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Abstract

The identification of the low-energy effective field theory associated with a given microscopic
strongly interacting theory constitutes a fundamental problem in theoretical physics, which is
particularly hard when the theory is not sufficiently constrained by symmetries. Recently, a new
approach has been proposed, which addresses this problem for a large class of four-dimensional
superconformal field theories, admitting a dual weakly coupled holographic description in string
theory. This approach provides a precise prescription for the holographic derivation of the
associated effective field theories. The aim of the thesis is to explore the generalization of this
approach to the three-dimensional superconformal field theories admitting a dual M-theory
description, by focusing on a specific model whose effective field theory has not been investigated
so far.
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Introduction

Quantum Field Theories (QFTs) are currently the best way to describe fundamental interac-
tions. However, they are affected by some formal illnesses: for instance, Haag’s theorem put
a strain on the perturbative approach, since it states the non-existence of the interaction pic-
tureﬂ Even if we accept to work with perturbation theory there could be problems: indeed,
QFTs have typically both weakly-coupled and strongly-coupled energy regimes. While we can
use perturbative technologies for the former, the latter is quite challenging to deal with. A
practical example is the theory of strong interactions: at low energies it is strongly coupled
and hence one should invoke non-perturbative methods in order to get informations. By the
way, it turns out that the low-energy behavior of this theory can be described by an Effec-
tive Field Theory (EFT): namely, we can build an effective Lagrangian in order to perform
calculations in the strongly-coupled regimeﬂ It is important to stress that this Lagrangian
contains informations about the degrees of freedom relevant at low energies, for example pions,
and has the most general expression compatible with the symmetries of the problem. At this
point, one could ask if the UV completion of this theory is actually Quantum Chromodynamics
(QCD), which is the current gauge theory of strong interactions, or alternatively if integrating
out high-momentum degrees of freedom leads to the EFT we are talking about. The answer
should be positive and this is supported by numerical results and experimental observations,
together with basic theoretical considerations (i.e. symmetry consistence). But what about
other theories? Is it always like the QCD case? Does the EFT Lagrangian exist? How can we
build it? A general answer has not been found yet, however in certain cases there are prescrip-
tions that lead exactly to the effective Lagrangian. Within this context, supersymmetry is a
useful implementation to furtherly constrain a theory. Since supersymmetric particles have not
been discovered yet, we should try to introduce a minimal amount of supersymmetry in order
to deal with pseudo-realistic theories.

Recently, a novel approach for building EFT Lagrangians of minimally supersymmetric
theories has been found in [I],[2]: it exploits the power of the so called gauge-gravity corre-

spondence. This technology comes from a seemingly unrelated area of physics, i.e. String

IThe original result from Rudolf Haag dates back to 1955 and can be found in “On quantum field theories”,
Matematisk-fysiske Meddelelser, 29, 12.
2See for example [4} [{].
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Theory, and the basic idea is to study the gravity dual of the gauge theory: indeed, the for-
mer is typically weakly-coupled when the latter is strongly-coupled. In these cases we talk
about Holographic Effective Field Theories (HEFT), “holography” being a key word when
dealing with this particular kind of duality. Actually, this term perfectly describes the situ-
ation: the “hologram” is the gravity theory, also called the “bulk” side of the duality, and
leaves in one dimension higher than the gauge theory, also known as the “boundary” side.
More precisely, the “bulk” side has also extra dimensions which can be compactified in order
to have an AdSy.1/CFT, duality, where the AdS stands for anti-de Sitter while the CF'T is
a QFT having an additional conformal symmetry. But why have we invoked String Theory?
The reason is that the dynamics of branes, which are the multi-dimensional generalization of
point-particles, is described by a gauge theory supported on their worldvolumes. In a large
class of models, this gauge theory flows under the renormalization group to a non-trivial CFT
and its strongly-coupled regime can be studied switching to the holographic dual. One can
place a stack of branes on different background geometries: this will give rise to a family of
field theories. The typical spacetime splitting is RY x X, where R? is “parallel” to the branes
(and it is identified with the gauge theory spacetime) while X is a transversal manifold, usually
a cone, whose dimension sums with d to ten or eleven, depending on whether we are working in
a superstring or a M-theory context respectively. At this point, the stack generates a seemingly
black hole configuration: if we study the near-horizon geometry we will find an AdSy1 X Y
splitting, where Y is the (compact) base of the cone X. The most notorious example is the
Maldacena duality [3], which relates IIB superstring theory set on the AdSs x S° background
with maximally supersymmetric Yang-Mills theory on RY3. In this case we are dealing with
AdS5/CFT, duality, where the extra-dimensions of S° are compactified. Since this model is
maximally supersymmetric it is quite constrained: one among possible generalizations consists
in replacing S° with another five-dimensional compact manifold Y5. This would typically lead
to theories with less supersymmetries, the amount of supersymmetry being encoded in the ge-
ometrical structure of Y5. The purpose of this thesis is to investigate a further generalization,
namely the correspondence between three-dimensional superconformal field theories and their
holographic dual. In this case the gravity side is M-theory, which may be interpreted as the
strongly-coupled limit of ITA superstring theory. The spacetime splitting is R%? x Xg, whose
near-horizon limit becomes AdS; x Y7. A natural question would be why are we interested in
these kind of models, namely AdS,/CFT3? Firstly, toy-model three-dimensional theories have
been important for the study of strong coupling features. For instance, in M-Theory context
CFTs dual to gravity theories obtained by placing a stack of branes on a particular background
lack an adjustable coupling constant and hence are necessarily strongly-coupled: so, hologra-
phy could shed light on strong coupling phenomena. Secondly, there could exist untreatable
condensed matter three-dimensional models which can be studied from the holographic point
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of viewﬂ. Last but not least, three-dimensional theories with N' = 2 supersymmetries are ob-
tained from dimensional reduction of four-dimensional theories with N' = 1 (because they have
the same number of supercharges), which are actually the most realistic models since they are
minimally supersymmetric and four-dimensional.

In order to compute the HEFT, this thesis will adopt the strategies discussed in [1],[2]. The
first step is the identification of “moduli”, i.e. parameters characterizing the family of M-theory
background geometries: these are related to the geometric features of the background and to
branes positions on it. A fundamental concept is the so called “moduli space”, the space of
inequivalent vacua: one should check that the moduli space of the gravity side coincides with
the field theory moduli space. Indeed, M-Theory moduli will correspond to scalar fields in the
dual field theory description: since this is supersymmetric, moduli turn out to be components
of chiral or vector supermultiplets. Then, the HEFT Lagrangian should describe the dynamics
of these moduli fields. The situation is to some extent similar to massless QCD, i.e. the gauge
theory describing two light quarks m,, ~ 0 ~ my in four dimensioneﬂ. At high energy this theory
has a global symmetry SU(2);, x SU(2)g ~ SO(4) called “chiral symmetry”. However, this
symmetry is spontaneously broken down to SU(2) ~ SO(3) by VEVs of operators constructed

using quark-antiquark pairs, like (u@) or (dd). Hence, from Goldstone’s Theorem there should
be exactly dim[SO(4)/SO(3)] = dimSO(4) — dimSO(3) = 6 — 3 = 3 Goldstone bosons, which
are massless states. In the low-energy theory, where the original symmetry is spontaneously
broken, only massless modes survive and one can build an EFT Lagrangian for pions 7, which
are actually the Goldstone bosons of the model at hand. At two-derivative order this takes the
quite famous form Lgpr = f2Tr[0,U f91U] and it is also known as the “Chiral Lagrangian”
It is possible to show that the Chiral Lagrangian can be recast in a “geometrized” form called
“nonlinear sigma model”: this is characterized by non-trivial kinetic terms due to the presence

of an overall curved metric, namely

1
Lygpr = —§gab(ﬂ)3u7r“8“7rb, Gab(T) = Oap —

JEEE

So, the low-energy physics can be “geometrized”: the dynamics of massless pions is described by

a nonlinear sigma model and their interactions are encoded in the overall metrid®} This metric
S0(4)
50(3)
three pions themselves. In a similar way, massless moduli parametrize a particular manifold,

is actually the one on the space of field theory vacua = S?, which is parametrized by the

which is actually the moduli space, and the HEFT is described by a nonlinear sigma model
too. The main difference is that while the Chiral Lagrangian can be obtained using purely

3 As suggested for example in [40].

4See for example [4, [5].

°The quantity f, is the pion decay constant and has the dimension of a mass, while the U function is
adimensional and U = U(w/ fr).

6Besides, notice that since the dimensionful f. appears with negative powers in the interaction terms, the
effective Lagrangian is non-renormalizable: this is the price to pay if we want to exploit the EFT at low-energies.
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field-theoretical tools, the HEFT Lagrangian requires holographym: we will find an expression

similar to Lgpr, namely
Ll = —Kp(@,D)0,0°097, Kyp(0.8) = 2K
OPAODE
where ® are the massless moduli parametrizing the moduli space and K 45 is the metric on it.
Its explicit expression depends on a function of moduli K: this is called “Kahler potential” of
the moduli space and clearly plays a crucial role.

The original contribution of this work is the application of the aforementioned construction
to a specific model, namely the Q! theory. M2-branes are placed on a R'"? x Xy background
geometry, Xg being the cone over the seven-manifold Q''!, whose geometrical structure give
rise to NV = 2 three-dimensional theories. After the classification of moduli in the gravity
side, the HEFT Lagrangian is obtained by expanding the supergravity action: its truncation
to two-derivatives order leads to the corresponding nonlinear sigma model. The dual theory
is actually the IR fixed point of a “quiver”, i.e. a gauge theory with matter in the adjoint
and bifundamental representations. Its moduli space is shown to reproduce the cone over Q!
as expected. Subtleties involving matter fields in the (anti)fundamental representation are
highlighted since they correspond to “flavors” in the field theory and to geometrical D6-brane
solutions in the ITA String Theory side (see for example [6]).

The thesis will be structured as follows. In the first chapter we want to introduce some basic
concepts necessary to understand the main topic of this work: we will talk about supersymmetry
(SUSY), conformal field theories and anti-de Sitter spacetime. Chapter two is dedicated to
complex differential geometry because it is really the language required for this kind of study:
we will try to be “not-so-rigorous” and our attention should be oriented towards the physical
sense of using Calabi-Yau (CY) cones. Then, in the following chapter we present M-Theory,
focusing on M2-branes solutions. We are particularly interested in backgrounds containing a
Calabi-Yau cone C'Y): the near-horizon geometry is then investigated. Besides, the crucial
points of gauge/gravity correspondence are illustrated, for example the natural presence of a
gauge theory on the worldvolume of branes. Chapter four is a complete review of the Q! quiver
field theory: we will introduce the concept of moduli space and we will show how it can be
obtained with different methods. In the fifth chapter we present the HEFT machinery, i.e. the
identification and parametrization of moduli and the Lagrangian describing them, together with
issues about the so called “S-operation”. Finally, chapter six contains the original contribution
of this work, namely the HEFT for the Q! model. The explicit metric of the moduli space is
found using a suitable parametrization and this allows the construction of the HEFT Lagrangian
as a nonlinear sigma model. Then we will carry out the matching with the field theory side,
checking that the moduli space is actually the same.

"Indeed, Lgpr is almost completely fixed by symmetry arguments: the problem is that these arguments are
not sufficient in supersymmetric cases. Moreover, field theories under exam are strongly coupled: this “suggests”
that holography may be a possible solution for building an effective theory at two-derivatives, i.e. an HEFT.



Chapter 1

SUSY, CFT and AdS

The aim of this chapter is to collect the basic ingredients for this work. We start presenting
the main features of supersymmetry (also known as SUSY), starting from a review on d = 4
N = 1 which is propaedeutical to the d = 3 N = 2 case. Indeed, the latter can be seen
as a dimensional reduction of the former. We will follow [7, 4] for the first part and then
[8, 9, T0]. After the SUSY introduction we will present the conformal group as an extension of
the Poincaré one, together with some issues about scale/conformal invariance: we will follow
[12, 3], 14], 15]. The next step is to consider a further extension of Poincaré algebra, taking
into account both SUSY and conformal generators: the superconformal algebra. In the end,
AdS-spacetimes are introduced. For these last topics we will consider [16} 17, [18].

1.1 Basics of SUSY

In the last few decades supersymmetry has played an important role not only in purely theo-
retical contexts but also in particle physics phenomenology.

This new symmetry made is first appearance in the seventies in String Theory context as
a symmetry of the two-dimensional worldsheet. The first version of String Theory was purely
bosonic and this led to two problems: there were tachyons, i.e. unphysical particles with
negative mass, and there were not any fermions, which is unrealistic for phenomenological ap-
plications. Including SUSY in the description solve both of this problems. Indeed, SUSY is a
symmetry which relates bosons and fermions such that every boson has a fermionic “partner”.
Moreover, it can be shown that the resulting (Super)String Theory lacks tachyons. It was then
realized that SUSY could be a powerful tool for studying QFTs and hence it could be relevant
for elementary particle physics. Since then, physicists proposed a lot of supersymmetric the-
ories: minimal (A = 1) SUSY, extended (N > 1) SUSY, gauged SUSY (i.e. Supergravity).
The most realistic SQFT should be a four-dimensional minimally supersymmetric theory rep-
resenting the extension of the Standard Model, which is the current theory describing nature.

Actually, there are several reasons to require SUSY in a phenomenological theory. First of
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all, the introduction of supersymmetric partners induces loop-cancellations. As a consequence,
certain small or vanishing classical quantities will remain so once loop-corrections are taken
into account. Furthermore, it seems that SUSY is necessary (although not sufficient for the

last two of the following points) to solve some famous problems like:

e the running of Standard Model coupling constants, allowing the three couplings to meet

at a specific “unifying” scale;

e the hierarchy problem, i.e. the big gap between Planck scale and Electroweak symmetry

breaking scale;

e the smallness of the cosmological constant predicted by QFTs compared with experimen-

tal values;
e the renormalization procedure of quantum gravity.

However, LHC runs have not discovered supersymmetric particles yet. This means that SUSY
must be broken at experimental energy scales since otherwise some of the predicted partners
should be found. By the way, in this thesis we are not so interested in phenomenological results:
SUSY should be regarded as a “simplifying assumption”, constraining our models in such a
way that they become “easy” to study.

1.2 Rigid SUSY in d=3+1

SUSY can be seen as an extension of the Poincaré algebra by generators commuting with
translationd’] These new elements of the algebra have “anticommuting grading”, which means
that infinitesimal parameters associated to supersymmetric variations are Grassmann variables.
Supercharges transform either as dotted Q% or undotted @ spinors under the Lorentz group

and satisfy the following algebra:

[Pm ﬁ =0,
[Pw ng =0,
(Mo, Qa] = (0, )0 Q5
(M, Q"] = i(6,)5Q", (1.2.1)

{ Q,Qg} = 20%,P,0",
{QiaQé} - GQEZIJJ
{@h.QF} = a2y

'We are not going to derive the superalgebra but we will make some dictated comments.
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The index I runs over A/, which is the number of supersymmetries. It can be shown that A/
#

Ea
the smallest irreducible spinorial representation of SO(1,d — 1)E| Z'7 are the so called central

is related to the number of supercharges # by N = where dp is the real dimension of
charges and they commute with every generator of the algebra by definition. Because of the
grading, Z is antisymmetric and hence vanishes in the minimal SUSY case. From an algebraic
point of view there is no reason to limit N: however, it can be shown that consistent QFTs
must have N < 8 if gravity is taken into account and N < 4 if we don’t consider particles with
spin larger than one.

Since the full SUSY algebra contains the Poincaré one, any representation of the superalge-
bra gives a representation of the Poincaré algebra, although in general a reducible one. It is well
known that irreducible representations (irreps from now on) of Poincaré algebra correspond to
what we commonly call particles: instead, an irrep of the superalgebra is associated to several
particles organized in a supermultiplet. The corresponding states are related to each other by
supercharges: since “Q(fermions) = bosons”, states in the same supermultiplet may differ by
one-half spin units.

From the superalgebra (|1.2.1)) one can obtain three fundamental features of supersymmetric

theories:

1. Supermultiplets always contain an equal number of bosonic and fermionic degrees of free-
dom. Moreover, every field in a supermultiplet transform under the same representation.

2. All particles in a supermultiplet have the same mass. This is because P2 is a Casimir also
in the SUSY case, i.e. it commutes with every generator of the superalgebraﬂ However,

they do not have the same spin.
3. The energy P, of any state in the Fock space is never negative.

The most important massless supermultiplets in the minimal global SUSY case, after integrating

out auxiliary fields, are:
e the chiral multiplet ® = (, ), containing a complex scalar and a Weyl spinor;

e the vector multiplet V' = (x, A), containing a gauge boson and a Weyl fermion (both in

the adjoint representation of the gauge group).

Since we want to build SQFTs, we have to find representations of the superalgebra on fields:
the most elegant way to achieve this is the so called superspace formalism. The basic idea is

to interpret supercharges as generators of translations in some Grassmannian coordinate, in

2We address the reader to appendix B of [I1] for a complete description of spinors in various dimensions.
3There are subtleties in the SCFT case because in conformal field theories P? is no more a good quantum
number.
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the same way as momentum generates spacetime translations. Then, the spacetime is enlarged
using these “fermionic coordinates” and becomes a “superspace” parametrized by (z*, 8, 6%).
Using this formalism, supercharges act on functions of the superspace variablesﬂ as derivative

operators:

Qo = % - w“ 6° (9 QB = —% +1i0%c" 8 (1.2.2)

Since Grassmannian variables anticommutes, any product involving two or more of them van-
ishes. So, one can Taylor-expand a generic superspace (scalar) function, i.e. a superfield,

” Y (2,0,0) =f(z) + 0¢(x) + Ox(z) + 00m(z) + 00n(x)+

+ 05"0v,(x) + 000X () + 000p(x) + 0000d(z).

This expansion easily generalizes to tensors, with Y carrying the same index structure of its

(1.2.3)

components (f 1., ...). However, a generic superfield contains too many degrees of freedom to
represent an irrep of the superalgebra. Hence, we should impose some SUSY-invariant condition
such that the number of degrees of freedom are lowered. In order to do this we first define some
“covariant derivatives” D, and Dﬁ-, anticommuting with SUSY generators:
9 w pB D 9 s h
Da—%—i—lg .0 (9 DB——%—ZQ 8 (124)
At this point, Dﬁ@ = 0 is a SUSY-invariant condition and it turns out that it effectively reduce
the number of degrees of freedom in the generic superfield. Actually, a chiral superfield ® is
defined by
Dy®=0 (1.2.5)
and admits the following expansion:
_ _ 1
O (x,0,0) =p(x) + i6c"00,¢(x) + 1009982¢(x>+
; - (1.2.6)
—000,0(x)c"0 + 00F (x).
7 () (z)

Notice that it is expressed in terms of z-spacetime coordinate. Instead, the constraint (1.2.5])

+ V200 (x) —

is easily solved if we define an y-spacetime coordinate as a shift of the x:
y* = at +ifot0, g =zt — io"0. (1.2.7)

Moreover, the chiral superfield expansion is now dependent only on @ and y, while the @ de-

pendence is hidden inside y:

D(y,0) = ¢(y) + V200(y) + 00F (y). (1.2.8)

4The convention on products of grassmannian variables we will follow is Goﬁg = f%ea[;tﬁ)@, which is the one
of [10].
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This expansion (|1.2.8)) underlines the fact that the chiral supermultiplet contains a complex
scalar ¢, a Weyl spinor ¢ and an auxiliary non-propagating scalar F'.

Besides, we are interested in (abelian) vector superfields V. These satisfy the reality condi-
tion:

V=V (1.2.9)

Its superfield expansion in the so called Wess-Zumino gauge, i.e. partially gauge-fixed in such

a way that some undesired components are eliminated, is:
_ _ _ _ 1
Vivz(z,0,0) = —00"0A,(x) + 1000\(x) — i000X(x) + 59999D(x), (1.2.10)

where A, is the gauge potential, ) is the Weyl spinor of the vector multiplet and D is a real
auxiliary scalar. From expansion (1.2.10)) it follows that V}},, = 0 for n > 3, which turns out
to be useful. Indeed, for non-abelian gauge theories the basic object is e rather than V itself

and in the WZ-gauge one has:

V2
eV = L4+ V+ = (1.2.11)
Superfield strengths are then defined as
1. _
Wo =—7DD (67 Dae") (1.2.12)

and one can easily check that they are chiral fields, i.e. satifying (1.2.5]).

1.2.1 Supersymmetric Lagrangians in d=3+1

The reason why superspace is such an elegant formalism is that SUSY is manifest at Lagrangian

level. For instance, any Lagrangian of the form
/ d204%0Y (x,0,0) + / d20W (®) + / 420 (W (®)]' (1.2.13)

is automatically SUSY-invariant since it transforms at most by a total spacetime derivative.
Actually, the first term in (|1.2.13]) can be seen as a kinetic term while the other two are
superpotentials, i.e. products of (anti)chiral superfields which are (anti)chiral superfields too.
Notice that in the kinetic term there are both @ and § measures, while in the superpotiential
there is only one of them. The reason is that for the former Y has #068 components while for the
latter W has at most 66 components, being a chiral superfield. Then, Grassmann-integration
rules pick only these particular components of the expansion for the total action functional.
To be more precise, let us write down some explicit Lagrangians. The most general renor-
malizable kinetic Lagrangian describing matter in a supersymmetric gauge theory is

Lin = / 4’04’0y " @le" ®;, (1.2.14)
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while for the kinetic term of gauge fields one has

1 N
Lgauge = —5~ / PoW e, (1.2.15)

96)
where index i runs over all the matter multiplets. Together with the superpotential terms of
(1.2.13]), which we call Ly, the total Lagrangian density is given by:

L= Liin+ L + Loguge. (1.2.16)

Occasionally, there could be “Fayet-lliopoulos terms” in the Lagrangian. These are related to

U(1) factors in the gauge group and for each of them we can include
Lrr=)Y_ (“/dQQdQQ_V“, (1.2.17)

where V' is the abelian vector superfield associated to the U(1).
Lagrangians above are the most general renormalizable ones in four dimensionﬂ. However,
we can drop the renormalizability principle and write the following N' = 1 superymmetric

theory:
L= / 220K ((DTe*");, @;) + / A20W (®) + / 420 frapy (P)WOWD e (1.2.18)

where K ((®7e%");, ®;), the so called “Kéhler potential”, gives rise to kinetic terms while the
fian)(®;) is a function of the chiral fields only and W (®) is generic. Typically do not
describe a fundamental, i.e. microscopic, theory because we dropped the renormalizability
assumption. Nevertheless, it can describe an effective field theory valid at low energies only:
renormalizability is no longer a criterion and one can build a Lagrangian containing no more
than two spacetime-derivatives, while possible higher-order terms give subleading effects. In
absence of vector fields contains chiral multiplets only and it is globally supersymmetric.
In this work we will come across an effective Lagrangian likeﬂ L= [d?0d*0K (P, ®P): expanding
the Kéahler potential we are led to the SUSY version of the “nonlinear sigma model”, i.e. a
Lagrangian with nontrivial kinetic term describing interactions between low-energy degrees of
freedom in a “geometric” Waym. In the following chapters we will deepen this relation between
physics and geometry in order to explicitly find the Kahler potential of the Q' model.

This is true if W(®) is at most cubic.
6More precisely, it will be a three-dimensional model while here we are discussing four-dimensional theories.
7As an anticipation, the aforementioned expansion will give something like

K

_ 4 5 _ (& AqugB o
L= /d OK(D,®) = —K,4p(D,2)0, 040" 8% + ., Kap =i

where K 45 is the nontrivial metric of the nonlinear sigma model.
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The scalar potential

We said that ' and D are auxiliary component fields of chiral and vector supermultiplets
respectively. Expanding the supermultiplets one can identify a “scalar potential” V that takes
the form:

V(o' ¢) = F'F + %DQ =

ow
:;‘w’

where the second equality comes from the equation of motion for the auxiliary fields and T

(1.2.19)

2
1
b3l T+ )

are generators of the gauge group in some representation. In general, supersymmetric theories
do not have isolated vacua: instead, they exhibit a continuous family of connected vacua. We
call “moduli space” of inequivalent vacua the set of all zero-energy field configurations (modulo
gauge transformations if any) for which (or its generalizations as we will see) vanishes.
Indeed, notice that since the scalar potential is a sum of squares, vacua are configurations such
that V =0, i.e. (F) =0= (D).

R-Simmetry

Supersymmetric theories have additional global symmetries which can be seen as “supercharge-
rotations”: this is the reason why they are called R-symmetries. It is important to stress that
R-symmetries are not supersymmetries, i.e. there are no related supercharges entering SUSY

algebra. Defining the transformation of 6 and 6 as
0 — e, 06— e, (1.2.20)
SUSY generators transform as
Q — e MQ, Q — €“Q). (1.2.21)

We anticipate that R-symmetries are crucial because the scaling dimensions of chiral fields at
nontrivial fixed points are fixed by their R-charges.

1.3 Rigid SUSY in d=2+1

Although the three-dimensional case with N = 2 supersymmetries can be obtained from
dimensional-reduction of the minimally supersymmetric four-dimensional ondf, there exist some

differences between them. First of all, the gauge coupling is dimensionful in three dimensiong’}

8They both posses four supercharges because their number is given by # = dg/N.
9We anticipate that this means that there cannot exist conformal field theories outside the infrared fixed
point: we will be more clear and provide an intuitive explanation later on.
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Secondly, the superalgebra changes a bit: there are no more dotted indexes because three-
dimensional Poincaré group is SL(2,R) instead of SL(2,C) and hence the fundamental repre-
sentation acts on real (Majorana) spinors. Moreover, the anticommuting rule for supercharges

in ((1.2.1) becomes
{Qa,Qs} = 2925 P + 2icapZ, (1.3.1)

where v = (iog,03,01) are real. The central charge Z can be interpreted as the dimensional-
reduced momentum along the third space-dimension, namely the P3; component of the four-
momentum. SUSY generators @ and @ are complex now, so they include twice the minimal
amount of supersymmetry in three dimensions. As in the four-dimensional case, there is a
U(1)r symmetry rotating supercharges.

Chiral superfield condition is actually the undotted version of the four-dimensional case
(1.2.5) while vector superfield condition is the very same of : they both contain two real
bosonic and two Majorana fermionic degrees of freedom on-shell. In addition, vector superfields

V' may be expressed in terms of linear superfields ¥ satisfying
¢’ DyD3Y = €’ Dy DsY = 0, ¥ =73, (1.3.2)

whose lowest component is a scalar field instead of a spinor. More precisely, the vector super-

multiplet contains a gauge field A,, a two-component complex spinor A (the gaugino), a real

)
scalar field o (that can be interpreted as the dimensional-reduced component Aj of the four-
dimensional gauge field) and an auxiliary real scalar D. In Wess-Zumino gauge the expansions

are:

_ _ o 1
V = —iffo — 040 A, + 1000\ + 000\ (x) + 59«96’0D (1.3.3)
and™|

Y = ——e¥D,DyV =
2 (1.3.4)

N [P R - a

= 0+ OA+ 0N+ 09D + 5670, — 506670, + 00079\ + 709900,

The J field in (|1.3.4)) is the so called “dual field strength”. Indeed, in three spacetime dimensions
there exist a duality between the vector-photon A, and the scalar-photon 7 such that

Jy = O0uT = €, F"7, (1.3.5)

where F"? is the field strength of A,. Furthermore, it is possible to dualize the whole linear

multiplet into a chiral multiplet ¥ having ¢ + 7 as its lowest component.

10We should mention that the following linear superfield expansion works for abelian gauge groups. In this
thesis we will actually use 3 only in this case.
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1.3.1 Supersymmetric Lagrangians in d=2+1

Kinetic Lagrangians for matter and gauge fields in three dimensions are the same of ((1.2.14]) and
(1.2.15)) respectively. An alternative for abelian vector superfields is to use the linear multiplet

description with a kinetic Lagrangian like
1 _
Liin = —2/d29d2022. (1.3.6)
g

In three dimensions we can also include topological “Chern-Simons terms” since they are gauge-
invariant. These take the form
ki v i D 2 4 6) 46) AG IRONEENOING
Log = Z T (w p (AEL)aVAg) + gAL)Ag)Ag)> + 2D — XO)\( >) : (1.3.7)
where k; € Z are the so called “Chern-Simons levels” and the index ¢ runs over the factors of

the gauge group. In superspace notation we can rewrite ([1.3.7) more compactly as
k _
Los = - /d20d20 Tr V. (1.3.8)
s

Notice that for abelian factors seems like a Fayet-Iliopoulos term: this can be seen if we
consider the linear multiplet as an external field, i.e. non dynamical. Then, turning off every
component field but the scalar o, the Lagrangian becomes exactly provided that
( =ko.

Another characteristic of three-dimensional SUSY theories is the distinction between real
and complex masses. The latter are parameters entering in the Lagrangian via superpotential
terms like We = me®T®, while the former are “induced” from external vector supermultiplets.
Consider one such background vector V;, = —i@éabg +... and imagine that the scalar component
takes a real VEV (o4,) = mg, whereas the others are all turned off. Then, a Lagrangian like

Ly = /d49q>TeVba<I> (1.3.9)

clearly give rise to a mass term m2|¢|? for the scalar in the chiral multiplet ® and mg1y for the
fermionic component. We want to point out that can be interpreted as a modification to
(1.2.14)): indeed, expanding in component fields, the “effective” mass is given by m = mg + (o),
where o is the scalar in the vector supermultiplet appearing in . We will see that the
Q' is in fact characterized by a real mass.

1.4 Conformal Field Theories

A conformal field theory is a quantum field theory invariant under the conformal group. We
usually deal with the Poincaré group as the symmetry group of relativistic theories in flat
spacetime. The explicit form of Poincaré transformations is

at — Abx” +a”,



14 CHAPTER 1. SUSY, CFT AND ADS

that is a combination of Lorentz transformations and spacetime translations. This kind of
transformations preserve distances. We can extend the spacetime symmetry group in such
a way that angles between vectors are preserved: this is the conformal group, which clearly
include the Poincaré one.

The most intuitive such transformation is the dilatation, a rescaling of spacetime coordinates
such that

ot — \zt.

