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𝛿𝑡

 𝛿𝑡 = 𝛿𝑝 + 𝛿𝑠

𝛿𝑝 𝛿𝑠



 

 

 

 

 

 

 

 

 

 

 



 

 

 

Δℎ𝑠

ℎ𝑟𝑒𝑓
= 𝐶𝛼𝜀 log (

𝑡

𝑡𝑟𝑒𝑓
)

𝐶𝛼𝜀 =
𝐶𝛼

(1+𝑒0)



Δℎ𝑠 

ℎ𝑟𝑒𝑓

𝑡𝑟𝑒𝑓

𝐶𝛼𝜀

𝑒0

𝐶𝛼𝜀

𝐶𝛼𝜀

𝐶𝛼𝜀

𝐶𝛼𝜀

𝐶𝛼𝜀



𝑪𝜶𝜺

αε



𝜀𝑏 = 𝜀𝑏𝑡(1 − 𝑒−𝑘𝑏𝑡)

𝜀𝑏 

𝜀𝑏𝑡

𝑘𝑏









 



 

 

𝜎′ = 𝜎 − (1 − 𝑎)𝑢𝑤

𝜎′ = 𝜎 − (1 −
𝑎 tan𝜓

tan𝜙′
)𝑢𝑤

𝜎′ = 𝜎 − (1 −
𝐶𝑆

𝐶
)𝑢𝑤

𝜓

𝜙′

𝐶𝑆

𝐶



𝜓

𝐶𝑆 𝐶

𝑢𝑎 𝑢𝑤

𝜒

𝜎′ = 𝜎 − 𝑢𝑎 + 𝜒(𝑢𝑤 − 𝑢𝑎)
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 



𝐾𝑜 = 1















~

𝜀𝑣𝑜𝑙 𝜀𝑞



𝜀𝑞 = 2(𝜀𝑎 + 𝜀𝑟)/3

𝑑 = −
𝛿𝜀𝑣𝑜𝑙

𝛿𝜀𝑞

𝑞′

𝑝′
= 𝑀 + 𝑑







𝜔 𝜑 𝜅

𝑥, 𝑦 𝑧

(𝑋𝑖, 𝑌𝑖, 𝑍𝑖)

(𝑥𝑖, 𝑦𝑖, 𝑧𝑖)

[

𝑥𝑖

𝑦𝑖

𝑧𝑖

] = [

𝑚11 𝑚12 𝑚13

𝑚21 𝑚22 𝑚23

𝑚31 𝑚32 𝑚33

]

𝑚12 = sin𝜔 sin𝜑 cos 𝜅 − cos𝜔 sin 𝜅 𝑚11 = 𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜅



𝑚22 = 𝑠𝑖𝑛𝜔𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝜅 + 𝑐𝑜𝑠𝜔𝑐𝑜𝑠𝜅 𝑚21 = 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜅

𝑚13 = 𝑐𝑜𝑠𝜔𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜅 + 𝑠𝑖𝑛𝜔𝑠𝑖𝑛𝜅 𝑚31 = −𝑠𝑖𝑛𝜑

𝑚23 = 𝑐𝑜𝑠𝜔𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝜅 − 𝑠𝑖𝑛𝜔𝑐𝑜𝑠𝜅 𝑚32 = 𝑠𝑖𝑛𝜔𝑐𝑜𝑠𝜑

𝑚33 = 𝑐𝑜𝑠𝜔𝑐𝑜𝑠𝜑

 

 

 

(𝑥𝑖, 𝑦𝑖, 𝑧𝑖) 

[
𝑢̃𝑖

𝑣̃𝑖
] =

𝑓

𝑧𝑖
[
𝑥𝑖

𝑦𝑖
]

𝑢′𝑖 𝑣′𝑖

𝑢̃𝑖  𝑣̃𝑖

[
𝑢̃𝑖

𝑣̃𝑖
] = [

𝐷𝑢𝑠𝑢𝑢̃𝑖

𝐷𝑣𝑣̃𝑖
] + [

𝑢0

𝑣0
]



