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Chapter 1

Introduction

A central question in the arithmetic of plane algebraic curves is deciding whether a
given curve defined over a number field K has finitely or infinitely many K-rational
points, especially QQ-rational points in this work. Restricting to smooth curves, it
is reasonable to think that this problem depends first on the degree of the curve,
assuming that the curves have equations with coefficients in Q.

1. A degree one projective curve is a line in the projective plane, so it always has
infinite Q-rational points.

2. A degree two projective plane curve is called a conic. In this case, it is easy to
prove that if it has one point, then it has infinitely many points; in particular,
it is isomorphic to a projective line.

3. A degree three projective curve C'is a cubic. If C' is smooth, then the curve
is not rational and the criteria for distinguishing the ones with finitely many
points from the ones with infinitely many rational points are still conjectural
in many cases. These curves define the family of elliptic curves.

4. A smooth curve C' with degree greater than three always has geometric genus
g(C) > 1, see [GH94, The genus formula, pg. 220-221] for a proof. Then, by a
conjecture of Mordell, now called Fualtings’s Theorem, by Gerd Faltings, who
proved it in 1983, all curves defined over Q with genus greater than one have
only a finite number of Q-rational points.

The aforementioned conjectural criterion for an elliptic curve E is the Weak Birch
and Swinnerton-Dyer conjecture. This conjecture relates the rank of the group
of Q-rational points of the elliptic curve to the order of the vanishing at 1 of a
complex-valued function L(FE,s), called the Hasse-Weil L-function, built by gluing
local information of E. However, following the definition of L(FE, s), it was not clear
whether the function was defined in s = 1. Thus, the problem of the existence
of the analytic continuation of the Hasse-Weil L-function became crucial for the
well-posedness of the conjecture. Now, we know that if F is defined over Q then
L(E, s) extends to a holomorphic function defined on all the complex plane, where
s = 1 is the point of symmetry of the functional equation, as a consequence of the
Modularity Theorem, proven by by Conrad, Diamond and Taylor, based on the work
of Wiles. So, the general result was known to hold only in 2001, but at that time
the problem was already solved for some special curves.



Historically, the first families of elliptic curves whose L-function was known to
be entire are the following: , \

Gn.y2 x3 nw (1)

E" :y* =2" +n,
where n € Z and n # 0. For such curves, one can proceed by directly computing
the local information as described in [Kob93, Chapter II]. Afterwards, this result
was reinterpreted as a consequence of the theory of elliptic curves with complex
multiplication.

An elliptic curve F, defined over a field of characteristic zero, has complex mul-
tiplication if its ring of endomorphisms End(FE) is larger than Z. In such cases, the
additional structure gives rise to a rich and fascinating theory, where geometry, anal-
ysis and algebra intersect. As a consequence of this theory, the local information of
an elliptic curve with such properties acquires more regularity and this finally leads
to the analytic continuation of L(F,s) and to an elegant functional equation.

The aim of this work is to demonstrate the analytic continuation and the func-
tional equation of an elliptic curve, with associated Weierstrass equation with coeffi-
cients in Q, with complex multiplication by the full ring of integers of an imaginary
quadratic extension of (. We will develop the basic theory of complex multiplica-
tion following mainly [Sil09] and [Sil91] to conclude with the aforementioned results
by a natural generalization of the arguments presented in [Kob93, Chapter II]. The
above restrictions play an important role, simplifying many arguments and making
the treatment of the subject more elementary while exhausting the problem for a
family of curves which is a natural extension of the ones described in (I.1).

In the next chapter, we will define and study the main geometric objects of this
work, hence varieties and elliptic curves. Furthermore, we will focus on isogenies
following the treatment of [Was08], the main reference for [Sut17a] and [Sut17b].

In the third chapter, we will deal with the elliptic curves defined over C and
their relationship to complex tori, following [Mir95]. This connection will enable us
to prove many properties of such curves, culminating in the characterization of the
endomorphism ring End(E).

In the fourth chapter, we will develop the associated algebraic theory and in
particular we will study the properties of the reductions of elliptic curves with respect
to a prime p, generalizing and making explicit the results proved in the previous
chapter.

In the fifth chapter, we will use the theory introduced before to obtain the local
information associated with such elliptic curves, proving the Weil conjectures in
such cases and treating the cases of “bad reduction”. The regularity of the local
information and the proof of the analytic continuation and of the functional equation
will be discussed in the last chapter.

Finally, we will develop, in parallel with the general theory, the examples of
the curves of the form (I.1), where their special structure allows for more direct
computations, which are presented in §V.3 and §VI.3.
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IT.1. Algebraic Curves

II.1  Algebraic Curves

We fix the setting of this work.

Definition II.1.1. The Affine n-space over the field K is the set of n-tuples
A"K) ={(z1,...,2,) | x;i € K}.

Given z € A"(K), z; is said to be the i-th coordinate of x.

Definition I1.1.2. The Projective n-space over the field K is the set

_ A™H(E)\ {0}

Y

P (K)

where v ~ y <= d A € K* such that z; = Ay;, for every 0 < ¢ < n. The
equivalence class of (zg, 1, ..., T,) € A" (K) is denoted by [zg, 1, ..., z,] and the
single x; are called homogeneous coordinates for the corresponding point in P"(K).

Now we focus on the objects of algebraic geometry. In particular, the follow-
ing definition establishes a connection between algebraic objects, represented by

polynomials, and geometric objects, represented by subsets of A"(K) or P*(K).

Definition II.1.3. Let K[z] = K[Xj,..., X,] be the polynomial ring in n variables,
and let I C K[X] be an ideal. The affine algebraic set associated to [ is:

Vi={PecA"(K)| f(P)=0Vfel}.

Moreover given V' C A™(K) the ideal generated by S is:
IV)={fe K[X]|f(P)=0VP eV}

Similarly let K[X], = K[Xo,..., X,]s denote the set of homogeneous polynomials
in n + 1 variables. We write I C K[X];, if we can choose generators of I that
belong to K[X],. So we can define a projective algebraic set associated to the ideal
I C K[X];, and we can define the ideal 1(S) C K[X], generated by S € P*(K).

Remark I1.1.4. By the Hilbert Basis Theorem, each ideal of K[X] is finitely gen-
erated, hence finding the related algebraic set is equivalent to finding the zeros of
a system of polynomial equations over an algebraically closed field, a much more
familiar problem.

The next theorem measures, for any ideal I, how far this connection is from
being an equivalence.

Theorem II.1.5 (Hilbert Nullstellensatz). Let I € K[X] be an ideal. Then
(Vi) = V1
where T ={f € K[X]| f* € I, for somen € N}.

Remark I1.1.6. We note that if the ideal I = P, P,... P, C K[X] is a product of
distinct prime ideals, then /I = I, so that I (V) = VI = 1. As a consequence, we
can consider I or V; without losing information. Moreover V (I) = |J;—, V/(P;). This
means that the decomposition of the ideal into distinct factors corresponds to the
decomposition of the algebraic set into the union of distinct algebraic sets.

Chapter 11 6



IT.1. Algebraic Curves

Definition I1.1.7 (Variety). An affine algebraic set V' is called a (affine) variety if
the ideal I(V) C K[X] is a prime ideal. Similarly, a projective algebraic set V' is
called a (projective) variety if the ideal I(V)) C K[X];, is a prime ideal.

From the perspective of diophantine geometry we are interested in studying the
points of a variety, hence by the above remark limiting to the prime ideals is not a
real restriction. Moreover, instead of looking at the variety over algebraically closed
fields, it is also interesting to look at it over smaller fields.

Definition I1.1.8. A variety V' is defined over K if there exist generators f; € K[X]
of I(V). We denote it by V/K. Moreover, if V' is affine and defined over K, we
define the K -rational points as

VK] =V nA"(K).

Similarly we define the K-rational points for a projective variety with the convention
that [zo,...,z,] € P*(K) if (3,..., %) € A"(K), for some 0 < i < n such that

Remark I1.1.9. We stress that even if a variety V/K is defined over K the points
of V lie in an algebraically closed field extension of K.

Remark II.1.10. Historically, (x,y) and (z,y,z) are the oriented basis for the
affine spaces A%(K) and A3(K). So, given a point P € A%(K) or P € A3(K), we
will denote its first coordinate by P, or xp, its second coordinate by P, or yp and,
if P € A3(K), its third coordinate by zp or P,.

Example II.1.11. Let (y) C C[z,y, 2] be an ideal. Then V(,, = {P € A*(C) | P, =
0} is an affine variety V, because by Theorem II.1.5 the ideal I(V) = /(y) = (v)
is irreducible in a UFD, hence prime. In general a variety generated by a proper
principal ideal, i.e. generated by a single polynomial of non-zero degree, is called a

hypersurface. The variety V is also defined over (Q and we can look for its rational
points, which are V[Q] = {(a,0,c) € A*(Q) | a,c € Q}.

Next, we focus on a subfamily of the varieties we defined.

Definition I1.1.12 (Plane Algebraic Curve). A variety V/K is called a plane alge-
braic curve if it is a hypersurface in P?(K) or A%(K).

A hypersurface V' is generated by (f) = I(V'), where the polynomial f is unique
up to an invertible element of K |[x] and hence a constant. For this reason, we will
define the variety V' by the polynomial f.

Definition I1.1.13. The degree of a plane algebraic curve V/K is the degree of the
polynomial f € K{z|, such that I(V) = (f).

Remark I1.1.14. So far, we have stressed the similarity between affine theory and
projective theory. In fact, given a projective variety V', we can associate with it
its affinization V¢ with respect to a hyperplane H C P*(K), V ¢ H, which is an
affine variety. Furthermore, given an affine variety V; we can associate with it its
projective closure V1, again by fixing a hyperplane in H C P"(K). If such operations
are done with respect to the same hyperplane, then they are one inverse of the other
for a variety. This result tells us that we can pass from the affine to the projective
description of a curve and vice versa, losing only a finite number of points, i.e. the

ones in V N H.
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I1.2. Algebraic Maps

If we move to the study of the points of a plane algebraic curve, we can divide
them into two classes.

Definition II.1.15. Given a plane algebraic curve f € K[X], a point P € V() is
singular if and only if

V(P)=0

where V,f(P) = % is the vector of formal derivatives with respect to z;. A point
P €V is smooth if it is not singular. A variety is smooth if it has no singular points.

Now, let’s state a useful application of the smoothness condition, which will be
useful later to prove that some algebraic sets are varieties.

Proposition I1.1.16. Let f € K[X], be a polynomial such that Vf(P) # 0 for

every P € P"(K). Then Vi) is a projective variety.

Proof. Since K[X] is an UFD, it is enough to show that (f) is irreducible in K[X]
to show that (f) is prime. Assume, by contradiction, that f = gh with g, h € K[X],,
and deg(g),deg(h) > 1. Then by the Bézout Theorem, see [Wal00] for a proof, the
set C'= Vi) NVy # 0. As a result, if we fix a point P € C, then g(P) = h(P) =0,
so that

VF(P) = V(gh)(P) = Vg(P)h(P) + g(P)Vh(P) = 0.
This is the contradiction. O

I1.2 Algebraic Maps

So far we only presented the algebraic objects, now we look at the algebraic functions
associated.

Definition I1.2.1. Given an affine variety V/K the coordinate ring is the ring
KX]
KlV]|=—-—"757-+=.
V] (V)N K[X]
Similarly if V/K is a projective variety the coordinate ring is the ring
K[Xo, ..., X,)
IVYNK[Xo,...,X,]

Remark II.2.2. With the above definition we are simply identifying two polyno-
mials if and only if they are equal as functions from V to K.

K[V] =

Since I(V') is prime, the coordinate ring is always a domain. As a result, we can
consider its field of fractions K (V'), called the field of rational functions. In the case
of projective varieties, the field of rational functions K(V), is the subfield of the
field of fractions of K[V] whose elements have the form %, where the polynomials

f,g € K[V] are homogeneous and have the same degree.

Definition I1.2.3. Let Vi /K, V,/K be projective varieties. A rational map ¢ is a
map of the form

¢:Vi—=Va ¢={[fo,..., [u]
where the functions fo,...,f, € K(V1), have the property that for every point
P € Vi at which ¢(P) is defined then ¢(P) € V3. Moreover, if for each point P € V;
for which ¢(P) is not defined there exists g € K(V');, such that

Chapter 11 8



I1.3. Elliptic Curves

1. (9fi)(P) € K, forevery 1<i<mn
2. (gfi) # 0 for some i

then we define ¢(P) = [(gfo)(P),...,(g9fn)(P)] and we say that ¢ is a morphism.
We say that ¢ is defined over L if fy,..., fn € L(X).

Definition II.2.4. A morphism ¢ : Vi — V5 is an isomorphism if there exists a
morphism ¢! : Vo — V4 such that ¢~! o ¢ = idy, and ¢ o ¢! = idy,. If such ¢
exists, then Vi and V5 are said to be isomorphic. In particular, if ¢ is defined over
K, then V| and V5 are said to be isomorphic over K.

Remark I1.2.5. Consider a rational map of projective varieties ¢ : V3 — V5 and let
¢ =[fo,..., fa] with fo, ..., fn € K(V1),. There is an alternative way to describe the
map. In fact, we can multiply all the homogeneous coordinates by the denominators
of fo,..., fn to obtain the same map ¢ = [go, . .., gn], Where go,..., g, € K[V]] are
homogeneous polynomials of the same degree.

A morphism of affine varieties is defined by requiring that the projective closure
of the map, i.e. the homogenization of the rational functions that define ¢, is a
morphism for the projective closure of the affine varieties. As a result, any morphism
of affine varieties can be transformed into a morphism of the projective closure of
such varieties. In contrast, a morphism ¢ : V; — V5 of projective varieties can be
transformed into a morphism of the affinization of such varieties only if ¢(V;) € H,
where H C V; is the hyperplane with respect to we perform the affinization of V5.
Example I1.2.6. Let f = z31o — 23 — 2929 € K|[z1, 2, 73] be a homogeneous
polynomial. Just assume V(f)(P) # 0, for every P € P?(K). Then by Proposition
I1.1.16 V() = E is a smooth projective plane algebraic curve. In fact, E is a special
case of plane algebraic curves called elliptic curves. Focusing on its morphisms, we
see that F is defined over Q(i) and that over this field there is an isomorphism
¢ : E — E given by ¢ = [—xg,ix, 15|, with inverse ¢~! : F — E given by
¢~ = [z, —im1, 25]. For the affinization f¢ = y? — 23 — x, with respect to the
fundamental hyperplane Hs, the related isomorphism is ¢ = (—z,iy) and the inverse
morphism is ¢! = (—x, —iy).

Remark I1.2.7. We stress that two isomorphic varieties V; /K, V,/K are not nec-
essarily isomorphic over any subfield L C K. In fact, if the isomorphism ¢ : Vi — V4
isn’t defined over L then some L-rational points of V) could be sent to points not in
P?(L). That is the reason why for varieties V;/L and Va/L we will restrict ourselves
to the morphisms defined over L.

I1.3 Elliptic Curves

We begin our study of the elliptic curves.

Definition I1.3.1 (Elliptic curve). An elliptic curve is a pair (E,O), where E is a
smooth curve of degree three and O € E. A curve is defined over E, written E/K,
if F is defined over K and O € K.

We generally denote the elliptic curve by E or E/K, supposing that the point
O exists.
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I1.3. Elliptic Curves

I1.3.1 Weierstrass Form

The general equation for an elliptic curve may be quite complicated and long:

€9X12X2 + 60X§ + 61X12X0 + €2X1X§ + €3XOX1X2 + 64X1X22 =
= e5 Xp + e Xg X + er X0 X5 + ag X5,

However it turns out that in most cases an elliptic curve is isomorphic, as a variety,
to an elliptic curve with a simpler equation.

Proposition I1.3.2 (Weiestrass form). Let E/K be an elliptic curve. If the char-
acteristc of the field char(K) # 2,3, then the curve is isomorphic to a curve with
equation

X2X, = X3+ AXoX? + BX3.

This curve is the Weierstrass form of the elliptic curve.

Proof. We will suppose that any elliptic curve has an inflection point, we will not
show this, but one can see [Wal00, Theorem I11.6.4] for a proof. After a change of
projective basis, we can assume O = [0, 1, 0] to be an inflection point with tangent
X5 = 0 so that eg, e1, e = 0. Moreover, we can assume eg, e5 = 1 because the curve
is an irreducible cubic. As a result, we end up with a curve of the form:

X2Xo + a1 Xo X1 X + a3 X1 X3 = XJ + aa X3 Xo + ay Xo X3 + ag X5,
From now on we will consider the affinization of the curve with respect to Xs:
E%: y? + arzy + asy = 2° + axx® + aux + ag.

This is called the generalized Weierstrass form for an elliptic curve, and, as we have
shown, it exists for any field of definition K. Now, if char(K) # 2 then we can make
the substitution:

1
Y= 5(9 — a1r — as),
then
E® : y? = 423 + box® + 2byx + bg

where
by = a% +4ay, by = 2a4 + arasz, bg= a§ + 4ag.

Next, if char(K) # 3 we can make the substitution

xr—3by y
(x,y)H( % ,108),

which yields the final equation:

E°: y2 — 2% — 27cqx — Hdcg

with

cy = b3 — 24by, ¢ = —b3 + 36byby — 216bg.
All the maps we presented are linear and invertible, hence we built an isomorphism
of elliptic curves. [
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I1.3. Elliptic Curves

Remark I1.3.3. Given an elliptic curve E/K, the above construction shows us that
the Weierstrass form is not unique. However, all its Weierstrass forms are isomorphic
over K. Then from now on the Weierstrass form associated to an elliptic curve will
be simply one of such forms.

From now on, we will say that an elliptic curve E/K is defined over the ring R
if it has an associated Weierstrass form with affine equation y? = 23 + Az + B, with
A, B € R.

The Weierstrass form will simplify the study of these curves. In particular, we
start by presenting two interesting quantities that play a key role in the description
of an elliptic curve.

Definition I1.3.4. Given an elliptic curve E/K with affine Weierstrass equation
y? = 2® + Az + B, we define the discriminant

A = 16Disc(z® + Ar + B) = —16(4A% + 27B?)

and the j-tnvariant

_ (4A)3
— 178
JE 728 ;

Proposition 11.3.5. Consider char(K) # 2,3.
1. A curve given by a Weierstrass equation is smooth if and only if A # 0.

2. Two elliptic curves are isomorphic over K if and only if they have the same
j-invariant.

Proof. 1. First, we notice that the only point of the elliptic curve that is not in
the affinization of the curve is O = [0, 1, 0], which is smooth, being an inflection
point. Then, by Euler’s identity on homogeneous polynomials f of degree n:

of of of

nf=Xogye T Mgy T X

a point P ¢ H, is singular if and only if

95
X,

or

f(P)=0 5, (P) =0

(P)=0

This is true if and only if
o fa ofe
0 f

fUPY =0 =0 =0

We reduced the smoothness condition of a curve in Weierstrass form to

y? =2+ Az + B

2y = 0 (IL1)

d(z3+Ax+B) _

- =0
But MCD(f,f') # 0 <= [ has distinct roots <= Disc(f) = 0. Then,
since A = 16Disc(z® + Ax + B) and char(K) # 2, we conclude that E/K is
smooth if and only if A(E) # 0, char(K) # 2, 3.

Chapter II 11



I1.3. Elliptic Curves

2. An isomorphism between two elliptic curves yields an isomorphism between
their Weierstrass form, but the only isomorphism that preserves this form is

(x,y) — (u2$, u3y) u # 0,
with the new affine equation given by
E'y? =2 4+ Au'z + BuS.
As a result W2 (4A)?
AN =u?A g = —1728W =g

and this settles the first part. Now we have to show that two curves with
the same j-invariant are isomorphic. Given the two associated Weierstrass
equations

y2:x3—|—Ax+B y'2:x’3—|—A’:v’+B’7
the equality of the j-invariant is equivalent to

1728(4A4)  1728(4A')

= = A®B*= A*B"”.
16(4A4% +27B2)  16(4A% + 27B")

We distinguish three cases.

(a) The invariant jp = 0. Then the coefficients have the property that A =
A’ =0, so that the isomorphism is obtained with the above substitution

7\ 1

with u = (%)E.
(b) The invariant jr = 1728. Then the coefficients have the property that

N1

B = B’ =0, so that the isomorphism is obtained with u = (4)1.

(¢) The invariant jg # 0,1728. Then we set u = (AZ/)% = (%’)%.

O

Remark II1.3.6. We stress that the j-invariant completely describes the isomor-
phism classes over K. However, if we restict only to the isomorphisms defined over
a field K C K, there could be many more isomorphism classes. Consider, as an
example, an elliptic curve £/Q : y? = 23 + Az + B in Weierstrass form. Then the
curves E£/Q : y? = 2® + An*z + Bn3, with n € Z* square-free, are an infinite family
of elliptic curves with the same j-invariant but not isomorphic over Q. Except for
Jje = 0,1728, it turns out that these are all the additional isomorphism classes over

Q and are called twists of E/Q.

I11.3.2 The Group Law

After having introduced a normal form for the elliptic curves, we focus on the struc-
ture carried by the geometry of such curves. Consider an elliptic curve with an
equation with coefficients in K, then, by the definition, there is a K-rational point
O € E. A simple corollary of Bézout Theorem for algebraic curves states that:

Theorem I1.3.7. Given a projective plane algebraic curve C'/K of degree d, a pro-
jective line | intersects C' in d points, counted with multiplicity.

Chapter 11 12



I1.3. Elliptic Curves

The multiplicity of intersection, in general, is subtle to define, but in this case
it is simply the multiplicity of a point as the root of the homogeneous polynomials
obtained by substituting the equation of the line into the equation of the curve.
Now, consider two points Py, P, € E[L], for a field L O K. We would like to define
a geometric sum of these points, then, encouraged by Theorem I1.3.7, we define

Pl*szpg,

where the point Pj is the third intersection with F of the unique line passing through
P, and P, with multiplicity. This means that if P, = P, then we have to take the
tangent line of P, € E//K and if P, is an inflection point P, P, = P;. The operation
is stable in the following sense: since E has an equation with coefficients in K, it
turns out that the third point will belong to F[L] as well. However, the sum lacks
an identity, which is the reason why we had to fix a point O.

Definition I1.3.8. Let (£/K,O) be an elliptic curve with an equation with coeffi-
cients in K with a K-rational point O. Then given P;, P, € E/K we define:

P1+P2:O*(P1*P2).

