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Abstract

Upcoming galaxy surveys such as Euclid will map the Large-Scale Structure (LSS)
of the Universe with unprecedented precision and the main challenge is to extract as
much cosmological information as possible from these new datasets.

The galaxy power spectrum is the standard statistics used in LSS analyses, but non
linear gravitational evolution transfers cosmological information into higher-order cor-
relators, which are expensive to measure and model. Marked statistics offer a com-
pelling alternative: by non linearly weighting the density field before computing its
power spectrum, marked statistics can recover part of the higher-order information
while retaining the simplicity of a two-point correlation function.

Existing implementations, however, rely solely on marks constructed from the local
density field, which does not capture the anisotropic geometry of the environment.
This information is instead encoded in the matter tidal tensor.

For this reason, this thesis extends the marked power spectrum formalism to a mark
constructed from the matter tidal field, recovering the tidal marked power spectrum
at one-loop order for both dark matter and biased tracers in real space within the
Effective Field Theory of the Large-Scale Structure, complemented by a dedicated nu-
merical implementation.

Our Fisher forecast analysis shows that combining the standard power spectrum with
the proposed tidal marked power spectrum substantially tightens cosmological con-
straints on the physical cold dark matter density parameter w.q,,, on the dimensionless
Hubble parameter h and on the scalar spectral index ng, which are the most robust
results of this study, by factors ~ 1.7, ~ 1.7 and ~ 2 respectively. The quadratic and
tidal bias parameters by and bg,, generally well constrained with the inclusion of the
galaxy bispectrum, are also measured with substantially higher precision, improving by
up to a factor ~ 3.2 and ~ 2.7 respectively. Finally, the scalar amplitude of primordial
fluctuations A, and the linear bias b; show a remarkable improvement, driven by the
breaking of the A; — b; degeneracy present in real space.

These results confirm the effectiveness of the tidal mark in recovering higher-order cos-
mological information, providing a new tool towards the broader goal of maximizing
the scientific return of next-generation galaxy surveys.
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Introduction

Over the last decades, a combination of observations has led to the emergence and
confirmation of the ACDM cosmological model [1]. In this model, the Universe has
evolved from a homogeneous state after the Big Bang, to a hierarchical assembly of
galaxies, clusters and superclusters at our epoch. The energy density of the resulting
Universe is dominated by two mysterious components: 69% of its energy density is
in the form of Dark Energy, which is causing the universe expansion to accelerate,
another 26% of the energy is in the form of dark matter, which interacts exclusively
via gravitational interactions. Only 5% of the Universe is made up of the ordinary
baryonic matter composed of protons, neutrons and electrons.

The existence of Dark Energy is in conflict with our knowledge of fundamental physics
and a key unresolved question is whether it behaves like the cosmological constant A
introduced by Einstein [2]. Also the nature of dark matter is unknown, even if several
candidates exist in particle physics. One possibility to explain these puzzles is that the
theory of General Relativity needs to be revised on cosmological scales.

The next generation of galaxy surveys, such as Euclid [3], DESI [4] and Vera C. Rubin
Observatory’s LSST [5], are designed to answer these and other fundamental questions
in cosmology.

In particular, Euclid is designed to answer key questions such as: is the Dark Energy
a cosmological constant as introduced by Einstein, or is it a scalar field that evolves
dynamically with the expansion of the universe? Alternatively, is the Dark Energy a
manifestation of a breakdown of General Relativity on the largest scales? What are
the nature and properties of dark matter? What are the initial conditions in the Early
Universe, which seeded the formation of cosmic structure? [3].

The central goal of modern cosmology is therefore to extract as much cosmological
information as possible from these new datasets which are expected to be bigger and
to allow a higher precision in constraining cosmological parameters. For example, com-
pared to BOSS [6], which measured ~ 1.2 million luminous red galaxies over 10,000
deg? in the range 0.1 < z < 0.7, Euclid will measure ~ 35 million spectroscopic red-
shifts over 14,000 deg® at higher redshift 0.9 < z < 1.8. We expect this to translate
into tighter constraints on the equation of state for dark energy, neutrino masses and
deviations from General Relativity [3].

Today the Large-Scale Structure analysis relies on the galaxy power spectrum, the
Fourier transform of the galaxy density two-point correlation function, to extract in-
formation from galaxy surveys datasets. At early times, when deviations of the primor-
dial fluctuations from Gaussianity are minimal the power spectrum is a near complete
statistic. At later times, non linear gravitational evolution generates significant devi-
ations from Gaussianity and information is redistributed into higher-order statistics,
notably the bispectrum and the trispectrum.

The practical implementation of the bispectrum and higher-order correlators, however,



becomes increasingly complex, especially in the mildly non linear regime, where the
signal is expected to be richer. This complexity arises both from the computational
cost of modelling a larger configuration space, the challenges in estimating its covari-
ance and the complexity in the analytical calculations [7].

Marked statistics [8, 9, 10, 11, 12] offer a compelling alternative. Rather than mea-
suring higher-order correlators directly, one weights the density field with a suitably
chosen non linear function, the mark, before computing the power spectrum. Because
a non linear transformation reshapes the statistics of the field, part of the information
that would reside in the higher-order correlators is transferred back to the power spec-
trum [13].

Existing implementations of this approach, however, rely only on marks constructed
from the local density field. But the structure of the cosmic web, voids, sheets, fila-
ments and knots, is determined by gravitational collapse, a strongly anisotropic process
whose geometry is encoded in the tidal tensor T;; = 0,0;¢, where ¢ is the gravitational
field. Since the formation and evolution of galaxies and halos depends on both density
and tidal environment [14, 15, 16], extending the marked statistics framework to tidal
field dependent marks constitute a natural extension of the formalism.

This thesis develops such an extension. Working within the Effective Field Theory
of the Large-Scale Structure (EFTofLSS) [17, 18, 19] to correctly account for mildly
non linear scales, we build a mark from the contraction of the tidal tensor with itself
smoothed over a distance R and derive the corresponding one-loop marked power spec-
trum, both for dark matter and biased tracers in real space. In parallel to the analytical
part, we develop a numerical implementation to run a Fisher forecast to quantify how
much cosmological constraining power this tidal field observable adds on top of the stan-
dard power spectrum alone analysis. We present the results in terms of the improve-
ment op/op s for different values of the smoothing radius R = {10, 15,20} Mpc/h and
maximum wavevector kpax = {0.2, 0.25, 0.3}h/Mpc to push our analysis towards the
mildly non linear regime.

This thesis is organized as follows:

e Chapter 1 introduces the background cosmology. It reviews the Cosmological
Principle and the FLRW metric, the dynamics of the homogeneous background
through the Friedmann equations and the thermal history of the Universe. It then
discusses the horizon and flatness problems and shows how inflation solves them,
presenting the inflationary paradigm and the generation of primordial quantum
fluctuations from the inflaton field. The chapter closes with a first description
of the cosmic web, the large-scale pattern of voids, filaments and clusters that
emerges from structure formation.

e Chapter 2 develops the theoretical framework used to describe Large-Scale Struc-
ture. Starting from the Vlasov equation, it derives the Eulerian equations of
motion for a pressureless fluid and constructs the perturbative solution for the
density contrast order by order. It then gives the statistical description of the
density field: the physical origin of its fluctuations from inflation, and their char-
acterization through correlation functions and power spectra, including the Wick
theorem for Gaussian fields. The chapter discusses the limitations of standard
perturbation theory at small scales and introduces the Effective Field Theory
of Large-Scale Structure (EFTofLSS) as a consistent framework to extend the
validity of the perturbative expansion. It closes with the galaxy bias expansion,



which relates the galaxy density field to the underlying matter field through a
set of bias parameters.

Chapter 3 turns to the observational side of the framework. It introduces the
power spectrum and bispectrum of the density field as cosmological estimators,
illustrating how they are measured from galaxy survey data and used to constrain
cosmological parameters. It discusses how the computational and analytical cost
of a bispectrum analysis motivates the modeling of the marked power spectrum
as a statistics that compresses part of the higher-order information in a two point
correlation function. The chapter also introduces the Redshift Space Distortions
(RSD), one of the main observational complications affecting real spectroscopic
surveys. Finally, it presents the Fisher forecasting formalism, a statistical tool
used to quantify the constraining power of a given statistic.

Chapter 4 contains the original contribution of the thesis. It first reviews the
marked power spectrum formalism for a mark built from the local filtered den-
sity field: the definition of the mark, its Eulerian perturbation theory expansion,
the resulting one-loop marked power spectrum for matter and biased tracers, and
the associated counterterms and shot noise contributions. The chapter then in-
troduces the original extension to a mark based on the contraction of the matter
tidal tensor, T;; 7%, related to the density contrast through the gravitational po-
tential via the Poisson equation. The mark is defined, expanded perturbatively
following the same procedure used for the density based mark, and the corre-
sponding one-loop marked power spectrum is derived for both dark matter and
biased tracers. The chapter also describes the numerical implementation used to
evaluate these expressions, and discusses alternative marks that could be built
from the tidal tensor.

Chapter 5 presents the original results from a Fisher forecast analysis. Using the
volume and redshift of a BOSS-like survey, it compares the constraints on cos-
mological, bias and EFT parameters obtained from the standard power spectrum
alone with those obtained by combining it with the tidal marked power spectrum,
for different choices of k.« and smoothing scale R.

Conclusions: presents the conclusions of this work. We discuss the Fisher forecast
results, acknowledge the limitations of the current framework, and propose future
research directions.

Appendix A: contains the analytical derivation of the 1-loop contributions of
power spectrum and tree-level bispectrum.

Appendix B: contains the analytical derivation of the 1-loop contributions of the
tidal marked power spectrum.

Appendix C: presents the complete triangle plot for all the cosmological, bias
and EFT parameters considered in this thesis for different values of k., =

{0.2, 0.25, 0.3}h/Mpc.



Chapter 1

Standard cosmology

1.1 The Copernican and the Cosmological principle

One of the fundamental assumptions of modern cosmology is the Copernican principle.
It states that humans are not privileged observers of the universe, that is: observations
from the Earth are representative of observations from the average position in the
universe. This principle can be combined with the fact that we observe isotropy to
yield the Cosmological principle:

Every comoving observer, at large enough scales, sees the Universe, at a
fixed time in their reference frame, as homogeneous and isotropic.

Isotropy means that the characteristics of the universe are the same in every direction
and homogeneity means that the characteristics of the universe are the same at every
point in space.

By comoving observer we mean an observer that moves coherently with the cosmic
rest frame, that is the rest frame of the cosmic fluid. But how do we define the cosmic
rest frame? Observations of the Cosmic Microwave Background (CMB) show that it
is an almost perfect blackbody with a temperature of Toyp = 2.72 K [20]. However,
this radiation is not uniformly distributed in the sky: it presents a dipole anisotropy
of AT ~ 3.4mK, caused by the Doppler effect arising from the motion of the Solar
System with respect to the CMB[20]. From this dipole we can measure the peculiar
velocity of the Solar System relative to the CMB to be roughly 370km/s. And given
that the Local Group, which includes the Milky Way, also moves relative to the CMB
at roughly 620 km/s [20], the cosmic rest frame can be operationally defined as the
reference frame in which the CMB dipole anisotropy vanishes. The proper time of a
comoving observer is what we refer to with “fixed time”, and it is called cosmic time.
A crucial feature of the cosmological principle is that it is expected to hold only on large
scales since at small scales we see structures, such as galaxies, so we do not observe
homogeneity.

1.2 Spacetime

The best description for gravity we have so far is the General theory of Relativity[21].
In General Relativity, spacetime is modelled as a 3 + 1-dimensional smooth pseudo-
Riemannian manifold. Such a spacetime can have up to 10 global continuous sym-
metries: time translation, three Lorentz boosts, three spatial translations and three

4



spatial rotations.

In cosmology we lose the time translation symmetry, since our Universe is expand-
ing[22, 23], and the three Lorentz boosts symmetry.

The most general form of a metric that satisfies these conditions is the Friedmann-
Lemaitre-Robertson-Walker (FLRW) line element. In the comoving frame it reads:

2

1 —kr?

ds* = —c*dt* + aZ(t)< + 7’2d92> : (1.1)
where dQ? = d6#? + sin? #d .

The parameter a(t) is called the scale factor and is related to the expansion of the
universe and it relates the comoving coordinate to the physical coordinate via

)\phys = a(t)Acom. (12)

The parameter k£ is a constant describing the spatial curvature, which can always be
normalized to £1 or 0. A universe with k& = 1 is a closed universe, £k = 0 is a flat
universe, and £ = —1 is an open universe.
The expansion rate of the universe is quantified by the Hubble parameter, defined as
a(t
H(t) = —+=, 1.3
0= (13)

where the dot denotes differentiation with respect to the cosmic time ¢.

1.3 Friedmann equations

The dynamical evolution of the universe is determined by Einstein’s field equations[24]:
1
Guw =R, — égm,R =8rGT,, . (1.4)

Here G,, is the Einstein tensor and it is a function of the metric g, =
diag(—1,+1,4+1,+1), meaning it describes the geometry of space-time.  The
energy-momentum tensor 7, describes the matter and energy content of the universe.
R, is the Ricci tensor, that depends on the metric and its derivatives, while R is
the Ricci scalar, which is the contraction of the Ricci tensor. The Ricci tensor is the
contraction of the Riemann tensor:

R,uzz = gpoR,upucr ) (15>
R=¢"R

e

and the Riemann tensor is defined as

aPZ” affw n e n TP
92  Dxv + 10, —Th.0, (1.7)

Rp,uau =

7, are the Christoffel symbols

1
FZJ/ - 5977)\ (6ugAV + augu)\ - a)\g,uu) . (18)



On scales larger than approximately 100 A~! Mpc, the matter distribution of the Uni-
verse can be considered statistically homogeneous, allowing it to be modeled as a
perfect fluid [25]. Such a fluid is completely described by the energy density p and the
pressure p. The energy-momentum tensor for a perfect fluid takes the following form:

Tw/ = (p + p)u,uuzz + PAuv » (19>

with u, the fluid element 4-velocity. In the comoving frame, adopting the mostly-plus
signature for the metric, the four-velocity is u* = (1,0,0,0). Lowering the index with
the metric, u, = g, u” = (—1,0,0,0), so we obtain:

p 0 0 O

[0 p OO
T = 00 p 0 (1.10)

000 p

Starting from Eq. 1.4 we can derive two independent equations
8t k
H>=—p— — 1.11
3 P2 ( )
( ArG

% — __7; (p+3P). (1.12)

These are called first 1.11 and second 1.12 Friedmann equations[26]. Taking the covari-
ant derivative of Einstein’s field equations and using the contracted Bianchi identity,
we get V,G" = 0. This, together with the metric compatibility condition, V,¢* = 0,
implies that

vV, =0, (1.13)

that represent the conservation of energy and momentum: the covariant derivative
accounts for the curvature of spacetime and ensures that this conservation law is for-
mulated in a coordinate-independent way.

For a homogeneous and isotropic universe filled with a perfect fluid, this relation re-
duces to the continuity equation:

p=—3H(p+P), (1.14)

also called third Friedmann equation.

To summarize, the system involves three unknown quantities, a(t), p(t), and p(t).
However, only two of the three equations are independent, so we need an equation of
state relating the pressure to the energy density to close the system:

p=wp. (1.15)
If we plug 1.15 in 1.14 we find:
p ox a3+ (1.16)

where the parameter w takes different values depending on which constituent of the
cosmic fluid we are considering: w = 0 corresponds to pressureless dust (non relativistic
matter), w = 1/3 corresponds to radiation and w = —1 corresponds to dark energy.
Now we know how the energy density evolves with the scale factor:

p(a) oca™® matter, (1.17)
p(a) occa™ radiation , (1.18)
p(a) = constant dark energy . (1.19)



Dark energy is defined to be any kind of fluid which is uniformly distributed in space
and has a negative pressure: this negative pressure has the effect of a tension, pulling
the universe apart.

Now, if we assume a flat universe, which is consistent with observations [27], we can
find the time evolution of the scale factor, of the energy density and of the Hubble
parameter:

at) = ao[1+3/2(1 + w) Ho(t — to)] T | (1.20)
p(t) = po[1 +3/2(1 + w) Ho(t — to)] *, (1.21)
H(t) = ho[143/2(1 + w)Hy(t — to)] . (1.22)

The subscript zero stands for “evaluated today”. In particular we have ag = 1 and
Hy=67.4+0.5 kms™* Mpc™t [27].

If we look at 1.20, we see that there is a time when a(¢) = 0. This time, called tgp and
defined by

corresponds to the Big Bang singularity. Indeed, as t — tgp, the scale factor ap-
proaches zero while the energy density and the Hubble parameter diverge,

a(t) — 0, p(t) — oo, H(t) — oc. (1.24)

This indicates that the classical cosmological solution cannot be extended to times
earlier than tgp.

1.3.1 Cosmological constant

At the time Einstein formulated the general theory of relativity, the prevailing view
was that of a static Universe[28]. However this hypothesis is not compatible with the
Friedmann equations, unless ¢ = 0, that implies

p=—3p. (1.25)

Since such a condition did not correspond to any known form of matter, Einstein
modified his field equations by introducing the cosmological constant in order to obtain
a static cosmological solution:

G + ANgu = 87GT,

Qv oy

(1.26)

with A a constant scalar called cosmological constant. One can now obtain a static
solution with an appropriate choice of A.

After the discovery of the expansion of the Universe[22, 23], the need for a cosmological
constant to support a static solution faded. However, now A is the simplest explanation
for the observed accelerated expansion of our Universe [29].

To properly account for this cosmological constant we define an effective stress-energy
tensor

- A
T;u/ = T;u/ + %guu ) (127)



so we perform the following corrections

A
A
pép—%a (1.29)

A cosmological model featuring A is the de Sitter universe. In this model, the universe
is dominated by a positive cosmological constant, with negligible contributions from
matter and radiation. Under these conditions

= __ A (1.30)
P==r="5q" '
Substituting this into the Friedmann equations we find
A
H? = R (1.31)

indicating a constant Hubble parameter. The solution for the scale factor takes the

form:
a(t) = agexp (\/§<t - t0)> : (1.32)

This result illustrates the key dynamical role of the cosmological constant. Since A
corresponds to an equation-of-state w = —1, its energy density remains constant as
the Universe expands. As a consequence, once the cosmological constant dominates the
energy budget, the expansion becomes exponential, as in the de Sitter solution. This
provides the basic mechanism by which a positive cosmological constant can drive the
accelerated expansion observed in the late Universe.

1.4 Components of the cosmic fluid

The Friedmann equations show that the expansion of the Universe is determined by
its energy content. It is therefore useful to examine the different components of the
cosmic fluid and their contribution to the total energy density.
We define the critical energy density as the energy density required for the Universe to
be spatially flat, & = 0. Imposing this condition in the first Friedmann equation 1.11
gives
_ 3H?

Perit = 871' G .
The critical density provides a reference value against which the actual energy density
of the Universe can be compared. In fact, the first Friedmann equation can be rewritten
as

(1.33)

k. 8rG

—=—(p—p), 1.34

= =0 pd (134)
showing that p = p. corresponds to a spatially flat Universe, while deviations from the
critical density are associated with non-zero spatial curvature.