[
𝛿𝑢𝑖

(𝑡)

𝛿𝑣𝑖
(𝑡)

] = [
𝑢̃𝑖(𝑘1𝑟𝑖

2 + 𝑘2𝑟𝑖
4 + ⋯)

𝑣̃𝑖(𝑘1𝑟𝑖
2 + 𝑘2𝑟𝑖

4 + ⋯)
]

𝑘1 𝑘2 𝑟𝑖 = √𝑢̃𝑖
2 + 𝑣̃𝑖

2

[
𝛿𝑢𝑖

(𝑟)

𝛿𝑣𝑖
(𝑟)

] = [
2𝑝1𝑢̃𝑖𝑣̃𝑖 + 𝑝2(𝑟𝑖

2 + 2𝑢̃𝑖
2)

𝑝1(𝑟𝑖
2 + 2𝑣̃𝑖

2) + 2𝑝2𝑢̃𝑖𝑣̃𝑖

]

𝑝1 𝑝2

[
𝑢𝑖

𝑣𝑖
] = [

𝐷𝑢𝑠𝑢(𝑢̃𝑖 + 𝛿𝑢𝑖
(𝑡) + 𝛿𝑢𝑖

(𝑟)
)

𝐷𝑣(𝑣̃𝑖 + 𝛿𝑣𝑖
(𝑡) + 𝛿𝑣𝑖

(𝑟)
)

] + [
𝑢0

𝑣0
]

𝑘1 …  𝑘𝑛, 𝑝1 𝑝2

Xi, Yi, Zi 𝑢𝑖 𝑣𝑖



[

𝑢𝑖𝑤𝑖

𝑣𝑖𝑤𝑖

𝑤𝑖

] = [

𝑎11 𝑎12 𝑎13     
𝑎21 𝑎22 𝑎23     

𝑎31 𝑎32 𝑎33     

𝑎14

𝑎24

𝑎34

] [

𝑋𝑖

𝑌𝑖

𝑍𝑖

1

]

𝑎11 𝑎34 𝑤𝑖

𝑳 =

[
 
 
 
 
 
 
 

𝑋1 𝑌1 𝑍1

0 0 0
⋮ ⋮ ⋮

     
1 0 0
0 𝑋1 𝑌1

⋮ ⋮ ⋮
     

0 0 −𝑋1𝑢1

𝑍1 1 −𝑋1𝑣1

⋮ ⋮ ⋮
 
−𝑌1𝑢1 −𝑍1𝑢1 −𝑢1

−𝑌1𝑣1 −𝑍1𝑣1 −𝑣1

⋮ ⋮ ⋮
𝑋𝑖 𝑌𝑖 𝑍𝑖

0 0 0
⋮ ⋮ ⋮

     
1 0 0
0 𝑋𝑖 𝑌𝑖

⋮ ⋮ ⋮
    

0 0 −𝑋𝑖𝑢𝑖

𝑍𝑖 1 −𝑋𝑖𝑣𝑖

⋮ ⋮ ⋮
     

−𝑌𝑖𝑢𝑖 −𝑍𝑖𝑢𝑖 −𝑢𝑖

−𝑌𝑖𝑣𝑖 −𝑍𝑖𝑣𝑖 −𝑣𝑖

⋮ ⋮ ⋮
𝑋𝑁 𝑌𝑁 𝑍𝑁

0 0 0
     

1 0 0
0 𝑋𝑁 𝑌𝑁

    
0 0 −𝑋𝑁𝑢𝑁

𝑍𝑁 1 −𝑋𝑁𝑣𝑁
     

−𝑌𝑁𝑢𝑁 −𝑍𝑁𝑢𝑁 −𝑢𝑁

−𝑌𝑁𝑣𝑁 −𝑍𝑁𝑣𝑁 −𝑣𝑁]
 
 
 
 
 
 
 