Proposition I1.3.9. The addition structure of an elliptic curve (E /K, O) turns the
K -rational points of E into an abelian group. In particular:

1. O is the identity,
2. (O*O)*Pl :_P17

3. if we choose another K -rational point O' then (E/K,0) = (E/K,O") by the
translation:
TO/IP1I—>P1+O/.

Proof. We notice that the addition is obviously commutative; in fact, the difficult
part is establishing the associativity of this operation, see [Sil09, Prop I11.2.2¢].

1.O4+ P =0x%(0xP) =0 %P, =0 since the three points O, P, P, are
collinear.

2. (0x0)«x P+ P =0%(((Ox0)xP)*xP)=0%x(0x0)=0+0 =0 and
we conclude by commutativity.

3. First, 70/(0O) = O'. Now, we have to verify that given two points of the form
P—-0,Q—0, then P+ Q — 0O = P+'(Q holds. We rewrite the expression
as P+ Q = (P +' Q)+ O and we realize that it is equal to

(P+Q)+0' =0%(0'«x (0% (PxQ)))=0x(PxQ)=P+Q

since the points O', P x Q, 0" * (P % Q) are collinear.
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Remark I1.3.10. The proposition we just proved shows that the choice of the
base point O € E/K does not affect the structure of the group. Therefore, in
general, we will not specify this point supposing that it exists. However, if we have
a curve in the Weierstrass form, we will always choose O = [0, 1, 0], hence the point
at infinity. There are some reasons for this; the geometrical one is a question of
symmetry. Setting an inflection as the base point is convenient, since in this case
O x O = O and, as a consequence, the negation is obtained by —P; = O % P, so
that P+ Q = O % (P *x Q) = —(P % Q) which is equivalent to changing the sign of
the y coordinate of the affinization of P x (). For example, this will make it easier
to write some morphisms of elliptic curves explicitly.

Example I1.3.11. Given an elliptic curve F/K in Weiestrass form, the addition of
P = (z,,y,) and Q = (z¢,yo), two points in the affinization of the curve, is easy to

write. Set s = 2272  Then
Tp—xQ

{y2 =2+ Az + B {32x2—2xxp52+x2P32 =2*+ Az + B (11.2)

y=s(z—xp)+yp y=s(z—xp)+yp.
But we know that the roots of the last polynomial are xp, zg, zp.g. So that

2
—S§ = —Tp —TQ — TPxQ

and
TprQ = s% — ITp —TQ Yp+Q = S(IP - $P+Q) —Yp,

where we recall that zp,g = zp.g and that yprgo = —yp.g, since P+Q = O x (P =
Q)=—Px*xQ and O =[O :1: 0] is an inflection point.

I1.3.3 Torsion Points

Investigating the structure of the group F/K is first of all studying an abelian group.
An important property of an element of such groups is the following.

Definition I1.3.12. Let G be an abelian group. An element g € G is a torsion
element if it has finite order. Then we define G, = {h € G | |h| < o0} to be the
torsion subgroup of G.

This is the finite-order part of our group. In the same way, we could study the
infinite part.

Definition I1.3.13. Let G be an abelian group. Then rank(G) is the dimension of
% ® Q, the Z-module with Q coefficients, as a Q-vector space.

Remark I1.3.14. The definition is well-posed, since % is torsion-free and abelian.

Moreover, if G is finitely generated, then obviously ran(i;(G) < 00.
Now, we transfer these definitions to the elliptic curves.

Definition I1.3.15 (n-Torsion Point). Let (F/K, O) be an elliptic curve, n € N*.
Then the group of n-Torsion Points is:

Eln] = {P € E/K | nP = O}.
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Remark I1.3.16. We emphasize that Ero. = [J,cn E[n].

Example I1.3.17 (2-Torsion Points). Let £/K be an elliptic curve in Weierstrass
form with affine equation y? = 23 + Ax + B. We want to describe the points of
2-torsion. We first note that P + P = O if and only if P = —P and, looking at
the affinization, this means that P, = —F, = 0. Then the 2-torsion points have the
form [ : 0 : 1] with & the roots of 2® + Ax + B, which are distinct since Ag # 0.

Definition II.3.18 (Rank). Let E/K be an elliptic curve. Then rank(FE[K]) is the
rank of the abelian group of the K-rational points of the curve.

The following famous result implies that the rank of an elliptic curve is always
finite over Q.

Theorem I1.3.19 (Mordell’s Theorem). Let E/K be an elliptic curve defined over
Q. Then the group of rational points is finitely generated.

Remark I1.3.20. As a consequence rank(E[Q]) = 0 if and only if the curve has
finite rational points. Therefore, to distinguish the curves with a finite number of
rational points from those with an infinite number of rational points, the determi-
nation of the rank is fundamental. The theory we will expose builds a conjectural
bridge between the rank and other objects associated to the elliptic curve of simpler
evaluation.

II.4 Isogenies

Since the elliptic curves carry both the structure of an algebraic variety and of an
abelian group, it is natural to define a map for such curves in the following way.

Definition I1.4.1 (Isogeny). Let Ei/K, E5/K be elliptic curves. A map ¢ : B} —
E, is an isogeny if it is a morphism of varieties from F;/K to F5/K and a homo-
morphism of groups. An isogeny ¢ : Fy — F; is called an endomorphism.

Example I1.4.2 (Isomorphism). We have already met some simple isogenies. Let
E\/K, Ey/K be elliptic curves in Weierstrass form with affine equation given by
y? = 23 + Ax + B and y? = 23 + Au'x + Bu®, v € K*. Then the isomorphism
¢ : E1 — FE5 of the affine curves

o (x,y) — (aqu,yu?’)
is an isogeny:
L ¢(0)=¢([0:1:0))=[0:2:0]=[0:1:0]=0,

2. o(P+Q) = ¢(P)+ ¢(Q) since the map is linear and so preserves the projective
lines, hence it respects the geometric addition law.

It is an isomorphism since we can write the inverse isogeny ¢! : (z,y) — (%, %)
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Example I1.4.3 (multiplication-by-2 map). Let E/K an elliptic curve with affine
Weierstrass equation f : y* = 23 + Az + B and consider a point P = (zp,yp) € E.
We want to prove the sum P + P = 2P is an isogeny. Following the definition of
the geometric group law it’s enough to express the intersection of the tangent line
to P with the curve in terms of rational functions of xp, yp.

of B of B B
tr s G (P = 22) + S (P)y = ye) = 0
32 + A
tp:y:xg—(l‘—xP)nyP
Yp

Substituting in the equation of the curve we get:

(323 + A)? rp — 2Ar% — 8Bxp + A?
Top = —2zp = 3
4y2 4(xp + Axzp + B)

2% + 5Ax} + 20Bxd — 5A%2% — 4ABxp — A3 — 8B?
8(z% + Azp + B)?

Yap = Yyp
where we substituted y% = 2® + Az + B. Further, it’s easy to check the rational
map is a morphism so that [2] : F — F is an isogeny.

As for the addition formula we could obtain an algebraic expression also in the
case E//K is not in Weierstrass form, repeating the procedure.

Now we are ready to state the following notable result.

Theorem 11.4.4. Let E,/K, Ey, K be elliptic curves. Then the isogenies from F;
to E5 have a natural group structure.

Proof. The homomorphisms of an abelian group have a natural group structure
(p+1) = ¢1(a)+1(a). As a consequence it’s enough to prove that if ¢, ¢ : By — E;
are isogenies then ¢ + ¢ can be written as a rational map too. Then we can use
the fact that the addition and duplication operations are given by algebraic maps
on the coordinates of the points.

1. Case ¢ = 1. Then ¢+ =21 = [2] 0 : By — Es, where [2] : Fy — Fy is the
multiplication-by-2 map on FEj.

2. Case ¢ = —1. Then ¢ 4 v is the multiplication-by-0 morphism, given by
[XO ¢ ZXQ] — O.

3. Otherwise the addition formula is a rational map of the coordinates of the two
points P, () we have to sum. Then, if we substitute instead of the coordinates
of the points the rational maps which define, coordinate by coordinate, the
isogenies we get a rational map which is equal to ¢ + .

O

Corollary 11.4.5. The multiplication-by-m maps, m € Z, are isogenies. Moreover,
if the equation of the elliptic curve in Weiertrass form is y?> = x>+ Ax + B then the
rational maps that define the isogeny have coefficients in Z[A, B].
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Proof. First, we recall that the identity map is the multiplication-by-1 isogeny and
that the multiplication-by-(-1) is an isogeny with coefficients in Z, in fact notice
that [—1] : (z,y) — (x,—y). Then, by the above theorem we conclude that the
maps [m] = [1] + [1] + -+ + [1] and [-m] = [-1] + [-1] + - - - + [~1] are isogenies.
Moreover the addition and duplication formula have rational maps with coefficients
in Z[A, B]. As a consequence we conclude that any isogeny [m] has coefficients
defined in Z[A, B]. O

IT1.4.1 Standard Form

In this section, in order to simplify the notation, the term “isogeny” will stand for
“non-zero isogeny” .

For elliptic curves in Weierstrass form the example 11.4.3 suggests the existence
of a special form for an endomorphism. In fact the following result holds for all
isogenies of such curves.

Proposition I1.4.6 (Standard form). Let Fy /K, Ey/ K be elliptic curves in Weier-
strass form with equations y*> = fi, y> = fo and let ¢ : B, — Ey be an isogeny.
Then ¢ can be defined through the affine rational maps:

o= (325

where the polomial (r) ), (z). () € Kel, Morover gedfr(x). () =
1 and gedgpx(t(z), w(z)) =1, v*|w? and w?|v* fi. This expression is unique.

Proof. Uniqueness. The rational maps are defined over K (E), then the only possible
substitution is y? — 2® + Az + B. So, consider an isogeny with two standard forms:
their difference coordinate by coordinate is the zero element in K (E) but it’s evident
that we can’t make substitutions if the isogeny is in standard form, so their difference
is zero, which means two such forms are equal.

Existence. The proof of the existence of such a form is quite elementary, however
for the sake of brevity we won’t prove it generally, see [Sut17a] or [Was08| for the
proof. Such form will arise naturally for the endomorphisms of some elliptic curves
we will see later. O]

This is called the standard form and plays a crucial role in simplifying the theory

needed to study the isogenies, at the cost of restricting many general results to
char(K) # 2, 3.

Remark I1.4.7. Consider v (z) = gcd(v(g)l(x)) and wy () = gcd(w((m)fl( 75~ Then the

)
polynomial v?|w? and w}|v? hence vy (z) = u?(z) and w,(x) = u3(x). Moreover also

ged(v(x), f1(x)) | ged(w(z), f1(2)).

Proposition I1.4.8. Let E1/K, E5/ K be elliptic curves in Weierstrass form and let
a: By — Es be an isogeny. Then « is surjective.

Proof. Restricting to the case of an isogeny in standard form, o = (%, %y)

Let (a,b) € FEy and consider the polynomial g,(x) = r(z) — av(z), where a is
different from the ratio of the leading coefficients of r(z) and v(z). Then g, is a
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non-constant polynomial, hence it has at least a solution xy € K, so that Z((%g; =a.
Let P = (xo,v0), —P = (%0, —%0) € E; be the points having zy as z-coordinate.
Supposing yo # 0, P is not a 2-torsion point, then ¢({P,—P}) = {(a,b), (a,—b)},
since they are the only points with z-coordinate equal to a. If P is a 2-torsion point
then also (a,b) is a 2-torsion point, this means that there is only one point in Es
which has z-coordinate equal to a. As a result necessarily ¢(P) = (a,b). Moreover
since the zeros are the only points at infinity of the elliptic curves and the zero of
E; is mapped to the zero of Ey; we have almost concluded. It remains to prove
the case in which the point P = (a,b) has xz-coordinate a equal to the ratio of the
leading coefficients of r(x) with v(z). Then we can choose another point P’ # 0,
with P! # a and such that (P — P’), # a, this is possible since the elliptic curve
E, has infinite affine points over K while there are at most two points with the
same x-coordinate. This means there exist points @1, Q)2 such that a(Q;) = P’ and
a(Q2) = P — P" and since « is an isogeny a(Q1 + Q2) = a(Q1) + a(Q2) = P and
E1 D a ™ (P) #0. O

The standard form gives important information on the kernel of the isogenies.

Proposition 11.4.9. Let E1/K, Ey/K be elliptic curves and let o : Ey — Eo be an
isogeny of standard affine form <T(Z) Hz) y) Then the affine kernel is

v(z)’ w(z)

ker,(a) = {P € E; | v(P,) = 0}.

Proof. If &(P) = [0 : 1 : 0] then a(P) ¢ A%(K). This happens only if v(P,) = 0
or w(P,) = 0 because the numerator and denominator of « in standard form
have no common roots. Since these two polynomials have the same roots we can
restrict to v(P,) = 0. We show now that the condition is sufficient by pass-
ing to the homogeneization of the isogeny. Then the morphism has the form
a @ [F(xg, xe)w(xo, xa) : t(x0, 22)0(x0, x2)x1 : W(T0, X2)V(T0, x2)]. Now, We distin-
guish two cases. If P, # 0 then, since v*|w?, each root of v of multiplicity & has at
least multiplicity k& + 1 as a root of w so that normalizing by w(xg,z2) we obtain
a(P)=[0:1:0]. If P, =0 then P, is a root of the polynomial f;(x) such that the
Weierstrass form of the curve is y?> = fi(z). Then we can multiply the coordinates
of & by w97 and divide them by the polynomial with the roots of fi(z) in w(x).
Thanks to the substitution 2922 = f; (0, 72) we can normalize the second homoge-
neous coordinate and make it nonzero. Finally, after normalizing v, w as in the first
passage, we obtain the desired result. [

This proves the following corollary.

Corollary 11.4.10. Let E1/K, Ey, /K be elliptic curves char(K) # 2,3 and let the
map o : By — Ey be an isogeny. Then o has finite kernel.

Proof. Considering the associated Weierstrass form of such curves then the isogenies
have a standard form ¢(z,y) = <T($) Hz) y). Since deg(v) < oo and the affine points

v(z)? w(z)
in the kernel have z-coordinate which is a root of v(x) then #ker(a) < deg(v) + 1.
In fact, except for the 2-torsion points that have y-coordinate equal to 0, all the
other points have y-coordinate different from zero. So for each z-coordinate there
are two choices of y, but these are the roots of v; = v(z) as in remark 11.4.7,

. ged(v(z),fi(x))’
so that they are already counted twice. O]
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Example 11.4.11 (Frobenius isogeny). We show now an isogeny with trivial kernel
which is not an isomorphism. Let E/F, be an elliptic curve, defined over F,, with
char(K) = p > 0. There is a morphism of the field that is called the Frobenius
automorphism, given by ¢, : x — aP. Moreover ¢(z) = x <= =z € F,. From
the fact ¢, is a morphism of fields we obtain that given any rational map ¢ (x,y)
with coefficients in F,, then ¢, (¢ (x,y)) = ¥(¢,(x), ¢p(y)). In particular it commutes
with the map defining the sum of two points of the elliptic curve and the equation
defining the elliptic curve. This means that ¢, : (z,y) — (2P, y?) defines an isogeny:
if a point P respects the equation of the elliptic curve then ¢,(P) does the same and
Op(P+ Q) = ¢p(P) + ¢,(Q), for the above considerations. Its kernel is trivial since
it is, coordinate by coordinate, a morphism of fields, hence injective. Moreover if E
is in Weierstrass form y? = 2® + Az + B then

¢y = (27, (2% + Az + B)"7'y)

in standard form, by making the substitution y? — 2% 4+ Az + B. This tells us that
no isogeny can be the inverse of such map: suppose ¢, ! has a standard form then
the z-coordinate should respect the equation (¢, ')? = x, which has no solutions in
K(E). In general if E/K, K a perfect field, is not defined in [F, then the Frobenius
morphism still defines an isogeny ¢, : £ — EP but is not an endomorphism anymore:
in fact the coefficients of the equation defining the elliptic curve change when raised

to the p'"-power.

11.4.2 Degree

The considerations on the Frobenius isogeny lead to a distinction between the order
of the kernel of an isogeny and the degree of the polynomials that define it.

Definition 11.4.12 (Degree). Let E;/K, E;/K be elliptic curves, let « : B} — Ej

be an isogeny with standard form (igg, ;((Q;)) y) We define the degree of the isogeny

to be deg(a) = max{deg(s),deg(v)} = deg(s(x)) = deg(v(z)) the projective closure
of the polynomials.

We want to clarify the relationship between the degree and the kernel of an
isogeny.

Proposition I1.4.13 (Separability). Let a be an isogeny in standard form, where

a: (f}gg, ;((?)y> is defined over K. Then the following conditions are equivalent.

3. u= f(aP) and v = g(2P) with char(K)=p >0

Then « is inseparable if it meets one of the following conditions. Otherwise it is
called separable.

Proof.
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1 =2 (2)=0 < “/”U;Q”,“ =0 <= vv—v'u=0. Then ged(u,v) = 1 since it is
in standard form, so that v|v’ and u|u’ but deg(v’) < deg(v) and deg(u’) < deg(u).
As a consequence necessarily v' = v’ = 0.

2 — 3. This is obvious from the definition of formal derivatives of polynomials: the
exponent of the monomials has to be divisible by p for its derivative to vanish.

3— 1.u=0and v =0so 5" =0 then (%) = 0.
O

Corollary 11.4.14. All the isogenies in standard form are composition of a purely
wseparable part, given by a power of the frobenius isogeny, and a separable part.

Proof. If the isogeny is separable we have nothing to prove. If it is inseparable
we obtain the result by repeatedly applying the third condition in the proposition
above. O

Corollary 11.4.15. All the isogenies defined over K, char(K) =0, are separable.

By Corollary I1.4.14 it makes sense to define the separable degree and inseparable
degree of an isogeny which are the degree of the separable and purely inseparable
parts, this last part is a power of the frobenius morphism. Therefore, the inseparable
degree is a power of p = char(K). Now, we are ready to state the following result
that links the degree and the order of the kernel.

Theorem I1.4.16. Let o : E1 — E5 be an isogeny defined over K. Then the order
of the kernel of a is #fker(a) = deg,,, ().

Proof. Since an isogeny can be decomposed as o = ap 0 (¢p)", where the purely
inseparable part, being injective, does not contribute to the kernel, we can restrict
our attention to the separable isogenies. As always we will assume char(K) # 2, 3.

Now let a = (Zg;, 5}((2; )) y) be a separable isogeny in standard form. Then consider

(a,b) € Fy and define S(a,b) = #a ((a,b)). Now, we look at the solutions of

jg; = a. Consider a,b # 0 then define g, = s(x) — av(x), where we require a to be

different from the ratio of the leading coefficients of s(x) and v(x), this is possible
since Fs has infinite points. Hence deg(g,) = deg(«). Further, we choose a such
that g,(z) has no double roots. In fact, consider a double root zy of g, then we
obtain that s(z¢) = av(xg) and av’'(zg) = §'(zo). Multiplying the first and second
terms we obtain a(s(zg)v'(zg) — §'(z0)v(x)) = 0, so that x¢ is a root of v? (%)I and
since « is separable this polynomial has only a finite number of roots. So we can
choose between the infinite number of points (a,b) € E5 one such that g,(z) and
s(z)v'(z) —v(x)s'(x) have no common zeros: then g,(z) has exactly deg(«) distinct
solutions, hence S(a,b) = deg(«).

We know that S(a,b) is constant for (a,b) € Ey since an isogeny is a surjective
homomorphism, moreover we know necessarily S(a,b) < deg(a) and from what we

proved S(a,b) > deg(a). As a result, #ker(a) = S(a,b) = deg(a). O

Proposition 11.4.17. Let o : E; — FEs, f : Ey — FEj3 be isogenies. Then the
degree deg(f o) = deg(5)deg(a). The same holds for the separable and inseparable
degrees.
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Proof. For the separable degrees since isogenies are surjective and are homomor-
phisms we know that #ker(S o o) = #ker(a)#ker(3). For the inseparable degrees
since a = Qe 0 @ and f = fyep 0 @) then foa = fyey 0 A, 0 P2H™, where o,
exists has obviously the same degree of a,.,. As a result the inseparable degree is
effectively p™p™. Finally, since the degree is obviously the product of the separable

and inseparable degrees, we conclude. O]

Corollary I1.4.18. The isogeny « : Ey — FE5 1s an isomorphism if and only if
deg(a) = 1.

Proof. Case char(K) # 2,3. Obviously since the degree is multiplicative it can’t be
greater then 1 and since it is surjective can’t have degree 0. Moreover if we consider
E; and FE5 in Weierstrass form then o = (§2,&y), where &1,& # 0, in standard
form, since the degree of the denominator is 0 by the fact the isogeny has no affine

zeros. As a result o™ = (%, E%) is the inverse isogeny. O]

Theorem 11.4.19. The automorphism group Aut(E) C End(E) of an elliptic curve
E/K with char K # 2,3 is isomorphic to:
pe  J(E) =1728
Aut(E) = s i(B) =0

Lo otherwise

where p, is the group of the n'™ roots of unity. In particular Aut(E) is finite.

Proof. Consider the equation in Weierstrass form y? = 23 + Az + B, we recall that
every isogeny of degree 1 has standard form a = (£2z, 3y), for some € € K.

1. If j(F) = 0 then A = 0 and after simplifying we obtain the new equation
y? = 234+£5B. Necessarily €% = 1 since the map has to preserve the Weierstrass
form. Then, taking € to be a generator of the group of the roots of unity 2° = 1,
which are 6 since char(K) # 2,3, we conclude.

2. If j(E) = 1728 then B = 0 and the relation £ has to respect is y* = x® + 1 Ax.
As a result ! =1 and since char(K) # 2 we conclude.

3. Otherwise both A, B # 0 and the relation becomes y? = 2% + £*Azx + £5B.
Hence ¢* = 1 and &5 = 1 which implies £ = 1 and since char(K) # 2 we
conclude.

O
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III.1. Riemann Surfaces

II1.1 Riemann Surfaces

To grasp the idea of a Riemann surface we can define them as topological spaces
that are locally “equal” to an open set of C. More formally, let X be a topological
space.

Definition ITI.1.1 (complex chart). A complex chart, or chart, on X is a homeo-
morphism ¢ : U — U, where U C X is an open set in X, and V' C C is an open set
in the complex plane C. Then U is called the domain of the chart ¢.

These homeomorphisms “pull back” the structure of C into our topological space,
giving, for example, local coordinates on U, the domain of the chart. Now, the
fundamental idea is to cover X with such domains, but first, in order to deal with
nontrivial spaces, hence spaces which are not the disjoint union of copies of the
complex plane, we have to handle the intersection of such domains. In particular,
the homeomorphisms should be compatible in a complex sense.