We then introduce the density parameter

0= (1.35)

Perit



that is dimensionless and i stands for different components of the universe (radiation,
matter, curvature, and dark energy).
We can now rewrite the Friedmann equation 1.11 as

H%(a) = H? {Qno (%)4 + Qo (%)3 + Qo (@>2 + QA,O} . (1.36)

a

By convention, the present-day value of the scale factor is set to unity, so the first
Friedmann equation reduces to
H?(a)
H;

= QT70G74 + Qmpaig + Qk,0a72 + QA,O . (137)

Evaluating this final expression at the present time, and dropping the subscript 0 for
simplicity, we obtain
Q4+ Qo+ Qe+ Q) =1. (1.38)

Planck satellite constraints at 68% confidence level the values for the reduced Hubble
parameter h and for physical density parameters w; [27]:

Hy
h = Lo e JeMpe — 0.674 £ 0.005, (1.39)
wy = Qph? = 0.0224 £ 0.0001 , (1.40)
Weam = Qeamh?® = 0.1200 £ 0.0012, (1.41)
wr = Qh? = 0.0007 % 0.0019, (1.42)
Qa = 0.6847 £ 0.0073, (1.43)

where the matter component is conventionally divided into two contributions: baryonic
matter, composed of the ordinary matter described by the Standard Model and respon-
sible for the formation of stars, planets, and galaxies, and cold dark matter (CDM),
a non-luminous component that interacts predominantly through gravity and plays a
fundamental role in the formation of Large-Scale Structure.

Dark matter is commonly classified as cold or hot according to the thermal velocities of
its constituent particles at the time of decoupling. CDM consists of particles that were
already non-relativistic when they decoupled from the thermal bath. In contrast, hot
dark matter (HDM) is composed of particles that decoupled when they were ultrarel-
ativistic. This distinction is crucial because cold dark matter clusters gravitationally,
forming the seeds of Large-Scale Structure in the universe, while hot dark matter, due
to its high velocities, cannot efficiently form such structures [30]. Consequently, the
standard ACDM model, the same model used by Planck satellite, assumes that the
dominant dark matter component is cold. This assumption is strongly supported by
observations, as it provides an excellent description of the large-scale distribution of
galaxies and of the anisotropies of the Cosmic Microwave Background.

1.5 Thermal history of the Universe

The Friedmann equations describe the evolution of the scale factor once the matter
content of the Universe is specified through its equation of state. However, a complete
description of the Universe requires more than its dynamical evolution: it also demands



an understanding of its thermal history.

As the Universe expands, its temperature decreases, giving rise to a sequence of funda-
mental physical processes such as particle decoupling, primordial nucleosynthesis, and
recombination. Together, these processes shaped the composition of the Universe and
left observable imprints, like the light-element abundances and the Cosmic Microwave
Background, providing a direct connection between the physics of the early Universe
and present cosmological observations.

Let’s consider the phase space distribution function f(x, p,t, ), where p is the chemi-
cal potential. If we assume homogeneity, isotropy and use the relation E = /p? + m?,
the distribution function reduces to a function of only energy, temperature and chem-
ical potential: f(E, T, u).

From the phase space distribution we can define the number density n(7, i), the energy
density p(7T, 1) and the pressure p(7T', u):

g 3
(T = s [ e fE T, (1.44)
o710 = s [ CaB@IET ). (1.45)
g 5 ¢
WT = I g T, (1.46)

where E(q) is the energy per particle and ¢ is the number of helicity states, that is
related to the number of internal degrees of freedom for a particle species.

The phase space distribution function is in general an arbitrary function that solves
the Boltzmann equation, but, if we consider thermal equilibrium, it takes the form

1
f<E7 T7 M) = TE-—p
e £ 1
this is the Bose-Einstein distribution if we consider bosons (—1) or the Fermi Dirac
distribution if we consider fermions (+1). If we consider photons instead it reduces to
the Planck distribution

(1.47)

1
f(E7T7M): E )
e —1

(1.48)

since the chemical potential for photons is 0.

Solving the integrals both in the non-relativistic and relativistic limits we find the
results in table 1.5.

The thermal history of the early Universe is closely tied to its expansion. As the
Universe expands, the temperature of the cosmic plasma decreases, while evolving
according to the laws of thermodynamics. Assuming that the expansion is adiabatic,
the entropy contained in a comoving volume is conserved, implying that, as long as
the number of relativistic degrees of freedom remains constant, the temperature scales
with the scale factor as !

1
Tr-=1+2z, (1.49)
a
where we used the definition of the cosmic redshift:
142=2, (1.50)
a

!More generally, entropy conservation implies g,s73a® = const., where g,g denotes the effective
number of relativistic degrees of freedom contributing to the entropy density of the thermal plasma.

Since g, is constant away from particle annihilation epochs, one recovers the scaling 7' oc a™~!.
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Ultrarelativistic (7' > m)

Non-relativistic (T < m)

3 1, bosons T\ 3/2
n:giz)T?’ n:g(m_) e—m/T
m % , fermions 27
2
p:gW—T4 1, bosons = mn
30 % , fermions
1

Table 1.1: Thermodynamic quantities for particles in thermal equilibrium in the ultra-
relativistic and non-relativistic limits.

and the fact that the present-day scale factor is conventionally normalized to a 1. From
these considerations follows that:

T(2) = Ty(1+ 2). (1.51)

Therefore, looking back to higher redshifts corresponds to probing an increasingly
hotter and denser Universe. This simple relation underlies the Hot Big Bang model
and provides the framework for understanding the sequence of physical processes that
shaped the early Universe. The main stages of this thermal history are briefly summa-
rized below.

Baryogenesis

During the radiation-dominated era, at extremely high temperatures, the Universe
is believed to have developed a slight asymmetry between matter and antimatter.
Although the mechanism responsible for this asymmetry remains unknown, it resulted
in a tiny excess of baryons over antibaryons. As the Universe continued to cool, matter
and antimatter annihilated almost completely, leaving behind the small amount of
baryonic matter that constitutes the visible matter observed today.

Neutrino decoupling
When the temperature dropped to approximately T" ~ 1 MeV, neutrinos decoupled
and started propagating freely through the expanding Universe.

Big Bang Nucleosynthesis

At T ~ 100keV, nuclear reactions became efficient so protons and neutrons fused to
form light nuclei such as hydrogen, helium, and lithium, leaving an imprint on the
chemical composition of the universe.
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Radiation-matter equality

Approximately 5 x 10* years after the Big Bang, the energy density of matter became
equal to that of radiation. From this epoch onward, the expansion of the Universe was
matter dominated, allowing density perturbations to grow efficiently under the action
of gravity and paving the way for the subsequent formation of cosmic structures.

Recombination

Approximately 3.8 x 10° years after the Big Bang, the temperature fell below about
0.3 eV, allowing free electrons and protons to combine into neutral hydrogen atoms.

Cosmic Microwave Background

Following recombination, photons decoupled from matter and began to propagate al-
most freely throughout the Universe, defining the last scattering surface. These relic
photons constitute the Cosmic Microwave Background (CMB), that provides a direct
snapshot of the Universe at the epoch of last scattering. Tiny anisotropies in the CMB
encode information about the primordial density fluctuations that later evolved into
cosmic structures.

Large-Scale Structure formation

The small density perturbations present in the early Universe grew through gravita-
tional instability after matter became dynamically dominant. Over billions of years,
these perturbations evolved into galaxies, galaxy clusters, and the cosmic web observed
today, tracing the large-scale distribution of matter in the Universe.

Dark energy domination

At relatively recent times, the energy density of dark energy exceeded that of matter,
marking the onset of the present dark-energy-dominated era. The resulting accelerated
expansion of the Universe slows down the growth of Large-Scale Structure, although
it does not halt it completely. Today, dark energy accounts for about 70% of the total
energy density of the Universe and governs its large-scale dynamics.

1.6 Cosmological problems

Despite its remarkable success, the standard Hot Big Bang model faces several con-
ceptual problems when extrapolated to the earliest stages of cosmic evolution. In
particular, the horizon and flatness problems point to the need for an explanation of
the observed large-scale homogeneity and near-flatness of the Universe.

In this section, we briefly review the two problems of the standard Hot Big Bang
model. In the following section, we will discuss how these issues can be addressed by
the inflationary paradigm.

1.6.1 Horizon problem

Before addressing the horizon problem, we first review the relevant notions of distance
in an expanding Universe. In particular, the concepts of comoving distance and particle
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horizon will be introduced, as they provide the appropriate framework for discussing
the causal structure of the early Universe.

The light cone of an event is defined by ds? = 0 where ds? is the space-time interval
between two infinitesimally separated events. The light cone separates the spacetime
into regions that can be causally connected to a given event from those that cannot.
Events lying on the light cone or inside can be connected by signals traveling at or
below the speed of light, while events outside the light cone can not be causally con-
nected.

Starting from FLRW metric and imposing isotropy we can set dQ2? = 0, so that evalu-

ating ds? = 0 we get
dt dr
= . 1.52
a(t) 1 —kr? (1.52)

This expression can be integrated to find the comoving particle horizon

ln (1) E/O % (1.53)

The corresponding physical distance, the particle horizon,

t dtl
dg(t) = a(t —_ 1.54
n(t) =at) [ (1.54)
defines the radius of a sphere centered in an observed O that contains all the spatial
points which are causally connected with to observer.
Recalling the expression for a(t) 1.20, we see that dy exists finite only if m <1,
that is w > —1/3. In this case, the expression for the particle horizon takes the form

3(1+w)t

dH(t) - 14+ 3w

(1.55)
The condition w > —1/3 also implies, looking at the second Friedmann equation 1.12,
that we have a finite particle horizon if and only if we have a decelerating expansion
of the universe a < 0.

Now, we define the Hubble radius as the physical distance traveled by a photon in a
Hubble time 75, the typical expansion time of the Universe:

1
H(t)’

R. =71y = (1.56)
this defines the maximum distance from which light or signals could have traveled to
us since the beginning of the Universe.
We recover the corresponding comoving Hubble radius as usual using 1.2:
Ry 1
rg(t) = —=—. 1.57
wlt) = 2= (157

With these concepts in place, we are now equipped to examine the horizon problem
and understand why it poses a challenge to the standard Hot Big Bang model.
Consider a region of the Universe characterized by a comoving length scale A\. A region
can be considered causally connected when its characteristic scale is smaller than the
comoving Hubble radius, ry. Conversely, regions with A > ry lie beyond this char-
acteristic scale and cannot efficiently exchange information. As the Universe expands,

13



the Hubble radius evolves, so different regions of the Universe can become causally
connected at different stages of cosmic evolution.

This picture leads to a fundamental puzzle when confronted with observations of the
CMB. The CMB is remarkably homogeneous and isotropic on large scales, with tem-
perature fluctuations of only AT /T ~ 107°. In particular, regions sky separated by
distances larger than the Hubble radius at recombination appear to have nearly iden-
tical temperatures, despite having been apparently causally disconnected. How could
such distant regions have reached such a high degree of homogeneity if they had no
opportunity to exchange information? This apparent contradiction constitutes the
horizon problem.

1.6.2 Flatness problem

Now, let us consider the flatness problem. As we can see from 1.42, our Universe is
compatible with flatness. Using the definitions introduced in section 1.4 we can rewrite
the first Friedmann equation as

k 2

At) = 1= —— = kri(t). (1.58)

This equation tells us that if the universe is perfectly flat, then 2 = 1. However,
for any deviation of  from unity, the difference increases proportionally to rg(t).
During matter or radiation dominated, the comoving Hubble radius grows over time.
Consequently, when we trace backward in time, Q(t) becomes progressively closer to
1.

This means that the value of 2 at the beginning of the Universe was closer to 1 than
it is today (wr = 0.0007 + 0.0019 at 68% confidence level [27]). Taking as a reference
the Planck time tp; ~ 107*s, a straightforward calculation leads to

1Q(tp) — 1| ~ |Qo — 1] -107%°. (1.59)

This extreme sensitivity to the initial value of €2 is known as the flatness problem and
represents a fine-tuning problem.

1.7 Inflation

1.7.1 Solution to the cosmological problems

The inflationary paradigm provides a solution to these problems.
Inflation is a period of accelerated expansion in the Early Universe, that means d(t) > 0.
If we recall the definition of comoving Hubble radius we can easily see how this condition
reflects on ry: )
) a
T T e
This means that inflation is a period in which the comoving Hubble radius decreases
over time (depicted in figure 1.7.1): such a behaviour ensures that regions of the
universe which have only recently come into causal contact were actually causally
connected during the very Early Universe. This early connection solves the horizon
problem by allowing particles in those regions to interact and exchange information,

<0. (1.60)
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leading to the homogeneous and isotropic conditions we observe today.
Thus, to solve the horizon problem we require

ra(to) <rp(ts), (1.61)
that looking at 1.12 is equivalent to having a negative pressure P < —p/3. The case of
the cosmological constant (w = —1) is compatible with this condition: during inflation

we have an approximately constant Hubble factor and an exponentially growing in time
scale factor a(t) oc e’
The condition 1.61 can be translated in a constraint on the minimum duration of
inflation:

Npin € [50,70], (1.62)

where we have defined the number of e-folds

Noin = /t 7 Hat - log (Ziif)) ) : (1.63)

t; and t; are the time when inflation correspondingly begins and ends. The exact
prediction for the minimum number of e-folds depends on the model and on the post-
inflationary thermal history.

Note that condition 1.62 is equivalent to requiring an expansion of the Universe during
the inflationary period of a factor a(t;)/a(t;) ~ 10% — 10%.

Inflation also solves the flatness problem: by allowing ry to decrease we also allow
|Q(t) — 1| to decrease:

1Q(t) — 1] oc 73, oc e 2HE (1.64)
Regardless of the initial deviation, inflation exponentially suppresses the difference
from 1.

The flatness problem can be solved if we require the density parameter at the onset of
inflation to be further from 1 compared to today:

0t -1

e 2>1. (1.65)
It can be shown that the number of e-folds required to solve the flatness problem is
of the same order as that required to solve the horizon problem. This result is not
surprising, given the dependence of the density parameter on the Hubble horizon.

1.7.2 Inflationary paradigm

In the previous chapter we defined inflation as a period of accelerated expansion in the
very Early Universe. We have also seen that the condition d(t) > 0 is equivalent to
requiring an equation of state w < —1/3.

The simplest way to achieve such an accelerated expansion is through a cosmological
constant? (w = —1); we have already seen that this leads to a o< ef!* a constant Hubble
parameter H = /A/3.

In principle, accelerated expansion driven by a cosmological constant would persist
indefinitely, preventing the Universe from transitioning to the radiation- and matter-
dominated epochs. For inflation to be physically viable, the accelerated expansion must
be driven by a mechanism that temporarily mimics the behaviour of a cosmological
constant, while allowing inflation to end after a finite period.

2In principle there are other possibilities: the so called power law inflation (-1 < w < —1/3 —
2
a(t) o< t30+) | or the pole inflation (w < —1). In this work we focus on the case w = —1.
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Figure 1.1: Schematic evolution of the comoving Hubble radius ry during inflation
and the subsequent standard cosmological evolution. During inflation ry oc t~1, while
during radiation and matter domination ry o< t'/2 and ry o t*/3 respectively.

The inflaton

A natural realization is provided by a minimally coupled scalar field ¢, called the
inflaton, consistent with the homogeneity and isotropy of the background, evolving in
a potential V(o).

The dynamics of a minimally coupled scalar field is described by the Lagrangian:

L= 24" 0,006~ V(). (1.66)

from which the corresponding energy-momentum tensor can be derived:

1
T;(fu = ¢7,u ¢7l/ +gw/ _igaﬁ(baa ¢7,8 _V<¢) 5 (167)

where ¢,, = 0,¢.
The equation of motion for ¢ is the Klein-Gordon equation:

Oo(x,t) = oV (9) (1.68)

-~ 0o(x,t)’

where, in curved space, the d’Alembert operator is

("N =90u) w - (1.69)

Uo =

2~

-9
The resulting equation of motion is:

d(x,t) + 3H(x, ) — Vaﬁ((;» t) _ _mgfbd)) |

(1.70)
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The term 3H (b(x, t) represents the expansion of the universe and acts as a friction
term.

The assumption of homogeneity and isotropy applies to the background Universe and
allows us to separate the scalar field into a homogeneous background component and
small fluctuations around it. We can therefore write:

(b(X? t) = ¢0(t> + 6¢(X7 t) ) (171)

where ¢¢(t) describes the homogeneous background, while d¢(x,t) represents the in-
homogeneous fluctuations. This decomposition is useful because the background field
determines the dynamics of the expanding Universe, while the fluctuations describe
the small departures from homogeneity and isotropy that can later seed the primordial
density perturbations.

The approximation 1.71 holds if the perturbation is significantly smaller than the back-
ground value, which can be expressed as:

(00%) < &5 - (1.72)

The smallness of the primordial perturbations is consistent with the observed high
degree of homogeneity and isotropy of the CMB.

Background dynamics

The background dynamics describes the accelerated expansion of the Universe.
The stress tenor takes the form 1.9, and if we compare it with 1.67 we find:

78 = —pslt) = (536 + V) (173

T! = pal1)3} = 567~ V(6). (1.74)

The class of models of inflation we are interested in is called single field models of
slow roll inflation. These models are defined by requiring that 1/2¢* < V(¢), this
condition, often referred to as 1°¢ slow roll condition, ensures that the scalar field is
evolving slowly.

We also have a 2"¢ slow roll condition that is motivated by an analogy with viscous
motion. For a particle moving in a viscous medium, the equation of motion contains an
acceleration term and a friction term. In the regime of strong damping, the acceleration
becomes negligible compared to the friction force. Analogously, for the inflaton, the
term 3H¢ plays the role of an effective friction term induced by the expansion of the
Universe. We therefore require the acceleration term to be negligible compared to this
friction term,

bo < 3H¢y . (1.75)
If we use these slow roll conditions, the first Friedmann equation 1.11 becomes:
8rG
12 = =2V (6)o. (L.76)

since from the 15 slow roll condition we have p, ~ V(¢) ~ —ps.
The equation of motion for the background ¢, takes the form:

V()

a7 (1.77)

% (t) ~
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where, starting from 1.70, we used the slow roll conditions and the fact that ¢y depends
only on time.

Slow roll parameters

Concerning the duration of inflation we define the two slow roll parameters:

7 uas
n— —H%. (1.79)

For inflation to occur we need a > 0:
Z:H2+H:H2(1—e), (1.80)

meaning that as long as € < 1 we have inflation.

While € gives us the condition to have inflation, 7 is directly related to how much time
it lasts. We require |n| < 1; if, on contrary, we take 7 = 0, ¢ would be constant and
inflation would never end.

With some straightforward calculation we can relate the condition on € to a condition
on the potential V' (¢):

1 (V'(¢)
€ =

167G \ V(¢)
that implies that the slope of the potential is very shallow, ensuring that the inflaton

field rolls slowly down the potential V' (¢) maintaining a nearly constant value of the
potential energy.

>2 <1 — V()< V(e), (1.81)

Reheating

To recover the well established prediction of the Big Bang model, after inflation the
radiation dominated universe should start.

At the end of inflation, the energy density of the Universe is still dominated by the
inflaton field, while the expansion has diluted any previously existing radiation. Re-
heating is the transitional period in which the universe is reheated and which comes
just before the radiation era.

When € or |n| approach 1 the potential that drives inflation starts to deviate from flat-
ness: as depicted in 1.2 the inflaton starts rolling down towards the minimum of the
potential. Once the inflaton reaches the minimum, the potential induces oscillations
in the scalar field with a frequency w? > H?: during these oscillations, the scalar field
decays into light, relativistic particles, leading to a radiation dominated era.

