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Abstract

Frustration and synthetic magnetic fluxes have emerged as pivotal tools in the
exploration of novel many-body quantum phases in ultracold atomic systems. A
particularly non-trivial framework involves the introduction of a 7-flux, which
gives rise to topologically non-trivial band structures and enables spontaneous
breaking of time-reversal symmetry, a key feature in the emergence of chiral
phases. Building on recent two-dimensional studies, we investigate the many-
body physics of a three-dimensional generalization of the 7-flux Bose-Hubbard
model, involving bosonic particles on strongly dimerized cubic plaquettes. We
construct a low-energy effective model that we benchmark via exact diagonaliza-
tion of the full model, revealing filling-dependent degeneracies and regularities
in the energy spectrum. These regularities hint at the presence of underlying
hidden symmetries in the model, that we attempt to classify by developing
a group theory analysis and recasting the effective Hamiltonian in terms of an
SU (4) algebraic description. In the weakly interacting regime, a Gross—Pitaevskii
analysis uncovers a 12-fold degenerate manifold of classical ground states char-
acterized by chiral loop current patterns flowing on the edges of the cubic cell.
Our results establish the 3D 7-flux cube as a minimal model for investigating
many-body physics in higher dimensions and novel chiral states relevant for
quantum simulation platforms based on ultra-cold atoms in synthetic gauge
fields.
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Introduction

One of the central goals in modern condensed matter physics is the explo-
ration of exotic quantum phases that go beyond the Landau symmetry-breaking
paradigm, where the characterization of different phases and their universal
features relies on the definition of a local order parameter. In this direction, the
interplay of time-reversal symmetry-breaking and many-body interactions turns
up to have a fundamental role in the emergence and stabilization of novel phases
of matter. In particular, magnetic frustration combined with strong interactions
is shown to give rise to intriguing macroscopic quantum phenomena, driving
the formation of strongly correlated phases characterized by non-local proper-
ties such as ground state degeneracy, quantized responses, and robust boundary
excitations and defined by a new type of global order called topological order [1].

A paradigmatic example of such phenomena is the quantum Hall effect
(QHE) [2]. First observed in the early 1980s, the QHE demonstrated that a two-
dimensional electron gas subjected to a strong perpendicular magnetic field (see
Fig. 1.1) and placed at very low temperature can exhibit quantized Hall conduc-
tance at integer [3] or fractional values [4] of the fundamental unit e /h, and this
quantization is insensitive to imperfections or disorder in the samples. Quantum
Hall states are characterized by gapped bulk and massless chiral excitations at
the edge of the system, with edge modes that are typical signatures of topological
states. In particular, in fractional quantum Hall systems, strong magnetic fields
and electron-electron interactions give rise to incompressible quantum fluids
with fractionally charged excitations [5]. In 1983, Laughlin’s seminal paper [5]
provided the theoretical ansatz for fractional Hall states, introducing a many-
body wavefunction that accounts for the emergence of quasi-particles carrying
fractional charge and realizes a topologically ordered phase [6], characterized
by non-local quantum correlations and robustness against local perturbation.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Two-dimensional electron system in a strong perpendicular magnetic field B,
realizing an integer quantum Hall state in the absence of interactions. The perpendicular
magnetic field forces the free (classical) electrons to move on circular orbits at the
cyclotron frequency w, = <2, with tangential velocity indicated by v. While in the bulk
electrons move in closed orbits, at the edges of the sample incomplete cyclotron orbits
(skipping orbits) propagate unidirectionally under the Lorentz force, carrying a chiral
current flowing along the boundary. In the quantum regime the bulk is insulating, while
the edge is gapless. The system displays a quantized Hall response.

These developments established the fractional quantum Hall effect (FQHE) as
a paradigmatic example of a topologically ordered phase of matter, one that
cannot be described within the Ginzburg-Landau paradigm in terms of a local
order parameter, featuring global order and protected gapless edge modes in the
form of chiral currents flowing along the boundary.

At the basis of the quantum Hall effect lies the structure of Landau levels,
schematically depicted in Fig. 1.2: the discrete and macroscopically degenerate
single-particle energy levels of a two-dimensional system of charged particles
immersed in a perpendicular magnetic field. Within each Landau level, the
energy is independent of momentum, effectively producing a perfectly flat band
in which kinetic dispersion is quenched. In the integer case, the non-trivial
topology of Landau levels is encoded in the non-zero first Chern number [7], a
topological invariant associated to completely filled Landau levels and defining
the exact integer quantization of the Hall conductivity. In the fractional case,
the quantization of the Hall conductivity arises from the emergence of strongly
correlated many-body states by partially filling Landau levels. In this regime,
electron—electron interactions play a crucial role, giving rise to topological order
beyond the single-particle band picture of the integer case. The absence of kinetic
dispersion leads to a macroscopic degeneracy that enhances the role of Coulomb
interactions, which are no longer screened by kinetic effects and become the pri-
mary mechanism governing the many-body ground state. These interactions lift
the degeneracy given by partially filled Landau levels and drive the emergence
of correlated ground states with topological order describing the FQHE. In this
sense, Landau levels provide a natural realization of topological flat bands in
continuum systems, where interactions can stabilize strongly correlated phases
that can be topological.
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Figure 1.2: Landau levels for a charged particle moving in the (z, y)-plane subjected to
a perpendicular magnetic field B = V x A = Bz. In the Landau gauge A = zBy, the
momentum along the y-direction &, is a good quantum number, labeling the degenerate
states within each level. The magnetic field quantizes the energy spectrum into equally
spaced energy levels E,, = fw, (n+ 1), with n € N. Note that the spacing is given by
the cyclotron frequency w., which is proportional to B. The number of filled Landau

levels v determines the quantized Hall conductivity oy = V% for the IQHE.

While these phenomena were first studied in solid-state systems, the interest
in exploring strongly correlated phases within accessible and tunable settings
and their relevance in modern technology [8] has led to recent advances in the
field of analog quantum simulators.

In particular, ultracold quantum gases confined in optical lattices have emerged
as a powerful platform for this purpose, providing a unique framework for
simulating strongly correlated many-body systems and exploring topological
phenomena and quantum phase transitions in synthetic quantum matter [9-15].
An optical lattice is a crystal of light created by interfering coherent laser beams
propagating in opposite directions. Atoms loaded in such a laser field experi-
ence the resulting interference pattern as a periodic potential through the light-
induced optical dipole force. Ultracold atoms in an optical lattice thus behave
analogously to electrons in a crystalline solid, tunneling between periodic poten-
tial wells, yet with a tunneling amplitude which can be controlled by tuning the
lattice depth. By interfering more counter-propagating laser beams at various
angles, periodic potentials can be created in one, two, or three dimensions and a
wide range of lattice geometries can be experimentally realized [9, 10]. This high
degree of control over interaction strength, lattice geometry and dimensionality
allows for the experimental realization of landmark condensed matter models,
such as different types of Hubbard models. These are basic models describing
particles tunneling between crystalline lattice sites with on-site attractive or re-
pulsive interaction. Notably, in these models the high level of tunability of the
ratio between the hopping coupling J and the on-site interaction U has made it
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(a) Superfluid i (b) Mott insulator \

Figure 1.3: Quantum simulation of a bosonic Hubbard model in an optical lattice, taken
from Ref. [14]. (a) For weak interactions U/J < 1, the ground state is a superfluid.
Atoms are described by a coherent macroscopic wavefunction (purple wave) delocalized
over the whole lattice, as evidenced by the diffraction pattern arising after the atoms are
released from the optical potential (inset). (b) By increasing the lattice potential depth,
interactions become ever more dominant with respect to the hopping amplitude. In the
strongly interacting regime U/J >> 1, the system undergoes a phase transition to a Mott
insulator state: the ground state is a lattice gas in which each boson is localized to one
lattice site, and phase coherence disappears.

possible to observe the quantum phase transitions between the superfluid and
the Mott insulating phase in a three-dimensional lattice system of interacting
bosonic atoms with repulsive interactions, as described by the Bose-Hubbard
(BH) Hamiltonian [12, 16, 17]. Experimental evidences from Refs. [14, 17] of the
BH phase transition are reported in Fig. 1.3, in which the ultracold bosonic gas
is shown to undergo a transition between the two distinct ground states.

In addition to the tuning of interactions in lattice models, the flexibility offered
by ultracold atom systems allows the engineering of synthetic gauge fields [18,
19] to mimic the effect of strong magnetic fields and spin—orbit coupling on neu-
tral atoms. These synthetic magnetic fields are typically implemented via lattice
rotation, Raman coupling, or laser-assisted tunneling [19, 20]. Remarkably, such
engineered magnetic fluxes can reach intensities far beyond those achievable
in conventional solid-state systems, extending the accessible parameter regimes
and thus opening the way for the simulation of quantum Hall systems and
topological quantum matter [21, 22].

A step in this direction is the realization of two-dimensional lattice models of
non-interacting particles in the presence of a magnetic field: the so-called Hofs-
tadter model [23]. The effect of the magnetic field is encoded in Aharonov-Bohm
phase factors in the tunnelling amplitudes, which explicitly break time-reversal
symmetry and frustrate particle motion around closed loops. For rational val-
ues of the magnetic flux per plaquette, the Bloch eigenstates organize into topo-
logical bands characterized by non-zero Chern numbers [7]. The existence of
finite energy gaps between these bands enables the exploration of nearly-flat



band regimes that preserve the topological properties inherited by the Hofs-
dater eigenstates. The magnetic frustration can localize particles and modify
the band structure, leading to the formation of nearly-flat magnetic sub-bands
with non-zero Chern number. Therefore, in the nearly-flat limit, Hofstadter’s
bands effectively reproduce the Landau levels mechanism in 2D lattice electronic
systems. Experimental realization of the Hofstadter Hamiltonian with ultracold
atoms in optical lattices [24] represents a key step towards the controlled simula-
tion of quantum Hall physics, providing the first direct implementation of topo-
logical bands in a synthetic lattice system. In this context, synthetic gauge fields
arise not only as tools for inducing topological band structures with non-zero
Chern number, but also enable the realization of correlation-driven phenomena
in the nearly-flat regime [18, 19, 22].

Along this line, realizations of bosonic fractional quantum Hall states in op-
tical lattices have been theoretically proposed [25-27], and first experimental
signatures have been recently observed in few-particle systems [28]. In parallel,
topologically non-trivial band structures without external magnetic fields [29]
have been engineered in cold atom setups [30], providing a promising platform
for exploring interacting topological phases [31, 32]. These synthetic topological
bands typically possess non-zero Berry curvature and break time-reversal sym-
metry, enabling the observation of chiral dynamics and Hall-type responses in
charge-neutral atomic systems.

An alternative strategy to break time-reversal symmetry without implement-
ing generic gauge fields is to exploit the interplay of interactions and geometric
frustration. In this context, 7-flux lattices represent a prominent framework [33].
Introducing a half-flux quantum per unit cell induces frustration in the hopping
dynamics. The corresponding interference induces localization and flat bands,
where interactions play a dominant role.

In such systems 7-flux induced degeneracies can emulate orbital physics in
optical lattices, typically associated with higher Bloch bands, e.g. p-bands [34,
35]. It has been shown that interacting bosons in p-bands condense into complex
superpositions of the orbital states and the resulting ground state may sponta-
neously break time-reversal symmetry [36, 37]. This generates effective angular
momentum and vortex-like configurations in the condensate wavefunction [34,
38]. While quantum gases loaded into p-bands and higher bands suffer the
limitation of their relatively short lifetime (typically of the order of a hundred
milliseconds [38, 39]) due to atom-atom collisions, thus making it challenging to
reach strongly interacting regimes, m-flux systems provide a shortcut to p-band
orbital physics, which does not rely on populating higher bands.

This is the core idea of a recent theoretical study by Di Liberto and Gold-
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man [35]. Based on the analogy between p, , orbitals and the twofold degen-
erate low-energy orbitals provided by a square plaquette pierced by a w-flux,
they show that interacting bosons on a 2D dimerized square lattice with 7-flux
can spontaneously break time-reversal symmetry and develop chiral orbital or-
der over the extended lattice. In particular, in their work they demonstrate the
emergence of a chiral superfluid vortex phase, exhibiting a long-lived gapped
collective mode and local chiral currents. Moreover, for sufficiently strong in-
teractions, the chiral superfluid undergoes a transition to a chiral Mott insulator
for sufficiently strong interactions and half filling. Their model realizes an inter-
acting bosonic version of the Benalcazar-Bernevig-Hughes (BBH) model [40], a
minimal tight-binding lattice model firstly introduced in the context of higher-
order topological insulators (HOTIs) in two and three dimensions. HOTIs are
symmetry protected topological phases in dimensions d > 1, characterized by
protected edge modes localized in d — 2 or lower dimensions. These properties
are protected by crystalline symmetries and are characterized by quantized mul-
tipole moments, generalizing the bulk-boundary correspondence [40, 41].

