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Abstract

A n-dimension commutative formal group over a commutative ring R can be described in a general
context, with very restrictive results. However if we restrict ourselves to the one-dimensional case over
a p-adic integer ring, we get much more precised and accurate results, from their construction to their
classification. The classification gives us a very important invariant of the class, which is the height.
In addition to that there is a second invariant for a class, that is the Tate module attached to it. The
latter invariant is a key tool for constructing algebraic and arithmetic structures attached to a formal
group (the class). In this project we will discuss the p-adic period which at some extend is an invariant
for the class of a commutative one-dimensional formal group over a p-adic ring.
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1. Introduction

Formal groups over a commutative ring R are basically finite tuples of power series with coefficients in
R, subject to conditions closed enough to the axioms defining a structure of a group. But to define
an abstract group from it, we need to construct a landscape, and make clear what the law is. The
theory of formal groups as many applications in number theory, algebraic geometry and the theory of
Lie groups. They have been developed and used in the theory of Lie groups by Salomon Bochner [1] in
1946, and also by M. Lazard [11]. As for the number theory part, Jean A. Dieudonné studied formal
groups over fields of positive characteristic; the special case of interest in the one-dimensional one, over
a p-adic integer ring and was carried by Lubin. Together with J. Tate he was able to find interesting
results yet in the one-dimensional case. When the landscape attached to a formal group is set, we can
consider a bunch of additional algebraic constructions, such as p-adic periods. In 1970, the japanese
mathematician Taira Honda wrote an article in which he gave a construction for a certain general family
of commutative formal groups of arbitrary dimension over a p-adic integer ring. In this project, the aim
is to adapt the work of Honda to the one-dimensional case over a p-adic ring integer of a local field
which is unramified over QQ, (where p is a prime number), and then to use this machinery to understand
p-adic periods of one-dimensional formal groups [7]. The general plan is as follow :

1. In chapter 2 we study the special case of one-dimensional commutative formal groups.

We will first of all give a general method in full details for their construction : Take an element

u of the form p+ > ¢, T" called a special element, where ¢, are integer over our local field, and
v>0

put put = S0, 1%, write f(z) = Y. b,aP", finally put F(z,y) = f~'(f(z) + f(y)). Then F
v>0 v>0

has integer coefficients, and it is a formal group (over the integers), and any formal group over
the integers is isomorphic to one obtained in this fashion. Now let v be another special element
v =p+ > cT" and G be the formal group defined by G(z,y) = g (g9(z) + g(y)) where

v>0
g(z) = Y blzP” for pu=! = S b, T", then an homomorphism from F to G over the integers is
v>0 v>0

of the form g~!(cf) where c is an integer.

Then after, we bijectively identify the strong isomorphism classes of formal groups with the left
associate classes of special elements. And this leads to an invariant for the strong isomorphism
class of a formal group, the height.

Last of all we end by the classification for one-dimensional commutative formal groups over the
integers.

2. In chapter 3 we construct p-adic periods for one-dimensional commutative formal groups.

First of all we start by considering our very first landscape, the Tate module T,(F') attached to a
formal group F'. We can exploit the definition of F' to build an abelian group law in the set of none
invertible integers of an algebraic closure of our local field. If we denote by F[p™] the subgroup
of p™-torsion elements, then the multiplication by p map raises an inverse system (F[p"]), of
abelian groups, as for elliptic curves, T),(F') is simply the projective limit of the system (F'[p"])y,.
This is a free Z,-module of rank h, where h denotes the height of the formal group F'. Since
the height is an invariant of the strong isomorphism class, then if two formal groups F' ang G are
strongly isomorphic, their respective Tate module are ismorphic. Thanks to the finiteness of the
subgroups F'[p"]), T),(F') is a profinite group; we have even more, T},(F) is a pro-p-group. If ¢
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is a morphism of formal groups from F' to GG over the integers, then for all n > 0, it induces a
morphism
Un : F[p"] — G[p"],

Then by the universal property of projective limit, this induces a canonical morphism
Tp(¥) : T,(F) — T,H(G).
T,(—) defines a functor from the category of commutative one-dimensional formal groups to the

restrictive category of profinite groups.

And then we briefly recall general results on the ring of Witt vectors over a perfect DVR, in order
to mention facts about the rings Byr and Beis (see [8]).

Last of all we try to understand p-adic periods of one-dimensional formal groups [7].



2. Commutative formal groups of dimension 1
over a p-adic ring

In this chapter, we investigate the theory of commutative formal groups. We firstly deal with the general
context, and later on we restrict to the 1-dimensional case, that is of interest for this project. The main
references used for this part are [3], [10] and [13].

2.1 Generalities on commutative formal groups

If not otherwise specified, R will denote a commutative ring with a unit. x is a single indeterminate.We
begin by looking at single-variable formal power series with coefficients in R, and after we study multi-
variate formal power series, and we focus on those that are invertible with respect to formal composition
operation.

o
2.1.1 Definition. A formal power series with coefficients in R is a formal symbol of the form > a,z".
n=0
R][[z]] stands for the set of formal power series with coefficients in R.

We define addition and R-scalar multiplication in R[[z]] to be degree-wise. We define multiplication in
R[[z]] by the folowing rule:

(i anxn> . (i bn:c”> = i cpx™ with ¢, = iakbn,k
n=0 n=0 n=0 k=0

Endowed with these operations, R[[z]] becomes a commutative R-algebra.

We recall that if f(z) € R][x]] the order w(f(x)) of f(z) is the index of the first nonzero coefficient of
f(z) if f(x) is not zero, and is defined to be infinity otherwise.

Let f(z) = > anz™ g(x) = > b,a™ be elements of R[[x]] such that w(g(x)) > 1(which means that
n=0 n=0
the constant term of g(z) vanishes), we define the composition f o g to be the power series :

(fog)(x) = flyg(z))
- Zang(x)n
n=0

oo
= E cpx”
n=0

Where

Cp = Z akbil...bik.

keNi1+...+ig=n,i1,...,ixg 20

The composition fog is well defined due to the condition w(g(z)) > 1, and it is associative, with identity
the power series defined by i(z) = x. In few lines bellow, we are going to show a more general result that
will in particular say that any power series with order equals to 1, and such that the degree 1 coefficient
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is invertible in R, should be invertible in R[[z]] with respect to the formal power series composition.
Therefore the set of formal power series with order 1 and with degree 1 coefficient invertible in R is a
(noncommutative)group with respect to the formal power series composition.

2.1.2 Definition. Let z = (z1,...,x,) be n indeterminates, R[[z1,...,x,]] is the set of formal power
series with coefficients in R on the indeterminates 1, ..., ,, that is any formal symbol of the form

— 1 i
f(@1, . zn) = g 7T M s
(il,...,in)EN”

where each of the a;,  ;, belongs to R.

We want to generalize the composition of formal power series from the case of a single indeterminate to
the case of n indeterminates. For the sake of convinience, we write f(z) in the place of f(z1,...,zy),
we also state that from now on, if not otherwise specified, formal power series have zero constant term.

If we consider two formal power series in n indeterminates, it is unclear how one might go about
composing them. Instead we look, not at individual formal power series, but at n-tuples of formal power
series in n indeterminates

2.1.3 Definition. Let f(z) = (f1(z),..., fu(z)) and g(x) = (g1(x), ..., gn(x)) € R[[z1,..., xs]]", we
define the composition f o g to be the n-tuples of formal power series

(fo9) (@) = (f1(g1(2); s gn()), s fn(91(2), s gn(2)))

It is just a consequence of the single indeterminate case that it still holds here that the composition is
associative with identity the formal power series i(z) = (21, ..., Zp)

2.1.4 Definition. Let f(z) = (fi(x), ..., fn(2)) € R[[x1, ..., xy,]]", for any i =1,...,n, write
fi = aj1x1 + ... + ajpxy, + (terms of total degree at least 2).

Then the matrix My = (a;j)1<i j<n is called the degree 1 matrix of f

2.1.5 Proposition. An element f(z) = (fi(x), ..., fu(x)) € R[[z1, ..., x,]]" is invertible with respect to
the composition of formal power series if and only if the degree 1 matrix M/ is invertible in the usual
ring of square matrices with coefficients in R.

The proof which is pretty much a bit of R-linear algebra can be found in [4].

A particular case of interest will be when n = 1, in this case thanks to proposition 2.1.5 we see that a
formal power series in a single indeterminate with zero constant term is invertible with respect to the
composition of formal power series if and only if the coefficient of the degree 1 monomial in invertible
in R. x = (x1,...,x,) and y = (y1, ..., yn) are n-tuples of indeterminates. From now on, we will write
R][[x]]o for power series with zero constant term. For f(z), g(x) € R[[z]], we write f(z) = g(x)mod degr

ifw(f(z) —g(z)) =7

2.1.6 Definition. An n-dimensional formal group over R is an element F(z,y) € R|[[z, y]]j satisfying :

i) F(z,y) =z + ymod deg2
ii) F(F(x,y),z) = F(va(yaZ))
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If in addition F'(x,y) = F(y,x), we say that the formal group F' is commutative.

Thanks to proposition 2.1.5, and from the point (i), we can see that any formal group is invertible. Now
from (ii), and the fact that F'(0,0) = 0 we have F(F(z,0),0) = F(z, F(0,0)) = F(x,0), therefore
F(z,0) = F(0,z) = x.

2.1.7 Definition. Let F' and G be formal groups over R of dimensions n and m respectively, a morphism
from F' to G is any element ¢ € R][z]]g" satisfying ¢(F(z,y)) = G(p(z), ¢(y)).

We point out that in the case n = m, if ¢ is invertible, then its inverse ¢! is a morphism from G to

F', we say in this case that F' and G are weakly isomorphic over R. If in addition ¢(z) = 2 mod deg2,
then we say that F' and G are strongly isomorphic over R.

2.1.8 Example. n = 1, R = Q then F(z,y) = z + y and G(z,v)

= = + y + xy are 1l-dimensional
commutative formal groups over the rationals, and ¢(x) = —1+exp(z) =
n

> L™ is a morphism from
>1

F' to G over the rationals, which is a strong isomorphism.

From now on, all the formal groups considered are assumed to be commutative. Let F' be a n-dimensional
formal group over R. Put [0]pz = 0 and [m + 1|px = F(z, [m|rz) for all m > 0. When there is no
risk of confusion we just write [m] in the place of [m]p.

2.1.9 Remark. We then have the following facts:

1. For all m,m/ in N, [m +m/|x = F([m]xz,[m/]x). To show this, we fix m’ and we show the result
by induction on m, the result then follows thanks to the associativity property of F.

2. For all m,m’ in N, [mm/]z = [m]([m’]x). Once again to show this, we fix m’ and we show the
result by induction on m. By what follows

[(m + V)m/|z = [mm’ + |z = F([mm/]|z, [m']x),
now by induction hypothesis
F([mm]x, [m'lz) = F(lm][m/]z, [m'Jz) = F([m]x, [m][m/]z),

the latter equality is the commutativity of F'. By definition, F'([m/]z, [m]|[m/]z) = [m+1]([m/]x),
and this ends the proof.

3. Since F(x,y) = x +y mod deg 2, then;

[mlz = F(z,[m— 1]z)
= x4 [m — 1]z mod deg 2

= z+x+ [m— 2]z mod deg 2, using the same argument

Then we keep applying this argument and we arrive at [m]z = mxz mod deg 2
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4. For all n € N, we have F'([m]x, [m]y) = [m|F(x,y). We show it by induction on m.

F(Im+1]z,[m+1ly) = F

(Il
!

