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Abstract

We study the connection between an optimal control problem for a large sys-
tem of particles interacting in a moderate way and a limit McKean-Vlasov control
problem with a local dependence on the limit measure. Precisely, we prove the con-
vergence of the value function associated with the N -particles problem towards the
value function of the limit McKean-Vlasov control problem as N tends to infinity.
We start by heuristically deriving the limit McKean-Vlasov control problem. Then,
we prove the existence, uniqueness, and regularity of the optimal control for the
limit problem, under a convexity assumption on the value function and by using the
link with the associated MFG system. Finally, we prove the convergence by using
regularization arguments on one side and the local regularity property of the em-
pirical density associated to the particles system controlled with the limit optimal
control.
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1 Introduction

The topic of this work is the study of an optimal control problem with a large number
of moderated interacting particles.

We consider the situation in which a central planner aims to minimize the average cost
of a particles system in interaction by choosing all of the controls for all of the particles.
The peculiarity of the model lies in the way this interaction occurs. Indeed, we assume
that each particle interacts with the others in an increasingly localized way as the number
of particles grows. In particular, denoting with N the number of particles, we consider
the following optimal control problem:

inf
ᾱN

1

N

N∑
i=1

E
[∫ T

t0

{|α
N,i
t |2

2
+

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx}dt

]
(1)

where ᾱN = (αN,1, ..., αN,N) and the particles (XN,i)i=1,...,N follow the system of controlled
SDEs :

dXN,i
t = αN,i

t dt+
√
2dWN,i

t , XN,i
t0 = Zi (2)

We leave for now the definition of the working assumptions.

As we can see from (1), each particle pays a price which depends quadratically on the
choice of the control and a price that depends on its position and on the distribution of
the other particles. In this last term, the assumption of moderate interaction is described
by the convolution:

V N ∗mN
t (x) =

1

N

N∑
i=1

V N(x−XN,i
t ).

mN
t is the empirical measure associated to the particles system (2), while V N is defined

by:

V N(z) = NβV (zN
β
d )

where V ∈ C1(Rd) is a symmetric density with compact support and β ∈ (0, 1).
With this particular choice of β, the support of V N becomes smaller and smaller as N
grows, and as a consequence, the interaction among the particles in the cost functional
becomes more and more localized. This type of regime is called in the literature a regime
of moderate interaction.

1.1 Our result

We study problem (1) when the number of particles is large. Specifically, for every
initial time t0 ∈ [0, T ] and vector of initial random i.i.d. positions Z̄ = (Z1, ...ZN) we
prove the convergence as N → +∞ of the value function VN(t0, Z̄) associated with the
N−particles problem (1):
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VN(t0, Z̄) = inf
ᾱN∈AN

1

N

N∑
i=1

E
[∫ T

t0

{|α
N,i
t |2

2
+

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx}dt

]
towards the value function associated to a McKean-Vlasov control problem with a

local dependence on the limit measure:

U(t0,m0) = inf
(α,m)∈A

[∫ T

t0

∫
Rd

|α(t, x)|2

2
m(t, x) + F (x,m(t, x))m(t, x)dxdt

]
(3)

where (t0,m0) ∈ [0, T ]×P2(Rd) and m solves in the sense of distribution the Fokker-
Plank equation: {

∂tm−∆m+ div(mα) = 0 (t0, T )× Rd

m(t0) = m0

(4)

We will postpone for a moment the definitions of the control sets AN , A, as well as
the working hypotheses.

1.2 Background and related literature

The convergence of a general class of N−particles optimal control problems towards
the associated limit McKean-Vlasov optimal control problems was proven by Lacker in
[11], under the key assumption of weak or nonlocal interactions, meaning that the de-
pendence on the measure in the cost functional and in the coefficients of the dynamics is
continuous with respect to the convergence in Wasserstein spaces. This kind of regime
corresponds to the choice of β = 0 in the model presented in chapter 1.1 . Differently from
our case, with this choice of parameter the radius of the interaction in the cost functional
remains fixed as N -grows. As a consequence, the dependence on the measure in the limit
cost functional is expected to be non-local, meaning that the second variable of F in the
definition (3), is expected to be a measure instead of a density. Lacker’s arguments are
based on a reformulation of the state equation both for the N -particles problem and the
McKean-Vlasov control problem as controlled martingale problems with a relaxed notion
of controls. These formulations enjoy compactness properties. Together with the conti-
nuity properties of the cost functional and the coefficients of the dynamics with respect
convergence in Wasserstein spaces, they ensure existence of optimal control for both the
N -particles problem and the McKean-Vlasov problem and the desired convergence result.
Recently Djete, Possamäı and Tan [8] extended the result by Lacker [11] to problems with
a common noise.

Many other authors have contributed to the study of the mean field limit of optimal
control problems under the assumption of weak interactions. In particular, Fornasier,
Lisini, Orrieri and Savaré studied in [10] the problem for deterministic dynamics by using
Γ− convergence argument.
Recently, for the regime of weak interactions, a rate of convergence of the value function
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VN associated to theN -particles problem towards the value function U associated with the
limit McKean-Vlasov control problem has been proven by Cardaliaguet, Daudin, Jackson,
Souganidis [2] using PDE techniques in the presence of both idiosyncratic and common
noises. Again, these arguments require at least the continuity of U in Wasserstein spaces
in order to write a dynamic programming principle and thus to establish a link between
U and an Hamilton-Jacobi equation in the space of measures.

Our work gives a first convergence result of VN towards U for the regime of moderate
interactions (β ∈ (0, 1)). As said before, with this choice of parameter we do not have
continuity properties in Wassertein spaces for the cost functional associated to VN and
U and this makes it impossible to use the same techniques previously presented for the
weak or non-local regime.

A first propagation of chaos result for a system of uncontrolled, moderately interacting
particles was proved by Oelschläger in [13] under a Lipschitz condition on the drift of the
dynamics.

Recently, a Mean Field Games model with the assumption of moderate interactions
among the players has been studied by Flandoli, Ghio and Livieri in [9]. In particular,
they proved that any optimal control in feedback form for the MFG problem, induces a
sequence of ϵ-Nash equilibrium for the N−player games. Their argument is based on an
extension of the propagation of chaos result by [13]. In particular, the characterization of
the limit density is given by regularity estimates on V N ∗mN

t (·) uniform in N , under the
restriction β ∈ (0, 1

2
) and an integrability requirement on the initial distribution m0.

Our work can be considered as the cooperative version of [9]. Indeed, in [9] the authors
study the existence of approximate Nash equilibrium for N−player non-cooperative games
when N is large, while in our work we are interested in the optimal control, i.e., in the
minimizer of a global cost functional representing the average behaviour of the system of
particles. For more details about the differences between Mean Field Control (MFC) and
Mean Field Games (MFG) problems, we refer to [4] chapter 6.
Despite the different nature of the two problems, the regularity estimates on V N ∗mN

t (·)
given in [9] have been useful in our convergence result.

1.3 Our strategy

As said in the previous paragraph, the local nature of our problem does not allow us
to have continuity properties in Wasserstein spaces and for this reason, we used different
techniques compared to those previously presented for the case of non-local interactions.

Our work is organized as follows:

• In chapter 2 we introduce rigorously the N -particles problem and we derive heuris-
tically the limit problem. For this derivation we follows [13], where the regime of
moderate interactions is studied for uncontrolled dynamics.

• In chapter 3 we prove existence and uniqueness of regular optimal control for the
limit problem. Under the assumption of convexity of the limit cost functional, we
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prove that the minimizer can be constructed by the solution of a (MFG) system.
In particular, we prove the existence and uniqueness of regular solutions for this
(MFG) system following some ideas from [5].

• Chapter 4 is devoted to the main results of this work: the convergence of the
N -particles problem towards the limit problem. The strategy is based on the con-
vergence of upper and lower sequences of the value function associated with the
N -particle problem towards the value function of the limit problem. The lower se-
quence is given by a regularization argument that permits to use the result from
[11]. As we will see, for this step the convexity assumption on the cost functional
will play a crucial role. The convergence of the upper sequence is determined by the
particular choice of the optimal control for the limit problem and by the regularity
of the empirical density proved in [9]

• Finally, in the last section we analyze possible extensions of our result to more
general problems and discuss important questions that remain open.
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2 Model setup and main result

In this chapter we introduce the N -particles problem, the limit problem and the work-
ing hypotheses.

N-particles problem:

We consider a finite horizon T > 0. For every t0 ∈ [0, T ] and for every N -vector of
i.i.d random variable Z̄ = (Z1, ..., ZN), we consider the N -particles value function:

VN(t0, Z̄) = inf
ᾱN∈AN

JN(ᾱ) (P)

where:

JN(ᾱ) =
1

N

N∑
i=1

E
[∫ T

t0

{|α
N,i
t |2

2
+

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx}dt

]
. (5)

AN is the set of controls ᾱN = (αN,1, ..., αN,N) ∈ L2((0, T )× Ω, (Rd)N) progressively
measurable, and for each i = 1, ..., N , the particle (XN,i

t )t∈[t0,T ] follows the controlled SDE:

dXN,i
t = αN,i

t dt+
√
2dWN,i

t , XN,i
t0 = Zi (6)

where (WN,i)i=1,...,N are independent d−dimensional brownian motion defined on a fixed
filtered probability space (Ω,F , (F t)t,P).

In the definition of (P), mN
t = 1

N

∑N
i=1 δXN,i

t
is the empirical measure associated to

the system (6). The peculiarity of problem (P) lies in the presence of the convolution
V N ∗mN

t (·) between the empirical measure and a regularized symmetric density:

V N(z) = NβV (zN
β
d )

where V is a C1 symmetric density with compact support on Rd and β ∈ (0, 1
2
).

We work in the following setting of HYPOTHESES (H):

A) F : Rd × R+ −→ R is bounded and there exist L > 0 such that:

|F (x, p)− F (y, q)| ≤ L(|x− y|+ |p− q|)

B) The functionm −→ F(x,m) = F (x,m)m is convex inm and its derivative f(x,m) =
∂mF(x,m) is given by

f(x,m) = g(m) + h(x)

where g and h satisfy:
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(a) g ∈ C2((0,+∞)) and there exists a positive constant c such that for every
m ∈ R+ and uniformly in x:

0 ≤ g(m) ≤ cmα , with

{
2
d
≤ α ≤ 2

d−2
if d ≥ 3

α < +∞ otherwise

(b) h ∈ C2
b (Rd), h ≥ 0 on Rd

C) The law of the initial position has density m0 such that :
m0 ∈ C4

b (Rd), m0 > 0,
∫
Rd m0(x)dx = 1 and

∫
Rd e

λ|x|m0(x)dx < +∞ for every

λ > 0

D) V N(z) = NβV (zN
β
d ) where V is a C1 symmetric density with compact support on

Rd and β ∈ (0, 1
2
).

Remark 1. The decomposition in hypothesis B) is satisfied by F(x,m) = F (x,m)m with
F of the form:

F (x,m) =

∫ m

0

g(r)dr + h(x)

Remark 2. The convexity of F in the second variable, implies that g is increasing in m.

Remark 3. The restriction of β to (0, 1
2
) and the integrability assumption on the moment

of m0 at point C), will be necessary to establish the regularity of the empirical density in
chapter 4.