Definition III.1.2. Let ¢; : U; — Vj and ¢, : Uy — V5 be two complex charts on
X. We say that ¢; and ¢, are compatible if either U; N Uy = ) or

ng o gzﬁl_l : QZ51(U1 N UQ) — QZ52(U1 N UQ)

is biholomorphic, hence holomorphic with inverse holomorphic. The composition
¢y 0 ¢! is called the transition map.

Now we are ready to define the complex atlas.

Definition IT1.1.3. A complex atlas, or simply atlas, A on the topological space X
is a collection A = {¢, : U, — V,} of pairwise compatible complex charts whose
domain cover X, hence |, U, = X.

Remark III.1.4. Since bijective holomorphic functions are, in fact, biholomorphic,
it is enough to require the transition map to be simply holomorphic.

We would like to always take a maximal atlas to have the finest structure.

Definition III.1.5. Two complex atlases A; and A of X are equivalent A; ~ A,
if A=A, UA, is a complex atlas of X.

The one described above is an equivalence relation on the atlases of X.

Definition II1.1.6. A complex structure on X is a maximal complex atlas, hence
the union of all the atlases of an equivalence class.

Now we are ready to define the Riemann surfaces:

Definition IT1.1.7 (Riemann surface). A Riemann surface X is a second countable
Hausdorff connected topological space endowed with a complex structure.

Example II1.1.8. The projective line P!(C) with the quotient topology can be
given a complex atlas A = {¢y : P* \ Hy — C, ¢, : P\ H; — C} where

ngoz[z,w]»—>E ¢1:[Z,w]l—>i.
2 w
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These are homeomorphisms with the inverse given respectively by ¢, Lz 1, z]
and ¢, ! : 2+ [z, 1]. Furthermore, we verify that the map ¢, 04, ' : C\{0} — C\{0}
is holomorphic in C\ {0}:

(br065")(5) = a([1: 2]) =~

Hence A is an atlas and we can associate to it the complex structure A so that
P!, which is a second countable connected Hausdorff topological space, becomes a
Riemann surface.

It turns out that the algebraic and projective smooth algebraic plane curves V'
over C are naturally Riemann surfaces, we quickly sketch the construction, for the
details see [Mir95, chapter I|. For the affine case, let f be the defining equation of
the curve. By the definition of smoothness at each point P = (x,y) € V at least
one coordinate of the gradient vector V f(P) is nonzero, suppose V, f(P) # 0, the
case V,f(P) # 0 is similar. Then a holomorphic version of the implicit function
theorem ensures that there is a biholomorphic function hp : V, — V, defined on
a neighborhood V, of = such that f(z,h(z)) = 0. The map ¢p : V, — Up such
that ¢p(z) = (2, h(z)) is a homeomorphism with the inverse given by the projection
7p : (z,y) — x. Then, if we also add the charts for V, f(P) # 0, constructed in an
analogous way, A = {mp : Up — Vp | P € V} can be shown to be an atlas, due to
the fact that hp are biholomorphic.

The projective case is similar if we consider V' = V, U V; U V, as the union of
three affine algebraic plane curves, i.e. the affinization with respect to the three
fundamental planes of the projective variety. Each affine variety has a Riemann
structure on it with an atlas A;, then we define the atlas of V as A = Ay U A; U A,
where A, = {m;0¢p | pp € A;, m; : P2(C)\ H; — A?(C) standard projection}, then
it is only a question of proving the compatibility between the charts.

Remark III1.1.9. The projective smooth algebraic plane curves are compact since
are closed sets in a compact.

II1.2 Riemann Surface Maps

As C has holomorphic functions, we can define analogues for a generic Riemann
surface X:

Definition I11.2.1. Let P € X be a point. A function f : X — C is holomorphic
(meromorphic) at P if there exists a chart ¢ : U — V, P € U, such that fog¢™!:
V' — C is holomorphic at ¢(P). We say f : X — C is holomorphic (meromorphic)
if it is holomorphic (meromorphic) at every point of X.

The definition is well-posed since the transition maps are holomorphic, so that
the property does not depend on the single chart chosen but only on the complex
structure on X. In the same way, also the order of a pole at a point P does not depend
on the choice of a particular chart, since the transition maps are biholomorphic and
so a composition of fo¢~! with a transition map ¢ o1 ~! does not change the order
of the pole in ¢(P).
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Remark IT1.2.2. As in the case of X = C, the holomorphic functions O(X) form a
ring with pointwise sum and multiplication, and the meromorphic functions M(X)
form a field.

Example IT1.2.3. Let V/C be a smooth algebraic plane curve, with defining equa-
tion f, then any element h of the function field C(V') is a meromorphic function.
In fact, f o ¢!, for a chart ¢ of the atlas defined before, is a rational expression
of meromorphic functions, which is defined since 0 = f in C(V'), so there is no
possibility for a component of the denominator of h to vanish.

As for the case of smooth manifolds, we can define maps between Riemann
surfaces that preserve the complex structure:

Definition II1.2.4 (Holomorphic Map). Let X, Y be Riemann surfaces, a map
a: X — Y isa holomorphic map if for every P € X there exists a chart ¢p : U, — C,
P € U, and a chart ¢p : Vp = C, a(P) € Vp, such that the local map

Ypoaody W cCC—C

is holomorphic at P. The map « is an isomorphism of Riemann surfaces if there
exists a holomorphic map o~ ! : Y — X such that coa™! =idy and a ' oa = idx.

These holomorphic maps behave in the right way: the composition of holo-
morphic maps is a holomorphic map and the composition of a holomorphic (mero-
morphic) function with a holomorphic map is still a holomorphic (meromorphic)
function.

Example II1.2.5. We have already seen many holomorphic maps between elliptic
curves. Consider an elliptic curve F/C. As a smooth projective plane curve defined
over C it is also a compact Riemann surface. Then any morphism of elliptic curves
is a holomorphic map, in particular any isogeny and the addition by a point P map.
This means that the group structure of the curve is compatible with the complex
structure on it. As a result, F/C is a topological group.

As for isogenies, the surjectivity property holds.

Proposition I11.2.6. Let X, Y be compact Riemann surfaces and let a« : X — Y
be a non-costant holomorphic map. Then the map « is surjective.

Proof. Since X is compact, o(X) C Y is compact in a Hausdorff compact space
and therefore is closed. Moreover, the local maps ¢¥; oo ¢; : Uj; C C = V;; C
C are non-constant holomorphic functions with an open domain, so that by the
Open Mapping Theorem their image is open. Furthermore, because both v, ¢;

are homeomorphisms, we also find that a| 61 (U)) is open. Finally, recall that X =
- is

U, ; Uij, so a(X) is open but also closed, so that a(X) =Y since Y is connected. [
The following is another important result.

Proposition II1.2.7. Let X be a compact Riemann surface, and let f : X — C be
a non-constant meromorphic function. Then

1. the map f has a finite number of zeros,
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2. the map f has a finite number of poles.

Proof. 1. Assume by contradiction that f has an infinite number of zeros, since
X is a second countable compact space there exists a zero z such that there
exists an infinite sequence of distinct zeros {Z, }nen such that z, — z. Consider
achart ¢ : U — V., z€ U, U a connected open set, then f o ¢~! has a zero of
infinite order in ¢(Z), hence it is constant equal to zero since it is a meromorphic
function. As a consequence, the map is constant on all connected domains of
the charts that overlap with U. Then repeating the argument and considering
that T is connected, we conclude that f is constant equal to zero.

2. The argument is similar since the poles of f are the zeros of %
O

Remark III.2.8. Riemann surfaces seen as real manifolds are connected real 2-
dimensional orientable manifolds, hence surfaces. In particular, as topological spaces,
the connected real compact orientable surfaces are classified by the Euler character-
istic x = #wvertices — #edges + # faces = 2 — 2g of any proper triangulation of the
surface, or equivalently by the genus g which counts the number of “holes” of the
surface. In particular, all elliptic curves F/C have genus 1. In fact, suppose that we
have a triangulation 7 of the surface, then the multiplication-by-2 map [2] : B — E
is a 2-covering, i.e. a local homeomorphism such that the cardinality of the fibers
[2]7(y) is constant, so [2]7'(7) = 7y is also a triangulation of E with twice the
vertices, edges and faces, so x(E) = 2x(F) <= x(F) =0 <= g = 1. This
argument works for any surface that is a topological group with surjective covering
maps with finite kernel, so that all these spaces are homeomorphic. This suggests a
possible connection between the complex structure of elliptic curves and the one of
another family of Riemann surfaces we are going to study in the next section.

III.3 Complex Tori

We have seen that elliptic curves are Riemann surfaces of genus 1 with a compatible
group structure. These are not the only Riemann surfaces with this additional
structure; in fact, consider a discrete lattice on C:

Definition III.3.1 (Torus). Let wy,ws € C be two R-linearly independent complex
numbers. Given the lattice A = A, o, = {nw; + mws | n,m € Z}, a torus is the
topological space

Ty wy = C/Aw1,w2

endowed with the quotient topology.

We point out that, under the above hypothesis, the lattice A, ., is a discrete
set.

Remark III.3.2. Sometimes it will be convenient to consider a torus 7., ., as the
quotient space of a so-called fundamental parallelogram P,, .,(z) C C ~ R? that is
a parallelogram whose edges w,ws € C ~ R?, which meet at the vertex z € C ~ R?,
generate the lattice. In fact the restriction of the projection ﬂ Pty P ws = Loy o

is surjective. Moreover, the fundamental parallelogram is a connected compact set.
This means that the torus is also a connected compact set. For brevity, we will
denote P, 4,(0) = P, w,-
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As for an elliptic curve, one can give a torus a natural complex structure:

Proposition IT1.3.3 (Complex torus). 1., ., has a natural structure of a Riemann
surface.

Proof. We describe the inverse charts: let z € B, .,, Z = 7(2), and fix € > 0 such
that
min ||lw|| > 2¢ > 0.
WEAw; wy \{0}
This is possible since A, ., is discrete. Then let ¢z' : B.(2) — U be an inverse
chart equal to 7r’ B.(2) Since the projection is a continuous open map, we only have

to verify the injectivity to prove that it is a homeomorphism.
m(z) =m(22) <= n—2€Auw  wl|=lz— 2| <z -zl +llze— 2] < 2€

hence w = 0 and z; = 2. Now, letting A = {¢; | Z € T,,, », } be our atlas, we have
to prove that the charts are pairwise compatible. In particular, let ¢z, , ¢, be charts
with overlapping domains, then ¢z, o ¢5, = ¢z, © 7r‘ Bu(z) = h(z), moreover

w(h(z)=m

As a result z + w = h(z) locally, for a fixed w € Ay, .,, since h is continuous and
Ay, w, 1s discrete. Then we conclude that the charts are compatible since z + w is
biholomorphic. O]

Be(zQ)(’Z) =m(z2).

A torus with a complex structure is called a complex torus.

Remark II1.3.4. A complex torus has a group structure inherited by C since it is
a quotient group.

I11.3.1 Elliptic Functions

We would like to study and possibly characterize the field M(T') of meromorphic
functions on a generic complex torus. Studying such functions directly is difficult,
since topologically the torus is different from the complex plane, and even imagining
nontrivial meromorphic functions can be challenging. That is the reason why we will
find an equivalence between M(T') and a family of periodical meromorphic functions

defined over C.

Definition II1.3.5 (Elliptic functions). Let A C C be a lattice. The elliptic func-
tions over A are the A-periodic meromorphic functions:

Exn ={f : C— C meromorphic | f(z) = f(z +w) Vw € A}

Proposition I11.3.6. Let T'= C/A be a complex torus. Then M(T) ~ &, as fields
by the map ¥ : M(T) — En, such that

U:f fom.
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Proof. By the structure of the atlas we defined, we find that fo¢;! = fo 7r| B.(2) is
a meromorphic function; hence f o 7 is a meromorphic function and, by definition,
is also A-periodic. Therefore, we proved W(M (X)) C £y. The fact that it is a field
homomorphism is trivial. It remains to prove the surjectivity. Consider gy € £, and
let g’UZ = gp © @5 be a map; we have to show that it is a well-defined meromorphic
function independent of the chart. In fact

9A0¢2’:gAO¢2'O¢;1O¢2:9A(Z+W)O¢EZQAO¢2

for some w € A, from the structure of the transition maps of a torus and because ga
is A-periodic. Moreover g : T — C is meromorphic since locally go¢;' = ga(z+w),
meromorphic at ¢(z), for some w € A, again from the structure of the charts we
defined. This last fact implies ¥(g) = g, since g, is A-periodic. O

Corollary II1.3.7. Let T = C/A be a complex torus. Then the function f € O(T)
if and only if f =c e C.

Proof. Consider the corresponding elliptic function f) : C — C. Then f)(C) = f(T)
so that f,(C) is compact, hence limited. As a consequence of Liouville’s Theorem
fa = c € C, a constant function, which means that f = c € C. O

Remark II1.3.8. From the structure of the map ¥ : M(T) — £, we know that
given f € M(T), with zeros z; and poles w;, the corresponding function fy = U(f)
has zeros z; + A and poles w; + A of the same order of the corresponding point in 7’
after the canonical projection.

The construction above suggests that to find a nontrivial meromorphic function
of a complex torus 1" = C/A we must look for nontrivial elliptic functions over A.

Definition ITI.3.9. Let A be a lattice and let 7' = C/A be the corresponding
complex torus. We define the Weierstrass p-function p(z, A):C—=C

on(2) = plz A) = 5 + > o !

w2
wGA\{O}

and its derivative

Ph2) =020 = 3

weA

The corresponding meromorphic functions in M(T) are denoted by X : T — C and
Y:T—C.

It turns out that the series that defines p, converges uniformly and is equilimited
on any compact of C\ A, and moreover, ¢/ is A-periodic. As a consequence, the
functions gy, P € Ea, see [Kob93, §1.4] for a proof.

Let’s study some general properties of the meromorphic functions:

Proposition II1.3.10. Let T = C/A be a complex torus and let f € M(T). Con-
sider fo = U(f) € Er and denote by zy,. ..,z the zeros of f of order nq,...,n;,
and denote by 1w, ..., w; the poles of f of order my,...,m;. Then the following
properties hold.

1. Zini—ijj =0.
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2. > ini(Z) — >0, mi(w;) = 0 for the group law of T.

Proof. 1. By the Remark III.3.8, it is enough to look at the restriction of fj to
a fundamental parallelogram Py (zp), in particular we choose zy € C such that
Py(zp) has no zeros or poles in the boundary, this is possible since there is
only a finite number of such points in 7. Then consider the complex integral

L fAdz—Zni—ij
( J

2mi 0P (20) fa

by Cauchy’s argument principle and the injectivity of 7T|mt@ (Pa(z0))" By evalu-
ating the integral we obtain the result:
1 z0t+w1 f/ fA 20t+wa2 f/ fA
— — =(z4+wqg) dz — — — ——(z+w)dz=0
omi ). fA( z) fA( 2) omi | fA( z) fA( 1)

since fy is A-periodic.

2. Consider the same fundamental parallelogram as above, the integral

% ZfAd —;nzzz Zm]w]

OPA(20)

by Cauchy’s argument principle and the residue theorem. The thesis is then
equivalent to proving that the integral lies in A since

T (Z niz; — ijwj> = an(z) — ij(wj).

So unwinding the line integral and rearranging the terms, we obtain

1 zo+w1 f/ f’
— d p—
o fA( 2) — (2 +wy) 2 i\ A (2 +wy) dz

1 Zo+w2 f/ f’

_ dz =
o fA( z) — (z+w1)fA(z+w1) 2
W ZO+w1 f/ Wy 20+tw2 f/

_ 2 dz + — dz =
5 fA( z) dz + s fA( z)dz =
_w_? —du+— —du:aw2+bwleA

211 c, U 2mi Cy U

where we substituted v = f(2z) and we used the definition of the winding
number to obtain a,b € Z.
[

Thanks to the special properties of the elliptic functions, we are ready to char-
acterize the structure of M(T)

Theorem I11.3.11. Let T'= C/A be a complex torus. Then:
R =Cs)ial
(Y2 —4X3 + go(A) X + g5(A))

where go(A) = 60 ZwEA\{O} ﬁ and g3(A) = 140 ZwEA\{O} >

M(T) ~
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Proof. First, we need to prove C(X)[Y] = M(T). It suffices to show that C(X)[Y]
generates all even meromorphic functions: each meromorphic function is the sum of
an even and an odd meromorphic function, and an odd function f is the product of
an even function and Y since f = %Y = gY, where ¢ is even since it is a product
of two odd functions.

Lemma I11.3.12. C(X) C M(T) is the subfield of even meromorphic functions on
the complex torus T = C/A.

Proof. We study the properties of X. This even function has only one pole of order
21in 0, so by I11.3.10 it can have two distinct zeros P and —P of order 1, or a single
zero P of order 2. In the last case, necessarily 2P = 0 and therefore P equals % or
2 or “1422 the only 2-torsion points.

Next, consider a generic even meromorphic function f : T"— C. If P is a zero,
then also —P is a zero. Moreover, in the case where the zero is a 2-torsion point,
its order is even, since it is a zero of all its odd n** derivatives and hence of all the
derivatives of f of odd order. The same idea works for the poles of f, since they are
the zeros of % Now we build a rational function in C(X) that has the same zeros
and poles of f with the same order

Hzies()gv -
ijev(X -

Where S is a subset of the zeros of f such that 0 € S and for each zero z; # 0 one
and only one of z;, —Z; is in S, with n; the order of Zz; if it is not a 2-torsion point
and n; half the order of Z; if it is a 2-torsion point. V' is a subset of the poles that
is defined in the same way as S. Now, consider a generic zero z; of f. If it is a
2-torsion point, its order as a zero of g is 2n; = ordz, (X — X(;))™, hence its order
as a zero of f. If Z; is not a 2-rational point zero, then one of z;, —Zz; is in S, hence
its order as a zero of g is n;. The same argument works for the poles of f. It remains
to check that the order of 0 of f and g is equal, but this is a direct consequence of
proposition II1.3.10.1. So we see that 5 € O(T) is a constant that we can obtain,

for example, by evaluating the limit lim,_, \Il(g) = lim,_, %. Then all the even

functions belong to C(X), hence M(T) = C(X)[Y]. O

(2))™

(wj)mi-

g:

P >

Finally, Y ¢ C(X) since it is odd, but Y2 € C(X) since it is even. Y has a pole
of order 3 in 0, all the other 2-torsion points are zero. As a consequence, they are all
the zeros and have order 1 by proposition II1.3.10.1. So by the construction above

Voo X-X (D)) (x-x(2)) (x-x(Lf2))
2 2 2
Finally if we compare ¥(Y) = ¢/, and ¥(X) = g, in a neighborhood of 0 , i.e. we
compare the terms of negative degree of the Laurent series centered at z = 0, we

find that the polynomial relation has the form

Y2 =4X% - g2(A)X — g3(A).

See [Kob93, §1.6] for the details. O
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Thus, given a complex torus 7' = C'/A and a cubic curve E/C of affine equation
y? = 423 — go(A)x — g3(A), the function [X(2) : Y(2) : 1] maps the points of T = C/A
to the points of E. Moreover E is an elliptic curve. In fact, X assumes different
values for its 2-torsion points, which implies A(FE) # 0 since 42® — gox — g3 has

distinct zeros. This suggests the following important isomorphism.

Theorem I11.3.13. Let T = C/A be a complex torus; let E/C be the elliptic curve
with affine equation y* = 423 — gox — g3. Then the map F : T — E such that:

F:zw [2°X(2): 2°Y(2) : 27
s an isomorphism of Riemann surfaces and an isomorphism of groups.

Proof. First of all, we have to prove that F is a holomorphic map. For each z € T
we consider the natural chart ¢- with inverse given by a restriction of 7 : C — T,
the canonical projection. Therefore, we can reduce the statement to the fact that
the map

Fra=Fom:zr [2Ppa(2) : 2200\ (2) : 2°]

is a holomorphic map. We distinguish 3 cases.

1. Case zgp € A. Then Fa(z9) =[0:1:0]. We consider a chart ¢ : U — C of E,
0:1:0]eU. Thenwz[XO:X1:X2]|—>§—‘1),sothat

pA(2)

P (2)

has zeros of order 1 for each zy € A, hence it is holomorphic in a neighborhood
of 20-

Yo Fp:zr

2. Case 7(zp) is not a 2-torsion point. Then the related charts ¢,, : E — C have
the form 1, : [Xo: X7 : Xo] — % As a result

Vo 0 Fp: 2 pa(2)

is holomorphic in zy since p, is holomorphic in C\ A. Moreover, its derivative
never vanishes if 7(2) is not a 2-torsion point.

3. Case 7(zg) is a nonzero 2-torsion point. Then the related charts v, : £ — C
have the form ., : [Xo : X7 : Xo] — % As a consequence

P 0 Fa 2 — 9 (2)

is holomorphic in zy since @y is holomorphic in C\ A. Moreover, we remark
Zp is a simple zero.

Therefore, F is a holomorphic map. Next, we have to prove that F is bijective.
It is surjective because it is a non-constant holomorphic map of compact Riemann
surfaces. It is injective in the case F(Z) = O since F(z) = O = [0: 1: 0] if and only
if z = 0, while for Z # 0 we can consider the affinization of the map with respect
to Hy. Then it is enough to prove F¢ : z v (X(2),Y(2)) is injective. Assume
Fe(Z') = F(%). Then, for the structure of X, 2 = z or 2’ = —z. If z is a 2-torsion
point necessarily z = Z’. If Z is not a 2-torsion point, we could suppose z/ = —Z,
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but then Y (2') = —Y(2) # 0, since 7 is a 2-torsion point, which is a contradiction.
This proves z = Z’ and the injectivity of F. Further, we note that for all the local
maps we studied, the derivatives in a neighborhood of 7(zy) were never zero, so by
a holomorphic version of the global inversion theorem since JF is bijective we can
say that it is an isomorphism.

