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Abstract

The QCD axion is one of the most well-motivated extensions of the Standard Model. It provides
an elegant solution to the strong CP problem while also delivering a non-thermal mechanism for
dark matter production. In field theoretical models, the axion is identified as the light angular
mode of a complex scalar field, while the heavy radial mode is integrated out. However, if the
radial mode is sufficiently light, it can give rise to interesting dynamics and phenomenology.
This thesis aims to investigate the cosmological dynamics of such a light radial mode and its
implications for the QCD axion through the parametric resonance mechanism, building on
the framework proposed by Co, Hall, and Harigaya (Phys. Rev. Lett. 120, 211602 (2018)).
We generalize this framework, demonstrating that the radial mode can account for a significant
fraction of the present-day dark matter abundance, while critically examining both the strengths
and limitations of this scenario. Since this mechanism is intrinsically non-linear, we present a
detailed analytical treatment and validate our results through lattice simulations. Finally, we
derive theoretical and experimental constraints on the light radial mode arising from the Scalar-
Higgs portal interaction.
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Convention and acronyms

Convention
We adopt a mostly plus signature for both M4 and the spatially flat FLRW metric, with line
elements

ds2M4
= −dt2 + dx2 + dy2 + dz2,

ds2FLRW = −dt2 +R2(t)
(
dx2 + dy2 + dz2

)
,

while gµν refers to a generic metric.
The affine connection is given by

Γµνα =
1

2
gµσ(−∂σgνα + ∂νgσα + ∂µgνα).

Natural units are employed: c = ℏ = kB = 1.

Acronyms

DM: dark matter

PR: parametric resonance

QCD: Quantum Chromodynamics

mis: misalignment mechanism

PQ: Peccei-Quinn

ALP: axion-like particle

SM: Standard Model

SSB: spontaneous symmetry breaking

VEV: vacuum expectation value

UV: ultraviolet

IR: infrared

(p)NGB: (pseudo)Nambu-Goldstone bosons

EW: electroweak

RD/MD: radiation/matter domination

EOM: equation of motion

CDI: cold dark matter isocurvature

CMB: Cosmic Microwave Background

EBL: Extragalactic background light

ISL: Inverse-Square Law

EEP: Einstein Equivalence Principle

WEP: Weak Equivalence Principle

NDA: Naive Dimensional Analysis

exp: experimental

RH: reheating

BBN: Big Bang Nucleosynthesis

GUT: Grand Unification Theory

QG: Quantum Gravity

RGEs: Renormalisation Group Equations

FLRW: Friedmann-Lemâıtre-Robertson-
Walker
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Introduction

The Standard Model (SM) of particle physics is the quantum field theory that successfully
unifies electromagnetic, weak, and strong interactions. Despite its remarkable experimental
success, some observations, such as the existence of dark matter (DM) or the non-zero neutrino
masses, constitute indisputable evidence that the present theory must be extended. In addition
to these, the SM presents theoretical puzzles associated with unexplained small numbers, such
as the cosmological constant and the CP-violating QCD angle, constrained by experiment to
satisfy |θ̄| ≲ 10−10.

One of the most compelling extensions of the SM is provided by the QCD axion [1, 2], which
dynamically solves the strong CP problem while providing a natural DM candidate. The con-
struction requires a Lagrangian equipped with a global U(1)PQ symmetry, exact at the classical
level but anomalous under QCD, which is spontaneously broken at the UV scale fa. Such a
symmetry is known as Peccei-Quinn (PQ) symmetry after its proposers [3, 4]. Generally, this
setup is achieved by a complex scalar field Φ. The axion is then identified with the angular
mode of Φ, corresponding to the pseudo-Nambu-Goldstone-Boson (pNGB) associated with the
broken U(1)PQ, while it is generally assumed that the radial excitation is heavy and integrated
out.

The QCD axion has profound implications for cosmology. Through the misalignment mechanism
[5–7], it can account for a significant fraction of the observed cold DM abundance, and if the
PQ symmetry is broken after inflation, the subsequent decay of the network of cosmic strings
and domain walls [8, 9] provides an additional contribution. Within this elegant theoretical
framework, the QCD axion is particularly compelling because of its potential experimental
accessibility. A broad experimental programme is currently investigating the axion parameter
space using a variety of complementary approaches [10], and the next generation of experiments
is expected to explore much of the parameter space associated with the QCD axion.

A recent analysis in Ref. [11] demonstrated that, for large initial values of the complex field, the
cosmological evolution can efficiently produce a population of axion and radial fluctuations via
parametric resonance. This mechanism involves genuinely non-linear dynamics and therefore
cannot be treated fully analytically; the authors followed the evolution under a set of assump-
tions, which we review and adopt throughout this work. The parametric resonance mechanism
is distinguished from the misalignment mechanism and the decay of the cosmic string by the
region of parameter space it selects: a smaller axion decay constant fa. The price to pay is the
presence of a radial mode whose mass lies well below the energy scale fa, which constitutes the
underlying assumption of the scenario. Several experimental efforts are currently targeting this
region of parameter space, such as IAXO [12] and CAST [13] for solar axions, MADMAX [14]
and BREAD [15] for halo axions.

This thesis is devoted to the analysis of the cosmological implications of a light radial mode in
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the context of QCD axion models, and is organised as follows. In Chapter 1 we review the basics
of axion cosmology and the dynamics of a scalar field in an expanding Universe. In Chapter 2,
we turn to the central topic of the thesis: the cosmological role of a light radial mode and its
impact on the QCD axion. Working in the minimal setup containing only the axion and the
radial mode, following the framework of Co et al. [11], we analyse in more detail the production
of axion and radial fluctuation from the parametric resonance mechanism. We highlight key
challenges inherent to this scenario and demonstrate that the radial population can constitute
a significant fraction of the observed DM abundance. The intrinsic non-linear nature of the
dynamics makes a purely analytical treatment insufficient; accordingly, Appendix A presents a
preliminary lattice simulation of the parametric resonance, which allows us to follow the field
evolution beyond the linear regime, and test the validity of the assumptions adopted in Chapter
2 and in Ref. [11]. In Chapter 3 we extend the minimal setup by coupling the radial mode to
the SM field content through the simplest renormalisable interaction, the Scalar–Higgs portal.
Finally, in Chapter 4, we derive the experimental bounds on the light scalar with a Higgs portal,
drawing on cosmological, astrophysical, and laboratory experiments. More technical details on
the behaviour of a scalar field during inflation, the thermalisation of the radial condensate, and
the numerical evolution in standard misalignment are provided in Appendix B, C, and D.
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Chapter 1

An overview of axion cosmology

1.1 Basics of cosmology and thermodynamics in the Early Uni-
verse

The expanding universe. The Universe is homogeneous and isotropic at spatial scales larger
than 102 Mpc. It is described by the translation and rotation invariant Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric, in comoving coordinates

ds2FLRW = −dt2+R(t)2
[

dr2

1− kr2
+ r2dθ2 + r2 sin(θ)2dϕ2

]
(if k=0)
= −dt2+R2(t)[dx2+dy2+dz2],

(1.1)
where R(t) is the scale factor and k = 0,±1 is a constant that describes the global geometry
(k = 0 for flat, k = +1 for closed, i.e., the geometry of a sphere, and k = −1 for open geometry,
i.e., the geometry of a hyperbolic surface). In this thesis, we will work with k = 0 in agreement
with the experimental measurements.
Due to the symmetry of the FLRWmetric, the calculation of the affine connection is particularly
simple [16]. The non-zero components are:

Γ0
ij = RṘδij , Γi0j =

Ṙ

R
δij , ̇ ≡ d

dt
. (1.2)

The matter-energy content of the Universe is modelled as a generic fluid, whose stress-energy
tensor [17] is constrained by the homogeneity and isotropy to have the form

Tµν = diag(−ρ, p, p, p), (1.3)

where ρ is the energy density and p the pressure. The stress-energy tensor obeys the conservation
law ∇µT

µν = 0. In such a Universe, Einstein’s equations of General Relativity specialise to the
Friedmann equations,

H2 =
8πG

3
ρ,

R̈

R
= −4πG

3
(ρ+ 3p). (1.4)

Here, H ≡ Ṙ/R is the Hubble expansion rate, and the present value is the so-called Hubble
constant, where

H0 = h
100 km

sec ·Mpc
= 2.1 h 10−33eV. (1.5)

There is an uncertainty in h: based on Planck cosmological data [18], the current determination
leads to h = 0.674 ± 0.005, while alternative determinations based on late-time observations
[19] find higher values h = 0.73± 0.01. In this thesis, we will take the numerical value h ∼ 0.7.

3



In the spatially flat metric, the current energy density is equal to the critical density,

ρcrit ≡
3H2

0

8πG
. (1.6)

Matter-energy content. A simple equation of state describes many components of the Uni-
verse,

p = wρ, w = cost. (1.7)

From the conservation-of-energy equation, ∇µT
µ0 = 0, we obtain that the energy density scales

as
ρ ∝ R−3(1+w). (1.8)

The relevant cases are:

• w = 0 describes non-relativistic matter (dust), pm = 0 and ρm ∝ R−3.

• w = 1/3 describes relativistic particles (radiation), pr =
1
3ρr and ρr ∝ R−4.

• w = −1 describes vacuum energy, pΛ = −ρΛ and ρΛ ∝ cost.

The actual Universe is composed of a sum of different components: matter, radiation, and dark
energy. The energy densities of these components today, at t0, are expressed in terms of ratios
with respect to the critical density,

Ωi ≡
ρi(t0)

ρcrit
. (1.9)

The current energy budget of the universe, taking h ∼ 0.7, is

ΩΛ ≃ 70%, Ωm ≃ 5% + 25%, Ωr ≲ 10−4, (1.10)

where the matter contribution has two components: normal baryonic matter (Ωb ≃ 5%) and
unknown DM (ΩDM ≃ 25%). The three components evolve differently with the scale factor;
their relative weights in the composition of the Universe change with time. From Fig. 1.1, we
can see that matter started dominating the Universe at R > Req = Ωr/Ωm ≃ 1/3400, i.e., at
matter-radiation equality, at temperature Teq ∼ 0.8 eV.

Figure 1.1: Simplified evolutions of the components of the (flat) Universe as a function of the scale factor
R. In red, the energy density of radiation, in blue, the matter, and in green, the vacuum energy. Figure
adapted from Ref. [20].

Simple analytic results of the Friedmann equations hold for the epochs in which either matter
(MD) or radiation (RD) dominated the total energy density,
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• During RD at R≪ Req,

R(t) ∝
√
t, H(t) =

1

2t
. (1.11)

• During MD at R(t0) > R≫ Req,

R(t) ∝ t
2
3 , H(t) =

2

3t
. (1.12)

The age of the Universe is given by

tU =

∫ 1

0

da

aH
=

1

H0
·

⎧

⎨

⎩

1/2 if Ωr = 1

2/3 if Ωm = 1
. (1.13)

Evidence of DM. The present cosmological DM density, averaged over the whole Universe,
is presented in terms of the combination of parameters [21],

ΩDMh
2 = 0.12± 0.01 . (1.14)

Astrophysical and cosmological observations can be reproduced assuming that DM is a kind of
cold, non-interacting, stable matter, with adiabatic inhomogeneities [20],

• Matter : its equation of state has a constant parameter w = 0.

• Cold : DM behaves as a non-relativistic fluid at the crucial time of matter-radiation equal-
ity Teq, when structure formation begins.

• Non-Interacting : the interactions of DM with itself or between DM and ordinary matter
are small enough to be neglected.

• Stable: DM is present since the early phase of the Universe and has not disappeared until
now.

• Adiabatic: on cosmological scales, the composition of the cosmological fluid is the same
everywhere.

The evidence of the DM arises at three different scales,

• The Universe would not have acquired the appearance that we observe today if not for the
role that DM played: the distribution of galaxies and the Cosmic Microwave Background
(CMB) temperature anisotropies cannot be explained with ordinary matter.

• Cluster of galaxies scale. For example, one experimental evidence comes from the obser-
vation of a pair of colliding clusters known as the bullet cluster. Two clusters of galaxies
collided, and visible matter interacts significantly with itself. DM, on the other hand,
experienced negligible collisions with itself and with normal matter, such that the DM
clouds of the two systems simply passed through each other. Most of the baryonic mass
in the bullet cluster is in the form of hot gas whose distribution can be traced through its
X-ray emissions. The distribution of the total mass, visible and dark, was independently
measured through weak lensing. The results can be seen in Fig. 1.2.

• Galactic scale. In spiral galaxies, the visible mass is concentrated in the central bulge and
the disk arms. From Newton’s law, the circular velocity vcirc of a test particle of mass m is
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related to the mass M contained within a distance r from the centre, assuming spherical
symmetry

vcirc =

√

GM(r)

r
. (1.15)

Observation at a large distance r notes that vcirc ∼ cost instead of vcirc ∝
√

1/r as
expected from Newton’s law, as illustrated in Fig. 1.3. This implies that additional mass
has to be present.

Figure 1.2: Bullet clusters: the collision of a pair of clusters of galaxies, with the colored map representing
the X-ray image of the hot baryonic gas. The total mass is reconstructed through weak lensing, shown
with green contours. The white bar corresponds to the length of 200 kpc. Figure from [22].

Figure 1.3: The SPARC compilation of 175 galaxies, showing that the rotational velocity from the
galactic center tends to be constant at large distances. Figure from [23].

Particles in thermal equilibrium. A particle is in thermal equilibrium if its interaction
rate Γ ∼ nσ is faster than the expansion rate of the Universe, i.e., Γ ≫ H. The total energy
density of relativistic species in thermal equilibrium of the Universe, which can have different
temperatures Ti, is given by

ρr(T ) =
π2

30
g∗(T )T

4, g∗(T ) =
∑

boson,mi≪T

gi

(
Ti
T

)4

+
7

8

∑

fermion,mi≪T

gi

(
Ti
T

)4

, (1.16)

where it is understood that T is the temperature of the thermal bath of photons, mi, gi the
mass and degrees of freedom of the species, and g∗ is the effective number of relativistic degrees
of freedom of the energy density. The number density of non-relativistic particles in thermal
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equilibrium, with m≫ T is exponentially suppressed, nNR(T ) ∝ e−
m
T .

Since the Universe cannot exchange heat with any ”outside system”, its evolution in the thermal
equilibrium conserves the entropy, S = sV , where V is the volume, and

s ≡ 2π2

45
g∗s(T )T

3, (1.17)

is the entropy density. The entropy is dominated by the relativistic species. Summing over all
the relativistic degrees of freedom,

g∗s(T ) =
∑

boson,
mi≪T

gi

(
Ti
T

)3

+
7

8

∑

fermion,
mi≪T

gi

(
Ti
T

)3

. (1.18)

Entropy conservation implies that

g∗s(T )R
3T 3 = cost. (1.19)

Universe in the past. Based on General Relativity, standard thermodynamics, and the SM,
we can extrapolate the thermal history of the Universe at least until temperatures of the order
of the weak scale. We briefly recap the particularly important periods that are well known in
standard textbooks, i.e. [16, 24]. Going back in time and, accordingly, up in temperature,

• Recombination, T ∼ 0.3 eV. At relatively low temperatures, the usual matter in the
Universe was in the state of neutral gas (mainly hydrogen). At an earlier stage, i.e., at
higher temperatures, the binding energy was insufficient for keeping electrons in atoms,
and the matter was in the state of baryon-electron-photon plasma. Before this epoch,
photons actively scattered off electrons in the plasma, while after recombination, the
neutral gas was transparent to photons.

• Big Bang Nucleosynthesis (BBN), T ∼ 1 − 10 MeV. At high temperatures, protons and
neutrons were free in cosmic plasma, but after the Universe cooled down due to expansion,
neutrons were captured into nuclei. As a result, besides hydrogen, there are light nuclei in
primordial plasma: mostly helium-4 and also a small amount of deuterium and helium-3.
Good agreement between BBN theory and observations is one of the cornerstones of the
theory of the Early Universe.

• Neutrino decoupling, T ∼ MeV. Before that, neutrinos were in thermal equilibrium with
the rest of matter, and after that, they freely propagate through the Universe.

• Cosmological phase transition. Going further back in time, we come to the epochs that
have not been directly probed by observations so far. Hence, we have to make more or
less reasonable extrapolations.

1. Transition from quark-gluon matter to hadronic matter. The energy scale of strong
interactions determines its temperature and is about T ∼ 200 MeV.

2. Electroweak (EW) transition: at temperatures above 102 GeV (energy scale of EW
interactions), the Higgs condensate is absent, and the gauge bosons have zero masses.
The present phase with broken EW symmetry, Higgs condensate, is the result of the
EW transition that occurred at a temperature of order 102 GeV.

3. Other transitions emerge beyond the SM scenario, for example, at the Grand Unifi-
cation Theory (GUT) or the PQ energy scale. However, the maximum temperature
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in the Universe may be below this energy, and this transition never occurred in the
Early Universe.

• Inflation. Cosmological observations strongly suggest that the Early Universe underwent
a phase of rapid accelerated expansion, known as inflation, during which the energy budget
was dominated by the potential energy of a scalar field called the inflaton. At the end
of this phase, the inflaton energy is transferred to SM particles through a process called
reheating, resulting in a hot thermal bath characterised by the reheating temperature
TRH .

The duration of inflation is conveniently quantified by the number of e-folds N, defined as
the logarithm of the ratio of the scale factor at the end and beginning of the inflationary
phase,

N ≡ ln

(
Rend

Rinitial

)

. (1.20)

For inflation to successfully predict the cosmological observation, one typically requires
N ≳ 50 [16].

1.2 Scalar field cosmology

Although there has been no direct observation of a fundamental scalar particle apart from the
Higgs, such particles play an important role in modern particle theories and cosmology. In this
section, we will review the non-thermal dynamics of a scalar field, which will be applied both
to the axion and radial fields in Chapter 2.

1.2.1 Classical scalar field

The properties of any system in fundamental physics are specified by its action. In the case of
a single scalar field, in a generic metric gµν ,

S =

∫

d4x
√−gLϕ, (1.21)

where
√−g ≡

√
|det(gµν)|. The Lagrangian density, in a mostly plus signature is given by

Lϕ = −1

2
gµν∂µϕ∂νϕ− V (ϕ). (1.22)

The stress-energy tensor is obtained by varying the action with respect to the metric,

Tµν = − 2√−g
δ(
√−gLϕ)
δgµν

= ∂µϕ∂νϕ− gµν

[
1

2
gαβ∂αϕ∂βϕ+ V (ϕ)

]

. (1.23)

Requiring that the field is the source of a perfect fluid, then isotropy and homogeneity of the
FLRW require that at large scale,

ϕ(t, x) ≡ ϕ(t), (1.24)

such that Tµν takes the perfect fluid form, with pressure and energy density from Eq. (1.3),

ρϕ = T00 =
1

2
ϕ̇2 + V (ϕ), Pϕ δ

i
j = T ij =

(
1

2
ϕ̇2 − V (ϕ)

)

δij . (1.25)

The classical equation of motion of the field comes from the variational principle,

δS

δϕ
= 0 =⇒ □ϕ− ∂V

∂ϕ
= 0, (1.26)
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up to a total derivative. The box operator acting on a scalar field can be rewritten, using
Γµµα = 1

2g
µσ∂αgµσ,

□ϕ ≡ ∇µ∂
µϕ =

1√−g∂µ
(√−g gµν∂νϕ

)
. (1.27)

In the flat FLRW metric (1.1) the homogeneous field equation of motion becomes

ϕ̈+ 3Hϕ̇+ V ′ = 0, ′ ≡ d

dϕ
. (1.28)

1.2.2 Essentials of the misalignment mechanism

The misalignment mechanism assumes that the field is displaced from the minimum of the po-
tential, as one would expect, for example, to arise from quantum fluctuations during inflation.
We now show that this initial misalignment can produce non-relativistic DM with large occu-
pation numbers. The classical equation of motion for the homogeneous mode, derived in Eq.
(1.28) with a generic polynomial potential, can be rewritten as

ϕ̈+ 3Hϕ̇+M2(ϕ)ϕ = 0, (1.29)

where we introduce the field-dependent mass term M(ϕ). As we will see, producing a non-
relativistic condensate requires that the mass is slowly varying Ṁ/M2 ≪ 1. At an initial time
ti during RD, we assume the following initial conditions,

ϕ(ti) ≡ ϕi, ϕ̇(ti) = 0, H(ti) =
1

2ti
. (1.30)

With a sufficiently flat potential, the solution of this equation can be separated into two regimes,
depending on the value of H ∼ T 2/Mpl:

• In a first epoch, the temperature is high, and thus H ≫ M(ϕ). The field behaves as
an overdamped oscillator and remains frozen at its initial value. This follows from the
integral of motion,

1

R3

d

dt

(

ϕ̇R3
)

≃ 0, (1.31)

which implies ϕ̇(t) ≃ ϕ̇(ti)
R3(t)

, with ϕ̇(ti) = 0, one gets ϕ(t) ≃ ϕi = cost.

• At a later time, one has H ≪M(ϕ), and the field begins coherent oscillations around the
minimum that are faster compared to the cosmological expansion rate. In this regime,
the friction term 3Hϕ̇ induces a slow change in the oscillation amplitude. Eq. (1.29) can

be solved by writing the scalar field as ϕ(t) = A(t) cos
(∫ t

tmatch
M(ϕ(t′))dt′

)

and, in the

WKB approximation [25–27],

A(t) ≃ ϕmatch

(
M(ϕmatch)R

3(tmatch)

M(ϕ(t))R3(t)

) 1
2

. (1.32)

This solution describes fast oscillations whose amplitude decays slowly due to both the
expansion of the universe and the time-dependence of M . The self-consistency of the
approximation requires ⃓

⃓
⃓
⃓
⃓

Ȧ

MA

⃓
⃓
⃓
⃓
⃓
=

1

2

[

Ṁ

M2
+
H

M

]

≪ 1, (1.33)

confirming that both the mass and the Hubble rate must slowly with respect to the leading
frequency M .
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The transition between the two regimes is conventionally defined by the matching condition
3H(tmatch) ≃M(ϕmatch), treated as a sharp boundary. A comparison with numerical solutions
for a constant mass M(ϕ) = M , carried out in Appendix C, shows that the optimal matching
occurs at 1.6H(tmatch) ≃M . For a temperature-dependent mass, the precise coefficient acquires
corrections, but remains of order unity.

In the WKB regime, the averaged energy density and pressure are obtained by averaging over
fast oscillations, at leading order from Eqs. (1.25), (1.32),

ρϕ =
〈 ϕ̇2

2
+
M2

2
ϕ2
〉

≃ M2

2
A2, pϕ =

〈 ϕ̇2

2
− M2

2
ϕ2
〉

=
Ȧ2

2
, (1.34)

and the field behaves as non-relativistic matter for t > tmatch, using Eq. (1.33),

wϕ =
pϕ
ρϕ

≃
(

Ȧ

MA

)2

≃ 0. (1.35)

It follows from Eq. (1.34) that the energy density in a comoving volume ρϕR
3, is not conserved

if the scalar mass changes in time. However, the quantity

N = ρϕ
R3

M
=

1

2
MmatchR

3
matchϕ

2
i , (1.36)

remains constant and can be interpreted as the comoving number of non-relativistic quanta of
mass M .
Using conservation of entropy from Eq. (1.19) and the matching condition in the RD era,

g∗s(T )T
3R3 = cost, Hmatch = 0.33

√

g∗(Tmatch)
T 2
match

Mpl
=
Mmatch

3
. (1.37)

The present-day energy density can be written parametrically as [28],

ρϕ(t0) ≃ 0.17
keV

cm3
·
√

M(t0)

eV

√

M(t0)

Mmatch

(
ϕi

1011GeV

)2(g∗(tmatch)

3.36

) 3
4
(
g∗s(tmatch)

3.91

)−1

. (1.38)

At the onset of oscillations, the produced quanta are semi-relativistic, with characteristic mo-
mentum p ∼ Hmatch ≪ Tmatch. Their velocity dispersion at later times is [28],

δv(t) ∼ Hmatch

Mmatch

(
Rmatch

R(t)

)

≪ 1. (1.39)

If we define, as customary, the occupation number Noccupation as the ratio between the energy
density of scalar particles and the density in a volume associated with their de Broglie wave
length λ = 2π

vM , for a particle of mass M with distribution δv ≪ 1,

Noccupation =
ρϕ

M/λ3
∼ (2π)3

4π
3

nϕ,0
M3

0 δv
3
. (1.40)

Using R0/Rmatch ∼ Tmatch/T0 ∼
√
MMmatch/T0, and considering a constant mass M0 =

Mmatch ≡ M , this typically leads to very high occupation numbers for each quantum state
and light mass,

Noccupation ∼ 1042
(
eV

M

) 5
2

. (1.41)
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1.2.3 Virial theorem and equation of state

Consider, in general, a scalar potential bounded from below of the form

V (ϕ) =
λn
2n
ϕ2n, n ∈ N, (1.42)

with a dimensionfull coupling [λn] = 4− 2n.
In this case the effective mass is M2(ϕ) = λnϕ

2n−2, and in the regime H ≪M(ϕ) the equation
of motion for zero mode (1.28), at leading order are the following,

ϕ̈+ λnϕ
2n−1 ≃ 0. (1.43)

In this limit, the differential equation is a conservative system, which admits an integral of
motion

d

dt

(

ϕ̇2

2
+ V (ϕ)

)

≃ 0. (1.44)

The solutions of the Eq. (1.43) are oscillatory functions [29].
Define

x ≡ d

dt

(
1

2
ϕ̇ϕ

)

, (1.45)

averaging over many oscillations,

⟨x⟩ = lim
T→∞

1

T

∫ T

0
dt x(t) = lim

T→∞
1

T

(
1

2
ϕ̇ϕ
⃓
⃓
⃓
T
− 1

2
ϕ̇ϕ
⃓
⃓
⃓
0

)

→ 0, (1.46)

since the boundary term remains finite, because it is an oscillatory function, while 1
T → 0 in

the limit T → ∞.
Using the equation of motion (1.28) in the regime M(ϕ) ≫ H, the left-hand side at leading
order can be expressed as

0 = ⟨x⟩ = 1

2
⟨ϕ̈ϕ+ ϕ̇2⟩ ≃

〈
1

2
ϕ̇2
〉

− 2n

2

〈
λn
2n
ϕ2n
〉

= ⟨Kin⟩−n⟨Pot⟩ ⇐⇒ ⟨Kin⟩ = n⟨Pot⟩, (1.47)

which is precisely the virial theorem for a generic ϕn theory in the oscillatory regime. The
corresponding equation of state is

wϕ =
⟨Kin⟩ − ⟨Pot⟩
⟨Kin⟩+ ⟨Pot⟩ ≃ n− 1

n+ 1
. (1.48)

In the WKB approximation, the mass term is nearly constant. So, at leading order n = 1,
and it behaves approximately as a non-relativistic matter, as proved in Eq. (1.35). While for a
quartic theory, V = λϕ4, we get wϕ = 1/3, the equation of state of a relativistic fluid.

