Amihud proposed a measuwtilliquidity by reverting the parameters in the Amivest
ratio. He definedheilliquidity parameter]LLIQ, as the average ratio between the stetkrn

to its dollar trading volume in any given perifdtrading days during the selected windpw)
where the dollar trading volume is tbemulativenumber of shares traded during the tmes

the trading price:
‘00 b OB 3

Amihud measure has been proved to be a good proxy for the theoretical price impact coefficient
lambda discovered by Kyl&hedisadvantage dhisilliquidity measure is that this is not well
suited for comparison betweddifferent markets and securities (CorwiBchultz 2012)
However, given the focus of the analysis on European incorporated stocks, this should not
represent much of a problemh.shouldalsobe pointed out that despite its attractiveness, the
Amihud measure of illiquidity as little meaning astandalonevariable. Most of the timehis

measure is used to make liquidity comparidoeisveen thelifferent asseanalyzed

Ranaldo(2000) proposeanother version of a liquiditsatio:

0 'Y N

0 0 Zi
where the traded volum&is corrected for the free float of the firm. The terma{N oJ\lenotes
the difference between total number of shangstandingand thenumber of shares owned by
the firm (Rico von Wyss, 2004 The mainshortcomingof these measures is that they are all

sensitive to the stock price.

44



Brunner (1996pvercame this problem by dividing the stock return by the number of tRades

B
UY $$,

Similarly, to Amihudmeasurea higterratio shows lowr liquidity. If the number of trades for
certain time space is zerojghiquidity ratio would converge to infiniteThe great advantage
of these measures is that they can be easily computed, evenspitagheetas hey simply
require daily values for stock retwrshares outstanding and trading volume.

The last measure that is worthy teentionis derived from ofon theory. As previously
describe, liquidity can be defined as the ability to sell or iMmnenever neededvithout
significantly impact the trading value. Longstaff associated this ability to sell at the chosen time
to a put option and, thus, the valddiguidity can be potentially estimated using option pricing
theory(Dyl, Jiang 2008)He basically determined the illiquidity as the opportunity cost and the
associated loss in the asset value due to the impossibility tossklsiionable waylongstaff

based is model on a frictionless world, where an investor with perfect timing sells the risky
asset and invest the proceeds into a riskless security to maximize the portfolio value. If then the
investor is unable to sell the asset for a giverefi, the optimal trade is no longer possible and
thus the portfolio value declines. Longst a
impossibility totradeto trade the asset during the illiquid period T as follows:

0Qi Gédoeo— 0 Q —zAgp— -1

Where,, representshe annualized daily return standard deviatibthe estimated illiquidity

period for the selected security ax¢ll) is probability that a standardized, normally distributed,

random variable is greater or lesarnh, with d being — . This model calculates the potential

discount for the absence of liquidity that can occur in a market with rational investors with daily
returns volatility being and the period of illiquidity i days. Concludinghe model shows
thatthecost of illiqudity per unit of time is a function of thelatility, and the total percentage

di scount depends on both the <cost per unit
where the stocks cannot be traded (Dyl, Jiang 2@38jnany other measures, hewver, it has
someshortcomingsFirst, as many othesconomicsnodels are based oa frictionless world,

with perfectly rational investors. Moreoverniight havdittle meaning froma practical point

of view as it would requir&nowingupfront the illiquidity periodT, which is unlikely to be the

case, and it also requires significant computations.
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All these measures are computed on a stock level, thus refer to a single asset. However,
investors managed several different positions at a time. Therefore, it migitetsstingto

take a look at the overall portfoboBquidity level. Indeed, when looking #te portfolio as a

whole, the picture changes, as some sort of diversification can be achieved to reduce the
liquidity risk. While portfolio managers are not willing to bet everything on a high illiquid
stock, theymight accept to invest in more illiquid securities, knowing that in case of
emergencies, they can cover that position or convert in cash part of the remaining portfolio
Hencejnstead of focusing on a single asset, it may be more interesting to fatesamgregate

level of liquidity, as we focus on the aggregate level of risk and reHowever, here the
literature is not particularly extendeahdfinding a solution is a little bitricky. Indeed, there

is no clear explanation on how to combine ldityi measure across different ass&urely, the

easiest way would be to linearly aggregate them as it is done with the portfolio return. However,
as returns correlate, also liquidity can correl&téferent asset classes might have different
aggregatedvel of liquidity. In period of financial recession, safer investraextractmore

capital, thus liquidity might shift from the stock market to the sovereign bond market, making

the liquidation ofmulti-asset portfolieasier.