Quantum fluctuations of the inflaton field

Having described the evolution of the homogeneous background during inflation, we
now turn our attention to the small perturbations around it. Although these pertur-
bations are initially tiny, they play a fundamental role in the subsequent evolution of
the Universe: amplified during inflation and later evolved by gravity, they provide the
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Figure 1.2: A schematic representation of the inflationary potential V' (¢) showing the
inflaton’s slow roll and the subsequent reheating phase. What in the picture is called
¢(t) is our homogeneous background ¢g(t).

seeds from which the Large-Scale Structure of the Universe emerges.
At the classical level, a perfectly homogeneous inflaton field would remain homogeneous
and would not provide a mechanism for generating the primordial inhomogeneities
observed in the Universe. The origin of these perturbations is instead quantum me-
chanical. Even when the inflaton is in its vacuum state, quantum mechanics im-
plies unavoidable fluctuations around its expectation value. We can therefore say that
do(t) = (0]o(x,1)]0) * and d¢(x,t) represents the quantum fluctuations around the
background.
Starting from 1.70 and plugging in the equation of motion for the background we find
that the equation of motion for the perturbations is:

. V26 (x, ) 0?V (o)

0p(x,t) + 3HH(x, 1) — a0 - 9 0p(x, 1), (1.82)

where V? is the spatial Laplacian with respect to the comoving coordinates.
Taking the equation of motion for the background and derive it, we get:

0*V

¢+3H¢:—w

v, (1.83)
with ¢ = .
If we now compare 1.82 and 1.83 we notice that they differ only by the spatial Laplacian

term. But on large scale this term is negligible: it is evident in Fourier space where the
Laplacian is proportional to k% (recalling that at large scales k < aH). Therefore, the

3The spatial dependence vanishes because of the homogeneity of the vacuum state
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perturbations evolve in the same way as the time derivative of the background field.
To analyze the behaviour of these perturbations we go to Fourier space, where the
equation of motions 1.82 takes the form:

. . K2
861+ BHOOx + — 061 = V"5 (1.84)

The behaviour of d¢y varies widely among different scales:

e Sub-horizon regime (k > aH): it is possible to show that in this regime the
equation of motion reduces to the one fo an harmonic oscillator with a time
dependent frequency. The solution is an oscillating function with amplitude

1/av/2k,

e Super-horizon regime (k < aH): in this regime the Laplace operator becomes
negligible. The solution shows that perturbations become constant over time.

The quantitative characterization of these fluctuations in terms of their power spectrum
will be addressed in Chapter 2, where the tools of cosmological perturbation theory
are introduced.

1.8 Large-Scale Structure formation

Quantum fluctuations of the inflaton field provide the initial seeds for the formation
of cosmic structures. During inflation, the expansion of the Universe stretches these
fluctuations to scales larger than the Hubble horizon. On these super-horizon scales,
the corresponding perturbations become effectively frozen, preserving the information
about their primordial amplitude. These fluctuations can be described in terms of
the curvature perturbation {, which characterizes perturbations in the geometry of
spacetime. After inflation, as the relevant scales re-enter the Hubble horizon, these
primordial perturbations are converted into density fluctuations, which subsequently
evolve under gravitational instability and eventually give rise to the Large-Scale Struc-
ture of the Universe. Their imprints are also observed as temperature anisotropies in
the Cosmic Microwave Background. Schematically, the connection between the differ-
ent stages can be summarized as

6¢—>§—>5—p—>5—T.
p T

(1.85)
A complete description of this process requires the treatment of cosmological perturba-
tions within the framework of General Relativity and is beyond the scope of this work;
for a detailed discussion please refer to [31].

1.8.1 The cosmic web

As these density perturbations evolve under gravity, matter becomes increasingly in-
homogeneously distributed on large scales. While the initial perturbations are well
described by linear theory, their subsequent evolution becomes increasingly non-linear
as structures collapse, giving rise to the complex network known as the cosmic web.
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The cosmic web can be described in terms of four distinct environments of the matter
density field: voids, walls, filaments, and nodes. Voids are large underdense regions,
while walls are sheet-like structures surrounding them. Filaments are elongated struc-
tures connecting the densest regions of the web, known as nodes, where galaxy groups
and clusters are preferentially found. For further details on the cosmic web please refer
to [32].

This web-like pattern primarily reflects the underlying dark matter distribution, which
provides the gravitational framework for the formation and evolution of cosmic struc-
tures. Since dark matter cannot be observed directly, galaxies are used as tracers of its
underlying distribution. However, galaxies do not trace the dark matter field perfectly:
their clustering is biased with respect to the underlying matter distribution.

Figure 1.3: A slice of the three-dimensional distribution of galaxies mapped by the
Dark Energy Spectroscopic Instrument (DESI). The map illustrates the Large-Scale
Structure of the Universe, characterized by filaments, walls, nodes and voids. Source:
DESI Collaboration/DOE/KPNO/NOIRLab/NSF/AURA/C. Lamman.
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Chapter 2

The large scale structure
theoretical framework

2.1 Gravitational instability

The Large-Scale Structure seen in galaxy surveys is believed to be the result of gravi-
tational amplification of small primordial fluctuations due to gravitational interaction
of collisionless cold dark matter (CDM) particles in an expanding universe. Although
the nature of dark matter has not yet been identified, all candidates for CDM parti-
cles are hypothesized to be non-relativistic and extremely light compared to the mass
scale of typical galaxies, with expected number densities of at least 107" particles per
Mpc3. In this framework, the vast number of particles ensures that discreteness effects,
such as two-body relaxation, are negligible, enabling the treatment of dark matter as
a collisionless fluid. The behavior of such a fluid is described by the Vlasov equation,
which, together with the Poisson equation for the gravitational potential, forms the
foundations of gravitational instability theory.

Since CDM particles are non-relativistic, at scales much smaller than the Hubble radius
the equations of motion are those of Newtonian gravity. In this regime, the equations of
motion for CDM particles are adapted to account for the expanding universe through
a redefinition of variables for position, momentum, and gravitational potential.
Throughout this chapter we will discuss how perturbation theory (PT) can be used
to understand the physics of gravitational instability, starting from the fundamental
equations that govern CDM dynamics.

2.1.1 The Vlasov equation

This chapter closely follows [33].
Consider a set of particles of mass m that interact in an expanding universe only via
gravity. For a particle of velocity v at position r, the equation of motion reads

dv r,—r
- - 2.1
i szi: e — 1’ (2.1)

where the summation is made over all other particles at positions r;.
In the limit of a large number of particles, this equation can be rewritten in terms of
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a smooth gravitational potential

dv 19J0)
— =7 2.2
dt or’ (22)
here ¢ is the Newtonian potential induced by the local mass density p(r)
/
_ g [aw ) 2.3
o) =G [aw iy (2.9

To incorporate cosmic expansion we use the conformal time 7, related to cosmic time by
dt = a(7)d7. The scale factor a(7) obeys the Friedmann equations for an homogeneous
and isotropic background, that can be written as:

Q. (7 A Q. (7
O~ EnlTigary 1 2ar) =(atr) — DY (2.4
(Quot — 1)H* =k, (2.5)
where H = dlna/dT = Ha is the conformal expansion rate, H is the Hubble constant,
Q,, is the ratio of matter density to critical density, A is the cosmological constant and
k=—1,0,1for Qi <1, Qor = 1 and Qyp > 1 respectively (Qor = 2y + Q).
When studying gravitational instability a key quantity is the density contrast d(x)

p(x,7) = p(T)[1 +6(x, 7)], (2.6)

where p(7) is the homogeneous background density.
We then define the peculiar velocity u(x, 7) bu splitting the total velocity v(x, 7)

v(x,7) =Hx +u(x,7). (2.7)

We can define also the cosmological gravitational potential ® by splitting the Newto-
nian gravitational potential

10
607) = 3 T+ a7 (2.8)
so that the latter is sourced only by fluctuations in the matter distribution.

Finally, in comoving coordinates, the Poisson equation reads
3
V20(x,7) = 47Gpa’d(x, ) = §Qm(7)7-[2(7')5(x, T), (2.9)

since V2 = V2 /a?. In the following we will only use comoving coordinates so all spatial
derivatives refer to the coordinate x.
The equation of motion 2.2 then reads

dp

3, = ~emVe(x), (2.10)

where p = amu is the canonical momentum in comoving coordinates.
Now, if we consider the particle number density in phase space f(x,p,7), the conser-
vation of phase-space density is expressed by the Vlasov equation:

df of N af ox n af op
dr o0r  0x0r Opor
0 0
:—f+£~Vf—amV<I>-—f:0.
ot ma op
Needless to say, this equation is very difficult to solve, being a non-linear partial dif-
ferential equation involving multiple variables. The non-linearity arises because ®

depends on p(x,7), which is obtained by integrating f over all momenta.

(2.11)
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2.1.2 Eulerian Dynamics

In practice, we are usually interested in solving the evolution of the spatial distribution
rather than the full phase-space dynamics. This is obtained by taking momentum
moments of the distribution function. The zeroth order moment simply relates the
phase space density to the local mass density field

/d?’pf(x, p,7) = p(x,7), (2.12)

the first order momentum define the peculiar velocity flow u(x, 7)

p
Pp— = 2.1
[ &2 feep.) = plxutx 7). (213)
and the second order moment
bip;
[ I fixp.) = plx s b r) o). (20)

defines the stress tensor 0;;(x, 7) that describes deviations of individual particle velocity
from bulk velocity u and contributes to the anisotropic stress of the system.

The equation for these fields follow from taking moments of the Vlasov equation. From
the zeroth moment,

af p af
3 — — —_— . —_—
/d p<87 + p— Vf—amVao ap) , (2.15)
and substituting p in terms of §
—65(5: ") +V-{[1+6x7)]ux,7)} =0, (2.16)

we obtain the conservation of mass, or continuity equation.
Taking the first moment of the Vlasov equation and subtracting u(x,7) times the
continuity equation we obtain the Euler equation

ou(x, 1)

5 + H(x,7T)u(x,7) +u(x,7) - Vu(x,7) = =V&(x,7) — %Vj(pa'ij) . (2.17)

which describes momentum conservation.

The first moment of the distribution function, represented by the peculiar velocity
u(x,7), is dynamically linked via the Euler equation to the stress tensor o;;, which
quantifies deviations of particle motions from a single coherent flow. To close the hi-
erarchy we need to postulate an equation of state of the cosmological fluid that would
represent an ansatz for the stress tensor. The equation of state relies on the assump-
tion that cosmological structure formation is driven by matter with negligible velocity
dispersion; from this follows that the first term in 2.14 will be the dominant contribu-
tion. Therefore is a good approximation to set o;; ~ 0, at least in the first stages of
gravitational instability, when structures did not have time to collapse and virialize.
As time goes on, this approximation will break down at progressively larger scales.
We now begin by discussing the solutions of the Poisson equation, the continuity equa-
tion, and the Euler equation in the case of a vanishing stress tensor, corresponding to
a perfect fluid.
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2.1.3 Eulerian perturbation theory
Linear PT

At large scales, where we expect the Universe to become smooth, the fluctuation fields
d(x,7), u(x,7) and ®(x,7) can be assumed to be small compared to the homogeneous
contribution. Therefore, we can linearize Eqs 2.16, 2.17 to obtain

PV ux ) =0 (2.18)
T 2.18

The velocity field, as any vector field, can be completely described by its divergence
0(x,7) = V-u(x,7) and its vorticity w(x,7) = V x u(x, 7), whose equations of motion
follow from 2.18

3959); ) +H(T)0(x,T) + ng(T)’HQ(T)(S(X, 7)=0 (2.19)
WT) 4 Hirwis.m) = 0. 2.20)

where we also used the Poisson equation for ®. The vorticity evolution readily follows
from 2.20: w(7) < a~!, meaning that in the linear regime any initial vorticity decays
due to the expansion of the Universe.

The continuity equation can be instead rewritten as:

94(x, )

T-f-@(X,T) =0. (2.21)
Now, taking the time derivative of Eq. 2.19 and replacing in 2.21 we get
d%D, (1) dDy(r) 3 2
T + /H(T>T - §Qm<T>H <T>D1(T> ) (2'22)

were we wrote 0(x,7) = D;(7)d(x,0), with D;(7) the linear growth factor.

This equation, together with the Friedmann equations 2.4, 2.5, determines the growth
of density perturbations in the linear regime as a function of cosmology.

Eq. 2.22 is a second-order differential equation and thus have two independent solu-
tions, let’s denote with D (1) the fastest growing mode and D (7) the slowest one.
The evolution of the density is then

§(x,7) = Dy (1)A(x) + Dy (1) B(x), (2.23)

where A(x) and B(x) are two arbitrary functions describing the initial density field
configuration.

Non-linear PT

We will now consider the evolution of density and velocity fields beyond the linear
approximation. To proceed, we adopt a self-consistent approximation by describing
the velocity field through its divergence, while justifying the neglect of vorticity. The
evolution of vorticity, from 2.17, is

ow(x,T)

2T A,y ) = 7 x [l ) x wix,7)] = v(lv F). (221
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where we have temporarily restored the stress tensor. We see that if 0;; ~ 0, if the
primordial vorticity vanishes, it remains 0 at all times. On the other hand, if the
initial vorticity is non-zero, we saw that in the linear regime vorticity decays due to the
expansion of the Universe. However, non-linear interactions, such as those represented
by the third term in the equation above, can amplify vorticity. For simplicity, we
assume vanishing primordial vorticity and neglect o;;, ensuring that vorticity remains
zero during evolution.

This framework forms the basis of perturbation theory (PT), where density contrast
and velocity fields are expanded as perturbative series around their linear solutions.
Assuming the variance of linear fluctuations is small and the velocity field is irrotational,
we write:

d(x,7) = i s (x,7), (2.25)
0(x,7) = io: 0™ (x, 7). (2.26)

Here, 6V and 6 are linear terms proportional to the initial density contrast field,
5@ and #? are quadratic in the initial density field, and so on.

Fourier Representation

When we consider large scales, fluctuations are small and linear perturbation theory
provides an adequate description of cosmological fields.

In this regime, different Fourier modes evolve independently conserving the primordial
statistics. Therefore, it is natural to transform 2.16 and 2.17

6(k,7) - B 4’k d’ks N 3
T + 0<k, 7') = — / W(Sp(k - le)OK(kl, kg)e(kl, T)(;(kz, 7') s (227)
Q%%£L4ﬂﬂﬂkg)+%QmH%ﬂ&kJ):
:—/g%%}%Mk—MQMMkﬂﬂhﬁﬁ&%ﬂ, (2.28)

where the functions

a(ky, ks) = k; : (2.29)
1
k2, (K - ko)
Bk, ko) = =2t (2.30)
b 2k k2

encode the non linearity of the evolution and come from the non-linear term in the
continuity equation 2.16 and Euler equation 2.17 respectively.

General solution for Einstein-de Sitter Universe

Let’s consider an Einstein-de Sitter Universe, for which we have €2, = 1 and Q, = 0.
In this case, equation 2.4 implies a(7) o< 72 and H(7) = 2/7. This allows us to simplify
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the equations of motion for perturbations by factoring out H from the velocity field,
rendering Eqs. 2.27 and 2.28 homogeneous in either 7 or equivalently in a(7). In this
framework, the continuity and Euler equations in Fourier space can be solved using a
perturbative expansion of the following form

ok, 7) =) a"(T)du(k), (2.31)

n=1

Ok, 7)=—HY a"(T)0.(k), (2.32)

n=1

where only the fastest-growing mode of perturbations is considered. At small a the
series are dominated by their first term, and since 0;(k) = 0;(k) from the continuity
equation, in follows that d;(k) completely characterize the linear fluctuations.

Equations 2.27 and 2.28, determine d,,(k) and 6,,(k) in terms of the linear fluctuations:

on(k) = /dgql...dgqn5d(k — Q1) Fu (i, - dn)dg(qr)---01(dn) (2.33)
On(k) = /dSql...d?’qn(Sd(k —q1.)Gn(d1; o, Qn)0g(d1)...01(an) , (2.34)
where F,, and G,, are the perturbative kernels capturing the non-linear mode coupling

due to gravitational interactions. They are constructed from the fundamental mode
coupling functions a(ky, ks) and 5(ky, ky) according to the recurrence relation

n—1
- Gm(qb:qm)
Fn(qlv s 7qn) - mzl (2n + 3)<n _ 1) [(2n + 1)0{(1{17 kZ)Fn—m(qm-l-la s 7qn)
+ 25(1{1, kQ)anm(qm+17 s >qn):| ) (235)
n—1
o Gm(q177qm)
Gn(qla s 7qn) - ] (27’L + 3)(n B 1) [30[(1{1, kQ)Fn—m<qm+17 s aqn)

+ QHB(kl, kQ)Gn—m(qm-‘rb s 7qn)} ’ (236)

where ki =q;+ ...+, ke =que1 + ... +dn, k =k + ko and F; =G = 1.
For n = 2, after symmetrizing the expressions with respect to q; and qs we have

5 lai-q/qa @ 2(q; - q2)?
Fy(qi1,q =—+——<—+—>+——, 2.37
2( ! 2) 7T 2 g2 \@ q1 7 Q%qg ( )
3 lair-q/qa ¢ 4 (q; - q2)*
G>(q1,q =—+——<—+—>+——. 2.38
2( ! 2) 72 g2 \q2 q1 7 q%qS ( )

Symmetrized kernels are used in perturbation theory to ensure solutions respect the
symmetries of the universe, including isotropy, homogeneity, and invariance under
wave-vector permutations. Symmetrization ensures physical consistency by enforc-
ing momentum conservation among interacting wave-vectors in Fourier space, ensuring
that the solutions remain consistent with the fundamental equations governing the
evolution of the density field. Furthermore, it eliminates redundant contributions in
higher-order calculations, simplifying both analytical and computational efforts.
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2.2 Statistical description of matter density fluctu-
ations

Tests of cosmological theories which characterize the primordial fluctuations are not
deterministic in nature but rather statistical, for the following reasons. First, we do
not have direct observational access to primordial fluctuations, which would provide
definite initial conditions for the deterministic evolution equations. In addition, the
time-scale for cosmological evolution is so much larger that that over which we can
make observations that is not possible to follow the evolution of single systems.
Therefore, testing the evolution of structure must be done statistically.

The observable universe is modeled as a stochastic realization of a statistical ensemble
of possibilities. The goal is to make statistical predictions which in turn depend on
the statistical properties of primordial perturbations.

2.2.1 Physical origin of Fluctuations from Inflation

Among the models that have emerged to explain the Large-Scale Structure of the uni-
verse the most widely considered are those based on the inflationary paradigm. In
models of inflation the stochastic properties of the fields originate from quantum fluc-
tuations of a scalar field, the inflaton. It is beyond the scope of this thesis to describe
inflationary models in any detail but it is worth noting that, at least for the simplest
single-field models within the slow-roll approximation, all fluctuation originate from
scalar adiabatic perturbations. In adiabatic perturbations, the total density pertur-
bation is non-zero, giving rise to perturbations in the spatial curvature; by contrast,
isocurvature fluctuations is a set of individual perturbations such that the total density
perturbation vanishes.
During inflation, the quantum fluctuations of the inflaton field are described within the
framework of quantum field theory in an expanding background. As the perturbation
modes exit the Hubble horizon, their quantum evolution effectively freezes and the
field behaves as a classical stochastic field. In this regime, statistical ensemble averages
can be identified with the vacuum expectation values of the corresponding quantum
operators

(...y={0]...|0) . (2.39)

After re-entering the horizon these perturbations seed fluctuations in the gravitational
potential, transferring their statistical properties to the cosmological fields.

2.2.2 Correlation functions and Power Spectra

The density contrast field 6(x), has an ensemble average of zero by definition, but its
statistical properties can be studied through correlations.

To that purpose we assume that it is statistically homogeneous and isotropic. A ran-
dom field is called statistically homogeneous if all the joint multi-point probability
distribution functions p(dy, 9z, ...) or its moment, remain the same under translation of
the coordinates x1, X, ... in space (here §; = §(x;)), meaning that probabilities only
depend on the relative positions. A stochastic field is called statistically isotropic if
p(d1, d2, ...) is invariant under spatial rotations.
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Two-Point Correlation Function

The two-point correlation function is defined as the joint ensemble average of the
density at two different locations

E(r) = (0(x)d(x +1)) . (2.40)

Note that, as stated in the previous paragraph, the correlation function only depend
on the norm of r due to statistical homogeneity and isotropy.

