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INTRODUCTION

In this thesis will present and explain the isoperimetric property of the hypersphere,
formulated by Ennio De Giorgi and proved in [4]. Such property asserts that, in
arbitrary dimension, the set (in the class of sets with orientable boundary and finite
measure) that minimizes its “perimeter” to parity of “volume” is (equivalent to) an
hypersfphere.

In order to accomplish this objective we need first to give a precise mathematical
definition of “volume”. This will be realized in Chapter 1, in particular in Section 1,
where we present some elementary definitions and results of measure and integration
theory from [7], [8] and [1]. In the same section we will also give an important
generalization of the notion of (positive) measure, that is a vector-valued measure.
Since many different textbooks give many different definitions of what a vector-
valued measure is, we specify that in this work we will be using the definition given
in [8]. Finally, in Chapter 1, we will state and prove the Gauss Greens theorem as
stated in [9].

Once we have defined the “volume of a set”, we will then proceed to define
its perimeter. As it will be seen in Chapter 2, there are two distinct definition of
perimeter: the Caccioppoli’s definition the definition formulated by Ennio De Giorgi
(see [2]). The first definition introduces the concept of perimeter of a N-dimensional
Borel set using the theory presented in Section 1 of Chapter 2, in particular it
defines the perimeter of a set as the total variation of its characteristic function
(see [6]); the latter, on the other hand, in [2] introduces a smoothing operator and
this, thanks to the property of convolution exposed in Section 2 of Chapter 1, will
allow to approximate “well enough” the characteristic function of a set by a family
of C*° functions, thereby defining the perimeter of a set as a limit of an integral of
the norm of a (non-distributional) gradient. In Section 2 of Chapter 2 it will be
proven the equivalence between these definitions, and we will motivate the choice
of using the De Giorgi’s definition.

Lastly, in Chapter 3, it will be proven the isoperimetric property. As we will
see, the proof is a consequence of different results found in [2] and [3], perhaps
the most important one in the fact that the perimeter of a general Borel set can
be thought as the limit of the perimeter of some appropriate poligonal sets (see
Section 2 of Chapter 3), but with some further considerations which are the subject
of Section 3 of the same Chapter. In particular a crucial role will be played by the
Steiner symmetrization, in fact we will prove that the subset of RV that (at parity
of “volume”) minimizes its “perimeter” must be (equivalent to) a rotation of its
Steiner symmetrization with respect to an arbitrary hyperplane, hence must be
symmetrical with respect to every hyperplane passing through its barycenter.
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CHAPTER 1: PRELIMIARY RESULTS AND NOTATION

The role of this chapter is to briefly, but precisely, introduce all the fundamental
notions necessary to understand the various concepts that will be introduced in the
sequel.

Section 1.1 will present some basic definitions, properties and theorems of
measures as well as the definition of integral in a general measure space and of a
vector-valued measure on a measurable space.

In Section 1.2 we will discuss some elementary properties of the convolution of
two functions, which will be used later on when giving De Giorgi’s definition of
perimeter of a set.

Lastly, in Section 1.3, it will be presented the notion of Hausdorff measure and
it will be stated and proved the Gauss Green’s Theorem.

1.1. Basic Measure and Integration Theory

Definition 1.1: Let X be a nonempty set and .# be a o-algebra of subsets of X.
A function p : A4 — [0, 00] is said to be a (positive) measure on X if the following
properties are satisfied:
(i) p(2) =0,
(ii) Given a sequence of elements of .#, (M), ~,, such that M,, N M, = & for
cach m # n, we have p (300 M,) = 300 u(M,,).
In this case we will call (X, .#) a measurable space, (X, #, 1) a measure space.

Definition 1.2: Given a topological space (X, 7) we define the Borel o-algebra of
(X, 7) as the o-algebra generated from 7. This o-algebra will be denoted as #x
and its elements will be called Borel sets of X.

Definition 1.3: A Borel measure on (X, 7) is a measure p : .4 — [0, 00] such that
PBx C M. Moreover, if u: M — [0,00] is a Borel measure on (X, 7), u is said to
be: inner regular if, for each B € Bx we have

w(B) =sup{u(K): K C B, K is compact}. (1)

Definition 1.4: Let p : .# — [0,00] be Borel measure on X. u is said to be a
Radon measure if

(i) p is inner-regular.