Concluding, there arenany different measures of liquidity, depending on which aspect of
liquidity there is afocuson. Some of them are simpler, based on the trades that are really
happening on the market (volunsgreadl. Others are more complex, try to give an explanation
and estnation to why the resulting trading costametimes diverge so much from the quoted
spreadlt is thus clear that the absence of a unique definition of liquidity neg&edlifficult to
establish a unique measure therglwng the investothearbitrarypower to determine what is

liquid and whais not.
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3. Meani Variance i Liquidity Optimization

As mentioned, liquidity has been hardly treated inrtteanvarianceframework.However,
portfolio managers attempg at maximizing the performancestbeir portfolios are somewhat
limited by what they need or want to do and the ease at which they ¢anTHereforethey

are sensitive to the thresaindimensions of liquidity: price, timing and quantity. If they cannot
invest in perfectly liquid agss, they need to give up one or more dimensions, and this will
impose costs on their portfolios, whichill ultimately affect their investment decisions
(Hodrick, Moulton2009. But the introduction of liquidity parametemto the optimization
poses somehallengesmostly deriving by the lack of a unique definition and measure capable
of summarizing the liquidity in all its dimensiaridence,the first question is clearlyvhich
liquidity measures should be chosen? Shavdduse only explicit transactiarost measures,
which can be determined and estimatgth higher accuracy This is often the best proxy for

the liquidity chosen in the literatundowever this solution wouldgnorethe hidden costs from
trading large quantityEstimating market impacs iquite difficult and often requires knowing

the size you want to trade, which is not the cashisfesearch paper. Therefore, the very first
step is the choice of the liquidity parameters to use, and it is already challenging. Secondly,
how should they be combined into the optimization problem? One possible solution would be
to model them as a lineaurfction of the portfolio weightsn the same wayportfolio returns

are calculatedThis, howevernntroducesadditionalquestionsThemeanvarianceoptimization

is a universal model, in the sense that it can be applied to any portfolio, regardlessTisiss,
theportfolio weights resulting from the optimization process are in relative terms (percentages),
not in absolute (real unitdp order to know how much an investor would really need to buy or
sell, it is first requirecknowing the size of theverall investment. As mentioned befptiee

price impact depends on the quantity trade, which cannot be really captured by portfolio weights

expressed in percentages

This chapter will describe the methodology implemented in the empirical analysisfpons

two main parts: a static analysis, where liquidity is included into the optimization process in
order to replicat e-diMensidabspacet Thussthe frantemshapeshifts i n
from a simple line to a surface, representing\aay tradeoff between volatility, return and
liquidity. The second part is focused on a more active approach. The attempt is to investigate
whether portfolios with different required minimum level of liquidity would perform differently
over time and whether theeiis an illiquidity premium to profit from. Data implemented and

results are then presented in Chapter 4.
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3.1. Static Analysis: MeanVariance-Liquidity Frontier

There are very few researphperghatinvestigatehis topic. One of the most famous is a paper
published by som@rofessorsrom the MIT called:l t 6 s o Hidlyoupkmow where your
liquidity is? The meavarianceliquidity frontier. In their paper, they try to build this 3
dimensional surface using thrddferent approaches: a liquidity filted surface, a liquidity
constrained surface and a surface derived from a direct maximization of the utility function,
including now a liquidity parametemhey applied all these approaches to a basket of 50 US
stocksrandomly selected. For the purpose of this work, it has been decided to implement a
similar liquidity constrained approach. This seems the most reasonable approach. tadeed, f
a practical point of view, liquidity i®ftenimplemented as a sort of filteby focusing on
securities with an historical minimum level of trading voluA®V). From a static point of
view (buy and hold portfolio), this approach is totally feasible. However, since this analysis is
also developed from an active management petigpegith monthly rebalancing, introducing
such a filter could cause some issues. In particular, since this approach would exclude from the
portfolio selection all those stocks welhevel of liquidity belowthe one required, the turnover
canbe extremelhhigh, as invest@awould be forced to completely liquidate their position on
those securities, eventifth e s elevel of liquigity is extremely close bstill smallerthan

the thresholdMoreover, as the trading volume of a security drops belovwmihenum level,

the investor would face unexpected liquidation precisely when liquidity is draining up, thus
increasing the liquidity risk and cosfBhus, from anactive management perspective, with
frequent rebalancing, implementirigis strategycan reslis in huge transaction costs and
significant potential losses due to unexpected early liquidatimchcriteria are, however,

often used in passive managemsnategiesas they require lowffort, they are cost and time
efficient and the low frequegy®f the rebalancing ensure extreme transaction cos@n the

other hand, implementing a direct utility optimization seems rather complidatedature
shows that is already quite difficult to determine the individuals risk avensitim empirical
results being far from whaheoricalmodels predictintroducing the liquidity in the direct
optimizationwould requiredetermininghe risk aversion taliquidity , for which no estimation
method currently existsConcluding imposing lguidity as additional constraint in the
optimization process seems tmest feasible and appropriapproactfor the purpose of this

analysis.