Limit problem:

As explained in the introduction, with the choice of β ∈ (0, 1
2
) the interaction in the

cost functional becomes more and more local as N -grows. In this regime, but in the
case of uncontrolled dynamics, it has been proved in [13] the convergence in law of the
empirical measure towards a deterministic measure with (Lebesgue) density.
This suggest to consider a limit McKean-Vlasov problem with a local dependence on the
limit measure.

We introduce the value function for this problem in its analytic formulation. For
(t0,m0) ∈ [0, T ]× P2(Rd), we define the value function for the limit problem as:

U(t0,m0) = inf
(α,m)∈A

[∫ T

t0

∫
Rd

|α(t, x)|2

2
m(t, x) + F (x,m(t, x))m(t, x)dxdt

]
(LP)

where A is the set of of couples (m,α) where m(t, x) : [0, T ] × Rd −→ R, α :
[0, T ] × Rd −→ Rd such that α ∈ L2

m([0, T ] × Rd), m ∈ L1([0, T ] × Rd), m(t, x) ≥ 0,∫
Rd m(t, x)dx = 1 for a.e t ∈ (0, T ) and m satisfies in the sense of distributions the
Fokker-Plank equation:
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{
∂tm−∆m+ div(mα) = 0 (t0, T )× Rd

m(t0) = m0

(7)

Our convergence result:

Now that the problems are well defined, we are ready to state our main result:

Theorem 2.1. Under hypotheses (H), for every initial time t0 ∈ [0, T ] and vector of i.i.d
random initial position Z̄ = (ZN,1, ..., ZN,N) with law m0(·)dx, we have:

lim
N→+∞

VN(t0, Z̄) = U(t0,m0). (8)

The rest of the work is devoted to the proof of this result, following the outline pre-
sented at the end of section 1.3.
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3 Study of the limit problem

In this chapter we prove existence and uniqueness of smooth minimizer for the limit
problem (LP).

3.1 Optimality conditions

Following [3], the idea is to reformulate problem (LP) as a convex minimization prob-
lem and than find sufficient optimality conditions for it.

Indeed, using the change of variable w(t, x) = α(t, x)m(t, x) problem (LP) can be
rewritten as:

inf
(w,m)∈B

J̃(w,m) = inf
(w,m)∈B

[∫ T

t0

∫
Rd

ϕ(m,w) + F(x,m(t, x))dxdt

]
(LP2)

where B is the set of function m(t, x) : [0, T ]× Rd −→ R, w : [0, T ]× Rd −→ Rd such
that m,w ∈ L1((0, T )×Rd), m(t, x) ≥ 0,

∫
Rd m(t, x)dx = 1 for a.e t ∈ (0, T ) and satisfies

in the sense of distributions the continuity equation:{
∂tm−∆m+ div(w) = 0 (t0, T )× Rd

m(t0) = m0

(9)

The function ϕ : R+ × Rd −→ R is defined as follows:

ϕ(m,w) =


1
2
|w|2
m

if m > 0

0 if m = 0, w = 0

+∞ otherwise

Lemma 3.1. The function ϕ is convex.

Proof. ϕ can be written as the supremum of linear functional (in m and w) as follow:

ϕ(m,w) = sup
β∈Rd

{w · β − m

2
|β|2}

and thus it is convex.

Now, since F is convex in m, ϕ is convex in both variables, the functional J̃ is convex.
Moreover, the set B is convex so that (LP2) is a convex minimization problem.

The function ϕ is C1 in the region m > 0. Thus, its sub-differential at a point
(m̄, w̄) ∈ (0,+∞)× Rd is:

∂ϕ(m̄, w̄) = (∂mϕ, ∂wϕ) = (
w̄

m̄
,−|w̄|2

2m̄2
)
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Following [3], the system of optimality conditions for (LP2) is the following (MFG)
system: 

− ∂tu−∆u+
|Du|2

2
= f(x,m(t, x)) (0, T )× Rd

∂tm−∆m− div(mDu) = 0 (0, T )× Rd

m(0, x) = m0, u(x, T ) = 0

(MFG)

where f(x,m) = ∂mF(x,m).

As we will prove in the next chapter, under our hypothesis there exists an unique
solution (ū, m̄) ∈ (C1,2([0, T ]× Rd))2.

It can be proved using Schauder estimates that this solution satisfies:

∂tū, Dū, ∂tDū,∆ū, m̄, ∂tm̄, ∂tDm̄,∆m̄ ∈ Cb([0, T ]× Rd).

Moreover, m̄ ∈ L1((0, T )× Rd) and |Dū|2m̄ ∈ L1((0, T )× Rd) so that (m̄,−Dū) ∈ A
and in particular (m̄,−m̄Dū) ∈ B.

Remark 4. 1. Thanks to the strong maximum principle, if m̄ is the solution of the
Fokker-Plank equation in (MFG), then m̄ > 0.

2. If we prove that (−m̄Dū,m) is a minimizer for (LP2), then (−Dū, m̄) is a mini-
mizer for (LP ). Indeed, the minimization in (LP2) can be restricted to the couples

(m,w) ∈ B such that |w|2
m

∈ L1((0, T )× Rd) so that α = w
m

∈ L2
m([0, T ]× Rd).

In this chapter we will prove that (−Dū, m̄) is the unique minimizer for (LP) in A.
We start by proving the following result for (LP2):

Proposition 3.2. Let (ū, m̄) be the solution of (MFG), then (−m̄Dū, m̄) minimizes
(LP2).

Proof. Let (m̄, w̄) = (m̄,−m̄Dū) and (m,w) ∈ B another competitor for the minimiza-
tion.
Using the convexity of ϕ and F and the sub-differentiability of ϕ in (m̄, w̄) and F in m̄
we have:

J̃(m,w)− J̃(m̄, w̄) =

∫ T

0

∫
Rd

ϕ(m̄, w̄)− ϕ(m,w) + F(x, m̄)−F(x,m)dxdt

≥
∫ T

0

∫
Rd

w̄

m̄
· (w̄ − w)− |w̄|2

2m̄2
(m̄−m) + f(x, m̄)(m− m̄)dxdt.

Now, using that w̄ = −m̄Dū and the fact that ū solves the H-J equation in (MFG),
we can rewrite this last integral as:

11



∫ T

0

∫
Rd

−Dū · (w̄ − w) +
|Dū|2

2
(m̄−m) + (∂tū+∆ū− |Dū|2

2
)(m̄−m)dxdt

=

∫ T

0

∫
Rd

(∂tū+∆ū)(m̄−m)−Dū · (w̄ − w)dxdt

=

∫ T

0

∫
Rd

(∂tū+∆ū−Dū ·Dū)m̄dxdt−
∫ T

0

∫
Rd

(∂tū+∆ū−Dū · w)mdxdt

Since ū is C2 we can use it as test function (up to an approximation with cut off
functions) for the weak formulation of the Fokker-Plank equation in (MFG) and for the
continuity equation (9), so that, since at time zero m̄(0, x) = m(0, x) = m0(x) and at
time T , ū(T, x) = 0 we have:

∫ T

0

∫
Rd

(∂tū+∆ū−Dū ·Dū)m̄dxdt+

∫ T

0

∫
Rd

(∂tū+∆ū)m−Dū · wdxdt

=

∫
Rd

(ū(0, x)− ū(0, x))m0(x)dx = 0

which proves that J̃(m,w) ≥ J̃(m̄, w̄) hence (−m̄Dū, m̄) minimize J̃ in B.

Thanks to the convexity of B and to the strict convexity of ϕ, (−m̄Dū, m̄) is the
unique minimizer for (LP) in B. As a consequence, (−Dū, m̄) is the unique minimizer for
(LP).
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3.2 Study of the MFG system

In this chapter we prove the existence of classical solution for the MFG system:
− ∂tu−∆u+

|Du|2

2
= f(x,m(t, x)) (0, T )× Rd

∂tm−∆m− div(mDu) = 0 (0, T )× Rd

m(0, x) = m0(x), u(x, T ) = 0 x ∈ Rd

(MFG)

we recall that f(x,m) = g(m) + h(x) where g and h satisfies hypothesis (B) and the m0

satisfies hypothesis (C).

System (MFG) is a MFG system with local coupling defined on the whole space Rd.
The local nature of this problem gives problem in the proof of the existence of regular
solution for the Hamilton-Jacobi equation since there is no smoothing effect as in the
non-local case.
Moreover, working on Rd creates compactness issues for the fixed point map.

Our strategy is based on the work [5]. The idea is to obtain sufficient integrability on
Du, thanks to the growth restriction on g, in order to obtain local Hölder regularity for m.

The key ingredient of the strategy is the following a priori estimate:∫ T

0

∫
Rd

µ2α+1dxdt ≤ C (10)

where µ is the solution for λ ∈ (0, 1) of the system:
− ∂tv −∆v +

|Dv|2

2
= f(x, µ(x, t)) (0, T )× Rd

∂tµ−∆µ− div(µDv) = 0 (0, T )× Rd

µ(0) = λm0, v(x, T ) = 0 x ∈ Rd

(S)

which is obtain using first and second order estimates and the positive sign of g′(m).

Then the proof of the existence of regular solutions follows by using Schaefer’s fixed
point theorem and a bootstrap procedure to gain regularity.

So, we start proving the a priori estimates (10).

3.2.1 A priori estimate

In this section we prove the following theorem:

Theorem 3.3. Suppose (v, µ) ∈ C([0, T ], C4
b (Rd))×

(
C1

b ([0, T ]×Rd)∩C([0, T ], L1(Rd))

)
solves system (S) for λ ∈ (0, 1). Then there exists a positive constant M = M(d, α, ||m0||Lα+1(Rd))

13



such that: ∫ T

0

∫
Rd

µ2α+1(t, x)dxdt ≤ M

Proof. Step 1. (First order estimate) We multiply the Fokker-Plank equation in (S) by
µα and we integrate by parts on the ball BR, R > 0:∫ t

0

∫
BR

∂tµµ
αdxds−

∫ t

0

∫
BR

∆µµαdxds−
∫ t

0

∫
BR

div(µDu)µαdxds = 0

=⇒ 1

α + 1

∫
BR

µα+1(t)dx+ α

∫ t

0

∫
BR

µα−1|Dµ|2dxds =

− α

∫ t

0

∫
BR

Dv ·Dµµαdxds+
1

α + 1

∫
BR

µα+1(0)dx+GR

where:

GR =

∫ t

0

∫
∂BR

Dµµα · ndxdt+
∫ t

0

∫
∂BR

Dvµµα · ndxds

Now, since µ, Dµ, Dv are bounded and µ ∈ C(L1), the integrands of GR belong to
L1((0, T ) × Rd). So, by lemma (A.1) in appendix A there exists a sequence Rk ↗ +∞
such that GRk

−→ 0, so by dominated convergence we obtain that for every t ∈ [0, T ]:

1

α + 1

∫
Rd

µα+1(t)dx+ α

∫ t

0

∫
Rd

µα−1|Dµ|2dxds =

− α

∫ t

0

∫
Rd

Dv ·Dµµαdxds+
1

α + 1

∫
Rd

µα+1(0)dx

showing in particular that µα−1|Dµ|2 ∈ L1((0, T )×Rd). Now Dµµα = 1
α+1

Dµα+1. More-
over, µ, Dµ, Dv, D2v are bounded and µ ∈ C(L1). So, integrating by parts using lemma
(A.2) in the appendix and thanks to the Hölder inequality we obtain:

− α

∫ t

0

∫
Rd

Dv ·Dµµαdxds

=
α

α + 1

∫ t

0

∫
Rd

∆vµα+1dxds ≤ α

α + 1

(∫ t

0

∫
Rd

|D2v|2µdxds
) 1

2
(∫ t

0

∫
Rd

µ2α+1dxds

) 1
2

Now, µα−1|Dµ|2 = 4
(α+1)2

|Dµ
α+1
2 |2 and letting t vary in [0, T ]:[

sup
t∈[0,T ]

∫
Rd

µα+1dx+
4

α + 1

∫ T

0

∫
Rd

|Dµ
α+1
2 |2dxdt

]2
≤ 2

(∫
Rd

µα+1(0)dx

)2

+2α2(

∫ T

0

∫
Rd

|D2v|2µdxdt
)(∫ T

0

∫
Rd

µ2α+1dxdt

)
Step 2.(Parabolic interpolation) We now use some estimates from [7]. In particular

by proposition 3.1 in [7] with v = µ
α+1
2 , p = 2, q = 2(2α+1)

α+1
and d+m

N
= 2α+1

α+1
there exists a

constant C̃ = C̃(d, α) such that:

(

∫ T

0

∫
Rd

µ2α+1dxdt

) 2
q

≤ C̃

[∫ T

0

∫
Rd

|Dµ
α+1
2 |2dxdt+

(
sup

t∈[0,T ]

∫
Rd

µβdx

) 2
m
]
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where β = mα+1
2

= αN
2

and
2

q
=

α + 1

2α + 1
∈ (

1

2
, 1).

Now if d ≤ 2 and α ≥ 2
d
or d > 2 and 2

d
≤ α ≤ 2

d−2
then 1 ≤ β ≤ α+1. So by interpolation:

||µ(t)||Lβ(Rd) ≤ ||µ(t)||1−θ
L1(Rd)

||µ(t)||θLα+1(Rd)

for 1
β
= 1− θ + θ

α+1
.

Now since ||µ(t)||L1(Rd) = ||µ(0)||L1(Rd) ≤ ||m(0)||L1(Rd) = 1 we get:

(

∫ T

0

∫
Rd

µ2α+1dxdt

) 2
q

≤ C̃

[∫ T

0

∫
Rd

|Dµ
α+1
2 |2dxdt+

(
sup

t∈[0,T ]

∫
Rd

µα+1dx

)a]
where a = 2θβ

m(α+1)
. Since a < 1 we have:

(

∫ T

0

∫
Rd

µ2α+1dxdt

) 4
q

≤ 2C̃2

[∫ T

0

∫
Rd

|Dµ
α+1
2 |2dxdt+

(
sup

t∈[0,T ]

∫
Rd

µα+1dx

)a]2
+2C̃2

Therefore, plugging this last inequality in the result of Step 1. we obtain:

(

∫ T

0

∫
Rd

µ2α+1dxdt

) 4
q

≤c

[∫
Rd

µα+1(0)dx+ (

∫ T

0

∫
Rd

|D2v|2µdxdt
)(∫ T

0

∫
Rd

µ2α+1dxdt

)
+1

]
(11)

where c depends only on N,α.
Step 3.(Second order estimate)

We want now to estimate
∫ T

0

∫
Rd |D2v|2µdxdt.We compute the laplacian of the Hamilton-

Jacobi equation:

−∂t∆v −∆∆v + |D2v|2 +D(∆v) ·Dv = div(∂mf(x, µ)Dµ) + div(Dxf(x, µ))

= div(g′(µ)Dµ) + ∆h(x)

since by hypothesis f(x, µ) = g(µ) + h(x).
Now we multiply the above equality by µ and we integrate by parts (again using lemma
A.2) to obtain:

−
∫ T

0

∫
Rd

∂t∆vµdxdt−
∫ T

0

∫
Rd

∆v(∆µ+ div(Dvµ))dxdt

+

∫ T

0

∫
Rd

|D2v|2µdxdt

= −
∫ T

0

∫
Rd

g′(µ)|Dµ(t, x)|2dxdt+
∫ T

0

∫
Rd

∆h(x)µdxdt

15



Using the Fokker-Plank equation, the left hand side can be rewritten as:

−
∫ T

0

∫
Rd

∂t∆vµdxdt−
∫ T

0

∫
Rd

∆v(∆µ+ div(Dvµ)dxdt

=

∫
Rd

∆v(0)µ(0)dx−
∫
Rd

∆v(T )µ(T )dx

=

∫
Rd

∆v(0)µ(0)dx

=⇒
∫ T

0

∫
Rd

|D2v|2µdxdt ≤
∫ T

0

∫
Rd

Dv(0) ·Dµ(0)dx−
∫ T

0

∫
Rd

g′(µ)|Dµ(t, x)|2dxdt

+

∫ T

0

∫
Rd

∆h(x)µdxdt

Now since by assumption g is increasing in the second variable

−
∫ T

0

∫
Rd

g′(µ)|Dµ(t, x)|2dxdt ≤ 0

and again by assumption ||∆h||L∞ ≤ c for some constant c independent on µ, we have :∫ T

0

∫
Rd

|D2v|2µdxdt ≤
∫ T

0

∫
Rd

Dv(0) ·Dµ(0)dx+ c

Now by lemma (A.5) in appendix A, if we denote by F(x, r) =
∫ r

0
f(x,m)dm the

antiderivative of f , we have that for a.e. t ∈ [0, T ]:∫
Rd

Dv(t, x)Dµ(t, x)dx+
1

2

∫
Rd

|Du(t, x)|2mdx−
∫
Rd

F(x,m(t, x))dx = constant

and so for t = 0 we have:∫
Rd

Dv(0) ·Dµ(0)dx+
1

2

∫
Rd

|Dv(0)|2µ(0))dx−
∫
Rd

F(x, µ(0)dx

=

∫
Rd

Dv(T ) ·Dµ(T )dx+
1

2

∫
Rd

|Dv(T )|2µ(T )dx−
∫
Rd

F(x, µ(T ))dx.

Since for every x ∈ Rd v(T, x) = 0 and F ≥ 0 we obtain:∫
Rd

Dv(0) ·Dµ(0)dx ≤
∫
Rd

F(x, λm(0))dx = c2

where c2 does not depend on µ. In the end we have
∫ T

0

∫
Rd |D2v|2µdxdt ≤ c with c

dependent only on d, α. Plugging this last inequality in (11) we get:

(

∫ T

0

∫
Rd

µ2α+1dxdt

) 4
q

≤ C̃

(
1 +

∫ T

0

∫
Rd

µ2α+1dxdt

)
.

Since 4
q
≥ 1, by Young inequality we conclude that:∫ T

0

∫
Rd

µ2α+1dxdt ≤ M = M(d, α, ||m0||Lα+1).

Now we are ready for the proof of the existence.
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3.2.2 Existence

Theorem 3.4. Under the initial assumption, there exists (ū, m̄) classical solution of the
system (MFG).

Proof. Using the Hopfe-Cole transform w = e−
u
2 we rewrite MFG system as:

− ∂tw −∆w + f(x,m)w = 0 (0, T )× Rd

∂tm−∆m− div(
Dw

w
m) = 0 (0, T )× Rd

m(0) = m0, w(x, T ) = 1 x ∈ Rd

(12)

For α ≥ 2
d
if d ≤ 2 or 2

d
≤ α ≤ 2

d−2
if d > 2, we introduce X = L2α+1((0, T )×Rd) endowed

with the topology of the strong convergence and we consider the open set:

U2M = {m ∈ X|
∫ T

0

∫
Rd

m2α+1dxdt < 2M}

where M is the a priori bound of the previous section. We introduce also U2M , the closure
of U2M with respect the strong convergence norm of X. For m ∈ U2M , we consider the
triple (m,µ,w) solution of :

− ∂tw −∆w + f(x,m)w = 0 (0, T )× Rd

∂tµ−∆µ− div(
Dw

w
µ) = 0 (0, T )× Rd

µ(0) = m0, w(x, T ) = 1 x ∈ Rd

(S1)

and we define the map Φ : Ū2M −→ X as Φ(m) = µ.

Proposition 3.5. The map Φ is well posed, continuous and compact.

Proof. We start from the well posedness.

Given m ∈ Ū2M we have mα ∈ Lp((0, T )×Rd) for p = 2α+1
α

> d+2
2

and this implies that
f(m) ∈ Lp((0, T ) × Rd) for p = 2α+1

2
> d+2

2
. Since w(T ) ∈ L∞(Rd) thanks to Theorem

10.1 section 3 of [12], there exist a weak solution w ∈ V2,loc((0, T )×Rd)∩L∞((0, T )×Rd).
Moreover, by the comparison principle w ≥ w = e−T maxRd g(x)minRd e−w(T,x) > 0. Thanks
to lemma (A.3), we have also Dw ∈ L2p((0, T )× Rd).

We pass now to the Fokker-Plank equation. Since µ(0) ∈ L1(Rd) ∩ L∞(Rd) then
µ(0) ∈ L2(Rd). Moreover Dw

w
∈ L2p((0, T )×Rd) for 2p > d+ 2 so that we have existence

of a weak solution µ ∈ V2((0, T )×Rd)∩L∞((0, T )×Rd) that is also locally Hölder contin-
uous. Now since µ ∈ L∞((0, T )× Rd) and has finite first order moment,by interpolation
we have that µ ∈ X i.e. Φ(m) ∈ X and Φ is well defined.

We study now the compactness of Φ.
By the previous arguments we have that there exist constants K, θ, with θ ∈ (0, 1),
which depend only on M,d, α, ||u(T )||C2 , ||m0||L∞ , ||m0||L1(Rd), ||xm0||L1(Rd) such that for
any m ∈ Ū2M :
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||w||L∞ , ||Dw

w
||L2p(Rd×(0,T )), ||µ||L∞((0,T ),Lq(Rd)) ≤ K

for all q ∈ [1,+∞] and

sup
t∈[0,T ]

∫
Rd

|x|µ(x, t)dx, sup
z∈Rd

||µ||
C

θ, θ2
B1(z)×[0,T ]

≤ K

We use these last inequalities to get the compactness of Φ. Indeed let (mn)n be sequence
in Ū2M and for every n consider µn = Φ(mn). We have to prove that (µn)n is relatively
compact on X endowed with the norm of the strong convergence. For R > 0 we have:

sup
n

sup
t∈[0,T ]

∫
|x|≥R

µn(t, x)dx ≤ K

R
.