𝒂 = [𝑎11, 𝑎12, 𝑎13, 𝑎14, 𝑎21, 𝑎22, 𝑎23, 𝑎24, 𝑎31, 𝑎32, 𝑎33,𝑎34]
𝑇

𝑳𝒂 = 𝟎

𝑢𝑖 𝑣𝑖 𝑈𝑖 𝑉𝑖

𝑎11 𝑎34

𝑎11 𝑎34 = 0

𝑎34 = 1

𝑎34

𝑎34 = 1 𝑎31
2 + 𝑎32

2 + 𝑎33
2 = 1

𝑎11 𝑎34

𝑨 = 𝜆𝑽−𝟏𝑩−𝟏𝑭𝑴𝑻



𝜆 𝑴 𝑻

𝑽 𝑩 𝑭 u0,v0

𝑏1, 𝑏2

𝑽 = [
1 0 −𝑢0

0 1 −𝑣0

0 0 1
] 𝑩 = [

1 + 𝑏1 𝑏2 0
𝑏2 1 − 𝑏1 0
0 0 1

] 𝑭 = [
𝑓 0 0
0 𝑓 0
0 0 1

]

𝑢𝑖 𝑣𝑖 𝑈𝑖 𝑉𝑖 𝑖 = 1,… , 𝑁

𝐹 = ∑(𝑈𝑖 − 𝑢𝑖)
2

𝑁

𝑖=0

+ ∑(𝑉𝑖 − 𝑣𝑖)
2

𝑁

𝑖=0



𝑏1 𝑏2

 

 

 







𝜃, 𝑟

𝑌𝑖, 𝑍𝑖). 

𝑥 𝑦 𝑧









𝑪𝒏(𝑢, 𝑣) =
∑ ∑ (𝒕(𝑥, 𝑦) − 𝑡̅)(𝒔(𝑢 + 𝑥, 𝑣 + 𝑦) − 𝑠̅𝑢,𝑣)

𝑁
𝑦=1

𝑁
𝑥=1

√∑ ∑ (𝒕(𝑥, 𝑦) − 𝑡̅)2𝑁
𝑦=1

𝑁
𝑥=1 √∑ ∑ (𝒔(𝑢 + 𝑥, 𝑣 + 𝑦) − 𝑠̅𝑢,𝑣)2𝑁

𝑦=1
𝑁
𝑥=1

𝑢 𝑣

𝑡̅

𝑠̅𝑢,𝑣

(𝑢, 𝑣)

(𝑢, 𝑣)

𝑪𝒏(𝑢, 𝑣)

𝑠(𝑖 + 1, 𝑗 + 1)𝑠(𝑖, 𝑗 + 1)

𝑠(𝑖 + 1, 𝑗)𝑠(𝑖, 𝑗)

𝑠(𝑥 ∗, 𝑦 ∗)

http://sourceforge.net/projects/opencvlibrary


𝑠(𝑖, 𝑗) 𝑠(𝑖 + 1, 𝑗) 𝑠(𝑖, 𝑗 + 1)

𝑠(𝑖 + 1, 𝑗 + 1) (𝑖, 𝑗)

(𝑖 + 1, 𝑗) (𝑖, 𝑗 + 1) (𝑖 + 1, 𝑗 + 1) 𝑠(𝑥 ∗

, 𝑦 ∗) (𝑥 + 𝑢, 𝑦 + 𝑣)

𝑠(𝑥 ∗, 𝑦 ∗) = 𝑎00 + 𝑎10𝑢
′ + 𝑎01𝑣

′ + 𝑎11𝑢′𝑣′

𝑢′ 𝑣′ (𝑖, 𝑗) (𝑥 + 𝑢, 𝑦 + 𝑣)

𝑢′ = 𝑥 ∗ −𝑖 𝑣′ = 𝑦 ∗ −𝑗 0 ≤ 𝑢′ < 1

0 ≤ 𝑣′ < 1 𝑎00 𝑎10 𝑎01 𝑎11

𝑎00 = 𝑠(𝑖, 𝑗)