I
T

I I
! !
AAA:&\/-\/-\/-\
2333
T

A~ — — >
332
&
<
~—
~—
O
<
5.
o
c
@]
o,
o
]
>
<
©
o
(=
>
[¢]
o,
[}

Let F' be a one-dimensional formal group over R, assume now that R is a field of characteristic p > 0,
assume that [p]z is not zero. Then set ¢ to be the greatest integer such that [p]z = 0 mod deg gq.
Since char(R) = p then from the third point of the previous remark we see that ¢ must be at least 2.
By the maximality of ¢, there is 7 € R nonzero such that [p]z = rz? mod deg (¢ + 1). The fact that
F(x,y) =z + y mod deg 2, implies the following two congruences :

[PI(F(2,y)) = r(z +y)? mod deg (¢ +1)

and
F([plz, [ply) = r(=? + y?) mod deg (¢ +1).

Therefore by the fourth point of the previous remark we have
r(z?+y?— (z+y)?) =0 mod deg (¢ + 1).

But for the sake of degrees, the polynomial 7 (29 4+ y¢ — (x + y)9) must be zero, and since r is nonzero
then 27 + y? — (z + y)? = 0, but this implies that p|g, then ¢ = pq’, and the equation becomes
(zP)? + (y*)? — (2P + y?)? = 0. Then with the same argument p|¢’. We iterate this, and conclude
that ¢ is a power of p. Put ¢ = p". This justifies the following definition from [11].

2.1.10 Definition. Let F' be a one-dimensional formal group over a field of characteristic p > 0.

1. If [p]z is not zero, we say that the height of F'is h

2. If [pJx = 0, we say that the height of F' is infinite.

Intuitively, the second point of the definition actually makes perfect sense, because the integer ¢ can
get as big as it wants, the congruence is still satisfied.

2.1.11 Example. We try to compute the height in the following two cases, where R = ),

1. F(z,y) =x+y, let m > 1 then [m]z = F(x,[m —1]x) = x4+ [m — 1]z, then by keeping iterating
we find [m]z = ma. In particular [p]z = 0, then height(F")=o0.

2. F(x,y)=x+y+xy, let m > 1 then

mlz = F(z,[m —1]z) =2+ [m — 1z + z([m — 1]z) = (1 + z)([m — 1]z) + =,



Section 2.1. Generalities on commutative formal groups Page 7

by successive iteration downwards we find that for all £ < m,
mlz = (1 + 2)*([m — k|z) + (1 b))+ (1) (1t J:)k_1> .
After computation,
x (1+(1+a:)+ (1+x)2+...+(1+x)’“*1) = (1+2)k-1.
Then for all k < m, [m]z = (14 z)*([m — k]z) + (1 + )* — 1. In particular for k = m we have
mlx = (1+2)™([0]) + 1+2)" —1=1+2)"—1.
In particular for m = p we have [plx =1+ 2P — 1 = 2P, then height(F)=1.

Put A = R|[[z]], we recall that the space of derivations of A over R is a free left A-module that we

denote by D(A, R) with basis (ai)lgign, actually for any D € D(A,R), D = ZD(Q;Q% We will
i=1

denote by D*(A, R) the dual A-module of D(A, R), which is the space of differentials of A over R. For
a fixed element f € A, we can define a particular differential df, by

df (D) =Y _D(xi) 5= ().
i=1 ¢
Therefore we see that (dx;)i1<i<p is an A-basis of D*(A, R), and for all f € A,

df = ;gi (x)dx;.

Now consider 2’ = (2}, ...,2],) another set of indeterminates, and put B = R[[z/]], for any p(z) €

R][z]]§", we define the R-homomorphism ¢* from D*(B, R) to D*(A, R) by

o [ D wi@)dal | = wi(e(x)d(e;(x)).
i=1 j=1

2.1.12 Definition. Let F' be a n-dimensional formal group over R. Consider another set of indetermi-
nates t = (t1,...,ty)

e The element T; € Ry[[z]]™ defined by Ty(z) = F(x,t) is called the right translation on F', where
Ry = R[[t]].

e A differential w € D*(A, R) is said to be right invariant on F' if T} (w) = w

We will denote by D*(F, R) the space consisting of all right invariant differentials on F'.

2.1.13 Proposition. [10] F' is an n-dimensional formal group over R, denote by (v;;(x))1<i j<n the
inverse matrix of (gg (0,x)>1<‘ . then 14,;(0) = &y for all i, , and a R-basis of D*(F, ) is given

=0

by the w;'s, where
w; = Zl/)l](.x)d.’bj,
j=1

we call it the canonical basis. In particular,D*(F, R) is a free R-module of rank n.
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The following theorem is of a crucial importance for this project, as it will be the main bridge for us to
get to the algebraic study and classification of formal groups in a p-adic ring.

2.1.14 Theorem. [10] Let F' be a formal group over a ring R of characteristic zero, and let w =
(w1, ...,wp), where the w;'s are elements of the canonical basis of D*(F, R), then there exists a unique
element f(z) € R[[z]]§ such that w = df. Moreover we have

f(@) = @ mod deg2 and F(z,y) = f~'(f(z) + f(y))-
For the rest of this paragraph we assume that R is an integral domain of characteristic zero, and K its

fraction field.

2.1.15 Lemma. If ¢(z) € K[[z]]§* satisfies ¢(z +y) = ¥ (z) + ¢ (y), then 1) must be K-linear.

Proof. Assume by contradiction that ¢)(z) has a nonzero term with total degree at least 2, then consider
the smallest integer greater than 2 such that ¢ (x) has a nonzero term of total degree r, we can then
write

n
P(x) = Zaixi + @iy, xi x4 (terms of total degree at leastr),
i=1

where a;,. ;. # 0 and i1 + ... + i, =7, then
n
v(r+y) = Zai(l'i + ¥i) + @iy (1 + Y1) (20 + yn)™ + (terms of total degree at leastr),
i=1
put u = a;, i, (1 +y1)"...(n + yn ). We have two cases :
e thereis j € {1,...,n} such that i; = r, say iy = r, then iy = ... = i, = 0, but then by splitting

u we find a;, 4, (2] +y] +T) where T is made of terms that do not appear in ¢ (z) + ¢ (y), we
must then have a;, ;, = 0.

e Without lost of generality we can assume here that ¢; and iy are not zero, then ail_.iny’fx?...x%"
does not appear in ¢ (x) + ¥ (y), and therefore we must have a;,_ ;, = 0.

We have shown that in any case a;, . ;, = 0, but this is a contradiction by definition of a;, ;, . O

Let I’ be a n-dimensional formal group over R, by theorem 2.1.14, there is f(x) € K|[[z]]j such that

f(z) = xmod deg2 and F(z,y) = f~'(f(z) + f(y)),

we can say more about f(z) in the following proposition.

2.1.16 Proposition. The element f(z) € K[[z]]§ satisfying

f(z) = zmod deg2 and F(z,y) = f~'(f(z) + f(y)),

is unique having this property.
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Proof. Let h(z) € K[[z]]} such that h(z) = zmod deg2 and F(x,y) = h~(h(x) + h(y)), then
(f o h™1)(x) € K[[x]]§. Because h is invertible, write z = h(z') and y = h(y/).
(Foh™)@+y) = f(h7(h(2) +h(y))
= [oF(d.y)
= f@)+ )
= foh Na)+ fohTl(y).
We can then apply lemma 2.1 to f o h~! to deduce that it is K-linear, but we also have that

(f o h™Y)(z) = 2 mod deg2,

therefore f o h=! =4, which means that f = h O

Proposition 2.1.16 leads us to consider the element f, and we call it the transformer of F'.

2.1.17 Proposition. Let F' be a n-dimensional formal group over R with transformer f(x) € K{[z]]g,
and let G be a m-dimensional formal group over R with transformer g(z) € K[[z]]7, then :

e Every morphism ¢(z) from F to G over R has the form g=! o (C'f), where C in an nxm matrix
with coefficients in R.

e If C is an nxm matrix with coefficients in R, then g=! o (C'f) is a morphism from F to G over
R if and only if it has coefficients in R

Proof. Let ¢(x) be a morphism from F' to G over R, then by definition we have

o (@) + () =97 " (g(e(x) + g(e(y)) -

Substituting z,y by f~!(z), f~!(y) respectively and composing by g we get
(gowof ) (z+y) =(gopoft) (@) +(gopof)(y).

Hence by the previous lemma we deduce that (g o ¢ o f~1) is K-linear, therefore there is a nxm matrix

C with coefficients in K such that (go @ o f‘l) () = Cx. Replacing x by f(x) and composing by
-1

g~ we get

p(z) =g~ o (Cf)(2).

Since
f(z) = xmod deg2 and g(x) = x mod deg2,

then p(z) = Cz mod deg2, but by definition ¢(z) has cofficients in R, then so has C.

Conversely assume that C' is an nxm matrix with coefficients in R. If g=! o (C'f)(z) is a morphism
from F to G over R, then by definition it has coefficients in R. Now if g~! o (C'f)(x) has coefficient
in R, it amounts just to show that it verify the other condition of being a morphism from F' to G over
R, which is

g o (CH(F(z,y)) =Glg™ o (Cf)(x).g7" o (CF)y))-
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2.2 The p-adic case

In this paragraph we restrict to the case where the ring R is the ring of integers of a p-adic field. Our
main reference for this is [10], and we try to adapt his work in the p-adic context. From now on to the
rest of this chapter, if without further notice, we fix the following notations :

(K,v) is a complete discrete valuation field which is unramified and such that its residue class field
k = Ok /my is perfect of characteristic p, we can therefore fix p as a uniformizer, then mx = pOx.
o : K — K is an endomorphism such that:

o(a) —af € pOy for anya € Ok.

Let a € Ok, there is x € pO such that o(«) = o + z, therefore o(a) € Ok, which means that
0(Ok) C Ok, hence o induces a ring homomorphism o : O — Op. If in addition « is invertible,
then o being a homomorphism, o(«) is invertible as well, this then means that (0% ) C Oj.

Take again o € Ok, there are n € N and u € O} such that a = up™, since o(O};) C O}, then,
v(o(a)) =v(p") =n=v(a).

Then v(o(a)) = v(a) for alla € Ok.

In particular for all z € mg, v(o(x)) = v(xz) > 1, this means that o(mg) C mg. Therefore o induces
a morphism of fields

o (’)K/mK — (’)K/mKdefined by&(oz—i—mK) = O’(Oé) +mg

Since o(a) — af € mg, then 6(a+mg) = o + mg = (o + mg)P. Therefore G is just the Frobenius
endomorphism of the residue class field O /mg, which is perfect, then & is an isomorphism. Thus for
all @ € Ok there is € O such that a — () € mg.

T denotes an undeterminate, for all & € N, o* denotes the endomorphism obtained by repeatedly
composing k times with o, and starting with the identity map. In particular ¢° = id. We put

Here the addition is the usual addition of formal power series, whereas the multiplication is given by the
following rule : Ta = o ()T for all & € K. More explicitely :

For all f = ZaiTi and g = E/BiTi € K, [[17],

i>0 i>0

the coefficient of 77 in the expression of fg is

(f9)i = > _ono™(Big).

k=0

K,[[T]] satisfies all the axioms to be a (noncommutative) ring, we are going to check the associativity
of the product which is the less straight forward.

Letf=> oiT", g=) BT and h="Y +'T" € K,[[T]]

i>0 i>0 i>0
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We need to check that (fg)h = f(gh), which amounts to check that they have the same coefficients
for every T

(Fah); = S fuo*((gh)is)
k=0

i i—k
= Y ko™ | D B0 (iky)
k=0 7=0
i ik
= > e (8)0" I (vimk—j)
k=0;=0
((Fh); = Y (fawo(hiz)
k=0
= ZZO@U (Br—1)0" (it
k=01=0
= Zzasz Br-1)o* (Vi)
1=0 k=l

= ZZaka (Br—1) % 1) we have switched the variables k, [
k=01=k
i i—k

= ZZaka ) (% k—j) we have set j =1 —Fk

k=035=0

Then (f(gh));, = ((fg)h), for all i € N.