Finally, the fact that it respects the group structure is simple to prove. We have
shown before F(0) = O, F(—z) = —F(), since X is even and Y is odd. Finally,
consider the points P, P, € E* P, # —P,, in particular P;, P, are not 2-torsion
points, and let z;,2z, € T/{0} be the corresponding points in the complex torus.
Furthermore, considering P = P; + P,, there exists a line described by the equation
y + bx + ¢ = 0 such that P, P,, —P are the only intersections of the line with the
affine elliptic curve. So Y + bX + ¢ is an elliptic function with a pole in 0 of order
3, then it has 3 zeros that are necessarily zj, Zo, —(Z; + Z2), since by Proposition
I11.3.10.2 their sum must be equal to 0. O

Remark III.3.14. So, the above result shows that all complex tori are elliptic
curves; however,this does not show the opposite. In fact, the opposite is equivalent to
proving that the j-invariant, seen as a rational map of g2(A) and g3(A), is surjective.
This can be obtained by showing that the j-invariant is a non-constant holomorphic
map between compact Riemann surfaces, see [Sil91, p. 1.4.3] for a proof. As a
consequence F is a category equivalence between the category of complex tori and
that of elliptic curves seen as Riemann surfaces.

Remark III.3.15. If we consider the isomorphism of Riemann surfaces, from a
complex torus to an elliptic curve:

_ Y(z
Fizw |22X(2): 2 ;) : 23
the associated elliptic curve has equation y? = 23 — %x — #, so it is in Weier-

strass form. From now on, this will be the isomorphism that we will use to define
the elliptic curve associated to a torus and vice versa.

In general, given an elliptic curve E/C, the associated torus will be the torus
associated with one of the Weierstrass forms of E. So, when we fix a torus we
automatically fix a Weierstrass form of the curve.

I11.3.2 Holomorphic Maps

After having characterized the meromorphic functions of 7', the next step is studying
its holomorphic maps. Surprisingly, they have a simple form.

Theorem I11.3.16. Let T} = C/Ay and Ty, = C/Ay be complex tori. Then all the
holomorphic maps ¢ : Ty — Ty such that ¢(0) = 0 have the following form:

¢:zZ— az for some a € C such that aAy C A,.

Proof. The complex plane C is the universal cover of a torus, i.e. a simply connected
covering space of the torus. So, by the monodromy theorems we have that the map
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¢ : Ty — T lifts to a continuous map from the universal covers ¢ : C — C, which
makes the following diagram commutative.

c—°% ¢

Tl#Tg

As a result, the map ¢ is locally equal, up to a costant, to the local maps 1,0¢pot); ",
so it is holomorphic. Now, for any w € Ay, let g,(2) = ¢(z+w)—d(2) be holomorphic
functions over C. Then ¢(z + w) — ¢(2) € Ay, so that g, is constant, since it is
continuous in a connected space and As is discrete. Taking the derivative, we notice
that ¢'(z +w) = ¢'(2) for any w € Ay, which means that ¢'(z) € £, is holomorphic
and hence constant equal to o € C. So ¢(z) = az because ¢(0) = 0 and this means
that ¢(Z) = az, such that aA; C Ay. We conclude by noting that o : z — «z is

well defined and holomorphic. O]

Remark I11.3.17. The general form of a holomorphic map of complex tori is also
simple: ¢ : Z — azZ+0b for aA; C Ay. In fact, ¢ — b is holomorphic and sends 0 to 0.

This result tells us that a sufficient condition for a holomorphic map of complex
tori to respect the group structure is that it maps the origin to the origin. We call
these maps isogenies. Regarding the isogenies of the elliptic curves, we can define
the (separable) degree of an isogeny of complex tori as the order of its kernel. Here,
we state a useful characterization.

Proposition I11.3.18. Let T} = C/Ay and Ty = C/Ay be complez tori. Then the
isogeny o : Z — az with aly C As has degree deg(a) = [Ay @ al\y], that is, the index
of the subgroup al;.

Proof. Consider the related map & : C — C such that & : z — «az. Then the
points of C that are sent to Ay, are simply éAg and by the relation aA; C A,
we get Ay C iAQ. From the definition of torus, the order of the kernel of « is
[%AQ . Al] = [AQ . O./Aﬂ. ]

The results and observations that we have found so far can be summarized in
this way.

Theorem II1.3.19. The following categories are equivalent:

| Objects: FElliptic curves E/C in Weierstrass form
' Maps: Isogenies

) { Objects: Complex Tori T = C/A }

Maps: Isogenies, i.e. holomorphic maps which fix 0

3 Objects: Lattices A, ., C C ~ R?
" | Maps: Linear maps o : z — az, such that aA; C Ay
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Remark IT1.3.20 (Complex multiplication). Let £/C be an elliptic curve and let
T = C/Ay, o, be the associated complex torus. Focusing on the endomorphisms
End(E) of the curve, we notice that the ring of multiplication-by-m maps is isomor-
phic to Z, so that Z C End(E). However, some curves possess more endomorphisms,
as we have seen in the example I7.2.6. In particular, such special morphisms cor-
respond to multiplication by a € C \ R in the lattice A, .,. In fact, suppose that
a € R then aw; € A <= aw; = mw; <= « = m for some m € Z, since
w1, wy are R-linearly independent. So, the special endomorphism corresponds to a
“complex multiplication”, i.e. the multiplication by some non-real a. [ST15, §6.5]
suggests that this is the origin of the appellation “complex multiplication” for elliptic
curves. More generally, any elliptic curve defined over a field K C C with End(FE)
larger than 7Z is called an elliptic curve with complex multiplication, or simply a CM
elliptic curve for brevity.

III.4 Endomorphism Ring

In this section we focus on the structure of the endomorphism ring of the elliptic
curves defined over K C C, so that we can apply the analytic theory introduced so
far. First, we introduce another characterization of the degree of isogenies.

Proposition I11.4.1. Let E/K be an elliptic curve, T = C/A the associated com-
plex torus, and let [ : E — E be an endomorphism, o € C, corresponding to the
multiplication-by-a map on T. Then deg(a) = ||a||* = |Det(a)| where & : R* — R?
is the linear map corresponding to the multiplication by o € C ~ R? and ||| = |«
1 the complex norm.

Proof. Consider v : T" — T. Since the map is a surjective homomorphism from
T to T, we know that for each point P € T there are precisely deg(«) distinct
points that are sent to P by the map «. This translates to the fact that given the
fundamental parallelogram Py we have exactly deg(a) numbers z; € aPy such that
z; mod A = P, except for the set of measure zero of the edges of the parallelogram.
This means that aPy covers Py exactly deg(«) times, except for that set of measure
zero. Furthermore, we note that the projection 7 : C — Py, where 7(z) = y, such
that y =  mod A, is defined except for a set of measure zero and moreover it

is locally a translation, hence a measure-preserving map. As a result, we obtain

%| = deg(a). Now, consider & : R? — R? with the basis B = {w;,ws}, such

that A = Ay, ,. Then by the definition of the determinant |Det(&)| = %’“R\)”

This settles the first equivalence. Finally, the fact that deg(a) = ||||? is obtained
considering the basis B = {1,4} for R%. In this case, if & = a + ib then

so that |Det(a)| = |a? + b?| = [|a||* = deg(a). O

Corollary I11.4.2. Let E/K be an elliptic curve K C C. Then the multiplication-
by-n endomorphism has degree n®.

Proof. ||n||* = n?. O
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Remark I11.4.3. As a consequence of the equivalence between endomorphisms and
linear maps & : R? — R? with a basis B = {w;,ws}, such that the corresponding
torus is 7' = C/A,, .,, We established an injective representation of rings:

p: End(E) — My(Z).
And in particular
p: End(E)" — GLy(Q) N My (Z)

as a semigroup, since the multiplication by « # 0 is a base change of R?. Represen-
tations are crucial for the study of such rings since cast the structure of a less-known
object into a more familiar context. As an example, we immediately find that for
each endomorphism [«] there exists [n],[m] € Z C End(FE) such that

[o]* + [n][a] + [m] =0,
since for each a € My(Z) the following holds:
o® —Tr(a)a + Det(a) =0

with Tr(a), Det(a) € Z. Later, we will meet an analogue but more intrinsic repre-
sentation.

Before we present the main theorem of this section, let’s characterize the struc-
ture of an endomorphism in standard form.

Proposition IT1.4.4 (Structure of the standard form). Let E/K be an elliptic curve
K C C with equation in Weierstrass form with associated complex torus T = C/A.

Let [a] : E — E be an endomorphism with standard form (Zgg, ;(é)) y). Finally, let

a T — T be the corresponding multiplication-by-a map, o € C. Then

s(z) =2l + . (@) = aPalelPt

tx)=2"+... w(x)=ao’s"+...

where we omitted the lower-degree monomials.

Proof. We recall that [o] <pA(z), @) = <pA(0¢z), pk(;”), which means, in par-

5(pa(2))
v(pa(2))
have a pole of order 2 in z = 0, we have deg(s(z)) — deg(t(z)) = 1. Moreover

deg(t(x)) < deg(w) since there is a zero of the endomorphism, [0 : 1 : 0], which is
not affine, and we conclude that ||a||? = deg(s(z)) by the fact

max{deg(s(z)), deg(t(x))} = deg(s(z)) = deg(a) = ||a*.

The constant of v(z) is obtained by comparing directly the Laurent series centered
in z=0 for % = L 4+ 0(2) = pa(az) = = + o(z), hence ¢ = o?.

The structure of ¢(z), w(x) is obtained by realizing that

t(pa(2)) Ph(z)  phlaz) 1 d

ticular, that = pa(az). As a consequence, since both pa(z) and pp(az)

woa) 2~ 2 " saaed) =
1 d (slpalz) _1(d s ,
20 dz (v(w(z))) a(dwv(w)) o
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which means that
t(x) 1d s(x)

w(z)  adsu(z)

and that ¢(z), w(z) have the same degree. O

Remark II1.4.5. This result tells us that, given ¢ € End(FE), in order to obtain
a € C such that ¢ corresponds to the multiplication-by-a map in the associated
complex torus, it is enough to divide the leading coefficient of w(x) by the leading
coefficient of v(z)

Now we are ready to characterize the structure of the endomorphism ring of an
elliptic curve over a field K C C.

Theorem II1.4.6 (Structure Theorem). Let E/K be an elliptic curve with K C C.
Then End(E) is a commutative domain isomorphic to:

1. Z

2. An order Z C R C (’)Q(\@, d square-free negative integer, of OQ(\/E): the ring
of integers of an imaginary quadratic extension of Q.

For each endomorphism [a] € End(E) there is an endomorphism [a] : E — E
called dual endomorphism such that [a][a] = [deg(a)] € End(E). Moreover, let
y? = a3 + Ax + B be the equation of E/K in Weierstrass form. Then the field of

definition of [a] € End(E) is:
1. Z[A, B) if End(E) ~ Z.
2. Q(Wd)[A, B] if End(E) is an order in Og(vay-

Proof. First, consider the associated complex torus 7' = C/A;. Then we find that
the ring is commutative since the multiplication by a complex number is commuta-
tive and it is a domain since the degree of the product of two maps is the product
of their degrees.

Now consider E’ isomorphic to £ with the property that the associated complex
torus 77 = C/A’ has the associated lattice generated by 1 and w’ € C, after the
multiplication of the lattice A’ by a constant ¢ € C, where % is one of the generators
of A;. This isomorphism induces an isomorphism of the endomorphism rings, where
given a € End(T) the corresponding endomorphism in End(T") is cac™!. So, to
characterize the endomorphism ring of E, we can focus on the endomorphisms of
E’, hence the ones of T7”. Now, we distinguish two cases.

1. If there is no special endomorphism, we have End(E") ~ Z.

2. If there exists [a] : £/ — E' such that a € C\R then we show that o € Og, /)
d square-free, the ring of integers of a quadratic extension of Q. In fact, there
exists n,m € Z such that [a]?+[n][a]+[m] = 0 by the representation presented
above, hence a? + na +m = 0 and « lies in the ring of integers of a quadratic
extension. Moreover, by the fact that aA’ C A/, then a-1 =a + b, a,b € Z,
hence w' € Q(v/d). Then we conclude that given any other [5] € End(E')
the associated complex number 8 lies in Q(v/d), since 8 = a’ + V'w'. By
the representation with integer coefficients we have that § € (’)Q(\@ and this
implies that End(E) C Og/g)-
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The dual endomorphism, when represented by a complex number, is necessarily the
complex conjugate of «, in fact [a][a] = [deg(a)] = [|a]]?] = [ea] = [a][a]. Now
we prove that the complex conjugate [@] is in End(FE). Consider the polynomial
identity (X — a)(X — @) = X? + nX + m, with n,m € Z, since « is in a ring of
integers. As a result [o] = —[a] — [n] € End(E).

Consider K = Q(A, B) the field of definition of the multiplication-by-n maps.
We know this to be true, since we have already proved that the coefficients of such
maps lie in Z[A, B]. We notice that the endomorphisms in standard form have
algebraic coefficients over K. In fact, the denominator of an isogeny [a] divides the
denominator of the isogeny [n] = [a][a], [n] € Z C End(FE), while the numerator
depends algebraically on the denominator of the isogenies. Let K(¢) be the field
over K generated by the coefficients of the endomorphism when written in standard
form. Consider 0 € Gal(K(¢)/K) in the Galois group of the Galois closure of the
extension. Then the map

o (sd(m) ()

, Y o acts on the coefficients of the polynomials
v () w(x)

is still an endomorphism since ¢ is an automorphism of fields that fixes both the
equation of the elliptic curve and the addition map. Thus, necessarily the endomor-
phism [§] = ¢7, for some § € Og(vay- To determine 3 it is enough, by the remark
above, to look at how the leading coefficients of ¢; = v and ¢y = w? change.

@ =T o (2) =ata) =a” = (1]~ o] = o = [0

This interesting relation tells us that the only automorphisms that change the en-
domorphism, hence that change the coefficients, are in Gal(K(v/d)/K). By Galois
theory, this is equivalent to K (¢) = K(V/d). O
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IV.1. Imaginary Quadratic Fields

IV.1 Imaginary Quadratic Fields

On the following sections we will focus on the arithmetic of elliptic curves with com-
plex multiplication by the full ring of integers of an imaginary quadratic extension of
Q. Since our main interest is the investigation of the rational points of such curves,
it will be useful to restrict our attention to those whose equation in Weierstrass form
is defined over Q.

Consider an elliptic curve with CM by (9@(\/3) and its associated complex torus
T = C/A. After a C-isomorphism, we can make the associated torus equal to this
one: T} = C/I, where I < OQ( va) 1s an ideal. In fact, an isomorphism of elliptic
curves corresponds to the multiplication by a complex number of the associated
lattice, then by the proof of Theorem II1.4.6 we know that there is a constant ¢ so
that ¢ A C Q(v/d). This implies that there is a constant ¢ € C such that cA C Og(va)
and by the fact that aA C A, for any a € Og(vay, We see that cA < Og(vay Is an
ideal of OQ( Ja)-

On the other hand, any ideal I < Og g is a CM lattice since it is generated
by two R-linearly independent elements. Therefore, to classify and count all the C
-isomorphism classes of the CM elliptic curves, that is, all the non-isomorphic CM
lattices, it is natural to define the following equivalence relation on the ideals of

Ogway:

LI~ 1, <— Jwe Q(\/E) such that wl; = I,
The number of classes is the class number hg of the field K = Q(v/d) and hy = 1
if and only if (9@( va) 1s a principal ideal domain (PID). As a consequence of this

construction and by the following theorem, we characterize all possible CM curves
with a model over Q.

Theorem IV.1.1. Let E/L be an elliptic curve with CM by Of. Then:
1. j(E) is an algebraic integer,

2. [QG(E)) - Ql = hx.
Proof. (1). See [Sil91, §IL.6]. (2) See [Sil91, Theorem II.4.3b]. O

Thus, since a CM elliptic curve that has coefficients in Q has rational j-invariant,
in particular an integer according to the above theorem, it turns out that the only
CM elliptic curves with a model over QQ are those with complex multiplication by
the ring of integers of an imaginary quadratic extension of class number one. Each
class of such curves has at least a model defined over Q and by a famous theorem,
proven by Heegner and Stark, Q(\/E) is an imaginary quadratic extension of class
number one if and only if:

d=—1,-2,-3,—7,—11,—19, —43, —67, —163. (IV.1)

Example IV.1.2. Let E be an elliptic curve with equation in Weierstrass form
y? = 23 4 z, this curve has a nontrivial endomorphism

oo (52)

—1" —i

By the Theorem on the structure of endomorphisms in standard form, this corre-
sponds to the multiplication-by-¢ map in the associated complex torus. Thus, this
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curve has complex multiplication by the ring of integers Z[i] and is defined over Q,
in fact Q(v/—1) is a class number one imaginary quadratic extension.

Example IV.1.3. Another example is the elliptic curve y? = 2% + 1 which has the

nontrivial endomorphism
x
Qb : (x7y> = (_Qay) .

3
This corresponds to the multiplication-by-(3 in the associated complex torus. As a
consequence, the ring of integers is Og ), which is Z[(3] and its field of fractions

is Q(v/—3), hence a class number one imaginary quadratic extension.

It is important to note that these curves have coefficients in Q but have their
additional endomorphisms only over K = Q(v/d). So, to take advantage of the
additional structure, we shall investigate the arithmetic of those fields, in particular
the associated ring of integers. Since those rings are PID each number still has a
unique decomposition, up to units, into irreducible elements, which are the primes
of this ring. In particular, since Z C OQ( va)» we can look at the behavior of the
rational primes inside this larger ring.

Proposition IV.1.4. Let OQ(\/&) be the ring of integers of an imaginary quadratic
extension of class number one and let p € Z be a rational prime. Then it has three
possible behaviors.

o
1. (p) is still prime in Og(vay: we say that p is inert and %‘T@ ~ .
2. (p) = (m1)(m2), (m1) # (me) primes, we say that p splits and the residue field is
O

3. (p) = (7)? then we say p ramifies in K.
Proof. We treat the different cases separately.

o
1. If (p) is still a prime, then 22 is a finite domain, hence a field. Since Oova)
is also a lattice in C and the multiplication-by-p is an endomorphism of this
: o
lattice, we can conclude | %,\)/E)| = [Ogva : POqva) = #ker([p]) = [Ip]*.

2. If (p) is not a prime, then p = mymy with (m), (m2) # Og(,/z)- Then necessarily
|71l = /P = ||m2| since these are not units and we obtain m; = 7. This
proves that (m1), (m2) are irreducible, hence primes since Og g is a PID.

o o
Moreover | gﬁfw = | ?;f)m = ker([m]) = [|m[]* = p.

]

As a result of the previous proposition, we can define the degree d, € N of a
prime p € IQ(\/g), the set of the ideals of (’)Q(\/&), with associated rational prime
(p) = p N Z, in the following way.

d. — {OQW&) : E}
P P ()
which is equal to 1 if p splits and 2 if p is inert.
The following quantity is important to characterize the behavior of a rational
prime in the ring of integers of a quadratic extension of Q.
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Definition IV.1.5. Let O/ be the ring of integers of a quadratic extension K /Q
then we define the discriminant Dg:

d d=1 mod4
DKI
4d d=2,3 mod 4

Theorem IV.1.6. Let p, p # 2, be a rational prime in OQ(\/&)- Then:
1. (p) ramifies if and only if Dx =0 mod p
2. (p) splits if and only if Dx = a*> mod p
3. (p) is inert if and only if Dx % a®> mod p
while if p = 2:
1. (2) ramifies if and only if Dx = 0,4 mod 8
2. (2) splits if and only if Dg =1 mod 8
3. (2) is inert if and only if Dk =5 mod 8
Using quadratic reciprocity, the splitting pattern shows some regularity.

Theorem IV.1.7. Let p be a rational prime in OQ(\/E), d # —2. Then:

1. (p) ramifies if and only if (L =0

Dk

N—

2. (p) splits if and only if (% =1
3. (p) is inert if and only if <DL;{> =-—1

where <§> s the quadratic residue symbol or Jacobi symbol which is defined on

rational primes p,q, q # 2, as the number a € {1,—1,0} such that p% =a mod q.
This definition is extended to q = 4 in the same way and is extended by linearity in
the numerator and denominator.

IV.2 Reduction of CM Elliptic Curves

In the previous section, we saw that it is possible to reduce modulo a prime in OQ( Nz
and obtain elements in a finite field. Therefore, a further step in the investigation of
CM elliptic curves E/K, Q(v/d) C K, defined over Z, i.e. with integer coefficients in
Weierstrass form, is understanding how they behave when reduced modulo a prime.

Definition IV.2.1. Let E/K be an elliptic curve with CM by O@( va)» With equation
y> = 2® + Ar + B in Weierstrass form defined over Z. Let (1) € Oy be a prime,
¢ = ||7||> = N(x). Then we define the reduced curve E,/F, by the equation:

y2 =2+ Az + B
where A, B € [F, are the reduction modulo 7 of A, B as elements of (’)Q( Ja)-
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Remark IV.2.2. In general, an elliptic curve F/K will always be reduced modulo
a prime p < Ok, the ring of integers of K.

The reduced curve is still a cubic curve, but defined over a finite field of char-
acteristic p > 0. Obviously, not every reduction sends elliptic curves to elliptic
curves.

Proposition IV.2.3. Let E/K be a CM elliptic curve defined over Z and let E, be
its reduction modulo w. Then E, is an elliptic curve if and only if 7 A(E).

Proof. E, is an elliptic curve if and only if A(E,) # 0 <= A(E,) #0 mod 7
and therefore if and only if 71 A(E). O

The primes 7w such that the reduced curve is still an elliptic curve are said to be
primes of good reduction. The other primes are said to be primes of bad reduction.
The structure of the reduced elliptic curve is similar to the original one by the
following theorem.

Theorem IV.2.4. Let E/K be an elliptic curve defined over Z in Weierstrass form,
let ™ be a prime of good reduction and let Er be the reduced curve. Then there is a

natural injective morphism of rings ® : End(E) — End(E,) defined by
Do

given by the reduction modulo © of the endomorphism in standard form. Moreover,
the map ® preserves the degree.

Proof. First of all, it is obvious that ®([1]) = [1], multiplication-by-1 morphism, i.e.
the identity. Furthermore, the function respects the sum: ®(¢; + ¢o) = b1 T bo,
where + is the standard sum of two points in the reduced elliptic curve. As a result
we find ®([n]) = [n] € End(E,), the multiplication-by-n morphism. Moreover, the
map respects the product, i.e. the composition.