We can compute correlators in Fourier space. The Fourier transform of the density
contrast 0(x) is

5(x) = / d*k 5(k) exp(ik - x) (2.41)

where 0(k) are complex variables satisfying (k) = §*(—k).
The Fourier space correlator

(6(k)o(k')) = / % (0(x)0(x + 1)) exp[—i(k + k') - x — ik’ - 1]

d3Xd31‘ . / 1./
:/Wf(r)exp[—z(k+k) -x — ik’ - r]

, d°r _
=op(k + k') / (27T)35(r)exp(zk -T)
=ip(k + X )P(k), (2.42)

where P(k) is by definition the density power spectrum.
The inverse relation between two-point correlation function and power spectrum is then

£(r) = / d’k P(k)exp(ik - ). (2.43)
We can also evaluate the variance of the field

(5(k)?) = £(0) :/dk P(k) = 2—;/000 dk k* P(k)

1 k3 dk
- dk?P(k):/O kA(k) (2.44)

2
2m2 Jo

where A(k) = %P(l{;) is the dimensionless power spectrum.

The Wick Theorem for Gaussian Fields

The power spectrum P(k) is a fundamental quantity for characterizing almost all homo-
geneous random fields. Its utility becomes evident for Gaussian random fields, where
the joint distribution of density values is Gaussian. For such fields, the Wick theorem
applies: the ensemble average of any product of variables can be expressed in terms
of two-point correlators. This is a foundational concept in classical and quantum field
theories. Explicitly, for the Fourier modes, the Wick theorem states:

(0(ky) ... 6(Kaps1)) =0 (2.45)
(ki) 0(ksp)) = > IT ¢ . (2.46)

pair associations p pairs (i,j)

Thus, the statistical properties of the random variables §(k) are fully specified by the
shape and normalization of P(k).
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Higher Order Correlators

In general it is possible to define higher-order correlation functions. They are defined as
the connected part of the joint ensemble average of the density constrast. The N-point
correlation function is formally written as

En(xy,. o xn) = (0(x1), ..., 6(%n)),
= (0(x1),...,0(xn)) +
N Z H Epoi (Xsy(1)s -+ > Xy (1)) 5 (2.47)

SEP({Xoos--sXN}) Si€ES

where the sum is over all proper partitions of {xi,...,xy}, excluding the set itself.
When the average of §(x) is defined as zero, only partitions that contain no singlets
contributes. For Gaussian fields, all connected correlators beyond the two-point func-
tion vanish, making & the sole non-zero connected part.

In Fourier space, due to homogeneity, connected N-point correlators are proportional
to dp(ky + - -+ ky). Then we can define Py(ky, ..., ky)

(0(ky)...0(kn)), =dp(ki +--- +kn)Pn(k,. ... kn). (2.48)
For N = 3, this corresponds to the bispectrum B(ky, ko, k3).

Linear and One-loop Power Spectrum

In linear theory, the two-point correlation of the density contrast in Fourier space is
given by:

(W (1)0M(K)) = (2m)*0p(k + K') Pk, T) (2.49)
where Py, (k,7) = D2 (7)Pr(k).

To estimate the typical density contrast variance at a given point x, we compute:

#0) = [ Gl (2.50)

Using the non-linear perturbation theory results we can compute the power spectrum at
order [0 (1)]3. Higher-order corrections to tree-level PT, namely one-loop PT, describes
the first effects of mode-mode coupling in the evolution of the power spectrum.
One-loop corrections to power spectrum have been extensively studied in literature
[34][35][36]; we review here the results.

We can write the power spectrum up to one-loop corrections as

P(k,7) = POk, )+ PV(k,T), (2.51)

where the superscript (n) denotes the n-loop contribution, the tree-level (0-loop) con-
tribution is just the linear power spectrum Pp(k,7) = D% (7)P(k) and the one-loop
contribution consists of two terms

PW(k,7) = Py(k,7) 4+ Pis(k,7), (2.52)

with
Poo(k,7) = 2 / P Fy(k — q, )Py (k — ql, 7)Po(q.7) (2.53)
Pk, 7) = 6 / dq Fy(k, q, —q) Py (k, 7) Py (g, 7). (2.54)
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Figure 2.1: Left panel: Plot of the linear power spectrum and the Py one-loop contri-
bution at z = 0. Right panel: Similar to the left panel, but showing the P35 one-loop
contribution instead. The dashed line indicates a negative contribution.

Collecting everything we obtain

Plfloop(k; T) :PL(ku 7-)+

49 / PaFy(k — q, Q) Pk — qf, 7) Py, 7)+

+6/d3qF3(k, q, —q)P(k,7)Pr(q, 7). (2.55)

The computation of Py and P;3 can be found in Appendix A.

In Fig. 2.1, we present a plot of Py, and P35 compared to P,. The one-loop cor-
rections to the integral increase significantly with increasing wavenumber. Notably,
Py (k) is positive, while Py3(k) is negative. As a result, the two corrections nearly
cancel each other, leading to a relatively small overall correction. However, starting
at k ~ 0.1h/Mpc, the corrections to the linear power spectrum become non-negligible,
indicating that the linear regime is no longer valid.

Linear bispectrum

The three-point correlator, the bispectrum, of the density contrast in Fourier space is
defined by 2.48:

(6(k1)d(k2)d(k3)), = op(ki + k2 + ks) B(ki, ko, 7) . (2.56)
The tree-level expression for the bispectrum is:
B(ky, ko, 7) = 2Pp(k1,7) Pr(ke, T) Fo(k1, ko) 4+ permutations. (2.57)

The derivation of this expression is in Appendix A.

Since the Dirac delta function imposes the condition k; + ko + k3 = 0, the three
wavevectors form a closed triangle in Fourier space. Therefore, the bispectrum is not
only characterized by the magnitudes of the three wavenumbers, but also by the shape
of the corresponding triangle. In particular, three commonly considered configurations
are the equilateral, squeezed, and flattened configurations, shown in 2.2.
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Figure 2.2: Left panel: the squeezed configuration is characterized by one wavenumber
much smaller than the other two k3 < ki ~ k. Central panel: in the equilateral
configuration the three wavenumbers have approximately equal magnitudes ky >~ kg ~
ks. Right panel: in the flattened configuration the three wavevectors are nearly collinear
ks ~ ki + k. Figure is from [37].

2.3 Limitations of Perturbation Theory

In the analysis of the one-loop power spectrum integrals, two major sources of diver-
gence arise: the ultraviolet and infrared singularities. This can be seen by considering
the spectra in the limit of small and large internal momentum g:

P
Py Nk2PL<k)/ dq ¢’ L(QQ) : (2.58)
>k q
Pt ~ Pr(k) / dgq*Pr(q) - (2.59)
gk

UV singularities originate from the behavior of the one-loop integrals at small scales,
where nonlinear physics becomes significant. While this integral converge for the
ACDM power spectrum, it fails to capture the physics of small-scale virialization,
where halos form.

The physical IR effects arise from the coherent displacements induced by large-scale
flows. These flows move structures coherently over scales comparable to the BAO
wavelength, leading to the suppression and shift of the Baryonic Acoustic Oscillations
(BAO) peak. BAO refers to the periodic fluctuations in the density of visible baryonic
matter in the universe, which were imprinted during the early universe when sound
waves propagated through the hot plasma before recombination. Since these coherent
displacements are not captured accurately by standard perturbation theory, they re-
quire resummation techniques for an accurate treatment.

However these divergencies are not the only problems intrinsic to standard perturba-
tion theory, there are hidden subtleties in the treatment of the fluid equations. In
particular, when solving 2.16 and 2.17 perturbatively, we have implicitly assumed that
density field and velocity divergence are small. This is needed for a perturbative so-
lution to exist, since if, for example, the second order solution is larger than the first
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order piece, the series does not converge. If we average over sufficiently large scales, we
would expect the overdensity to be small, however such a filtering is not built into the
underlying SPT equations. A consequence is that we necessarily obtain contributions
from regimes where || is large, which breaks the perturbative hierarchy.

The Effective Field Theory of Large-Scale Structure addresses the UV and the || < 1
issues of standard perturbation theory that we just presented.

2.3.1 Effective Field Theory of the Large-Scale Structure

In this paragraph we follow the review [38], the formalism is described in depth in [17]
and [18].

The starting point is the notion of coarse graining, that consists in the replacement of
the standard fluid variables with those smoothed on some scale A~!:

d(x,7) = Ia(x,7),
v(x,7) = va(x,7T), (2.60)
¢(X7 T) — ¢A(X7 T) )

where the smoothing is defined by X, (k,7) = Wa(k)X (k,7) in Fourier space, with
Wy being some window excising scales with k > A.
By working with smoothed fields, we are explicitly restricting our theory models to
scales k < A. If A is below the non-linear scale ky,, the scale at which perturbation
theory breaks down, we avoid explicit contributions from short-scales modes. Their
effect on the long-wavelength dynamics is then captured by adding effective operators,
as will become clear in the following.
The value of kyy is conventionally determined by requiring that

k‘3

A(kng) = Q—P(kNL) =1, (2.61)

since the dimensionless power spectrum A(k) quantifies the amplitude of primordial
fluctuations as a function of scale.

We now want to recover the underlying equations for the smoothed density field, to
do that we start from the fluid equations given in 2.16, 2.17 and2.9 and apply the
smoothing operator Wj. For full generality we retain the stress-tensor 7 in the Euler
equation:

oA(X,7) + V- [(1 4+ 0a(x, 7))va(x,7)] = 0, (2.62)
VA(X, T) + [Va(x, T) - V]va(x, T) =

= —H(T)va(x,7) — Véa(x,7) — o) [Vra(x,7) + VrV(x,7)],  (2.63)
V2 (x,7) = g 2( 1) ()00 (%, 7) (2.64)

where the variables are now the long wavelength density contrast and velocity
fields. Indeed the operation of coarse graining corresponds to ”integrating out”
short-wavelengths modes.

These equations are identical to the starting fluid equations except for the appearance
of a new term 74V in the Euler equation. This term arises because multiplication and

smoothing do not commute, and takes the form

VY = |[pVola — PAV¢A] + [[(PV -V)v|a — (pava - V)val . (2.65)

33



The meaning of this stress tensor is that small scales mode appearing in the fluid equa-
tions non-linearly modify the dynamics of large scale modes.

Since the exact dynamics of the short-wavelength modes are unknown, the EFTofLLSS
adopts an agnostic approach by parameterizing the UV stress tensor in terms of the
long-wavelength fields available in the theory. Following symmetry principles, specifi-
cally isotropy, homogeneity, and the equivalence principle, the stress tensor is expanded
into all possible operators compatible with these symmetries at a given order.

At the lowest order in smoothed variables:

2

C
Tin = 0ij <pA + pe AN — P U,l;_b[’A akvk,A) +o, (2.66)

where p, is an isotropic pressure, ¢; 5 is the sound-speed and c§7b7 A 1s the bulk viscosity.
Physically, the speed of sound captures the back-reaction of small-scale non-linear
processes, such as dark matter halo formation, on the large-scale dynamics.

To see how the stress tensor modifies the dynamics, we consider its contribution to the
evolution of the velocity divergence 05 (k, 7). The impact of the UV stress tensor is
mediated by its divergence in the Euler equation, specifically through the operator:

1
To.A (X, T) = 0; m@ﬂg"/{(x, )| =~ CiA(T)V2(SA(X, T+ ..., (2.67)

where we have expanded to the lowest order in the fields and identified the effective
speed of sound ci A as the combination of the physical sound speed and viscosities'. In
Fourier space, the Laplacian operator V2 becomes —k2, allowing us to solve the fluid
equations perturbatively. The resulting EFT prediction for the density field at third
order can be written as:

Sprr(k,7) = 89p (K, 7) — A(T)E2D(T) 0V (K) + ... | (2.68)

where (55@1};7?3)(k, 7) represents the standard perturbative solution up to third order.
The one-loop matter power spectrum receives the correction:

PEFT(k, T) = PSPT,I-IOOp(k7 7') — 20§7A<T)k2phn(k) . (269)

This final expression illustrates the skeleton of the EFTofLSS: the ¢? term acts as a
scale-dependent pressure that corrects the ideal fluid behavior of SPT, absorbing the
sensitivity to the UV cut-off A and providing a theoretically consistent description of
the mildly non-linear regime.

Renormalization

From this discussion we may conclude that both the truncated loop integrals and the
microscopic parameters depend on the value adopted for A. This seems a problem
since A is an arbitrary separation scale introduced by the EFT rather than a physical
parameter. We would like our observables, such as the power spectrum, to not depend
on the choice of the smoothing scale.

In fact, the EFT predictions do not depend on A due to renormalization: although the

individual loop integrals (e.g. P'3) and our counterterm (c?) vary as a function of A,

If you consider the complete form for 2.66, both the bulk and the shear viscosity are present
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their sum does not.
Mathematically:

D*(1) Py (k) — 2 A (1)K P (k) = D*(1) Py (k) — & o/ (T)K* P (k) (2.70)

for all A, A’ > k and at all times 7.

Physically, as we vary the value of the cutoff scale, modes near the threshold are
simply redistributed between the explicit perturbative calculation (the loops) and the
effective parameters of the stress tensor (the counterterms). Consequently, the value
of ¢? shifts to exactly compensate for any variation in the loop integrals, ensuring that
the final theoretical predictions are robust and independent of the specific choice of the
smoothing scale.

Numerical validation

We report here the numerical validation performed by [38].

Comparing the standard perturbation theory predictions for the matter power spec-
trum with those obtained from N-body simulations assuming a ACDM cosmology, and
evolving the Universe down to z = 0 we can assess the performance of SPT with re-
spect to the one of the effective theory. This is shown in 2.3, where the linear theory
prediction for the power spectrum and both the one-loop corrections (SPT and EFT)
are plotted.

At low-k, we generally find good agreement between simulations and data: these cor-
respond to large-scales, on which the Universe is close to a perfect fluid and traces
the initial conditions with high accuracy. On smaller scales, linear theory starts to
break down, due to the impact of gravitational evolution on Large-Scale Structure. In
principle, this deviation between simulations and theory should be captured by the
addition of one-loop SPT contributions, at least on relatively large scales. However,
this is not what we see in the figure: adding one-loop SPT corrections does not appear
to improve the fit to data; similarly, the addition of two-loop terms does not solve the
problem, with the theory now underestimating the spectrum. From this simple test,
we conclude that to yield accurate predictions we need the EFTofLLSS.

2.3.2 Infrared resummation

While the EFT framework addresses the sensitivity of perturbative predictions to short-
scale physics, we now turn to the resummation of the infrared contributions.

The Eulerian formulation of the EF TofLLSS causes the power spectra to be overly wiggly.
The model correctly predicts the shape of the spectrum but it fails to fully capture the
oscillations. In the initial conditions the BAO feature is a sharp oscillation induced
by preferred clustering of matter on small distances. Due to large-wavelengths bulk
flows galaxies shift with respect to their initial position, thus any sharp phenomenon
gets blurred out. Such a feature manifests in correlators as bumps or wiggles whose
amplitude decay in time. The Eulerian formalism does not capture this dumping.

It is customary to decompose the primordial power spectrum into two pieces, denoted
as "non-wiggly” and "wiggly”, and, working in a Lagrangian framework, to perform a
partial Taylor expansion for the wiggly part, keeping the non wiggly part exponentiated.
For further details or the complete derivation, please refer to [19].
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Figure 2.3: Comparison of matter power spectra obtained from simulations (black
points), linear theory (green), one-loop SPT (blue) and one-loop EFTofLLSS (red). The
numerical results are obtained from the Quijote simulations at redshift zero [39], whilst
theory spectra are computed with Class-PT. All quantities are given in h Mpc ™! units.
Figure is from [38].

The IR resummed version of the 1-loop power spectrum is:

PR (k) = PR (k) + e 2 Py (2.71)
Pai (k) = PRV (k) + Plogp(B) + 75 [(L+ RS2 PY + P, ] 0 (272)

22K acts as the IR damping factor,

where Y is the velocity dispersion. The factor e~
suppressing contributions from small scales.

The resulting power spectrum is shown in 2.4, and, as expected, finds a much improved
fit to the data, without the spurious wiggle confirming that this resummation method
improves the description of the matter power spectrum at large scales where IR modes

play a significant role.

2.4 Galaxy Bias

The distribution of galaxies, quasars and clusters of galaxies is one of the foundations
of our knowledge about the history of the Universe. These tracers can be observed
out to cosmological distances, and can thus be used to survey significant fractions of
the observable Universe. If we understand how the distribution of tracers is related
to the underlying distribution of matter, we can access a wealth of information on the
properties of dark matter, dark energy and gravity, as well as the nature of the process
that produced the initial seeds of structure. Such a relation between luminous tracers
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Figure 2.4: The impact of IR resummation on the matter power spectrum. We plot
the ratio of perturbative predictions for the matter power spectrum to that obtained
from simulations for three models: two-loop SPT (pink), the EFTofLLSS without IR
resummation (red) and the EFTofLSS including IR resummation (blue). IR resumma-
tion provides a much improved fit to data. Figure is from [19].

and matter is known as bias.

We focus on large scales where the cosmic density fields are quasi-linear. On these
scales, the clustering of galaxies can be described by a perturbative expansion, and the
complicated physics of galaxy formation is absorbed by a finite set of coefficients of the
expansion, called bias parameters. This result relies on the fact that on large scales,
structure formation is completely determined by the action of gravity.

The bias parameter can be understood as coefficients of operators O(x,7) in an ex-
pansion of the galaxy number density perturbation:

8g(x,7) = bo(T)O(x,7). (2.73)
(@]

Thus, the general perturbative bias expansion consists of an enumeration of all opera-
tors that are relevant at a given order in perturbation theory. To describe the one-loop
power spectrum for biased tracers, we need to consider all relevant operators up to
third order in the bias expansion:

5,000 =i (x) 2+ 26(x) + b, Gal0x) + 20°(x) + b Galo0)+

6 (2.74)
+ bG2592 (X)d(X) + bp3 Fg (X) ,

where ¢ represents the stochastic contribution, which is uncorrelated with the large-
scale density field. This term represents the fact that whether a galaxy forms at a given
location depends on the initial conditions on very small scales, whose random phases
are not determined by the large-scale perturbations included in the bias expansion.
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The operators in 2.74 are defined by:

Ga(x) = (90;0(x))? — (%6(x))? (2.75)
Gs(x) = ~0:0,00,06(X)NDHX) — 300+ 300700, (2.76)
La(00, 30)(X) = Ga(0g) (X) — Gal0)(x) (2.77)

with ¢, and ¢, being the gravitational and velocity potential perturbations (in linear
theory they coincide, but they differ at higher-order perturbations).

It is worth noting that contributions from operators like 4%, dG, and Gs disappear
after renormalization. Renormalization is the process of absorbing divergent or redun-
dant contributions into redefined parameters, ensuring that only physically meaningful
quantities remain in the final expressions. This means that higher-order bias terms
that are not independent after loop corrections can be systematically removed or ab-
sorbed into lower-order bias parameters.

For further details on the form of the one-loop auto-power spectrum of the bias tracers
using the bias 2.74 please refer to [40].
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Chapter 3

Large scale structure data analysis

Up to this point, the discussion has focused on the theoretical framework. We now turn
to the observational side of this framework, discussing how these theoretical predictions
are compared with real data and introducing a complementary tool that allows error
bars estimation even in the absence of data: the Fisher forecast formalism.

Galaxy surveys are the primary observational tool for probing the Large-Scale Structure
of the Universe: they measure the three-dimensional positions of galaxies by combining
their angular position on the sky with their redshift. From this discrete set of positions,
one can construct estimators of the statistics discussed in the previous chapters, the
power spectrum and the bispectrum, and use them to test the theoretical predictions
against real data.

However, measuring and modelling the bispectrum is significantly more demanding
than the power spectrum, both computationally and theoretically, and this cost grows
further as the volume and precision of upcoming surveys increase. For this reason, in
recent years alternative strategies have been developed to extract additional informa-
tion from galaxy survey data without the full cost of a bispectrum analysis.

Finally among the several observational complications that must be accounted for when
comparing theoretical predictions with real survey data this chapter presents one of
the most significant, redshift-space distortions, even though it is not implemented in
the analysis presented in this thesis, which constitutes a first, real-space marked power
spectrum study.