An important notice is that the multiplication on K, [[T]] is an extension of the usual multiplication on
K, therefore K is a subring of K, [[T]]. We denotee by B, ,, the K-vector space consisting of elements

o
of the form Y C,T", where the C, are mxn matrices with coefficients in K. In the same way we
v=0

o

denote by 2, , the Og-module consisting of elements of the form ) C,T%, where the C, are mxn
v=0

matrices with coefficients in O.

o [o.¢]
fu=> CT" € By, andv= ) D,T" € By, then we define the product vu by
v=0 v=0

o 14
vu = ZE,,T” € By, m where E, = ZDiai(Cy,i)
v=0 =0

oo
We recall that z = (1, ..., z,) is a n-tuples of indeterminates, take f(z) € K[[z]]g, andu = > C,T" €
v=0

B m, we define the element u * f € K{[z]]j by

(ux f)(x ZCf" zP")
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Where f° stands for the power series obtained from f by applying the endomorphism ¢” to all its
pU
n

coefficients; and zP” stands for the n-tuples (x’l’u, ..y Ty ). We mention that u * f is actually a well-

defined power series as f has zero constant term.

Consider again u, v as above, then

(v (ux f)(z) = D Dyluxf) (@)
v=0

oV

= oo (e (@)
=0 =0

oV

_ ipy iCuf"“ (=)
v=0 =0

_ ipyicﬁu‘fﬂuﬂt <xpu+u>
v=0 =0

o0

= > X neg ) 7 (+)

A=0 \v+pu=X

= ZE‘)\JCUA (l’pk>
A=0

= ((vu) * f) (x)

Let I be any ideal of O, for f(z), g(x) € K|[[z]]", we write f(z) = g(xz) mod I, to say that f;(x)—g;(x)
has coefficients in I, for all i € {1,...,n}. The same notation can therefore be restricted to polynomials
with coefficients in Og.

2.2.1 Lemma. Let f(x), g(x) € Oklz], such that f(x) = g(x) mod mg, then for all i € N,

f(:v)pi = g(x)pi mod m’ !

Proof. We prove the result by induction on 7. For ¢ = 0 the result is just the hypothesis. Now assume
that ¢ > 0 and that the result is true for ¢, then there is h(z) € O[x] such that

fl@)' = g(@)?' +p" h(z).

Now raising this to p, applying the binomial formula and using the fact that for all k € {1,...,p— 1}, p
divides the binomial coefficient (¥), we deduce that there is h'(z) € Ok [x] such that

f@P = gy +p P (a).
_ i+1 i+1 i
Which just means that f(z)?" = g(x)P"" mod m%}? O

2.2.2 Corollary. For any rational integers v > 0, a > 1 and m > 1 we have the following congruence

1 mpal/

p Yz +py)™ =p iz mod mg
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Proof. As a varible here we have z = (x1, ..., Zp, Y1, ..., Yn), set f(2) = x + py and g(z) = x. Then
f(z), g(z) € Ok|z], are such that f(z) = g(z) mod mg. Therefore f(z)™ = g(z)"™ mod mg, we
apply lemma 2.2.1 in the latter congruence and deduce that

avr av
(z + py)™""" = 2" mod mir 1.

But av + 1 > v + 1, therefore (z + py)™"" = 2™ mod m”K“. Which finally means that

1 mpal/

p Yz +py)™ =p iz mod mg.

In the sequel we write 9B, for B,, ,,, same for 2,,.

2.2.3 Remark. Let u = )  C,T" € 2, such that the matrix Cj is invertible in the ring of matrices with
v>0
coefficients in O, we wonder if we can construct an element v = > D, T" € 2, such that uv = I,,,
v>0
the identity matrix. This means that we have to find a family of matrices (D, ),>0 with coefficients in

Ok such that

ZCkak(D,,,k) = 0o, for all v > 0 (x).
k=0

We set Dy = Co_l. Let v > 1, assume by induction that Dy, ..., D,_; have been constructed and
with coefficients in Of, then from relation (x) applied to v, we have that CoD, = — > Cro*(D,_4),
k=1

v
therefore D, = —Cy ' 3" Co®(D,_x) has coefficient in Ok.
k=1

Now since Dy is invertible, the same argument applied to v shows that there is v/ € 2, such that
v’ = I,. Then vu = vul, = vuvy’ = v(uv)v' = vl = vv’ = I,,. Hence uv = vu = I,, which means
that v = u~!. Conversely, if u is invertible in 2, ten obviously Cj is invertible in the ring of matrices
with coefficients in Og. We notice that the same result holds replacing O by K, and 2, by 9B,,.

2.2.4 Definition. We call an element u € 2, special if u = pI,, mod deg 1. If P is an invertible matrix
in My, (Ok) and u € 2, a special element, then we say that an element f(z) € K{[z]]j is of type (P, u)
if the following are satisfied :

e f(x) = Px mod deg 2

o (ux f)(x) =0 mod mg
In the sequel, if f(z) is of type (I,,u) we just say that f(x) is of type u.

If w € 2, is a special element, then by definition, u = pI,, + > C,T", then from the previous remark,
v>1

since Cy = pl,, is invertible in K, ,,, then u is invertible in $B,,. Set w = u~1p, then w = pu~! because
o(p) = p, then uw = pI,,. We recall that i(z) € K{[z]]f is defined by i(z) = =.

Setw=Y BT,

v>0
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necessarily By = I,,, then :

(wxi)(z) = > B (")

v>0

= ZBV:CPV

v>0
= Inl' + ZBV.TPU
v>1
I,z mod deg 2

combined with

(ux (w=1)) (z) = ((uw) x0)(z) = ((ply) *i)(x) = pr =0 mod m,

enable us to say that w * ¢ is of type u.

2.2.5 Lemma. Let u € 2l,, be a special element and put w = pu~! = > B,T", then :

v>0

p” B, has coefficients in Ok for all v > 0

Proof. Write u = pI, + >, C,T", set Cy = pI,, and uw = >, D, T then since uw = pl,,, we deduce

v>1 v>0
that

D, = Cio'(B,;) forall v >0 (x).
=0

But u € 2, then C,, has coefficients in Ok for all v > 0. We are going to show our result by induction.
By = I, has coefficients in Ok . Let v > 1, assume ijj has coefficients in Ok forall 0 < j <v —1.

Then from (*) we have

C()Bl, = —ZCIL'O'Z‘(BV,IL‘).
i=1

1

Multiplying both sides of the equality by p*~" we get

v
p’B, ==Y Cio'(p"'B, ).
i=1
But each of the p*~!B,_; has coefficients in O by induction hypothesis.

If f(z) and g(z) are elements of K [[z]]", then we write
f(z) = g(z) mod deg r, mod mg
if there are p(z) and ¢ (x) € K[[z]]" such that
f(x) = g(z) = o(x) + ¥(x)

where
©(x) =0 mod deg r, and ¥(z) = 0 mod mg.

From now on, except otherwise specified, u € 2, is a special element, we write w = pu~

h(z) = (w % i)(x) which has been shown to be of type w.

1 and
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2.2.6 Lemma. Let v € A, ,, and ¢(2') € K[[2']]fj where 2 is a finite tuple of indeterminates, if the
coefficients of components of v, of terms of total degree < r — 1 belong to Ok for some r > 2, then :

vk (hot) =

(v*h) o1 mod deg (r +

1), mod mg

Proof. Write w = Y B,T", of course By = I,, write v = Y_ A, T, then

v>0

VW = ZC,\T’\ where ' = Z

A>0
therefore
((v*h) orp)(a)
ho(a') = (wxi)(¢(z'))
then :
(v (o))

v>0

=> Ay(hoy)”

v>0

A,o”(B,).
0<v, p, v+p=A

(((vw) = 3)(() ("))
S0 ()

A>0

S Y A B @)

A>0 \O0<v, p,v+pu=A

A

> A (B ()" (1)
0<v,p
= > B ()”) = 3 Bulw(a)"
p>0 p=0
= Y At (B (07 @) )

v, u>0

From (1) and (2) it is enough to just show that for all vy > 0,

A" (B) (W ()P = Ao

By) (47 (="

v\ pH
))" mod deg (r + 1), mod mg (3)

Combining the fact that for all v > 0, A, has coefficients in Ok, and the fact that from lemma 2.2.5
p'B,, has coefficients in O for all 1 > 0, we deduce that to prove (3) it is enough to prove that :

p ()P

=t (o @)

mod deg (7 + 1), mod mg (4).

(4) is obviously true if v = = 0. As terms of degree > r do not affect the congruence, we may behave
like ¢(2’) is an element of Ok [2'] of degree < r — 1, in this case we just show the congruence mod
mpg. Since o acts on O /my as the Frobenius endomorphism, then

()P =P (a”)

=7 (2'") mod mg

where 9P stands for the polynomial obtained by taking all the coefficients of i) to power p. And by

induction on v one deduces that

Then from lemma 2.2.1 we have,

(W)™ =

Therefore

P @) = (7

Which ends our proof.

PP =y (@

") mod mp-.

= (v (2 ))pu mod mi.

V))p# mod mp.
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2.2.7 Corollary. Let f(z) and g(x) € K[[z]]§, P,Q be invertible matrices in M, (Ok) and u € 2,
such that f(z) is of type (P, u), while g(z) is of type (Q,u), then g~1 o f € Ok[[z]]R.

Proof. Since g(x) is of type (Q,u) and @ is invertible, then form proposition 2.1.5, g(x) is invertible,
then same argument holds for h(x) and f(x). Define ¢ = h™! o f, we need to show by induction
that all the coefficients of ¢(z) belong to Ok. The constant term of ¢(x) is zero, then it belongs to
Op. we recall that h is of type u, then h™! o f(2) = Px mod deg 2, this combined with the fact that
P € M, (Ok) means that the first-degree coefficients of p(z) are in Og. Let r > 2, assume that the
coefficients of ¢(x) of total degree < —1 are in Ok, then we have

pp = (uxh)oy, by definition

u* (hoy) mod deg (r+ 1), mod mg, from lemma 2.2.6

ux* f =0 mod mg

This precisely means that the r-th degree coefficients of ¢(x) belong to Ok. Using a similar reasoning
we show that A™! o g also belongs to Ok [[z]]i. Therefore, from the formula

glof=(g oh)o(htof)=(h"tog)  o(h™ o f)

we deduce the result. O

In the next corollary we generalize the result of lemma 2.2.6

2.2.8 Corollary. Let v € Ay, ,, and ¢(2’) € K[[2']]§ where 2/ is a finite tuple of indeterminates, if all
the coefficients of components of ¢, of terms of total degree < r — 1 belong to Ok for some r > 2,
and if f(z) € K[[z]]§ is of type (P, u) then :

x (fot)=(vxf)ot moddeg (r+ 1), mod mg.
We first note that since h is of type u, then corollary 2.2.8 is a generalization of lemma 2.2.6.

Proof. Again we keep o = h~ o f, putv = > A,T", since p(x) = Pz mod deg 2, then by definition
v>0
we have

((vxh)op)(z) =AgPx = (v* (hoyp))(xz) mod deg 2.
Then define

si(z) = ((v*h)op)(r) — APz and sa(x) = (v (hop))(z) — AgP.
From corollary 2.2.7 ¢(x) has all coefficients in Ok, then from lemma 2.2.6 we have
s1(x) = s2(x) mod deg (r 4+ 1), mod mg-.

Now since all the coefficients of 1), of terms of total degree < r — 1 belong to Ok, and combined to
the fact that the constant term of ¢ (z) is zero, we deduce that

sio(x) = spop(x) mod deg (r+ 1), mod mg. (%)



Section 2.2. The p-adic case Page 17

we then have

vk (fop) = wx(ho(poy))
= ((vxh)oypo1) mod deg (r+ 1), mod mg, by lemma 2.2.6
= ApPvY + s; 01 mod deg (r + 1), mod mg, by definition of s;
= ApPvY + s2 01 mod deg (r + 1), mod mg, from the congruence (x)
= (v*(hoy))or) mod deg (r+ 1), mod mg, by definition of sy
= (v f)o1 mod deg (r+ 1), mod mg.

Corollary 2.2.8 will be mostly used in the following particular case of interest.

