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Chapter 1

Introduction

Inflation theory is the standard theory in cosmology describing the primordial Universe. It was
introduced to explain some shortcomings of the Hot Big Bang model, such as the horizon problem and
the flatness problem [1], but in the modern view the most important property of inflation theory is
that it could have generated the seeds for the Large Scale Structures (LSS) we observe nowadays, from
galaxies to CMB anisotropies [2]. Inflation is an early phase of accelerated expansion taking place
before the standard radiation domination epoch, (presumably) at energies scales much higher than the
ones we can probe at Earth laboratories. Despite the fact that the nature of the fields driving inflation,
their number and their interactions are still not known precisely, there is a wide group of models which
are compatible with the experimental observations. During the inflationary epoch, quantum fluctu-
ations of the primordial vacuum generates small deviations from perfect homogeneity and isotropy,
which are stretched by the accelerated expansion into the LSS we observe today. Assuming an initial
Bunch-Davies vacuum state for the fluctuations, it was shown that they evolve into a two-squeezed
quantum state which, as we will see, discloses both a classical and a quantum interpretation [3].

This prediction of Inflation theory is widely accepted by the cosmologists’ community, however, a
key question remains: how did these fluctuations transition from a quantum state to the classical realm
we see in our Universe? This problem is referred to as “quantum-to-classical” transition and the main
mechanism which was proposed to explain the classicalization of the primordial quantum fluctuations
in our Universe is the quantum decoherence. This phenomenon is well known in Physics, especially in
quantum optics, and it was observed in laboratory [4]. Quantum decoherence relies on the fact that
the Early Universe is not a closed system, but can be considered as an open quantum system (OQS)
interacting with an environment. During the last fifteen years this OQS approach has been applied
to cosmology as a possible solution to explain the quantum-to-classical transition, keeping attention
to the fact that some assumptions it relies on are broken by the expansion of the Universe. Within
this technique the Early Universe is partitioned into a system and an environment which respectively
consist in the degrees of freedom which are observable today and the ones which are not. It should
be clear that the choice of what is the system and what is the environment is crucial, because if it
changes, it redefines the observables we can access, the entanglement and the quantum information
properties we can test. For this reason, choosing a well justified bipartition is fundamental. In litera-
ture there are two main choices for this bipartition: a system field interacting with an external field,
e.g. [5], and a system made of Super-Hubble scale modes (observable today) self-interacting with an
environment made of the shorter wavelengths (unobservable today), e.g. [6, 7]. In this work we will
consider a two-field model [8], with the system made of the scalar curvature perturbation (which is
directly related to the inflaton quantum fluctuations) and an environment made by a second external
field that plays the role of the so called “isocurvature” perturbation. In the OQS setting, the state
of the Universe is represented by the density matrix, whose evolution is described by the Liouville
equation. This equation is usually too difficult to be solved, then some approximations are needed,
giving raise to a plethora of so-called master equations, which will be presented in the following.

The Thesis is organized as follows. In chapter 2 we will provide a short review of the inflation
mechanism, starting with the reasons that led to the introduction of this new theory, then focusing on
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the raising of quantum fluctuations. In chapter 3 we will summarize the outcome of a two-squeezed
quantum state for the inflationary perturbations in case of no decoherence (that as we will see has
been described both as a highly classical and a highly quantum state), and then we will introduce the
0QS formalism, by deriving the master equation that describes the quantum state evolution of the
inflationary perturbations. In chapter 4 we will present our two-field model for the Early Universe
[8], where we consider a linear interaction between the curvature, also called adiabatic, (system) and
the isocurvature, also called entropic, (environment) sectors showing that for such a simple model, we
observe an initial period of decoherence, followed by a recoherence, where the quantum information
is transferred from the environment to the system. The phenomenon of recoherence was not much
studied in literature (it was found for the first time in [8]) and it is peculiar of the model we con-
sidered. In chapter 5 we will generalize this model by introducing a non-linear self-interaction in the
environmental degrees of freedom and we will see how the decoherence and recoherence of the previous
model are modified. The latter generalization constitute the main original part of this Thesis work.
Finally we will draw our conclusions, along with some future prospects and present some appendixes
making explicit some computations.



Chapter 2

Inflation

2.1 Hot Big Bang model

During the 20s of the last century the astronomer Edwin Hubble observed that the astrophysical
objects outside our galaxy were receding from us, independently on the direction one is looking at.
This discovery allowed him to formulate the famous Hubble law, which claims that (for sufficiently low
velocities) there exists a linear relation between the receding velocity of the galaxies and their distance
[9]. Before this observation the Universe was thought to be static (Einstein himself put into play the
cosmological constant to guarantee a static Universe), but this simple relation, together with the
Copernican principle (i.e. we are not privileged observers in the Universe), led to the discovery of the
Universe expansion. In order to explain this expansion two theories were formulated: the steady-state
theory and the Hot Big Bang theory. These two theories competed until 1964, when the discovery of
the Cosmic Microwave Background (CMB) [10] secured the Big Bang theory as the best theory of the
origin and evolution of the Universe (together with the evidences of the Big Bang Nucleosynthesis). In
the following years many other predictions of the Big Bang theory were confirmed by the observations,
such as the abundance of light elements, the fact that the age of the Universe is comparable to direct
age measurements of object within the Universe and that given the irregularities in the CMB, it
provides an explanation for the subsequent formation of structure, through gravitational collapse.
However, in spite of all its successes, the Big Bang theory is not a flawless model, but it has some
shortcomings which were solved only in the 80s with the introduction of the inflation theory by
Starobinskij [11] and Guth [1].

2.1.1 Big Bang cosmology

The Hot Big Bang model is based on the cosmological principle which claims that the Universe
is homogeneous and isotropic on large scales and that it can be described by the so-called FLRW
(Friedmann-Lemaitre-Robertson-Walker) metric [12]:

ds? = —c?dt? 4 a?(t) + r2d0?|, (2.1)

1 — kr2

where ¢ is the cosmic time, a(t) is the scale factor which measures the physical size of the Universe,
d€? is the infinitesimal solid angle and k is the curvature that can be either positive (closed Universe),
negative (open Universe) or null (flat Universe). We will call “comoving” observer an observer which
sees the cosmic fluid at rest. The physical coordinates are related to the comoving ones through the
relation:

Physical distance = a(t) x Comoving distance. (2.2)

If we interpret the Universe as a perfect fluid, the expansion will be characterized by its pressure P
and its energy density p, which are in general connected through an equation of state:

P = wp, (2.3)
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with w = 0 for non-relativistic matter, w = 1/3 for radiation, w = —1 for the cosmological constant.
In general relativity (GR) the Einstein equations relate the geometry of the spacetime to the matter
distributions within it:

1
Guw = Ry — §ng, =87GT,, (2.4)

where G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci scalar, G is the gravitational
constant and T}, is the energy-momentum tensor. This equation is obtained by varying with respect
to the metric the following action:

S =S+ S :/d4a:\/— i—k d*z/=gLm, (2.5)

9 167G
where Sgp is the Einstein Hilbert action, and S, describes the matter content of the Universe. In
particular from the variation §Sgg/dg,, one finds the LHS of (2.4) while the energy-momentum tensor

on the RHS is defined as: 5 59
Tyw=———=—"m2 (2.6)
" \/j.g 5g;w
If we focus on the global properties and treat the Universe as a perfect fluid, we obtain the following
expression for the energy-momentum tensor:

Ty = upu(p+ P) + P, (2.7)

where u,, is the four-velocity of the fluid in its reference frame.
If we replace (2.1) and (2.7) in (2.4) we obtain the Friedmann equations [12]:

k. 8rG
H? + 2 3 P (2.8)
a ArG
-—=—— 3P 2.9
" 5 (p+3P), (2.9)
p+3H(p+P)=0, (2.10)

where overdots represents derivative with respect to cosmic time and H = a/a is the Hubble
parameter. Only two of these three equations are independent. When k& = 0 Friedmann equations can
be easily solved leading to the following solutions:

Matter domination P =0 — px a3 a(t) o £2/3 1)
Radiation domination P=1/3 = poxa? a(t) x 11/2. :

A more interesting solution, which we will recall when we will talk about inflation is the one
obtained assuming the cosmological constant domination, i.e. w = —1:

P=—p = at)xel. (2.12)

Density parameter and horizons

The energy density of a flat Universe (k = 0) is called critical density:

3M32, H?
1) = Pl 2.13
pelt) = =1L (213)
Then the density parameter is:
o) = 2. (2.14)
Pc

The expanding Universe has two characteristic scales: the Hubble length H~! giving the charac-
teristic timescale of evolution of a(t) and the curvature scale a|k\71/ ? giving the distance up to which
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space can be taken as having a flat geometry. From the Friedmann equation we obtain the following
relation:
H—l

Q-1 = —. 2.15
o-T= (2.15)

Since light speed is finite, it has travelled only a finite distance from the beginning of the Universe t*,
so we can define the cosmological horizon as the radius of the region of causal connection centered on

dir(t) = a(t) /0 G‘Z:). (2.16)

An object farther than this radius is causally disconnected from us.
Another useful definition is that of comoving Hubble radius:

ra(t) = - _ ) (2.17)

This is the distance travelled by light in the Hubble time H !,
Another important quantity is the redshift, defined as:

a(to)

1+2z= .
a(temission)

(2.18)

2.1.2 Shortcomings of the Big Bang model

In this section we will give a short review of the original motivations that gave rise to the
inflationary model. We remind that today these problems are marginal and the main focus is on the
ability of the inflation to predict the formation of large scale structure (LSS).

The flatness problem

As we have seen we can write the density parameter as:

Id
Q-1 = ik (2.19)
During the standard Big Bang evolution {2 moves away from 1, since:
Matter domination : [ — 1| o t2/3, (2.20)
Radiation domination: | — 1| o ¢. .

So if  is exactly equal to 1 it will remains zero, but if Q is even slightly different from 1, it gets
farther and farther from flatness. Nowadays €2 is measured to be very close to 1, so it must have been
even much closer in the past. In particular, assuming radiation domination up to the present days we
obtain:

Nucleosynthesis (t ~ 1sec) : | — 1| < O(10716)

2.21
Electro-weak scale (t~ 107 sec): |Q—1] < O(10727). (2.21)

These results give rise to a fine-tuning problem: if we want to explain the smallness of €2 today we need
to fine tune the initial value of Q up to the 27** decimal figure, and this appear quite unnatural and
difficult to accept. The situation is even more dramatic at the Planck scale where | — 1| < O(10799).

The horizon problem

Looking the CMB spectrum we see that photons emitted in opposite directions in the sky appear
to be at almost the same temperature. The simplest explanation is that the Universe has indeed
reached a state of thermal equilibrium, through interactions between different regions. Unfortunately
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this explanation cannot be used in the context of the Big Bang model. Indeed there was no time for
those regions to interact before the photon decoupling, because of the finite size of the horizon:

tdec ¢ to  dq¢
e / de 2.22
L aw< ) w 222
This relation claims that the distance photons could have travelled before decoupling is much smaller

than the present horizon distance. In fact, in the Big Bang theory, regions separated by more than 2
degrees should be causally disconnected.

Unwanted relics

Particle physics predict that in the Early Universe, a variety of massive particles, dubbed as
“unwanted relics”, should have formed (e.g. magnetic monopoles, domain walls etc.). If they were
created in the Early Universe they should contribute today to the density parameter, leading to 2 > 1
in sharp contrast with the observations.

2.1.3 The inflationary solution

Inflation theory was proposed for the first time by Aleksej Starobinskij [11] and Alan Guth [1] in
the early 80s as a possible solution to the shortcomings of the Hot Big Bang model. The inflationary
cosmology is not a replacement of the Hot Big Bang model, but rather an add-on that occurs at very
early times without affecting any of its successes.

Going back to the flatness problem:

Id
a?H?
The problem arises because aH always decreases, causing {2 to depart from 1. In order to solve the
problem we need a mechanism that lead €2 to approach 1. This is possible if we consider an early
epoch characterized by an accelerated expansion, which can be expressed using different conditions:

Q-1 = (2.23)

d H! 1
— <0 <<= P<-—-p (2.24)

5= 0
@= dt a 3

The second condition has a clear geometrical interpretation: since H~!/a is the comoving Hubble
length, the condition for inflation is that the comoving Hubble length is decreasing with time. In
comoving coordinates this means that the observable Universe becomes smaller during inflation be-
cause the characteristic scale occupies a smaller and smaller region as inflation proceeds. From the
last condition we understand that radiation and non-relativistic matter are not sufficient to obtain
inflation, while the cosmological constant would do the job. In figure (2.1) it is shown the Hubble
radius as a function of time in case of inflation.

Since we want to recover the Hot Big Bang behaviour and all its successful predictions, we cannot
permit inflation to go on forever and it has to stop at some point. Now let us show briefly how the
inflation theory solves the previous shortcomings.

Solution to the shortcomings

The flatness problem is easily solved in the inflationary scenario because looking at the density
parameter (2.19) we see that if aH increases, €2 is pushed towards one, regardless the initial conditions
(in this sense we call inflation an attractor solution). This is the case in the inflation theory where
the scale factor increases like (2.12) and the Hubble parameter is almost constant (at least in the case
w=—1).

The horizon problem is solved if we show that the following condition holds:

/ @(1; ~ / ) OZ) (2.25)

dec
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Figure 2.1: Comoving Hubble radius as a function of time. The scales that are inside the horizons are called
sub-Hubble scales, the ones which have crossed the horizon are called super-Hubble scales. (The figure was
taken by [13]).

Comoving Distance (Mpc)

so that light can travel much further before decoupling than it can afterwards. To understand the
validity of this relation, remember that inflation corresponds to a decreasing of the comoving Hubble
wavelength (2.24), which is a good measure of how far light can travel in the Universe. This is telling
us that the region of the Universe we can see after inflation is much smaller than the region which
would have been visible before inflation started (if inflation lasts enough time). Hence before inflation
our observable Universe was well within the causal horizon, allowing to reach the thermal equilibrium
we observe in the CMB spectrum.

The unwanted relics problem is solved by inflation because the energy density during inflation
falls off more slowly (as a~2 or slower) then the relic particle density, so that the latter becomes
rapidly negligible. This solution can only work if, after inflation, the energy density of the Universe
can be turned into conventional matter without recreating the unwanted relics. This can be achieved
by ensuring that during the conversion, known as reheating, the temperature never gets hot enough
again to allow their thermal recreation.

Inflation duration

It should be clear that the previous shortcomings are solved by inflation only if inflation lasts
enough, a short period of expansion would not be sufficient. In this sense we can introduce a useful
quantity called the number of e-folds, defined as:

N = /t;f H(t)dt = In <af> (2.26)

a;

where “i” and “f” refers to the beginning and the end of inflation, respectively. So this number
immediately tells us how much the Universe has inflated at the end of inflation with respect to its
beginning and the name comes from the fact that Z—f =el.

Let us see what is the minimum number of e-folds inflation should last to solve the horizon problem.

The minimal requirement is that the Hubble radius today is smaller than the Hubble radius at the
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beginning of inflation:

1 1
tg) < t; = < 2.27
ra(to) < rH(t) ot = o (2.27)
Multiplying both sides for a;:
YUY YU >ﬁ& (2.28)
ap 0 o " a; — ag Hy '
—~—
N

Using the fact that as the Universe expands the temperature decreases as the inverse of the scale
factor, a(t) oc T~ 1:

T, H; T, H;
N> 022 o N> 22) 4+ =), 2.29
e = BT > In o +In T, ( )

We know that Ty ~ 2.7K ~ 10713GeV and Hy ~ 107*2GeV, so

To
In|{ — | = 67. 2.
n <Ho> 67 (2.30)

The ratio H; /Ty is model dependent, but we can estimate it assuming a quasi-De Sitter phase with
H constant:

H =~ const. == H*(t;) = H*(t). (2.31)

Since at the end of inflation there is a radiation epoch we can impose:

8 8 72 gmd T}
H2(t;) = “7G = S rC T g TYy = S gL 2.32
(ty) = 37Gpy 1y = 3nG 59T Iy = 3359 Mg, (2.32)
2
— H(t;) = H(t 1 2.33
Mpy

Then, replacing this result in (2.29) we get:

i)+ (s
N>In|— ) +In{— ). 2.34
<H0 Mpy (2:34)

Depending on the inflationary model we have 107> < Ty/Mp; < 1 so that In (Ty/Mp;) = [-11,0], so
finally:
N > 67+ [~11,0] = [56,67). (2.35)

Here we can better understand the utility of the number of e-folds: we can say that in order to solve
the Horizon problem the Universe had to be expanded by a factor of €59 ~ 10%6. One can show that
this minimal requirement is the same necessary to solve the other shortcomings of the Big Bang model.

2.1.4 The inflaton field

As we have seen, in order to obtain inflation we need a particle with the unusual property of a
negative pressure. The simplest choice is to consider a scalar field, which is called the inflaton. It
is useful to split this field as the sum of a classical background field depending only on time plus a
fluctuations field depending also on the spatial coordinates:

P(x,t) = do(t) + 5¢(x, t). (2.36)

This splitting makes sense if the fluctuations are much smaller than the background field, so that we
can treat them in perturbation theory. For the moment we will focus on the background field (we will
neglect the index 0).
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The background dynamics

Comparing the energy-momentum tensor of the inflaton with that of a perfect fluid it can be
shown that the energy density and the pressure of a homogeneous scalar field ¢ = ¢o(t) satisfy the
following equations [2]:

po= 5+ V(6), (237)

Py = %dﬁz - V(9), (2.38)

where V(¢) is the inflaton potential and different choices of this potential correspond to different
inflationary models. The equation of state in this case becomes:

_ Py _ 38 -V(9)

: ' 2.39
P 302+ V(o) &8

We

Thus if the potential energy dominates over the kinetic term, V' (¢) > %452, we get wg ~ —1 < —% as
we required to have an accelerated expansion. The condition V' (¢) > %¢2 is satisfied if the potential
is sufficiently flat. This regime is called slow-roll regime and it is the standard scenario to realize
inflation.

Assuming a spatially flat Universe, k = 0 (reasonably since during inflation the Universe is pushed to
be flat) and replacing (2.37) and (2.38) in the Friedmann equations (2.8) and (2.10) we obtain:

) v

¢+3Hq5:—875, (2.40)
H? = ? <;¢'>2 + V(¢)). (2.41)

The standard strategy to solve this equation is the so-called slow-roll approximation (SRA): it consists
in the first slow-roll condition we already introduced:

1°t slow-roll condition: ¢ < V(¢), (2.42)

which is realized if the inflaton potential is sufficiently flat. Moreover, given the flatness of the
potential, we expect that also the higher order derivatives are negligible. So we can impose:

2" slow-roll condition: ¢ < 3H¢. (2.43)

Then our evolution equations in the slow-roll approximations read:

i~ v (),
o3 (2.44)
3HO~ 50

In order to quantify the slow-roll regime dynamics we can introduce the so-called slow-roll parameters:

H é
- S 2.45
We can easily see that a necessary condition for inflation to happen is:
i=(aH) =aH +aH = aH* 4+ aH = aH*| 1 1 =aH*(1 0 2.46
= (aH) =aH+aH =aH"+aH =a toz ) =a (I1—¢)>0. (2.46)
So inflation happens only if:
a>0 <<= e<l1. (2.47)
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Moreover, the slow-roll parameters can be expressed in terms of the inflaton potential as:

365 1 (V{0 v "V
) (V(@) LT E EEY o

T2V()  16nG
where we defined 1y = V”/(3H?). This implies that in order to satisfy both the slow-roll conditions
we need to require:

ny — e, (2.48)

e,n < 1. (2.49)

This condition guarantees that inflation happens and that it lasts enough to solve the shortcomings
of the Big Bang model.

2.2 Quantum fluctuations of the inflaton field

Up to this moment we focused on the evolution of ¢g, now we want to study the evolution of the
quantum fluctuation d¢(x,t), which is the quantity we are mostly interested in. First of all we need to
understand how it is possible to generate the cosmological perturbations on large cosmological scales
(such us the anisotropies we observe in the CMB spectrum), starting from the small-scale microscopic
quantum fluctuations d¢ of the inflaton field.

Let us consider the evolution equations for the background field and for the fluctuations:

b0 +3Hoo = —V'(¢),

. . 2 2.50
5+ 3HOop — Vaf o _ —V"($)56. (2:50)

If we derive with respect to time the first one we get:

(éo)” +3H <G'50>. = —V"(¢)éo,

2
8¢+ 3Hb¢ — Vaf o _ —V"($)d.