1.3 Basics of QCD axion cosmology

In this section, we will review the theoretical basics of the QCD axion and its impact on
cosmology. We will be based on Refs. [30, 31].
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1.3.1 The QCD axion

QCD suffers from the ”strong-CP problem”. A topological term is allowed in the Lagrangian:

LθQCD =
θQCD
32π2

G̃G, (1.49)

where Gµν is the gluon field strength tensor, and G̃µν = ϵµναβG
αβ/2 is its dual. This term

arises due to the so-called ”θ-vacua” of QCD [32].
Specifically, the measurable quantity is

θ̄QCD = θQCD + arg detMuMd , (1.50)

where Mu, Md are the quark mass matrices. The θ term is CP violating and gives rise to an
electric dipole moment (EDM) for the neutron [33]:

dn ≈ 3.6× 10−16 θ̄QCD e cm , (1.51)

where e is the charge on the electron. The (permanent, static) dipole moment is constrained
to |dn| < 2.9 × 10−26 e cm (90% C.L.) [34], implying θ̄QCD ≲ 10−10. This is a true fine-tuning
problem, since θQCD could obtain an O(1) contribution from the observed CP -violation in the
EW sector.

From a modern perspective, the basic ingredient of the PQ solution [1–4] of the strong CP
problem consists in the introduction of a new spin-zero field a(x), denoted by the axion field,
whose effective Lagrangian

La =
1

2
(∂a)2 + L(∂a, ψ) +

g2s
32π2

a

fa
GG̃ (1.52)

is endowed with a quasi shift symmetry a → a + κfa, where fa is an energy scale called the
axion decay constant, that leaves the action invariant up to the term

δS =
g2sκ

32π2

∫

d4x GG̃. (1.53)

The transformation parameter κ is arbitrary and can be chosen to remove the θ̄ term, while the
Vafa-Witten theorem [35] ensures that ⟨a⟩ = 0 in a vector-like theory like QCD, thus solving
the strong CP problem dynamically.
The axion massma, induced by QCD instantons, can be calculated in chiral perturbation theory
[1, 2]. It is given by

ma ≃ 6 · 10−6 eV
1012 GeV

fa
. (1.54)

This is a model-independent statement. If fa is large, the QCD axion can be extremely light
and stable, thus an excellent candidate for DM [5, 7, 36]. Bounds on fa arise from a variety
of sources; of particular interest, supernova cooling provides a lower limit [37], while black hole
superradiance provides an upper limit [38]. Combined, they constrain the axion decay constant
in the range

108 GeV ≲ fa ≲ 6 · 1017 GeV, (1.55)

where the lower bound is affected by many uncertainties. This translates into the following
axion mass range,

10−11 eV ≲ ma ≲ 10−1eV. (1.56)

UV completions of the effective Lagrangian axion can be divided into two large classes, according
to the way the QCD anomaly of the U(1)PQ current is realised. We will review the simpler
model of each.
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KSVZ axion. The KSVZ model [39, 40] extends the SM field content with a vector-like
fermion Q = QL + QR in the fundamental of colour, singlet under SU(2)L, neutral under
hypercharge, Q ∼ (3, 1, 0), and a SM-singlet complex scalar Φ ∼ (1, 1, 0). In the absence of a
bare mass term for Q, the Lagrangian

LKSVZ = |∂µΦ|2 + Q̄i /DQ−
(
yQQ̄LQRΦ+ h.c.

)
− V (Φ) , (1.57)

features a U(1)PQ symmetry

Φ → eiαΦ , QL → eiα/2QL , QR → e−iα/2QR . (1.58)

The potential

V (Φ) = λPQ

(

|Φ|2 − f2a
2

)2

, (1.59)

is such that the U(1)PQ symmetry is spontaneously broken, with order parameter fa. Decom-
posing the scalar field in polar coordinates

Φ =
1√
2
(fa + χ)e

i a
fa , (1.60)

the axion field a corresponds to the angular mode (massless at tree level), while the radial mode
χ picks up a mass mχ =

√
2λPQfa. In the PQ broken phase also the fermion Q gets massive,

with mQ = yQfa/
√
2.

The Lagrangian term (where we neglected the heavy scalar radial mode)

LKSVZ ⊃ −mQQ̄LQRe
ia/va + h.c. , (1.61)

is responsible for the generation of the aGG̃ operator in the effective theory below mQ [30].

DFSZ axion. The field content of the DFSZ model includes two Higgs doublets Hu ∼
(1, 2,−1

2) and Hd ∼ (1, 2,+1
2) and a SM-singlet complex scalar field, Φ ∼ (1, 1, 0). Again,

a global U(1)PQ symmetry is imposed and spontaneously broken by the potential in Eq. (1.59).
The PQ and Higgs fields interact via the scalar potential:

V = λHΦ
2HuHd + h.c. . (1.62)

This term is PQ invariant for Φ with U(1)PQ charge +1, and the Higgs fields each with charge
−1. When the PQ symmetry is broken and Φ obtains a vev, the parameters in the Higgs
potential, and the coupling constant, λH , must be chosen such that the Higgs fields remain
light, consistent with the observed 125 GeV SM Higgs, and the EW vev, v =

√

⟨Hu⟩2 + ⟨Hd⟩2.

The Higgs must also couple to all SM fermions, providing their mass through Yukawa terms as
usual, e.g.

LY ⊃ λuq̄LuRHu . (1.63)

In order for this to be PQ invariant, the SM fermions must be charged under U(1)PQ. After
EW symmetry breaking, H is replaced by its vev, inducing axial current couplings between the
axion and SM fermions from the chiral term in the fermion mass matrix: mu(ϕ/fa)iūγ5u. This
axial current in turn induces the coupling between the axion and GG̃ via the colour anomaly.
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1.3.2 Axion cosmology

The cosmological history of the QCD axion is shaped by two key physical events. The first
is the spontaneous breaking of the PQ symmetry at the large scale fa, which gives rise to the
axion as the associated Goldstone boson. The axion field is identified with the angular degree
of freedom of a complex scalar,

Φ =
χ+ fa√

2
e
i a
fa , (1.64)

where the radial mode χ is usually taken heavy and decouples from the low-energy dynamics.
The second key event occurs much later, when non-perturbative QCD effects switch on at a
temperature TNP ≪ fa and generate a potential for the otherwise massless axion.

The axion field during inflation. Whether the PQ symmetry is broken or unbroken during
inflation depends on how fa compares to the Hubble scale HI , and the two cases lead to different
cosmological histories for the axion field.

• Post-inflationary scenario (fa < HI). Here, the PQ symmetry remains unbroken through-
out inflation and only breaks afterwards, once the radiation temperature drops below fa.
At that point Φ acquires a vacuum expectation value, and each causally disconnected Hub-
ble patch independently selects its own value of the misalignment angle θ = a/fa. The
result is a present-day Universe stitched together from many regions with independently
random initial misalignment angles θi. In this scenario, the domain walls and axionic
strings play an important role. Stable domain walls would be cosmologically catastrophic,
but the decay of axion strings instead provides a genuine source of relic axions.

After the end of inflation, the initial misalignment angle θi, within a Hubble patch, takes
all possible values on the unit circle. For determine the energy density, for a quadratic
potential, this is the same as assuming for the initial condition the value

θi ≡
√

⟨θ2i ⟩ =
π√
3
. (1.65)

where the angle brackets represent the value of the initial condition averaged over [−π, π).

• Pre-inflationary scenario, fa > HI . The PQ symmetry is broken during inflation. As in
the previous scenario, PQ symmetry breaking establishes causally disconnected patches
with different values of θ, and produces topological defects. However, the rapid expansion
during inflation dilutes all the phase transition relics. It also stretches out each patch
of θ, so that our current Hubble volume began life at the end of inflation with a single
uniform value of θ everywhere. This initial value θi is drawn from a uniform distribution.
However, other bounds that come from isocurvature modes [41] constrain this scenario,
which requires a relatively low-energy scale of inflation to be viable.

Misalignment production of axion DM. How the axion potential and mass evolve with
the temperature of the thermal bath is central to predicting the relic abundance generated by
the misalignment mechanism. In QCD, this temperature dependence is encoded in

m2
a(T )f

2
a = ζtop.(T ) , (1.66)
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where ζtop.(T ) is the QCD topological susceptibility. At temperature higher than the QCD
deconfining scale, T ≫ ΛQCD ∼ 160 MeV, this reduces to a simple power law [42],

m2
a(T ) ≃ 10−7

Λ3
QCDma

f2a

(
T

ΛQCD

)−8

, (1.67)

which must be matched onto the zero-temperature value, Eq. (1.54), once T ≲ ΛQCD.

This temperature-dependent mass feeds directly into the axion equation of motion. Treating
a(t) as spatially homogeneous, the equation of motion for the misalignment angle θ = a/fa
reads, at the leading order,

θ̈ + 3H(T ) θ̇ +m2
a(T ) θ = 0 . (1.68)

The behaviour of this equation was already discussed in Section 1.2.2; the only new ingredient
here is the explicit temperature dependence of the mass term. A fully detailed treatment can
be found in Ref. [30]. Solving Eq. (1.68) and tracking the resulting energy density until today,
it gives the present axion abundance from misalignment, normalized to the critical density ρcrit,
in terms of the initial misalignment angle,

Ωmis
a h2 ≈ 0.12 ·

(
F (θi)

π/
√
3

)2( fa
2× 1011 GeV

)7/6

, (1.69)

where F (θi) = θi in the pre-inflationary scenario, and F (θi) = π/
√
3 in the post-inflationary

case, from Eq. (1.65).

Cosmic axion strings. As predicted by the Kibble mechanism [43], when the PQ symmetry
is broken after inflation, cosmic strings are produced. Domain walls form between these strings
around the QCD phase transition and, if the domain wall number is unity, the string-domain
wall network is unstable and decays into axions [8], yielding a matter density [8, 9]

Ωah
2
⃓
⃓
⃓
string-DW

≃ 0.04− 0.3

(
fa

1011GeV

) 7
6

. (1.70)

These mechanisms most naturally lead to axion DM for fa ∼ (1011 − 1012) GeV, and the
misalignment mechanism could also yield DM for larger fa as θi is reduced.
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Chapter 2

The radial mode as cold dark matter

A recent analysis [11] showed that, for sufficiently large initial values of the PQ field, the
subsequent cosmological evolution efficiently excites a population of axion and radial mode
fluctuations through parametric resonance. This mechanism allows the axion population to
account for the total DM abundance, for a viable range of decay constant fa ∼ (108−1012) GeV,
with a light radial mode mχ ∼ GeV.

In this chapter, we generalise the results of [11] and show that the radial mode can be produced
in a larger abundance, so it may indeed be a more natural candidate for DM than the axion
in the parametric resonance mechanism. In addition, we study the production of radial mode
DM via the misalignment mechanism. We further discuss how large initial displacements of
the PQ field may arise and explore their cosmological implications. Our results reveal sizable
regions of parameter space in which the radial mode accounts for a fraction of the observed
DM abundance, with viable decay constant spanning fa ∼ (108 − 1017) GeV depending on the
production mechanism considered, and a sufficiently light radial mode.

2.1 The model

We will work with an SM field content that is neutral under the new global U(1)PQ symmetry.
Since, in our scenario, radial mode DM is realised non-thermally via a new degree of freedom,
the radial mode weakly interacts with the SM fields. This allows us to treat the dark sector
effectively as isolated without affecting the main results. We will address the self-consistency of
this assumption in Chapter 3, where we specify how the SM communicates with the radial mode.

We start with a simple realisation of the SSB of the U(1)PQ symmetry,

L = − (∂µΦ)
† (∂µΦ)− V (Φ), V (Φ) = λPQ

(

|Φ|2 − f2a
2

)2

, (2.1)

where λPQ > 0 for a potential bounded from below. The field Φ is a complex scalar, a singlet
under the SM gauge group, Φ ∼ (1, 1, 0)SM , charged under the global U(1)PQ symmetry with
charge QΦ. In particular, the field acquires a VEV at the energy scale fa,

⟨Φ†Φ⟩ = f2a
2
. (2.2)

Using the polar parametrisation,

Φ =

(
χ+ fa√

2

)

e
i a
fa , (2.3)
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the complex scalar field is decomposed into two real degrees of freedom with a clear interpreta-
tion, and the mass spectrum of the theory is organised as follows.

Radial mode χ: a scalar field with mass given by the scale of spontaneous symmetry breaking
mχ =

√
2λPQfa.

Angular mode a: is the (p)NGB called the axion, a pseudoscalar that transforms under the
original U(1)PQ via a constant shift.

As explained in Section 1.3, in the QCD axion scenario, the U(1)PQ is anomalous, so that the
shift symmetry of the axion a is broken by quantum corrections, and generates a mass term for
the angular mode.
To obtain a radial mode that is parametrically lighter than the PQ scale, we will work in the
regime of small quartic coupling, λPQ ≪ 1.

2.2 Non-thermal production mechanism in the Early Universe

We will use two non-thermal mechanisms to produce a population of radial mode χ in the
Early Universe. Both require an initial displacement from the minimum of the potential of the
homogeneous mode at cosmic time ti, χ(ti) ≡ χi, in RD, but with different magnitudes:

Misalignment mechanism: requires a small initial displacement from the VEV, χi ≪ fa.

Parametric resonance mechanism: requires a large initial displacement from the VEV,
χi ≫ fa.

In both cases, we assume a RD epoch until BBN, after which we follow the standard cosmological
evolution. Before analysing each mechanism in detail, we first discuss how such an initial dis-
placement may arise naturally in the Early Universe. We will further assume a pre-inflationary
scenario, described in Section 1.3.

2.3 Initial condition realization

During inflation, light spectator scalar fields are subject to stochastic fluctuations sourced by
the quasi–de Sitter background, with constant Hubble rate H(t) ≃ HI . As emphasised in [44,
45], the super-horizon modes of such a field undergo a random walk, leading to a probability
distribution with potentially large variance.
In the pre-inflationary scenario, inflation selects one patch of the Universe within which the
spontaneous breaking of the PQ symmetry leads to a homogeneous value of the initial displace-
ment χi, drawn from this distribution.
Throughout this discussion, we assume that the radial field is completely decoupled from the
inflaton and never thermalises with the SM plasma. Its dynamics during inflation are therefore
governed solely by its classical potential, encoded in the effective mass

m2
χ(χ) ≡ V ′′(χ). (2.4)

In the two regimes relevant for our analysis,
⎧

⎨

⎩

m2
χ(χ) ∼ m2

χ if χ≪ fa,

m2
χ(χ) ∼ 3λPQχ

2 if χ≫ fa,
(2.5)

with m2
χ the vacuum mass.
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Initial condition for the misalignment mechanism. In the small-field regime χ ≪ fa,
the equation of motion is reduced to

□χ = m2
χχ, mχ =

√

2λPQfa, (2.6)

where the radial field behaves as a free massive scalar. To generate an unsuppressed variance
during inflation, we require the light mass regime,

m2
χ ≪ H2

I . (2.7)

Otherwise, for mχ ≫ HI the field rapidly relaxes to the minimum of its potential and does
not develop a significant variance. In this regime, the stochastic dynamics yield a gaussian
distribution with zero mean and variance, as discussed in Appendix B,

⟨χ2⟩e ≃
3

8π2

(
H4
I

m2
χ

)[

1− e
−N 2m2

χ

3H2
I

]

, (2.8)

with N the number of e-folds during inflation, defined in Eq. (1.20). If the inflation lasts long

enough, the variance will reach an equilibrium configuration, ⟨χ2⟩e ≃ 3
8π2

(
H4

I
m2

χ

)

for N ≫ H2
I

m2
χ
.

In the light-mass regime, it is natural to assume that equilibrium is not reached. For example,
with HI ∼ 1013 GeV and mχ ∼ GeV, realising axion DM from parametric resonance [11],
reaching the equilibrium requires N ∼ 1026, which is a very large number of e-folds that need
a very specific inflationary model. Expanding the exponential for

N ≪ 3H2
I

2m2
χ

, (2.9)

one obtains the variance at the end of inflation,

⟨χ2⟩e ≃ N

(
HI

2π

)2
[

1−N
m2
χ

3H2
I

+ O

(

N
m2
χ

H2
I

)]

. (2.10)

The regime of validity requires that the initial displacement remains small,

⟨χ2⟩e ≪ f2a . (2.11)

Taking the benchmark value N ≈ 102, this yields an upper bound on the inflationary scale as
a function of fa, while the validity of the assumption in Eq. (2.7) gives the lower bound,

mχ ≪ HI ≪ 6 · 1011 GeV
fa

1012 GeV
. (2.12)

In Fig. 2.1, we can see that for fa < 1015 GeV the upper bound is stronger than the current
CMB bound,

Hexp
I ≲ 1014 GeV

( r

0.01

) 1
2
, (2.13)

where the present bound on the tensor-to-scalar perturbation ratio from inflation is r < 0.036,
from CMB anisotropies [46]. Since the radial masses of interest lie below the GeV scale, the
lower bound is extremely mild.
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Figure 2.1: Parameter space of the inflationary Hubble scale, HI , to realise a small kick of the radial
mode from the vacuum ⟨χ2⟩e ≪ fa. Considering the regime in which ⟨χ2⟩e does not reach the equilibrium
configuration at the end of inflation, assuming N ∼ 102, the blue region is excluded, since ⟨χ2⟩e ≫ f2a
contradicts the assumptions underlying the analysis. The green region is ruled out by constraints from
the CMB anisotropies, which fix the experimental upper bound HI < 1014GeV. [46]

.

Initial condition for the parametric resonance. To realise the parametric resonance
mechanism, we need a large displacement from the true vacuum. In the χ

fa
≫ 1 regime, the

potential is approximately quartic,

V (χ) ≃ λPQ
4
χ4, (2.14)

and the wave equation for the scalar field in this regime is at leading order

□χ ≃ λPQχ
3. (2.15)

In this regime, the Hartree–Fock approximation is unreliable due to self-interactions, but the
stochastic formalism still applies. Effectively, due to scattering, the field acquires an effective
mass term m2

eff ∼ H2
√
λ. The variance reaches the equilibrium value, as discussed in [45] and

derived in Appendix B,

⟨χ2⟩e =
√

3

2π2
Γ
(
3
4

)

Γ
(
1
4

)
H2
I

√
λPQ

≃ 10−1 H2
I

√
λPQ

. (2.16)

Using the vacuum mass relation and requiring that ⟨χ2⟩e ≫ f2a , the range of validity on the
inflationary scale requires

HI > 102GeV ·
(mχ

eV

)1/2
(

fa
1012GeV

)1/2

. (2.17)

As in the misalignment scenario, reaching this equilibrium configuration will require N ≫
fa/mχ > 108.

Instead, for N ≪ 1√
λPQ

the system is in the non-equilibrium regime, and following the evolution

will require a detailed numerical simulation. However, we can use a simpler argument to make
the point. In the first approximation, the minimum number of e-folds needed to reach ⟨χ2⟩ ∼ f2a
can be roughly calculated using Eq. the Hartree-Fock approximation, from Eq. (2.10),

N ≳ 4π2
(
fa
HI

)2

. (2.18)
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Thus, while inflation can, in principle, generate the large initial displacement required for
parametric resonance, doing so necessitates an exceptionally long inflationary epoch in a pre-
inflationary scenario, an aspect that is not emphasised in the Co et al. paper [11].

2.4 Radial mode DM from misalignment mechanism

To realise a DM relic, the radial field must behave as a homogeneous perfect fluid on cosmological
scales, in accordance with the Cosmological Principle. As discussed above, to avoid non-linear
effects, we need a small initial displacement of the radial field from the minimum of the potential,
so the working assumption is χ

fa
≪ 1 in this section.

The radial field can be decomposed into a homogeneous mode and fluctuations,

χ(t, x) = χ0(t) + δχ(t, x), (2.19)

where the homogeneous mode is the classical field ⟨χ(t, x)⟩ ≡ χ0(t). As long as ⟨δχ2⟩ ≪ χ2
0(t),

the fluctuations can be neglected, and the dynamics of the homogeneous mode fully capture the
relevant physics for DM production.

2.4.1 Classical EOM

The action in polar field coordinates, in a general background metric with mostly-plus signature
gµν ,

S =

∫

d4x
√−g

[

−1

2
∇µχ∇µχ− 1

2

(

1 +
χ

fa

)2

∇µa∇µa− λPQ
4

(χ2 + 2χfa)
2

]

, (2.20)

where
√−g ≡

√
− det(gµν). The classical EOM follows from the Principle of Least Action,

leading to a set of coupled differential equations,

δS = 0 =⇒

⎧

⎪⎨

⎪⎩

∇µ

((

1 + χ
fa

)2
∇µa

)

= 0,

∇µ∇µχ−
(

1 + χ
fa

)
∇µa∇µa

fa − 2λPQf
2
a χ

(

1 + χ2

2f2a
+ 3

2fa
χ
)

= 0.
(2.21)

In this regime, the homogeneous mode of both fields dominates the dynamics. At leading order
in χ

fa
, the axion zero mode equation reduces to that of a free massless scalar,

ä0 + 3Hȧ0 = 0 + O

(
χ

fa

)

, (2.22)

which has two different solutions, depending on the Cauchy conditions, for t > ti,

ȧ0(ti) = 0 → a0(t) = a0(ti), (2.23)

ȧ0(ti) ̸= 0 → a0(t) = a0(ti) + C

∫ t

ti

e
−

∫ t′

ti
3H(t̃)dt̃

dt′. (2.24)

We choose the maximally symmetric vacuum state, that is, the constant solution,

⟨a(t, x⃗)⟩ ≡ a0(t) = const → ∇µa0(t) = ∂µa0(t) = 0, (2.25)

where, in the last equation, we have exploited the fact that a(t, x) is a scalar field. An inter-
esting possibility, explored in Ref. [47], is that the axion field begins with a non-zero initial
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velocity, ȧ(ti) ̸= 0.
In this regime, we can treat the axion dynamics as decoupled from the radial evolution. This
is consistent even in a realistic QCD-axion scenario, where the axion acquires a temperature-
dependent mass from quantum effects. The axion mass ma enters the radial EOM only at order
m2

a
fa

, so that we can treat them independently.

Expanding the radial equation to linear order in χ
fa
, and renaming χ0(t) ≡ χ(t) for simplicity

from now on, the standard Klein–Gordon equation in Eq. (1.28) is the following,

χ̈+ 3Hχ̇+m2
χχ ≃ 0, (2.26)

with vacuum mass m2
χ = 2λPQf

2
a .