It is evident that this is not a Poincaré transformation since the metric does change:

N — A -

We can say that conformal transformations are generalizations of these scale transformations
such that

= 2(x), N = (@)

1.4.1 The conformal group

First of all in what follows we will deal with d > 3 spacetime dimensions, having finite-
dimensional conformal groupﬂ. In order to obtain it we should start from conformal transfor-
mations. These consist of a Weyl transformation, i.e. local rescaling of the metric like

(1) = Q*(2) g (), (1.4.1)
combined with a coordinate diffeomorphism such that the metric is left invariant, namely:

0xf 0z ~,
= aaj/p, 8$/VQ (‘T)gpa(x> - guu(l‘)7 (142)

Gy ()
where the last equality has to be read as “must be equal to” and €2 # Q) are arbitrary functions

of the coordinates. Let us consider flat spacetime g;,, = g, = 7). We can rewrite (1.4.2) as

ox'? 0x'°

v T 2
Moo o g — L ()M (1.4.3)

When 2 = 1 the Poincaré transformation condition is reproduced. Consider instead an in-

finitesimal coordinate transformation of the form

ot — 2t =2t + e+ O(e). (1.4.4)

1Tt is important to mention that the d = 2 case is very interesting not only because it plays a crucial role in
String Theory but also because the conformal group is infinite-dimensional. Besides, the d = 1 case seems to
be a “conformal quantum mechanics”: we will not enter in these topics.
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Under ([1.4.4) the LHS of (1.4.3]) becomes at first order
0z'? 0x'” Oe? 0e?
bl Py ZC o YY) _
npcr axu 81’” npa (6‘“ + axﬂ) (51/ + 8@’)
B n Oe, n Oe,
= v dzv O+ )

Comparing with (1.4.3)), it is clear that at first order in € we must have

ey + 0vey = W(T) N, (1.4.5)

where w is such that 2 = 1+w+ ... at infinitesimal level. At this stage we can further simplify
(1.4.5): indeed, tracing both sides we get w = %8"6“. Substituting back into (|1.4.5)) we finally

obtain

2
Oues + v = (076, ), = 0, (1.4.6)

which is the fundamental equation identifying conformal transformations (at infinitesimal level).

For d = 2 there are infinite solutions for ([1.4.6|), while d = 1 is a singular case: however,
recall our interest in d > 3. It can be shown that the solution €,(z) is at most quadratic in z¥
and thus will take the form

€u(x) = a, + b’ + cppr”al. (1.4.7)

Notice that for b = 0 = ¢ we recover infinitesimal translations, having momentum operator

P, =10, as generator. Inserting the linear term of (1.4.7)) into (1.4.6) gives

2
buw + by = E(npabpa)nw

so that we can split the b-coefficient in symmetric and antisymmetric parts like
by = )y + My, .

The m,,, tensor corresponds to infinitesimal Lorentz transformations, whose generator is M, =
i(x,0, — x,0,). The symmetric part correspond instead to infinitesimal dilatations with gen-
erator D = iz"0,,.

The last class of solutions are the quadratic ones: these correspond to the so called “special

conformal transformation”lﬂ and one can show that they are generated by K, = i(2x,2"0, —
2
x°0,).

12There are issues with finite special conformal transformations since they are not globally defined: one should
consider conformal compactifications of spacetime, including points at infinity, but again this is a subtlety we
do not investigate in this work.
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Having generators we can introduce the conformal algebra:

[P, P,]=0
(M, M| = —i(n,,M,, + permutations)
(M, By) = i(0up Py — MupP)
[P;m D] = iPu
(M, D] = 0 (1.4.8)
K, D] = —iK,
(B K] = 2i(nD + M)
(K, K,)=0
]

[Mpm K, = i(nupKﬂ - nlep)'

Notice that scale invariance, i.e. dilatation, is necessary for conformal invariance because
D closes the algebra: so, conformal invariance implies scale invariance. The converse is not
(totally) true: scale invariance does not imply conformal invariance. However, in many field
theories the full conformal group seems to emerge from scale invariance only: we will try to give
a partial explanation soon after, but we stress that it is still an open problem. Before doing
this, we should point out that algebra is isomorphic to so(d,2), which is the Lorentz
algebra in mixed signature (d,2). Indeed, conformal generators can be identified with Lorentz
ones as follows

Jo =My, Jup=P, Jo_ =K, J._=D, (1.4.9)

so that the algebra is exactly the Lorentz one:
[Jvn, Jrs) = —i(urINs + permutations). (1.4.10)

This allows us to anticipate a crucial point of AdS/CFT duality right here: the conformal
group SO(2,d) of d-dimensional flat spacetime is exactly the isometry group of AdS-spacetime

in one dimension higher.

1.4.2 Local Field Representations

We all know that irreps of the Poincaré group are interpreted as particles in a quantum field
theory. However, for a conformal invariant theory the “mass” P? is no more a Casimir and one

should replace it with a better quantum number: this leads to the concept of “unparticles”.

Recall that we can realize the conformal algebra on spacetime functions as differential
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operators:
P, =id,
M, =i(x,0, — x,0
g _( g 2 (1.4.11)
D =ix"0,

K, =i(2z,20, — 2°0,).

In QFTs we should realize these symmetries as operators acting on Hilbert spaces (Schrédinger
picture) or on local operators (Heisenberg picture). Focusing on the latter, the action of gen-

erators (|1.4.11)) on local ﬁeldﬂ reads

[Py, O(2)] = —i0,0(x)
(M, O(z)] = _'L'(EMV + 240, — 2,0,)0(x) (1.4.12)
(D, 0(2)] = —i(A +2#9,)0(x)
[K,,O(z)] = —i(2z,A + 22* 8y, + 22,270, — 2%0,)O0(),

where A is the scaling dimension of the operator O(z) and ¥, is the finite dimensional spin
matrix of the Lorentz group. Actually, we have not formally defined the scaling dimension of
an operator yet. So, consider a field operator O and a scale transformation with A parameter:
the scaling dimension A of O is defined according to

r—Ax,  O(x) = O(\r) = \"20(x) (1.4.13)

and A turns out to be a good quantum number for the purpose of labeling irreps of the conformal
group, together with Lorentz spin 5. More precisely, we have the following eigenvalue equations:

DIAj) =iA|A 5y, Mu|Aj) =%, |A 7). (1.4.14)

Let us consider now a local operator Oa(x) having scaling dimension A. When = = 0, this
creates a state |A) = Oa(0) |0) with scaling dimension A. Instead, if we consider the operator
at x # 0 we will have:

IX) = Oa(2) |0) = eF*Oa(0)e™ 7 |0) = 7 |A) (1.4.15)

where in the last equality we have used vacuum invariance under translations. At this stage
it is clear why we have problems interpreting particles as vacuum excitations: if we expand
the exponential in (|1.4.15)) we end up with a superposition of states having different scaling
dimensions, i.e. different A eigenvalues. To be more clear, notice that from generators
P, and K, act as ladder operators for dilatations, rising and lowering the scaling dimension
respectively. Hence, when the momentum operator in e*® acts on |A) it give rise to a su-

perposition of states and |x) will not have definite scaling dimension. Anyway, an operator

I3More precisely, they should be operators which rescale in a homogeneous way.
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annihilated by the lowering operator K, is usually called “primary” while the ones obtained
by applying the rising operator P, are called “descendant”. One should act with K, until the
lowest value of A, thus finding a primary operator with scaling dimension A annihilated by
K,,, and from there start to classify operators with (A, j).

1.4.3 The stress-energy tensor

Symmetries in quantum field theories constitute an algebra of conserved charges acting on
Hilbert states, as we already stated. We usually say that these symmetries are realized by
local conserved currents 9"j, = 0 and that one can build conserved charges integrating jo
over space. The existence of currents rather than charges is not necessary for symmetries:
however, the so called “Noether assumption” is quite useful when studying conformal theories.
For instance, using Noether assumption, the translational invariance is encoded in a conserved
stress-energy tensor, i.e. 0*T),, = 0. Lorentz invariance further require this stress-energy tensor
to be symmetric so that the “Lorentz current” J(“ L”)p = " T, l'is conserved. We want to focus
on conformal symmetries.

Recall that the variation of an action under infinitesimal transformations z# — z# + e#(z)

in Noether theorem is given by

58 = —/ddxjfjauea. (1.4.16)

When we deal with diffeomorphism, ([1.4.16|) takes the form

1
65 = —3 /ddaﬁT‘“’(aue,, +y¢,) (1.4.17)
and using ((1.4.6)) we arrive to
1 14
6S = —E/dde[ja €. (1.4.18)

So, it seems that in order to have conformal symmetry the stress-energy tensor must be traceless
T = 0. Now, to some extent tracelessness corresponds to scale invariance. More precisely, the
current associated to scale invariance is shown to be Jp, = 2T, — Jv),, where Jy, is known
as the “virial current”. Notice that in order to have 0"Jip), = 0 it must be T = 0" Jy),.
Then, if the stress-energy tensor can be redefined such that its trace is 7" = T — 0" Jy ),
the conservation of the dilatation currents, i.e. scale invariance, would correspond to the
tracelessness of the improved stress-energy tensor 7),. Following this rather naive-classical
argument, is telling us that scale invariance implies conformal invariance when the virial
current can be reabsorbed into an improved stress-energy tensor satisfying 77 = 0. However,
the problem about the enhancement of scale invariance to conformal invariance is a lot more
subtle than this and it is still an open one. Besides, there is another argument we can follow,

which require some fundamentals of Renormalization-Group (RG) flow.



1.4. CONFORMAL FIELD THEORIES 19

The Renormalization-Group flow

The RG-flow is the study of how a QFT evolves from the UV to the IR regimes. A QFT has
usually an ultraviolet cutoff A, which is the energy scale beyond which new degrees of freedom
are necessary in the description: RG-flow let us quantify this “ignorance”. One starts with
some field content ¢ and some coupling ¢g: we want to relate the coupling of the theory with
A cutoff to the coupling of the theory with bA cutoff, b < 1. In a path integral approach,
redefining ¢ — ¢ + ¢, where only ¢ has non-zero Fourier modes in |k| < bA, and integrating
out ¢’ gives us an “effective” theory expressed in terms of ¢. The “integrating out procedure”
corresponds to a motion through the space of possible Lagrangians: this is the idea of RG-flow.
A fundamental object in the study of RG-flow is the “beta-function”, defined as:
_ 299

Blg) = £ (1.4.19)
A positive sign for §(g) means that the coupling increases with energy, while if it is negative
the coupling becomes smaller as the energy increases. When ((g) = 0 we talk about fixed
points: the coupling remains fixed with energy and since there is no “typical” scale A the
resulting theory is at least scale-invariant. More precisely, there exist “true” invariant theories
and theories for which 3(¢g*) = 0 only for particular values of the coupling g = ¢g*. The latter
case is the one of theories flown to fixed points, like the three-dimensional one of this thesis
which has an infrared fixed point. There, the spectrum is continuous and there will be no well-
defined particles, as we already seen for conformal theories. When the theory flows, operators
acquire anomalous dimension y(g) which “freezes” at fixed points:

A= Ay+7(g"), (1.4.20)

where A is the classical canonical dimension of the operator. Using perturbation theory it is

possible to find a relation between the stress-energy tensor and the beta-function, namely
T o< B(g)- (1.4.21)

It is then clear that the theory is at least scale-invariant, and hopefully conformal-invariant, at
fixed points because of the vanishing of the S-function.

1.4.4 Superconformal algebra

Now we want to include supersymmetry in a conformal theory: it can be shown that the SUSY
extension of the conformal algebra is only possible for d < 6 spacetime dimensions. The bosonic
sector of the superconformal algebra has the form G- @ G, where G¢ is the conformal algebra
and Ggr is the R-symmetry algebra acting on the superspace Grassmann-variables. In the
three-dimensional case we have 0(2,3) ® o(N) C so(2, 3N In order to have the complete

4 There exists an isomorphism so0(2,3) ~ sp(4, R) such that the superconformal algebra is actually Osp(N|4):
we will see the rising of this group when dealing with brane solutions.
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superconformal algebra one should include fermionic generators, namely the supercharges Q2
together with a new class of generators S¢ called “superconformal charges”: they are necessary

to close the superalgebra. The relevant commutation relations are:

{5555} = 200K,
{Q2, 55} = —i6™(20a5D + (Y9 apM,) + 200 R

My 52 = 2 ()es 5

[, 5] =0

[P, 58] = =77 Q%

(K, Q%) = _”YHBS,B

[D, Q] = 5@3 (1.4.22)

1

[D, Sa] = —55

[D, R™] =0
[Rap, Rea) = 1(0gcRoa + permutations)
[Rap, Q5] = i(850pa — 5§5ad)Q§l

[Rab, S5 = i(85064 — 050aa) S5

[P,, R™] = [K,, R®] = [M,,, R"] =0,

na

where R, are generators of o(N'). Notice that superconformal charges @ and S are also ladder
operators for dilatations, acting as rising and lowering operators respectively. So, superconfor-
mal representations have primary operators annihilated by both the lowering operators K, S.

Scaling dimensions

In four dimensions one can find that [f] = [§] = —3 is the mass dimension of Grassmannian
coordinateﬂ, while [®]; = 1 from consistency. In the three-dimensional case, Grassmannian
coordinates have the same mass dimension but the canonical dimension of component fields is
lowered by one-half: this is because we have [ d3z instead of [ d*z for the kinetic actions and
hence [®]3 = % Having defined A as the scaling dimension of a field operator, it can be shown

that for any N' = 2 three dimensional theory at the fixed point of RG-flow all operators satisfy
A > |R], (1.4.23)

where R is the charge under U(1)z symmetry. Inequality (|1.4.23]) is saturated for chiral primary
fields, which means that R-symmetry fixes scaling dimensions at fixed points: this is a useful

feature if we want to check that our theories are conformal, or at least scale-invariant. Actually,

15Which means that [d?0] = [d%0] = 1.
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theories we are considering in this thesis are N' = 2 three-dimensional nonlinear sigma models:
in [41] it was shown that if these theories are scale-invariant then they are also superconfor-
mal. So, even if there is no generalized proof, scale invariance is enhanced to superconformal
invariance in some cases and hence it is sufficient to prove the former to obtain the latter. In
order to better understand this statement, recall that nonlinear sigma models in this thesis
are characterized by some function K (®, ®) called Kihler potential. Our effective action takes
the schematic form [ d*zd*@K and in order to prove scale-invariance we should find that the
scaling dimension of the effective action is zero. Since Ags, = —3 and Agqep = 2, it must be
Ag = 1 in order for our theory to be scale-invariant. In [41] this condition is exactly the one

required for a N'= 2 d = 3 nonlinear sigma model to be superconformal.

1.5 Anti de Sitter spacetime

Anti de Sitter spacetimes are maximally symmetric solutions to Einstein equations R, —
% 9uwR~+ANgu =T, where T),, = 0, and the cosmological constant A is negative. These spaces

AdS,, admit the maximal number of Killing vectors w

and are the minkowskian counterpart
of euclidean hyperbolic spaces since they have negative curvature. n-dimensional anti de Sitter
spacetime comes with a length scale L and is defined as the set of all points (X°,..., X") in a
(n + 1)-dimensional Minkowski spacetime R"™1? satisfying

n—1
—Xo+Y X -X2=-12 (1.5.1)
i=1
Notice that the action of SO(n — 1,2) preserves (1.5.1)) and that this group acts transitively
on AdS,, i.e. it is its isometry group. Besides, a point on AdS,, is left invariant by the action
of SO(n —1,1), i.e. it is the isotropy group. So, we can identify anti de Sitter spacetimes as
coset manifolds

(1.5.2)

making evident that SO(n—1,2) is the isometry group. We can rewrite more compactly
as " X, X, — W? = —L? where we have defined W = X,,. By differentiation we obtain the
following metric:

P X, X,
XX+ L2

At this stage we can calculate “curvatures”, which take the form:

ds* = f"dX,dX, — dW? = (nﬂ” - )qude. (1.5.3)

1
R;wpo = _ﬁ(gupgua - g;wgyp)
n—1
R#V - - L2 QW (154)
n(n —1)

R=-="
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Let us focus on AdS, for a moment. The line element reads
ds® = —(dT? + dW?) + (dX* + dY? + dZ?) (1.5.5)

and there seems to be two time-coordinates 7" and W, while we would like to have only one.
Replacing (T, W) with (p,t) such that (T" = psint, W = pcost) and using canonical spherical
parametrization for the remaining three spacial coordinates gives

ds® = —(dp? + pdt®) + (dF® + 72dQ?) (1.5.6)

Setting L = 1, (1.5.1)) corresponds to the constraint p> — 72 = 1 and by differentiation and
following insertion in ((1.5.6)) we und up with

~2

ds* = —(1 +7%)dt* + ldr

=+ A2, (1.5.7)
which correctly have only one time-coordinate.
It is now possible to express the metric in conformal coordinates. Set 7 = tan so that

(1.5.7) becomes
1

cos?

Notice that AdS,, is conformally equivalent to R"~ %!, However, the v coordinate ranges from

ds® = (—dt* +dQ2_). (1.5.8)

0 to /2 and not m, which means that space covers only one hemisphere: it is then improper
to define dQ2 | = dy?® +sin?dQ?_,. Thus, we say that spatial sections of AdS, are bounded
by S"~2, which may be considered as euclidean spaces with a point at infinity. Together with
the time coordinate ¢ the Minkowski R'"™~2 is restored and appears as a boundary.

Consider n = d + 1, where d is the dimension of a spacetime with conformal symmetry.

Then ([1.5.2)) reads
SO(d,?2)
AdSgy1 = —+——+ 1.5.9
d+1 SO(d, 1) ) ( )
from which it is clear that the isometry group of AdSy.; coincide with the conformal group of
its boundary R4~!: this is only one of the interesting aspects regarding AdS/CFT duality.
It is worth mentioning some coordinate systems which become very useful when dealing

with AdS/CFT duality: the Poincaré charts. Taking the following definitions
T =t/w, X =z/w, Y =y/w,
Wtr=W+27 = (a:2+y2—t2)—|—w, (1‘5'10>

W=W-—-Z27=

)

=g~

for AdS,, which is actually the case of interest in this thesis, the metric (1.5.5) becomes:

2
2 _ L7
-

LQ
ds (=dt* + da* + dy* + dw?) = E(de + datdz,,), (1.5.11)
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which is the analogue of the metric for Poincaré half-plane and the boundary is at w = 0. With

a further change of coordinates w = e, the boundary appears at infinity and the metric reads
ds* = L*(di* + e*"da"dz,,), (1.5.12)

which is a nonsingular form of the anti-de Sitter metric in Poincaré coordinates. Notice that
the metric (|1.5.11)) has a very important feature: it is invariant under dilatation

(zp, w) = (Azy, Aw). (1.5.13)

This is crucial in AdS/CFT correspondence because radial coordinates in the gravity side are
typically associated to some energy scale in the dual field theory. For instance, if we introduce

u= i then (1.5.11]) becomes
d 2
ds®> = L? <u—u2 + u2dx“d:c#> (1.5.14)

and u can be identified as an energy scale. The boundary region of AdS is w < 1 and
corresponds to u > 1, which is the UV regime of the dual C'F'T. On contrary, the horizon
region w > 1 is equivalent to u < 1, so it correspond to low energies, i.e. the IR regime of the
CFT. Taking again L = 1 for clarity, a form of the metric we will come across later on in this

thesis is )

d
ds* = 4+ a2 (RY?), (1.5.15)
r
obtained from w = % = 1%2 So, if u has to be identified with some energy scale, the “scaling

dimension” of the new radial coordinate r should be %: this number is very important in

the conformal check at the end of this work because it allows us to assign the correct scaling
dimensions A of the fields in the HEFT description. Moreover, the coordinate r is actually the

radial coordinate of the conical structure wich we are going to introduce in the next chapter.
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Chapter 2

Complex geometry handbook

This chapter is a mathematical parenthesis on the geometric objects we will come across
throughout this thesis. Even if it seems a “technical vocabulary”, especially in the first part, we
will try to be “not-so-rigorous”: the purpose is to present the most relevant facts concerning
Calabi-Yau (CY) manifolds, one of the main characters in this work. However, we will see
complex geometry in action, together with its physical importance, only in the next chapters,
when we will introduce branes, M-Theory and finally holography. We will closely follow [19]
here, with something from [20], but lots of information and applications can be found in papers

cited in the next chapter.

2.1 Basics of differential geometry

The first thing we want to point out is that the concept of manifold do not coincide with the
concept of metric. A manifold endowed with a metric is called Riemannian manifold, but we
can in principle have different metrics for the same manifold: for instance, we anticipate that
one of the most important calculations in this work is to find a particular metric on a given
manifold. With this statement in mind, we can start to collect the basic geometrical object we

will encounter.

Definition: A complex manifold is a topological space together with a holomorphic atlas.
Example: complex projective space CP,,.

The n-dimensional projective space is the space of complex lines through the origin in C***/ {0},
that is the set (z1,...,2,41) where z; # 0, together with the identification (z1,...,2,11) =~
(21, ...y 2ny1) for any non-zero complex X\. We can take sets U; = {27 # 0} as coordinate
neighborhoods and choose coordinates C; = j—; within each U;. On the overlap U; N U we have

1

l z l
g:i:%:%. (2.1.1)
27 j—k Ck
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In this thesis we are mainly interested in CP; spaces because they will emerge when dealing
with the Q' model. The unidimensional projective space is covered by two coordinate patches
Uy and U, with coordinate ¢, = (7 = 2 and ¢, = (3 = 2L, respectively. In the overlap region

U, NU; we have (; = é and we see that the unidimensional complex projective space is actually

the Riemann sphere S2.

Now we introduce the language of differential forms because it will be widely used in this
work.

Definition: A p-form is a totally antisymmetric covariant tensor of rank p defined as

1 m m.

a, = Hamh...,mpdx YA A da™r, (2.1.2)
where the symbol “A” is called “wedge-product”. This is the natural product between a p-form
and a ¢-form and it gives a (p + ¢)-form.

Definition: The exterior derivative d is a map from the space of p-forms to the space of
(p + 1)-forms defined as
1 m m m
day = = O0pmQmy . m,dx™ N dx™ N - AN dx™. (2.1.3)
pl

Definition: The Hodge-star x is a map from p-forms to (n — p)-forms defined as

* QU

_ V |d€tg| ml...mp ll ln,
r p|(n _ p)!ell‘..ln_p m1...mpdx A ANdx P, (214)

where ¢ is some metric. This map let us define an inner product on the space of real forms as

(v, By) = /O‘p/\*ﬂq' (2.1.5)

Given an inner product we can define the adjoint of the exterior derivative d' such that
(ap, dBy—1) = (d'evy, B,-1). One can show that

d' = %d* if n even
(2.1.6)
d' = (—1)P xd* if n odd
and moreover dd = 0 = d'd". The action of d' on a p-form is given by
1
d'a, = — My dT™ A AT N - A dT™ 2.1.7
a, = 1)!V Qkmy...m, AT x x ( )

Definition: The Hodge-deRham operator is the second order differential operator defined as
A = dd" + d'd and it is the covariant generalization of the Laplacian.
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Definition: A p-form w is called harmonic if Aw = 0. Using the inner product one can show
that a form on a compact manifold is harmonic if and only if it is both closed and co-closed,
i.e. it satisfies dw = 0 and d'w = 0 respectively!] The existence of harmonic forms is related to
global properties of the manifold on which they are defined. Indeed, Hodge has shown that a
differential form on a compact manifold can always be written in terms of harmonic, closed and
co-closed components in a unique way w = a + df + d'v. Similarly, a closed form can always
be written as w = a+dfS with o harmonic and df exact. Surely an exact form is automatically
closed since d? = 0, but the converse is not generally true: a closed form is exact only if the
harmonic part is zero. Actually, given a closed form w it is always possible to find a form f
such that w = df within any coordinate patch of the manifold. However, there is no guarantee
that § transform properly on the overlap region between two different patches and hence it
cannot be globally defined in general. So, a closed form is exact only locally.

The study of harmonic forms is matter of Homology and Cohomology: we will only intro-
duce the basic concepts for them relatively to a generic n-dimensional manifold M.

Definition: A p-chain a, is a sum a, = ) ¢;N;, where N; are p-dimensional oriented subman-
i
ifolds of M. An integral over the chain can be expressed as fZ N, = Z ¢ | Ny
] (]

Definition: The boundary operator 0 associates a manifold ‘M with its boundary 0M. The
boundary operator acting on p-chains gives (p — 1)-chains da, = ) ¢;ON;.

Definition: A p-cycle C), is a p-chain with no boundary, i.e. it sa’éisﬁes oC, = 0.

Definition: Let Z, be the set of p-cycles and let B, be the set of p-chains which are bound-
aries of (p + 1)-chains, namely a, = da,.;. The (simplicial) homology of M is the quotient set
H, = Z,/B,. In other words, H, is the set of p-cycles with two cycles considered equivalent if
they differ by a boundary, i.e. a, ~ a, + Oa,t;.

Example: the torus T2

The bidimensional torus is shown to admit two non-trivial harmonic one-forms. So to speak,
this is because there are “two basic curves which are not boundaries”. Since it is a two-
dimensional manifold we can only consider H, with p = 0,1,2. Zero-chains are points, which
have no boundary: they are then zero-cycles too. Notice that any two points form the bound-
ary of a curve. Hence, Hy consists of multiples of some representative point, i.e. Hy ~ R. H;
consists instead of the two independent cycles so that H; ~ R & R, while Hy ~ R because the

only two-chain without boundary is T? itself.

Definition: Let Z? be the set of closed p-forms and let BP be the set of exact p-forms. The
“de Rham cohomology” is the quotient H? = ZP/BP i.e. HP is the set of closed p-forms where

Tt is important to stress that in the case of non-compact manifolds, such as cones we are going to deal with,
the “if and only if” is not appropriate. Instead, a form being both closed and co-closed is surely harmonic by
definition. Indeed, since A = dd' + d'd, if dw = 0 = d'w then Aw = 0.
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two elements are considered equivalent if they differ by an exact form w, ~ w, + dfB,_:.
Theorem: de Rham showed that the two vector spaces H, and H? are dual to each other and

hence isomorphic.

Definition: Betti numbers b, = dimH? are topological quantities that give the amount of

linearly independent harmonic p-forms.

Theorem: Given a p-cycle C,, there exists an (n — p)-form a,,_,, called the “Poincaré dual” of

C,, such that
/ Wp —/ Qpp N\ Wy (2.1.8)
Cyp M

for any closed p-form wj,.

2.2 Riemannian manifolds

Given a manifold M and a metric tensor g on it, the couple (M, g) is called “Riemannian
manifold” (but we will refer to it using M only). On M there exists a unique linear connection
V which is also torsion free, i.e. [X,Y] = VxY — Vy X for any vector fields X, Y on M.
Moreover, it preserves the metric Vg = 0. This is called “Levi-Civita connection” and relatively
to a local chart x* it is defined with “Christoffel symbols” I'¢, by Vg, 0, = I'¢,0.. Christoffel

symbols can also be expressed in terms of the metric in the unique way:

1
Ia = 596d(aagdb + Obgad — Oalan)- (2.2.1)

Using V we can introduce the notion of parallel transport. Given a curve t — () on M with
velocity 7, we say that a vector field X is parallel along v if V4, X = 0. Relatively to a local
chart z* we can write this equation as:

VX0 =440, X0 + T8 X¢) = X0 + TP 42X° = 0. (2.2.2)

A curve is called “geodesic” if its velocity is self-parallel, i.e. V¥ = 0. In the same fashion of
(2.2.2) we get the geodesic equation:

3+ T =0 (2.2.3)

Integration of bring to the concept of parallel transport. More precisely, consider the
curve 7 : [0,1] — M and the linear map P, : T, )M — T,y M taking vectors tangent to M at
the point (0) € M to vectors tangent to M at y(1). If X € T, M is a tangent vector to M at
p = 7(0) we define the “parallel transport” P, (X) relative to v by first extending X to a vector
field along v in such a way that solves and then evaluating the vector field at v(1). Now
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we fix a point p € M and let v be a differentiable curve which starts and ends at p. Then P,
is a linear map from the tangent space 7,,M to itself. Notice that we can both decompose and
invert those maps: therefore P, forms a group. Restricting to contractible loops, the group of

linear transformations
Hol(p) = {P, | v contractible loop based at p}

is called “(restricted) holonomy group at p” of the connection V. The holonomy group is a very
important conceptf] and in the case of a riemannian manifold M it is shown to be isomorphic to
SO(n), where n = dim M. Besides, it is interesting that the Lie algebra of Hol(p) is generated
by the Riemann curvature tensor and hence the holonomy group somehow “measures” how
much a space is curved. Indeed, we can fix two vectors X,Y on M and define a linear map as

follows:
R(X, Y) - [VX, VY] - V[X,y]. (224)

Relatively to a coordinate basis, the linear map (2.2.4) may be written as a tensor R%, defined
by

R(04,0)0: = Oy (2.2.5)
and hence having components
Rgbc = aargc - abrgc + Fgcrge - FZCFZe' (226)

d

¢».0a and for a rieman-

Then, the Lie algebra is spanned by “curvature operators” Ry, : 0. — R,
nian manifold this is actually so(n) since Ry, is antisymmetric.

2.3 Kahler geometry

Definition: Let M be an n-dimensional complex manifold and let z# be local coordinates. We

define the tensor I]" by

]:idz“%—idzﬁ%. (2.3.1)
I is called “complex structure” and it is a linear map from the tangent space to itself obeying
I? = —1, i.e. in component I" [P = —§P . This gives to each tangent space the structure of a
complex vector space and hence the n must be even. Complexifying the tangent space we can
diagonalize I immediately finding its eigenvalues £¢. At this point one can identify two kinds
of complex vector fields Z: type (1,0) (or holomorphic) satisfy [Z = iZ, whereas type (0, 1) (or
antiholomorphic) satisfy IZ = —iZ. Moreover, we can define two operators P = %(]l —1I) and

Q = %(]l + iI) projecting out respectively the holomorphic and antiholomorphic components

2For instance, we will see that it is physically related to supersymmetry.
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of a tensor. A complex k-form, with £k = p + ¢, can be then decomposed in p-holomorphic and

g-antiholomorphic parts in the following way:

w= Y w9, (2.3.2)

p+q=Fk

Moreover, when the exterior derivative d acts on a (p, ¢)-form it gives a linear combination of
forms having different type. This is because d = 949, where “Dolbeault operators” are defined
as 0 = Pd and 0 = Qd. We can think of these operators as type (1,0) and type (0, 1) parts of
the exterior derivative d. Indeed:

OwP1) — (dw)(”“’q)

O ™D = (du)PatD). (2.3.3)

Each Dolbeaut operator defines its cohomology group, whose complex dimension is called

“Hodge number”.