(2.51)

We can see that (150 and d¢ have the same equation of motion apart from the laplacian term. As we
will show soon, we are most interested on super-horizon scale, characterized by k < aH, so going
to Fourier space one can immediately see that the laplacian term becomes negligible. This approach
consists in performing a coarse-graining of the system, since we are not interested in the microscopic
behaviour we take an average over small-scale regions. Since $o and d¢ have the same equation of
motion on super-Hubble scale, it turns out that the two solutions are not independent and one obtains
[14]:

59(x, 1) = —5t(x)do(t)- (2.52)
Thus the scalar field is related to its background evolution through:
b, £) = dolt — 6t(x)). (2.53)

The last equation tells us that, on large scales, the scalar field goes locally through the same expansion
history of the background field, but at a different time due to quantum fluctuations.

2.2.1 Solution to the equation of motion

In this section we want to solve the equation:

V3ip  *V(9)

S+ 3HSp — = 5¢. 2.54
The Fourier transformation of the inflaton fluctuations is:
Sp(x,t) = L / dPke® X5 (k, t) (2.55)
’ (2m)3 e '
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Notice that we are considering 3-dim Fourier space because our Universe is invariant under translations
and rotations, but not under time translation (because it is expanding). Since the evolution equation
is linear different modes evolve independently and we can focus on a single mode. The equation of
motion for a given Fourier component reads:

Ko¢r, 9V (9)

Sy + 3HOy, — =— 5. 2.56
Now we promote d¢ to a quantum operator, rescale it and pass to conformal time (d7 = dt/a):
50
So(x, 7) = 228 T) (2.57)

a(T)
from now on dots represent derivative with respect to cosmic time, while ’ represent derivative with

respect to conformal time. We can expand the field operator in terms of the creation and annihilation
operators as:

)

6p(x,7) =

(2717)3 /d3k[uk(7)d1€e_ik'x +u,§(7)d,ﬂeik'x], (2.58)

where a; and dL are the annihilation and creation operators of the free vacuum since we are not
considering any interaction. In order to have canonical commutation relations,

[ak,ak,] - [a,t:,aH —0 [ak,aL] — Bk — K, (2.59)
we need to require the following normalization condition for the mode functions:
Wi ()l (1) — ug(T)uf (1) = —i. (2.60)

In flat spacetime:

1 ,
up(t) = ———=e "kt with  wp = Vk?+m?  Plane wave. (2.61)
\/ka

In a curved spacetime uy, is not necessarily a plane wave; there is indeed an ambiguity in the definition
of the vacuum state. Nevertheless, if we consider a small patch of the spacetime, A < H~!, we can
use the equivalence principle and consider a flat metric, obtaining a plane wave expression:

—ikT
up(r) ~ for k> aH. (2.62)

V2k

This choice is called Bunch-Davies vacuum choice.
More generally, in a curved spacetime, starting from the equation of motion of the inflaton field, one
can show that uy(7) satisfies the following evolution equation:

up (1) + <k2 4

a

"

+ V”a2> ug(T) = 0. (2.63)

De Sitter solution

If we consider a massless scalar field, mi = V"(¢)=0 in pure De Sitter regime (a(t) o e’*; and

H =const.) the equation simplifies to:

a//

up(T) + <k2 — a)uk(T) =0, (2.64)

and using the definition of conformal time we get:
dt dt 1 1

so conventionally, during inflation, 7 is negative (7 €] — 00, 0] ) and:
1 a’ 1Y 2 2
a(r) TH a <7'2H> (=rH) 2= 2 (2.66)

Now we can solve equation (2.64) in two different regimes:
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1. Sub-horizon regime: A< H™! +— k> aH
In this limit the equation of motion reduces to a harmonic oscillator equation:

1
kT 2.67
o (2.67)

in agreement with the Bunch-Davies argument we have considered previously. In terms of the

u’k’+k2uk:0 — uk(T) =

field: L1
Uk —ikT
0pp, = — = ———=e "7, 2.68
or=-—=- N (2.68)
we notice that it has a decreasing amplitude |0¢| = 1/(aV/2k), so small scale fluctuations are

very suppressed during inflation.

2. Super-horizon regime: A>» H ! +— k< aH
In this limit the equation of motion reduces to:

"

ull — %uk =0, (2.69)
whose general solution is:
up (1) = B(k)a(r) + A(k)a™2(7), (2.70)

where A and B are integration constant on 7 which depend on k. In terms of the field:
Sy, = % = B(k) + A(k)a=3(7) ~ B(k), (2.71)

where we neglected the decaying term which gets washed away by inflation. So we see that
Super-horizon fluctuations survive during inflation because they are constant.

At horizon crossing we can match the two behaviours to get:

1 H

= 2.72
YT 272

In general if we make an average of the quantum fluctuations on sub-horizon scales, in a macroscopic
time interval we get (0¢) = 0 because positive fluctuations compensate negative fluctuations (in other
words particles are continuously created and annihilated). However, the background is exponentially
inflating so their physical wavelengths grow exponentially,

00| = |B(k)| =

Ao aft) oc et (2.73)

until they become greater than the horizon H~'. Once crossed the horizon these fluctuations get
frozen: they do not vanish if averaged on a macroscopic time interval. In other words we have realized
a state with a net number of particles. This is called gravitational amplification mechanism, which
the gravitational analogue of the creation of couples eTe™ in a strong electromagnetic field.

Quasi-De Sitter solution

Now we want to solve equation (2.63) in the massless case and in the quasi-De Sitter regime,

which differs from De Sitter because H is not constant, but € = —% < 1. In this regime, using an
expansion at linear order in € we obtain the following equation:

uy (1) +

1 9
]uk(T) =0 with 1% = 1 + 3e. (2.74)

In this form it is equivalent to a Bessel equation, whose solutions are of the form:

v

u(t) = V-7 [cl(k)HgU(—kT) + (k) HP) (—kr) with H(®) = (HM)*. (2.75)
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where ngl) and H 1(12) are the Henkel functions of the first and the second type. Imposing the previous

solution on sub-horizon scale we find that ¢i(k) = @ei(l”r%)g and ca(k) = 0, so on small scales we
get:
) - o kT
ug (1) = v/ —Tﬁez(”+%)567. (2.76)
2 —kT
On super-horizon scale instead we find:
1 i(v—1) T o3 I'(v) 1
up(7) = ——=e"\¥72/22"72 —kT)27Y, 2.77
in terms of the field: s
H E\27"
Sl = A 2.78
ool = () (2.78)

where the De Sitter solution is recovered with € = 0, implying v = 3/2.
If we consider a field with a small mass we get the same solution with a different scale dependence:

2k3 \aH 2

where 7y = mé /(3H?) (we consider only light field because a heavy field would violate the slow-roll
condition ny < 1).

Notice that in our computation there is an inconsistency: we have perturbed the scalar field
without perturbing the spacetime metric. Indeed if we consider Einstein equations, assuming the
inflaton domination during inflation,

H k27"
|0¢x| = ( ) with 3 _ v=ny —E¢, (2.79)

G = 8rGT,, (2.80)

perturbations in the inflaton lead to perturbations in the energy-momentum tensor, which through
Einstein equations cause perturbations in the Einstein tensor and so in the metric:

0T, — 0Gu — Sgu. (2.81)

In order to take into account both the metric and the inflaton perturbations we can define a gauge
invariant perturbation, called the Mukhanov-Sasaki variable:

' 1
vy = 0 + %gﬁ where @ = ¢ + 6V2XH’ (2.82)
where ¢ is related to the scalar perturbations of the spatial part of the metric dg;;:
gi5 = a*(T)[(1 = 20) 5 + 5]
= Dol £ Gt - vt T
Xij ii X"+ i X5 +0ix; + Xij (283)
1
Dij = &6] — §5UV2
For a good review of cosmological perturbation theory see [15, 14].

One can show that the operator 94 = vy/a satisfies a Bessel equation,

2 1
~1 9

T

and the amplitude is found to be:

[ M[¥Y)

H E\2" .3
|’U¢‘ ~ \/Tﬁ (aﬂ) with 5 —vVv=nNy — 35, (285)

where we have approximated v =~ % + 3 —ny.

Another important predictions of the inflation theory is the production of primordial gravitational
waves (GWs) [2]. They are produced from the quantum vacuum fluctuations of the metric itself with
a similar mechanism to the one we already described, since the two polarization degrees of freedom of
the GWs evolve like two minimally coupled, massless scalar fields.
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2.2.2 From quantum fluctuations to primordial energy density perturbations

Since we do not observe directly the inflaton fluctuations, we need to connect them to the
primordial perturbations we observe today (e.g. CMB temperature anisotropies). In order to do
that a very useful quantity can be introduced: the curvature perturbation on uniform energy density
hypersurfaces, which will be simply called from now on curvature perturbation

0
qxn:—¢—H§. (2.86)
In the spatially flat gauge ¢ = 0, so:
)
C(x,t) = —H?”. (2.87)

The great advantage of ( is that it is constant, provided that the pressure perturbation is negligible
(see [2]). This turns out to be the case on scales well outside the horizon regardless of the matter
content of the Universe. Moreover, this definition is completely general, so it holds throughout the
evolution of the Universe, also when other fields are dominant. This allows us to consider for example
a scale k which crosses out the horizon during inflation (at the moment tg)(k)) and reenters the

horizon during the radiation epoch (at the time tg)(k)) and to compare the inflaton fluctuations with
radiation energy density perturbations:

o op
= —H— =—-H-— 2.88
by~ Clpw T & i) Py 620 (288)
but since in radiation epoch p, = —4Hp.,:
) 14
_gll Loy (2.89)
¢ 1Pk 4 py 1Pk
and using the fact that p, oc T% we get dp/p = 46T /T we finally obtain:
oT
~— ~ 1077 2.
G~ o 1077, (290)

so we found a direct link between the inflaton fluctuations and the CMB temperature anisotropies we
observe today.

Notice that (4 depends on the inflation model we consider, since p is proportional to the inflaton poten-
tial; so comparing the predictions of different inflationary models with the observed CMB anisotropies,
we can rule out some of these models.

Moreover, notice that the crossing time ¢z (k) depends on k, because depending on the scale considered
it will cross the horizon after or earlier.

2.3 Two-field inflation

In this section we want to briefly introduce two-field inflation and the concept of adiabatic
and entropic perturbations [16] which will be useful because in the model we will consider we will
have the interaction between an adiabatic and an entropic sector. Two-field inflation was studied
in several works, e.g. [17, 18]. An interesting aspect is that these models are the simplest where
non-gaussianities appear [19]. In the simplest models of inflation driven by a single scalar field, the
quantum fluctuations of the inflaton produce a primordial adiabatic spectrum whose amplitude can
be characterized by the comoving curvature perturbation ¢, which remains constant on super-Hubble
scales until the perturbation comes back within the Hubble scale long after inflation has ended. As
soon as one considers a model with more than one scalar field, one has to take into account also
non-adiabatic fluctuations. These new fluctuations can affect the curvature perturbation (which is
adiabatic) and can also generate isocurvature (or entropy) perturbations. First of all we need to
underline the difference between adiabatic and entropic fluctuations: the former correspond to a local
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Background trajectory

(0]

Figure 2.2: An illustration of the decomposition of an arbitrary perturbation into an adiabatic (§c) and entropy
(6s) component. The angle of the tangent to the background trajectory is denoted by 6. The usual perturbation
decomposition, along the ¢ and x axes, is also shown. (The figure was taken by [16]).

perturbation in the total energy density of the Universe, while the latter correspond to perturbations
between the energy densities of the different components of the Universe (for this reason they appear
only if we consider at least two fields).

Let us consider a model with two interacting scalar fields, ¢ and x. Given a generic perturbation
we can always decompose it in an adiabatic and an entropic fluctuation, by a simple rotation in field
space. We can define the adiabatic field as:

& = (cos ) + (sin0)x, (2.91)

where: )
0 X
sinf =

,/¢2+X2 ‘/¢2+X2.

The perturbation of the adiabatic field do represents the component of the total perturbation along
the trajectory of the background field. Instead fluctuations orthogonal to the background trajectory
represent the “non-adiabatic” fluctuations (see figure 2.2):

cosf = (2.92)

0s = (cos0)ox — (sin@)de. (2.93)

As it is explained in [16] the entropy and adiabatic perturbations satisfy the following equation of
motion:

s+ 3Hs + k—2+v +36% )6 —éiqf (2.94)
s s a? 5 T S omGa '

O+ 31Oy + | w10 — 2~ TG (Y ] —2(9’53)'—2 Vo o H s (2.95)
g ag a2 [een CL3 H g (j' H Y .

where V,;, Vis and V,, are related to the potential term, ¥ is the curvature perturbation in the
zero-shear gauge, (), is the Mukhanov-Sasaki variable for the adiabatic perturbation. The interesting
aspect we want to focus on is that the evolution equation for the entropy perturbation (2.94) is a
homogeneous equation decoupled from the adiabatic field [16], while if the background trajectory is
curved, i.e. 9 # 0, the entropy perturbation acts as an additional source term in the equation of
motion for the adiabatic field perturbation (2.95). This means that we can have significant change in
the large-scale comoving curvature perturbation if there is a non-negligible entropy perturbation, and
the background trajectory in field space is curved.
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Chapter 3

Open Quantum System approach

In the previous chapter we have seen how we can trace back the origin of the primordial energy
density fluctuations we observe today to the quantum fluctuations of the inflaton field generated
during inflation. However, inflation theory does not answer an important question: the fluctuations
we observe in our Universe are classical, so how did the quantum fluctuations of the inflaton become
classical? There is still no clear answer to this question, and this problem was dubbed the “quantum-
to-classical transition”. In the last years this topic has generated a great debate, but the main question
remains: can we prove the quantum origin of the classical fluctuations we observe today? One of the
main obstruction to this observation is the phenomenon of quantum decoherence that could have
cancelled any quantum signature in the present Universe. This phenomenon is widely studied in the
0QS framework (a good introduction of Open Quantum Systems is found in [20]) and our goal in this
chapter is to show how to deal with the quantum decoherence during inflation within this framework.

First of all we are going to show that, in the free field case (without interaction, and so without
the possibility of decoherence), primordial quantum fluctuations are placed in a very peculiar quantum
state, called two-mode squeezed state [21]. We will understand why it has been proposed to interpret
these states within a classical stochastic theory [22] and why they are actually authentic quantum
states. Then we will introduce the concept of quantum decoherence applied to cosmology and the
OQS techniques to deal with it, along with the master equations that will be used in the next chapters.

3.1 Two-mode squeezed states
The linear action for the curvature perturbation is given by [23]:
s = / dnd®xa’e M3, (¢ — (0:0)%], (3.1)

we can introduce the “Mukhanov-Sasaki” variable v(n,x) = z(n)((n,x) where z(n) = a(n)v2cMp;.
In terms of this variable the previous action reads:

1 "
52 — 3 /dnd3x [(v')2 — (Ow)% + 21}2} : (3.2)
From the action we can derive the Hamiltonian of the system, which reads:
1 !/
H= /d?’x{pQ + (Ow)?* + QZZUp], (3.3)

where p is the conjugate momentum associated to the v variable. Now we promote the fields to
quantum operators and Fourier transform them as:

A d3k ~ 1kex
=]
A d3k ~ ik-x
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then the two-mode Hamiltonian operator for a given k is given by:

/

A “ R " R Z R R . .
Hi = D_whr + k20_p0p + ;(p—kvk + O_iPr)- (3.5)

Decomposing the operators in terms of the mode functions as:

. oy
Uk = 7( k +a_k>,
V2k - (3.6)
P = Z\/;<ak . aT_k).
the two mode Hamiltonian can be rewritten as:
1, = F, (a,tak +alag+ 1) + iRk (e 2% agh_y —h.c.), (3.7)
where we have defined [24]:
k
Fk = 57
1/2
k 2 Z/ 2
m=|(5) *(J] | o

T 1 k z
@k:—§+§arctan 5 )

where F}, is the frequency of the harmonic free evolution piece of the Hamiltonian, while Ry is the
parametric amplification of the squeezing part of the Hamiltonian which is due to the curvature of the

background that yields a time-dependent mass to the field, mgff = —2"/z. The evolution operator
generated by this Hamiltonian can be factorized in three parts:
U(n,m0) = Rpr) Z(re) R(0k), (3.9)

where R is the phase-shift:

R(ox) = exp (wk [a;ak +al g+ 1} ) (3.10)

and Z is the squeezer:
Z(ry) = exp [Tk (&L&T_k - dk&—k)], (3.11)

and (g, 'k, 0k) are called squeezing parameters and characterize the dynamics of the state (their
explicit expression can be found in [24]).

Now we want to apply this evolution operator to a primordial vacuum. Let us start by the Bunch-
Davies vacuum:

00m0)) = [T 10k,0-4), (3.12)

keR3t

acting with the evolution operator defined above we get the following quantum state [24]:

i X2 ,
IT 1202850 = ] C;hr 3 (1) tanh vy g, ny) | (3.13)
keR3+ keR3+ k n=0

where
ol

1 ~ -~ n
Iy moi) = —5 ()" — (@l )" 0, 0-) (3.14)

This class of quantum states are called two-mode squeezed states, due to the entanglement between
the mode k& and the mode —k. The squeezer, Z (rx), is the responsible for the generation of infinite
pairs of pairs of entangled quanta, due to the operator dzdtk. It can be shown that during inflation,
. grows like the number of efolds and that 6 gets aligned to the value of 7/4 [3]. So the inflationary
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dynamics generates a two-mode squeezed state with a squeezing parameter of at least r, ~ 50 — 60.
This value is way bigger than the typical values of the squeezed quantum states created in laboratory.
The discovery of the squeezed states as states describing the primordial fluctuations was first in-
terpreted as a way to justify the “classicalization” of the original quantum fluctuations [22]. To
understand better this statement we can consider the quantum state in the phase-space representa-
tion where it is described by the so-called Wigner function, defined for a two-mode squeezed state
as:

Wk[vk,pk] = /dxeipkw <vk + g‘QMSSk> <2MSSk Vg — §> , (3.15)

with v the eigenstate of the operator 0. In case of a gaussian state, the Wigner function reduces to:
1 1 1 (V&

Welvg, = exp |—= (v Cov! < ﬂ, 3.16

[V Di] (2r )2 vdei Cov p [ 5 (ve pr) o (3.16)

where the covariance matrix is defined in terms of the power spectra as:

(2M SSy| o_p [2MSSk) 5 (2M S Sk| {0k, i} ]2MSSk>>

C = A - 3.17
ov <5 (QMSS] {00, poi} [2MSS)  (2MSSy| prp_r, |2MSS) . (3:.17)

Inserting expression (3.13) we can compute the Wigner function as a function of the squeezing pa-
rameters. Representing this function in the large-squeezing limit we obtain an elongated ellipse. This
mechanism has been proposed [25] to interpret the system as a classical stochastic system. Indeed, in
this case, the position variable vy is free to take any value, but given the value of v the momentum
variable, px, is almost fixed. In this sense the system behaves as if it follows an infinite number of clas-
sical trajectories with a definite probability on each of them, defining essentially a classical stochastic
system. This interpretation must be confronted with the fact that a squeezed state is still a pure and
coherent quantum state and this apparent classicalization is only due to the peculiar organization of
the uncertainty principle:

1
Ao APy = 3, (3.18)

where for a squeezed state Av, ~ e" and Apg ~ e ", so the uncertainty over the momentum gets

rapidly suppressed. This is a consequence of the existence of a decaying mode in inflation, recast in
the language of squeezed quantum states.

3.2 Dissipation and Decoherence

The FLRW metric, describing the early Universe, is less symmetric than the Minkoswski one
because it is not invariant under time reversal. This implies that energy gets diluted with the ex-
pansion, a phenomenon resembling dissipation, so we need some techniques to take into account this
contribution. At the same time, as we said, it is believed that the early Universe underwent some
form of quantum decoherence during the inflationary period, which causes the primordial quantum
fluctuations to become classical. OQS techniques allow us to describe both dissipation and deco-
herence due to the interaction of a system with an environment. In particular the former describes
energy exchanges, while the latter describes the generation of entanglement. These effects cannot be
described by a unitary evolution, which only could describe the renormalization of the energy levels
due to the interaction with the environment, but we need also to consider non-unitary contributions.
Moreover, OQS techniques, are widely studied in the context of non-perturbative QFT, due to their
ability to resum late time effects. The idea behind non-perturbative resummation relies on deriving
perturbatively an object, such as the generator of the dynamical map and then solving the dynamics
non-perturbatively, without any further expansion [3].