2.2.9 Corollary. Under notations and hypothesis of corollary 2.2.8, if we ask in addition that v (z’) has
all coefficients in O, then

v (fot)=(vxf)or mod mg.
Proof. Assume that the congruence does not hold. From lemma 2.2.8 there are
r>2, ri1 and ¢ € K[[2']]5

such that
w(ri1) =71+ 1, =0 mod mg

and
v (fo) = (v f)o =111+

Then necessarily, 1,1 has a coefficient of total degree say s > r 4 1 that does not belong to my. We
apply lemma 2.2.8 again, then there are

¥s1 and @' € K[[2']]g

such that
w(thsi1) > s+ 1, ¢’ =0 mod mg

and
v (fo)—(vxfloy =vq1+¢.

But then ¥, 11 —1s11 = ¢’ —p = 0 mod mg, and since w(s41) > s+1 > r+1, then ¢, 11 —1)s41 has a
coefficient of total degree s that does not belong to mg, but this contradicts the latter congruence. [

We now use the above constructed machinery to construct some formal groups over Ok

2.2.10 Theorem. Let P, Q and u be defined as usual, f(x) be of type (P,u), and g(x) be of type
(Q,u), then :

1. F(x,y) = f~Y(f(x) + f(y)) is a (commutative)formal group over Of.
2. Let G(z,y) = g '(g(x) + g(y)), then the formal groups F and G are isomorphic over Of.

3. If in addition P = @, then the formal groups F' and G are strongly isomorphic over Ok.
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Proof. Define H(x,y) = h='(h(x) + h(y)), We first show that H(z,y) is a formal group over Ok,
for this we first show that it has coefficients in O, which we do by induction. The constant term of
H(z,y) is zero, then it belongs to O. We recall that h(x) is of type u, then from proposition 2.1.5
we have

H(z,y) = h'(h(z) + h(y))
I,(h(z) 4+ h(y)) mod deg 2
= x4y mod deg 2

Then the first-degree coefficients of H(x,y) belong to Ox. Now let » > 2 and assume that the
coefficients of H(z,y) of terms of degree < r — 1 belong to Ok, then

pH(z,y) = ((uxh)o H)(x,y), by definition
= (ux(hoH))(x,y) mod deg (r + 1), mod mg, by corollary 2.2.8
= (uxh)(z)+ (uxh)(y) mod deg (r + 1), mod mg
= pz+py mod deg (r + 1), mod mg
= 0 mod mg.

Therefore the r-th degree coefficients of H(x,y) belong to O. Thus H(x,y) has coefficients in O.
Moreover

H(H(z,y),2) W= (h(H (2,y)) + h(2))
= h7'(h(@) + h(y) + h(2))
= h’l(h(x)Jrhoh (h(y) + h(2)))
= h7H(h(z) + h(H(y, 2)))
= H(z, H(y, ))

Then H(x,y) is a formal group over Ok . we are now ready to prove the points of our theorem.

1. From proposition 2.1.5 we have
F(z,y) = fY(f(z) + f(y)) = P~Y(Pz + Py) mod deg 2 = = + y mod deg 2.

In the same way than we did for H(z,y), we can also show that F'(F(z,y),z) = F(z, F(y, 2)).
Therefore it is only left to prove that F'(z,y) has coefficients in O for this we just remark that
F(z,y) = (¢~ "o Hoy) (x,y), where as usual ¢ = h™' o f. But as we have shown above H has
coefficients in O, so have ¢ and ¢!, thus F has coefficients in Of.

2. From the first point we deduce that G(z,y) is also a formal group over Of. Put ¢y = h™log.
Then as for I, G =4~ o H o). Define

¢ =11 oyp e O|[z]]§ because of corollary 2.2.7.
Moreover we have
¢poF =¢op loHop=y lopop loHopop=¢ loHopop=Go¢

Then ¢ is a morphism of formal groups from F' to G over Ok, but ¢ is invertible by definition,
then I and G are isomorphic.



Section 2.2. The p-adic case Page 19

3. We have the following congruences : 1 (z) = Qz mod deg 2, and ¢(x) = Px mod deg 2, there-
fore
$(z) = Q1 Pz mod deg 2.

Whence if P = @ we deduce that ¢(x) = 2 mod deg 2, which means that F' and G are strongly
isomorphic.

2.2.11 Remark. Take P and u as above, take any element f € K[[z]]}, and put ¢ = h~1 o f.

i) If we assume that f is of type (P, u), then as we already know ¢(x) has coefficients in Ok and
o(x) = Pz mod deg 2.

ii) Conversely if we assume that ¢(x) has coefficients in Ok and that ¢(z) = Pz mod deg 2, then :
f(x) = howp(x)
I,o(z) mod deg 2, because h is of type u

I, Pz mod deg 2
Px mod deg 2

We also have;

uxf = ux(hoy)
= (ux*h)op mod mg, because of corollary 2.2.9
= pp mod mg
= 0 mod mg.

Then f is of type (P, u).
The following proposition will enable us to consider a very important coset of equivalence class of special
elements over Ok.

2.2.12 Proposition. Take P and u as usual, and assume f € K|[[z]]§ is of type (P, u), and v € Ay, p,
then :
v* f =0 mod mg if and only if there exists ¢ € 2, 5, such that v = tu.

Proof. First assume that v = tu, with t € 2, ,,, then simple calculation give

vk f=tx(uxf)=0mod mg.

Conversely assume v * f = 0 mod mg. Since v = (vu~!)u it is enough to show that vu™! € 2, »,
which means that pvu~—" must have coefficients in mg. Then write

pout = ZA,,T”,

v>0

we are going to show that each of the A, belongs to my. We set ¢ = h ™! o f, recall that ¢ is invertible
and has coefficients in Og. From one hand we have

veh=vx*((put)*i) = (prut)xi= ZA,,xpy (%)

v>0
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On the other hand we have

(vkh)op = wvx*(hop) modmg, because of corollary 2.2.9

v* f mod mg

= 0 mod mg (kx)

Then :
ZA,,a:py = v =xh, because of (%)
v>0
= ((vxh)op)op™
= 0 mod mg, because of (xx)
Then every A, belongs to mg O

The following theorem enables us to study homomorphisms of formal groups built in theorem 2.2.10.

2.2.13 Theorem. Let u € A, and v € U, be special elements; f € K|[[z]]§ and g € K[[z]]]* be of
type u and v respectively. Take C' a matrix of type (m,n) with coefficients in O, consider the formal
groups

F(z,y) = [ (f(x) + f(y)) and G(z,y) = g~ (g(=) + 9(y)).

Then g~ o (Cf) is a morphism from F to G over O if and only if there exists t € Ay, , such that
vC = tu

Proof. From proposition 2.1.17, g~' o (C'f) is a morphism from F to G over Ok if and only if it has
coefficients in Q. Therefore we will show that g=! o (C'f) has coefficients in Oy if and only if there
exists t € 2, , such that vC' = tu.

1. Assume that g~! o (C'f) has coefficients in Og. Write hy = (pv~!) x i and put gy = h;l g,
then v x h = (pI,,) * i = px, we also recall that from corollary 2.2.7, @5 has coefficients in O,
then

WC)* f = vx(Cf)
= vx(gog o (Cf))
= (vxg)og to(Cf)) mod mg, from corollary 2.2.9
= (v (hgopy))og to(Cf) mod mg
= (vxhg)owrog to(Cf) mod mg, from corollary 2.2.9
= ppaog to(Cf)) mod mg
0 mod mg, because ¢ 0 g~ ! o (C'f))has coefficients in Of.

Therefore from proposition 2.2.12 there exists ¢t € 2, , such that vC = tu.

2. Conversely assume that there exists ¢t € ,;, , such that vC' = tu. We need to show by induction
on the degree of terms of g~! o (C'f) that it has coefficients in Ox. We have

g o (Cf)(z) = Cz mod deg 2,
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and since C has coefficients in Ok, then the constant term and the first-degree of g=! o (C'f)
belong to O. Let r > 2, assume all coefficients of g~ o (C'f) of terms of degree < r — 1 belong
to Ok, then

pp20g 0 (Cf) = (vxg)og'o(Cf)
= vx(gog ' o(Cf)) mod deg (r+ 1), mod mg, because of corollary 2.2.8
= v (Cf) mod mg
= (vC)* f mod mg
= (tu) * f mod mg
= tx(uxf) mod mg

= 0 mod mg, because f is of type u

This just means that the r-th degree coefficients of @2 0 g=! o (C'f) belong to Ok, but s also
has coefficients in Ok, therefore we deduce that g=! o (C'f) has coefficients in O.

O

Since K is of characteristic 0, so is Ok, therefore p is not zero in Ok, therefore we can divide by
p if we consider the expression to belong to Frac(Ox) = K. This being said, let » > 2 define
Ar(z,y) € Oklx,y] as follow :

e If r is not a power of p, set A (z,y) =(z+y)" —a" —y"

e If ris a power of p, set A,(z,y) =p~[(z +y)" — 2" —y']
The following lemma gives the most important property of r that is going to be of interest in the sequel
of this chapter.

2.2.14 Lemma. A,(z,y) is a primitive polynomial in Ok |z, y]| for all r
Proof. The proof is divided into the two parts that correspond each to the definition of A, (z,vy).

1. ris not a power of p, then r = p"s, where (p,s) =1 and s # 1.

(+y)" = (@+y?*")
= (@ +¢y")° mod mg
" 4y 4 sXETUP " 4 mod mp.

Then
Ap(z,y) = sXE7DP"yP" 4 mod mg.

But (p,s) = 1, then A.(z,y) # mod mg, which means that A,(z,y) has a coefficient not
belonging to my, this coefficient must then be invertible, whence A,.(z,y) is primitive.
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2. r=p" for some n > 1. Then (z + y)pni1 = 27" +y?"" mod mg, then from lemma 2.2.1 we

have

n—1

(=" + 7" mod m%

= 2" +y"" + pP(z,y) mod m¥

(z+y)*"

Where 27" =1 y" " is a monomial of P(xz,y) € Ox/[z, y] with coefficient 1. Then
Ay (z,y) = P(z,y) mod mg

and
P(x,y) # 0 mod mg

Therefore A, (z,y) # 0 mod mg, which means again that A, (x,y) is primitive.

O]

In the sequel z = (x1,...,x,) is as usual a n-tuples of indeterminates, and for a = (a, ..., ) € N,

x® stands for z7"...z%", we also write |a for a; + ... + ay,.

2.2.15 Lemma. Let r € N, consider A(z) = > aq,x® a homogeneous polynomial of degree r, where
|lal=r

aq, € K. Assume in addition that
Mz +y) = AMz) + My) mod mg.

Then a, € Ok. In addition we have what follows :

1. an € mg whenever « is not one of the re;, where ¢; is the vector of N™ with zeroes everywhere
but 1 at the i-th component.

2. aq € mg whenever 7 is not a power of p.
Proof. We start by proving the first statement.

1. Let « = (a1, ..., ) be such that |o| = r and such that it is not one of the re;, which means
that « has at least two nonzero components, say a1 and aso for the sake of convenience. Then
writing A(x 4+ y) we have

Mz +y) = Z ao(z+y)* = Z ao (1 +y1)* (T + yn)".
la|=r la|=r

Therefore the coefficient of z{'y52...y3™ in A(x + y) is aq, but as o and s are nonzero the

ay, a2

term 7" y52...y5" does not appear in A(z) + A(y). Whence the congruence
Az +y) = Az) + AM(y) mod mg

implies that a, € mg
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2. Assume r is not a power of p, and let « be such that |a| = 7, we need to show that a, € mg.
From the previous point we may assume that o = re; for some fixed i. Then a,, is the coefficient of
the monomial z7 in A(z), it is also the coefficient of the monomial y/ in A(y). But the monomial
(z; + y;)" is free with any other monomial of A(z + y) coming from another «, therefore the
congruence

Mz +y) = Az) + AM(y) mod mg
implies the congruence
ao|(zi + yi)" — =} —y;] =0 mod mg.