Initially we will focus on a portfolio where short selling is not allowed. There are several

reasons behindigchoice. From a practical point of view, firdteliquidity constraint is easier
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to implement when all weights are positive. This is because liquidity parameter can be linearly
combined as returns are. With negative weightsptbdelgets more complated, ashort sold
securities would decrease the overall portfolio liquidity. This could still be easily solved by
taking the absolute value of the weights or by standardizing thagway, this require the
introduction of a nonlinear constraint in thetimization process, which would no longer
guarantee the convexity of the problem, and thus the existence of a unique global minimum
solution. Despite thishortcoming a portfolio with short selling will be analyzed, as short
selling is universally allonss and many investors pursue lestgort portfolios. However,
despite being allowed, short selling is often difficult, especially for private investors as well as
institutional investors. Indeed, many thie latterface regulatory constraint preventing them
from short selling securities (cle@xample ispension funds)Since it is unlikely that
transaction costs are going to heavily affect the decision of the small portfolio manager, it makes
sense to first consider a case closer to real world applicakitmeover, with the recent huge
migration from active to passive, less and less investment portfolios are including short selling
positions.For the reasons here announced, it seems more correct to first foayp®dfolio

with these characteristics

Based on these criteria, we developeddin3ensionalsurface which shows risk (portfolio
standard deviation) on theaxis, portfolio return on the-gxis and portfolio illiquidity on the

z-axis. It was opted to focus orliguidity rather than liquidity, because many parameters
directly estimate the illiquiditytransaction costdirst as described in the previous chafie.

Spread Amihud, pure price impact measujed his surface was developed in the same way
Markowitz originally developed the efficient frontier. By varying ttaggetilliquidity and

return parameter, we calculated the portfolio with the minimum variance satisfying those
criteriai. Ther ef or e -VdridmeeLigiidty Sor f aceo was o0 btheai ned

following optimization problem:

a Qg m
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Wherel represents tha s s spediisliquidity level andL, represent the target portfolio
liquidity. Thea s s speciislevel ofiquidity has been determined by combining the security

specific mid-price Bid-Ask spreadand the Amihud measure of illiquidityhis choice is
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motivated by the fact thafirst, both the measures can be easily obtained and calculated.
Especially for SmallCap securities the data are fragmented and hard to reffleygthe need

to use measures thatdotrely on ta manyparameterand are also of common uséoreover,
combining them, iallows to take into account for both expli@nd implicit coss (at least
partially). Indeedthe spreadis a well know liquidity measure that portfolio managers try to
account for when optimizing their portfoliand Amihud measure of illiquidity, despite not
having a real meaning when taken atamdalone measure, is useful to compare securities
with different level of liquidity.The greater this combined liquidity parameter is, the lower is
the liquidity of the stockThen, eaclportfolio on the surface will satisfy a target level of return

andliquidity, by minimizing the risk

Subsequentlythe same analysis is computed on a portfolio where short selling is allbwed.
seems interesting talso analyzéehis case since short selling is a common practice in today
finance. The original Markowad eptimizationproblemwas completely boundless. However,
such approach seems extremely inappropriate due to real world limitations. As it is shown later,
without any boundportfolios might take positions exceeding the unit, which is clearly not
feasibk. However, from the purpose of a pure static analysis, it has been dfrtstdritroduce
loosebounds, as the time window is extremely long and an eventual buy and hold portfolio
over that time period would be at least more feasible than in the cageewatiicrebalancing.
As mentioné, allowing short positions however introduces some issues fhe optimization
point of view. The process now requires nonlinear constraint to handle the negative weights.
Without that, a simple linear combination would make no sense as negative gositiayh
liquid securities would actually decrease the ovegpattfolio liquidity. To overcome this
problem, liquidity parameters have been linearly combined with the absolute value of the
weights. This approach guarantees that taking a long or a short positiareqoadly liquid
security, wouldalsoequally impat on the overall portfolio liquidityThis is of course a rough
approximationas short positiosiare generally more difficult testablishtherefore the level of
liquidity would not probablybe the same. The optimization problem then takes the following
form:
aQg m
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All the parameters havieeen calculated in the same way as befBog. each optimization
method the dlimensionaMeanVarianceLiquidity surface was plotted, alongside with each
efficient frontierat the different liquidity threshold,. Particular attention is paid to two specific
portfolios with peculiar characteristics: tdobal Minimum Variance (here and in after called
GMV) and theMaximum Sharpe (here and in after call TANpr each GMV and TANthe
resulting portfolio compositiomas been investigated, withfocuson the allocation across
different market capitalization classes (Large, Mid and Small) and thege evolve in
portfolios with different level of liquidity.Finally, thegrossandnetreturn as well as Sharpe
ratiod svolution was analyzed for ti@MV and TAN at the differentlevels of liquidity. The
netreturns have been calculated as the difference between the agevagesturn and the
averageBid-Ask mid-price spreadover the same time windowas calculateth chapter 4.