Here we want to introduce the techniques which are typical of the OQS framework.

3.3 System-environment bipartition

The first thing to do when dealing with an open quantum system is to create a separation
between what we will consider as the “system” and what we will consider as the “environment” [3].
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This bipartition is fundamental and it will affect the results we will find. For this reason it is very
important to choose a reasonable, well justified bipartition. The idea is that the system is made of all
the degrees of freedom we have access to, while the environment is made of the unobservable degrees
of freedom about which we do not have (and we do not need to have) much information. A typical
example of system is provided by the curvature perturbation, whose imprints are observed today in
the CMB. An example of environment is given by the sub-Hubble modes which crossed the horizon
later than the scales we can observe with the CMB spectrum or a heavy field.

In order to make the discussion more quantitative, let us introduce two fields, ¢ and F, with the
former representing an observable while the latter an unobservable degree of freedom. The action can
be split as:

S[C. F] = ScIC)+ SIF] + Sint 3 F). (3.19)

Now we are interested in the evolution of the system and we want to see how we can track down
the effect of the environment in this evolution, giving up a detailed description of the environment.
The basic idea, widely used also in the QFT context, is to integrate out, sum over or coarse-grain the
degrees of freedom we are not interested in. Let us see how to implement this procedure.

Consider a pure quantum state described by the ket |¥). The density matrix p = |¥) (U] gives a
representation of the quantum state in the Hilbert space H = Hg ® H., with Hg and H. the Hilbert
space of the system and the environment respectively. Since we are only interested in the system
degrees of freedom, we define the reduced density matriz as the partial trace of the full density matrix
over the environmental degrees of freedom:

prea=Trep=> {alpla), (3.20)
e

where {|a)} represents a generic basis of the Hilbert space of the environment, H.. This quantity
describes the state of the system, once taken into account the effect of the environment. For this
reason our goal is to derive an evolution equation for p,.q(t). In the context of OQS these equations
are called master equations.

3.4 Master equations
The exact evolution of the reduced density matrix is given by the Liouville equation [26]:

dﬁred
dt

= ES[ﬁred]a (321)

where Lg is the Liouvillian, which describes both the unitary and non-unitary effects. This is an exact
equation and starting from this, using various kinds of approximation we will see soon, we can obtain
different master equations, valid in different contexts.

The first approximation we can consider is the so-called Born approximation, consistent in as-
suming a weak coupling between the system and the environment. This is a reasonable approximation
because if the coupling were strong, we would have a strong mixing between system and environ-
ment and it would not make sense to distinguish a system and an environment at all. Consider a
Hamiltonian of the form:

H = Hs + H. + gH;pny, (3.22)

where H ¢ and ﬁg are respectively the free Hamiltonian of the system and the environment, I:IZ'm is
the interaction Hamiltonian and g is the coupling constant. Using the Born approximation we want
to expand the dynamics in powers of the coupling constant. We will work in the interaction picture
where quantum states evolve with the interaction Hamiltonian, H;,p while operators evolve with the
free Hamiltonian, ﬁo =H IS +H, <. From now on we will use an overall tilde to characterize quantities in
the interaction picture and an overall hat to characterize quantities in the Schrodinger and Heisenberg
picture. In the interaction picture the Liouville equation becomes:

% = g [Hmt(t), ﬁ(t)}. (3.23)
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Formally we can integrate this equation obtaining:
t ~
pt) = plto) i [t [Hins®). 0] (3.24)
to

Putting (3.24) into (3.23) and tracing over the environmental degrees of freedom we obtain the fol-
lowing evolution equation for the reduced density matrix:

Lot g7 / 4T, [Finet), [, 52 (3.25)

Under this form this equation is still exact and difficult to solve as the Liouville equation (3.23).

3.4.1 Perturbative master equation

Notice that the derivative of the reduced density matrix is proportional to ¢2, thus at lowest
order in g, preq(t) is constant and for an initial state we can factorize it as p(tg) = ﬁgo) ® ﬁéo) (we used

the hat because at initial time the three pictures coincide) and then at a generic time:

preat) = 5 @ p¥ + O(g), (3.26)
then at order O(g?) the master equation reads:
dpr ¢ . N . R
Ll — g2 / Q' Tre [ Ao (), | B (¥, 55 @ 5| + O(g%). (3.27)
t

0

In order to make the physics more explicit let us rewrite this equation using the following decomposition
for the interaction Hamiltonian:

Ho(t) = / Bt %) ® Jo(t,x), (3.28)

(3.29)

where we have defined:
K> (2.y) = Tre [ () )7 | = (- (@) J-(0)o, (3.30)

where K~ (z,y) is called memory kernel and it takes into account the effect of the environment on
the system, indeed it has the form of a two-point correlation function of the environment, depending
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on its properties. Let us now try to explain why this object is called memory kernel. As we can see
it depends on two different times, let us call them ¢ and t’. If the time over which the environment
evolves is much shorter than that of the system, the correlation function will rapidly decay as |t — t/|
and the integral appearing in (3.29) is dominated by the most recent contributions, i.e. those close to
the upper bound ¢. In this limit we can say that the dynamics “looses memory” of the past history
and it is only determined by the instantaneous interaction. This limit is called Markovian limit and
it will be more deeply analyzed in the following sections.

3.4.2 The exact Nakajima-Zwanzig master equation

Now we want to derive the so-called Nakajima-Zwanzig master equation [3] which is nothing
else that a recast of the exact Liouville equation, but it will be more useful to implement some
approximation schemes. Let us start from the Liouville equation:

D —ig[Hult). 5] = 9L D50, (3.31)

dt
Now we introduce the following projection super-operator which acts on the full density matrix:

Pp=Tre(p) @ pY, (3.32)

and its complementary
Q=1-"P. (3.33)

P and Q are projectors, i.e. P? = P, and one can show that P contains the same information that
are contained in p.q. Acting with P and Q on the Liouville equation we obtain:

0

5Pt = gPLDA).

) (3.34)
5990 = 90L(1)3(1).

(0)
£

where we could commute the time derivative with the projectors because pe ’ is time-independent.

Inserting the identity 1 =P + Q

[ - -
5 P(t) = gPLAPA() + gPL[)QA(2), (3.35)
0 - -
Q1) = 9QLPA) + 9QL(1) Q1) (3.36)
The last equation is a first order linear differential equation which can be formally integrated as:
t
Q1(t) = Golt.0)Qplto) + g [ dtGolt,t)QL(PAY). (337)
to

where Go(t,tg) is the propagator defined as:

Gol(t,to) = T exp [g /t t dt”Qﬁ(t”)] . (3.38)

Inserting equation (3.37) in equation (3.35) we obtain:

%Pﬁ(t) — gPLAPH(E) + gPL)Go(t, o) Qp(to) + ¢ tt d'PLEGo(t,T). (3.39)

This is the so-called Nakajima-Zwanzig (NZ) equation. It is an exact equation for the reduced density
matrix evolution. We can make some assumptions to simplify this equation:
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e No correlations system-environment in the initial state:

plto) = Tro () @ Trs(5©) = p¥ @ p©),
= Qi(to) = (1 = P)j(to) = p(to) — Tr= ) @4l = 0.
N——

(3.40)
~(0)
Ps
|
A(to)
e Interaction Hamiltonian vanishes in the reference state:
(Hing)o = 0 always possible after a field redefinition. = PL(t)P = 0. (3.41)
Then the NZ equation reduces to:
0. 2 ! / / ~ )
—Pp(t) =y dt'IC(t, t)Pp(t). (3.42)
ot to
Where the memory kernel is defined as:
K(t,t') =PL1H)Go(t, t)QL(H)P. (3.43)

This master equation is as difficult to solve as the complete Liouville equation, but it allows approxi-
mation schemes to be designed.

3.4.3 Perturbative Nakajima-Zwanzig equation (NZ,)

We have already said that the bipartition system/environment only makes sense if the two sectors
are weakly coupled, this provides a natural small parameter, the coupling constant, with respect to
we can perturbatively expand the NZ equation. This is the Born approximation. There are several
ways to perform this approximation, the simplest one is to expand the memory kernel in powers of
the coupling constant. In particular we can expand @ =1+ ... and Gg(¢,t') =1+ ... and at order
O(g?) the NZ equation becomes:

t
%Pﬁ(t) =g* [ at'PLOLE)YPH(H) (NZs equation). (3.44)
to

In terms of the interaction Hamiltonian (making explicit P and L(t)):

;(Tre(ﬁ(t)) ® ﬁ§o>) _ /tt dt’{(—i)(—i)@[ﬁmtu), [ﬁmt(t/), Drea(t) ® ﬁﬁo)“}

t ~
= ¢ / At T | Hine (), | Hint (), prealt’) @ 90| | @ 50 (3.45)

to

dprealt t - . . .

= pgt( ) = _92/ dt/ Tre [Hint(t)a [Hint(t/)apred(t/) & Pgo)” .
to

Comparing this equation with (3.27) we see that the only difference is that in (3.27) it appears the

initial state of the system while in (3.45) it appears preq(t'). Due to this ¢ dependence this equation

is still very hard to solve, even numerically. For this reason we need to exploit another assumption.

3.4.4 Time-Convolutionless master equation (TCLs,)

The Time-Convolutionless method allows us to remove the convolution in (3.45) by noticing that
the non-local in time contributions are also organised in powers of the coupling constant g, which
therefore must be neglected if we focus on a given order. The TCLjy is indeed given by:

dpred(t ¢ 7 7 5 O
pdj( ) = _92/ dt’ Tre [Hint(t)a [Hint(t/)apred(t) ® pE:O)H : (346)
to
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At a given order, let us say O(g?), NZy and TCLy approximate the exact dynamics at the same
accuracy. Let us stress that despite being written in a time-local form, the TCLs remains a non-
Markovian master equation. Indeed the definition of Markovian map is the following [27]: given a
dynamical map acting on the density matrix

pt) = B(t) = Viow (), (3.47)
it is said to be Markovian if it satisfies the semi-group property:

Vt%t/ = Vt”%tlvtﬁt”' (3-48)

In order for this property to be satisfied the environment must be much larger than the system,
such that it is not affected by the system dynamics. In this case the environment is called bath.
The assumption of Markovianity is related to the concept of irreversibility, since the information
can only flow from the system to the environment, but we never have a backreaction. Vice versa a
non-markovian master equation can account for memory effects and information backflow as we will
explain later. Notice that a Markovian master equation is necessarily local in time, but the opposite
is not generally true and this is the case of the TCL9s master equation. The lesson to learn from
this discussion is that Markovianity and time-locality are two different concepts and only the former
implies the latter, the vice versa does not hold in general.

3.4.5 Developing the TCL; equation

Now we want to focus on the TCLs master equation.

dpred(t t -
p(;td() = _92/ dt’ Tre [Hint(t)a {Hint@/)u ﬁred(t) & [)go)]:| . (349)
to

Using again:

() = / Pas(t,z) @ J.(t,z). (3.50)

We get again the previous equation with p,.q instead of ,E)gJ):

Y g | "t [ &2 [ @u{[Ts@swrea = Tsw)prals(a)| 1 (w,1)

dt (3.51)
— [s@)reals(y) = preads(w)Ts ()| [l @) '}
For simplicity we consider localised currents and bilinear interactions, which means:
js(x) = js(t)53(m —x) ﬁmt(t) = ECT(t)V(t)Ef(t), (3.52)

where V(t) is an arbitrary 2 x 2 matrix containing the linear coupling between the two fields and
Zo = (&,pa)T for a=(, F.

Now we can use the fact that in the interaction picture the operators evolve with the free Hamiltonian,
S0:

¢ t/
zZc(t') =T exp [z Ho(t”)dt”] Z:(6)T exp [—z’ Ho(t”)dt”], (3.53)
t t
but the linearity of the dynamics simplifies the computation as:
Z(t) = G5 (', 1)z (1), (3.54)
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where GS(t',t) is the Green’s matrix of the unperturbed system. Then the TCLy becomes (here the

coupling constant g is put inside V' (t)):

dﬁred _ /t Tr
dt o

— Hint (1" prea(t) © pO Hint () + prea(t) @ pO Hins (t) Hine (t)

t
= —/ dt’ Tr.
to

— Zci(OVis () ZF,; () preat) @ pO Zc k(1) Via () 27 ()
— Ze k(Wi () 21 () prea(t) @ pO 2 i(4)Vij () 27 4 (2)

Hint(8) Hint(8) prea(t) @ pO — Hipy (1) prea(t) @ p Hiny ()

2 (Vi (0 ZF (O Ze k()i () 21 (¢) prea(t) @ p¥

+ Prea(t) ® ﬁgo)gc,k(t/)vkl(t,)zJ-jl(t,)zg,i(t)%j(t)éf,j(t)]

t
= /t dt’{ [ic,i(t)‘/%j(f)zc,k(t/)Vkl(f/)ﬁred(t) - 2C,k(t/)vkl(t/)ﬁred(t)gc,i(t)vi‘(t)} X

x Tr, [5f,j(t)2f,l(t/)/3§0)]

— [Ec,i(t)Vz’j(t)ﬁred(t)5<,k(t/)sz(t/) — prea(t)Ze k() Vaa (') Z¢,i(t) Vi (t)] Tr. [2}',l<t/)2]—',j(t)

__ /tt dt’{ [Zﬁ,i(t)‘/ij(t)Géi) () Zen (O Vi () rea(t)

— G 1)z (O Vit preat) e, (8) Vg (0] K5 (8, 2)

— OV hrea G D2 (OVit)) = Prealt) Gl (1) e (O Via () Zca (1) Vig (1) x

x [lcj?l (t,t’)r}

= _/t dt/{ [gg,i(t)gc,n(t)ﬁred(t) - 2{,n(t)l5red(t)2§i(t):| X Vij (t)’C]>l (tv t/)Vkl(t,)Gl(gi) (tlv t)

— [ prea®)Znt) = Brea(Zen(Zca(t)| X Vig (D) Via(#) Gy <t’,t>}
t

=- / dt'{ i) (ODhrea(t) = 2 (D prealt)ci(D)| D7 (1. 1)

- [ic,z‘(t)ﬁred(f)gc,j(t) - ﬁred(t)'g(,j(t)égi(t)]DZ*(ta t')},

where we have defined:
K> (t, ') = Tr, [ég(t)z f@')ﬁ@],

D> (t,t) = VK ) VIE)GE ' t).

Now it is easy to express the previous equation in Schrédinger picture, using:

(3.55)
(3.56)

(3.57)

(3.58)

(3.59)



so the LHS becomes:

A

dﬁred d ~rt ~ 2 dUT dUO pored
Lred — (U1 () prea(t)Uo(t . . : :
dt dt (Uo( )P ed( )UO( )) dt P edUO + U()P ed 7, a UO a Uy (3 60)
Using the equation of motion of the evolution operator:

d - PN,
$U0( ) = —ZH()U[)(t), (361)
d ~+ NN
aUO(t) = iU, (t)Ho. (3.62)

Since Hy = Hg + H. is applied on p,.eq, it reduces to Hg

dpred

RS PN dp, N dp,
el — 03 Hspreallo = iU preatsUo + U ’éed Uo = iU [HS, Drealt )} U+ Uf ’;e‘i Oo,  (3.63)
while in the RHS (we take only one term because for the others is the same):
2i(t) 2. (Dhrea(t) = Ug(8) 200 (t)T3 (8)2¢ ;U0 (VTG (£)prea(t) Ui (1) (3.64)
= U§(1)2¢i2¢.3hrea(t)Uo(0).

So both in the LHS and the RHS we can cancel the U(J]r at the beginning and the Uy at the end to
obtain:

dpred T R ! NP s .
Pred _ -1 HS(t)apred(t)} / dt/{ [ZC,iZCyjpred(t) - ZCvjpTed(t)ZCﬂ'] Di>j(t,t/)

dt t
(3.65)
- [ic,iﬁred(t)égj = Prea(t)2¢,j%, z]D “(t, t)}

Now we can use the following decomposition:

D> (t,t') = D(t,t') + iD™™ (¢, 1), (3.66)
_ . 0 1
Ai]‘ = A(”) + Algwi]‘ with w = 1 0) (3.67)
= D75(t,t') = D5 (t,1") + D{¥ (¢, )wij + iD{ (. ') + iD{5 (¢, ). (3.68)
Now let us define:
Aus(t) = /t Dl (1), (3.69)
! R
/ e /
Dyj(t) = 2/to a'DEe (1,1, (3.70)
N t  Ress i i

to
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So our equation becomes:

et _ [ 5(t) prea(t)]

. o R 1 t i i
- { [Zc,izc,jﬂred(t) - Zc,jpred(t)2<,i] bDij(t) + / D% (¢, )wij + 3R (t) + §A12(t)wm}
to

. . o . 1 t i i
+ [pred(t)ZC,jZC,i - Zg,mred(t)Zc,j} [iDij(t) + | Dt twi; — Pt (t) — §A12(t)wz'j} }
to

T . 1. o 1. N T o
= —i [Hs(t% pred(t):| - {2ZC,iDij(t)ZC,jpred(t) — §Zg,jpr6d(t)Dij(t)Z§,i + §Z<,iAij(t)Zc,jpred(t)

i

L. . { . . i . .
= 52¢iPrea(t)Aij(t) 2 + 5 Ara(t)2¢iwijZ¢,jprealt) — 5 Ar2(t) 2 jhrea(t)wije.i

1. X R 1 R i R R i )
+ gﬂred(t)zc,jDij(t)Zc,z' - §Zc,iﬁred(t)Dij(t)Z<,j - §Pred(t)zc,jﬁij(t)zc,z' + ygwred(t)ﬁij(t)zc,j

7 o . ) A .
- §A12(t)pred2<,jwim,i + 2Alz(t)zc,ipred(t)wzjzca}a

(3.72)
where we noticed that calling 4;; = ftto DEe(t,#)wi; (antisymmetric)
Aij [fc,iﬁc,jﬁred(t) = Prea(t)2¢.j2ci — 2 jPrea(t)2ci — éC,iﬁred(t)éC,j]
= Aij{ 2ci2c, ,ﬁred(t)} — Aij [ig,jﬁred(t)i’g,i + ég,iﬁred(t)éq,j} =0, (3.73)
—— :
symmetric under 7 <> j Ty; T;i
2Tag)
because the product of a symmetric and an antisymmetric matrix is zero.
Then, since A;; is symmetric, we can freely exchange i <+ j:
LT, . . FUE .
5 [Zc,ipred(t)Aij (t)ZC,j - ZC,jpred(t)Aij (t)z§,i = 0. (374)
So, using the symmetry and antisymmetry of A;; and D;; respectively, our equation becomes:
dﬁred_.ﬁtA iAA A A Diise b A
3 s(t), prea(t)| — 5 | ij(t)2¢ 55 Pred(t) | + DijZciprea(t)Zc
1 ; (3.75)
— i1A1o(t)wijZe ipred(t) 2 — §Dij{£'c,i7:'g,j7 ﬁred(t)} + §A12(t)wij{ﬁc,ifc,j> ﬁred(t)}'
Now if we define: )
HLs(t) = §2<7iAij2<7j, (376)
’}/Z‘j(t) = Dij(t) — ’L'Alg(t)wij. (3.77)
We finally get:
dléred A 2 ~ A A A 1., . ~
1 = | Hs(O) + Hes(0), preat)| + 755 (0) (2 ibrea(t) oy — 5{2csi2¢ Prea(t) } ) - (3.78)

J/

UNITARY CONTRIBUTION NON-UNITARY CONTRIBUTION

We see that the interaction with an environment has two main effects: the first one is the appearance
of H 1s(t) which takes into account the renormalization of the energy levels due to the interaction
with the environment; the second one is the appearance of a non-unitary contribution, absent in the
free theory, that describes the effects of dissipation and decoherence induced by the environment. In
particular dissipation is due to the imaginary part of Ay, whereas decoherence is described by the
real part of D;;.
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3.4.6 Transport equations

Now that we have derived a master equation, which describes the dynamics of the quantum state,
we want to use it to derive an evolution equation for the observables we are interested in. This kind
of equations are commonly called transport equations. Starting from the expression of the correlator
in the Schrodinger picture [3] (where operators do not evolve)

(O()) = Trs [Oprealt)], (3.79)
and differentiate it with respect to time:
d, » _ A dﬁred(t)

Now injecting the master equation we have derived in this expression we obtain (let us consider term
by term):

e First term:

A~

—iTes (O] As(t) + Hust) preal®)]) = -
5,_/ ——
$5ciHoisc;  32¢ilijdcj

A As s A A S s
= —5 (HO + A)ZJ Trg (OZ(,iZC,jpred(t) - Opred(t)zg,izc,j)

Trg <O(ﬁo +4),; [zg,izg,j, ﬁred@)})

N | .

