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Introduction

Mean field games is a theory that has been concurrently developed around 2006
by the French mathematicians J.M. Lasry and P.L. Lions and by a research
group in Canada led by M. Huang, P.E. Caines and R.P. Malhamé with the aim
of analyzing differential games with a very large number N of players (see for
example [26] 24]). The main assumption is that the agents are very similar to
each other that is, the influence of any player on the overall system is very little.
This is in strong analogy with the mean field models in mathematical physics
which analyses the behavior of many identical particles. In the applications we
can find for instance this situation in the financial markets.

If we followed the differential games theory we should consider a system
of N Hamilton-Jacobi-Bellman coupled differential equations. The resolution
of that is very hard also from the numerical point of view, due to the high
number of equations. So the idea is to find a simplified system of PDEs which
describes the overall trend and which is the limit for N — oo of the previous
one in the following sense: Nash equilibria of the game with N players converge
for N — oo to the mean field equilibrium. This fact has been proved under
suitable hypotheses in the stochastic case or in the deterministic one for open
loop controls (see for example [19]), but remains an open problem for feedback
controls.

In order to have a complete point of view and better understand the dif-
ferential case, in the first chapter we investigate classical static games with
many symmetric players. More precisely we suppose that all players have the
same compact set of strategy @, and that the cost F/V of the player i satisfies

V(.Tl, e ,.TN) S QNZ

o 7

F]\(fi)(acg(l), o Tony) = FN (21, aw) Vo permutation on {1,..., N}.
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First of all we study limits of symmetric functions, then under suitable assump-
tions we analyze the behavior of Nash equilibria in pure and mixed strate-
gies when N goes to co. In particular the main result is that if there ex-
ists a continuous mapping F : Q x P(Q) — R such that FN(xy,...,2x) =
F(ﬂfi,ﬁzj#%j), Vi =1,...,N and V(x1,...,2y5) € Q, then the sym-

N

metric equilibrium 7" in the mixed strategies up to a subsequence weakly-*

converges to m € P(Q) that satisfies the mean field equation:

[ F.m) dmty) = int | Py.m) dm(y)
Q Q

meP(Q)

This fact is equivalent to saying that the support of m in contained in the set
of minima of F(-,m). Furthermore we give sufficient conditions for uniqueness

of the aftermentioned m.

In the second chapter we study the first order mean field game equations:

(—Owu(z,t) + L Dyu(z, 1)) = Fz,m(t)  in R x (0,7)
uw(z,T) = G(z,m(T))
om(z,t) — divy(Dyu(z, t)m(z,t)) =0 in RY x (0,T)

\m(x,O) = mg(x)

(1)

We suppose that every player lies in R? with the dynamics z(s) = x +

J7 a(r)dr and that he can control his velocity a(s) to minimize his cost

Sastia)i= [ (GHA) + Fats)m(s)) ds + Gla().m(1))

where we suppose that L is strictly convex, so that without loss of generality we

= g According to the dynamic programming theory we can

can assume L(«)
associate to this control problem a Hamilton-Jacobi-Bellman equation, which
is the first one in (1); there u(x,t) has to be intended as the value function,
that is the minimizer of the cost functional over the controls o € L2([t, T], R?).

On the other hand the second equation in (1) is a continuity equation
which involves m(x,t), the density of the Borel probability measure m(t) on
R? which describes the distribution of the other players at the time ¢: it is the

only knowledge of a typical agent of the overall system at each time. In fact,
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if all agents apply an optimal strategy, which is given in the feedback form by
a(z,t) = —D,u(z,t), the density of their distribution over the space will evolve
in time with the Fokker-Plank equation in (1).

The main result of the second chapter is that under suitable hypotheses
on F,G and mg there is at least one solution to (1), that is a pair (u,m) €
WL (R x (0,T)) x LY(R? x (0,T)) such that the Hamilton-Jacobi-Bellman
equation is satisfied in the viscosity sense while the Fokker-Plank equation is

satisfied in the sense of distribution. In particular we suppose:

e F.( are continuous functions over R x Py, where P; is the set of Borel
probability measures on R? with finite first order moment, endowed with

the Kantorovitch-Rubinstein distance;

e There exists a constant C' > 0 such that || F'(-,m)||ez < C and ||G(-,m)]|e2 <
C for any m € Py, where C? is the space of function with continuous sec-
ond order derivatives endowed with the norm

I fllez = sup [|f(2)] +[Daof ()] + | Dz f ()] ;

z€R4

® my is absolutely continuous with respect to the Lebesgue measure, with
a density still denoted my which is bounded and has a compact support.

In this situation the semi-concavity of the value function play a key role,
for this reason the first section is devoted to the analysis of the properties
of this class of functions following the monograph [7]. Other fundamental
preliminaries concern the existence and the properties of a minimizer in the
problem of Calculus of variations

inf J(t,z;af))

a(-)eLr([t,TIR)

subjet at: z(s) =z +/ a(r) dr.
t

For this reason in the second section of the chapter we study these argu-
ments. Then in the next two sections we analyze separately the Hamilton-
Jacobi-Bellman equation and the continuity equation. Finally we apply the
Schauder-Tychonoff fixed point Theorem to prove the existence of solutions

of (1). In conclusion of the chapter, we prove uniqueness of solutions under
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monotony assumptions on the costs F' and G.

Finally the third chapter is devoted to some examples in the linear quadratic
setting. In particular we want to discuss the following cases:

1. We set G(z,m(T)) = &z — h|* + g|x — E[m(T)]|?, F(z,m(t)) = 0. In
this situation a,b € R and h € R? are given and we consider the classic
dynamics y(s) =z + [ a(r) dr.

2. In the second case we change the dynamics which becomes y = Ay + Ba,
where A, B are given matrices.

3. Finally we generalize the previous point by adding a linear quadratic cur-
rent cost such as F'(z,m(t)) = o’ Mz + E[m(t)]' NE[m(t)], where M, N €

R4 are symmetric given matrices.

In these simplified models the meaning of the parameters is the following:
if @ > 0 (respectively b > 0) the population tends to aggregate around h
(respectively E[m(T')]) at the final time; whereas as the opposite occurs if
a < 0 (respectively b < 0).

We explicitly solve the first model and the second one when d = 1. In
the other cases we give sufficient conditions on the parameters to ensure the
existence, at least locally, of a mean field solution.



Chapter 1

Static games with a large

number of players

The goal of this chapter is to study one-shot game with a large number N of
symmetric players.

Definition 1 (Symmetric games). A game is symmetric if the set of strategy
@ is the same for each player and the following holds:

(e

F]\(fi)(:zza(l), o)) = FEN (2, o) Vo permutation on {1,..., N},

where FN = FN(xy,...,zy) is the cost of the player i when every player j
chooses the strategy x; € Q.

The interpretation of this definition is that the costs are invariant under
permutations of 1,..., N. In particular, if we consider the point of view of
a typical agent i, its cost does not change if the same choices are made by
different other players.

In the rest of the chapter first of all we will study limits of symmetric
functions, then Nash equilibria for symmetric games, before in pure and finally

in mixed strategies.



CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

1.1 Limits of symmetric functions

Definition 2 (Symmetric function). Let ) a compact metric space. A function

uy : QY — R is symmetric if
UN(Z1, - TN) = UN(To(1), - - - To(N)) Vo permutation on {1,...., N}.

Now we consider a sequence (uy)yen of symmetric functions and we want

to define a limit for it when N — oo.

Notations. To reach our goal we have to introduce some notations.

e We recall that a modulus of continuity is a non decreasing function w :
[0, +00[— [0, +00o[ such that lim, g+ w(r) = 0.

e We set

|un|zo=(@) == sup un(q).
qeQN

e Given X = (z1,...,zx) € QN we define

e Let P(Q) = {m : m Borel probability measure on Q} endowed with the
topology of weak-* convergence: (my)neny C P(Q) weakly-* converges to
m € P(Q) (in symbols my —* m) if

lim / ) (s /Q (@) dm(z) V€ €(Q),

where C°(Q) = {¢ : Q — R | ¢ continuous}. In other words we say that
(my)nen C P(Q) weakly-* converges to m € P(Q) if and only if

lim B, [p(X)] = Enlp(X)]  Yp € Q).

Remark 1.1. By the compactness of () descends that also P(Q) is a compact
metric space for the weak-* topology. In particular it can be metrized with the

10



1.1. LIMITS OF SYMMETRIC FUNCTIONS

Kantorowich-Rubinstein distance:
d;(p,v) :=sup {/ fd(p—v)| f:Q — R Lipschitz function with Lip(f) < 1.}
Q

This distance is very important for the optimal transport theory, in fact it is
studied in detail in [30]. Furthermore we will find it again in the second chapter

in an equivalent different formulation.

We are now ready to state and prove the main theorem of this section,
which is a sort of Ascoli-Arzelda Theorem for symmetric functions.

Theorem 1.2. If (uy)nen 1S a sequence of symmetric uniformly bounded and
uniformly continuous functions, that is:

o There exists some C > 0 such that

e There exists a modulus of continuity w independent on N such that

lun (X) —un(Y)] < w(di(m¥, mY)), VX, Y € QY VN € N. (1.2)

Then there exists a subsequence (un,)ken Of (Un)nen and a continuous map
U:P(Q)— R such that

lim sup |un, (X)—U (m%’“)’ = 0.

k—o0 XEQNk

Proof. Without loss of generality we can assume that the modulus of continuity
is concave; in fact if w is not concave we can consider its concave envelope, which

stays above w by construction. By the concavity of w we can deduce:
wz+y) —wx) <w(y) Va,y € [0, +o0l. (1.3)
Then we define the sequence UV : P(Q) — R as follows:

UN(m) = inf {un(X)+w(di(my,m))}.

XeQN

11
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By (1.2) we have that uy(X) < un(Y)+w(d;(m¥,my)), VY € QY. Therefore
the inequality holds also taking the infimum of the second term, so that we

obtain
UN(m¥) = YieanN{uN(Y) +w(di(my, my))} = uy(X). (1.4)

We want to apply the Ascoli-Arzeld Theorem on the sequence (U ) yen, so we
have to show that it is uniformly bounded and equicontinuous.

o (U")yen uniformly bounded.

Since P(Q) is a compact metric space there exists a constant D > 0 such
that
di(m,m) <D  V¥Ym,m e PQ). (1.5)

Let ¢ € ) and Xév :=1(q,...,q), then m%\, = 0,. Therefore:

N times

U (m)] < un(XY) + (i (5, m) 2 € 4 (D).

o (UM)yen equicontinuous, that is they have the same modulus of continu-

ity on P(Q).

Let my,my € P(Q) and X € QV &- optimal in the definition of UY (my),
that is:
un(X) +w(dy(my, my)) < UN(mg) +¢. (1.6)

Moreover by the axioms of distance, we have that
dl(mﬁa ml) S dl(m§7 m?) + dl(m17 m2)7
and the monotony of w implies:

w(di(my,my)) <w (di(mY,ma) + di(my, ms)). (1.7)

12
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So we can compute:

0% ) < () 0 (o)) S
< UN(my) + & + w (dy (m¥, my) 4+ di(my, mg)) — w(di(m¥,my))

" U (ms) + w(dy (my, ma)) + .

IN

W=

By letting ¢ — 0 we obtain the claim.

So, by Ascoli-Arzeld Theorem, there exists a subsequence (U™ ) ey of (UN) yen
and a map U : P(Q) — R such that UM = U when k — oo, that is:

lim sup |U™(m)—U(m)|=0.
k mer(@)

In particular, being m% € P(Q) for each N € N and for each X € Q" we have:

UNe (m%’“) -U (mﬁ’“)‘ liin sup

XeQNk

0 =1lim sup un, (X)—U (m)]\(f’“)‘ .

ko xeqQNk
]

Example. If Q is a compact subset of R? and the (uy)yen are differentiable
functions, (1.2)) is verified if the following Lipschitz condition holds YN € N:

sup || Dy, ullo < C, 3C > 0.
i=1,...,N

In fact it is sufficient to apply the Lagrange Mean Value Theorem and to take
w(r) =Cr.

Remark 1.3. Let us observe that the limit function maintains a dependence
on X € QY only through the measure of the empirical average measure of the
vector X.

1.2 Nash equilibria in pure strategies

Let us come back to the analysis of classical static games with a large number
N of symmetric player as in Definition [I} In addition we suppose that the set
of strategies () is a compact metric space with P(Q) as in the previous section.

13



CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

Let us fix the point of view of a typical player ¢ and consider the sequence
(FN)nen of his costs as the number of players N changes: by our assumptions
this is a sequence of symmetric functions. So if conditions and hold
by Theorem we know that the (F¥)yey have a limit for N — oo, which
depends both on ¢ and on the empirical average measure of the choices of the
other players.

For this reason, since N is very large, we assume from now on that there

exists a continuous map F : @ x P(Q) — R such that, Vi € {1,...,N}:

1

N _ N
JF#i

Definition 3 (Nash equilibria in pure strategies). We say that (zV,...,7%) €

Q" is a Nash equilibrium for the game (F}Y,..., FY) if:

N (=N ~N N (=N =N ~N ~N
E (xla'“?xN)SE (xl7'--7$i—1ayiaxi+17~"axN) VyzGQ

Note that the symmetry assumption states that if the above definition hold
for a typical 4, then it holds for any ¢ € {1,..., N}.

Notations. Let us set XV := (z{',...,z¥) the Nash equilibrium for the game
with N symmetric players, and my := % Zfil 0z~ the empirical average mea-
sure linked to it. Moreover we indicate with Sptm the support of the measure

m.

We are now ready to explore the Mean field Theorem for classical pure

symmetric games.

Theorem 1.4. Let XV be a Nash equilibrium for the game (F{,... FY) for
each N € N. Then, up to a subsequence, the sequence of measures (™) yen
weakly-* converges to a measure m € P(Q) such that

/F(y,m) dm(y) = inf /F(y,m) dm(y), (1.9)
Q Q

meP(Q)
where F' is such in @

Proof. (m™)yen is a sequence in P(Q) endowed with the weak-* topology. So,

by construction, we can extract from (m)yey a convergent subsequence, still

14
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denoted by (m")yen to simplify the notation. Let us call m its limit, we want
to show that m satisfies (1.9)).

We claim that the measure d;~ realizes a minimum of the problem:

inf 1.1
m?%(@)/ <y’ —125 )dm (1.10)

In fact when m = d;~ the integral is reduced to F' (EZN, %1 Z#i )
Definition [3 of Nash equilibrium we have that

1 v 1

F(‘?J’HZ(SQ_:;'V)ZF(%’mZ%y) Vy e Q.
J#i J#i

And this implies the claim. Indeed, Ym € P(Q):

/ (y _125 ) dm(y 2/&’(9&% ' '%]N) dm(y)

JFi

Then we note that:

1 1 1
sup |my(x) — —— dzn ()| = sup Ozn () — — Ozn (x
ap(e) = 3 Sy )] g s 0 T
1
< sup — [0z~ | + sup Ipn () — = ) 0zn(2)
€0 i z€Q —1; j N; J
1 1 1
N Z(N—l_ﬁ>
J#i
1 1 2
=—+(N-1 = — 0
Nt Uy TNk

15



CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

For this reason and by the continuity of F', we have that .~ is e-optimal for
the probem ([1.10)). That is, for N large enough:

Faa®) = [ Fy.m) dbst)
Q (1.11)

< inf F(y,m") d +e.

—mér%@)/Q (y,m") dm(y) +e

Since it holds Vi € {1,..., N}, remembering the definition of m, by linearity

we have:
1
| Flpm®) an¥ (@) = (F (@ om) +--+ F (a.m))
Q
1
< — |N|{ inf F (y,m™) dm —|—5>}
< 5 (o, [P o) am)
= inf F(y,m™) dm(y) +e.
ot /Q (y,m™) dm(y)
By letting N — oo we obtain the thesis. O]

Remark 1.5. In the hypotheses of the Theorem the existence of a Nash
equilibrium is required for each N € N. This is a very strong assumption, since
in general it is not true. Conversely, we will see in the next section that this
thing always happens in mixed strategies.