But since 7 is not a power of p, then the latter congruence is just
ao\r(z,y) =0 mod mg-.

Consider (b;); the coefficients of A,.(z,y), we recall that each of the b; belongs to Ok. Our latter
congruence says that a,b; € myg for all j. From lemma 2.2.14 the b;'s are coprime, then there
exists (u;); elements of O such that > ujb; = 1. Then aq = > u;(asb;) € mg.

J J

To complete our proof we have to prove that without any condition a, € Og. Then Let « be such
that || = r. From the first two points we can assume without lost of generality that r is a power of
p, and that o = re; for some fixed ¢, becauce otherwise we will have a, € mg which a fortiori implies
that a, € Ok. As above we then have

paoAr(z,y) =0 mod mg.

Since A, (z,y) is primitive, then again we deduce that pa, € mg, hence a, € Ok. O

Lemma 3.3.1 is crutial in the proof of the following proposition which is the starting point of our
classification theory of formal groups of dimension 1 over Ok.

2.2.16 Proposition. F' is an n-dimensional formal group over Ok and f its transformer. There is
u € A, a special element such that f is of type wu.

Proof. We first prove by induction that we can construct a family of matrices C,, € M,,(Ok ) such that
for all u >0,

I
pf(z) + ZC’Vf"V(Q:pV) = 0 mod deg (p" + 1), mod mg.

v=1

Since f has zero constant term, set Cy = pl,. By definition of f, f(z) = = mod deg 2 therefore
we have pf(x) = 0 mod deg 2, mod my. Hence the result holds for u = 0. Now let ;> 0, assume
Co, -..,C}, have been constructed and that

"
pf(z)+ ZC,,fUV(xpy) =0 mod deg (p" +1), mod mg  (1).
v=1

We write f(z) = (f1(z), ..., fn(z)), and for all i, we put

filx) = Z Az, with aq,; € K.
aeN™
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From proposition 2.1.13, the Ok-basis {w1,...,w,} of D*(F,Ok) is such that any w; has coefficients
in Ok. As df;(x) € D*(F,Ok) it then has coefficients in Ok, hence gi; () has coefficients in O for
all i and for all j. Wich says in particular that aja,; € Ok for all i and for all j. Let o be an index of

fi(x), then

n
ami(:l}—i—py)a = aaz X1 +py1 H LL’j +py]

n
= aa’ix?ln(mj + py;)* mod my, because of lemma 2.2.1
j=2

Repeating the same argument leads us to

Ai(x +pY)* = aqix” mod mg  (2)

/"L v v
The congruence in (1) says that modulo mg we can assume that pf(z)+ > C, f7 (2P ) has only terms
v=1
with total degree at least p* 4+ 1. Then write

ZC f" xp Z bgm mod mg  (3),

|BI>pr+1

bz being n-tuples of K™. Now if in (3) we substitute x by F'(z,y) we get

I
pF(E(z,y)) + Y Cof” (Fla,y)" )= Y bsF(z,y)” mod mg  (4).

v=1 |8|=pH+1
From (2) we deduce that f;(x + py) = fi(x) mod mg, this impliies that
f7 (@ +py) = f77 (x) mod my.
Then ) )
f7 (z+py) = f7 (x) mod mg.
With this we can therefore conclude that if two arguments of f°  are congruent modulo mg, then so

are their images under f°°. We know that F'(z,y)?" = F° (zP”,y”") mod mg. Now using the latter
congruence as arguments of f°  we deduce that

57 (Fley)) = £7 (F @ y)) mod my.

It is also a straight remark that (go f)° = g% o f7, as well as (f°)~! = (f~1)? and F(x,y) =
(F~H7(f(z) + f7(y)). We then have

m
pf(F(z,y)) + > Cof (F7 (a*", ")) mod my
v=1

= pf (f 71 (f(=) +—j£j<7 FAET @)+ 7))

pf(F(a,y) + Y Cof (F(z.y)")
v=1

= pf(x)+pfly +ZCFwP+ZCF

Z bs(x” + y?) mod mg, from (3)
|81=pH+1
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Therefore equation (4) implies that

Z b F(z,y)° = Z bs(x” +y°) mod mg.
|B|zpr+1 |8|=pH+1

For all i < n we denote by bg; the i-th component of bg, then

Z bgilF(z,y)’ —2° — 4% =0 mod mg  (5).
|8]>pH+1

If bg; € mg for all 3 and for all 4, then from (3) we deduce a construction of a special element such
that u x f = 0 mod mg. We can therefore assume for the rest of the proof that there is some [ such
that there is some i for which bg; & mg. We put r to be the minimum of |3| for all such . Since
F(z,y) = = + y mod deg 2, then in (5) the only terms of F(z,%)? that might add to —z” — 3 are
exclusively terms coming from the monomial (z + y)? of F(x,y)?, therefore from (5) we deduce that

Z bg.il(r + y)ﬁ R yﬁ] =0 mod mg.
|B|>pH+1
For the sake of degrees we deduce from this that
Z bail(z +y)? — 2’ —y°] =0 mod mg  (6).
|B|=r
In (6) if we replace r by any degree level, we obtain the same congruence.

Define A(z) = Y bg;2P, (6) shows that A(z) satisfies the congruence
|B|=r

Mz +y) = AMzx) + My) mod mg,

then by lemma 3.3.1 r should be a power of p, because otherwise we would have bg; € mg for all
i and for all 8 such that |3| = r, but this would contradict the above made assumption on such
bg;. Since r > pt + 1, hence r > p*t1. Therefore by the minimality of r, for all 3 such that
18] € {p" + 1,p* + 2,...,p"*TL — 1}, we have bg,; € m for all i. We can then deduce from (3) that

0
pf(x) + ZCVfUV (zP") = Z bgz® mod mx
v=1 |B|>pr+t
= Z bgz® mod deg (p*™ + 1), mod mx (7).
|B|=pr+t1

Put 8; :p““ej, then from lemma 3.3.1 again we have

n
Z bgacﬂ = Zbgjxﬁj mod my
|B]=pr+1 J=1

- pt1
= > bgal (8).
j=1
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Now from the observation we made just after establishing (6) replacing » by p#*! and in accordance
with lemma 3.3.1 we deduce that bg, ; € Ok for all 7, for all 4.

n n
pu+l - pu+1 pqul
E bﬁjxj = b5j71xj ,...,bgj,nxj
Jj=1 Jj=1

n 1 n 1
_ pt pt
= E bgjjlazj -~ E bﬂj,nﬂfj
Jj=1 Jj=1
pt1
= Mqa? (9),

where M = (bgjyi)T

1<i,j<n

has coefficients in Og. Therefore (7), (8) and (9) imply that

o
pf(z)+ ZCVf“V (zP") = Mz mod deg (P +1), mod mg (10).

v=1
Since f(z) = x mod deg 2, then fo""" (z#1) = 2+ mod deg 2, therefore
Mf”wl(:c“ﬂ) = Mz"*! mod deg 2,

hence the congruence (10) becomes
m
pf(x)+ ZC’,,f”V(wpy) — Mo (@) = 0 mod deg (p*T! + 1), mod m-.
v=1

We take C 11 = —M.

This leads us to u* f = 0 mod mg, where u = ) C,T*, and this ends the proof. O
pu=>0

Results established in this section are going to be apllied in the sake of classification of commutative
formal groups in dimension 1. We can already say that thanks to proposition 2.2.16 every formal group
over O is obtained from a special element of 2,,.

2.3 Classification in the case of complete and non-ramified rings

We start this section by the following observations:

2.3.1 Remark. Let F' and G be n-dimensional formal groups over O, with transformers f and g
respectively, then from proposition 2.2.16 there are special elements v and v in 21, such that f and ¢
are respectively of type u and v.

1. Assume that F' and G are strongly isomorphic, and call ¢ the strong isomorphism. From propo-
sition 2.1.17 there is C € M,(Ok) such that p(z) = g~ o (Cf)(x) € Okl[z]]3. Since
¢(z) = 2 mod deg 2 we deduce that C' = I,,, therefore g~! o f(z) € Ok|[[x]]}.

2. Conversely assume that ¢(z) := g~ ! o f(x) € Ok|[[z]]§., then ¢(z) = x mod deg 2 and

poF(x,y) =g '(f(z)+ f(y) =g (g(e(x)) + g(e(¥))) = Gp(x), o(y)).

Therefore ¢ is a strong isomorphism between F' and G.
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It is important to note that in the above remark we could not just use lemma 2.2.7 to conclude that
g lo(f)(z) € Ok[[z]]* as u and v might be different, which does not then fit with the assumption of
lemma 2.2.7.

In definition 2.1.7 we have talked about strong isomorphism of formal groups, which actually defines
an equivalence relation on formal groups. Put Cl,, 0, (F) the set of strong isomorphism classes of
n-dimensional formal groups over Ox. We now give a definition that will later appear to be his
correspondant at some extend.

2.3.2 Definition. Let w and v in 2, we say that v is left associated with w if there exists a unit t € 2,
such that v = tu.

Left association obviously defines an equivalence relation on 2,,. Put C1(5%2l,,) the subset of the quotient
set made of left associate classes of special elements of 2,,.

2.3.3 Theorem. The strong isomorphism classes of n-dimensional formal groups over O corre-
spond bijectively to the left associate classes of special elements of 2U,,. More precisely the map
D : Clpog(§) — CUS,) is bijective, where ®([F]) = [u], u being a special element of 2, such
that the transformer of F' is of type u.

Proof. We split the proof into three steps.

1. We first of all show that ® is a well defined map, by first showing that the image of a class [F]
does not depend on the chosen special element u attached to the transformer of F', and then by
showing that the image of a class [F] again does not depend on the representative F'.

i) Assume the transformer f of F' is of type u, and of type v, where u and v are special
elements of 21,,. Then v* f = 0 mod mg, then from proposition 2.2.12 there is t € 21, such
that v = tu, since u and v are invertible, so is ¢, therefore © and v are left associate, hence
[u] = [v].

Whence, the image of a class [F'| does not depend on the chosen special element u attached
to the transformer of F.

ii) Assume [F| = [G] where F,G are n-dimensional formal groups over Ok Let u respectively
v be a special element of 2, such that the transformer of F' respectively G is of type u
respectively v. By the equality [F] = [G] we deduce that F' and G are strongly isomorphic
over Ok, then by remark 2.3.1 we have g~'o f(z) € Ok|[z]]3, then from proposition 2.1.17
g ' o f(x) is a morphisme from F to G over Ok, and from theorem 2.2.13 there exists
t € 2, such that v = tu, then ¢ must be invertible, hence [u] = [v]. Thus the image of a
class [F] does not depend on the representative F.

2. We now show that ® is injective. Assume ®([F]) = ®([G]). Set as above u respectively v a
special element of 2, such that the transformer of F' respectively G is of type u respectively v.
Then [u] = [v], which means that there exists ¢ € 2, such that v = tu, then from theorem 2.2.13
g Yo f is a morphism from F to G over Ok, we also see that g=! o f is obviously a strong
isomorphism. Then F' and G are strongly isomorphic over Ok, which then means [F]| = [G].

Hence ® is injective.
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3. We conclude the proof by the surjectivity of ®. Let u be a special element of 2, then we have
seen that f := (pu~!) i is of type u. Then the formal group F defined by

F(z,y) ="' (f(=) + f())

as in theorem 2.2.10 is the preimage of [u].

Theorem 2.3.3 can be further reffined in the following way.

2.3.4 Corollary. Set M to be a complete system of representatives of Ok /my contenaing p as repre-
sentative for the zero class. Then the strong isomorphism classes of n-dimensional formal groups over
Op correspond bijectively to the special elements of 2, whose coefficients matrices have elements in
M.