Building upon this framework and motivated by recent experimental ad-
vances in two-dimensional bosonic systems [28, 42], this Thesis explores a three-
dimensional extension of the model of Di Liberto and Goldman, based on frus-
trated cubic cells pierced by 7-flux with Hubbard interactions. This setup defines
a fully three-dimensional interacting bosonic BBH model, and the goal of this
work is to understand whether 3D systems can also spontaneously break time-
reversal symmetry. As we will see in the following chapters, we will positively
answer this question.

Starting from the construction of the eight-site Bose-Hubbard Hamiltonian on
the cubic unit cell pierced by a 7-flux, we analyze how geometric frustration leads
to a highly degenerate single-particle spectrum and affects lattice crystalline
symmetry and their commutation relations. Grounded on this study, we derive
an effective low-energy theory formulated in terms of a symmetry-adapted basis
and investigate the presence of an emergent dynamical symmetry in the effective
Hamiltonian. We show that the effective Hamiltonian can be recast into an
algebraic form, which exhibits an emergent SU(4) symmetry structure. This
allows us to identify a natural organization of the theory in terms of Schwinger-
type bilinears built from generators of the Lie algebra su(4). We validate our
theoretical results by performing exact diagonalization of the full Bose-Hubbard
Hamiltonian on the 7-flux cube, and comparing its energy spectrum with the
one obtained from the projected theory. Remarkably, this analysis highlights
the emergence of filling-dependent degeneracies and regular structures in the



many-body energy spectrum, suggesting the presence of underlying hidden
symmetries.

In the weakly interacting regime, we treat the problem using a discrete Gross-
Pitaevskii description with N condensed particles, for both the full and the
projected effective theory. Notably, we identify a highly degenerate classical
ground-state manifold, characterized by the emergence of closed loop-current
patterns related by time-reversal and crystalline lattice symmetries. These chiral
modes spontaneously break time-reversal symmetry in the classical regime,
hinting at the possibility of the emergence of intriguing three-dimensional many-
body phases in the quantum limit.

The remainder of this Thesis is structured as follows. In Chapter 2, we review
the bosonic version of the BBH model in two dimensions, revisiting the results of
Ref. [35] for the m-flux square plaquette. We derive its effective low-energy theory
within a symmetry-based approach, analyze the emergent p-orbital physics, and
discuss the classical properties of the ground state within a Gross—Pitaevskii
description. Finally, we discuss the analysis to the many-body physics of the
2D lattice assembled from coupled plaquettes. In Chapter 3, we present the
three-dimensional bosonic BBH model, the model studied in this Thesis, and
in Chapter 4 we discuss the numerical results. Finally, in Chapter 5 we draw
the conclusions and outline possible directions and open questions for future
studies.






The BBH Model

The Benalcazar-Bernevig-Hughes (BBH) model is a minimal tight-binding
lattice model proposed to realize higher-order topological insulators (HOTIs) in
two and three dimensions [40, 43]. Originally formulated for non-interacting
spinless fermions on a square (2D) or cubic (3D) lattice, the BBH model is char-
acterized by a gapped bulk and lower-dimensional boundary states. Lattice
symmetries play a fundamental role in stabilizing its topological phases, char-
acterized by quantized multipole moments. Differently from many crystalline
topological insulators, e.g. the Su-Schrieffer-Heeger (SSH) model [44, 45], whose
topology is characterized and classified by their bulk dipole, the BBH model
exhibits quantized quadrupole or octupole moments depending on the dimen-
sionality, and corner or hinge boundary modes.

The fermionic 2D BBH Hamiltonian is constructed from intra- and inter-
unit cell nearest-neighbor hopping terms on a square lattice pierced by a mag-
netic 7-flux (see Fig. 2.1), which in turn generates geometric frustration and
induces strong degeneracies in the single-particle spectrum. The main effect
of the magnetic flux is to give rise to a non-commuting nature of mirror sym-
metry operations, leading to a gapped band structure and quantization of the
band quadrupole moment [43]. Importantly, the BBH model operates in a non-
interacting framework, and the topological features are encoded entirely in the
single-particle band structure. This makes it a paradigmatic platform for study-
ing topological phenomena protected by crystalline symmetries, allowing for
the investigation of more complex systems where interactions, disorder, or other
perturbations are present.

Although originally formulated for non-interacting fermions, the structure
of the BBH model enables to explore analogous bosonic systems, where the
interplay between interactions and lattice symmetries opens new directions of

9



10 CHAPTER 2. THE BBH MODEL

Figure 2.1: Geometry of the extended two-dimensional lattice, composed of 7-flux
plaquette building blocks (dark blue lines) coupled via weak interplaquette links J' < .J
(light blue lines), preserving local orbital order and enabling the emergence of chiral
many-body phases. Dashed lines denote the 7-flux gauge choice.

research. In a recent work, Di Liberto and Goldman [35] introduce a bosonic
version of the BBH model in two dimensions, embedding interacting bosons
in a lattice of square plaquettes pierced by w-flux. Through a projection onto
the lowest energy subspace, they derive an effective Hamiltonian in which the
two degenerate low-energy modes mimic the behavior of bosons occupying p-
orbitals: in the weakly interacting regime, the frustrated square plaquette hosts
emergent p, and p, orbital-like degrees of freedom on each lattice site. In par-
ticular, the projected Hamiltonian is found to favor states with nonzero angular
momentum L, namely a finite loop current in each plaquette, similar to the
orbital ordering observed in p-band optical lattices, where bosons condense into
chiral superpositions of p, and p, orbitals [34, 38, 46-48].

In analogy with the physics of bosons in p-bands [36], the nonzero angular
momentum operator L, plays a central role in driving the system into chiral
phases that spontaneously break time-reversal symmetry. In the weakly inter-
acting regime, the system forms a chiral superfluid vortex lattice, exhibiting
long-range phase coherence and local chiral currents. As interactions increase,
the system undergoes a transition to a chiral Mott insulator, characterized by
finite local angular momentum but global incompressibility, meaning that the
total density resists changes under variations of the chemical potential. The
bosonic BBH model thus provides a route to explore chiral orbital order without
requiring the physical population of higher Bloch bands, which are typically
short-lived due to collisional instabilities in cold atom systems [38, 47].

An essential aspect of the frustrated lattice is how the 7-flux modifies the sym-
metry structure, inducing a non-Abelian character in lattice symmetries, which
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tightly constrains the effective theory and enables a non-trivial symmetry-based
approach. By constructing the low-energy Hamiltonian in a symmetric basis,
one can reinterpret the emergent degrees of freedom in terms of SU(2) Schwinger
bosons, offering a symmetry-resolved description that aligns with the physical
intuition drawn from the orbital interpretation.

In this Chapter, we revisit the results in Ref. [35] by applying a symmetry-
based approach to the two-dimensional bosonic BBH model, showing how
the same p-orbital physics naturally emerges from symmetry properties of the
model. The validity of the projected theory is established by comparing its spec-
trum to exact diagonalization of the full four-site plaquette Hamiltonian. We
then study the classical properties of the ground state in the weakly-interacting
regime by means of a Gross-Pitaevskii description, and numerically verify that
the mean-field energy converges to the exact ground-state energy per particle
in the thermodynamic limit. Finally, we discuss the many-body physics of the
extended lattice, and outline the emergence of an effective ferro-orbital Hamil-
tonian that governs interplaquette coupling. This strategy also facilitates the
analysis of the three-dimensional case, which is the main focus of this Thesis
and is addressed in the next chapters.

2.1 Bosonic BBH model: the 7-flux single plaquette

The BBH square plaquette pierced by a 7-flux, shown in Fig. 2.2, is described
by the single-particle hopping Hamiltonian

Hy=—J (e”?ﬂl}g + bbby + blbs + Dby + H.c.) , 2.1)

where IA)I (b;) creates (annihilates) a boson on site i of the plaquette, and J is the
hopping amplitude between nearest-neighbor sites. The factor '™ = —1 reflects
our gauge choice to account for the 7-flux threading the plaquette, effectively
introducing a negative sign in the hopping on one of the links, and thereby
generating a non-trivial phase pattern that leads to geometric frustration.

We consider interacting bosonic particles, e.g. atoms in optical lattices, with
on-site Bose-Hubbard interaction:

N U PR
Hint = 5 an(nl — 1), (22)

where n; = IA)IIA)Z is the number operator on site ¢, and U > 0 denotes repulsive



12 CHAPTER 2. THE BBH MODEL

Figure 2.2: Geometry of the single plaquette, with hopping amplitude J (solid lines)
and a 7-flux (dashed line) threading the unit cell. The right panel illustrates the
hopping process J and the on-site interaction U, for bosonic particles.

interactions. The full Hamiltonian thus reads:
H = Hy+ Hpy . (2.3)

The single-particle spectrum of the w-flux plaquette is shown in Fig. 2.3 and
consists of two pairwise degenerate eigenstates. Two low-energy modes with
eigenvalues 12 = —+/2J and two high-energy modes with €34 = ++/2.J, are
separated by a finite energy gap controlled by the hopping amplitude J.

E

22
|g51> |g52>

Figure 2.3: Single-particle spectrum displaying two-fold degeneracy separated by an
energy gap Ac = 2v/2J. The degenerate states |gs;) and |gs,) span the low-energy
subspace relevant for constructing the effective theory.

2.2 A symmetry-based approach

To construct an effective theory grounded in symmetry principles and to
explicitly connect the emergent p-band physics to the crystalline symmetries of
the model, we begin by analyzing the mirror symmetries of the square unit cell.
Specifically, we focus on the reflection symmetries M, and M, along the two
central axes of the plaquette, as shown in Fig. 2.4. We represent each mirror
transformation as a unitary operator, M, and My, acting on the single-particle
Hilbert space spanned by the {|b;)}. For these operators, we construct explicit
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S

Figure 2.4: Mirror symmetries of the single square plaquette. M, and M, represent
mirror transformations across the y = 0 and « = 0 axes, respectively, upon which we
construct the symmetry-based effective description.

matrix representations in the four-dimensional space of the plaquette sites and
we show how their commutation relations are modified by the presence of the
magnetic flux.

Mirror symmetry along the y = 0 axis

Reflection across the axis y = 0 acts on the plaquette degrees of freedom as:

by by

ol bl ~a by
MO 2 (MY = | 2.4
Yy b3 ( y) b4 ) ( )

by bs

and is represented by M = ¢° @ 0%, where ¢® with o = z,y, » are the Pauli
matrices and 0¥ denotes the 2 x 2 identity matrix. This mirror operation is such
that [Mz? , Hy] = 0, thus representing a symmetry of the system. This holds
because, in our gauge choice, the 7-flux configuration introduces a minus sign
in the hopping along one vertical link, and reflection across y does not alter the
overall phase pattern.

Mirror symmetry along the x = 0 axis

Reflection across the z = 0 axis acts as:

b1 b3
i B N Y 25)
b3 by
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and is represented by M? = o% @ ¢°. However, this transformation is not strictly
a symmetry for the n-flux square plaquette: applying MY modifies the flux
threading the plaquette, altering the phase structure of the hopping terms by
moving the negative sign from the 1-2 bond to the 3—4 one. This leads to:

[NI9, Ho) #0. (2.6)

To restore symmetry, we must dress the transformation by a gauge factor that
compensates for the phase change [43]. We introduce the gauge choice G(M=) =
0% ® 0%, so that the gauge-dressed mirror operation becomes:

M, = QA(MI)M:S =0"®0%, (2.7)
which now satisfies:
N AN = fy,  [NL,, o] = 0. 2.8)

A crucial consequence of introducing a magnetic flux is that it forces the crys-
talline symmetries to become non-Abelian: while /70 and Mz? would commute
in a flux-free system, here their gauge-dressed counterparts satisfy:

S .
[Mx,My] =-2i0"® oY, (2.9)
while now they anticommute:
Aoy
{M,, My} =0. (2.10)

These facts are behind the non-trivial quadrupolar topology of the BBH model
[43].

2.3 Effective theory in mirror basis

Upon describing the crystalline mirror symmetries of the square plaquette, we
are now ready to formulate the effective theory in the symmetry eigenspace of the
system. Since mirror operations do not commute in the gauge-dressed form, only
one can be diagonalized simultaneously with the single-particle Hamiltonian.
Without loss of generality (the procedure is equivalent if the gauge-dressed
x-reflection is chosen), we focus on the y-mirror operator M;}.