Definition: A complex manifold is called hermitian if it is endowed with a metric of the
form ds* = g,pdz"dz". A hermitian metric satisfies g, = I¥ I' g1y we say that the complex
structure is compatible with the metric. Using the properties of I and hermiticity we can find
that gmkl,’j = — gnk]fn, which means that hermitian manifolds have always a natural tvvo-for

We have just seen that complex manifolds admit globally defined tensors I which square to
minus the identity. What if a real manifold admits such a tensor?

Definition: If a real manifold M admits a globally defined tensor I, which in this case is called
“almost complex structure”, such that I I? = —éP , then M is called almost complex. If in
addition the metric is hermitian then M is called almost hermitian.

Definition: The Nijenhuis tensor N; of the almost complex structure I is defined as

N{(X,Y) = I[IX,IY] 4+ [X,IY] + [IX,Y] — I[X,Y]. (2.3.4)

Theorem: An almost complex structure becomes a complex structure if and only if the asso-
ciated Nijenhuis tensor vanishes. In that case, there exist a holomorphic atlas such that

M=ok, I = —idt, I"=0=1IL (2.3.5)

Recall that the Christoffel connection is uniquely determined by two requirements: covariantly
constant metric and symmetric connection. When we have a complex manifold it is quite

natural to require the constant covariance of the complex structure, namely VI = 0. A unique

3In order to avoid confusion we must distinguish the (1, 1)-tensor I'™ and the (2, 0)-form J,,,,. In a free-index
notation, the former is defined from I = I]*0,, ® dx™ while the latter corresponds to J = %Jmndxm Adx™.
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connection is then singled out requiring the torsion tensor Ff

mn) 1O be pure in its lower indexes.

It follows that all the mixed components of the connection vanish and hence that a hermitian

connection is pure in its indexes. Using these facts, one can obtain:

Pure connection : F’\ =g Ouvp
Non-vanishing curvature : Ry, =—R},,=0.I7; (2.3.6)
Ricci form : R =Rl dz" A dz" =iddlog +/detg.

Notice that the Ricci two-form is always closed, i.e. dR = 0, but it is not globally exact altough
(2.3.6) holds globally. The Ricci form defines a particular cohomology class
1
= {—R} (2.3.7)
2m
called “first Chern class”. Actually, ¢; is a topological invariant and it does not change under

smooth variation of the metric, which in contrast affect the Ricci form R.

Definition: A hermitian manifold is said to be Kéahler if the natural two-form J is closed,
i.e. dJ = 0. On a Kahler manifold J is called “Kahler form”. From d.J = 0 it follows

&\gup - aug)\% aﬁgufl = al‘/.Q/Lﬁ) (238>

which translates into the fact that g,; = 0,05, for some real scalar ¢; that can be defined on
each patch U;. These scalars are also known as “Kahler potentials” and we can write

J = i00y, (2.3.9)

for each patch U, whereas in some intersection U; N Uy we have p; = @i + fjr(2) with a holo-
morphic transition function. We should stress that J is not exact. Indeed, for a n-dimensional
manifold M the n-fold product J A --- A J is proportional to the volume form dwvol(M): inte-
gration over the manifold M then gives its volume. If J is exact, for example J = df3, then this
volume is always zero, which is clearly not true. Instead, since J is covariantly constant it is
also co-closed: so, having both dJ = 0 = d'J, the Kihler form is harmonic.

Example: CP; is a Kahler manifold.

This example will become useful later in this thesis. Recalling , set

~ log (Z ) = tos(IGH + 162 (2:3.10)

as the Kahler potentials so that ¢; = log(1 + |(;]?) and ¢s = log(1 + |(2]?). On the overlap

U, N U,, since ¢ = Clz we have ¢1 = ¢y — log(|(2]?) and hence 00p, = 00py. The metric
generated by this potential is the “Fubini-Study” one
1

gNV = 8ﬂaggpl = Waﬂl} (2311)

An alternative definition of a K&hler manifold is based on holonomy: a manifold (M, g, 1) is

said to be Kahler if its holonomy group lies in U(n).
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2.3.1 Ricci-flatness: the Calabi-Yau geometry

We can restrict the holonomy of a Kédhler manifold by imposing constraints on the curvature, for
example asking it to be Ricci-flat, i.e. the Ricci tensor vanishes. This request has an important
physical meaning: transversal cones X in the background geometry RY? x Xz that we will see
in the next chapter must satisfy supergravity equation of motion in vacuum in order to be good
stable backgrounds, i.e. X must be Ricci-flat.

Definition: A Calabi-Yau (CY) manifold is a Ké&hler manifold with vanishing Ricci form.

It can be shown that this is equivalent to demanding that the holonomy group is SU(n) rather
than U(n) ~ SU(n) x U(1), the U(1) factor being generated by the the Ricci tensor. So, if
the manifold is Ricci-flat there is no U(1) and the holonomy group is restricted. As we have
previously seen, the Ricci form defines the first Chern class . Consider a generic metric
g and a Ricci-flat metric ¢’ on the Kéhler manifold M. The associated Ricci forms are related
by R(g) = R(¢') + exact-form and since R(¢g’) = 0 we get ¢; = 0. This fact brought to the
following crucial theorem, conjectured by Calabi and later proved by Yau.

Theorem: Given a complex manifold with vanishing first Chern class and any Kahler metric
g with Kéhler form J, there exists a unique Ricci-flat Kéhler metric ¢ whose Kéhler form J’
is in the same cohomology class as J. The utility of this theorem is that one can construct CY
manifolds by simply constructing ¢; = 0 manifolds.

Example: CP, is not Ricci-flat.

The Ricci form for the projective space CP,, with the Fubini-Study metric takes the
form

R=—(n+1)J (2.3.12)

Since we know that the Kahler form is not exact, then it is clear from that the first
Chern class is nontrivial: this means that projective spaces cannot admit a Ricci-flat metric.
A fundamental property of CY manifolds is that they admit covariantly constant spinors
V@) = 0, which have an important physical meaning: they are related to SUSY. Actually,
we will see that not every brane-solution is supersymmetric, but demanding the preservation of
some SUSY implies that the transversal cone X must admit some covariantly constant spinor,
i.e. it must be a CY. So, the CY-condition on transverse space will ensure both a stable

background geometry and the preservation of some supersymmetry.

Hodge numbers of a CY manifold

We stated that Betti numbers are topological numbers b, giving the dimension of the p-th de
Rham cohomology HP(M) of a manifold M. After the definition of a metric on M, b, counts
the number of linearly-independent harmonic p-forms and for a Kéhler metric there exists a

k

decomposition in terms of “Hodge numbers” hP? such that b, = > hP*7P  hP4 counting the
p=0

number of harmonic (p, ¢)-forms on M. A CY n-fold has symmetries and dualities relating
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Hodge numbers. For instance, one can prove that h?? = h"7PY and h?4 = h%P. Moreover,
Poincaré duality gives h?? = h"P"~4 We are particularly interested in the n = 4 case: these
CY four-folds are characterized by three independent Hodge numbers (k%! A3 h12?). Then,
one can compute Betti numbers, which in turn play an important role since they are associated
to symmetries in the field theories we are going to deal with.

2.4 Calabi-Yau cones

As anticipated, in this work we will study branes on a background geometry RY? x Xjg, where
the branes are parallel to the R%? factor and can be considered as pointlike with respect to
the transverse CY cone Xg: in this section we want to highlight some geometrical features
about this cone. First of all, it has to be intended as a manifold Xg = R, x Y7 with metric
ds? = dr* + r’ds2, where Y7 is the (compact) base of the cone. The point r = 0 is singular
unless Y7 = S”: we then talk about conical singularities. Let us be more precise.

Consider the riemannian manifold (Y, gy) and let X = R, x Y. We parametrise R, by
r > 0 and define the metric gx on X such that

dsy = gffmdxmdx” =dr® +r?dsy = dr* + rzgzgdxidxj. (2.4.1)

The riemannian manifold (X, gy) constructed in this way is called “metric cone” of (Y, gy).
We will sometimes call C(Y") the singular cone over Y.

One of the most important features of “conelike” metrics is the existence of a Killing vector
generating a rescaling of the radial coordinate. This is usually called “Euler vector” and takes
the form & = r0,: it turns out to be essential for building some geometric structure on the
base Y. We have mentioned earlier that CY manifolds are related to covariantly constant
spinors, also called “parallel spinors”, and that these are related to SUSY generators: we
want to deepen the relation between the CY cone, its base and such spinors. Recall that a
covariantly constant spinor n satisfies VX)) = 0, i.e. it is invariant under parallel transport
and hence its value at any point p € X is invariant under the holonomy group Hol(p). A
manifold admitting such spinor fields is necessarily Ricci-flat, otherwise there must be some
rotation of the spinor after parallel transporting it around a closed loop. We are obviously
interested in Hol(p) = SU(n = 4), which is the CY four-fold casd’ Now, it is possible to
find a correspondence between parallel spinors on (X, gx) and some Killing spinors on (Y, gy ),

namely
1
VEn=0 +— vV¥y= 5T, (2.4.2)

where I' are the (Dirac) gamma-matrixes on the base of the cone. This fact will let us see
SUSY generators as related to Killing spinors on Y rather than parallel ones on X, so that we

4We should mention that there exists other three holonomy groups related to covariantly constant spinors,
which in the four-fold case are: G, Sp(2) and Spin(T7).



34 CHAPTER 2. COMPLEX GEOMETRY HANDBOOK

can use these two terms “interchangeably”. Letting A denote the dimension of the space of
Killing spinors, one can find that the case of CY four-fold have N' = 2E| Besides, in terms of the
seven-manifold at the base, the reduced holonomy of the CY cone implies the existence of some
tensors that contracted with the Euler vector give rise to geometrical objects characterizing the
base Y. For instance, one can build a “Sasakian structure” on Y and then, as usually found
in literature, define a Sasaki space as the base of a Kéahler cone. Since we are interested in
Ricci-flat cones because they provide stable supergravity backgrounds, one can also find that
the relative base is an Einstein space, i.e. it has a Ricci tensor proportional to the metricﬁ.
Summarizing, C(Y) is Kéahler if and only if Y is Sasaki, but since the cone is also Ricci-flat
it follows that its base is also Einstein. So, a Calabi-Yau cone has a Sasaki-Einstein base and
both of them are related to N' = 2.

Resolutions and moduli: a preview

Cones are singular manifolds with the singularity at the tip. String and M-Theory can be
studied on such singular manifolds giving rise to new features with respect to the flat spacetime
case. One of them is about “resolutions”: we can replace the singularity of the cone with a
smooth manifold and this leads to the so called “resolved cone”. We will sometimes call
C(Y) the singular cone over the base Y, while X will be identified with the resolved cone.
The resolution is more rigorously defined as a map 7 : X — C(Y) such that the singular point
{r =0} of C(Y) is effectively replaced by an higher-dimensional locus in X, called “exceptional
set”. The metric on the resolved X is no more invariant under rescalings, but it should be a
CY one approaching the CY metric of C(Y) asymptoticallyﬂ: there is a theorem that ensure
this and it is to some extent a non-compact version of the aforementioned Calabi-Yau theorem.
Indeed, if X is compact then the CY theorem implies that it admits a unique Ricci-flat Kahler
metric: the non-compact version is implemented with suitable boundary conditions, namely
that the metric should be asymptotic to the one on C(Y).

Theorem: Given a singular cone C(Y) with vanishing first Chern class and any Kéhler metric
g with Kéhler form J, if 7 : X — C(Y) is a resolution of the singular cone then X admits a
unique Ricci-flat Kéhler metric ¢’ which is asymptotic to g and whose Kéhler form J' is in the
same cohomology class of J.

Sometimes, as in the case of the Q' model treated in this work, resolution manifolds, i.e.
exceptional sets, are product of CP; ~ S?, whose volumes are regulated by some parameters.

For completeness, we mention that Spin(7) holonomy gives N' = 1, CY four-folds have ' = 2 and (“hy-
perkihler”) Sp(2) holonomy gives N = 3, whereas for A > 3 the manifold is necessarily a quotient of C*.

6We can indeed consider a change of coordinates in using ¢ = Inr so that ds3 = €2?(d¢? + ds?.),
which is clearly conformally equivalent to the metric of a cylinder over Y, namely d¢? + g% dzidx?. If g, in
is Ricci-flat, after the conformal transformation the Ricci tensor on the base turns out to be R}; = 29};,
i.e. the space is Einstein.

"We will see the physical reason to require this when dealing with holography.
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We anticipate that these parameters, together with the branes positions on X, give rise to a

certain amount of “moduli” that will correspond to fields of a particular field theory.

Resolved cone: an example

Consider the three-dimensional complex cone C(Y5) treated in [39], where the base Y; has
isometry group SO(4) x U(1). This is called Klebanov-Witten model and we anticipate now
that it will come out later on in this thesis. As a complex manifold, it can be described by a
quadric equation in C*, namely

24+ 242 =0. (2.4.3)

Notice that z; — Az; with A € C* leaves (2.4.3)) invariant, so that its real and positive part
s € R% can be interpreted as the typical scaling parameter of a cone. We can find the base Y3
quotienting by R* , which is equivalent to intersecting the cone with the unit sphere in C*:

|21 + [z2f* + |zs]* + 2] = 1. (2.4.4)

Since SO(4) ~ SU(2) x SU(2) acts transitively on (2.4.4) and any point in the base is invariant

under a U(1) action, the base is actually the coset manifold Y5 = %

T, Alternatively, we can rewrite ([2.4.3]) using an obvious change of coordinates as

, also known as

uwv —zy = 0. (2.4.5)
The conifold equation ([2.4.5)) has an immediate solution taking
u = albl, vV = azbg, Tr = albz, Yy = CLle (246)

and notice that the identification is unchanged if we perform a rescaling a; — Aa;, b; — A 7'b;.
Moreover, the SO(4) ~ SU(2) x SU(2) isometry has a clear interpretation: one SU(2) acts
on a; and the other one acts on b;. Now, if we write A\ = se®, with s € R? and « real, the

parameter s can be chosen to set
a1 * + laof® = [0y * + [0 = 1, (2.4.7)

which makes evident that the isometry group is SU(2) x SU(2) ~ S* x S?. Then, dividing by
the remaining U (1) acting as
a; — emai, bl — €_iabz' (248)

we find the same base manifold Y; = % =S?x S3 =T,

At this stage the conifold has a singularity at the tip and there are two different ways to
“smoothen” it. Following [38], they consist in substituting the singular tip with either S? or S3:

in this work we are more interested in the former option. For the moment, we want to anticipate
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that (ay, as, by, by) admit a field theoretical interpretation. Indeed, when studying field theory

vacua via minimization of a scalar potential like (|1.2.19)), it may emerge an equation like
|aa|? + |ag|* = [02]* = [Ba]?* = ¢, (2.4.9)

where ( is a Fayet-Iliopoulos parameter. If ( = 0 this is exactly so that one ends up
with a conifold moduli space. If instead ¢ # 0 then the moduli space is a resolution of the
cone. To some extent, external parameters like FI can be interpreted as resolution parameters
“deforming” the conifold equation and hence “resolving” the singular cone. The generalization
to the case of C'(Q!) treated in this thesis is not so straightforward and will be worked out in

the last chapter.



Chapter 3

M-Theory and brane solutions

In this chapter we are going to introduce some basic aspects of M-Theory following [21], focus-
ing on its effective field theory: the eleven-dimensional supergravity. Then, we will consider the
generalization of point-particles in M-Theory, namely M-branes: we are interested in geomet-
rical solution to Einstein equations preserving a fraction of the original supersymmetry. We
will see that M-branes placed on some eleven-dimensional background geometry give rise to a
“warped” geometry, whose near-horizon limit includes an AdS factor and an internal manifold.
Such solutions are studied for example in [22] 23, 24]. We already mentioned that supersym-
metry is related to the number of Killing spinors on internal manifolds but the presence of
branes sometimes reduces the amount of SUSY: this is pointed out also in |25, 26]. Remember
that our interest is oriented towards M-Theory on Calabi-Yau conical four-folds and hence we
will explicitly face this problem only, following [27] and [30] for more general warped solutions.
Besides, we shall get a glimpse on the field theories dual to brane-configurations, which are
matter of the next chapter, starting with the most famous example: the Maldacena duality
[3]. The gauge/gravity correspondence is then explained as in [28], together with possible

generalizations.

3.1 Basics of M-Theory

M-Theory was firstly conjectured by Edward Witten as a theory unifying all the five consistent
versions of superstring theory: type I, type ITA, type IIB, heterotic Fgs x Eg and heterotic
SO(32). These ten-dimensional theories are related by string-dualities, which means that there
should be only one theory having different descriptions. On the other hand, M-Theory can be
interpreted as a strong coupling limit of type IIA (or eventually Eg x Eg, but in this thesis we
are more interested in the former scenario), which develops a new dimension and approaches
an eleven-dimensional limit. It is important to stress that M-Theory is not a String-Theory:
indeed, the extended objects generalizing the notion of point-particles are M-branes rather than

strings, which are not present in the eleven-dimensional theory. In what follows we are going to

37



38 CHAPTER 3. M-THEORY AND BRANE SOLUTIONS

work with the effective theory of M-Theory, namely the eleven-dimensional supergravity. The
downside is that effective theories are non-fundamental by definition: however, we can study

dualities and brane solutions even in the low-energy limit with important outcomes.

3.1.1 Field content and M-branes

The massless spectrum of eleven-dimensional supergravity is relatively simple.

e First of all, 11-dimensional supergravity contains gravity, so there is a graviton. This is
represented by a symmetric traceless tensor of the little group SO(D — 2), with D = 11.
It has therefore $(D — 1)(D — 2) — 1 = 44 physical degrees of freedom.

e A SUSY theory should contain some fermionic degrees of freedom: indeed, there is a
3
5.
that it has 128 degrees of freedom organized in a 32-component Majorana spinoxﬂ

gravitino s, the supersymmetric partner of the graviton, with spin One can show

e In order for the theory to be supersymmetric, we must include other 128-44=84 bosonic
degrees of freedom: an eleven-dimensional three-form Ajs is what we need. Indeed, mass-

less p-forms in D-dimensional spacetimes have (D ) physical degrees of freedom.

—2
p

In general, M p-branes are extended objects having a (14 p)-dimensional worldvolume which
hosts a gauge theory. They naturally couple to a gauge potential, more precisely to a (1 + p)-
form A;4,. Since eleven-dimensional supergravity contains a three-form gauge potential As,
there should exist some M2-branes that couple to i’ These fundamental constituents are also
called electric branes, which are by themselves sources of gauge fields, and from electromagnetic
duality we know that there should be also (magnetic) M5-branes in the theory. This is because
the electromagnetic dual of A;,,, which is a massless gauge potential, is Cp_(14p)—2: With
p=2and D = 11 we find Cj, which naturally couples to a five-dimensional extended objectE].
Moreover, they are stable solitonic solutions to supergravity equations, which means that they
look like (extremal) black-holes and share some of their properties.

We mentioned that M-Theory can be interpreted as a strong coupling limit of type ITA and
that M-Theory does not contain strings, even if type IIA is a String Theory. This sounds quite
strange, but we can think that the fundamental string of ITA is actually a M2-brane with a

spatial dimension wrapping a circular eleventh dimension. Indeed, one can obtain type IIA

! Actually, 32 is the real dimension of the smallest spinor representation of the eleven-dimensional Lorentz
group. In order to get it we start writing D = 2k 4 2 for even dimensions and D = 2k + 3 for odd dimensions.
The Dirac spinor representation has complex dimension 2¥*!, so that the number of real parameters in the

smallest representation must be doubled and then reduced by half for a Majorana condition and by half for a
24t %2

Weyl condition. Hence, the minimal Majorana spinor in eleven dimensions has = 32 components.
2Just like the four-dimensional photon A; is associated to point-particles: the (1 + p)-dimensional worldvol-
ume in that case is the worldline.
3By electromagnetic duality F; = dCs = x11dAs = *11F}.
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from dimensional reduction of M-Theory over a circle. Analogously, D4—branesﬁoorrespond to
Mb-branes. Alternatively, an M2-brane not wrapping the eleventh dimension become a D2-
brane in type IIA after dimensional reduction. This is shown to correspond to a D3-brane
in type IIB, which is very important for Maldacena duality. Reduction to type ITA can also
give rise to D6-branes, which to some extent are different from other D-branes because they
correspond to “purely geometrical” M-Theory configurations, i.e. they do not correspond to
any M-Theory localized extended object. The reason why we are interested in this reduction
to type ITA is that there is more control of Superstrings rather than M-Theory: indeed, String
Theory admits a perturbative microscopic description which is not available for M-Theory.
Besides, D6-branes play an important role in dual field theory descriptions, as we shall see in
the following chapters.

3.1.2 Supergravity action

Gauge invariance of Az together with general coordinate invariance, local Lorentz invariance
and supersymmetry put strong constraints on the action. Its bosonic part takes the unique

form

1 1
Sll = /dlla?\/ _gRscalar — 5 /F4 /\*F4 — 6 /Ag VAN Ag A F4, (311)
where Rgeq1qr is the scalar curvature and F} is the field strenght of A3. The first term of (3.1.1)

is clearly the Einstein-Hilbert action, while the remaining parts are respectively the kinetic
term of A3 and a Chern-Simons term. The reason why we are considering the bosonic part is

that we are mostly interested in classical solutions, i.e. with vanishing fermionic fields in the
background. Hence we can focus on (3.1.1).

Mp-brane solutions

Equations of motion descending from ((3.1.1)) are satisfied by the following metric:
i k
ds?, = h™o (r)da'dae'ny + ho (P)dy dy®Sa,  h(r) = (1 + —d), (3.1.2)
r

together with a field strength
F,io = dvol(RY) A dh™(r), (3.1.3)

where d = p+ 1 and d =11 — d — 2 are the worldvolume dimensions of the M p-brane and its
dual, while r = \/y*y?d4, is the radial distance in the transverse space. Indeed, I, J =0, ...,d—1
are spacetime indexes for the longitudinal part, i.e. parallel to the brane, while a,b = d, ..., 10

4For our purposes it is sufficient to know that Dp-branes are the extended objects of String Theory, rather
than M-Theory, having (1 + p)-dimensional worldvolume. Type ITA has “p = even D-branes” while type IIB
has “p = odd D-branes”: they both couple to suitable (1 4 p)-forms. We can also see D-branes as extended
object on which open strings can end.
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are space indexes for the transverse part. The constant k£ in (3.1.2) can be interpreted as the
electric/magnetic charge of the Mp-brane, namely the flux-integral over a suitable cycle: we
will specialize the solution soon after. The solution together with is written in a
rather compact fashion but recall that the relevant eleven-dimensional solutions have p = 2 or
p = 5. Take for instance the former one: we want to briefly explain why it can be interpreted as
an M2-brane. First of all, with p = 2 is invariant under translations and rotations along

0 2! 2?). Moreover, it is also invariant under rotations along the “transverse”

the directions (x
directions (23, ..., #1%). These two facts combined lead to the interpretation of the solution as an
extended object, having three-dimensional worldvolume, localized at the origin of the transverse
coordinates. Furthermore, the solution has (electric) charge k so that the interpretation of the

solution as an extended object that couples to a gauge potential is quite appropriate.

Supersymmetric solutions

The complete eleven-dimensional supergravity action is invariant under the following local

supersymmetry transformations:

deyy = e,

dAyNR = =3l N YR), (3.1.4)
1
5¢M = VME — %(FAP/[QRS — 8§J€IFQRS)FPQRS€,

where 4, are the vielbeinﬂ, Wy is the gravitino, € is an arbitrary point-dependent 11-dimensional

Majorana spinor and V,; is the covariant derivative associated to the Christoffel connection.
[-matrices satisfy the algebra {I'y;,'n} = 29un-.

Being interested in classical solutions, every fermionic field in (3.1.4) must be vanishing.
Hence, every variation is zero and the only nontrivial equation among is

1
Ve — @(FQQRS — 85 T9H) Fpgpse = 0. (3.1.5)
This can be also rewritten as
1 @) (@)
Ve + E(FMF —3F}/)e=0 (3.1.6)
after the definitions
1 4 1

A nontrivial solution € to (3.1.5)) is a Killing spinor and the equation itself leads to constraints
both on the metric and the field strength, as we will see. Remember that Killing spinors

5Indexes M, N, ... are related to “curved space” while A, B, ... are related to “flat space”. The former
transform under general coordinate transformations, whereas the latter transform under local Lorentz transfor-
mations.
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are associated to supersymmetries and hence supersymmetric solutions should admit some of
them. To some extent they are the SUSY-analogue of Killing vector fields since they can be
interpreted as fermionic parameters for infinitesimal SUSY transformations under which fields
are invariant. So, Killing spinors are associated to fermionic symmetries just like Killing vectors
are associated to bosonic ones.

3.2 M-branes on conical backgrounds

Consider a pure eleven-dimensional Minkowski flat spacetime background: then the metric
solution to supergravity equation takes the form . Interestingly, the near-horizon (NH)
geometry (r — 0) of this solution is the eleven-dimensional spacetime AdS,,» x S”7?, having
SO(2,p+ 1) x SO(10 — p) as isometry group. On the other hand, is asymptotically
Minkowski as r — oo. Notice that S is the base of the R°™? (non-singular)cone: we should
have considered some different transverse spaces as a generalization, giving brane-solutions
with different isometry groups. Moreover, it turns out that such geometries may be no more
asymptotically minkowskian, for example if we take them to be singular cones. In this thesis
we will actually deal with a stack of N M2-branes placed on a conical background geometry like
R2 x Xjg, so we are going to analyze the corresponding brane configuration and its NH-limit,

whose physical importance will be clarified in the next section.

3.2.1 MZ2-brane solutions and the near-horizon limit

When p = 2, the membrane solution (3.1.2) is:

N
dS%l = <1+E>

together with a field strength

wln

%
de'dx’n;, + (1 + %) dydy®6 4, (3.2.1)

Fy = dvol(R*?) A dh™(r). (3.2.2)

The charge k can be actually identified with the sixth power of some radius R, whose meaning
will be clear in a while, so we will write k = R®. The metric (3.2.1) is referred to a Minkowski

background: the generalization to a transverse manifold Xg reads

RO\~
dS%l = (1 + F)

Recall that if X is a cone then ds*(X) = dr? + r?ds*(Y'), where Y is the base of the cone. The
flux quantization condition of the four-form field strength in (3.2.2)) then reads

1 1
—_— Fy=—— [ dsnFy=N€eZ 3.2.4

Wl

ds*(RY?) + (1 + %6) éds2(X). (3.2.3)
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actually giving the number of M2-branes in the stack. Besides, (3.2.4) leads to the relation

R = 21l (%(YQ g (3.2.5)

between the eleven-dimensional Planck length [p, the volume of the base, the radius R and N.

We are now ready to study the NH-limit of . This corresponds to placing N M2-
branes at the tip of the cone and then looking at the metric near » = 0. More precisely, we
study the r < R limit and the result is

4 2
iy = () @+ (B) a4 masor), (326

where the first two terms gives exactly the metric ((1.5.15)) if R = L = 1. Defining the “holo-
graphic coordinate” z = f—;, the metric 1) takes the form

2 iy, B 272
dsNH:ﬁds (R™ )—|—ﬁd7“ + R%ds*(Y) =
R?[1
== {—2 (d:ﬁ + ds2(R1’2)>} + R2sX(Y) = (327)
z
= R*[ds*(AdSy) + ds*(Y)],
so that it is clear that the radius R is actually the AdS-radius.
So, we showed that the near-horizon geometry generated by a stack of N M2-branes placed
at the tip of the cone Xy in a R"? x X3 background is AdS, x Y7 as expected. The general

form of its isometry group is
SO(2,3) x G, (3.2.8)

where G is the isometry group of the base Y7. When Y7 = S then G = SO(8) so that the
algebra of the isometry group coincides with the bosonic sector of the superconformal three-
dimensional algebra Osp(8]4). This suggests that the symmetry of the dual field theory gets
enhanced to a superconformal symmetry only near the horizon. Besides, the 8 of the isometry
group of the sphere coincide with the number of supersymmetries preserved: indeed, the case of
M2-branes on S” corresponds to N = 8. In general, Y7 is a coset manifold Y = G/H admitting
N Killing spinors, where G takes the form

G =G’ x SON) (3.2.9)

and G’ corresponds to some global symmetry. The R-symmetry factor SO(N') then combines
with the isometry group of AdS,; producing Osp(N|4). Hence, the isometry group for the
non-spherical case is

Osp(N4) x G (3.2.10)

We expect to see the first factor in (3.2.10|) as the bosonic sector of the superconformal symmetry
group of some dual field theory. In the next subsection we will deepen the relation between

brane solutions and residual supersymmety.
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3.2.2 Supersymmetric M2 solutions

We want to solve (3.1.5)) in the case where the background splits as R%? x Xg. The first step
is gamma-matrices decomposition. We can adopt the basis

Iy = (F,LH Pm) ~ (7# ® 79, 1o ® ’Ym); (3.2.11)

where 7, and 1, are 2 x 2 SO(1,2) = Poincarés matrices, while 79 and ~,, are 16 x 16 matrices
of the isometry group of Xgﬁ The most general eleven-dimensional spinor field consistent with
the isometry group of the “warped geometry” in this gamma-basis can be decomposed
in the following way:

en(r,y) = Gr) @ my) + G(z) @n(y), (3.2.12)

where (1, (o are three-dimensional 2-component anticommuting spinors, while n = n; + i1 is
an eight-dimensional 16-component commuting spinor. More precisely, considering the warp
factor h(r), (3.2.11)) reads

o=

Lu=h"5(r) (7 ©%),  Dm=hs(r)(1s @ ym). (3.2.13)

Now, it can be useful to anticipate that the eleven-dimensional Killing spinor solution can be

written as
e =0 ®N=hol§@n, (3.2.14)

where (3 is a constant three-dimensional spinor and 7 = h%n turns out to be the Killing spinor
on Xg.