Furthermore, since (µn)n is equibounded, by interpolation between L∞ and L1 we have
that for every ϵ there exist R such that:

sup
n

||µn||L∞((0,T ),L2α+1(Rd\BR)) ≤ ϵ

where BR is the ball of center 0 and radius R. On the other hand, on a compact set
we can use the uniform bound on the Hölder norm. Indeed, since µn is equibounded in

C
θ, θ

2

BR(z)×[0,T ], by Ascoli-Arezelà we can estract a sub-sequence µnk
that converges uniformly

on BR(z)× [0, T ] to some µ. Since the same estimates hold for µ, we have that for n large
enough:

||µnk
− µ||L∞((0,T ),L2α+1(Rd)) ≤ ϵ

By a diagonalization argument, we can find a subsequence µnk
which converges in L∞((0, T ), Lq(Rd))

and therefore in L2α+1(Rd × (0, T )) which proves the compactness of Φ.

Finally, we prove the continuity of Φ with respect to the strong convergence of L2α+1(Rd×
(0, T )).
Let (mn)n ⊂ Ū2M converging to m ∈ X. Than mα −→ mα in Lp((0, T )×Rd) and thanks
to the hypothesis on f , f(mn) −→ f(m) in Lp((0, T ) × Rd). We have to prove that
µn = Φ(mn) converges to µ = Φ(m). We need a stability argument. Let (mn, wn, µn) the
triple solving (S), then w̃ = w − wn solves:

−∂tw̃ −∆w̃ = w(f(x,m)− f(x,mn)) + w̃f(x,mn), w̃(T ) = 0.

By lemma (A.3), we have:

||w − wn||L∞(Rd×(0,T )) ≤ C||w(f(mn)− f(x,m))||Lp(Rd×(0,T ))

≤ CK||f(mn)− f(m)||Lp(Rd×(0,T ))

where C depends on K, d, T, p.
Again, by the same lemma we have :

||Dwn −Dw||L2p(Rd×(0,T )) ≤ C||w(f(m)− f(mn)) + f(mn)w̃||Lp(Rd×(0,T ))

≤ C(K||f(m)− f(mn)||Lp(Rd×(0,T )) +M
1
p ||w − wn||L∞(Rd×(0,T )))
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So that wn −→ w in L∞(Rd × (0, T )) and Dwn −→ Dw in L2p(Rd × (0, T )).
Now thanks to the maximum principle wn, w ≥ w > 0 we have:

Dwn

wn

− Dw

w
=

1

w
(Dwn −Dw) +Dwn(

w − wn

wnw
)

which implies the convergence of Dwn

wn
−→ Dw

w
in L2p(Rd × (0, T )).

Now, setting µ̃ = µ− µn it satisfing:

−∂tµ̃−∆µ = −2div(
Dw

w
µ̃)− 2div((

Dw

w
− Dwn

wn

)µn) = 0, µ̃(0) = 0.

As before, using lemma (A.3), we have that :

||µ− µn||L∞(Rd×(0,T )) ≤ C||(Dw

w
− Dwn

wn

)µn||L2p(Rd×(0,T ))

≤ CK||Dw

w
− Dwn

wn

||L2p(Rd×(0,T ))

where C depends again only on K, d, T, p. This and the equiboundedness of µn, µ on
L∞((0, T ), L1(Rd)) gives the convergence of (µn)n to µ in L2α+1(Rd × (0, T )) i.e. the
continuty of Φ.

We are now ready to prove the existence of smooth solution for (MFG). We use the
following fixed point theorem (Schaefer’s fixed point theorem).

Theorem 3.6. Let X be a Banach space, C ⊂ X closed and convex subset. Let U be an
open subset of C and U its closure. Consider a function Φ : U −→ C continuous and
compact. Suppose that the following property holds:

u = λΦ(u) for some λ ∈ (0, 1) =⇒ u /∈ ∂U.

Then Φ has a fixed point.

We use the previous theorem with C = X = L2α+1((0, T )× Rd), U = U2M . The con-
dition u = λΦ(u) is equivalent to ask that (u, µ) is a solution of (S). In order to use the a
priori estimate, we use a bootstrap procedure to prove that (u, µ) is a classical solution.

Indeed, since µ is locally Cθ, θ
2 , then w belongs to C2+θ,1+ θ

2 . This implies that µ solves a
linear parabolic equation with Cθ, θ

2 coefficients so that µ ∈ C2+θ,1+ θ
2 .

Then, using the a priori estimates, we have that
∫ T

0

∫
Rd µ

2α+1dxdt ≤ M = M(d, α, ||m0||Lα+1)
i.e. µ /∈ ∂U2M . So thanks to Scheafer’s fixed point theorem system (S) has a classical so-
lution (µ,w) and, in the end, (µ, u) = (µ,−2log(w)) is a classical solution of (MFG).

3.2.3 Uniqueness

The proof of the uniqueness is a consequence of the monotonicity of f in m.

Theorem 3.7. There exist at most one classical solution to the MFG system (MFG).
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Proof. Suppose (u1,m1), (u2,m2) two classical solution of (MFG). Set ū = u1 − u2 and
m̄ = m1 −m2. Then ū solves:

−∂tū−∆ū+
1

2
(|Du1|2 − |Du2|2)− [f(x,m1(t, x))− f(x,m2(t, x))] = 0 (13)

while m̄ solves:
∂tm̄−∆m̄− div(m1Du1 −m2Du2) = 0.

Now ū is C2 so, up to a truncation argument, we can use it as test function for the
Fokker-Plank equation to obtain:∫ T

0

∫
Rd

(∂ū+∆ū)m̄dxdt−
∫ T

0

∫
Rd

⟨Dū,m1Du1 −m2Du2⟩ = 0

since we have the same initial conditions.

We multiply (13) by m̄, we integrate and we sum it to the previous equality to obtain:

∫ T

0

∫
Rd

m̄

2
(|Du1|2−|Du1|2)−m̄[f(x,m1(t, x))−f(x,m2(t, x))]−⟨Dū,m1Du1−m2Du2⟩dxdt = 0

Now since f is non decreasing in the second variable∫
Rd

[f(x,m1(t, x))− f(x,m2(t, x))](m1(t, x)−m2(t, x))dx ≥ 0

so that : ∫ T

0

∫
Rd

m̄

2
(|Du1|2 − |Du1|2)− ⟨Dū,m1Du1 −m2Du2⟩dxdt ≤ 0

Now,

m̄

2
(|Du1|2 − |Du1|2)− ⟨Dū,m1Du1 −m2Du2⟩ = −m1 +m2

2
|Du1 −Du2|2

so that : ∫ T

0

∫
Rd

m1 +m2

2
|Du1 −Du2|2dxdt ≤ 0.

This implies that Du1 = Du2 m1 and m2 almost sure. This means that m1 and
m2 solves the same Fokker-Plank equation and as a consequence u1 and u2 the same
Hamilton-Jacobi equation. So, in the end m1 = m2 and u1 = u2 and the system (MFG)
as unique solution.
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4 Convergence of the N-particles problem

In this chapter we prove the convergence of the value function VN associated to the
N -particles problem towards the limit value function U .
We recall that we denote by JN :

JN(ᾱ) = E
[
1

N

N∑
i=1

∫ T

t0

(
|αN,i|2

2
+ V N ∗ F (·, V N ∗mN

t (·))(X
N,i
t )dt

]
the cost functional for the N -particles problem where ᾱ = (αN,1, ..., αN,N).

We start by considering a regularized version of the value function. In particular,
for a given smooth symmetric kernel ξϵ = ϵ−dξ(x

ϵ
), we consider the following regularized

version of the initial local problem:

VN,ϵ(t0, Z̄) = inf
ᾱN∈AN

E
[
1

N

N∑
i=1

∫ T

t0

(
|αN,i|2

2
+ V N ∗ ξϵ ∗ F (·, ξϵ ∗ V N ∗mN

t (·))(X
N,i
t )dt

]
(Pϵ)

where the controls and the dynamics are the same as in (P).

Similarly, we consider the regularized version of (LP):

U ϵ(t0,m0) = inf
(α,m)∈A

[∫ T

t0

∫
Rd

|α(t, x)|2

2
m(t, x) + F (x, ξϵ ∗mt(x))ξ

ϵ ∗mt(x)dxdt

]
(LPϵ)

Note that for a smooth density m(t, ·):

F (x, ξϵ ∗mt(x))ξ
ϵ ∗mt(x) → F (x,m(t, x))m(t, x)

as ϵ → 0.

As usual we denote by F : Rd × R −→ R the function:

F(x,m) = F (x,m)m

and we introduce: Fϵ : P1(Rd) −→ R by:

Fϵ(m) =

∫
Rd

F(x, ξϵ ∗m(x))dx =

∫
Rd

F (x, ξϵ ∗m(x))ξϵ ∗m(x)dx

Thanks to the assumption on F , Fϵ is convex on P1(Rd).

The proof of the convergence of VN towards U is based on the following strategy:

1. prove the inequality:

VN,ϵ ≤ VN + cϵ ≤ JN(−Dū) + cϵ (14)

where −Dū is the optimal control for the limit problem and ϵ does not depends on
N
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2. prove the convergence of JN(−Dū) → U as N → +∞.

3. for fixed ϵ use the convergence of VN,ϵ to U ϵ from [11]

4. prove the convergence of U ϵ to U

Once the previous points have been shown it is easy to conclude that:

lim sup
N→+∞

VN ≤ U ≤ lim inf
N→+∞

VN . (15)

Indeed for every ϵ > 0, by taking the lim sup in N on the right hand side of inequality
(14), we obtain:

lim sup
N

VN + cϵ ≤ U + cϵ

thanks to the convergence from point 2. Since this last inequality holds for every ϵ, letting
ϵ goes to zero we obtain:

lim sup
N→+∞

VN ≤ U .

Similarly, for fixed ϵ by taking the lim inf in N on the left hand side of (14) and by using
the convergence from point 3, we obtain that for every ϵ > 0 :

U ≤ lim inf
N

VN + cϵ.

Then, letting ϵ goes to zero, we obtain:

U ≤ lim inf
N→+∞

VN

thanks to the convergence from point 4.

In the end, inequality (15) implies that:

lim
N→+∞

VN = U

which is exactly the convergence result of Theorem 2.1.

Remark 5. • The inequality VN+cϵ ≤ JN(−Dū)+cϵ is trivial since (αN,i
t ) = −Dū(t, x)

for i = 1, ..., N are admissible controls for the N -particles problem.

• As we will prove, the inequality on the left hand side is given by the convexity
assumption on F and by Jensen’s inequality.

The rest of the chapter is devoted to the proofs of the points in the strategy.
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4.1 Convergence of JN towards U
From the previous chapter we know that −Dū is the optimal control for the limit

McKean-Vlasov problem (LP ).

In this chapter we will prove that the limit of the N -particles functional, when the
particles are controlled by ᾱN = (−Dū(t, x))i=1,...,N , is the limit value functional for (LP ).

With this choice of controls, the N -particles functional reads:

JN(−Dū) = E
[∫ T

0

(
1

N

N∑
i=1

| −Dū(t,XN,i
t )|2

2
+

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx

)
dt

]
(16)

where each particle follows the SDE:{
dXN,i

t = −Dū(t,XN,i
t )dt+

√
2dWN,i

t

XN,i
t0 = Zi

(17)

Since (Zi)i are i.i.d. random variables with law m0 and the brownian motion (WN,i)i
are independent, the particles (XN,i

t )i=1,...,N are i.i.d with Law(XN,i
t ) = Law(XN,1

t ) =
m̄(t, x)dx where m̄ is the solution of the Fokker-Plank equation associated to the (MFG)
system.