By diagonalizing ]\ng together with the single-particle Hamiltonian Ho, we
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obtain a set of common eigenvectors defined by
bi) = > Usj Imj), 2.11)
J

where U;; are the elements of the unitary matrix that simultaneously diagonal-
izes ]\2/5 and Hy:

12 142 1 1
Ve—v2 V22 V22 V22
| Y «Hﬁ i Vo
o 2— f 242 2—/2 2+v2
U=15% T VR (2.12)
\/2 V2 \/2+f V2—v2 V22
1-2 1+v2

\/2 V2 \/2+f V2—v2 V242

The eigenstates |m;) are thus labeled by two quantum numbers: the energy
eigenvalue € ; and the mirror eigenvalue m, ;, associated with H oand M 5 , respec-
tively. We define the operators 1; corresponding to the symmetry eigenstates
via:

by =Y Uiy, (2.13)

j

and rewrite the full Hamiltonian in terms of 7i2; bosonic operators, in a form that
explicitly conserves y-reflection symmetry.

In the regime where the on-site interaction strength U is much smaller than
the energy gap Ae = 220 (see Fig. 2.3), the system’s low-energy dynamics
can be effectively captured by projecting the full Hamiltonian onto the two-fold
degenerate ground-state manifold. We thus consider the projected Hamiltonian

= PHP, (2.14)

where P is the projection operator onto the low-energy subspace spanned by
the two degenerate ground states {|m1),|m2)}. In this projected space, the
interacting part of the effective Hamiltonian reads

3U U
o = 6 (m{m}mlmﬁm;m;mmz)+Zm{m§m1m2 (2.15)
+E mimim2m2+m£m£m1m1>7

which has the same form as the projected Hamiltonian in Ref. [35].
To gain further insight into the effective Hamiltonian in Eq. (2.15), we rely on
the formalism of the Jordan-Schwinger map, which establishes a direct mapping
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between Lie algebra representations and bosonic modes [49-51]. To this end,
we adopt the SU(2) structure, which provides a complete basis for all possible
Hermitian operators acting on the two-dimensional low-energy subspace.
Following the general framework presented in Ref. [51], we construct the SU(2)
Schwinger boson operators in the projected space, whose explicit derivation is
provided in Appendix A. These operators are expressed in terms of the two
low-energy modes as:

(g — b ), (2.16)

In this representation, we can express the effective Hamiltonian solely in
terms of the total particle number operator, 7 = m{ml + mgmg , its square, n2,

and the square of the angular momentum operator along the y-direction, ij:

& 3U Uy, U4
He = o7 - (v2s+ g)n -2 (2.17)
Here, jy plays the role of the effective angular momentum L. introduced in
Ref. [35], with the difference in the numerical prefactor arising from the normal-
ization choice in the definition in SU(2) Schwinger operators.

Since [, J,] = 0, we can express the eigenstates of Hg in terms of the single-

particle eigenstates of .J,:
Im®) = ml |0y, (2.18)

such that J, [m*) = +1 |m*), where we define the complex orbital operators

1
il = — (! £ iml), (2.19)

\)

acting on the vacuum state |0) with zero boson occupation, and creating a particle
in the state with angular momentum :l:%.
Many-body eigenstates of the low-energy Hamiltonian, with n bosons in
the state |m™) and n_ bosons in the state [m ™), can be written as
L e

Iny,n_) = W(mg”* ()" |0y, (2.20)
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Figure 2.5: Energy spectrum of the four-site plaquette Hamiltonian obtained via exact
diagonalization, for g = UN = 0.1J. (a) Spectrum at fixed N = 24, showing how the
emergence of Z, symmetry manifests as a twofold degeneracy in the eigenstates. The
dashed line marks the analytical values of the effective ground-state energy Egs. (b)
Energy per particle E/N as a function of inverse particle number 1/N. The analytical
ground-state energy Egs shows close agreement with the full theory, and corresponds
to the mean-field result, represented by the blue star, in the limit N — oo.

where since 7 = il + Mg = mlm, +mlm_,
ilng,n_) = (g +mlm_) ng,n)
= (n+ +n-)ny,n) (2.21)
=N |ng,n_).

with N the total number of particles.
The energy spectrum of the projected theory is given by
Begf(ng,n_) = %N2 - %(m —no)? - (V27 + %N). (2.22)
Besides the conservation of total particle number, the projected low-energy
theory also features an emergent discrete Z, symmetry, as arising from the
invariance of the effective Hamiltonian in Eq. (2.15) under the exchange of the
two low-energy modes: m; < mg. This transformation inverts the sign of
the angular momentum operator, jy — —jy, and hence maps each eigenstate
|n, n_) toits chiral counterpart. The emergent Z; symmetry is also captured by
the two-fold degeneracy of the full theory energy spectrum, as shown in Fig. 2.5.
Crucially, the term —%jf, in Eq. (2.17) energetically favors plaquette configu-
rations with maximal angular momentum, leading to a macroscopic occupation
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of the complex orbital |m*) in the ground state, corresponding to n. = N or
n_ = N. The resulting two-fold degenerate many-body ground state

\W§>~(miiimDNMD7 (2.23)

A

is a chiral orbital condensate with angular momentum (J,)) = j:%, analogous to
the macroscopic occupation of p, + ip, orbitals in optical lattices, and ground
state energy per particle given by

Ecs U U

T_gN—\/iJ—g. (2.24)
Comparison with the four-site plaquette energy spectrum in Fig. 2.5 shows how
the projected theory carefully reproduces the low-energy physics of the model
in the weakly interacting limit.

As in systems of bosons occupying p, and p, orbitals, where angular mo-
mentum arises from coherent superpositions of the form p, + ip, [34, 38, 46],
the operators 7+ in the projected basis act as complex orbitals whose popula-
tion defines an effective angular momentum of the condensate. Indeed, such
wavefunction is complex, thus reflecting time-reversal symmetry breaking. This
corresponds to a non-vanishing loop current for the plaquette defined as

£ =i (b]bg + Bba + bibs — blby — H.c.) (2.25)
which, in the projected space, results proportional to the effective angular mo-

mentum operator:
L ~2v2J,, (2.26)

implying a finite ground-state expectation value.

2.4 Classical properties of the ground state

We further investigate the properties of the chiral ground state from the classical
point of view by constructing a mean-field Gross-Pitaevskii theory for N con-
densed particles in the weak interacting regime. For finite g = UN, withU — 0
and in the thermodynamic limit N' — oo, we can replace the bosonic operators
in Eq. (2.15) with their classical coherent state expectation value, for which we
make the ansatz

iy — (1) = VNi, 1g — (hg) = /Noe® (2.27)
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| 1]

Figure 2.6: Loop current configurations corresponding to the two degenerate classical
ground states, with currents flowing in the plaquette in opposite directions and corre-
sponding to the values =v/2N.

where we have exploited the gauge freedom provided by the global U(1) sym-
metry and fixed the phase of (7i1) to zero. With these assumptions, the angular
momentum operator leads to

A 1
Jy = o (lsins — ki) — N\ Ny sin. (2.28)

The mean field energy functional thus yields

EMF [ml,mg] = E(N) - %Nl (N - Nl) sin2 9, (229)

where E(N) = 3UN? — (\/§ + %)N . This energy functional is minimized for

Nip = % and 6 = +7, corresponding to two discrete and degenerate minima
reflecting time-reversal symmetry. In the thermodynamic limit, the system
spontaneously selects one of the two ground states, thereby breaking time-
reversal symmetry. In particular, the two degenerate ground states correspond
to opposite values of the mean-field angular momentum in Eq. (2.28). This
implies two non-vanishing opposite values of the classical loop current

L= 2/ 2N1N2 sin 9, (230)

in the ground state, corresponding to the two configurations in Fig. 2.6. As
already revealed by the effective theory resultin Eq. (2.26), the degenerate ground
state is characterized by the emergence of chiral currents defining closed-loop
patterns. The two configurations are related by time-reversal symmetry, with
current flowing in the square plaquette in opposite directions and corresponding
to the values ++v/2N.

At last, we observe that the mean field ground state energy per particle of

these configurations
EMF

GS g
_oy+ 9 2.31
~ fJ+8, (2.31)
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agrees with the effective energy per particle in Eq. (2.24) obtained within the
projected theory, in the limit N — oo:
Las 9 Nooo

g
=G5 _ oyl L _ J 2.32
~ fJ+8 N fJ+ (2.32)

as highlighted in Fig. 2.5.

2.5 Orbital order over the extended lattice

As the last step in our treatment of the two-dimensional model, we address the
many-body physics of the system by assembling the 7-flux building blocks into
an extended lattice, and show how the chiral properties of single plaquettes give
rise to chiral phases of matter. Coupling them with weak links .J* < .J preserves
thelocal orbital order, so that each plaquette acts as a supersite effectively hosting
two orbital degrees of freedom, resembling the structure of p-band models in
optical lattices.

Indicating with r the position of the (plaquette) unit cell, and with ¢ the
sublattice (plaquette site) index, the interaction among different plaquettes in
the square geometry in Fig. 2.1 is described by

mter) J Z me{ rte bQ,r + B;,rJre 34,1' =+ B‘{,l“i’ex 8371‘ + I;;I‘Jrexgél’r +He),
v v

where ex = (a,0), ey = (0,a), and a is the lattice constant.

Using the unitary transformation / in Eq. (2.12), we rewrite the interplaquette
Hamiltonian in the symmetric basis defined by b; = >, U;jm;. Upon projection
onto the single-plaquette lowest-energy subspace, we obtain

I_:[(ié"fer) _ 75 IfI(inter)zﬁ
e

=-J Z {ei” (Ulzmh%y + U14m;r+ey) (Unzy r + Usgriigx)

r

+ (ngmir_i_ey + U34m;r+ey) (U42m17r + U44m27r) (2.33)
+ (U12m1r+ex + U14m;r+ex) (Usam r + Usamho r)

+ (U22m$r+ex + U24m£,r+ex) (Usom y + Usaay) + H.C] .

Here, the eigenvectors associated with the low-energy eigenvalue ¢ = —/2.J
correspond to the second and fourth columns of the matrix U, and 11,2 are the
projected orbital operators acting on each plaquette.

By substituting the values of the matrix elements (2.12), the interplaquette
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Hamiltonian in the projected space takes the form

~ (s J’
t A A~
fytimen _ -5 S (1o, o + Hee) . (2.34)

r,o,v

Differently from higher bands physics in cold atoms, the effective tunneling
coupling (2.34) is ferromagnetic and isotropic in all directions [35, 38].
Dynamics within each plaquette is described by the local term

Ar(plaq) gd_ Q o _QAQ
AR — Z T - (VR g )he = 07, (2.35)
so that the Hamiltonian for the extended lattice is given by
Hege = HEPD 4 flinte (2.36)

The low-energy many-body physics is thus described by a ferromagnetic
Hamiltonian (J' > 0) that favors configurations in which bosons at different
sites occupy the same complex orbital, thus maximizing the angular momentum.
This ferro-orbital interaction leads to the emergence of a chiral superfluid vortex
lattice, exhibiting a long-lived gapped collective mode that is characterized by
local chiral currents [35]. In Ref. [35], the authors explore the consequences of this
resulting chiral orbital order, both for weak and strong on-site interactions, and
demonstrate that the chiral superfluid phase undergoes a phase transition to a
chiral Mott insulator for sufficiently strong interactions, offering the opportunity
to observe chiral bosonic phases in the strongly correlated regime.






The 3D BBH Model

Having established the background for the two-dimensional square plaque-
tte, in this Chapter we introduce and study the three-dimensional bosonic BBH
model, the principal focus of this Thesis.

We develop the theory for the frustrated Bose-Hubbard model on a single
cubic cell starting from the construction of the full tight-binding Hamiltonian
for the eight-site unit cell in the presence of a w-flux piercing the cube. Upon
identifying its single-particle spectrum we construct a symmetry-based effective
theory by performing a detailed analysis of the crystalline symmetries of the
cube. The presence of synthetic flux requires us to consider the gauge structure
necessary to restore the invariance of the Hamiltonian under these symmetries,
which in turn constrains their algebra. Based on this analysis, we construct a
symmetry-adapted single-particle basis labeled by crystalline quantum num-
bers and derive an effective low-energy theory that captures the physics of the
degenerate ground-state manifold in the weakly interacting regime. We classify
the interaction terms in the effective Hamiltonian according to their effect on
the mirror and rotation sectors and reveal the emergence of additional internal
symmetries in the effective theory.