Proposition 1.6. The static mean field equation holds if and only f the
support of m is contained in the set of minima of F(y,m), that is:

Spt(m) C argminF(y,m)
yeQ

Proof. =) If ([1.9) holds, for each x € @, choosing m = J, we obtain:
/ Fly,m) dm < F(z,m) Vo€ 0.
Q

In particular

/ F(y,m) dm < min F(z,m).
Q zEQ

And this trivially implies that Spt(m) C argminF(y, m).
yeQ

16
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<) Conversely, if Spt(m) C argminF'(y, m), then
yeQ

/ Fy,m) dm(y) < / F(y,m) dm(y)  Vm € P(Q),
Q Q

and this provides the thesis. O

This proposition states how the Nash equilibria of the game tend to be
arranged when N — oo. In fact take place in @) so that the support of the
limit measure m is contained in the set of minima of F(y,m) over Q.

1.3 Nash equilibria in mixed strategies

In this section we analyze what happens when the players are allowed to ran-
domize their behavior by playing strategies in P(Q) instead of ). That is we
want to study the trend of Nash equilibria for the same game F,... F¥ in
the so called mized strategies.

So, if the agents play the strategy mi,...,7y € P(Q)Y, the cost of the
player ¢ will be the sum of the costs of every single choice multiplied with the

probability of playing it under the strategy 71, ..., 7y € P(Q)". That is:
Fi(my, ..., mn) = / Fi(zy, ... zn) dro(zy) ... drn(zy)
N
1
= QNF<£L'“ﬁ;5w]> d7T1<$1)...d7TN(IN).

Definition 4 (Nash equilibria in mixed strategies). We say that m,..., 7y €
P(Q)V is a Nash equilibrium in the mixed strategies if, for any i € {1,..., N},

Fﬁ;(ﬁ'l,...,ﬁ']v) SF]ZV <(ﬁj)j7éi’ﬂ.i> VWZET(Q)

Now we want to extend Theorem to the mixed strategies case. To do
this we need two important results. The first of these is about the existence of
symmetric Nash equilibria for symmetric games in mixed strategies.

Definition 5 (Upper hemicontinuous correspondence). Given two sets X,Y,

a correspondence (or set valued map) ® : X == Y associates to every element

17



CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

x € X asubset of Y.

A correspondence ® : X = Y is said to be upper hemicontinuous at the
point z if for any open neighborhood V' of ®(x), there exists a neighborhood
U of x such that ®(z) CV for any z € U.

Remark 1.7. It can be proved (see for example [2]) that if YV is compact,
then @ is hemicontinuous if and only if for any sequence (z,),eny € X which
converges to x € X and for any sequence (y,)nen Which converges to y € Y
and such that y,, € ®(z,) Vn € N, then y € ().

We omit the proof of this fact because it goes beyond the intent of these
pages.

Theorem 1.8 (Nash equilibria in mixed strategies for symmetric games). If

the game is symmetric then there is a Nash equilibrium in the mixed strategies

of the form (w,..., ), where © € P(Q).

Proof. 1t is a straightforward application of the Fan’s fixed point Theorem (see
[18]).

Theorem (Fan’s Theorem). Let X be a non empty, compact and convex subset
of a locally convex topological vector space. Let ® : X = X any upper hemi-
continuous set valued map such that ®(x) # 0, compact and conver Vr € X.
Then 3z € X such that T € ®(T).

We define the best response correspondence R : P(Q) =2 P(Q) as follows:

ceX

R(m) = {a cPQ): Fi(o,m,...,7) = minF’l(5,7r,...,7r)}.

Let us verificate the hypotheses of the Fan’s Theorem.

e First of all we check that F} is a continuous map. Since F: P(Q) — R is
a continuous function on P(Q)) compact then by Weierstrass Theorem it

18



1.3. NASH EQUILIBRIA IN MIXED STRATEGIES

is bounded, that is there exists D > 0 such that ||F|l« < D < co. Then:

<H dﬂ'i — Hd0'1>
szl N =1

S D d1 (Hﬂ'l‘,HO'Z‘> .
i=1 1=1

P(Q) is clearly non empty, compact because @ it is, and convex because
every set of probability measure it is.

Since P(Q) is compact we can use te characterization of upper hemicon-
tinuity of Remark So let (m,) C P(Q) convergent to 7 € P(Q) and
(0,,) C P(Q) such that o, € R(x,) for any n € N. This means that

Fi(op,mtn, .. m) < By(v, T, .. om) Vv e P(Q), VneN. (1.12)

If 0 € P(Q) is the limit of (0,), then using the continuity of F; we can
pass to the limit in (1.12]). So we obtain:

Fyo,m,....,m) < Fy(v,m,...,7) Vv e P(Q).

And this implies that o € R(7).

R(m) is non empty for any 7 € P(Q) because by Weierstrass Theorem
there exist at least a minimum of the continuous map Fi(:,7,...,7) on
the compact set P(Q).

R() is compact for any m € P(Q). In fact R(7) C P(Q) is a closed set be-
cause it is the anti-image of the closed singleton {min,cpq) F'(o, 7, ..., m)}
through the continuous map Fy(-, 7, ..., 7). And a closed subset of a com-

pact set is compact.

Finally R(7) is convex. In fact given 0,6 € R(w) and A € (0,1), by the

19



CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

linearity of Fy we have

Fido+ (1 =Né;m,...,7m) = F(o;7,...,7)+ (1= NF(G;7,...,7)

0,6€R(m) . — . —
= "X min Fi(u;m,...,m)+ (1 —A) min Fy(u;m,...,7
LeP() (ke )+ ( )ueﬂ’(Q) 1 )
= min F(u;m, ... 7).
HEP(Q) 1(M )

This means that Ao + (1 — \)g € R(m).

So by Fan’s Theorem there exists 7 fixed point for R. By construction 7 satisfies

Fi(7,...,7) < Fi(o,7,...,7) Vo € P(Q).

We can conclude by the symmetry assumption. O]

The second result we need is about the properties of sequences of symmetric
probability measures.

Definition 6. Given a compact set @, a measure 1 on Q* is said to be sym-
metric if

ToFEI = It Vo permutation of {1,... k},

where m, (21,...,2) = (To1)s - - - Tory) and Te#p = p(m,t).

Therefore 1 is symmetric if
u(A) = p (' (4)  vAeQh

Remark 1.9. Let us observe that Definition [6] if m is a symmetric measure

on QF then, for any permutation o of 1,. .., k:
m(dyl, Ce ,dyk) = m(dyg(l), Ce ,dyg(k)).

Theorem 1.10 (Hewitt-Savage Theorem). Let (my,)nen be a sequence of sym-
metric probability measure on Q" such that m, is the marginal of m, 1 with
respect the last variable x, 1, that is:

/ dmy 1 (Tpy1) = my, Vn € N. (1.13)
Q

20



1.3. NASH EQUILIBRIA IN MIXED STRATEGIES

Then there is a probability measure pn on P(Q) such that for any continuous
map f € CO(P(Q)):
n Qr

lim f(%Z(S) dmn(:pl,...,mn):/?(@f(m) dp(m). (1.14)

Furthermore ¥Yn € N and for any n-uple Ay, ..., A, of Borel sets of @ it holds

min(Ay % - % Ay) = /y(@ m(A). .. m(A,) du(m). (1.15)

Proof. First of all we note that iterating the ((1.13) we obtain:

/ dmy, (T4, ..., 2,) = m;. (1.16)
Qn-i

Let us consider the following sequence of linear and continuous functionals

(Ln)nzl of GO((P(Q)):

L, (P) := /Qn P (% Z(syi) ma(dyy, ... dy,), VP e CUPQ)).

We want to show that it has limit for n — oo, so we prove that it has limit for
any P € C°(P(Q)). Indeed we establish this fact only for P of the form

P(m) :/Qj o(z1,...,x5) dm(xy)...dm(z; ), (1.17)

where ¢ : @ — R is a continuous mapping. In fact this class of functions
contains the monomials

Hmzﬂéwwmm,

and the polynomials generated by them are dense in CY(P(Q)) for the Stone-
Weierstrass Theorem (see [9, p. 39]).
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CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

By (1.17) we have that for any n > j
P 1265 _ ! > ey )
niZI i _nj 3 (py'Ll?“'?yZ]'?

where (i1, ...,i;) € {1,...,n}’. Therefore:

1
Ln(P) = E Z /Qn 90(%‘1; s ayij) mn(dyla s 7dyn)
1150005
If i1,...,4; are all different, we can fix the variables (y;,,...,¥;;) and integrate
on the remaining. Let us denote Q7 with the space of the variables y;,, . .. Ui
and let 0 = 03, . ;, the permutation of {1,...,j} that puts in ascending order

il, PN 7ij, then

/ So(yip"wyij) mn(dyhvdyn):/@(yna7y7,J) / mn(dyuvdyn)
n QI Qn—J

= o OWirs - Yi;) M (AYo(in)s - - Woiy))
J
= / ‘ go(ya(il), Ce 7yo(ij)) mj'<dy‘,2(il), Cen ,dygz(ij))
7
“ (1.18)
:/ o, ... y;) dmj(a, ..., x;),
Q7 (Y15--,95)

-----

,,,,,,

because Q7 (y1, ..., y;) = Q’(Yirs---,¥i,). Finally we have to observe that the
last integral does not depend on the particular permutation o;,
the Remark [.Ol

i; because of

.....

Now, using the Stirling approximation,

n!

|{(?:1,. .. 7Zj) . ?:1,. o 7Zj dlStlnCt}‘ = — nj, (119)

(n— )l e

and combining ((1.18)) and (1.19)) we obtain:

lim L,(P)= /Q oy, ..., y;) dmj(xq, ..., xj).

n—o0
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1.3. NASH EQUILIBRIA IN MIXED STRATEGIES

So L, has a limit L € (€%(P(Q)))*. Since P(Q) is compact we can apply the
Riesz representation Theorem (see [29] Theorem 2.14]), so there exists a unique

p € P(Q) such that:
L(P) = / P(m) dpu(m).
P(Q)

It remains to show that p satisfies (1.15)). Let P such as in (1.17]), then:

ne) - [ Pl o)

(1.20)
= / (/_gp(yl,...,yj) dm(xl)...dm(xj)) dp(m).
P(Q) \JQI
Let now Ay,...,A; C @ closed. We can find a non-increasing subsequence
(or)ren of continuous functions on @7 which converges to 14, (yy)----- 14, (z;).
By this fact and we have obtained for any A;,...,A; C @, and
therefore for any Borel measurable subset A;,..., A; of Q. O

Example. Let us retrace the salient steps of the previous proof through an
explicit example. Let us suppose that n =4, 7 = 3, (i1,142,13) = (4,1,3), and
0 = 04,13 the permutation that changes (4, 1,3) in (1,3,4). Then:

/ 90(3/473/17193) dm4(y1,...,y4) = /
Q* 0

Z/Ssﬁ(y4,y1,y3) dma(y, ys, ya)
Q ~~

<P(3/4:?/1,y3)/ dm4(y1, cee ,3/4)

3(ya,y1,y3) Q(y2)

4

= dmy (yo-(4) Yo (1):Yo(3) )

:/390<3/1;y37y4) \dm4(y3vy4ay1>
Q ~N~

J

= dma(y,24) Yo2 (1) Yo2(3)

/

= / (p(ylay27y3> \dm4(y2a3/371/1)
Q3(y1,92,y3) ~-

= dma(Y,2(3) Y02 (2) Y02 (1))

The last integral does not depend on the particular o for the symmetry of my.

Corollary 1.11. If my € P(Q) and m,, = [[;_, mo then

1 n
lim o f (EZZI&CZ) dmy,(xq,...,2,) = f(mg). (1.21)

n—oo
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Proof. (my,)nen satisfies the hypotheses of Hewitt-Savage Theorem, so we have:

mo(Ayp) -+ mp(A4,) =m,(A; X -+ X A,)
-/ ..... m(A,) du(m)

So we immediately deduce that pu = d,,, and therefore:

lim Oz, | dmy(xq, ..., m) dd,,, (m) = f(mg
Jim (Z ) ) & [ fm) o m) = o)

]

We are now ready to enunciate the main Theorem of this section, on the
limit of Nash equilibria in the mixed strategies for symmetric games.

Theorem 1.12. Let (7V,... #Y) the Nash equilibrium in the mized strategies
of the symmetric game (FN,... FY), for any N > 2. Then, up to a subse-
quence, () weakly-* converges to a measure m € P(Q) which satisfies the
static mean field equation . In particular there is always a solution to the

static mean field equation.

Proof. To simplify the notation we will write A instead of ﬁ > i Oz;
(7Y)yen is a sequence on P(Q), so by construction it has a convergent
subsequence to some m € P(Q), still denoted by (V) yen.
Since F' : P(Q) — R is a continuous function on P(Q) compact then by
Weierstrass Theorem it is bounded, that is there exists D > 0 such that

| Fll« < D < oo. Therefore, for any y € Q:

/N—lF(y;A)Hdﬁ-N<xj)_/N—1F(y;A)Hdm(‘Ij)

j#i j#i
< /N_1 F(y A)‘ <H dr (z;) — Hdm@)) (1.22)
j#i j#i
<Dd, (Hdﬁ'N(xj),Hdm(xj)) 0.
i i

In fact the distance is a continuous mapping and [ [, A7l (z;) —* [ dm(z;).
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1.3. NASH EQUILIBRIA IN MIXED STRATEGIES

Now, by definition of Nash equilibrium we have Vm € P(Q):

/Q(/m (i, A) ] dn™ xj> dﬂ@ﬂﬁ/@(/ﬁ (i, A) [ [ a=™ xj> dm(z;)

J# J#i

On the left we add and remove [, <f no1 Fwi, M) [ dm(xj)> da? (z;), while
on the right [, (fQN_l F(rs, M) T, dm(a:j)) dm(z;). So we obtain:

/Q[/Nl o (Hdﬂ ) Hdm(%‘))] da™ () +

i#i i

—|—/Q</N1 (x;, A jl;[dexJ>dﬁN(xi)§

g/@ [/N 1 (i, A (gdw (z;) gdm@ﬂ)] dm(x;)+
+/Q(/N1 (x;, A jl;[zdmxj)dmxz)

Now we pass to the limit for N — oo, and we can do this because we are
combining strong and weak-* convergence. In fact, by (1.22) and 7V —* m,
both the first term on the left and the first term on the rlght of the < go to 0.

Moreover, by (1.21)):

lim F(z;, A Hdm z;) = F(x;,m)

N—oo N—1
Q J#i

where this convergence is uniform with respect to x; because of the continuity
of F'. Therefore:

/Q F(ai,m) dm(a;) < /Q Flas,m) dm(z,).

Now we want to give a sufficient condition for the uniqueness of this m.
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CHAPTER 1. STATIC GAMES WITH A LARGE NUMBER OF PLAYERS

Theorem 1.13. Assume that F satisfies Vimq # msy € P(Q):
/ (F(y,m1) — F(y,ma)) d(my —mg)(y) > 0. (1.23)
Q

Then there is a unique measure satisfying .

Proof. Let my,my satisfying the static mean field equation (1.9). Since both
of them achieve the infimum we have:

fQ F(y,my) dmy(y) < fQ
Jo Fly,ma) dma(y) < [,

By adding these two inequalities we get

/Q Fly, my) dima (y)+ /Q F(y, ms) dima(y) < /

Q Q
0
/ [F(y,ma) — Fly,ma)] dma(y) - / (Fly,my) — Fly,ma)] dima(y) <0
Q Q
0
/Q F(y,ma) — F(y,ma)] d(my —ma)(y) < 0.
By it must be m; = M. O

We will discuss in detail in the next chapter the monotony condition ((1.23))
of the cost function F'. Now we conclude this chapter with an example.

Example (Potential games). Let us suppose that there exists ® : Q x P(Q) —
R such that

om
Moreover we assume that 3m € P(Q) such that m = argmin fQ O(x,m) de.

meP(Q)
Then, Vm € P(Q):

i@(w,m)‘ = F(z,m). (1.24)

m=m

/Q%(I)(as,m)‘ (m —m) dz >0 /QF(:B,m) dm>/QF(x,m)(f7;;

m=m
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1.3. NASH EQUILIBRIA IN MIXED STRATEGIES

This shows that m satisfies (1.9)).