Now we prove that the multiplication-by-n maps have the same degree when
reduced. First, let 7 1 n and consider the = coordinate ii—g of [n] in standard

> 2
form, where s, () = 2™ +... and v,(z) = n?z™ ~!. As a consequence, the reduced

polynomials have the same degree of the original ones. It remains to prove that the
reductions s,(x), v, (x) are coprime. This follows by the identity s, = zv,—h(z)g(x),
where h | v,41 and g | v,—1 in Z[A, B][X], see [Sutl7b] for a proof. In fact, if the
reduction of the numerator and of the denominator had a common zero, it would
be both a n-torsion point and a n + 1-torsion point or a n — 1-torsion point, hence
it would be the zero point which is not affine, and this proves, by contradiction,
that the numerator and the denominator are coprime. We have shown that the
degree of the reduced maps is deg([n]) = max{3,(z), 0,(z)} = n* = deg([n]). If the
prime 7 | n then we consider [n] = ®([n — 1]) + [1] which is defined and different
from the zero isogeny since the two maps have different degrees. Furthermore, the
degree of the numerator deg(5,) = n? so that the degree of the endomorphism is
preserved. However, we stress that the degree of the reduced denominator in this
case is necessarily lower than the original one, since v, = nz™ ' 4 ... has the
leading coefficient 7 | n. This means that the endomorphism is no longer separable.
Now, we consider a general endomorphism ¢ € End(FE).
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Lemma IV.2.5. Consider the equation y*> = 23+ Ax+ B of E/K in the Weierstrass
form, A, B € 7, and suppose that the curve has CM by OQ(\/E)' Then the coefficients
of the endomorphism ¢ € End(E) in standard form lie in Oy /-

Proof. First, recall that we already know that the coefficients lie in Q(v/d)[A, B].
Moreover, the result obviously holds for [m| € Z C End(FE), then if we show that
the same holds for an element [§] € End(E) such that Oq,/5) = Z+ BZ we conclude,
by the fact that the sum of two points is a rational map with coefficients in Z[A, B].
Let [a] € End(E) be an endomorphism such that Og 5 = Z[a]. We choose 8
to be a number of the form a + n, n € Z, such that ged(8, A(F)) = 1, this is
possible since 2A(E) is finite. Then obviously (5 is still a generator of Og(vay- Now,

we prove that the result holds for [5] € End(F). Consider the z coordinate ule)

s1(x)
of such endomorphism in standard form and let zgg be the x coordinate of the
endomorphism [deg(8)] = [m] = [B][B] € Z. We notice that ged(m, A(E)) = 1,
since A(E) € Z. Now, we know that s(z) | s(z) in Q(v/d), so that if we prove that
the content of s(z), cont(s), is (1), hence the polynomial is primitive, we conclude
that s1(2) € Og g [X] by Gauss’s Lemma. To do this, we show that there exists no
prime m € Og /g that divides cont(s), hence such that s(z) =0 mod (). First,
if 7 | A(E), by the choice of 3, the leading coefficient of s(z), equal to m?, is not
divisible by , therefore s(z) # 0 mod (7), while if p f A(E) we have just proven
that the reduction of [m] is well defined, only if s(z) # 0 mod (7).

For the numerator, we know that [3] o [3] = [m] has integral coefficients. Then,
if the numerator v, (z) had fractional coefficients, we would obtain as a consequence
that the numerator of [m] would also have rational coefficients, since cont(s;) = (1)
and has integral coefficients. O]

Now let ¢ € End(FE) and let ¢ € End(E) be its dual morphism, their coefficients
are integral and in the same ring of integers of 7, so we can reduce their equation
in standard form and since ®(¢ o ¢) = ®(¢) o ®(¢) = [n] € Z the reductions are
well defined. Moreover we notice that the reduced morphisms are still morphisms of
curves and respect also the group law, so are endomorphisms. Finally, the degree,
being multiplicative, is necessarily preserved, if not, the degree of the multiplication-
by-n maps will not be preserved. This last argument also settles the injectivity. [

A straightforward consequence is the characterization of the structure of the
torsion points for the reduction FE,, over a prime (m) of good reduction, of the
elliptic curves E/K defined over Z.

Theorem IV.2.6 (Structure of the Torsion Points). Let ¢ € N be a rational prime.
Then the group of the ¢q"-torsion points of the reduced elliptic curve E is isomorphic
to:

1. qn% or {0} if | p

z z ~
2. 27 X oz otherwise
Proof. Case n=1. If m { q then #E,[q] = ¢*, so the group of q-torsion points is
commutative of order ¢ and cardinality ¢ and therefore it is necessarily isomorphic
to q% X q%. Although if 7 | ¢ the kernel of the endomorphism is an abelian group of
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order ¢ and with cardinality lower than ¢ by the proof of the above theorem, then
its cardinality is q or 1.

General case. The result follows by induction. We have shown that the base
case n = 1 holds. Moreover, if ker([¢"]) = qu'Z X qk% for any k& < n, then by
multiplicativity of the separable degree we obtain that |ker([¢"*1])| = ¢*" 2. Finally,
by the structure theorem of finite abelian groups, we conclude since, for any k& < n,

the group ker([¢""!]) has exactly two cyclic subgroups of order ¢*. O

Remark IV.2.7. As a consequence of the above result, there is a similarity between
the endomorphism structure of E/K and the one of its reduction over a prime of
good reduction. In particular, we found that the former injects into the latter and
in many cases that is all we can say. For example, consider an elliptic curve E/K
with CM by Og g, fix an inert prime p with p 1 A(F) and consider the associated

reduced elliptic curve E,. Since the reduced elliptic curve is defined over ), we
have the associated Frobenius endomorphism ¢, . Then deg(¢,) = p and there is no
morphism [a] € End(E) of degree p since if this was the case [a] o [a] = [p] but p is
inert in OQ(\/E), so there exists no a € OQ(\/E) such that aa = p. As a consequence,
the endomorphism ring of E' is strictly smaller than the one of its reduction.

IV.3 Isogeny Representation

When studying the endomorphism ring of the elliptic curves defined over K C C
the representation p : End(E) — My(Z) was of great importance. However, this
connection cannot work on the reduced curve E, /F, since there is no associated
complex torus, so we need a more general construction.

Let /K be an elliptic curve and fix a rational prime ¢ { char(K). The groups
E[(™], n > 0, are linked by the surjective homomorphism [¢] : E[("T'] — E[¢"], the
multiplication-by-¢ endomorphism. As a result, these groups, together with the map
[(], form the inverse system

2 3

Next, recall that the group of the ¢"-torsion points is

Z Z

B ™ 4z o

we have proved this result only in some cases, which are the ones we are interested
in, but we can assume that this holds in general. Then the above inverse system is
equivalent to the following:

Z Z Z Z Z Z
7z Xz S ez e g

Now choose an ordered basis B,, = (P[*, P3') of the points of E[¢"], n > 0, such that

[((P'*') = Pp. By the fact (P!") ~ ;% the above inverse system breaks into two

equal inverse systems isomorphic to:
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where / is the standard projection of Wilz — enlzv that is, the multiplication by £.

Further, to any inverse system we can associate an inverse limit, in particular the
last one is very interesting since

7
Zy=lim — = Z « L L
‘ n%* 7, L7 Y4 027 ¢ 37 ¢

is the ring of the f-adic integers. Hence we obtain the following definition.

Definition IV.3.1 (¢-adic Tate module). Let ¢ € Z be a prime as before then the
inverse limit

. n . L V/ . L . Z

neN* neN*
is the (-adic Tate module associated to the elliptic curve E.

Therefore, the Tate module is a Z,-module and comes equipped with the ring of
the endomorphisms End(Ty(E)) ~ Ms(Z,), where any sequence of endomorphisms
¢n, of E[¢"], which respects the transition maps, that is, that makes the following
diagram commutative

b1 o2 3

E[l] +—— E[{?] — E[03] g

is an endomorphism of the Tate module. This happens if and only if the maps
respect [{](¢ni1(P') = ¢, ([()(P"T)), for any n > 0 and any 1 < i < 2. So, if
we prove that any ¢ € End(FE) respects this hypothesis, we will construct a ring
representation:

p: End(E) — My(Zy) ~ End(T,(F)).

But this is true since [(| € Z C End(E), commuting with any endomorphism, fixes
E[¢"] and can be seen as a sequence of homomorphisms ¢,, of E[¢"]. Moreover

[ Gnir (P) = [A(G(P ) = o([(P) = on([A(P).
Proposition IV.3.2. The (-adic representation is injective.

Proof. Consider ¢ € End(FE) such that p(¢) = 0 € My(Z;). Then the associated
homomorphisms ¢, =0 € Mg(qn%) for any n > 0. Hence, ¢ has an infinite kernel,
so ¢ = 0. [

However, instead of simple injectivity, a much stronger result holds.

Theorem IV.3.3. Let E/K be an elliptic curve and fix a rational prime q € Z,
q 1 char(K). Recall that End(E) is a Z-module and, for the curves we have studied,
it 1s torsion-free. Then the natural extension by linearity of the q-adic representation
with Zg coefficients

pq: End(E) ® Z, — End(T,(E))

18 injective.
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We stress the importance of this result, as it means that if two endomorphisms
¢, € End(F) are independent over Z, then their representations are independent
over Z,, or as a contrapositive statement, if the representations are dependent over
Zq the endomorphisms are dependent over Z. See [Sil09, Theorem II1.7.4] for a
proof.

The injectivity has many consequences; in particular, it is very helpful for the
following result.

Proposition 1V.3.4. Let E/K be an elliptic curve defined over Z with CM by
OQ(\/E) and suppose that it has good reduction E, over a prime w. Denote by

End(E) = Oz € End(Ex) the reduction of End(E). Then:
¢ € End,(E) <= ¢ commutes with any ¢ € End.(E).

Proof. The first direction is obvious since End(E) is a commutative ring. Consider
bq = pqe(¢) and let [a], = p,([@]) with [a] € End,(E) such that End.(E) = Z[[«a]].
Then if ¢, commutes with [a], and is not in Qq[[a,]] we would have a subspace of
M(Q,) of dimension 3 that is commutative, a contradiction. Then ¢, € Q,[c,] and
it has a minimal polynomial qﬁg +B¢,+~v=0and~, s € Z; Now we apply Theorem
IV.3.3 to conclude that ¢? +a¢+b = 0 with a,b € Z which means that ¢ and [a] are
in the ring of integers of the same extension and by the fact that Z[[a]] ~ Og /5 is
the full ring of integers, we conclude ¢ € Z[[a]|] = End(E). O

This results in the following.

Corollary IV.3.5. Let E/K be an elliptic curve defined over Z with CM by OQ(\/E);

let E, be its reduction over a good prime 7 and let p € Z be a rational prime such
that (p) = Z N (). Denote by ¢, the Frobenius endomorphism. Then:

1. If p splits in Og /g then ¢, € End.(E), in particular ¢, = [an] € End,(E)
with o of degree 1. In this case ker([p]) ~ ]% and the reduced curve is called
ordinary.

2. If p is inert in Og g, then ¢, & End,(E) and ¢* = —[p| € End,(FE). In this
case ker([p]) = {0} and the reduced curve is called supersingular.

Proof. Recall that the Frobenius automorphism of fields has the property that
¢p(r) = v <= wx € Fpn. Then, if p splits, all the coefficients of the endomor-
phisms ¢ € End,(E) lie in F,, so that ¢, o ¢ = % o ¢, = 1 o ¢,, hence ¢,
commutes with End,(E). As a result of the above theorem ¢, € End,(E). Now,
recall that by the structure theorem of the endomorphisms in standard form and
the structure of the reduction mapping also 7 € End,(FE) is inseparable since the
degree of the denominator of its x coordinate in standard form is lower than p — 1.
This means that m = 3¢, and by a degree argument [ is invertible. Moreover, 7 is
still separable after the reduction, since 7 { 7. This means that degsep([gg]) = p.

If p is inert, the coefficients of the endomorphism ¢ € End.(E) lie in F.
Therefore, by the fact that ¢, is induced by the complex conjugation on OQ( vy we
obtain that ¢, 09 = 9% o ¢, = 1) o ¢, and ¢, does not commute with End,(FE).
However, gb}% fixes F)2, which means that gbf, necessarily commutes with End,(E), so
that ¢7 € End.(E). By the fact p is inert ¢7 = 3 o [p], where 4] is invertible, since
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¢2 has degree p?, so we get its dual endomorphism ¢, = «g,. But ¢2 = o [p] has to
commute with ¢,, hence § € Z, which means § = [1] or 5 = [—1]. Then ¢, is a root
of X — [p] =0 or X? + [p] = 0, suppose the first one. If this is true Z[¢p,] ~ Z[,/p]
and we will prove Z[/p| has an infinite number of units; hence Z[¢| C End(E) has
an infinite number of units, which is a contradiction since |Aut(E)| is a finite group.
First, we have to show that Z[,/p| has a nontrivial unit of the form a + b,/p for
a,b# 0 € Z and a,b coprime. This is equivalent to

(a+byp)(a—byp) =1 < a* —pb* =1

because the inverse of a + bv/d has the form % and this representation is unique

inside Q(,/p). The equation a®? — pb? = 1 is the Pell’s equation and it can be shown
quite easily that it has a nontrivial solution, see [IR90, §17.5] for a proof. So, we
have a nontrivial unit u = a 4+ bv/d and then u™ are the other infinite units, since if
u" = 1 for n > 2 then u would be a n' root of unity that lies in R \ C, but this is
impossible since Q(,/p) is a totally real field.

As a result, we conclude that ¢* = —[p| and that [p] is purely inseparable.  [J

Remark IV.3.6. We characterized the structure of O@(\/E) for the split and inert
primes 7 € (’)Q( V) however, we have not treated the case in which 7 ramifies. These
cases are finite, in particular for our choice of Oy ) there is only one prime p | Dk

that ramifies, where Dy is the discriminant of K = Q(v/d).

IV.4 (alois Representation

Consider an elliptic curve E/K, K C C. Let 0 € Gal(K/K) be an element of the
absolute Galois group. For each point P € Er,,., then o acts on the coordinates of
P. In particular, the group E[n] is stable under the action of ¢ since:

0= o([n)(P)) = [W)"(P") = [n](P") = 0 <= P” € E[n

where we used the fact that o commutes with the maps [n] € Z C End(E), since
they are defined over K. Moreover, like the endomorphisms, ¢ respects the addition
law

O'(P1+P2) :U(P1)+O'(P2)
since + : F — F is a rational map with coefficients in K, fixed by the automorphism.
Then ¢ induces automorphisms of F[m| and hence

pm : Gal(K/K) — GL, (%) ~ Aut(E[m)).

As a result of what we have shown in the previous section, there exists a well-
defined representation of groups from Gal(K/K) to Aut(T,(E)), for any rational
prime q € Z.

Definition IV.4.1. Let E/K, K C C be an elliptic curve and let 0 € Gal(K /K).
Fix a rational prime ¢q. Then the ¢-adic Galois representation is

plo) : Gal(K/K) — Aut(T,(E)) ~ GLy(Z,).
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Among all the finite extensions there are ones for which the representation p,,
is more meaningful.

Proposition IV.4.2. Let L,, = K(E[m]) be the field given by adjoining the co-
ordinates of the m-torsion points for some m € N and let LY, = K(E[m|,) and
LY = K(E[m|,) be the fields given by adjoining, respectively, only the x coordinate
and the y coordinates of the m-torsion points:

1. L,/K, L /K and LY, /K are Galois extensions
2. Gal(L,,/K) is isomorphic to a subgroup of GLQ(%)

Proof. 1. Any o € Gal(K/K) fixes L,,, L%, LY, since the action of ¢ on E[m)]
sends m-torsion points to m-torsion points. This immediately implies that
those extensions are Galois.

2. There is a representation p,, : Gal(L,/K) — GL; (-%) and it is injective
since p(0) =1 <= P° = PVP € E[m] <= o fixes L,, <= o =id.
[l

However, a much stronger result holds for curves with complex multiplication by
the ring OQ(\@.

Theorem IV.4.3. Let E/K be an elliptic curve defined over Z with CM by OQ(\@)
and let K = Q(v/d). Consider [o] € End(E), o € Ogvay: and let Lo, = K(E[a])
be the field obtained by adjoining the coordinates of the points in Ea] = ker([«]).

X
Then Gal(L/K) is abelian and isomorphic to a subgroup of (_O%\)/ﬁ)> ‘

Proof. After an isomorphism, the complex torus associated with E is T'= C/ Oowa)
since this has complex multiplication by (9@( Va) and all these tori are C-isomorphic.
This means that an endomorphism 3 € (’)Q( Va) of the associated lattice, such that

ker(3) 2 ker(a), sends g € Og(ya- This happens if and only if 5 = ab if and only
if o | B by unique factorization. From this we obtain

Og(vay
()

Then consider P, the point corresponding to = in 7. The elements of End(E) ‘ker(a)

End(E)|kcr(a) ~ \End(E)‘kCr(a)| = |ker(a)|.

act freely on this point of ker(ar), which means that the orbit of L under the action
of End(FE) ‘ker(a) is ker(a), hence the orbit of P, under the action of End(E)!ker(a) is
Ela]. Now consider any o € Gal(L,/K). Since it commutes with End(E), due to
the fact that it fixes K, it is completely determined by its action on the a-torsion

point P,. Thus, o acts on ker(ar) C A as the multiplication by a complex number

in Ogg) hence Gal(Lo/K) — (%)X. In particular, Gal(L,/K) is abelian. [

Remark IV.4.4. Since Gal(L,/K) is abelian, the same holds for Gal(L%/K') and

o X
Gal(LY/K) and, moreover, they inject into <_‘%SE>> .
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IV.5 Class Field Theory

Consider an elliptic curve E/K defined over Z with CM by OQ( Vi) with Weierstrass

form y* = fi(z), and its reduction E,, for a good prime 7. It seems reasonable
that there is a connection between the Galois group Gal(L,/K) and the one of
the reduction Gal(Lg /F; ™) for m { a. In fact, both act as endomorphisms in
ker(a) so that they can be represented as a subgroup of (M)X. However, there
is a remarkable difference. In a finite field the Frobenius endomorphism ¢, or its
square ¢2, which generates the finite Galois group, lies in End,(E) and its action
on the torsion points has been characterized, while in the characteristic zero case
the endomorphisms and the elements of Gal(L,/K) look different. However, there
is a well-defined relationship.

Theorem IV.5.1. Let E/K be an elliptic curve defined over Z with CM by Ok
and fix an endomorphism [a] € End(E). Consider the extension L./K given by
adjoining the coordinates of the a-torsion points. Let p € Ix, p 1 (aA(FE)), be a
prime, let (p) = Z N p and let B be a prime of Or,,, the ring of integers of the
extension, such that B N Ok = p. Then there is an element o, € Gal(L,/K) such
that the following diagram commutes.

Bla] — 2 Fla]

where ¢, = ¢;‘f*’ 15 a power of the Frobenius automorphism and where the vertical lines
are the reduction modulo B. Such an element o, is called the Frobenius element.

See [Lan94, Chapter I] for a treatment of the algebraic prerequisites and the
existence of the Frobenius element, see [Sil91, §II.3] for another overview of the
theory of this section.

For any extension L,/K we can construct a function defined on the primes p,
coprime to (aA(FE)), as

(p’ La/K) = Op.
Then, extending the map by linearity, we obtain a map of I(a«A(FE)), the ideals
coprime to (aA(E)):

(Lo /K) : I(aA(E)) = Gal(La/k),

(a,Lo/K) = (Hp”",L/K) =[[e"
p p

This is the Artin Map of L, /K. Then the following theorem on the behavior of this
map, which we will state for the abelian extensions L, /K but holds in a more general
form for any finite abelian extension M /N, provides important global information.

Theorem IV.5.2 (Artin reciprocity). Fiz o € Oq /5. Then there exists an ideal
¢ € Ik, divisible exactly by the primes that divide («A(E)), such that:

((a),Lo/K) =1 foralla=1 mod c.
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The largest ideal ¢ for which the law holds is called the conductor of the extension
L./K.

We can restate the law in an equivalent way
((a), Lo /K) = ((b), Lo/ K) foralla=b mod c.

These results will be crucial to establish the regularity of a map we will meet in the
following section, naturally associated to a CM elliptic curve.
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V.1. Weil Conjectures

V.1 Weil Conjectures

Consider an elliptic curve E/Q with a Weierstrass equation with coefficients in Z
and fix a prime p € N. Then the reduction Ep is a cubic curve, not necessarily an
elliptic curve, and we can count the number of F,»-rational points it has. Before
doing that, we shall deal with the problem of choosing the right model for £/Q, i.e.
the right Weierstrass equation. In fact, there could be a Q-isomorphism that sends
our curve to E'/Q in Weierstrass form with coefficients in Z with good reduction
over the prime ¢, where F/Q had bad reduction. To account for this possibility, we
require p'? ¥ A(E), for any prime p # 2,3, while for the primes p = 2,3 we require
p*t A and p®§ B. We show now that for our curves that’s not a restriction.

Proposition V.1.1. Let E/K be a CM curve with Weierstrass equation given by
y? = 23 + Az + B, defined over Z. If p # 2,3 is a prime such that p** | A(E) then

there exists a curve E' | K which is Q-isomorphic to E which has integral Weierstrass
AE) _ 12
A(E")

equation and such that

Proof. We recall that for a CM curve, the j-invariant is integral. As a consequence,
if p#2,3 and p | A(E) then the relation

(4A4)°
A(E)

j(E) = —1728

implies p* | A. Therefore, since A(E) = —16(4A3 + 27B?), we necessarily have
p% | B. As a result, the Q-isomorphism of elliptic curves ¢ : E — E' is the following:

¢ (z,y) = (x i)

P p?
and the equation of E' is 3% = 2 + ]%:c + ]%_ =

Remark V.1.2. The model of E/K such that p'2 { A(E), p # 2,3, is a minimal
Weierstrass model in the sense that we cannot find a Q-isomorphic elliptic curve
E'/K with coefficients in Z, even not in Weierstrass form, such that if p | A(E),
p # 2,3, then £’ has good reduction over p. In general, there exists a minimal model
E™/K in generalized Weierstrass form which has minimal discriminant, in the sense
that for any prime p and any other model E”/K with equation defined over Z if
E™/K has bad reduction over p then the same holds for £ /K.

Now, we introduce the following formal series.

Definition V.1.3 (Local Zeta Function). Let E/Z be an elliptic curve with coeffi-
cients in Z. Then the local zeta function Z(FE, p) € Q[[T]] is

Z(E,p) = exp <#EPDFP]T + #EP[FPQ]TQ + .. > = exp (i —#EP[FP"]T")

1 2 n

n=1

where exp(T) = >"o° I+ € Q[[T7).

Although using the exponential in the generating function may seem unnatural,
the Weil conjectures for elliptic curves, proven by Hasse in 1934, show that this is
the correct way to represent local information.
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Theorem V.1.4 (Weil Conjectures for Elliptic Curves). Let p € N be a prime of
good reduction. Then:

1. Z(E,p) = % with P(T) € Z[T] a polynomial of degree 2.

2. P(T)=(1—aT)(1—aT) with ||a|* = p.

We will reduce our arguments to the CM curves we studied since, with the theory
we have developed, the proof is easier and the results are stronger. We will treat
separately the case in which p ramifies, since we do not know yet whether it is a
prime of good reduction or not.