To further understand the structure of the interactions, we investigate the
presence of an emergent dynamical symmetry, also referred to as a spectrum-
generating algebra. Recasting the Hamiltonian in an algebraic form using gener-
alized Schwinger bilinear operators, we develop an algebraic description of the
effective theory in terms of an algebra representation. This reformulation reveals
an underlying algebraic structure and leads to the identification of an emergent
SU(4) dynamical symmetry.

The analysis developed in this Chapter is a first step toward the character-
ization of the low-energy physics of the single m-flux cubic cell in the weakly

23
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Figure 3.1: Geometry and gauge choice of the 3D lattice model, with a flux ® = 7
threading each face of the cubic unit cell. Solid lines correspond to hopping amplitude
J, and dashed lines to —J.

interacting regime.

3.1 The 7-flux cubic cell

Our starting point is the single cubic cell described by the Bose-Hubbard
Hamiltonian as in Eq. (2.3)

. e U
1{=§:ﬁwﬂf+§§:mgu—n, (3.1)
(i) @

where J;; is the nearest-neighbor hopping amplitude between the sites 7 and j
of the eight-site unit cell. Each face of the cube is threaded by half flux quantum
® = 7 and in our gauge choice (see Fig. 3.1), the hopping terms explicitly read:

Hy = —J ("™ bl by + blby + blbs + bby + blbs + ™ blbe (3.2)
+bibs + bibr + e™blbs 4+ biby 4 blibg + bibs + H.c ).

As in the case of the two-dimensional square plaquette, flux-induced frustra-
tion leads to a degenerate single-particle spectrum, shown in Fig. 3.2, consisting
of a four-fold degenerate ground state, with energy e_ = —+/3J and an equally
degenerate first excited states sector with energy e = v/3.J.

In the weakly interacting regime, the energy gap Ae = 2v/3J > U allows for
the construction of a low-energy effective theory by projection onto the four-fold
ground-state manifold. To this end, and following the approach used for the 2D
plaquette, a preliminary step is to characterize the crystalline symmetries of the
cubic cell.
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Figure 3.2: Single-particle spectrum of the 7-flux cubic cell, exhibiting a four-fold de-
generate ground state separated by an equally degenerate excited state by a finite energy
gap Ae = 2v/3.J.

3.2 Crystalline symmetries of the cubic cell

To construct a symmetry-based effective theory, we perform a detailed anal-
ysis of the crystalline symmetries of the cubic cell pierced by a 7-flux. As in
the two-dimensional case, the presence of magnetic flux constrains the algebra
of symmetry operations, requiring a gauge-dressed formulation to recover the
invariance of the Hamiltonian under spatial transformations.

In this Section, we focus on the following set of spatial symmetries:

* Reflection symmetries across the three principal planesz =0,y =0,z =0,
denoted as M, M, and M., respectively,

* Rotational symmetries by angles 7 around the z, y, and z axes, which we
denote Cy ;, C2y and Co .,

¢ Inversion symmetry Z with respect to the center of the cube.

In addition, we notice that the cubic cell also exhibits (gauge-dressed) 7/2-
rotational symmetries Cj ,, about the three principal axes « = z,y, 2. Since they
are not directly employed in the following analysis, we will not report them
explicitly here, but it is worth mentioning them as we will encounter them in the
next Chapter.

Each symmetry is represented by a unitary operator acting on the eight-site
basis of the cubic cell, whose vertex indexing is illustrated in Fig. 3.1. While
the geometric action of each symmetry is a permutation of site indices, the
presence of the 7-flux implies that such operations generally do not leave the
single-particle Hamiltonian A invariant. However, invariance can be restored by
composing the symmetry operations with an appropriate gauge transformation.
Below we detail each case. We will explicitly construct the matrix representations
of these operations, identify the necessary gauge dressing, and determine the
algebra they satisfy. In particular, we are interested in identifying which pairs
of dressed symmetry operators commute or generate new symmetry operations
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under composition. This analysis is essential for constructing a symmetry-
adapted basis in the next Section.

3.2.1 Mirror symmetries

We start by considering the mirror symmetries of the cubic cell, corresponding
to discrete spatial reflections across the three principal planes. Each transfor-
mation is represented by a permutation matrix acting on the eight-dimensional
single-particle Hilbert space {|b;)}, withi = 1,...,8. In particular, these can be
written in terms of Pauli matrices o* (see Ref. [43]) as

MY =0"®0"® 0",

Mg =" ®0c" ® ", (3.3)

MY =020 ®o”.
Mirror operations exchange sites across the perpendicular axis to the corre-
sponding plane, while leaving coordinates along the other two axes invariant.
While operators M2 correctly permute the site labels, in the presence of a 7-flux,
the geometric action of these reflections alters the pattern of complex hopping

amplitudes. Moving the negative sign in the hopping to different bonds, bare
mirror operations don’t leave the single-particle Hamiltonian invariant:

(M9, Hol 0, a=um,y,2 (34)

However, symmetry can be restored via suitable gauge transformations. For
each mirror operation, we consider a diagonal gauge operator

é(Mz) — diag(l, -1,1,1,1,—-1,1, 1),
GMy) = diag(—1,1,-1,1,1,1,1,1), (3.5)
GM:) — diag(1,1,1,1,1,1, -1, —1),

that compensates for the sign change in the hopping amplitudes between bonds.
The gauge-dressed mirror operators are then defined as

M, = GM)y0, (3.6)
satisfying the symmetry condition [M,, Ho] = 0.

3.2.2 m-rotation symmetries

In this subsection, we examine the action of the three 7-rotation operations
around the z, y, and z axes. Rotations of 7 around the axis « act on the eight-
dimensional single-particle Hilbert space effectively flipping the cubic cell along
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the two perpendicular directions, therefore acting as compositions of reflections.
In particular, a 7 rotation around a given axis corresponds to a product of the
two mirror operations across the planes perpendicular to that axis. In matrix
representation, the action of bare 7-rotation operations is expressed as

C’S’m = MZ?MS ='®o"® 0%,
C’S,y =MOM? =0 ® 0" @07, (3.7)
CA'S’Z = MQMS = 0" ® 0" ® o’

As for mirror operations, the presence of 7-flux implies that the single-particle

Hamiltonian is not conserved under these transformations, rotations altering the
gauge structure of the hopping terms:

(090 Hol #0, a=u,y,2 (3.8)
We thus consider an appropriate gauge transformation for each operation:

(02793) = dlag(_1; 17 _17 17_17 _17 17 1)7
(02,y) — diag(—l’1’1’17—1’1’—1,—1), (3.9)
(©22) — diag(1,—1,1,1,—1,—1,—1,1),

) Q@ &

so that under each gauge-dressed rotation operator
Coo = G2 | (3.10)
the single-particle Hamiltonian is invariant:
[Co.0, Ho] = 0. (3.11)

It is worth noting that even under gauge transformations, rotational symmetries
are combinations of gauge-dressed mirror symmetries:

02@ = My Mz7
Cyy = M, M, (3.12)
Co.. — NI, I,
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3.2.3 Inversion symmetry

The last transformation we consider is the inversion symmetry with respect
to the center of the cube, Z°, which is obtained as composition of all three mirror
symmetries:

10 = M M) MY, (3.13)
Also in this case, the bare inversion transformation acts by altering the hopping
pattern, implying [Z°, Hy] # 0. The gauge transformation

g(I) :diag(_l,lu1717_17_17_171)7 (314)

allows us to define the dressed inversion operator

7=¢D1° = M, N, M, (3.15)
which commutes with the single particle Hamiltonian, [f, fIO] = 0, and thus

represents a symmetry. Moreover, it is related to mirror and rotation operations
by Cou T = —Mo.

3.2.4 Algebra of crystalline symmetries

Having introduced the reflection, inversion, and m-rotation symmetries of the
cubic cell, we now examine the algebraic structure formed by these operations.

In the absence of the synthetic flux, symmetries of the system would be
described by the commuting bare operators:

[Maov Mg] =0,
(€3, C3 5] =0, (3.16)

[Maov ég,ﬁ] =0,

and as a consequence, also the bare inversion transformation commutes with all
the other symmetries.

In the presence of a 7-flux, the gauge dressing required to restore Hamilto-
nian invariance modifies the standard commutation relations between spatial
transformations, leading to a non-Abelian nature of the crystalline symmetry
algebra [43]. In particular, the set of gauge-dressed mirror and w-rotation trans-
formations forms a closed non-trivial algebra:

[Ma, Mﬂ] = 28a570277 = QMQM,(;,
[Coa, Co 5] = —203,Cay = —2Mo Mg, (3.17)
[Ma, Cop] = =205, M,
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while they satisfy

{ Mo, Mg} = 264 61,
{02,047 CAY2,B} = _25o¢ﬁﬂa (318)
(Mg, Cop} = 20051

Regarding the inversion operation, this still commutes with all other symmetry
transformations,

[Z,M,) = [Z, CA'Q?@] =0 Va=uzv,z2, (3.19)
while the anticommutation relations are such that

(M, T} =205, (3.20)
{2,094} = 2M,,.

One of the main effects of the 7-flux geometric frustration is to induce a non-
Abelian closed algebra among the crystalline symmetries of the cubic system.
This is a direct consequence of the presence of the synthetic flux, and it is worth to
bear it in mind for the implications it may have on the effective theory developed
in the following Section. In particular, understanding how this closed algebra of
cubic crystalline symmetries manifests in the low-energy projected theory can
provide insight for an interpretation of interactions in a physically meaningful
framework.

3.3 Effective theory in a symmetry-adapted basis

The non-Abelian structure of the symmetry algebra implies that not all sym-
metry operations can be diagonalized simultaneously. In this Section, we con-
struct a symmetry-adapted basis by selecting a maximal commuting subset of
these dressed symmetry operators. From the commutation relations in Eq. (3.17),
it is clear that such a subset is given by one mirror symmetry and one 7-rotation
about the same axis. Without loss of generality, we select the set {Mz, CA'272} to
be simultaneously diagonalized with the single-particle Hamiltonian Hy. The
common symmetry-adapted basis is defined by (see Appendix B)

lei) = > Tt by) (3.21)
J
where |b;) = 13; |0), with j = 1, ..., 8, are the basis states of the eight-dimensional

Hilbert space of a single particle localized at site j of the cubic unit cell, while the
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Figure 3.3: Three-dimensional representation of the symmetry-adapted single-particle
eigenstates. Each group of four states lies on a plane corresponding to the energy
eigenvalue e 4 = ++/3.J. The (m, c;) quantum numbers span the in-plane structure.

single-particle states |c;) denote the state of one boson occupying the orbital 1,
and 7 is the unitary matrix performing the change of basis. The explicit form of
the matrix 7, together with details of the diagonalization procedure, is reported
in Appendix B. Bosonic operators corresponding to symmetry eigenmodes are
thus defined through the unitary transformation

b= Tije;. (3.22)
J

Each eigenstate |¢;) in this basis is labeled by a triplet of quantum numbers
(€i,mz, c;), corresponding to the energy, mirror parity, and rotation eigenvalue:

Hole)) =eile), M.le) =mPe), Co.le) =P |e). (3.23)

A visual representation of the energy levels and associated symmetry quantum
numbers is shown in Fig. 3.3, which highlights the symmetry resolved organi-
zation of the single-particle eigenstates living in the two energy sectors sketched
in Fig. 3.2.

Upon defining the projector operator P onto the four-dimensional ground-
state manifold spanned by the states {|c1) , |c2) ,|c3) , |c4)}, the low-energy effec-
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tive Hamiltonian can be written as:
= PAP = O™ + AN (3.24)
The single-particle effective Hamiltonian reads
ﬁg \[J(clcl + c£02 + cgc;; + 0404) \[JN (3.25)

with N =3, éj ¢; the total number of bosons, while the interacting part reads

U, « o U

At _E(NQ —N)+ g(nmz + figfiy) (3.26)
U

-3 —61 Telegey + ﬁﬂégégag

TCJ{C'g,Cg + C£C£C4C4)

U

51 G
U stalencs 4 chete
+ 6(01026364 + ¢1¢4C362) + Hee. .

The effective Hamiltonian H°f in Eq. (3.24) describes a four-mode interacting
bosonic system, where each orbital ¢; belongs to a distinct symmetry sector of
the projected model.

Interaction terms in A2 can be classified according to the type of process
they describe between these symmetry-labeled orbitals, and their action can
be interpreted in terms of change or conservation of the associated crystalline

quantum numbers.