(ii) For each K compact set u(K) is finite.

Definition 1.5: The Lebesgue measure on RY | namely £V (or simply L), is the

1



2 CHAPTER 1. PRELIMIARY RESULTS AND NOTATION

unique Borel measure such that

I (6 (ﬂ]agp,bgm)) -y (N B — ag;'>> | )

n=1 i=1 n=1

Where the union in (2) is disjointed.

Let us now proceed with the construction of the integral on a general measure
space.

Definition 1.6: Let (X,.#) be a measurable space. A function f: X — R is
said to be a . -measurable function (or simply a measurable function, if .4 is
understood) if for every Borel set of R we have that f~!(B) is a element of ..

Definition 1.7: Let (X,.#) be a measurable space and E be a measurable set.
We define the characteristic function of E as the map xg : X — {0,1} defined by
the position

1, ifz e F
=< ’ 3
X () {0, itr ¢ E. ®)

Definition 1.8: Let (X,.#) be a measurable space. A function ¢ : X — R is said
to be a A -simple function (or simple function, if .# is understood) if ¢ is a finite
linear combination of characteristic functions.

Obviously any characteristic function is measurable, and since sum of to mea-
surable function and multiplication of a measurable function by a scalar (and
multiplication of two measurable functions and the inverse of a never null measur-
able function) is still a measurable function, we have that any simple function is
measurable. Furthermore, if (¢,,), -, is a sequence of measurable functions, then
sup,, ¢n, infy @y, imsup,,_, . ¢n, liminf, . ¢, and, if there exists, lim,  ¢n
are measurable functions.

It is easy to see that any .#-simple function ¢ can be written as linear combina-
tion of a finite number of characteristic functions of sets E1, ..., By, with B;NE; = &
if ¢ # j. In the sequel, when we write

=) cixe, (4)
n=1

we always intend that £; N E; = @ if i # j.

Definition 1.9: Let (X, .#, 1) be a measure space and ¢ a simple function as in
(4). We define the integral of ¢ on the set X with respect to y as

m
/ pdp = c;u(E;) (5)
X n=1
If Y C X is a measurable subset of X, then we define the integral of ¢ on the set’Y
with respect to p as the integral on the set X with respect to p of the function ¢yy .
We can now define the integral for nonnegative measurable functions.

Definition 1.10: If (X, #, ;1) is a measure space and f : X — [0, 00] is a measur-
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able function. We define the integral of f on the set X with respect to p as

/ fdu :=sup {/ wdup:0< e < f, with ¢ #-simple function } . (6)
b's p's

Analogously as the previous definition, if Y C X is measurable, the integral of f on
Y with respect to p is the integral of fyy on X with respect to pu.

Finally we can give the definition of integral in the general case.

Definition 1.11: If (X,.#, 1) is a measure space and f : X — R is a measurable
function such that the integral on X with respect to p of either f* or f~is finite,
where f* :=max{f,0} and f~ := max{—f, 0}, then we define

/deu::/xﬁdu—/xf*dﬂ. (7)

Given Y C X measurable, the definition of the integral of f on Y with respect to p
is analogous as in the case of f nonnegative.

Definition 1.12: Let (X,.#, 1) be a measure space and f, g be two measurable
function. We say that f is p-almost everywhere (or a.e. ) equal to g and we write
f*“E g if there exists N € .4 such that u(N) =0 and f = g on N¢. Let now ~ be
the equivalence relation on M defined by

frgie= =y, (8)
then we denote as M’ the quotient of M with respect to ~.

Definition 1.13: Given a measure space (X, ., u), let p € [1,00[. We define |-||,
and LP(X, #, |1) respectively as

anp::/x|f|du, feEM, XX, op) = {[fl € M :|flp <o0}. (9)

We also define || - ||oo and L°(X, . #, 1) as

Iflloo :=inf{a>0:p{zxe X :|f(z)] >a} =0}, (10)
L(X, M, p) = {[f]~ € M || flloe < 00} (11)

With abuse of notation we will always write f € LP(X, #, ) instead of [f]. €
LP(X, M ), for p € [1,00]. If (X, 4 ,p) = (RN, B~ , LY), we will always write
LP(RM), or even LP, instead of LP(RYN, By~ , LV).