Z’ 3 A 2 2 ~ 2~ ~ A ~
= =5 (Ho + A);; Trs (OZ¢i2 jhrealt) — 2¢iZc,jOprea(t))
=5 (Ho + A)ij Trg ([ZCJ'ZCJ’ O] pred(t)>

i

5 (Ho+2),,([%i%.4.0]).

(3.81)
e Second term:
Trs <OZ<,z‘Pred(t)Z<,j - 50{2@]‘2@2‘, Pred(t)}> = Trs <OZ<,mred(t)Z<,j = 50%i%¢ipred(t)
1o Lo L
- §0Pred(t)2‘c,j2<,i) =Trs (5024,iﬂred(t)2<,j§OZ<,iPred(t)Zc,j = 50%i%¢ipred(t)
- §0pred(t)2‘c,jzc,z‘) =5 Trs (Zc,jOZc,mred(t) + 2¢O%¢iprea(t) — OZ¢ j ¢ iPred(t)
s a A 1 s TA 5 14 1 s ATs 4
— 2¢i2i0prea(t)) = 5 Trs (24 (01 2l prea(d) + 5 Trs ([2c: O] Zcipreald))
1, r . 1o, a0,
= 5510, 2¢a]) + 5 (24, O] 2ca)-
(3.82)

So putting together these results, we get:

o) = sl + 8], { [2:25.0] ) + 750 [§< [50,0]20:) + 5 (35[0, ] >] . (3.83)

If we consider as observable the covariance matrix:
1 PO R
Eap(t) = 3 Trg |:{ZC,0,7 Z{,b}ﬁred(t)}, (3.84)
and using the canonical commutation relations [73“, éc,a] = iwj,, leading to:

T S
et 5{ 2ca 2o} | = 5 [Beur Zeatcn] + 5 2 2]

1 . s s s S 2 1
= S{Zaltcn 2] + [Eea Rl 2o + ZeolEca Boa] + [ Zool B}

= iwlbég,a + iwlaég,b-

(3.85)
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So differentiating the covariance matrix and using the master equation:

dX 1 ~ A d/ared(t)
S Iy —Pred\7) | )
a 29 [{ZC’“’Z@"} dt (3.86)

Consider again term by term:

e First term (the complete computation is shown in appendix A.1):
i . - . . . .
— 5 Trs [{zcva, sen} [Hs(t) + Hyus(b), pred(t)]] = =w(Ho+A)S - S(Hy+ A)w. (3.87)
e Second term

1 . . L . 1. .
3 Trs [{Zg,m ZC,b}Dij (Zg,ipred(t)ZCJ - Q{ZC,jZC,iapred(t)})]

1 U DU 1,

= 5Di; Trs | Zcafepieired(t) e — 52catehieiZeibrea(t) = 52catcpbrea(t)ic i+ (a & b)]
1 1, ... |

= 5 Dij Trs | 2¢j2¢a2chicibrea(t) = 52ca2c b2, i2¢cipred(t) = 52¢,5%¢i%¢ a2 pPrea(t)
s s s a4 Lo . . Lo . .

+ 2 Ecbicatcibred(t) = 5 2Rt A iprea(t) = 52¢i2CiECbE aPrea(t)
1 A SR U 1 .\ . 1, . . ..

= 5 Dij Trs Zg,j{zg:m ZC,b}ZC,ipred(t) - E{ZC,W ZC,b}ZC,jZC,ipred(t) - 524,3'24,1‘{24,@, ZC,b}pred(t)
1 N Y N Y

= 7Di Trs ZC,j{ZC,av Zg,b}zc,ipred(t) + ZC,j{ZC,aa ZC,b}ZC,ipred(t)

- {734@7 5<,b}5g,jic,i/3red(t) - ic,jic,z'{ig,a, ic,b}ﬁred(t)]

1 ol . - N N T
= 5Dij Trs [Zc,j’ §{Z¢,a,Z<,b}}Z<,iPred(t) + 2 [§{Zc,a,Z<,b}aZ<,z} Pred(t)]

- [%m%{éc,aaic,b}}

1 A A A C A A s A . A . .

= §Dij Trg |iwjaZepic,iPred(t) + iwjpie ac iPred(t) — iwiaZe j2cp Prea(t) — i winie j2¢,a Pred(t)
N — N ——

) wjaZ¢,i%¢,b WibZ¢,i%¢,a

1 . .
= 5Dij Trs |wija [Zc,ba Zc,z} Pred(t) + wjp [Zc,aa Zc,z}]

1

Wjawbi/s'red (t) + WjipWai ﬁred (t)]

1 R
= _§Dij [Wjawbi + ijwai} Trg [pred(t):|
—_——
1
1
=—3Di [Wiawbj +ijwai} = —wa; Dijwjp = —wDw.
——

WaiWjb

(3.88)

e Third term: for the last term we can follow the same procedure using the antisymmetry of w;;
instead of the symmetry of D;;
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7
- §A12Wij Trs

iWja2eb2e,iPred(t) + 1WinZe aZc,iPred(t) — iWiaZe j2¢ bPred(t) — iwibig,jig,aﬁred(t)]

7
= _§A12wij Trg

iWjaZe p2c,iPred(t) + 1w aZciPred(t) + iWjaZe,iZ¢ bPred(t) + iwjbi'g,ii’g,aﬁred(t)]

1 SO . PN .
= §A12wij Trs wja{zg,iv ZC,b}pred(t) + wjb{zc,iv Zc,a}pred(t)]
1¢. . . 1¢. . .
= A Trg | wijwja 5 {Zg,z‘, ZC,b}pred(t) +WwiWib 5 {Zc,i, ZC,a}pred(t)
1 b 1 b
= 2A122.
(3.89)
Finally, putting together all the terms, we get the transport equation for the covariance matrix:
dx
T —w(H)+A)E-S(Ho+A)w—- wDw + 2Ap% . (3.90)
UNITARY EVOLUTION DECOHERENCE  DISSIPATION

As in the TCLy master equation we have a unitary term, giving the renormalization of the energy
levels, a term proportional to Ajs taking into account the dissipation process and a term proportional
to D characterizing the decoherence. In case of gaussian systems, the covariance matrix contains
all the information about the quantum state, for example it allows us to access to the curvature
perturbation power spectrum, simply through X1 = <§ 2y,

Beyond the gaussian case, non-linearities prevent the set of coupled equations to close [3]. This
is a general problem, related to the non-integrability of non-linear system in absence of symmetries.
Just to sketch the problem, in a non-gaussian system the dynamical equation of the n-point function
requires the knowledge of the n + 1-functions, indeed:

d . . .

S =F(€n) +a(m), (3.91)
where F' and G are functions which depend on the details of the dynamics, so we need to know the
correlators at all order to fully specify the quantum state, then the covariance matrix, which includes
only the two-point functions, is not enough. In order for the system of differential equation to close,

one must perform an approximation scheme to express G ((5 "+1>> in terms of the lower order statistics.

3.4.7 Lindblad equation

In this section we want to derive the most used master equation: the Lindblad equation. We
will highlight the assumptions it is based on, stressing the differences with the non-Markovian master
equation derived so far. We will follow closely the derivation done in [28].

Consider again the full density matrix p in interaction picture and its exact evolution equation:
dp
i

_ig |:Hint7 p(t)] ) (392)
which can be formally integrated as:
t+At ~
e+ ) =pt) ~ig [ at [t (8], (3.93)
t

Using the Born approximation we can iteratively expand the density matrix on the RHS, obtaining
at order O(g?):

t+At
At + At) — j(t) = —ig / At [ Hin (1) 510)
AV (3.94)
g [ [ [ B®), [Franl). 5] ] + O
3
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From now on we will drop the O(g?), assuming we are working at order O(g?). Tracing out the
environment degrees of freedom we obtain the reduced density matrix of the system:

pred(t) = Tre[p(t)]. (3.95)

Tracing out equation (3.94) we obtain:

Prea(t + At) = prea(t) = —ig /HN dt’ Tr [ﬁznt(t,) ﬁ(t)]

(3.90
—g / dt’ / Q" T | Hynt (1), | B (2), 52" |-
Analogously to (3.95) we can define a reduced density matrix for the environment, as:
p=(t) = Trg[p(t)]. (3.97)
It is important to stress that in general p(t) # pred(t) ® pe(t), but instead
ﬁ(t) = ﬁv“ed(t) @ ﬁa (t) + gpﬁcorrel(t)y (398)

where peorrer describe the correlation between system and environment, with g appearing because if
we start with peorrer(to) = 0 it will get different from zero only if the interaction is switched on. p is
an unknown integer. Replacing (3.98) in (3.96) we obtain:

t+At ~
ﬁred(t + At) - ﬁred(t) = —ig/ dt’ Tre [Hmt(t/)a ﬁred(t) ® ﬁa(t)]
t

t+At
- igp+1 / de’ Trs[ mt( /)a ﬁcorrel(t)]
! (3.99)

_ g /t+At d¢’ / dt” Tr. [Hmt(t) [ﬁmt( "), Prea(t”) ®ﬁs(t”)H
p+2 /t+Atdt/ dt"Tr mt( ) [Hmt(t ) [)correl(t”):H.

In order to understand if some of these terms can be neglected, we need to specify the interaction
Hamiltonian. Assume it can be written as:
]:Iint(t) = A(t) ® R(t)v (3100)

with A acting on the system and R acting on the environment Hilbert space. Consider the first term
of (3.99):

T | Hint(¥): prea(t) © po(8)]| = Toe [A() & R, frealt) © ()
= (W) prealt) tre |[RE)5-(8)] = preal AW) Tre |5 R(E)| (3.101)
= Tr. [R(#)5-(6)| [A#), prea(t)]

Here we want to implement the approximations holding behind the Lindblad equation:

1. The system is small compared to the environment and it has no influence on the latter. So we
can assume:

pe(t) ~ p0 = e, (3.102)

constant in interaction picture.

2. The environment is in a stationary state, i.e. H. does not depend explicitly on time, so [pe, He| =
0. This implies that the evolution operator for the environment can be written as U, = e~ =(t)
then 5., U.] = 0. This also implies that p.(t) = e~ j_e=() is time independent, so p. = p..
As a consequence [p., H:] = 0 and the environment density operator can be decomposed as:

pe =Y _pnln)(nl, (3.103)
n
with |n) eigenvectors of H. with eigenvalue E, and p,, real constant coefficients.
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3. The mean value of R(t) vanishes:

(R) = Tro(Rpe) = 0, (3.104)

then using the ciclicity of the trace and the fact that p. commutes with U, we get:
Tr.(Rp.) = Tr. (U€T RUEﬁE) = Tr. (Ug RﬁEUE> = Tr, (UEUJ Rﬁg) = Tr.(Rp.) =0.  (3.105)

This implies that (3.101) vanishes.

Now we are able to determine the value of the integer p in equation (3.99). At leading order in g the
LHS of equation (3.99), prea(t + At) — preq(t) must be proportional to gPpeorrer Since in absence of
the interaction term p,.q does not evolve in interaction picture. So the LHS is of order p, while on
the RHS we have terms of order 2, p+ 1 and p + 2. The only possibility that allows us to recognize a
dominant term on the RHS is that p = 2, so that the terms of order p+ 1 and p + 2 are subdominant
and can be neglected. Then finally:

t+At ¢ ~ ~
Prea(t + At) = prea(t) = —g? / At [ at" T [Hine(¥), | Hint(t"), prealt”) @ pe(t")]|. - (3.106)
t t

This holds at leading order so we need a fourth assumption, i.e. the interaction modifies the dynamics
of the system in the perturbative regime only. Let us now evaluate the remaining term:

T [Hins(), [ Hint (), prea(t”) @ ()] | = Toe [A@) @ R(E), [AW") @ R, prealt”) @ e(t")]]

(
(t/);l( ”)pred(t”) TI"E [ (tl) (t”)ﬁe] o A(t”)ﬁmd(t”)fi(t/) Tr€ R( //) t/>
(

Il
o

| |

— AW)realt AW Tr. [R(1) R(ERW)]
(VAW prealt”) Tre [p-RVR(E)| = AW )prealt)A(H) Tr. |6 R(R(E)|
| |

A( etV A ) Tre [ RER(E)]| + preal?) A" A(H) T

I
o

L)

(3.107)
where we defined:

Cr(t, 1) = Tr. [5€R(t)R(t')], (3.108)

where due to the fact that the environment is a stationary state, one can show that Cg(t,t') is a
function of 7 =t — t only:

Cgr(t,t') = Tr. -ﬁaeiHstR(O)e—ngtengt'R(O)e—iHEt’}
= Tr et (T () T R(0)e 1 |
= v, [pect e R(0)e T R(0)e 1 |

o ~ ‘ ~ o (3.109)
— TI“E ﬁgelHEt e'LHgTR(O)e_ZHgTR(O)e_ZHgt ]

= Tr. [/ 5. R(r) R(0)e 7"

= Tr, :pER(T)R(O)} = Cp(r).



Recalling equation (3.103):
%mzm@Mﬂ@FZmﬂmewmm@mw
= 3" pa fmln) (] R(T)R(O0) [m) = > pn (0] R(T)R(0) In)

5mn
- an (n| eiHETR(O)e_iHETR(O) |n)

_ i _ i (3.110)
= Y pa {0l [m) (m| R(0)[p) (p| e~ |q) (g| R(0) |n)

n,m,p,q eiBnT o—iEpT
= pae' T (0] R(0) |p) (p| R(0) |n)

n,p

(B —E ~ 2

= > pae B ED (] R(0) )|

n,p

In particular Cr(—7) = C%(7). We see that Cr(7) is a sum of exponential oscillating with frequencies
E, — E,. In the limit where the environment is large and has an almost continuous spectrum of
energy levels, the oscillating exponentials sum in a destructive way, rapidly driving Cr(7) to zero with
a characteristic time ., such that Cr(7) ~ Cr(0)e~I"I/*e. Using our result, equation (3.106) becomes:

t+AL t' ~ ~
J dﬂ/‘dﬂin Hnﬂf%{ﬂmdfxﬁmﬂﬂ)®ﬁdﬂﬂ}:

t+AL
/ ) d# / dt” VA(E")prea(t”) — A(t”)ﬁred(t”)j(t’)}C'R(t’ — ") (3.111)
[A(t )p'red( )A( ) red( )A(t”)A(t/)} CR(t// _ t/)},

We can reparametrize the integration domain in terms of ¢’ and 7 =t' — t” as:

t+At t At t+At
/ / a" = / dT/ (3.112)

It can be shown [28] that the extended integration domain

9] t+ At
/ dT/ dt/, (3.113)
0 t

is a good approximation of the previous one in the limit ¢t. < At, so when the environment dynamics
evolve in a much shorter time than the system dynamics. This is the fifth and last assumption in the
derivation of the Lindblad equation. Then we obtain:

t+At ~ ~ ~

Pred(t + At) — prea(t) ~ —g / dr / dt (AWM —7)preat’ —7) — A{t' = 7)prea(t’ — T)A(t/)}
x Cp(r) = [ AW)frealt - T)A(t = 7) = hrealt' = VAW = T)A®X)| Cr(-7) }.

(3.114)

The time derivative of p,.q is obtained by dividing both sides by At. If At is much smaller than the
typical time scale of A we can approximate A(t') ~ A(t) and A(t' — 1) ~ A(t — 7). Given the fifth
assumption, ¢, < At this means that A should vary on scales much larger than the autocorrelation
time of the environment. Furthermore, the variation of j,.q between time ¢ and t + At is of order g2.
Since the RHS is already of order g2, we can evaluate g on the RHS as preqg(t’ — 7) ~ preq(t). In
this way the integral over ¢’ becomes trivial and we obtain:
A:ared o 2 o 1 It ~ It It
zu—gl ar{ [ AW A® = 7)prealt) = At = 7)prealt) A)| Cr(r)
(3.115)
— [A®prea®) At = 7) = preal) Alt — ) A Cr(-1)}.
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We see that the RHS depends only on ¢, consequence of the Markovian nature of this equation. We
can write this equation in a compact way by defining:

Li(t) = g2 /O " drCR(n) At — 7)

Ly(t) = ¢ /000 dTCR(—T)A(t —7)=g¢" /OO dTCE(T)A(t —7T)= L]I(t),

0

(3.116)

where we assumed A hermitian. Then the master equation becomes:

B A1) La(0)reat) + La()prea)AD) + AW)prcalt) LaD) — real)2(DAD). (3117)
We can further simplify the operators L; and Ly exploiting the condition t. < At and remembering
that Cr(t) = Cgr(0)e~ "I/t goes rapidly to zero, the integrals in the definition of L; and Ly are
dominated by the bottom of the integration interval. As we have said, in this short time A does not
evolve significantly and we can evaluate A(t — 7) ~ A(t), so:

Li(t) =g¢* /000 drCR(T)A(t — 7) ~ ¢? /000 drCR(0)e " A(t) = g?Cr(0)t.A(t) = Ly(t).  (3.118)

Then our master equation (3.117) gets rewritten as:

Dret . POp(O)1e[ A, [, pred] | (3.119)
Going back to the standard picture (and using szs = H,Us):
d‘;"t ed (ft <U predU> = —2CR(0)t. [USTAUS, [UJAUS,UST predUsH
= dd[]JpredUs +U! d[:imd Us + Ulﬂred% = —g°Cr(0)t.U{[A, [A, prea]]Us
— U Hypredls + U 4, — U1 preaH,U, = ~g*CrlOMUTA, (4, pred)U e
dpred

—

dt = i[predy Hs] - QQCR(O)tC[Aa [Aa pred]] .

This is the standard form of the Lindblad equation. It can be generalized for an interaction Hamiltonian
of the type:

Hipy = Z Ay (3.121)
with the environment correlators given by:
Crij(t,t') = Tre [ﬁsRi(t)Rj(t/)]a (3.122)
and repeating all the previous steps we obtain:
d
= = ilpg, H] = g§j&m Vteij[Ai, [454]) (3.123)

where we assumed Cr;; = CRj; and t.;; small for every ¢, j with respect to the typical time scale of
the system.
If we consider continuous indexes:

Hipt = / d*xA(t,x) ® R(t,x), (3.124)

and we get:
dps
dt

where Cr(x,y) denotes Cr;;(0) and v = 2¢°t,.

= —i[Hs, ps] — ;/dSXd3yCR(X7Y)[A(X)’ [A(y)ps]l, (3.125)
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3.5 Tracking quantum decoherence

0OQS techniques allow us to to keep trace of the quantum information properties of the system we
are considering, and this is fundamental to describe the quantum decoherence of the system. There
are several criteria to assess the quantum nature of the system, as explained in [29] and here we will
review some of them. First of all we need to understand what is the physical process behind quantum
decoherence: the loss of coherence of a quantum system consists in the transfer of correlations initially
contained within the system into its surrounding environment. To keep track of the evolution of
the coherence of the system we can consider different quantities. One of these is the entropy of
entanglement, Sepn:, defined as the Von Neumann entropy of the system once the environment has
been traced over:
Sent = — Trg (ﬁred In ﬁred)- (3126)

This is a measure of the degree of quantum entanglement between two subsystems costituing a com-
posite quantum system (in our case system and environment). If it is non-vanishing the system and
environment are entangled.

Another quantity, which will be the one we will use in the following is the purity:

7= Trg (). (3.127)

The purity defines a measure on quantum states, giving information on how much a state is mixed,
with v = 1 corresponding to a pure state and v = 0 corresponding to a maximally mixed state.
Analogously the linear entropy is defined as Sy, = 1 — . In the case of a gaussian state with a single
degree of freedom, specifying the purity is enough to characterize all the others quantumness measures
[29], indeed they are related through:

Sent: 1_71n<1+’}’> —1In <2’Y> (3128)

2y - L+~

If the system is made of more than one degree of freedom this formula and the one-to-one correspon-
dence between entanglement and linear entropy does not hold.