Proof. Let E/K be an elliptic curve with CM by Og, /5 and defined over Z. Es-
sentially, we will determine #Ep [Fpn] for any n > 1. First, consider the way p splits
i{l O Va)- If (p) = (m)(7) splits, where 7 € Og 3 is a prime, then canonically
E; ~ E,. On the contrary, if p is inert, then the reductions of E/K, K = Q(+d),
and of E/Q are naturally isomorphic over F,2. Moreover, since the equation of the
reduced curve is in both cases in [, those reductions are also isomorphic over I,.
Therefore, it is enough to count the F,n-rational points of a good reduction of E/K
over a prime m € (9@(\@.
In these cases, considering the Frobenius automorphism ¢,, we notice

v el < ¢y(r) =2 < (¢, —1)(z) =0.

So that the associated Frobenius endomorphism ¢, € End(E,r) respects the follow-
ing: 3
P € Ex[Fpn] <= (¢, —id)(P) =0 <= P € ker(¢, — [1]).
So, first of all, we have to evaluate deg(¢, — id).
1. Case p splits. We know that ¢, € End,(E) corresponds to [an| € End,(F)
for some invertible (o] € End.(E), a € (Og/z))*- First, we prove that ¢ — 1

is separable. In fact (am)” — 1 = —1 mod 7 and by unique factorization of
Og(va this means am f (am)™ —1. As a consequence [ar] = ¢, { ¢ — 1. Now,

the order of E[F,n] is:
#ker(6; — 1) = deg(6] — 1) = [(am)" — 1* = p" + 1 — (am)" — (a7)"

2. Case p is inert. For the F2» rational points gbﬁ” —1 = (=[p])™ —[1]. Therefore,
deg((=[p])" — [1]) = ((=p)" — 1)* and since p { deg(¢;* — 1) we deduce that
¢2" — 1 is separable and that

Fker(¢p" — 1) = deg(¢;" — 1) = ((—p)" — 1)*.

To obtain deg(¢2"*! — 1) we consider the endomorphism [v/d]. Then we recall
[Vd]$, = —p,[V/d], since the frobenius automorphism acts as the reduction

of the complex conjugation o € Gal(K/Q) on the coefficients of [v/d]. As a
result:

(¢ = MDIVd] = [Vl (=g — [1]).
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Considering the degrees, this implies
deg(¢p" ™" — [1])deg([Vd]) = deg([Vd])deg(—¢;" " — [1])
and simplifying by the degree of [v/d]

deg(¢," " — [1]) = deg(g," " + [1]).
As a consequence, we obtain the degree of qﬁf,”“ — [1]:
(deg(ey"™" — [1]))* = deg((¢;" " — [1]) (5" + [1]))

= deg([—p™""'] — [1])
— (p2n+1 4 1)2.

From this we conclude that

deg(¢2n+1 1) — p2n+1 + 1

As a result #E,[Fpn] = 1+ p" — (iy/p)" — (—iy/D)"™

Now, we shall use some properties of the formal series; in particular, if we define

In(l—al)=-> ", ng we have the following formal properties:

1. exp(bT + ¢T') = exp(bT") exp(cT)

T) = (exp(T))

2. exp(—
3. exp(In(1 —aT)) =1—aT.

Now, consider a = ar in the split case and a = i,/p in the inert case, then

0 1n_an_an+pn .
Z(E,p) = exp (Z - T ) —

n=1

(1 - aT)(1 - aT)
(1-=T)(1—pT)

=exp(—In(1 —7) —In(1 — pT) + In(1 — aT) + In(1 — aT))

]

To be sure that we have treated all the cases of good reduction, we shall deal
with the reduction by the ramified prime.

Proposition V.1.5. Let B/K, K = Q(\/d) be an elliptic curve with CM by Oo(va)
defined over Z, for a prime d, hence d # —1. Recall that (d) is the ramified prime.
Then d | A(E), in particular Q(v/d) = Q(v/A(E)).

Proof. We consider the curve in Weierstrass form y* = 23 + Az + B, A, B € Z. We
recall that A(FE) = 16A(2® + Az + B). Let L be the field generated by the roots of
the polynomial 2% + Az + B and consider the Galois group

Gal(Ly/K) = Gal(K(E[2))/K) = Gal(L/K) = Gal(L/K) — (O?;)m)) X |

Chapter V 54



V.1. Weil Conjectures

Then, if 2 splits, Gal(Ls/K) is necessarily trivial, while if 2 is inert it is isomorphic to
(s, the cyclic group with three elements, or it is trivial. In both cases Gal(L/K), as a
subgroup of S3, the group of the permutations of the three roots of the polynomial,
is contained in A3 and by Galois theory this happens if and only if the number
VA(x3 + Az + B) € K. Thus, if we show that A(z® + Az + B) is not a perfect
square in Q, then [Q(\/A(F)) : Q] =2 and Q(y/A(FE)) C K, which means that the
field Q(1/A(F)) = K and that A(E) = 16A(2® + Az + B) = dn? for some n € Z.
To do this, we need to find the right primes and, to ensure that they exist, we need
the following lemma.

Lemma V.1.6. There exist infinite rational primes p € N such that p =1 mod 4
and (p) is inert in O /g, where d # —1.

Proof. This is a quick corollary of the infinitude of primes in arithmetic progressions.
But we can prove the result in a more elementary way. By Theorem IV.1.7 p splits

in Og/=1) and <DL;{) = —1, since it is inert in Oy . Therefore, we have to
prove that there are infinite primes of the form a2 + y? such that <I2D—”;y2> = —1.
Equivalently, we can prove that there exist infinite coprime numbers of the form
n = x? + y? such that <$2D—t(yz> = —1. In fact, any such number can be written as
n= [ ¢~ [ »™
9q=3 mod 4 p=1 mod 4
which means there exists a prime p|n, p =1 mod 4, such that (D%) = —1. It isnot

Dk
Dy # 4. From this solution, we can build an infinite sequence of numbers

difficult to show that there exists a solution n; = a® + b? such that <M) =1,

2 2 2
niy1 = nja; +b;

such that n;a; = a mod Dy, while b; = b mod Dy is coprime to n;a;. Then the

number n; = z? +y?, furthermore n; = n mod Dy so that (g—;) = —1 and finally

ged(ng,ng) =1 for any j > k > 0. O

Now consider an inert prime p { A(E), p # 2,3, and require p = 1 mod 4. If
A(E) were a perfect square, then its reduction modulo 7 would also be a perfect
square in [F), C F,2, this implies

Gal(Fp(E[2])/F,) < A ~ Cy

for the same argument as above. Next, consider the action of the Frobenius endo-
morphism ¢, on E[2]: we know that ¢, fixes deg(¢, — 1) = p + 1 points. By the
restrictions on p we obtain p+ 1 = 2 mod 4 hence 4 { p+ 1 but 2 | p + 1 which
means that ¢, fixes a proper 2-torsion point, while it necessarily permutes the other
2. Therefore, the order of ¢, € Gal(F,(E,[2])/F,) is 2 but Cs has no elements of
such an order. This is a contradiction. As a result, A(F) is not a square, hence
Q(A(E)) = K, which implies d | A(E) and A(E) = dn?. O

Remark V.1.7. As for the elliptic curves with CM by Z[i] and defined over Z we
already know that the prime 2 | A(E), hence the ramified prime is of bad reduction.
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Thus, given a CM elliptic curve Z(FE, p) has an additional structure that can be
summarized by the following result.

Corollary V.1.8. Let E/K be an elliptic curve with CM by OQ(\/E) defined over
Z and let p = (), m € OQ(\/@, be a prime of good reduction. Define the function
a: Ix(A(E)) — K* as

Q(r)y = Xam  Such that [XxT] = ¢ € End(E)

and extended by linearity to the other ideals. Then the function is well defined and
Xr € O&\/g)' Furthermore, the local zeta function has the form:

My (1 — o T*)
2B = =)

Proof. The well definition relies on the fact that given any generator m, s of the
ideal p, the reduced curves E,, ~ E,, are obviously the same curve, since the
reduction is made over the same prime ideal (m1) = (7). This means that ¢, does
not depend on the generator of the prime ideal.

For the second part, we consider two cases. If p splits, considering the IFn-
rational points, we have deg(qﬁg —1)=p"+1+a"+ a", where the endomorphism

la]| = [xx7] = ¢p € End.(E), xx € 06(\/&). Then %. Conversely, if p is
inert, a = (iy/p) which implies that ((11__“;))((11__5;)) = (1_(%€’1T_2; ) and we conclude since

by = ¢12) = [—p| and d, = 2. O

V.2 Bad Reduction

We have treated all the cases where the reduction is well defined; however, a priori,
information about the curve is given also by the reduced curves over the primes of
bad reduction. We distinguish three behaviors, considering p # 2,3 and p|A(E)

1. Additive reduction: Ep has a cusp. This happens if and only if ¢; = 0. Then

the equation of the curve is y? = 3.

2. Split multiplicative reduction: Ep has a node, with the tangents to the singular
point defined in P?(F,).

3. Non-Split multiplicative reduction: E’p has a node, with the tangents to the
singular point not defined in P?(TF,,).

In our case, we are interested in the first one: we calculate #EP[FZ]. The curve
X, X? = X3 is parametrized by

¢ fa: Bl [0?B:a®: B,
which induces the affine parametrization
¢t (12 17).

In any case the parametrization is injective and surjective, which means that over
F,» there are p" affine points in our curve plus the point [0 : 1 : 0]. As a consequence

#Ep[Fpn] = pn + 1,

hence we have proved the following.

Chapter V 56



V.2. Bad Reduction

Proposition V.2.1. If E has additive reduction over p | A(E), p # 2,3, then

1
(1 =T)(1 =pT)

Z(E,p):

Proof. Simply, #Ep[Fpn} =p"+1=p"+a"+a"+ 1, with a = 0. Hence, the local
(1—aT)(1-aT) _ 1 0

(1=T)(1=pT) (1-T)(1-pT)"

zeta function is Z(F,p) =

Remark V.2.2. The numerator of the local zeta function is called the local factor.
For the three cases of poor reduction, the local factor is equal to:

1 additive reduction
Local Factor ¢ 1 — T split multiplicative reduction

1+ 7T non-split multiplicative reduction

Returning to the elliptic curves F/K with CM by OQ( Va) defined over Z we find
the following remarkable property.

Theorem V.2.3. Let E/K be an elliptic curve with CM by (’)@(\/3) defined over Z
and let p | A(E), be a prime different from 2,3. Then E has additive reduction at

.
Proof. Here we use the fact that j(F) is an algebraic integer. In our special case,

we know j(E) € Q therefore j(E) is an integer, so consider a prime p as in the
hypothesis and recall the relation

(44)°
A(E)

j(B) = -12°

Since p 1 2,3 and j(F£) is an integer, then necessarily p|A, therefore the reduction
modulo p has ¢; = 0, which means that the reduction is additive. O]

Corollary V.2.4. The local zeta function of the reduced curve Ep over primes of
bad reduction, different from 2,3, of an elliptic curve E/K, defined over Z, with
complex multiplication by OQ(\/@ 18

1

N (i)

Remark V.2.5. From these considerations, it seems reasonable to extend the func-
tion o : Zx (A(E)) = Og(yg) by requiring that

am =0,

for any (7) | (A(E)). In particular y, = 0 for any generator n’ of (7). Thanks to
this argument, we can extend « : Zxr — OQ( va)- Thus, we still have the relation

M = a@T)
R (T i

for any prime p # 2, 3.
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After having treated the bad reduction case, we can state another important
result that will be useful later.

Theorem V.2.6 (Hasse bound). Let E/Q be an elliptic curve defined over Z with
CM by Ogygy over K = Q(Vd) and let p # 2,3 be a prime, g = p". Then:
|#Ep[Fq] —q—1]<2/q.
Proof. #E,[F,] =q+ 1+ a"+a" with ||a|" = (,/p)" = /g then
#E,[F] — g —1] = |a" +a"| < [|a]* + al|" = 2y/q
by triangle inequality. O

Remark V.2.7. For the primes 2 and 3, we define ay = 0 and if 3 | A(E) we
define a3y = 0. This is an artificial correction of our function and we will see later
how another definition will actually arise naturally in the last chapter.

V.3 Complex Multiplication by Z[i| and Z|w]

In order to make concrete examples of the theory we have developed so far we are
going to obtain the local zeta functions for the elliptic curve E/Q defined over Z

with CM by Z[i] and Z[w] = Og(,/=3), w = #

Proposition V.3.1. All elliptic curves E/K defined over Z with CM by Z[i] have
the following Weierstrass form

G": y* =2 —na* neZ,
while the ones with CM by Z[w] have the following Weierstrass form
E": y*=234+n neZ.

Proof. All the curves of the first form are the only curves with j-invariant j(G™) = 0
and Weierstrass equation defined over Z, while the curves of the second form are the
only ones with j-invariant j(E™) = 1728 and with Weierstrass equation defined over
Z. In particular E™ are all isomorphic over Q and the same holds for the curves G”.
So, if we show that even one curve of the first form has CM by Z[i] and one of the
second form has CM by Z[w], we obtain the result, but recall that we have already
shown such examples at the beginning of Chapter IV. [

Remark V.3.2. The condition n'? { A(E) we imposed in the previous section is
equivalent to the following restriction on n € Z:

1. G™ with b* f n for any prime b € Z,
2. E™ with 05 { n for any prime b € Z.
First, we express G" in a more convenient way.

Proposition V.3.3. Consider the smooth curves F™ : u? = v* +4n and let p { 2n.
Then: . .
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Proof. We can Write the maps (u,v) — (3(u+ v?),3v(u + v?)) and its inverse

(x,y) — (2z — x—g, ) from G” \ {(0,0)} to F” Finally, since there are no points
at infinity in F™, we also have to add the pomt at infinity of G™. From this we
conclude. O

We have reduced the problem to counting the F,-rational points of a diagonal
hypersurface, hence a hypersurface in which any variable appears alone and in at
most one monomial in the equation that defines the variety. For such curves the
theory of Gauss and Jacobi sums reveals to be a useful tool.

Definition V.3.4. Let F, be a finite field. Consider a nontrivial additive character
Y :F, — C* and let x : Y — C* be a a multiplicative character. Then the Gauss
sum is defined as follows:

zelF,

where x(0) = 0 by convention. The Jacobi sum is the following:

T(x1x2) = Y xa(@)xa(l — z).

z€Fy

From now on we will fix ¢(z) = £T® where ¢ = e and Tr(z) is the trace of
the field extension [, /F,,.
These sums share notable identities:

Proposition V.3.5. Let x, x1, x2 be nontrivial multiplicative characters. Then:

1 g(xtin) = =1;  J(Xtrivs Xerin) = @ — 2: I (Xtwivs X) = —1;
J<X7>_<) = _X<_1)7 J(XlaXZ) == J(XQ,X1>

2. g(x)g(x) = X(—l)q; 90| = V4

3. J(Xl Xz)

Proof. We omit the proof of the first identities since they follow by a simple appli-
cation of the definition. We prove the second and third ones:

g()9(x) = D x@xW)+y) = Y x@)x(u—2)(u) =

z,y€lfy z,uclky

g(m Vifxa # xa

z€Fy z€F g, uelFy
=(@-Dx(-D+ > x(w)x(u—vu)i(u) =
veFq,ueky
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and since g(x) = x(—1)g(x) we conclude. As for the third identity:

g0x)gle) = Y @@ +y) = Y xa(@)xe(u—z)d(u) =

x7yEFq CC{U/GF(I

= Z X1(x)x2(u — z)(u) = Z X1 (uv)xe(u — uv)p(u) =

z€FqucF}; veFq,ueky

= D xawxe@@) | | D xa@xa(t —v) | = gbaxe)(x1, x2).

u€lFy veF,

]

The link between multiplicative characters and the number of F,-rational points
of a diagonal hypersurface is given by the following result.

Theorem V.3.6. Let a € FX and consider m € N such that m | |[F)| = ¢ — L.

Then:
#Ham=a} = 3 x(a)

xm=1

Proof. Since 2™ is a homomorphism, if a is a m** power, then the number of solutions
of #{z™m = a} = q;—l while if a is not a m'* power, #{z™ = a} = 0. First, we will
prove that the group ﬁq; of multiplicative characters of [ is itself cyclic of order
q—1. Fixing a generator g of F¥, any character x € ﬁq; will be completely defined by

its action on g. Now, let (,_; € C be a primitive (¢ — 1) root of unity and consider
the multiplicative character x : g = (;-1. We show that FX = (x). Obviously

(x) C ]i‘q;, while the other inclusion follows by the first isomorphism theorem: we

know that the image of a multiplicative character has order that divides ¢ — 1, so it

maps g to a (¢ — 1) root of unity ¢, for some n € Z. As a result, the order of

the subgroup of the characters of order m is %. As a consequence, if a € F, is a
—1

m™ power, then 3 ,._; x(a) =3 g 1= 9=

For the second part, consider the group of the characters Iﬁ‘g of Iﬁ‘g. We have a
canonical isomorphism with F:

—~

a > ev, x> x(a).

This means that if {x™ = 1} C ker(ev,) then ev, is an m™ power and also a is
an m'™ power. Thanks to this argument, we conclude that if a is not a m*" power,
there exists x; € F)* such that x7" = 1 and x;(a) # 1, which implies that:

S @)=Y (W@ =) Y K@) = > x(a) =0

since {x™ = 1} is a subgroup of Iﬁq;. O

Next, we proceed to the computation of the number of the [F, rational points.
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Theorem V.3.7. Let (m) be a prime of Z[i] and (7)1 2n , consider q = ’%
and let (p) = Z N (7) be a rational prime:

= N(7)

#HGF] =q+1— (E) - (ﬁ> 7 m=1 mod (1+1)°
/4 /4
where (%), =i € Z[i] such that n'tT = mod .
Let () be a prime of Z|w] and (7)1 6n, consider ¢ = |%| and let (p) =Z N () be
a rational prime:

- 4 4
#EZ[IFP]:q+1—<—n)7T—(—n) T 7=2 mod 3
6 6

s ™

where (%), = (—w)’ € Z[w] such that n’s = (—w)’ mod 7.

Remark V.3.8. We notice that if (7) is a prime of Z[i] then necessarily ¢ = 1
mod 4. Conversely, if (7) is a prime of Z[w] then necessarily ¢ =1 mod 6.

Remark V.3.9. The condition 7 = 1 mod (1 + 4)® uniquely determines the gen-

. X
(1@)3) has 8 — 4 = 4 elements. Then, since the units of Z[i]

are i/, hence four, and are not equivalent modulo (1 + 7)3, we conclude /7, which
are the four different generators of (7), are neither equivalent modulo (1 + %) nor
congruent to 0. Thus, the condition uniquely determines the generator. The same
holds for the condition 7 =1 mod 3 that uniquely determines the generator of (),

X
in fact ((%]2) has only 9 — 3 = 6 elements. Then, since the units of Z[w| are

(—w)?, hence six, and are not equivalent modulo 3, we conclude that the numbers
(—w)?m, which are the six different generators of (), are neither equivalent modulo
3 nor congruent to 0. We call such generators primary.

erator of (7), in fact (

Proof. First of all let’s consider the following multiplicative characters.

1. If g =1 mod 4 then x4(z) = (£)

of % ~ [F,.

, 1s a generator of the characters of order 4

2. If g=1 mod 3 then x¢(z) = (f—r)
of % ~ Fq.

¢ 18 a generator of the characters of order 6

Let’s start with G". We know that it is a question of computing N’ = #F"[F,]:

N =4#{ueF, | u*=4n} + #{v e F, | v = —4n}

V.1
+#{u,v € F} | v’ = v* + 4n} (V-1)
The first term is equal to :
#{u e F, | v’ =4n} =1+ xj(4n) (V.2)
since x? is of order 2. The second term is equal to:
3
#{veF, |v'=—dn} = Z Xa(—4n). (V.3)
i=0
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Now let’s work on the third term.

#{u,v e Fy | v* =v' +4n} = Z #{u? =a} - #{v* =b} =

a bGIF* a=b+4n

Z Z X4 (a —4n) Z Z Hk (X4a X4)

a€lfy j=0,1,2,3 z€lF;, j=0,1,2,3
a—4nz0 k02 kO

=2 (Z Xi<—4n>) — 3 (=4n) = X3(= 1)+ xa(—4n)° T3, xa) + xa(=4n) T (33, 1Y)

—q-3+ (Z xi<—4n>> —Xi(=dn) —a—a o= —xa(=4)" (G xa) (V)

J=1

Here, we simplified the expression using the Jacobi sum identities and using the fact
x3(—1) = 1. Now, putting together the three expressions and simplifying, we end
up with:

N' =q—34+\%~4n) +14+x3(4n) — x3(-4n) —a—a=q—1—a—a (V.5
Which means:
#E.F)=N+2=q¢+1-a—a a € Z[i], (V.6)

0] = | — xa(—4n)* TG xa)| = W — Vi V.7)

Next, we have to characterize the behavior of J(x3%, x4)-

Lemma V.3.10. Consider x4(z) = (£), as a character of %T[i)] ~F,. Then:
1. 1+ J(x3, x4) =0 mod 2 + 2i
2. (J(x3%, x4)) = () as ideals of Z][i].

Proof. (1). First, we relate J(x2, x4) to J(4, x4) using the following identity, whose
proof can be found in [IR90, Lemma §17.3].

J(x2,x) = x(4)J (x, x)

where o = x2 is the only nontrivial character of order 2. If we apply the identity
to our case, we notice that —4 = (1 +4)* is a 4" power in % then we obtain

J(x2, x4) = xa(—1)J (x4, xa)- Next we write:

T(xaxa) = Y xal@)xa(l—z) = X(q;1)+22X4($)X4(1—$)

z€lFy

where the second sum is over % elements, one for each pair (z,1 — z) except for

the pair (2}, 2-1). Now, since x4(z) = i/ € Z[i] we have that x4(z) =1 mod 141,

hence 2x(z)x(1 —x) =2 mod 2+ 2i. This means that reducing modulo 2 + 2i

q+1

J(xa,x4) =q—3+ 4( 5

) =2+x3(2) =2+ x4(4) =2+ xu(—1) mod 2+ 2i
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since ¢ —1 =1 mod 4. Then we conclude that
L+ J(x2,xa) =1+ xa(=1)J (x4, x4) =2+ 2x4(—1) =0 mod 2+ 2i

since 2(1 4 x4(—1)) =0 or 4.
(2). We simply use the definition of x4(z) = (£) and we prove the relation
J(x%3, x4) =0 mod 7.