Proof. Thanks to theorem 2.3.3 we just have to show that the left associate classes of special elements
of 2, correspond bijectively to the special elements of 2, whose coefficients matrices have elements
in M. Clearly speaking, it means that if u is a special element of 2(,,, then we can find one and only
one special element left associated to u and such that its matrices coefficients have elements in M. Let

then u = > C,T" be a special element, meaning that Cy = pI,,, we need to show that there is only
v>0
one unit t € A, such that tu has matrices with coefficients in M. We then need to construct matrices

A, € M,(Ofk) uniquely such that t = Y A,T" is a unit in 2, and tu is a special element of 2, such
v>0
that its matrices coefficients have elements in M. We are going to construct the sequence (4,), by

induction on v. tu must be equal to »_ B,T", where
v>0

B, =Y A,0"(Cy_y),
n=0

we must also have Ag = I, in order to comply with the fact that tu is a special element in 21,,. This
means that we have just constructed Ag uniquely such that By = AgCy = pl,, has matrices coefficients
in M. Now let v > 0, assume we have constructed matrices Ay, ..., A, _1 uniquely such that By, ..., B,_1
have coefficients in M. The above equality is also equivalent to

v—1 v—1
B, = A,0”(Co) + > _Auc*(Cyyp) = pA, + Y _Auo™(Cyp).
n=0 ©n=0

In the latter equality, we need to uniquely construct the matrix A, such that B, has coefficients in M.
Write

> Au0" (Comy) = (0] Ni<ijsn:
By definition of M, we have that for all 4,5 € {1,...,n} there is a unique x;; € M such that

bl(;) = x;; mod mg,
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then by definition of the congruence, there is again a unique al(-;j) € Ok such that

¥)

b(-'.j) — Tij = pa,;’ -

ij
We have just shown that for all 4, j € {1,...,n} there is a unique az(-;j) € Ok such that pag;/) +bl(-;j) e M.
Define
A, = (Gg))lgi,jgm
then A, is unique such that B, has coefficients in M. O

The following lemma sets the foundamental basis for the proof of the main result of this section, a result
for which we restrict from now on to the case n = 1.

2.3.5 Lemma. Let u=p+ > ¢, T" be a special element of ;.
v>1

1. If all the coefficients ¢, belong to mg, then there is a unit ¢ € 24 such that tu = p.

2. If ¢1,...,cp_1 all belong to myg but ¢, € mg, then there is a unit ¢ € 2y such that

h
tu=p+ Zb,,T”,

v=1

where b1, ..., b1 all belong to mg but by, € my.

Proof. Assume all the coefficients ¢, belong to my, and write ¢, = pc,, where ¢, € Ok for all v > 1,

then u = ps, where s = 1+ Y ¢, T" is a unit in 2Ay, finally tu = p with ¢t = s~'. Now we assume that
v>1
1, ...,cp_1 all belong to mg but ¢, &€ mg. We are firstly going to show by induction that for all 4 > 1,

there are bgi), vy bg) € Ok and a unit t; € 2; subject to the following three conditions
b0t = b0 mod mk, bV = ¢, mod mg (1)

ti=1moddegl, ti11 =t modmg (2)

h
tiu=p+ Zb(j)T” mod mi  (3).

v=1

~1
Fori=1,put ) = ... =M =0 bV = ¢, and t; = ¢, chT”h> , (1) is then obviously
v>h
satisfied, t; = 1 mod deg 1 is also true, then (2) is satisfied; now since ¢, is a unit we deduce in addition
that ¢; as coefficients in Og.
~1

tiu = ¢ ZCVTV_h U

v>h
1 ha
= ¢, T" Zc,,T” ZCVTV+ZCVTV
v>h v=0 v>h

-1

enTh g c, T g ¢, TY mod my, because ¢y, ...,cp_1 all belong to mg
v>h v>h

= chTh mod my
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Then (3) is also satisfied. Now let i > 1, suppose that for all j < ¢ we have constructed bgj), ey béj) € Ok
and a unit ¢; € Ay subject to (1), (2) and (3). We are then constructing i = b 4 pid) and

tig1 = t; + plv; for all v € {1,..., h} where dl(,i) € Ok and v; € A are such that

h
(ti +pvj)u=p+ Z(bl(f) + p'd)T” mod mirt (4).

v=1

Since ¢y, ..., cp—1 all belong to mg, then u = > ¢, T mod my, therefore
v>h

plu = pich,T” mod migl.
v>h

, hoo
From (3) we have w; := p~*[t;u — (p + Zbl(,z)T”)] € 2y, also since t;u = p mod deg 1, then w; has
r=1

zero constant term. Hence (4) is equivalent to

h
viZc,,T” = Zd,(f)T” —w; mod mg (5).
v>h v=1

By definition, w; is known, so the only unknowns of the congruence (5) are v; and the d's. Let us
take the unique choice of the d,(,l)'s such that the right hand side of (5) has all its terms of degree < h
cancelled. Now we just remains to give a solution for the congruence (5), with v; as the only unknown,
for this we write v; = >V, T", we need to construct the V,'s by induction. By construction of the
v>0
d,(,i)'s, we must have Vp = 0. Let v > 0, assume Vj, ..., V,,_1 have been constructed. Write Y X, T"
v>h

the term on the right hand side of the congruence (5). Then (5) becomes

Z ZV:VMO'“(C,/_M) T = ZXVT” mod mg-.

v>h \p=1 v>h

v—1
At the level of coefficients of T we conclude that pV,, + > V,0"(cv—u) = X, + px,, where z, € Ok.
pn=1

v—1

v—1
Which means that X, — >~ V,0%(c,—,) € mk, therefore V, =z, +p~ ! [ X, — > Vot (cv—p) | is
p=1 pn=1

well defined. This ends the construction of v;, and hence ends the proof of the fact that for all ¢ > 1,
there are bgl),...,bg) € Ok and a unit t; € 24 subject to (1), (2) and (3). We remark that since v;
does not have a constant term, then we must have ¢;;1 = 1 mod deg 1. The second congruence in (2)
shows that at any degree the sequence made of coefficients of the (¢;); is a Cauchy sequence, then by

the completeness hypothesis it converges. We then write t = limt; where at each degree the coefficient
1— Q0
of ¢ is just the limit of the sequence made of coefficients of the (¢;); at that degree. In the same spirit,
the first congruence in (1) enables us to define b, = limb&l) for all v.
1—00

In addition, let v < h — 1, since ¢, € mg, then from (1), bl(,i) € my for all 7, hence b, € mg, because
mp is a closed subset of Ox. Now for v = h, ¢, & my, then again from (1) we deduce that bgf) & my
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for all 4. But since mg is a neighbourhood of 0, there exists ig € N such that for all © € N, i > i

) (i0)

implies bg —bp € mg. Now if by, € mg, then b,”” € mg, which is a contradiction. Therefore b, Z mx.

ho h

The congruence in (3) implies that lim [t,u — (p + Zb(yl)T”)] =0, thus tu = p+ > b,T". The last
100 v=1 v=1

equality says that the constant term of ¢ must be 1, which means that ¢ is a unit in 2(4. O

2.3.6 Definition. Let F' be a one-dimensional formal group over Ok, we define the height of F' to be
the height of F' modulo mg.

The following lemma insures the compatibility of this definition with the strong isomorphism relation.

2.3.7 Lemma. Let F, G be strong isomorphic one-dimensional formal groups over O, we have

height(F') = height(G).

Proof. Put ¢ to be the strong isomorphism between F' and G, and let m > 0.

p(m + Urz) = o(F(z, [m]rz)) = Gle(z), p([mlFz)),

replacing = by o1 (z) we get

p([m +1]pe™ () = Gz, o(Imlre™ (),

We also have ¢([0]po~1(x)) = ¢(0) = 0. Therefore we must have ¢([m]rp~t(z)) = [m]gx. For the
rest of the proof, the computations are done modulo mg. Assume [p|px = 0 mod deg ph for some
h > 0. Then using the two congruences

@(x) = 2 mod deg 2, and ¢ ' (z) = = mod deg 2
we deduce that

[p]F(ga_l(a:)) = 0 mod deg ph, and ¢ ([p]p((p_l(:c))) =0 mod deg ph.

Which just means that [p]gz = 0 mod deg p". We can use the same argument to show that if
[plgr = 0 mod deg p" for some h > 0, then [p]rz = 0 mod deg p”. We deduce that F' and G
have the same height. O

Lemma 2.3 allows us to define height on Cl,, 0, (F).
From example 2.1.11, we see that height(F)=occ where F(z,y) =z + y.

The following proposition gives the expected classification of 1-dimensional commutative fromal groups
we aimed for.

2.3.8 Proposition. The strong isomorphism classes of 1-dimensional formal groups over Ok, of height
h

h (where 1 < h < o0) correspond bijectively to the special elements of the form u = p+ > b,T" where
v=1
b1, ...,bp_1 all belong to my but by, & my.
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Proof. We first point out that lemma 2.3 makes it legal to define height as stated in the proposition.
Here is the plan of the proof; We first of all show that any strong isomorphism class can indeed be
represented by such a special element u as stated in the proposition, and only by one such u, and lastly
we show that the degree of w is actually the height of the isomorphism class.

1. Let F be a representative of a class [F|, where F' is a one-dimensional formal group over O
with height as in the proposition, let f be the transformer of F', by proposition 2.2.16 there is a
special element u € 2y such that f is of type u. Thanks to theorem 2.3.3, [F] is identified with
[u]. If all the coefficients of w are in mg, then from lemma 2.3.5 there is a unit ¢ € 2; such that
vi=1tu=0p.

vxi=px*xi=0 mod mg,

then i is of type v, but u and v are associate, therefore from theorem 2.3.3 the formal groups
biult from f and i are strongly isomorphic, this means F' is isomorphic to the formal group

G(z,y) =z +y,

now from lemma 2.3, height(F)=height(G), but we have seen that height(G)=o0; therefore
height(F')=o0, but this contradicts the hypothesis of the proposition. Hence we can assume that

h
w is of the form uw =p+ > b,T" where by, ..., by_1 all belong to my but by, &€ mg. Now assume
v=1

h
[F] is also represented by another special element of the form v/ = p+ Zlb,’,T” where b/, ..., b,
v=
all belong to mg but b;l & mp, then u,u are associate, hence there is a unit t € 2A; such that
u = tu/, for the sake of degrees and from the fact that u and u/ have the same constant term,

we deduce that ¢t = 1, then u =/, and this end the first part of the proof.

2. Now take F' a representative of a class [F], where F is a one-dimensional formal group over
Og with height as in the proposition, let u be the unique special element as constructed above,

h
u=mp+ > b,T" where by,...,b,_1 all belong to mg but b, ¢ mg. We need to show that
v=1
h—1 h—1
height(F)=h. u=p |1+ S.b,T" | + b, T", put t := 1+ > b,T a unit in Ay, then
v>1 v>1

t7Yu=p+ b T = p+ b, T" + ( terms of degree > h).

We write it by u/ := p+ by T" 4 .... Set I = (pu'~!) * 4, we know that [ is of type v/, then by
theorem 2.2.10, L(z,y) = I *(I(x) + I(y)) is a formal group over Ok with transformer u/; we
also know that w and v’ are associate, then from theorem 2.3.3, the formal groups F and L are
strongly isomorphic. Hence height(F)=height(L). To complete our proof, we are left to show
that height(L)=h. For m € N,

[mlpx = L(x,[m—1]px)
= Y Ua) + U(jm = 1))
= "' (l(z) + 1ol (I(x) + I([m — 2]1x))) , we have applied the second equality
= 17Y2l(x) + U([m — 2]Lz))

We keep applying the same argument repeatedly, and we reach to

[m]px = 17 (mi(z) + 1([0]Lz)) = I~ (mi(x)).
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In particular for m = p, [p]rz = [~!(pl(x)). Then to complete the proof we just show that the

order of I~ !(pl(x)) modulo my is p*. Write w/~! = 3" a,T", from the equation u/u'~! = 1 we
v>0
deduce that
ap=p ', a, =0 for all v between 1 and h — 1, pay + bpo(ag) = 0.
The last equation gives aj, = —p~2by,. Hence pu/~' =1 — p~ 10, T" + ...
Then I(z) = ((pu/1) % i)(2) = 2 — p~bpi®" (2P ) + ... = 2 — p~ opa?” + ...
Now write I=!(z) = Y a,z", then from the equation [(I~!(z)) = z, which is equivalent to

v>0
h

I7Hx) — p~ton (171 (2))P" + ... = x we deduce that :
ap =0, a1 =1, ag = ... = a,n_y =0, a,n —p_lbhal =0,

the last equality gives a,n = p~tby. Therefore 7! (z) = +p_1bhxph =+ ..., Then

h

p
I~ (pl(z)) = pl(a:)—i—p_lbh(pl(x))ph +..= (p:): B ) +ptby (px — bpa?" + ) +...