Once the master equation is determined it provides the evolution of p,.q but in general this is
not enough to reach a close system of equations and one needs to rely on further assumptions in order
to obtain some results. However, in the case of a gaussian state, there is a simple relation linking the
purity with the observables of the system, which are fully contained in the covariance matrix X, that

is:
1

"0 = Tqets
Hence, the problem of accessing the quantum information properties of the system reduces to the one
of solving the transport equations. One can then assess decoherence by keeping track of the transition
of the purity from 1 to 0.
Decoherence is thought to erase all the quantum information which was present in the Early Universe,
but some works have tried to find an observational imprint of this quantum origin in the Universe we
observe today, e.g. [30].

(3.129)

3.5.1 Decoherence with Lindblad equation

In this section we want to find an evolution equation for the purity, using the Lindblad equation.
We will present this method [28] for a generic interaction and in the following we will use it in our
model with non-linear interaction. Here we will use the Heisenberg picture. In the linear case the
following factorization of the reduced density matrix holds:

ﬁred(”) = H H ﬁf{(”)? (3130)

keR3+ s=R,[

but in the non-linear case this is no longer true. Anyway we can define the following effective density
matrix defined on the Fourier space characterized by s and k, obtained by tracing out all the other
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degrees of freedom:

op =Tr( o 1 (Pred)s 3.131
Pk {k/ ) k},{k} (Pred) ( )
with s = R if s = I and vice versa. The purity is defined as:

v = ’IY{Z} (p72). (3.132)

Using the linearity of the trace operator we can find an evolution equation for the purity as:

d ~ ~ dﬁred
Sy (552) = 2T [ps Te; v 1 (s } 3.133
an ™o} V) =2 TN L) (5159
Now consider the Lindblad equation with A = 92 with © the Mukhanov-Sasaki variable:
dATe .| IT ~ ~ ~ A
gnd =1 [Hva pred:| - g/d3Xd3yCR(X - y) [U2 (X)a [UQ(y)a pred]] . (3134)

It is difficult to incorporate the Hamiltonian term in the following calculation and since it vanishes in
the linear case we assume it is vanishing also in this case. Using the Fourier transform:

o(x) = (273)3/2 / Pty (), (3.135)
Cr(x—y) = (2;)3/2 / B (k)™ ), (3.136)

then the Lindblad equation in Fourier space becomes:

d[)red Y 1 A A ~n A
& 2 /d3k1d3k2d3k30R(kl)[ngv—kl—kgu[ngvkl—kgvpred“- (3.137)

Since the RHS is of order +, at leading order in = the trace can be evaluated in the free theory where
we can use the factorization:

ﬁred(”) = H H ﬁii(ﬂ) (3138)

keR3+ s=R,I

If k is different from all the other combinations of momenta, we can remove p;. from the trace in (3.133)
and we get a full trace that vanishes. Also in the case in which k is equal to only one wavenumber
we get a vanishing result [28], so we need to consider the cases where k is equal at least to two
wavenumbers.

1. k equal to two wavenumbers:
Consider the case k = ko = —k3 and k; # 2k and take the second trace inside equation (3.133):

dpred y 1 / 3 3 3
Try o 16 =3 d*kqd%kad®k3Cr (k) X
{k/;k}v{k} dn 2(%)3/2 1 2 3Cr(k1)

Mg (B o TITTAT

1

X Tl"{k/s;; k}{i} ([f}k@kk17 [ﬁk@kﬂ(l,l;[ E[ﬁfcﬂ> .
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Here the only k' # k is k + ki, so we have [[y [ ] A = Al Prsk, - Then:

Tr{k'i k}{fi} ([@k@—k—kp [@—k@kﬂq ) /A)'red} ]) =

= Tr{ o } {} <@k@7k17k'f)7k@k+k1,@red — Ok —kPredD—k VK11,
k' #k

— Dk Uk +kPredVkV—k—k; + ﬁred@—k@k1+k@k@—k—k1)

=Tr {2 [0 K PkPk] Tf{ 2 [0kt Dt Pty Pk (3.140)

—Tf{ } [Ukpkpkv k {ki < } V—k— klpk+k1pk+klvk+k1

]
[0 ]
} [ k+k; ﬁfc+k1 ﬁi+k1 @fk—kl]

K+ k1
Iz ]

] Tr
—Tr{ ) [0k pik] Tr
]

{i
JFTT{ } PR 1c Dk Tr{ ) Pretic, Pretic, Ok D—k—k, | -

8,8
k + kg

. .. . A N N N
Now using the usual decomposition 9y = X 7 k with vl_%k = vf and o1 K= —’u{(:

Bl 4 ~R  ~R T N A A5
} U U + U )Pkﬂk] Tr{ki’i } [(Uk+k1”k+k1 + Uk+klvk+k1)ﬂi+klpi+k1]
1

"R s A5 AR N VN Y
r{ } Uk PrAvip + vkpkpkvk] Tr {ki s } [Uk-s—klpk—',-klpk—',-klvk—i—kl + vk+k1pk+k1pk+klvk+k1]
1

»h v—'w\'—‘ Hk\bi

- Tr { } PkPkUk Uk + PkPkUk”k] Tr {ki 5 } [ﬁi+k1ﬁf;+k1@1§+k1@1§+k1 + Pty ﬁi+k1@1£+klﬁll<+k1]-
(3.141)
Writing all in terms of s = R and 5 = I:

1 o _ L ,

— NS NS AS AS NS NS AS AS S ~S S ~S ~S ~S ~S S

=50 ! [0k kPP + Ok O] Tt (i) [0kt Pkeries P Pt T Vketier Ok P Ptk |
1

1

1 ) o _ i i i

AS A8 AS S NS AS AS AS ~S ~S ~S ~S ~S S ~S ~AS

3 Tr ) |03 PP Ok + Vi P o0 | Tr (i) [0 1er P es Pl ety + Oties Pty Pt ks Oty
+ k1

2

1 , o ) i o

AS A8 NS NS AS A8 NS NS ~S ~S ~S ~S S S AS AS

T3 Tr {2 [Pk PR + Predititi) Tr () [Py Py Vi Ukt T Piectker Petker Oy Ve -
1

3
(3.142)

Now focusing on the second traces and using Tr{k:k } P, = Tr{kfk } 'aii+k1 =1 we get:
1 1

1) = Tr{kfkl} [ﬁls(-i-klﬁls{-i-klﬁls{-i-kl] =+ Tr{kfkl} [ﬁlg('i‘kl@lg('f‘klﬁi'i‘kl]

= 2Tr{ s } [@lsc+k1ﬁli+k1ﬁf<+k1] = 2Py (k + k1),
k+ kg

2) = Tr{ s } [@i+k1ﬁi+k1@i+k1] + Tr{ 5 } [@i+k1ﬁi§(+k1@1§(+k1]
ftia ko (3.143)
- 2Tr{k+5k ) [ 031, Pty O, | = 2Pou(k + k1),

3) = Tr{kfkl} [ieacr P Py ] + Tr{k Jal) [Pk-41c0 Doy O

:2Tr{ s

k + kq

} [ A1, Oie, Oy | = 2Pou(k + k1),

where we recognized the power spectrum.
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Then we obtain:
Tr{k,i k}{k} <[@k@—k—k1, [@—k@kJrkpﬁredH) =

1 o
= g kit + i T (k)| Potic k)

2
- [itatii+ o ey Rk | Pt 1) (3.144)
‘e [ﬁi@ﬁ@f; T (ﬁf(@f{ﬁf()] Poull + i)
= 3 [ R P+ ).

The same result is obtained with k = kg = ks —ky, or k = —k; — ks = —k3, or k = —k; —ky =
—kj + k3. The same result, with the only difference that the power spectrum is evaluated in
k — k; instead of k + ki, is obtained in the following cases:

o k= —k; = ki,

o k=—ky =k —ks,

o k =k +ky= ks,

o k =k +ky =k —ks.

2. k equal to three wavenumbers:
in this case we obtain a vanishing result.

3. k equal to four wavenumbers: in this case we obtain a non-vanishing result, but this con-
tribution is suppressed with respect to the case k equal to two wavenumbers, because here we
get a finite result only for a single configuration of ki, ko, ks, while the other case leaves one
wavenumber free.

Putting together our results we obtain:

Tr s’ } {5} ([ﬁkz/ﬁ—kl—k27 [@k3@k1—k37 ﬁT(id]]) -
k' #kfk

1 S ~S S
= 5[0k, [0k, AR {Pw(k + k) [53(k2 — k)83 (ks + k) + 6% (ks — k)63 (ks — kg — k)
+ 0% (ks + k)85 (ki + ko + k) + 03 (kg + ko + k)33 (ks — ki — k)] (3.145)

+ Pyy(k — k) [53(k2 + )33 (ks — k) + 03 (ks + k)63 (ky — ks — k)

4 5% (ks — k)03 (ky + ko — k) + 0% (ky + ko — k)33 (ky — kg — k)] }
Plugging back this result in equation (3.139):

dj)red Y 1 / 3 3 3 A o
Trp ooy gy el = 20— Pk d¥kadksClr (k) [0, [, 1)) %
{k’% k}’{k} dn 4 (277)3/2 1 2 3Cr(k1)[0, [0F, pil]

X {va(k + ki) [53(k2 — k)% (ks + k) + 6% (ky — k)6° (k3 — ki — k)

+ 63 (ks + k)63 (kg + ko + k) + 63 (k; + ko + k)63 (ks — k; — k)} ( |
3.146
+ Pyy(k — k) [53(1{2 + k)33 (ks — k) + 03 (ks + k)63 (ki — ks — k)

+83(ks — k)3 (kg + ko — k) + 83 (kg + ko — k)03 (ky — ks — k)} }

1
Ty

Cralken ), (05, ) P + 1) + Poy(k — k) .
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Using va(k + kl) = va(k - kl) = -P’l)v(|k+ k1|):

dp re 1 B S [AS AS
Tr el — o [ @K CR(k) [ o5 ) P+ K )
(v {i} dn (2m) (3.147)
1 ~S AS
= _E[Uka [0k Pl S2(k, m),
where we defined the source function:
8y 31,/ / /
Sok,n) = ————= d°k'Cr(k') Py (1K + k). .14
2(len) = s [ RO P+ ) (3148)
Inserting this result in the equation for the purity:
—Tr{ } = —fTr{ }{ [0k, [0 prc]] S2(k, )}
(3.149)

- _isz(km)va(k= n);

where we used the relation Tr (i [0y, [0, pr]]) = 2P,y (k) which was shown in [28]. This method will be
used in the following chapters to compute the purity evolution in the case of a non-linear interaction.
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Chapter 4

Linear model

As we have said, observing a signature of the original quantum nature of the present fluctuations
is a hard task, mainly because of the phenomenon of quantum decoherence which is believed to erase
quantum signature, leaving a classical Universe. In this chapter we want to analyze the quantum
decoherence process in an extension of the simplest single-field slow-roll inflation. We will follow closely
[8]. Contrary to the common expectation, we will show that, after an initial period of decoherence,
the phenomenon of recoherence takes place, with the system showing a large level of self-coherence in
the final state.

Since inflation happened at very high-energy it is reasonable to consider a heavy field interacting
with the inflaton. From a bottom-up EFT approach the dynamics of the fluctuations in the adiabatic
direction ¢ and the entropic direction F is given by the lagrangian density [31]:

1 1 1
L= a’eM3,¢"? — a?eM3(0;0)* + §a2.7:’2 — §a2(6i]-')2 - §m2a4]—"2 — pa*V2eMpC' F, (4.1)

where 7 is the conformal time, a(n) the scale factor, (9;¢)? = 6;;0:¢9;(, ¢ is the first slow-roll parameter
and Mp; is the Planck mass. The curvature perturbation, (, is observed directly in the CMB, while
F describes an unobservable heavy field. p is the coupling constant of the interaction term (’F, and
it represents the turn rate in the field space between adiabatic and entropic directions.

We define the following gauge-invariant variables, called Mukhanov-Sasaki variables:

/oo ve(n, )
UC(TI)"L') = _a’(n) 25MPIC(77733 — 4(777‘17) = _Cia
a(n)v2eMp; (4.2)
U]—‘(’% m)
vr(nxz =an)Fmz — Fz)=—"—"-7,
a(n)
then the lagrangian density gets rewritten as:
1 p lra\2, d, 1 o, L LNz, d 1 2
! .
— §m2a2v§: + pcw]:vé — pa'vcv]:.
From this we can derive the conjugated momenta:
oL , ad , a’
pQZF:UC——vC—i—pav_p = V¢ =Pp¢t U — pav,
v a a
(4.4)
oL , a L N a’
=— =V — —V VE = —ur,
bF 81}_’7: FT LY F =DPF aF
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and finally the Hamiltonian density:

H(ve, v, D, pFs 1) = peve + PrvE — L(ve, vr, ve(ve, pe, vE, PF), VE(ve, D, vF, PF))

= 5P+ 5pF + 5(0i)" + 5 (Owwr)” + —vepe — pavrpg (4.5)
a 1 1
+ Ev}-p]: + §p2a2112f + §m2a2v§:.

Using the Fourier decomposition for the Mukhanov-Sasaki variable and its conjugated momentum

va(n, @) = (27:)3/2 / P lovg (1, k), (4.6)

the Hamiltonian becomes:

" 21)3 / T / dgk/ W [;“ (k)pe (k) ®HI= 4 Loy (1) i)
i

( 2
+ %(aivc(kj)eik'm> (@ivc(k')eik’.m> + %(@-U]:(k)eik'm) (&v}-(kz')eik/'m)
i Ci(vdk)p (e g(“f(’ﬂpf(k')e"(’”kl)“) — pavr(k)p (k)e'kTH) =

1 . ’ 1 . ’
+ Zp2a’vr(k)vp (k)RR @ §m2a2v]:(k)v]:(k:')el(k+k >-m]

2
5 |1 1 1,
= | &k | Spc(R)pc(=k) + Spr(k)pr(—k) + Sk v (k)ve(—k)
1 a a
+ (6 + (0" + mM)a?)or(k)vr(=k) + —vc(k)pc(—k) + —vr(k)pr(=k) = pavr(k)pc(=k) |,
(4.7)
which can be schematically rewritten as:
H= d3kz;27-t(77)z_k with 2z = (v, pe,vF, pr)’, (4.8)
R3+
where )
H Vv
H(n) = < vT ?_L(g)> ) (4.9)
with
2 d 2 2, .2\.2 d
H(S)(U) = (lz i) H(g)(n) - <k + (mi/+p Ja ,i> V(n) = (_%a 8) ,  (4.10)

where the integral is performed over R3T because of the condition z*(n,k) = z(n, —k) due to the
reality of the original fields, ( and F.

Following the canonical quantization prescription we can promote the fields to quantum operators and
split them in real and imaginary part in order to work with Hermitian operators:

1

A ~R AT
Z=— +1z2). 4.11
(i) (a1)
In this basis the Hamiltonian takes the form:
A 1
Hm) =2 Y / d®k(2°)TH(n)2°. (4.12)
2 s=R,I R3+

Being separable there is no mixing between different modes, nor between R and I sectors, so we can
focus on a given mode k and a given s-sector.

Since in this case the interaction is linear we can both study the decoherence in an exact way
and with the OQS approach we have introduced in the previous chapters.
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4.1 Exact approach

Consider the covariance matrix of the full setup (system + environment) in the Heisenberg
picture:

89 ) = 5 e { [ 5 0) + a0 70} (4.13)

As we have already said, due to the linearity of the dynamics, the state remains gaussian and the
covariance matrix contains all the information about the quantum state. Now if we differentiate it
with respect to time, using the Heisenberg equation to evaluate dz/dn, with the Hamiltonian (4.12)
and using for pg the Bunch-Davies vacuum, we obtain the following transport equation:

dE(SJ’_E)

= QHXTE) _ nte) O, (4.14)
n

where € is a four-by-four matrix defined as:

Q= <°5 2) with  w = <_01 é) . (4.15)

From this equation is easy to derive a transport equation for det 3 with X the system’s covariance:

ddet®  (s40dS5 7 (send=iit ©)

(S+
+e S4e dx
dn =3 dn +Eg2 ) 22( ) 12

dn dn

(4.16)

Making equation (4.14) and (4.16) explicit we get a system of eleven coupled ordinary differential
equations, that is:

an{;re $(849) | (5+2) (S+e)

Ay (S a +25 = panii)
S

dziy™ s
d’l’] 22

ax{5te (S+e) (5+9) | 35+
7—2(1213 — CLE +E23 +Z

au{¥re)
dn
=it 2 (S5+e) (S+e)
dE(SJrE) S+e S+e
513 _ 2g4+ ) kQEgg'f‘ ) (4.17)
n
S+
dE(%14 2 2% (S+€) _o® Eéi'+€) +p E(s+e) BZS*E)
n

dE(S—i—e)

33 _ (S+s) (S+¢)
- 2( ISERNE A )

(S+e)
A3 RIS CLOR S ()

dnp
dE(SJrE) S+e S+e a S+e
S =2(paxfi™ - BRI - Sx(iH)
ddet S _ (540 A5 | (549 dZiT(see AT
dn 11 d’f] 22 d 12 d?] ’

S—+e S+e
5549 _ pos(s+)

(S+¢)

_ pa(zg+6) _ Z(S+e)) + E(S-I—e) Bzg—l-s)

(S+s)

where we have defined:
B = k* 4+ (m? + p?)a® (4.18)
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We want to express ¥ as a function of In (%) with k = a.H where a, is the scale factor at Hubble
crossing. We can use:

1 1 a axda da
- - In— ) =—"="=" 4.1
n el = dn aQHda but d( n a*> e (4.19)
s, dy s a d%
R = a— = = ) 4.2
dn “Ha T dIn (al) adln - (4.20)
Now we can rewrite our equations as a function of ;*:
syt (S+e) L (S+e) P (S+e)
10> Ty LBy
din (Z) (S + s - 7).
(S+e¢)
dzlz _ 772(S+6) ﬁE(SJrs) . 7k2(5+5)
dln(%)  ak H™ ’
ng‘gﬁ) (59 _ L 5(5+) (5+9) | 5(5+9)
=2 E —— (X 2
dIn(Z) 13 H + k( + )
dEg%) _ £(2(5+5) _E(S-i-e)) +712(5+6) ( k+k<m2+02)>2(5+a)
dln(2)  H\™" ak H2 W H2))7B
s, o (5+) | 5(5+)
= kX 5
dIn (Z) ( 2ot ):
(S—i—a)
dX, ax 1 (s+2) _ Ax ) (S+e)
= — =2 k:E 4.21
dln( ) ak 13 (4.21)
(S+€) 2 2
d224 (S—i—s) (S+6) (S—i—s) Q% a m p (S+e)
= nifte) _oxl 25T (Tt k(= + £ ))x
dIn (%) k +H (ak+ *k(H2+H2)> B
S
dzég"‘a) _ 2( (S+E) 49 1E(S+5)>
dln () ak 3 )
d2§i+s) (S+a) P «(S+e) Q% a m? p2 (S+e)
dn (& )*72 tmn T = (ko k(G ) )
dE(S%) P (S+e) M PP\ \ga(SHe)  g(S+e)
din (%) =2 - (5 k+*k<7+ﬁ>)234 -2,
ddetS (54085 (s4edSfi ox(s+e) X1 dziy
dIn (&) odin(2) T din(&) dln (&)

Notice that we have eleven equations for ten unknowns, indeed the equation for the determinant
is redundant, but computationally it is more efficient to use all the eleven equations. Now we can
integrate this set of coupled equations from In (a/as) = —15 to In (a/a*) = 15 using as initial conditions
those of the Bunch-Davies vacuum, where E(S+€) E(S+€) 1/(2k) and E(S+€) Eﬁ%) = k/2, with
all the other correlation functions Vanlshmg As we have seen in section 3.5, for a gaussian state the
covariance matrix not only contains all the observables of the system, but it fully specifies the quantum
state of the system, i.e. preq, and this allows us to reproduce the transition from a pure state to a
statistically mixed state. This is possible through the purity parameter, v = Trg (ﬁ%ed), which for a
gaussian system is simply related to the covariance matrix through v = 1/(4det ). So once solved
the previous system we can reproduce the purity as a function of time. The result is shown in figure,
where we choose as a scale k = 1.