Let us now introduce a first generalization of a measure.

Definition 1.14: Let (X, .#) be a measurable space. A function y : A4 — [—00, 0]
is said to be real-valued measure on X if the following conditions are satisfied:
(i) u(@) =0.
(ii) Given a sequence of elements of .#, (M), ~,, such that M,, N M, = & for
each m # n, we have (300 M,,) = S20° | u(M,,).

In the sequel, in order to clarify when we are referring to measures and when to
real-valued measures we will say “(positive) measure” instead of simply “measure”.

Theorem 1.1: Let (X,.#) be a measurable space and p a real-valued measure.
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Then there exist two unique (positive) measures ut,u~ : M — [0,00] such that
w=pt—u" and there exist B, F € M such that ENF = @, EUF = X, y™(E) =0
and p~ (F) =0.

Proof. See [7, p. 87] O

Definition 1.15: With the notation used in Theorem 1.1 we say that |p| :== pT+p~
is the total variation of the real-valued measure p. Moreover we say that a real-
valued measure p is a Radon measure if its total variation |p| is a (positive) Radon
measure.

Definition 1.16: Let (X,.#) be a measurable space and let N € N with N > 2.
A function p = (), ..., ™)) : .# — RV is said to be a vector-valued measure on
X if 4@ is a real-valued measure. A vector-valued measure y is said to be a Radon
measure if each of its components is a Radon measure. Finally, when we write |u|
we intend the (positive) Radon measure on #(X) defined by the position

ul(B) :=sup§ > |u(E))|: Ej e BX),E= B EnEj=2,.  (12)

Jjz1 Jjz1

|¢| is said to be “total variation of u” and, given B € Z(X), we say that |u|(B) is
the “total variation of p in B”.

In Section 1 of Chatper 2 we will see that if f : RV — R is a function of bounded
variation (we will define what that means in the same section), then there is a
naturally associated vector-valued Radon measure pup = (ug,l), ,M%N)) such that

we have

N
fV-gdch :/ g-dup <¢= Z/ gidu$)> (13)
RN RN /RN
for each g = (g1, ... gn) € CLRY; RY).

1.2. Convolution

Definition 2.1: Let f, g be two real-valued measurable functions defined on RY.
If both f and g are positive, or both f and g are elements of L' (RY), we define the
real-valued function f % g by

Fro@= [ fwlgta = dcw). (14)

The function f % g we be called convolution product (or convolution) of f and g.

In what follows, we shall need the fact that if f is a measurable function on R¥,
then the function K(z,y) := f(x — y) is a measurable function on RY x RY. We
have K = f o s, where s(z,y) := x — y; since s is continuous, K is a measurable
function if f is measurable.

Some basic properties of the convolution of two functions are the following.

Proposition 2.1: Let f,g and h be real-valued measurable functions defined on
RN . Assuming that all the convolution involved are defined, it holds:
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(i) frg=gxf.

(i) (fxg)xh=[x(gxh).

(i) Let = € RN. If we define the function 1,(x) == x — 2 for all z € RN, then
(for)xg=fx(gom,)=(fxg)oTs.

(iv) Supp(f *g) € {z+y € RN : z € Supp(f), y € Supp(g)}

Proof. See [7, p. 240]. O

Let us now see some more properties which link convolution product and LP
spaces on RY.

Theorem 2.1: Letp € [1,00], f € LY(RY) and g € LP(RN). Then

(i) f*g(x) is defined for almost every x € RY.
(i) f*g e LP(RY).
(i) ||f * gllp < [If[12llgllp-

Proof. Since, by definition of convolution and (i) of Proposition 2.1, we have

frg(x)= | flyglz—y)dL(y), (15)

RN

it suffices to prove that the map

y— f(y)g(z —y) (16)

is a L'(R™) function, for almost every x € RY.