During RD, H(t) = 1
2t , and the solution is fixed by the initial conditions at cosmic time ti,

χ(ti) ≡ χi, χ̇(ti) ≡ 0. (2.27)

As discussed in Section 1.2.2, once the Hubble rate H drops below Hosc defined by 3H(Tosc) =
mχ, the field begins coherent oscillations around the minimum of its potential. Averaged over
many oscillations, the radial condensate behaves as non-relativistic matter, as derived by the
virial theorem for a quadratic potential (1.47). In this oscillatory regime with constant mass
term, the energy density at a temperature T ≤ Tosc redshifts as,

ρχ(T ) ≃ ρosc

(
R(Tosc)

R(T )

)3

= ρosc

(
T

Tosc

)3 g∗s(T )
g∗s(Tosc)

(a)
=

1

2
m2
χχ

2
i

(
T

Tosc

)3 g∗s(T )
g∗s(Tosc)

. (2.28)

where in (a) we have used the matching condition ρosc =
1
2m

2
χχ

2
i , and g∗s(T ) is the number of

effective degrees of freedom.
This expression determines the abundance of the radial mode relic in terms of the initial dis-
placement χi, the mass of the radial mode mχ, and constitutes the radial mode DM relic of the
standard misalignment mechanism.

2.4.2 Energy abundance of the radial condensate Ωmis

χ

The present cosmological DM energy density from the radial condensate through the misalign-

ment mechanism is encoded in the parameters Ωmis
χ h2 where Ωmis

χ ≡ ρχ(T0)
ρcrit

is the radial energy
density today relative to the critical density.

Recall that the starting point of the onset oscillations is determined by
mχ

3 ∼ Hosc = 0.3
√

g∗(Tosc)
T 2
osc

Mpl
.

The present radial abundance can be expressed as a function of mχ and χi,

Ωmis
χ ≡ ρχ(T0)

ρcrit
∼ 1

2
m

1
2
χχ

2
i

T 3
0

ρcritM
3
2

pl

g∗s(T0)
g∗s(Tosc)

g
3
4∗ (Tosc). (2.29)

To further simplify this expression, we adopt the following assumptions:

• Assume Tosc > MeV, i.e., oscillations begin before e+e− → γγ annihilation in the thermal

bath, which translates into mχ > 10−15eV. We can therefore take g
3
4
∗ (Tosc)
g∗s(Tosc)

= 1

g∗s(Tosc)
1
4

.

• Taking three relativistic neutrino species gives g∗s(T0) ∼ 3.91
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Using the numerical values T0 = 2.35·10−13 GeV,Mpl = 2.4·1018 GeV, ρcrit = 4.7·10−47 GeV4, h =
0.7, the present-day radial abundance can be written as

Ωmis
χ h2 = 0.12 ·

(
4 · χi

1012GeV

)2 (mχ

eV

) 1
2 1

g
1/4
∗s (Tosc)

. (2.30)

This expression can be inverted to give a relation between the radial mass and its initial dis-
placement,

χi = 2.5 · 1011 GeV

(

Ωmis
χ h2

0.12

) 1
2 ( eV

mχ

) 1
4

g
1/8
∗s (Tosc) ≃ 4.5 · 1011 GeV

(

Ωmis
χ h2

0.12

) 1
2 ( eV

mχ

) 1
4

,

(2.31)
where in the last step, we used g∗s(Tosc) ∼ 102. This assumption is verified a posteriori: from
the parameter space in Fig. 2.3, mχ > 10−9 eV implies Tosc > GeV.
So for the radial condensate to be a candidate for DM today, there is a one-to-one correspondence
between the initial value χi and the mass mχ.

2.4.3 Constraints

mχ > ma. Although in this work we allow for a broad range of possible radial masses, having
a radial mode lighter than the angular mode may significantly alter the scenario, depending on
the underlying model. To remain conservative, we impose

mχ > ma. (2.32)

Applying this bound to the QCD axion case and using the standard QCD axion mass relation
in Eq. (1.54), with the DM abundance relation in Eq. (2.31), this translates into,

χi < 8 · 1012 GeV

(

Ωmis
χ h2

0.125

) 1
2 ( fa

1012GeV

) 1
4

. (2.33)

Survival of the condensate. If the radial condensate constitutes DM today, it must remain
sufficiently long-lived throughout cosmic history. In the Lagrangian (2.1), the only decay channel
is the process χ→ aa, which arises from the kinetic term in polar coordinates,

L(a, χ) ⊃ − χ

fa
∂µa∂

µa. (2.34)

This decay is kinematically allowed only if m2
χ > 4m2

a. The amplitude for this process is
straightforward to compute, as depicted by the Feynman diagram in Fig. 2.2.

a

a

pχ

p1

p2

iM = χ

Figure 2.2: Tree-level Feynman diagram for radial decay into two axions χ→ aa

.
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In the center-of-mass frame, using the Mandelstan variable s = m2
χ = 2m2

a + 2p1 · p2, one finds

iM =
2i

fa
p1 · p2 = i

m2
χ

fa

(

1− 2m2
a

m2
χ

)

, (2.35)

where we have considered a general axion mass.
The decay rate for a long-lived particle, Γ ≪ mχ, is [48]

Γ(χ→ aa) =
1

2mχ

∫

dΠf |M(χ→ aa)|2, (2.36)

where the Lorentz invariant phase space factor for a two-final-particle state takes a simple form,

∫

dΠf ≡
∫

d3p1
(2π)3

d3p2
(2π)3

1

4E1E2
(2π)4δ4(pχ − p1 − p2) =

∫
dΩcm

4π

1

8π

(
2|p⃗|
Ecm

)

. (2.37)

Here |p⃗| is the magnitude of the three-momentum of either particle in the centre-of-mass frame.
Using

|p⃗|2 =
m2
χ

4
−m2

a , Ecm = mχ, (2.38)

the decay rate becomes

Γχ→aa =
m3
χ

16πf2a

(

1− 2m2
a

m2
χ

)2(

1− 4m2
a

m2
χ

) 1
2

. (2.39)

Requiring the condensate to survive until today implies that its decay rate must be lower than

the current Hubble rate Γχ→aa ∼ m3
χ

16πf2a
< H0. As discussed in the previous section 2.4.3, we

impose m2
a

m2
χ
≪ 1, which allows us to approximate Γχ→aa ≃ m3

χ

16πf2a
. This condition yields an upper

bound on the radial mass:

mχ < 3.4 · 103 eV

(
fa

1012GeV

) 2
3
(

H0

10−42GeV

) 1
3

. (2.40)

Using the current Hubble value H0 ∼ 1.4 · 10−42 GeV and the abundance of DM from the
misalignment mechanism (2.31), this constraint translates into a lower bound on the initial
radial displacement,

χi > 5 · 1010 GeV

(

Ωmis
χ h2

0.12

) 1
2 (1012GeV

fa

) 1
6

. (2.41)

In addition to the decay channel, the radial condensate could, in principle, be destroyed through
efficient annihilation processes of the form χχ → aa. In the naive dimensional analysis (NDA)
estimate, taking the incoming χ as quanta from the condensate, the annihilation cross section
scales as

σ(χχ→ aa) ≃
m2
χ

f4a
. (2.42)

The corresponding interaction rate is

Γ(χχ→ aa) = nχ(T )⟨σ(χχ→ aa)|v⃗rel|⟩ ≃
ρχ(T )

mχ

m2
χ

f4a
|v⃗rel|, (2.43)
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where v⃗rel =
p⃗rel
Eχ

is the relative velocity of the incoming particles. We assume that the condensate
has a small but non-zero velocity dispersion. For temperatures below the onset of oscillations,
T < Tosc, the radial energy density is given by (2.28), leading to

Γ(χχ→ aa) ≃
(
mχ

Mpl

) 3
2
(
χi
fa

)2 T 3

f2a
|v⃗rel|, T ≲ Tosc. (2.44)

Annihilations become efficient only if the interaction rate exceeds the Hubble expansion rate, for
Γ(χχ → aa) > H(T ) ∼ T 2

Mpl
. Using Tosc ∼ (Mplmχ)

1/2, the condition for efficiency at T < Tosc
becomes

1 >
T

Tosc
>

(
fa
mχ

)2(fa
χi

)2 1

|v⃗rel|
. (2.45)

The right-hand side is always larger than unity for any physical relative velocity and not ex-
tremely suppressed χi, implying that there is no solution in this regime. Thus, annihilations
are never efficient for T < Tosc.
For temperatures above the onset of oscillations, T > Tosc, the radial energy density is approx-
imately constant, giving the following,

Γ(χχ→ aa) ≃ ρχ(T )

mχ

m2
χ

f4a
|v⃗rel| ≃

χ2
i

f2a

m3
χ

f2a
|v⃗rel|, T > Tosc. (2.46)

This can be expressed in terms of the decay rate as

Γ(χχ→ aa) ≃
(
χi
fa

)2

|v⃗rel|Γ(χ→ aa). (2.47)

Since we get by construction χi ≪ fa, |v⃗rel| ≪ 1, the annihilation rate is always parametrically
suppressed relative to the decay rate. Consequently, the process χχ → aa never becomes
efficient, and annihilations do not threaten the survival of the radial condensate.

Inefficient parametric resonance. The DM abundance we derived in Eq. (2.31) is valid
only if the radial condensate evolves entirely within the linear regime. In this case, the radial
and axion fields remain effectively decoupled at leading order, and the misalignment calculation
is reliable. If parametric resonance were efficient, non-perturbative particle production could
transfer a significant fraction of the radial homogeneous energy into axions, invalidating the
perturbative treatment and altering the final abundance. To ensure that such non-linear effects
remain negligible, we impose a conservative upper bound on the initial radial displacement:

χi ≤ 10−1fa. (2.48)

The parametric resonance mechanism will be treated in Section 2.5.

Isocurvature bound. In the pre-inflationary scenario, radial fluctuations in the light-mass
regime satisfy δχ ∼ HI

2π , and lead to iso-curvature inhomogeneities in the DM density. Using
the curvature perturbation on uniform-density hypersurfaces, one finds

δρχ
ρDM

⃓
⃓
⃓
⃓
⃓
iso

=
ρχ
ρDM

2
δχi
χi

∼ ρχ
ρDM

HI

χi
. (2.49)

These primordial isocurvature fluctuations are encoded in the dimensionless power spectrum

∆2
iso(k) =

k3

2π2Piso =
(
δρDM (k)
ρDM

)2
.
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Global fits to Planck data demand that adiabatic fluctuations dominate the primordial spec-
trum. The constraint is expressed as

∆2
iso(k)

∆2
iso(k) + ∆2

adi(k)
< βiso(k). (2.50)

At the pivot scale, k∗ = 0.050 Mpc−1, Planck data [21] constrain

βiso(k∗) < 0.038 (95% CL), (2.51)

assuming uncorrelated standard CDI. On these scales, which re-enter the horizon near the
matter-radiation equality, the adiabatic amplitude is well measured and ∆2

adi ∼ 2.1 · 10−9 is
probed by the CMB. This bound implies

χi ≳
HI

π
√

βiso(k∗)∆2
adi(k∗)

. (2.52)

Using the light mass assumption mχ ≪ HI , this bound translates into

χi > 3.5 · 10−5 GeV
mχ

eV
. (2.53)

The axion energy density from the misalignment mechanism. In the radial misalign-
ment scenario, the dynamics of the axions are not affected by the radial mode. This implies
that a population of axion condensate is still present and behaves as cold DM once it begins to
oscillate, provided it does not thermalise.
The abundance of axion relics from the misalignment mechanism, from Section 1.3, is given by

Ωmis
a h2 ≃ 0.12 · θ2i

(
fa

7 · 1011 GeV

) 7
6

. (2.54)

Then the ratio between the angular and radial energy density from the misalignment mechanism
is given by, below the temperature T < GeV where the axion starts to oscillate,

ρmis
a

ρmis
χ

=
Ωmis
a

Ωmis
χ

∼ 0.25 · θ
2
i
χ2
i
f2a

(
1012GeV

fa

) 5
6

√

eV

mχ
. (2.55)

To avoid an overabundance of DM, we impose that the axion energy density is smaller than the
radial abundance, which sets an upper bound on the initial misalignment angle θi:

θi ≤ 2

(
χi
fa

)(
fa

1012GeV

) 5
12 (mχ

eV

) 1
4
. (2.56)

Other mechanisms that could suppress the axion condensate are the thermalisation process and
effective decay into photons. Those are not relevant for ma ≲ eV, which is the region of interest
for the QCD axion mass.

2.4.4 Results for radial mode DM from the misalignment mechanism

As illustrated in Fig. 2.3, the misalignment mechanism leaves a large parameter space region
in which the radial condensate can account for the entirety or a fraction of the DM today. In
particular, viable solutions require at least fa ≥ 1012 GeV, while remaining consistent up to

26



fa ≲ 1018 GeV. The range of allowed radial mass is remarkably broad, stretching from 10−9 eV
to the MeV scale.

Achieving such a light mass relative to the PQ scale inevitably implies a severe hierarchy.
In this setup manifests itself as a very small quartic coupling λPQ. For illustration, taking
mχ ∼ keV, fa ∼ 1012 GeV,

mχ ∼
√

λPQfa =⇒
√

λPQ ∼ 10−18, (2.57)

highlighting the degree of suppression required, an aspect that is not emphasised in the Co.
et al paper [11]. This hierarchy is a generic feature of scenarios in which the radial mode is
parametrically lighter than the PQ scale. We will discuss the technical naturalness of the light
radial mode in Chapter 3.

2.5 Radial mode DM from parametric resonance

When the radial field is initially displaced far from the minimum of its potential, its subsequent
evolution becomes nonlinear as soon as oscillations begin. During this phase, coherent oscilla-
tions of the homogeneous radial mode induce a time-dependent effective mass for both radial
and axion fluctuations. Modes whose frequencies fall within the resonance bands of the back-
ground oscillation undergo exponential amplification. This mechanism is described in detail in
the Appendix A.
This resonant production of fluctuations efficiently transfers energy from the radial zero mode
into excited radial and axion modes. Ultimately, the initial homogeneous energy density is
transformed into a bath of radial and axion excitations with comparable energy densities. In
Ref.[11], the axion population emerging from this process was assumed to constitute DM. In
this section, by contrast, we will instead take the radial population to be responsible for the
observed DM abundance.

2.5.1 Analytical dynamics

We take the onset of the evolution to be at time ti, in RD, and impose the initial conditions

χ(ti, x⃗) = χ(ti) ≫ fa, χ̇(ti, x⃗) = 0, a(ti, x⃗) = a(ti), ȧ(ti, x⃗) = 0. (2.58)

We assume that fluctuations are negligibly small at this stage, so all modes begin in their
vacuum state.
In the regime χ ≫ fa, the potential is approximately quartic. Taking the homogeneous axion
constant from Eq. (2.6), the radial equation of motion simplifies to

χ̈0 + 3Hχ̇0 + λPQχ
3
0 ≃ 0 . (2.59)

This is equivalent to a free homogeneous scalar field with effective mass meff
χ (t) =

√
λPQ χ0(t).

We define the initial effective frequency

wi ≡ meff
χ (ti) =

√

λPQ χi . (2.60)

The field initially evolves slowly because Hubble friction dominates and χ0 remains approx-
imately frozen at χi. As the Universe expands and the Hubble rate decreases, the system
eventually becomes underdamped, and the radial field begins to oscillate. The onset of oscilla-
tions tosc is implicitly defined by the matching condition

H(tosc) ≃ wi . (2.61)
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Figure 2.3: Constraints on the parameter space of the radial initial amplitude χi and mass mχ, for
different values of fa. We assume that the full DM abundance is produced from small oscillations of the
radial mode via the misalignment mechanism. The yellow region is excluded by efficient radial decay into
axions. The blue region indicates where the perturbative assumption χi < 10−1fa breaks down. The
light-green region marks where the axion mass is bigger than the radial mass. The isocurvature bound
is not visible on the scale of the plots. The red line indicates the parameter combinations for which the
radial condensate reproduces the observed dark-matter abundance today, Ωexp

DM ∼ Ωmis
χ .

As in the standard misalignment mechanism, the field remains overdamped and essentially
frozen between the initial time and the onset of oscillations. For this reason, in the first ap-
proximation, we can define at ti physical quantities that remain unchanged until the onset of
oscillation. Before analysing the oscillatory regime, we define some useful quantities at ti. The
homogeneous radial yield,

Yχ0
≡ nχ0

s
, (2.62)
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where s is the entropy density and nχ0
the number density of the radial zero-mode, in the case

of entropy conservation, encodes the occupation number in a comoving volume. At the onset
of oscillations, the yield can be expressed in terms of the initial displacement χi. Using the
matching condition (2.61) in the entropy density,

s(Ti) ∼ T 3
i ∼ (Mplwi)

3
2 . (2.63)

For the number density, since the field is nearly frozen with a quartic potential,

nχ0
(Ti) =

ρχ0
(Ti)

meff
χ (Ti)

∼ meff
χ (Ti)χ

2
0(Ti) ∼ wiχ

2
i , (2.64)

where ρχ0
(ti) =

1
4λPQχ

4
i ∼ w2

i χ
2
i .

Combining these expressions

Yχ0
(Ti) ≡

n(Ti)

s(Ti)
∼ χ2

i

w
1
2

i M
3
2

pl

. (2.65)

Since the FLRW metric is conformally flat and the potential is approximately quartic at early
times, it is convenient to introduce rescaled conformal-time and field variables

t→ z ≡ wi

∫
dt

R(t)
, δa→ δf = R

χ

χi
δa, χ0 + δχ→ X + δX ≡ R

(χ0 + δχ)

χi
. (2.66)

As discussed in Appendix A, parametric resonance of the fluctuations requires an oscillatory
background source, the radial homogeneous mode. With this change of coordinates, the covari-
ant d’Alembertian can be decomposed as

χ̈0 + 3Hχ̇0 =
w2
i χi
R3

[

X ′′ − R′′

R
X

]

, ′ ≡ d

dz
. (2.67)

Using the fact that in RD
R ∝

√
t ∝ z, R′′ = 0, (2.68)

the homogeneous equation of motion reduces to a non-linear oscillator in flat spacetime,

X ′′ +X3 = 0. (2.69)

This reduction is a consequence of the conformal invariance of a λϕ4 theory in a conformally
flat background. Equation (2.69) admits an integral of motion, the conformal energy,

X ′2

2
+
X4

4
= const . (2.70)

The Cauchy boundary conditions at z(ti) ≡ zi, recalling that χi = χ(ti), χ̇(ti) = 0, and
normalize the scale factor such that R(ti) = 1,

X(zi) = R(zi)
χ0(zi)

χi
= 1, X ′(zi) =

R(ti)

wiχi

d

dt
(χ0R)

⃓
⃓
⃓
t=ti

=
Hi

wi
. (2.71)

Identifying ti with the onset of oscillation, Hi = wi, the energy integral gives

X ′2

2
+
X4

4
=
X ′2(zi)

2
+
X4(zi)

4
=

3

4
. (2.72)
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Separating variables, the integral on the right-hand side can be rewritten as a Jacobi elliptic
cosine (see Eq. (A.23) in Appendix A):

z − zi =
√
2

∫ X(z)

1

dX√
3−X4

. (2.73)

The exact solution is

X(z) = 31/4 cn
(

31/4(z − zi)− cn−1
(

3−1/4, 1√
2

)

, 1√
2

)

, (2.74)

with elliptic modulus k = 1/
√
2, which is independent of the (non-trivial) initial conditions. As

discussed in Eq. (A.25), the solution is periodic with period

T =
4

31/4
K
(

1√
2

)

≃ 5.6 , (2.75)

where K(k) is the complete elliptic integral of the first kind. The solution is shown in Fig. A.3.
In this regime, the homogeneous mode evolves in an effective quartic potential, so the virial
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0
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)

Figure 2.4: The oscillatory solution of the homogeneous mode in Eq. (A.38), in rescale conformal time
z = wiη with X(zi) = 1, X (zi) = 1, zi = 0.

theorem, Eq. (1.47), gives the equation of state

wχ =
⟨Kin⟩ − ⟨Pot⟩
⟨Kin⟩+ ⟨Pot⟩ ≃ 1

3
, (2.76)

indicating that the oscillating radial condensate behaves as radiation at the background level.
Before the decay into fluctuations becomes efficient, the averaged energy density is

ρχ0
= ⟨Kin⟩+ ⟨Pot⟩ = 3⟨Pot⟩ ≃ 3

4
λPQ

(
Rosc
R(t)

)4

χ4
i , (2.77)

modulo an order one factor from the integration over X(t).

To analyse the production of axion and radial particles, we include the leading correction from
the fluctuation fields. Since the homogeneous axion mode is constant when the radial mode
starts to oscillate a0(t) = const, the leading effect originates from the time-dependent radial
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homogeneous background χ0(t) acting on the fluctuations δχ and δa.
At the leading order, the EOM for the fluctuations are

⎧

⎨

⎩

∇µ

((

1 + χ
fa

)2
∇µδa

)

≃ ∇µ

(
χ2
0

f2a
∇µδa

)

= 0,

□δχ− 3λPQχ
2
0δχ ≃ 0.

Transforming to the rescaled variables of Eq. (2.66), the friction terms are absorbed, and the
equations of motion become

⎧

⎨

⎩

δX ′′ −
(
∇2

w2
i
− 3X2

0

)

δX ≃ 0,

δf ′′ −
(
∇2

w2
i
+

X′′

0

X0

)

δf ≃ 0.
(2.78)

Quantising the fields in Fourier space with rescaled comoving momenta

κr =
kr,com
wi

, κθ =
kθ,com
wi

, (2.79)

the mode functions satisfy
⎧

⎨

⎩

δX ′′
κr +

(
κ2r + 3X2

0

)
δXκr = 0 + O(δX2X0),

δf ′′κθ +
(
κ2θ +X2

0

)
δfκθ = 0 + O(δfδX),

(2.80)

where we neglect the subleading mass correction (R2f2a/χ
2
i ≪ 1), which is valid in the regime

(χ≫ fa).

The fluctuation equations take the form of a Lamé equation, introduced in Appendix A, in
Eq. (A.48), with resonance parameters

αr =
κ2r√
3
, qr = 3, αθ =

κ2θ√
3
, qθ = 1. (2.81)

These equations possess the characteristic band structure of the Lamé equation. The source
of instability is the periodic homogeneous radial background that induces a time-dependent
effective mass for the fluctuations, leading to parametric resonance. Consequently, modes lying
within instability bands are exponentially amplified even when starting from arbitrarily small
initial perturbations. By Floquet’s theorem,

δfκθ(z) ∼ eµθ(κθ) z , δXκr(z) ∼ eµr(κr) z , (2.82)

where µκ(q) is the Floquet exponent. Modes with Re[µκ(q)] > 0 lie inside resonance bands
and are exponentially amplified; the stability/instability chart depends only on the resonance
parameters (α, q), not on the initial conditions. For qθ = 1 and qr = 3, the instability bands are

0 < κθ < 0.9, 1.6 < κr < 1.75. (2.83)

The Floquet exponents for different momenta are computed numerically and shown in Fig. 2.5,
while a resonant amplification of a specific radial mode is illustrated in Fig. 2.6.

As seen from Fig. 2.5, the resonant modes satisfy k ∼ wi, with physical momenta p · R = k.
The resulting energy densities are

ρδa(t) ∼
wi
R(t)

na(t) , ρδχ(t) ∼
wi
R(t)

nδχ(t) . (2.84)
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Figure 2.5: Floquet exponent for solutions of the Lamé equation with resonance parameters qθ = 1
(angular mode) and qr = 3 (radial mode).

The comoving number density of the radial fluctuations produced is defined from the instanta-
neous dispersion relation wκr(z) =

√

κ2r + 3X2
0 (z):

nκr(z) =
wκr(z)

2

(

|δXκr |2 +
|δX ′

κr |2
w2
κr

)

− nκr(zi) ∝ e2µr z , (2.85)

where it is normalised so that the particle number vanishes at zi. In physical variables, the
occupation number of both species grows as

nk ∝ e2µκ z(t) . (2.86)

X0(z)δXκ=1.7(z)

0 10 20 30 40 50 60
-4

-2

0

2

4

z

Figure 2.6: Resonant amplification of a radial fluctuation mode for κr = 1.73 and qr = 3. The blue
curve shows the growing mode function δXκr

(z), while the dashed black curve shows the background
oscillation X0(z).

2.5.2 Non-linear dynamics

In the previous sections, we have shown that an initially homogeneous oscillating radial back-
ground efficiently sources axion and radial fluctuations through parametric resonance. Once a
significant fraction of modes within the resonance bands becomes populated, the system exits
the linear regime. At this stage, the following effects become relevant:
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• Particle production reduces the amplitude of the coherent oscillations of the background
field. This, in turn decreases the effective oscillation frequency, shifting the position of
the resonance bands towards lower momenta.

• Scattering among the produced fluctuations becomes efficient, modifying the resonance
structure.