In the top graph of figure 4.1 we fixed the mass and see how the decoherence changes for some
values of the coupling constant, while in the bottom graph we fixed the coupling constant and con-
sidered various values of the mass. In both cases we observe an initial decoherence, followed by an
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Figure 4.1: Purity as a function of the number of efolds since Hubble crossing of the reference scale k = a,. H = 1
for a fixed mass m and few values of the coupling constant p in the top figure and for a fixed value of p and
few values of m in the bottom figure. We observe an initial period of decoherence followed by a period of
recoherence where the purity saturates to 1 due to the effective turn off of the interaction explained in the main
text. We see that the turning point happens on sub-Hubble scale in both figures, but in the upper figure it is
exactly the same for all the values of the coupling constant, while in the bottom figure it depends on the mass,
turning earlier for heavier masses. This is in agreement with the effective field theory (EFT) idea that a heavier
environment leaves less imprint on the system.
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increasing of the purity parameter which at late time shows large levels of self-coherence. This be-
haviour is called recoherence. We see that the turning point for the purity happens before that the
scale of interest crosses the horizon, on sub-Hubble scale. ' We also see that the decoherence is more
effective for smaller masses and stronger coupling constant, as we expect from an effective field theory
(EFT) intuition that heavier masses leave a smaller imprint on light degrees of freedom.

This recoherence can be interpreted as if the information that was transferred from the system
to the environment during the period of decoherence, is flowing back from the environment to the
system. This aspect could appear in contrast with the previous literature on decoherence, e.g. [28,
7], where due to the characteristics of the environment the information could not backflow to the
system as in this case. Actually there is no contradiction, because of the small size of the environment
in our model, where due to the linear coupling the system is coupled with a single Fourier mode of
the environment; in this sense we cannot speak of the environment as a thermal bath as it is usually
considered. In this case the bipartition between the system and the environment is based on the fact
that the environment, even if it has the same size of the system, is unobservable, because the field is
very massive. When the environment has many more degrees of freedom than the environment, the
leakage of quantum information from the system to the environment causes the decoherence and the
information backflow from the environment to the system is statistically suppressed given the enormous
difference in the number of degrees of freedom. In our model instead, the quantum information is
continuously exchanged between the system and the environment, given that they have the same
dimension. This continuous exchange can be better understood if we consider the same model in a
static spacetime [8]: in that case the purity appears to oscillate at frequencies 2ws, 2w, ws + we and
ws — we where wg = k and w. = Vk2 +m?; if the coupling is turned off the purity freezes at the
time of the quench: this is exactly what happens in the case of a De Sitter spacetime where the the
expansion of the Universe causes the coupling to be turned off. To better understand this aspect we
can consider three regimes:

FT T T T T T T T T T T T T T T T T T T T T T T T T 3

1.0f

0.8}

0.6

i

0.4F

0.2

0.0r
~10 -5

In(a/ax)

Figure 4.2: Same as figure 4.1, for lighter masses. We observe three different behaviours: m > 3H /2 recoherence,
m ~ 3H /2 purity freezing and m < 3H/2 decoherence

e k> am: in this case the mode functions of both fields oscillate at the same frequency k/a, in

'In the paper we are referring to, i.e. [8], it appears that the turning point is shifted on super-horizon scale. This is
an incongruence with what is said in the text, where indeed they say that the turning point is reached in the sub-Hubble
regime. To clarify this doubt, I contacted the author of the paper, Dr. Thomas Colas, to whom I am very grateful,
who explain to me that reproducing the same graphs, he obtained the same result of mine, so probably there was some
problem with the graphs in his paper.
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their vacuum state;

e am > k > aH: in this regime the two frequencies differ, with the system oscillating at frequency
k/a, while the environment oscillating at frequency m, so the purity oscillates as in the flat space;

e k < aH: in this regime we can observe three different behaviours, which are represented in
figure 4.2:

1. m> %H : entropic fluctuations are heavy, so they oscillate and quickly decay. The same
happens for the curvature perturbation, since ¢’ oc 1/a? on super-Hubble scales. Then the
coupling between the adiabatic and entropic fluctuations is effectively turned off and the
purity freezes to one.

2.m < %H : in this case, F acquires a growing mode that keeps the interaction term, ('F
alive despite the decay of ('F, leading to a complete decoherence.

3. m ~ %H : in this case the purity freezes to a value different from 0 and 1, strongly
dependent on the value of the coupling constant.

In all the cases we described, the system is driven towards a mixed state by the dynamical generation
of entangled pairs of quanta between ¢ and F, which explains why decoherence happens even if the
environment is made of a single degree of freedom. It is interesting to highlight that even if we
are considering a heavy environment, varying the value of m we obtain three different behaviours:
recoherence, purity freezing and decoherence.

4.2 Master equation approach

As we have seen in the previous section the model being linear can be solved exactly, but this
is not possible in case of more complex interaction. For this reason we want also apply the OQS
approach, using the master equation we derived previously.

Given the peculiar nature of the environment in our model, we cannot use a Markovian master
equation, such as the Lindblad equation, that relies on the assumption that the environment is much
larger than the system, which implies a form of irreversibility in the information flow. Clearly this
is not the case in our model, and we need a non-Markovian master equation, like the TCLo we have
derived in the previous chapter, which we report here:

dﬁred A > ~ A A IS 1 ~ ~ ~
o= Hs(n) + Hys(n), prea(m)] + i) (Zcipreamics — 5 {Zeiicir brealm)}) . (4:22)

From this equation, we derived a transport equation for the covariance matrix, which being the
evolution gaussian contains all the information about the quantum state and the observables we are
interested in:

dX

Fr w(Ho+ A)X - S(Ho+ A)w — wDw + 2A 3. (4.23)

Then we can also obtain a transport equation for the determinant of the system’s covariance matrix,
using the property det X = elrdet® — Trin X,

ddet X
dn

>
= det X Tr <2_1(<iin) = det = Tr [2—1 (w(H(S) +A)E -SHS 4 A)w — wDw + 2A122>}

— det X Tr [w(H(S) FA) - (H® £ A)w— S 'wDw + 2A121}

=4A15det ¥ — det T Ty [E ™ 'wDw],
(4.24)
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where:

$1_ 1 Yor —X12
det X \—X12 X211

=
by - 0 1 D D 0 1
1 _ 22 12 11 D12
- X WIIU“(—ELQ 211> (—1 o) (LMQ zzm) (—1 0)
_ 1 Y12 Yo —Di12 D1 (4.25)
det X \ =211 —212/) \—D22 D12
_ 1 —D19¥12 — D22¥oo
det X \ Di2X11 + D22¥q2
= Tr [ 'wDw] =-Tr[ED].

D11319 + D12¥12
—D11¥11 — D12X12
So finally we get:
ddet X
§ = 4A 15 det T + det £ Tr [ED).
n

(4.26)
Now we want to compute the various pieces of this equation. First of all we need to compute the
mode functions of the system and the environment

4.2.1 Mode functions

In the interaction picture, operators evolve according to the free Hamiltonian Hy(n)
H§(n) where

- N AW
Hy (77) = 3 (UC pg) d q ﬁ( 5 pgpg + k> Ugvc + — {UC pc}
a
1 k2 4+ m2a2 <\ [ 11, . . a
%()2@¢pﬂ( o . é = 5 |prir + (K + m*a®)oriF + —{iF.pr}
a

. (4.28
(or.ir)| (429)
The quantum states and the density matrix evolve according to the interaction Hamiltonian

=Hi(n)

(4.27)

A~

A 0 0 D A
=t 20 () =i

(4.29)
In this picture, the field operators admit the following mode-functions decomposition

Va(n) = va(n)aa + v;(n)&T

%)

(4.30)

where a, and a4 are the creation and annihilation operators of the uncoupled fields
Heisenberg equation:

Now using

do N
Hi [ ] ch+k%%+ —{0¢, Dty B¢
ia ia
= 5[1941747714] 5*[”41047@4] + 5 [P, o]
o va . ia . (4.31)
fm@ow = [P, 0] P + = —ic [pe, 0] +2 — [P, 0]
~——" 2\\,'_/ 2a \‘,_./ 2&\‘,'_/
—1 —1 —1 -1
/
= ¢+ ¢,
dp S N il . 9. . ad
dT; —1[ 0 (U%Pc] = 2{p<p<+k U<U<+g{vcypc} Pe
P N 2 {2 AU
= 5/4:211( [UOPC] +§k’2 [Ug,pd Ue + 3a [Ug,pdpg + ifpc [UCapd (4.32)
H',_/ \‘,_/ CL\",_/ a H/—/
(] K3 K3 1
2 a
— 2% — Lpe.
v¢ apC

20



So we have:

d{) ) . . a/ R X al % .
(THC = v (n)ac + v (n)al = <p¢(77) + avc(n)>a< + (pc(n) +u 07))“2

A / y (4.33)
C:f; = pl(n)a¢ +pg(n)al = <—k20¢(n) - Zm(n))flc + <—k2vf(”) - ap?(W)&Z

CL/

= p(n) = =k*vc(n) = —pc(n)-

So taking the second derivative:

= —k2uc(n) = pe(m) + —veln) = Srven) + Spe(n) + () (4.34)

where we used the relation

- =L (1+0(), (4.35)

valid at lowest order in slow-roll parameters.
So we finally get:

21
vg(n) + <k‘2 — 2)1}4(77) =0 = vg(n) + <k:2 — 5 4)1}4(77) =0] (4.36)

with v = 3/2.
Let us repeat the same procedure for the environment mode functions:

dor 1~ ) il . o a ...
TT] = Z[HS(?])J)]:} = 3 |:p]:p]:+ (k2 + m2a2)v]:’l)]:+ a{vf,p;},v;]
i o d . ad . aad
= 5PF [PF, 0F] +5 [PF, 0F] pF + 5 —0F [br, OF] +5— [pF, 0F] OF
2 —— 2= 2a —— 204 ~—~—
i i i i
/
=pr+ —0r,
a
dﬁ]: A ~ ) N N a’ N N “
an Z[HS(??), U]-'} =3 [pfpf + (k2 + mQGQ)vaf + —{0F, D7}, bF
n 2 a
(4.37)
oo 2 N o ta a1 s A 1 pal o
= S (k* +m?a®) | 0F [0F, pF] + [0F, DFl0F | + 5— | BF [0F, DF] + [0F, DF] PF
2 —_— —— 2a —_— ——
K3 K3 K2 (2
(2 2 9y 4
= — (k> +m?a®)ir D
!/

= v'x(n) = pr(n) + %UF(W)

a/

= pr(n) = = (k* + m*a®)vz(n) = —pr(n).
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Again, doing the second derivative:

a” a’2 a
v (n) = pr(n) + GUF T gvE T Evﬁf
a a" a’2 a a’2
= —(k* +m*a®)vr(n) — —pr(n) + —vF — —5vr + —pr + —ur
a a a a a
a” 2
= —(k* + m*a*)vr(n) + — vF=— <l<:2 - =+ m2a2>
a
—~~ 7 (4.38)
2/n?

:_<k2_2—7712a2772>:_<k2_2—%>
n? n?
9 1 __m? 2 1
— (g2 _-4 4 H )\ _ _ (p2_2F 4
7?2 n? )

where we used 7 = —a% and vr = % 1-—- %%ﬁ = iur assuming m? > %Hz.
So finally:
v —1
V() + <k2 — 77724> vr(n) = 0. (4.39)

Now we want to solve the mode functions equations by normalising the mode functions to the Bunch-
Davies vacuum in the asymptotic, sub-Hubble past.
Let us start with the first equation:

2 _ 1

- 3
Ug(n) + <k2 Y 772 4>v¢ =0 with v= 3 (4,40)

This is equivalent to a Bessel equation which has solution of the kind:
vc(n) = V= [er () HD (—kn) + e () HP (—k)| - B = (HD), (4.41)

where Hﬁl) and Hl(,2) are the Hankel function of the first and second type, respectively.
To determine the constants we require that on sub-Hubble scale

—ikn
ve(n) ~ e\/ﬂ for k> aH, (4.42)
and N
_ 2 . T ™ e v 2
HO (—ky) 224 [ = gi(—hn—5v=%) ~ = 4.43
) (~) e e O (4.43)
Since Hl(,Q) ~ e we can put c2(k) = 0 and comparing the two expressions we get ¢; (k) = @, then
B Vo[ —kn (1) 1 mz ) B i\ e*
with z = —kn.
The same discussion can be done for the second equation but this time v = iur, so the general solution
is:
vr(n) = V=1 e (k) HSD (k) + ca(k)HP (<) . (4.45)
Imposing that on sub-Hubble scale
efikn
vrE(n) ~ Tor for k> aH, (4.46)
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and using

HO (<) =21 [ 2 Gi(kn=5v-1)  for ks ol (4.47)
mkn
= (k) = \g”eiz(v+%), (4.48)
So finally:
wrto) = [T BT ) (), (4.49)

From these mode functions we can compute the conjugate momenta:

!/
k.
MZ%—2%=%¢fﬁ

/

PF = v} - uF
4.50)
1 dH;, (— (
AR Tur+is H(l) -/ SHFFHIT ipF(=kn)
\/>€ 2 4 l/L]—‘( kn)—i_ 2 kne 2 d77
1 .
_;'_% /—7r?7€_§“7+22 l( )f( kn)y
using the property of the Hankel function:
(1) (1) (1) @
dHy ' (2)  nHp'(z) 1 dH;,~ (—kn) H;,o(=kn) 1
i ~HY () > M?T - —kn“iikn +RH{) 1 (—kn), (4.51)
we get:
_ 1 —Spr+ig 1 _Tha )( kn) + Ty (—kn)
PF = 26 92 n n iF n
m
+4/- E(wf z(u;( kn) + kn Z(M_Z'-‘-i‘l( k:n))] (4.52)
1 km —Tpr+il 3 1 1
=5\ e [<WF+ >Hz(p,)f( ) — ZHz(u)f+l( )}
So finally:
k iz
pC =1 56 )
4.53
]. kﬂ' —Euf—i-iﬂ . 3 ( ) (1) ( )
pPF = 5 76 2 4 ’l,u]-“f' 2 Hzp,;( ) ZHw]:+1( )

4.2.2 Master equation coefficients

Let us go back to the master equation we derived previously. First of all we want to derive the
memory kernel:

K> = T [FFm)zZr00)5 | = T |22 0050 27 ()] (4.54)

5(0)

Now using as initial state the vacuum state (i.e. the Bunch-Davies one, annihilated by ar), ps’ =
|0) (0] and using the decomposition for the mode functions:

vr(n) = vE(naz + vk(n)ik, (4.55)
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Ki1(n.n') = Tx [o2(1') [0) (0] 57 ()]
=T [(vr(n ) + v3()ale ) 10) (0] (vr(n)ir + v ()l

= T [u3()ale 0) (0] ur(mar] = vr(mortl)  Tr(jn) (1
3202 o nl1){1n) =(1[1){1]1)=1
= vr(n)vEn'),
Ky(n,n') = Tr [52(n)0) (0] 5= (n)]
=T | (vr(n)r + vk ) 10) (0] (pr(m)ar + pir(m)al) | w56
= pr(nvx('),
K3 (n.n'") = Tx [p=(n') 10) (0] o7 (n)]
=Tr [ (pr()ir + Pl ) 10) (0] (vr(mir + vi(m)al )|
=vr(n)px(n'),
K3(n,n') = Tr [p=(n') |0) (0] p=(n)]
= Tr |(pr()az +p(n)al) |0) (0] (pr(maz + pr(mal) |
= pr(mpF()
So we finally have:
oo (vEMUEM)  pr(n)vEm)
K= nr) = (vf(n)pjfr(n’) pf(n)pj‘f(n’)) (4.57)

In an analogous way we find the Green’s matrix of the system, G (y/,n) = Tr { [2?(77’), ig(n)} /’55},

Im |v¢(n)vE (1) (4.58)
Im |ve(n)pE(n') |- |

Now we want to compute the master equation coefficients which are defined as:

with pg the initial state of the system:

—Im | pe(n)oz(n')

G, n) =2
) (Im pc(mpz(n')

n
Byl =2 [/ DI )
o (4.59)

n
Dij(n) =2 / dn/ DES (1),
70

where the memory kernel is defined as:
D (1) = V()K= (n,n) VT ()G (o, m), (4.60)
and it can be decomposed as:
D~ (n,1) = D*(n, 1) + D™ (n, 1), (4.61)

leading to:

D~ (n,n') =

<
ik
S
S
iy
3\
=
il
=
S~—
=
&,.’*
=
SN— (/

—pa(mvrmvr(n’) —pan)prmvE(n’)

0 —Im
=2 (0 p2a(n)a(77/)vf(77)v*f(77/)) ( Im | p¢

) (4.62)
0 0

=2 <pza(n)a(n’)vf(n)v}(n/)lm [pc(mpe(n)] - p*a(ma(n)or(m)vx(n') Im [vq(n)p’é(n’)])'
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So from the definition we see that the master equation coefficients are the following:
Ani(n) =0,

A1a(n) = Az (n) = —2p%a(n) / ! dn'a(n’) Im [pe (n)pé(n')] Im [vz(n)vxE(n)],
7

0

Aga(n) = 4p>a(n) ! dn'a(n’) Im [v¢(n)pZ(n')] T [uz(n)vx(r')],

0 (4.63)
D11(77) =0,
Dia(n) = Darlo) = ~2¢%a(n) | " dnf (') T [pe(n)pt ()] Re [or(m)ois(r)],
7o
D) = %al) [ " dnf (') T [ue(n)p )] Re [or(m)oss()],
o

. . . . — * * .
By simple manipulations, using Im z = 57 and Rez = %, we can rewrite:

2

Ba(n) = ~2zatn) [ dnt ) (pe (o) = pLa)pca)) (o) o) — e (o)

10

p?

= 2ot [ dnfalof) [pelmer (s o5 0) = peme (o o)
70
= D murmpc ) 0r) + pEn)or e Jor(n')|
2

= &l Re [peCmyer(o) [ dnfalof o)) (4.64)
"0

n
— pc(n)vr(n) / dU’a(n')pZ(n')v;c(n')—i—h.c.]

— 2 K / IN k(TN K (]
pra(n) Re [pc(n)vf(n)/ dn'a(n’)p¢ (") vF(n')
70

—pelmr(n) [ dfal oo

0
Now using z = —kn = n=-i=-L dp=-% = a(n):—T%H: b
2 z ds . . Z da! .
Bua(a) = = 112 Re [penuz(n) [ Sont o) — ety n) [ Sowi ot
20 A
2 z / z !
Ba) = 2473 Re [uc2)ur(e) [ Bt ur) — o) [ Eaiur()]
z o 2 o %

5 . 2 g (4.65)
Dra) =y S [pe2)er(e) [ Etur ) +acehr) [ Eai st

20
2 z / z /
p°k dz dz
Do) =~ S [oc(@)ox(e) [ Bt + i) [ Eaien)
z 2 2 w0 2
where the explicit computation is shown in appendix A.2.
To obtain analytical expressions for the master equation coefficients, we have to compute two integrals.
The first one is:
N dz/ * / * /
Li(z,20) = — (2 )vE(2). (4.66)
20 <
Inserting the mode functions:

Z dZ/ 1 * 1 e _ = T *
I(z, 20) :/ — (2\/ l<:7rz’1578)2 (z’)) (2 ¢ 2T 4Hi(;; (z’))
20

- (4.67)




where we used the property of the Hankel function Hél)* = H(fo)[ Working with Mathematica, the
last integral gives:

20 ¥4
T 2B (3 +ipr, d +ipF; 3 +inr, 1+ 2ip;)(—2i20)+
sin(mipr) (14 2ipr)T(1 +iur)

4 2217 (cot(mipr) —

Uﬁx;wﬁ;uuﬂ2wﬁguuM%m1_

(2ipr — DI(1 = ipr) (4.68)

_ 27;271'#;2%72'“}. ZQZ'M]_. 1 2F2(% +Z/~L.7:a% +Z/~L.7:7% +ipr, 1 —|—22/L]:)(—2ZZ)
sin(mipr) (2ipr + D1 +dpr)
. Fo(2 —ipr, i —ipr; 1 — 2ipr, 3 —ipg)(—2iz

2 (cot(mipg) — i) 2(3 —iprF 3 —iF s pr)(—2iz) 7

(2ipFr — DI'(1 —ipr)

then using the following trigonometric properties:
sin(mipr) = —isinh(—mpr) = isinh(rpr),
h(i 4.69
cotx = C?Sx = C,OS, (zx) = icoth(iz). ( )
sinz  —isinh(iz)

So we get:

_ olminz ) -inr | _ 2mE B3 +ipr, 5 +ipr; S +ipr, 1+ 2ipr)(—2iz)
sinh(7pr) (2ipr + DT(1 +ipF)

: oFo(§ — i, 5 —ipr; § —ipr, 1 — 2ipr)(=2iz)
— 227 (coth(mpr) + 1) =2 (22iﬂf - 12)F(1 i) — (2 = 20)

2\ F —1 1 1 1 1 3
=2 (*) . —— Py (5 +ipr, 5 +ipr; 5 + ipr, 1+ 2ipF)(—2i
{\/E[ 2)  sinh(rpr) D1+ ipr) L+ 2ipr 2(2 tipr, 5 tiprs g +inr, 1+ ipF)(—2iz)+

2\ ~r 1 4 coth(mur) 1 r .1 3 . ,
: Fo(= —ipr, = —ipr; = —ipr, 1 — 2ipr)(—2iz)| — .
+ <2> T —ipy) 1= 2ipr 2(2 HF, 5~ UF 5 inF)(—2iz)| — (2 = 20)
(4.70)
Now defining the following functions:
(2) = 1+ coth(mur) (z)iuf
= IR (*
T T +iup) \2/)
-1 1 Z\ TF
1) = <7> ) .
ur(2) sinh(mur) T(1 —dpr) \ 2 (4.71)
1 1 . r .3 ‘
guf(z) = szz (2 —WF, 9 LUF, 9 tr, 1 — 22MF>-
So that
z dZ/ —iz! 2 * *
) = A (0 () 4 0 (g ()] = (G20 (4T
Then:
Il(z, Zo) = Fh (Z) — Fh (2’0), (4.73)
with
. ™ _ T _il * *
F1 () = iy 3¢ VB D () () 0 (e (2] @74)
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where g,_(2) = g—pur(—2).
The second integral to compute is:

Biez0) = [ Epior(), (4.75)

0

Inserting the mode functions we get:

7 ™ _ = - Z dZ/ i 1
Ir(z, 20) = 2\/;6 2 HF g 3 ﬁe v HZ-(M;(,Z’). (4.76)

Again using Mathematica we get:

jii,e—”’Hfj;u') = 225 (2) 9 (2) + 8ur ()91 (2)] = (2 = 20). (4.77)

So we can write the second integral as:

12(2720) :Ffz(z) _Ffz(ZO)a (4'78)

with:

() — \/§f+ VEr () (2) + 8y ()50 ()] (4.79)

Notice that the master equation coefficients are expressed as an integral between ty and t, so
they can be formally written as:

Dll = FD11(777 77) - FD11 (777 770)a (480)

where Fp,,(n,-) is the primitive of the integrand appearing in the definition. The second term, the
one depending on the initial time 7y is dubbed “spurious” for several reasons [32].