Let Pue(@) = {m € P(Q) : m absolutely continuous with respect to Lebesgue
measure}, V : @ — R continuous, G : (0, +00) — R strictly increasing, contin-
uous and such that G(0) = 0 and G(s) > 2¢s for some ¢ > 0. For instance let

us assume that

V(z) + G(m(z)) if me P,..(Q)

+00 otherwise.
So if H is the primitive of G with H(0) = 0, then if m € P,.(Q):
O (z,m) =V (x)m + H(m(x)).

By G(s) > 2cs we deduce H(s) > cs®, with H = G > 0. Then:

0? 0*H
amam/Q(Vm—i-H) dx/Qamﬁm dx > 0.

This implies that the problem inf,,cp(q) [, 0 ®(x,m) dz has a unique solution
m € L*(Q). Then, for any m € P,.(Q), by (1.25) we obtain:

[ V@) + Gon@)) dmie) = [ Vi) + Glm(a) dmo)
Q

Q

Therefore m satisfies the static mean field equation ((1.9)). In particular, by
Proposition [L.6] for any = € Spt(m):

V(@) + Glm(a)) = min V(y) + Glm(y).
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Chapter 2

The mean field first order
equations

In this chapter our aim is to study the existence of solutions to the Mean field
first order equations, which we abbreviate with MFFE’s:

(—0u(z,t) + L Dyu(z, 1)) = F(z,m(t))  in R x (0,7)
u(z,T) = G(z,m(T))
om(z,t) — divy(Dyu(z, t)ym(z,t)) =0  in R? x (0,7)

| m(x,0) = mo().

Let us deduce heuristically this system of partial differential equations with
boundary conditions.
We assume that a typical agent can control his velocity o and moves in R?

with the dynamics

(s) = a(s) =: f(x, ) s €t,T]

where t € [0,7] and x € R? are given. Moreover we suppose that he wants to

minimize his cost functional

)= [ (Gla + Flas)m(s) ) ds + Glar), m(r))

'

I(z,0c,m)
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CHAPTER 2. THE MEAN FIELD FIRST ORDER EQUATIONS

where m(s) is the distribution at the time s of the other agents over R?; it is

his only knowledge of the overall world, and we denote with m(x, s) its density.

By the optimal control theory we know that under suitable hypotheses the
value function

t = inf t,x;
u(t, x) werith ) J(t, ;)

solves in viscosity sense the following backward Hamilton-Jacobi-Belman equa-
tion:

—Owu(z,t) —inf, H(D,u,z,a) =0 in RY x (0,T)

u(z, T) = Gz, m(T)),

where H(p, z,a) :=p- f(x,a) +(z,a). Substituting the expressions of f and [
and minimizing H with respect to the variable a, we obtain the first equation
of .

Furthermore by the verification theorems we guess that « = —D,u(t, x) is
the optimal control in the feedback form. Now, if all the agents argue in this
way and apply the optimal strategy, the density m(x, s) evolves over time with
the Kolmogorov law in R? x (0,7):

om(z,t) + div(f(z, a)m(z,t)) = 0.

Substituting the expression of f and o = —D,u(t, x) we obtain the continuity
equation in (2.1)).

A pair (u,m) € WE2(R? x (0,T)) x L'(R? x (0,T)) is a solution of the
MFE’s if the Hamilton-Jacobi-Bellman equation is satisfied in the viscosity
sense while the Fokker-Plank equation is satisfied in the sense of distribution
that is, m is a weak solution. To show that has solutions we need some
notations and assumptions.

Notations. m € P, := {Borel probability measure on R? with finite first order
moment}. We endow P; with the Kantorovich-Rubinstein distance

d(uv) = inf / z —y dy(y)|
vell(pv) | Jr2d

where [](p, v) is the set of Borel probability measures on R?? such that for any
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Borel subset A of R? the following hold:
(A x RY) = p(A) and (R x A) = v(A).

Finally we denote with G2 the space of functions with continuous second

order derivatives endowed with the norm || - ||e2:

Ifllcz = sup [|f(@)| + |Duf(x)] + | D%, f ()] -

zCcRd

Remark 2.1. In the first chapter we defined the Kantorovich-Rubinstein dis-
tance in a different way. However it is possible to prove that the two formula-
tions are equivalent (see for instance [30, Chapter 5]). It is called Kantorovich
duality.

Our main hypotheses are:
1. F and G continuous over R% x P;.

2. VYm € Py, F(-,m),G(-,m) € €% morover 3C > 0 such that Vm € Py:

|E(-,m)|lee < C and IG(-,m)le2 < C. (2.2)
3. my is absolutely continuous with respect to the Lebesgue measure, with a
density still denoted by m( which is bounded and has a compact support.

In order to reach our goal we need some preliminaries about properties of

semiconcave functions and the existence of a minimizer of the problem:

min _ J(t,z;a) ::/t L(s,xz(s),a(s)) ds + g(z(T)),

a€LP([t,T))
where z(s) =z + [, a(r) dr.
In the following sections we will investigate in detail all these topics, then

we will analyze separately the HJB and the continuity equation, then we will
conclude thanks to Schauder fixed point Theorem.
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CHAPTER 2. THE MEAN FIELD FIRST ORDER EQUATIONS

2.1 Semiconcave functions

In this section we analyze the property of the class of semiconcave functions.
Most of statements and proofs are taken by the monograph [7].

Definition 7 (Semiconcave function with linear modulus). Let A C R%. We
say that u : A — R is a semiconcave function with linear modulus if 3C' > 0
such that

C
Au(yr) + (1 = Mu(y2) — u(Ayr + (1 = Nya) < A(1 - )‘)E‘yl —l* (23)
for any y;,y2 € S such that [y;,y.] C A and for any A € (0,1).
Let us see other equivalent formulations of this definition.

Proposition 2.2. Given A C R? open, u : A — R and C > 0, the following
are equivalent:

1. is satisfied.
it. The function y — u(y) — %|y|2 is concave in every convex subset of A.
iti. uw € C(A) and satisfies
u(y +h) +uly — h) = 2u(y) < Clhf* (2.4)
for any y, h € R? such that [y — h,y + h] C A.

w. Yv € R? such that |v| = 1 we have ?,u < C in A in the sense of
distributions, that is

/ u(m)ﬁgygo(x) dr < C/ o(z) dr Vo e C°(A),p >0,
A A

where by 0, we intend the directional derivative.

Proof. o ;.= iii.) Let yy =y+h,yo =y —h and A\ = % Substituting in
([2.3])) we obtain the thesis.
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2.1. SEMICONCAVE FUNCTIONS

e i. < ii.) Let y;,y2 and A such in (2.3). Then

Ayi 2+ (1= N)]ya* = Ay + (1 = Nyo|?
= (A=) + [aP[(1 = A) = (1= X)) = 2A(1 = A){y1, v2)
= A1 = N[y + ll* = 2(y1, 12)] = A1 = N)|y1 — |

Therefore:

C
u(Ays + (1= Ny2) = > + (1= A)ya|?

o) 1 -\

> du(yr) + (1= Nuly) — - lnl* —— ?

’yz

0

wdyn + (1 = Ayz)) = Au(yr) = (1= Nu(yz)

C
> —EP\WHQ + (1= Nyl = Py + (1~ )\)Z/zm-

A(L=X)|y1 —y2|?

e iii. = ii.) Let us consider the function v(y) = u(y)$|y[? which is con-

tinuous. Let y € A and h as in the hypothesis, then:

v(y—i—h)—l—v(y—h)—?v( )

= (y+h)——|y+h|2+U(y h)——ly h* = 2u(y) + Cly|?
(PR C

< ClhP - PL. +hl2——|y hl> + Cly* = 0.

So v is concave.

e ii. <= iv.) Let us observe that 92 |y|> = 2 for any v € R? such that
lv| = 1. Then u satisfies iv. if and only if v(y) = u(y) — $|y|* satisfies
92, v < 0 in the sense of distributions. But this last inequality is satisfied
if and only if v is concave.

]

Our main assumption on F and G is that they belong to € and that their
norm || - ||ez is finite. Let us show that this class of function is semiconcave.
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CHAPTER 2. THE MEAN FIELD FIRST ORDER EQUATIONS

Proposition 2.3. If u € €% and there exists C > 0 such that ||ullez < C, then

u is semiconcave with linear modulus of constant C'.
Proof. We use the characterization (2.4}iii). Using twice the mean value theo-

rem we have that for some 2" € (x,2 + h), 2, € (x — h,z) and T € (z, 2"):

lu(x + h) + u(z — h) — 2u(x)] _ |u(:1: +h) —u(@)  ul@)—ulx—h) |
[l* |h[? |h[?

_ [{Dou(a"), h) — (Dou(ay), h)|
|h[?

_ |Dau(z") = Dau(zn)] [h|

- I

_ DL @) [a" — ] e nl<in

I B

]

Now we extend the previous definition of semiconcavity and we introduce
the concept of generalized gradients in order to deduce more general properties
of this class of functions.

Definition 8 (Semiconcave function). u : S C R? — R is semiconcave if there
exists a non-decreasing upper semicontinuous function w : R, — R such that
lim, o+ w(r) = 0 and such that:

Xu() + (1= Auly) — ulra + (1= Ny) < A1 = Ve —ylo(le —yl),  (2.5)

for any x,y € S such that [x,y] € S, XA € (0,1).

Remark 2.4. Semiconcave functions with linear modulus are semiconcave

functions with w(r) = $r.

Definition 9 (Sub/Super-differential). For any 2 € A C R? open we define

Dtu(zx) == {p cR¢: lirfj}clpu(w — ul(;)_—a:?p,y =) < O}

D™ u(z) := {p cR?¢: liminfu(y) —ulz) =y - ) > 0} .

y=a |y — =
They are called respectively the Frechet superdifferential and subdifferential of
u at x.
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Definition 10 (Dini derivatives). Let z € A and 6§ € R?\ {0}, we define

h) —
O u(x,0) := limsup u(x + hb) = ulx)
h—0 6—6 h

hf) —
0 u(x,0) := liminf u(z + ho) u(x)
h—0 6—0 h
They are called respectively the upper and lower Dini derivatives of u at x in
the direction 6.

Theorem 2.5. Ifu: A — R is semiconcave, than it is locally Lipschitz in the
Interior of A.

Proof. Without loss of generality we can suppose that A is open.

e Step 1. We show that u is locally bounded from below.

Given zy € A, we take a closed cube centered in zq, all contained in A,
with diameter L, vertices 1, ..., %9 and mg := min; u(x;). If z; and x;
are consecutive vertices, using that A(1 —\) < }l if A € (0,1), we have by

(25):
u(Az; + (1 — N)z;) > Au(z;) + (1 — Nu(z;) — M1 = N)|z; — xj|w(|z; — z5])

> mg — %Lw(L).
So u is bounded from below on the 1-dimensional face of the cube. Let
us show that it is on the 2-dimensional face too. Let zj,x; and xj, z,
pair of consecutive vertices on opposite 1-dimensional faces. Then if we
define y; := pxy + (1 — p)x; and y; := vy, + (1 — v)z,, with g, v € (0,1),
we have (remember u(y;), u(y;) > mo — 3 Lw(L)):

1
> mg — §Lw(L).
Iterating this procedure one can show that u is bounded from below in
all the k-dimensional faces of the cube for £k = 1,...,d. So it is in the
whole cube.

e Step 2. We show that u is locally bounded from above.
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Let g € A and R > 0 such that B(xy, R) C A. By Step 1 we know that
3m such that u > m on B(xg, R). Let z € B(zo, R), now we write (2.5)

with z =z — Ré:igl, y=2zand A = R‘Jf'ji',o' we get:
|z — x| ( z—xo) R
———ulxg— R + u(z) — ulx
R+ |z — x| 0 |z — xol R+ |z — x| (2) (o)
|z — o]
——w(R+ |z — zg).
R+ |z — x ( | ol)
Therefore:
Z—x R+|z—=z
u(z) g-' o | 0|u(xo)—|—Rw(R—|—|z—:co|)
R R
|z—zo|<R

< Iml + 2fulxo)| + Rw(2R).

e Step 3. Finally we show that w is locally Lipschitz.

We note that if z € [z,y] C S, then I\ € (0,1) such that z = Az + (1 —
A)y; writing u(z) = Au(z) + (1 — Mu(z) in (2.5) and then dividing by
A1 — A)|z — y| we obtain:

u(z) —u(z) _ u(z) = uy)

iz — 2 |2y < w(]z —yl). (2.6)

Let xp € A and R > 0 such that B(xg, R) C A; by Step 1 and Step
2 there exist m, M > 0 such that m < u < M in B(zo, R). Given
x,y € B (a:o, %), let 2/ and v’ the points at distance R from xg in the
straight line joining = and y, such that € [2/,y] and y € [¢/, z]. Then

(2.6 implies

u(z") — u(x)

2" — |

mw—u@>§mw—uw>

/
—w(|z' —y|) <
( ) lz — | ly—vy

—w(ly' —z|).

If we analyze the right part we note that |y — y/| > % by construction,
u(y) < M, —u(y’) < —m and

R
|y'—x|§|y'—x0|—|—|x0—x|§R+§§2R.
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Repeating the same estimates at the left we get:

u(y) —u@)] _ 2(M —m)

vz = 7 + w(2R).

Proposition 2.6. Let A C R? open, u: ACR? - R, v € A. Then:

0.

Dru(z) = {p € R : 0%u(z,0) < (p,0)vo € R?\ {0}}
D u(z) ={pe€ R : 0~ u(z,0) > (p,0)vo € R?\ {0}}

Dt u(x) and D~u(x) are closed and convex sets.

Dt u(zx) and D~ u(x) are both non-empty if and only if u is differentiable
at x and it holds

DYu(z) = D u(x) = {Du(z)}

Proof. i. We prove the claim only for Dt u(x). The inclusion C descends

immediately by the definitions of superdifferential and Dini derivative.

We show the inverse inclusion by contradiction. Let p € R¢ such that
0T u(z,0) < (p,0)v0 € R?\ {0}, but we assume that p ¢ D*u(x). Then
there exist a sequence (xy)ren C A and € > 0 such that x;, — x and

u(zg) —u(x) > (p,xx — x) + elag — .

Moreover, up to a subsequence, we can assume that 6, := I;::il — # unit
vector. Then: (@) @
u(xy) — u(x
e+ (p,O) < ————2,
|2k — |
and therefore:
_ —210.) —
limsup e+ (p, ) < hmsupw _ hmsupu(:z: +|ax — 2|0k) — u(z)
k k |z, — x| k |z, — x|

But the first term is equal to & + (p, #), while the last is < of 0T u(x, ).
So we have obtained:

e+ (p,0) < 0"u(z,0)
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And this is in contradiction with the definition of Dini derivative.
ii. It is a direct consequence of 7..

iii. If u is differentiable at « then Du(z) € DT u(z) N D~ u(x).

Conversely if p; € DV u(z) and p; € D™ u(z) then by the point i. we have
(P2, 0) < O u(x,0) < 0% u(z,0) < (py,0) Vo € R\ {0}.

This implies (p;—ps, @) > 0 for any § € R4\ {0}. And this implies p; —py =
0 because we can take § = —(p; — p2). So DVu(x) and D~ u(x) coincide
and reduce to a singleton. Furthermore, combining the definitions of
super and subdifferential we get that w is differentiable at x.

O

Proposition 2.7. Let A C R? open, u: A — R a semiconcave function with
modulus w, and let v € A. Then p € R? belongs to DY u(x) if and only if

u(y) —u(z) — (py —x) < |y — zlw(ly — z), (2.7)
for any y € A such that [z,y] C A.

Proof. If p € R? satisfies (2.7)) then it trivially satisfies the definition of Dt u(x).
Conversely, if p € Dtu(x), then dividing (2.3) by Ay — 2| we get

uly) —u(x) _ ul@+ Ay —z)) — u(z)

< +(1-Nw(ly—= VA e (0,1).

L e (1= Nwly — o) 0.1
By letting A — 0 we obtain:

<p7y_x>
ly — |

u(y) — u(x)
ly — |

< + (1= Nw(ly —z|).