𝑎10 = 𝑠(𝑖 + 1, 𝑗) − 𝑎00

𝑎01 = 𝑠(𝑖, 𝑗 + 1) − 𝑎00

𝑎11 = 𝑠(𝑖 + 1, 𝑗 + 1) − 𝑎00 − 𝑎10 − 𝑎01





𝑢 = 𝑢1𝑁1 + 𝑢2𝑁2 + 𝑢3𝑁3 + 𝑢4𝑁4

𝑣 = 𝑣1𝑁1 + 𝑣2𝑁2 + 𝑣3𝑁3 + 𝑣4𝑁4

{
𝑢
𝑣
} = [

𝑁1 0 𝑁2

0 𝑁1 0
    

0 𝑁3 0
𝑁2 0 𝑁3

     
𝑁4 0
0 𝑁4

] {

𝑢1 𝑣1

𝑢2 𝑣2

𝑢3 𝑣3

𝑢4 𝑣4

}

𝑁1  𝑁2 𝑁3 𝑁4

 𝑁1 =
(𝑎 − 𝑥)(𝑏 − 𝑦)

4𝑎𝑏

𝑁2 =
(𝑎 + 𝑥)(𝑏 − 𝑦)

4𝑎𝑏

𝑁3 =
(𝑎 + 𝑥)(𝑏 + 𝑦)

4𝑎𝑏

𝑁4 =
(𝑎 − 𝑥)(𝑏 + 𝑦)

4𝑎𝑏

𝑢1  𝑣1  𝑢2 𝑣2 𝑢3 𝑣3 𝑢4 𝑣4

𝜀 =

[
 
 
 
 
 
 
𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦
𝜕

𝜕𝑦

𝜕

𝜕𝑥]
 
 
 
 
 
 

{
𝑢
𝑣
}

𝜀 = −[𝑩]𝑑

𝜀 = {𝜀𝑥 𝜀𝑦 𝜀𝑧}𝑇

[𝑩]

=
1

4𝑎𝑏
[

−(𝑏 − 𝑦) 0 (𝑏 − 𝑦) 0 (𝑏 + 𝑦) 0 −(𝑏 + 𝑦) 0
0 −(𝑎 − 𝑥) 0 −(𝑎 + 𝑥) 0 (𝑎 + 𝑥) 0 (𝑎 − 𝑥)

−(𝑎 − 𝑥) −(𝑏 − 𝑦) −(𝑎 + 𝑥) (𝑏 − 𝑦) (𝑎 + 𝑥) (𝑏 + 𝑦) (𝑎 − 𝑥) −(𝑏 + 𝑦)
]



𝑑 = {𝑢1 𝑣1 𝑢2 𝑣2 𝑢3 𝑣3 𝑢4 𝑣4}𝑇

𝜀1 =
(𝜀𝑥 + 𝜀𝑦)

2
+ √

1

4
(𝜀𝑥 − 𝜀𝑦)

2
+ (

𝛾𝑥𝑦

2
)
2

𝜀3 =
(𝜀𝑥 + 𝜀𝑦)

2
− √

1

4
(𝜀𝑥 − 𝜀𝑦)

2
+ (

𝛾𝑥𝑦

2
)
2

𝛾𝑚𝑎𝑥 = 𝜀1 + 𝜀3

𝜀𝑣𝑜𝑙 = 𝜀1 + 2𝜀3 = 𝜀𝑥 + 2𝜀𝑦



 

𝑤 =
𝑚𝑤𝑒𝑡 − 𝑚𝑑𝑟𝑦

𝑚𝑤𝑒𝑡



 

 

 

 

 

 

 

 

 

 

 

 

μ



μ



 



 







𝑐𝑣

𝑐𝑣 =
𝑘𝐸′0
𝛾𝑤

𝑘

𝐸′0
Δ𝜎′𝑣

Δ𝜀𝑣

𝛾𝑤

𝑡 =
𝑇𝑑2

𝑐𝑣

𝑑

𝑇



γ



 