So, the N -particles functional can be rewritten as:

JN(−Dū) =

∫ T

t0

∫
Rd

{| −Dū(t, x)|2

2
m̄(t, x)dxdt+ E

[∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx

]
}dt

(18)

wheremN
t = 1

N

∑N
i=1 δXN,i

t
is the empirical measure associated to the particles system (17).

We want to prove the convergence of JN(−Dū) to U(t0,m0) defined as:

U(t0,m0) = inf
(α,m)∈A

[∫ T

t0

∫
Rd

|α(t, x)|2

2
m(t, x) + F (x,m(t, x))m(t, x)dxdt

]
=

∫ T

t0

∫
Rd

| −Dū(t, x)|2

2
m̄(t, x) + F (x, m̄(t, x))m̄(t, x)dxdt

(19)

where again (ū, m̄) is the solution of the (MFG) system.

So, the only thing that we have to prove is the following convergence:
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E
[∫ T

t0

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dxdt

]
−→

∫ T

t0

∫
Rd

F (x, m̄(t, x))m̄(t, x)dxdt

(20)

as N → +∞.

Remark 6. Since (XN,i
t )i=1,...,N are i.i.d with law m̄(t, ·)dx, by Glivenko-Cantelli law of

large numbers mN
t ⇀ m̄(t, x)dx a.s. and for every t, where by ⇀ we denote the weak

convergence of measures. This implies that a.s. and for every t, V N ∗mN
t → m̄(t, x)dx.

However, this is not enough to pass to the limit since F is not assumed to be linear in
the second variable.

For simplicity we define pN(t, x) = V N ∗mN
t (x).

We denote by ||f ||γ the Hölder norm

||f ||γ = ||f ||∞ + [f ]γ

where ||f ||∞ = supx∈Rd |f(x)| and [f ]γ = supx ̸=y
|f(x)−f(y)|

|x−y|γ

We follow [9]. The idea is to prove that pN(t, ·) enjoys local regularity properties
uniformly in N . In particular we will use the following theorem.

Theorem 4.1. Let β ∈ (0, 1
2
), then there exist γ ∈ (0, 1), q ≥ 2 and a constant Cγ > 0

independent on N such that if supN ||pN(0)||γ < +∞, then:

E[||pN(t)||qγ] ≤ Cγ.

Theorem 4.2. Let (µN)N∈N be a sequence of random measure on P(Rd) converging in
law in the weak topology of P(Rd) to a deterministic measure µ ∈ P(Rd) with continuous
density p. Consider pN(x) = V N ∗ µN(x). Suppose there exist γ ∈ (0, 1), q ≥ 2, C > 0
such that:

E[||pN(t)||qγ] ≤ C

then for every R > 0:
lim

N→∞
E[||pN − p||q

′

C(B̄R(0))
] = 0

for every q′ < q.

We leave the proofs of the previous theorems to the end of the chapter and we prove
now the convergence (20).

Theorem 4.3. Assume that HYPOTHESES (H) hold and let β ∈ (0, 1
2
), γ and q as

in Theorem 4.1. Then:

lim
N→+∞

E
[∫ T

t0

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dxdt

]
=

∫ T

t0

∫
Rd

F (x, m̄(t, x))m̄(t, x)dxdt
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Proof. We study:∣∣∣∣E[∫ T

t0

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dxdt−

∫ T

t0

∫
Rd

F (x, m̄(t, x))m̄(t, x)dxdt

]∣∣∣∣
≤E

[∣∣∣∣∫ T

t0

∫
Rd

F (x, pN(t, x))pN(t, x)dxdt−
∫ T

t0

∫
Rd

F (x, m̄(t, x))pN(t, x)dxdt

∣∣∣∣]+
+E

[∣∣∣∣∫ T

t0

∫
Rd

F (x, m̄(t, x))pN(t, x)dxdt−
∫ T

t0

∫
Rd

F (x, m̄(t, x))m̄(t, x)dxdt

∣∣∣∣]
= (i) + (ii)

We start from (i). For a fixed R > 0, we split the first integral as follows:

(i) = E
[∣∣∣∣∫ T

t0

∫
BR

[F (x, pN(t, x))− F (x, m̄(t, x))]pN(t, x)dxdt

∣∣∣∣]
+ E

[∣∣∣∣∫ T

t0

∫
Rd\BR

[F (x, pN(t, x))− F (x, m̄(t, x))]pN(t, x)dxdt

∣∣∣∣]
≤ L

∫ T

t0

∫
BR

E[|pN(t, x)− m̄(t, x)|pN(t, x)]dxdt+ 2||F ||L∞E
[
sup

t∈[0,T ]

∫
Rd\BR

pN(t, x)dx

]
≤ L

∫ T

t0

∫
BR

E[||pN(t, ·)− m̄(t, ·)||p
C(B̄R(0))

]
1
pE[||pN(t)||qγ]

1
q dxdt

+ 2||F ||L∞E
[
sup

t∈[0,T ]

∫
Rd\BR

pN(t, x)dx

]
≤ CRd

∫ T

t0

E[||pN(t, ·)− m̄(t, ·)||p
C(B̄R(0))

]
1
pdt+ 2||F ||L∞E

[
sup

t∈[0,T ]

∫
Rd\BR

pN(t, x)dx

]
where q comes from Theorem 4.2 and 1

p
+ 1

q
= 1.

Thanks to Theorem 4.2, for every ϵ > 0 and for every R we can find N such that :

CRd

∫ T

t0

E[||pN(t, ·)−m(t, ·)||p
C(B̄R(0))

]
1
q dt ≤ ϵ

4

For the integral on Rd \ BR, we prove that the second order moment of pN(t, x)dx is
bounded uniformly in N . Indeed, since the particles (X̄N,i

t )i=1,..,N are i.i.d,
∫
Rd |x|2m0(x) <

+∞ we have:

E
[
sup

t∈[0,T ]

∫
Rd

|x|2mN
t (dx)

]
≤ C

with C independent on N.
Then choosing R̃ > 0 such that suppV ⊂ B̄R̃(0) we have:∫

Rd

|x|2V N(x− y)dx =

∫
Rd

|x+ y|2V N(z)dz ≤ sup
|w|≤R̃

|w + y|2 ≤ 2(|y|2 + R̃2)
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This implies that:∫
Rd

|x|2V N ∗mN
t (x)dx ≤

∫
Rd

|x|2
(∫

Rd

V N(x− y)mN
t (y)dy

)
dx

=

∫
Rd

∫
Rd

|x|2V N(x− y)dxmN
t (dy)

≤ 2R̃2 + 2

∫
Rd

|y|2mN
t (dy)

=⇒ E
[
sup

t∈[0,T ]

∫
Rd

|x|2V N ∗mN
t (x)dx

]
≤ 2R̃2 + 2E

[
sup

t∈[0,T ]

∫
Rd

|y|2mN
t (y)dy

]
≤ 2R̃2 + C ≤ K

for K independent on N . Thanks to this, we have:

E
[
sup

t∈[0,T ]

∫
Rd\BR

pN(t, x)dx

]
≤ K

R2
.

So, choosing R big enough, for every ϵ > 0 we can find N̄ such that for every N ≥ N̄ :

(i) ≤ ϵ

2
.

The convergence of (ii) is similar. Indeed:

(ii) ≤ ||F ||L∞E
[∫ T

t0

∫
Rd

|pN(t, x)− m̄(t, x)|dxdt
]

Using the local uniform convergence from Theorem 4.2 and the bound on the second order
moment of pN(t, x)dx, and m̄(t, x)dx, we can prove using the same argument as before
that, for every ϵ > 0 there exist R and Ñ such that for every N ≥ Ñ :

(ii) ≤ ϵ

2
.

In the end, putting the estimates together we obtain that for every ϵ > 0 there exists
M = max{N̄, Ñ} such that for N ≥ M :∣∣∣∣E[∫ T

t0

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dxdt−

∫ T

t0

∫
Rd

F (x, m̄(t, x))m̄(t, x)dxdt

]∣∣∣∣
≤ (i) + (ii)

≤ ϵ

2
+

ϵ

2
≤ ϵ

which conclude the the proof of the convergence.

The rest of this section is dedicated to the proofs of Theorems 4.1 and 4.2.
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4.1.1 Proofs

In this section we prove Theorem 4.1. We follow [9]. Let mN
t the empirical measure

associated to the particles system (17) and ϕ ∈ C1,2
b . By Ito’s formula we have:

d⟨mN
t , ϕ(t, ·)⟩ =

1

N

N∑
i=1

dϕ(t,XN,i
t ) =

1

N

N∑
i=1

(∂tϕ(t,X
N,i
t ) +Dϕ(t,XN,i

t ) ·Dū(t,XN,i
t ) + ∆ϕ(t,XN,i

t ))dt

+
1

N

N∑
i=1

Dϕ(t,XN,i
t ) · dWN,i

t

= ⟨∂tϕ(t) +Dϕ(t) ·Dū(t) + ∆ϕ(t),mN
t ⟩dt

+
1

N

N∑
i=1

Dϕ(t,XN,i
t ) · dWN,i

t .

In the integral form the previous equality can be rewritten as:

⟨mN
t , ϕ(t, ·)⟩ = ⟨mN

0 , ϕ(0, ·)⟩+
∫ t

0

⟨mN
t , ∂sϕ(s, ·) +Dϕ(t, ·) ·Dū(t, ·) + ∆ϕ(s, ·)⟩dt

+Mϕ,N
t

where for every ϕ ∈ C1,2
b , Mϕ,N

t =
∫ T

0
1
N

∑N
i=1 Dϕ(t,XN,i

t ) · dWN,i
t is a martingale.

Now we prove that the empirical density pN(t, x) = V N ∗ mN
t (x) solves an identity

in mild form. We recall that we indicate by G(t, x) = 1

(2πt)
d
2
e−

|x|2
2t the heat kernel. We

consider also the semigroup Pt associated with the heat kernel, as the operator such that
for every h ∈ C2

b (Rd) :

(Pth)(x) = Gt ∗ h(x) =
∫
Rd

G(t, x− y)h(y)dy.

Now, for a given t ∈ [0, T ] we rewrite the identity satisfies by the empirical measure,
using as test function ϕ(t)(s, x) = (Pt−s(V

N,− ∗ h))(x) for s ∈ [0, t], h ∈ C2
b (Rd) and

V N,−(z) = V N(−z) to obtain:

Lemma 4.4. Let pN(t, x) = V N ∗ mN
t (x). Then for every t ∈ [0, T ], pN(t) solves the

following equation in mild form:

pN(t, x) =Ptp
N(0) +

∫ t

0

DPt−s(V
N ∗ (Dū(s, ·)mN

s ))ds

+MN
t (·)

where MN
t (·) =

∫ t

0
1
N

∑N
i=1Pt−sDV N(· −XN,i

s ) · dWN,i
s .