The subsequent evolution is strongly model-dependent and, in general, requires lattice simula-
tions.
In Ref.[11], the authors adopt two key assumptions,

• the initial energy stored in the homogeneous radial mode is transferred, by the end of the
parametric resonance, into a comparable population of axion and radial fluctuations. In
particular, the dominant excited modes carry comoving momenta (k ∼ ωi), leading to the
estimate

ρχ(t) ∼ ωk(t)nχ(t), ρa(t) ∼ ωk(t)na(t). (2.87)

This transfer is expected to occur at early times, roughly at [49],

zeff ∼ O(102), (2.88)

corresponding to an effective temperature

Teff ∼ 0.1

√

Mpl

√

λPQχi ∼ 0.1 Ti. (2.89)

• Approximate adiabaticity, where the comoving yield (Yj ≡ nj/s) of fluctuation is related
to the initial yield,

Yδχ ∼ Yδa ∼ Yχi . (2.90)

After production, both axion and radial fluctuations redshift and may subsequently behave as
non-relativistic matter at late times.
An additional effect arises from the constant mass contribution of the radial mode. The effective
frequency of fluctuations is given by

ω2
κ(z) = κ2r + 3X2

0 +R2 f
2
a

χ2
i

. (2.91)

As the amplitude of the background oscillations decreases due to Hubble expansion, the constant
mass term can eventually become dominant. In this regime, the field gradually oscillates around
the true minimum of the potential. While the equations of motion formally remain those of the
misalignment regime, the late-time state is instead determined by a highly occupied fluctuation
spectrum, which subsequently evolves as a non-relativistic component and may contribute to
the DM abundance.

These assumptions are clearly non-trivial and must be carefully tested. To this end, we have
developed a lattice simulation, described in Appendix A. Our preliminary results indicate that
the assumptions are reasonable.

2.5.3 Energy abundance of the radial population ΩPR
χ

From the above discussion, we have a population of radial modes that, soon after the temper-
ature Teff, do not interact efficiently with the axion. The yield expressed as a function of the
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initial displacement χi as

Yχ ∼ Yi ∼
χ2
i

w
1
2

i M
3
2

pl

, T ≃ Teff. (2.92)

The energy density at this temperature is dominated by the physical momenta pχ = k
R , recalling

that excited modes have comoving momenta k ∼ wi,

ρχ = Eχnχ ∼ wis

R
Yi, T = Teff, (2.93)

where s is the entropy density.
The production of the particle occurs very early in time, then the momenta redshift and the
constant vacuum mass term dominate the energy of the radial particle well before the matter-
radiation equality.
Assuming that the yield remains constant during the expansion of the universe, i.e., no entropy
injection and conserved comoving number nχR

3 = const, the today energy density is

ρχ(T0) = mχnχ(T0) = mχs0Yχ(T0) ∼ mχs0Yi, (2.94)

with s0 the current value of the entropy density. The number density that explains the observed
DM abundance ΩDMexp h

2 = 0.12, or equivalently ρDM
s0

∼ 0.4eV, can be expressed as a function of
the initial displacement χi, the vacuum mass mχ and the axion decay constant fa,

ΩPRχ h2 ∼ 0.12 ·
√

mχ

102 eV

(
5 · χi
102fa

) 3
2
(

fa
109 GeV

)2

. (2.95)

Inverting the relation, the initial condition can be expressed parametrically as

χi ≃ 2 · 1012 GeV

(

ΩPRχ h2

0.12

) 2
3 ( eV

mχ

109GeV

fa

) 1
3

. (2.96)

2.5.4 Constraints

Efficient parametric resonance. The parametric resonance mechanism requires a sizable
displacement from the minimum of the potential, imposing a lower bound χi > fa.

Survival of the condensate. After the parametric resonance ceases due to back-reaction,
roughly at Teff, we can trust the perturbative regime. The discussion is completely analogous
to the one for the misalignment in section 2.4.3.

Requiring Γχ→aa =
m3

χ

16πf2a
< H0, using the DM abundance in Eq. (2.95) to replace fa with

χi, mχ,

χi < 6 · 1012 GeV

(
eV

mχ

) 5
6

(

ΩPRχ h2

0.12

) 2
3

. (2.97)

Warmness bound. The production of DM arises from the non-zero modes, with physical
momenta pχ. The warmness bound [20], requires that at matter-radiation equality Teq ∼ eV,
pχ
mχ

⃓
⃓
⃓
eq
< 10−3. Using pχ ·R = const , pχ(Teff) = wi with Teff ∼ 0.1

√
wiMpl the physical momenta

at equality,

pχ(Teq) = wi
R(Teff)

R(Teq)
∼ wi

Teq
Teff

(
g∗s(Teq)
g∗s(Teff)

) 1
3

∼ 3

√
wi
Mpl

Teq, (2.98)
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where we have taken R · T · g
1
3∗s = const, and

g∗s(Teq)
g∗s(Teff)

∼ 1
50 .

Using wi =
√
λPQχi and the vacuum mass relation

√
λPQ =

mχ

fa
, the warmness bound require

that
pχ
mχ

⃓
⃓
⃓
eq

≃ 3
Teq
mχ

√
mχχi
Mplfa

< 10−3. (2.99)

Using the DM abundance (2.96), this gives an upper bound, modulo an order one factor,

χi < 7 · 1016 GeV

(

ΩPRχ h2

0.12

) 1
2

. (2.100)

Isocurvature bound. The discussion is completely analogous to the section in the misalign-
ment mechanism 2.4.3 with a light effective mass λPQχ

2
i ≪ H2

I . The isocurvature fluctuations
are constrained from CMB anisotropies. The bound on the initial displacement is analogous to
Eq. (2.52),

χi ≳
HI

π
√

βiso(k∗)∆2
adi(k∗)

. (2.101)

Using the light mass assumptions for the initial displacement, HI > λPQχi, the quartic coupling
is limited,

λPQ < π2βiso(k∗)∆
2
adi(k∗). (2.102)

Using the DM abundance from (2.96), this translates into

χi < 1016 GeV

(
eV

mχ

) 2
3

(

ΩPRχ h2

0.12

) 2
3

. (2.103)

Quantum Gravity (QG) bound. At an energy density of the order of the Planck density,
fluctuations of the metric become so large that we can no longer assume space-time as a classical
metric gµν . This means that without a full QG theory, it is impossible to treat the field ϕ as
being classical, unless

∂µϕ∂
µϕ ≲M4

pl, µ = 0, 1, 2, 3,

V (ϕ) ≲M4
pl.

(2.104)

The higher energy density arises from the initial condition for a homogeneous field when χi ≫ fa;
this bound translates into

λPQχ
4
i ≲Mpl. (2.105)

Requiring the perturbative regime for the field part, we get the upper bound λPQ ≲ O(1). Then
the stronger bound is considered

χi < Mpl, (2.106)

or in another parameterisation,

χi
fa

≲ 2.4 · 109
(
109 GeV

fa

)

. (2.107)

In our scenario, this constraint is much weaker because we have λPQ ≪ 1 to realise a light
radial mode.
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Axion DM from parametric resonance ΩPRa . Axions produced by parametric resonance
are emitted at Teff ∼ 0.1Tosc with momenta pa(Teff) ∼ wi. At lower temperatures, redshift as

pa(T ) = wi
T

Teff

(
g∗s(T )
g∗s(Teff)

)1/3

. (2.108)

For QCD axions, the vacuum mass ma ≃ 6 eV (106GeV/fa) turns on below TQCD, and the
non-relativistic transition pa(TNR) ≃ ma gives

TNR ∼ 2.6× 103MeV

(
eV

mχ

109GeV

fa

)1/3

, (2.109)

where we used the radial mode DM condition (2.96) to eliminate χi, and assumed g∗s(TNR)/g∗s(Teff) ∼
1/50. Since TNR ≫ Teq ≃ 0.8 eV throughout the open parameter space of Fig. 2.7, the axions
are non-relativistic well before matter-radiation equality.

The DM energy density ratio between the radial and angular population is given by,

ΩPR
a

ΩPR
χ

≃ ma

mχ
. (2.110)

Requiring the axion relic to be subdominant, to avoid overproduction of DM, this is precisely
the condition mχ ≫ ma discussed in Section 2.4.3. The upper bound is

χi ≲ 1013 GeV ·
(

ΩPRχ h2

0.12

) 2
3

. (2.111)

2.5.5 Results for radial mode DM from parametric resonance

As illustrated in Fig. 2.7, with the parametric mechanism, the radial field population can ac-
count for the entirety of today’s DM. In particular, viable solutions require fa ∈ [108, 1012] GeV.
The range of allowed radial mass extends from 10−4 eV to the keV scale, which requires a very
small λPQ, as discussed in the misalignment scenario. The initial displacement required χi is
not fine-tuned.
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Figure 2.7: Constraints on the parameter space of the radial field initial amplitude χi and vacuum mass
mχ for different fa. We assume that DM production is dominated by radial fluctuations from parametric
resonance. The yellow-shaded region is excluded due to efficient radial field decay into axions. The blue
region indicates where the assumption χi > fa breaks down. The brown-shaded region is excluded for
overproduction of DM. The orange region is ruled out by isocurvature constraints, while the green region
corresponds to radial fields that are too warm to constitute viable DM. The black dashed curves denote
the upper bound from QG effects, beyond which our calculation is no longer valid. The red line indicates
parameter values for which the radial field population produced via parametric resonance accounts for
the observed DM abundance today.
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Chapter 3

The minimal renormalizable Higgs
portal model

In this chapter, we discuss how the radial mode of the PQ field communicates with the SM
through the renormalizable Higgs portal interaction (H†H)(Φ†Φ).

We analyse the model in two regimes. In the first, we review the standard scenario, following
Refs. [50–53], where the radial mode has a mass heavier than the Higgs mass, mχ ≫ mh.
In the second regime, motivated by the radial DM scenarios of Chapter 2, and axion DM
from parametric resonance [11], we impose mχ ≪ mh. In this regime, we identify the unique
radiatively stable configuration and show that a light radial mode is technically natural.

3.1 The Scalar-Higgs portal model in the QCD axion framework

The Higgs sector of the SM possesses a unique feature: it allows renormalizable interactions
with gauge-singlet hidden sectors. In particular, the Higgs bilinear H†H is the only dimension-
two operator in the SM that is both gauge and Lorentz invariant. As a consequence, one can
construct the renormalizable interaction

(H†H)(Φ†Φ), (3.1)

where Φ is a new (complex) singlet scalar field. This Scalar-Higgs portal is one of the most
economical extensions of the SM. The new complex field Φ is identified with the PQ field,
charged under a global symmetry U(1)PQ with a SSB pattern. Without loss of generality, we
will consider the scalar sector, described by the following Lagrangian,

L = −(DµH)†(DµH)− (∂µΦ)
†(∂µΦ)− V (H,Φ), (3.2)

where Dµ is the covariant derivative.

Potential and couplings. In accordance with the convention adopted in [51], we consider
the tree-level scalar potential of the form

V (H,Φ) = λH

(

H†H − v2

2

)2

+ λΦ

(

Φ†Φ− f2a
2

)2

+ 2λHΦ

(

H†H − v2

2

)(

Φ†Φ− f2a
2

)

. (3.3)
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where v = 246 GeV is the EW scale and fa the scale of SSB of the global U(1)PQ symmetry.
All couplings are real, λH , λΦ, λHΦ ∈ R. For the potential to be bounded from below and to
admit a local minimum with ⟨H†H⟩, ⟨Φ†Φ⟩ ̸= 0, the following conditions must be satisfied:

λH , λΦ > 0, λ2HΦ < λHλΦ, (3.4)

with the potential V (H,Φ) minimised at

⟨H†H⟩ = v2

2
, ⟨Φ†Φ⟩ = f2a

2
. (3.5)

Working in the unitary gauge for the Higgs field and in polar parametrisation for the complex
scalar,

H =

(

0
h̃+v√

2

)

, Φ =
χ̃+ fa√

2
e
i a
fa , (3.6)

where (χ̃, h̃) denotes the gauge eigenstate, with ⟨h⟩, ⟨χ⟩ = 0. On this basis, the scalar mass
matrix is not diagonal and takes the form

M2 ≡ V ′′
⃓
⃓
⃓
⟨h⟩,⟨χ⟩=0

= 2

(
λHv

2 λHΦvfa
λHΦvfa λΦf

2
a

)

, (3.7)

which is positive definite under the conditions of Eq. (3.4). Diagonalising the mass matrix via
an orthogonal transformation,

OTM2O = diag(m2
h,m

2
χ), O =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)

, (3.8)

the mass eigenvalue can be derived as

m2
h,χ = λHv

2 + λΦf
2
a ∓

√

(λHv2 − λΦf2a )
2 + (2λHΦfav)2 . (3.9)

The mass eigenstates (h, χ) are obtained by rotation,

(
h
χ

)

=

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
h̃
χ̃

)

, (3.10)

with a mixing angle, from the off-diagonal relation in Eq. (3.8), given by

tan(2θ) =
2λHΦfav

λΦf2a − λHv2
,

cos(2θ) =
λΦf

2
a − λHv

2

√

(λHv2 − λΦf2a )
2 + (2λHΦfav)2

.
(3.11)

Model parameters. At the Lagrangian level, the model is characterised by five parameters,

λH , λΦ, λHΦ, v, fa, (3.12)

which determine the mass eigenvalues mh, mχ and the mixing angle θ. Different aspects of the
theory are more naturally expressed in different parameter bases. EW constraints, for instance,
are most conveniently formulated in terms of {mh,mχ, sin(θ), v, λHΦ}, whereas perturbativity
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and vacuum stability analyses are better carried out based on {λH , λΦ, v, fa, λHΦ}.
Using Eqs. (3.11) and (3.9), the latter can be expressed in terms of the former basis,

λΦ =
8λ2HΦ

sin2(2θ)

v2

m2
χ −m2

h

(

m2
χ

m2
χ −m2

h

− sin2(θ)

)

,

λH =
m2
h

2v2
cos2(θ) +

m2
χ

2v2
sin2(θ),

fa =
m2
χ −m2

h

4vλHΦ
sin(2θ).

(3.13)

Theoretical constraints. The theoretical constraints are the following,

• Vacuum stability: the potential must be bounded from below and must admit two non-
trivial local minima, as required by the tree-level conditions in Eq. (3.4).

• Perturbative unitarity: following Refs. [54, 55], at the tree-level the partial wave am-
plitudes aj(s) of all possible 2 → 2 scattering processes satisfy |Re(aj(s))| ≤ 1

2 , which
implies

λH , λΦ, |2λHΦ| ≲
4π

3
. (3.14)

• EW vacuum stability: the presence of the new scalar modifies the stability analysis of the
Higgs potential [53, 56].

RGE. The stability of the Higgs portal model under radiative corrections has been studied
extensively in the literature [51], [56], [53].
The tree-level potential and couplings in Eq. (3.3) are understood as defined at the UV scale
fa. For the purpose of extracting qualitative estimates, it is sufficient to consider the scalar
sector in isolation. The one-loop RGEs for the quartic couplings, valid above the mass of the
heavier scalar, read [51]

(4π)2
dλH

d log(µ)
= 24λ2H + 4λ2HΦ,

(4π)2
dλΦ

d log(µ)
= 20λ2Φ + 8λ2HΦ,

(4π)2
dλHΦ

d log(µ)
= 4λHΦ(3λH + 2λΦ) + 8λ2HΦ.

(3.15)

3.1.1 Interactions in the mass eigenstate basis

In the parameter basis {mh,mχ, sin(θ), v, λHΦ}, the trilinear scalar potential, relevant for the
phenomenology, is the following

Vtrilinear =
κ111
2
vh3 +

κ112
2
v sin(θ)h2χ+

κ221
2
v sin(θ)hχ2 +

κ222
2
vχ3, (3.16)
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where the couplings κ, following the notation of [53], are given by

κ111 =
m2
h

v2 cos(θ)

(

cos(θ)4 + sin(θ)2
2λHΦv

2

m2
h −m2

χ

)

,

κ112 =
2m2

h +m2
χ

v2

(

cos(θ)2 +
2λHΦv

2

m2
χ −m2

h

)

,

κ221 =
2m2

h +m2
χ

v2

(

sin(θ)2 +
2λHΦv

2

m2
h −m2

χ

)

,

κ222 =
m2
χ

v2 sin(θ)

(

sin(θ)4 + cos(θ)2
2λHΦv

2

m2
χ −m2

h

)

.

(3.17)

When allowed kinematically, the trilinear sector mediates the decay χ→ hh, at tree level,

Γ(χ→ hh) =
sin2(θ)κ2112v

2

32πmχ

√

1− 4m2
h

m2
χ

, mχ > 2mh. (3.18)

The interaction of the radial mode χ with the SM fields arises from the rotation in Eq. (3.10).
Those involving a tree-level single scalar in unitary gauge, in the fermion mass basis, are given
by

L ⊃ h cos(θ) + χ sin(θ)

v

⎡

⎣2m2
WW

+
µ W

µ− +m2
ZZµZ

µ −
∑

f

mf f̄f

⎤

⎦ , (3.19)

where W,Z, f are the massive gauge boson and fermion of the SM. Thus, the couplings of χ
into SM matter are universally suppressed by sin(θ) with respect to those of pure SM Higgs.

χ

f

f

f

γ

γ

+
χ

W

W

W

γ

γ

+
χ

W

W

γ

γ

Figure 3.1: Feynman diagrams contributing to the χγγ effective operator

The couplings of χ with a massless gauge boson arise at one-loop, and in particular, we will
consider the interaction with two photons χγγ.
The effective Lagrangian operator for the Higgs interaction with two photons is known [57],
then the derivation of the dimension five operators is completely analogous, from the Feynman
diagram in Fig. 3.1,

Leff ⊃ −1

4
χgχγγF

µνFµν , (3.20)

with couplings suppressed by the mixing angle,

gχγγ = sin(θ)ghγγ = sin(θ)
αem

8πv
Aγ . (3.21)

42



The canonical form for the factor Aγ is given by [57],

Aγ =
∑

f

Nf
c Q

2
fF 1

2
(τf ) + F1(τW ), τi ≡

4m2
i

m2
χ

,

F 1
2
(τ) = −2τ [1 + (1− τ)y(τ)] ,

F1(τ) = 2 + 3τ + 3τ(2− τ)y(τ)],

y(τ) =

⎧

⎨

⎩

arcsin2(τ−
1
2 ) τ ≥ 1

−1
4

[

log
(
1+

√
1−τ

1−
√
1−τ

)

− iπ
]2

τ < 1,

(3.22)

where Nf
c is the color number of the fermion, (Nc = 3 for the quark, Nc = 1 for the lepton),

and Qf its electromagnetic charge. In the heavy particle limit mi ≫ mχ, the top quark and
the W boson contributions dominate, and at leading order Aγ → 47

9 .

At energy below the confinement scale ΛQCD, physics is described in terms of hadrons. Using
low-energy theorems [57], the effective coupling with nucleon χN̄N through the Higgs portal is
given by

L ⊃ gχNN χN̄N, (3.23)

where

gχNN = sin(θ)
mN

v

[
∑

q=u,..,t

fNq

]

, (3.24)

where fNq are the nuclear form factors, which can be estimated with lattice simulation or
scattering matrix elements between the pion and the nucleon. From Ref. [58], the numerical
value of the form factor is given by,

∑

q=u,..,t

fNq = 0.3 . (3.25)

3.2 Heavy radial mode mχ ≫ mh

In this section, we review the standard scenario in which the radial mode is expected to be
heavier than the Higgs mode, with mass mχ ≫ mh. As discussed in Section 1.3, the non-
observation of axion emission from stars constrains the PQ scale to fa > 108 − 109 GeV [30],
implying a huge separation of scale,

v

fa
≪ 10−6. (3.26)

Assuming order-unity Lagrangian couplings,

λH , λΦ, λHΦ ∼ O(1), (3.27)

and expanding at leading order in the hierarchy v
fa
, the mass eigenvalues from Eq. (3.9) are

given by

m2
h = 2

(

λH − λ2HΦ

λΦ

)

v2 + O

(
v2

f2a

)

,

m2
χ = 2

(

λΦ +
λ2HΦ

λΦ

v2

f2a

)

f2a + O

(
v2

f2a

)

,

(3.28)
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where mh corresponds to the mass of the SM Higgs boson and mχ is the mass of the heavy
radial mode. The hierarchy between the UV and IR scales gives rise to a highly suppressed
mixing angle,

sin(2θ) =
2λHΦ

λΦ

v

fa
+ O

(
v2

f2a

)

. (3.29)

Since sin(θ) rules the strength of the interaction of the heavy scalar with the SM field content,
a higher hierarchy implies a weakly coupled interaction.

Using an effective field theory approach, in the standard scenario mχ ≫ mh, the heavy field
can be integrated out. At the tree-level, lead to a threshold correction to the Higgs quartic
coupling,

V (H)tree = λ

(

H†H − v2

2

)2

, λ = λH − λ2HΦ

λΦ
, (3.30)

that does not vanish in the decoupling limit v
fa

→ 0. This has significant implications for the
vacuum stability of the Higgs potential, as discussed in Ref. [56]. Nevertheless, it is worth
noting that the 1-loop matching between the UV and IR theory at scale fa, gives a contribution
to the Higgs mass

δm2
h ∼ λHΦ

16π2
f2a , (3.31)

and introduces a severe hierarchy problem if the portal coupling λHΦ is of order-unity.

3.3 Light radial mode mχ ≪ mh

Axion DM from parametric resonance [11], as well as in scenarios where the radial component
itself constitutes DM, see Figs. 2.3, 2.7 require a light radial mass, mχ ≲ GeV. In this case,
there are two independent hierarchies,

v

fa
,
mχ

mh
≪ 1, (3.32)

that will affect the parameter space. This is evident from the trace and the determinant of the
mass matrix in Eq. (3.7),

det(M2) = 4
(
λHλΦ − λ2HΦ

)
v2f2a = m2

χm
2
h,

Tr(M2) = 2λHv
2 + 2λΦf

2
a = m2

χ +m2
h.

(3.33)

From the determinant condition, we can express the combination of couplings parametrically,

(
λHλΦ − λ2HΦ

)
=
m2
χm

2
h

v2f2a
≃ 10−16

( mχ

GeV

)2
(
108GeV

fa

)2

. (3.34)

where in the last step we have used that the Higgs mass is of the order of the EW scale, mh ∼ v.
The system retains one free parameter, but we can assume that

λH ∼ O(1), (3.35)

for two reasons: in the limit λHΦ → 0 the SM must be recovered, and λH receives at one-loop
contributions from the top-Yukawa coupling, and is therefore not protected against radiative
corrections if taken to be small.
From the determinant relation (3.33), two distinct regimes solve the system:
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• A fine-tuned regime: a near-cancellation among the parameters,

λHλΦ ∼ λ2HΦ + O

(

m2
χm

2
h

v2f2a

)

, (3.36)

that is in tension with the constraint in Eq. (3.4). The trace equation requires, using

λH ≃ O(1), that λΦ ≲ v2

f2a
, so that λHv

2 ≳ λΦf
2
a . In this regime, the mixing angle

satisfies, from Eq. (3.11),

|tan(2θ)| ≃ 2|λHΦ|
λH

fa
v

≃
√

λΦ
λH

fa
v

≲ O(1). (3.37)

Although the mixing angle can be of the order of unity, this configuration is not radiatively
stable, as discussed in Section 3.3.1.

• The most ”natural” regime: avoid fine-tuning and requiring a well-defined potential im-
plies

λHλΦ ∼
m2
χm

2
h

v2f2a
, λ2HΦ ≪ λHλΦ. (3.38)

With λH ∼ O(1) and λΦ ∼ m2
χ

f2a
, the trace relation is automatically satisfied, leading to a

small mixing coupling,

|λHΦ| ≪
mχ

fa
. (3.39)

The mixing angle is suppressed,

|tan(2θ)| ≃ 2|λHΦ|
λH

fa
v

≪ mχ

mh
, (3.40)

where in the last step, we have used v ∼ mh. This solution is radiatively stable, as is
shown in the following Section 3.3.1.

Both solutions require either a severe fine-tuning or very small couplings, a direct consequence
of the double hierarchy in the parameter space.

3.3.1 Radiative stability

In the light radial scenario, at the scale fa, the two hierarchies admit two regimes: either a
strong fine-tuning among the couplings or very small couplings, while both require

λΦ(fa), λHΦ(fa) ≪ 1. (3.41)

Radiative corrections can destabilise fine-tuned configurations by generating loop contributions
that substantially alter the potential’s structure.
From the RGEs in Eq. (3.15), in both parameter configurations, the couplings remain stable
under radiative corrections,

• λHΦ renormalises multiplicatively, so it never changes sign and remains perturbatively
small.

• The RGE of the Higgs quartic λH gets a negligible contribution from λHΦ, since λHΦ ≪
λH .
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• The RGE of the PQ quartic λΦ gets a contribution from λHΦ, however it is stable, since
λ2HΦ ≲ λHλΦ.

With this simple argument, we can assume both the mixing and quartic couplings stable in the
renormalisation-group running from fa down to v scale.

However, the combination λH(µ)λΦ(µ)−λ2HΦ(µ) is not protected by any symmetry and receives
the following one-loop contribution:

(4π)2
d

d log(µ)

(
λHλΦ − λ2HΦ

)
= 24λ2HλΦ + 20λHλ

2
Φ − 16λHλ

2
HΦ − 12λΦλ

2
HΦ − 16λ3HΦ. (3.42)

If this combination is radiatively unstable, then the combination of physical masses receives
loop corrections that exceed the tree-level values.