When we consider the M2-brane solution on purely Minkowski background we should take
into account the presence of projectors Py = %(]l + 79). Indeed, the action of one projector
on the SO(8) spinor 7 imposes a chirality condition, halving the number of components. For
instance, consider that purely Minkowski background has the maximal amount of supersymme-
try, encoded in the 32-component €;; spinor, i.e. 32 supercharges. These can also be interpreted
as 32 = 2 xX 8+ 2 x 8 using . When the M2-brane is introduced and warps the geometry,
we are left with a three-dimensional constant spinor ¢ and an eight-dimensional spinor 1 whose
components are halved, i.e. only 2 x 8 = 16 supercharges are conserved. For the moment, let
us check if is actually a Killing spinor in the case of vanishing fluxes, i.e. we focus on
the first term Vjse1; = 0 in . Since Vy; = (9, Vi), this is true because 9,(5 = 0 for a
constant three-dimensional spinor and V,,n = 0 for a Killing spinor of the transverse manifold
Xg. However, it is in general inconsistent to take vanishing fluxes for M-Theory solutions and
hence we are going to describe the procedure that leads to a complete and consistent solution
to (3.1.5)).

Before doing this we want to point out that supermembrane solutions may lower the maximal
amount of SUSY and the background can break some SUSY by itself, depending also on the

%59 =3+ 710 and 7§ = Lys.
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orientation of Xg, or more correctly its base Y7 if we remind the arguments in the previous
chapter. Calling 1 a Killing spinor on Y7, we can expect N solutions to

1
Vi n— 3l =0, (3.2.15)

where the index m is referred to the seven-dimensional base. Then, since a generic eight-
dimensional spinor has 16 components, we are left with a fraction N /16 of the full 32 super-
charges of maximally symmetric background without branes. For example, Y7 = S admits
N = 8+ 8 Killing spinors, i.e. it is maximally supersymmetric. These spinors can be viewed as
n = {ny,n_}, where the eight n,; satisfy (3.2.15), while the eight 7_ satisfy the same relation
with a “plus” sign. The membrane introduction cuts the n_ (or the 7, depending on conven-
tions) because of the projectors, recovering the aforementioned halving of supersymmetriesﬂ
However, in this thesis we consider a Sasaki-Einstein base: this possesses N/ = 2 Killing spinors
and hence preserve /1% x 32 = 4 supercharges. This 4 is precisely the amount of supersymmetry
of a N = 2 three-dimensional theory. Looking at (3.2.12)), the two three-dimensional (constant)
spinors (7, (s can be interpreted as the SUSY generators of such a field theory: indeed, they
correspond to 2 + 2 supercharges.

M-Theory solutions preserving A = 2

Let us focus on M-Theory “flux Compactiﬁcationﬂ’ to three-dimensional flat spacetime preserv-

ing N' = 2 supersymmetries. Our starting point is the warped metric
ds* = h_g(y)nw,dx“dx” + h3 (Y) Grmn (y)dy™ dy", (3.2.16)

where ¢,,, is the metric on the internal manifold Xg. We have seen that the emergence of
N = 2 in three dimensions corresponds to Xy being a Calabi-Yau four-fold. Notice that the
warp factor h(r) has an important consequence: even if the background is a direct product, the
introduction of M2-branes gives a spacetime which is no more a direct product but instead it is
a warped version of it. This is sometimes indicated with R*? x,, Xg and notice that if N = 0,
i.e. there are no branes, the warp factor h = 1+ f—«f with R given by is h = 1 and hence
X — X 1n this case.

In order to work out the dimensional reduction of (3.1.5) we adopt the gamma-matrix
decomposition and the spinor decomposition €(z,y) = ((z) ® n(y). Besides, for the
case at hand it can be shown that the only non-vanishing components of F are

anpq(y)v Ful/pm = euupfm(y)a (3217)

"There can be “extreme” situations: for example, if one considers the “squashed sphere”, i.e. a round sphere
with reversed orientation, then all supersymmetries are broken.

8We will not give a systematic presentation of this topic. We can say that “flux compactifications” are
techniques employed to study the relation between a D-dimensional theory with fluxes, a field strength for
example, and a d-dimensional one obtained from compactification of D — d directions. In the case at hand,
D =11 and d = 3, but the 11 — 3 = 8 “compact directions” are not compact: they make a cone. Nevertheless,
these techniques are still called flux compactifications.
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where f,,(y) is an arbitrary function that we will determine soon. Now it is maybe useful to
switch to the notation in (3.1.6) and (3.1.7)) because using the gamma-matrix decomposition
we find

FO = 2B, @ F) + B%%(1, @ o f),

F) = w2y, @ f), (3.2.18)
F) = —hfo(ly @) +h" (1, @ F),
where ] 1
F = o Fonpy™™ Fn = e Fnnpy™, f = fy™. (3.2.19)

At this stage we can analyze the internal and external components of diy; = 0 separately.

For the external components M = p we get

1 1
0, = Ve — Zh_m(% ® Yoy™)Omh* 3 + E(FMF(“) —3FM)e=0. (3.2.20)

Since our three-dimensional external spacetime is minkowskian there always exists a covariantly

constant spinor satisfying V,((z) = Oﬂ This let us simplify , which becomes

Y™ 0mh Iy + fn+ %h‘an =0 (3.2.21)
and leads to the constraints

Fn=0, fn(y) = =0k (y). (3.2.22)

Notice that the second equation of provides a relation between some external component
of the flux and the warp factor, hence it is evident that in the case of warping we cannot in
general freely set fluxes to zero: the result would be inconsistent.

For the internal components M = m, using the same decompositions together with
we can turn 01, = 0 into the expression

1 1
Vo) + Zff2/38mh2/i”n — Z—lhfl/Qan = 0. (3.2.23)
This equation is satisfied provided that
F,n=0, Vi) =0, (3.2.24)

where 7 is a nonvanishing covariantly constant complex spinor on the internal manifold Xg and
takes the form 7 = h/%. Notice that this calculation leads exactly to the anticipated .
Moreover, in the case we are interested in, namely Q'*!, the internal components of the flux
can be freely set to zero, i.e. Fyupe(y) = 0. Thus, the field strength is completely
characterized by the function f,,(y) in (3.2.22).

9Indeed, one can take constant spinors (3 in three-dimensional Minkowski spacetime so that Vu¢ = 5#(;9 =0.
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The Q''! base manifold

There exist just three Sasaki-Einstein bases realized as coset manifolds G/H that give rise to

N = 2 supersymmetries:

SU3) x SU(2) x U(1) x U(1)

MPPT — SU(Q) » U(l) »; U(l) )
ppp SU((2) x SU(2) x SU(2) x U(1)
o= U(1) x U(1) x U(1) 7 (3.2.25)
_S0()
Vie = S50

In this thesis we will deal with Q''* and so we give some previews on it} First of all the isometry
group has exactly the form (3.2.9)), with the R-symmetry group SON = 2) ~ U(1)x and
G' = SU(2)3. The metric on the cone over Q'™ can be seen as a C bundle over CP' x CP* x CP*
or as a C? bundle over CP* x CP'. We will see that the latter structure is more appropriate

for complex coordinates while using real coordinates the metric takes the form:

3

3 2
ds2(Y = Q') = % <d¢ +) " cos eid@-) + % > (d67 + sin® 0,d67), (3.2.26)
=1

i=1

where (6;, ¢;) are standard coordinates on three copies of CP' ~ S?, while ¢ has 47 period

3.2.3 Warped CY), backgrounds and deformations

In the previous section we explored M2 solutions where N branes where organized in one stack
set on a suitable M-Theory background, for example a conical one. However, there exist more
general solutions in M-Theory where supergravity backgrounds take the form:

ds?, = h=23ds*(RY?) + h'3ds?(X),

3.2.27
Fy = dvol(R") Adh™, ( )

where now we have a generic warp factor h(r), i.e. it is not the one of (3.1.2). Actually, we
can take the whole discussion of the previous section and repeat it for this generic warp factor
h(r): indeed, solutions preserving N' = 2 supersymmetries in three dimensions only depend
on the choice of the transverse manifold, which has to be a Calabi-Yau four-fold in our case.
So, suppose that we are working with such a generic warped background R!? x, CY,. If
CY; = R® or CY; = C(Y7) then we already investigated what happens, in particular with N
coincident M2-branes placed at » = 0. However, we can think of “deforming” these kind of
backgrounds in two quite natural ways: either allowing for M2-branes motion around CY; and
resolving the singularity of C(Y7) using the 7 : X — C(Y) of the previous chapter. In the

10The p indicates a further quotient with some discrete group. For instance, Q%22 is a Zy quotient of Q''!.
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latter case it is crucial to require X to be a Calabi-Yau fourfold whose metric is asymptotic
to the metric of a singular cone C(Y') over a Sasaki-Einstein seven-dimensional base Y, i.e.
ds% — dsfyy = dr® + r’ds}.. The physical reason is that such resolved cone X loses its scale-
invariance, which in turn is restored only far away from the resolution manifold: this is very
important in holography and we will use this property later in this thesis. Then, placing N
coincident M2-branes at a point y € X leads to an equation for the warp factor
(QWZP)GN S

Axh = ————0°(r — y), 3.2.28
where A is the Laplacian on (X, gx). This kind of equation typically arises from the supergrav-
ity equations of motion and requires the warp factor to be an harmonic function. Considering
the motion of M2-branes on X, we can imagine that branes are point-like with respect to X

and that they are sitting on it splitted in m stacks such that N = >~ N;, with N; M2-branes in
i=1
the i-th stack. Defining y; € X the position of every stack, (3.2.28]) can be easily generalized to

27Tlp 6N
Axh="-~L" —58 — 3.2.29
X retgx Z (z —yi) ( )

A solution to (3.2.29)) requires a particular CY metric gx together with some boundary con-
ditions. Since (X, gx) is asymptotic to the singular cone we can require the large-r behavior
of the warp factor to be h ~ R®/r% so that it vanishes at infinity. These kind of backgrounds
with asymptotically vanishing warp factor are called “asymptotically AdS x Y. For instance,
if we take h = R®/r% and put it in we will find the AdS, x Y7 only for large r, where
ds*(X) — dr?+r?ds*(Y). In any case with h ~ RS /rS, will be asymptotic to AdS, X Y7
with V units of F; ~ %11 F; trough Y7. Otherwise stated, given the asymptotically conical metric
and the asymptotically vanishing warp factor, the M-Theory background is asymptotic
to the large r region of . To some extent, we can think of these asymptotically AdS, x Y7
backgrounds as supergravity solutions realizing the near-horizon physics of a M2-branes stack,
i.e. AdSy x Yz, at large 7. On the other side, at small r we have a metric ds?(X) which can
be completely different from dr? + r2ds*(Y") and hence is not AdSs x Y7 “everywhere”.
Recalling that the isometry group of AdS, coincides with the conformal group of a C'F'T3, it is
crucial to require the presence of some AdS, factor in the supergravity background if we want
the AdS,/C FTj duality to hold. For instance, in the case of a stack of M2-branes placed on the
tip of C(Y7) the AdSy factor is found in the near-horizon limit, while for the “deformations”
discussed here, giving asymptotically AdS, x Y7 solutions, the AdS, factor is found at infinity.
Actually, it turns out that these kind of M-Theory vacua admit an interpretation in terms of
vacua of a dual three-dimensional SCFT with N/ = 2: this claim will be widely supported
throughout the thesis, but we should start from the basis of gauge/gravity correspondence in

the next section.
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3.3 The gauge/gravity correspondence

The original Maldacena conjecture [3] states that the large N limit of certain (Super)CFTs
is dual, i.e. equivalent, to a supergravity theory on a background metric containing an anti
de Sitter spacetime and a transverse compact manifold. In particular, he argued that N = 4
super Yang-Mills in four spacetime dimensions with gauge group SU(N) is dual to type I1IB
supergravity on AdSs x S° background. The conjecture is motivated by considering N coincident
branes in the String Theory and then taking a low-energy limit such that the gauge theory on
the branes decouples from the physics in the bulk side. At the same time, branes produce a
warped geometry whose near-horizon decouples from the bulk side in the same limit. The bulk
then “factors-out”, leaving the duality between the gauge theory and the near-horizon physics.

Gauge theories living on D-branes

We want to give an intuitive explanation of why gauge theories are hosted on the worldvolume
of branes. First of all, we know that p-branes are coupled to generalized gauge potentials,
Api1. These branes are in some sense stable, i.e. they do not “decay”. Imagine two such
branes living in a D-dimensional spacetime: there are open strings ending on the same brane
and open strings connecting them. The former give rise to a massless vector while the latter
give rise to a massive one. The reason is that strings stretching between branes have nonzero
length, or equivalently nonzero tension 1" ~ é The mass of these massive modes is given by:

D—1
M~ T2y |6 — 05, (3:3.1)
i=p+1
where ¢ are fields parametrizing the positions of branes in the transverse space. Notice that
is zero when the branes coincide, hence giving massless vectors. When a “stack” of
N branes is considered, the generalization is straightforward. Indeed, there will be a N x N
matrix of gauge vectors A, generating U(N) gauge transformations, where the index a labels
the starting branes and the index b labels the ending brane to which an open string is attached
to. The mass term for these gauge vectors is shown to be

EWE Z W ¢b|2 (3.3.2)

i=p+1

so that diagonal components, i.e. with a = b, are massless while off-diagonal components
acquire mass. Then, we can interpret diagonal gauge fields as open strings ending on the
same D-brane and off-diagonal ones as open strings connecting different D-branes in the stack.
Notice that since the mass is proportional to the distance between the D-branes, when branes
coincide every massive vector become massless, which is a sort of “inverse-Higgs” mechanism.

On the other hand, one can think of separating a collection of N; branes from the remaining
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Ny = N — Nj: this corresponds to an “Higgsing”. For instance, if U(N) — U(N;) x U(Ny) then
there will be N? — (N? + N3) = 2N; N, broken generators, giving an equal amount of massive
vector bosons. By the way, we want to stress that while the gauge theory on a single brane is
abelian, its generalization to a stack of N branes is non-abelian.

3.3.1 Maldacena duality

Consider N parallel D3-branes in ten-dimensional spacetime. If we consider the system at low
energies then only the massless states are accounted for in the physics and we can write an
effective supergravity Lagrangian for type IIB. Indeed, closed string massless states constitute
a gravity supermultiplet in ten dimensions. On the other hand, open string massless states give
a N = 4 vector supermultiplet in four dimensions and their low-energy effective Lagrangian is
the one of N' =4 U(N) super Yang-Mills (SYM).

The full effective action for masselss modes takes the form:

S = Sbulk + Sbrane + Sinta (333)

where Sy, is the action of ten-dimensional supergravity, Sp.ane is the four-dimensional world-
volume action containing the Yang-Mills theory and S;,,; describes the interaction between brane
and bulk modes. The interaction Lagrangian is proportional to x, which is the ten-dimensional
gravitational coupling constant. The low-energy limit corresponds to x — 0, which translates
into the decoupling of brane modes from bulk modes. More precisely, k ~ g,a’? and the limit
is actually o/ — 0 with fixed string coupling g, ~ ¢%,;. So, the theory in the low-energy limit
describes two decoupled pieces: free IIB supergravity on flat ten-dimensional spacetime and
N =4 SYM theory in four dimensions.

This decoupling argument can be repeated from a different point of view: warped geometry.
The stack of D3-branes generates a supergravity solution that takes the form:

AN —
ds® = <1+£4>
T

where R* ~ g,Na. So, in the low-energy limit o/ — 0 it seems that (3.3.4) gives the flat
spacetime metric. This situation is equivalent to consider » > R. Besides, there is another

4

ds*(R"?) + (1 + %) ds*(R?), (3.34)

N

low-energy region. Since g;; depends on r, the energy of an object measured by an observer
at a constant position is affected by a redshift factor with respect to the energy measured at

infinity, namely:
4\ ~1
E, = (1 + —) E(r). (3.3.5)

It is clear from (3.3.5)) that an object brought close to 7 = 0 finds its energy reduced if that
energy is measured by an observer far away from it. Hence, the other low-energy region is
r < R: this actually corresponds to taking the near-horizon geometry of (3.3.4), which is
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AdSs x S°. In conclusion, the low-energy theory consists of two systems separed by a “barrier”
that grows as o/ — 0, making them decouple from each other. This two systems are IIB
supergravity on flat ten-dimensional spacetime and IIB on the near-horizon AdSs x S°.

At this stage, we have two decoupled systems both from the open strings field theory point
of view and from supergravity solution point of view. Moreover, one of the decoupled systems
is IIB supergravity on flat ten-dimensional spacetime from both sides. This suggests that
the residual systems may be identified, giving an equivalence between N = 4 SYM in four
dimensions and type IIB on AdSs x S°. This argument is further strengthened by symmetry
considerations. Indeed, the isometry group of AdSj; coincide with the conformal group of C'F'T},
which is SO(4,2). Moreover, the SO(6) isometry of S° can be identified with the R-symmetry
group SU(N = 4) of the field theory. This means that some relevant properties of the low-
energy description of the field theory living on branes actually corresponds to the near-horizon
physics description.

Coupling constants and large N limit

We stressed that the gauge/gravity correspondence can only be trusted in the large N limit:
we want to clarify this statement.
The dimensionless effective coupling of a SYM theory in a (p + 1)-dimensional spacetime is
scale dependent [21], namely
9ers(E) ~ gy NEP2. (3.3.6)

This coupling is small for large energy in the p < 3 case and for small energy in the p > 3 case.
The p = 3 case of D3-branes theory is exactly the N' = 4 SYM in four dimensions: this is a
conformal field theory and indeed becomes independent on energy scale and corresponds
to the so called 't Hooft coupling constant:

A= gy N. (3.3.7)

In the large N expansion we are going to introduce, is held constant while g2,, ~ g,
becomes small. Moreover, combining with R* ~ g,Na'? we obtain:
4

gs ~ %, % ~ A (3.3.8)
So, the String Theory is weakly-coupled, i.e. g, < 1, when N is large. Besides, a large
coupling A > 1, i.e. strongly-coupled field theory, corresponds to a big AdS-radius R in string
length units i, ~ v/a' or alternatively to a fixed radius with o/ — 0: this reminds the low-
energy limit previously discussed. In conclusion, the combination (3.3.8) with g; < 1 and
A > 1 corresponds to the duality between a strongly-coupled field theory and a weakly-coupled
supergravity (effective) field theory. The strong-weak coupling duality feature is the whole
point: it is this property that makes the correspondence useful.
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From the field theory point of view, it is possible to show that Feynman diagrams are actually
associated to two-dimensional Riemann surfaces with a determined Euler characteristic y. If
the diagram has V' vertexes, ' edges and F' faces then y = F' — V + E. Since each face is
a loop, F corresponds to a factor of N, while each vertex and each edge corresponds to g%,
and gy, respectively. Recalling that ¢2,, = %, the total contribution to an amplitude goes
like \V=ENF-VH+E — \E=V NX_ For instance, this means that an observable © admits a power
series expansion

O =) fAON>, (3.3.9)
9=0
where we have expressed the Euler characteristic in terms of the genus g of the surface diagram,
ie. Y = 2 —2¢g. It is then clear from that “higher-genus contributions” are strongly
suppressed in the large N limit with respect to planar diagrams.

3.3.2 Generalizations of the conjecture

The Maldacena conjecture has found a lot of success not only because of its physical meaning but
also because it is widely generalizable, hence providing a huge laboratory where the conjectured
duality can be tested.

One among possible generalizations consists in studying a stack of D3-branes placed on the
singularity of a R'? x C'Y; background, where CYj5 is the six-dimensional cone over a Sasaki-
Einstein five-dimensional base Y5: an example is the Klebanov-Witten theory described in [39).
Another kind of generalization consists in considering the M-Theory scenario with M2-branes
probing a conical background RY? x CY}. To some extent, the discussion for D3-branes in ten-
dimensional spacetime can be carefully repeated for M2-branes in eleven-dimensional spacetime
with suitable corrections: for instance, we have instead of (3.3.4). Moreover, p = 2 and
hence we see from that the effective coupling constant increases as the energy decreases.
In other words, the resulting field theory is not a conformal theory like NV = 4 SYM in four
dimensions because the dimensionful coupling in three dimensions introduced a scale. Hence
the field theory, which for the case at hand is a d = 3 N/ = 2 quiver, whose structure will be
explored in the next chapter, acquires the conformal symmetry only at the fixed point of an
RG-flow: this is an infrared fixed point since it is found at low energies.

In general, the SCFT dual to the near-horizon physics on AdS, X Y7 can be thought of as
the IR conformal fixed point of particular three-dimensional gauge theories with A/ = 2 in the
“far UV region”, typically quiver gauge theories that are matter of the next chapter. One such
microscopic theory has a non-trivial moduli space, whose points represent different field theory
vacua. The crucial argument is that a particular region of this space is related to suitable
background geometries, which are supergravity vacua. We can then say that there is a family
of such geometries but only one point of the moduli space corresponds to the superconformal

vacuum, for example AdS, x Y7. In that particular vacuum every operator we can build has zero
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VEV since there cannot be any dimensionful scale in a conformally invariant theory. Instead,
at a generic point of the moduli space the vacua spontaneously break the conformal symmetry
because operators may acquire some VEV. We can imagine that the “motion” trough the moduli
space corresponds to an RG-flow triggered by VEVs to some extent, but the RG-flow has to
be intended in a two-step fashion and it is a very delicate issue which has not been rigorously
described yet. We try to give the basic idea. From the far UV, where the theory is describable
by a UV-quiver and it is not a SCFT, the flow is towards a “deep IR region” which is the true
dual to the near-horizon physics, i.e. the IR fixed point. At this point we have (O) = 0 for any
operator O, but since there is no dimensionful scale then we can freely study the theory at the
IR fixed point for any energy regime, even the UV: this however must not be confused with the
“far UV” previously mentioned. Indeed, in the far UV the dual field theory is not a SCFT: it
is required an RG-flow towards the IR as a first step and from there we can reach another UV
region. This new UV region is the high-energy region of the SCFT which does not correspond
to the high-energy region of the UV-quiver. Then, even if some operator acquires a VEV
(O) # 0 the superconformal symmetry should be present, at least via non-linear realization.
In other words, the VEV (O) is interpreted as a spontaneous symmetry breaking scale and
hence the conformal symmetry is spontaneously broken at a generic point of the moduli space.
Now, consider one such field theory vacua with non-vanishing VEV. At energies well above this
scale, let us say in the UV region, the conformal symmetry is “recovered”: these vacua are then
interpreted as supergravity vacua which are asymptotically AdS; x Y7 in the sense previously
discussed. On the other hand, as energies become comparable with that scale the conformal
symmetry starts to spontaneously break down and there will be massive states with a mass
of order (O). So, at energies well below (O) we can integrate out these massive states and
build an effective theory for massless modes only. In the branes picture, when the M2-branes
are coincident and placed on the tip of the cone C'Y), the NH limit is dual to a SCFT, whose
conformal symmetry is however spontaneously broken at a generic point of the moduli space.
This point may represent the following (combination of) situations:

e the cone is resolved, hence schematically (O) = (resolutions) # 0;

e some or all the M2-branes are no more on the tip and instead are moving around the
cone, hence schematically (O) = (positions) # 0.

Then, if N is the number of mobile M2-branes on C'Yy, one expects that a portion of the moduli
space of vacua is the symmetrized product of CYy itselﬂl;r]. In the next chapter we will study
the field theory side, focusing on the Q' model of this thesis: we will actually find that a
portion of the moduli space is in fact Sym]\7 CY,, which can be parametrized by the positions
of M2-branes on C'Y}.

' This is because the moduli space of a point-like object on a manifold, like an M2-brane on CY}, should
contain the manifold itself. Thus, considering N identical point-like objects, i.e. “branes indistinguishability”,
the moduli space should contain Sym®™ CYj.




Chapter 4

Quiver Field Theories

This chapter is dedicated to the field theories we are interested in, namely three-dimensional
quiver gauge theories with Chern-Simons and matter content having N' = 2 supersymmetries.
These describe the dynamics of M2-branes placed on a R%? x C'Y, background and hence they
are supposed to RG-flow to a N/ = 2 three-dimensional SCFT dual to M-Theory on AdS, x Y7,
where Y7 is the base of CY;. We will work on a particular example of quiver gauge theory:
the Y7 = Q' model. Our attention should be oriented towards its moduli space M uiver,
namely the space of inequivalent vacua of the field theory. Actually, we are interested in a
particular branch M C My of the full moduli space, the one that somehow reproduces
the background cone. More precisely, if the N' = 2 Chern-Simons three-dimensional theory for
Q"' is conjectured to describe the dynamics of N mobile M2-branes on a CYj, we expect that
the moduli space of the field theory has a branch containing N symmetrized copies of it, i.e.
M=S5 ym]\7 CYj. It should be clear that if the branes are moving on a resolved version of C'Yy

then we expect to find the resolved version inside the moduli space of the field theory:
RY2 x C(Ys) <3 M = Sym™C(Ys),  R“ x Xg <> M = Sym™ Xs.

The moduli space is a Kahler manifold: while its complex structure is preserved under quan-
tum corrections, its Kahler structure generally receives strong quantum corrections. In order to
study the branch M from the field theory point of view we can adopt two strategies: a semiclas-
sical calculation or a computation based on monopole operators. The former includes one-loop
corrections and probes the Kahler structure while the latter is only aware of the complex struc-
ture, i.e. it does not “see” resolutions, but it is one-loop exact. We are very interested in the
Kéhler structure because it is the one giving rise to the Lagrangian for the effective field theory,
as anticipated in . The Kahler metric for the nonlinear sigma model Lagrangian can in
principle be calculated from the “far UV” theory: the problem is that the effective field theory
is a low-energy theory where the coupling is strong and hence there are no direct ways to face
the problem of finding the correct Kahler metric in this regime. Indeed, both the semiclassical

and the monopole methods are subject to non-perturbative corrections and we can properly

23



o4 CHAPTER 4. QUIVER FIELD THEORIES

use them in the “far UV” region only. So, the problem is to compute the Kahler metric in the
strongly coupled region where the quiver becomes a SCFT. We should mention that the moduli
space of the SCFT obtained RG-flowing the UV-quiver is something different from M yiper:
we can call it Mgcpr. Nevertheless, we want to stress that, at least in the branch M we
will work on, the complex structure is the very same and the informationﬂ about the Kéahler
structure we can obtain from the semiclassical computation in the UV are trustable even in
the SCF'T. The information we crucially lack is about the metric on Mgcpr: it is exactly for
this reason that we are going to use holography, whose techniques will be introduced in the
next chapter, so that we can compute the metric on Mgygra. Schematically, we can say that
M guiver ~ Mgcpr from the complex point of view but in order to compute the metric we must
switch to the holographic description, i.e. Mgorr — Mgsuara. Quiver field theories and their
duals are studied for example in [T}, 2, 29, 30} B1], B2, 33| 34 6, B5], together with their moduli

spaces

4.1 The quiver structure

Let us start specifying that quivers are not field theories by themselves: they are graphs en-
coding informations about field theories.

More precisely, a quiver is a directed graph consisting of a set of nodes V' = {vy,vs, ..., v, },
a set of arrows A and two maps s,t : A — V. For each a € A there is a node s(a) called
“source” and a node t(a) called “target”.

This structure turns out to be useful because the field content of certain field theories may
be described in the following fashion:

e Each node v; € V corresponds to a vector superfield in the adjoint representation of a
Lie group G;. The full gauge group of the theory is the product of these groups, namely
G1 X -+ x G,. In cases we are interested in we associate a gauge group factor U(N;), or
SU(N;), to every node.

e Each arrow a;; € A, such that s(a;;) = v; and t(a;;) = v;, corresponds to a chiral superfield
®,; transforming in the fundamental representation of the source (first index) and in the
antifundamental of the target (second index). These are also called bifundamental fields:
sometimes we will use a notation with only one index running over the arrows, namely ®,,.
The charge convention we will adopt is to assign it a +1 for the source group U(N;)s(aq)
and a —1 for the target group U(NV;)yq) so that a field that enters in a node brings a

negative charge under that node. There can also exist arrows such that the source node

'We mean that even if the Kihler metric is strongly corrected using field theoretical techniques, i.e. it is
not possible to directly compute it, the semiclassical method is useful to build a dictionary between resolution
parameters in the field theory side and in the holographic counterpart.
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coincides with the target one: these are associated to chiral fields transforming in the

adjoint representation of that node.

Actually, it is possible that a subset of the nodes does not constitute a gauge group and it is
instead identified with a flavor group. Consider G + G nodes, where G is the number of gauge

nodes and G = > hg is the number of flavor nodes. The flavoring of a quiver consists
acflavored
in introducing h, pairs of chiral fields (q,, p,), where the index a here runs over a subgroup of

the arrow set A, and a flavor group  [[  U(h,). Then, an arrow having a flavor source with
acflavored

index k and a gauge target with index ¢ corresponds to a chiral field p, = p;, transforming in
the fundamental of the flavor source and antifundamental of the gauge target, while an arrow
having a gauge source j and a flavor target i corresponds to a chiral field ¢, = g;;, transforming
in the fundamental of the gauge source and antifundamental of the flavor target.

We must point out that the Lagrangian of a quiver field theory is not completely fixed.
Indeed, quivers lack information about superpotential and external parameters, like Fayet-
Iliopoulos terms and real masses: these should be included by hand if any.

4.2 Chern-Simons coupled to matter

As we mentioned earlier, we are going to deal with quiver Chern-Simons (CS) theories having
N = 2 supersymmetries in three spacetime dimensions. Typically, their gauge groups are

G
product of G simple factors, for example [[ U(XV;). There are standard kinetic terms for

gauge fields but there are also CS terms hké—. Moreover there are always matter chiral
superfields in the adjoint and bifundamental representations, but there could be also flavors
in the sense previously discussed. The relation between these classes of field theories and the
conical singularity is far from trivial and it is not completely understood yet, but there are
some facts supporting the conjectured duality which we will point out step by step.