Hubbard (local) terms

Terms of the form éjéjéléz describe on-site interactions between two bosons oc-
cupying the same orbital ¢;. These terms do not induce any change in the
symmetry labels of the particles, and thus preserve both mirror and rotation
eigenvalues. They appear in the first line of Eq. (3.26) with positive coefficients
and energetically penalize configurations with multiple bosons in the same or-
bital. These interactions are local in orbital space, in the sense that they act
within a single symmetry-labeled state. They appear for all four orbitals with
equal weight, independently of the specific symmetry sector, and thus do not
break the degeneracy among them.

Density-density interactions

Terms like 7;7; describe repulsive interactions between bosons occupying dif-
ferent orbitals, coupling the densities of different crystalline eigenstates without
inducing transitions between them, leaving the symmetry configuration invari-
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ant. Their effectis to shift the energy of different configurations depending on the
orbital occupations without inducing orbital mixing, acting as static constraints
in the many-body Hilbert space. From Eq. (3.26), we observe that the dom-
inant density-density interactions occur between orbitals that share the same
mirror eigenvalue m,. In particular, the terms 7179 and 7374 contribute to the
energy cost associated with simultaneous occupation of the two orbitals within
the same m_-sector, thus favoring configurations where bosons are distributed
across different sectors. As a consequence, density-density terms tend to sup-
press symmetry along m, and promote a more balanced occupation among
orbitals.

Orbital-changing terms

Pair-hopping terms of the form éjéjé] ¢; describe orbital-changing collisions in-
ducing correlated transfer of two bosons between orbitals with specific symmetry
relations. Fig. 3.4 provides a schematic visualization of their action within the
(mz, c;) symmetry sectors.

A
VoV e

|02N-

Figure 3.4: Graphical representation of orbital-changing interactions in the (m?,c’)
plane. Left: intra-m. sector processes, with opposite amplitude v/3%m., couple or-
bitals with equal mirror eigenvalue m, and opposite rotation eigenvalue c,. Right:
intra-c, sector processes, with positive amplitude 2, involve orbitals with the same c,
but opposite m, eigenvalue. Arrows represent correlated two-boson transfer between

orbitals induced by pair-hopping terms.

We distinguish two kinds of orbital-changing terms depending on the symmetry
quantum numbers they relate to:

¢ Intra-m. sector interactions:

Terms such as 61616262 and é§é§é4é4 couple orbitals that share the same

mirror eigenvalue m, but have opposite rotation eigenvalue c,. These
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are the dominant pair-hopping contributions, as indicated by the larger

prefactors in Eq. (3.26), with an attractive and repulsive sign, respectively.
¢ Intra-c. sector interactions:

The terms éiéi ¢3¢z and 62626464 instead connect orbitals with the same c,

eigenvalue but opposite mirror eigenvalue m., and appear in Eq. (3.26)

with a positive and smaller prefactor with respect to the ones acting on

intra-m, sectors.

Mixing terms

Orbital-mixing terms of the form éjé;ékél, with i # j # k # [, involve all four

orbitals and describe exchange processes between pairs of bosons belonging to
different symmetry sectors. A graphical interpretation of their action in the
(mg, c;) plane is provided in Fig. 3.5.
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Figure 3.5: Graphical representation of orbital mixing terms in the (m¢, c!) plane. Left:
inter-m, processes transfer pairs of bosons between mirror sectors while preserving
their rotation eigenvalues. Right: cross-sector processes correspond to a simultaneous
exchange of both m, and ¢, components, effectively rotating the boson configuration
across sectors while preserving the total crystalline quantum numbers. Both processes
appear with a positive amplitude equal to %.

We identify two types of orbital-mixing interaction, appearing in the interacting
Hamiltonian (3.26) with the same positive amplitude:

¢ Inter-m, process:
The terms éi é; ¢34 transfer two particles with opposite ¢, from them, = —1
orbitals to the m, = 41 orbitals, still with opposite c,, and vice versa. These
processes can be interpreted as a transfer of boson population across mirror

sectors.
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¢ Cross-sector rotation:
The terms éi 616263 do not act within a single symmetry sector. They an-
nihilate a pair of bosons in the states (m.,c,) = (—1,—i) and (+1,+1),
and creates a pair in (+1, —¢) and (—1, +:), and vice versa, preserving the
global configuration of crystalline quantum numbers. These transforma-
tions can be viewed as /2 rotations of the distribution of eigenvalue pairs
in the (m;, ¢,) plane while keeping their sum unchanged. The global sym-
metry content is preserved, but the processes connect configurations with

different local symmetry labels.

Missing terms

Some interaction terms that would be compatible with the crystalline symme-
tries of the system do not appear in the effective Hamiltonian in Eq. (B.12). In
particular, we notice the absence of pair-hopping processes between orbitals
(1,4) and (2, 3), described by orbital-changing terms of the form éIéJ{ ¢4¢4 and
égégégég. These processes would correspond to a simultaneous change in the
sign of all quantum numbers, with the only conservation of the total sum.

Similarly, quartic terms &l élé,é, are also not present. These terms would
transfer two particles with opposite m, from the ¢, = —i sector to the ¢, = +i
one, keeping opposite m, and vice versa. In our notation, they would be denoted
as inter-c, sector interactions and could be interpreted as a transfer of boson
population across rotation sectors. Their absence suggests that simultaneous
changes of the ¢, quantum number in both particles are not allowed by the
structure of the interaction.

The absence of these terms may reflect additional constraints beyond sym-
metry, possibly arising from the structure of the projected interactions.

Emergent symmetries in the effective Hamiltonian

Beyond the crystalline symmetries inherited from the underlying cubic geom-
etry, the effective Hamiltonian H off €xhibits two additional emergent symmetries,
which act on the orbital degrees of freedom {¢1, &2, &3, ¢4} permuting the orbitals
in a way that preserves both the total energy and the symmetry structure of the
interaction terms:

Ta : él — 62, 62 — él, (3.27)
63 — 64, 64 — 63,
Tﬁ : 61 — 63 62 — ié4, (328)

63 —)él, 64%262.
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These transformations leave the effective Hamiltonian invariant, which is equiv-
alent to saying that they commute with it:

[TOH ﬁeff] = [Tﬁa -Heff] = 0. (329)

In the four-dimensional single-particle subspace spanned by the low-energy
modes, they are represented by the matrices

0100 0010

. 100 0 R 000 i

T, = Ty = 3.30

o 00011/ p 100 0 (3.30)
0010 0 i 00

These operations reflect an internal symmetry of the orbital manifold induced
by the structure of the projected interactions and provide a basis for a systematic
investigation of the hidden symmetries in the effective theory. It would be of in-
terest to investigate whether and how these emergent symmetries are connected
to the crystalline transformations in the full eight-dimensional space, forming
the closed non-Abelian algebra discussed in the previous Section.

3.4 Algebraic structure and spectrum generating algebra

Having analyzed the structure of the effective Hamiltonian and identified its
emergent symmetries, we now aim to develop an algebraic description of the
four-orbital model. The goal is to identify a hidden Lie algebra and reformulate
the effective theory in terms of a so-called dynamical symmetry (also spectrum
generating algebra) [52, 53]: a formulation in which the operators governing the
dynamics form a closed algebra and the Hamiltonian can be written in terms of
its generators and Casimir operators. This approach provides a compact repre-
sentation of the interactions and enables a systematic classification of eigenstates
in terms of the associated Casimir eigenvalue.

In the two-dimensional case, such a representation is obtained by construct-
ing bilinear operators from the generators of the Lie algebra of SU(2). In the
same spirit, an algebraic representation of H_.g can be achieved by generaliz-
ing the Schwinger bosons construction: bilinear operators are built from the
four bosonic modes ¢; by using generators of a larger Lie algebra with four-
dimensional matrix representation.

The starting point is the general structure of the effective Hamiltonian (3.24),
which involves quadratic and quartic interaction terms among the four orbital
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modes:

Heg =Y hijele; +3 Uy élejela, (3.31)
ij ijkl
where h = hl is a 4 x 4 Hermitian matrix, while U is a rank-4 Hermitian tensor
satistying Ujju = Upy,;-
Given a complete set {T'*} of Hermitian matrices acting on C*, the general
strategy is to define bilinear operators as

B, =Y elTh s, (3.32)
af

and to rewrite the effective Hamiltonian (3.31) as a sum of linear and bilinear
terms in these operators:

ﬁeff = Z f,uB,u + Z fyuBuBV . (333)
1 v

3.4.1 Basis of Hermitian matrices

As a first step, we consider the set of 16 matrices {F“}}f‘:l constructed from
Dirac matrices and their products, which form a complete basis for the space C*
of 4 x 4 Hermitian matrices [54, 55]. To ensure hermiticity and normalization
with respect to the Hilbert-Schmidt inner product

T (0] = 6, (3.34)
we take the set

1 ) 1 1
It = {7705 571 —372 573,

2 2 2 2
{
V5 = 570717273,
? 1 1 1
5 5 —= = 3.35
57075 5NV 502, 5875 (3.35)
' ) ) 1 1 1
_ %Um7 30027 %Jos’ §012, _5013’ 5023,
1
2}
where the spin matrices are defined as
o = LIy, (3.36)

2
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and Dirac matrices are considered in Dirac representation

0 k 0
0 o 0 k 0 o 5 0 o
v = (0 _Uo> , = (—ak 0) ;= (00 0) ; (3.37)

in terms of the Pauli matrices o* and the 2 x 2 identity matrix oY.

3.4.2 Expansion in I' matrices

The correspondence with the expansion in (3.33) is obtained by expanding
the matrix h and the tensor U in terms of the basis set (3.35). For the bilinear
term this means

h = Z fuIH, (3.38)
I
so that
S hgele; =33 felrite;, (3.39)
’L] M 'Lj

where the Hermitian condition (T'*¥))t = I'®) implies
fu=1, = fueR. (3.40)

In particular, in order to reproduce the effective Hamiltonian (3.25), the hopping
matrix has to be proportional to the 4 x 4 identity matrix:

—V3J1, (3.41)
thus the bilinear terms are simply
S héle; =S (—2v3J)elriSe; = —V3IN (3.42)
ij ij
with a unique coefficient in the expansion fi = —2v/3.J.

Regarding the quartic term, the elements of the Hermitian tensor Uj;;; can be
viewed as the components of an operator U acting on the tensor product space
C* ® C*. The operator can then be expanded using tensor operator expansion
over the product basis {I'* ® F” —, of 16 x 16 matrices as

16
U= > ful*aI, (3.43)

H,r=1
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so that the tensor components read

Uijri = Z fu T @ TY, (3.44)
p,v=1

with f,, € C, and the Hermitian condition implies

U=U" = fu=1Ff

" (3.45)

The decomposition in (3.43) is essentially a Hilbert-Schmidt expansion of
an operator on a composite Hilbert space (operator basis expansion in tensor
product spaces): if {I'*} is an orthonormal basis for Hermitian operators on C"
with respect to the Hilbert-Schmidt inner product, then any Hermitian operator
U € Herm(C" ® C™) can be written as:

U=> Tr[(*eI)UI*eI (3.46)

M?V

This decomposition provides a complete and orthogonal basis for expressing
arbitrary quartic interaction terms. The coefficients f,,, encode the full structure
of two-body processes in terms of symmetry-adapted bilinears, and allow us to
reorganize H_g in terms of algebraic structured interaction terms.

We extract the coefficients f,,, by projecting the operator U onto the basis
(3.35), using the Hilbert-Schmidt inner product:

fouw = Tr {(r“ T U} , (3.47)

so that expansion (3.33) of the effective Hamiltonian in terms of the I'-bilinear
operators reads

(\ﬂ]+ ) + 5U316+ gB5 LU (32 B3 - BY)  (348)

T 8/3 <B7315 + Bi5B7 + BsBiy + B14Bs)

U

— o3 (B3 + B3+ BY + By + B} + B + BY, )

U /iy ry  rg
+ﬂ(3%0+3%1—354—355>'

Decomposition (3.48) in terms of I'-matrices provides a general and complete
symmetry-compatible formulation in terms of bilinear operators. However, it
does not reveal an underlying Lie algebraic structure or an associated symmetries
of the effective Hamiltonian. We can gain further insight by applying the same
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general construction to the generators of a specific Lie algebra that reflects the
symmetry content of the four-orbital model.

3.4.3 su(4) representation

The developed method applies to any complete set of Hermitian generators
of a symmetry group with a four-dimensional representation. In particular, it
comes out that the four-mode effective Hamiltonian can be written in terms of
bilinears constructed from the generators of the Lie algebra of SU(4).