First, the spurious terms involve a dependence on the initial time 79 and if the environment mem-
ory kernel (4.54) is dominated by contributions around 7’ = 7, then this contributions get suppressed
with respect to the non-spurious one. This is essentially a Markovian limit, but we are considering a
non-Markovian dynamics, so this argument is not enough to justify the erase of the spurious terms in
our model.

Second, and more important point in our case, in the exact solution we derived in the previous
section, there is no initial time dependence and indeed one can show [32] that the spurious terms
cancel out at all orders in perturbation theory. This is consistent with the fact that, at leading order,
TCL coincides with the exact theory, which contains no spurious terms.

Third, it has been proved [32] that if we solve the transport equation for the covariance matrix
using also the spurious terms, the result quickly blows up, while removing them provides a remarkably
well-behaved result. For all these reasons we will remove by hand the spurious terms in the following.

Thus finally our master equation coeflicients are:

Aua(2) =~ E Re e (2)ur (2) P (2) = pe(2)os () P o),
Baa(2) = 22 Refoc()ur )P (2) = v P (),

Dus(2) = 2 ()0 ()3, () + () iy )] -
Das(2) = =225 K T o (2)or ()1 () + 0003 ()P ()
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4.2.3 Perturbative limit

Now we want to compute the previous transport equation in the perturbative limit, keeping only
contributions up to order O(p?). This amounts to replace X by its free-theory counterpart E(O), when
multiplied by A or D (that are already at order O(p?)), so we get the following equation:

2)
dfj = wH®E® _n@H®, 4+ wASO0 - $OAG — wDw + 24,50, (4.82)
n
ddet 2(2) (0)
4 =T (2 D) + Ap, (4.83)

where we used det 2(0) =

=

Explicitly we have:

= d (@2 | @ 0) (0)
- = 2<E 1 + 212 + 2A12211 + A22212> + D227

dn a1
dn®
d1;2 = Z%) — k22§21) + AQQZ%%) — Do+ 2A122£), (4'84)
(2) ’
dX 2 a (2
7d7%/2 — —2(k322§2) + a252)>3

and for the det X:

ddet2® N8 SN (00 D\ | Ay (D128 DS+ DeEy )
a4 U \x©@ vO | \p, D R U o8 O W) (0) 12
n 12 292 12 722 122499 125419 + Dag¥isy

= 2D12E§%) + DngS;) + Aqa.

(4.85)
So in terms of In (ai) =t
A @ e (e@ 0 0)
dt = 2211 + ? |:2 <212 + 2A12211 + A22212 ) + D22:| 9
dz(z) e—t
12 = S5 - 125 + AnT) - Do+ 20030 |,
oy 2 2 (4.86)
22 = —oxy) — 2ke '8},
ddet =@ ¢t (0) (0)
4% & {2D12212 + Da2¥5) + Aqa].

In figure 4.3 we can see the result obtained using the master equation and its perturbative limit,
compared with the exact result found previously. We see an excellent agreement, in particular the
turning point is well reproduced. Notice that the full master equation solution does not improve
significantly the perturbative result. This is what we expected, since the main non-perturbative effect
is the resummation at late time, but in this case we know that at late time the interaction is quenched
off, so there is no effect to be resummed and the perturbative limit gives almost the same prediction
of the complete master equation.
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0.9997F 1| — Exact
0.9996 1} EEE Perturbative

L1 L L I I L L L L 1
-15  -10 -5 0 5 10 15
In(a/ax*)
Figure 4.3: Same as figure 4.1 and 4.2, with the exact result compared with the full master equation result and

the perturbative limit of the master equation. In this case we use as a scale k = 0.2. The agreement is excellent
and get even better decreasing p or increasing m.
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Chapter 5

Non-linear model

In this chapter we will present our original contribution to the quantum-to-classical transition
problem. In the previous part we considered a model describing a system made of the curvature
perturbations which are measurable in the CMB and in the LSS and an environment made of a heavy
scalar field. In that case the interaction was linear, leading to a gaussian dynamics that could be
solved both exactly and with a master equation approach and we observed that both methods give a
good result. In this chapter we want to extend the previous model by adding a non-linear term in the
environment sector and we want to study how the purity is changed by this interaction. This addition
leads to a more realistic model than the previous one and will lead to some form of non-gaussianities
[33]. Our expectation would be that this new term “increases” the interaction between system and
environment, spoiling somehow the recoherence phenomenon and amplifying the decoherence period.
Given the non-linear interaction this model is not solvable exactly and we will rely only on the master
equation approach.

The new interaction term is given by

Lint = pF>  [W=EFE  F=-"2. (5.1)

Then the total lagrangian reads:

/

12 1ra'\2 5, d 1 o 1,5 17dN\2, a 1 9
L= 5 / + 5 (*) UC — *UICUC — 5(8211() + 5’()_/7: + 5 (g) Vr — E,U',FU]: — 5(81’0]-‘) (5 2)
1 .
§m2a2v}- + pavrv; — pavcur + %U%:.
The conjugated momenta are the same of the linear case:
oL , ad , a’
pczw :vC—Evg—i-pav; — vgng—i-gvc—pav;,
‘ / ' (5.3)
oL { a4 — + a v
=vr— —v = —ur,
bFr = 31)]_- FT . F F = DF a F
and the Hamiltonian density gets modified as:
1 1 1 , d
H(ve,vF,pe, pF, M) = 2p< + pf + 5 (a ve)? + 5 Owr)” + —vepe — pavrp (5.4)
5.4
! 1 1
+ a—vfpf + 2p2a2v2 + 2m2a2v% — ﬂv‘}

Using the Fourier decomposition for the Mukhanov-Sasaki variable and its conjugate momentum

Vo (N, x) = (273)3/2 /d?’kva(n,x)eik'x. (5.5)
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The only term different from the linear case is the last one, which after integrating over x (to get the
Hamiltonian) and decomposing in Fourier space becomes:

1 N "’
B % )9/2 /d3X/d3kd3k’d3k”vf(k)Uf(k/)vf(k”)el(kJrkk )%

== “ 27T oy / Bkd®K Pk vr(k)vr (kK )vr (k)63 (k + kK + k) (5.6)
- —ﬂ PrdPK v (K)vr (K )or(—k — K

S pc0pc(K) + 5pr(KIpr(—K) + SR (K)ug(—K)

So the final Hamiltonian (multiplied by 2 and integrated over R3* due to the reality condition) is:
/ /

H = 2/ A’k
R3+
a a

§(k2 + (p* +m?)a*)or(k)vr(—k) + —Vc(K)pe(=k) + —vr(k)pr(—k) — pavr(k)pc(—k) (5.7)

%( 7T1)9/2/d3kd3k,1}}'(k)v}‘(k/)1}]:(—k_k/) .

Now we promote the field variables to quantum operators and in order to work with Hermitian
operators we split the field in real and imaginary parts:

N 1, p
a = T = a+z ol 5-8
X ﬂ(x Xo) (5.8)

where y = v,p and a = (, F. Then using x(—k) = x*(k) the linear part gives:

Hllnear - Z /R3+ d3 ) (59)

SRI

where we used the same notation as equation (4.12). The non-linear part gives:

~ W 1 - .
Hyontinear (t) = — 2 (@n ) / PPk (08 (k, t) + vk (k, 1)) (0E (K, t) + vk (K, 1))
(620 + K, 1) — it (k + K, 1))
i 1 - - - . - -
= s / PPkdK’ [v}?(k, 1R, )78 (k + K, t) — ol (k, 5B (K, ) ok (k + K, £)+

+ioR(k, )0 (K, )0 R(k + K, t) + 08 (k, )oK, )0k (k + K, t) + ivk(k, )02 (K, )R (k + K/, )+
+ 0k, )TR(K, )5 (k + K 1) — 0% (k, )Tk, )TE(k + K, 1) + iop(k, 1) 0% (K, )77 (k + K, 1)

I 1 ~ e
T V243 (21)32 /dgkdgk/ Y Clggtir(k, )T, )% (k + K, t),

$,¢,q=R,1
(5.10)
where we defined:

Crrr =1, CRrr1 = —1, CRrir = 1, Crir =1, (5.11)
Cirr =1, Crrr =1, Crir = -1, Crir =i. (5.12)

So we can write the interaction Hamiltonian as:

Hine () = — / kpa(t) 3 55k, )k, £) -

° (5.13)

KAk " Cugg¥s (k, )04 (K, 1) 5% (k + K/, 1),

s7q7q

1
e
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Hipy(t') = — / d*ppa(t’) Y o (p, ¢ ) (p, ') -
l

p (5.14)

1 ) i
 V2a3(t) (2m)3/2 /d3 D' Y Cron (0, )0H (D, )T (P + D, 1),

In,n

So, working in perturbation theory, neglecting O(u?) contributions we get:

Hint (t) Hing (t') = / d*kd*ppPa(t)a(t’) Y o5 (k, )pi(k, t)i%(p, t)pk(p. )+
8,0

a(t 1 , “n o \N~T ’oy
+/d3kd3p[\5§a3((t)/) (27r)3/2/d3 > Crntir(k, 1)} (k, )0 5o, )P, )0k + P )+

s,ln,m
phal /) 31/ / q Iyl Nl /
e e | 3 003000+ K03 00035 |.
»5,q,9
(5.15)
ﬁint(t/) ~int( ) /dSdePP a ZU}‘ pa p{ p’ ) }(k7t)ﬁ2(k7 t)+

ppat’) 1 _ _ 5 . -q
+/ d3kd3p[\/§a:§(t)) (27)3/2 / K'Y Coqqtlr (p, )5 (b, )05 (k, )05 (K, ) 0% (k + K, )+

1,5,4,

pual(t 3 ~7 ~ =
fa3 S [ X Cinnlep )i )T+ )50 7 e 1)
s,ln,m
(5.16)
Inserting these results in the TCLy master equation (the explicit computation is shown in appendix
A3):

dﬁred(t) o ¢ / 7. 7. ANP 5(0)
dt - - " dt Trs [Hznt(t)a [Hznt(t )7pred(t) ®,05 :H
-/ dt{ [ ddpiavat) Y <pz (k)P ) preat) Tr [0, )0, )0
s,l

— B0, ) frea ()P (D, >Tra[ (k)0 PL(D. ) Prea()FL(,1) Tre [ (p, )5 55 (K, 1)

ot -
+ Prea(t)i (P, t')pZ (. ) Tre [P() #(P, )5 (k, t)D

+ [ @xap [ fag((” o [ % Ol,m( (6. )fea(t) T [0, )75 (p. )7 (0 1)

s,l,n,7m
x 0 (p + 0 )P — Bk, )realt) Tre |53k, 05 T (b, ¢) T30 )5 (D + ', )|
— Brea(t)P (e, ) Tre [0 (P, )3 (P )5 (p + P 1) 55 (I )|
o+ Brea(t)FE (k. t) Tre |15 (b, )55 (P )5 (p + B )55k t)})
(5.17)
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ppa(t’ 1 - _ s N g . .

+ \@ag(t))( T /d3k' Z C’sqq<pé~(p,t/)pred(t) Tr. v]:(k,t)vg_-(k',t)vg_-(k—{—k',t)vl]_-(p,t’)pgo)
1,5,4,G

- :ared(t)

= (P ) prealt) Tre |05 (p, )L 055 (k, )55 F(K o5k + K1)

L. t) Tre |55 (e, )55 (K, )5 (k + K, )50 (p, )|

+ prea(t)B(p, 1) Tr. ﬁ?’) (. t) o5 (k, t)0 <k’,t>@?r<k+k9t>:>”-
(5.18)

Using the cyclicity of the trace the term inside the last round brackets vanishes and we finally
get:

dﬁrg;i(t) — _ /to dt/{ /d3kd3pp2a(t)a(t’) Z <]§Z(k, t)ﬁé(pvt/)ﬁred( )TI‘E [v}-(k t) (p’ )P(O)]

8,1

= 20, ) prea()B (0, 1) Tre |0r(p, )05 (ke )5

= PP ) rea(t) 2 (e, 1) Tre |05 (k, )5 (p, )|

+ freat (o150, ) Tr [, )5k >A<°):>

+ 75 ;(<)>< 3/2/ d'd'p [[d'p Y Ciy

s,ln,i

(ﬁZ(kat)ﬁred(t) Tr. [v.r(k )3k (p, ') ?r(p’,t’)]ﬁ?(erp’,t’)ﬁéO)

= 5¢ (K, t)prea(t) Tre :@fr(p, No(p/, ) o (p + Py t) o5 (k, t) A<0>:
F(p'

— Prea(t)PE(k, 1) Tre | 55(k, 6) 0 (p, ) 0%(p', )05 (p + ', ') “’)_

+ Prea()PE (k1) Tre |0 (p, ) OH(0' )05 (p + 0, )05 (k, 1) ) }

_/t:dt’{/dSdepp2a(t)a(t')Z

s,l
[(ﬁé(k,t>ﬁé<p7t'>med<t> = B0 ) prea(F K, 1)) Tre [55(, )5k(p, )L
- (m, t)ﬁredu)zaz(p, t') = brea(t)BL (P ¥ )% (k. t)) Tr [0k (p, )3 (K, t>f»§°>]]

ppa(t
\[a3 3/2 /d3kd3 /d3 / Z Clnn pred( )]

s,ln,n

(Tra [%(k (. 1) (0110 (0 + B #)50 | — T [ahe (o, 1) (0, 1) (p + 0, 1)k t)ﬁ£0)]> |
(5.19)
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In order to compact our equation let us define the following quantities:

D (1) = Tr |55 (0, )35 (p, )5 .

Dis(t',) = Tr. [ (0, )53 (k, )L,

- - ) (5.20)
Dy (058 1) = T |53k, )55 (p, )50, )7 (p + 0/, )0
Dl U0 1) = T [ (0, )73 )5 (0 + B, )5 (k, 1AL .
These quantities are 2-point and 4-point functions of the environment.
Then the master equation gets rewritten as:
dﬁred(t) /t / / 31, 7314 2 /
———==— [ dt d’kd t)a(t
i 5 pp’a(t)a( );
[(ﬁé(k, D5 (P, )irealt) = B (P ) prea( 5 (k1) ) D (1, 1)
— (206 D)5 (0, ¥) = preatt )ﬁé(p,t’)ﬁé(kt))%i(t’,t)] (5.21)

+ Ty | e [ 5 Chnlsth ) puat

s,l,n, 7

Inm ’ogl 7 1ol gt
(D}zp?yp_,_p/ (t,t ,U, 1 ) Dpzn;+p/k(t U, T ,t)) .

Now using the decomposition in creation and annihilation operators, vr(k,t) = vr(k,t)ar(k) +
v}(k,t)&}(k) (in our case we are working separately with real and imaginary part, so v¥ = v%)
and using the Bunch-Davies vacuum for the environment (annihilated by ar) we can compute the
quantities we just defined:

Db (t,#) = Tr. |55, ) (p, #)p0] = Tre [ah(p, #)p 05
= Tr. [ (p.t) (al(p) + af(p) ) 0) (0] vk, ) (a3 ) + a5 (k) ) |

— o (p, )0k (k, £)01,6% (k — p) Tr. (|1) (1) (5.22)
1

= U.lF(pa t,)’U:;:(k, t)5l853(k - p),
D5 (¢, ) = Tr. [55:(k,)p0 0l(p. )| = v(lc, )0l (P, #)0156° (ke = ),

Dilma () = Tre [UJ-'(P )ok(p +p, ) p0 5 (k, t) ;(p,t')}

= Tre [V #)@(p) + a5 (PR (p + P )@k (p + ') + a5 (p + )

10) (0] 3 (k, 1) (@ (k) + a5 ()l (b, ) (@l (p) + k() | (5.23)
= T [0, )0 (p + P, ) () (b + ') 10) (0] v (e D)ol (p, ¢ (<)l (p)]

+ T [0 (P ) (p + P ) (p)a (b + P') [0) (0] vir(le, )uir (p, )k (k)i (p) .