3.1 Estimators of Large-Scale Structure

The power spectrum and the bispectrum can be used to constrain cosmological param-
eters by comparing the theoretical prediction, computed as discussed in 2, with the
same statistic measured from real galaxy survey data. The parameters of the theoreti-
cal model, cosmological, bias and EFT, are then adjusted until the model matches the
data as closely as possible, typically through a likelihood analysis.

To measure the power spectrum from a galaxy catalogue, one first builds the density
field by comparing the observed galaxy positions to a synthetic random catalogue with
the same survey geometry and selection effects, which removes artefacts coming from
the shape of the survey itself. The power spectrum is then obtained from the Fourier
transform of this field, using standard Fast Fourier Transform (FFT) algorithms. For
further details on how to construct the power spectrum starting from a galaxy survey
dataset please refer to [41].
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The bispectrum is measured in an analogous way, but as a function of three wavevec-
tors. Since it depends on the shape of the triangle formed by the three wavevectors, it
contains different information to that encoded in the power spectrum, in particular, it
probes the nonlinear evolution of structure and the galaxy bias. Moreover, its depen-
dence on triangle configurations makes the bispectrum a particularly powerful probe
of primordial non-Gaussianity, as different shapes can be sensitive to different types
of primordial signals. This is why including the bispectrum, together with the power
spectrum, typically improves parameter constraints. This is clearly depicted in figure
3.1 that shows the statistical errors on the combination of cosmological parameters
fos, where f is the growth factor while og is the root mean square amplitude of matter
density fluctuations smoothed on a scale of 8 Mpc/h.

CMASS sample (z,+=0.57)
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Figure 3.1: Statistical errors on the fog parameters combination as a function of the
truncation scale kp .y, extracted from the MCMC-chains of the CMASS-DR12 data.
On dashed lines the prediction where the power spectrum monopole and quadrupole
are used, and in solid lines when the bispectrum monopole is added to the analysis.
At large scale we see that the effect of adding the bispectrum worsen the errors on
fos (likely due to noise), but for ky., big enough the errors on fog are reduced by the
effect of the bispectrum signal. Figure is from [42].

An example of the measurement of these two statistics from real galaxy survey data
is shown in figure 3.2. The figure shows in the top sub-panels the monopole and
quadrupole power spectrum (top) and the monopole bispectrum for different triangu-
lar shapes (bottom) measured from the CMASS sample of the BOSS DR12 galaxy
survey at an effective redshift of z.¢ = 0.57. The middle sub-panels show the ratio
between the power spectrum (top) and bispectrum (bottom) multipoles measurements
and the best-fitting models. In the bottom sub-panels the difference between the data
and the model relative to the statistical error of the data are presented. The black
dashed lines represent a 20 deviation (95.4%) confidence level. By varying the pa-
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rameters of the theoretical model, one can identify the parameter combination that
provides the best agreement with the measured statistics. This best-fit combination
determines the corresponding cosmological constraints; for the BOSS DR12 example
shown in Fig. 3.2, the resulting parameter values are reported in Table 3 of [42].

3.1.1 Bispectrum challenges

As we have also mentioned before, the bispectrum depends on three wavenumbers,
which results in a significantly higher computational cost compared to the power spec-
trum: the number of independent Fourier configurations grow rapidly with the binning
resolution, making both the evaluation and storage of the bispectrum more demanding.
The theoretical modelling is also more challenging, since one-loop and higher-order per-
turbative calculations involve a larger number of terms and loop integrals. Approaches
based on FFTLog can simplify this problem by decomposing the linear power spectrum
into a sum of power laws, allowing loop integrals to be evaluated more efficiently, but
the calculation remains considerably more involved than for the power spectrum [43,
44].

Another important challenge is the estimation of the covariance matrix. Since the bis-
pectrum is computed for a large number of different triangular configurations, its data
vector and corresponding covariance matrix can become very large. Moreover, different
triangle configurations can be correlated due to non-Gaussian contributions, making an
accurate covariance estimate computationally demanding and often requiring a large
number of simulations [45].

3.2 Compressing higher-order information

We have established that the bispectrum carries additional cosmological information
with respect to the power spectrum but extracting this information comes at a signifi-
cant cost. This raises a natural question: is it possible to retain part of this additional
information without measuring the bispectrum directly?

Marked correlation functions, first formalized in [8], answer this question in a simple
way. Instead of computing the power spectrum of the density field itself, one first
weights the field with a non linear function, called “mark”, and computes the power
spectrum of this weighted field.

This formalism was originally introduced in the context of modified gravity, where the
effect of gravity can depend strongly on the local environment. In particular, screening
mechanisms can suppress deviations from General Relativity in dense regions, while
leaving them significant in low-density environments. This means that structure forma-
tion can proceed differently in different environments. A standard two-point statistic,
however, treats the density field without explicitly distinguishing between different en-
vironments.

Martin White [8], with his marked power spectrum formalism, introduced a mark based
on the smoothed local density field, so that each tracer is assigned a weight according
to the density of the environment in which it resides. The resulting statistic gives
different importance to overdense and underdense regions, making it particularly sen-
sitive to the environmental dependence of structure formation. The effectiveness of
this approach follows from the fact that the mark is a non-linear transformation of the
density field. If the marked density field is schematically written as m(x)[1 + 0(x)],
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Figure 3.2: Plots of the measured power spectrum (top) and bispectrum (bottom)
from the CMASS sample of the BOSS DR12 galaxy survey at an effective redshift of
zef = 0.57. The black solid lines in the top sub-panels correspond to the best-fitting
model, calculated from a full fit to the power spectrum and bispectrum moments. For
more details see the main text. Figure is from [42].
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with m(z) depending on the locally smoothed density, its two-point function contains
products of higher powers of §. Expanding the mark in powers of the density there-
fore generates terms such as (625) and (§262), which are typical of the bispectrum and
higher-order correlation functions. In this sense, the marked power spectrum does not
simply reweight the information already contained in the ordinary power spectrum: the
non-linear transformation mixes different orders of the density field, allowing higher-
order, non-Gaussian information to enter a statistic that is still measured as a two-point
function.

Thus, the marked power spectrum can be thought of as a way of compressing part of
the bispectrum and higher-order correlators signal into a two point function that is not
expensive to measure.

A detailed description of the formalism is provided in Chapter 4.

3.3 Galaxy surveys and observational effects

Galaxy surveys do not directly measure the three-dimensional position of a galaxy:
they measure its angular position in the sky and its redshift, which is then converted
into a radial distance assuming a fiducial cosmology.

In an expanding universe, the redshift has two contributions. The first contribution
is the cosmological redshift, that is directly related to the comoving distance of the
galaxy through the Hubble law. The second contribution is due to the peculiar ve-
locity of the galaxy, induced by the gravitational pull of the surrounding Large-Scale
Structure. Since these two contributions cannot be disentangled observationally, the
reconstructed position of each galaxy along the line of sight is displaced with respect to
its true position. The presence of these peculiar velocities thus introduces anisotropic
distortions in the observed clustering signal, known as redshift space distortions (RSD),
that are typical of the redshift space, as the name suggests.

Redshift space distortions are not a subdominant effect: they leave a characteristic,
scale-dependent signature in the power spectrum and bispectrum. They are one of the
primary tools used to measure the growth rate of structure f, since peculiar velocities
are sourced by the same gravitational potential that drives structure formation.
When talking about RSD, two regimes are usually distinguished. On linear scales,
coherent infall towards overdensities produces an apparent compression of structures
along the line of sight, known as the Kaiser effect [47]. While on non linear scales, we
observe an apparent elongation along the line of sight, commonly referred to as the
Fingers of God effect [48]. Figure 3.3 illustrates both effects. It shows the redshift-
space two point correlation function £(o, 7) measured from the 2dFGRS survey [46],
as a function of the galaxies pair separation perpendicular ¢ and parallel 7 to the line
of sight. In real space, the correlation function would be isotropic, and the contours
of constant ¢ would simply be circles, since the clustering signal does not depend on
direction. The observed contours are instead clearly anisotropic: at small separations,
the elongation along the 7 axis is produced by the Fingers of God effect, while at larger
separations the flattening along the o axis reflects the Kaiser compression.

The analysis presented in this thesis is developed entirely in real space, and the marked
power spectrum derived in Chapter 4 does not include the modelling of RSD. This is a
necessary simplification for a first, consistent derivation, but it also represents a genuine
limitation: real spectroscopic data are observed in redshift space, and no observable
can be directly compared to real data without accounting for this effect.
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Figure 3.3: The redshift-space correlation function &(o,7) measured from the 2dF
Galaxy Redshift Survey, as a function of the pair separation perpendicular (o) and
parallel () to the line of sight. If measured in real space, the contours of constant
¢ would be circular, reflecting the isotropy of the clustering signal. The observed
anisotropy is instead a direct signature of redshift-space distortions: the elongation
along the line of sight at small separations is due to the Fingers-of-God effect, while
the flattening at larger separations reflects the Kaiser compression from coherent infall.
Figure is from [46].

3.4 Fisher forecast formalism

We now introduce the Fisher forecasting formalism: a tool to estimate the expected
constraints on cosmological parameters.

As discussed in the previous chapter 2, the LSS of the Universe is described statis-
tically, since the observed matter distribution represents only one realization of an
underlying stochastic process. Because the primordial density fluctuations and their
non-linear evolution cannot be studied deterministically, cosmological observables are
characterized in terms of their statistical properties, namely their expectation values
and covariances. This framework naturally motivates the use of parameter estimation
techniques, which provide a quantitative assessment of the cosmological information
encoded in Large-Scale Structure data.

Among these techniques, the Fisher matrix formalism occupies a central role, since it
allows to forecast, prior to the availability of real data, the precision with which a given
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observable can constrain the parameters of a cosmological model.

3.4.1 Parameter estimation

In cosmology, our primary task is to analyze collected data and interpret it within
the framework of a theoretical model. This model is assumed to be valid and typically
includes a set of parameters @, which we aim to determine. The ultimate objective is to
estimate these parameters along with their associated uncertainties, or ideally, to obtain
the full probability distribution of 8 given the observed data x. This distribution is
referred to as the posterior probability p(68|x), it is the probability that the parameters
take certain values, after doing the experiment.

From this posterior distribution, one can compute both the expectation values of the
parameters and their corresponding uncertainties.

Often, what may be easily calculable is not this, rather the opposite, p(x|@). This is
referred to as forward modelling: if we know what the parameters are, we can compute
the expected distribution of the data.

Following the example in [49], let’s consider a model which is a gaussian with mean p
and variance 0. The model has two parameters, @ = (1, 0), and the probability of a
single variable x given the parameters is

1 (z — p)?
0) = e 3.1
p|0) = —=exp | =55 | (3.1)
we can relate this to p(@|x) using Bayes’ Theorem:
p(x|0)p(6)

p(6]x) = (3.2)

p(x)

Here, p(@|x) is the posterior probability for the parameters, p(x|@) is called the like-
lihood, p(x) is the evidence and p(@) is called the prior, and expresses what we know
about the parameters prior to the experiment being done.

The evidence simply acts to normalize the probabilities

p(x) = / 40 p(x]0)p(6) . (3.3)

In the absence of any prior information, the prior is often assumed to be a constant,
i.e. all parameter values are equally likely, this is referred to as flat prior. Under this
assumption, setting p(@) = const., the posterior probability simplifies to

p(0]x) x L(x;0), (3.4)

where L(x;8) is the likelihood.

3.4.2 Errors and marginalization

Let us assume we have a posterior probability distribution which is single-peaked. A
common estimator of the parameters, denoted with a hat 6, is the mean,

6= /de 0 p(0x). (3.5)
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An estimator is said to be unbiased if its expectation value coincides with the true
value 6,

() =6, . (3.6)
Assuming for now a flat prior, so that the posterior is proportional to the likelihood,
a Taylor expansion of the log-likelihood close to its peak shows that, locally, it is well
described by a multivariate gaussian in parameter space,

1 0*InL
In L(X, 0) =In L(X7 00) + 5(‘904 - eoa)m(elg - 905) + ... y (37)
or equivalently
1

L(x8) = L(x; 60) exp | — 5 (0 — foa) Hs (05 — 905)] , (3.8)

where we have defined the Hessian matrix

0*InL
Hsz=———7—. .

P 00,00, (3.9)

Comparing Eq. 3.8 with the general expression for a multivariate gaussian distribu-
tion, it is clear that H,s plays the role of the precision matrix, i.e. the inverse of the
covariance matrix of the parameters,

Hop = (C Nap,  Cap = {(0a — 00a) (03 — 0o3)) - (3.10)

This identification allows the Hessian to be directly related to the uncertainties on the
parameters: the diagonal elements of H~! = C give the variances of the individual
estimates, while the off-diagonal elements encode their correlations. Note that this is a
statement about the estimates of the parameters, not about the parameters themselves,
which may be physically independent but still have correlated estimates if they affect
the data in a similar way.

Conditioning

If all the parameters except one, say 6, are held fixed, the error on 6, is given by the
curvature of the likelihood (or posterior, if the prior is not flat) along the 6, direction,

1
HOLC! .

(3.11)

O conditional,a —

This is called the conditional error: it is the minimum error bar attainable on 6,
achieved only if all the other parameters are known exactly. Because this is rarely the
case, the conditional error is rarely the relevant quantity, and should almost never be
quoted as the final result of a parameter estimation.

Marginalizing

The correct treatment consists instead in marginalizing the posterior over all the other
parameters. The marginal distribution of #, for instance, is obtained by integrating
over 6y, ...,0,,

(0) = / A9, ... d6, p(6) (3.12)
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a procedure referred to as marginalization.
Assuming a multivariate gaussian likelihood, as in Eq. 3.8, one can show that the
marginal error on the parameter 6, is

00 =V (H aa, (3.13)

i.e. one inverts the Hessian matrix, and then takes the square root of the diagonal
elements.

3.4.3 Fisher matrix

In forecasting applications, where no data are yet available, one works instead with the
expectation value of the Hessian, known as the Fisher matrix,

0%In L
Fas = (H, :<——>. 3.14
8 = (Hap) 90,00, (3.14)
The expected marginal error on 6, is then
0o =V F Vaa, (3.15)

which is always at least as large as the corresponding conditional error, oconditional,a =

1/y/Fra.

The Cramér-Rao bound

The power of the Fisher matrix derives from the Cramér-Rao inequality, which states
that:
Al >/ (F1);; . (3.16)

This relation places a firm lower limit on the error bars that one can attain. Eq, 3.16
can be proven using the Schwarz and assuming we have an unbiased estimator, as
shown in [50].

3.4.4 'Triangle plot

To visualize the results of a Fisher forecast, it is common to present the constraints in a
triangle plot, like the one in figure 3.4. In this representation, the diagonal panel show
the marginalized one-dimensional probability distribution for each parameter, while
the off-diagonal panels show, for every pair of parameters, an ellipse. These ellipses
arise from the assumption, already used to define the Fisher matrix, that the likeli-
hood of the observable is well approximated by a multivariate Gaussian distribution:
under this assumption, the parameters themselves are also approximately Gaussian
distributed around their true values, with covariance matrix given by the inverse of
the Fisher matrix. An ellipse is a contour of constant probability of this Gaussian
distribution, restricted to the two considered parameters, and is fully determined by
the corresponding 2x2 sub-matrix of F~1.

These plots are read as follows: the size of the ellipse reflects how tightly the two
parameters are constrained, while the orientation and elongation reveal the degree
of correlation, or degeneracy, between them. A narrow, tilted ellipse indicates that
the two parameters are strongly degenerate, meaning that a change in one parameter
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Figure 3.4: Joint constraints on the standard cosmological parameters and three shapes
of primordial non-Gaussianity. Figure is from [51]

has the same effect on the data as a change in the other parameter. A nearly cir-
cular ellipse instead indicates that the two parameters are constrained independently.
Comparing the ellipses obtained from different observables make it possible to visual-
ize how and if the inclusion of additional information reduces the size of the ellipses
or change their orientation by breaking parameter degeneracies. From the figure, it
is clear that the bispectrum constraints are consistently tighter than those from the
power spectrum alone, confirming that the bispectrum carries additional cosmological
information. Combining the two observables tightens the constraints even more.



Chapter 4

The Marked Power Spectrum

Galaxy surveys constitute one of the primary probes of modern cosmology, providing
increasingly precise measurements of the Large-Scale Structure (LSS) of the Universe
and offering unique constraints on the nature of dark matter, dark energy and gravity.
In recent years, galaxy surveys have made remarkable progress and forthcoming LSS
observations will give us access to a significant amount of new cosmological information
from non linear scales in the galaxy density field. The main challenge will be to extract
as much cosmological information as possible from the resulting datasets.

In the previous sections, we established that the primary method of extracting cosmo-
logical information is through Fourier transform of the two-point correlation function,
namely the power spectrum P(k). At early times, deviations from Gaussianity in the
Universe are minimal, making the power spectrum a sufficient statistic that captures
nearly all cosmological information. However, at late times, non-linear effects become
prominent, leading to significant deviations from Gaussianity and redistributing infor-
mation into higher-order statistics, notably the bispectrum and the trispectrum.

To address this problem, the most direct approach consists in measuring higher or-
der correlators of the field, starting with the bispectrum, the Fourier transform of the
three-point correlation function [52, 53, 54, 55, 56, 57]. The primary limit of this
approach is that extending it to higher-order correlators presents both numerical and
computational challenges, especially when accounting for realistic data analysis where,
for example, we need to evaluate covariances and include window functions.

For this reason, recently few alternatives have been developed: the first one is to de-
sign new summary statistics of the density field that are cheap to compute, analytically
tractable and yet capable of compressing information from higher order correlators, the
second one is to extract information directly at field-level, avoiding any statistical com-
pression [58, 59, 60, 61].

A partial list of these new summary statistics includes the following methods: Wavelet
Scattering Transform [62, 63, 64, 65, 66], k-nearest neighbors [67, 68|, skew-spectra
[69, 70], clipping [71] and Minkowski functionals [72, 73].

In this thesis we focus on another statistic that has recently attracted considerable
interest in literature: the marked power spectrum [74, 11, 9]. The idea behind the
marked statistics is to apply a non-linear transformation to the density field to obtain
a weighted version of the density field where the weight (or “mark”) can encode galaxy
properties, halo merger history, or information on the local environmental density, as
in this work. In [13], the authors show that applying a non-linear transformation to
the cosmic density field can partially restore its Gaussianity. Therefore, part of the
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information that is encoded in the higher order correlators is transferred back to the
power spectrum, significantly improving parameter constraints from two-point statis-
tics.

Summarizing, this additional constraining power emerges from two key factors. First,
as demonstrated in [12], by correlating the density field with its environment the marked
power spectrum effectively incorporates information from higher-order correlators. Sec-
ondly, the mark can be chosen to up-weight low-density regions [8]. This is crucial
because these regions are the ones from which the signal is most accessible since they
are the least affected by non linear gravitational evolution.

It is worth noticing that the claim of [12] is that the information is encoded in the
higher-order correlation functions rather than in the environment, as stated in previ-
ous works [11, 75].

In this chapter we follow [12] and present the one-loop perturbative description of the
marked power spectrum M (k) for general tracers.

4.1 Definitions

The standard statistic used in LSS analysis is the power spectrum of the galaxy number
density perturbation:

ng(x) = ny(1 + 94()) (4.1)

where 7, is the mean galaxy density and d,(z) is the overdensity field.
In the considered marked formalism the galaxy number density is weighted by a space-
dependent mark:

pu(x) = m(x)ng(x) = m(x)n [1 + 04(x)] ,
The mark function usually adopted in literature is [9, 8]

m(x):( L+0, <X>>p, (4.2)

1+09s+0gr

where d, p(x) is the smoothed galaxy overdensity field. It is the convolution of the
smoothing kernel Wy with the density contrast field §(x), given by:

dr(x) = /dgx' Wr(x —x)(x'), (4.3)
where the window function is assumed to be normalized
/ X' Wr(x—x)=1. (4.4)

We illustrate the effect of such a smoothing in Figure 4.1 for varying values of R.