To show this, we adopt the same notation for the matrix representation of
su(4) presented in [56], and define the corresponding bilinear operators as:

Ao = el AP, (3.49)
af

where {A,}/2, denotes the 15 traceless Hermitian generators of su(4), and Ag
is the 4 x 4 identity matrix completing the basis. In terms of SU(4) bilinears, the
effective Hamiltonian (3.31) reads

A U\ o 5U +, U 2 U/ria 12
Ho = (fJ 12)N + oSN R (A )\15) (3.50)
U JUR .
tom(- )€+>\§+/\13—/\14>+ﬂ(>\i—)\§+>\fl—>\f2)
U /e« o .
+ﬂ (Amg A sA 4 Aodis + Arade + Asho + Agde — Ardio — )\10)\7)

Ao
()\4/\11 + /\11)\4) (/\8>\15 + /\15/\8>

where in the four-mode representation M\ = N is the total number operator.

Expansion in Eq. (3.50) points out a natural organization of the theory in
terms of Schwinger-type bilinears built from generators of the Lie algebra su(4),
allowing us to rewrite both the quadratic and quartic terms of the effective
Hamiltonian in a compact and symmetry-aware form. This reveals an under-
lying algebraic structure that leads to the identification of an emergent SU(4)
symmetry in the projected low-energy theory. However, while the purpose of
this expansion was to investigate whether the effective Hamiltonian exhibits
clear symmetry properties when expressed in terms of SU(4) bilinears, in anal-
ogy with the SU(2) representation of the two-dimensional case, no particularly
simple algebraic structure emerges at this level, and thus no direct connection
with the 2D case can be established. However, numerical results presented in the
next Chapter reveal a systematic, although complex, organization of the spectra.
This hints at a possible hidden structure for which the above construction might
reveal useful.






Numerical Results

In this final Chapter, we present the results of the numerical analysis of the
three-dimensional bosonic BBH model introduced and theoretically developed
in the previous sections.

In the first Section, we validate our theoretical results by performing exact
diagonalization (ED) of the full Bose-Hubbard Hamiltonian on the 7-flux cube,
and compare its energy spectrum with the one obtained from the projected
theory. This comparison allows us to assess the accuracy of the effective model
in capturing the correct low-energy physics, and to examine the structure and
degeneracies of the energy levels.

In the second Section, we numerically investigate the properties of the classi-
cal ground state in the weakly interacting regime within a mean-field approach.
Starting from the classical energy functional derived from the effective theory, we
determine its global minima by combining a discrete Gross-Pitaevskii descrip-
tion with an imaginary time evolution (ITE) approach. We then apply the same
framework to the full eight-mode model. For sufficiently weak interactions, the
two descriptions are expected to yield equivalent results.

4.1 Exact diagonalization and comparison with the effec-
tive theory

In this Section, we expose the results of the calculation of the many-body
energy spectrum of the full Bose-Hubbard Hamiltonian (3.1) on the 7-flux cube,
and discuss the comparison with the spectrum of the four-mode effective theory
described by the projected Hamiltonian in Eq. (3.24). Both models are diagonal-
ized using exact diagonalization via the Python package QuSpin [57]. The com-
parison, shown in Fig. 4.1 for several values of the boson number N, highlights

41
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Figure 4.1: Comparison between the energy spectra of the effective and full theories
for different boson numbers N at fixed U = 0.1J. The spectra are obtained by exact
diagonalization.
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Figure 4.2: Energy spectrum for NV = 5 and U = 0.1J. The fourfold degeneracy pattern
is clearly visible and stable over many energy levels. The effective theory accurately
reproduces the full spectrum.

the accuracy of the effective model in capturing the correct low-energy struc-
ture. In particular, we observe that the projected theory properly reproduces the
distribution and degeneracy pattern of the energy levels, albeit uniform energy
shift with respect to the full theory, which we analyze below.

A notable feature of the energy spectrum in Fig. 4.1 is its strong dependence
on the filling v = N/8, which directly affects the degeneracy structure of the
eigenstates. The addition of a single boson utterly alters the degeneracy pattern,
leading to different spectral structures. This filling dependence in the spectrum
reveals purely quantum effects arising from frustration and interactions, and is
remarkably different from the two-dimensional single-plaquette case discussed
in Chapter 2, where the degeneracy structure was independent of the filling and
exhibited a simpler regular organization. In the cubic cell case, the resulting de-
generacy structure exhibits distinct behavior depending on whether the number
of bosons is odd, even, or a multiple of four:

¢ For an odd number of bosons, the spectrum displays a highly regular
structure, with a four-fold degeneracy of the eigenstates stable across a
broad number of excited states. This is clearly visible in Fig. 4.2, where the
first 50 eigenvalues are shown for N = 5.

¢ For even N not divisible by 4, such as N = 2,6,10,..., we observe a
threefold degeneracy in the lowest levels.

e For N divisible by 4 (e.g., N = 4,8,12,...), the ground state is non-
degenerate. This indicates that the degeneracy-protecting symmetry is
lifted at these fillings.
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Figure 4.3: Plot in log-log scale of the energy differences AE; = Ef'!! — E¢f between
the exact and effective spectra for N = 6 as a function of U. The linear fits AE; o U?
confirm that the shifts scale as 3; ~ 2, coherently with second-order perturbation theory.

The highly regular structure observed in the spectra, especially for odd N,
suggests the presence of an underlying algebraic structure. This aligns with
the SU(4) formulation introduced earlier, which may serve as the basis for a
full algebraic classification of the spectrum. We leave this analysis to future
investigations.

To understand the energy shift between the two models, we compute the
energy difference AE; = EfYll — E¢f for the i-th degenerate energy sector as a
function of U, where i = 0 corresponds to the ground state manifold. This is
illustrated in Fig. 4.3, where the energy difference between the two spectra is
shown to scale quadratically with the interaction strength U, consistently with
second-order perturbative corrections. In particular, linear fits in Fig. 4.3 result
in the scaling exponents

Bo = 1.972 & 0.001,
By = 1.979 + 0.001, (4.1)
By = 1.979 £+ 0.001,

where errors correspond to one standard deviation obtained from the least-
squares fit. The discrepancy AFE can be attributed to the contribution of high-
energy orbitals that are neglected in the projected theory, and which become
increasingly relevant as the number of bosons grows. These corrections orig-
inate from virtual processes involving higher-energy modes, whose transition
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amplitude in perturbation theory is of the order of U?/Ae, with Ae = 21/3J
being the single-particle gap.

4.2 Gross-Pitaevskii theory

Having established the validity of the effective theory in reproducing the
correct low-energy physics, we now turn to a mean-field analysis of the classical
ground-state structure, similarly to what we have done in Section 2.4 for the two-
dimensional case. In the limit of weak interactions and large particle number,
the system can be described within a mean-field Gross—Pitaevskii theory [58, 59].
Assuming complete condensation, the condensate wavefunction can be obtained
by solving the variational problem for the average energy per particle. In this
Section, we investigate the classical ground-state structure by minimizing the
energy functional derived from both the effective four-mode theory and the full
eight-mode Bose-Hubbard model.

4.2.1 Gross-Pitaevskii description of the effective theory

We develop a mean-field description of the low-energy theory by studying the
classical energy functional resulting from the effective Hamiltonian in Eq. (3.24).
In the thermodynamic limit N — oo and for finite ¢ = UN, with U — 0, we
assume all bosons to condensate into the same coherent ground state and replace
the bosonic operators ¢; with the ansatz for their expectation values:

Co = Co = (o) = |cal etfea a=1,...,4, 4.2)

such that in the condensate phase 3", |ca|* = N, and global U(1) symmetry
allows to fix one of the phases 6., = 0.

Substituting into Eq. (3.24), the resulting four-orbital classical energy func-
tional takes the form

. U
Buiel{ca, i} = E(N) + ¢ (lea ezl + e [ea]?) (43)
V3
+ ﬁU( —|e1]? |ea)? cos 2(0e, — Oc,) + |es|? |ca]? cos 2(6,, — 953))
U
+ 5 (ler?lesf? cos 2(0c; = 0c,) + leal? leal® cos 2(0c, — 61,))

U
2 el el e ea] 08 (B, — Bey) €05 (B — ),

with B(N) = - (V37 + &) N.
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To determine the classical ground state, we have to look for the global minima
of the energy functional Eyip[{ca, ¢} }] over the eight real parameters {|c,|, 0., },
by solving the stationarity conditions

OEme _ 0, Va=1,...,4. (4.4)

8EMF —0
dleal 00,

Remarkably, the energy landscape is characterized by a dense manifold of
nearly degenerate low-energy states, signaling the presence of a complex clas-
sical phase structure. To systematically explore this landscape and identify the
classical ground states, we employ a numerical method that combines a discrete
Gross—Pitaevskii description with imaginary time evolution [60, 61].

Starting from the time-dependent Gross-Pitaevskii equation for the complex
fields {ca}:

_ 0Elc, c”]

i@tca (t) = T, (45)

with Elc, ¢*] being the energy functional in Eq. (4.3), we search for stationary
solutions of the form
ca(t) = ca(o)eiiutv (4.6)

where the time dependence is fixed by the chemical potential ;1 = g—ff. Sub-
stituting into Eq. (4.5), we reformulate the problem as a system of stationary
Gross-Pitaevskii equations for the bosonic low-energy classical modes:

0E[c, c¥]
oc

«

Heo = for a =1,2,3,4. 4.7)
It is convenient to solve Eq. (4.7) after having renormalized the parameters {c; }
with the total number of bosons

ca = VNeg, (4.8)

so that
Y leal? =1, (4.9)

and the Gross-Pitaevskii equations become dependent only on the effective cou-

pling constant ¢ = UN, and not explicitly on the number of bosons.
The Gross-Pitaevskii equations for the four fields explicitly read

per = (=VB8J + Sleaf? + E(lerf + leaf? + leal®) Jer = VB (ciea)es + 15 (ches)en

+ £ (eies)es + L (chea)es + <5 (chea)es + 15 (Csea)ea,
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uez = (—V3J + Slerf? + g<|C2|2 +leaf? + leal?) )z = VB (cser)en + L (5en)er
+ %(C’{CQCg + = 13 (cyeq)eq + = 12 (c*{c;;)c;; + %(0301)04, (4.10)
= (-3 9.2 9 2 2 2 V3L (e 9«
e = 3J + 3|C4| + 6(|Cg| + e +e2l?) Jes + 312(0364)C4+ 12(0201)04
+ %(6201)02 + %(cgcl)cl + 1‘%(0’2‘04)61 + %(6262)017
_ V3 g, 2.9 2 2 2 \fi * 9 /o«
peqg = (—V3J + 3|63| + 6(|C4| +lc1]® + |eal?) Jea + 312(0403)03 + 12(6162)63

I (ciea)en,

g &
+ = (cje)en + — 13

13 (CTCg)CQ +

I (cer)en + 2

12 12

where the contributions from mixing terms have been symmetrized and evenly
distributed across the equations for the four fields to ensure a balanced evolution
of all components {c, } during numerical calculations.

The system of Gross-Pitaevskii equations can be recasted in the form of a
self-consistent eigenvalue problem

pCo = ZH [{cy Heg, (4.11)

where HO%P is the Gross-Pitaevskii Hamiltonian, constructed from the system
of equations (4.10) and self-consistently depending on the fields {c,}. The ex-
plicit expression of H, (S’E is provided in Appendix C.1. The expression in (4.11)
is a non-linear eigenvalue equation, in which we find ¢, as the components
of the fundamental eigenvector of the GP Hamiltonian and the chemical po-
tential ;2 as fundamental eigenvalue. This is obtained within a self-consistent
iterative algorithm: starting from an initial ansatz for the components {c%}, the
Gross-Pitaevskii Hamiltonian HSP[{c}] is constructed and diagonalized. The
resulting lowest energy eigenvector is then used to update the Hamiltonian,
and the process is repeated until convergence to a stable ground-state solu-
tion is achieved. However, the Gross-Pitaevskii eigenvalue problem is highly
non-linear and suffers from convergence issues when approached by direct di-
agonalization. Despite an extensive numerical search involving over 15,000
randomized initial configurations, the eigenvalue method did not reach conver-
gence in our system due to the large degeneracy of the classical ground-state
manifold.

An alternative strategy which proves to be more efficient in our case is offered
by dynamic evolution in imaginary time [61]. By moving from real to imaginary
time through a Wick rotation 7 = it, Eq. (4.11) can be interpreted as a time-
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dependent Schrodinger equation for the wave-functions {c, }:

Orca = — Y Hh [{eyHes, (4.12)
B

In this formulation, the ground state is reached as the steady state solution in
the long-time limit:
lim co(7) = . (4.13)
T—00

This procedure does not require diagonalization, but only repeated applications
of the Hamiltonian operator, and it is much more robust against functional en-
ergy fluctuations and degeneracy. Following the evolution of the wavefunction
in imaginary time is in fact a way of implementing a minimization of the energy
functional [61].