In the fine-tuned regime, the initial conditions are the following.

λH(fa)λΦ(fa) ∼ λ2HΦ(fa), λΦ(fa) ≲
v2

f2a
, λH(fa) ∼ O(1), (3.43)

and the dominant loop contribution is proportional to λ2HλΦ. So, the one-loop contribution
at the scale v, with respect to the tree-level value at fa given in Eq. (3.34), is roughly the
following,

δ1L
(
λHλΦ − λ2HΦ

)
(v)

(4π)2
(
λHλΦ − λ2HΦ

)
(fa)

∝ λ2H(v)λΦ(v)

(4π)2

(
f2a
m2
χ

)

∼ 1

(4π)2

(
m2
h

m2
χ

)

≫ 1, (3.44)

where we have used the stability assumption of the quartic couplings λΦ(v) ≲ v2/f2a . Con-
sequently, as soon as the renormalisation scale is lowered below fa, the potential will change
significantly around the minimum.

In the most natural regime, when

λH(fa) ∼
m2
h

v2
∼ O(1), λΦ(fa) ∼

m2
χ

f2a
, λ2HΦ(fa) ≪ λH(fa)λΦ(fa), (3.45)

the leading contribution is subdominant, considering the large logarithm contribution from the
RGE,

δ1L
(
λHλΦ − λ2HΦ

)
(v)

(4π)2
(
λHλΦ − λ2HΦ

)
(fa)

∝ λ2H(v)λΦ(v)

(4π)2λH(fa)λΦ(fa)
ln

(
v2

f2a

)

∼ λH(fa)

(4π)2
ln

(
v2

f2a

)

< 1, (3.46)

manifesting radiative stability.

Instead, the beta function of the mass receives a contribution from the heavy mass, which could
be radiatively unstable even if λ2HΦ ≪ λHλΦ. Using NDA in dimensional regularisation,

(4π)2
dm2

χ

d log(µ)
∝ λHΦm

2
h + O

(
λ2HΦm

2
h, λ

2
Φm

2
χ

)
. (3.47)

However, looking at the parameter space in Fig. 2.3, 2.7, and also for axion DM from parametric
resonance [11], the scenario λ2HΦ ≪ λHλΦ implies λHΦm

2
h ≪ m2

χ.
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Given that the natural regime is the only radiatively stable solution, throughout this thesis, we
adopt the parameter assignment

λΦ ∼
m2
χ

f2a
, λH ∼ O(1), |λHΦ| ≪

√

λHλΦ, (3.48)

which, as follows from Eq. (3.40), implies a strongly suppressed scalar mixing angle,

|sin(2θ)| ≪ mχ

mh
, (3.49)

with direct consequences for the phenomenological constraints discussed in Chapter 4.

However, the stability of the potential has to be ensured below the EW scale too, where inte-
grating out the Higgs boson can lead to instability in the low-energy description. At tree-level
from the potential in Eq. (3.3), neglecting the derivative contribution, the equation of motion
for the Higgs doublet is

(

H†H − v2

2

)

+
λHΦ

λH

(

Φ†Φ− f2a
2

)

= 0. (3.50)

Inserting into the original potential, we arrived at the following form,

VIR = λPQ

(

Φ†Φ− f2a
2

)2

, λPQ = λΦ − λ2HΦ

λH
, (3.51)

that is the potential that we have used for the discussion of DM in (2.1). At tree-level, the
condition λ2HΦ < λHλΦ guarantees λPQ > 0, so the IR potential remains bounded from below
after integrating out the Higgs. At one-loop, a potentially dangerous correction can arise at the
matching scale µ = v. In the small angle limit,

|sin(2θ)| ≪ 1, (3.52)

the leading contributions in NDA to the mass and quartic term of the low-energy theory at the
matching scale are

λPQ(v) ∝ λΦ − λ2HΦ

λH
+
λ2HΦ

16π2
log

(
v

fa

)

+
λ2Φ
16π2

log

(
v

fa

)

,

m2
IR(v) ∝

(

λΦ − λ2HΦ

λH

)

f2a +
λHΦ

16π2
m2
h +

λ2HΦ

16π2
m2
h +

λ2Φ
16π2

m2
χ.

(3.53)

Then, in the regime λ2HΦ ≪ λHλΦ the leading correction from the mixing is the linear term in
λHΦ. The ratio with respect to the tree-level mass gives,

|λHΦ|m2
h

16π2λΦf2a
≪

√
λH

16π2
mh

mχ

mh

fa
< 1. (3.54)

The last inequality is automatically satisfied from the open parameter space in the case of radial
DM, in Figs. 2.3, 2.7, and also for axion DM from parametric resonance [11].
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3.4 Technically natural light radial mode

In this thesis, we have discussed how a light radial mode can be dynamically relevant, but
necessary requires mχ ≪ fa. Furthermore, in the light Scalar-Higgs portal model, the fact that
mχ ≪ mh implies a small mixing coupling, |λHΦ| ≪ mχ

fa
. From a purely pragmatic standpoint,

small values are not forbidden; However, it is more pleasant to trace their origin from an un-
derlying symmetry.

In this section, we will discuss the technical naturalness of the light radial mode, first in the
DM sector of Eq. (2.1), then in the presence of a Scalar-Higgs portal interaction of Eq. (3.3).
The definition of technical naturalness is based on the ’t Hooft naturalness criterion [59]:
at any energy scale µ, a physical parameter or set of physical parameters αi(µ) is allowed to be
very small only if the replacement αi(µ) = 0 increases the symmetry of the system.

Consider the infrared tree-level action for the PQ complex scalar field, from Eq. (2.1),

S =

∫

d4x
[

− ∂µΦ
†∂µΦ+m2

χΦ
†Φ− λPQ(Φ

†Φ)2
]

. (3.55)

Under coordinate rescaling,
xµ → η x′µ, (3.56)

the action transforms as

S =

∫

d4x′
[

−η2 ∂µ′Φ†∂µ
′

Φ+ η4m2
χΦ

†Φ− η4λPQ(Φ
†Φ)2

]

. (3.57)

Performing the field redefinition Φ(x′) → Φ(x′)η−1, which restores canonical normalisation of
the kinetic term, the action becomes

S =

∫

d4x′
[

− ∂µ′Φ
†∂µ

′

Φ+ η2m2
χΦ

†Φ− λPQ(Φ
†Φ)2

]

. (3.58)

In the massless limit mχ → 0, the classical scale invariance is restored. So in the pure PQ
potential, the light radial is technically natural.

In our setup, the UV completion of the action in Eq. (3.55) emerges at the EW scale v,
where the scalar Φ couples to the Higgs doublet H through the Higgs-portal interaction. Thus,
in dimensional regularisation, the beta function for the light scalar mass now receives a new
contribution:

βm2
χ
∝ λΦ(µ)m

2
χ(µ) + λHΦ(µ)m

2
h(µ). (3.59)

Since mh ≫ mχ, the second term generically drives the light scalar mass towards the EW scale
when values are given by λHΦ ∼ O(1).

The hierarchy
m2

χ

m2
h
≪ 1 can therefore remain stable under RG evolution only if λHΦ ≪ m2

χ

m2
h
.

In other words, the light radial mode in the Higgs portal model is technically natural if λHΦ → 0.

The remaining question is whether the smallness of λHΦ can itself be justified by a symme-
try argument. In the Higgs portal framework, taking the decoupled limit λHΦ → 0 enhances
the Poincaré symmetry [60]. Indeed, for λHΦ = 0, the action is factorised into two independent
sectors,

S
λHΦ=0=

∫

d4x LΦ(x) + LH(x). (3.60)
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Each sector is independently invariant under its own Poincaré transformation, so the symmetry
group of the theory is enlarged from the diagonal GΦ+H

P to the direct product GΦ
P ⊗ GHP .

This enhancement is particularly transparent at the level of the conserved Noether currents. In
the decoupled theory, the total stress-energy tensor decomposes as

TH+Φ
µν ≡ TΦ

µν + THµν , (3.61)

where each contribution is independently conserved:

∂µTΦ
µν = ∂µTHµν = 0. (3.62)

Once the portal interaction is activated, λHΦ ̸= 0, the energy-momentum can flow between
the two sectors, and only the total stress-energy tensor remains conserved. The independent
conservation laws are therefore lost, and the symmetry is reduced to the diagonal subgroup.
By the ’t-Hooft criterion, a small value of λHΦ is therefore technically natural.

Finally, we emphasise that this argument strictly applies only in the absence of gravity. Grav-
itational interactions are universally coupled to the total stress-energy tensor and therefore
inevitably mix the two sectors, even when λHΦ = 0. The enhanced product Poincaré symmetry
should therefore be regarded as only approximate, broken by gravitational effects suppressed
by the Planck scale.
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Chapter 4

Experimental constraints

In this chapter, we discuss the experimental constraints on the mixing angle of a light sin-
glet scalar with the Higgs boson via the Scalar-Higgs interaction, discussed in Chapter 3. In
particular, we will work in the small mixing angle regime, from Eq. (3.52),

|sin(θ)| ≪ mχ

mh
. (4.1)

From the open parameter space in Figs. 2.7, 2.3, and from the axion DM from parametric
resonance [11], the mass range of interest for a light radial mode is

mχ ≲ GeV. (4.2)

4.1 χ decay modes

The radial mode can decay into two axions, calculated in Chapter 2, and the decay width of
the radial mode into SM field content is the same as the Higgs, but sin2(θ) suppressed. If
kinematically allowed, the possible decay channels for mχ ≲ GeV, at leading order are

Γ(χ→ f̄f) = sin2(θ)
GF

4π
√
2
Nf
c m

2
fmχ

(

1− 4

(

m2
f

m2
χ

)) 3
2

, f = e, µ, u, d, s,

Γ(χ→ aa) =
m3
χ

16πf2a

(

1− 2m2
a

m2
χ

)2(

1− 4

(
m2
a

m2
χ

)) 1
2

,

Γ(χ→ γγ) =
g2χγγ
64π

m3
χ,

(4.3)

where Nf
c is the colour number of the fermion, mf the fermion mass, and gχγγ the couplings

described in Eq. (3.21).

Instead, the light radial mode gives another decay channel for the Higgs, with a decay rate from
the trilinear sector in Eq. (3.16),

Γ(h→ χχ) =
sin2(θ)v2

32πmh

√

1−
4m2

χ

m2
h

(

2m2
h +m2

χ

v2

(

sin2(θ) +
2λHΦv

2

m2
h −m2

χ

))2

. (4.4)
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4.1.1 Survival of the radial condensate

In the presence of the Higgs portal, the new decay channels, apart from the axion discussed
in Chapter 2, could spoil the homogeneous population. However, a full thermal history of the
quartic with the Higgs portal is beyond the scope of this thesis. In this section, we will study
the simpler case when the field is oscillating around the true vacuum.
For a radial DM population, with mχ ≲ MeV, the only kinematically allowed decay channel is
two photons. The survival of the condensate requires that

Γ(χ→ γγ) < H0. (4.5)

Using Eqs. (4.3), (3.21), can be expressed parametrically as

mχ

MeV
< 10−8

(
H0

1.4 · 10−42GeV

( v

174GeV

)2
(sin(θ)αemAγ)

−2

) 1
3

. (4.6)

With the experimental value for H0, mh, v, taking αem ∼ 1/137, Aγ ∼ 47/9, since mW , mt ≫
mχ, the condensate survives if

mχ ≲
10−7

sin2/3(θ)
MeV. (4.7)

Assuming as benchmark value the natural ’t-Hooft regime, modulo order one factor,

|sin(θ)| ≃ 10−2 · mχ

mh
. (4.8)

the above relation is translated into, using mh ≃ 125 GeV,

mχ < MeV. (4.9)

The decay of the radial mode into two photons can be larger than the decay channel into two
axions. Let us assume the axion to be massless; then it follows that

Γ(χ→ γγ)

Γ(χ→ aa)
≃
α2
emA

2
γ

256π2
sin2(θ)

f2a
v2
. (4.10)

From the above equation, we find that, in general, the photon decay is dominant if

Γ(χ→ γγ)

Γ(χ→ aa)
> 1 ⇐⇒ mχ

mh
≥ |sin(θ)| ≥ v

fa

16π

αemAγ
, (4.11)

where the first inequality comes from the upper bound in the technically natural configuration
(4.8). So, for a certain mass range, the observation of the scalar from the decay into two photons
is favourable with respect to the two axions, and for the mass at which it is efficient, we expect
a bound from the γ ray background.

The scattering of the radial field χ with particles in the thermal bath can, in principle, thermalise
the radial mode condensate and erase the abundance of relics required for DM. As mentioned
above, a full treatment of the thermalisation of the radial mode is beyond the scope of the thesis.
We consider the regime when the radial mode condensate oscillates around fa, as discussed in
detail in the Appendix D. In the small mixing angle regime, scattering processes become efficient
for the radial mode masses above

mχ ≥ MeV. (4.12)
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4.2 Collider bounds

For mχ ≲ GeV, the dominant collider constraints arise from meson decays and beam-dump
experiments.

• CHARM experiment [61]. The CHARM experiment at CERN used a 400 GeV proton
beam on a copper target to produce Higgs-like scalars. The bound arises from the leptonic
decay channels χ→ e+e−, µ+µ− whose rates are given in Eq. (4.3). CHARM places strong
limits on sin2(θ) for scalar masses in the range of mχ ∼ 10− 102MeV.

• E949 experiment [62]. E949 experiments searched for rare kaon decay, also sensitive to
K → πχ. The decay rate relevant for this process is

Γ(K → πχ) ∼ sin2(θ)

16πmK

(
GF
16π2

|V ∗
tsVtd|

m2
t

m2
W

)2
(
m2
K −m2

π

)2
, (4.13)

as computed in Ref. [63], where Vij are the elements of the CKM matrix, GF the Fermi
constant. This places a strong constraint on the mixing angles for mχ ≲ mK − mπ ∼
300 MeV.

• LHCb & Belle experiments [64, 65]. Both LHCb at CERN and Belle at KEK searched
for the decay of a B-meson into a kaon and a light scalar that subsequently decays to a
muon pair B → K∗χ(→ µµ). The effective rate for this process is factorised as Br(B →
K∗µµ) ∼ Br(B → K∗χ) · Br(χ→ µµ), where Γ(χ→ µµ) is computed in Eq. (4.3), and

Γ(B → K∗χ) ∼ sin2(θ)

16πmB

(
GF
16π2

|V ∗
tsVtb|

m2
t

m2
W

)2
(
m2
B −m2

K

)2
. (4.14)

Future sensitivity projections come from the DUNE experiment at Fermilab and from the SHiP
experiment proposed at CERN. Both experiments are expected to significantly extend the reach
of sin2(θ) for scalar masses mχ ∼ 108 − 109 eV.
The resulting exclusion regions are shown in Fig. 4.3, where these constraints dominate for
mχ ∼ 108 − 109eV.

4.3 Astrophysical bounds

Light, weakly coupled particles can be efficiently produced in the hot and dense interiors of
stars. Once produced, they may escape the stellar medium and thus carry away energy. Any
anomalous energy loss would alter stellar evolution, so the absence of such deviations places
stringent constraints on the couplings of new light degrees of freedom to SM particles. The
Raffelt criterion [66] provides a simple and robust bound: new particles must not transport
energy more efficiently than neutrinos. There are several stellar environments in which we are
particularly sensitive to novel energy losses:

• Red Giant (RG) cores just before helium ignition and Horizontal Branch (HB) star cores
during helium burning. The core consists of a degenerate electron plasma with fully
ionized helium nuclei. The dominant radial mode production channel involves Compton
and bremsstrahlung processes that involve gχēe. The bound was derived from Ref. [67].

• Core-collapse supernovae (SN). The supernova core is composed of dense nuclear matter,
so the dominant radial production mechanism is instead nucleon-nucleon bremsstrahlung,

N +N → N +N + χ, (4.15)
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controlled by the χN̄N coupling. The observational bound comes from SN1987a: the re-
sulting neutrino burst from core-collapse supernovae was measured for SN1987a in agree-
ment with the SM. Due to significant uncertainty, SN constraints on new light particles
should be treated as order-of-magnitude estimates. The bound was derived from Ref. [67].

• Neutron star cooling (NS). In cold neutron stars, the dominant production channel is
again nucleon-nucleon bremsstrahlung N + N → N + N + χ, controlled by gχN̄N . The
observational constraint is derived by comparing the predicted cooling curves with the
measured ages and thermal luminosities of nearby isolated neutron stars. The bound was
derived from Ref. [68].

4.4 Cosmological bounds

Effective late decays of light scalar particles can significantly affect the thermal and ionization
history of the Universe. Consequently, radial mode decays that occur after recombination inject
non-thermal photons into the cosmic medium, altering the observed photon distribution. The
dominant bound comes from:

• Extragalactic background light (EBL). After recombination, nearly all free electrons are
captured by nuclei, rendering the Universe transparent to radiation. Photons produced
by late radial mode decays would propagate freely and contribute to the diffuse photon
background. Since their energies differ from those of the thermal relic photons, they could
in principle be detected as an excess in the EBL.

• Distortion of the CMB spectrum: Energy injection from radial mode decays can perturb
the blackbody spectrum of the cosmic microwave background.

The resulting upper limits, illustrated in Fig. 4.2, on the mixing angle sin(θ) are derived from
Ref. [69]. For masses above the MeV scale, from Eq. (4.9) with not an extremely small mixing
angle, the decay rate becomes efficient. Then the radial fields decay much earlier in the thermal
history of the Universe. Consequently, bounds from the EBL and CMB are no longer applicable
in this mass range.

4.5 Fifth-Force bounds

A light scalar χ coupled to nucleons with strength gχN̄N mediates an additional long-range force
between macroscopic bodies, supplementing Newtonian gravity with a Yukawa-type interaction.
This new force is constrained principally by two classes of experiment that put stringent bounds
for mass mχ ≲ 10−1 eV, as illustrated in Fig. 4.1.

Inverse-Square-Law (ISL) Tests. At tree level, χ exchange between two point masses m1

and m2 separated by a distance r generates a Yukawa correction to the Newtonian potential,

V (r) = −Gm1m2

r

(

1 + α e−r/λ
)

, (4.16)

where the force range is set by the Compton wavelength of the mediator, λ = m−1
χ . The

dimensionless coupling strength relative to gravity is [70],

|α| =
g2
χN̄N

4πGm2
N

≃ 8× 1030 sin2 θ, (4.17)

54



where we used gχN̄N ∼ 8 · 10−4 sin θ from Eq. (3.24), with θ the scalar mixing angle and
v ≃ 246 GeV the Higgs VEV.
Torsion-balance experiments probe deviations from the 1/r behaviour of gravity at sub-millimetre
to metre scales and are highly sensitive to Yukawa-type potentials of the form (4.16). They
provide leading constraints on α for mediator masses in the range mχ ∼ 10−7–10−2 eV, corre-
sponding to force ranges λ ∼ 10−4–103 m. The experimental constraints are taken from Refs.
[71–75].

Einstein Equivalence Principle (EEP) Tests. The Weak Equivalence Principle (WEP)
states that the trajectory of a freely falling body is independent of its mass and internal compo-
sition [70]. A scalar coupled to nucleons through the Higgs portal violates this principle because
the effective χ-nucleon coupling carries a residual composition dependence, and so gχp̄p ̸= gχn̄n.
As a result, two test bodies of different composition fall at different rates in the field sourced
by χ exchange.

This differential acceleration is quantified by the Eötvös parameter,

η = 2

⃓
⃓
⃓
⃓

a1 − a2
a1 + a2

⃓
⃓
⃓
⃓
, (4.18)

where a1 and a2 are the gravitational accelerations of two test masses that fall freely with
different compositions toward a common source. An upper bound on η translates directly into
an upper bound on the coupling sin2(θ) as a function of mχ. The most precise bounds on η are
provided by the Eöt-Wash torsion-balance experiment [76] and by the MICROSCOPE satellite
mission [77].

4.6 Summary plot

4.6.1 Ultralight regime mχ ≲ 10−1 eV

In this regime, as seen in Fig. 4.1, the dominant bound arises from EEP and ISL tests. Assuming
the technically natural regime of the mixing angle sin(θ) ∼ 10−1−10−2 mχ

mh
, there is a favourable

mass range for mχ ≲ 10−6 eV.

4.6.2 Intermediate regime 10−1 eV ≲ mχ ≲ MeV

In this regime, as seen in Fig.4.2, the dominant bound depends on the mass range. Assuming
the technically natural regime of the mixing angle sin(θ) ∼ 10−1−10−2 mχ

mh
, there is a favourable

mass range for mχ ∈ [10−1, 102] eV.

4.6.3 Heavy regime MeV ≲ mχ ≲ GeV

In this regime, as seen in Fig. 4.2, the dominant bounds arise from collider bounds and SN.
Assuming the technically natural regime of the mixing angle sin(θ) ∼ 10−1 − 10−2 mχ

mh
, there is

a favourable mass range for mχ ∈ [1 − 10] MeV. For the value of sin(θ) in the figure, the late
decay bound to photons is not present.
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Figure 4.1: Experimental bounds on the mixing angle sin(θ) in the ultralight regime mχ ≲ 10−1 eV.
Dominant constraints arise from ISL and EEP tests. The region above |sin(θ)| = mχ/mh corresponds
to an unstable scalar potential requiring fine-tuning. The figure is adapted from [78].
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Figure 4.2: Experimental bounds on the mixing angle sin(θ) in the intermediate regime 10−1 eV ≲ mχ ≲

MeV. Dominant constraints from the ISL test, astrophysical bound NS,and the cosmological bound EBL.
The region above |sin(θ)| = mχ/mh corresponds to an unstable scalar potential requiring fine-tuning.
The figure is combined from Refs. [67, 68, 78].
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Conclusions

This thesis has explored the cosmological and phenomenological implications of a light radial
mode in the framework of Co et al. [11].

The main results of Chapter 2 show how a large initial value of the PQ breaking field leads to the
cosmological production of axions and radial quanta via parametric resonance. As illustrated in
Fig. 2.7, there exist large regions of parameter space allowing the radial mode to constitute a
fraction of DM, with fa ∼ 108–1012 GeV and a radial mass mχ ≲ O(MeV). To follow the non-
linear dynamics, the ansatz of Ref. [11] on the population of particles produced by parametric
resonance was adopted; the preliminary lattice simulation presented in Appendix A provides
supporting numerical evidence for its validity. We have underlined the weakness of this setup:
it requires an extremely small quartic coupling, λPQ ≪ 1, and a large number of inflationary
e-folds to realise the required initial conditions.

Despite these limitations, the scenario has remarkable properties. On the experimental side,
several ongoing efforts are targeting the small-fa window, such as IAXO [12], CAST [13] for
solar axions, MADMAX [14], BREAD [15] for halo axions. From a theoretical perspective, a
small decay constant also improves the PQ quality problem [30].

In Chapter 3 we discussed the minimal extension that communicates with the Standard Model
via a Scalar-Higgs portal, assuming the hierarchy mχ ≪ v ≪ fa, which constrains the struc-
ture of the Lagrangian parameters. Using radiative stability arguments, we defined a stable
parameter regime and showed that a light scalar mass mχ is technically natural. Together with
the experimental constraints derived in Chapter 4, this allowed us to identify a preferred mass
range for the radial mode.

Several directions remain open for future investigation. A systematic lattice study of the para-
metric resonance, going beyond the preliminary analysis of Appendix A, would allow a precise
determination of axion and radial yields. The thermalisation history of the radial mode in the
early stages of its evolution has not been fully addressed and deserves dedicated treatment. The
smallness of λPQ calls for a dynamical mechanism that generates it naturally, e.g. an approx-
imate symmetry. Finally, a light radial mode with the properties identified in this work may
play a role in other open questions in Early Universe cosmology and particle physics beyond
those explored here, making it a well-motivated target for future theoretical and experimental
investigation.
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Appendix A

Analytic and lattice analysis of
parametric resonance

A.1 Introduction to parametric resonance

Parametric resonance is a phenomenon in vibration systems in which the vibration amplitude
grows continuously due to periodic variations in system parameters, rather than from an external
force, unlike ordinary resonance. For example, wind or vehicle-induced load fluctuations can
alter the stiffness of long-span bridges, resulting in resonant vibrations.
Mathematically, this phenomenon is described by the Hill differential equation

dy2

dx2
+ f(x)y = 0, (A.1)

where f(x) is a function with minimal period T ,

f(x+ T ) = f(x). (A.2)

In particular, two sub-classes commonly appear in physical problems with resonance, Mathieu’s
equation, and Lamè’s equation, where the former is a special case of the latter.

In our scenario, parametric resonance arises from the oscillating background field’s effect on the
fluctuations. So the main goal is to determine the parameter for which resonance is efficient.
This problem naturally translates into analyzing the stability properties of the solutions, namely
identifying the regions in parameter space where solutions remain bounded (stable) and those
where they grow exponentially (unstable).