3.2.Active Analysis. Rolling analysis with minimum liquidity

requirements

From an active approach point of view, thissearchries to investigate whether imposing
minimum level of liquidity when rebalancing the portfadifiectsthe portfolioprofile, in terms

of risk, return, turnover and weights allocati®imilar to what donen the static analysis, the
focuswill be on two differenbptimization approaas one where short selling is not allowed,

and one where it jdut upper and lower bounds asecuriy levelareintroduced In both case

a monthly rebalancing approach has bapplied At each rebalancing date, historical values

are used to determine the next moptrtfolio composition.The active approach will be
focused exclusively on theMV and TAN This choice is motivatd by the fact that, first, these

two portfolios are the most peculiar across the ones along the frontier. Since this research is
generalized to all the type of inventors and there is no explicit risk aversion preference, it makes
sense to pick thportfolios with peculiarcharacteristicsSecondly, these rolling optimizations
require a lot of computational power, therefore focusing just on those allows to keep the code
lighter and fastefThefocus will be on four different portfolios, each of one needsatsfy a
targetlevel of liquidity. Therefore, at the beginning of each month, the following optimization

processsarerun:
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WherellLL; represergthe assét specificliquidity measurelLL;is thei-th liquidity threshold
parameter as defined in chapter 4. From an active perspective it seems more reasonable to
introduce an inequality constraint rather an equality for the liqualityn the static analysis

The main reasoexplainingthis choice is that, as shownchapter 4, less liquid securities tend

also to have larger standard deviation. Therefore, if the inequality sign was the other way
around, the portfolios resulting from the rebalancing would almost be the Bmmee, the
introduction of a minimum leveof illiquidity to satisfy, while minimizing the illiquidity.

Similar approach in case for the portfolio without short selling constraint. As mentioned before,
such portfolio was bounded at an asset level so that no single position can exceed thalupper an
lower bound. However, differently frothe stati@analysis, it was opted tmhtenthesebounds

to 50% This is becausthe active approach involves now a quite frequent rebalancing, and
previous bounds are likely to lead to an enormous turntivénauld be pointed out that 50%

still represent a quite high levebmpared taeal world applicatios, and it would probably
require quite strong risk lovéeatures o b e achi eved. However, si
optimization wascompletelyboundless ad there is no investorgrofile model leading this
analysis, the choice would be anyway arbitrdityus, the optimization problem solved at each

rebalancing date is the following:

GMV TAN
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ILL; is calculated in the same way as in the previous case but is based on the unconstrained
portfolio characteristicsor each optimization method and leveliqtidity the grossandnet

returns are calculated. These are then usedlte theportfolio performances based on a series
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of risk-reward measure3hese measurescludethe followings. Sharpe, SortinandTreynor
ratio, Valueat-Risk, Expected Shortfall, Calmar and Sterliragio based on the drawdown
sequence and the Farin€llibiletti ratio. The Sharperatio is the traditional riskeward
measure. It shows the amourftreturn per unit of risk taken, where the risk is proxied by the
portfolio returns volatility. Ittakes the form previously shown in the optimization process.
Sharpeatio, despite is wide application, is oftenticized because based on the total viahat
as measuref risk. However, the volatility in positive returns is sshallerconcern than the
volatility of negative return, which could represent a better proxy for the risk. The Satimo
overcome this bias, by relating returns with unit ofvdside volatility, defined as the standard
deviation of only the negative returns. Sortino takes the following form:
Y
DY ™

Anocther riskreward widely used is the Treynaatio. Differently from the previous two,
Treynor doesnot relate the returns to the volatility, but rather to the systematic riskeof
portfolio expressed by theortfolio betal . This risk measure is defined as the sensitiveness

of portfolio returrs to movements in the markahd Treynor is the fldwing ratia

Y
Yi Qwe %—l—

The portfoliobeta will be calculated proxying the market with the referring benchmark from
whichthe universe used in this analysiextrapolatedit represents an appropriate choice since
the benchmark is the EaStoxx 600 basically approximate the entire Eurodésat-market
capitalization The next measures involve more complex definition of risk that go beyond the
simple portfolio returrs volatility. Thefirst is theValue-at-Risk ratio, whichis a riskreward
measuralerived from the concept dalue-atRisk (VaR) The VaRestimatesgiven a certain
level of probability, what is the expected loss for a particular investment. Gpertfalio, a
time horizon, and probability, VaR(g) can be éfined informally as the maximum possible
lossthat can occuduring that timewindow andafter we exclude all worse outcomes whose
probability islower thanqg (Fabozzi 2011)

Y

i Nnoweorap Q

In the following analysis thiarestold probabilityq has been set to 5@éften used in real world

applications)Thus the VaR calculates threaximumpossible loss occurringith a probability
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of 5% based on thaortfolio returrs distribution The greater is the potential loss, the lower will
be the ratio and thus worse will be the portfolibe nextmeasuras based on the Expected
Shortfall. TheExpectedShortfall, also known as Conditional Value at R{§kvaR), is highly
correlated with th&aR. Given again a probabilitg, instead of calculating the possible loss in
the investment, it calculates the expegiedfolio return in the wors% cases. It represents a
sort of conservative way to estimaiartfolior et ur ns by fnegtvedi sgeonal yc
The ExpectedShortfall is considered a more useful risk measure than VaR becauseoitas
coherentaind gives a better idedirisk. It is calculated for a given quantllevelgandmeasures
the expected value pbrtfolio returns, given that the Vad levelg has been exceed@eabozzi
20117). This calculation is simplified as it follows:

Y
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Safer investments likeargeCap stacks rarely exceed VaR by a significant amoudt the
other hand, ore volatile asset classes, lismall-Cap or stocks fromemerging markets can
have CVaRsmuch largerthan their VaRs. Ideally, investors are looking for small CVaRs.
However yvery often, thenvestments with the most upside potential have large C\fei®zzi
2011)

The next two measures are based on the drawdequenceand are the Calmar and Sterling

ratio. First, it is necessary to introduce the conceptrratvdown.The Drawdown is a measure

that focuses on the losses and their regouera recursive waylt basically refers to the
portfolio loss from the previous peaefore the portfolio recovers to a new peltkereforejt

can beanalyzedin two different dimensions: magnitude, how large was the loss before the
recovery, and time, how long before the total reco\€gbozzi 2011) This means that a
drawdown is offtial recorded only when the portfolio goes above the previous péak.
drawdown became really popular as investors tend to focus just on gain and loss with respect
to their purchase prices, without taking into account the drop from a peak arising after th
acquisition. However, also that represeatsort of loss (more like missing profitspn the
investment thereby worthy of being taken into account. This also means that the drawdown
might not be equal to the loss if the security was sold when it plummeted. Investors are, of
course, interested in finding securities with the lowest posdifai@down, as imeansthat,
historically, theif negati veo price shifts were quite s

(the largest movement from a peak to a low point before its recovery)@atmar Ratio
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However, this rab might be biased by a single large drawdown, while the average or the
following ones are actually quite small. The Sterling ratio partially sdhis bias by taking

the ratio of the returns over the average ofktfergest drawdown sequences, whicls baen

set tofive in the empirical analysisSterling then takes the following form

0 WAAOFTZET &wo0

The last measure implemented is the Fariebiletti ratio. This ratio divide positive and
negative volatility, as well as, big return shifts from small return shifts with respect to a
predetermined threshold. The ratio takes the following form:

oY i 7
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Where frepresents the threshatlo€nandr) mandry 1t For the purpose of our analysis
thethresholdhas been set naively #®ra It is clear thathe smallerp andq are greateiis a
given power, greater will be the weight attached to that particular tail of distributian{aéer

p, greateris the weight attached textreme positive returns, thereby supporting riskier

investments(Rachey Stoyanoy Fabozzi2008).
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4. Mean-Variance-Liquidity Empirical Analysis on the EuroStoxx
600 constituentsfrom 1999 to 2019

In the following chapter the results of the empirical analysis will be reported and examined.
The entire analysis has been conducted using the software MATaA® the data provider
Eikon Thomson Reutefs Table \alues have been rounded at fiféa digit after the decimal

point

4.1. Starting Universe and Data Used

The empirical study is based on an initial universe composed by all the current constituents of
the EuroStoxx 600ndex (as of May 2019)This index is provided by the STORX td and

aims at replicating the performances of the European Union economy. It has a fixed number of
components, comprisingarge Mid andSmallCap stocks, representing approxiglgt90% of

the freefloat market capitalization of the European stock market. It includes stocks from all the
major European countries, such as UK (which accounts alone for roughly 27% of the index),
France, Germany and Switzerland (each accounting fghipd 5% of the index), as well as
Austria, Italia, Sweden, Spain and many m(B& OXX® Index MethodologyGuide 2020).

Such index has been specifically chosen for its composition ,sdifferently from the
EuroStoxx 50, it also includes mar§mall and Mid-Cap stocks, which allows to better
investigate the potential effects of liquiditythe portfolioconstruction For each constituent,

the closingprices havebeen downloaded starting frob®89 with a daily frequencysing the

data provider Reutersince the time history starts before the introduction of the common
currency euro, each stock has its original currency. This includes stocks in the following
currenciesNorwegianKrona, Swedish Krona, Danish Krona Polish Zloty and Swiss Franco
and UK pound. For the sake of simplicity, it has been assumed a perfect hedge situation, so that
prices can be easily converteddioro denominateglaluesby adjusting the daily prices for the

daily exchange rate. Unfortunately, Reuters donesown exchange rate ta before the
31/12/1998, thus the constituebtisne-series have been resized to dtann the first date when

all the exchange rates are available. Furthermore, for the same constituents, it was downloaded
also theBid and Askprices,the security markevalue, the turnover by volume and the number

of shares outstandingror portfolio performances analysiso the EuroStoxx60@velshave

been downloadeduring the same time windowsiven the enormous amount of data, and in
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order to avoid an excessivernfolio rebalancing in the subsequent analysis, data has been
converted on a monthly basis. Monthly returns have been calculated has the ratio between
previous month last business ddgsingprice and the current month last businessalasing

price. Skares outstandingurnover and market values data,the other hand, have been simply
averaged out on the same time interBadl. and Ask prices have been used to calculat8itte