The full Lagrangian for the complete UV-quiver theory in superspace formulation is

G
£ / d'0 ) Trdle et 4+ 3 Cz‘/d“@ Tr Vi+
ij i=1
¢ 1
+ Z ki/d4¢9/ dt Tr (%Da(et%DaetW>> B
i=1 0

G
1 .
-y <?/d26 Tr WiW’+/d20W(<I>,p, q) +c.c.)+
i=1 ¢

—l—/d46’ Z (Trqj,]%e_vjqj,;eJrVk +Trp£ie_vfcp,;ie+v"),

p];ivq]'fc

(4.2.1)
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where the notation is borrowed from the first chapter. The first line involves the kinetic term for
matter chiral fields in the bifundamental and Fayet-Iliopoulos terms for the U(1) factors in the
gauge group. The second line is the Chern-Simons term that give rise to in components.
In the third line, the first term is the kinetic term for gauge fields while the second term is the
superpotentia]ﬂ one. The last line encodes the kinetic term and the real massﬂ term for the
chiral flavor fields p and q.

We remind that k; are the CS-levels, which are integers labeling every gauge group factor, i.e.

G

[T U(N;)g,. The role played by CS-levels is far from trivial and it seems that for a correct duality
i=1
between the gauge theory and the M-Theory they must sum to zero, i.e. > k; = 0. Notice that

if we rescale vector multiplets V; with the respective dimensionful Yang—l\/[iﬁs coupling constants
gi as V; — ¢;V;, then “topological masses” m; = g?k; arise for the fields component in the vector
supermultiplets: at large coupling constants with finite CS-levels these masses are big. Hence,
as stated in [40], at low energies compared with m; these fields components can be integrated
out leaving only the CS-terms in the action. So we expect to find “pure” CS theories, i.e. with
kinetic term for gauge fields switched-off, in the low-energy region. Besides, CS-levels can be
interpreted as discrete coupling constants since the dimensionless effective coupling of these
theories turns out to be ggf ;e %: this has fundamental implication in the large-N argument.
N

Indeed, the 't Hooft coupling is shown to be A = 7~ and hence the holographic analysis is

allowed when k£ < N, with N > 1: this is actually our situation.

4.3 The Q" quiver theory

In order to give a concrete idea of the rather abstract structure of quivers we focus on the
theory treated in this thesis, namely the @Q''! model. This is the “far UV” theory supposed to
RG-flow towards an IR fixed point where it becomes a SCFT, which is conjectured to be dual
to M-Theory settled on the near-horizon geometry AdS, x Q. The quiver diagram is the one
borrowed from [6], namely

2The W (@, p, q) in (4.2.1)) consists of an “unflavored” term depending on ® and a coupling between the chiral
bifundamental fields ® and the flavor fields (g, p).
3Recall |) here the external background fields are V.
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and it is characterized by:

e two gauge nodes (the G = 2 circles in the figure) so that gauge group is Uy (INV7) x U (Ny).
Each of them is labelled by a CS-level, namely k= (k1,k2). Recall that > k; = 01is a

necessary condition for the conjectured duality and hence it must be k; = —ko: in the
case at hand we take them to be k = (0,0). We choose equal ranks N; = Ny = N for the

gauge group factors so that for G = 2 we have

ﬁ Us(N). = Uy (N)o x Us(N)o. (4.3.1)

i=1

For reasons that will be clarified in a moment, we will focus on the abelian case where
|) is broken to U(1)?N so that the theory actually consists of N copies of the same
abelian field theory with gauge group

Ul(]_)() X UQ(l)O (432)

e Two bi-arrows connecting the gauge nodes, corresponding to four bifundamental fields
(A1, A, By, By). The A-fields go from node 1 to node 2 whereas B-fields have opposite
orientation. In terms of representations of the gauge group, we can say that A, € (N N )

while B, € (N, N).

e Two flavor nodes (the G =h 4+ hy =1+ 1= 2 squares in figure), where the flavoring
at hand consists of two U(1) flavor groups coupled to A-fields. The ¢-fields are arrows
connecting a source gauge node and a target flavor node while the p-fields connect a
source flavor node and a target gauge node. The former live in the (anti)fundamental of
the (flavor)gauge group, while the latter live in the (anti)fundamental of the (gauge)flavor
group. In terms of representations of the gauge group, ¢, € (1, N ) while p, € (ﬂ 1),

Schematically, the charge content for the Q! quiver is

‘ Ai B pi g

U1 | 1 -1 -1 0
Us(1)g |-1 1 0 1
U(l)flavors 0 0 1 -1

(4.3.3)

We previously mentioned that the quiver diagram does not encode every information about
the field theory. Indeed, the superpotential is added by hand and the same is true for parameters
like Fayet-Iliopoulos and real masses. About the latter, we will see that the Q! model is
characterized by one FI and one real mass. Speaking of the former, the superpotential in
in this case requires some attention because of flavors. Typically, W (®) is a trace of
product of chiral UV-quiver fields ®,: the “flavoring procedure” leads to a change in the typical
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superpotential. It consists in choosing a subset of the ®, bifundamental UV-quiver fields and

introducing h, pairs of chiral multiplets (g,, p,) coupled to them by the superpotential

W((I),p, q) = WO((I)) + Z paq)aQa - WO + Trp];iq)ijquca (434)

a€flavored

Wy being the unflavored term. For the Q! quiver one starts from
Wo = Tr (A1B1A2By — A1 By Ay By) (4.3.5)
and then flavors the A-fields as described above, leading to the flavored superpotential
W ="Tr (AlBlAQBQ — A1ByAs By + prAiqr + p2A2CJ2)- (4.3.6)

As we will see, inclusion of flavors is necessary for the correspondence with M-Theory to hold.
In the Q! model, even if we are interested in a particular branch of the moduli space such that
(p12) = (q12) = 0, the presence of flavors is crucial both for the brane interpretation and for
the characterization of the moduli space complex structure. Having identified the field content

of the Q! model we are ready to study its moduli space.

4.4 The moduli space of Q'

The moduli space of a supersymmetric theory is the space of inequivalent vacua, i.e. vacuum
configurations that cannot be mapped into each other using gauge transformations. This can
be found minimizing a function that we call “scalar potential” }V and then quotienting by the
gauge group action in order to identify gauge-equivalent configurations. In a classical vacuum
configuration, fermions are vanishing while bosonic scalar fields may acquire constant VEVs.
We can identify the scalar potential of from a “theta-expansion” of superfields: it consists
in two pieces V = Vp + Vp that we call D-term and F-term contribution respectively. After
integrating out auxiliary fields, and forgetting flavors for a moment, these take the component

form )
ow
= 4.4.1
ve= Y| 5 (a.4.1)
and
2
VD == ng Tr <<Z + kio-z' — ,LLl((I))> + Tr(a,-CDZ-j — (I)Z'jO'j)T(O'Z'(I)Z'j — qujO'j), (442)
7 P

ij
where o; are scalar componentsﬁ of the vector superfields while p;(®) can be expressed as

(@) = 3 (ool - ey (443

J

4Maybe we should point out that they are N x N matrices.
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In the case at hand (4.4.3)) reads

A1A11- + AQA; — BIBl — B;BQ = M1,

(4.4.4)
BlBI + BQB;L — A-{Al — A;AQ = Ua.

It is easy to check that > p;(®) = 0 for a quiver theory: this is because each quiver field ®

(]
appears exactly twice in the sum, once with a plus (when it exits from the source node) and once
with a minus (when it enters in the target node). In other words, chiral fields are not charged
under the “diagonal” Ug;qy(1) and this translates into the fact that the vector associated to this

G
gauge group, which we call “diagonal photon” A, = > A;, is decoupled from matter?}
i=1

Notice that the scalar potential is a sum of squares, so vacua can be found looking for the
vanishing of both (4.4.1) and (4.4.2). More precisely, a proper supersymmetric vacuum must
satisfy the following conditions, also called vacuum equations:

Op,,W =0, F-term,
,uZ(CID) = CZ]IN + ]CZ'O'Z‘, D—term, (445)

0;®i; — D05 =0, “Extra D-term”,

where in the second condition k;o; are not summed over the common index. The reason why
we called the third condition in (4.4.5)) “extra D-term” is that it arises in three-dimensional
theories like Q'*!, as opposed to the four-dimensional case whose moduli space is characterized
by F-term and D-term conditionﬂ‘

The solution to the F-term itself is an important object called “master space”, while the
full solution to (4.4.5) constitutes the total moduli space of the field theory M yiver. The latter
is usually built quotienting the former by some subgroup of the gauge group: this is because
we want to identify inequivalent vacua and hence we must mod by transformations mapping
vacua into vacua. Let us stress that we are interested in a branch M C M yiver such that
M = SymN CY,: this is because the moduli space M should be matched with the moduli
space of supergravity in order for holography to hold. This branch is characterized by chiral
flavors having vanishing VEV while the hermitian scalars in the vector supermultiplets are

diagonalized using gauge transformations, namely

(qa) = 0= (pa), 0; = diag(cW), n=1,..,N. (4.4.6)

Furthermore, one can choose o; = ¢ so that the “Extra D-term” in (4.4.5) is immediately
satisfied provided that the chiral quiver bifundamental fields ®;; take diagonal VEVs too. The

5Recall that the vector supermultiplet, for example , has vector component V = ... — 97“§AM + ...
We can in principle dualize A into a scalar 7, but the former must be decoupled from matter. So, only the
diagonal combination admits a dualization into a scalar 7: this turns out to be crucial for the identification of
the correct moduli space.

61n four-dimensional theories there are no CS-levels but the structure of F-term and D-term is the very same.



60 CHAPTER 4. QUIVER FIELD THEORIES

primary effect of such diagonal VEVs for o; = o is that the gauge group of the Q! theory

gets broken to an abelian subgroup:

Uy (N) x Uy(N) — (Ul(l) X U2(1))N. (4.4.7)

The consequence is a factorization of the problem: the non-abelian theory on the branch
defined by becomes N copies of the abelian U (1)? quiver theory. We expect that
the moduli space of the U(1)? quiver theory reproduces CY, so that the branch is
actually M = Sym™CY,. Otherwise stated, while the moduli space for the U (1)? quiver
should reproduce the moduli space of 1 M2-brane probing CY}, the latter being C'Y} itself,
the moduli space for U (1)2N should reproduce the moduli space of N M2-branes probing C'Y},
the latter being Sym~¥CY;. In what follows we will focus on this branch for the abelian Q!

theory.

4.4.1 The abelian branch for Q!
The F-term condition in (4.4.5) defines the master space as an affine variety
F ={®, | 0s,W =0} C C*, (4.4.8)

where A, with a little abuse of notation, is the number of arrows in the quiver.

When the theory is abelian, the F-term is trivial because the superpotential is identically
zero. For instance, considering vanishing VEVs for chiral flavors, is a trace of the
difference of two terms: since the theory is abelian, quiver fields are actually complex numbers
and hence they commute giving trivially W = 0. So, in the abelian Q' model we have F = C*
parametrized by (Aj, Ay, By, By). This is exactly the same master space of the unflavored case
since we are on a branch with vanishing VEVs for chiral flavor fields ¢, p.

On the other hand, the D-term is more complicated. In this abelian branch, takes

the form ) ) ) )
|AL|" + [Ao]® — | B1|" — | Ba|” = pu,

—| AP = Ao + |Bi P + | Bof* = o, (4.4.9)
where now
=+ ko, o = Co + koo (4.4.10)
At this stage it seems that since ky = 0 = ko the quiver condition Y u; = 0 is equivalent to
imposing (; = —(, so that we have only one independent equation: i
|As? + [Agf* = [By* = | Bof* = ¢, ¢=0G=—C. (4.4.11)

However we must take into account a slight modification of D-terms due to loop-corrections of
Chern-Simons levels k;: this should be interpreted as a quantum correction of the “classical”

moduli space.
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Let us begin with saying that CS-levels k; get shifted because of fermionic masses. More
precisely, as reviewed in [36], integrating out massive fermions give rise to CS-terms at loop level
and hence the “effective” levels are shifted with respect to the “bare” oneq’| This immediately
translates into a shift of the FI parameters and hence the first modification to and

[@A.10) is
| A1 + [As* — |Bif* — |Bsf* = pua,
, , , , (4.4.12)
—[A1]" = [Ao]® + |B1]” + | Ba|” = po,
where " .
= (o) = ¢+ A (o),
Mo = Sﬁ(a) = (3™ + Al(0).

The exact expression of A(;(0) can be found for example in [2, 35]: we will not derive the

(4.4.13)

whole procedure but we should highlight the crucial steps. First of all, in the case at hand
the massive fermions that give rise to CS-shifts are most of the fermionic components of chiral
superfields: Ag, Bq, Ga, Pa, @ = 1,2.

For bifundamental fields &, = A,, B, in the quiver, the acquired mass is due to the scalar

components of gauge vector superfields and it is given by
SM[(®;)/] =0 =¥ ni=1,.,N, (4.4.14)

where the notation is the one of (4.4.6) and remember that we have chosen 0 = ¢\) = . So,
only the off-diagonal components give rise to CS-shifts when integrated out: notice that shifts
always depend on VEVs of the scalar components in gauge vector multiplets.

For chiral flavor fields the situation is a bit different because we have to take into account
real masses. Indeed, from the last line of (4.2.1)) we can obtain a total real mass

OM[(gjp)n] = on —my,  SM[(pg;)n] = —0om + my,. (4.4.15)
To be more explicit, the situation for Q! is the following

IMI[A, B] = o,, — 0y, IM|q1] = 0, — my = =M |[p], IM|gs] = 0y — mg = =M |[ps].
(4.4.16)
At this stage, since o,, are arbitrary VEVs we can freely redefine all of them to be o, + m; so

that (4.4.16|) becomes

IMI[A,B] = 0,—0;, O0M[q1]| =0, =—0M|[p1], IMlg] = 0c,+m=—M[ps], m =mi—mo.

(4.4.17)
Furthermore, in the branch we are studying we repeat that our theory consists of N copies of
an abelian U(1)? quiver with diagonalized bifundamental fields. So, in we chose one
particular n and work with

IM[A, Blaiagonal = 0, IM[(q1)] =0 = =0 M|p1], IM[q] = 0 +m = —0M|ps], (4.4.18)

"In particular, we point out that the effective CS-levels are no more vanishing.
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where now o is a real parameter.
Another crucial aspect of FI quantum shifts A(;(o) is that they inherit the property
> A(i(0) = 0 from the “bare relation” ) k; = 0. So, summing the two equations in (4.4.13)) we

1

get again (Pare = —(bare = ¢bare — ¢ 4o that there is one independent FI parameter. Moreover
it is clear that (¢%(0) = —($f(0) = ¢*(0) = (o). Now, considering the effective shifts, whose
general formula can be found in [2, B5], the “bare” D-term condition (4.4.11]) becomes

1 1
|AL)? + |Ao|® = |B1? — | Ba|® = ((0), ((a):C+§\a|+§|a+m|. (4.4.19)

The moduli space interpretation

The relation (4.4.19)) encodes the structure of the moduli space. If we consider the master
space F = C* parametrized by (A1, As, By, Bs) and ((0) = 0 in then we get exactly
(2.4.7)), which is the conifold of the Klebanov-Witten four-dimensional theory in [39]. Indeed,
the gauge-invariant combinationsﬁ that we can build are

U - AlBl> V - AQBQ, X == AlBQ, Y - AQBl, (4420)

and actually satisfy the conifold equation UV — XY = 0. This conifold is the singular cone
C(T") and it is a Calabi-Yau three-fold CY3. There, D3-branes are placed on a background
geometry RY3 x C(T*) and the corresponding field theory is studied. With only one brane
probing that geometry, the moduli space of the field theory is shown to correspond to C'Ys3.
Having N such branes naturally gives SymN C'Y3 in the case of non-coincident D3-branes.
Now consider ((o) # 0 with fixed o: equation becomes exactlyﬂ , so that
the considered (sub)branch for the moduli space is a resolved version of C'Y3. Finally, since o
parametrizes R, F-term and D-term actually describe a resolved C'Y; fibered over R. This is a
seven-manifold, so we are lacking one direction to reproduce a C'Y;. Remember at this point

that we always have one scalar photon 7 in our abelian U(1)? theory. Indeed, since > u; = 0

there exits a U(1)giq, under which matter is uncharged, i.e. there is no coupling between the

diagonal photon Agi.y = Y A; and matter fields. So we can freely dualize the diagonal photon

K3
into a scalar photon 7. More precisely, the diagonal photon is only coupled to another gauge

vector B via a Chern-Simons interaction

k
E/BAfdz‘am (4.4.21)
where Fiiqg = dAgiag, B = k! > kiA; and k= gcd{k;}. The equation of motion for B is

B = Gl;?_l *3 dAdiag- (4.4.22)

SWith respect to the charges in (4.3.3)).
9Actually, the ¢ here and there are not identified but we want to stress that the conifold equation gets
deformed.
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Now, as a standard procedure in electromagnetic duality, we can introduce a Lagrange multiplier
term — f dt N Faiag, T being a scalar field, and consider Fy;,, as an unconstrained field, i.e. it

is no more the field strength of Agi,,. Integrating out Fg;q, then leads to the identification

B = Gk tdr. (4.4.23)

Comparing (4.4.22)) and (4.4.23) we get the relation

dr = *3d~/4diag = *3fdiag — a;ﬂ_ = Euypfcll/il;g, (4424)
which is exactly the ConservedH current in (1.3.5). As a consequence of dualization, the scalar
photon 7 inherits a periodic behavior from the flux quantization condition of Fyy = dAugiag,

namely

/d.Adiag = 27Gn, n € 7. (4.4.25)

So, if we have a U(1)¢ quiver we are always sure to have a diagonal photon that can be dualized
into a scalar photon: this 7 parametrizes a U(1) due to its periodic behavior. Hence, the descrip-
tion of C'Yy can be completed: the branch we have considered is a U(1) fibration, parametrized
by 7, of a seven-manifold, the latter being a C'Y3 fibered over a real line parametrized by o.
Since we have N copies of the same abelian quiver, one finds N copies of (CY3,0,7) so that
the moduli space is given by M = SymN CY,; C Myyiver- Depending on the presence or not
of effective Fayet-Tliopoulos parameters, the CY} is a resolved or singular version of C'(Q'!!)

respectively.

4.4.2 The monopole method

The method previously discussed is the semiclassical computation of the moduli space, involving
loop-corrected quantities. As we mentioned in the introduction to this chapter, we can obtain
the same moduli space with a different strategy relying on the so called “monopole operators”.
They are very delicate objects and a complete introduction on them is beyond the aim of this
thesis: we shall address the interested reader to [0, [35] and references therein. By the way, in
what follows we want to give an operative definition of such monopoles and the related method
for at least three reasons:

e quantum corrections to moduli space are taken into account. Moreover, as stated in [35]

it gives a one-loop exact formulation of the moduli space;

e monopole operators seem to play a crucial role when dealing with flavored quivers;

101f it is not clear, the conservation of J = dztJ, is due to the equation of motion for Fg;qe. Indeed, let us
call J, = 9,7. Then 0".J, = €,,,0"F," =0 or in forms dJ = d 3 Fgiaq = 0.

diag
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e we will use this method in order to match the complex structure of (one among the N
copies of) the abelian quiver moduli space M with the singular CY; = C(Q'!), which is
actually the moduli space of one M2-brane moving on the singular cone.

The monopole method goes as follows. We define a chiral NV = 2 multiplet ¥ such that
its lowest component is ¢ + ¢7, where ¢ and 7 are exactly the same objects of the previous
subsection. The scalar photon 7 can be interpreted as a phase, i.e. it parametrizes a circle, due
to its periodicity. At this stage monopole operators can be defined as T = exp(n¥), where n
is the one of : notice that they are actually chiral superfields just like W. We will always
consider n = +1 in this thesis and hence we define T = T®, T = T, The introduction of

two new chiral fields (7,7 produces at least two effects:

e the master space (4.4.8]) is clearly augmented because we have two new chiral fields,
namely if we call Fr the master space in the monopole method then surely Fr € CA+2;

e the D-term vacuum equations slightly change and hence one should include some ad-
ditional condition on monopole operators in order to find the very same moduli space.

Moreover, since the master space is enlarged we must mod by the full gauge group U(1)“.

To clarify this point, in the semiclassical computation we had a master space F = C*: this is the
same for the three-dimensional Q! theory and the four-dimensional Klebanov-Witten theory.
There, we imposed the D-term condition and modded by U(1): this two steps in sequence are
usually indicated with F//U(1). This particular quotient “//” is called “Kéhler quotient”: it
consists in imposing D-term condition and modding by a gauge groupﬂ . In our case we found
F//U(1) = CY5 and the CY} was built using (o, 7) as fibers. Here, with monopoles the master
space is augmented to Fr = C° but we cannot use (o, 7) with the same interpretation as before
because they are “inside” monopole operators. So, in order to get the correct C'Y}, at least with
the right dimension, we must mod Fr by the full gauge group, namely C%//U(1)2: this should
reproduce the C'Yy. A simpler but operative way to say this is: gauge-invariant operators built
using UV-quiver bifundamental fields and monopoles should give a suitable parametrization of
CY;.
In the case of a flavored abelian quiver theory, if we introduce h, pairs of flavors (¢4, pa)
coupled to some chiral fields ®, then the conjectured constraint on monopole operators reads
1T= [ @i (4.4.26)
aeflavored
This should be consistent with quiver charges and it can be shown that, due to flavoring,

monopoles pick up a charge

Q[TW]:@ > hQO]. (4.4.27)

a€eflavored

HUThe Kahler quotient can also be seen as a quotient by the complexified gauge group: we do not enter in
details, but it is sufficient to know that dim¢(A//B) = dimcA — dimcB.
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Consequently, the master space in the monopole method is obtained by adding (7, T ) to the
set of chiral fields, together with the “quantum F-term relation” (4.4.26)), namely

Fr={0,T,T|0s,W =0,TT = [] @} cC* (4.4.28)
a€cflavored
At this point, the moduli spacdﬂ is obtained by a Kahler quotient of (4.4.28) with respect to
the full gauge group U(1)%, namely

M = Fp//U1)C. (4.4.29)

Notice that from we see that has complex dimension A + 2 — G and hence
in order to reproduce the correct dimension of C'Y}; it must be A = G + 2. As we mentioned,
even if this construction seems quite abstract it effectively reproduce the complex structure of
CY, in a rather easy WayIE: let us specialize this machinery to the abelian Q! quiver. The
flavoring that gives (4.3.6) consists of hy = hy = 1 flavor pairs (q1,p1), (g2, p2) coupled to A;
and A, chiral fields respectively. Hence, the master space for the Q''! quiver using the
monopole method is

F = (@, T, T | 06,W = 0,TT = A1 45} C C°, (4.4.30)
which has to be modded by U(1)? in order to get the moduli space M = C(Q"1!). We recall

that this method does not “see” resolutions, so we expect to find at most the singular cone in

the moduli space. Nevertheless, we also expect that a “sub-branch” of this C'Y, reproduces the

singular cone C'Y3, namely C(T1!): this is indeed what happens. First of all, the charge matrix
for UV-quiver fields and monopoles reads

‘ A B pi | T T

U(1)p| 1 -1 =1 0| 1 1

Uy(1)p| -1 1 0 1]-1 -1

where the monopole charges are easily computed using (4.4.27)). Then we have to build gauge-

invariant combinations: there are eight of them, namely
wy =TBy, wy=TBy, wy=ADB1, wy=ABs,
Wy = AlBQ, Weg = TBQ, Wy = TBl, wg = AQBl.

(4.4.31)

(4.4.32)

Now, the cone over the Sasaki-Einstein base Q! can be parametrized using a set of eight affine

coordinates {wy, ..., ws} satisfying!]
W1We — W3Wy = WiWoe — WsWg = WiWy — Wwewy = 0,
WiW3 — WsW7 = W1Wg — WaWs = Wwiwg — wawy = 0, (4.4.33)

WoWy4 — WeWg = WoW5 — W3Wg = WoalW7 — W3Wg = 0.

12\We are talking about one of the N copies. Alternatively, we can think that this moduli space is the one for
1 M2-brane probing C'Y.

3By identification of gauge-invariant operators and complex coordinates.

14Gee for example [34].
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It is easy to check that the gauge-invariant operators in (4.4.32)) satisfy the constraints (4.4.33)),

provided that we also use the “quantum F-term relation” TT = A;A,. So, we found that
the moduli space of the U(1)? quiver is M = C(Q"): in the case of U(1)2Y we clearly
obtain the symmetrized version Sym™C/(Q'!). On the M-Theory side, since the moduli space
of N mobile M2-branes on the transverse conical background C(Q"!) is Sym™C(QM), the
matching between the two sides is completed. Moreover, notice that if we consider the relations
not involving monopoles among we are left with {ws, w4, w5, ws}. Using we
see that they satisfy wsws — wswg = 0: recalling , this is exactly the equation for the
three-dimensional conifold C'(T"!). At this stage we have only sketched the procedure: a more
consistent matching will be done in the last chapter, were we will introduce toric geometry
and the dimensional reduction from M-Theory to type ITA. This will let us see how external
parameters, like FI and real masses, are mathced with resolution parameters of the M-Theory
background and moreover will provide an explanation of flavors in terms of D6-branes.



Chapter 5

Holographic Effective Field Theory

The purpose of this chapter is to illustrate the technologies introduced in [I] and developed
in [2] to construct Holographic Effective Field Theories (HEFT), namely effective theories for
strongly-coupled (S)CFTs admitting holographic dual descriptions. Let us recap the holography
plot. The strongly coupled regime of a (supersymmetric) field theory is in general very difficult
to treat. However, we have seen that this regime typically admits a dual description in String
Theory or M-Theory: strictly speaking it is a supergravity (SUGRA), namely a low-energy
version of String or M-Theory. Therefore, the low-energy dynamics of the field theory should
be codified in an effective Lagrangian whose construction is necessarily based on the holographic
dual theory. More precisely, the effective Lagrangian should describe the dynamics of “moduli
fields”, i.e. massless modes parametrizing the moduli space of vacua. Moreover, it is expected
to be a nonlinear sigma model, i.e. a Lagrangian with nontrivial kinetic terms, that realizes the
dynamics of moduli fields in a “geometrical way”. Indeed, the nontriviality arises because of an
overall metric: the one over the moduli space, which itself depends on moduli. As we mentioned
in the introduction of the previous chapter, this moduli space is actually Mgcpr. Even though
we know its complex structure, we cannot compute the metric on it and hence we cannot
obtain an effective field theory using pure field-theoretical tools. However, if we can check that
Mscrr ~ Msuara then we can switch to the holographic description and compute the metric
on Mgspyara. Indeed, in the M-Theory side we have a crucial condition that we lack in the
field theory side: the Ricci-flatness, which is required for every stable background geometry.
Now, there must be something in the holographic description that correspond to moduli fields
such that we can build a dual effective theory. As we shall see, the background geometry itself
provides some dual moduli: for instance, branes positions on the cone and resolution parameters
give rise to them. At this stage, the idea is that geometric moduli correspond to scalar fields,
which are the lowest components of chiral or vector superfields in the field theory side. Since
these moduli parametrize the moduli space of M-Theory vacua Mgsygra, the effective theory is
an Holographic Effective Field Theory (HEFT) describing the physics of moduli as a nonlinear
sigma model, whose non-trivial curved metric is the one on Mgsygra-

67
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Summarizing, in order to find the HEFT there are in general three steps to follow:
e Identification of moduli both from the field theory side and the gravity side.
e Consistency check on the moduli space, namely Mgsygra ~ Mscrr.

e Holographic Lagrangian construction. Its explicit form can be found expanding a super-
gravity action, which is implicitly defined by a function called “Kahler potential”: this
will be presented in this chapter. Then, truncating it to second-derivative order leads to
the so called nonlinear sigma model. This model is characterized by non-trivial kinetic
terms, whose nontriviality is due to a curved overall metric. This metric is actually the
one on the space of M-theory vacua, which in turn is equivalent, at least from the complex
point of view, to the space of field theory vacua thanks to the consistency check. The
main difference is that the metric cannot be calculated using the latter because of strong
coupling issues: it is exactly for this reason that we must switch to the holographic weakly
coupled description.

In the end, the HEFT is completely fixed by geometry.

5.1 Topology, Kahler moduli and harmonic forms

In this section we are going to use some concepts introduced in the chapter dedicated to
complex geometry. Recall that our background cone C(Y) is a Calabi-Yau eight-dimensional
manifold, i.e. it is Ricci-flat and Kéahler, with a Sasaki-Einstein seven-dimensional base. There
is obviously a singularity at the tip, but we can consider resolutions: the singular point is
effectively replaced by an higher-dimensional locus called “exceptional set” and the result is a
resolved cone X. Even if we call it a resolved cone, it lacks a crucial characteristic of cones:
its metric is no more invariant under dilatations. This fact has dramatic consequences in the
dual field theory: the conformal simmetry, at least dilatations, seems lost. It is exactly for
this reason that we ask for supergravity solutions with asymptotically AdS x Y behavior, so
that the dual field theory “returns” conformal at high energy. Hence, one should check that
the CY metric on the resolved cone approaches the one over the singular cone asymptotically:
indeed, recall that these kind of vacua with (O) = (resolution) # 0 are dual to (S)CFTs where
the conformal symmetry is “restored” in the UV, i.e. at energies well above (O), otherwise
the conformal symmetry is spontaneously broken by (O). There is a theorem, similar to the
Calabi-Yau one, which states that one such asymptotically conical metric always exists and
moreover it is uniquef]

As we mentioned in the second chapter, some crucial topological quantities associated to
manifolds are Betti numbers, which count the number of linearly independent harmonic forms

1See [34], but the proof should be found in mathematical literature.
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on them. In the case at hand, it can be proved that

Relation (j5.1.1)) is equivalent to say that the number of harmonic 2-forms on the cone, or more
precisely (1, 1)-forms, split into two sets:

Wo = (Gay @)y @by =1, bo(X), By =1,.b6(X), 0,7 .. =1, ... 0o(Y). (5.1.2)

The main difference between the two sectors is the “normalizabilty”. Indeed, w, are Poincaré
dual to the bg(X) compact 6-cycles of the resolved cone and are Ly-normalizable, namely

/ Do A *xxWg < 00, (5.1.3)
X

while @, are Poincaré dual to the by(Y) non-compact 6-cycles of the resolved cone and are

Ly-normalizable, namely

/ e PO, A *xx©, < 00. (5.1.4)
X

The w in LY stands for “warped” and indeed the w, forms are normalizable only if we use a
warped measure. More precisely, the warp factor in (5.1.4]), which actually works as a damping
factor, is related to the previously introduced warp-factor h(r) in (3.1.2)), specialized to the
M2-brane case, by
RG

e P L h(r)—1= prg r— 00. (5.1.5)
Indeed, recall that we are working with asymptotically AdSy x Y7 backgrounds and hence the
warp factor must behave like f—ﬁﬁ at large r in order for it to vanish at inﬁnit.