EZ Zx2+] Z( 1.0 mod 7

j=0 z€F, j=0

since 1 < <% 4+ j < ¢ — 1, hence the map ;1 x — T multiplicative and
nontrivial Wthh means:

Do) = 6@ Y aily) y== o) £0,1.

z€Fq y€ERg

If the sum were nonzero, then we could cancel both terms and end up with:

¢jla) =1
A contradiction. H
The lemma proves that
a = xa(—4n)*(=J (X3, xa)) = xa(n)7 = (ﬁ) ™ =1 mod 2+ 2i.
m/ 4

This settles the first part of Theorem 5.2.7.
The proof of the second part is similar to the first one. To ease the notation, let
14+ N’ = E!F,]. Then

:#{yEFq|y2:n}+#{x€ﬂ7q|x3:—n}

V.8
—l—#{x,yEFZ!yz:x?’—l—n}. (V:8)

Now, by defining y» = xg and x3 = x2 as multiplicative characters of exact order,
respectively, 2 and 3. The first term is equal to

#y eFy|y* =n} =14 x2(n). (V.9)

The second term is equal to

#{r eF,| ¥ = —n} =1+ x3(—n) + x3(—n). (V.10)
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The third term then is equal to

HryeF |y =a*4nt = Y #lreF | =a-#{yeF, |y =b} =

a,befy, b=a—n

= Z Z Xa(a)xh(a —n) = Z Xa(n) (=) J (xa: X3) =

a€Fy, a—n#0 i=0,1 1=0,1
7=0,1,2 j=0,1,2

g—2— ( Xg(—n)> — x2(n) + x2(n)x3(—n)J (x2, x3) + X2(n)X3(—n)J (x2, X3) =

=q—2- <Z X ( ) —xz2(n)—a—a  a=—x2(n)xs(n)J(xz2,x3) (V.11)

j=1,2

Again, we simplified the equation using the Jacobi sum identities. Summing the
three terms and simplifying, we obtain the following:

#EJF]=N+1=q-2+1+1l-a—a+l=q+l—-a—a (V.12)
v (valn o = 190)llg0)l _
a=—x2(n)xs(n)J(x2, x3)  |lal 90x2xs)| V- (V.13)

Here we used the fact that y3(—1) = 1 since x3(—1) = x3(—1) = x3((—=1)?) = 1.
Finally, we characterize the structure of J(ys,xs3). However, it turns out that
J(x3, x3) is simpler to study, where the link between the two Jacobi sums is given

by the previous identity J(xs, x3) = x3(4)J(x2, x3)-
Lemma V.3.11. Consider xg(x) = (f)ﬁ as a character of %T[i)] ~ TF,. Then:

1. J(x3,x3) =2 mod 3,
2. (J(x3,x3)) = (7) as ideals of Z|w].
Proof. (1). By unwinding the definition of Jacobi sum, we obtain the following.

9(xs)* _ 9(xs)’®
9(xs)  xs(=1)g

=g(x3)®? mod 3= Z X3(z)°¥(3x) mod 3

z€Fy

= Z ¥(y) mod 3 = g(Xuiw) mod3=-1 mod 3.

y€EFy

J(X?)a X3) -

Here we used the fact that ¢ =1 mod 3 and the Gauss and Jacobi sum identities.
(2). For G™ we have to use the definition of x5 to prove J(x3,x3) =0 mod 7:

J (X3, X3) Z:ci% (1—2x) =l mOdﬂ'_ZZ< ) (—z)’ mod 7

z€eF, z€lFy j=0

g—1 q*l

T
= ( )Zm3+] modﬂ—Z(—) 0 modw=0 mod

z€F, Jj=0

<
Il
o
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Where we used the fact that ¢; : z — 255 s multiplicative and nontrivial since
1<q%1+j<q—1whichmeans

Do) =0,0) D 0iy) y== 6;a) #0,L.

z€lFy yelF,

Then if the sum were nonzero we could cancel both terms and end up with

a contradiction. O]

Thanks to this lemma we proved:
a = —x2(n)xs(n)J(xz2, x3) = —Xg(n)X3(4)J(X37X3) =

—¥6(4n) Y2 (4)m = —Y6(4n)T = — (—) 67r.

Where 7 =2 mod 3 is our primary generator of (7). O

Remark V.3.12. Recalling the definition of ;) we have that for G™:

am=—) 7 =1 mod 2+ 2i.
(m) .

Moreover for E™:

4

Oy = — il T =2 mod 3.

(m) T
6

In fact, let ¢ = N(7). Then, unwinding the definition, a(r) = a, such that the
number of F-rational points #E7[F,] = ¢+ 1 —a —a and (a) = (7).

Remark V.3.13. The choice of the condition that defines the primary primes is not
random and is determined by the existence of reciprocities, similar to the quadratic

one, for (;l) , and (47”)6 that have a simpler structure if 7 is primary.
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VI.1. Global Zeta Function

VI.1 Global Zeta Function

So far we have studied the elliptic curves E//K defined over Z with CM by Og /)
the ring of integers of an imaginary quadratic extension of class number one. In the
third and fourth chapters we studied the ring of the endomorphisms of those curves
and those of their good reduction. This led us in the previous chapter to the proof
of the Weil conjectures for such elliptic curves and the determination of the local
Zeta functions and of the local factors. We now combine these local functions to
construct a global complex-valued zeta function.

Definition VI.1.1 (Hasse-Weil L-function - First definition). Let E/K be a CM
elliptic curve defined over Z and recall that the local zeta function is:
(1—-1a,7)(1—a,T)

(1=T)(1 —pT)

Z(E,p)(T) =

Then consider a complex variable s and define

L(E,s) = C(S)(C(S ;(1) 5

p prime ideal of (9@( Va)

11,7
H 1—app (1—app s) (VL1)
H
P

the Hasse- Weil L-function of E/K.

Remark VI.1.2. The reason why we multiply by ((s) =[], 17;_3 is to clear the

denominator of the local zeta functions, which is independent of the curve and
therefore does not carry additional information.

The function L(E, s) is defined on the complex values of the variable s for which
the infinite product converges. In particular, for the standard criterion for the
absolute convergence of an infinite product, we have to evaluate the convergence of

> Loy | (Np) ™4 = 37 (Np) @3 < 2~ p e+ (V1.2)
p

p peN

where we used the Hasse bound. Then VI.2 converges if and only if PRe(s) > %
Thus, L(E, s) is defined on the half-plane fRe(s) > %

Once we have established its domain of definition, we may consider an equivalent
form, using the identity:

T Z ay Np Z Qpn Np
» neN neN

where we used the fact NI and o : Zry — OQ( va) are multiplicative. Now recall that
OQ( va) 1s a UFD, so any element a € OQ( va) 1s uniquely factorized by primes up to
units. As a result, any ideal can be written as [ = Hp pe with only finitely many
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nonzero exponents, and this expression is unique. From this argument and by the
absolute convergence of both the sums and the product we conclude that

H W HZ%" Np") ZOH (NI)~ Re(s) >

p neN

N W

where the last sum is over all ideals I < (’)Q( Va)- Thus we showed

s) = ;aI(NI)_S Re(s) > g

We will call this expression the additive form of our L-function.

V1.2 Hecke Character

The additive form of our L-function seems at a first glance far from regular: even
though the coefficients «; are necessarily generators of the principal ideal I = (f3),
so up to a unit ug € O@(\/E) we have a(g) = ug3, we don’t know if such units share
some regularity themselves. However we know that by definition

Qp = XxT such that [x.7] = ¢, = gbz” € End,(F)

for a prime p = () coprime to A(F). Now fix some integer m > 3, m { A(E)
and consider the field extension L,,/K = L(E[m|/K). We know by the theory of
Section §IV.5 that there exists a Frobenius element o, € Gal(L(E[m]/K) such that

—~——

0y(P) = ¢(P) for any P € E[m] and for any p coprime to (mA(E)).

Proposition VI1.2.1. Let p be coprime with (mA(FE)), then the Frobenius element
oy acts as [ap] € End(E) on the group E[m).

Proof. Consider the inverse o, . Then for any P € E[m]:

oy ([0p)(P)) = ], "~ (&(P)) = P

where Ly, is the extension of F 4, obtained by adjoining the coordinates of the points

of E,[m]. Hence, necessarily o, acts as [a,] on E[m]. O
Then by Artin reciprocity:
a=b mod ¢, = ((a),L,/K)=((b), Ln/K)

where ¢, is the conductor of the extension. The immediate consequence is that if
a,b e (’)@(\/3) and a = b mod ¢, then:

Q) = ap) mod ¢, < Xqa=xpb mod ¢, < X, =xp mod cy.

From this we conclude:
a=b mod ¢, = Xa=Xb

since in Q(ﬂ the units, which are at most six, are not equ1valent because Nc,, > 6.

Next, changmg the integer m’ ¥ A(E) such that m and m' are coprime, we get
another conductor ¢, = ¢, + ¢, divisible only by the primes that divide A(FE). A
function of I with this regularity is called algebraic Hecke character.
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Definition VI.2.2. Let K/Q be an imaginary quadratic extension of class number
one. Then a map ¢, : Zx — OQ(\/E) of modulus m < (’)Q(\/g) is an algebraic Hecke
character if:

L 9 (Og(va) =1
2. Y(I) # 0 if and only if I and m are coprimes
3. Y(IJ)=y()Y(J) for any I,J € Tk

4. for any o € Gal(K/Q) there exists a number n(oc) € N such that if the
algebraic integer « =1 mod m then ¢((a)) = [, cqu/g) a™)

Then ) is said to be primitive if there is no other smaller modulus m’|m for which
property (4) holds.

As a consequence of the Artin reciprocity, we derive the following crucial result.

Theorem VI1.2.3. The function o : I — OQ(\/E) 1s an algebraic Hecke character
of modulus ¢, which is divisible by the primes that divide A(E).

Proof. Simply, ifa =1 mod ¢, then a(, = a, so property (1) is valid. By definition,
also property (2) and (3) hold. Property (4) holds if we consider n(c) = 0, o the
restriction of the complex conjugation to K, while n(id) = 1. Finally, if a prime
p | A(E) then the curve E/K in Weierstrass form has bad reduction, then the
reduction is additive, which means a, = 0 so that p | ¢,. [

However, o with conductor ¢, could be non-primitive, in particular the primes
in (9@( va) that divide 2 and 3 can appear in A(E) in a fictitious way: there can be
a Q-isomorphism of elliptic curves that sends E/K to another elliptic curve with
an equation with coefficients in Z, not necessarily in Weierstrass form, such that it
has good reduction over 2 or 3. To account for this possibility, we proceed in the
following way.

1. We define ¢y | ¢, as the maximal integral ideal such that if (z) € I(c,), the
ideals coprime to ¢,, and z =1 mod ¢ then o) = .

2. We extend our algebraic Hecke character by requiring some “continuity”. This
means that if » = m mod ¢y and o, = 0 while o) = xnn # 0 then

A(m) = XnTN.

3. Finally, by doing so, we can extend a : T — OQ(\/E) to a primitive Hecke
character ¢ : Ty — OQ( Va) of all the ideals of (’)Q( va) with modulus c,.

The following result tells us that it is the right way to extend a:

Theorem VI1.2.4. Let p be the prime of OQ(\/@. Then p | ¢y if and only if p €
OQ(\/E) is a prime of bad reduction, in the sense that it is a prime of bad reduction
for any Q isomorphic curve with an equation with integer coefficients. Moreover, for
any prime p of good reduction, Np = q, we have #Ep [Fu] = q+1—9¢"(p) —"(p),
where the reduction is done over a Q-isomorphic curve with good reduction at p.
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Proof. For the first part see [Sil91, Theorem I1.9.2b]. We just stress that we already
know that if p | ¢, then necessarily p | (A(E)).

For the second part we just notice that if p { (A(E)) then ¢(p) = . For the
case p = 2,3 see [Sil91, §I1.10.1]. Moreover, the number of the reduced points do
not depend on the choice of the Q-isomorphic curve if it has good reduction over
that prime. ]

Remark VI.2.5. By the definition of o we notice ¥((a)) = ¥((a)) which means
¢y = (c) = (0).

Then v is the factor such that:

(1 - $(p)T%)
280 = 1l =0

pl(p)

for every prime p € N for the minimal model of F/K.
The above proposition suggests that the right and more meaningful definition of
our L-function is:

Definition VI.2.6 (Hasse Weil L-Function - Second definition).

1 —s
19 =1l g —gmme = 2 YO0

p IeTy

We will call ¢, the conductor of L(E, s).

All the properties of the first one transfer to the second one since they differ by
a finite product of local zeta functions.

Example VI.2.7. Consider the elliptic curve F'® with CM by Z[w] and equation
y? = x® + 16 in Weierstrass form. Then we know that in this case A(E) = —16°-27,
so the primes of bad reduction for this curve are 2 and 3. Furthermore, we know
that

43
a(w):—<—) T m=2 mod 3.
6

™

As a consequence, necessarily the conductor ¢, is divided by 2 and 3. Now, let’s
define the multiplicative function xg : Zjw] — C such that:

xe(m) = (—w)! such that 7 = (—w)’ mod 3.

43
Q(m) = (—) Xe(m)m
mjg

for (m) € Zx(6). We notice, moreover, that since 4> = 2% is a 6" power, then

Then we can rewrite

(fn—S’) = 1, hence o, is a non-primitive Hecke character of modulus ¢, = (6). Then
6

we can complete it to a primitive Hecke character ¢ : T — (’)Q( Va) of modulus
¢y = (3) simply by defining

Y((m)) = xe(m)m Xy = X6-
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By the theorem above, there exists another curve which is Q-isomorphic to E'¢ with
an equation defined over Z such that it has good reduction over 2. In fact, consider
the elliptic curve
By +y =2’
It is Q-isomorphic to the curve E'6 by the Q-isomorphism
¢ (z,y) — (2%2,2%y + 2%).

Next, reducing E'/K modulo the inert prime (2) and counting the number of F,
points, we obtain:

HEVF) = #{y eF, |y +y=0+#{z,y eF |y’ +y =2} + L.

The first term is obviously equal to 2 while the second term can be evaluated with
the theory of characters and is equal to:

Yol e+ +y) =a—2+ > xsWxs(1 —y) + Xs(y)Xs(1 — y)
y€lFy yEeF,
Y2 +y#0
since y> = —y? if char(F) = 2. As before x3(Z) = (%), where z = & mod 2. If we
sum all the terms we get:

#EGF) =g+ 1+ Z X3(¥)xs(1 —y) + Xs(y)xs(l —y) =
y€ely (VI?))

q+1+J(x3x3) +J(X3,X3) = q+1—(—7) — (—7)

where 7 is the unique generator of (2) such that # =2 mod 3. Hence

¥((2)) = =2 = X6(2)2.

Finally recall that the rings of integers we are considering are PID and have
only a finite number of units, hence a finite number of distinct generators. Then
we could transform the algebraic Hecke character into a multiplicative function of

Ogvay Xv + Ogivay — (Ogya))™, which is equal to:

Xo(a) = {ﬁn Y # 0

0 otherwise

such that 1,y = xy(a)a. This finally leads to the identity:

s 1 s 1 z
LES =S vDED~ =1 Y wEE) -1 Y el
T ZGOQ(\/E) ZGOQ(\/E)
where w = [(Ogz)"| is the number of distinct generators of an ideal. We will

use the last expression of L(FE, s) to derive its main analytical properties. However,
before doing that, we shall study the function x,(z) more accurately.

Proposition V1.2.8. The multiplicative function x, induces a primitive multiplica-

X
tiwe character Xy : (%ﬁ) — (OQ(\/&))X defined by
Xo(T) = xu(Z)  Tep =z
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Proof. Since x, is multiplicative, it is enough to show that the function is well
defined. By definition, if § = z mod ¢, then x,(Z) = xy(y), moreover xy(Z) = 0
if and only if z =0 mod ¢,. This shows that X, (z) is a multiplicative character of
@) X
Q(4d)

¢y
The fact that . is primitive implies that X, is primitive. O

In the previous chapter we already met the multiplicative characters associated
to the units of a quotient ring and it turned out that the theory of Gauss sums gave
interesting insights. Here, we develop a similar theory which will help us later.

Definition VI.2.9 (Generalized Gauss Sum). Let R be a number ring and consider

an ideal I then define NI = #(%) < co. Let ¢ : & — C* be an additive character

nontrivial on any additive subgroup of the form %, for an ideal J 2O I, and let
R\ X

X (7) — C* be a multiplicative character. Then we define the Gauss sum

g(x, ) in the following way.

g(x) = g0 ¥) = > _ x(x)e(z)

R
21367

_ . . . . . R
where x(x) = 0 if = is not invertible in 7.

Proposition VI.2.10. Consider R,1,1 as before and let x : (?)X — C* be a
primitive character. Then:

1.3 x(@)(az) = x(a)g(x, ) for any a € 7,

2. 9(x)9(x) = x(=1)NI and |g(x)| = VNI.

Proof. (1). If a € (%), then the change of variables y = ax proves the identity. On
the contrary, if a is not a unit, we have to prove g(x,%) = 0. Consider the kernel
ker(a) of the homomorphism of rings that maps z — ax, since a is not invertible and
NI < oo we conclude {0} < ker(a) = 4 < £. Then consider the subgroup J; of the

elements of (?) * congruent to 1 modulo %, hence, such that ay = a. By definition

of primitive character, we see that y is nontrivial over J;. So, setting n = #.J; the

sum is given by:

noy x@wer) = Y x@leru) =) (gl ¥) = g(x.¥)-0=0
ze(2)” ze(B)", uen uey

since our character is nontrivial over JJ; and any u is invertible.
(2) Unwinding the definition we get

90090 = Y x@x@+y) = > x(@)x(we)(e(u+1) =

zyeld wG(%)X,UG?

= ) Xwi(a(u+1)).

mE(%)X,uG%

If = is not invertible, we notice

D X(Wi(e(u+1) = () Y x(uw(zu) = ¢(@)x(x)g(x, ¢) = 0.

R R
’U/ET U’ET
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Hence we can extend the previous sum to non-invertible z:

g9 = > xwle(u+1)) Zx )Y W(a(u+ 1)) =

=x(-DNI+ > x(u) Y _y(w(u+1)) = x(~1)NI +0.
u+l€($)* IE%

Here we used the fact that ¢(z) is an additive character nontrivial in any Z, with
J 2 I, hence ¥(x(u+ 1)) is a nontrivial additive character if u # —1. Moreover we
recall y(—1) = x(—1).

Finally, for any Gauss sum the following holds:

since we have that:

> x(@)d(x) =) x(@)y —x(=1Dg(x,v).

xef :1367

Then

V1.3 Determination of the Hecke Character

In this section we determine the Hecke characters for the elliptic curves we studied.
We distinguish three cases.

Let E/K Dbe an elliptic curve with CM by Ogg. If K = Q(v/d) has class
number one and d # —1, —3, then we know that (Ogz)* = {1, —1}, by the theory
of the automorphisms of the associated CM elliptic curves. Furthermore, let ¢, be
the conductor of L(FE,s). The Hecke character ¢ : Ty — Og(vay 1s completely
determined by the associated multiplicative function . : (9@(\/&) — (OQ(\/&))X.
This function, in turn, is completely determined by the primitive multiplicative

@) X o) X
character Yy : (%) — (Og(ya))*- Since <%ﬁ)> is a finite abelian group,
that is, a finite product of cylic groups, the group of its multiplicative characters is
isomorphic to the product of the groups of the multiplicative characters of the cyclic

groups. Hence, there is only one primitive character of order 2, which is equal to 1
if v € ( Q(wf)) is a square.

As for the curves with CM by Z[i] and Z|w| the more concrete biquadratic and
sextic reciprocity are the analog of Artin reciprocity for generic curves.

In the case of the elliptic curves defined over Z with CM by Z[i], which we called
G™/K in the previous section, the Hecke character o : Ix — Z[i] was defined in the
following way:

A(m) = (%)47r 7=1 mod (1+1)°

Moreover, since ¢* { n for any prime ¢, we conclude that it is a primitive Hecke
character, hence ¥ = a. We now state the biquadratic reciprocity to express the
Hecke character in an alternative way.
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Theorem VI.3.1 (Biquadratic reciprocity). Let m = a + ib € Z[i] and the number
0 = c+1id € Z[i] be coprime primary elements. Then

™ 12 Nr—1y Ne—1
TN (LY e
<€>4 (77)4( )
~ (L) (cpyehed,
T/

Moreover the following supplementary laws hold:

(i) _ e (VL5)

T/ 4

1+1 La—b—b2—1

( ) it (VL6)
4

(VL.4)

™

Corollary VI.3.2. Let m = a+ b € Z[i| be a primary element. Then the following
holds:

(—_1>4 (1) (VLT)

(%)4 _ b (VL.8)

Moreover, they are characters of conductor, respectively, (4) and (8).

See [IR90, §10.9] and [Lem00, Theorem 6.9] for a proof using Jacobi and Gauss
sums.

Remark VI.3.3. If / € Z is an odd primary integer, then necessarily / =1 mod 4,
hence NO—1=¢*~1= ({—1)({+1) =0 mod 8. As a consequence, the biquadratic

€ .

Now, consider the curve G"/K, then n = (—1)°2'N, where 0 < e < 1 and
0 <t <3, such that N is odd and primary. As a consequence, we can rewrite 1 as:

O
TOH: @

This means that the conductor ¢ divides (8N'), where (N') =[], | () -
In the case of the elliptic curves E"/K defined over Z with CM by Z|w], with

w= #53’ the Hecke character o : Iy — Z[i] was defined in the following way:

4
a(ﬂ)——(—n) s T=2 mod 3.
6

™

e((m))
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Since ¢° t n for any prime ¢, we conclude that it is a primitive Hecke character if
and only if n # 16n/, where n’ is odd. Therefore, for a primary prime:

4
- (_n) T n # 160
6

™

/
—(Z) T n = 16n'.
/e

The cubic reciprocity plays the same role as the biquadratic reciprocity for the curves
G™. So we state it.