Mathieu’s equation

We will recap the mathematical main results in the special case that can be easily generalised.
For a complete mathematical derivation of this subject, refer to [29]. The Mathieu’s equation
has the general form, in terms of resonance parameters (α, q),

d2x

dt2
+ (α− 2q cos(2t))x = 0, α, q, t ∈ R, x ∈ C. (A.3)

For general values, there is no closed form. However, the (un)stability of the solutions is
determined only by the pair (α, q), independently on the (non-trivial) initial condition.
This equation is associated with a 2-dimensional first-order system, defined

ẋ = y, (A.4)
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the equation takes the form
ẋ = P (t)x, (A.5)

with

x =

(
x
y

)

, P (t) =

(
0 1

−α+ 2q cos(2t) 0

)

. (A.6)

The periodic matrix has minimal period π,

P (t+ nπ) = P (t), n ∈ Z. (A.7)

The associated fundamental matrix has in the column the linearly independent solution of Eq.
(A.5), which we can parameterize as

Φ(t) =

(
ϕ1(t) ϕ2(t)

ϕ̇1(t) ϕ̇2(t)

)

, (A.8)

that satisfy
Φ̇(t) = P (t)Φ(t). (A.9)

This type of differential equation is well-known in the literature; here, we recall the main
theorems to address the stability of the solution.
From Floquet’s Theorem the regular system ẋ = P (t)x, where P (t) is an n×n matrix function
with minimal period T , has at least one non-trivial solution xi(t) such that

xi(t+ T ) = eµiTxi(t), µi ∈ C, (A.10)

where µi is called a characteristic or Floquet exponent of the system.
In particular, it can be proven that if the solution has n distinct characteristic exponents, then
the Eq. (A.5) has n linearly independent normal solutions of the form,

xi(t) = pi(t) e
µit, (A.11)

which implies that pi(t) has period T .
An unstable solution is characterised by at least one solution with

Re(µi) > 0, (A.12)

which depends only on the values of α and q. In the case associated with Mathieu’s equation,

tr{P(t)} = 0, (A.13)

and using Liouville’s theorem [29], we can relate the two charateristic exponent,

e(µ1+µ2)T = det(Φ(0)−1Φ(π)) = e
∫ π
0

tr{P(s)}ds = 1. (A.14)

Then,
µ1 = −µ2 ≡ µ, (A.15)

and the form can be found by combining the previous relation with the fact that eµiT is an
eigenvalue of the monodromy matrix,

det(Φ(0)−1Φ(π)− eµiT I2×2) = 0. (A.16)

This equation translates into a second-order differential equation

(eµiT )2 + eµiTϕ(α, β) + 1 = 0, (A.17)
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where ϕ(α, β) is a function of the parameter that, in general, does not have an analytic form.
The solutions depend on the discriminant,

eµT , e−µT =
1

2
[ϕ±

√
∆] , ∆ ≡ ϕ2 − 4. (A.18)

Without explicitly specifying ∆, we can make the following deductions.

• ∆ > 0: µ is real, and the general solution can be expressed in the form,

x(t) = c1p1(t)e
µt + c2p2(t)e

−µt, (A.19)

where c1, c2 are the integration constant and p1, p2 have a minimal period π. The param-
eter region that satisfies ∆ > 0 contains unbounded solutions and is called the unstable
parameter region.

• ∆ < 0: the characteristic exponents are purely imaginary, µ1 = i|µ| = −µ2. All the
solutions are bounded and are called the stable parameter region.

• ∆ = 0: In this case, there are no two different characteristic exponents, µ1 = µ2 = 0,
since |ϕ| = 2. From the Floquet theorem, one is a periodic solution, while the other is
unbounded.

In particular, the instability/stability chart of Mathieu’s equation can be calculated numerically,
and the instability region, determined by α, q are illustrated in Fig. A.1.

μ
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0.4

0.6

0.8

1.0

Figure A.1: Instability diagram for Mathieu’s equation ẍ+ (α − 2q cos(2t))x = 0. The colour code (see
the colour bar on the right-hand side of the plot) represents the value of the Floquet exponent Re(µ) ≡ µ.
The blue regions correspond to fully stable solutions, the other regions, organized into distinct bands,
correspond to unstable solutions. The chart is independent on the initial conditions.

Lamé equation

The Lamé’s differential equation has the general form

d2x

dz2
+ (α+ βϱ(z))x = 0, α, q ∈ R, x, ϱ, z ∈ C, (A.20)
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where ϱ is a Weierstrass elliptic function, a complex function that is meromorphic and dou-
ble periodic. In the parametric resonance, the most important cases correspond to a par-
ticular Weierstrass elliptic function, the Jacobi elliptic cosine, whose Lamé equation can be
parametrised as

d2x

dz2
+
(
α+ 2qk2cn2(z, k)

)
x = 0. (A.21)

Here, k is called the elliptic modulus that satisfies

0 < k < 1, (A.22)

and q, α ∈ R are the resonance parameter.
The Jacobi elliptic cosine cn(z, k) is a complex function defined implicitly through

z =

∫ cn(z,k)

1

dy
√

(1− y2)(1− k2 − k2y2)
, (A.23)

that satisfies the following identities [80],

sn2(z, k) + cn2(z, k) = 1,

cn(z, 0) = cos(z),

sn(z, 0) = sin(z),

(A.24)

where sn(z, k) is the Jacobi elliptic sine. The Jacobi cosine is double periodic with

cn(z + 2mK + 2niK ′, k) = (−1)m+ncn(z, k), m, n ∈ Z, (A.25)

where K(k),K ′(k) are the complete elliptic integral of the first kind, with K(k′) ≡ K ′(k),
k′ =

√
1− k2 and

K(k) =

∫ 1

0

dy
√

(1− y2)(1− k2y2)
. (A.26)

From the Schwartz reflection principle

cn(z, k) = cn(z̄, k), (A.27)

evaluating the function on the real axis implies that cn(z, k) is real with period 4K(k) as seen
in Eq. (A.25).
This solution has the same stability/instability discussion as in the previous chapter; in partic-
ular, in the k → 0 limit, the two are related. Taking a specific elliptic modulus k = 1√

2
, the

stability/instability band can be seen in Fig. A.2.

A.2 Parametric resonance in a λϕ4 model

In this first model, we will discuss the effect of parametric resonance in a simple scalar field
theory, compare the lattice with the analytical result, and underscore the characteristic feature
of this mechanism in a radiation-dominated universe.
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Figure A.2: Instability diagram for Lamé’s equation ẍ + (α + qcn2(z, 1√
2
))x = 0. The colour code (see

the colour bar on the right-hand side of the plot) represents the real value of the Floquet exponent µ.
The blue regions correspond to fully stable solutions, the other regions, organized into distinct bands,
correspond to unstable solutions.

A.2.1 Linear analysis

Consider a scalar potential with a quartic interaction

V (ϕ) =
λ

4
ϕ4, (A.28)

the equation of motion for the scalar field in a fixed FLRW background, derived from Eq. (2.6)

ϕ̈+ 3Hϕ̇− ∇2

R2
ϕ+ λϕ3 = 0. (A.29)

Splitting the field in the homogeneous field and the fluctuation,

ϕ(t, x⃗) = ϕ0(t) + δϕ(t, x⃗). (A.30)

We will assume that at the initial time ti, the condensate is the dominant component,

⟨ϕ2⟩
ϕ20

(ti) = 1, (A.31)

with some amplitude;
ϕ(ti, x⃗) = ϕ0(ti) ≡ ϕi, ϕ̇(ti, x⃗) = 0. (A.32)

Then the equation of motion at linear order can be split as,

ϕ̈0 + 3Hϕ̇0 + λϕ30 = 0 + O(ϕ20δϕ), δϕ̈+ 3Hδϕ̇− ∇2

R2
δϕ+ 3λϕ20δϕ = 0 + O(ϕ0δϕ

2). (A.33)

The fluctuation of the scalar field, at the linear order, acquires an effective mass that, in general,
is a function of ϕ0. If the condensate oscillates, then parametric resonance enters the equation
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of motion for the fluctuation.
We define the initial time ti and the initial effective mass term for the homogeneous mode as,

H(ti) = wi, wi ≡
√

λϕ2i . (A.34)

Making a convenient conformal transformation of the time and field variables

x⃗→ y⃗ ≡ wix⃗, t→ z ≡ wiη, η ≡
∫

dt

R(t)
, (A.35)

δϕ→ f ≡ R
δϕ

ϕi
, ϕ0 → X ≡ R

ϕ0
ϕi
, (A.36)

In a radiation-dominated epoch, normalising the scale factor such that R(ti) = 1,

R = R(ti)

√
t

ti
= 1 + (z − zi), R′′ = 0, (A.37)

the equation of motion at linear order becomes

X ′′ +X3 = 0 + O(X2f), f ′′ −∇2
y⃗f + 3X2f = 0 + O(Xf2), ′ ≡ d

dz
. (A.38)

In these variables, the equations of motion are reduced to flat spacetime, because ϕ4 is con-
formally invariant in a conformally flat background geometry. The equation of motion of the
conformal homogeneous mode admits an integral of motion, the energy conservation,

d

dz

(
X ′2

2
+
X4

4

)

= 0. (A.39)

The Cauchy boundary conditions at z(ti) ≡ zi, recalling that ϕi = ϕ(ti), ϕ̇(ti) = 0, and
normalize the scale factor such that R(ti) = 1,

X(zi) = R(zi)
ϕ0(zi)

ϕi
= 1, X ′(zi) =

R(ti)

wiϕi

d

dt
(ϕ0R)

⃓
⃓
⃓
t=ti

=
Hi

wi
. (A.40)

We can define ti as the onset of oscillation for the physical field ϕ0(t), where Hi = wi, so that

X ′2

2
+
X4

4
=
X ′2
i

2
+
X4
i

4
=

3

4
. (A.41)

Then, using the method of separation of variables,

z − zi =
√
2

∫ X(z)

1

dX√
3−X4

. (A.42)

The right side can be rewritten as a Jacobi elliptic cosine A.23, by changing variables

w ≡ X

3
1
4

, (A.43)

∫ X(z)

1

dX√
3−X4

=
1√
3

∫ w(z)

3−
1
4

dw√
1− w4

=
1√
3

∫ w(z)

3−
1
4

dw
√

(1− w2)
(
1− 1

2 + 1
2w

2
) . (A.44)

66



The elliptic modulus is k = 1/
√
2 and does not depend on the initial condition. With respect

to the Elliptic cosine in Eq. (A.23), the lower bound of the integral is different from unity, so
after a further manipulation, the final result is

X(z) = 3
1
4 cn

(

3
1
4 (z − zi)− cn−1

(

3−
1
4 ,

1√
2

)

,
1√
2

)

. (A.45)

The solution is illustrated in Figure A.3 and, as discussed in (A.25), is periodic,

X(z + T ) = X(t), T =
4

3
1
4

K

(
1√
2

)

= 5.6, (A.46)

where K(k) stands for the complete elliptic integral of the first kind, which can be computed
numerically.
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Figure A.3: The oscillatory solution of the homogeneous mode in Eq.(A.38), in rescale conformal time
z = wiη with X(zi) = 1, X ′(zi) = 1, zi = 0.

This oscillatory background sources the parametric resonance of the fluctuation. Quantising
the fluctuation in Fourier space,

f(z, y⃗) =

∫
d3κ⃗

(2π)3

(

eiκ⃗y⃗ bκfκ(z) + e−iκ⃗y⃗ b†κf
∗
κ(z)

)

, (A.47)

the background homogeneous field enters the equation of motion of the fluctuation,

f ′′κ +
(
κ2 + 3X2

)
fκ = 0, ′ ≡ d

dz
. (A.48)

Since we are at linear order, each mode evolves independently. Rescaling the time variable,

z → 3
1
4 (z − zi)− cn−1

(

3−
1
4 ,

1√
2

)

, (A.49)

the differential equation is precisely the Lamè equation in Eq. A.21,

f ′′κ +

(
κ2√
3
+ 3cn2

(

z,
1√
2

))

fκ = 0, (A.50)

with the resonance parameters

q = 3, α =
κ2√
3
. (A.51)
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Thus, the mode equation has reduced to the flat case, but with a frequency wk(z) that depends
on the dimensionless conformal time,

w2
κ(z) ≡

κ2√
3
+ 3cn2

(

z,
1√
2

)

. (A.52)

If the initial conditions are not trivial, i.e., at zi, fκ(zi) ̸= 0 or f ′κ(zi) ̸= 0, the range of the mode
function in the unstable regime exhibits an exponential growth in rescaled time, as illustrated
in Fig. A.6. In particular, the unstable solutions satisfy the following conditions,

fκ(z) ∝ eµκz, 1.6 ≲ κ ≲ 1.75, µmax
k ∼ 0.036, (A.53)

as illustrated in Fig. A.4.
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Figure A.4: Floquet exponent for Lamé’s equation f ′′κ + ( κ2

√
3
+3cn2(z, 1√

2
))fκ = 0. Regions with µκ > 0

are unstable, with solution fκ(z) ∝ eµz.
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Figure A.5: Floquet exponent for Lamé’s equation x′′ + (0 + qcn2(z, 1√
2
))x = 0. Regions with µκ=0 > 0

are unstable. q = 3 sits at the edge of a broad resonance band

So the parametric resonance selects only a range of modes that get excited. In particular, taking
the mode κ = 0, we can see from Fig. A.5 that q = 3 sits near a broad resonance band.
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Figure A.6: Resonant amplification of a fluctuation mode for κ=1.7 and q = 3. The red curve shows the
growing mode function fκ(z), while the blue curve is the background oscillation X(z)

The energy density in the physical fields, but in conformal rescale coordinate,

ρ(z, y⃗) = w2
i

(

ϕ′2

2R2
+

(∇⃗ϕ)2
2R2

+
V (ϕ)

w2
i

)

, ′ ≡ d

dz
, (A.54)

where the three components are, respectively, the kinetic, gradient, and potential energy con-
tributions. In the linear regime, the energy density of the scalar perfect fluid is dominated by
the homogeneous mode, so we can approximate,

ρ(z, y⃗) ≃ ρ0(z) = w2
i

(
ϕ′20
2R2

+
V (ϕ0)

w2
i

)

+ O(δϕ2). (A.55)

As discussed in Eq. (1.47), the virial theorem implies a partition of energy between kinetic and
potential energies, on average,

⟨Kin⟩ = 2⟨Pot⟩, (A.56)

and the homogeneous condensate behaves as radiation. Using the solution of the homogeneous
mode in rescaled field coordinate, we can extrapolate the homogeneous kinetic and potential
energy, recalling that R(z) = Hi

wi
(1 + z) = 1 + z,

R4 ρ0,kin
w2
i ϕ

2
i

=
1

2

(

X ′ − XR′

R

)2

, R4 ρ0,pot
w2
i ϕ

2
i

=
X4

4
, (A.57)

and the analytical behaviour of the two components can be seen in Fig. A.7.

In this regime, the energy density of fluctuations is growing exponentially due to the parametric
resonance. In the rescaled field variable f, X, the action is conformally flat, so we can define
the occupation number for a specific mode κ as,

nκ(z) =
wk
2

( |fκ(z)′|2
w2
κ

+ |fκ|2
)

− 1

2
=
wkR

2

2ϕ2i

(

|δϕ′κ + R′

R δϕκ|2
w2
κ

+ |δϕκ|2
)

− 1

2
, (A.58)

where we have subtracted the initial number density under the assumption of zero fluctuation
at the initial time and express the occupation number as a function of the physical field. In
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Figure A.7

particular, the effective frequency in the Hartree-Fock approximation, that capture the one-loop
correction, is defined as

w2
κ = κ2 +R2

〈

d2Ṽ

dϕ2

〉

= κ2 + 3

〈(

R
ϕ

ϕi

)2
〉

. (A.59)

This approximation, and in particular the expression for the number spectra, is valid as long as

⟨ϕ⟩2
⟨ϕ2⟩ ∼ 1. (A.60)

Imposing the usual Bunch-Davies initial condition,

fκ(0) =
1

√

2wκ(0)
, f ′κ(z) =

−iwκ(0)
√

2wκ(0)
, (A.61)

we can extract the numerical solution of the number density from the equation of motion of the
mode function in Eq. (A.48). In the Fig. A.8, we can see that only the mode in the unstable
band grows exponentially. In the linear regime, we expect the dominant contribution to come
from the mode in the narrow unstable band, for 1.62 ≲ κ ≲ 1.73, so that the energy density of
the fluctuation can be approximated,

R4 ⟨δρ⟩
w2
i ϕ

2
i

≃ ∆κ̂ · κ̂2
π2

wκ̂(z)nκ̂(z), (A.62)

where ∆κ̂ is the approximate width of the narrow band.

Once the energy density of the fluctuations becomes comparable to the energy density of the
homogeneous mode, the linear regime breaks down. We refer to this time as zbr, because it
indicates the time when the energy of the homogeneous mode starts to be effectively transferred
into fluctuation. We can estimate the end of this first phase using

⟨δρ⟩
ρ0

(zbr) ∼ 1 =⇒ zbr ∼ O(102), (A.63)

where we used nˆ̃κ ∼ eµκ̂z, ρ0 ∼ 3
4 , κ̂ = 1.69, ∆κ̂ ∼ 0.03 and µκ̂ ∼ 0.036.
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Figure A.8: Occupation number for different mode κ at linear order. Only the mode in the unstable
band of the Lamè equation has an occupation number that grows exponentially.

Note that we are making an approximation. We are assuming a large occupation number, so
that the particles behave classically. This is a good approximation for parametric resonance,
since this regime is reached soon after the starting point of the dynamics. A more detailed
discussion on the number density of quantum particles in a curved background can be found in
[81, 82].

Efficient scattering and backreaction

The results of the previous section rely on the assumption of the linear regime, so that each
mode κ evolves independently from the others and, in particular, the homogeneous dynamics
is unperturbed in first approximation. As seen in the above section, the modes within the
instability band grow exponentially, and soon after the onset of oscillations, the linear regime
is no longer a valid approximation, necessitating the inclusion of new effects. In particular, as
we will prove with lattice simulations, two important effects will enter in the physics,

• Back-Reaction: the creation of particles leads to a decrease in the amplitude of oscilla-
tions of the rescaled conformal field X(z), which otherwise would remain constant. But
this will change the effective mass of the fluctuation. This is efficient when the energy
density of the fluctuation is of the same order of the energy of the condensate.

• Efficient scattering: efficient scattering between the homogeneous mode and the created
particles excites new modes and modifies the instability band of the Lamè equation.

Initially, we expect the excitation of additional momentum modes, and the dynamics are gov-
erned by the Lamé equation in Eq. (A.48), with different resonance parameters. As the system
evolves, the periodic background source becomes inefficient, leading to the termination of para-
metric resonance. This non-linear evolution cannot be captured analytically, and we therefore
resort to lattice simulations to follow the full dynamics.

This qualitative picture is discussed in detail in Refs. [83, 84]. The aim of the present chapter
is not to provide a complete analytical description of the non-linear dynamics, but rather to
benchmark the linear Lamé analysis against the full lattice evolution, and to extract from the
simulation output the key physical quantities that characterise the parametric resonance: the
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onset of backreaction, the efficiency of energy transfer from the condensate to the fluctuations,
and the final state of the field after the resonance is terminated.

A.2.2 Lattice analysis

A.2.2.1 Introduction to CosmoLattice

To study the non-linear regime of the dynamics described above, we employ CosmoLattice [85],
a modern C++ package for lattice simulations of interacting scalar (and gauge) field theories in
an expanding universe. CosmoLattice operates in the classical-statistical approximation, which
is justified whenever the occupation numbers of the relevant modes are large, nκ ≫ 1, so that
the field quantum nature can be neglected. When such circumstances are met, classical field
theory can be used to solve complex field dynamics, including cases where non-linear interactions
characterise the field evolution and non-perturbative particle production effects are present.

Lattice discretisation. In 3-dimensions, the spatial volume is a cubic lattice of length L, with
N3 points. This set of points is collectively referred to as the lattice. After fixing L and
N , the smallest possible distance between two sites, the so-called lattice spacing, is given
by

δx ≡ L

N
. (A.64)

A continuum function f(x⃗) with periodic boundary conditions implies that any momenta
must be discretised. The infrared cut-off kIR and the maximum (UV) comoving momen-
tum accessible on the lattice are

kIR =
2π

L
, kmax =

√
3
π

δx̃
=

√
3

2
N kIR . (A.65)

fixing N, kIR automatically determines L. The discrete Fourier transform (DFT) is then
defined by

f(n⃗) ≡ 1

N3

∑

ñ

e−i
2π
N

˜⃗nn⃗f(˜⃗n), (A.66)

with n⃗ indicates a point in the box, ˜⃗n indicates a point in the reciprocal lattice.

Program variables. Simulations are carried out not in the original physical field and space-
time variables, but in a set of dimensionless program variables {ϕ̃, z, x̃i}, defined by [85]

ϕ̃ ≡ ϕ

f∗
, dz ≡ R−α ω∗ dt , dyi ≡ ω∗ dx

i , (A.67)

where f∗ and ω∗ are constants that carry the dimensions of energy, and α is a constant
that controls the time coordinate the simulation uses (e.g., α = 0 corresponds to cosmic
time, α = 1 to rescale conformal time). The programme momenta are then expressed as

κ ≡ k

w∗
, (A.68)

so that the notation is the same as in the analytical discussion. In cosmolattice, any
field theory is implemented by means of the program potential, which is a dimensionless
quantity defined in terms of the programme variables as follows,

Ṽ (ϕ̃) ≡ 1

f2∗w2∗
V (f∗ϕ). (A.69)
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Define also the dimensionless program energy/ pressure densities,

ρ̃ ≡ K̃ + G̃+ Ṽ , p̃ ≡ K̃ − 1

3
G̃− Ṽ . (A.70)

In a model with Ns scalar fields the expression of K̃ ≡
∑

n K̃
(n), G̃ ≡

∑

n G̃
(n), with

K̃(n) =
1

2R2α
(ϕ̃′n)

2, G̃(n) =
1

2R2α

∑

i

(∇̃iϕ̃
′
n)

2. (A.71)

Initialization of fluctuations. In addition to the initial homogeneous modes, we need to
initialise the set of fluctuations for each simulated scalar field. Cosmolattice mimics the
initial quantum vacuum fluctuations, imposing the following sum of left- and right-moving
waves to the field amplitude at each lattice point in momentum space,

δϕ̃(ñ) =
1√
2

(

|δϕ̃1(ñ)| eiθ1(ñ) + |δϕ̃2(ñ)| eiθ2(ñ)
)

, (60)

δϕ̃′(ñ) = − 1

a1−α

[
iω̃k√
2

(

|δϕ̃1(ñ)| eiθ1(ñ) − |δϕ̃2(ñ)| eiθ2(ñ)
)]

− H̃ δϕ̃(ñ), (61)

where

ω̃k ≡
√

κ2(ñ) +R2m̃ 2
ϕ , H̃ ≡ Rα

H

ω∗
. (A.72)

In these expressions, θ1(ñ) and θ2(ñ) are two independent random phases (at each Fourier
site) drawn from a uniform distribution in the range [0, 2π), and |δϕ̃1(ñ)| and |δϕ̃2(ñ)|
are random amplitudes (also assigned independently at each Fourier site) drawn from a
Rayleigh distribution with expected squared amplitude

〈

|δϕ̃(ñ)|2
〉

≡
(
ω∗
f∗

)2(N

δx̃

)3 1

2R2
√

κ 2(ñ) +R2m̃ 2
ϕ

, m̃ 2
ϕ ≡ ∂2Ṽ

∂ϕ̃ 2

⃓
⃓
⃓
⃓
⃓
ϕ̃=ϕ̄∗

. (62)

Drawing both phases and modulus amplitudes in this way is mathematically equivalent
to drawing δϕ̃(ñ) and δϕ̃′(ñ) as Gaussian random fields.

Evolution and output CosmoLattice evolves the discrete field equations using symplectic
(velocity-Verlet) integrators. The background metric can either be fixed to a power-law
scale factor dictated by an external fluid (fixed background) or evolved self-consistently
via the Friedmann equations. At each output time, the code provides a volume-averaged
quantity, defined as

⟨A(n⃗)⟩V ≡ 1

N3

∑

n⃗

A(n⃗). (A.73)

A.2.2.2 Lattice run for λϕ4

We simulate a single real scalar field ϕ with a pure quartic potential,

V (ϕ) =
λ

4
ϕ4, (A.74)
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in a fixed background dominated by radiation, so that the scale factor evolves as R(t) ∝ t1/2, or
equivalently R(z) ∝ (1 + z) in the rescaled conformal time. This corresponds to the equation-
of-state parameter ωEoS = 1/3.
The choice of the mass scale is naturally given by,

f∗ = ϕi, w∗ ≡
√
λϕi, (A.75)

with ϕi the initial amplitude. We choose as input the following initial condition,

ϕ(ti, x⃗) = ϕi, ϕ̇(ti, x⃗) = 0. (A.76)

where ti is at the onset of oscillation, defined by H(ti) = ωi. With this choice, the initial
program-variable amplitude is ϕ̃(0) = 1, and the program potential is simply

Ṽ (ϕ̃) =
1

f2∗ω2∗
V (f∗ϕ̃) =

1

4
ϕ̃4 . (A.77)

The equation of motion in the programme variables reads

ϕ̃′′ −R−2∇2
yϕ̃+ 2

R′

R
ϕ̃′ = −R2 ϕ̃3, ′ ≡ d

dz
. (A.78)

Since Cosmolattice works from the equation of motion, the evolution depends only implicitly on
λ. Note that this is precisely the programme-variable form of the equation analysed analytically
throughout the parametric resonance discussion, in Eq. (A.29)

Simulation parameters. In the following section, we will present the results of a represen-
tative simulation, comparing them with the analytical estimation. The following parameters
are selected.