We study the regularity property of the martingale MN
t (·). We recall the definition of

Holder norm:
||f ||γ = ||f ||∞ + [f ]γ

where ||f ||∞ = supx∈Rd |f(x)| and [f ]γ = supx ̸=y∈Rd
|f(x)−f(y)|

|x−y|γ . We now, prove the main
theorem of this chapter:

27



Lemma 4.5. Let β ∈ (0, 1
2
) in the definition of V N . Then there exists γ ∈ (0, 1) such

that for every p ≥ 2, there is a constant Cp > 0 such that:

E[||MN
t ||pγ] ≤ Cp

for every N ∈ N and t ∈ [0, T ].

Proof. It’s enough to check condition a) and b) of lemma (B.2) in the appendix. We start

from a). Let ϵ−1
N = N

β
d . Using the definition of MN

t (·) we have:

E[|MN
t (x)|p] = 1

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

DPt−sV
N(x−XN,i

s )dWN,i
s

∣∣∣∣p]

≤ Cp

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

|DPt−sV
N(x−XN,i

s )|2ds
∣∣∣∣ p2]

≤
CpC

p
T,R,V ϵ

−pd−pδ
N

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

1

(t− s)1−δ
e−

|x−X
N,i
s |

4T ds

∣∣∣∣ p2]

≤
C̃p

T,R,V ϵ
−pd−pδ
N

Np
e−p

|x|
8T E

[
ep

||XN,i||∞,T
8T

∣∣∣∣ N∑
i=1

∫ t

0

1

(t− s)1−δ
ds

∣∣∣∣ p2]

≤
C ′

p,T,R,V,δϵ
−pd−pδ
N

N
p
2

e−p
|x|
8T E

[
ep

||XN,i||∞,T
8T

]
.

where we used lemma (B.3) in the second line. Now remember that by hypothesis∫
Rd e

λ|x|m0dx < ∞ for every λ > 0, so that we have

E
[
ep

||XN,i||∞,T
8T

]
≤ C

where C does not depend on i and on N .Therefore:

E[|MN
t (x)|p] ≤ C ′′

p,T,R,V,δ

ϵ−pd−pδ
N

N
p
2

gp(x)

where g(x) = e−
|x|
8T is integrable at any power. Now since ϵ−1

N = N
β
d :

ϵ−pd−pδ
N

N
p
2

=
N

β
2
(pd+pδ)

N
p
2

= N ( 1
2
−β)p−βpδ

d

which remains bounded for β ∈ (0, 1
2
) by choosing δ (depending on p) small enough.

The proof of b) is similar to the previous one. We define:

∆hM
N
t (x) = MN

t (x)−MN
t (x+ h)

∆hPt−sV
N(x−XN,i

s ) = DPt−sV
N(x−XN,i

s )−DPt−sV
N(x+ h−XN,i

s )

Then we have:
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E[|∆hM
N
t (x)|p] = 1

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

∆hPt−sV
N(x−XN,i

s )dWN,i
s

∣∣∣∣p]

≤ Cp

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

|∆hPt−sV
N(x−XN,i

s )|2ds
∣∣∣∣ p2]

≤ Cp

Np
E
[∣∣∣∣ N∑

i=1

∫ t

0

C2
T,R,V

(t− s)1+γ̄
|h|2γϵ−2d−2δ(1−γ)

N e−2λT,R,V |x−XN,i
s |ds

∣∣∣∣ p2]

≤ C̃p,T,R,V ϵ
−pd−pδ(1−γ)
N

N
p
2

|h|pγe−2λT,R,V |x|E
[
epλT,R,V ||XN,i||∞,T

]
and we can conclude as for the previous term.

We are now ready to prove Theorem 4.1. Remember, we have to prove that if β ∈ (0, 1
2
)

and supN ||pN(0)||2γ < +∞ then there exist p ≥ 2, γ ∈ (0, 1) and a constant Cγ > 0 such
that:

E[||pN(t)||pγ] ≤ Cγ

Proof. [Theorem 4.1] By using the representation in mild form for pN(t) we have:

E[||pN(t)||pγ]
1
p ≤ E[||Ptp

N(0)||pγ]
1
p +

∫ t

0

E[||DPt−s(V
N ∗ (Dū(s, ·)mN

s )||pγ]
1
pds

+ E[||MN
t ||pγ]

1
p

≤ C +

∫ t

0

C

(t− s)
1+γ
2

E[||V N ∗ (Dū(s, ·)mN
s ||p∞]

1
pds+ C

Now :

|V N ∗ (Dū(s, ·)mN
s (x)| ≤

∫
Rd

V N(x− y)|Dū(s, y)|mN
s (dy)

≤ ||Dū||∞
∫
Rd

V N(x− y)mN
s (dy) = ||Dū(s, ·)||∞pN(s, x)

so that
E[||V N ∗ (Dū(s, ·)mN

s ||p∞]
1
p ≤ ||Dū||∞E[||pN(s)||pγ]

1
p .

Plugging this in the previous inequality we obtain:

E[||pN(t)||pγ]
1
p ≤ C + C

∫ t

0

||Dū(s, ·)||∞
(t− s)

1+γ
2

E[||pN(s)||pγ]
1
pds.

Thanks to Gronwall’s lemma we have:

E[||pN(t)||pγ]
1
p ≤ C exp

(
||Dū||∞

∫ t

0

1

(t− s)
1+γ
2

ds

)
≤ Cexp

(
−||Dū||∞t

1−γ
2

)
≤ Cγ
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since from lemma 4.5, γ ∈ (0, 1).

Theorem 1.2 is a consequence of the previous result. For the proof we refer to [9]
Lemma D.2 appendix D.
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4.2 Proof of the inequality VN,ϵ ≤ VN + o(ϵ)

We rewrite (LPϵ) as :

VN,ϵ(t0, Z̄) = inf
ᾱN∈AN

E
[∫ T

t0

(
1

N

N∑
i=1

|αN,i|2

2
+

∫
Rd

F (x, ξϵ ∗ V N ∗mN
t (x))ξ

ϵ ∗ V N ∗mN
t (x)dx

)
dt

]
For every ᾱN ∈ AN we compare VN,ϵ with:

VN(t0, Z̄) = inf
ᾱN

E
[∫ T

t0

(
1

N

N∑
i=1

|αN,i|2

2
+

∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx

)
dt

]
In particular we want to prove that for every ᾱN ∈ AN and a.s.:∫

Rd

F (x, ξϵ ∗ V N ∗mN
t (x))ξ

ϵ ∗ V N ∗mN
t (x)dx

≤
∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx+ c|ϵ|

for some positive constant c independent of ϵ.

Using the convexity ofm → F (x,m)m and thanks to Jensen’s inequality, we can write:

F (x, ξϵ ∗ V N ∗mN
t (x))ξ

ϵ ∗ V N ∗mN
t (x)

= F (x,

∫
Rd

V N ∗mN
t (x− y)ξϵ(y)dy)(

∫
Rd

V N ∗mN
t (x− y)ξϵ(y)dy)

≤
∫
Rd

ξϵ(y)F (x, V N ∗mN
t (x− y))V N ∗mN

t (x− y)dy

This implies that:∫
Rd

F (x, ξϵ ∗ V N ∗mN
t (x))ξ

ϵ ∗ V N ∗mN
t (x)dx

≤
∫
Rd

∫
Rd

ξϵ(y)F (x, V N ∗mN
t (x− y))V N ∗mN

t (x− y)dydx

=

∫
Rd

∫
Rd

ξϵ(y)F (x+ y, V N ∗mN
t (x))V

N ∗mN
t (x)dydx

Now, using the lipschitzianity of F we can compare the last integral and the non-
regularized term:
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∣∣∣∣∫
Rd

∫
Rd

ξϵ(y)F (x+ y,V N ∗mN
t (x))V

N ∗mN
t (x)dxdy

−
∫
Rd

∫
Rd

ξϵ(y)F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dydx

∣∣∣∣
≤ L

∫
Rd

V N ∗mN
t (x)dx

∫
Rd

ξϵ(y)|y|dy

≤ L

∫
Rd

ξϵ(y)|y|dy

since
∫
Rd V

N ∗mN
t (x)dx = 1. In the end, we obtain the desired inequality:∫

Rd

F (x, ξϵ ∗ V N ∗mN
t (x))ξ

ϵ ∗ V N ∗mN
t (x)dx

≤
∫
Rd

F (x, V N ∗mN
t (x))V

N ∗mN
t (x)dx+ Lϵ

and thus:
VN,ϵ(t0, Z̄) ≤ VN(t0, Z̄) + Lϵ.
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4.3 Convergence of U ϵ to U
The proof of this convergence is based on stability properties of the MFG system.

We start by looking for uniform in ϵ regularity properties of the minimizers for (LPϵ).
Hypothesis B) implies that Fϵ is convex in P1(Rd). As a consequence, a minimizer for
(LPϵ) is given by (−Duϵ,mϵ) where (uϵ,mϵ) solves the MFG system:

− ∂tu−∆u+
|Du|2

2
=

δFϵ

δm
(x,m(t)) (0, T )× Rd

∂tm−∆m− div(mDu) = 0 (0, T )× Rd

m(0) = m0, u(x, T ) = 0

(MFG1)

where δFϵ

δm
(m,x) = ξϵ ∗ F (·, ξϵ ∗m(·))(x) + ξϵ ∗ (∂mF (·, ξϵ ∗m(·))ξϵ ∗m(·))(x)

Under the above hypothesis, for every ϵ, system (MFG1) has a unique solution (uϵ,mϵ)

in C2+θ,1+ θ
2 (Rd × [0, T ]).

In order to prove the convergence of U ϵ to U , we need local uniform convergence of
mϵ and Duϵ to m and Du respectively, where (u,m) is the solution of the MFG system:

− ∂tu−∆u+
|Du|2

2
= f(x,m(t, x)) (0, T )× Rd

∂tm−∆m− div(mDu) = 0 (0, T )× Rd

m(0) = m0, u(x, T ) = 0

(MFG2)

for f(x,m) = ∂mF(x,m) = F (x,m) + ∂mF (x,m)m.

Note that δFϵ

δm
(m,x) = ξϵ ∗ f(·, ξϵ ∗m(·))(x).

By repeating exactly the same computations as in proof of the a priori estimate in
Chapter 1, we prove that:

Proposition 4.6. Under the Hypotheses (H), there exists a positive constant
M = M(d, α, ||m0||Lα+1(Rd)) independent on ϵ, such that if mϵ is the solution of the Fokker-
Plank equation in (MFG1), then:∫ T

0

∫
Rd

(ξϵ ∗mϵ(t, x))
α+1dxdt ≤ M (21)

Proof. The proof is the same as in chapter 1). In particular, thanks to the structure of
δFϵ

δm
(m,x) we can use again the positive sign of ∂mf(x,m) in the second order estimate.

Indeed : ∫ T

0

∫
Rd

div(ξϵ ∗ (∂mf(·, ξϵ ∗mϵ(t, ·))ξϵ ∗Dmϵ(t, ·))(x))mϵ(t, x)dxdt

= −
∫ T

0

∫
Rd

∂mf(x, ξ
ϵ ∗mϵ(t, x))|ξϵ ∗Dmϵ(t, x)|2dxdt ≤ 0
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and then the conclusion follows as in chapter 1.

A first consequence of the previous bound, is the local uniform convergence of (mϵ)ϵ.
To see this, we study the stability properties of the system (MFG1).