P((m)) =

Theorem VI1.3.4 (Cubic reciprocity). Let m = a+ib € Z|w] and { = c +id € Z|w]
be coprime primary elements. Then

(%)3 _ (;)3 (VL10)

Moreover the following supplementary laws hold:

(f) — (VL11)
mw/3
1— 1
< w) — T (VL12)
T /3

Corollary V1.3.5. Let m = a+ib € Z[w] be a primary element. Then the following

holds:
-1
(—) =1 (VI.13)
T /3

(%)3 — ot (VI.14)

Moreover, the last one is a character of conductor (9).

The proofs of such results can be found in [IR90, §9.4, §18.7] .
Now let’s rewrite the function (%) g &3 (3) 3 (%)2 We have already studied the

s

first term of the product; now we will find a more familiar expression for the second
term.

Lemma VI.3.6. Suppose a € Z[w|, A € Z, and gcd(a,2A) = 1. Then the character
(4)2 = (N—Aa), the Jacobi symbol.

«a

Proof. See [IR90, Lemma 2, §18.7]. O

Remark VI.3.7. If ¢ € Z is a primary prime, then (?) = (q%) =1
2

As a result, we can use quadratic reciprocity.
Now, consider the curve E"/K, then n = (—1)¢2!3°*N, where 0 < e¢ < 1 and
0 <t,s <5, such that N is odd and primary. We treat the case n # 16n’, the other

Chapter VI 75



VI.4. Theta Series

one is similar. As a consequence, we can rewrite ¢ as:

4n 4n
== (3),(5),7
7 a2 (3\*/ 2\ /-1\°/ Nr Nro1y/3°N_1
(0.0 (0), (%) () (55) oo
N b Nr—1y/35N—142e th271
=~ (), (3 )

Hence the conductor ¢ divides (9 - 8N), where (N') =[], | ) p-

(VL15)

V1.4 Theta Series

Recall that the additive form of the L-function is

L(E,s) =Y (N = Xw(2)||z||2s-

I€T ZEOQ(\/E)

We know that this expression converges only for D = Re(z) > %, moreover in

this half-plane our function is holomorphic. It happens that if we find another
holomorphic or meromorphic function f(z), defined over a connected open set V|
such that f|U = L(E, s)|,, for an open set U C D NV, then automatically we find
that the function f(z) is the only possible holomorphic (meromorphic) extension of
L(E,s) to V. This is the technique of analytic continuation. We will use this idea
to extend the L-function to the whole complex plane. But first of all we shall find
an alternative representation for the additive form of L(E,s), and it turns out that
the theory of integral transforms is the natural setting for such expressions.

Definition VI.4.1 (Mellin Transform). Let f(z) : R~ — C be a continuous func-
tion. The Mellin transform M{ f} is defined by

My = [ s

for the values of s for which the above integral converges.
Example VI1.4.2. Let f(z) = e *. Then its Mellin transform is

> dt
I'(s) = / e ' — (VI.16)
0 t
the Gamma function for fRe(s) > 0. From this definition it’s not difficult to derive
some properties. First

T(s+1) = sI(s). (VL17)

This functional equation provides a way to continue I'(s) analytically to a mero-
morphic function defined in the entire complex plane, except for simple poles on
s=0, =1, =2, =3, .... The second identity

s

L(s)['(1—s)=

(VL18)

sin(ms)
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tells us with VI.17 that the reciprocal of the Gamma function is an entire function,
hence holomorphic on the whole complex plane. For a proof of such identities, see
[WW13].

Let’s prove a simple property of the Mellin transform.

Proposition V1.4.3. Let f(z) : U — C be a continuous function, such that the
mellin transform is defined for some s € C and consider a € R.y:

{f(az)}(s) = a=*{f(2)}(s)

| st = [T s = e

Proof.

]

Now the idea is to find a function whose Mellin transform is equal, up to an entire
function, to the additive form of L(E,s) for Re(s) > 2 but which also converges in
other regions of the complex plane. In order to find the right candidate, we also
need some theory of Fourier transforms.

Definition VI1.4.4 (Fourier Transform). Let S be the space of rapidly decreasing
C* functions f : R™ — C, such that lim|—,« |[2|" f(2) = 0 for any n € N. Then the

Fourier transform of f € S is the function f (y) : R" — C defined by

FUw =i = [ e fda

We notice that the above integral converges for any y € R® and f € S, hence
the Fourier transform is well defined on all R”. Now, we list some basic properties
of the Fourier transform, whose proof can be found in [WW13].

Proposition VI.4.5. Let f : R* — C and g : R* — C be functions in S then:
1. Ifa € R" and g(z) = f(z + a), then §(y) = e™¥ f(y)
2. Ifa € R and g(z) = 07 f(z), then §(y) = f(y — a)
3. If b € Rug and g(z) = f(bx), then gly) = b"f(¥)
4. Fizw e R" and letw~a%f = wlaam +-- —l—wnaf Then }"(w-%f) = 2miw-x f.
Now, we prove the following important identity.

Proposition VI.4.6. If f(z) = e ™, then f = f.

Proof. (1) Case n=1. Then we have the following.

P iy — T2 2,2 202 o i 2
f — / e 2mixy—mT dr = e ™ / P 2mixy—mT dr
R R

2 2 2 Zy+oo 2
=e ™ /e“(“yz) de =e ™ / e ™ du
R 1Yy —00

2 Foo 2 2
=e ™ / e ™ du=¢eTY.

[e.e]
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In the last expression, we used the fact that the function f(z) is holomorphic and
that f(x 4+ a) € S for any a € C. Then the result follows by complex integration.
(2) General case.

f:/ 621 | —2miTiyi— 7rxl dr = | | / —2TiT Y — 7ra:z de — | | 7ryi2 — VY.
n

=0

For us, the crucial property of the Fourier transform is the following.
Proposition VI.4.7 (Poisson Summation Formula). If g € S, then
> glm)=>" g(m)
mezZn meZL™

Proof. (1) Case n=1. Consider the function h(z) = _ ., g(m + x), it is periodic
of period 1 and obviously belongs to L?[0, 1] since ¢ € S. As a consequence, we can
write it as h(z) = >, ¢,€*™", its Fourier series. The coefficients are given by the
formula:

+oo
/ Zga:+m Ny = Z/ (z +m)e ™ "dx

m=—0Q m=—0oQ

_ / " g@)e iy = g(n).

[e.9]

Where we used the fact that g(z) € S to exchange the sum and the integral. Then
we can rewrite our function as h(x) =Y, §(m)e*™™ as a result

9(0) = 3" g(m) = 3" 4(m

meEZ meZ

(2) It’s enough to repeat the first case one variable at a time until we end up with
the result. O

Corollary VI.4.8. Let f : R* — C, f € § and consider a lattice A = MZ"™ with

M € GL,(R). Then:
1 R

meA
where A" is the dual lattice given by the elements x € R™ such that xtA C Z™. The
lattice satisfies the identity N = (M~')Z".

Proof. Let h(x) = f(Mx). Then:

Y flm)= > hm)= Y h(m)

meA mezn mezZn
— Z / e 2 f(Mx)da
mezZm™ "
1 —2n M~ tu-m
= Z | e f(u)du
mEZ" R
—27mu-(M~Y)tm
,M, > [ oL
mezn
= W Z f(m).
me(M—1)tzZn
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Finally, we notice that if x -y = w € Z", for any « € A, then Me; -y € Z, for any
element e; of the standard base of Z". As a consequence y = M'v, where M'e; = e}
is the orthogonal or dual basis of Me; and v € Z". We know from theory that
M' = (M~1)t. As a consequence A’ = (M~1)Z". O

Now, we are ready to define the main objects of this chapter.

Definition VI.4.9 (Theta Series). Fix v € R? such that u ¢ Z? and consider the
fixed vector w = (1,47) € C%. Then we define the theta series:

0.(t) = Z (m + u) - we~ Ml (VI.19)
meZ>?

0"(t) = Z m - weTm e Ttmtul® (VI.20)
mez?

for t > 0.
Proposition V1.4.10. The theta series respect the following identity:

- 2o (1)

Proof.
D (mu) we™ = Y F{(y -+ u) - wem ) m) =
meZ? meZ?
- -1 . demtlyl?
2mim-u —ﬂt\y|2 o 2mim-u o
ey - we Hm) = s F{w s ————}Hm) =
2 2 5 5y

Z _27Ti62frim~um . wf{e—ﬂt|y|2}(m) _ Z __?:627Tim~um . we—ﬂ@ _ __Zeu (1)
meZ>? 2t meZ? * * t

O
Corollary VI.4.11. There exist constants C1,Cy > 0 such that:
1. |0.(t)| < et fort — +o0

2. 10.(8)] < e F fort — 0.

Proof. (1). Let ¢ = min,,ez2 |m + ul? > 0 since v € Z?%, (0,0) € Z?* and the lattice
72 is discrete. Then

0. (1)] < Z (M + ) - w]e ™Ml — gmmte Z [(m + u) - w|e ™ Imtu®=o),

meZ? meZ2

The last sum obviously converges and is decreasing with respect to ¢, which means
0.(t)] < e ™A, for a positive constant A. So, taking, for example, C; = ¢ we
& 2
obtain the result.
(2) We use the identity proved before to rewrite 6,(t) = 6" (3). Consider
€ = minyez2\ (0,0} |w|*> > 0, since the lattice Z? is discrete.
u 1 _£m2 1 __€m _ T m2—6 1 _€m
|60%(1)] §t—2 Z Im - w|e” 7™ =n¢ ! Z Im, - wle 7 m! )<t—2€ t

mez? meZ?

0u(1)|67re

for t < 1. Here we used the fact that the last sum is a strictly increasing function
because the only term m € Z? such that |m|? < e is m = (0, 0) and it vanishes since

ETT

in the sum m - w = 0. Therefore, we conclude by setting, for example, Cy = 5. [
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A straightforward consequence of these results is that the Mellin transform
M{0,}(s) converges for any s € C. Moreover, for Re(s) > 2 we can evaluate

2
the transform term by term:

(m+u) w
|m + u|?s

M{0,}(s) = Z (m + u) .w/oo tse”tm’L“Q% =7 °T(s) Z

meZ? 0 meZ?

There is an evident similarity with the additive form of the L function; in fact, we
will express it as a weighted sum of slightly modified theta series.

V1.5 Generalized Theta Series

Consider a quadratic imaginary extension K /Q of class number one. Then we define
the generalized theta series in the following way.

Definition VI.5.1. Let (a) = aOg C C, a € K*, be a fractional ideal and fix
u € C such that u ¢ (o). Then:

Oult, (@) = Y (2 +u)e m0r (VL.21)
z€(a)

0" (t, (o)) = Z ze2miRe(zu) gmtlz|? (VI.22)
z€(a)

Remark VI1.5.2. If we consider C ~ R? and under this identification, we let M be
the matrix of the lattice associated with (a), MZ? = aOx C R? ~ C, where R? has
basis {e; = 1,ey = i}. We retrieve the original definition:

Ou(t. (a)) = > (m+u) - we mmt? (V1.23)
meM

Ou(t, (@) = Y m - wemimuemtm?, (VI.24)
meM

where w = (1,1) is a fixed vector. Then a consequence of Corollary VI.4.8 is that

0u(t, o) = ﬁz—jeu G,%a)v) ,
where (a) is the fractional ideal of the elements y € C such that
Tr(zy) = 2Re(xy) € Z
for any = € ().

As a result of the above remark, we find that 6,(¢,«) satisfies the following
proposition, equivalent to Corollary VI.4.11, in fact («) is a discrete lattice and we
can repeat the proof in a similar way.

Proposition VI1.5.3. There exist constants C1,Cy > 0 such that:

1. 104(t, ()| < e~ fort — 400
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2. 10.(t, ()| < e~ ? fort —0.

Proof. (1). Consider the equivalent form (VI.23) of 0,(¢, («)). Next, consider the
constant ¢ = min,e ) |2 4+ ul? > 0, since u & (a), 0 € («) and the lattice (o) C C is
discrete. Then

|9u(t, (Oé>)| < Z |z + u|e—7rt|z+u|2 — o Tte Z |Z + u|6_ﬂt(‘z+u|2_c).

2€(a) z€(w)

The last sum obviously converges and is decreasing with respect to t, which means
0u(t, ()] < e ™A, for a positive constant A. So, taking, for example, C; = § we
obtain the result.

(2) We use the identity showed before to rewrite 6,(t, (o)) = \J\Z\Ztl’ v (3,2(a)V),

where M is the matrix associated to (). Consider € = min, e\ oy |2|> > 0, since
the lattice 2(a)" is discrete.

u _app L e e
|9(t(>)|_| ’ Z |2]e Tl = T 3 Jafem#0P9

ze2(a)V

<—
iz

for t < 1. Here we used the fact that the last sum is a strictly increasing function
because the only term z € 2(a)" such that |z|> < € is z = 0 and it vanishes since in

the sum z = 0. Therefore, we conclude by setting, for example, Cy = 7. O

This result tells us that the Mellin transform of the generalized theta series is

entire. Furthermore, for fRe(s) > 2 we can evaluate the series term by term to

2
obtain the following:

7ot 242 s Z+u
M{(z + ey = Nﬁgizﬁ,
s zZ+u
M{H( Zﬂ- F |Z+U|25

z€(a)
Finally a technical result that will be useful later.

Definition VI.5.4. Let K = Q(v/d) and consider the fractional ideal («). Then
the different D, is the only fractional ideal (b), b € K™, such that (a)"D, = Oy /)

Proposition VI.5.5. Let K = Q(v/d) and consider the fractional ideal (o). Then
the following holds.

DD B (2vd) d#1 mod 4
CUE T %0 T (Vd) d=1 mod 4
2. Dy =00k = ()D

Proof. (1). See [Lan94, Prop. 11.2].
(2). Simply by the definition of (@) its elements are 2(Og)". As a result, we
obtain ®, = a®x = (0)D.
[l
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V1.6 Analytic Continuation and Functional Equa-
tion
Now we are ready to prove the main result.

Theorem VI.6.1. Let E/K be an elliptic curve with CM by Og /g = Ox and with
equation in Weierstrass form defined over Z. Let 1 : Tx — Ok be the associated
Hecke character.

1. L(E,s) = Y e, Y(I)(NI)™® admits a holomorphic analytic continuation to
the entire complex plane.

2. Let
A(E, s) = (N(Dgcy))2(2m)*T(s) L(E, s)

where D = (s) is the different and ¢, = (c) is the conductor of L(E, s). Then
A(E, s) satisfies the functional equation:

A(E;s) =eA(E,2 —s)
where ¢ = £1 is the root number.

Proof. First recall

LB == 3 wle)

|Z|28

where w is the number of units in Ok and xy : Ox — (Ok)* is the associated
multiplicative function. Choosing representatives u € Ok for the elements of ?—K,

we can then rewrite the sum as follows.

zZ+u
_wa "252_ Z Xd,U-'-Z +u|232
2€0K
cz+u 1 c z+Y
_Z Z Xl/J |CZ—|—U|2$ o szw(u) Z |C’2s‘z+2’2s’
u 2€0k u 2€0k c

where we used the fact that xy(z) = xu(y) if © =y mod ¢;,. Now, using the theta
series 0%(757 Ogk), we rewrite the expression as:

z+ 4 ™ 1 ¢
_ZX¢ Z EE |Z+gc|2s T S)E BE Z)@(u)M{%(t, Ox)}(s)

2e0k

it ML o002t O 1),

C|2$

Here we stress that * € O <= u =0 mod ¢y, <= xy(u) = 0, so the above
equality holds even in this case. Now we know that

M{ZXw u(t,Ok)} ZXw JM{0=(t, Ok )} (s)
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is an entire function since each term in the sum is an entire function. In addition,

the function % is an entire function since ﬁ is an entire function. This proves
that
ﬂ_S

F(Sﬁ@Zm(u)M{eg(t,oK)}(s) Fz M xe(0 (1, Ox)})

is the analytical continuation of L(E, s) to the whole complex plane. In fact we have
proved for Re(s) > % that the two functions are equal and the other one is entire.
To derive the functional equation we use the identity

1 iu 1 1
0:(:.06) = 371 B (2’2(5))

where we recall that (s) = D, that MZ* = Ok and that (s) = (5) by Proposition
VIL.5.5. Then:

L(E,s>:F e {Zm 2 (01} s) =

—1 ot 1 1
:r e M _xlw) |M| B C<¥’2(E)>}(S>‘
oo Lt
2miRe( =% t|z
’25/ ZX¢ |M] 2 Z ze e t

7TS

o e 2 27rzRe zZu ) < o
= F(Q—S § E X (u =
I(s)" |25 |M| 0. [ERS

K
m° 2 22
s 2 ZUu

_ P2 — LA

™ ey ZZGO 2l 2z
T 1 ¢ 226722 Q2miTe(Z) 2

_ T erpo— )t ()2 T 2

I'(s) w [cf?* s|s[(=2) [ M]| ZGZOK; |2[2(=2)

For MRe(2(2 — s5)) > 3. Now we evaluate | M]:

T
2 —
M=<t 2 .
1
0 d=2,3 mod4
|d|
Hence we obtain that
_ \/Tg d=1 mod4 s
i|M| = = —=
Vd d=2,3 mod 4 2
Choosing the right generator s = —2i|M| for Dg. So that the above expression
becomes:

7TS 1 1 22(8 2) - zZu z
L(E _ 3721-\ 9 _ QﬂzTr(E) )
(E,s) F(S)ﬂ— ( )wc\c|25 21sl[s |2(s 2) wa 12‘2(2—8)
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As a result we obtain that

2miTr(Z2)
s —s _ 2—s . —(2—3s) Zu X ('U,) s
lcd’T(s)(2m) °L(E, s) = |ed|"°T'(2 — s)(2m) = E E |2(2 5

2€0k

Next, we analyze 3, xy(u)e?™ ™G, Let Xy : % — (Ok)* be the primitive

Cyp
multiplicative character associated with x,. We can rewrite

ZX T = N Sy (u)p(zu)

ue Ok
1

where ¢ : z — 2™ (0)

then z = ac and ¢(ac) = e*™™(5). Therefore, by the definition of (1) = (1) = (Ok)"
we conclude Tr(%) € Z, hence gb(ac) = 1. Moreover, ¢(z) is nontrivial on any J 2 ¢y,
in fact ¢(z) is trivial if and only if Tr(£) € Z <= z € (&)Y = (3)(s¢) = (¢) = ¢y

This means that by the proposition VI 2 10.1:

> Xp(wo(zu) = xu(2)g(Xy, 9)-

is an additive character of O—i‘ In fact, if z = 0 mod ¢y,

Then we recall that y,(Z) = xy(x), from this we obtain:
(NDyey) 2T (s)(2m) L(E, 5) =

o 2=s X’(/H

= (NDgcey) 7 T(2 = s)(2m) " Z X (2 W
2€0K
Therefore, we conclude that

A(E, s) = MA(E, 2 ).

It remains to prove that g(m ®) — +1. First, by Proposition V1.2.10.2 we know

—‘g(ﬁg 9l — 1. Furthermore, we recall that (c) = (¢) since xy(Z) = Xy(2), which

means that we could choose ¢ as a generator of ¢, and u as representatives of the
equivalence classes. Then repeating the arguments presented so far we end up with

A(E, s) = 2 X (‘_‘2 T (s

Then comparing the two functional equations we obtain the following equality:

x5, @t
¢ c '

In particular the second numerator is equivalent to

Z )—(w( 2mTr( L) Z Xq/} —27riTr( Z Xo 27rzTr )
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Where we used the fact that Tr(y) = Tr(y) and that § = —s. This means

g(fa_mb) 9(Xw @)

C C

hence g(x_gmﬁ) € R and has norm 1. This proves that € = g(i—gﬁ’(ﬁ) =41.
Therefore, we have proved the functional equation for |[Re(s) — 1] > 1, so that

A(E,s)
AE,2—5)
in this domain. But we notice that both the right-hand side and the left-hand side

are meromorphic equations defined on C, hence the functional equation holds for
every s € C.

= €

]

V1.7 Analytic Rank and Weak BSD Conjecture

Now that we know that the Hasse-Weil L function of our CM curves has an analytic
continuation, we can introduce the following definition.

Definition VI.7.1 (Analytic Rank). Let E/K be an elliptic curve defined over Z
such that the Hasse-Weil L-function L(F,s) has an analytic continuation to the
whole complex plane. Then

rank(L(E,s)) = ords—1 L(E, s).

As the terminology suggests, the analytic rank and the rank of E are conjec-
turally related by the following.

Conjecture VI1.7.2 (Weak Birch-Swinnerton-Dyer, 1965). Let E/K be an elliptic
curve defined over Q, and let L(E,s) be its Hasse-Weil L-function. Then

ords1 L(E, s) = rank(L(E, s)) = rank(E[Q)).

Remark VI.7.3. We notice that if the root number ¢ = —1 necessarily the order
rank(L(F, s)) > 1 by the functional equation and by the fact that I'(s) = 1 for s = 1.
Hence, by the conjecture, we shall have infinite rational points on that elliptic curve.
However, if the root number is equal to 1, we cannot say anything a priori about
the analytic rank of the L-function.

Furthermore, there are rapidly converging series for L(F, 1), like the one pre-
sented in [Kob93, Prop. 11.6.12].

The confidence in this hypothesis increased not only because of numerical evi-
dence but also because of striking partial results, such as the following.

Theorem VI1.7.4 (Coates-Wiles, 1977). Let E/K be an elliptic curve defined over Q
with complex multiplication by the ring of integers of an imaginary quadratic exten-
sion of class number 1. If E has infinitely many Q-rational points, then L(FE,1) = 0.

This theorem already gives a really useful criterion to show that a CM elliptic
curve has a finite number of rational points: it is enough to look at the value of
L(FE,1) and see if it is different from zero!
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Appendix A

Minimal Models of CM Elliptic
Curves defined over Z

In this work we treated the elliptic curves defined over Z with complex multiplication
by a full ring of integers of an imaginary quadratic extension of class number one.
In the case of CM by Z[i] and Z|w] we have already described all the Q-isomorphism
classes of such curves. In this table we give a representative elliptic curve £ with
CM by the ring of integers of K in generalized Weierstrass form with minimal
discriminant Ag. Then the other curves are simple twists of these ones.

] Dy \ Minimal Weierstrass equation over 7Z \ Ag ‘

B3 |yt y=2a° —33
4 | yP=2+a —26
-7 4oy =23 -2 -2 -1 -3
8 | yr=ad +4a? + 2 —29
A1 |ty =2 — 22 -T2+ 10 —113
19 |y +y =2 — 38z + 90 -193
43 | y? +y = 2% — 860z + 9707 —433
67 | y?+y=a>— 7370z + 243528 —673
-163 | y? +y = 23 — 21744202 + 1234136692 | —1633
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