In 4.2 R, 65 and p are parameter of the model. In particular, p can be used to enhance
underdense (p > 0) or overdense (p < 0) regions.

This is clear in the limit for 6, — 0, that leads to m(x) — [p/pr(x)]P. In this case it is
evident that for p > 0 we are increasing the weight of points in low-density regions. It’s
worth noting that enhancing the weight in low-density regions is conceptually similar
to studying the properties of voids, which are often used as probes for modified gravity
[77], but without the need to identify voids.
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Figure 4.1: Density field for a slice of one realization of the Quijote simulations at
z =0 (left plot). We also show the smoothed density field at the same redshift for the
radii R = 10Mpc/h, 15Mpc/h, 30Mpc/h. Figure is from [76].

By defining the mean mark m as (pp(x)) = (m(x)ny(x)) = mn, we can define the
marked overdensity field dy;:

Sri(x) = pM(’zL;;pm - mg) [1+6,(x)] — 1. (4.5)

In figure 4.2, we show the effect of the mark on the matter density field. From the

figure is further evident that a positive value of p has the effect of down-weighting high
density regions, while it up-weights low density regions.

4.2 FEulerian perturbation theory

We proceed by expanding the marked overdensity in powers of the non linear fields 4,
and dy r, which will allow power spectra to be computed perturbatively. As specified
also in [9] to obtain a consistent theory at one-loop order, we need to expand up to
third order.

We start by approximating the mark by its Taylor series in 0,4 (%)

o 1+5s i 59 () -
m<x)_(1+5s+5g,R(x)> <1+ 115 >

- p 1pp+1) o Ipp+1)(p+2)

BT AL R YR N el L A R

0y r(X) + ... (4.6)

o0

=) (—1)"Cdy (),

n=0

where pp+D)p+2)...(p+n-1) 1

n! (14 d5)"
Before proceeding, we need to fix the condition for the series in 4.6 to converge: taking
a large enough R, the time evolution of the smoothed field is d, p =~ bi(z)D(z)do,

with b; and D being the linear bias and the growth factor, resulting in the condition
104.r(x)/(1 4 d5)] < 1. Noting that the fluctuation of the smoothed field is o%,(z) =

Cn =

(4.7)
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Figure 4.2: Projected matter density field (top panel) and marked density field (bot-
tom panel) with parameters R = 10h"'Mpc, p = 2 and d, = 0.25. Figure is from [11].

(02 r(x)), We expect convergence if

1+ dg
_— 4.
O'RR(O) < by (Z)D(Z) ( 8)
We proceed by expanding perturbatively the fields
Gy(x) = > (x) Sgr(x) =D 00(x), (4.9)
n=0 n=0
where, in Fourier space, we have 5;’:‘1)%(k) = Wa(k)6§" (k).
Inserting 4.9 in 4.5, we obtain
m(dy + 1) = [1+ §4(x)] m(x)
= [1 + o) (X)} Z(—D”Cn(Z 55”) (4.10)
i=1 n= j=1

0
:1+(5§\})+5ﬁ)+5§§)+...) ,

52



from which

557 (x) =CodtM (x) — C16 4 (x)
517 (x) =Codl? (x) — C16h(x)01) (x) — C18' % (%) + Cadl k(%) h(x)
557 (x) =Codt®) (x) — 16} % (x)0 52} (x)00) (x) — €13 () (4.11)

_ cg(sg;(xw;g(x S n(x) .

Next, we expand the various field involved into power of the linear matter perturbation
field M (x). For biased tracers in real space:

0l (k, 2) :/ ?27?)’; : / ?27?)’; (27)%6" (k — qi1..n)

X Kn(q17 <o Ans 2)5(1)(q1) tee 5(1) (qn> ;

where K, are the real space kernels for a generic biased tracer [33]. Analogously, the
kernels for the marked field are defined as

Y I T R U

X Hy(dy, -y 0 2)0M (ar) ... 6P (ay) -

(4.12)

(4.13)

with
Hy (k) =Cs,, (k) K1 (k)
Hs(ky, ko) =Cs,, (k) Ka(ky, ko) + Cs2 (K1, ko) K1 (kq)Ka(ks),
Hs(ky, ko, k3) =Cs,, (k) K3(ky, ko, k3) + 205]2\/[(1431, kas) K1 (k1) Ko (ko, k3)+
Cs,3(k1, ko, k3) Ky (k1) K1 (ko) Ko (ks)
where the Hj still needs to be symmetrized. We define the functions
Cs,, (k) =1 — C1Wg(k),

g, (ks ka) =CalV i) Wi(ks) — S W) + Wn(h)]

Css (ks ko, kz) = — C3WR(ki)Wr(k2)Wr(ks)+
&

? [WR(kQ)WR(kg) + WR(kl)WR(kg) + WR(kl)WR(l{ig)] .

4.2.1 Final expressions for the marked power spectra

Finally from this expansion it is possible to compute the power spectrum of the marked
density field up to third perturbative order

m2M (k) = m? |6 (K)|* = My1 (k) + Moo(k) + 2Mis(k)

with
My (k) = 83 (k)83) (k') = Hy (k)dD (k) Hy (K)0W (K') = HE (k) Py (k). (4.14)
May(k) = 637 (k)67 (K) = 2 / (‘37‘; |Hy(k — q,q)]* Po(q)Po(k —al),  (4.15)
Mys(k) = 63 (k)o57 (K') = 3H, (k) Py (k) / %Hg(k, a,—a)P(q), (4.16)
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where Py, is the linear power spectrum. The explicit calculation for Mj3(k) is reported
in Appendix B.

4.3 Bias expansion

The kernels K, need to be evaluated using a given prescription for the bias expansion.
We follow the bias expansion described in [17] up to third order:

b
() =b16(x) + 5 8%(x) + b, Ga(x) + br,[a(x) (4.17)
The only operators that will enter the one-loop power spectrum are the four renormal-

ized operators 4, [0%], [Go] and [['3], related to the usual field via
[0°](x) = 6* — o°, [Ga](x) = Ga(x) (4.18)

with o2 being the variance of the unsmoothed field. By subtracting this term, we
ensure that (J,) = 0. This renormalization step removes the contribution from large-
scale fluctuations and guarantees that only the short-scale fluctuations contribute to
the power spectrum, keeping the theory physically consistent. For simplicity, we set
br, to zero.

The other terms in 2.74, the operators 62, dG, and Gs, at one-loop order do not in-
troduce new k-dependence and can therefore be absorbed into the bias parameters of
lower-order terms.

The inclusion of renormalized operators leads to the addition of a zero-lag contribution.
The contribution due to renormalized operators for galaxy bias, in Fourier space, man-
ifests as

b
5,(k) — 0,(k) — 5202(2@351)(1(), (4.19)
and, for the marked field at second and third perturbative orders,
b
037 (k) = 037 (k) — 2 0°Cs,, () (27)*0p (k). (4.20)
037 (k) — 857 (k) — byo®Cya (K, 0)6D (k). (4.21)

The inclusion of the third-order contribution is crucial for the small-scale safety of the
one-loop marked power spectrum.

4.4 Counterterms, shot noise and IR resummation

These results must be corrected in order to achieve better agreement with non linear
scales. Following the formalism in 2.3.1 we add a counterterm of the form

Me(k) = —22K2C2, (k) PL(k) (4.22)

with ¢ being redshift dependent. Ref. [9] shows that this ¢? counterterm is the
only one needed to capture the UV divergences of the one-loop M (k) theory in real
space. All other terms are manifestly convergent for hard loop momenta p > k due
to the presence of smoothing windows that depend on the physical scale R used in the
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definition of the mark.

In the case of biased tracers, additional UV divergences arise for M3 and Mas: the
M3 contribution vanishes when including the proper renormalized biased operator as
in 4.18, while the M, contains a divergent term that can be completely absorbed when
considering the shot noise term. The stochastic shot noise term for the marked power

spectrum takes the form:
Mstoch(k) == C(?M (k)Pshot . (423)

The last aspect to consider is the effect of infrared resummation. Following the ap-
proximation presented in [9, 10] we replace Py with its IR-resummed form in terms
involving C'(?M (k)Pyp, while for other terms that involve the linear power spectrum
Py (k), we replace it with the IR-resummed one.

The IR-resummed power spectrum for matter has the form 2.71. Similar relations hold
for biased tracers.

Therefore the final expression for the EFT marked power spectrum for biased tracers
in real space is the following:

M (k) = My1(k) + Moo (k) 4+ 2Mi3(k) + My (k) + Mgon (k) -

4.5 Matter tidal field

Existing studies of the marked power spectrum have mainly focused on marks con-
structed from the local density field [11, 9, 8], but the local density provides only a
partial description of the environment in which galaxies form and evolve. The structure
of the cosmic web is determined by gravitational collapse, which is strongly anisotropic:
its geometry is encoded in the tidal tensor, whose eigenvalues determine the local mor-
phology, distinguishing voids, sheets, filaments and knots.

Since halo formation and galaxy evolution are expected to depend on both density
and tidal environment[14, 15, 16], tidal field observables are a physically motivated
extension of density-based marked statistics.

For this reason, in the following we will extend the marked statistics framework pre-
sented in the previous chapter to a broader class of marks. In particular, we will
evaluate the marked power spectrum at one-loop order for a mark that depends on the
contraction of the matter tidal field: T;;(x)T% (z) = 0;0;¢(x)0'd’ ¢(x), where the grav-
itational potential ¢(z) is related to the density contrast d(x) via the Poisson equation.
After the development of the theoretical framework we also perform a numerical im-
plementation to evaluate the spectra, which will be used to perform a Fisher forecast
analysis.

4.5.1 Definitions

In analogy with the previous section, we define the smoothed operator:
TRJ‘J‘(.I') = /d3ZL'/ WR({E - JZ/)E]‘(I'/) s (424)

this convolution, in Fourier space, becomes Tg;; = WrT;;.

We define the mark:
3 ijoN 2\ L
m(x) = (1 1 Try(@) T (@) — X ) , (4.25)

1—1-(552
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where d,2 and p are parameters of the model. The parameter A\? is introduced since
the operator T;;7% does not oscillate around zero, unlike 4.

Also in this case we can increase the weight of the regions characterized by a lower
value of the tidal tensor if we choose p > 0.

4.5.2 Eulerian perturbation theory

We perform Eulerian perturbation theory:

~1 p ¥ 2 1 p(p+ 1) i 2
m(z) ~1 - = o5 (Tri; TH — N?) + 314 0a (Tri T =A%)
Lpp+1)(p+2) i \2\3
S Tr T — )\
3] (1 + 5 )3 ( Rij+t R ) +
=3 (=1)"Dy (Tri T — )" (4.26)
n=0
with . 5 .

n! (1 + 582)71
Also here we need to fix the condition for the series in 4.26 to converge. Since it is a
binomial series, we expect convergence if:
’TRUTIZ%] — )\2
1+ 552

<1, (4.28)

defining 07,(z) = <(TRZ~jTg — A?)?), and using the linear evolution relation Tj;(z) =
D(Z)Ti(jo) this results is requiring

02,(0) < 11; (5 )2 . (4.29)

The expansions of ¢, and ¢:

5,69=30000 6= 600, (4.30)
We expand also out tidal operator: "~
Ty (@) T () = [ @ Wl = )00, [0V a0) + 62w) + ..
/ By Wile — 22)0:0; [0 (e) + 6@ (22) + ... ]
= / Bz Wr(r — 21)0,0;00 (1) / Bxy Wr(z — 29)0;0;0 (24)+
+ / dBxy Wr(z — 21)0;0;0" (21) / By Wr(r — 29)0;0;0P (29)+

—+ /d3$1 WR(Z‘ — xl)@a]gzﬁ@)(a:l) /d3$2 WR(JI — $2)azaj¢(1)<x2)
=[2]® 4 [£2]® . (4.31)
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Plugging everything into 4.5:
m(1 4 0p) =m(z) [1 4 04()]
=Dy~ Dy (T i~ X2 + Dy (1,7~ 32)* ¢
Dy (Tris T = X2)° | |14+ 000 4+ 0 4+ 60 + .|
=14 [60) + 62 +6P +...],
with
8%y =DydtV |
53 =Dys® — Dy[t3]® — 2D, \2[£2]
357 =Dod® — Dy[t3]@8V) — D, [12]®) — 2D, A2 [#3] )+
— 2D, N [t7] P60 — 3D At D6 — 3D AP
To evaluate the marked kernels we go to Fourier space, where:

0,0,0" (k) = "5 1),

[t%]@)(k) :/ ((;:)13 ((;:)23( qqu) WR(Ql)WR(QQ)5(1)(Q1)5(1)(Q2)><

x (2m)%0p(k — a1 — qa) ,
21(3) _ dgfh d36]2 dSQ3 Giq1j (21 + 430) (925 + g3)
10k) =2 [ Gt o g [ Tl
X Wr(q1)Wr(q2)6™ (1) (q2)6™ (qs) (2m)*x
x ép(k — a1 — 2 — q).

Finally, using the definition of kernel 4.12 we recover:
Hy(q1) = DoKi(aqu),
Hy(di, d2) = DoKa(ar, a2) — DiWr(q1)Wr(ge

) (ql : q2)2
qiq;
= DoKs(qy,q2) — (D1 4 2Dy X)) Wr(q)Wr(g2)G (a1, q2)

D 2
Hsi(qi,q2,93) = DoK5(q1,92,93) — <?1 + §D2)\2 + D3)\4) X

) (ql ' qQ)

+
aiqa3

- 2D2>\2WR<(]1)WR(Q2

x| () Wala) We(@)9(ar, a2) + K (a2) Wala) Walas)G () +

2 4
+ K1 (a1)Wr(g2)Wr(g3)G (qe, QB)] - <§D1 + gDz)\z + 2D3)\4> X

X [WR(ql)WR(\qz +qs3|)G (a1, a2 + qs) Fa(de, d3) + Wr(g2) ¥

X Wg(la1 + as|)G(az, a1 + qs3) Fo(q1, 93) + Wr(gs) Wr(|lar + qz|) x

x G(ags, a1 + q2) F(ai, 0&)}

where we have defined G(qi,qs) = (q1 - Q2)2/((ﬁqg)-

57

Fy(qa, q3) X

(4.38)

(4.39)

(4.40)
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Final expressions for the marked power spectra

To evaluate the marked power spectra we use the results 4.14, 4.15 and 4.16:
My (k) = DgPu (k) (4.42)

2 d’q
Mgz(k’) - DOPQQ,g(k) + 2 (271')3

x Wa(lk — a)G(a, k — q) + (D1 + 2DoX°) W2 () W2(Jk — qf)x
x G¥(a,k — a)| Po(k) Pr(|k — al) (4.43)

[ — 2Do(D; 4 2D2X*) K»(q, k — q)Wr(q) %

Mis(k) = D2Pys (k) — 3Do Py (k) K1 (K) / (g—jf)’g{f(l(q) [% + 2%)\2 + Dgxﬂ

< [2Wa(k)Wi(a)G(k, @) + Wi(a)] - g(D1 L 2D, 4 3D5M)
< | Wal@Wall - k - a)G(a.k + a) B~k —a)+
+ Wa(g)Wr(la - k)G(a,a — k) F(—k,a)| } Pr(a) (4.44)

where to simplify the expression we use Ki(—k) = Kj(k), Wg(0) = 1, Wg(—k) =
Wr(k), G(—k,a) = G(—k,—q) = G(k,q), G(q,—q) = 1 and F>(q, —q) = 0.
The complete expression for the marked power spectrum is:

M (k) = Myi(k) + Moy (k) + 2Mi3(k) + Mo (k) + Mo (k) (4.45)
where M (k) and Mgoen (k) have expressions similar to 4.22 and 4.23:

M, = Db Py (k) = —2D3bic2k* Py (k) (4.46)
Msthoch(k) = D(Q)b%Pshot . (447)

To evaluate the kernels K, we used the same prescription we used in 4.4. Same holds
for IR-resummation, we follow the approximation of [9, 10].

It is worth noticing that these calculations should be understood in the context of an
idealized, noiseless reconstruction of the matter tidal field from galaxy survey data. In
realistic applications, the reconstruction is affected by sources of uncertainty, such as
galaxy bias, redshift-space distortions, shot noise and survey geometry.

When we analyze a galaxy survey we don’t observe neither the dark matter density
field nor the dark matter tidal field. In a realistic analysis the reconstruction pipeline
begins with the angular position and redshift of each galaxy, from which we compute the
comoving position and we correct it for the selection function of the survey. Since the
galaxy distribution is discrete, the continuous galaxy density field is obtained either
by assigning galaxies to a three-dimensional grid [78] or by expanding the discrete
distribution in a basis of continuous functions [79]. We then smooth the resulting
field to suppress the shot noise that arises from the discrete sampling. The field is
then corrected for redshift-space distortions and, because this field traces the galaxy
distribution rather than the underlying dark matter distribution, we apply the galaxy
bias to convert it into an estimate of the dark matter density field. Finally we solve
the Poisson equation to find the gravitational potential, from which we evaluate the
tidal tensor via T;; = 0;0;¢.
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For further details on the reconstruction procedure, please refer to [80, 78, 79].
Lastly, we evaluate \%:

A = (Trij(x)TH (x))

— </ PaeWgr(x — 11)0;0;¢(x:) /d336WR(37 — $2)3iaj¢(372)>

_ Eky s kriky Pk e Kaika;
—</ 2 WR(lﬁ)k—%é(kl)/We WR(k2)k—%5(k2)>

&Pk Pky kviky1; koiko;
— ix(k1+ke) Lk L 1ihvly h2iiv2j
| e W W)

(0(K1)d(k2))

Bk dky Keyikys koiko:
:/ (27T)13 (27r)23 ezx(k1+k2)WR(k;1)WR(k2) 1k21j 2k22] (27T)35D(k1 + k’z)PL(kl)
1 2

] o (50

_ / %Wg(zﬁ)&(m _ (4.48)

4.5.3 Numerical implementation

Galaxies power spectrum

The galaxies power spectrum
Pl—loop,g(k) - Pll,g(k> + P22,g(k) + P13,g(k) ) (449)

can be reconstructed using CLASS-PT ! [81], which is a modification of the CLASS
code [82, 83, 84]. The Cosmic Linear Anisotropy Solving System (CLASS) is a Boltz-
mann code with the purpose of simulating the evolution of linear perturbations in the
universe and to compute CMB and LSS observables. CLASS-PT, instead, computes
the non-linear power spectra of dark matter and biased tracers in one-loop cosmological
perturbation theory, for both Gaussian and non-Gaussian initial conditions. This code
uses the Logarithmic Fast Fourier Transform (FFTLog) to evaluate the one-loop inte-
grals and compute the spectra. These spectra also incorporate all ingredients required
for a direct application to data, for example, non-linear bias, redshift-space distortions
and infra-red resummation.

CLASS-PT provides all the necessary pieces and we only need to multiply them by the
corresponding bias parameters combination.