Therefore modulo mg, —bhzz:ph is the term with the least degree, this just means that the order
of I (pl(z)) modulo mg is p".



3. p-adic periods : The one-dimensional case

In the previsous chapter, we have given a classification for one-dimensional commutative formal groups,
in the present chapter we give a construction of the p-adic period map. We start by giving a construction
for the Tate module attached to a one-dimensional formal group, for this part the main references used
are [9], [10] and [13]. Then we briefly review general results about the rings Byr and Be,is for which
we have used [12] and [2] for results about Witt vectors, and [8], [5], [6] for notions on the rings Byr
and Bgr;s. We conclude this chapter by giving a construction for the p-adic period map due to Colmez,
and for this we mainly use [7]. Unless otherwise specified, F' is a commutative one-dimensional formal
group over Ok of finite height h; K is a local field unramified over Q,, Ok and mg are respectively
its ring of integers and its maximal ideal, we normalize the valuation on K, so that v(p) = 1. C, is
the p-adic completion of @p. Finally, o is an endomorphism of K such that o(z) = 2P mod mg for all
r € Ok.

3.1 The Tate module for a one-dimensional formal group

Let K be an algebraic closure of K, write O for the integral closure of O over K. Put m = {x €
K, z is not invertible in Ox}. 0 € m. Let x,y € mand a € Ok

e Then ax € O. Now if ax € Ok™, then there is u € O such that uax = 1, therefore x € Oy,
but this is a contradiction, then ax € m

e Assume x +y &€ m, there is u € O such that u(x +y) = 1. Let L be a finite extension of K
containing x,y and u, they are then integers in L. Since O} C O™, then = and y do not belong
to O%, hence they belong to my. We still write v for the unique extension of v in L. We have

0=v(l)=v(u(z+y) >v@+y) >1

This is a contradiction, then = 4+ y € m. Therefore Ok is a local ring with maximal ideal m.

Let z,y in m, and L be a finite extension of K containing x and y, from the above we know that x and
y belong to my, therefore if F'is a formal group over Ok, the series F'(x,y) converges in Or. Since
the constant term of F'is zero, then F(z,y) € my C m. This raises an internal operation on m, defined
by z +ry = F(x,y). The following proposition makes this internal operation into an group law.

3.1.1 Proposition. (Corollary 1.5 of [13]) Let F' be a formal group over Ok, there is a unique formal
power series i (z) over Ok such that F(z,ip(z)) =0

The associativity and commutativity of 4+ come from that of F'. By definition of F', 0 is the neutral
element. By proposition 3.1.1, the inverse of an element € m is just ip(z). Be aware that ip(x)
actually belongs to m, indeed from the fact that F'(z,y) = x +y mod deg 2, we deduce that ip(x) has
a zero constant term. We write [n|z for  +p x +p ... +F ; x appearing exactly n times. And we will
denote this group structure by F(m) = (m, +p,0).

3.1.2 Example. For F(x,y) = x +y, we have [n]x = nz mod deg 2, then the torsion subgroup is null,
and F(m) is just the usual addition on m.
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It is a result from the book of Froehlich ([9]) that for all @ € m the equation [p]z = a has p" solutions
in m.

3.1.3 Remark. For all n € N we put F'[n] to be the set of n-torsion elements of F'(m). by commutativity
of F(m), we deduce that F[n] is a subgroup of F'(m). The equation [p]z = 0 has p” solutions, which
means that | F[p]| = p”, hence from the structure theorem for finitely generated abelian groups we have
that F'[p] is isomorphic to D...d pi%Z' where i1 + ...+ 4, = h and i; > 1 for all j. Since every

piZ
h
element of F'[p] is a p-torsiom element, then iy = ... =14, =1, hence F[p] is isomorphic to | lplz.
1=
h
3.1.4 Remark. We need to see by induction that F'[p"] is isomorphic to 1%' For n =1, it just
i=1
corresponds to the previous remark. Now let n > 1, assume that F[p"] is isomorphic to ﬁ.

i=1
Since F[p"*!] is a finitely generated abelian group, we apply the structure theorem. Then F[p"*!] is
isomorphic to ZIZ ®...0 wZv where 71 +... 414, = h and 7; > 1 for all j, we also have that i; <n+1

because elemts of F[p ”“] are p" ™! —torsion.

0 — Kerg, — Fp" 2% Flp"] — 0

is an exact sequence, where ¢, is the multiplication by p map. Kery, = F[p], then from

h
F[pn+1] 7,
@

h
we deduce that i; > n + 1 for all j, then F[p"T!] is isomorphic to @ﬁ
i=1

3.1.5 Remark. Consider the absolute Galois group G' = Gal(K/K) of K, take g € G, then for all
r,yem, g(z+ry) = g9(F(x,y) = Fg9(x),9(y)) = g(x) +r g(y), the second equality holds due to
the fact that F' has coefficients in K, which is the fixed field of G. Hence the restriction of g in m
is an endomorphism of F'(m), also for all n € N, g([n]z) = [n]g(z). In particular for all x € F[p"],
g(x) € F[p"]. This therefore defines an action of the absolute Galois group of K on each of the F[p"].

We have now gathered enough tools to give the construction of the Tate module of F'.

For all n > 1, the maps F[p"t!] 22 F[p"] as defined above give us an inverse system of abelian groups
(F[p" ]a@n)nzr

3.1.6 Definition. The Tate module T),(F') of F is defined to be the projective limit of the inverse
system (F[p”],gon)nZl

Set theoritically, T,(F) = {u = (un)n>1, foralln > 1, [p"u, = 0, and [pJup4+1 = up}. Since
F[p®] = {0}, then we can still view T,(F) as

Tp(F) = {u = (up)n>0, forall n >0, [p"|u, =0, and [plupt1 = up}

of course we see that ug = 0. From the universal property of the projective limit, we have canonical
maps 7, : Tp(F') — F[p"] defined by m,(u) = uy, the n-th projection.
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For all n, the equality [p|lun+1 = u, translates the fact that m, = ¢, o mp4+1. The projective limit
functor is left exact and commutes with finite direct sums, then

h h h
A A A
TF) = lmFlp") = imD 57 = Piim 7 = B2

Then T,(F) is a free Z,-module of rank h. We have seen in the previous remark that Gal(K/K)
naturally acts on each F[p"], we can then extend this action to T},(F') by continuity. More precisely
for all g € Gal(K/K), for all u € T,(F), g(u) := (g(un))n. Therefore T,(F) is equipped with a
continuous Galois action.

3.2 General facts on the rings B;i, B..;s and the ring of Witt vectors
over a DVR

Before we can get to the construction of p-adic periods, we first have a quick glance on the ring W(R)
of Witt vectors over a DVR, by recalling general facts about it, a detailed exposition about this topic
can be found in [2]. We assume R is a DVR of characteristic p and perfect. Most of what we will
say here remains true for a non DVR ring. Set x = (29, 1,...) be an indeterminate, also consider the

n . n—i
polynomial @, (z) = > p'z?  for all n > 0. Finally we consider the map
i=0

®: RY — RN
taking a = (ag, a1,...) to (®o(a)), ®1(a),...).
By induction we see that
D11 (z) = Py (a?) + p" a1, forall n >0,

where z? stands for (25, 2%,...). We also note that ®,,(z) only depends on the n + 1 first coordinates
of x, therefore we can write ®,,(zg,1,...,x,) instead of ®,(x). The main result is the following
proposition.

3.2.1 Proposition. [12] There are sequences of polynomials,
(Sn(,9))nz0, (Pa(,9))nz0 € Z[z,y]", and (In(z))nz0 € Z[2]",
unique such that :
Sn(x,y) € Zlzo, ..., Tn, Yo, - - - Yn), and Ln(So(@,y), ..., Sn(@,y)) = Pn(z) + Puly) (1)

P (z,y) € Z[xo, ..., Tn,sYo,---,Yn), and & (Po(z,y), ..., Pu(z,y)) = @p(2)Pn(y) (2)
In(z) € Z[xo, ..., zy], and @, (Io(z),..., [(x)) = —Dp(z) (3)

3.2.2 Example. Replacing n by 0 in (1), (2) and (3), we get
So(z,y) =0 +yo, FPo(x,y) =zoyo, lo(x)=—-z0 (4)

Then by induction we compute the polynomials for all n.
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In the previous example, relation (4) inspires definitions of laws in RY by means of the polynomials
Sy, P, and I,,. Then let a,b € RY, put :

a4+ b= (5(a,8)nz0, b= (Pa(@,b))nz0; —a = (In(a))nzo.
We have the following proposition from [12].

3.2.3 Proposition. R endowed with the three operations previously defined is a commutative ring
with zero element (0,0,...) and unity as (1,0,0,...), it is called the ring of Witt vectors over R and
denoted W (R). Furthermore the map @ is a ring homomorphism from W(R) to RY, where RN is
equipped with his natural structure of ring.

We also recall that for all a € R, [a] := (a,0,0,...) € W(R) denotes the Teichmueller representative
of a. and for all b € R, [ab] = [a][b].
For all n > 0, put Fi"W(R) = {a € W(R),ap = a1 = ... = ap—1 = 0} C W(R). This defines a

filtration on W(R), with Fil'W(R) = W(R).
W, (R) = W(R)/Fil"W(R) is the ring of Witt vectors of length n.

3.2.4 Remark. Consider the map f : R — Wi(R) defined by f(a) = [a]+Fil'W(R). fis mulplicative
due to the multiplicativity of the Teichmueller. Let ag, by € R,
flag+by) = Jag+ bo] + Fil'W(R)
= (Sn([ao], [bo]))nz0 + Fil'W(R), because (Sn([ao], [bo]))n>0 — [ao + bo] € Fil'W (R)
= (lao] + [bo]) + Fil'W(R)
= flao) + f(bo)

Therefore f is a ring homomorphism which is obviously surjective. Moreover, if f(ag) = 0, then
[ag) € Fil'W(R), which just means that ag = 0. Hence f is a injective. We conclude that W;(R) ~ R.

We end this subsection on Witt vectors by recalling that any a = (ag,a1,...) € W(R) can be written
as
=Yl
n>0
We point out that since R is perfect then the element aﬁin exists.