O

Proposition 2.8. Let u: A — R a semiconcave function with modulus w and
let x,y € A with [z,y] C A. Then, ¥p € DTu(x) and Vg € D u(y), we have:

(g —py—x) <2y —zlw(ly — z)
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In particular if u has linear modulus:
(a—py—2) <Cly—af. (2.8)

Proof. By applying the previous proposition for x and y we get:

u(y) —u(r) < (p,y — ) + |y — zlw(ly — )
u(z) —u(y) < (g, z —y) + |y — zlw(ly — z|)

By adding this two inequalities we get:
0<(gz—y) —(p,x—y)+2y — zlw(ly — z|)

0

(g —p,y—m) <2y —xlw(ly — ).
O

Theorem 2.9. Let u,, : A — R a family of semiconcave functions with the
same modulus w. If B C A is open and such that the (uy,)nen are uniformly
bounded in B, then there exists a subsequence (un, )ken which converges uni-
formly to a semiconcave function u : B — R still with modulus w. Moreover

Du,,, — Du almost everywhere in B.

Proof. By the Step 3 of Theorem [2.5| we know that the Lipschitz constant of u
in B depends only on B, supg |u| and the modulus of semiconcavity w. Since
the (u,,) are uniformly bounded in B and uniformly semiconcave by hypothesis,
we deduce that they are uniformly Lipschitz in B. So they are equicontinuous
too, and by Ascoli-Arzela Theorem there exists a subsequence, denoted with
(ug)ken, such that ux = u. Since the inequality is preserved by pointwise
convergence, u is semiconcave with the same modulus of the (uy).

By Theorem [2.5/and Rademacher Theorem, u and the (uy) are differentiable
at x for almost all x € B; let xyp € B be such a point. Let us suppose by
contradiction that Dug(zg) - Du(xg). But by we have that for any
k € N it holds:

uk(y) — ur(wo) — (Dun(x0),y — o) < |y — wlw(ly — x|), (2.9)
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For any y € A such that [zo,y] C A. However (Duy(xg))ken is bounded
because the (uy) are Lipschitz, so it has a convergent subsequence to py #

Du(z), and if we pass to the limit in (2.9), by Proposition we find out
that pp € D¥u(zo). And this is a contradiction because by Proposition [2.6iii
we have that DT u(zg) = Du(zg) = {po} since u is differentiable at z5. So we
have the thesis. O

Definition 11 (Reachable gradients). Let A C R? open, u : A — R be locally
Lipschitz. A vector p € R? is called reachable gradient of u at x € A if there
exists a sequence (xy)gen C A such that:

i. u is differentiable at z; for any k € N.
i, limy ), = x.
iii. limy Du(zy) = p.
We denote with D*u(z) the set of the reachable gradients of u at z.

Proposition 2.10. Let u: A — R be a semiconcave function with modulus w,
and let x € A. Then:

i. If (x) C A converges to x and (pr) € Dtu(xy) converges to p, then
p € Dtu(z).

ii. D*u(x) C 0D u(x).
iii. D*u(z) % 0.
. If DY u(x) is a singleton, then u is differentiable at x.
v. If DVu(y) is a singleton Vy € A, then u € C'(A).
Proof. i. It follows by Proposition [2.7] passing to the limit.

ii. By i. it follows that D*u(x) C DTu(z). We have to prove that all the
reachable gradients are boundary points of Dt u(z). Let p € D*u(x)
and (zx)ren C A such in Definition . Without loss of generality we
can assume that limy é:i:' = 0 € RY unit vector; we want to show
that p — t0 ¢ D%tu(x) for any t > 0, because this would mean that
p € 0D u(zx). In fact by we have:

u(zy) — u(z) — (Du(zy), vp — ) > —|rp — 2lw(|zp — 2]),

40



2.1. SEMICONCAVE FUNCTIONS

iii.

iv.

V.

and so

u(zy) —u(x) — (p — t0, x, — x)
= u(zy) — u(x) — (Du(zg), zp — ) + (Du(zg) — p, xp — ) + (0, 2 — )
> oy — ol — al) — [Dulze) — pllaw — | + {6, — 7).

Therefore p — t0 ¢ D u(x) because

>t.

_ — iy — 0. 10 —
limsupu(xk) u(z) — (p , T — T)
k |z — x|

It is a straightforward consequence of #i. In fact u is locally Lipschitz by
Theorem 2.5 and so D*u(z) # 0.

Let us suppose Dtu(z) = {p} for some p € R? and let (x;) C A
be a sequence which converges to z. By #i. we can take a sequence
pr € DVu(xy) that admits only p as cluster point by i. Then py — p.
Furthermore by Proposition we have that:

u(zg) —u(x) — (p,xp — )

= u(xy) — uw(x) + (pk, x — zx) + (P — D, T — )

> —|zp — wlw(|zr — 2]) — [pp — pll7x — 2.
Therefore:

u(xy) — u(x) — (p, 2k — x)

> 0.
|z — 2

liminf
k
Then p € D~u(x), but by Proposition .iii u is differentiable at x.

Direct consequence of iv.
O]

Notations. Let v : A — R semiconcave. We denote the directional derivate

of u at x in the direction # with the symbol du(z, 0).
Finally we denote with Co(A) the closed convex hull of A.

Theorem 2.11. Let u : A — R be a semiconcave function and let v € A.
Then DY u(x) =Co(D*u(x)). Moreover for any 6 € R? it holds

Ou(z,0) = min (p,d) = min (p,0). (2.10)

pEDTu(x) pED*u(x)
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Proof. First we prove (2.10). By Proposition [2.6]i and Proposition [2.10}ii we
deduce that for any 0 € R?

Ou(x,0) < min (p,#) < min (p,0).
( ) pED*u(:p)<p > pED*u(:c)<p >

So it is sufficient to show that minyep«y() (p, ) < du(z, ) for any 6 € R

Let & € R? unit vector. Since u is differentiable almost everywhere by
Theorem and Rademacher Theorem, we can find a sequence (xy)ren such

T—Tp
|z =]
to some pg € D*u(z). Let w be the modulus of semiconcavity of u, then by

Proposition [2.7) we have that

that wu is differentiable at xj for any k, 6, = — 0, and Du(xy) converges

u(z + |zg — x|0)) — u(x)
| — ]

(Du(zy),0) < + w(|zp — x]).

By letting & — oo we get (pg, 0) < du(z,0), from which it follows our claim.

Now, since minpe p=y(z) (P, #) = Minyeco(pru@)) (: 0), the (2.10) implies that
the two convex sets DTu(x) and Co(D*u(x)) must have the same support
function, and consequently they must be the same set.

2.2 Minimizer of cost functional in L?

The aim of this section is to study the problem

inf J(t,z; ) ::/t L(s,z(s),a(s)) ds + g(x(T))

acLr([t,T);R4)

where z(s) = z+ [, a(r)dr, for a fixed T' €]0, +-00[. The main results are taken
by [21].
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We set Qr :=]0, T[xR?, so L : Qr x R? — R. Our assumptions are:

(a) L,g>0

(b) L,g e CET! for some integer R > 1.

(¢) Ly(t,z,v) > 0. (2.11)
(d) L(t,x,v) > Ajv|’ + B for some p > 1, A >0 and B € R.

(e) |Ly(t,z,v)| + |Ly(t,z,v)| < K(1+ |v|f) for some K > 0.

Now we prove that under these hypotheses a minimizer always exists.

Theorem 2.12. Under hypotheses for any (t,z) € Qr, Ja* € LP([t, T]; RY)
such that:
J(t,x; ") = min  J(t,x,;a).
a€LP([t,T];RY)
Proof. To simplify the notations let A =1 and B = 0, and let ¢ the conjugate
exponent of p (that is % + % =1).
Let (o, )nen @ minimizing sequence in LP([t, T]; R?), that is:

lim J(t, z; o) = inf J(t,2;0) =V (t,x).

aeLp

By (2.11}a) we have that V(¢,2) > 0; moreover from the definition of limit for
any € > 0 there exists n € N such that Vn > n:

J(t,z;0) > V(t,x) +e. (2.12)
Now we prove that this sequence is bounded in norm L”, so that by Banach-

Alaoglu Theorem we can extract a subsequence which weakly converges to some
a*, that is:

lirrln/t an(s)o(s) ds :/t a*(s)p(s) ds Vo € Li([t,T])

In fact if 2, (s) =z + [ oy (r) dr, Vn > 0

~—~

» @itq) T
HO‘nHLp([t,T]) < L(s,x,(5), an(s)) ds
¢

920
< J(t, z;ap)

©

V(t,x) +e < D,
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for some D large. Since (ay)nen is definitely bounded in the LP norm, it is
bounded too.

Now we want to apply Ascoli-Arzeld Theorem to (z,)nen. In fact the (z,)

are equicontinuous:

Holder

() — 2(s)] < /T|an<f>|df < lanllp(r = 8)s < D(r — 5)7,

and also uniformly bounded:

Q=
Q=

T Holder
| S\x|+/ lan| ds < [z + [lon (T = t)e < 2|+ D(T —t).
t

Consequently we can find a common subsequence (still denoted by (o, )nen
and (x,)nen) such that:

o, — o and Ty, = x",

for some o* and z* such that ©* = o* almost everywhere. Now it remains to
prove that:
J(t, z; o) < liminf J(t, z;04,) = V (¢, x).

n

Let us set A(s,v) := L(s,z*(s),v). A and A, are clearly continuous in
[t,T] x R and moreover A(s, ) is convex in the variable v because of (2.11/b)
and (2.11}c). Therefore, for any v € R? we have:

A(s,v) > A(s,a(s)) + (v —a™(s)) - Ay(s, ™ (s)).

In particular it is true for v = ay,(s). So, if we set xg(s) the indicator function
of {s: |a*(s)| < R}, we obtain:

/t A(s, an(8))xr(S) ds
2/t A(s,a*(s))xr(s) ds —i—/t (an(s) — a™(s)) - Ay(s,a™(s))xr(s) ds.
Now we note that:

&)
<K

[Au(s, a(s))xr(s)] (1 + [ (s)[")xr(s) < K(1+ R").
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So Ay (s, a*(s))xr(s) € L>®([t,T]), and consequently A, (s, a*(s))xr(s) € LI([t,T]).
This implies, since «,, — «*, that the rightmost term goes to 0 when n — oc.
Therefore, for any R > 0:

lin;inf/t A(s, an(8))xr(S) dsZ/t A(s,a*(s))xr(s) ds. (2.13)

Since A >0, xgr(s) <1 and xgr R—) 1, applying Fatou’s Lemma twice we get:
— 00

T T
liminf / A(s, a,(s)) ds > liminf limsup / A(s, an(s))xr(s) ds
t n t

n R

Now, if we set zy,(s) = 2*(s) + A(z,(s) — 2*(s)), by the Mean value Theorem

we have:

SKllzn — 2" [loo (D +T).

Since x, =% z*, we deduce that:

liminf

/t [L(s, (), an(s)) — L(s,x*(s), an(s))] ds| =0. (2.15)

Finally we observe that
9(xn(T)) = g(z*(T)) (2.16)

because x,(T) — x*(T) and g is continuous.
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In conclusion we have:

liminf J(¢, z; o) =

n

= liminf {/tT A(s, o) ds + /tT[L(s, T, ) — L(s, 2%, a,)] ds + g(x,(T))

D U A(s, an(s)) ds+g(xn(T))]
g /T

t

A(s,a*(s)) ds + g(z*(T")) = J(t, z;a").

]

Now we show that the minimizer solves the Euler-Lagrange equations in
integrated form. Note that it is not trivial because we do not know yet if
a* € C2([t,T)).

Lemma 2.13. Let P(s) :== [, L ,a*(r)) dr for anyt < s <T. Then
for almost all s € [t,T] and some constant C > 0:

P(s) = Ly(s,z%(s),a*(s)) + C. (2.17)

Proof. Let t <t < T and ¢ € CL([t,#];R?). For ¢ sufficiently small, A € [0, 1]
and s € [t,t] we set x)(s) = x*(s) + dAp(s), which is an admissible control.
Since z* and «* are the minimizer, applying the Fundamental Theorem of

calculus we have:

0 §/t [L(s,x1(s),%1(s)) — L(s,2"(s),a"(s))] ds
:/ [L(s,x1(s),71(s)) — L(s, xo(s), Zo(s))] ds
—5/ / (s,22(5), Zx(8)) - @(s) + Ly(s,22(5), Zx(5)) - ¢(s)] dAds.

Now we divide by ¢ and let 6 — 0. Thanks to (2.11}d) and (2.11le) we can
apply the dominated convergence theorem to obtain:

0< / [Lo(s,2%(s), a*(s)) - (s) + Ly (,2*(5),a*(s)) - ¢(s)] ds.
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Taking —y instead of , we get the converse inequality. Therefore:

0= /t [La(s,2%(s),a"(s)) - @(s) + Lu(, 2" (s), a*(s)) - ¢(s)] ds.

Integrating by part L, (s, x*(s), a*(s)) - ¢(s), we can conclude by the arbitrari-
ness of ¢ and ¢ and applying the fundamental lemma of the calculus of varia-
tions (in fact ¢ € €°). O

Now we want to prove that the minimizer o* € C?([t,T]). To do this we
need some notions about duality relationships.

Given a Lagrangian function L € €*(Qr x R?Y) convex in v and superlinear

(that is im0 L(Tf"”) = oo for any (z,t) € Qr), we can define the Hamilto-

nian function:

H(t,x,p) := max[—v - p — L(t, z,v)].
vER

Proposition 2.14. H € C*(Qr x RY).

Proof. We set & = (t,z). By definition of H:
H(¢p) > —v-p—L(&p)  YveR? (2.18)

and equality holds in ([2.18) if and only if v maximizes the right side. Since L
is convex and superlinear, for any (&,p) € Qr x R? it happens in the unique
v € R% such that p = —L,(&,v).

Now we rewrite (2.18)) as
L(§7U)Z_UP_H(€7P) vpe]Rd'

Given (&,v) € Qr x R4 if we choose p = —L, (&, v), we note that it realizes the
equality in (2.18]). This gives the dual formula

L(t,ﬂ?,’l]) = max[—v P H(t>x7p)]
p

These arguments show that the map v — —L, (¢, x,v) is injective and sur-

jective on R? for any & € Q. Using the convexity of L in v and the implicit
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function theorem, there exists I' € C?(Qr x R?) such that:

b= _Lv(ga F(gap»

(2.19)
This clearly gives that H € €*(Qr x R?). O
By differentiating H in (2.19)) with respect to p we get:
H,(t,z,p)=-I'-1,-p—L,-T, p=-fedn —I'(t,z,p) = —v
So we got the Legendre transformation
b= _Lv(ta 33’,?]) (2 20)

We are now ready to return to the discussion of the properties of the mini-

mizer.
Lemma 2.15. z* € C*([t, T)).

Proof. By the Pontryagin’s maximum principle (see |20, Chapter II]) we know

that £* must minimizes
_P(S> U= L(S7ZE*(S), 'U),

where P(s)@! is the solution of the adjoint equation

This means that
P(s) = —Ly(s,2%(s), 7*(s)).

By the Legendre transformation (2.20)) we get:
x* = —Hy(s,2%(s), P(s)). (2.21)

Since the right term is a continuous function of the variable s, we deduce that
x* is continuous. By differentiating (2.21) with respect to s, we obtain the
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thesis. O

Corollary 2.16 (Euler-Lagrange equation). z* solves the Euler-Lagrange equa-
tion
s Lo(s,2%(s),27(s)) = La(s, 2*(s), 2%(s))

(2.22)
Ly(T,2*(T),a"(T')) = —=Dag(z*(T))

Proof. The transversality condition L,(T,xz*(T),a*(T)) = —D,g(x*(T)) comes
from one of the necessary conditions given by Pontryagin’s maximum principle.

Moreover since z* € €? we can differentiate with respect to s, ob-
taining the thesis. O

2.3 Analysis of the HJB equation

This section is devoted to the study of the Hamilton-Jacobi-Bellman equation

—0u(z,t) + 5| Dyu(x,t)> = f(z,t)  inR?x (0,T)

u(z,T) = g(x) in RY. (2:23)

Here the hypotheses on f and g are the same on F' and G at the beginning of
the chapter. As we have already discussed, this partial differential equation is
linked to the optimal control problem

T
1
inf  J(t,z;a)=  inf = 2 d T
it s = it SR+ fla9).9)] ds s gte(m)),
(2.24)

where z(s) = z + [ a(r) dr. So our first task is to see what the results of
Section [2.2] become in this particular case.