For the galaxy biases we adopt a semi-analytic model of galaxy formation: for the
linear bias we adopt the model [85] 2

bi(z) = 0.9+ 0.4z (4.50)

For the higher order biases we adopt the following fitting formulae [86], obtained from
a combination of N-body simulations and halo occupation modeling:

ba(z) = —0.704 — 0.2082 + 0.1832% — 0.007712" . (4.51)

Thttps://github.com/Michalychforever /CLASS-PT

2 Although this model was originally developed for Euclid-like Ho galaxies, we also apply it to our
analysis because we focus on the relative differences between statistics, rather than their absolute
values.
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Lastly, for bg, we use instead the co-evolution model [87]:

bg, = —%(bl —1). (4.52)

Following [12] we fix the redshift to z = 0.6, this results in:

by = 1.14, (4.53)
by = —0.38, (4.54)
bg, = —0.041. (4.55)

From this we can straightforwardly implement D2P;_jo0p 4(k), to which we sum also
the counterterm and the shot noise contribution.
For these last two contributions we follow [12] and we choose:

¢? = 13.21[Mpc/h)?, (4.56)
Puot = 3333 [Mpc/h)?, (4.57)

The prescription for ¢ is the one from [88]:
cs = —25D%(2), (4.58)

with D(z) being the usual growth factor for linear perturbations. For the stochastic
term we simply adopt the Poissonian sampling prediction:

Pt =71, " (4.59)
One-loop term M3
Starting from the formula 4.44, we split it into three terms:
[ M{% = Dgplgg(k> R
dSq D1 DQ
B _ 2 4
X [2Wa(k)Wa(a)G(k. a) + Wila)| } Pula)
c _ d’q 2 4
o M13 = 2D0PL(]€)K1(k) (27‘(‘)3 (Dl + 2D2)\ + 3D3>\ )X
X [Wa(@)Wa(| - k - a)g(ak + @) Fa(~k, —a)+
+ Walg)Wa(la - k)G (a, a — k) Fa(-k,a)| } Pr(q).
The first term is already accounted for by 4.49.
The second term can be simplified by solving the angular integral:
D D
ME (k) = —3Dob2 P, (k) [?1 +2207 D?,x*} x
dgq 2
< | oy [2WRIWR(@)G 06 @) + Wi@) | Pila) - (160)
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since K;(q) = K;(k) = b;.

We immediately recognize that the second term of the integral is just a rescaling of
4.48.

The first term can be evaluated as follows:

[ 4 aviiwitogte ] o -

(2;3 Whr(k) /0 " dg ¢*Wr(q)Pr(q) /O K do /0 "0 sinfG (k, q)

= @%WR(k) /OOO dq q2WR(q)PL(q) (2m) /07T d6 sin(0) cos2 0

_ %wguﬁ) / " 44 Wrla)Pula) / A
_ ?)(;‘—W)ZWR(M /0 dq *Wa(q) Pu(a). (4.61)

we now evaluate the one-dimensional integral using Simpson’s rule.

Looking at M$, we note that it is not possible to solve the angular integral due to the
complex p-dependence encoded in the window functions Wx(|k + q|) and Wg(]q —k|),
so we perform the three-dimensional integration using Simpson’s rule.

One-loop term My,

As for Mi3(k), the first term of 4.43 is already accounted for by 4.49.
For the other terms we follow the same approach we use for M$, since a complex
p-dependence doesn’t allow to simplify the integral.

Results

Figure 4.3 compares the galaxy power spectrum and the marked power spectrum at
redshift z = 0.6, computed with a Gaussian smoothing radius of R = 10Mpc/h for
different values of the parameter p = {2,1, —1}.

The marked power spectrum shows a clear dependence on the amplitude of the tidal
field. As we already mentioned, for larger value of p the mark up-weights regions with
a tidal field amplitude that is lower than the average. From this image we clearly see
that the marked power spectrum M (k) as enhanced amplitude with respect to P(k)
alone for these low-tidal regions, in particular, the effect is increasingly stronger for
increasing p. Conversely, for negative values of p the mark is up-weighting regions
with a value of the tidal field amplitude higher than the average and this results in a
suppression of the marked power spectrum with respect to the power spectrum.
Figure 4.4 shows the individual contributions to the marked power spectrum M (k),
negative contributions are identified by dashed lines. The mark parameter are fixed
to R = 10Mpc/h, p = 2 and 6,2 = 0.25. In contrast with the power spectrum shown
in figure 2.1 we notice that the 1-loop corrections M3 and My, show a change of
sign in the considered k interval. In particular, Mays, positive for the power spectrum,
becomes negative towards the upper end of the interval, while M3 becomes positive at
intermediate k. This behavior reflects the additional contributions introduced by the
mark, which modify the kernels entering the one-loop corrections and therefore allow
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the marked 1-loop contributions to have a different sign structure from their unmarked
counterparts.

p=2 p=1
— P(k) — P(k)
M(k) M(k)
104< 104‘
X X
& &
1073 102 101 1073 10-2 101
k[Mpc™1] k[Mpc™!]
p=-1
2% 10 — Pk
M)
104<
~
Q. 6x 103
4x103
3x103
1073 10-2 10-1
k[Mpc—!]

Figure 4.3: Plot of the power spectrum and the marked power spectrum for biased
tracers at z = 0.6 for different values of the mark parameter p = {2,1,—1}. Mark
parameters: R = 10 Mpc/h and d,2 = 0.25.

4.5.4 Other marks

In this work, we adopt 7,7 as the tidal field mark, representing the most straight-
forward scalar quantity that can be constructed from the tidal tensor. This choice
is particularly suitable as a first application of tidal information within the marked
statistics framework. However, this contraction does not retain the full information
encoded in the tidal tensor. In particular, it is insensitive to the individual eigenvalues
and therefore does not directly distinguish between different cosmic-web environments,
such as voids, sheets, filaments, and clusters.

The eigenvalues of the tidal tensor provide a more complete description of its local
structure. In this section, we briefly discuss alternative scalar quantities that can be
constructed from the eigenvalues.

The tidal tensor is a symmetric tensor and can therefore be characterized by its three
eigenvalues, A1, A2, A\3. To find the eigenvalues we use the condition:

det(T — X) =0, (4.62)
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Figure 4.4: Plot of the individual components of the marked power spectrum for biased
tracers at z = 0.6. The dashed line indicates a negative contribution. Mark parameters:

R =10Mpc/h, 6 = 0.25 and p = 2.

where [ is the identity matrix. This condition can be rewritten as:

NN+ DLA—1;=0,
where I, I, I3 are scalars defined as:

]1 = TI'(T) = d)x:c +¢yy+¢zz = a2¢: 57

_ quz ¢xy ¢yy gbyz ¢mx ¢a:z
2= 0w ol Tt 0ol Tlon 6n
- ¢$m¢yy + ¢yy¢zz + ¢zz¢xw - Qﬁy - gbz,z - gbiz )

[3 = det<T) = ¢:m(¢yy¢zz - ?32)+

- ¢xy(¢xy¢zz - ¢yz¢mz) + ¢xz(¢acy¢yz - ¢yy¢xz) .

These can be rewritten as:
Il = 62¢7
L = (6%9) — (8:0;0)(9,0;9) ,

1
I = Egijkelmn¢il¢jm¢kn'

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)
(4.68)

(4.69)

One can rewrite these scalars also in terms of the eigenvalues of the tidal tensor using

Vieta’s formula:
[1 :)\1+)\2+)\3,
Iy = Mg+ M3 + Az,
Ig = )\1/\2)\3 .

63

(4.70)
(4.71)
(4.72)



The three solutions to 4.63, {\1, A2, A3} define the environment:

e voids: the region of space where 7T;; has no eigenvalues bigger than a threshold
Ath;

e sheets: the set of points with one eigenvalue bigger than )y, and two eigenvalues
smaller;

e filaments: the sites with two eigenvalues bigger than )y and one smaller eigen-
value;

e clusters: the zones with three eigenvalues bigger than \y,.

Typical values used in the literature for the threshold A lie in the range \;, ~ 0.1 —0.4,
depending on the smoothing scale [89]. For simplicity, in what follows we assume
A = 0.

Ordering the eigenvalues as A\; > Ay > A3, we know that the invariants Iy, I5, I3 them-
selves identify specific environments. First, I3 depends only on how many negative
eigenvalues there are, so a consequence is that if I3 > 0 then that region belongs to a
cluster or a sheet, if I3 < 0 belongs to a filament or a void.

Clusters: [; >0, I, >0, I3>0
Voids: [, <0, I, >0, I3<0
Sheets: I3 >0 and NOT clusters
Filaments: I3 <0 and NOT voids

This classification may be very useful to construct mark functions that have the form:
m(X) = f(Il7 IQ? I3) ) (473)
An interesting function is the one proposed in [90], the so called tidal torque

1

2
2

(M= A2+ (M = A3) 4+ (N2 — X3)?], (4.74)

which have a very intuitive physical interpretation. Indeed, using the Vieta’s formulas

we obtain
t* =12 —31,. (4.75)

This is strictly connected to the anisotropic part of the tidal field. We can see this by
decomposing the tidal tensor into isotropic and traceless part

Ty = %&j + 15 (4.76)
where TgL is the traceless part, for which the eigenvalues are, by construction
:\i:/\i—%, with Ay + X4+ X3 =0. (4.77)
If we compute the trace of the squared traceless part we obtain
2

Tr [T.TLTTL} =R+ XN =20, (4.78)



SO

3
= S| T (4.79)

This clearly shows that ¢t measures the strength of the anisotropic traceless part of the
tidal field: if > = 0 then the tidal field is purely isotropic (all eigenvalues are equal
Al = Xy = A3 = I,/3), if t2 > 0 then the tidal field is strongly anisotropic.
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Chapter 5

Forecast results

Fisher forecast is particularly useful in the study of the marked power spectrum. As
we have already mentioned many times before, the idea behind the marked power
spectrum is to build a two-point statistics that is able to compress information that is
usually encoded in the bispectrum.

To check whether or not our statistic encode this additional information with respect
to the standard power spectrum we perform a Fisher forecast analysis.

In chapter 3 we introduced the formalism, and now we apply it to our observables using
as references the volume and effective redshift of the BOSS survey [6]. We compare
the constraints obtained from the standard power spectrum alone with those obtained
by combining P(k) with the proposed marked power spectrum M (k), for a set of
cosmological, bias and EFT parameters, exploring how the resulting improvement
depends on the scale, i.e. maximum wavenumber k.., and on the smoothing scale R
used to construct the mark.

5.1 Analysis specifics

By assuming that the posterior distribution of the parameters can be approximated
as a multivariate Gaussian distribution around the maximum of the likelihood, we
compute the Fisher matrix as:

0Dy, ., 0D,

=Y 5kC

k,l v J

where the vector D = {P(k), M (k)} is our data vector, 8 is the vector that contains
all our cosmological and EFT parameters and C' is the covariance matrix.

We now have all the ingredients to assess the constraining power of the marked power
spectrum and compare it with the standard power spectrum analysis. Our marked
power spectrum 4.45 contains the following parameters:

{b17b27b927cg7psh0t} y (52)

whose fiducial values are the ones presented in 4.5.3 and summarized in 5.1.
We also want to constrain the following cosmological parameters:

{A57h’7 nsaden’l} I (53)
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which are, respectively, the amplitude of scalar perturbations, the dimensionless Hubble
parameter, the scalar spectral index and physical cold dark matter density. The fiducial
cosmology was adopted from the default parameters of CLASS-PT:

(2.089 x 10, 0.6736, 0.9649, 0.12} . (5.4)
by by bg,  ¢[Mpc/h]? Paet [Mpc/h]?
1.14 —-0.38 —0.041 13.21 3333

Table 5.1: Fiducial values at redshift z = 0.6 for the bias, counterterm and shot noise
parameters.

For the covariance we followed [12] and adopt diagonal Gaussian covariances:

. 2(27)2 2
Colk) = i PA(0). (5.5)
_2(277)2 2
Cul) = X2 ), (5.6)
Cont (k) = Q(VQQ P(R)M(K). (5.7)

Here, V' is the volume of the survey, which determines the total number of independent
Fourier modes available for the measurement. V; represents the volume of the consid-
ered shell in Fourier space, V, = 4wk?dk for a spherical k-bin of width §k. Our forecast
is performed using the redshift and survey volume of the BOSS CMASS2 sample:

z=0.61,
VBOSS = 3.38(Gpc/h)3 .

8)
9)
In this work we fix the mark parameters {p = 2,d,2 = 0.25} and we study how the

constraining power of our statistics changes varying R = {10, 15,20} Mpc/h and kpax =
{0.20,0.25,0.30} h/Mpc.

(5.
(5.

5.2 Results

We display the results of our Fisher forecast in terms of improvements:

L

(5.10)

Op+M ’
in tables 5.2, 5.3, 5.4.
These tables show a substantial improvement in the marginalized constraints on all the
considered cosmological, bias and EFT parameters.

Primordial scalar amplitude and linear bias

A particularly interesting result is the one concerning A, and b;. We can see from
the tables and also from the triangle plot 5.1 the huge improvement on the marginal
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Improvement Improvement Improvement

(R =10Mpc/h) (R = 15Mpc/h) (R = 20Mpc/h)

A, 13.067 11.384 9.850
h 1.507 1.453 1.408
ng 1.793 1.745 1.676
Wedm 1.583 1.542 1.505
by 26.272 15.159 10.194
b 2.740 2.205 1.696
bg, 2.664 2.393 2.027
Papor 2.276 1.986 1.657
2 1.203 1.227 1.214

s

Table 5.2: Improvement factors on the marginalized parameter uncertainties obtained
by including the tidal-field marked power spectrum, for smoothing scales R = 10, 15,
and 20 h~'Mpc at k. = 0.3 h/Mpe.

Improvement Improvement Improvement
(R =10Mpc/h) (R = 15Mpc/h) (R = 20Mpc/h)
A 20.447 17.774 14.911
h 1.666 1.628 1.576
N 1.854 1.823 1.784
Wedm 1.717 1.691 1.648
b1 40.181 23.025 14.759
by 3.119 2.567 1.900
bg, 2.146 2.099 2.017
Pipot 2.562 2.245 1.777
c? 1.244 1.285 1.302

s

Table 5.3: Same as table 5.2 but for kp.x = 0.25h/Mpc.

errors for this parameters. This improvement represent a degeneracy breaking that is
expected on physical grounds. At tree level, the galaxy power spectrum depends on
A, and by only through the combination:

Pree(k) oc by Py (k) oc b A, (5.11)

so that rescaling properly both A, and b; does not affect P/"*“(k): this means that the
two parameters are exactly degenerate.

This degeneracy can be verified also analytically by noting that 0P/0A, and 0P/db;
are parallel vectors in k-space at tree level.

In particular, we have:

AsOP/OA, = 50,0P/0by  Vk. (5.12)

One-loop corrections break this exact degeneracy only mildly, since their dependence
on A, and b; does not follow the same simple rescaling; as a result, the correlation
coefficient p between A, and by extracted from P(k) alone remains close to unity.

Because the marginalized error on a parameter scales as (1—p?)~!/2 in the presence of a
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Improvement Improvement Improvement

(R =10Mpc/h) (R = 15Mpc/h) (R = 20Mpc/h)

A, 39.394 33.206 26.324
h 1.603 1.546 1.424
ng 1.544 1.508 1.488
Wedm 1.631 1.582 1.481
by 76.938 47.042 28.919
b 3.196 2.759 1.981
b, 2.176 1.179 1.158
Papor 2.071 1.939 1.546
2 1.876 1.927 1.925

s

Table 5.4: Same as table 5.2 but for ky.x = 0.20 h/Mpc.

strong pairwise correlation, even a modest reduction in p can produce a large improve-
ment in the marginalized constraints. The marked power spectrum provides exactly
this kind of reduction: since it encodes parameter dependencies that are not simply
proportional to the combination b?A,, it lowers the A,-b; correlation and substantially
tightens the constraints on both parameters.

This behaviour can be visualized by comparing, for each k-bin, the rescaled derivatives
As0X/0As and by 0X/0by, for X = {P(k), M(k)}, as shown in 5.2. For the power
spectrum, all points lie on a single straight line through the origin with slope 1/2, pro-
viding a direct geometric confirmation of the parallel-vector condition discussed above.
For the marked power spectrum, the points clearly depart from this linear relation.
This degeneracy breaking is also confirmed by the triangle plot 5.1 where we can see
that considering only P(k) or only M (k) the tilt of the ellipses is very close to 45°,
while once we consider the combination P(k) + M (k) the tilt is significantly closer to
0°.

The trend of the improvements on these two parameters with k.., is consistent with
this picture: lowering k.. suppresses the loop contributions that partially break the
degeneracy, causing op(Ay) and op(by) to grow much faster than their P + M coun-
terparts, which explains the increase of the improvement of these two parameters at
lower kpyax.

While this qualitative behaviour is expected, the size of the effect is sufficiently large to
merit a dedicated check of whether it genuinely reflect new, independent information
carried by the power spectrum or is instead mainly driven by the tighter constraint on
by provided by M (k), which helps break the As-b; degeneracy present in P(k).

To disentangle these two possibilities, we repeat the forecast imposing an external
Gaussian prior on b; with a 10% uncertainty, chosen as a conservative benchmark for
an external constraint on the linear galaxy bias. If the resulting improvement on o (Aj)
is comparable to the one obtained by adding M (k), the bulk of the gain is mediated by
its ability to constrain by, rather than genuinely new information on A,. The results
are displayed in 5.5.

Even after imposing a 10% external prior on by, the addition of M (k) yields a sub-
stantial further improvement in the constraint on A,. These results indicate that the
constraining power of the marked spectrum is not solely mediated by its ability to
constrain b;. The improvement decreases as k., is reduced, as expected from the loss
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Figure 5.1: Triangle plot for the cosmological parameters, kma, = 0.25 hMpc™! and

R = 10Mpc/h. From this image we clearly see the strong degeneracy breaking between
A, and by.

of information at smaller scales.

It is worth noticing that these results are obtained in real space, where, as we already
mentioned, A, and b; are degenerate at tree level. In redshift space this degeneracy is
expected to be already partially broken by P(k) alone: decomposing the power spec-
trum into multipoles, the monopole and the quadrupole probe different combinations
of the two parameters. The other cosmological parameters are expected to remain
more robust when moving to redshift space. For this reason, we regard the results
concerning wegm, h and ng as the most reliable results of this forecast. The graphical
results for these parameters are displayed in figure 5.3.

Higher-order bias parameters

The improvement obtained on the quadratic and tidal bias parameters b, and bg, also
deserves a dedicated comment. At tree level, the bispectrum depends explicitly on
these two parameters and several studies have shown that combining the bispectrum
with the power spectrum substantially tightens the constraints on these parameters

70



Power spectrum Marked spectrum

17500 A
---------- Slope = 0.5 ~ Slope = 0.5 030
15000 - 20000
0.25
12500 -

" " 15000 - 0.20 _
<< 10000 - < [8)
< o o
-~ -~
Q. E 0.15 Z
D 7500 S 10000 =

> " s
< < ~

5000 - 0.10
5000 +
2500 4 0.05
01 04
0 5000 10000 15000 20000 25000 30000 35000 0 5000 10000 15000 20000 25000 30000
b1 oP/ob1 b1 0M/ob,

Figure 5.2: Scatter plot of A;0X/0As against by 0X/0b;, with one point per k-bin
up t0 kmax = 0.30 h/Mpc (colour-coded by k), for the power spectrum X = P (left)
and the marked power spectrum X = M (right). The points for P(k) lie close to a
single straight line through the origin with slope 1/2: as expected the two rescaled
derivatives satisfy A, OP/0As = % by OP/0b, at every k, reflecting the near-exact A,-b;
degeneracy. The points for M (k), by contrast, clearly depart from this linear relation.

kmax | R =10Mpc/h R = 15Mpc/h R = 20Mpc/h
0.30 2.086 1.886 1.743
0.25 2.078 1.883 1.726
0.20 1.682 1.510 1.386

Table 5.5: Improvement factors on o(Ag) obtained by adding the marked power spec-
trum, after imposing a Gaussian prior with 10% uncertainty on b;. Results are shown
for the different values of k.« and smoothing scale R.

compared to P(k) alone [91], [92], [93]. Since the marked power spectrum is built to
capture part of the information encoded in the bispectrum, we expect a significant
improvement on by and bg,. This expectation is indeed confirmed by our results: as
we can see in 5.2, 5.3, 5.4, we find an improvement of a factor of a few on both the
parameters across all values of k., and smoothing scale R considered. The graphical
counterpart of these results is in figure 5.1.