Ask spreadpercentage, with respect to the secumig-price, has descréin Chapter 2. Such
measure was then averaged in the same way the others were. The turnover volume has also
been convertetb the turnover volume percentage as desciiib&hapter 2, by taking the ratio
between the average turnover volumeaagiven mortt and the average number of outstanding
shares over the same month. Unfortunately, Reuters provides the common shares outstanding
based on annual reports, therefore the number for outstanding shéu@siBrehangingluring

the year. Inaddition to turnger volume percentage argld-Ask spread the liquidity of a

security has also been proxied by dady Amihudilliquidity measurelescribe in the previous

chaptes. Such measure has been chosen for several reasonst Gest be easilgalculated

with the data Reuters providds requires nothing more than turnover values and prices, thus
allowing to obtain enough data for such a big universe. Second, as mentioned in the previous
chapters, it approximates the market impact for a giesurgties, which cannot be fully

captured by turnover argpread

To better investigate the liquidity characteristics and its possible impacts medmeariance
framework, securities have been classifiedLarge Mid and SmaltCap, following the
EuroSoxx 600 index guideline classification, but simplifying it by removing the buffers
conditionsand rounding the thresholdSpecifically, securities have been classified as it follows

(based on their averageonthly Market Value):

- LargeCap account for0% of the index;
- Mid-Cap account for 20% of the index;

- SmallCap account for the remaining 10% of the index.

Such classification has been kept constant for entire analysis. The estimation methodology
chosen for thestatic analysiss a combination of sapte and exponentially movingean
Specifically, the sample mean has been taken for the first 10 years (120 observations) and, after
that, a weight of 2.00% has been assigned to eacmoathly observation. This approach has

the advantage of allowing ue track the evolution of the company over time, giving more

weights to more recent events. Moreover, since the variables have been converted to a monthly
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basis, applying a pure exponentially smoothing approach would result in misrepresenting the
data as here would be a huge focus only tire very recentpast Unfortunately for some
securities there are less thiamyears of data availahleither due to lack of information by
Reuters or because they got listed and became eligible for the latdexXThus, for those
securities, parameters would be calculated using a pure smoothing approach. This also explain
the choice of a vergmall smoohing factor. However, it should be pointed out that those
securities, due to their limited data availability, are unlikely to be eligible for the final universe,
therefore the results should not be biased. For these reasons, the proposed approached is

consdered to be the best solution for the analysis.

Given the huge amount of datavolved ina universe of 600 securitiegor a time spawn of

over 20 years, it was opted to reduce the initial universe to a more appropriate one, consisting
in 100 securitiesHowever, in order to keep the final universe as close as possibletaihal
composition some adjustments have been made. In particular, we aimed at keeping the same
Large Mid, SmallCap ratioexisting in the EuroStoxx 60@Concluding, the analysithat

follows will be carried out on a portfolio of 100 securities,SialkCap, 20Mid-Cap and 70
LargeCap.To avoid possible bias due to a driven stock specific selection towards more or less
liquid securities, a random simulation of 1000 portfolias been run, and one of the resulting
compositions has been chosen completely randomly.

4.2. Initial Descriptive analysis

The initial universe price vol uti on over t heistdfollgwea fthe 6 t |
Aoutliero stock i s CHOCGOdsDies ih BsReurderiEyNabdvd ND T
80,000.00 Euro).
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%104 Universe Prices General Overview
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(Figure 5. Price evolution of th&uroStoxx 60@onstituentstime window 1992019)

In order to make the results manederstandablell the stocks have been organized according
to their Market Capclassificationso that the firspresentedre alwaysSmallCap, then there
areMid andLarge Cap.Initially, it is provided érief descriptive analysis summarizing returns,
standarddeviation, minimum and maximum return, skewness, kurarsispread The tables

are reportedn the Appendixat the end of the chapter. Results are already quite interesting.
Over the past 20 years, it seems that Market Cap classesdmsgecific chareteristics. In
particular, it can be noticed th&mallCap, which on average havelarge spread are
associated with highearveragereturns but also higher standard deviation. On the other hand,
Large Capstockstend to have much lowspread|ess riskout also loweaverageaeturns. This
seems to initially suggest some sort of illiquidity premium across the gtdkessin the long

run), as more illiquidity stocks appear to guarantage returns to compensate for both the
higher volatility and ifuidity risk. The following table shows the described situation, with

values representing the sample mean of the vasalilr the entire time window

BucketSize Return St _Dev Sharpe Ratio Spread
'Small Cap' 1.57466 10.35091 0.155 0.67257
'Mid Cap' 1.15616 9.38921 0.12846 0.50957
'Large Cap' 0.87734 8.75771 0.10524 0.31559

(Figure 6. Sample serage descriptive statistics of the universe)
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Further, the i1initial uni v er s sons of themgasured i t y
describe previouslyincluding spread turnover, market valueand Amihud measure of
illiquidity. The results are somewhat expectédst, it can be noticedhat the spread on
average, tends to decline as the Market Cap increases. Such relationship has been establishec
and widely provein severaktudies. Far more interesting is the Amimelasure of illiquidity.