Remark 2.17. Let us start noting that the Lagrangian of the problem ([2.24])
is L(t,z,v) := f(z,t) + t|v]?, and that hypotheses (2.11)) are satisfied:

a) L,g > 0 because they represent costs.
b) L,g € €? by our assumptions (hence R = 1).
¢) Ly, =1>0.

d) It is sufficient to take p =2, A =1 and B = —||f|e2.
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e) Since L, =v and L, = D, f, then |L,| + |L,| < K(1 + |v]?) if
o] + 1 le= < K (Jof* + 1),

that is a second degree equation in |v|? which is always satisfied as soon

1 2
%szmﬂjwm_

Hence for any (t,z) € Qr there exists a minimizer o* of the problem ([2.24)).
Furthermore o € @'([t,T]) and solves the Euler-Lagrange equation:

() = (2.25)

Corollary 2.18. The minimizer o of is bounded by a constant M which
depends only on C' and T and not on the initial condition. Therefore it holds:

L feee)| < Mo weal @2

Proof. The boundedness of a descends from ([2.25]) because of our assumption
(2.2). It follows (2.26)). O

We are now ready to enunciate and demonstrate the main result of this
section, about the solution of (2.23)).

Theorem 2.19. If f : Qr — R and gR? — R are continuous and such that
[FC Dl <CVEE[0,T],  lgllee <C (2.27)

then the value function u(x,t) := infocr2ym) J(t, ;@) is the unique bounded
and uniformly continuous viscosity solution of . Moreover 3C, = C1(C,T)
such that:

| Dt 2t o < Cy and D? u <Oy, (2.28)

where the last inequality holds in the sense of distributions.

Proof. By Corollary we deduce that the image of a minimizer of (2.24)) is
contained in [—M, M|]. Thererefore:

inf J(t,z;a) = inf J(t, z; ).

a€L2([t,T];RY) € L2([t,T);[— M,M])
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Moreover, from Corollary and our assumptions on f and g descends that
both L and g are bounded and Lipschitz. It is a well known fact (see [17,
Chapter 10]) that under these hypotheses the value function u is the unique
bounded and uniformly continuous viscosity solution of .

Hence we have only to prove (2.28)), so we start looking for the Lipschitz
constant of u. First we do it for the z variable. Let (21, x9,t) € RTx R x [0, T]
and let a € L%([t, T]) e-optimal for u(xy,t), that is

/t [%]a(sﬂ? + f(z(s), s)] ds+ g(x(T)) < ult,z1) + ¢, (2.29)

where z(s) = 21 + [ o(r) dr. Clearly x(t) = 21, if we wanted an admissible
state with initial position o we should consider Z(s) := x(s) + xo — x1. Using
the minimality of u(zy,t) for J(¢,x;-) we have:

ety < [ [GlalF + 16| s+ ool
— /t B\aF + f(z(s) + x2 — x1,8) — f(x(s),s) + f(z(s),s)| ds+
+g(alT) + 23— 1) = g(a(1)) + gla(T))

- T
/ E|a\2+f(x(s),s)—I—C\:Ug—xlq ds + g(z(T)) + Clxg — 4|

<

u(zy,t) + e+ C(T+ 1)|xg — 24|
By letting ¢ — 0 we conclude that:

[ Dyulloc < C(T +1) (2.30)

Now we do the same for the time variable, but with a different strategy. By
the dynamic programming principle we know that for any ¢t < s < T it holds:

u(z,t) = /ts B|a(r)|2 + f(z(r),r)| dr+u(z(s),s), (2.31)
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where « is optimal for u(z,t) and z(-) is the state associated to it. Therefore:

) — (e ) < ful, ) — u(a(), )| + fule(s). ) — u(z.5)
PN e+ rem.0)] ar

< [ [zler 1] arse v [Clawiar

2-26)+@13) 1
-S- (s —t) [§M2 +C+C(T+ 1)M] .

If we set C) := max {C(T +1),3M*+ C+ C(T +1)M}, we get Dyu < Cy
as we wanted. Note that C'; depends only on C' and T, so that M.

It remains to show the second one in , that by Proposition is
equivalent to saying that u is semiconcave with linear modulus of constant C}
in the variable = for any ¢ € [0,T]. Furthermore by Proposition we have
that f and g are semiconcave with linear modulus of constant C.

Let (z,y,t) € RExRIx [0,T], A € (0,1) and z) := Ax+ (1 —\)y. Moreover
let a € L2([t,T]) e-optimal for u(zy,t), with zx(s) = zx + [ «(r) dr. By
definition of semiconcavity we have that:

A(@a(s) + 2 =y 8) + (1= N F(aals) +y = 23,9)
< f(\a +a(1 — )b, s) + A1 — A)g]:c - ;2 (2.32)
= f(ea(s), )+ A= N S e =y

And the same for g. Therefore:

Au(z,t) + (1 — Nu(y,t) <

< (/tT EW T flaa(s) + 3 — o, s)] ds + g(ar(T) + 7 — m)) "

=2 ([ 3l )y —ra0)] @5 gtoam+y—a)

:/t %W ds+/t A f(a,s) + (1= X)f(b,s)] ds + Ag(a) + (1 = X)g(b)
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= /t B|Oé|2 + f(za(s),s)| ds+ g(z(T)) + %O(T + DML = Nl =y’

1
<wu(zy,t)+e+ 501)\(1 — )|z —y|*.

By letting ¢ — 0 we get that the constant of semiconcavity of u is C}. O

Remark 2.20. It is possible to weaken our assumptions on f and g, but we
would get only the local semiconcavity of u, while in the following discussion
we will need its global semiconcavity.

Otherwise, stressing the hypotheses on f and g, we should be content with
local results. See for instance [27, Th. 3.2, Cor. 9.2, Th. 2.2] and overall [7,
Chapter 6].

Now we can demonstrate a last property of the minimizers of ([2.24)).

Notations. For any (t,z) € Qr we denote with A(¢, x) the set of all optimal

controls which realizes the minimum in ([2.24)).

Lemma 2.21 (Stability of optimal solutions). If (t,,z,) — (t,x) then, up to
a subsequence, o, € A(t,z) weakly converges in L*([t,T]) to some o € A(t,x)

Proof. Clearly A(t,z) and A(t,,x,) are non-empty for any n € N by Theorem
2.121 Hence we set:

~ B () S € [tn, T
Gule) = 0 s € [0, ta[-

Since «,, € L*([t,,T]) for any n € N, then &, € L?*([0,T]) for any n € N.
Moreover it is bounded in the L? norm, in fact:

T Cor. 218
2 = / an(s) ds EB s,
tn

Therefore by Banach-Alaoglu’s Theorem there exists a subsequence of (&, )nen,
still denoted with (&, )nen, which weakly converges to some a € L2([t, T]); we
have to show that a € A(t,z). Using the dominated convergence theorem
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thanks to (2.26) and the continuity of the value function v we have:

u(z.t) = lmu(r,.t,)
_ 11?/: Emn(s)ﬁ +f(xn<s),s)] ds
-/ ' Ews)ﬁ ¥ f(sc(s),s)] ds,

where ,(s) = @, + [, an(r) dr. Hence a € A(t, z). O

Remark 2.22. By the previous Lemma we have that if we endow L?([t, T]; R?)
with the weak topology, then the correspondence A(z,t) := A(z,t) has a closed
graph. Hence A is measurable with nonempty closed values, so that it has a
Borel selection @ € A(z,t) for any (z,t) € Qr (see [2]).

We would conclude that a* = — D, u, but this is not trivial because we can
not use the verification theorem since first D, u is not said to be continuous.
Hence we have to demonstrate the regularity of the value function along optimal
solutions, which gives a sufficient and necessary condition for being an optimal
trajectory.

Lemma 2.23 (Uniqueness of optimal control along optimal trajectories). Let
(z,t) € Qr, a € A(z,t) and x(s) =z + [, a(s) dr. Then for any s € (t,T) we
have A(z(s), s) = {ay, ,, }-

Proof. Let ay € A(z(s),s) and z(-) its trajectory, we want to show that
= g

Now, for any A > 0 small, we build the admissible control:

a(r) ret,s—h|
o () = r1(s+h) —x(s—h) B
n(r) : o7 r€ls—h,s+h|
ay (r) rels+hT.

By easy calculations we get that its linked state z5,(r) = 2 + [ ay(7) d7 is

z(r) relft,s—h
20(r) = 4 (s — )+ (r— (s - ) LTI g
(1) r € [s+h,T).
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Now, if we concatenate o, ; and a; € A(x(s),s) we obtain a control ay €
A(z,t), to which we associate the state

_ r _ x(r) r € lt, 9]
xo(r) =x —i—/t ap(T) dr = {xl(r) v e (s,

Then, comparing the payoff of ap and a, we have:

J(t,5: ap) =

:/: [%|a(r)|2+f(x(r),r))} dr+/ST Elal(r)lﬂf(ml(r),r))} dr + g(21(T))
L[ [+ stonter.on)] dr gtorn =

= [ [heer 4 ] are [ [Saee s an
[NE .

s+h ) h) — —h 2
+LhEx“+>x“ ' fantr). )
Therefore:

2h

dr + g(x1(T)).

02 [ [Yatwl + sta) ] ars [T oo+ stenn)] ar-
N |

We divide this inequality by h and then we let h — 0. Using the mean value

zi(s +h) —x(s = h)
2h

+ f(zp(r), r))] dr.
(2.33)

theorem for integrals we get:

1 ) 1 )
la(s)l” + f(z(s), ) + Slaa(s)” + flza(s), 5)—

s+h . .
1 lim 1 / 1 ||zi(s+h) —x(s—h)
2h0h )., 4

h
Now z1(s) = z(s), so:

2

+ 2f(:1:h(7’),7’))] dr <0.

+lim (s) — z(s —h) _
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=21(s) + 2(s) = ai(s) + a(s).

Hence:

s+h 1
— lim
2 h—0 h/ [

s+h
= i(|a1(s) + a(s)]?) +hfrbn%/sh flap(r),r) dr

w — x(s) the last term tends to f(z(s),s). Com-
%

bining this facts with (2.33)) we deduce:

2

x1(s+h) —x(s—h)
h

+ 2f (zp(r), 7’))] dr =

Since zy(s) =

0> Sla(s)? + glaa(s)? ~ Flals) + o (s)
, 1 1, , ., 1 , 1
= 1@ + Slaa(s) ~ o) = Jlan(s)? — 5lals), aus)
1 , 1 , 1 1 )
= 1P + Flor(5)? ~ 3lals), ans)) = la(s)  ans)P

So this implies a(s) = a;(s). But by ([2.25) this means that both x(-) and x ()
solve the ODE

y(?”) = Dmf(?J(T)?T) re [S’T]a

with the same initial conditions z(s) = z1(s) and &(s) = a(s) = ai(s) = Z1(s).
Therefore (-) = 21(-) on [s, T, and this implies a; = qy_,,, that is the optimal
solution for u(x(s), s) is unique. O

Lemma 2.24 (Uniqueness of the optimal trajectories). Under the same nota-
tions of the previous Lemma, Dyu(x,t) exists if and only if A(x,t) is reduced
to a singleton. In this case Dyu(z,t) = —a(t), where A(z,t) = {a}.

Proof. e —>) Let a € A(x,t) and x(-) its trajectory. By minimality, for
any v € R? we have:

u( +v,1) < / [§|a<s>|2+f<x<s>+v,s> ds + g(a(T) +v),

and equality holds when v = 0. Since we suppose that D,u(x,t) exists,
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if we differentiate with respect to v at v = 0 we get:

Dyu(x,t) = /t D, f(z(s),s) ds + D,g(z(T))

/t a(s) ds — a(T) = —a(t).

In particular x(-) must be the unique solution of the Cauchy problem

2(s) = D, f(x(s),s) s €t,T]
t(t) = —Dyu(x,t) (2.34)
z(t) = x.

So a = 7 is unique.

<) If p € Diu(z,t) then the solution z(-) of

(s) = D, f(x(s),s) s €|t,T]

is optimal. In fact by definition of DXu(z,t) there exists (x,)nen such
that x, — x, u(-,t) is differentiable at x,, and D, u(z,,t) — p. By the
inverse implication of this Lemma, the unique solution z,(-) of

y(S) = sz(y(s)v 8) S E]tv T]
y(t) = _Dmu(x’mt)v y(t) = Tn

is optimal. Since D, f is Lipschitz in z uniformly in ¢ by (2.27)), z(-) is the
uniform limit of the (x,(-))nen and by Lemma also z(-) is optimal.

Now, since A(x,t) is a singleton, this implies that Diu(z,t) = {p}.
Therefore:
Du(e,t) ™" EH Co(Dyu(w, 1)) = {p}.

T

That is Dfu(z,t) is a singleton, and by Proposition [2.6]iii we have that
u(-,t) is differentiable at x.
0
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Corollary 2.25. u(-, s) is always differentiable in x(s) for any s € (t,T), with
D,u(x(s), s) = —a(s). In particular x(-) is solution of the differential equation

t(s) = —Dyu(x(s), s).

Proof. By Lemmanwe have A( (8),8) = {ay, p} for any s €]t, T, that is a
singleton; so by Lemma [2.24] u(-, s) is differentiable at z(s) and a(s) = i(s) =
—Dyu(x(s), s). O

So we have proved that the optimal trajectory solves the previous differen-
tial equation with the initial condition z(¢) = . Now we want to prove that

the reverse is also true.

Lemma 2.26 (Optimal synthesis). Let (x,t) € Qr and let x(-) be a solution
of
t(s) = —Dyu(x(s), s) a.e. in[t,T]

2.35
x(t) = . (2:35)

Then o) = () € A(x,t). In particular, if u(-,t) is differentiable at x,

has unique solution corresponding to the optimal trajectory.

Proof. Let s €]t,T[ such that is satisfied and the map r — u(x(r),r)
is differentiable at s. Since u is Lipschitz continuous by Lebourg’s mean value
Theorem (see [I3, Th. 2.3.7]) for any h > 0 small there exists (yn,sn) €
(2(), ), (w(s+ ), s+ )] and (€, €8) € Co(Dfu(yn, ) ™ D u(yn, s1)
such that:

u(a(s +h),s +h) —u(x(s),s) = (&, (s + h) — x(s)) + &h. (2.36)
From Caratheodory Theorem there are some ()\h’i7 ;f i f# ’i)izl ..... a2 with
At >0, S AR =1 and (&, €5%) € D} u(yn, sp) such that
d+2
gt ,gh Z )\h i é-x 7,
o . . hi % Th. PX 114
By Proposition|2.10}i any cluster point of ("), belongs to Diu(x(s), s)

D,u(x(s),s). Hence
& 2 Du(a(s), 5). (2.37)
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Since u is viscosity solution of 1} and (&7, M) € D; ,u(yn, sn), from
the consistency properties and passing to the limit we have that:

i L
=&+ S1E = [y sn).
Therefore, using (2.37)):

€l = ST NMEN = = ST NI — fly, i) — 3 IDsulals), 9~ F(x(s), ).

(2 (2

Now, dividing (2.36) by h and letting h — 0 we get

%U(w(S), s) = (Dau(x(s), s), &(s)) + %IDM(!E(S), s)I* = fla(s), 5).

Using #(s) = D,u(z(s), s) a.e. in [t,T] we obtain

d 1 ) |
&u(a:(s),s) = —§]Dxu(a:(s),s)\ — f(z(s),s) a.e. in |t,T.

Integrating this last equality over [t, 7] we have

(D). T)=ulalt), ) = [ | =] Daulals).5)F = Fa().)| s

g(z(T)) z i(s)
$
utest) = [ |GHOR + 1(o(),9)] ds+ola()

Therefore a(-) = &(-) is optimal.
The last part of the statement descends from Lemma O

Definition 12 (Flow). For any (z,t) € Qr let a(z,t) € A(x,t) as in Remark
2.22] Then we define the flow

@(x,t,s):x+/sa($,t)(r) dr  Vselt,T].

Now we study some properties of the flow that will be useful in the next
section.
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Proposition 2.27. The following hold:

1. The flow has the semigroup property, that is

O(z,t,8) = O(P(x,t,5),s,5) foranyt<s<s <T. (2.38)

ii. 0,®(x,t,5) = —Dyu(®(x,t,8),s) for any x € R and s € (t,T).
it |®(x,t,8") — ®(x,t,8)] < ||Dyti|loc|s’ — 8| for any x e R, t < s < s’ <T.