EFT parameter

Another interesting result concerns the EFT parameter ¢2. As we can see from the
tables 5.3 and 5.2, the improvements on this parameter increase with increasing £ ax.
This can be understood intuitively: this parameter encodes small scales effects, there-
fore as we push the analysis to smaller scales, i.e. bigger k, we expect to constrain it
better.

From the same tables, ¢ also appears to be unaffected by varying the smoothing scale
R. This is because this parameter is already well constrained by P(k) alone: indeed
we can see that the improvement is small, meaning that the effect of M (k), and con-
sequently of R, is minimal.

71



10

/N

( \
‘)

20+

S 0
-20
2_

Figure 5.3: Triangle plot for the bias and cosmological parameters. Forecast specifics:
Emax = 0.25 hMpc ! and R = 10 Mpc/h.

Overall results

In figure 5.4 we show the triangle plot for P + M at the three different k.. =
{0.20, 0.25, 0.30}h/Mpc considered in our analysis. The plot shows the constraints
for the parameters {A;, h, ng, Weam, b1}, with fixed mark parameters R = 10Mpc/h,
p =2 and d,2 = 0.25. From the image we see that contours shrink as k., increases,
indicating that the total information content grows with the number of modes included,
as expected. However, from the tables 5.2,5.3,5.4 we see that the improvements de-
crease with increasing k.. this is because op also shrinks, and does so more rapidly
in proportion. This is the same behavior already discussed for A, and by, which is now
confirmed across the full parameter set. In appendix C we show the same triangle plot
for the complete set of parameters: cosmological, bias and EFT.

It is worth commenting also on the R-dependence of our results: for almost all pa-
rameters we notice an increase in the improvements as R decreases. This is expected
because a smaller smoothing radius retains more small-scale information. However,
as shown in [76] a smaller smoothing radius R also makes the theoretical description
for the marked field less perturbative. This trade-off motivated our choice of setting
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Figure 5.4: Triangle plot of the constraint from P+ M on the cosmological parameters
considered in the analysis at different k... Mark parameters: R = 10 Mpc/h, p = 2
and d,2 = 0.25.

R = 10Mpc/h as the lower limit for the smoothing radius in our analysis. Indeed,
the paper shows that for R = 10 Mpc/h the conditions required for the perturbative
expansion to remain under control are already rather restrictive.

We also want to analyze the R-dependence of the constraining power of P 4+ M
alone, rather than the improvement relative to P. Fig. 5.5 shows the 95% con-
fidence level marginalized uncertainty on each parameter as a function of k., =
{0.1, 0.15,0.2, 0.25, 0.3}h/Mpc, for the three smoothing radii R = {10, 15,20} Mpc/h.
As expected, the uncertainties decrease monotonically with k., for all values of R,
reflecting the growing number of Fourier modes included in the analysis. At fixed
kmax, however, we observe that a smaller smoothing radius consistently yields tighter
constraints, confirming that decreasing R includes more small-scale information in the
marked field and therefore increases its constraining power.

This trend in the constraining power of P+ M is fully consistent with the R-dependence
of the improvements discussed above. Since op does not depend on R, the improve-
ment op/opyy increases as opyy decreases with R.

In Appendix C, for completeness we show the triangle plots for all parameters consid-
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ered in the Fisher forecast, cosmological, bias and EFT.
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Figure 5.5: 95% CL marginalized uncertainty on A, h, Wegm, b1, ba, and by, as a
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function of kyay, for P+ M with smoothing radii R = 10, 15,20 Mpc/h.

As shown in the tables 5.4, 5.3 and 5.2, all the considered parameters, cosmological,
bias and EFT, present substantial improvements when we consider the combined ob-
These results confirm that the tidal marked power spectrum
carries genuinely new cosmological information with respect to the standard power
spectrum alone. The magnitude of this gain depends on the specific choice of Ky ay
and smoothing radius R, as discussed above: larger k., and smaller R both enhance
the amount of small-scale, non-Gaussian information accessible through the marking

servable P(k) + M (k).

procedure, within the limits imposed by the perturbative validity of the model.
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Conclusions

The advent of a new generation of large-scale galaxy surveys is fundamentally reshap-
ing the landscape of observational cosmology. Missions such as Euclid [94], alongside
ground-based programs like DESI [4] and the Vera C. Rubin Observatory’s LSST [5],
are delivering galaxy catalogues of unprecedented volume and precision. This leap in
observational precision calls for new theoretical models and new statistical tools able
to extract this cosmological information from the galaxy density field, while remaining
robust against the systematic and theoretical uncertainties that accompany such high-
precision measurements.

Traditionally, cosmological inference from Large-Scale Structure has relied primarily
on the galaxy power spectrum and bispectrum. The power spectrum captures the full
information content of the density field under the assumption of Gaussianity, while the
bispectrum, the Fourier transform of the three-point correlation function, accesses ad-
ditional information generated by nonlinear gravitational evolution, bias, and redshift-
space distortions. However, both statistics face significant limitations in the mildly
nonlinear regime, where perturbative approaches start to lose accuracy and a hierar-
chical extension to higher-order correlators becomes computationally impractical and
statistically inefficient.

In this context, the marked power spectrum [8, 9, 10, 11, 12, 10, 74] has recently gained
interest as a promising alternative. By reweighting the density field with a suitably
chosen mark before computing its two-point correlator, the marked power spectrum is
able to effectively repackage higher-order information into a two-point function, offer-
ing enhanced sensitivity to features such as low-density environments or the imprint of
massive neutrinos and modified gravity, without incurring the full computational and
statistical cost of estimating higher-order correlators directly. This marked statistics
therefore provides a computationally efficient way to extracting information beyond the
two-point correlator, complementing standard power spectrum and bispectrum analy-
ses in the effort to fully exploit the statistical power of next-generation cosmological
datasets.

This thesis contributes to this direction by extending the analytical modeling of marked
statistics exploring a new class of marks. In particular, we developed a theoretically
consistent model for the marked power spectrum at one-loop order in real space for
a mark that depends on the contraction of the matter tidal field: Tj;(x)T%(x) =
0;0;0(x)0'd7 p(x), where the gravitational potential ¢(x) is related to the density con-
trast 0(x) via the Poisson equation.

We choose the matter tidal field because the local density, on which most of the ex-
isting studies relies, provides only a partial description of the environment in which
galaxies form and evolve. The structure of the cosmic web is determined by gravita-
tional collapse, which is strongly anisotropic and its geometry is encoded in the tidal
tensor, whose eigenvalues determine the local morphology, distinguishing voids, sheets,
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filaments and knots. Unlike the density field, which measures the amplitude of local
fluctuations, the tidal tensor contains information about the geometry of the surround-
ing matter distribution and since halo formation and galaxy evolution are expected to
depend on both density and tidal environment [14, 15, 16], tidal field observables are
a physically motivated extension of density-based marked formalism.

Building on the theoretical framework laid out in [9, 12], we derived the one-loop ex-
pression for the marked power spectrum using the mark built from the matter tidal
tensor, extending the perturbative treatment previously developed for density-based
marks. This required computing the relevant standard perturbation theory kernels as-
sociated with the new mark up to third order in the density contrast, and deriving the
corresponding loop integrals entering the marked power spectrum. In order to obtain a
theoretically consistent and realistic description, the calculations are carried out within
the Effective Field Theory of the Large-Scale Structure (EFTofLSS) [17, 18, 19]. We
also included the galaxy bias expansion, so that the resulting model applies not only
to the dark matter field alone, but to a general biased tracer. Careful attention was
given to ensuring that the resulting expressions reduce consistently to the standard
matter power spectrum in the appropriate limits, providing an internal validation of
the calculation.

Once the analytical model was established, we developed a numerical code to evaluate
the various components of the marked power spectrum. The building blocks of our
code, as for example the cosmology or the linear matter power spectrum, are provided
by CLASS-PT.

Finally, using this numerical implementation we perform a Fisher forecast analysis to
assess the constraining power of our new tidal field statistics on a set of cosmological,
bias and EFT parameters. In particular, we compare the constraining power of the
combined marked and standard power spectrum with respect to the standard power
spectrum alone. To do so we define the improvement of a given parameter as the ratio
between the marginalized error we find for that parameter from the P(k) Fisher fore-
cast and the one we obtain from the P(k) + M (k) forecast: op/opyp. We decided to
present these improvement for different values of k.. and smoothing scale R, while
we fixed the mark parameters to p = 2, to upweight regions with lower amplitude of
the tidal field, and d,2 = 0.25.

The results of this analysis show that the tidal marked power spectrum carries substan-
tial additional cosmological information with respect to the standard power spectrum
alone. The bigger improvement concerns the primordial scalar amplitude Ay and the
linear bias by: at tree level these two parameters enter the power spectrum only through
the combination A,b?, making them nearly perfectly degenerate. The tidal marked
power spectrum does not depend on these parameters with the same combination, and
its inclusion breaks this degeneracy, improving the marginalized error on Ag by up to a
factor of ~ 40, depending on the maximum wavenumber k,,,, and the smoothing scale
R. To verify that this large improvement was not simply a consequence of a tighter
constrain on by, we repeated the forecast imposing a 10% Gaussian prior on by: the
improvement on A, remained substantial, confirming that the tidal field provides gen-
uinely new cosmological information. The remaining cosmological parameters, wegm, h
and ng, also show consistent, though more modest, improvements across all considered
configurations.

The quadratic and tidal bias parameters, by and bg,, also benefit strongly, with im-
provements of up to a factor ~ 3.2 and ~ 2.7 respectively. This is consistent with
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the fact that these higher-order bias parameters are typically well constrained by the
bispectrum, and this is precisely the kind of information the marked power spectrum
is designed to recover.

Looking ahead, several developments will be necessary to bring our tidal field marked
statistics closer to application on real survey data.

Future works should extend the present formalism to redshift space, incorporating red-
shift space distortions, which are anisotropic effects due gravitational pull that gener-
ates peculiar velocities in galaxies’ motion. This effects are unavoidable in any realistic
analysis of spectroscopic galaxy surveys [46, 47, 48].

Future developments should also account for primordial non Gaussianity (PNG), espe-
cially the one of the non local type [12], which we expect to manifest when we measure
the bispectrum. Primordial non Gaussianity is crucial because is one of the few direct
probes of the physics of the early Universe and allows us, for example, to distinguish
between different inflationary models.

These extensions are essential prerequisites for applying the marked statistics we de-
veloped to upcoming datasets from new generation galaxy surveys such as Euclid.

A further natural direction for future work concerns the choice of the mark itself. In
[76], the authors develop a framework to optimize the choice of the mark so as to maxi-
mize the constraining power on cosmological parameter. They show that an optimized
density mark can substantially reduce parameter uncertainties compared to ad hoc
choices. It would therefore be valuable to extend this optimization procedure to the
matter tidal field mark studied in this thesis. Such an optimization could further en-
hance the constraining power of our statistics, and represents a promising step toward
establishing marked statistics as a standard tool for the analysis of next-generation
Large-Scale Structure surveys.

In summary, through analytical modelling, numerical implementation, and Fisher fore-
cast analysis, this thesis has shown that the tidal marked power spectrum is a gen-
uinely informative and computationally inexpensive complement to standard Large-
Scale Structure statistics. Its strength is the fact that it is a two-point statistic but
behaves, in many respects, like a much more expensive one. It inherits part of the
sensitivity to non-linear structure and galaxy bias that is normally the domain of the
bispectrum, while remaining as cheap to compute as the ordinary power spectrum.
As the next generation of galaxy surveys begins to deliver datasets of a size and pre-
cision without precedent, the marked power spectrum, and its extension to the tidal
field, is emerging as computationally efficient way to extract cosmological information.
This combination of sensitivity and efficiency provided by this statistic is precisely
what large surveys such as Euclid will require.
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Appendix A

Power Spectrum and bispectrum

In this section we present the computation of the one-loop power spectrum and the
tree-level bispectrum. In the following calculations, we consider equal-time correlators,
and therefore, the time dependence has been omitted.

A.1 Power spectrum

We consider the expressions for the two point correlator at one-loop order 2.52.
Here we compute the two non trivial terms Py (k) and Pi3(k).

Poo(k) = (6P (k1)0® (ky))

a3 a3
=</ i / L 0m35p (ki — a1 — o) Fa(a, a2)0™ ()M (qo) %

(2m)% ) (2m)3
x / ?2:)13 / g:;g (2m)%0p (ke — p1 — p2)F2(P1,p2)5(1)(p1)(5(1)(p2)>
d’ar d’py
:/ (27)? / Gy 2k = Q) Fe(Pr ke = pu)x

X <5(1)<Q1)5(1)(k1 - q1)5(1)(p1)5(1)(k2 —P1)),
and now we apply the Wick theorem 2.2.2

<5(1)(Q1)5(1)<k1 - Q1)5(1)(p1)5(1)(k2 —Pp1)) =
= (0 (an)0™ (k1 — au)) (6 (p1)6™ (ka — p1)) +
+ (0 (@)s (1)) (6 (k1 — a1)8W (ke — 1))
+ (0 ()0 (ky — p1)) (0 (p1)d" (ks — 1))
= (2m)°[dp(k1)dp (ko) Pr([k1 — au|) Pr(|ks — pi])+
+dp(ar + p1)dp(ki + ko — a1 — p1) Pr(qu) Pr(|ky — ai|)+
+0p(ar + ko — p1)dp(ki + p1 — a1) Pr(q1) Po(fki — au])]
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where the first term only contributes at k; = ky = 0 so we eliminate it.
We can rewrite everything as

Py (k) :/gTq)lg,FE(Qhkl —qu)Fo(qr — ki, —qu) %
x (2m)° [0p (k1 + ko) Pr(q1) Pr(fky — au|)+

+0p(ky + ko) Pr(q1) Pr(|ks — au )]
~enn(i k) [ G IPlak — @l Pa) Pk —al). (A1

where we have used the property of the kernel Fy(k,q) = Fp(—q, —k).
The calculation for Pi3(k) is completely analogous

Pra(k) =(5%) (k)6 (ko)) =

9 / 57313 / 57?)23 / g;?; (27)*6p(k; — q1 — q2 — q3)

x F3(q1,92,93)(0(q1)d(d2)0(q3)d(ks))

d? J43
_2/ (27?)13 / (2:)231?3(%,(12,& —qi—q2)

x (0(a1)d(q2)0 (ks — a1 — q2)d(k))

d’q d*q
:2/ (Qﬂ)l?) / (27T)23F3((117Q2,k1 —qi — Q)

X (27)6 [5D(QI + a2)Pr(q1)0p (ki + ko — q1 — q2) Pr(Jki — a1 — qof)
+ 0p(ki — a2) Pr(q1)0p (ks + a2) Pr(k2)

+ 0p(a1 + ko) Pr(q1)dp(ks —a1) Pr(lks — a1 — Q2|)}
=2 (27)*0p (ki + k2) / éTq)I?)Fzs(QM —q1, k) [PL(CI1)PL(/€1)+

+ Pu(@)Pu(kn) + Pular) Pe(k)

(A.2)

=6 (27)%0p (k; + k) / Tqu(q, —q, k1) Pr(q) Pr(k1) -

A.2 Bispectrum

Now we show how to recover 2.57.
At tree level, the bispectrum is obtained by:

(0(k1)6(ka)d(ks)) = (6@ (ki)6™ (ko)™ (ks))
+ (09 (k1)6® (k2) 0™ (k) )
+ (00 (k1)6™ (1) 6 (k) - (A-3)

Using the second-order solution,

1900 = [ s en ol — a - p)Aapi @i p). (A4)
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the first contribution becomes:
(6@ (11)0™ (k)6 (k) )
dq dp 3
~ [ e 2l — a - ) Faap) (A5
% (50 ()5 ()5 (k2) 5 (ks )) (A.6)

Applying Wick’s theorem,

<5(1) (P)5(1)(k2)5 (k3)>
)6

= <5 (@)dM(p)) (6 (k (k3))
+ (00 (@)a (ko)) (00 ()0 (ks))
+ (60 ()M (k) (5 ()6 (ko)) - (A7)
Using the definition of the linear power spectrum,
(6 (k)M (K)) = (27)°6p(k + K) Py (k) (A.8)

the first Wick contraction gives a disconnected contribution proportional to dp(k;) and
can be neglected for non-zero external momenta. The remaining two contractions give

<(5(2) (kl)é(l)(kg)é(l)(k3)>
= (27T)35D(k1 + kQ + kg) 2F2(k2, k3)PL(k’2)PL(k‘3) . (Ag)

Including the two cyclic permutations, one obtains

(6(k1)d(ka)d(ks))
— (27)26p(ky + ko + k3) [QFQ (ky, ko) Py (k1) Py (ko)
+ 2Py (Ko, k) Py (ko) Pr (ks)
+ 2Ry (ki kg)PL(krl)PL(k:g)] . (A.10)

Therefore, the tree-level bispectrum is

B(kl, kQ, k3) = 2F2(k1, kQ)PL(k’l)PL(k‘Q) + Cyc. (A].].)

80



Appendix B

Derivation of the Marked Power Spectrum

In this section, we will recover the result 4.16.
Starting from the expression for the marked power spectrum and inserting the expres-
sions for the two delta

Mis(k) =03 (k)37 (—K)
=H, (k)6 (K) T 1,00 H3 (a1, 92, 93)8™ (q1) 6" (g2)6 (as) (B.1)
where

d3(l1 d? q2 d? ds

Ty qr.qzas = / ok / (2r)? / (2w)3(2ﬂ)35D(k —q1— 92 —ds), (B.2)

Putting everything together and applying Wick theorem 2.2.2, we obtain three contri-
butions

My (k) —H, () / éj)g / é;i, / é;i, Hy(r, quas)(A+ B+C)  (B3)
(2m)*0p(—k —q1 — g2 — q3), (B.4)

where A, B and C are the contractions:

A=W (X)W (qr)) (0W(q2)6" (qs))
= (2m)° 5D(k +d1)dp(az +q3) Pr(k) Pr(q2) , (B.5)

= (0D (k)6 (q2)) (6 (q1)0™" (as))
= (2m)° 5D(k +q2)dp(aq1 +as)Pr(k)Pr(q1), (B.6)

C = (6" (k)6"M (qs)) (6" (a1)s™ (az))
= (27)%p(k +q3)0p(qy + az) Pr(k) Pr(qy) . (B.7)

Using the Dirac deltas to integrate over two of the ¢; we obtain:
Mi3(k) =H (k) /d3Q2H3(—k> d2, —dz2) PL(k)Pr(g2)0p(—k + k — q2 + q2)
+H, (k) / d*qy Hs(qu, —k, —q1) Pr(k) Pr(q1)6p(—k —q1 + k +q1)

+H, (k) /dS%HB(QL —q1, —K)PL(k)Pr(q1)op(—k —aq1 +q1 + k).  (B.9)
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These three contributions are equivalent, so we can rewrite everything as:
d3q
(2m)?

—3H, (k) P, (k) / (;io)l?) Hy(—k, q, —q) P (q) - (B.10)

Mas(k) =3H, (k) Py (k) / Hy(—k, 4, —q) P (q)(27)%55(0)

The calculation for M, (k) is analogous.
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Appendix C
Full Fisher forecast

Here we present the triangle plot for all the parameters varied in the Fisher forecast
for kmax = {0.20,0.25,0.30}h/Mpc.
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Figure C.1: Triangle plot: Fisher forecast constraints on the cosmological, EFT and
bias parameters. Here we compare the constraining power of P only, M only and
P + M with k. = 0.20 hMpc ™! and R = 10 Mpc/h.
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Figure C.2: Triangle plot: Fisher forecast constraints on the cosmological, EFT and
bias parameters. Here we compare the constraining power of P only, M only and
P + M with k. = 0.25 hMpc™! and R = 10 Mpc/h.
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Figure C.3: Triangle plot: Fisher forecast constraints on the cosmological, EFT and
bias parameters. Here we compare the constraining power of P only, M only and
P + M with k. = 0.30 hMpc ™! and R = 10 Mpc/h.
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