Harmonic forms admit an interpretation as variation of the Kahler form J, namely

o)
- Ove’

Using harmonic forms as a basis, we can also expand the Kéahler form in the following way:

(5.1.6)

Wa

J = Jy + v"w,, (5.1.7)

where v® are the so called “Kéhler moduli” of Xg and Jj is the exact component of the Kéahler

form. This in turn can be globally expressed as

Jo = 100k (5.1.8)

2If we take for instance the warp factor (3.1.2) of the M2-brane solution, it is clear that we will have
problems with (5.1.4) because of the constant 1. In general, we can imagine a different warp factor, like

h(r) = e %P =a + }f—; 1+ o(r~1) |: while the second term acts as a damping factor for (5.1.4)), the constant

a spoils normalizability and the result will be infinite. On the other hand, warp factors like h(r) = e P =
%? 1+ o(rl)), which are exactly the ones consistent with asymptotically AdS, x Y7 backgrounds, ensure
(5.1.4) to hold because of the choice a = 0.
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for some globally defined function ko(z, z; v). Besides, in any local chart the harmonic forms

are generated by “potentials” k,(z, Z;v) such that
We = 100K, (5.1.9)

Since Kéahler moduli are actually parameters regulating the volume of some resolution 2-cycle
c*, ie. v~ fca J, there exists a sort of quantization condition fca wp ~ O0f € Z. If we

differentiate ((5.1.7)) with respect to v then it does emerge a consistency condition between

(5.1.6) and (5.1.7), namely

8J0 (%)a
— = V"= 5.1.10
ovb T ( )
which translates into ok 5
0 Rq
— = = . 5.1.11
ovb Y out ( )
More precisely, we can write the Kahler form as
J = id0k, (5.1.12)
where k(z, z;v) is the (total) Kéhler potential defined as
ok Okq
k =ko+ vk, together with k, = —, Pa —0 for r— oo. (5.1.13)
v’ ovb

These conditions are supposed to be crucial for removing an ambiguity in the definition of

potentials, namely kg and k, are defined up to coordinate-independent functions depending on
Kahler moduli.

5.2 Chiral parametrization of moduli

On general grounds, the moduli characterizing M-Theory vacua include M2-branes positions on
the cone and Kahler moduli v* together with the so called “axionic moduli” of the M-Theory
Cg six-for . The former admit a parametrization in terms of 4N complex coordinates 2t
where i = 1,...,4 and I = 1, ..., N. The latter admit a complex parametrization too, say with
pa Where a = 1,....bo(X): the real part of p, correspond to Kéhler moduli and the imaginary
part correspond to axionic moduliﬁ. Then, both kind of coordinates are interpreted as chiral
moduli fields. However, while positions moduli have a direct meaning as scalar component of
a chiral superfield, resolution moduli are associated to the respective chiral superfield by the

transformation

1
Rep, = 5;@(21,21;1)), (5.2.1)

3Recall that this is the electromagnetic dual of the fundamental three-form Az, i.e. dCs = *11dAs.
4In what follows the imaginary part is not necessary and hence we address the reader to [I, 2] for an
explanation of axionic moduli and their role.
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whereas the imaginary part is not necessary for our purpose. An useful formula is

ORep,
ovb

= -Gy = / e Pwa A *xwp, (5.2.2)
X

which let us invert (at least in principle) the relation (5.2.1]) between resolution moduli v* and
their chiral coordinate counterpart Re p,.

A comment on moduli spaces and resolution parameters

With the chiral parametrization of moduli above introduced we have 4N + by(X) coordinates
parametrizing Mgycra, which means that dimeMgpara = AN + bo(X). In particular, in
(5.2.1)) we are considering Kahler moduli as dynamical quantities. However, in the previous
chapter the “resolution parameters” where non-dynamical constant: for instance, external back-
ground vectors gave rise to one Fayet-Iliopoulos and one real mass in the @''! model. Then,
the whole calculation for the moduli space there should be referred to as the “non-dynamical
parameters case”: the monopole method let us see M = SymN C(Y7) while the semiclassical
computation gave us the resolved version M = SymN Xg. Both of them have clearly complex
dimension dimeM = 4N and the dual interpretation is of N M2-branes moving respectively
on the cone or its resolved version. So, in the “non-dynamical parameters case” we have
M = Mgspygra = SymN CY, with CY} either singular or resolved. It is clear that there is
a mismatch with the above setting: we should explain how the by(X) new directions in the
moduli space arise. As we will see later on in this chapter, it is possible to turn non-dynamical
parameters into dynamical fields using the so called “S-operation”: while the former clearly do
not affect the dimension of moduli space, the latter surely modify it. Indeed, when the by(X)
parameters become dynamical, either in the quiver theory or in the holographic counterpart,
the moduli space develops by(X) new directions: the result is that the new moduli space is
a fibration of the old SymN CY, over these new bo(X) directions and hence it has the correct
complex dimension. Even if we do not verify it, we think that the new fibered moduli spaces
on both side of the duality should match. Besides, the physical implications will become clear
in the next section writing down the HEFT Lagrangian.

5.3 The Holographic Effective Lagrangian

For the discussion of the low-energy effective theory we assume that M2-branes are not mutually
coincident and that the two-derivative approximation can be trusted. The fundamental object
is the Kéhler potential on Mgsygra

K =21 ko(z1, 213 v), (5.3.1)
1
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which has to be considered as a function of chiral coordinates ®4 = (p,, 2%) obtained inverting
(5.2.1) and hence expressing v* as functions of p,. By promoting the chiral coordinates to
three-dimensional chiral superfields, the HEFT is then described by the effective action

Expanding the Kahler potential to two-derivatives we get the bosonic effective Lagrangian,
which is actually a nonlinear sigma model

- — 5 PK
bos _ _ A B _
EHEFT = —KAB((I),q))d(I) /\*3d(I) , KAB = W (533)
We would like a more explicit form for (5.3.3)). First of all, we should derive K and hence kg in
5.3.1) with respect to moduli. In particular, we want to compute 8%;}, and gza Let us start
I
from the obvious identities (52 = gg—zg‘; and 0 = 82{%. Using chain-derivatives and (5.2.2]) we
I
can write IR e AR oy
53 = &P = ! £ Pa = _GacL> (534)
ORep, ORep, Ov° O Re py
so that 5y
v ab
= — 5.3.5
dRe py ( )
Then, if we define
0K
Al = —2 5.3.6
al az} ( )
we also get
ORep, OvPORep, ORep, ot 1
0z} dzy  Ovb 024 9zt * ZA‘” ( )
so that gt 1
v
- = G AL 5.3.8
Using ((5.3.5) and (5.3.8)) we can find a clearer form of (5.3.3)), namely
L8 = —1G py A x3V py, — 27 Z 955 (21, 21, v)dz) A *3d2;. (5.3.9)
I
The covariant derivative in (5.3.9)) is defined as
Vo = dps — AL dz} (5.3.10)

and its presence is due to the fact that chiral coordinates p, are actually function of z¢ them-
selves. In other words, the parametrization of the moduli space Mgspygra leads to nontrivial
interactions between Kahler modes, corresponding to resolutions, and the modes associated to
branes positions. Besides, there are different metrics in . The g;3(21, Zr,v) one is exactly
the Calabi-Yau metric of the resolved cone Xg, which can be computed imposing Ricci-flatness
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on the Kahler form J. Notice that since it depends both on positions and Kéahler modes, in
the case of resolved cone it also give rise to interactions between Kahler moduli and branes
positions. On the other hand, the G® one is the inverse of : notice that in order for
it to be ﬁniteﬂ it is crucial to require that the warp factor has asymptotic behavior .
This is another reason to have an eleven-dimensional metric asymptotic to AdS; x Y7 and we
should repeat that it is absolutely non-trivial to show that a Ricci-flat metric on resolved Xy
can always be found, and moreover it is unique, such that it asympotically approaches the one
on the singular cone.

As a concluding comment on the HEFT Lagrangian, notice that in the case of non-dynamical
Kahler moduli is “quite trivial”. Indeed, the first term does not appear and the second
term has an immediate interpretation. Recall that in the “non-dynamical parameters case”
the moduli space is given by Mgsygra = SymN CY,. Then the HEFT Lagrangian describes
N copies of the same theory of a single M2-brane moving on a resolved cone. Every gi; have
the same expression but depend on the I-th set of coordinates parametrizing the positions of
the M2. Since we are interested in the non-trivial case with dynamical moduli, we must find
something that let us go from one description to the other. Indeed, the moduli space check of
the previous chapter actually works for the “trivial case”. We have reasons to think that the
check “is preserved” going from one description to the other, but we will see it in a moment.

The applicability regime of the HEFT

The HEFT Lagrangian provides a tool for studying the dynamics of low-energy degrees of free-
dom of a strongly coupled superconformal field theory. These degrees of freedom are massless
modes: from a top-down perspective, one should reach this HEFT by integrating out massive
modes with a mass of order (O). Then, we can properly use the HEFT only for energy regimes
well below the scale set by (O). Recall that this is exactly the region of spontaneous symmetry
breaking of the conformal symmetry: indeed, it is only at high energy, well above (O), that the
conformal symmetry is restored. So, we stress that we can exclusively exploit the Lagrangian
in the phase where the conformal symmetry is spontaneously broken. The obvious con-
sequence is that the superconformal symmetry is non-linearly realized on and hence it
is in general challenging to prove that it is actually related to a SCFT. As we will see in the
last chapter, our strategy is to focus on dilatations only and check if is scale invariant
using asymptotic calculations.

5.3.1 A dual description with linear multiplets

Remember that in three spacetime dimensions there exists a scalar-vector duality which trans-
lates into a supersymmetric version, namely a duality between chiral and linear supermultiplets.

5See and compare with |D
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Imagine that we want to dualize some Kéahler moduli p, into 3, defined in (|1.3.4) and satisfying

. The chiral coordinates are now ®4 = (3,, z¢) and the dual formulation of is
SHErT = /d3xd49J?(<I>,<I>), (5.3.11)
where F is the Legendre transform of , namely
F(z,2,%) = K(z,z,Rep) + 4% Re p,. (5.3.12)

Then, the fundamental relations connecting dual Kahler potentials, chiral and linear multiplets

e 1 0K 1 OF
@ _ Rep, = — —2_. 5.3.13
4t ORe py’ ©Pe = 4r Oxe ( )
Comparing (5.3.12)) with (5.1.13)), (5.2.1)) and ([5.3.1)) we can write the dual Kahler potential as
F(z2%) =21 k(z1,Z1;%), (5.3.14)
I

where the linear multiplets here have dynamical Kahler moduli v® as lowest scalar component,
ie. Xr*=0+ ...

5.3.2 The S-operation

In this subsection we want to give an idea of the role played by the so called “S-operation”
in this work. Roughly speaking, the S-operation has two effects: it turns some non-dynamical
parameters into dynamical parameters (or viceversa) and it turns some U(1) gauge group into
a global symmetry (or viceversa). It is beyond the aim of this thesis to explore the S-operation
pattern, but it is worth mentioning it because of the previous considerations on moduli spaces
and resolution parameters, both in the quiver side and in the HEFT. In particular, it provides a
“bridge” between the “non-dynamical parameters case” and the one with dynamical quantities.

We start saying that bo(Y) is a very important topological quantity: we know that it counts
the harmonic two-forms on Y7, but we should point out that this number is also related to some
U(1)20) “baryonic” symmetry groupﬂ in the dual C'F'T3. Indeed, denoting w, these harmonic
two-forms, with a = 1, ..., b5(Y) here, the M-Theory fundamental three-form can be written as
As = A% Aw,, where the by(Y) massless U(1) one-forms A* can be obtained by integration over

three-cycles C%, namely

A“:/ As. (5.3.15)

6The term baryonic comes from the type IIB String Theory language and its AdSs/CFT, version of the
duality, see for instance [Il [34]. Here, we are dealing with M-Theory and AdS,;/CFT; correspondence. We
mention that the main difference between the two cases is that in the CFT3 at the infrared fixed point we can
have the possibility of either gauged/ungauged U(1) symmetries. On contrary, in the CFTy at the infrared
fixed point the U(1) symmetries are always global.
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In the three-dimensional SUSY language, the gauge fields A* are actually the vector components
contained in vector supermultiplets V¢ of the HEFT. Then, the field strengths for V* are the
linear multiplets ¢ = —%e“ﬁDQDBV", which can also be interpreted as topological current
multiplets in the sense of : indeed, these currents are the ones associated to the U(1)?2(Y)
“baryonic” symmetries. Now, we claim that these symmetries can be either gauged or ungauged
and the “bridge” between the two pictures is the S-operation. We will follow [2], working at
HEFT level and making some mandatory comments about the dual quiver interpretation.
Consider the HEFT action with some external vector supermultiplet A, gauge-

invariantly coupled to dynamical linear multiplets such that
Suerr[Ad = / dP2d*0F (2,2, %) + / d*zd*oxeA,. (5.3.16)

The S-operation consists in promoting the A, to dynamical gauge vector supermultiplets with
a topological interaction. More precisely, a new set of external vector supermultiplets B, is

added and (|5.3.16|) becomes

Stert[Ba] = Surrr[ Al — /d3xd49@a3a, (5.3.17)

where ©, = —%eaﬁDaDgAa are the field-strengths of the by(Y') vector supermultiplets A, and
can be interpreted as topological conserved current multiplets too. The last term in ([5.3.17)
can be rewritten with an integration by parts as

— / d*zd*9=" A, (5.3.18)
where = is the “non-dynamical field-strength” of B,, namely
_ 1
= = —%eaﬁDQDﬂb’“ = ("4 5070 (5.3.19)

Then, the scalar components (* of the linear multiplets =% can interpreted as Fayet-Iliopoulos
parameters. However, as opposed to (1.2.17), here they should be considered as “point-
dependent” FI parameters rather than constant. At this stage, since the A, do not appear
in the original action functional , which is the starting point of the procedure, we can
integrate them out, leaving the relation between linear multiplets

D = 2 (5.3.20)

obtained from ([5.3.16)), (5.3.17) and ([5.3.18). This means that the S-operation in the low-
energy region “freezes” the dynamical linear multiplets %%, having v® as scalar components, into

background non-dynamical linear multiplets =, having (* as scalar components. The latter are
effectively external current multiplets coupled to bs(Y) dynamical gauge vector supermultiplets

A.: hence, the resulting theory has U(1)*() additional gauge group. Geometrically, when
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the FI parameters are imposed to be constant, corresponds to Kahler moduli being
non-dynamical, i.e. v* = (.

The situation depicted till now at HEFT level has a dual interpretation. Consider a quiver
field theory with generic gauge group U(N)¢ and by(Y') independent non-dynamical FI param-
eters. The action (5.3.16|) with dynamical linear multiplets %* and external vector supermulti-
plets A, does not correspond to that quiver. Instead, it is related to a quiver with gauge group
U(1)¢=22() x SU(N)E and U(1)®2(Y) global symmetry, together with dynamical FI parameters.
Acting with the S-operation on these global symmetries we promote them to gauge symmetries
but at the same time we turn the dynamical FI into non-dynamical constants. The result is
the U(N)Y quiver gauge theory with by(Y) independent FI constant parameters.

It is maybe useful to call “Theory A,B,C” the HEFT coupled to external vector supermul-
tiplets A, B,C. The Theory B, having non-dynamical Kahler parameters because of the afore-
mentioned “freezing”, corresponds to the quiver with gauge group U(N)¢ and non-dynamical
FI parameters. In this case, is the “trivial” one with the second term only: however, we
want to study the non-trivial version of it having dynamical Kahler moduli and fibered moduli
space. This should correspond to the other quiver with gauge group U(1)¢=%2() x SU(N)“
and U(1)?2(Y) global symmetry, so let us see how one can obtain this quiver from the one with
non-dynamical FI and full U(N)“ gauge group. Restart from Theory B in and apply S-
operation a second time. We promote B, to dynamical vector supermultiplets and we also add

a

a topological interaction between their field strengths = and external vector supermultiplets

C, so that we arrive to Theory C:
Suerr([Ca] = Surrr|[Ba] — / d*zd*0="C,. (5.3.21)
Hence, it does emerge a term
/d3xd49(—@“8a —E%C,) = /d3xd49(—@“l’>’a — B,Q%), (5.3.22)

where Q, = —%E‘IBDQDBCG. Finally, integrating out B, we are led to the identification A, =
—C,. The interpretation is that we are back to Theory A with a slight change of sign for the
external vector supermultiplets: this means that our quiver has a reduced gauge group with
dynamical FI parameters, as we wanted.

S-operation on flavors and real masses

The previous discussion seems to hold when dealing with unflavored quivers, i.e. the only
external parameters are FI and the only U(1) symmetries are “baryonic” onesﬂ. If we have

"In what follows we want to evidence the difference between flavored and unflavored quivers: while the latter
have only “baryonic symmetries”, the former may have both “baryonic symmetries” and “flavor symmetries”.
For our purpose, we should intend the term “baryonic” as opposed to “flavor”.
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flavor symmetries and real masses as external parameters, like in the Q''!' model, the story
is a bit different. Indeed, in the above argument an ungauging of a U(1) baryonic factor in
the quiver, equivalent to go from Theory B to Theory C at HEFT level, corresponds to a new
dynamical parameter. On contrary, in the case of a flavor symmetry U(1)g in the quiver it is
a gauging of it that leads to a new dynamical parameter: we want to sketch this difference.
So, consider for instance the quiver gauge theory U(N)? = SU(N)? x U(1)giqy x U(1)J219¢

with global U(1)r having one FI and one real mass as non-dynamical parameters: this is the

Q"' model discussed in the previous chapter and we claim that it is properly dual to a “Theory

gauge

war > Which is a

B”. At quiver level, we can act “on block” with S-operation both on the U(1)
baryonic gauge symmetry, and on the global U(1)r. The former becomes a global topological
symmetry U(1)p, and the reasoning is the same of going from Theory B to Theory C at
HEFT level: the FI becomes dynamical and the moduli space get larger. The latter becomes
a U(1)%" and the real mass becomes dynamical too: this is because we are promoting the
background vector supermultiplet V,, = —imf0+ ... in the quive, where m is the real mass, to
a gauge vector multiplet. The reason why the moduli space get larger is that this mass, which
is actually a new dynamical field, is a mass for chiral flavor fields: since we always consider
vanishing VEVs for them, i.e. (¢) = (p) = 0, that dynamical mass is allowed for being a
new direction of the moduli space because it does preserve SUSY. In the end, considering the

S-operation as acting “on block” we have always a U(N)? quiver gauge group but:

e “Theory B” is dual to U(1)r global and SU(N)? x U(1) giag x U (1)1 gauge, with non-
dynamical parameters. The moduli space is the one giving a “trivial” (5.3.9)), i.e. with
second term only, and the consistency check surely holds because it is given by Sym®~ CY}

on both sides of the duality.

e “Theory C” is dual to SU(N)2 X U(1)giag x U(1)E"° gauge and U(1)pqr global, with
dynamical parameters and hence a fibered moduli space, i.e. a non-trivial . Since
this “Theory C” is obtained from “Theory B” applying S-operation, we are led to think
that the moduli space check is “preserved”. We mean that even if the moduli space is
no more Sym]\7 CY}, the new fibered moduli spaces on the two sides of the duality should
matchf]

The careful reader could be upset at this stage: the mismatch in the complex dimension of the
moduli space is due to by(X) new directions, but here with S-operation we can only promote
b2(Y') non-dynamical parameters to dynamical ones. This can be quite curious, but we antic-

ipate that in the case of the Q' model we have by(X) = by(Y = Q') = 2 and hence this
problem does not affect us directly.

8Recall how real masses are introduced with 1)
9We do not explicitely verify it but in the next chapter we will carry out a matching between the parameters
in the quiver field theory side and the resolution parameters in the holographic counterpart, namely (¢, m) «

(’Ul,’UQ).
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Chapter 6

The Q! HEFT

We are finally ready to apply the techniques introduced in the previous chapters to the case
of M2-branes probing a background geometry R'? x (Y, where the transverse directions to
M2-branes are either a cone C(Q"!) or its resolved version X. This is the original contribution
of this work because the low-energy dynamics of the dual SCFT has not been investigated
so far. Before rushing into the HEFT we should begin with a parenthesis on toric geometry,
particularly focusing on a related tool called Gauged Linear Sigma Model (GLSM), because of
two main reasons: the C(Q'1) is a toric manifold and throughout this chapter we will widely
abuse of the GLSM. Indeed, this is an auxiliary field theory that turns out to be very useful in
the matching between moduli spaces, especially if we consider the dimensional reduction from
M-Theory to type IIA String Theory. Indeed, carrying out this reduction let us identify both
the origin of flavors in the Q! quiver from the brane point of view and construct a dictionary
between the parameters in the quiver field theory, i.e. the FI and the real mass, and the Kahler

parameters related to resolutions.

Then, we will proceed with the identification of general properties regarding C(Q'!), also
specializing its GLSM. After this geometric preliminary, we will compute the metric of the
resolved cone X: recall from the previous chapter that it must be Ricci-flat and it should
approach the one on the singular cone asymptotically. A real-coordinates parametrization is
useful for this purpose, see for instance [34], whereas a complex one let us see the Kéhler
structure in a clearer way. Hence, we express the metric in a suitable complex parametrization
inspired by [1I, 2, 37, B8]. Having the metric, or equivalently the Kéhler form, we can obtain
harmonic two-forms as in . Moreover, we can compute “potentials” k, kg, k, together
with the “non-trivial metric” G and the “connection” AL respectively using and
(5-3:6). So, we can collect all the ingredients to build the HEFT Lagrangian for the
Q' model. Besides, we want to perform new consistency checks between the quiver theory and
the holographic counterpart. One of them is about the dimensional reduction from M-Theory
to type IIA String Theory: in order to do this we will exploit the power of the aforementioned

GLSM. After that, a check on the superconformal symmetry of the HEFT is done. Indeed,

79
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recall that the HEF'T is trustable only when the conformal symmetry is spontaneously broken,
i.e. the conformal symmetry should be non-linearly realized. An explicit check on non-linearly
realized superconformal transformations can be in general very difficult: however, there are
cases, like the one treated in this thesis, in which it is sufficient to check the scale-invariance of
(5.3.2).

6.1 Toric geometry and the GLSM

As a premise, this section has not to be intended as an introduction on toric geometry. Instead,
we want to collect at the beginning of this chapter the reasons why it is useful when dealing

with holography and specifically in this work. Indeed:

e the case C'(Q'") object of the thesis is toric;

e “toricity” is relevant in quiver gauge theories because it furnishes an useful tool to oper-
atively build the moduli space. The basic idea is to study a gauged linear sigma model
(GLSM), which is an auxiliary theory that automatically reproduces the same moduli

space of the quiver;

e it provides some kind of diagrams which are very useful to understand, at least pictorially,
the dimensional reduction from M-Theory to type ITA that we will work out later on and

in particular the origin of flavor symmetries in the Q! quiver.

The basic feature of a C'Y, toric manifold is that it can be “mapped”

into a three-dimensional polyhedron called “toric diagram”, like the one in

figure. The physics behind this structure is that strictly external pointsﬂ

< represent some particular submanifolds of C'Y), called “toric divisors”,
-------- T that can be wrapped by branes: this give rise to new features in the
dual field description, for example flavors. It can happen that two such

) > external points in the toric diagram are vertically aligned: then, as stated
in [0], the vertical projection of the 3d diagram into a 2d diagram turns
Figure 6.1: An ex- out to be equivalent to a dimensional reduction from M-Theory to type
ample of (a portion ITA along an eleventh compact direction’} The 2d diagram is actually
of) toric diagram the toric diagram associated to a different Calabi-Yau toric manifold, this
borrowed from [6]. time with one dimension less: this (Y5 is a suitable candidate for a conical

background on which D-branes can be placedE]. The reason to introduce

'Here, “strictly” means that these external points are actually vertexes of the polyhedron, i.e. a strictly
external point never lie along a line connecting two external points nor inside a face of the toric diagram.

2This dimensional reduction is characterized by a “wisely chosen” M-Theory circle U(1)y; as we will see in
the explicit calculation.

3Moreover, this three-dimensional cone can be obtained from a Kéahler quotient of the four-dimensional cone
as CYy//U(1)y = CYs, as we will explicitly see.
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this rather abstract structure is the following. Imagine 1 4+ h vertically aligned points in a
three-dimensional toric diagram related to a M-Theory background C'Y;. Reduction to type
ITA is interpreted as a projection of all 1+ h points down to only one strictly external point in
the 2d toric diagram associated to C'Y3. Following [0], this give rise to h coincident D6-branes
wrapping the same toric divisor of C'Y;. At this stage, in type ITA there are also D2-branes
corresponding to dimensionally reduced M2-branes. Having both D2-branes and D6-branes we
can imagine open strings connecting themﬁ: this picture corresponds in fact to some U(h) flavor
symmetry in the field theory and hence to some couples of (g, p) chiral flavor fields discussed
in the previous chapters.

Having sketched the utility of toric diagrams, some comments on the aforementioned gauged
linear sigma model (GLSM) are really mandatory. We said that toric varieties, like C'(Q'!), can
be realized as the moduli space of an auxiliary model called GLSM. Indeed, there is a precise
algorithm to write down the quiver gauge theory from toric data, see for example [31], 32, [33].
We will not deepen its construction but we will focus on its output, namely:

e A set of fields P, called “perfect matchings”, in terms of which the bifundamental chiral
fields of the complete UV-quiver theory (together with monopole operators if considered)
can be expressed:

o, =[] P (6.1.1)
)

pER(a

where R(a) is a subset of the perfect matchings.

e The 3d toric diagram of C'Y,. Each perfect matching is mapped to a point of the toric
diagram{’| and can be used as a field of a GLSM.

On the other hand, the GLSM can be exploited to characterize the M-Theory background too.
More precisely, we can work out a matching between perfect matchings and complex coordinates
parametrizing the complex cone as well as its resolutions.

Since throughout this chapter we will carry out a lot of different matchings between different
sets of coordinates and/or fields exploiting the GLSM, we make a list of operations that the
reader should take in mind before starting:

e identification of the correct set of perfect matchings and study of their GLSM,;

e matching between perfect matchings and the set of complex chiral coordinates {z} char-
acterizing the position of one M2-brane on C'Y}: this operation will give the M-Theory
background C'Y, as a GLSM;

4Recall that D-branes are extended objects on which open strings can end.
5The correspondence is not one-to-one in general. Indeed, different perfect matchings may correspond to the
same toric point.
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e matching between perfect matchings and chiral fields in the UV-quiver using (6.1.1]), tak-
ing into account monopole operators (7, T) in the homonymous method. This operation

will give the moduli space of the quivelﬁ as a GLSM;

e matching between complex chiral coordinates {z} and chiral fields in the UV-quiver to-
gether with monopoles. Since these complex coordinates parametrize the position of one
M2-brane on C'Y; and are in fact the low-energy degrees of freedom in the HEFT, this
operation amounts to find how the degrees of freedom of the quiver, i.e. the far UV
theory, are organized in the effective field theoryﬂ;

e construction of gauge-invariant operators using chiral fields in the UV—quiverﬂ;
e construction of gauge-invariant operators using perfect matchings;

e check that these gauge-invariant combinations provide a suitable parametrization of C'Y}
as an affine toric variety with coordinates {w}, namely gauge-invariant operators should
satisfy some constraint equations defining the coneﬂ just like in (4.4.33).

6.2 The internal M-Theory geometry

First of all, recall that Q! is realized as the coset manifold

SU(2) x SU(2) x SU(2) x U(1)

Q™ = U(1) x U(1) x U(1)

(6.2.1)

This is the seven-dimensional Sasaki-Einstein base Y7 of the Calabi-Yau cone C(Y; = Q') and
hence it gives rise to N' = 2 supersymmetries in the dual field theory. The structure
suggests that the metric should be a U(1) bundle over three spheres, as in , reflecting
the isometry group SU(2)* x U(1).

Topologically, the resolved cone X is characterized by the following Betti numbers:
by(X) =2, ba(Y) =2, be(X) =0, (6.2.2)

which let us specialize the relation (5.1.1)). Recall that Betti numbers count the number of
linearly independent harmonic forms. According to (6.2.2) and (5.1.2), the Q'*' model is
characterized by two non-normalizable, or better warp-normalizable in the sense of (5.1.4)),

SMore precisely, one of the N copies.

"This is to some extent equivalent to find out that pions in the low-energy regime of QCD are bound states
of quarks, the latter being the high-energy degrees of freedom.