First, using the Hopf-Cole transform wϵ(t, x) = e−uϵ(t,x) we rewrite the system (MFG1)
as : 

− ∂twϵ −∆wϵ + fϵ(x,mϵ(t))wϵ = 0 (0, T )× Rd

∂tmϵ −∆mϵ − div(
Dwϵ

wϵ

mϵ) = 0 (0, T )× Rd

m(0) = m0, wϵ(x, T ) = 1

(MFG3)

where fϵ(x,m) = δFϵ

δm
(x,m).

The regularity of mϵ is related to the integrability of Dwϵ

wϵ
and thus, since by the max-

imum principle wϵ ≥ δ > 0, to the integrability of Dwϵ. So, we start by studying the
Hamilton-Jacobi equation.

Thanks to Proposition 4.6 and to the hypotesis C, we have that fϵ(x,m(t)) ∈ Lp((0, T )×
Rd) for p = α+1

α
> d+2

2
.

We need the following lemma from [5]:

Lemma 4.7. Suppose z is a bounded weak solution of:

∂tz −∆z = fz + g + div(hz)

where f, g ∈ Lp((0, T )× Rd), h ∈ L2p((0, T )× Rd) for some p > d+2
2

then:

||z||L∞((0,T )×Rd)) ≤ C(||f ||Lp((0,T )×Rd) + ||z(0)||L∞(Rd))

where the constant C remains bounded for bounded values of ||g||Lp , ||h||L2p .
Moreover, suppose f, h ≡ 0 then:

||Dz||L2p((0,T )×Rd)) ≤ C(||f ||Lp((0,T )×Rd) + ||Dz(0)||L2p(Rd))

where C depends only on d, T, p.

We use the first inequality of the lemma with g, h ≡ 0 to obtain a bound on ||wϵ||L∞((0,T )×Rd))

uniform in ϵ. As a consequence ||fϵwϵ||Lp((0,T )×Rd remains bounded uniformly in ϵ and us-
ing the second inequality with f, h ≡ 0 and g = fϵwϵ we obtain an uniform bound in
L2p((0, T )× Rd) for Dwϵ and thus for Dwϵ

wϵ
.

We can now study the uniform regularity of mϵ. Again, by lemma (4.7) with f, g ≡ 0
and h = Dwϵ

wϵ
we obtain a bound on ||mϵ||L∞((0,T )×Rd)) uniform in ϵ.

Then thanks to Theorem 10.1 section 3 of [12] there exist K, θ ∈ (0, 1) which do not
depend on ϵ such that ||mϵ||

C
θ, θ2
loc

≤ K.
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In particular by Ascoli-Arzelà, (mϵ)ϵ converges, up to sub sequences, locally uniformly
on [0, T ]× Rd to some µ ∈ C([0, T ]× Rd)

Then (x, t) −→ fϵ(x,mϵ(t)) locally uniform converges to (x, t) −→ f(x, µ(t)) and by
stability argument for the Hamilton-Jacobi equation, one gets the local uniform conver-
gence of uϵ to v solution of the (H-J) with coupling f(x, µ(t)).

Now we study the uniform convergence of Duϵ. First, note that since Dwϵ

wϵ
= Duϵ we

have that ||Duϵ||L2p((0,T )×Rd)) is bounded uniformly in ϵ. This implies that uϵ solves the
non-homogeneus heat equation:

∂tuϵ −∆uϵ = gϵ, uϵ(T, x) = 0

where gϵ(x, t) = fϵ(x,mϵ(t)) − |Duϵ|2
2

is bounded uniformly in Lp((0, T ) × Rd)). By
using Theorem 11.1 p. 211 of [12], we find a constant C which does not depend on ϵ such
that :

||Duϵ||
C

θ, θ2
loc

≤ C(||uϵ||∞ + ||gϵ||Lp)

So, again by Ascoli-Arzelà, up to sub-sequence Duϵ locally uniform converges to some
w. But since uϵ locally uniform converges to v then w = Dv.

Now passing to the limit on a convergent sub-sequence we obtain that (v, µ) solves:
− ∂tv −∆v +

|Dv|2

2
= f(x, µ(t, x))) (0, T )× Rd

∂tµ−∆µ− div(µDu) = 0 (0, T )× Rd

µ(0) = m0, v(x, T ) = 0

(MFG)

hence, by uniqueness, (v, µ) = (u,m) and all the sequences uϵ,mϵ, Duϵ locally uniform
converge to u,m,Du respectively.

The previous computations give also a bound on
∫ T

0

∫
Rd

|Duϵ|2
2

mϵ(t, x)dxdt. Indeed
||Duϵ||L2p((0,T )×Rd)) is uniformly bounded, ||mϵ||L∞((0,T ),Lq(Rd)) is uniformly bounded for
every q ≥ 1 and so by interpolation we can find a positive which we still denoted by M ,
independent on ϵ such that:∫ T

0

∫
Rd

|Duϵ|2

2
mϵ(t, x)dxdt ≤ M (22)

As a consequence, we have an uniform in ϵ bound on the second order moment of
(mϵ(t))ϵ :

Corollary 4.8. There exist a positive constant C independent on ϵ such that:

sup
t∈[0,T ]

∫
Rd

|x|2mϵ(t, x)dxdt ≤ C
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Proof. for every ϵ, mϵ(t) = Law(Xϵ
t ) where Xϵ

t solves:{
dXϵ

t = −Duϵ(t,X
ϵ
t )dt+

√
2dBt

Xϵ
t0
= Z

(23)

where Law(Z) = m0. So for every t ∈ [t0, T ] we have:

∫
Rd

|x|2mϵ(t, x)dx = E[|Xϵ
t |2] ≤ 2(E

[
|Z|2 +

∫ T

t0

|Duϵ(t,X
ϵ
t )|2dt+ 4T

]
≤ 2

(∫
Rd

|x|2m0(x)dx+

∫ T

t0

∫
Rd

|Duϵ(t, x)|2mϵ(t, x)dxdt+ 4T

)
≤ C

thanks to the hypothesis on m0 and to proposition 4.6.

This result will be useful to prove the convergence of the value function U ϵ out of a
compact set. Indeed, indicating with BR the ball of center 0 and radius R:∫ T

t0

∫
Rd\BR

mϵ(t, x)dxdt ≤
∫ T

t0

∫
Rd\BR

|x|2

R2
mϵ(t, x)dxdt ≤

C

R2
.

We are now ready to prove the convergence of U ϵ to U .
Fix (t0,m0) ∈ [0, T ]×P2(Rd) and for every ϵ consider (Duϵ,mϵ), minimizer of U ϵ. By the
previous computation we know that Duϵ,mϵ locally uniform converges to Du,m.

We fix a radius R > 0 and we split the space integral between Rd and Rd \ BR :

U ϵ(t0,m0) =

∫ T

t0

∫
BR

|Duϵ(t, x)|2

2
mϵ(t, x) + F (x, ξϵ ∗mϵ(t, x))ξ

ϵ ∗mϵ(t, x)dxdt

+

∫ T

t0

∫
Rd\BR

|Duϵ(t, x)|2

2
mϵ(t, x) + F (x, ξϵ ∗mϵ(t, x))ξ

ϵ ∗mϵ(t, x)dxdt

The first integral converges to :∫ T

t0

∫
BR

|Du(t, x)|2

2
m(t, x) + F (x,m(t, x))m(t, x)dxdt

thanks to the local uniform convergence of Duϵ and mϵ and the continuity property of F .

For the convergence of the second integral we use the Corollary 4.8. Indeed since
Duϵ,mϵ, Du are uniformly bounded in [0, T ]× Rd by a constant, say K, independent on
ϵ and on R, we can write:
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∣∣∣∣∫ T

t0

∫
Rd\BR

|Duϵ(t, x)|2

2
mϵ(t, x) + F (x, ξϵ ∗mϵ(t, x))ξ

ϵ ∗mϵ(t, x)dxdt

−
∫ T

t0

∫
Rd\BR

|Du(t, x)|2

2
m(t, x) + F (x,m(t, x))m(t, x)dxdt

∣∣∣∣
≤ 2(

K2

2
+ max

[0,T ]×[0,K]
|F (x,m)|)

[∫ T

t0

∫
Rd\BR

mϵ(t, x)dxdt+

∫ T

t0

∫
Rd\BR

m(t, x)dxdt

]
≤ K̃

C

R2

Since K̃ and C do not depend on R, for every δ we can find ϵ̄ and R such that for
very ϵ ≥ ϵ̄ : ∣∣∣∣Uϵ(t0,m0)− U(t0,m0)

∣∣∣∣≤ δ

that is :

lim
ϵ→0+

Uϵ(t0,m0) = U(t0,m0).
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5 Final considerations and open questions

Our work provides a first convergence result for control problems on systems of parti-
cles with moderate interactions.
However, some technical improvements can be made, and more importantly, some ques-
tions remain open.

Let’s start with the technical improvements. Firstly, the work can be extended with-
out adding theoretical issues to models with more general Hamiltonian and coupling.
This extensions make the existence proof of a regular solution for the MFG system more
complicated since, for instance, we can no longer use the Hopf-Cole transformation to
linearize it.
Secondly, the work can be extended to more general dynamics of the form:

{
dXN,i

t = b(t,XN,i
t , V N ∗mN

t (X
N,i
t ), αN,i

t )dt+ σ(t,XN,i
t , V N ∗mN

t (X
N,i
t ), αN,i

t )dWN,i
t

XN,i
t0 = Zi

(24)

i.e. to models where the particles also interact in the coefficients of the dynamics. This
extensions makes the convergence in Chapter 4.1 more complicated since the particles are
no longer i.i.d., and thus we can no longer use Glivenko-Cantelli law of large numbers.
One solution, could be to use a more sophisticated propagation of chaos result such as
those proven in [9].

In addition to these possible technical improvements, the question regarding the con-
vergence rate remains open. In our work, we do not provide a rate of convergence of VN

towards U .
Having a rate of convergence is of fundamental importance for numerical applications.

For models with nonlocal interactions, a rate of convergence is provided using PDEs
techniques. The idea is to link U with an Hamilton-Jacobi equation in the space of mea-
sures and than by a comparison argument compare it with VN . This approach requires
to have at least continuity of U in a Wassertsein spece in order to write a dynamic pro-
gramming principle.

Since in our model U depends locally on the measure (the dependence is on the den-
sity) we don not have continuity property in general Wassertein spaces.

A possible solution could be to consider an Hamilton-Jacobi equation in a restricted
space of measure to ensure smoothness properties for U . Specifically, following [1] the
idea could be to write an H-J equation in the space of measures with Lebesgue densities
in suitable Sobolev spaces.

38



A Appendix. Some useful results and estimates

Lemma A.1. Assume h ∈ C([0, t] × Rd) ∩ L1([0, t] × Rd). Then there exist a sequence
Rk ↗ +∞ such that :

Rk

∫ t

0

∫
∂BRk

|h(t, x)|dxdt → 0

as k → +∞.

Proof. see [5] lemma A.1.

Lemma A.2. Assume Y, f ∈ C1([0, T ]× Rd) and:

fdivY, Y ·Df,
f |Y |
1 + |x|

∈ L1((0, T )× Rd).