Parameter Symbol Value

Lattice points per dimension N 128

Infrared momentum cut-off κIR 0.1

Time step δz 5× 10−2

UV momentum cut-off κcutoff > 1.7

Final time zmax O(103)

Equation of state (fixed bg.) ωEoS 1/3

Coupling constant λ 10−3

Initial field amplitude ϕi such that Hi = ωi

The infrared cut-off κIR = 0.1 sets the physical box size. The choice N = 128 gives a maximum
accessible momentum κmax = (

√
3/2) × 128 × 0.2 ≈ 22.2, well above the narrow instability

band 1.6 ≲ κ ≲ 1.75 identified in the Lamé analysis in Fig. A.2. The UV cut-off on the
initial fluctuation spectrum ensures that only physically motivated modes are seeded at z0 = 0,
suppressing lattice artefacts at large momenta.

Outputs. For each run, CosmoLattice produces the following quantities that we will use in
the analysis that follows.

• At each time step δz, we get in output,

⟨ϕ̃⟩, ⟨ϕ̃2⟩, ⟨ϕ̃′⟩, ⟨ϕ̃′2⟩, rms(ϕ̃), rms(ϕ̃′). (A.79)
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• At each time step, the volume-averaged energy density components, defined from Eq.
(A.71) and from the potential,

⟨K̃⟩ = 1

2R2
⟨ϕ̃′2⟩, ⟨G̃(n)⟩ = 1

2R2

∑

i

⟨(∇̃iϕ̃
′
n)

2⟩, ⟨Ṽ ⟩ = 1

4
⟨ϕ̃4⟩, ⟨ρ̃⟩, (A.80)

where ⟨ρ̃⟩ is the total (programme) energy density.

• Scale factors and derivatives at each time step R, R′, R′/R. In this case the background
is fix, so it will be just to check that the lattice geometry is correct.

• The lattice occupation number per mode, ⟨nκ⟩ for bin ∆nbin, is defined

nκ(z) = C(N,L)
wk
2

(

⟨|(Rϕ̃κ)′|2⟩
w2
κ

+ ⟨|(Rϕ̃κ)|2⟩
)

(A.81)

where C is a constant function of lattice parameter and the mode frequency w2
κ(z) =

κ2 + R2⟨d2V
dϕ2

⟩. This formula is independent of N,L once the average is expanded; more

details are given in Ref. [85]

A.2.2.3 Lattice results

From the output file, we can see that there are three different time regimes,

• 0 < z ≲ zbr: This is the time interval in which the linear regime is a good approximation,
and we can compare it with the analytical results.

• zbr < z < zeq: the parametric resonance of the narrow resonance band effectively reacts
back on the homogeneous mode, leading to a significant decrease in amplitude. The
instability band of the Lamè equation is significantly restructured.

• z > zeq: Parametric resonance is no more efficient.

Lattice output: scale factor

As discussed in the previous section, the input evolution for the geometry is a fixed radiation
background. As expected, the output file of the scale factor and derivative is consistent during
all dynamics; the lattice output matches the analytical expression in Eq. (A.37), with zi = 0.
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(b) Conformal Hubble rate from Lattice simulation

Lattice output: homogeneous field dynamics

The lattice evolves the rescaled physical field; the homogeneous mode is extracted as the volume
average

⟨ϕ̃(z, y⃗)⟩ = ⟨ϕ(z, y⃗)⟩
ϕi

=
X(z)

R(z)
, (A.82)

75



where in the last equation we have redefined the output as a function of X(z), to match with
the analytical estimation in Eq. (A.45). Fig. A.10 summarises the behaviour of the spatial
average field across the three dynamical regimes.

• Linear regime (z < zbr). During the early evolution, the homogeneous mode oscillates
coherently, and the linear solution in Eq. (A.45) provides an accurate description of the
lattice output, as shown in the left panel of Fig. A.10.

• Effective non-linear regime, (zbr < z < zeq). The exponentially growing fluctuation
modes carry enough energy to significantly alter the background, and the amplitude of the
homogeneous mode begins to decrease, efficiently transferring energy from the condensate
to the particle excitations.

• Late-time regime (z ≫ zeq). Once the homogeneous condensate loses more than 50%
of the initial energy, the parametric resonance is no longer efficient. The system does
not return to linear dynamics: the homogeneous mode continues to lose energy, but at a
slower rate compared to the resonance regime, due to scattering and particle production.
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(a) Lattice dynamics of the rescaled homogeneous
mode.
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(b) Condensate-to-fluctuation ratio ⟨ϕ⟩2/⟨ϕ2⟩; the red
dashed line marks zbr, while the blue zeq.

Figure A.10

In the right panel of Fig. A.10, the degree of coherence of the condensate, captured by the ratio

⟨ϕ̃⟩2
⟨ϕ̃2⟩

=
⟨ϕ⟩2
⟨ϕ2⟩ . (A.83)

Here ⟨ϕ̃2⟩ = ⟨ϕ̃⟩2 + ⟨δ̃ϕ2⟩ is the mean-square field on the lattice, where ⟨δ̃ϕ2⟩ is the variance of
the classical field fluctuations. In the first regime, it remains close to unity; the mean-square
field is dominated by the coherent zero mode. Then the efficient non-linear regimes begin, and
parametric resonance ends when

⟨ϕ⟩2
⟨ϕ2⟩ ≃ 0.9, (A.84)

very close to unity. This effect is described in Ref. [83], even a very small amount of fluctuation
may shift the resonance band away from its original position, which may terminate the resonance
for the leading modes.

Lattice output: energy analysis

The evolution of the average fractional energy components is shown in Fig. A.11, where the
various contributions are defined in Eq. (A.80).
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• Linear regime (z < zbr). The energy budget is entirely dominated by the homogeneous
condensate, in agreement with the analytical treatment. The virial theorem for a quartic
potential fixes the time-averaged partition to

EV
Etot

≃ 33.3%,
EG
Etot

≲ 0.01%,
EK
Etot

≃ 66.6%, (A.85)

with the gradient energy remaining negligible but growing exponentially as the resonant
modes are populated.

• Non-linear regime (zbr < z < zeq). The energy stored in the homogeneous condensate
is rapidly transferred to the fluctuations. The gradient energy rises sharply and overtakes
the potential energy, reflecting the fact that the energy of the system is increasingly con-
centrated in the spatial inhomogeneities rather than in the interaction. The kinetic energy
fraction remains comparatively large throughout this phase, indicating that a significant
portion of it now resides in the fluctuations rather than in the homogeneous mode alone.

• Late-time regime (z ≫ zeq). After the termination of parametric resonance, the energy
fractions evolve much more slowly. The potential energy continues to decrease as the
residual condensate gradually loses its remaining energy to fluctuations, but on a timescale
far longer than that of the resonance phase.

The equation of state for the population of scalar fields is described in the left panel of Fig.
A.12, and behaves like radiation for all the dynamics, as illustrated in the right panel of Fig.
A.7. To quantify the depletion of the condensate, we define its fractional energy as

EX =
1

2R2
⟨ϕ̃′⟩2 + 1

4
⟨ϕ̃⟩4. (A.86)

As shown in the right panel of Fig. A.12, by z ≫ zeq roughly 80% of the initial condensate
energy has been transferred to fluctuations and to the interaction energy between the zero
mode and the fluctuations, marking the near-complete dissolution of the coherent background
at late time.
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Figure A.11: Average energy fractions evolution, in blue the fractional kinetic energy, in red the gradient
energy and in green the potential.
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Figure A.12

Lattice output: occupation number analysis

The spectral analysis supports what we have discussed so far, as illustrated in Fig. A.13,
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Figure A.13: Lattice occupation number as a function of κ at different snapshot time. The lighter
the color, the later the time. The black dashed line is the expected mode that experiences parametric
resonance in the linear regime, from Fig. A.2.

• Linear regime (z < zbr). The linear regime estimates the narrow unstable resonance
band at κ ∼ 1.7, which is compatible with the lattice output. This is the only mode that
starts to grow exponentially at the beginning of the simulation.

• Non-linear regime (zbr < z < zeq): The instability chart of the Lamè equation is
changed significantly due to efficient back-reaction. A set of narrow resonance bands
starts to grow at higher momentum κ, the higher the mode, the later it starts to grow.For
lower momenta, the spectrum appears to develop into a broad resonance band.

• Late-time regime (z ≫ zeq): the occupation number remains approximately constant,
and the mode with κ < 8 remains excited.
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A.3 Parametric resonance in an axion model with quartic in-

teractions

For the quartic axion case, there are two main differences. The first is that we have a complex
field, so there are more interaction terms. The second is the presence of the radial mode with
a constant mass, which significantly changes the dynamics.

A.3.1 Linear analysis

The potential is the one defined in Chapter 2,

V = λPQ

(

|Φ|2 − f2a
2

)2

. (A.87)

We will work in a different convention, easier to compare with the lattice simulation, defined as

Φ =
r√
2
eiθ. (A.88)

The radial and angular modes are related to the fields in Chapter 2 by

r = χ+ fa, θ =
a

fa
. (A.89)

The equations of motion are

δS = 0 =⇒

⎧

⎨

⎩

∇µ

(
r2∇µθ

)
= 0,

□r − r∇µθ∇µθ − λPQr
(
r2 − f2a

)
= 0.

(A.90)

We assume, as initial conditions, purely homogeneous fields at ti with a large displacement from
the true vacuum,

r(ti, x⃗) = r(ti) ≫ fa, ṙ(ti, x⃗) = 0, θ(ti, x⃗) = θ(ti), θ̇(ti, x⃗) = 0, ̇≡ d

dt
. (A.91)

In the linear regime, the homogeneous dynamics is not affected by fluctuations. Splitting as
usual into homogeneous and spatial fluctuation the fields,

r(t, x⃗) = r0(t) + δr(t, x⃗), θ(t, x⃗) = θ0(t) + δθ(t, x⃗). (A.92)

The homogeneous angular dynamics is solved in Eq. (2.25) and therefore θ0(t) = θ(ti).
For the radial field and the axion fluctuation, it is convenient to introduce rescaled variables for
both time and fields, analogously to the quartic case for the radial mode,

wi ≡
√

2λPQ|Φi| =
√

λPQri, t→ z ≡ wi

∫
dt

R(t)
, (A.93)

δθ → δf = R
r

ri
δθ, r0 + δr → X0 + δX ≡ R

(r0 + δr)

ri
, (A.94)

where we choose the initial time ti such that wi = Hi. The equations of motion at linear order
for X0, δX, and δf are

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

X ′′
0 +X3

0 −R2X0
f2a
r2i

= 0 + O(δXX2
0 )

δX ′′ −
(
∇2

w2
i
− 3X2

0 +R2 f
2
a

r2i

)

δX = 0 + O(δX2X0)

δf ′′ −
(
∇2

w2
i
+

X′′

0

X0

)

δf = 0 + O(δfδX)

, ′ ≡ d

dz
. (A.95)
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For the parametric resonance to be achieved, we need a large displacement of the field from the
minimum ri ≫ fa; otherwise, the effective frequency in the fluctuation equation is constant and
no longer oscillates as required for the Lamé instability.

Initially, the radial dynamics is well described by a quartic potential. From Section A.2 and the
appearance of the mass term, we can identify four reference times:

• zi: the initial simulation time, defined by Hi = wi.

• zbr: when the linear regime no longer captures the main dynamics; the onset of effective
decay of the homogeneous mode.

• zmass: due to the expansion of the universe, the quadratic term in the homogeneous
equation begins to dominate, the field changes its dynamics and oscillates around the true
vacuum. This can be identified roughly as the time when

X2
0 (zmass) ∼ R2(zmass)

(
fa
ri

)2

. (A.96)

• zeq: if the ratio fa
ri

is small enough, the parametric resonance ends before the field starts
to oscillate around the true vacuum.

The ratio fa/ri therefore determines the duration of the parametric resonance. For the homoge-
neous mode, the differential equation can be analysed in two regimes. The first is analogous to
the quartic case, whose solution is derived in Eq. (1.32), while the second involves oscillations
around fa in the WKB approximation, as discussed in Eq. (1.32),

⎧

⎪⎨

⎪⎩

X0(z) = 3
1
4 cn

(

3
1
4 (z − zi)− cn−1

(

3−
1
4 , 1√

2

)

, 1√
2

)

, z ≪ zmass,

X0(z) = (1 + z)

(

fa
ri

+ A∗

(1+z)
3
2

cos
(
fa
ri

∫ z
z∗
R(z′)dz′ + C∗

))

, z ≫ zmass,
(A.97)

where A∗ and C∗ are integration constants. The numerical integration is shown in the upper-left
panel of Fig. A.14, where both regimes are captured using the reference value

fa
ri

∼ 10−2. (A.98)

From Eq. (A.96) we can estimate zmass ∼ 102, as confirmed by the numerical integration.
Going to Fourier space and quantising the field, the fluctuations in the linear regime obey a
Lamé differential equation. Defining the rescaled comoving momenta

κr =
kr,com
wi

, κθ =
kθ,com
wi

, (A.99)

the equations of motion in the first regime z ≪ zmass are the followings

⎧

⎨

⎩

δX ′′
κr +

(

κ2r + 3X2
0 +R2 f

2
a

r2i

)

δXκr = 0 + O(δX2X0),

δf ′′κθ +
(

κ2θ +X2
0 −R2 f

2
a

r2i

)

δfκθ = 0 + O(δfδX),
z ≪ zmass. (A.100)

The fluctuations obey a Lamé equation in Eq. (A.48) with respective resonance parameters

αr =
κ2r√
3
, qr = 3, αθ =

κ2θ√
3
, qθ = 1. (A.101)
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Modes inside the unstable band experience exponential growth. From the Floquet exponent
values, as can be seen in the upper-right panel of Fig. A.14, we expect a narrow resonance band
for the radial fluctuation and a broad resonance band for the angular mode. For z ≫ zmass, the
equations of motion reduce to the standard case for massive and massless fields,

⎧

⎨

⎩

δX ′′
κr +

(

κ2r + 4R2 f
2
a

r2i

)

δXκr ≃ 0

δf ′′κθ + κ2θ δfκθ ≃ 0
, z ≫ zmass. (A.102)

The energy density of the system can be divided into radial and angular contributions,

ρtot = ρr + ρθ, (A.103)

with

ρr =
w2
i r

′2

2R2
+

(∇⃗r)2
2R2

+
λ

4

(
r2 − f2a

)2
, ρθ =

w2
i r

2θ′2

2R2
+
r2(∇⃗θ)2
2R2

. (A.104)

In the linear regime the energy density is dominated by the homogeneous mode, whose analytical
energy density is

ρtotr,0 = ρkinr,0 + ρpotr,0 =
w2
i r

2
i

R4

⎛

⎝
R2

2

(
X0

R

)′ 2
+

1

4

(

X2
0 −

(
fa
ri

)2
)2
⎞

⎠ . (A.105)

As discussed in Eq. (1.47), we expect on average that the homogeneous mode behaves like
radiation at early times z ≪ zmass and like matter at late times z ≫ zmass,

R4ρ0,r ≃ const, z ≪ zmass,

R3ρ0,r ≃ const, z ≫ zmass.
(A.106)

A.3.2 Lattice analysis

We have discussed the relevant quantities in Section A.2.2.1. The structure will be the same as
the quartic case. The simulation does not need further manipulation, because Cosmolattice is
able to simulate complex field.

Lattice run for
λPQ

4

(
r2 − f2a

)2

The choice of the mass scale is naturally given by,

f∗ = ri, w∗ ≡
√
λri, (A.107)

with ri the initial amplitude. We choose as input the same initial condition in Eq. (A.92).
With this choice, the initial program-variable radial amplitude is r̃(0) = 1, and the program
potential is simply

Ṽ (ϕ̃) =
1

f2∗ω2∗
V (f∗ϕ̃) =

1

4

(

r̃2 − f2a
r2i

)2

. (A.108)

Since Cosmolattice works from the equation of motion, the evolution depends only implicitly
on λPQ.
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Figure A.14

Simulation parameters. In the following section, we will present the results of a represen-
tative simulation, comparing them with the analytical estimation. The following parameters
are selected.
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Parameter Symbol Value

Lattice points per dimension N 128

Infrared momentum cut-off κIR 0.08

Time step δz 5× 10−2

UV momentum cut-off κcutoff > 1.7

Final time zmax O(103)

Equation of state (fixed bg.) ωEoS 1/3

Coupling constant λPQ 10−3

Ratio initial displacement fa
ri

O(10−2)

Initial angular value θi
π
4

Outputs. For each run, CosmoLattice produces the following quantities that we will use in
the analysis that follows.

• At each time step δz, we get in output,

⟨ϕ̃i⟩, ⟨ϕ̃2i ⟩, ⟨ϕ̃′i⟩, ⟨ϕ̃′2i ⟩, rms(ϕ̃i), rms(ϕ̃′i), ϕ̃i = r̃, θ, (A.109)

where the angle is not rescaled.

• The volume-averaged energy densities in output at each time step of the radial mode, are

ẼV =
1

4

〈(

r̃2 −
(
fa
ri

)2
)2〉

, Ẽr,K =
1

2R2

〈
r̃′2
〉
, Ẽr,G =

1

2R2

〈
∑

i

∇ir̃
2

〉

, (A.110)

while for the angular energy,

Ẽθ,K =
1

2R2

〈(
r̃θ′
)2
〉

, Ẽθ,G =
1

2R2

〈
∑

i

(r̃∇iθ)
2

〉

. (A.111)

The total rescaled energy density is their sum,

⟨ρ̃⟩ ≡ Ẽtot = Ẽr,tot + Ẽθ,tot = ẼV + Ẽr,G + Ẽr,K + Ẽθ,G + Ẽθ,K . (A.112)

• Scale factors and derivatives at each time step R, R′, R′/R, the same as the quartic
simulation.

• The total occupation number density spectrum is defined as

nκ(z) = C(N,L)
wkR

2

2

(

⟨|R′

R r̃κ + r̃′κ + ir̃κθ
′
κ|2⟩

w2
κ

+ ⟨|r̃κ|2⟩
)

, (A.113)

where C is a constant function of lattice parameter and the mode frequency w2
κ(z) =

κ2 + R2⟨d2V
dϕ2

⟩. This formula is independent of N,L once the average is expanded; more

details are given in Ref. [85].
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Lattice output: homogeneous condensate

The scale factor evolution is analogous to the quartic case. As illustrated in Fig. A.15, we can
identify the two characteristic times,

zbr ≃ 20, zmass ≃ 80. (A.114)

After the mass term becomes dominant, the linear regime can be trusted again. As discussed
for the quartic case, the analytical regime does not capture the backreaction of the unstable
modes on the homogeneous mode, which rapidly transfers half of the energy to the fluctuations.
The rescaled field evolution is shown in the upper-left panel of Fig. A.15. The homogeneous
angular component, as expected, remains in the vacuum state throughout the run. Neglecting
the axion mass term fixes the validity of the simulation to z ≪ zQCD, where, using RT ∼ const
to first approximation,

zQCD ∼
√
Mplwi

TQCD
. (A.115)

For our lattice simulation parameters, we obtain zQCD ∼ 1015.

Lattice output: radial and angular energy

The various contributions of the energy component are shown in Fig. A.16. The results can be
divided into three intervals.

• 0 < z ≪ zbr: the energy density is dominated by the radial homogeneous mode, as
the analytical solution shown in Fig. A.14 describes well both the kinetic and potential
fractional behaviour and the total energy density. On average,

Er,K
Etot

∼ Er0,K
Etot

= 62%,
Er,V
Etot

∼ Er0,V
Etot

= 0.32%,

Er,G
Etot

≃ 0.4%,
Eθ,tot
Etot

≃ 0.5%, 0 < z ≪ zbr.

(A.116)

The exponential growth of the unstable modes drives an exponential increase in the an-
gular fluctuation energy density via parametric resonance, so that at zbr equipartition is
reached:

Eθ,tot
Etot

(zbr) ∼
Er,tot
Etot

(zbr). (A.117)

From this point on, backreaction on the homogeneous condensate is non-negligible.

• zbr < z < zmass: the potential energy, mostly dominated by the homogeneous mode, is
effectively transferred to the fluctuations of the angular and radial modes, as illustrated
in Fig. A.16. In particular,

Er,K
Etot

= 16%,
Er,V
Etot

= 12%,
Er,G
Etot

= 5%,

Eθ,K
Etot

= 42%,
Eθ,G
Etot

= 24%,
Er,tot
Eθ,tot

≃ 1

2
, z ∼ zmass.

(A.118)

• z ≫ zmass: the dynamics of the angular and radial modes can be safely treated pertur-
batively. From this point on, the energy density of the homogeneous mode scales like
matter, while the angular energy scales like radiation. As shown in the upper-left panel
of Fig. A.16, the residual homogeneous radial energy is very small.
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gins to oscillate around the true vacuum and paramet-
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oscillation to the approach to the true vacuum.

Figure A.15: Radial homogeneous mode dynamics across the three regimes: linear (z < zbr), parametric
resonance (zbr < z < zmass), and oscillation around the true vacuum (z > zmass).

Lattice output: occupation number spectra

The output of the occupation number spectra is shown in Fig. A.17 and can again be split into
three regimes:

• 0 < z < zbr: this is analogous to the quartic case. The narrow and broad resonance
bands appear at the values of κ expected from the linear regime. However, scattering is
already efficient, so other modes are also excited. The radial narrow band at q = 3 can
be distinguished only at early times, since its Floquet exponent is very small compared
to the axion instability.

• zbr < z < zmass: the instability chart of the Lamé equation is significantly modified, and
modes with κ < 5 become excited, while the modes excited in the linear regime remain
fixed.

• z > zmass: the fluctuations no longer experience a strong oscillatory background, and
parametric resonance ceases to be efficient. The lattice occupation number remains ap-
proximately stable, with the most excited modes at κ < 1.
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Figure A.16: Energy density evolution across the three dynamical regimes.

A.4 Comparison with the claims of Co, Hall and Harigaya

In the paper by Co, Hall, and Harigaya [11] the mechanism is described at a qualitative level.
We are therefore in a position to use our simulation to validate their claims directly. Before
doing so, we remark on the generality of our results. The choice λ = 10−3 does not affect the
lattice equations of motion: a different coupling constant corresponds, via the identification
ω∗ =

√
λϕi, merely to a different rescaling of the time variable. Similarly, the ratio fa/ri ∼

10−2 chosen for our representative run determines when the radial mass mS ∝ λ1/2r becomes
dynamically important, setting zmass ∼ 80; a smaller ratio would delay this threshold, extending
the regime of parametric resonance accordingly.

In the following, we address the main claims of Co et al. , checking each against both the
analytical results of the preceding sections and the lattice output.

The first claim is that axion modes with non-zero momenta grow rapidly from initial seeds set
by quantum fluctuations, with a typical momentum of order mS =

√
V ′′ =

√
3λr2. This is

confirmed in first approximation. Our analytical analysis of the Lamé equation shows that in
the linear regime z ≲ zbr the excited angular modes are concentrated in a narrow instability
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band around
κθ ∼ 0.7, kθ,com ∼ 0.7ωi, z ≲ zbr, (A.119)

consistent with the claim that the typical momentum is of order mS ∼ ω(z), as shown in Fig.
A.14. However, even within the formally linear regime, the lattice reveals in Fig. A.17 that
scattering effects are not entirely negligible: modes below κθ ≲ 0.5 are already excited from the
vacuum seeds, so the growth is not purely exponential in a single isolated band.

The second claim is that the energy of the fluctuations eventually becomes comparable to that
of the radial oscillation, after which backreaction is non-negligible and parametric resonance
ceases. This is also confirmed. From the lattice energy plot in Fig. A.16, the equipartition
between the angular and radial sectors occurs at z ∼ zbr,

Er,tot
Eθ,tot

(zbr) ∼ 1. (A.120)

However, while the modes in the expected narrow instability band do stop growing after zbr, the
spectrum in Fig. A.17 shows that other modes continue to grow exponentially. The resonance
does not simply cease; rather, the instability bands are restructured by the back-reaction, with
energy continuing to flow into new modes.