8 Actually, we have already done this step in .

9A more rigorous statement is that the quantum chiral ring of the quiver must coincide with the ring of
affine coordinates: this is a necessary condition in order for the gauge/gravity correspondence to hold.
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harmonic forms @,: since there are no w, harmonic forms we will identify @, = w, in what

follows. Consequently, the Kéahler two-form should admit the expansion

J = Jo+ 1%, = Jy + viwy + 02w = Jy + bwy + cw,, (6.2.3)

where a = 1,2, v®* = v!,v? = b, ¢ are the Kahler moduli and Jj is an exact component. The fact

that by(X) = 2 is telling us that there are two resolution parameters and indeed we will find
out that the resolved cone admits a parametrization as a C? vector bundle over the CP; x CP,
“base”m. More precisely, the resolved cone X is given by the total space of the vector bundle

OC]P’1><(CP1(_1’ _1) ¥ OC]P’1><CP1(_1, _1), (624)

which is a notation we are going to explain soon after. Indeed, this is better understood using
the GLSM of the next section. For now, we can imagine that the resolved cone is a product
of two projective unidimensional spaceﬂ, where every point is actually a C? space. Since the
base of the bundle (6.2.4) consists of a pair of two-cycles C* = {CPy, (CIP’C}E, the quantization

condition of the harmonic forms reads
/ we = 07, a,e=1,..,0(X) =1,2. (6.2.5)

Thinking about ([5.1.6), this implies that Kahler moduli v* = {vy,v9} = {b, ¢} can be identified
as volumes of the resolution spheres, namely

vt = J = vol(C?). (6.2.6)
Ca

6.2.1 The GLSM of C(Q!'!): M-Theory analysis

The complex cone C'(Q'!1), as well as its resolutions, can be described by a GLSM with six fields
(a1, as, by, ba, 1, co), which in turn are the perfect matchings of the model, and a U(1)? gauge
group. What follows is a preliminary discussion on the GLSM which is useful to understand
the bundle structure and let us introduce the complex parametrization {z} of the cone
that we will use to compute our metric. We can think about this GLSM as an abelian gauge
theory with the same gauge group of the quiverm Their charge matrix takes the form
‘ ai ay by by ¢ o
Ul); -1 =1 T 1 0 0 (6.2.7)
Ul -1 =1 0 0 1 1

0Here we hope that the term “base” does not generate confusion. We should distinguish the base of the
cone, which is the Q''" manifold, from the base of the vector bundle, which is instead the resolution manifold
CP; x CPy. After computing the metric this should be clear.

1Gince we will always deal with unidimensional projective spaces, from now on we will write CP; = CP
omitting its dimension.

12The a index runs over by(X) = 2. We will label the two projective spaces with b and ¢, as well as local
coordinates parametrizing them, but these are not indexes like a, they are only names for the label.

13Clearly, we are thinking about the “single brane case” where we have only one M2 on the cone.
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Since the theory is abelian, the F-term relations are trivial. Then, the two D-term equations

of the GLSM reads

017 + [b2|* = |ar]* = az]* = vy,
(6.2.8)
le1[? + Jeaf* = Jar]? — azf* = va,
where the resolutions parameters of the M-Theory background are interpreted as Fayet-Iliopoulos
parameters for the GLSM. The singular cone is reproduced choosing vanishing FI parameters
v1 = vy = 0, while allowing for nonzero values we get resolutions. Let us consider vy, vy > 0.
Notice that for a; = as = 0 in ((6.2.8) we obtain the pair of spheres at the base of the bundle
(6.2.4): indeed, we can imagine that b; 2 and ¢, fields parametrize respectively CP, and CP,,
whereas the a; o fields are the fiber coordinates of the C2. Let us clarify this structure.

The six perfect matchings parametrize the master space F = C® which has to be (Kéhler)
quotiented by the (complexified) gauge group U(1); x U(1);r in order to find the moduli space
of the GLSME. Indeed, remember that we should identify gauge-equivalent combinations to
characterize the space of inequivalent vacua. More precisely, in the case vy,v9 > 0 one has
to subtract from C® the set Z = {b; = by = 0} U {c; = o = 0}. Otherwise, if we consider
a situation where by = by = 0 the first line in clearly gives an absurd. We expect
to find the moduli space from the GLSM, which should match with the resolved cone

X ~ (U(l);ciﬁ. The action of the complexified gauge group on the master space reads

(a1, a2,b1,ba,c1,00) — (&6 ar, &71€5 ag, &1b1, E1ba, Eacy, Eaca), §&1,6 € C. (6.2.9)

At this stage we can choose & = é and & = é so that

b
(al, a9, bl, bg, C1, CQ) — (bgCgal, bQCQCLQ, b—l, 1, ﬂ, 1), (6210)
2 C2
provided that by, ca # 0. Then, defining
b1 C1
U= bgCQ&l, Y = bQCQCLQ, )\b = -, )\C = —, (6211)
ba C2

which gives the identification between the perfect matchings and the complex coordinates {z},

(6.2.10)) reads
(CLl, ag, bl, bg, C1, 02) — (U, Y, >\b7 1, )\c, 1) (6212)

The complex coordinates {z} = (U, Y, Ay, Ac) provide a suitable parametrization of (a patch
of) the resolved cone seen as a bundle (6.2.4). Indeed, (A, A:) are local coordinates on the
base CP, x CP. whereas (U,Y’) are the fibral coordinates for C*. We must stress that it is
not possible to find a globally well-defined metric on the resolved cone: however, we can focus

14Recall that the Kihler quotient “//” corresponds to imposing D-term conditions and then quotienting by
the complexified gauge group.
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on a particular patch and perform calculations. For instance, the (6.2.12)) is related to the
NORTH-NORTH patch of (6.2.4), while the SOUTH-SOUTH can be seen as

(ala a2, b17 b27 C1, 02) — (X7 ‘/7 1a S\ba 17 5\0)7 (6213)
where the set of coordinates {z} is now given by’

X = blclal, V = blclag, 5\1, == )\b_l, :\c == )\_1. (6214)

c

Finally, we can give the idea of the notation in ((6.2.4]). The local coordinates (A, A.) parametrize
the base CP; x CPy, which is now identified with CP, x CP.. The (—1,—1) correspond to
negative powers of these local coordinates in the following identifications

11 11
=——X, Y=-——V 2.1
U=t o (6:2.15)

The fiber is actually a C?, parametrized by (U,Y’) coordinates in the NN patch, with different
combinations in other patches.

In the end, we have found that the moduli space of the GLSM can be seen as the total space
of the vector bundle , the latter being a complex description of the M-Theory background
X. Recall that this GLSM should reproduce the same moduli space of the U(1)? quiver as-
sociated to the Q™! model. Since for this quiver the moduli space is actually the resolved
cone, the matching between moduli spaces is complete. However, this situation corresponds
to a single M2-brane probing the resolved background: its position is indeed parametrized by
{2} = (U,Y, M\, \). In the case of non-coincident N M2-branes on X we have N copies of the
GLSM and hence N copies of the coordinates {z} parametrizing the M2-branes positions on
X. The M-Theory moduli space is now SymN X, as well as the moduli space of the U (1)2N
quiver. In the above matching argument, the subtlety about dynamical resolution parameters
v® discussed in the previous chapter is not investigated: we know that the moduli spaces should
match again but they are fibered versions of the SymN X ones, where the dynamical parameters
are new fibers.

6.2.2 The Ricci-flat Kahler metric

As we already mentioned, the cone over Q''! can be seen as an affine variety with affine
coordinates w; € C. This means that C(Q"!) can be identified using the following set of

constraints:
W1We — W3W4 = W1W2 — WrsWg — W1W2 — WegW7 = 0,
WiWsg — WsWy = WiWe — W5 = WiWg — Wawy = 0, (6.2.16)

Wolly — Wy = Wollls — W3lWg = WolW7 — Wawg = 0,

15We hope that the X € {z} of the SS patch will not be confused with the resolved cone X having the same
name.
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where a suitable parametrization satisfying (6.2.16)) is given by

i 0 ) 0 ; 0 0 0

wy, = VitezWHertoetes) (g L cos = cos —3, Wy = VitezW—¢1=02-¢3) gipy —Lsin -2 sin —3,
2 2 2 2 2 2
i 0 0 0 ; 0 0 0

W3 = Vitez(WFo1=02=03) (g —Lsin =2 sin —3, Wy = Vitez(W—o1Fo2+es) iy L cos =2 cos —3,
2 2 2 2 2 2
i 0 ) 0 i 0 0 0

ws = Vter W Tote2-08) cog 7L g 22 gin 22 we = Ve W01t gin "L og 22 gin =2
2 2 2 2 2 2
i 0 0 ) i 0 0 0

(6.2.17)

The coordinate t introduced in (6.2.17)) is the so called “radial coordinate” and it should satisfy

8
t=>|wl (6.2.18)
i=1
In what follows we are going to find a metric on the NN patch of the cone, so we must identify the
coordinates (U, Y, Ay, \.) with combinations of the w;. In other words, we perform a matching
between {z} and {w}[[]
First of all, the coordinates parametrizing CP, and CP, are respectively:

Ny = e pan 02 = W2 _ s
2 We W4y

)

(6.2.19)
A\, = e 93 tan% O %.
2 w1 wr
Looking at (6.2.15)) and using (6.2.17)) we can thus see that a good identification is
U= w1y, Y = Wy, X = W3 V = Wo. (6220)
Then, using (6.2.15)), (6.2.19) and (6.2.20]), we can obtain (in the NN patch)
8
D lwilP = (UP+ YY)+ o)A+ AP, (6.2.21)
i=1

so that a good radial coordinate ¢ is given by .

We know that a Calabi-Yau metric, i.e. Ricci-flat and Kahler, can be found using ¢,,; =
OmOnk, where k is the Kihler potential of the resolved cone. A good ansatz for it should
consider the presence of a radial coordinate ¢ that measure the distance of a point along the
C? fiber from the base CP, x CP,, as well as the resolutions. Hence our starting point iﬂ

k(t;b,c) = F(t;b,c) + blog(1 4 | M\s)?) + clog(1 + |A]?). (6.2.22)

16The latter can be directly matched with gauge-invariant combinations of perfect matchings in the GLSM
but here we want to focus on the computation of the metric, so we postpone the matching between {w} and
gauge-invariant combinations of (ay, ..., ¢c2).

1"We will sometimes omit the arguments of the functions during our calculations.
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Notice that we can see as k = F(t) + vk, = F(t) + bky + ck., where v* = {b, ¢} are
the K&hler moduli regulating the volume of the resolutions two-cycles C* = {CP,, CP.} while
k, are the Kahler potentials of these cycles. We know from that these take the form
written in (6.2.22)), where the ( there are the A here and the metric on CP is the Fubini-Study
one. The relative Kahler two-forms are

_ _ i A
Ji = 100k, = 10010 (L + [N[?) = ie=od, Adh, = i D
(1+ [As]?)?
Do A dX (6.2.23)
. a . a 2 . —2kc _ . . .
Je = 100k, = 10010g(1 + |\ |") = ie”""d\. A d). = @m.

It is useful to identify the base of the bundle (6.2.4) with B = CP, x CP. so that its Kéahler

potential and form are respectively

ks =3 ka=hotke = Ja=do+Je (6.2.24)

a

Moreover, the radial coordinates takes the more compact expression
t=(|UP+|Y|*)ek=. (6.2.25)
Having defined , it is easy to check that
Go A Jo = —e72FBdNy A dhy A dXe A d. (6.2.26)

WARNING: In what follows we will occasionally omit the “wedge” product since this is the
natural product between forms. It should be clear from context whether we are using“A”, for

«

example when working with J, or “®”, for example if we switch to the metric ds? notation.

Indeed, recall that finding the Kahler form is equivalent to finding the metric for a Kahler
manifold™]

Using ((5.1.12)) on (6.2.22) we immediately obtain
J = i00F (t) + bjy + cje (6.2.27)

and the core of the calculation is the research of a good F'(t), i.e. such that the metric is also
Ricci-flat.
Defining ' = %, the Kéhler form generated by the potential (6.2.22)) is

J=(b+ F't)jy + (c+ F't)j. — i(F"t)e"®

(UdY —YdU)(UdY — Y/dU)}
U+ [Y]?
+ie"B (F"t + F')(dU + Udkg)(c.c.) +ie*® (F"t + F')(dY + Y 0kp)(c.c.).

(6.2.28)

18 As explained in the second chapter, the natural two-form of an hermitian complex manifold J = Jij dzt NdZ
is related to the metric ds? = gijdzi ® dz’ by Jij = 19,5
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If we now define v = F't and call nV = dU + Udkp, n¥ = dY + YOkp, together with their
complex conjugate, then a convenient expression for (|6.2.28]) is

Y —vYnY)(c.c.
J=(b+ )y + (e +7)je +iekn l(Uan +77|y>|<20 ¢ >} .
6.2.29
iekn |l ¥ (Un" - YnU)(C-C-)} ( )
UP+YpP |

The reason why is useful is that it is straightforward to compute the volume form on
the resolved cone X. Indeed, at this stage we should check that the Kahler form J is compatible
with the Ricci flatness condition, i.e. the Ricci form in must vanish. In other words, we
must find a v such that the determinant of the metric is constant. The easiest way to compute
this determinant is to combine the formulas relating the volume form with the metric and the

4-fold product of the Kahler form, namely:

%J ANJNJTNAJ = dvol(Xg) = (%)4(detg)d8z, (6.2.30)
where dz = dUdY dUdY d\,dAydAcd).. Using and we can easily get
JATNT AT ~ (b+’y)(c+’y)’y’%dgz, (6.2.31)
leading to the Calabi-Yau equation condition
b+ e+ = gt- (6.2.32)

An explicit solution to is quite difficult to obtain. However, we can still work with an
implicit expression in order to check some regularity behaviors: we will do this in a moment.
Before that, we want to write down an explicit form for the CY metric on the resolved C'(Q'!) in
real coordinates in order to verify if it truly approach the one of the singular cone asymptotically.
Using (6.2.17)), (6.2.19)), (6.2.20)), (6.2.25) together with lengthy calculations we finally arrive

to

1 1 1 a1 i 2
ds% = Z(b +4)dQ; + Z(c +7)dQ? + Zydfﬁ +4't L—t +3 (d@b +) " cos eid@) } , (6.2.33)
=1

where
dQ? = dé’% + sin? Hldgbf, ng = d@g + sin? 92d¢%, ng = d9§ + sin? 93d¢§. (6.2.34)

With a change of variable ¢t = p? we further obtain

1 1 1 dp* 1 > 2
2 2 2 2 r 2
dsy = 4(b+ v)dY; + 4(c+7)dQC + 47d§2 +p [ -+ 1 (dqﬁ + ; 1 oS (‘)idgzﬁi) =

3 2
1 2 1 2 1 2 172 v p? L
= 4(b+7)de+4(c+7)dQC+47dQ ++'dp” + 1 dy + ;1 cos 0;de; | .
(6.2.35)



6.3. THE HEFT INGREDIENTS 89

Finally, it is convenient to introduce a new radial coordinate and a function, namely

2 2./
2y =12 =P (6.2.36)

v

so that (6.2.35)) becomes
2
ds% = 8(26+r 2)dQE + 8(20—1—7" )d92+87~2d92+<1> Ldr? +q> (dw—i—ZCOSH dqﬁl) . (6.2.37)

It can be shown, as in [34], that & — 1 at large r and hence ([6.2.37)) approaches asymptotically
the metric of the singular cone, with base metric (3.2.26[), namely

2 3

2
ds% —>% Z(d@z + sin? 0;d¢?) + dr® + — (CW + Z cos 0; dCbz) =

1=1
= dr? +r2ds*(Y = QM) = ds? g

(6.2.38)

On the other hand, if Kédhler moduli are set to zero, i.e. b = ¢ =0 then ® = 1 and
is again the metric on the singular cone, whereas taking only a combination of resolution
parameters different from zero one obtains different partial resolutions of C(Q"1!). Besides,
if r = 0 then we are sitting on the resolution manifold, as expected from the meaning of the

radial coordinate itself.

6.3 The HEFT ingredients

In this section we are going to collect all the ingredients for the HEFT Lagrangian of the Q*!!.
We compute the harmonic forms w, as well as the potentials k, kg, k., necessary for the HEFT.
About the former, we will check that they are in fact harmonic, i.e. Aw = 0. For the latter we
will need some asymptotic calculations which turn out to be crucial for our final check on the
conformal symmetry. In both cases we are lacking an explicit solution (¢; b, ¢) to , SO
the typical objects appearing in the HEFT Lagrangian will be expressed in integral form.

6.3.1 Harmonic forms

In order to compute the harmonic two-forms we will use (5.1.6|), with J given by

J=(b+7)jp + (¢ +7)je +ie*2y'[(dU + Udkp)(c.c.) + (dY + YOkp)(c.c.)]+
© ko (7 ) [(Udy —YAU)(TdY — YdO) (6.3.1)

t UP+ Y]
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and v* = (b, c¢). We easily find:

oJ 0 oy
=2 =i+ a_sz + iekBa—z[(dU + Udkp)(c.c.) + (dY + Yokg)(c.c.)]+
\ ik (10_7 B a_y) [(Udy — YdU)(0dY — YdU)]
U?+[Y]? ’

W1 = Wy

0J 0 o~ (6.3.2)
Wy = We = - =Je + a_ZjB + iekBﬁ_Z[(dU + Udkg)(c.c.) + (dY + YOkp)(c.c.)]+
4 iekn 19y oY\ [(WUdY —YdU)(UdY —YdU)
tdc  Oc U2+ |Y]? .

Then, we should check that (6.3.2)) are truly harmonic, i.e. they are both closed dw = 0 and
co-closed dfw = 0. The easiest way to prove it is to use the concept of “primitivity”. As stated
n [21], for a C'Y, the primitive (p, q)-forms wP? satisfy

JN- AN JAWPT = 0. (6.3.3)

5—p—q times

The clue is that if a primitive form is closed, then it is also co—closedﬂ so we are going to check
that (6.3.2]) are both closed and primitive (1, 1)-forms.
Closure is quite obvious since dw = d(%) = %(dJ ) and J being the Ké&hler form is closed,

i.e. dJ = 0. For primitivity we must check that JAJAJAw = 0. From and we
know that JAJAJAJ does not depend on resolution moduli, i.e. %(J/\ JANJNJT) = 0. By using
(anti)commutation rules for differential forms calculus this is equivalent to 0 = JAJAJ A g—i =
JNINITAw.

6.3.2 Asymptotic behaviors
First of all we go back to (6.2.32)) and write it as

O+7)(c+)yy=ht, L1 = const. (6.3.4)

This can be easily integrated obtaining

1 1 1 1
At (b)Y 4 Sbeyr =1y + 1 =1, l1,ly = const. (6.3.5)
4 3 2 2

Since F'(t) should be regular at ¢ = 0, then it must be y(¢ = 0) = 0 from v = F’t and so

the constant Iy in ([6.3.5)) must vanish for consistency. Besides, differentiation of (6.3.5) with

respect to ¢ (two times) leads to v/(t = 0) = \/g and hence when b, ¢ > 0 we must take [; > 0

in order to have +/(t) > 0 everywhere. Then, the constant [; can always be reabsorbed into the

9In the case of C'Yy, so n = 8 real dimensions, we have dfx("'Y) = xgd »g x(I'V) for a (1,1)-form y. If y is
also primitive then xgy = %J A J A x. If x is also closed then dx = 0. So dfx = xgd(J A J A x): applying the
Leibniz rule for the exterior derivative we find d'y = 0 because the Kihler form is closed too, i.e. d.J = 0.
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radial variable ¢ and so we choose it to be [; = 1. The fact that v(0) = 0 and ~/(¢) > 0 let us
interpret v as a radial variable itselﬂ, defined by

%ﬁ = ifﬁ - %(b +o)y® + %bC’yQ. (6.3.6)
Notice that when v > b, ¢ then from (6.3.6) we get t?> ~ v* and so v ~ t2 as t — 4o00. Since
we also introduced 2y = r? in , then we also get the behavior t ~ % at large r. From
~ = F't by integration we obtain

P
F(t) = /O %W) o (6.3.7)
This asymptotic behavior for the Kéhler potential k ~ F(t) ~ 72, see , turns out to be
the correct one for the scale invariance. Actually, v > b, ¢ corresponds to a region where the
“energy scale” ~y is well above the scale set by some VEVs b,c. We can interpret this v as a
VEV itself, this time for the “radial position” of one of the N mobile M2-branes on the resolved
cone X. Then, for v > b, ¢ we can imagine that the geometry that the M2-brane “sees” is the
one of the singular cone because it is far away from the resolved singularity. We anticipate that
this is useful because from there we can relate the scaling dimension of the radial coordinate r,
which is known only in the large-r region, with the scaling dimensions of the chiral coordinates
{z}. Since the latter are “pure coordinates” in the sense that their scaling dimensions do not
depend on any asymptotic behavior, we can both make use of them “everywhere”, even in
the v < b, ¢ region, and compare the result with the field theory predictions for the scaling
dimensions of {z}ﬂ On the other side, one can also explore the v < b, ¢ region too. Here,
from we get t2 ~ bcy? and hence F(t) ~ \/L%: this is good for two reasons. Firstly,
F(0) — 0 makes sense because, looking at , when ¢ — 0 we are “near” the resolution
spheres and hence we expect that the Kahler potential reduces to bky, 4 ck. just like the metric
reduces to 1(bdQ7 + cdQ?) as r — 0. Secondly, it seems that even if the VEV ~ for the
“radial position” of our M2-brane is lower than the VEVs for the resolutions, i.e. the M2-brane
“sees” the resolved geometry, we find a good scaling behavior for F(t). This is curious because
while scaling dimensions can be surely obtained in the asymptotic region far away from the
resolutions, as the M2-brane approaches resolutions we have no right to surely state that such
asymptotic scaling dimensions hold “everywhere”. However, the fact that one can find the
correct scaling dimensions for the chiral coordinates {z}, which are “asymptotic-independent”,
suggests that the asymptotic scaling dimensions in fact hold “everywhere”. We will return on
this topic when we will perform the final SCF'T check.
It is useful to observe that one can write

1 b ¢
V) =39 5,1 ) =t
tz t2

20Tt varies monotonically from 0 to +oc.
21Recall that we should find a matching between complex coordinates {z} and chiral fields in the UV-quiver,
together with monopoles: we will see an example in the next section.

N|=

Y(ap, ac), (6.3.8)
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and correspondingly (6.3.6) translates into

1 1., 1 5 1 -
5= 174 + g(ab +a.)y’ + 5%%72- (6.3.9)

Then, we define 7 = {2 so that 1) reads

1

2 b ¢
F(t) = dry(—, —). 6.3.10
0= [ a5 (6310

Notice that (6.3.10]) satisfies the homogeneity condition
F(\’t; \v) = AF(t;v). (6.3.11)

Before going on, we should mention that in our calculations we have omitted some normal-
ization constants in order to be more clear. However, we want to be somehow more precise in
the asymptotic behaviors, especially because they are crucial for the computation of potentials
in the next section. Hence, we show how this constants can be fixed. First of all, one should
require the quantization condition on harmonic forms, namely | ca We = 0¢. Let us consider the

resolution parameter v; = b, but the same goes for v, = ¢. We can compute

/C[Pb J = /Cpb(bJrv)jb = /Wb(bjtv(t =0))jp = b/cm,jb’ (6.3.12)

with j, = —1 sinfad¢s A dbs. Tt is then easy to check that f@,b jb = 2m and hence b = = fCPb J.
Thus, from (5.1.6) we get fCPb wp = 2m: it is now clear that we have to normalize the Kahler
J

form by 27. Indeed, J — ;- and hence w, — ;’—f; so that fCPb wp, = 1 as we wanted. An

alternative check is to make use of the first Chern class (2.3.7) and of the relation (2.3.12)) for
the case of n-dimensional projective space with n = 1. Then we have

1
/ Jb = —5/ Rcp, = —7T/ c1=2m (6.3.13)
CPy CP, CPy,

since f(CPb ¢y = —2 for the unidimensional projective space. Hence we are led to the very
same normalization. At the same time, since J is related to the metric we should consider a

modification of radial variables too, namely:
v=F't —~y=2nF"t, 2y =r? = 2y =7l (6.3.14)
Now we can complete the discussion on (6.3.10)) and its homogeneity relation ((6.3.11)). First
of all, (6.3.7) and (/6.3.10) become respectively

F(t) i/ﬂ 4@, F(t):l/o Zdﬂ(é,;). (6.3.15)

t ™
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Using (/6.3.14]), since at large ¢ we have ~ ~ 2%5, the relation between t and r takes the form
t ~ %7’4. Then, asymptotically integrating (6.3.15)) we get:

i w2 : 1,
~ — | —— = —r. 3.1
<4\/_r) 5" (6.3.16)

Now we want to study the next order of the asymptotic expansion. For large ¢, or better for

N

2

/0

N

k~F(t)~ —t

t2 > 7, at first order in v° /T we can actually find

v~ itz — ;(b—i—c) A ~2i— %(ab—i—ac) (6.3.17)
Then, using the correct normalization we get
F(t;v) ~ Lot = 1(b+c) logt} +F(u)+ Y 75 (6.3.18)
T 6 =
where requires
F(\w) = AF(v) + 3%(6 +oMlogh,  foy(w) = X" f (v). (6.3.19)

Moreover, since F'(t;v) is independent from A, we can differentiate (6.3.11]) in order to obtain

Vie— 42— = F (6.3.20)

and from there, using Qt%—f = %y(t; v), we get

v” —F=——. (6.3.21)
7T

Now, deriving (6.3.21]) with respect to moduli gives

0’F 1oy
b
= 6.3.22
Y et 7 Ove ( )
87 — —3 for large 7. 1t is clear from (/6.3.18)) and (6.3.19) that
PF 1
b
S 6.3.23
Vvt~ 31 ( )
and . .
F(v) = 3—(blog b+ clogc) + F(v) + v°l, + const., (6.3.24)
T

where [, are constants and ]é(Av) = )\Z%(v) so that both (6.3.19)) and (6.3.23)) are satisﬁe.

1.3 1 2
*g’Y —3¢Y
S R from (|6.3.6).
62

23This is because the homogeneity of F implies U“F F and from there v° Sea gv 5 = 0.

22Take for instance b. Since %( ) = 0 then we get ab
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6.3.3 Potentials

Now we want to compute the explicit form of potentials in ((5.1.13]), namely kg and k,. First of
all, we have to slightly modify our notation because the following calculation is very delicate.
The Kahler potential in (6.2.22]) is not the complete one because we could have added a function
independent on complex coordinates such that the Kahler form J = {90k would have been the
same. So, in what follows (6.2.22]) is renamed as k and using the correct normalization reads
. 1 taE 1
k= F(t; “kq —(t) + —vk,. 6.3.25
(t U>+27r T or ty()+27rv ( )
We stress that k # k and the difference is due to the fact that potentials are defined modulo

ambiguities depending on Kahler moduli, namely

1
k=k+Q@) = F(t;v) + gv“ka + Q(v). (6.3.26)
Recalling ([5.1.13) we then obtain
ok 8F o)
= k Q Q, = : 3.2
M= Hpa 8@“ (), “ e (6.3.27)
o°F P?F

Since for large values of ¢t we have 577+ — 575, see for instance ([6.3.18), the asymptotic

condition in ([5.1.13) is easily satisfied provided that

- 1 = -
Q) =—-F((v) = —3—(blogb + clogc) — F(v) — v, — const., (6.3.28)
T
where we used ([6.3.24). Thus, (6.3.26) is telling us that

~

1 1 =z ~
k=Fk+Qw)=F(t;v) + —vk, — 3—(blogb + clogc) — F(v) — v, — const.,  (6.3.29)
T

27
whereas from (6.3.27]) we get
ok _ OF 1 1 = . = OF
o= = k —1 —— —F,(v) =, F, = . 6.3.30
" ov® 61}“ or ¢ 3w 0g " 3m (v) ov® ( )

Notice that the homogeneous function F (v) remains undetermined: nevertheless, it disappears
from the asymptotic expansion of the potential ie. when t2 > v% Moreover, we can

compute ko from ({5.1.13) using (6.3.29)), (6.3.30) and (6.3.20). The result reads

1 1
ko=Fk— vk, = v+ 3—7T(b +¢), (6.3.31)

where we also used the homogeneity relation vaﬁa = Z% . Recall that kg is very important in the
HEFT because of ((5.3.1)) and (5.3.2)).

*"Indeed, for large ¢ the F in (6.3.29) and (6.3.30) is the asymptotic expanded version (6.3.18). Using (6.3.24)
it is clear that F'(v) goes away.
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6.3.4 The G, metric and the A!, connection

The only HEFT ingredients left are the G, matrix and the A!. connection introduced in the

previous chapter. From ((5.2.1]) and (5.2.2), together with (6.3.30]), we obtain
O Re pa 1 Ok, 1 0%k

Co= g T T g0 T 22 Gyt

I=[1 [ &% 1.1 &F
— =Y =/« S
2 21_: |:7T /0 Tovont 3 b 6@“81}”]
where the sum runs over the index I related to the number of branes in the theory@

On the other hand, connections are given by (/5.3.6) and (6.3.30)), namely

1

Ok, 1[0 [T 05 10
Aui = 9z w {&zi /o dT@v“ + 20z log(1 + |)\£!2)], (6.3.33)
I I I

where z¢ = (U,Y, Ay, \¢)r in the NN patch: schematically, we should distinguish the case
z=UY from z = \.
First of all we rewritelﬂ the first term in (6.3.33)) as

(6.3.32)

1

10t 0 ”d 05

I
= = 6.3.34
A= T ), o (6.3.34)
and using (|6.2.25)) we can compute
5¢ Ueks ifz=U
5 = Yeks ifz=Y (6.3.35)
Z —
1% =tie  ifz= A
Now, the connections (6.3.33]) reads
1 M NG 07
AI = [ S— t_/ d “ | — >\
“O T ZTF NP {2 o), To 7
1
1 U’ o [ 03]
I
- |t dr—L U (6.3.36)
Axw) ™ |UT12 + |Yf|2{ E%/O e
v o [ 03]
I
= |l = dr— =Y.
Aur) = 2 U2 + Y12 [ 815/0 "o ” ¢
At large values of the radial variable where we can take (6.3.17]), connections in (6.3.36)) go like:
A U Y
Ay ~ ———, Auvy ~ —=——5, Ayvy~ —=—5. 6.3.37
ST A2 () U2+ V]2 ) U2+ V]2 ( )

Even though these results are implicit, the HEFT Lagrangian at two-derivatives order is the
nonlinear sigma model (5.3.9)) with kinetic terms characterized by (6.3.32)), (6.3.33) and (6.2.28)).