Even if with some exceptions, it seems that such uredaends to be higher in low capitalized
compared to high capitalized securities. This seems to indicate that not only low capitalized
stocks are mor e ispeaslbut also, thdyutend to lmavea lower ipgd e r
volume which in turns tends to increase #ensivenessf such stocks even more following

the impact of potential trades. Finally, the last measure presented is the turnover which, quite
surprisingly, idarge for SmallandMid-Cap than folLargeCap stocksThis might be due to
SmallCap stocks having less shares outstanding (almost 10 time less), thus the impact of
similar trades would result ilarge turnover forSmallCap. Another possible explanation is
thatSmallCap stocks tend to have less histortharge Cap. Therefordarge value would

be attributed to thosBmallCap compared to theargeCap, which havéeen throughmore
economics cycles. Indeed, by taking sample mean vdlaegeCap stock appear to have

large turnover thanMid and SmaltCap. Moreover, if we look at the dollar value of the
turnover, this is muclarge for Large Cap stock compared &mal-Cap. To further investigate

into the liquidity characteristics, correlations among the previously described variables have
beenanalyzedFirstly, as mentioned above, the correlation betwsggradand turnover does

not have a specific direction, as sometimes stocks with higpreladend to have also higher
turnover. This association seems particularly more frequent aMmhgndLargethanSmalt

Cap stocks, for which, on the other hand, the majority shows negative corgelahisis might

be due to the fact th&mallCap stocks tend to be much costlier, in several different ways, than
the other stocks. Therefore, a furthargasen thespreadvould significantly impact the trades
people are willing taundertake On the other hand, fdvid andLarge Cap stocks the market
impact might besmaller and thuseven if there is an increase in tharead it will not affect

much theiurnover. Furthermordhecorrelationdetweerspread ancharket value anbdetween

spread and\mihud illiquidity showa precise direction. In particular, the correlation between
spreadand Market Capappears to be strongly negative for all the stock classes, confirming
once more that the higher thrket Cags, the lowerspreadend to beEven more interesting

for the purpose of this analysis is the correlation betwsmradand Amihud illiquidity
measure. This correlation seems to be positive and very strong among all the stocks classes.
This suggest that stocks with highgsreadare not only costlier in terms of pure explicit
transaction cost but, apparently, they tend to be associated with failgher average market
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impact. For these reasons, the liquidity constraints set in the following analysis will be a
combination othe mid-pricespreadpercentage and Amihud measure of illiquidityhe aim is

to try to take into accourgxplicit transactn costs, proxied by thepread andmoreimplicit
transaction costgproxied by the Amihud measure of illiquidity. As mentioned earlier, these

results are based on the entire initial universe (EuroStoxx600).
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(Figure 7. Correlation across the differenglidity measuresdivided by Market Caplasg

Therandomly chosefinal universe, however, shathe same similarities, therefore ensuring
that the results obtained are not entirely biased and can be generalized to the entire population.
It can be noticed that when taking securities with sufficient data, for all the stock diasges,

Cap appearothave darge turnover tharbmallandMid-Cap even if slightly
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(Figure 8. Liquidity characteristics of thasses constitutingresultingportfolio universe)
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BucketSize Spread Turnover Amihud Illiquidity

'Small Cap' 0.23794 0.28314 0.00069
'Mid Cap' 0.16662 0.32419 0.00025
'Large Cap' 0.11942 0.32857 8e-05

(Figure 9. Average liquidity characteristics per Market Cap chass

4.3. Mean-Variance Portfolio

The first step is the investigation of theeanvarianceframework. To do so we run several
optimizations using MATLAB andproviding as input the mean returns and variance,
calculatedusing the previously described methodologytheffinal universe for the entire time
window (19992019). Initially, no further constraint has besstso that both long and short
positions are allowed. As it can evinced by the following picture, Marko&is wasdoerect

as by combining the sedties in a specific way is possible to obtain better-riskirnprofiles

than by investing in the single securities.

@ Efficient Frontier with all Universe Assets (Time Window: 1999-2019)

— EF

°
TAN
* W

(Figure 10. Efficient Frontier based othe fnal universe composition)

In particular, over the past 20 years, the GMV would have outperformed or at least performed
as good as roughly 30% of the final universe of stocks, but with a lot less risk. However, even
with a naive approach such as equal weightinlgck dot on the alwa graph, the portfolio

would have outperformed many securities and performed almost as good as the GMV,
highlighting another Markowitz drawback and calling some questions about the usefulness of

all these computationés mentioned in chapter 3,uoh ofthe subsequent analysssfocused
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on the GMV and TAN.The following chart shows the resulting compositidar both the
portfolios

Comparison Unconstrained GMV and TAN
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(Figure 11. Comparison of GMV and TAMnconstrainedand asset@relative liquidity
measurep