Proof. i. It is a direct consequence of Lemma [2.23| from which we know
that A(®(x,t,s),s) = {@(x,t)hs,ﬂ}.

ii. From Corollary we know that u(-,s) is differentiable at ®(x,t,s)
with D,u(®(z,t,s),s) = —a(z,t)(s). We get the thesis noting that by
definition 0;®(x,t,s) = a(x,t)(s).

iii. Since the optimal trajectory solves (2.35)) and u is Lipschitz continuous,
it descends that ® is Lipschitz with respect to the variable s. We reach
the thesis by the previous point since [|0s®||co = || D2tt||oo-

m

Lemma 2.28 (Contraction property). Let C' be as in , then there exists
some constant Cy = Co(C, T) such that if u is solution of ([2.23), then:

z—y| < C|P(x,t,8)—P(y,1,s T,y € an <t<s<T. (2
< Cy|® d \/ R and ¥ 0 < <T. (2.39

In particular the map x — ®(x,t,s) has a Lipschitz continuous inverse on the
set D(R? ¢, s).

Proof. Clearly ®(-,t, s) is injective and then it is invertible on the image. Let
us define z(r) := ®(x,t,s — r) and y(r) := ®(y,t,s — r) for any r € [0, s — ¢].
From the previous proposition we have
(r) = =0:P(x,t,s — 1) = Dyu(P(x,t,s — 1), s —r) = Dyu(z(r),s —r)
z(0) = ®(x,t, s)
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Similarly y(r) = D,u(y(r), s — r) with initial condition y(0) = ®(y, ¢, s). Using
the semiconcavity of u and (2.8)) we get

% (%m —y><r>|2) = (@ = 9)(), (z =) (1) < Cil(@ = y) ().

Hence we derive:

(&=L o .
/ [|<m—y><7>|2 ] i< [Lacidr el

Then )
log (%) < 20C,r <20,T Vr € [0,s —t],
from which we deduce, taking r = s — t:

2(0)—y(0)]e™T > Ja(s—t)—y(s—t)] <> |D(a,1,5)~D(y,1,5)[e"T > [z—y].

If we set Cy = e“1T we have the thesis. O

2.4 Analysis of the continuity equation

In this section we study the Kolmogorov equation:

Ospi(, 8) — divy(Dypu(w, s)u(z, s)) = 0 in R*x]0, 7] (2.40)

p(x,0) = mo().

We want to show that it has unique solution under our assumptions on f and

g and once given u solution of (2.23). Being (2.40|) a continuity equation one
can guess that the solution is the density of the push-forward measure of my

through the flow ®.

Definition 13. For any s € [0,7], we set the push forward measure g :=
®(-,0,s)#mg, which satisfies for any borel set A € R%:

ps(A) = mo(®7 (A, 0,5))

The interpretation is that the measure of A at the time s is equal to the
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measure at time 0 of that set which after a time s evolves in A through the
dynamics of the system.

In the next we first demonstrate that the density u(s,z) of us is a weak
solution of , then we prove that uniqueness holds with suitable regularity
conditions on D,u and finally, through regularizations, we show that we can
extend uniqueness to the general case. In the following we will assume without
loss of generality ¢t = 0 in ([2.24)).

First of all we need a result which will often be used later about change of

variables in integrals with push forward measure.

Lemma 2.29. Let X and Y measurable spaces, ;1 a nonnegative measure on
X and f: X =Y a measurable function. Then a measurable function g on'Y
is integrable with respect to the measure f#u precisely when the function go f

15 integrable with respect to . In addition one has

/Y oy) fHu(dy) = / o () dz) (2.41)

X

Proof. Let % the o-algebra on Y. For the indicators of sets in 4 formula
(2.41)) is just the definition of push forward measure and by linearity it holds
also for simple simple functions. Next we can extend this formula to bounded
H-measurable functions because they are uniform limits of simple ones. If g is
a nonnegative #-measurable function which is integrable with respect to f#u,
then for the functions g, := min(g,n) already holds. By the monotone
convergence theorem it remains true for g, since the integrals of the functions
gn © [ against the measure p are uniformly bounded.

These arguments show the necessity of the p-integrability of g o f for the
integrability of g > 0 with respect f#pu. By the linearity of in g we
obtain the general case. O]

Now we prove that pus = ®(+, 0, s)#mq is absolutely continuous with respect
the Lebesgue measure and Lipschitz.

Lemma 2.30. Let C' as in and such that mg 1s absolutely continuous
with respect to Lebesgue measure with a density mo(x) which satisfies ||mol|co <
C' and with support contained in B(0,C). Let us set ps = ®(+,0,8)#mq for
any s € [0,T)]. Then there ezists a constant C3 = C3(C,T) such that for any
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s € [0, T] the measure us is absolutely continuous with respect to the Lebesgue
measure with a density which satisfies |||l < Cs and with support contained
in B(0,C3). Moreover us is Lipschitz with constant Cy, that is:

di (s, p1s) < Chls’ — s ViE<s<s <T. (2.42)

Proof. First we prove the lipschitzianity of u,. Let t < s < s’ < T and consider
consider the measure 7 on R?? defined as follows:

7= (z— ®(z,0,5),z— D(x,0,5))#mg.

Since 7 € [[(ps, its) by construction, from the dual definition of Kantorovich-
Rubinstein distance we have:

dl (MS’? lj's) S /

|z —y| m(dx, dy)
R2d

@ (x,0,5') — @(x,0,5)| dmo()
Rd

Prop. [2.27}iii h. 219
<

IDalcls' = s < Gl .

Now, since Spt(mg) C B(0,C) and dy(ps, mo) < Cy1s < C1T', we have that
Spt(us) € B(0,C + CiT) for any s € [0,T].

Now we fix s € [0,7]. By Lemma[2.28 we know that the map = — ®(z,0, s)
has an inverse W. Therefore, for any borel set £ C R? it holds u,(E) =
mo(®1(E,0,5)) = mg(¥(E)). Since my is absolutely continuous with respect
to the Lebesgue measure .Z on R? and using that ¥ is Cy-Lipschitz continuous
we have:

ps(E) = mo(¥(E)) < [[molleZ(¥(E)) < CL(CLE) = CCZ(E).  (2.43)

Hence ps(E) is absolutely continuous with respect to the Lebesgue measure for
any s € [0,7] with a density pus(x) which satisfies:

| 115][ 00 < CCs.

In fact if it existed some z such that ps(z) > CCy we could find a borel set
E; such that pus(x) > CCy for any x € Ez. And this would be in contradiction

with (2.43).
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By taking C3 := max{C + C1T,CCs} we get the thesis. O

Definition 14 (Weak solution). m € L'([0,T],P;) is a weak solution of ([2.40))
if for any ¢ € C°(R? x [0,T]) test function we have:

/Rd o(x,0) dmo(:v)+/ /Rd [0sp(x,5) — (Dyp(x, ), Dyu(z, s))] dmg(z) ds = 0.
’ (2.44)

Lemma 2.31. The map s — u(s) := ®(-,0, s)#myg is a weak solution of .
Proof. Let p € C(R? x [0,T), in particular

oz, T)=0  VrecR% (2.45)

Since s — ug is Lipschitz continuous then it is differentiable almost everywhere;
so by the fundamental theorem of calculus the map s — [p. é(x, s)u(z,s) ds
is absolutely continuous. Writing ® instead of ®(z, 0, s) we have:

[ et as & L @ sm(o) do
dS R4 dS R4

— [ 10u6(®.5) + (Dui(®,),0.8) mo(a)

Prop.@ii /Rd [8580<CI)7 S) _ (Dmgo(@, S), Dmu((I), S)>] mo(x) dz

[88¢<y7 S) — <ng0<y, S), Dacu(yv 8)>] dﬂs(?J)

Rd
By integrating the above equality between 0 and 7" and using ([2.45) we get
(12.44). O

Now we want to show the uniqueness of the weak solution, where the prob-
lem is in the discontinuity of D,u. Hence, we first prove this fact when D u is
locally Lipschitz continuous.

Lemma 2.32. Let b € L®(R? x (0,T);RY) such that for any R > 0 and for
almost allt € [0,T] there exists L = L(R) with b(-,t) is L-Lipschitz continuous
on B(0, R). Then the continuity equation

Orpi(, s) + divg (b(z, s)p(x,s)) =0 in R x (0,T)

2.46
p(,0) = mo() 240
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has a unique weak solution p(t) = ®(-,t)#mg, where ® is the flow of the

differential equation

(2.47)

Proof. Note that the boundedness and the local lipschitzianity in space of b
are the standard requirements to guarantee global existence and uniqueness of
the solution of in R. Thanks to the the semigroup property this
implies that the function ®(-,¢) is surjective on R? for any ¢ € R, in particular
for any t € [0,7]. In particular, if U(t,z) = ®(—t,x) is the locally Lipschitz
continuous inverse of the map z — ®(¢,x) as in Lemma , for any z € R?
it holds

r =V (d(x,s),s) Vs € R. (2.48)

The proof of the fact that u(t) = ®(-,t)#mg is weak solution of ([2.46)) is

the same as the previous lemma. So it remains to prove the uniqueness.

Let 1 be a solution of (2.46) and ¢ € C®(R?), then w(z,t) := p(¥(t,x)) €
CY(RI*1) by construction. Now, for almost all (x,t) € R+

Since x +— ®(x,t) is surjective this implies that
Ow(y,t) + (Dyw(y,t),b(y,t)) =0 for almost all (t,y) € R*™™.  (2.49)
Moreover div,(buw) = div,(bp)w + (Dyw, bi). Therefore:
— wdiv, (bp) = (Dyw, b)p — div, (bpw). (2.50)

Furthermore, since w has compact support contained in some K C R by

the divergence theorem we have:

/ div, (bpw) dy = / div, (bpw) dy = / bpw - v do(y) = 0.
Rd KDSptw 0K DOSptw
(2.51)
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Hence we have:

d
1 |, e nuly.t) dy = / (10w + wdyu] dy
Rd Rd
(10w — w divy (b)) dy EBEED [ 190 1+ (D,w, 0)]u(y) dy B o.

R4 Rd

So the function ¢ — [o, w(y,t)u(y,t)dy is constant. Therefore:

[t i) = [ w.0) duoto)

— /Rd ¢(y) dmo(y) w(®(y,1),¢) dmo(y).

Rd

Since ¢ is arbitrary, changing it and consequently w, we deduce that V¢ €
CO(RIFL):

o0 dimto) = [ (@(0.0.6) dmo) [ 6(6.0) d@)ma) 0

(2.52)
Now, for any borel set B € R? we can build a sequence of functions (1,,) C
CY(K) with B C K C R¥"! which converges to indicator function of B. By the

dominated convergence theorem:

pe(B) = /B dui(y) = lim /K Yn(y, 1) dpe(y)
117131/1(%(3;,@ d(<I>(~,t)#mo)(Z/):/B d(®(-, t)#mo)(y) = (-, t)#mo(B)

We can conclude p; = (-, t)#mg by the arbitrariness of B. ]

Now we come back to the continuity equation (2.40) and let p a weak
solution. If we regularize through a nonnegative smooth kernel p° of R? (for
instance the Gaussian kernel) we can define the following

(Dyu(z, t)p(z, t)) * p* ()
pe(, t) '

p(x,t) == u(x, t) * p°(x) and  b°(x,t) := —

Note that b° satisfies the hypotheses of Lemma for any € > 0: it is

66



2.4. ANALYSIS OF THE CONTINUITY EQUATION

locally Lipschitz continuous because it is €* and it is also bounded by C}:

|be| — }fRd D:cu(vat):u(rvt’)pg(x - Uat) dU| < f]Rd ‘DIU<U, t)’ﬂ(”i)ﬂe(l’ - U,t) dv
It It

v, t)p°(x — v, t) dv €
e e

By the differentiation properties of the convolution we have:

Oup® = Oy p°) = Oppu * p°
div(d°u®) = div(—Dyu p* p°) = —div(D,u p) * p°.

Then it immediately follows that u®(z,t) solves for any € > 0

Oyt + div(b°uf) =0

2.53
1 (2, 0) = me(z) := mg * pf (2.53)

Hence, by Lemma ps = O°(, t)#m° is the unique weak solution of (2.53)),

where ®° is the flow of the differential equation

0sD° (z, s) = b°(D°(x, s), s)

¢ (2,0) = x. (254)

Now we would let € — 0 and conclude that consequently p; = (-, t)#my is
the unique solution of ([2.40)), but this transition to the limit is very touchy and
we will adopt the following strategy.

Idea. Let 'y := C°([0,T];R%). We will define a family 7° of measures on
R? x 'y such that:

o If (e)icpo,r is the family of the evaluation map defined by e;(y) = (t)
for any v € I'r and for any ¢ € [0, 7], then it holds:

[ st ar@n = [ @ i@ v ee®). (25

e (7%)e>0 is tight so that it has a subsequence which narrowly converges to
some measure 7 on R? x I'z which we can be disintegrated in the following

way: dn(z,y) = dng(y)dmo(z).
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Then we will show the superposition principle:

/ —x+/ D u(y ) ds
RdXFT

from which we will deduce that mg-a.e. n,-a.e. v is given by ®(z,0,-).
Finally, letting ¢ — 0 in (2.55)) and using Lemma we will conclude that
pe = @(-,0,t)#my, that is the solution of (2.40)) is unique.

dn(z,v) =0,

Definition 15. Let 1° the measure on R? x 'y defined by:

/Rd ) e(@,y) dn(z,7) = /Rd o(x, ®(x,-)) dms(z) Vo € CYUR? x I'y).
o (2.56)

Applying the previous definition with the family of the evaluation maps
(e)tepo,r : I'r — R defined by e;(y) = (), we obtain (2.55)). In fact, for any
f € C5(R% R) it holds:

[ st ar@n & [ @) an@ & [ e i,
RiIxTp Rd

Proposition 2.33. The sequence (1°).q is tight in R? x I'p. That is, for any
§ > 0 there exists some compact K5 C R? x Iy such that n°(Ks) > 1 — 6 for
any € > 0.

Proof. (m®). converges to mgo when ¢ — 0, so it is tight and for any 6 > 0 there
exists some compact f(5 C R? such that mg(f((;) >1—¢ for any ¢ > 0. Now
we consider

Ks = {(x,7) € K5 x 'y : v(0) = &, ~ Lipschitz with |||/ < C1}.

If K := {y € 'y : 3z € Kjsuch that v(0) = x, ~ Lipschitz with ||]|e <
C1}, then K5 = f((; x Kr. We want to prove that K5 is compact, so it is
sufficient to show that both f((; and Kr are: f((; it is by construction, while K
is precompact by Ascoli-Arzela Theorem and clearly closed, so it is compact.

In fact Kt is equicontinuous because uniformly Lipschitz and for any ¢ € [0, T7:

()] < |z| + tsup [§(t)] < diam(K;) + C,T.
t
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Therefore, by definition of 7, it holds:

N (Ks) =m*(K;)>1-8§  Ve>0.

]

Given a set X, we recall that a sequence (u), € P(X) narrowly converges
to some measure g € P(X) if and only if

lim/ fdun:/ fdu for any f € C)(X).
noJXx X

Proposition 2.34. (7°). converges up to a subsequence to some measure n on
R? x T'p which has myq as its first marginal.

Proof. By Prokhorov Theorem (see [5], Section 8.6]) we have that there exists a
subsequence still denoted by (7°). which narrowly converges to some 7 measure
over R? x I';r. Therefore, if we pass to the limit for ¢ — 0 in we get, for
any t € [0, 7] and for any ¢ € C)(R% R):

[ etat dit@a) = [ o@) duo) (2.57)
RixTy Rd
And letting € — 0 in (2.56)) we have, for any f € C)(R% R):

/Rd @) dn(z,) = | f) dmo(@). (2.58)

We can conclude such in Lemma [2.32] O

Proposition 2.35. Let ¢ € C%(Qr; RY). Then

/RdXFT

Proof. For any € > 0 small:

/RdXFT

/ c1>5(x,t)—x—/OtC(CI)s(JJ,S)?S)dS

Rd

V() = — /O c(v(s),5) ds| dn(z, ) < / ez, )+ Dyu(e, ) u(x, ¢) dedt.