√𝑡
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√𝑡𝑥 𝑐𝑣

𝑐𝑣 =
3𝑑2

4𝑡𝑥

𝑐𝑣

√𝒕𝒙

𝒕𝒙

𝒄𝒗

 

𝒄𝒗 = 6.87 × 10−7
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Δ𝜎3

Δ𝑢

𝐵 =
Δ𝑢

Δ𝜎3



 𝜎𝑐

 

 

 Δℎ

 Δ𝑉



ℎ0 𝑉0

𝑉𝑡0 = 𝑉𝑡𝑖 − ΔV𝑡𝑐

𝑉𝑡𝑖

ΔV𝑡𝑐

Δ𝑉𝑡𝑐

𝑉𝑡𝑖

1

3
= 𝜀1 = 𝜀2 = 𝜀3

ℎ0 = ℎ𝑖(1 −
Δ𝑉𝑡𝑐

3𝑉𝑡𝑖
)

𝑉𝑡 = (𝑉𝑡𝑜 − Δ𝑉𝑡𝑞) = 𝐴(ℎ𝑜 − Δℎ)

Δ𝑉𝑡𝑄

𝑞 =
𝑄

𝐴
=

𝑄(ℎ𝑜 − Δℎ)

𝑉𝑡𝑜 − Δ𝑉𝑡𝑞

𝜀𝑎

ℎ0 − Δℎ = ℎ0(1 −
Δℎ

ℎ0
)

ℎ0 − Δℎ = (1 − 𝜀𝑎)

𝑉𝑡𝑜 − Δ𝑉𝑡𝑞 = 𝑉𝑡𝑜(1 −
Δ𝑉𝑡𝑞

𝑉𝑡𝑜
)

𝑉𝑡𝑜 − Δ𝑉𝑡𝑞 = 𝑉𝑡𝑜(1 − 𝜀𝑣𝑜𝑙)



𝑞 =
𝑄

𝐴0

1 − 𝜀𝑎

1 − 𝜀𝑣𝑜𝑙

𝑝′ =
𝜎′1 + 𝜎′2 + 𝜎′3

3

𝑝′ =
𝜎𝑎 + 2𝜎𝑐

3
− 𝑢

𝜎𝑎

𝜎𝑎 = 𝑞 + 𝜎𝑐

𝑝′ = 𝜎𝑐 +
𝑞

3
− 𝑢

𝜈

𝑚𝑠 𝑉𝑡𝑓

𝑉𝑡𝑓 = 𝑉𝑡𝑖 − Δ𝑉𝑡𝑐 − Δ𝑉𝑡𝑞

𝐺𝑠

𝐺𝑠 =
𝜌𝑠

𝜌𝑤

𝜌𝑠 𝜌𝑤  

𝑉𝑠 =
𝑚𝑠

 𝜌𝑠
=

𝑚𝑠

𝐺𝑠𝜌𝑤

𝜈𝑓 =
𝑉𝑡𝑓

𝑉𝑠
=

𝑉𝑡𝑓𝐺𝑠𝜌𝑤

𝑚𝑠

𝑒𝑓

𝑒𝑓 = 𝑤𝑓𝐺𝑠

𝑤𝑓

𝜈𝑓 =
𝑉𝑡𝑓

𝑉𝑠
=

𝑉𝑣 + 𝑉𝑠

𝑉𝑠
= 1 + 𝑒𝑓 = 1 + 𝑤𝑓𝐺𝑠
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𝑉𝑡0

 Δ𝑉𝑡𝑞

𝜈 = 1 + 𝑒 =
(𝑉𝑡0 − Δ𝑉𝑡𝑞)𝐺𝑠𝜌𝑤
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𝑉𝑡𝑓

𝜎1 = 𝜎3 + 𝑞

𝜏
𝜎′⁄

 𝜙′𝑚𝑜𝑏

𝜙′𝑚𝑜𝑏 = sin−1
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𝜎′1 + 𝜎′3

𝜙′𝑚𝑜𝑏
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2
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𝜙′𝑚𝑜𝑏
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