25We should point out that there is one radial coordinate ¢; for every brane. Indeed, recall that there are
also different sets of coordinates {z};.
26Dropping the index I from the radial coordinate ¢; for clarity.
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6.4 Final consistency checks

In this section we want to perform some consistency checks. One of them is about the moduli
space and the dimensional reduction from M-Theory to type ITA String Theory, the other one
is about the conformal symmetry of the HEFT. For the former we will exploit toric geometry
and the GLSM while for the latter we will use the asymptotic behaviors worked out in the

previous section.

6.4.1 From M-Theory to type ITA

As we mentioned, toric geometry and the GLSM provide an interpretation of flavors in the
quiver theory in terms of branes. Here we will focus on the abelian U(1)? quiver theory, whose
moduli space was shown to be C(Q"!) and was matched to the M-Theory moduli space, i.e.
the moduli space of a single M2-brane probing C(Q'!) in this case, using (4.4.32)) and (4.4.33).
There, we built gauge-invariant combinations of the UV-quiver chiral fields and monopoles:

these were matched to the set of coordinates {w} parametrizing C'(Q''!) as an affine variety.
Recall that the monopole method was unable to “see” resolutions and that we argued that there
should be a sector in the moduli space giving a three-dimensional CY cone C(T"), the latter
being the Klebanov-Witten model (KW) of [39]. An alternative version of the moduli space
was obtained from the semiclassical method, see (4.4.19)) and its interpretation, which in turn
is “aware” of resolutions. There, the moduli space C'Y; was a resolved cone but it was not the
one of (6.2.4). Indeed, the C'Y; was shown to be an U(1) fibration, parametrized by the scalar
photon 7, of a seven-manifold, the latter being a C'Y3 fibered over the real line parametrized
by . The C'Y3 was a resolved version of C(T"!) with resolution parameter given by (4.4.19).
However, the M-Theory background in , which is the moduli spacePZ] of one M2-brane
probing the resolved cone X, is characterized by two resolution parameters v,v, = b,c. We
would like to match these two pictures and in order to do this we should perform a dimensional
reduction of M-Theory to type IIA along a circle U(1)ys, namely CY; = CY,//U(1)p. This
is done by studying the GLSM and choosing a particular M-Theory circle so that U(1),, is
interpreted as a new gauge group: we will follow [0, 35, 2].

Dimensional reduction: monopole method
We begin from the singular cone case. The GLSM is given by

aq a9 b1 b2
Ul); -1 -1 1 1 0
Uy |-1 -1 0 0 1 1
ULy 0 1 0 0 0

)
[aR

Q
[\

(6.4.1)

2TWe are again considering non-dynamical parameters.
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where we also wrote the action of U(1),; on perfect matchings (ay, ..., c2) € C®. There are eight
gauge-invariant combinations of perfect matchings with respect to U(1); x U(1);7, namely
wy = arbaca,  wp = aghicr, w3 = aibicr,  wy = asbrea,
(6.4.2)
ws = arbycy,  we = agbacy, wy = arbicy, wg = azxbico.
Notice that these combinations satisfy the set of constraint (4.4.33)) so that the GLSM (/6.4.1])
perfectly realizes the toric C'(Q"!) as its moduli space: here, we matched the perfect matching
with the set of coordinates {w}. Moreover, if we start from (6.2.19)),(6.2.20)) and try to build a
dictionary between the coordinates {2} parametrizing the position of the M2-brane on C'(Q'!!)

and the perfect matchings variables we can identify the whole set of affine coordinates {w} as
a result %

Now we can proceed with two calculations: identify the C'Y3 in the dimensional reduction
and try to match perfect matchings and chiral fields in the UV-quiver. We begin from the
latter and report the gauge charges for clarity, namely

‘Ai Bi pi | T T
U(lp| 1 -1 -1 0] 1 1
Us(1)g| -1 1 0 1|-1 —1

(6.4.3)

Recall that in order to reproduce the correct moduli space monopole operators should satisfy
the constraint (4.4.26[), which in this case is

TT = A, A,. (6.4.4)

We can easily solve (6.4.4) via perfect matching variables in (6.4.1)) as

Al = a1y, AQ = a2C9, Bl = bl, B2 = bg, T = asCq, T = a1Co, (645)

which provides the identification of UV-quiver fields and monopoles with perfect matchings, in
the sense of . Then, using the dictionary we can translate the gauge-invariant
combinations of perfect matching in into gauge-invariant combinations of UV-quiver
fields and monopoles: the result is exactly , namely

wy = aybycs = TBy, wy = ashic; = TBy, w3 = aibic; = A1By, wy = asbacy = Ay B,
ws = a1byc; = A1By,  wg = asbacy = TBy, w7 = a1bics = TBy, ws = asbicy = Ay By.
(6.4.6)
We argued that the combinations without monopoles in could give rise to the equation
wsw, —wswg = 0 defining the conifold CY3 = C(T"). Here we can be somehow more precise in

28For example, taking U = a1byco and X = a1b1c; we reproduce ((6.2.15). Then we find out that a,bycp and
a1bicy are actually gauge-invariant combinations of perfect matchings. So, we can identify them with w; and
ws respectively.
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saying this thanks to the dimensional reduction and the GLSM. Indeed, notice that according
to the U(1)ys charges in ([6.4.1]) we have

| wy wy wy wy ws wg wr ws

Uly|-1 1 0 0 0 1 -1 0 (6:4.7)

so that {ws,wy, ws,ws} are in fact uncharged combinations under U(1)y,. Hence, the dimen-
sional reduction let us clearly see the sector wsw, — wswg = 0, i.e. the Klebanov-Witten
conifold, “inside” the C(QY!) model. As a side result, we can actually identify some of the
{z} with gauge invariant combinations of quiver fields. For instance, in the NN patch we have
Y = wy = A3 Bs and we know that Y is related to a chiral field in the HEFT Lagrangian
of the z-kind, i.e. not the p-kind one. This field is actually a low-energy degree of freedom
in the HEFT and it turned out to be a combination of fields of the UV quiver theory, in this
case Ay By. Here, we want to point a parallelism with QCD where pions, i.e. some low-energy
degrees of freedom, are bound states of quarks, which are matter fields in the UV theory.

Toric diagram and brane interpretation

Now we want to give a pictorical idea of how flavors are related to D6-branes emerging in
the dimensional reduction using toric diagrams introduced at the beginning of this chapter. A
complete calculation is beyond the aim of the thesis, so we will refer the reader to [0] for a
deeper analysis.

As noticed for example in [6], the quiver structure of Q! is actually the ABJM one of [40]
with the addition of flavors. The latter is another three-dimensional SUSY model but it has
more supersymmetries than Q'*'. Moreover, the ABJM quiver is the same of the KW one:
even if they are theories in different spacetime dimensions, the quiver structure is the same.
An interesting discussion involves toric geometry. The ABJM has a 3d toric diagram with four

external points: they are
{(1,0,0),(0,1,0),(1,1,0),(0,0,1)} ABJM toric diagram. (6.4.8)

If we consider the flavoring of the Q'** quiver, which consists in G = hy + hs = 14 1 = 2 new
flavor nodes with respect to ABJM quiver, it can be shown that two new points in the ABJM
toric diagram are added: they are both “below” ABJM points in (6.4.8)), giving

{(1,0,0),(0,1,0),(1,1,0),(0,0,1),(0,0,0), (1,1, 1)}  C(Q"") toric diagram.  (6.4.9)

The six points in ((6.4.9) are then related to six perfect matchings, which themselves enter in

the GLSM description. With respect to (6.4.1)) we shall rename these fields in order to make
evident their positions in the diagram, namely

ay — ag, Qg — Cy, b1 — bo, bQ — do, ¢ —>a-y, Co—rCp, (6410)
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so that the index is related to the z-quote. For clarity, we report the toric diagram of [6] for

c@Q"M):

Then, we can express ((6.4.6|) using (6.4.10)):

wy = agdoe; = T By, wy = cobpa_y = TB1, w3 = agbpa_1 = A1By, wy = codocy = A B,
ws = agdoa_; = A1Bs, wg = codoa—1 = TBs, ws = agbocy = TBy, ws = cobocy = AsB.
(6.4.11)
As we mentioned earlier, a projection of the 3d toric diagram into a 2d diagram is equivalent
to a suitable dimensional reduction of M-Theory to type IIA. Actually, projecting into

the z = 0 plane gives a 2d toric diagram with four points: they are
{(1,0,0),(0,1,0),(1,1,0),(0,0,0)}  C(T') toric diagram (6.4.12)

and we should not be surprised that is exactly the toric diagram related to the KW
theory. Indeed, we have just found the CY; = C(T'!) “inside” the CY; = C(Q'). Then,
since the two points having z # 0, i.e. a_; and ¢, are vertically aligned to other two points
having z = 0, i.e. ag and ¢y, the vertical projection, equivalent to the dimensional reduction,
give rise to two “detached” D6-branes in type IIA. We mean that there will be D2-D6 systems
with open strings connecting them that give rise to U(h; = 1) x U(hy = 1) flavor symmetry
in the quiver field theorylﬂ As an aside, notice that if ag = a_; = 0 then the only surviving
combinations in ([6.4.11]) are w, and wg, whereas if ¢y = ¢; = 0 the surviving combinations are
ws and ws. It is not a case that the surviving combinations are exactly the uncharged ones
under U(1)y, see (6.4.7), but we will refer the reader to [6] for a complete treatment.

Dimensional reduction: semiclassical method

Here we will show that in order to have a consistent dimensional reduction, one such that the

resolved CY} (6.2.4) takes the fibered form (CY3, 0, 7) with CY3 the resolved version of C(T),

291f instead we have 1+ h vertically aligned point in the 3d toric diagram, there will be h coincident D6-branes
in type ITA and hence a U(h) flavor group.
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we must identify resolution parameters on the M-Theory side, i.e. Kahler moduli vy, v9, with
“resolution parameters” on the quiver side, i.e. the FI ¢ and the real mass m = m; — my in
. We quickly remind that we are in the branch of the moduli space identified by
where moreover o; = o, bifundamental chiral fields are diagonalized and the quiver is one of
the N copies of U(1)2. Since the theory is abelian, the F-term condition in is trivial.
We report for clarity the D-term condition (4.4.19)), namely

|AL)? + [Aof? = [Bi]? — | Baf? = ((0) (6.4.13)

where
1 ] C—%m—a ifo <-—m
(o) = ¢+ 35lol+Slo+ml= ¢ +35m if —m<o<0 (6.4.14)
C—i—%m—l—a ifo > 0.

This picture characterize the moduli space of the quiver.
On the M-Theory side we exploit the GLSM (/6.4.1)) but we also add a “new resolution
parameter” rq, or better a new FI parameter for the GLSM theory, namely

aq a9 b1 bg C1 Co FI
Ul); |-1 =1 T 1 0 0 |u
Uy |—-1 =1 0 0 1 1 |uw
ULy | 0 1 0 0 0 —1]r

(6.4.15)

where v1,vy > 0 and ryg € R. The D-term equation for the GLSM (|6.4.15)) take the form
017 + [bo|* — |ar]* = az]* = vy,
|Cll2 + |02’2 — |a1\2 — ’CIQ’Q = V2, (6416)
|as]* — |ea|* = 0.
At this point we try to rearrange the gauge groups of the GLSM, i.e. U(1);,U(1);1,U(1)ns,

and the FI of the GLSM, i.e. vy, vs, 70, in such a way that they somehow reproduce (6.4.14)):
this procedure obviously depend on the range of vy, vg, 1.

o If rp < —wvy <0 we can reorganize ((6.4.15)) as follows

ai ao b1 bQ Cq Co FI
U(l)[—U<1)[[—U(1)M 0 -1 1 1 -1 0 V1 — U — Ty (6417)
U)r+UQ)um -1 0 0 0 1 0 vy + 1 =
U1y 0 1 0 0 0 -1 o

Then ((6.4.16) becomes
01?4 [ba]” = [aof® = [e1]* = v1 = va =1,
1 = a1 [* = vz + 1o, (6.4.18)

|a2|2 - |C2|2 = To-
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Notice that since rg < 0 and v9 + g < 0 we can eliminate the combinations

a1 = |e1]® = (va +10) >0,

o] = Jas|* — 19 > 0,

(6.4.19)

which in turn are the uncharged fields under U(1); — U(1);; — U(1)p. Then, upon the

identifications

Al <~ bl, A2 < bQ, B; + C1, By < asg, (6420)
the first equation in (6.4.18)) is exactly ((6.4.13)) with
C(O’) < V1 — Vg — Tp. (6421)

If —vy <1y <0 we can reorganize ((6.4.15)) as follows

ay asg b1 b2 C1 Co FI
U(l)] -1 -1 1 1 0 0 U1
UM+ UM | =1 0 0 0 1 0 v+ (6.4.22)
U(1)m 0O 1 0 0 0 -1 ro
Then ((6.4.16)) becomes
|b1]? + [ba|* — Jaz|* — [a1]* = v,
e1]” = Ja1]? = v + 1o, (6.4.23)
|as|* — lea|* = 70.
Notice that since rg < 0 and v9 + rg > 0 we can eliminate the combinations
2 2
c1|” = |a1|” + (vg +19) = 0,
1" = lea"+ (02 + o) (6.4.24)

|ca|® = |ag]® — 1o >0,

which in turn are the uncharged fields under U(1);. Then, upon the identifications

A< by, Ay by, Birar, By ap,

the first equation in (6.4.23)) is exactly (6.4.13]) with

C(0) <> v1.

e If ry > 0 we can reorganize ((6.4.15)) as follows

ap Qg b1 bg C1 Co FI

U(1)1+U<1)M -1 0 —1 U1—|—T0

1 1 0
U(1>]]+U<].)M -1 0 0 0 1 0 Vg + T
Uy 0 1 0 0 0 —1]

(6.4.25)

(6.4.26)

(6.4.27)
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Then ((6.4.16) becomes
1011 + |b2|* — |c2|* — Jar|* = v1 + 7o,
le1]” = Jaa|? = vy + 1o, (6.4.28)
|a2\2 - |C2|2 = To-
Notice that since rg > 0 and vy + 79 > 0 we can eliminate the combinations
|Cl|2 = |CL1|2 + (UQ + TQ) Z O,
’0/2|2 = |CQ|2 + To 2 O,

(6.4.29)

which in turn are the uncharged fields under U(1); + U(1),,. Then, upon the identifica-

tions
Al < bl, A2 S bg, B; & ai, By + Co, (6430)
the first equation in (6.4.28]) is exactly (6.4.13)) with
((o) <> vy + 1. (6.4.31)

In the end we can compare (6.4.21)), (6.4.26)), (6.4.31)) with (6.4.14)

(—3m—o ifo<—m v —vp—rg ifrg < —vo
C(o) = C—i—%m if —-m<o<0 <« ((ro)=<n if —ve<ry<0
C+%m+a ifo >0 v + 7o ifro >0
(6.4.32)
so that the quiver picture and the M-Theory picture coincide provided that we identify
ro > O, vy 4> M, vy > (+ %m. (6.4.33)

At this point, one can be upset because of the inclusion of a “new” FI parameter ry for the
GLSM: it actually seems an unjustified artifact. However, if we eliminate ry from (6.4.18]),
(6.4.23), (6.4.28) we find the D-term equation (6.2.8)) of the “original” GLSM for (6.2.4): so
the procedure is consistent.

6.4.2 Superconformal invariance

We know that the AdS,/CFTy correspondence translates into the fact that the field theory
dual to M-Theory on the near-horizon background AdS; x Q! acquires the superconformal
symmetry. In other words, AdS,; x Q! corresponds to the superconformal vacuum of the
N = 2 field theory, which is only one point in the moduli space: this is the IR fixed point
characterized by operators with exactly vanishing VEVs, i.e. (O) = 0. Now, different points in
the moduli space correspond to different vacua characterized by some non-vanishing VEV, i.e.

(O) # 0. So, our position on the moduli space is parametrized by the VEVs of some operators:
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these are actually the chiral moduli fields. When all these VEVs are zero the interpretation is
that every M2-brane is sitting on the tip of the singular cone in the M-Theory background: this
is exactly the vacuum preserving the full superconformal symmetry. If (some of) these chiral
operators acquire a VEV (O) # 0 then the conformal symmetry is spontaneously broken by the
new scale. Recall that from the M-Theory point of view, these field theory vacua with (O) # 0
should be in one-to-one correspondence with asymptotically AdS, x Q! backgrounds, the latter
being related to either mobile M2-branes and resolutions. To be clearer, one should compare the
energy of a typical process in the SCF'T with the scale of spontaneous symmetry breaking set by
these VEVs. At energies well above (O), i.e. the UV region, we expect a “pure” SCFT with the
full superconformal symmetry: this is because in the holographic description the background
is asymptotically AdSy x Q''!, i.e. it has a “restored” conformal invariance. On contrary, at
energies below (O) we expect a spontaneous symmetry breaking and, as a consequence, there
will be massive states in the theory with a mass of order (O). It is only at energies well below
(O) that we can consistently exploit the HEFT Lagrangian: indeed, this effective theory can
be obtained by integrating out massive modes so that it describes massless fields only, i.e.
moduli. In other words, the dynamics of moduli can be encoded in the HEFT Lagrangian
only in the spontaneously broken phase, which is actually the low-energy region of a strongly
coupled SCFT. Thus, we expect that the superconformal symmetry is non-linearly realized
at this Lagrangian level: in general, it can be quite difficult to find out non-linear conformal
transformations. However, as showed for example in [41], three-dimensional nonlinear sigma
models with N = 2 supersymmetries characterized by a Kahler potential K are automatically
superconformal provided that Ax = 1. We remind from the first chapter that this condition
is in fact equivalent to the scale invariance of the theory and hence this is a case where the
scale invariance is enhanced to the superconformal one. So, our strategy for the superconformal
check on is to compute the scaling dimensions A of the objects we are dealing with and
see if the condition

Ag =1 (6.4.34)

is satisfied. Before starting to do so, remember that our Kahler potential K is defined in (/5.3.1])
and depends on kg, whose expression is . So, our goal is to find A,, Ay, A.: they should
all be equal to one.

Recall that the fields populating the HEFT are the chiral coordinates {z}, parametrizing
the positions of M2-branes, and the Kahler moduli p®, the latter related to v* = b,c. In
the previous section we found that the chiral coordinates {z} could be expressed in terms of
chiral fields of the UV-quiver and monopole operators, for example we got Y = AyB5. So,
as a first step, we should compute the scaling dimensions of chiral fields in the UV-quiver,
together with monopoles. We begin from the superpotential of the unflavored three-
dimensional quiver field theory. Since the Q! quiver has an U(1)g symmetry, every term in

its action functional should be invariant under this R-symmetry: we are particularly interested
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in the superpotential term [ d3zd?0W. Recalling we get Rqzg = —2, while obviously
Rasz = 0. Thus, in order for the superpotential action to be invariant under U(1)z it must
be Ry = 2. Since we are dealing with a quartic superpotential, i.e. W ~ ®*, it is clear that
chiral fields ® = Ay, Ay, By, By must have R¢ = % by symmetry. At this stage, the R-symmetry
argument in ensure us that the scaling dimensions of our fields at the IR fixed-point, i.e.
where the quiver theory becomes a SCFT, are fixed by their charge under U(1)z: in particular
Ap = Re = % For monopole operators the calculation is more subtle. Indeed, as stated in [6],

with the flavoring procedure monopole operators get a R-charge

R[TW]:@ > haR[D, (6.4.35)

a€eflavored

which is quite similar to (4.4.27). Since n = £1 and TW = T, 7Y = T, for the case of the
flavored Q! quiver theory we have

1 1 1 1 1
Rr=R#==-MR —hoRa, =+ - == 6.4.36
which is just the same of a UV chiral field. Then, since monopoles are actually chiral fields too,
they saturate (|1.4.23)) and hence Ay = Ry = % We collect for clarity the scaling dimensions

for chiral fields of the UV-quiver, namely:

1
Aa=Ba =0 =Ap =Ar =2z = . (6.4.37)

Now we can easily compute the scaling dimension of the chiral coordinates {z}. For instance,
Ay = Ay, + Ap, = 2As = 1 and the same is true for the other fibral coordinates of ([6.2.4),
namely Ay = Ay = Ax = Ay = 1. On the other hand, the local coordinates on the CP at

the base of the bundle (6.2.4) have naturally Ay = 0P In the end, having the complete set of
scaling dimensions for {z}, namely

Ay=Ay=Ay=Ay =1, A,=0, (6.4.38)

we can compute the scaling dimension for +. Indeed, notice that according to , the
radial coordinate t has A; = 2Ay = 2Ay = 2. Moreover, in the limit v > b, ¢ we found the
asymptotic behavior v ~ t3 from and hence A, = %At = 1 as expected. From the
field theory point of view, we can also get quite easily the scaling dimensions for resolution
parameters. Indeed, since they are the scalar components of linear multiplets, i.e. 3¢ = v*+ ...,
which in turn can be interpreted as topological conserved current multiplets, their scaling

30Even if we have not carried out the whole matching between {z} and (®,,T,T), it seems that fibral
coordinates can be expressed as product of two chiral fields, like Y = A5 Bs, while the As are quotients. For
instance, looking at (6.2.19) and (6.4.6) we can identify A\, = B1B;" and Ao = 41771 So Ay =1 -1 =.
Finding Ay = 0 is quite appropriate because local coordinates for the CP at the base of are “fixed” at
r = 0 and hence they do not scale at all.
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dimension is always equal to onelﬂ. Thus Ay, = A. = 1. Actually, one can avoid using the
asymptotic behavior v ~ ta: indeed, if we have A; = 2 from Ag;y and A, = A, = 1 from the
consideration on conserved currents, we can obtain A, = 1 from consistency with the complete

1} i.e. not the asymptotic version v ~ t2. In the end we get
A, =7y =A =1 (6.4.39)

A complementary check on this calculation consists in considering the “holographic coordi-
nate” z = f—; introduced to study the near-horizon geometry in ([3.2.7)) or alternatively to obtain
the asymptotically AdSy x Q! metric in the large r region from (3.2.27) with h ~ RS/r®. This

coordinate is what we called w in (1.5.11]) and ({1.5.13]) and has the fundamental property that

a rescaling (,,2) — (Az,,A2) leave the AdS, metric ds?,q, = & (d2? + drda,) invariant.
1
2
at least asymptotically where we can deal with an AdS factor. Since 2y = r2, see for instance

So A, = —1 and hence the radial coordinate r has scaling dimension A, = 3 as anticipated,
(6.2.36)), we also get A, = 2A, = 1 and from the asymptotic behavior v ~ t3 we obtain A, = 2.
We claim that this asymptotic behaviors for scaling dimensions hold everywhere, even for finite
r,7,t. Indeed, consistency with fixes the scaling dimensions of Kéahler parameters: since
we found A, =1 and A; = 2 then it must be A, = A, = 1. The agreement with their inter-
pretation as lowest components of linear multiplets 3% = v® 4+ ... |, and hence with the scaling
dimensions obtained from the field theory calculation, suggests that our claim is quite sup-
ported. Moreover, using we can obtain Ay = Ay =1 and Ay = 0 from A; = 2: even
if the latter is an asymptotic scaling dimension, the former hold everywhere since the scaling
dimensions of the complex coordinates {z} do not depend on any asymptotic behavior. Besides,
the fact that they are the same scaling dimensions obtained from the field theory strengthen our
claim. Actually, this claim seems to be supported by a further consideration. In the preceding
discussion we started in the large-r region and worked with v > b, ¢ in order to find scaling
dimensions that hold everywhere, i.e. the one of the chiral coordinates {z}. We remind that
in this limit we are comparing a “radial position” VEV ~ for one of the N M2-branes with
the resolutions VEV b, ¢: the interpretation is that the geometry “seen” by this brane is the
singular one and hence we are allowed to obtain the scaling dimensions of {z} from the asymp-
totic scaling dimensions of r,v,t. However, in the opposite region v < b, ¢ it seems that this
reasoning collapses: the M2-brane “sees” the resolved geometry and hence the identifications
between coordinates may be questionable. Nevertheless, since we know that chiral coordinate
{z} have “asymptotic-independent” scaling dimensions, i.e. Ay = Ay = Ax = Ay = 1 and
Ay = 0, we can obtain A; = 2 “everywhere” from . Then, the scaling dimensions for
~v and b, ¢ are fixed “everywhere”, both for v > b,c and v < b, ¢, from consistency with the

311t is a known result, see for example [13], that conserved currents do not renormalize. This means that their
anomalous dimension is zero and hence they have fixed scaling dimension equal to their canonical dimension,
ie. Ay =d—1for 9,J* = 0. Since d = 3 we easily get Ay = 2. Then, looking at , it is clear that
Apg = —1 and hence Ay, =1 as well as its scalar component field.
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Ricci-flatness equation . Indeed, if A; = 2 it must be A, =1 and A, = A, = 1. So, if
we start from Ay, we find out that the asymptotic scaling dimensions hold everywherﬂ.

In the end, we can check if is in fact invariant under the superconformal group.
Looking at we find Ay, = 1 because A, = A, = A, = 1. Then, from we have

A=Ay, =1 (6.4.40)

as we wanted: this concludes our series of consistency checks.

32As an aside, recall that the function F(t) in can be expressed in the integral form F(t) = fg d%y(f).
When 7 > b, ¢ we found the asymptotic behavior F(t) ~ r? while for v < b, c we got F(t) ~ \/t?. In the former
case we have Ap) = 2A, = 1, which is the same of the latter because Ap) = Ay — %(Ab + A.) = 1. Since
v=F't= %L then A, = Ap) = 1 both for v > b, ¢ and for v < b, c.



Chapter 7

Conclusions and closing remarks

In this thesis, following the holographic prescriptions proposed in [1I, 2], we have successfully
identified the effective field theory describing the low-energy dynamics of a strongly coupled
three-dimensional SCFT with N' = 2 supersymmetries at a vacuum in the moduli space that
spontaneously break the conformal symmetry. The SCFT under examination is the infrared
fixed point of a microscopic theory, the Q''' quiver model. This in turn is engineered by
placing a stack of coincident N M2-branes on the tip of a Calabi-Yau cone C (Q') over the
Sasaki-Einstein base Q'''. We underline the fact that the Q! quiver is maybe the simplest
model featuring flavor symmetries and real masses and it is nontrivial to check that it truly
corresponds to our holographic description. However, our results for this case of AdS,/CFTj
correspondence are quite supported by the consistency checks performed at moduli space level.
Indeed, both its complex structure and its Kéahler structure, i.e. resolutions, are shown to
match on the two sides of the duality. The monopole method seems to shine for the former
check, while the semiclassical method is especially indicated for the latter. In particular, the
dimensional reduction from M-Theory to type ITA results in a dictionary between external
parameters in the quiver and Ké&hler parameters, i.e. (¢, m) <> (v1,v9).

We stress that the fundamental correspondence is between M-Theory on AdS; x Q! and the
N = 2 three-dimensional SCFT: indeed, we found a correspondence between M-Theory vacua
admitting an AdS, factor and field theory vacua of the dual SCFT. If the former is exactly
AdSy x QU ie. the near-horizon limit of the stack of M2-branes placed on the tip of the
singular cone C(Q'!), then the corresponding field theory vacuum is the only one preserving
the full superconformal symmetry. On contrary, at a generic vacuum the conformal symmetry
is spontaneously broken. Indeed, in the M-Theory side one can “lose” the AdS, structure,
which in turn is recovered at infinity provided that our M-Theory backgrounds are chosen
to be “asymptotically AdS, x Q1. Correspondingly, in the field theory side the conformal
symmetry is spontaneously broken by VEVs that clearly have an holographic interpretation:
resolutions and /or M2-branes motion. In these cases, the conformal group is restored at energies

well above the scale set by these VEVs: this statement is to some extent “dual” to the one
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about the recovering of the AdS, structure at infinity.

We remind that our HEFT is trustable only at energies well below the scale set by these
VEVs, which in turn are interpreted as spontaneous symmetry breaking scales. So, the HEFT
describes the dynamics of a system where the conformal symmetry is spontaneously broken.
Indeed, it is still non-linearly realized and we found that the HEFT action is in fact supercon-
formal invariant as a further consistency check. We point out that the spontaneous breaking
of conformal symmetry is a topic not completely understood in general and so these HEFT
models could shed light on it. In particular, since conformal theories lack the usual concept of
particles, a phenomenological realistic theory should require at least some kind of spontaneous
breaking of the conformal symmetry.

Besides, recall that our HEFT is a two-derivative formulation: a possible direction of de-
velopment is to study higher-derivative operators in the holographic Lagrangian and their dual
interpretation. Moreover, we remark that our calculation required mutually non-coincident M2-
branes: if we start with N branes and allow for their motion around the transverse manifold,
spontaneously breaking the dual conformal symmetry of the system, our HEFT corresponds
to N “stacks” consisting of only one brane. One could ask what happens when two or more
M2-branes on C(Q"!) coincide: we think that our HEFT breaks down. For instance, if we
place a stack of n M2-branes, with 1 < n < N, on a non-singular point and “zoom in”, then we
should find an AdS, x S7 structure because the n M2-branes are sitting on a “smooth point”.
We mean that the neighborhood of the stack is mildly curved and hence we expect a dual sector
with some SCFT having N' > 2 supersymmetries in three spacetime dimensions. Besides, it
could be interesting to investigate particular branches of the moduli space that we have not
treated.

Another very important condition for our holographic calculation is the “large-N, large-
A" limit, where A is the 't Hooft coupling constant. Roughly speaking, this means that we
should take a large number of branes, which in turn correspond to a large number of “colors”
in the dual field theory. We remind that in this limit the M-Theory is in fact a weakly-coupled
eleven-dimensional supergravity and hence our HEFT is actually a perturbative result. It is
worth mentioning that there exist different formulations of the AdS/CFT conjecture and that
the strongest one would like to work with generic values of N and \: this means that we are
out of the perturbative regime of supergravity and hence, as a possible development of this
work, one may explore if non-perturbative effects can emerge. Indeed, hypothetical matchings
regarding non-perturbative phenomena on the two sides of the duality are very important to
provide evidences on the strongest form of the conjecture.
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