For the rest of this chapter R will be the ring
R={(z™),>0, foralln >0, 2™ e Oc,, and (x(”+1 ) =z}

where addition and multiplication are defined as follow : for all z = (z(™),5¢ and y = (y™),>0 in R,

) = im (2l <n+m>)”m (1) — () ()
(z+y) im (@ +y , and (zy) Myt
We recall that R is perfect and that the map vg(z) = v(2(?)) endows R with a structure of a complete
valuation ring of characteristic p. Therefore R satisfies the hypothesis under which we have stated the
above results about Witt vectors.
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In the sequel we use the ring of Witt vectors W (R) with R stated as above, and we recall the construction
(due to Fontaine [8]), of the rings Bqr and B.is. Set 0 : W(R) — Oc, the surjective homomorphism
defined by

O(x) = Zp"x%"), where © = (x("))nzo,
n>0

for which the kernel is a principal ideal. We put Kerf) = £. We can extend 6 to W(R)[p~!], by setting
O(p~"z) = p~"0(z) for all z € W(R), for all n € N. We still denote it by . This makes 6 into
a surjective homomorphism from W (R)[p~!] to C,, with a kernel the principal ideal of W (R)[p~!]
generated by ¢. Let I be a proper ideal of W (R)[p~!] such that (¢) C I, then by surjectivity of 6 we
have that 6(I) is an ideal of C,,. Hence §(I) =0 or C,. But if §(I) = C,, then

W(R)p=0710() =1+ () =1,

which is a contradiction, whence 6(I) = 0, this just means that I C (£). We conclude that (§) is a
maximal ideal of W(R)[p~!]. In addition, assume that &" = 0, then Kerf) C 1/(0). Since C, is a

field, then 1/(0) C Kerf. Then (§) = \/(0) = () P. This means that (£) is the unique maximal
P prime
ideal. This is a contradiction because (0,1,0,0,...) is not invertible, but it does not belong to Kerf.
The conclusion is that £ is not a nilpotent element. Put B, = limW (R)[p~']/(£") the completion of
(_

W (R)[p~'] with respect to the (¢)—adic topology. We extend 6 by continuity to B:{R, which we still
denote by 6. Then BjR is a complete valuation ring, with maximal ideal Kerf and whose residue field
is C,. This gives a filtration Fil"B}, = (Kerf)™ of B,.

Bgyg is the fraction field of B;R. Since € € FillB;“R, then in particular Byr = BjR[g_l].

Since (€)™ = 0, then the canonical map from W(R)[p~!] to B}, is injective. Therefore W (R) and
W (R)[p~'] can be identified to subrings of B}p.

It therefore makes sense to consider the subring Ajnf i of B;R generated by W (R) and Ok

. . n
We also recall the subring A.,;s of B;R whose elements are the series > xn% where (z,,), converges
n>0 )

to 0 for the p-adic topology of W (R). We put B . = A..s[p~!], so that Bl . C B:er-

cris cris

Following the same idea, we put A..;s  to be the subring of B;R generated by A..;s and Og. Since
K is unramified over Q,, then B;Cis = ACMS,K[p_l].

3.3 Construction of the period map
In this section, we try to give a detailed exposition of the proof of ([7], proposition 3.1) due to Colmez.

We then split it into many steps.

We use w = a(z)dz to denote a (closed) differential form over K, where z is an indeterminate and
a(z) € K[[z]]. Since K is of characteristic 0, then from lemma 1.4 ([10]), there is a unique F,, € K[[x]]
such that dF,, = w and F,,(0) = 0. Put F? for the formal power series defined by

Fo(z,y) = Fu(F(z,y)) — Fu(x) — Fu(y) € K[z, y]].
For the rest of our exposition, we will need to consider the following sets :

Qp = {w differential forms over K such that F2 = 0}
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& = {w differential forms over K such that there exists r € N, p"F,, has coefficients in Ok}
02 = {w differential forms over K such that there exists 7 € N, p"F?2 has coefficients in Of}.

By the linearity of the differential and the unicity of F,,, we deduce that if w’ is another differential form
over K, and A € K, then F\, ,» = AF, + F,/. In particular the sets 2, Q2% and QQF are K-vector
spaces. It is also straight that both €2 and Q% are subspaces of QQF It then makes sense to consider
the quotient K-vector space D(F) = Q% /Q%.

D(F) is equipped with the action ¢(w) = w?(zP), where w? stands for the differential form over K
obtained from w by applying o at any of the coefficients of w. ¢p(Aw + w’) = c(N)p(w) + P(w’). Then
the action is o-linear.

There is a canonical Frobenius action on W (R) taking (), to (25,),. Extending this by continuity we
have a Frobenius endomorphism ¢ of B . .

If we Q% then there exists » € N such that pTFﬁ has coefficients in Ok, therefore by definition of Ff)
there is an interger s > r such that p°w has coefficients in O. Moreover we have the following lemma.

3.3.1 Lemma. [7]

1. Let z € Ajns i such that the p-adic norm of §(x) is les than 1, then F,([p]z) —pF.,(z) € p~°Ajnf k-
Where [p|x stands for the multiplication by p with respect to the formal group F'.

2. There is a fixed interger ry such that for all y :
y—x € Ains.x N Kerf implies F,(y) — F,(x) € p~ ¥ "0 Apis i

3.3.2 Lemma. For all w € QF, for all a € W(R), p(F.,(a)) = Fy(,)(a)

Proof. Since w € 0%, then by linearity we can assume without lost of generality that w has coefficients
in OK
d(Fy(w)(x)) = d(w)(z) = w7 (2¥) = d(F7 (")),
we also have
d(p(Fu(x))) = d(F7(e(x))) = d(FL(2?)),

the first equality comes from the fact that ¢ is an endomorphism, and the second equality comes from
the fact that F, has coefficients in K. Finally ¢©(F,(0)) — Fy(,)(0) =0 O

We recal that since W(R) can be identified with a subring of A5, then Ajqy¢ i is viewd as a subring
of Acris,K-

3.3.3 Proposition. Let w € 02, u = (up)n € T,(F) with ug = 0, by the surjectivity of 6, for all n. > 0,
write u, = 0(u,) where U, € Ajnfx. Then the sequence (—p™F, (1)), converges in B;is. And the
limit depends only on u and on the class of w in D(F).

Proof.

—

" Fy (i) = (=p" Fu () = = [p" (=pFu(tns1) — Fu([plin1)) + p" (Fu([plins1) — Fo(tn))]

from lemma 3.3.1 :

—

—pF(tnt1) — Fu([pluni1) € p"° Ainf i -
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Again from lemma 3.3.1 :

—

Fw([p]un-l-l) - Fw (ﬂ;) € pn_s_mAcris,Ka

because O([p|tn+1) = [Plunt1 = un = 0(Ty). Then since Ainsx C Acris,x We have that :

_pn+1Fw (U/TLE) - (—pan(I/L;)) € pn_s_mAcris,K - pnB+

cris

+

therefore (—p"F,(un))n is a cauchy sequence in B, .. for the p-adic topology.

e we show that the limit of (—p"F,,(u,)), does not depend on the chosen sequence (u,),. For all
n >0, let v, € Ajnf i such that u, = 6(v,,). Then 6(u,—v,) = 0, hence u, —v,, € AinsxNKerb,
then from lemma 3.3.1, F,,(uy,) — Fi,(0n) € p~ 5 0 Agris, ik C Bjm-s, hence p" F,,(ty,) — p" Fi(0n)
converges to 0 in B

cris”

e Now we show that the limit of (—p"F,(uy,)), only depends on the class of w in D(F). This
amounts to showing that if w € Q%, then (—p"F,(u,)), converges to 0. Since w € Q%, there
exists r integer such that p"F, has coefficients in Ok, then

—p"Ey(Un) = —p" " Fu(tn) € P Ainfic C " Acris.ic C p" B

cris’

which shows that (—p™F,,(u,)), converges to 0.
O

Thanks to proposition 3.3.3, the limit of the sequence (—p"F,,(uy,)), depends only on u and the class
of win D(F), if we write [ w this limit, then this defines a map

P: D(F)xT,(F) — B,,, by P(w,u) = /w

U

P is called the period map.

3.3.4 Proposition. Let w € Q% and u € T,(F)

1. The map P is bilinear

2. Ifwe Qp then [ we Fil'Bj,

3. Forall g € Gal(K/K), g(f, w) = fg(u)w.

Where g(u) is the result of the action of g on u. This says the map P commutes with the action
of the absolute Galois group.

Proof. We split the proof into three parts.

1. Since F, . = F,, + F, then we get the linerity with respect to w.
_pan(F(ﬂ;v ﬁ;,)) - (_pan(@» - (_pan(@/)) = _pan(ﬂ;)7 @)/) € pnirAcris,Ka

then this sequence tends to 0, the belonging relation is due to the fact that w € Q% Furthermore,
O(F (tp,uy')) = F(u,u’). Therefore we deduce that Jrwayw = Juw+ [
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2. If w € Qp then for all n, we have by induction on m that F,([m]u,) = mF,(uy). Hence
0= F,(0) = Fu([p"lun) = p" Foy(un)
This says that F,(u,) = 0, then
O(F. (i) = Fu(6() = 0.

This means that F,,(,) € Ker. We deduce that —p"F,,(u,) € Fil' B}, which is closed, then
[, w € Fil'B,.

3. Since g € Gal(K/K), then by definition of Aing, x we have g(u,) € Ains i also
0(g(un)) = 9(0(un)) = g(un);

which according to the action is the n-th component of g(u), then
lim —p"F,(g(u,)) = / w.
" g(u)

g(F,(u,)) = F,(g9(un)), because F,, has coefficients in K which is the fixed field of Gal(K/K).
Since the action is continuous, then

g(|i7rln —p"F,(un)) = “;n — p"Fu(g(tn)).

This just means that g( [ w) = fg(u) w.

The next proposition shows that the period map is compatible with the Frobenius action.

3.3.5 Proposition. Let w € Q% and u € T,(F), then ¢([ w) = [ ¢(w).

Proof. Take any y, € R such that yg)) = Up, set :

Up = [yn] € W(R) C Aintx

which is the Teichmueller representative of y,,. Since only the first component of 1, is possibly nonzero,
then algebraic operations carried on w,, apply exactly as when they are carried on y,,, whence F,(u,) €
Ainf.i¢, because w € Q%. Now from lemma 3.3.2 ¢(F,(uy,)) = Fy()(tn), hence

P(=p"Fo(Un)) = =" Fyw) (Un)-
Taking the limit, and considering the continuity of ¢, we deduce that ([ w) = [ ¢(w). O
We recall that T,,(F') is a free Z,-module of rank h, where h denotes the height of the formal group

F. Thanks to the finiteness of the subgroups F[p"]), T,,(F) is a profinite group; we have even more,
T,(F') is a pro-p-group.

Since the height is an invariant of the strong isomorphism class, then if two formal groups F' ang G are
strongly isomorphic, their respective Tate module are ismorphic.
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More precisely : If ¢ is a strong isomorphism of formal groups from F' to G over the integers, then for
all n >0, it induces an isomorphism

Y Flp"] — G[p"],
Then by the universal property of projective limit, this induces a canonical isomorphism
Tp() : Ty (F) — Tp(G).

T,(—) defines a functor from the category of commutative one-dimensional formal groups to the re-
strictive category of profinite groups.



4. Conclusion

The main purpose of this project was to study commutative one-dimensional formal groups over a p-
adic integer ring in order to understand p-adic periods attached to it. We have started by studying
n-dimensional commutative formal groups for a complete unramified field equipped with the Frobenius
action, we obtained exposed a technique for explicitely computing formal groups by the means of special
element and transformers, we have also characterized homomorphisms of formal groups, and deduce a
classification of commutative one-dimensional formal groups over a p-adic integer ring via the height,
which is an invariant of the strong isomorphism class for a formal group.

We recall that the construction of a formal group was as follow : if we consider a special element w,
thatis u=p+ > ¢, T”, where ¢, are integer over our local field, and put

v>0
put = ZbyT”,
v>0

then write

f(@) = ((pu™) i) (@) = Y ba?”,

v>0
finally put
F(z,y) = [~ (f(2) + f(y).

Then F has integer coefficients, and it is a formal group over the integers.

as for the classification, we have seen that for a strong isomorphism class of a given height equal to h
(nonzero and finite), this isomorphism class can be identify with a unique special element of the form

h
u=p+ > b,T" where by,...,b,_1 belong to the maximal ideal mg and by, is an invertible integer.
v=1
We have also recalled a precise method of constructing the Tate module attached to a one-dimensional

formal group, and noticed that this Tate module is actually attached to the strong isomorphism class
of the formal group.

Then the Tate module is another invariant for the strong isomorphism class of the formal group. There-
fore at some extend, the p-adic periods map computed for a given one-dimensional group is the same
as when computer for any other one-dimensional formal group in the same strong isomorphism class.
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