The the following integration by parts formula holds:∫ T

0

∫
Rd

divY fdxdt = −
∫ T

0

∫
Rd

Y ·Dfdxdt.

Proof. see [5] lemma A.2.

Lemma A.3. Suppose z is a bounded weak solution of:

∂tz −∆z = fz + g + div(hz)

where f, g ∈ Lp((0, T )× Rd), h ∈ L2p((0, T )× Rd) for some p > d+2
2

then:

||z||L∞((0,T )×Rd)) ≤ C(||f ||Lp((0,T )×Rd) + ||z(0)||L∞(Rd))

where the constant C remains bounded for bounded values of ||g||Lp , ||h||L2p .
Moreover, suppose f, h ≡ 0 then:

||Dz||L2p((0,T )×Rd)) ≤ C(||f ||Lp((0,T )×Rd) + ||Dz(0)||L2p(Rd))

where C depends only on d, T, p.

Proof. see [5] lemma A3.

Lemma A.4. Let m be a classical solution to the Fokker-Plank equation in (MFG), and
suppose that m,mt, Dm,∆m,Du ∈ Cb([0, T ] × Rd) and m0 ∈ L1(Rd), Then m is non-
negative, m ∈ C([0, T ], L1(Rd)) and ||m(t)||L1(Rd) = ||m(0)||L1(Rd) for all t ∈ [0, T ].

Moreover, if |x|m0, |x|2m0 ∈ L1(Rd) then:

|Dm|2

m
, |Du||Dm| ∈ L1((0, T )× Rd)

Proof. see [5] lemma 2.3
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Lemma A.5. Let (u,m) be a classical solution of (MFG). Suppose that m, mt, Dm, ∆m,
Du, ∂tu, ∂tDu, ∆u, ∂tDm ∈ Cb(Rd × [0, T ]). Then the following quantity is conserved:∫

Rd

Du(t) ·Dm(t)dx+
1

2

∫
Rd

|Du(t)|2m(t)dx+

∫
Rd

F (x,m(t))dx = E ∈ R

for a.e. t ∈ [0, T ]

Proof. We multiply the first equation in (MFG) by ∂tm and the second by ∂tu.

In order to perform several integration by parts, we multiply by ϕϵ = e−ϵ
|x|2
2 , ϵ > 0.

Integrating over Rd we obtain:

∫
Rd

[−∆u∂tmϕϵ −∆m∂tuϕϵ +
1

2
|Du|2∂tϕϵ − div(Dum)∂tuϕϵ − f(x,m)∂tmϕϵ]dx = 0

(25)

Now, all the derivatives of ϕϵ up to the second order are in L1((0, T )×Rd), so thanks
to the boundedness of the derivatives of u and m, we can integrate by parts. We split the
computation.∫

Rd

−∆u∂tmϕϵ −∆m∂tuϕϵdx

=

∫
Rd

Du ·D∂tmϕϵ +Du · ∂tmDϕϵ +Dm ·D∂tuϕϵ +Dm ·Dϕϵ∂tudx

=

∫
Rd

∂t(Du ·Dmϕϵ) +Du ·Dϕϵ∂tm−mD∂tu ·Dϕϵ −m∂tu∆ϕϵdx

=

∫
Rd

∂t(Du ·Dmϕϵ) + ∂t(Du ·Dϕϵm)− 2mD∂tuDϕϵ −m∂tu∆ϕϵdx.

Then the second term :∫
Rd

1

2
|Du|2∂tmϕϵ − div(Dum)∂tuϕϵ

=

∫
Rd

1

2
|Du|2∂tmϕϵ +DumD∂tuϕϵ +Dum∂tuDϕϵdx

=

∫
Rd

∂t(
1

2
|Du|2mϕϵ) +Dum∂tuDϕϵdx.

And finally: ∫
Rd

f(x,m)∂tmϕϵdx =

∫
Rd

∂tF (x,m)ϕϵdx

So, plugging this estimates in (25) we obtain:∫
Rd

∂t(Du ·Dmϕϵ +
1

2
|Du|2mϕϵ − F (x,m)ϕϵ +DumDϕϵ)dx

=

∫
Rd

2mD∂tu ·Dϕϵ +m∂tu∆ϕϵ −Dum∂tuDϕϵdx.
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Thanks to the integrability properties of ϕϵ and its derivatives and thanks to the
bounds on m,u an their derivatives we can write:

∂t

∫
Rd

Du ·Dmϕϵ +
1

2
|Du|2∂tϕϵ − F (x,m)ϕϵ +DumDϕϵdx

=

∫
Rd

m(2D∂tu ·Dϕϵ + ∂tu∆ϕϵ −Du∂tuDϕϵ)dx.

so that integrating between t1 and t2 we obtain[∫
Rd

Du ·Dmϕϵ +
1

2
|Du|2m∂tϕϵ − F (x,m)ϕϵ +DumDϕϵdx

]t2
t1

=

∫ t2

t1

∫
Rd

m(2D∂tu ·Dϕϵ + ∂tu∆ϕϵ −Du∂tuDϕϵ)dxdt.

Now since
∫
Rd m(t)dx = 1 for all t, andm ∈ Cb((0, T )×Rd). Therefore, all the quantity

mD∂tu, m∂tu, mDu∂t lives in L1((0, T )× Rd), while |Du(t)|2m(t), F (x,m(t)) ∈ L1(Rd).
Moreover, thanks to lemma (A.4)DuDm(t) ∈ L1(Rd) for a.e. t ∈ (0, T ). So, by dominated
convergence, letting ϵ goes to 0 we have that ϕϵ → 1, Dϕϵ,∆ϕϵ → 0 uniformly, and:[∫

Rd

Du(x) ·Dm(x)dx+
1

2

∫
Rd

|Du|2mdx−
∫
Rd

F (x,m)dx

]t2
t1

= 0

for a.e. t1, t2 in (0, T ) i.e. there exists E ∈ R such that:∫
Rd

Du(t) ·Dm(t)dx+
1

2

∫
Rd

|Du(t)|2m(t)dx−
∫
Rd

F (x,m(t))dx = E

for a.e. t. In particular, if Dm0 ∈ L1(Rd) than Du(0)Dm0 ∈ L1(Rd), so that the equality
holds for t = 0.
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B Appendix. Hölder-type seminorm bounds

We present here the fundamental results regarding the Hölder type seminorm bound
used in chapter 2 . We start with some definitions. For s ∈ (0, 1) and p ∈ [1,+∞), we
define the space W s,p(Rd) as:

W s,p(Rd) = {f ∈ Lp(Rd) :
|f(x)− f(y)|
|x− y|

d
p
+s

∈ Lp(Rd × Rd)}

endowed with the following norm:

||f ||pW s,p =

∫
Rd

|f(x)|pdx+

∫
Rd

∫
Rd

|f(x)− f(y)|p

|x− y|d+sp
dxdy = ||f ||p

Lp(Rd)
+ [f ]pp,ps.

For p ∈ [1,+∞) and s ∈ (0, 1) such that sp > d it can be proven (see [6] theorem 8.2.)
that there exists a constant C = C(d, s, p) such that:

||f ||∞ + [f ]γ ≤ C(||f ||Lp + [f ]p,sp)

where γ = sp−d
p

and sp > d. The following estimates on [f ]p,ps hold:

Lemma B.1. Let p ∈ [1,+∞), s ∈ (0, 1) be such that sp > d, d ∈ N. Then:

[f ]pp,ps ≤
∫
Rd

∫
|h|≤1

|f(y + h)− f(y)|p

|h|d+sp
dhdy + 2Cp,d,s||f ||pLp .

Proof. see [9] Lemma C.1.

We recall the definition of the martingale:

MN
t (·) =

∫ t

0

1

N

N∑
i=1

Pt−sDV N(· −XN,i
s ) · dWN,i

s

where Pt is the semigroup associated to the heat kernel. Then the following properties
hold.

Lemma B.2. Assume that there exist a number ϵ > 0 such that for p ≥ 2 there exists a
function gp > 0 such that:

a) E
[
|MN

t (x)|p
]
≤ gp(x)

b) E
[
|MN

t (x)−MN
t (x+ h)|p

]
≤ gp(x)|h|ϵp

c)
∫
Rd gp(x)dx < +∞
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for all |h| ≤ 1 and x ∈ Rd. Then there is γ > 0 such that, for every p ≥ 2, there exists a
constant Cp > 0 such that:

E
[
||MN

t ||pγ
]
≤ Cp

Proof. The proof is a consequence of the previous lemma. First, note that thanks to the
Hölder inequality its enough to prove the claim for a p̄ ≥ 2 big enough. So fix s ∈ (0, ϵ)
and take p̄ ≥ 2 such that sp̄ > d.

By assumption E
[∫

Rd |MN
t (x)|p̄dx

]
≤ C.

By the previous lemma:

E
[
[MN

t ]p̄p̄,sp̄

]
≤

∫
Rd

∫
|h|≤1

E
[
|MN

t (y + h)−MN
t (y)|p̄

]
|h|d+sp̄

dhdy + 2Cp̄,d,sE
[
||MN

t ||p̄Lp̄

]
≤

∫
Rd

∫
|h|≤1

gp̄(y)|h|ϵp̄

|h|d+sp̄
dhdy + C

≤
(∫

|h|≤1

1

|h|d−(ϵ−s)p̄
dh

)∫
Rd

gp̄(y)dy + C ≤ C.

Using again that E[||MN
t ||p̄Lp̄ ] ≤ C and the previous lemma, we prove the claim for

γ = (sp̄−d)
p̄

. It can be proven that this constant does not depend on the p̄ chosen. Indeed,

chosen a p̄0 such that sp̄0 > d and E[||MN
t ||p̄0γ0 ] ≤ Cp̄0 then for all p̄ > p̄0 we prove the

inequality for γ̄ = s − d
p̄
which is bigger than γ0, therefore it holds for γ̄0 which can be

taken as γ in the statement of the lemma.

Now, since in our case MN
t (·) =

∫ t

0
1
N

∑N
i=1Pt−sDV N(· − XN,i

s ) · dBN,i
s , we need the

following estimates on (DPt−sV
N)(x).

Lemma B.3. Let N, d ∈ N, let Pt the semigroup associated to the density G(t, x) = x+Bt

with Bt standard brownian motionm x ∈ Rd and t ∈ (0, T ]. Moreover, let V ∈ C1
c (Rd) ∩

P(Rd). Then:
||Pth||γ ≤ C||h||γ.

Moreover, fix R > 0 such that the support of V is contained in BR(0) and define
V N = ϵ−d

N V (ϵ−1
N x). Then there exists two constant CT,R,V > 0 and λT,R,V > 0 such that

for every δ, γ ∈ (0, 1), x ∈ Rd, |h| ≤ 1 and t ∈ [0, T ]:

|(DPtV
N)(x)| ≤ CT,R,V

t
1−δ
2

ϵ−d−δ
N e−

|x|
8T

|(DPtV
N)(x)− (DPtV

N)(x+ h)| ≤ CR,T,V

t
1
2
(1+γ)− δ

2
(1−γ)

|h|γϵ−d−δ(1−γ)
N e−λT,R,V |x|.

Proof. see [9] Lemma C.3.
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