In the first trace the only possibility is that dﬁjj(p +p’) and a'%(p’) respectively create and annihilate
the same particle, while in the second trace we can have a 2-particle state or two different 1-particle

65



state. For this reason we need to distinguish different cases:

) ) 67" 5°16° (p)8° (k — p) + 677616 6° (p)8° (k — p)o° (k — p')
Digyippr (8,1, 1) = 03 (0, ¢ )0k (p+D', )03 (k, )or (p, 1) {5”"5“_53(k —p)+ 03" (k —p— p')3*(p — )
§""6%6%(k — p) + 6™6°" 5% (k — p')5*(p')
(5.24)
where we used Tr. (|1,1) (1,1]) = Tr. (2) (2|) =
Analogously:

) 815165 (k — p — p')3%(p — /) + 6°75"15°"6% (k — p — p)3%(p — p)8% (k — p')
Dg;";+p,k(t’, ¢t t) = VR, )E(P+P 1)k (k, o (p, ') 55767163 (k — p — p')8%(p — P') + 6°76716° (k — p') 8% (p')
676" §% (k — p — p')6%(p — p') +6°16"76% (k — p)&° (p)
(5.25)

Now, let us focus the first combination of delta, as we will see the result is the same for the other
combinations, and replacing in the master equation we get:

4 o ®_ /t ) dt’{ / d’kd’pp*a(t)a(t’) ) [(ﬁz(k, P (Dot ) preal(t) — Pe(py ) prea(t)E (K, £) — §2(K, t) prea(t)pe(p, )

s,l

~ brea(t)Bt(p, t/)ﬁé(k 1) 03k, ol (b, )01:8° (ke = p) | +

+ \;’;@‘;(:t)l) i /d3kd3 /ds / Z o [72 (0 £), Frea(t)] x

X 0 (p', )0 (p + P 1)k (k. )0 (p, ¢ (6"“6”63 )0° (k — p) +6""5°'5°"5° ()" (k — p)o° (k — p')

— """ (k — p — p)0° (p — ') — 6°"6"6""6° (k — p — p')0°(p — P)0° (k — p’))

—— / dt'{ / d*kpa(t)a(t') 3 [(132 (1, )52 (, £ )rea(t) — B (I, ) prea(t)5E (, ) — 72 (k, Dprea(t)pE (K, ¢)

- ﬁred(t)ﬁz (k7 tl)ﬁz (kv t)) U;’(kv t)vj’:(kv 2Sl):|

V2a3(t) (2m)3/2
+ZCSSS (0,), (0, ), prea(t)] [v3(0, )] v3(0, 1)

4 ppald) 1 [ / d3p’zCs,m[;52(0,15),ﬁred(t)]v?r(p'7t,)U;(Plvt,)U}(Oat)Ujf(O,t/)

- /d?’pz Chns [Pe (2P, 1), prea(t)] vF(2p, t)vF(2p, t)vE(p, t ) vk (P, t')

s,n

=) Clss [PE(0,), 520, 1), prea(t)] [v5(0,¢")] v3(0, t)] }

s

(5.26)

Renaming indexes and momenta we get:

df’rgj(t) __ /to dt’{ / Ppta(t)alt') Y [(ﬁg(k’t)ﬁZ(kvt/)ﬁred(t) — Pk, ) prea(t)Bi (K, t)

S

— 06 D)6, 1) — et} )52, 1) e (O, )i t’)]
(5.27)

e Pl 2 [ PH0.1) ]300 )l V)50, 0050,

— Chns []52(2k, t), ﬁmd(t)] v (2k, t')vx(2k, ) o'k (k, ) ok (k, t')] }
Now we want to express the operators computed in ¢ in terms of t using:
() = GO, )z (1), (5.28)
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5\ _ (Gt G ) (Bet)
<I5<(t')> B (G@(t’,@ Gié)(t’,t) <p<(t)> ) (5.29)
et = G tyac(t) + GO )b (8), (5.30)

Be(t') = G (1, 1) (t) + G35 (1, )pe(8). (5.31)

So the first term of the master equation gets modified as:

{ﬁz(k t) (G(s)(t’ 158 (k, 1) + G5y (t’,t)ﬁé(k,t))ﬁmd(t)
— (G D06, 1) + G 5k, ) real V)5, 1)
Pk t)pmdu)( 2 (#0006, 8) + G5 (¢, 05 (e, 1))
+ﬁred<t>( (1) <,t>+022’<t’> 20k, )20, 1) v (K, Do (. )
=[G 05 06 DT, O prealt) + G5 (F 05, )5
— G ()T (K, 1) prea(t) (%, ) frealt)
= G O (K, )frea(t) (K, £)frea(t)D
— G ) prea(t)3 (. 1) <k 1) = G5 (', ) frea (5 (. )P
Z{[ﬁé(k DT, )rea(t) — 5k, O preal)F (k. 1) G5 ()
(P20 )58 (0, )prea(t) = P (. 1) prealt)E (. 1)| G55 (7. 1)
[ﬁmd(mz(k 0520, 1) — 206, ) prea()30,8)] G5 (¢ 1)
[ )rea

£) = B2 06, ) prea(t)5E (k)| GE (8, 8) b (e, # o (. ).

t)p

S,
5.32
22 (t/7t) ( )

s ~5
Y P¢
~5 ~5
P¢ P¢

Pre

So our master equation becomes:

dﬁr;z(t) _ /to dt/{ / P*kpa(t)a(t’) )

s

1520, )53, )prea(t) — 53 (. ) preal OB (. )] GHZ (¢,

B2 06 B0, )prealt) = B0, ) preat) (e, 1) G5 (1)

— [Brea())E0e, 050, £) = B2, )rea(£)5 0k, )| G (1) (5.33)

— [ Brealt)BE (kDB (K, D)frea(t) = 520, O prealBE (K, 1) | G (¢, t)] o (k, ¢ ) (k, 1)

jg;‘sz;) | dgkz[ o [0, ), Brea (0] 03, )2 (e, #)0(0, 100, )

— Couns [5(2, 1), prea(t)] v (2K, £')vi (2K, 80l (k, ok (k, t’)] }
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Then:

Preall) __ | dSk{pzau) S [A2006 )00, 1)prea(t) — 02, 1ealt)p ., 1)

S

t
= a5, D70 ) + 50 a5 o) 050, 0) [ el )G (k. 1)
0

+ [ﬁg(k7 t)ﬁz (k, t)ﬁred(t) - ]52 (k, t)ﬁred (t)ﬁz<k7 t)

— BrealVVFE (0, OB (6, Drealt) + 520, O)prea( )5 (k. 1) v (I, ) / dt'a(t')G) (1, v (k. 1)
pua() 1
MCTIGICI DD

+ Cann [720,£), Frea()] <vj}(0,t) /t dt’fujr(O,t’)v}(k,t')v}(k,t’))]}

t
Crns [PE(2K, 1), prea(t)] <—v§g(2k, t) / dt'vi-(2k, t)o'k(k, ) o (k, t/)>
to
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L ppalt) 1
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+ Com [7200.0) rea)] (30,0 [ dt’vﬂo,t/)v%(k,t’>v%<k7t’>)] }

t
Cruns [2(2K, 1), prea(t)] <—U;(2k, ) / dt'vs-(2k, )l (k, )oK, t,)>
to

0

(5.34)
Now if we define:
Dk, 1) = v (k, ) /t L ()G by ),
D36 1) = v t) [ e )GE, 0k, 1),
o , (5.35)
DI (k, ) = v (2K, 1) /t R e e ),
D (k,t) = v(0, 1) / 0. e ).t
we finally get:
Preall) __ | d3k{p2a<t> 52 (706 0706 0rea) = 0 00500
— Brea(t)TE (06, DB (0, 8) + B, )preat) 5, 1) D (k. )
+ A, t)pé(k Drealt) = Prea(t)FE (k. D)5 (k. 1) | D3 (k1)
\ﬂi;; 3/2 Z snn pred( )] Din (kv t) - Cnns [ﬁz(2ka t), ﬁred(t)] Dgn (k7 t)] }
(5.36)
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5.1 Linear part

Now following the reasoning of [28] we define the following effective density matrix:

5 =Tr( o 1 (s1 Pred(t = = Tr(.y (p32), 5.37
Pe="Tr o i p a(t) 7=Tr (P) (5.37)
and using the linearity of the trace operator we get:
d7 d |: <dpred( )>:|
Tr () =2Tr oy Tr . (5.38)
& = a ey ) =2y AT g
Let us focus on the last trace and replace the linear term of the master equation:
Tee ooy (. (dpdd(t)) — _pRalt /d3k1 Zﬂ Sy {[ (K, £)57 (Ka, €) frea(t) — D5 (K, £) prea(t) 57 (Ka, £)
N RHANT e i}
+ ﬁred(t)ijg (kla t)ﬁz (k17 t) - p~2 (k17 t)ﬁ’red( ) 2(k17 )i| (kla )

+ []52 (k17 t)ﬁz (kb t)ﬁred(t) + ﬁred(t)ﬁz (klﬂ t)ﬁz (k17 t)ﬁred(t) - 2152‘ (klﬂ t)ﬁr’ed(t)ﬁz (kh t):| D; (klﬂ t)
(5.39)

At leading order in p? we can factorize prea(t) = [I [1 Ai- If k # ki we can remove g5 from
(5.38), getting a full trace instead of a partial trace and we get zero. So the only possibility is that
k = k; and we can factorize preq(t) = p.pp, S0 we obtain:

dpred ~s ~s ~s ~5  ~s ~5 ~5 =5
Tr{ ! } { } < X ( )> - _p2a(t)/d3k53(k - kl) Tr{g} {pC(kat)UC(kat)pkpk - ”C(kvt)pkpkpg(ka t)
K #k
+ Preivg (k, P2 (k, t) — 2k, t) prpredé (k, 1) | D3 (
+ _ﬁf(k, t)0¢ (k, t) piepre — 02 (K, 1) ot (K, )

A (6, OB, 1) — Lk, Dl (k, 1) Di Gk, ¢

+ | DLk, )¢ (k, 1) e + P (K, ALK, 1) Pic i — 2p2(k,t)pipip¢(k t)]Dz(k t)

+ |k, )L (k, ) Piciic + PrPiBE (K, )P (K, )Py — 298 (K, 1) P (k, t)] D3 (k, t).
(5.40)

Using Tr{i} (py) = 1 we obtain:

dATe t ~3 ~S ~3 ~s ~S ~S
e ooy () - gt 72 00 — 720 7t )

+ Ak, OBk, ) — Bk, O (K, )| Dk, 1)
+ [ Ty (20609206, 0 — 7 Try (72060757 (0. 1)
ATy (RIE06 0206, 1)) = i Tr gy (706 07, 1) | DF . 1)
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o+ [B200, 050, O + i (K, >z< ) - p¢<k DLk, 1) = B, O (kD] D3k, )}

| Di

P
= *P a { pg‘ k t Ug k t ,P ] [ﬁz(k’t)7 [ﬁg(k’t)vﬁi“Dg(k’t)}

—

(5.41)

69



Putting this result in the equation for the purity (5.38):

jtTr{f;} (M2) = —2p%alt Tl"{ ) { [Pkpg(k )02 (k, ) pi — P 0¢ (k. 1) pip¢ (k, 1)

+ i oé (&, 1)p¢ (K, 1) — pipg (k, 1) o (k, 1) | Dy (k, )

o+ [ O 006, 07 + Akt O, 05 0, 07 — 2045 (e, 04 (e, 1) D3k, t)}

= —20%a(t) ey, { [k, )T (K, 1) — il (K, D) (K, 1)
+ PRI, P, 1) — A Ok, 7T, 1) Di k)

2 [ﬁz (kv t)ﬁZ(kv t)ﬁi:als{ - ﬁz (k, t)pf{pc(k t) ] D2 (k t) }

= =20%a(0) Trgoy { [ 7 2206, 0] 06,1) + i P06, 0] 9 O )| D 1)

+ 27 [k 50, )] 52k, ) D3k, ) .

Then using the expression that was shown in [28]:

Tr (P [P ¢ (k, 1) 08 (k, 1)) = Pou(k),

and generalizing it as

Tr (ﬁi [ﬁlso )ZZ“(kv t)]fgz(k, t)) = Py (k),

with )22 = 172,;52. Finally we find:

dv
which can be integrated to find:

z

k

§ = —2p? / 57 (P + P) D3 (. 1) + 2B, D3 (K, ).
—00

Tr{ ) () = =27 a() Py + Poo) Di k. 0) + 2P D3 1 1))

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

This is the evolution of the purity considering only the linear interaction term ('F. It would be
interesting to compute this integral and compare the resulting purity evolution with figure (4.1) and
(4.2), in order to verify the goodness of our result, which was computed with a different method with
respect to the one used in [8]. We are trying to perform this computation but in this moment we have

some numerical issues.
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5.2 Non-linear part

Let us now replace the non-linear part of the master equation in the trace within the equation

for the purity (5.38):
T () = et 4 o { o 0.0 ] 0

= Cnnr [}52(21{1, t)a ﬁred(t)] Dgn(kla t)}
pual(t)

Va(2m)3? J @ 2T {0, )realt) = Brealt)L(0,1)) x

> Conn Dy (k1) = (5 (21, t)frea(t) — prea(t)(2Ka, 1) ZCWDg (ki) |

n

pra(t)

V2(2m)32 / ks T {(ﬁZ(O,t)ﬁred(t) — frea()F(0,)) Crnn D™ (K1, 1)

+ ( 2(0 t)pred(t) — ﬁred(t)ﬁr(o t))crﬁﬁDZﬁ(kLt)
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(5.47)

Now following the reasoning of [28], if k # 0, kj, ks we get a full trace instead of a partial trace,
so we get zero. Consider now the possible cases:

1. k =0k # 2k :

so k' = kq, ks with kg = 2k;y. At linear order in p we can factorize:
pred(t) = POP0Piy Py Pica Pics (5.48)
Then:
pra(t)

3 . o
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X {( 5E(0,8) 5050 Py Piey Ples Py — POPO iy Pley Py Pieg P2 (05 8)) Conn D™ (K1, 1)

g () =
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Acting with the trace:

g0 () =~ [ #5059 (20,07 -0 0)Conn

+ (52(0,6)35 — 7692 (0, 1)) DY (k. )
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(5.50)
Putting this result inside the equation for the purity we obtain:
d _ 2ppaf(t) / 31, 53 (k s o
— Troo (p2) = ———2- | &®k163( (0,t)p S p2(0,1)) x
& r{o (Po) \/§(2w)3/2 1 {}[ opg Popopg( )) 550)
0 .

X (Conn Dy (k1. t) — CsﬁﬁDjﬁ(kl,t))} =0,

where we get zero because of the ciclicity of the trace and the dots represent other contributions
similar to the last one that give zero as well.

Ck=ki #0# ko
so k’ = 0,ke and at linear order in p we can factorize the reduced density matrix as in (5.48).

Then:
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0
(5.52)
where using the ciclicity of the trace the term we wrote down disappears and the dots represent

other contributions similar to the previous one which go to zero.

. k=ka #0#Kk
The computation is analogous to the case 1 and gives zero as well.

.k=ki=k2=0

In this case the only trace that survives is the trace Tr {

5} and the reduced density matrix can
0
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be factorized as: i
ﬁred(t) = ﬁéﬁ(s) (553)

Then:
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(5.54)
Replacing this expression in the equation for the purity we obtain:

= TI"{ } pO _%{ Tr{g} ﬁ(s) [ﬁZ(Oa t)v ﬁf)] (CsnnDin(Oa t) - CsﬁﬁDZﬁ(O’ t)

v (5.55)

— Cans D50, ) — Crns D(0, t)) } —0.

The same result is obtained if we consider all the other combinations of Dirac delta contained in

(5.24) and (5.25) because the reason why every term goes to zero is the presence of the commutator,
together with the ciclicity property of the trace.

We found that the non-linear part does not affect the evolution of the purity. This result is not

what we expected naively at the beginning of this work, since, as we explained at the beginning of this
chapter, we expected that the non-linear interaction would have spoiled the perfect recoherence we
observe in the linear model, favouring the decoherence. Instead we found that the new interaction has
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no effect on the quantum properties of the system. There are at least two ways to physically interpret
this result: the first one is simply that the new interaction is a self interaction in the environment
sector and it looks like it does not affect the system; this explanation seems quite improbable, since
the new interaction should have the effect that every mode of the system couple to all the modes
of the environment through the quadratic coupling and it seems unreasonable to think that this has
no effect on the system. The second interpretation is that actually the non-linear interaction has
a double effect, but these effects cancel each other out. Indeed, the non-linear coupling leads to a
mode-mixing between system and environment, amplifying the number of environment modes with
which every system mode can couple. We expect that this effect leads to a more effective transfer of
the information from the system to the environment, leading to an increase of the decoherence. At the
same time, the non-linear interaction will generate some form of non-gaussianities in the environment
(differently from the linear coupling which yields a gaussian model), and this can be seen as an
increase of the information that can flow from the environment to the system, favouring the process
of recoherence. Since the cause of these two opposite effects is the same, i.e. the introduction of a
non-linear coupling in the environment sector, we could think that the two effects compensate exactly
each other, leading to a null net effect.
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Chapter 6

Conclusions and future prospects

In this thesis project I tried to study the phenomenon of quantum decoherence in a cosmological
setting, considering a model with both a linear interaction term and a non-linear term between the so
called system and environment bipartition (within the formalism of Open Quantum System).

First of all I gave an introduction about the inflation mechanism, starting with the presentation
of the shortcomings of the Hot Big Bang model, like the horizon, the flatness and the unwanted relics
problem, showing how an accelerated expansion of the primordial Universe provides a solution to
these issues. Then I focused my attention to the simplest mechanism that can drive this inflationary
period, which is the slow-roll single-field inflation, where we assume the dominance of a scalar field,
the inflaton, during the early times of the Universe. We studied the dynamics of this scalar field,
considering both the background dynamics (in a completely homogeneous and isotropic Universe)
and the fluctuations dynamics. We are mainly interested in the latter because the inflaton quantum
fluctutations can be considered as the seeds of the large scale structure of the Universe we observe
today, indeed they can be directly connected to the temperature CMB anisotropies. The question that
arises at this point is: how did the transition from quantum to classical fluctuations happen? This is
the so-called quantum-to-classical transition problem and one of the main obstruction to the direct
observation of quantum properties in our Universe is due to the phenomenon of quantum decoherence.

Quantum decoherence is widely studied in the context of open quantum systems and in this thesis,
inspired by other works such as [28, 8, 34], I wanted to apply these techniques in a cosmological setting.
In chapter 3 we derived the quantum state of the primordial fluctuations in the case of a free scalar
inflaton field, showing its peculiar behaviour that historically led to interpret it as a highly quantum
state or a highly classical state. Then we introduced the system-environment bipartition, typical of
the OQS context, defining in particular the reduced density matrix which describe the state of the
system once the environment has been integrated out. At this point we introduced the so-called master
equations that are evolution equations for the reduced density matrix, starting with the Nakajima-
Zwanzig master equation which is exact and then implementing some approximations leading to the
perturbative NZ,, and the TCLy equation. The latter is a non-Markovian master equation and it is the
equation we used to study our model in chapter 4 and 5. Finally we derived the Lindblad equation, the
most known Markovian master equation, and showed various techniques to monitor the quantumness
of the system, in particular in this thesis we used the purity, defined as v = Tr, (pzed).

In chapter 4 we studied a model for the inflaton fluctuations which was proposed in [31] and was
studied in [8]. This model contains a linear interaction term, {'F, with ¢ the curvature perturbation
and F an entropic field, leading to a Gaussian dynamics. Given the linearity of the evolution this model
could be studied both with an exact approach and with a OQS approach and given the gaussianity of
the dynamics, all the relevant information on the state of the system are contained in the covariance
matrix, 3, which can be simply related to the purity, v, through v = 1/(4det ). Computing the
purity we found that the system undergoes an initial period of decoherence, followed by a growth
of the purity which saturates to 1. This phenomenon, called recoherence, is due to the smallness of
the environment, that has dimensions comparable to those of the system in the linear case, and is
able to give back the information to the system. In particular in a Minkowski Universe the purity
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is observed to oscillate, alternating periods of decoherence with period of recoherence, but in an
expanding Universe, the coupling between system and environment is quenched off after a while, so
we see a first period of decoherence, followed by a phase of recoherence and then the purity saturates
to 1, due to the turn-off of the interaction. The recoherence is a non-Markovian phenomenon, so in
an OQS context can only be faced using a non-Markovian master equation, like the TCLs.

Finally, in chapter 5, we gave our original contribution trying to generalize the previous model,
inserting a cubic term in the entropic sector, in order to make this model more realistic. In this case we
could not use an exact approach, but only the master equation method and given the non-gaussianity
of the dynamics the purity was not simply connected to the covariance matrix of the system, so we used
another method to compute the purity evolution, which was already introduced in chapter 3 where
it was used to track the decoherence using the Lindblad equation. We derived a new non-Markovian
master equation, containing the linear term we alredy had and a non-linear term and surprisingly we
found that the non-linear term does not contribute to the purity evolution. The interpretation to this
result is that the new term provides two opposite effects that cancel each others out: on one hand the
non-linear interaction increases the number of modes the system is coupled with and this favours the
information flow from the system to the environment, increasing the decoherence phenomenon. On
the other hand, the introduction of a non-linear term lead to the production of some non-Gaussianities
in the environment, that can be transferred to the system, increasing the information that can flow
from the environment to the system and so the recoherence.

In this thesis we tried to generalize a model which was already studied through the introduction of
a non-linear interaction term in the environment. Another case of study would be to consider another
kind of interaction of the type L ~ (9¢)2F, which introduce a non-linear interaction between the
system and the environment and not only on the environment. Actually I have started to study
this kind of interaction but the computations got much more involved than our case, so I leave this
idea for future work. More generally it would be interesting to understand if there are other type of
interactions leading to the recoherence phenomenon. Finally, since non-linear interaction terms are
related to non-Gaussianities, it would be interesting to see what type of bispectrum and trispectrum
are generated by the term we have considered. Some references that work in this direction are [33, 34,
35, 36]. In the end, the computation of equation (5.46) should be performed to verify the validity of
the previous method to compute the purity evolution. !

!Some recent papers [37, 38] appeared to investigate similar issues of this Master Thesis work.
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Appendix A

Explicit computations

A.1 Transport equation

Here we make explicit the computations whose result was shown in section (3.4.6). The first term
in the transport equation for the covariance matrix is:
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A.2 Master equation coefficients

Here we provide the explicit computation of the master equation coeflficients whose final form is
shown in (4.2.2):
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A.3 Non-linear purity evolution

Here we show explicitly the computations for the purity evolution in case of non-linear interaction,
whose result is shown in chapter 5.
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