’ (2.59)

A(t) —— / e(1(5). 5) ds

dn®(z,~)

dm®(x)
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R4

< /0 /R B (08 (2, 5), 8) — c((x, 8, 5)| m" () dads

t
&) A .
— / d‘b (y>s)_c(yvs)|lu (QT,S) dxds.
R

(ep)*p® *p

/ (0% (2, ), 5) — (& (x, 5, 5)] ds| dm*(z)

0

Now we set ¢ := . Then, by adding and removing ¢° in the last step we

get:

/IR;dXFT

t ¢
< / b5 — | ¥ (x, s) deds +/ |c® — c| p*(z, s) deds.
0 Jre 0 Jre

ww—x—Acw@»@dsdm@n0§

(2.60)

The left term in (2.60)) converges to the left term in (2.59)), while the rightmost
term in (2.60)) goes to 0 because c is continuous, so that ¢ = ¢. So we miss to
analyze fot Jga 167 = &¢| ¥ (, s)dxds; to do this we need the fact that

1f e < || flle Vf € LP(RY) and Vp > 1. (2.61)
Hence
t t
/ / |6° — | p°(x, s) dads = / |—(Dyu p) % p° — (cp) % p°| dads
R4 Rd

-
/ |(uDyu 4 pc) * p°| dads < // |Dyu po+ cp| dads
Rd

T
< [ ] Jete.0)+ Doue.lute. ) dad.
0 R4

Lemma 2.36 (Superposition principle). For any t € [0,T] it holds

/ —x—l—/ D u(y ) ds
RdXFT

Proof. Let (¢;)nen s sequence of uniformly bounded and continuous vector
fields which converges almost everywhere to —D,u. Replacing ¢ by ¢, in (2.59))
and letting n — oo we obtain the thesis thanks to the dominated convergence

dn(z,v) = 0. (2.62)

70



2.4. ANALYSIS OF THE CONTINUITY EQUATION

theorem. O

Lemma [2.36| states that density of 1 is concentrated on solutions of the

differential equation
9(s) = —Dyu(y(s), s)
y(0) = z.

Let us state a fundamental disintegration Theorem for measures. For the
proof see [14, Ch. III].

Theorem (Disintegration). Let X,Y be Radon separable metric spaces, p €
P(X), 7: X =Y a Borel map and let v = n#pu € P(Y). Then there exists
a v — a.e. uniquely determined Borel family of probability measures (p,)yey C
P(X) such that

(X \ 7 Hy) =0 forv-a.e. y €Y.

and

[r@ = [ ([ 1@ aw) e e

for every Borel map f: X — [0, 4+00].

In particular we can disintegrate n with respect to its first marginal my; in
fact mo = n#n, where 7 : R? x I'y — R? is the canonical projection. So we
get dn(z,7) = dn.(v)dmg. Then, from (2.62)), we have for any ¢t € [0, T:

0= /Rder y(t) —x + /Ot D,u(v(s), s) ds

" |:/
R4 I'r

This implies that for mg-a.e. x € R?, n,-a.e. ~ is a solution of

dn(z,v)

v(t) — x +/0 D u(7(s),s) ds

an.)] da(o),

Y(s) = =Dau(y(s),s) s €[0,T]
y(0) = .

But u is Lipschitz, so u(-,0) is differentiable for almost all z € R?, and we

know by Lemma that the equation above has a unique solution given by
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®(x,0,-). Hence for mo-a.e. x € R4, n,-a.e. 7 is given by ®(x,0, ), and using
it in (2.57) we get that for any ¢ € C)(R? R) and for any ¢ € [0, T):

| e@ntetydo= [ ptet) anwn) = [ [ etm) dnem)
= [ e(@(.0.0) dmle) [ oo a(@C,0,0m0) (@)

Similarly to what we have done in the end of Lemma|2.32| we can conclude that

py = ®(+,0,t)#mg. Hence we have proved the following theorem.

Theorem 2.37. Given a solution u of and under hypotheses the
map s+ s = D(+,0,8)#myg is the unique weak solution of )

2.5 Existence and uniqueness for MFEs

Let us come back to the study of the system (2.1). We note that F' and G
depend on t through m, so that (2.2) directly implies (2.27). Though, just
because of this dependence on m, what we have done so far is not sufficient to

prove the existence of a solution of (2.1)). In fact, given a map m € C([0,T]; P;)
such that m(0) = my and considered the solution u of

—yu+ 5| Dyul?® = F(x,m(t))
uw(z,T) = G(z,m(T)),

then the solution p of

Oyt — divy(Dyu ) =0
1(0, z) = mo(x)

could not coincide with the initial m, so that (2.1)) would not have solutions.
So it is clear that we need a sort of fixed point theorem which connects (2.23))
with (2.40)), but before we need a stability lemma for the system.

Lemma 2.38 (Stability). Let (my,)nen a sequence in C([0,T]; P1) which uni-
formly converges to m € C([0,T];Py). Let (un)nen the sequence of solutions
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—Oyun, + 3| Dyun|* = F(z,m,)
un (2, T) = G(z,m, (1))

and u the solution of

—0u + 3|Dyul? = F(z,m)
u(z, T) = G(z,m(T)).

Furthermore let ®,, (respectively ®) the flow associated to w, (respectively to
u) and let us set pp(s) = ®,(+,0, 8)#mg and pu(s) = (-, 0, s)#my.

Then the sequence (uy), locally uniformly converges to u in Qr while (),
converges to p in C([0,T]; Py).

Proof. From our assumptions of continuity on F' and G we have that (F(z,my))n
and (G(x,my,)), locally uniformly converges to F'(x,m) and G(x,m) respec-
tively. Hence the locally uniformly convergence of (u,), to w is a directly
consequence of the stability of viscosity solutions. Furthermore the (u,),en are

uniformly bounded:

w01 < [ [Glanf + 1FG@m(eI] ds + (6 m)

Cor.
< T T(M+C)+C

and also uniformly semiconcave since in the semiconcave constant C
depends only on C' and T'. Consequently we can apply Theorem [2.9|and deduce
D u, converges to D,u almost everywhere.

Moreover ||D |l < C) for any n € N because this estimate depends
only on C' and T and consequently by Lemma we know that the (uy,)nen
have support in K := m, are uniformly Lipschitz of constant C; (hence
equicontinuous) and with densities uniformly bounded by Cj5. Therefore by
Ascoli-Arzeld Theorem and Banach-Alaoglu Theorem (g, )neny has a subse-
quence which locally uniformly and L*°-weakly® converges to some m with
support in K X [0,7] and which belongs to L>(Qr) and to C([0,T]; P1(K)).

But u, solves the continuity equation for u, for any n € N and passing to
the limit in thanks to dominated convergence Theorem we deduce that

m solves it for u. By the uniqueness of solution of (2.40) stated in Theorem
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we have that yu = m. O

Remark 2.39. In this proof we have used the so called Ascoli-Arzela Theorem
and a classical formulation of it is for an equicontinuous and uniformly bounded
family of functions in €°(X;R), where X is a compact metric space. Though,
if you see the proof in [29], you can see that the only properties of R which are
used are the completeness and the Bolzano’s Theorem for bounded sequences.
Hence, if we consider an equicontinuous and uniformly bounded family of func-
tions in C€°(X;Y’) with Y compact (and therefore complete), everything still
works.

So we can apply it to (u,) C C([0,T]; P1(K)) since we have just seen that
(P1(K),d,) is a compact metric space because K := B(0,C3) is compact for
the weak-* topology.

Theorem 2.40 (Existence of solutions of the First order mean field system).
Under the three hypotheses on mqg, F and G of page , there exists at least

one solution of .

Proof. Let M := {m € C([0,T]; P1): m(0) = myo}, which is clearly convex. For

any m € M we can consider the unique solution u,, of

_atum + %|D$um|2 = F(x,m(t))
U (2, T) = G(z,m(T)),

and then the unique solution p,, of

Oy — divy (Dytt, ) =0
,Um<0) = Mo

So we can consider the operator T : M — M defined as T(m) = p,,, which is
continuous from what we have seen in Lemma . So to apply the Schauder-
Tychonoff fixed point Theorem (see [15]) it remains to show that T(M) is
contained into a compact subset of M. In fact (fi,)men is relatively compact
in M for the Ascoli-Arzela Theorem because by Lemma they are uniformly
Lipschitz (and hence equicontinuous) of constant C and are uniformly bounded
by Cs. O
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Now we prove a uniqueness result for the system of the first order mean

field games (2.1)).

Theorem 2.41 (Sufficient condition for uniqueness). Under the same hypothe-
ses of Theorem [2.40 and assuming also that

/R [F () — F(em)] dimy —ma)(r) >0 Vi #ms € By (2.64)

/ [G(z,m1) — G(x,ma)] dimy —ma)(x) >0 Vmyi, mg € Py, (2.65)
Rd
then has a unique solution.

Proof. Let (uy, mq) and (ug, ms) two solutions of (2.1)) and let us set @ := u; —us
and m := m; — ms. Then:

1
— Oyl + §(|Dxu1|2 — |Dyus)?) — (F(z,my) — F(x,my)) =0, (2.66)

Oym — div,(m1Dyur — meDyug) = 0. (2.67)

Setting © := myD,u; — msD,us we note that

(Oym)u = 0y(mau) — (Oyu)m
u div,© = div(u®) — (D,u, 0) (2.68)
Jo, dive(a©)dzdt =0

where in the last equality we have used the divergence theorem and the fact
that m; and ms have compact support by Lemma [2.30]

Furthermore, multiplying by m and remembering the initial condition
satisfied by mq, msq, u; and uy we have:

)
m(0) =0 (2.69)

A convex function L(p) satisfies

L(p1) — L(p2) > VL(p2) - (p1 — p2) for any pq, ps.
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|of?

5 We have

In particular for L(a) =

|Dyuq|? | Dyusl?
22 - 12 2 Dmu2 : (Dmul - Dmu2>

|Dyuq|? | Dyusl?
22 - 12 S Dxul : (Dxul - Da:u2)

(2.70)

If we multiply the first equation in (2.70) by —mgy and the second one by m;
and then we add them up we obtain:

(|Dytur|? — [Dyus)?) + Dyi - © > 0, (2.71)

L\:>|§|

By the density of € in C°, we can use u as test function in (2.67). In
fact u is Lipschitz continuous (so they are u; and uy) and we can apply the

dominated convergence theorem because the density of m is bounded by Lemma
2.300 Therefore we have

0= / [uoym — u div, 0] dzdt

Q ) dz — /R (mu)(0) dr - / [(0a)m — (D, 1, ©)] dadt

@ | G, (1)) = G, mo(T))] dimg (x)+

Rd

X /T [—5(‘szul|2 . |Dru2|2> + m(F(x,my) — F(xz,mg)) + (D,u, @>] dadt

E-65)+@71)
-2- / [F(x,my) — F(x, mq)]m dzdt.
T

Hence, by assumption (2.64) we deduce m = 0, so that m; = mo. But now u,
and uy solve the same differential equation, therefore u; = us. O

Remark 2.42. Uniqueness still holds with convex lagrangians, substituting
(2.64) with

/ (2, my) — F(z,ma)] d(my —ma)(z) >0 Vimy #ms € Py
Rd
In this case we assume by contradiction that there exists (Z,t) € {m; >

0} U {ms > 0} such that D,u;(z,t) # D.(Z,t). Repeating the same proof
as before, we have that (2.70) and (2.71) hold with strict inequalities because
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L(a) is strictly convex, and consequently [, [F(z,m1)—F(x, mo)lm dadt < 0.
A contradiction. Therefore for any (z,t) € {m; > 0}U{my > 0}, then D,u; =
D us; hence m; = mo because they solve the same Kolmogorov equation which
has unique solution by Theorem [2.37] consequently u; = wus.

Remark 2.43. You can note that condition is very similar to condition
(1.23) which ensures uniqueness of solution of in the static case. It is a
monotony condition that occurs if the cost function F' increases as soon as the
population aggregates. Clearly it does not include every real situation, in fact

uniqueness in more general case is still an open problem.
For instance it is easy to check that (2.64) holds in the following cases:

e F(x,m)= f(x,m(x)), where %f > 0.

o F(x,m)= f(-,mxp)*p, with p € CL(R?) even and %f > 0.

7






Chapter 3

Linear quadratic mean field

games

In this chapter we analyze three models of linear quadratic mean field games.
Sometimes we will find explicit solutions, in other occasions we will provide

existence results.

3.1 First model

We suppose:

i attaa) = [ [E] as S - np S - B

J/

~~

G(y(T),m(T))

y(s) = a(s) = lp(z, a) (3.1)

ylt) ==z

ii. mo(+) absolutely continuous, bounded and with compact support,

where @ € R, b € R, ¢, T and z are given and y(-) € R% Since a typical agent
wants to minimize the cost functional, if @ > 0 then the population tends to
aggregate around h; vice versa, if a < 0, then it tends to move away from h.

The same applies to b and E[m(T)].
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By easy calculations, one can rewrite (3.1}i) as

Gy(T).m(-T)) = SIy(T)P = b-y(T) +c,
where
a=a+b
b= ah + bE[m(T)] (3.2)

¢ = &|hP + S[E[m(T)] 2.

Remark 3.1. We note that the parameter b is not known, because it depends
on E[m(T)] and the density m(z, ) is an unknown of the problem. Hence, after
finding m, we will be able to determine b through a fixed point equation.

The Hamilton-Jacobi-Bellman equation linked to this control problem is

—uy + 2= — in [0,T) x R

u(z, T) = %lz]* —b-z+c

(3.3)

Since the feedback control that minimizes the pre-hamiltonian function
H(p,z,a) = p-lo(z,a) + l(x,) is a* = —D,u, the optimal dynamics is
y(s) = —D,u(y(s), s), so that the continuity equation for the density m(z,t)
becomes

my — div,(mDyu) =0 in (0,77 x RY (3.4)
m(x,0) = mo(x).

Remembering div,(fX) = f div,(X) + D,f - X, we find out that the mean
field system of this linear quadratic model is

(

—uy + 22— in [0,7) x R
my — Dym - Dyu —m divg(Dyu) =0 in (0,7] x R?
u(z, T) = %lz|* —b-z+c

| m(z,0) = mo().

We first consider separately (3.3)) and (3.4]), then we give a solution for (3.5))
after solving a fixed point equation for b.
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We try to solve ([3.3)) with the Hopf-Lax formula

a2
u(z,t) :min{(T—t);x—y|+5|x|2—b-x+c}.

yER? (T — t)2
The quadratic function Q(y) = ;;3'; + &|z]* — bz + ¢ has a minimum if and
only if the coefficient of |y|? is positive, that is 5+ ﬁ > (. Hence we assume
that
a>0 a<0
or (3.6)
t<T T+i<t<T.

This condition states that if a < 0, then system ({3.5) has a meaning only for
T < -1 Under (3.6), we get

_alz)* =2z -b— (T —t)[b]?
W t) = T —

V, Vt s.t. (3.6)) holds. (3.7)

One can directly check that (3.7]) solves (3.3]).

Now we calculate D,u = #}it) =: f(x,t) and div(D,u) = #ﬁ,{_ﬂ, SO
that we can write explicitly (3.4) and solve it with the method of characteristics:
hence we have to suppose at least mg(-) € C}(R?). The system of ODEs that

we obtain is:

(v a b

X = _1+a(T—t)X + 1+a(T—t)
] X 0)=y

z =z div(f)

2(0) = mo(y).

\

The solutions of this system are:

and we immediately note that X (¢,-) is invertible, so that the characteristics

never cross. Since
(14 aT)—bt

1+ a(T —1)

Y(t,z) = - (3.8)
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is the inverse of X (t,y), we know that the solution of (3.4)) is

(14 aT) — bt 1+aT d
m(x,t):z(t,Y(t,x)):mo( a1 ><1—|—a(T—t)) . (3.9)

for any € R? and for any ¢ such that is satisfied.

Now we want to determine b. Formula gives an expression for m(z, T)
and that allows to calculate E[m(T)] = =7 (E[mo] + bT). Substituting it in
(13.2]) we get

b— a(14-aT)h+bE[mo]

14+aT (310)

c= %|h|2 + m“ﬁ:[mo] + bT’|2

By the verification theorem of the dynamic programming, u(z,t) = (3.7)) is the
value function of the optimal control (3.1)), while m(z,t) = (3.9)) is the density
of the optimizing agents. In conclusion, we have proved the following result.