This minimization algorithm is numerically implemented by discretizing the
time interval in infinitesimal steps d7, and updating the wavefunction at each
time step via the first-order Euler scheme:

) _ (1= 37 HE [ }])e

~ [ = or HSP[{c™ )™ || (4.14)

Here, c(™ denotes the vector having components c,, at the time step n 67, with
a=1,2,3, 4
c= {‘Cl‘ e [ea| €%, 3| €%, e 6“904} ) (4.15)

and HCP[{c(™}] denotes the Gross—Pitaevskii Hamiltonian evaluated on the
state at time step n. Since evolution in imaginary time is not unitary, the state is
normalized at each step to avoid numerical divergences and preserve stability.
Starting from an initial ansatz c&o), the Gross—Pitaevskii Hamiltonian is con-
structed and applied to evolve the system using Eq. (4.14). After each step, the
classical energy functional Eq. (4.3) is evaluated. The procedure is iterated, up-
dating HCT at each step, until convergence is reached. Convergence is defined
by monitoring the relative energy variation and stopping the evolution once it

satisfies a chosen threshold, that we fixed to

Epi1—E
‘”“” <107°. (4.16)
E,

To identify the structure of the classical ground-state manifold, we run 3000
simulations with randomized initial conditions and fixed interaction strength
g = 10J. Results of this numerical search lead to the identification of 12 compet-
ing minima in the four-mode condensate space. These minima are characterized
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Figure 4.4: Density distinct configurations of the 12 classical ground states obtained
from ITE. Each state is characterized either by uniform or localized orbital populations.
All results correspond to g = 10J. The left and center panels show configurations with
localized populations on orbitals (1,3) and (2,4), respectively. The right panel shows
the ones with uniform orbital populations.

by different configurations of density distribution across the four orbitals, shown
in Fig. 4.4, and of phase patterns:

* Four ground states are characterized by localized densities: two of them

localized on orbitals |c;) and |c3), with relative phase difference 6., — 0., =

+7/2,

e, = [1 0, L c*i3 0} (4.17)
1,2 \/i’ 9 \/§ 5 5 .

and the other two with densities localized on orbitals |c2) and |c4) and

phase difference 0., — 6., = £7/2,

S 1 1 r

chy = [07 ﬁﬂ, \ﬁeilf

Density configurations of these states are shown in the left and central
panels of Fig. 4.4. Notice that in this case, upon fixing densities, the exact

phase configurations Af = 47 /2 canbe derived analytically by minimizing
the energy functional in Eq. 4.3.

(4.18)

Eight states characterized by uniform density distribution across the four
orbitals,
, 11 1, 1.
8 _ |2 Zgilla—01) — i(03—61) — i(02—61) j=5,...,12 4.19
C’L 2 Y 2 € ) 2 € ) 2 € ) ? 57 ) ) ( )
shown in the right panel of Fig. 4.4, and distinguished by complex phase
patterns forming two sets of four chiral partners, visualized in Fig. 4.5.
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Figure 4.5: Phase patterns of one of the two sets of uniform-density ground states. The
remaining four configurations are obtained by complex conjugation (chiral partners).

Analytical evaluation of the energy of the four density-localized configura-
tions in Eqs. (4.17)—(4.18) via the energy functional in Eq. (4.3) yields

Bypl{e®, e}~ E(N) _ ¢
N 48"

(4.20)

This agrees with the variational result Eg of all the 12 numerical degenerate
configurations

Egs
Tg ~ —1.10705 for ¢ =10J. (4.21)

It is worth noting that, in the four-mode effective theory, the coupling constant
g appears as a global multiplicative prefactor in front of the interaction terms
governing the dynamics, thus not entering in determining the ground state.
As a consequence, the structure of the ground-state manifold for the projected
theory is independent of g, and only the energy is rescaled. In the full eight-
mode theory, instead, the parameter g competes with the finite gap « J and
this competition has a role in determining the ground state manifold. It is
thus relevant to investigate the comparison between the classical ground states
obtained from the projected and full Gross—Pitaevskii descriptions.

4.2.2 Gross-Pitaveskii description of the full theory

We now apply the formalism developed in the previous Section to study the
classical ground states of the full eight-mode theory and compare them with
those obtained from the projected model.

Starting from the full Hamiltonian in Eq. (3.1), with Bose-Hubbard interaction
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in normal—ordered form
HAi t — — Z ZA)T ZA)T B IA) (422)
n 2 a’a’ros

we replace the bosonic operators with their classical coherent state expectation
values,
bo — bo = (ba), a=1,...,8 (4.23)

The resulting classical energy functional for the cubic cell reads

Eng[{ba, b5} Z Jop bibg + 2 Zyb 4, (4.24)

where we have renormalized to the number of bosons b, — VN by, so that
S 1bal? = 1, and J,5 = +J encodes the 7-flux gauge structure (see Fig. 3.1).
Assuming the standard ansatz for the classical fields

bo = |ba| €%, a=1,..,8, (4.25)

the mean field energy per particle reads in terms of site densities and phase
differences as:

Enve[{ba, b5 }] L9 4
— N = —2J > Jag |bal bs] cos (65, — 6y,) 5%:]ba| . (4.26)

(aB)

The time-dependent Gross—Pitaevskii equation governing the classical dynamics

_ 0BEvE[b, b
iOyba = “;Fb[a] (4.27)
admits the stationary solution
bo(t) = b Ve, (4.28)
satisfying the stationary Gross—Pitaevskii equations
o = (EN;)W, (4.29)

whose explicit form reads

fba ==Y Japbg + g |ba|*ba- (4.30)
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This defines a system of eight coupled non-linear equations, which can be recast
as a self-consistent eigenvalue problem:

i0; bo = p1ba = Z 5 [{b4}bs, (4.31)

where the Gross—Pitaevskii Hamiltonian Hg’g depends self-consistently on the
bosonic fields {b,}. The explicit structure of HS is derived from Eq. (4.30), and
is reported in Appendix C.2.

To obtain the classical ground state manifold of the eight-mode model, we
follow the same numerical strategy adopted for the projected theory: we solve
the non-linear Gross-Pitaevskii eigenvalue problem by means of imaginary time
evolution, interpreting the equations of motion as a time-dependent Schrodinger
equation in imaginary time and evolving the state according to the iterative
scheme introduced in Eq. (4.14).

The Gross—Pitaevskii Hamiltonian is updated at each step based on the cur-
rent configuration of the classical fields, and convergence is reached up to the
tolerance for the relative energy variation in Eq. (4.16).

We perform 3000 simulations with randomized initial conditions at fixed
interaction strength ¢ = 10J. All simulations converge to one of 12 distinct
minima, characterized by uniform density distribution across the eight sites

‘bis a=1,...,8, (4.32)

1
87

within a numerical error of the order of 10~°, and distinguished by 12 different
complex phase configurations, pairly related by complex conjugation. For each
of the above ground state configurations, we evaluate the particle current density

along each bond connecting nearest-neighboring sites on the cubic unit cell, as
defined by

Jos =i (Jap bibs — Jugbibs) - (4.33)

Here, the complex hopping J,3 = Je!?»# encodes the 7-flux structure through
¢ap = 0,%xm (see Fig. 3.1). Substituting the classical ansatz b, = |b,| ¢'fa | the
particle current density reads

Jap = 27 lbal [bs] sin (65, = Ob, + das)- (4.34)

Notably, each of the 12 ground states gives rise to a different closed pattern
of density current, showing the emergence of chiral properties in the classical
ground states. These current patterns form six distinct configurations, visualized
in Fig. 4.6, the remaining six being their time-reversal partners. In particular,
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Figure 4.6: Loop-current patterns corresponding to six of the 12 classical ground states
of the full eight-mode Gross-Pitaevskii theory. The remaining six are obtained by time
reversal transformation. Each closed pattern corresponds to a minimum configuration
with uniform density and non-zero particle current flowing on the edges of the 7-flux
cube.

we observe loop currents forming "chair"-like configurations on the faces of the
cube. All 12 ground states are thus associated with non-zero loop currents, re-
vealing the emergence of chiral order and spontaneous breaking of time-reversal
symmetry in the classical limit. This is one of the main results of this Thesis
and generalizes what observed in the two-dimensional case, where the interplay
between frustration and interactions gives rise to local chiral currents and orbital
order over the extended lattice.

A closer inspection of the 12 loop-current configurations reveals a structured
organization under the crystalline symmetries of the cubic unit cell. In particular,
each "chair"-current pattern can be mapped into one another by applying a
gauge-dressed /2-rotation ! around the three principal axes, denoted in our
notation as C’4,a with o = x,y, 2z, while none of them remains invariant under
any of the Cy, operations. Each configuration, together with its time-reversal
partner, is instead left invariant under a 7-rotation C’Q’a around one of the three
principal axes. Mirror operations M, act either as a reversal of all bond currents,
mapping a pattern into its chiral partner, or as an effective CA'47OC operation that
maps one configuration into another without reversing chirality.

This non-trivial behavior of loop current patterns under the action of crys-

! As discussed in Chapter 3, lattice transformations must be appropriately dressed by a gauge
transformation to restore commutation with the single-particle Hamiltonian Hy. Here the operator
C4,o denotes the gauge-dressed 7/2-rotation around the axis o = x, , z, acting on both the spatial
and gauge structure of the hopping amplitudes, preserving the physical symmetry of the model.
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talline transformations points out the role of crystalline symmetries in determin-
ing the algebraic structure underlying the ground state manifold, at least at a
classical level. At a microscopic level, this observation points to a potential role
of crystalline symmetries in the symmetry-protecting mechanisms responsible
for the degeneracy structure in the many-body energy spectra discussed in the
previous Section, suggesting further investigations on their role at finite fillings.

A next step in future studies is thus to understand how these classical states
behave in the quantum regime: how quantum fluctuations lift the classical
degeneracy, which subsets of states are selected, and how this selection depends
on the particle filling.

Comparison with the projected theory

A last notable fact is that numerical results for the energy of the ground states
coincide with the value obtained for the four-mode condensate in Eq. (4.21):
all simulations of the full eight-mode model converge to the value Fgs/J ~
—1.10705 within the tolerance range defined in Eq. (4.16). This provides further
validation of the effective theory in the range of interactions analyzed.

Moreover, we can compare the results of the full and projected theories by
applying the unitary transformation defined in Eq. (3.21), which maps the low-
energy modes of the eight-site model to the four effective orbitals, and vice versa.
Each classical ground state ¢y obtained from the projected theory can thus be
mapped into a configuration b in the full eight-dimensional space.

We find that each of all the classical ground states c¢* of the four-orbital pro-
jected model maps onto a corresponding configuration bf?i) obtained from the
full eight-mode Gross—Pitaevskii variational analysis. A quantitative measure
of this correspondence is given by the bounded Euclidean distance between the
two eight-dimensional vectors

1T —b% [P <107 vi=1,...,12 (4.35)
where T is the 8 x 4 reduced matrix obtained from the unitary change-of-basis
matrix 7 in Appendix B by selecting the columns corresponding to the low-
est—energy subspace. This confirms that the two descriptions yield equivalent
results, at least in the weakly interacting regime. The structure and degener-
acy of the ground-state manifold are fully reproduced by the effective theory,
demonstrating its validity in this regime.

We leave to future studies the investigation of how this agreement breaks
down at stronger interaction strengths g, when the contribution of high-energy
modes may no longer be negligible and the effective theory will fail in reproduc-
ing the correct low-energy physics.



Conclusions

The study presented in this Thesis aims to provide a theoretical investiga-
tion of a three-dimensional flux-frustrated Bose-Hubbard system, exploring the
interacting bosonic BBH model on a single cubic plaquette pierced by a m-flux.
By combining symmetry-based low-energy theory, exact diagonalization, and
Gross—Pitaevskii analysis, this work shows how rich and non-trivial physics
emerges in 3D flux-frustrated lattices by means of the interplay between ge-
ometric frustration, crystalline symmetries, and interactions in higher spatial
dimensions. The highly regular structure of degeneracies and the strong filling
dependence in the many-body energy spectrum are suggestive of hidden alge-
braic structures and are signal of a genuinely quantum phenomenon, revealing
how the occupation number affects the structure of the interacting Hilbert space
in the frustrated system, a feature that is surprisingly different from the 2D case.
Based on the SU(4) formulation provided in this work, a step forward in future
investigations would be the full algebraic classification of the energy spectrum.
Identifying the degeneracy-protecting symmetry and how it is modified by par-
ticle filling could open the way to understanding which type of orbital physics
can emerge in the extended geometry and in the quantum limit.