As it can benoticed this chart shows some of timeeanvariancef r amewor kds dr e
previously discussediccordingto the optimizatiorresults the investors are required to take
severallargelong and short positions in single assets. While this phenomenon is partially
aleviated in the GMV (even if for security n® 6OFINIMMO the optimal weight is around
35%), the TAN shows multiple extreme positions, with weights ranging ff@% to +70%.
Furthermore, some of those extreme positions are onsagh&th appear to havhigher
illiquidity costs than the others. In particular, the TAN requires to all@aignificanamount
of funds across some of tlsmall andMid-Cap stocks with the higheBid-Ask spreadand
Amihud measure of illiquidity. Overall, both TAN and GMV wdureflect the starting

universe, with similar proportioriavestedn Small Mid andLarge Cap.

BucketSize GMV_Unconstrained TAN_Unconstrained
'Small Cap' 0.159 0.12082
'Mid Cap' 0.14776 0.11586
'Large Cap' 0.69324 0.76332

(Figure 12. Weights distribution across the differenaMetCap classe$or an
Unconstrained portfolip

Quite surprisingly is that the GMV invests slightly more in 8mallCap classthanwhatthe
TAN does. Concludinghis first results already show that while from a mathematical point of
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view there is a&et of unique solutions dominating the other, naessarily suckolutions can
be implemented, due to real world limitationsvel if it was feasible to replicate such
portfolios, it might get extremely costly, with a significant impacthe finalperformances.

The same analysis has been conductetidimoy a neshort selling constraint so that short
positions arenot allowed. As expected, trefficient frontieris lower than in the case of short
selling as less combinations are now availabieresting ishe GMV and TAN composition
compared to the firsboundlesspptimizations. Including thao-short sellingconstraintimits

the level of diversification as expected, butiitesnot completelysolve the problems listed
before. The GMYV O 8on is extreenkely redtice dsiitvsenowsinvésting ia 21
securities, with 4 securities accounting for 2/3 of the overall portfolio. Moreover, almost 1/3 of
thefundsis allocated t@ SmallCapstockwith a significant degree of illiquidity, as it has the
3 |argest spreadand the ¥ largest Amihud illiquidity measure. Regarding the TAN, it also
has quite significant concentration in few, low liquid securities, even atraggeCap.
Furthermore, introducing the rshort selling constraint extremized th®larket Capclass
allocation, with both GMV and TAN investing roughly the same proporti@mallandLarge
Cap (35%Small60-65% Large), with a minimum investment or no investment at alMiial-

Cap stocks.
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(Figure 13. Compari®n of GMV and TAN Constrained and as8egfative liquidity

measures)
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BucketSize GMV_Constrained

TAN Constrained

'Small Cap' 0.33649
'Mid Cap' 0.05676
'Large Cap' 0.60674

0.36212

o

(Figure 14. Weights distribution across the different Market Cap clakses

Constrained portfolip

4.4. Mean-Variance-Liquidity Optimization

The following paragraph will attempt showtheimplicationsof the introductiorof aliquidity

constraint in themeanvarianceoptimization frameworkThe paragraph includes two sub

section, one for each optimization problem.

4.4.1. Portfolio with no-Short Selling

The first results provided concern the introduction of the liquidity constraint in a portfodicew

short selling is not alloweds previously describedh¢liquidity parameter has been computed

as the linear combination tifespreadcand Amihud illiquidity measureThese alues havebeen

subsequently standardizedtbat they would range frofd to 1, makingeasierthe setup and

i nterpretation of the

constrai

nts

and

resul

liquidity behaves alongside tledficientfrontier. Therefore, we calculated what is the portfolio

liquidity for the set of dominant portfolios cortsting theefficient frontier There seems to be

an inverse relationship between risk, return and liquidity. Aigkerrisk andreturrs arg the

lower also tend to be the portfollmuidity, up until the most illiquid portfolio at thendof the

efficient frontier, where the entingortfolio allocation is on a single, very high illiquid security.
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Liquidity Evolution along the Efficient Frontier without Short Selling
T T T
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(Figure 15. Liquidity evolution along the Constrainé&dficient Frontier)

To build the newMeanVarianceLiquidity surface, several optimization iterations have been
run. Given that there is no unique way to determine what is liquid and what is not, as well as,
there are no particular portfolio liquidity references in the literatbhegargetliquidity levelto

be matched at eadptimizationiteration has been chosen by looking at the percentiles of the
liquidity alongside the frontier previously shown. From tHeup the 108 percentile, twenty
different frontiers have been calculatétius alongthe sane frontier, therareportfolios with

different riskreturn profile, but same level buidity. The resulting surface is the following

(Figure 16. MeanVarianceLiquidity surface for gportfolio withoutshort selling)

Returns and standard deviation are on Haig and xaxis as usual, while on theaxis there

is the level of portfolio illiquidity. TANs and GMVs have also been plotted on the surface and
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