Proposition 3.2. Under assumption (@, if b and ¢ are given by ,
then u(z,t) = (3.7) and m(x,t) = (3.9) solve the mean filed games system

linked to the mean field game model .

3.2 Second model

In this second model we assume:

, T a(s)|? a b
i gt = [ [PEE] st Sy - P+ Sucr) - Emm)?
t
y(s) = Ay(s) + Ba(s)
y(t) =
121. mg absolutely continuous, bounded and with compact support,
(3.11)

where y(-) € R% a(-) € R¥ and A € R4 B € R™* ¢ T, z, aand b are given.
In particular, model (3.11)) is equal to model (3.1)) except for the dynamics. We
will study first the case d = 1 and k = 1, where the solutions are explicit, then

we will provide an existence Theorem for the general case.
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Let us start with the dimensions d = 1 and £ = 1. Then the Hamilton-
Jacobi-Bellman equation of the control problem is
Bu2=0 (,t) eRx[0,T)
u(z, T) = $a* — bz + ¢,

_ — A -+
e A (3.12)

where a, b and ¢ are given by (3.2). Since the feedback control which mini-
mizes the pre-hamiltonian function is a*(s) = —Bu,, then we can deduce the
continuity equation for the density m(x,t) of the agents:

my + divy(mf) =0 (x,t) € R x (0,7

3.13
m(xz,0) = mo(z), ( )

where f(x,t) = Ax — B?u,.

So the mean field system of model (3.11]) is

( 2
—ut—A:qu—l—Tu?c:O (x,t) e Rx [0,T)

a
u(z, T) = §x2 —br+c (3.14)
my + div, (m(Az — B*u,)) =0 (x,t) e R x (0,7

L m(x,0) = mg(x).

As in the previous section, we will analyze separately (3.12]) and (3.13]), and
then we will give a solution of (3.14]) after solving a fixed point equation for b.

Let us make the ansatz that the solution of (3.12)) is of the form
u(z,t) = h(t)z® + U(t)z + s(t),

where h(-), [(-) and s(-) are unknown function that by construction satisfy the

terminal condition

WT) - 3
(T)=-b
s(T) =c.

Substituting u, = 2hx + [ and w; = ha? + [z + § in 1) we find out that
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such a u(z,t) solves (3.12)) if and only if the functions h, [, s satisfy

h = 2B2h? — 2Ah; h(T) = g
[ = (2B*h — A)l; I(T) = —b (3.15)
BQ
§ = 7l2; s(T) = c.
Through the substitution w(t) = ﬁ we can transform the first Riccati

equation in (3.15) in a linear ODE in the variable w, so that we obtain

h(t) = aA
© aB? + (2A — aB2)e2At=T)?

(3.16)

for any ¢ such that aB? + [24 — aB?|e?A=1) £ 0. So we have to assume

5::ﬁlog<%>>0 or 0 <0
t<T T+o<t<T.
(3.17)
This is the analogue of condition for model .

Now we note that we can rewrite the first one in (3.15]) as follows

%: (2B%h — A) — A,

so that the second one becomes

%:%+A s (logl) = (log h) + A.

By integration we get

—2AbeAt=T)
i) = aB? + (2A — aB?)e2A0t=T)"

(3.18)

Finally we find by integration

AB%b? 1 b B?
s(t) = — + +
aB? —2A aB? + (2A — aB?)e2At=T) ~ 2(2A — aB?)

c.  (3.19)

Now we use again the method of characteristics to solve ([3.13]), so that we
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get
2 2\ —2AT et
m(z,t) =mo(Y(t,x))[aB* + (24 — aB“)e ]aBQ A= aBB AT
(3.20)
where
bB? 2A — aB? B? + (2A — aB?)e 24T

Yit,z)=(z+ OB (1 e2ary ) ot @ +( aB?)e |

(2A — aB?)eAt-T) 24T aB? + (2A — aB?)e2A(-T)

Hence we calculate

Em(T)] = - —
(7)) = =2 — 2
where
BQ 24 — BQ —2AT BQ AT
¢ = ear 2Bt 2Aa ) pe %(6_2‘” —1).  (3.21)

Substituting it in (3.2)) and solving the fixed point equation for b, we find

_ _Ca b
b= C+D5h —i; mE[mO] (3.22)

¢ =2h? + 355 (E[mg] — Db)?.

Thanks to the verification theorem of the dynamic programming we have
proved the following result:

Proposition 3.3. Let us assume that d = 1 and k = 1. Furthermore we

suppose that b and c are given by , C and D by and that the
functions h(-), I(-) and s(-) are given respectively by (3.16]), and (3.19).
Then, under condition (3.17), u(z,t) = h(t)z?+1(t)z+s(t) and m(z,t) = (3.20)

solve the mean filed system linked to the mean field game model .
Moreover, u(x,t) is the unique solution quadratic in x because h, | and s are

the unique solutions of .

Now we analyze the general case d > 1, k > 1.
Notations. In the following we denote with A’ the transpose of the matrix A,

with e4 the matrix exponential of A and with tr(A) the trace of the matrix A.
Finally we suppose a # 0.
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In this case (3.14]) becomes

4 1
—uy — (Ax) Dyu + E(Dxu)’SDxu =0 (z,t) € R* x [0,7)
u(@,T) = Glaf* ~b-a+c

my + div, (m(Az — SD,u)) =0 (z,t) € RY x (0,7

(. m(z,0) = mg(z).

(3.23)

where S := BB’ € Sym(d) and the parameters a, b and ¢ are given by (3.2)).
As in the case d = 1, u(z,t) = @’ H(t)x + L(t) - v + s(t) with H(-) € Sym(d)
is a solution of the Hamilton-Jacobi-Bellman equation in (3.23)) if and only if

H(-), L(-) and s(-) satisfy

H=2HSH — AH — HA =: r(H); H(T) = %]1

L=2HSL - A'L; L(T) = —b (3.24)
1

§= EL’SL; s(T) = c.

Remark 3.4. We note that r(-) € C*(R%?), then it is locally Lipschitz; hence,
by the theory on ODEs, we know that the equation for H has local solution.
That is, there exists some 7 > 0 such that for any 7' €]0,T[ there exists a
unique H € €1(J0,T[; Sym(d)) which solves the first one in (3.24). In fact if
we transpose the first equation in (3.24)) we find out that H’ solves the same
equation of H, so that H = H'.

Furthermore H () is invertible in |0, T'[ for any T €]0, T because det(H (T)) =

(2)? # 0. Hence, from now on we will suppose 7' < 7.

Given that H(-) which solves the first equation in ([3.24]), one can directly
check that
L(t) = —2H(t)e =Dy

s(t) =c+ fy 5L'(r)SL(r) dr (3.25)

solve the second and the third equation of (3.24]) in |0, 7[. In fact:

L= —E[Hef‘(t-T) + HAeA D
a

2
= —Z[2HSH — A'H|eAMDp =
a
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= (2HS — A) {—EH&“—%} = (2HS — AL
a

Through the method of characteristics we find out that a solution in |0, 7|
of the continuity equation in (3.23)) is

m(z,t) = mo(Y(t,z))eM®, (3.26)
where

Y(t ) = H-Y0)eA H(t) — 2H1(0) ( Sl e H(s)SH(s)eAC=T) ds) b

M(t) = [ tr(2SH(s) — A) ds.
(3.27)

Note that Remark states that Y (t,z) is well defined for T < T. By
(3-26), we can calculate

where

IS

H—l (0>6A’T

—2H-1(0) ( e H (5)SH (s)eAT) ds) . (3.28)

C
D

In fact from 1 = [p, mr(z) dz we deduce det(C) = ™). Note that C~! is
well defined if T < T by Remark

So if we write the fixed point equation for b obtained by (3.2), we have
b = ah 4+ bC~ (E[mq] — Db),

which has unique solution if and only if the matrix

Q:=1+bC'D (3.29)
is invertible; and this is true for small times since D(7') — O and C(T') — 1.
T—0 T—0
So we have:
b= (ah + 5C'E[m )
ol (3.30)

¢ = &|h)2 + L |CE[m(0)] — CDb|.
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Therefore, only applying the verification theorem of the dynamic program-

ming, we have proved the following Theorem.

Theorem 3.5. There exists 7 > 0 sufficiently small such that for any T' < T
the matriz () = is inwvertible; furthermore, for any T < T, there exists
a unique H € C(]0, T[; Sym(d)) continuous in 0 and T which solves the first
equation in in [0,T] and that it is invertible for any t € [0,T]. Moreover,
if C and D are given by , b and ¢ are given by and L(t) and s(t)
are given by (3.25), then u(x,t) = o'H(t)x+ L(t)-x+ s(t) and m(z,t) = (3.26)
are solutions in RY x (0, T) of the mean field games system linked to the
mean field model .

Remark 3.6 (Consistency of the two models). Model (3.1)) differs from model
(3.11)) for the dynamics of a typical agent: in the first case we have § = «, while

in the second one we have y = Ay + Ba. If we consider a solution (u(l), m(l))

of ‘) in the sense of Proposition and a solution (u(2), m(z)) of 1) in
the sense of Theorem [3.5], we would like to state:

uP(z,t)  —  uB(x,t) and mP(z,t)  —  mW(z,1),
A—0, BT A-0, BT

for any (x,t) € R? x (0,7), with uniform convergence in the compact sets
contained in R? x (0,7). In order to reach our goal we have to enunciate
Kamke’s Theorem.

Theorem (Kamke’s Theorem). Let f, fi : @ C RxR? continuous, k = 1,2, ...
and (tg, yp) € Q for any k € N. Let us suppose that the Cauchy problem

y = f(ta y)
y(to) = yo

has a unique solution y(t) in the compact set I. If (tx, yx) — (to, o) and fr = f
on the compact sets contained in S, then yi(t) = y(t) uniformly on I, where
yk(+) is a solution of the Cauchy problem

y = fk(t7y)
y(te) = Y-
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Now, if we apply to model the same resolution strategy of model
(3.11), we find that u(z,t) = a’H(t)x + L(t) - * + s(t) is a solution of the
Hamilton-Jacobi-Bellman equation of system (3.5|) if and only if the functions
H, L and s satisfy

i = 2H?, H(T) = %]I

L=2HL; L(T) = —b (3.31)
1

§= §|L|2; s(T) =c.

Given a solution (H®,L® @) of the system (3.24)) and the solution

g — a 1 _ b 1y _ (T —t)|b]?

2[1+a(T—t)]H’ __1+a(T—t)]L 201 + a(T — )]

of (3.31)), by Kamke’s Theorem we have that H® = H® on [0, T] when A — Q
and B — L. In particular H®(0) — HWV(0) = a1

Hence we can calculate the limit for A — ©@ and B — T in (3.28)), so that
we get

C = (1+aD)I and D - -TL

A—QO, B—I A—0, B—I

Using that in (3.29)) we have

_ bT e—aii (14 aT
AH%),IHB%HQ_ (1_1—{—CLT>]I N <1—|—CLT>H'

Finally, if we use that to calculate the same limit in (3.30]), we immediately get
that the expressions for b and ¢ in (3.30)) tends to formula (3.10)) when A — O
and B — [:

. IRV _a(1+ aT)h + bE[my]
At @ (“h+ be E[mOD - 1+al
: @ 2 é -1 _ -1l — é 2 b 2
Aﬁg’r%%2|h| +2|C E[m(0)] — C~'Db|" = 2|h| +2(1+GT>2\E[mO]+bT|.
(3.32)

Therefore, by the Kamke’s Theorem we deduce that L = L™ and s = s
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on [0,T] when A — O and B — I. Consequently u® = u") on the compact
sets contained in R?x (0, T'), so that there is pointwise convergence in R?x (0, T')
too.

It follows from the facts above that also eM®) = <1 :J%T%and YO (t,r) =
Y (t, 2), where Y® and YV are respectively given by (3.27) and . By
the method of characteristics we have supposed that mg(-) € C1(R?), so that
we deduce m® (z,t) = m"(z,t) on the compact sets contained in R? x (0, T'),

and consequently there is pointwise convergence in R? x (0,7) when A — O
and B — L.

3.3 Third model

The hypotheses of this third model are:

i J(t o) = /t [@ +y(s) My(s) + E[m(s)]' NE[m(s)]| ds+

2
y(s) = Ay(s) + Ba(s)
y(t) ==

iti. mo(-) absolutely continuous, bounded and with compact support,

+ 2(T) — A2 + 5 J(T) ~ Efm(T)]P

(3.33)

where M € Sym(d), N € Sym(d) and the rest of parameters and matrices are
as in the previous section. The discussion is very similar to that done in the
general case of the previous section. The new mean field game system is

;

— uy — (Az) Dyu — E[m(t)] NE[m(t)]+
+ %(Dxu)'SDxu —2'Mxz =0 (z,t) € R x [0,T)
$u(z,T) = g|x|2 —b-z+e (3.34)
ms + div, (m(Az — SD,u)) = 0 (z,t) € R? x (0,T]
| m(z,0) = mo(z).

where the parameters a, b and ¢ are given by (3.2). A function wu(z,t) =
o' H(t)x+ L(t) - x + s(t) solves the Hamilton-Jacobi-Bellman equation in ((3.34))
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if and only if H, L, s satisfy

H(t) = 2H()SH(t) — AH(t) — H(t)A — M; H(T) = g]I
L(t) = 2H(t)SL(t) — A'L(t); L(T)=-b  (3.35)
i(t) = %L’(t)SL(t) — E[m(t)] NE[m(t)]; s(T) = c.

Here again there exists some T > 0 such that for any T < T the Riccati
equation has local unique solution H € C'(]0, T[; Sym(d)) and such that H(t)
is invertible for any ¢ € [0,7]. Then it is easy to check that

i) = —%f[(t)eA(tT)b (3.36)

solve the second equation of (3.35)) in |0, 7.

Momentarily we can not solve the equation for s(-) because E[m(-)] is un-
known. So we first solve the continuity equation, which depends only on H

and L, then we analyze the fixed point equation for b and finally we determine
s(+).

Through the method of characteristics we find out that a solution in |0, 7’|
of the continuity equation in ((3.34)) is

m(z,t) = mo(Y(t,z))eM®, (3.37)
where

Y (t, ) = HY(0)eA H (t)x — 2H-1(0) ( Sl e’ H(s)SH(s)eAt=T) ds> b
M(t) = [, tr(2SH(s) — A) ds.

If we define
C=2H10)eT
> 2 771 T A's ¥ A(s=T) (3.38)
D =—-2H"(0) ( o ¢ °H(s)SH(s)e ds) ,
we have that for 7" small the matrix
Q:=1+bC"'D (3.39)
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is invertible. After determining E[m(T)], by (3.2]) we deduce

b:cj4(ah+éé—wmmd>

. ol 2 (3.40)
c:ng+304mmmﬂ—04D4.
Finally .
§(t):c—|—/0 BL'(S)SL(S)—E[m(s)]'NE[m(s)]] ds (3.41)

solves the third equation of (3.35)) in 0, T7.

In conclusion we have proved the following theorem.

Theorem 3.7. There exists T > 0 sufficiently small such that for any T < T
the matriz Q = is wnvertible; furthermore, for any T < T, there exists
a unique H € C(]0, T[; Sym(d)) continuous in 0 and T which solves the first
equation in in [0,T] and that is invertible for any t € [0,T]. Moreover,
if C and D are given by , b and ¢ are given by and L(t) = (3.36
and §(t) = , then u(z,t) = o' H(t)x + L(t) -z + 3(t) and m(z,t) = (3.37
are solutions in RY x (0, T) of the mean field games system linked to the
mean field model .

Remark 3.8. For the same reasons of Remark [3.6] there is consistency be-
tween model (3.33)) and models (3.11]) and (3.1). In particular, with the same

notations of the aforementioned remark, if (u(?’), m(g)) is a solutions of system

(3.34) in the sense of Theorem , then:

(3) (2) 3) (2)
u' (z,t) M};)_}@ u' (z,t) m' (x,t) M,N_>—>© m' (z,t)
and
u® (z,t) — ut (z,t) m® (z,1) — mW (z,1),
A,M,N—Q; B—I AM,N—Q; B—I

for any (x,t) € R? x (0,7).
Furthermore, there is uniform convergence on the compact sets contained
in R x (0,7).
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