As the main finding of this work, the highly degenerate classical ground-state
manifold is characterized by the emergence of chiral order and spontaneous sym-
metry breaking in the weakly-interacting limit. Remarkably, each chiral ground
state is associated with a closed loop-current pattern on the faces of the cube,
with configurations related by time-reversal and crystalline symmetries. This
result further generalizes what observed in the two-dimensional case: while
closed loop-current states are typical and well-understood in 2D, the emergence
of closed current patterns is more exotic in 3D systems, where the higher num-
ber of spatial degrees of freedom allows for the formation of non-trivial, more

55



56 Conclusions

variegated patterns.

A first possible step in future studies is to go beyond the classical Gross—
Pitaevskii description and determine how quantum fluctuations reshape the
degenerate manifold, potentially lifting the classical degeneracy while stabilizing
a selected subset of chiral ground states, alongside with the role of crystalline
symmetries at finite filling in the quantum regime.

At the same time, an interesting perspective relies on the exploration of the
extended lattice limit, scaling up the lattice by considering several 7-flux cubes
coupled by weak links, where the emergence of local chiral modes on the single
cubic unit cell may lead to the emergence of macroscopic chiral currents over the
extended lattice, signature of a topological non-trivial phase.

Connecting theory with ongoing experimental efforts, our model opens a
novel direction for many-body physics in 3D flux-lattices and possibly introduces
novel chiral states relevant for quantum simulation platforms.



Derivation of Schwinger boson
operators

In this appendix, we present the derivation of the SU(2) Schwinger boson
representation used in the effective theory developed in Chapter 2. This con-
struction follows the Jordan-Schwinger map, which provides a direct correspon-
dence between bosonic creation and annihilation operators and the generators of
a finite-dimensional Lie algebra. Starting from the two-dimensional fundamen-
tal matrix representation of the Lie Algebra of SU(2), the Jordan-Schwinger map
allows to construct the corresponding Schwinger representation by associating
each matrix generator to a bilinear operator in bosonic creation and annihila-
tion operators. Specifically, for two bosonic mode operators 7; and s, SU(2)
Schwinger operators are constructed as bilinear combinations of these bosonic
operators:

Ju = il (o), (A1)

where o# are the Pauli matrices and the sum is over repeated indices. This yields
Eq. (2.16) in the main text.

These bosonic operators satisfy the SU(2) commutation relations by construc-
tion, being the Jordan-Schwinger map a homomorphism between representa-
tions, thus conserving the Lie bracket:

[ji, jj] = iﬁijkjk. (A2)
In this representation, the total particle number operator

Smg (A3)

n=m
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acts as the Casimir operator of the algebra, commuting with all .J*:
(A, J] =0, (A4)

and sets the total angular momentum value for a given irreducible representa-
tion. Specifically, the Casimir operator is given by:

A

C=I1=Jl+I+J2, (A5)
and its eigenvalue is related to the total particle number by:

A N[N
C’:2<2+1>. (A.6)
The eigenstates of the system are thus labeled by the total number of bosons 7
and the angular momentum projections associated with the SU(2) operators.
By applying the Jordan-Schwinger map to the two-mode bosonic system, we
obtain an effective angular momentum description that connects the low-energy
modes 7m; and 7z to an emergent SU(2) algebra. This derivation provides the
effective Hamiltonian used in Chapter 2, where the emergent p-orbital degrees of
freedom and their interactions can be recast as angular momentum interactions
within the Schwinger boson formalism.
For a detailed derivation and generalization to multi-mode systems, we refer to
the formalism presented in Ref. [51].



Simultaneous diagonalization
and projection onto the low-
energy sector

In this appendix, we present the diagonalization of the single-particle Hamil-
tonian H, together with a maximal commuting subset of dressed crystalline
symmetries, and describe how the effective low-energy theory is obtained via
projection onto the degenerate ground-state manifold.

Among the crystalline symmetries of the cubic lattice, we consider the set of
dressed symmetry operators M, Cs ., which satisfy the mutual commutation
relations:

[E[O;Mz] = [FI@,CA'ZZ] - [MZaC'Q,z] =0. (B.1)

The single-particle Hamiltonian Hj on the eight-site cubic unit cell is repre-
sented in the {|b;)} single-particle basis by an 8 x 8 Hermitian matrix, whose
entries encode the hopping amplitudes between the sites of the cubic unit cell:

1 -1 0 -1 0 0 O

1 o 0 -1 0 -1 0 O

o 0 -1 0 O 1 0
0

~ | o -1 -1 0 o o0 B2)

-1 0 0 0 0 -1 -1 0
o -1 0 0 -1 0 O 1
0 0 1 o -1 0 0 -1
o 0 o0 -1 0 1 -1 0

Symmetry operators M, and Cy . are represented in matrix form in the same
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basis as
01 0 0 0 0 0 0
1 0 000 0 O 0
00 01 0 0 O 0
N 00 1 0 0 0 O 0
M = 0O 0 0 0 0 1 0 0 (B.3)
0O 0 0 0 1 0 O 0
00 0 0 0 0 O
0O 0 0 0 0 o0 -1 0
0 0 0
0 0 O
0 0 1
N 0 0 O
Cs,, = 0 0 0 (B.4)
0 0
0

The simultaneous diagonalization of the

unitary matrix 7

—Z —Z

yA yA

-B -B

1|1 B B
T‘Z —iB B
iB —iB

where

I
—_
— o o000 oo oo

O O OO = O OO
O O OO o o o

o

three operators is realized via the

(B.5)

(B.6)
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such that
-3 0 0 0 0O 0 0 0
0 —v3 0 0 0O 0 0 o0
0 0 —=v3 0 0O 0 0 0
rdiag 1 fr o 0 0 0 —v3 0 0 0 0
Hy"® =T 'HyT = 0 0 0 o V3 o o o |’ (B.7)
0 0 0 0 0 V3 0 0
0 0 0 0 0 0 V3 0
0 0 0 0 0O 0 0 V3
-1 0 00 0 0 0O
0 -1 00 0 0 00
0 0 10 0 0 00
. . 0O 0 01 0 0 00
diag _ 71 —
M, TOMT 0O 0 00 -1 0 0 0]’ (B8)
0 0 00 0O —-1100
0O 0 00 O 0 10
0 0 00 0O 0 01
i 0 0 0 0 0 0 O
0 - 0 0 0 0 0 0
00 ¢i 0 0 0 0 O
Adiag _ +—1 o 0o 0 0 -« 0 O 0 O
Co =T7C2:T=| 0 g 0 0 —i0 0 0 (B9)
00 00 0 ¢ 0 0
00 00 0 0 —% 0
00 0 0 0 0 0 i

The columns of 7 define the new basis of symmetry-adapted single-particle
eigenstates |¢;):

lei) = > T " 1bs)- (B.10)
J

From the diagonal form of Hy, the degenerate ground-state manifold is
spanned by the eigenmodes {|c1), |c2),|c3), |c4)} with energy —v/3.J. The pro-
jection onto the low-energy subspace is performed by restricting to this four-
dimensional sector: by decomposing bosonic operators in the original basis via
the unitary transformation b; = 3 ; Tij¢j, and by dropping the contribution from
the higher energy modes {¢s, ¢, ¢7, és}-

The Hubbard interaction

Fine = S 8100 05b. (B.11)
2 ()

%
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becomes
U, +.+. . b . ot . ot .
Hf;’ff PHP _E( 1010101 + C;C;CQCQ + 02030303 + 01010404) (B.12)
U b a0 atataa
+ g(cicgclcg + cgcjlc;),a;)
U s At
+ 6 (E]éhérés + eheleats 4 ¢]E)E184 + E3¢)¢a¢s)
U

(03636404 + 84046303)

+ —(5{616363 +elete 6161 + 05020404 + C4C£C202)
+ g(éiégag@ +ebele ey + elelesey + elelerey).

Defining 7; = éjél as the occupation of orbital i, and using bosonic commu-
tation relations [¢;, é;] = 0;;, the interaction Hamiltonian in Eq. (B.12) leads to
the expression in Eq. (3.26) in the main text.



Details of the Gross-Pitaevskii
simulations

This Appendix provides additional technical details and explicit expressions
used in the Gross—Pitaevskii (GP) analysis discussed in Chapter 4. In both the
four-mode effective theory and the full eight-mode model, the classical ground
states are obtained by solving the stationary Gross—Pitaevskii equations viaimag-
inary time evolution. We report here the full expressions of the GP Hamiltonians
governing the evolutions, which are constructed from the stationary equations
and define the update rules used in the numerical procedure, and present the
resulting density distributions of the converged states over 3000 independent
simulations at fixed interaction strength ¢ = 10.J, providing a measure of the
convergence of the method.

C.1 Four-mode theory

The GP equations for the four-mode effective theory, derived from the energy
functional (4.3), are reported explicitly in Eq. (4.10) of the main text. These define
a set of coupled non-linear equations for the classical fields {c,}, from which
we construct the effective GP Hamiltonian HGF appearing in the eigenvalue

problem in Eq. (4.11):
4

Hef = (H5 ) gy (C1)

whose independent matrix elements read:

HEP = /37 + %!cg!z + %(|cl|2 +lesf® + Jeal?),

G 9 g
HGP = —\/gﬁcTCQ + ﬁc203,

H%P = %(C*{Cg + cjea + chea),
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GP 9
H14 — 70;03,

12
HE = —v/37 + et 4+ S (leal + les] + feal?), (C2)
G g «
H23P = Tz C1C4,
HSE = % (c5eq + cles + cier),

HSP = /37 + %\cﬁ + %(|cl|2 +leal® + fesl?),

HSE = \/§% c3cq + 1% c5C1,

HEF = —VBJ + Jlesl + S (leal + [eaf + [ea]?),
the remaining elements following from Hermiticity as H ]-(E-'P = (H SP)*. This is

the Hamiltonian numerically implemented in the first-order evolution scheme
defined in Eq. (4.14) used to approach the ground state.

—
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Figure C.1: Orbital density distribution |c&*|? resulting from 3000 simulations of the GP
dynamics in the effective four-mode theory at g = 10J. Each panel corresponds to one
of the four orbitals.
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Fig. C.1 shows the resulting density distributions |c&*|* of the 3000 converged
states for each orbital component. The sharp peaks and narrow distributions
centered at values |¢8°|* = 0, 1.3 confirm the convergence and stability of the
method.

C.2 Eight-mode theory

We follow the same procedure to determine the classical ground state mani-
fold arising from the Gross-Pitaevskii description of the eight-mode condensate.
The system of stationary GP equations for the classical fields {b,},

by = 6;)1? = —J(e™bg + b3 + bs) + g |bo|*bo,

by = 65)1\; = —J(bs +bs + e Tby) + g |ba|*b2,

pbs = 55)1\; = —J (b1 + by + e b7) + g|b3|*bs,

by = 5?2? = —J (b + bg + ba) + g |ba|*bs, (C.3)
[bs = 55)1‘:‘“ = —J (b1 + b + b7) + g|bs5|*bs,

[1bg = ‘fbf = —J(bs + e""™bg + by) + g |bs|*bs,

b = 2 = (b + €y + 1) + g i,

[1bg = ‘5?;8“ = —J(e™bg + by + bs) + g |bs|*bs,

defines the eight-dimensional GP Hamiltonian

g2 J —J 0 —J 0 0 0
J gl 0 -J 0 -J 0 0
—J 0 gb3]2 —J 0 0 J 0
1P _ 0 —J  —=J gb* 0 0 0 —J L (C4)
—J 0 0 0 glbs)? —-J —J 0
0 —J 0 0 —J glbgl* 0 J
0 0 J 0 —J 0  glbr? —J
0 0 0 —J 0 J —J  glbs|?

whose imaginary-time dynamics, implemented through the evolution scheme
in Section 4.2.2, leads to the identification of a twelvefold degenerate manifold of
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minima, characterized by uniform density distribution across the eight sites of
the cubic unit cell. The density distributions from 3000 simulations at g = 10.J
are displayed in Fig. C.2. Each site shows a sharp peak centered at |bg|*> = %,
again confirming convergence and accuracy of the ITE algorithm.
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Figure C.2: Density distributions |b&°|? for each of the eight sites, resulting from 3000
simulations of the full Gross-Pitaevskii dynamics at g = 10J. Each site converges to
uniform average density, with minimal fluctuations.
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