The third claim is that, due to efficient scattering between the oscillating radial field and the
axion fluctuations, the entire zero-mode energy of the radial field is transferred into comparable
radial and axion fluctuations,

Yr(zi) ∼ Yδr(z) ∼ Yδθ(z), z ≳ zmass. (A.121)

For this point, we need further work to separate the radial number density from the angular
one. For the moment, we can make energy considerations. Shortly after zbr the zero-mode
energy is indeed rapidly depleted: by z ∼ zmass we find Er,0/Er,tot ∼ 1% from Fig. A.15, while
the energy split between radial and angular sectors reaches

Er,tot
Eθ,tot

(zmass) ∼
1

2
. (A.122)
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The fourth claim is that the production occurs at very early times, Γ ∼
√
3ωi. This is correct.

The backreaction time zbr ∼ O(10) in rescaled conformal time happens early after the onset of
oscillation, define via Hi = wi, consistent with the claim.

In summary, the qualitative picture of Co et al. is supported in the first approximation by our
simulation. The main refinement is that the growth of fluctuations is not purely confined to a
single well-defined band, even before and after backreaction. From Fig. A.13, a huge number
of lower modes get excited, possibly leading to quantitatively different results.

Directions for improving the analysis

The comparison above is semi-quantitative. The following steps would improve the precision and
scope of the results. First, the radial lattice occupation number should be extracted separately
by implementing the appropriate effective frequency ωr,κ in the output, which would allow a
direct test of Yδθ ∼ Yδr ∼ Yr,0. Secondly, a fully detailed set of convergence runs varying N , δz,
and κIR should be performed to check the sensitivity of the results to the lattice discretisation.
Finally, it would be valuable to map out how the key dynamical time scales zbr and zmass depend
on the parameters fa/ri and λPQ, to make contact with the parameter-space analysis of Co et
al.
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Appendix B

Stochastic inflation

The stochastic approach to inflation is based on the idea that the infrared part of the scalar
field may be considered as a classical space-dependent stochastic field which satisfies a local
Langevin equation [86]. In the stochastic approach, we represent the Heisenberg operator of
the quantum field as

ϕ(t, x⃗) = ϕ̄(t, x⃗) +

∫
d3k

(2π)3
θ(k − ϵR(t)H)

[

a
k⃗
ϕ
k⃗
(t)e−ik⃗x⃗ + a†

k⃗
ϕ∗
k⃗
(t)eik⃗x⃗

]

. (B.1)

Here ϕ̄ is a coarse-grained or a long-wavelength part of ϕ, θ(z) is the step function, and ϵ is a

small constant parameter. The ladder operators a†
k⃗
, a
k⃗
satisfying the commutation relations,

[a
k⃗
, a†
k⃗′
] = (2π)3δ(3)(k⃗ − k⃗′) (B.2)

In a de-Sitter background, H is taken to be constant. So, ϕ̄ is the averaged over a constant
physical 3D volume slightly larger than the volume inside the event horizon. The Fokker-Planck
equation for the one-point PDF ρ1[ϕ̄(t, x⃗) = ϕ̃], has the form [45],

∂ρ1
∂t

=
1

3H

∂

∂ϕ̃
{V ′[ϕ̃]ρ1}+

H3

8π2
∂2ρ1

∂ϕ̃2
. (B.3)

Once we have found a solution of the above equation, we can calculate the expectation value of
any function ϕ̄. In particular, we will use the stochastic approach to follow the variance of the
coarse-grainded field during inflation, in particular

⟨ϕ̄2⟩ =
∫

dϕ̃ϕ̃2ρ1[ϕ̃]. (B.4)

This relation explains the sense in which the transition from quantum to classical behaviour
takes place here: though the scalar field remains a quantum operator formally, we can introduce
an auxiliary classical stochastic scalar field ϕ̃, with the PDF that has the same expectation val-
ues for all observables with excellent accuracy.

We introduce dimensionless variables

t̃ ≡ HIt, y ≡ ϕ̄

HI
, U ≡ V

H4
I

, ρ̃1 ≡ HI ρ1, (B.5)
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so that the Fokker-Planck equation becomes

∂ρ̃1[y]

∂t̃
=

1

3

∂

∂y

(

ρ̃1[y]
∂U

∂y

)

+
1

8π2
∂2ρ̃1[y]

∂y2
≡ L ρ̃1[y]. (B.6)

Since the Fokker–Planck operator L is time-independent, the general solution is

ρ̃1(y, t̃) =
∞∑

n=0

αnΨn(y) e
−Λn(t̃−t̃0), (B.7)

where {Ψn} are eigenvectors of L with eigenvalues {Λn}. The operator L is not hermitian, but
it can be made via the following transformation

LH ≡ eQ/2 L e−Q/2, Q =
8π2

3
U. (B.8)

The Hermitian eigenvectors Φn ≡ eQ/2Ψn satisfy the same eigenvalue equation LHΦn = −ΛnΦn
and are orthonormal,

∫∞
−∞ dyΦ∗

m(y)Φn(y) = δmn.

We introduce ladder operators

A =

√

1

8π2
e−Q/2

∂

∂y
eQ/2, A† = −

√

1

8π2
eQ/2

∂

∂y
e−Q/2, (B.9)

which allow us to write LH = −A†A ≡ −N, so that NΦn = ΛnΦn. Their commutator is

[
A,A†] =

1

8π2
∂2Q

∂y2
=

1

3

∂2U

∂y2
. (B.10)

Pure quadratic potential

We specialise to the mass potential

V (ϕ) = 1
2m

2ϕ2 =⇒ U(y) = 1
2m̃

2y2, m̃ ≡ m

HI
. (B.11)

Then
[
A,A†] =

m̃2

3
= const, (B.12)

which is exactly the algebra of a quantum harmonic oscillator. The commutators with N give

[N, A] = −m̃
2

3
A, [N, A†] = +

m̃2

3
A†, (B.13)

so A and A† lower and raise the eigenvalue by m̃2/3. Since Λn = (AΦn, AΦn) ≥ 0, the spectrum
is

Λn = n
m̃2

3
= n

m2

3H2
I

, n = 0, 1, 2, . . . (B.14)

Setting β ≡ 4π2m̃2/3, the eigenvalue equation for Φn reduces to

Φ′′
n(ỹ) +

(
2n+ 1− ỹ2

)
Φn(ỹ) = 0, ỹ ≡

√

β y, (B.15)
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whose normalisable solutions are

Φn(ỹ) = cn e
−ỹ2/2Hn(ỹ), cn =

1√
2nn!

(
β

π

)1/4

, (B.16)

with Hn the Hermite polynomials. The eigenfunctions Ψn = e−Q/2Φn = e−βy
2/2Φn are therefore

Ψn(y) =
1√
2nn!

(
β

π

)1/4

Hn

(√

β y
)

e−βy
2

. (B.17)

Assuming the field is exactly at the origin at the onset of inflation, ρ̃1(y, t̃0) = δ(y), the expansion
coefficients are

αn =

⎧

⎪⎨

⎪⎩

(
β

π

)1/4 (−1)n/2

(n/2)!

√

n!

2n
, n even,

0, n odd.

(B.18)

Using the orthogonality of Hermite polynomials,
∫∞
−∞ dỹ e−ỹ

2

Hm(ỹ)Hn(ỹ) = 2n
√
π n! δmn, only

the n = 0 and n = 2 terms contribute to ⟨y2⟩:

⟨y2⟩(t̃) =
∫ ∞

−∞
dy y2 ρ̃1(y, t̃)

=

√

β

π

∫ ∞

−∞
dy y2e−βy

2

⏞ ⏟⏟ ⏞

=1/(2β)

−1

4

√

β

π
exp

{

−2m̃2(t̃− t̃0)

3

}∫ ∞

−∞
dy y2H2

(√

β y
)

e−βy
2

⏞ ⏟⏟ ⏞

=2
√
π/β3/2

=
1

2β

[

1− exp

{

−2m̃2(t̃− t̃0)

3

}]

. (B.19)

The number of e-folds N elapsed since the start of inflation satisfies t̃ − t̃0 = N , so restoring
dimensionful quantities (β = 4π2m2/(3H2

I ), ⟨ϕ̄2⟩ = H2
I ⟨y2⟩) we obtain

〈
ϕ̄2
〉
(N) =

3H4
I

8π2m2

[

1− exp

(

−N 2m2

3H2
I

)]

. (B.20)

For N ≫ 3H2
I /(2m

2) the exponential is suppressed and the field reaches its equilibrium (de Sit-
ter invariant) variance

〈
ϕ̄2
〉

eq
≈ 3H4

I

8π2m2
. (B.21)

This equilibration requires N ≳ 3H2
I /(2m

2), which is a large number of e-folds when m≪ HI .
This result is equal to the one we can find in the Hartree-Fock regime [87], in which thea case
of pure massive term is exact.

Pure quartic potential

We now consider the massless self-interacting case

V (ϕ) =
λ

4
ϕ4 =⇒ U(y) =

λ

4
y4. (B.22)
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The commutator of the ladder operators is now

[
A,A†] =

1

3

∂2U

∂y2
= λy2, (B.23)

which is field-dependent. The harmonic-oscillator analogy breaks down and no closed-form
spectral decomposition exists; the eigenvalue problem must be treated numerically.

But there is a general equilibrium solution of the Fokker–Planck equation, with Λ0 = 0, is

ρ1,eq(ϕ) = N−1 exp

(

−8π2

3
U

)

= N−1 exp

(

−2π2λ

3H4
I

ϕ4
)

, (B.24)

where N is the normalization constant [45]. This distribution is significantly non-Gaussian: it
has negative kurtosis K = ⟨ϕ4⟩/⟨ϕ2⟩2 − 3 ≈ −0.812.

The normalization integrals reduce to Gamma functions. Setting α ≡ 2π2λ/(3H4
I ), one uses

∫ ∞

0
dy y2n e−αy

4

=
1

4
α−(2n+1)/4 Γ

(
2n+ 1

4

)

, (B.25)

to obtain

〈
ϕ2
〉

eq
=

∫ ∞

−∞
dϕ ϕ2 e−αϕ

4

∫ ∞

−∞
dϕ e−αϕ

4
=

Γ(3/4)

Γ(1/4)
α−1/2. (B.26)

Restoring all factors this gives [45]

〈
ϕ2
〉

eq
=

Γ(3/4)

Γ(1/4)

√

3

2π2λ
H2
I ≈ 0.132

H2
I√
λ
. (B.27)

This result is non-perturbative in λ: the variance scales as λ−1/2 rather than as a power series
in λ, reflecting the complete breakdown of perturbation theory around the free-field solution
for m2 ≲ H2

I .

From Ref. [45], the number of e-folds to reach the equilibrium are approximately given by

N >
10√
λ
. (B.28)
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Appendix C

Fitting the WKB approximation to
the full solution

In the standard misalignment mechanism, as discussed in Section 1.2.2, the transition between
the overdamped and the oscillatory regimes is definedby the sharp matching condition,

3H(tosc) =M(tosc). (C.1)

In this chapter, we estimate the accuracy of this approximation by determining the effective
matching parameter x, defined via

xH =M, (C.2)

such that the late-time analytical (WKB) solution reproduces the amplitude of the full numerical
solution.

The equation of motion in RD for a homogeneous, free massive scalar field is,

ϕ̈+
3

2t
ϕ̇+m2ϕ = 0, ̇ ≡ d

dt
. (C.3)

We impose the initial conditions,

ϕ(ti) = 0, ϕ̇(ti) = 0. (C.4)

Analytical solution

As discussed in Section 1.2.2, the solution is described in two regimes,
{

ϕ(t) = ϕi ti < t < tosc

ϕ(t) = ϕwkb(t) t > tosc
. (C.5)

To compare with the numerical solution, we compute the WKB solution including the leading
correction in m

H . Changing variable, γ(t) = t3/4ϕ(t), the equation of motion can be rewritten as

γ̈(t) +

(

m2(t) +
3H2(t)

4

)

γ(t) = 0. (C.6)

In this form, it is a harmonic oscillator with a time-dependent frequency, damped by the ex-
pansion of the universe,

w(t) =

√
(

m2 +
3H2(t)

4

)

. (C.7)
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The WKB approximation is valid when
⃓
⃓
⃓
⃓
⃓

ẇ

w2

⃓
⃓
⃓
⃓
⃓
=

1

1 + 3H2

4m2

(
3H3

8m3

)

≪ 1. (C.8)

Then, for t > tosc, the analytical solution can be derived as,

ϕwkb(t) ≃ A

√

w(tosc)R3(tosc)

w(t)R3(t)
cos

(∫ t

tosc

w(t̃)dt̃+ θ

)

, (C.9)

where the integration constant A, θ are fixed at the matching time tosc, defined by

xH(tosc) = w(tosc). (C.10)

The parameter x will be determined by requiring the late-time analytical amplitude

Awkb(t, x) = A

√

w(tosc)R3(tosc)

w(t)R3(t)
, (C.11)

matches the numerical one.

Numerical solution

The differential equation (C.3) can be solved numerically. A direct integration is not straight-
forward: the field begins nearly constant and later enters a regime of rapid oscillations, where
a fixed-step integrator loses accuracy. We therefore proceed in two stages. First, we integrate
numerically from the initial time until the system is well within the oscillatory regime, where
the numerical solution remains reliable. We then match onto the analytical WKB solution,
with the same form of Eq. (C.9), but at matching time tmatch ≫ tosc. Indeed, the dominant
deviation from the sharp-boundary approximation arises near tosc, while the late-time WKB
solution is insensitive to the matching point once tmatch lies deep in the oscillatory regime.

To handle the full dynamical range, it is convenient to change integration variable and work
with an order-unity dimensionless field. We define

z(T ) = ln

(
R(T )

R0

)

= ln

(
T0
T

)

+
1

3
ln

(
g∗(T0)
g∗(T )

)

, y(z) =
ϕ

fa
, (C.12)

where entropy conservation (1.19) has been used and z0 = 0 corresponds to the initial time.
The equation of motion can be rewritten as

y′′(z) + y′(z) +

(
m(z)

H0

)2

e4(z−z0)y(z) = 0. (C.13)

To capture the onset of the oscillations, we numerically integrate in z ∈ {z(T0), z(Tf )}, where
the temperatures are defined as

H(T0) = 102m(T0), H(Tf ) = 10−2m(Tf ). (C.14)

so that the integration begins well in the overdamped regime and ends well within the oscillatory
regime. The Hubble rate in RD is

H(T ) =

√

g∗(T )π2

90

T 2

Mpl
, (C.15)
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Figure C.1: Interpolating function of the effective degrees of freedom g∗(T )

where g∗(T ) is obtained from an interpolation function fitted to the data of Ref. [88], shown in
Fig. C.1

The resulting numerical solution is shown in Fig. C.2. To extend the solution to late times
where oscillations become rapid, we match onto the WKB solution at tmatch, defined as

0 1 2 3 4 5 6

z= ln( RR0)

0.02
0.00
0.02
0.04
0.06
0.08
0.10

y(
z)
=

(z
)

f a m=10 9GeV

Figure C.2: Numerical solution of the EOM for a free massive scalar field in a radiation-dominated
universe.

H(tmatch)

m(tmatch)
= 10−1. (C.16)

The amplitude is then defined as

ANwkb(t) = AN

√

w(tmatch)R3(tmatch)

w(t)R3(t)
(C.17)

Estimation of x

We have obtained two expressions for the late-time amplitude: the analytical one Awkb(t, x),
defined with a sharp matching boundary at xH = m, and the numerical one ANwkb(t). Requiring
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these to agree at later times yields

1 =
Awkb(t, x)

ANwkb(t)
=

A

AN

(

x
Hosc

m

)3/4√ wosc

wmatch
(C.18)

Since Hosc

m = 1
x , the dependence on the mass drops out at leading order, and one finds

x = 1.6 . (C.19)

This result shows that the conventional condition 3H(tosc) = m(tosc) underestimates the true
matching time, introducing an error of O(1) in the final field amplitude.

96



Appendix D

χ scattering rate in the Early
Universe

.

The scattering rate of the radial field χ with particles in the thermal bath determines whether
the radial condensate thermalizes or remains non-thermal and subsequently contributes to the
DM abundance. The dominant interactions depend on the temperature of the Universe.

The interactions follow from Chapter 3. Throughout this chapter we assume the radiatively
stable regime,

λHΦ ≪ mχ

fa
, | sin(θ)| ≲ mχ

mh
. (D.1)

TEW ≪ T < fa

For temperatures above the electroweak phase transition, electroweak symmetry is restored and
the Higgs field is effectively massless for T > mh. In the broken PQ phase,

|Φ| = fa + χ

2
. (D.2)

The relevant processes are

χH ↔ χH, HH ↔ χχ, HH → HHχ. (D.3)

Using NDA and the relativistic Higgs number density nH ∼ T 3, the first two processes give

Γ(χH ↔ χH) ∼ Γ(HH ↔ χχ) ∼ λ2HΦT. (D.4)

Comparing with the Hubble rate during RD,

H(T ) ≃ T 2

Mpl
, (D.5)

shows that these interactions do not reach thermal equilibrium for

T > mh, λHΦ ≪ mχ

fa
. (D.6)
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The three-body process is enhanced by powers of fa,

Γ(HH → HHχ) ∼ 10−3 λ
2
Hλ

2
HΦf

2
a

T
. (D.7)

The condition Γ > H yields

102GeV ≪ Teff < 102GeV

(

104
m2
χ

MeV2

)1/3

. (D.8)

A solution exists for
mχ ≫ 10−2MeV. (D.9)

Therefore, thermal radial mode production through the Higgs portal is possible in a region of
parameter space even in the small-mixing regime.

TQCD ≪ T ≪ TEW

For
TQCD ≪ T ≪ TEW, (D.10)

the Higgs vacuum expectation value is restored and the interactions are described by the broken
electroweak phase. The relativistic degrees of freedom in the thermal bath are

ψ ∈ {e, µ, τ, u, d, s, c, b, g, γ}. (D.11)

The relevant scattering processes are

χψ ↔ χψ, χψ′ ↔ ψψ, χψ′ ↔ ψ′ψ. (D.12)

For elastic scattering,
Γ(χψ → χψ) ≃ g 4

χψψ T. (D.13)

Using

sin(θ) ≲
mχ

mh
, (D.14)

this interaction never becomes efficient for

T > TQCD, mχ < MeV, (D.15)

assuming perturbative Yukawa couplings,

ghψψ < 1. (D.16)

The dominant channels are instead QCD-mediated,

χg ↔ q̄q, χq ↔ gq. (D.17)

For the first process,

Γ(χg ↔ q̄q) ∼ α3
s

16π2v2
sin2 θ T 3. (D.18)
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Requiring Γ > H gives efficient scattering for

mχ ≳ 10−1MeV, (D.19)

while maintaining

sin(θ) ≲
mχ

mh
. (D.20)

For the second process,
Γ(χq ↔ gq) ∼ αs sin

2 θ g 2
χq̄q T. (D.21)

The condition Γ > H implies

mq < Teff < Mpl αs sin
2 θ

m2
q

v2
, (D.22)

with relativistic quarks satisfying
mq ≪ T. (D.23)

Efficient scattering can occur through the charm and bottom quarks for

mχ ≳ 10−2MeV. (D.24)

mχ ≪ T ≪ ΛQCD

Below the confinement scale, the relativistic degrees of freedom are

γ, e, µ. (D.25)

Neutrinos are neglected since their interactions arise only at loop level. The relevant processes
are

χℓ↔ ℓγ, χγ ↔ f̄f, (D.26)

with
ℓ ∈ {e, µ}. (D.27)

The corresponding rates are

Γ(χℓ↔ ℓγ) ∼ αem sin2 θ g 2
hℓ̄ℓ T, (D.28)

and

Γ(χγ ↔ f̄f) ∼ α3
em

16π2v2
sin2 θ. (D.29)

Both rates remain below the Hubble expansion rate throughout this temperature range,

Γ < H, (D.30)

and therefore these interactions never become efficient.
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41. Crotty, P., Garćıa-Bellido, J., Lesgourgues, J. & Riazuelo, A. Bounds on Isocurvature Per-
turbations from Cosmic Microwave Background and Large Scale Structure Data. Physical
Review Letters 91. issn: 1079-7114. http://dx.doi.org/10.1103/PhysRevLett.91.
171301 (Oct. 2003).

42. Wantz, O. & Shellard, E. P. S. Axion Cosmology Revisited. Phys. Rev. D 82, 123508.
arXiv: 0910.1066 [astro-ph.CO] (2010).

43. Kibble, T. W. B. Topology of Cosmic Domains and Strings. J. Phys. A 9, 1387–1398
(1976).

44. Baumann, D. Primordial Cosmology. PoS TASI2017, 009. arXiv: 1807.03098 [hep-th]

(2018).
45. Starobinsky, A. A. & Yokoyama, J. Equilibrium state of a selfinteracting scalar field in the

De Sitter background. Phys. Rev. D 50, 6357–6368. arXiv: astro-ph/9407016 (1994).
46. Planck Collaboration et al. Planck intermediate results - LVII. Joint Planck LFI and HFI

data processing. A&A 643, A42. https://doi.org/10.1051/0004-6361/202038073
(2020).

47. Co, R. T., Hall, L. J. & Harigaya, K. Axion Kinetic Misalignment Mechanism. Phys. Rev.
Lett. 124, 251802. arXiv: 1910.14152 [hep-ph] (2020).

48. Peskin, M. E. & Schroeder, D. V. An Introduction to quantum field theory isbn: 978-0-201-
50397-5, 978-0-429-50355-9, 978-0-429-49417-8 (Addison-Wesley, Reading, USA, 1995).

49. Figueroa, D. G. & Torrenti, F. Parametric resonance in the early Universe—a fitting
analysis. JCAP 02, 001. arXiv: 1609.05197 [astro-ph.CO] (2017).

50. Burgess, C. P., Pospelov, M. & ter Veldhuis, T. The Minimal model of nonbaryonic dark
matter: A Singlet scalar. Nucl. Phys. B 619, 709–728. arXiv: hep-ph/0011335 (2001).

51. Davoudiasl, H., Kitano, R., Li, T. & Murayama, H. The New minimal standard model.
Phys. Lett. B 609, 117–123. arXiv: hep-ph/0405097 (2005).

52. Robens, T. & Stefaniak, T. Status of the Higgs Singlet Extension of the Standard Model
after LHC Run 1. Eur. Phys. J. C 75, 104. arXiv: 1501.02234 [hep-ph] (2015).

53. Falkowski, A., Gross, C. & Lebedev, O. A second Higgs from the Higgs portal. JHEP 05,
057. arXiv: 1502.01361 [hep-ph] (2015).

54. Lee, B. W., Quigg, C. & Thacker, H. B. Weak Interactions at Very High-Energies: The
Role of the Higgs Boson Mass. Phys. Rev. D 16, 1519 (1977).

55. Chen, C.-Y., Dawson, S. & Lewis, I. M. Exploring resonant di-Higgs boson production in
the Higgs singlet model. Phys. Rev. D 91, 035015. arXiv: 1410.5488 [hep-ph] (2015).

56. Elias-Miro, J., Espinosa, J. R., Giudice, G. F., Lee, H. M. & Strumia, A. Stabilization of
the Electroweak Vacuum by a Scalar Threshold Effect. JHEP 06, 031. arXiv: 1203.0237
[hep-ph] (2012).

57. Shifman, M. A., Vainshtein, A. I., Voloshin, M. B. & Zakharov, V. I. Low-Energy Theorems
for Higgs Boson Couplings to Photons. Sov. J. Nucl. Phys. 30, 711–716 (1979).

58. Junnarkar, P. M. & Walker-Loud, A. Scalar strange content of the nucleon from lattice
QCD. Phys. Rev. D 87, 114510. https://link.aps.org/doi/10.1103/PhysRevD.87.
114510 (11 June 2013).

103

http://dx.doi.org/10.1103/PhysRevD.91.084011
http://dx.doi.org/10.1103/PhysRevD.91.084011
https://link.aps.org/doi/10.1103/PhysRevLett.43.103
https://www.sciencedirect.com/science/article/pii/0550321380902096
https://www.sciencedirect.com/science/article/pii/0550321380902096
http://dx.doi.org/10.1103/PhysRevLett.91.171301
http://dx.doi.org/10.1103/PhysRevLett.91.171301
https://arxiv.org/abs/0910.1066
https://arxiv.org/abs/1807.03098
https://arxiv.org/abs/astro-ph/9407016
https://doi.org/10.1051/0004-6361/202038073
https://arxiv.org/abs/1910.14152
https://arxiv.org/abs/1609.05197
https://arxiv.org/abs/hep-ph/0011335
https://arxiv.org/abs/hep-ph/0405097
https://arxiv.org/abs/1501.02234
https://arxiv.org/abs/1502.01361
https://arxiv.org/abs/1410.5488
https://arxiv.org/abs/1203.0237
https://arxiv.org/abs/1203.0237
https://link.aps.org/doi/10.1103/PhysRevD.87.114510
https://link.aps.org/doi/10.1103/PhysRevD.87.114510


59. ’t Hooft, G. Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking.
NATO Sci. Ser. B 59 (eds ’t Hooft, G. et al.) 135–157 (1980).

60. Foot, R., Kobakhidze, A., McDonald, K. L. & Volkas, R. R. Poincaré protection for a
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