If 1 < p < oo then let ¢ : RY — [0, oc] be defined as follows

plo)i= [ 1 ate =)l ac(). a7)

Then we have, using Minkowsky inequality,

el = ([ _, |so<x>|?dc<x>)’l’

< [ ([, 110 - nrace ) aco) a8)
= [ 1f@llgl 4z
= llllly < o

Therefore ¢ is a LP(R"Y) function. From known properties of LI(R") spaces, we
have that |¢(x)| < oo for almost every z € RY. Since

|fg(@)| =

|, 1wt =) d2) < o(@) (19)
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for every x € RN, (i) is proven. Finally

12l = ([ 17 st acw)’

N (20)
< ([ 1rxsr )" = lel,
RN
hence, from (18) and (20), (ii) and (iii) follow.
If p = oo, then it suffices to recall the Holder inequality. O

One of the most remarkable properties of convolution is that, citing [7], “f * g
s at least as smooth as either f or g”, because formally we have

O(fxg)(x) =0% | flx—y)g(y))dL(y)

RN
- /. 0% f(z —y)g(y) dL(y)

=(07f)*g,

and similarly 9°(f ) = f * (9g), where o = (a1, ..., ay) and 9 = -2

= oy
To make this more precise, one only needs to impose conditions on f and g so that
differentiation under the integral sign is legitimate. One such result is the following.

Proposition 2.2: If f € C*(RY), g € LY(RY) and 0“f is bounded for |a| < k,
then f*g € C* and (21) holds.

Proof. See [7, p. 242]. O

The following theorem underlines many of the important application of convo-
lution on RY | in particular it is what will allow us to give De Giorgi’s definition
of perimeter of set in Chapter 2. We firstly introduce some notation: if ¢ is any
function on RY and ¢ > 0, we set

o@) = o (%) (22

we observe that if ¢ € L'(RY), then the integral of ¢, on RY with respect to £
is independent ¢ (one can easily see that by applying the theorem of change of
variables in RY). Moreover, the “mass” of ¢; becomes concentrated at the origin
ast— 0.

Theorem 2.2: Suppose p € L*(RY) and fRN wdL = a, then:

(i) If f € LP, with 1 < p < oo, then f x oy — af in LP(RN) ast — 0F.
(ii) If f is bounded and uniformly continuous, then f *x oy — af uniformly as
t—0t.
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Proof. (i) Setting y = ¢z, we get
froe) —af@) = [ (7=~ @) aLw
= [ =) = f@)el) () (23)
= [ Fomele) = fa)o( at (),
where 7, (2) := a — tz. Applying Minkowsky inequality we get
I£ 501 =afly < [ 1Fom: = Fllle()] d2(z). 29

Now, ||f o 7¢» — f|l, is bounded by 2| f||, and tends to 0 as t — 07 for each z € RV,
therefore the proof follows from the dominated convergence theorem.

(ii) The proof is exactly the same, with ||-||, replaced with || - ||co. The estimate
of ||f * 1 — afl|lec is obvious, and ||f o 7, — fllec — 0 as t — 0" by the uniform
continuity of f. O

1.3. Hausdorff Measures and Gauss Green’s Theorem

In this section, when we say that E is a subset of RV we always mean that F is a
Borel subset of RY. Let us now introduce some terminology and definitions.

Definition 3.1: Let N,k € N, with N >2and 1 <k < N —1. A bounded open set
A CR* and a function f = (f®, .., f™)) € CY(R*;RYN) define a k-dimensional
parametrized surface f(A) in RN, provided f is injective on A with Jf(z) > 0 for
every © € A. Here Jf(z) denotes

) 1= \/det(V£(2)TV f(x)). (25)

where V f(x) is the matrix (a; ;) such that a; ; = f(Z for each i € {1, ..., N},
j€{l,...,k} and Vf(x)T indicates the transposed of Vf(x).

Definition 3.2: The k-dimensional area of f(A) is defined as

k-dimensional area of f(A / Jf(x)dck (z (26)

In the study of geometric variational problems we need to extend this definition
of k-dimensional area to more general sets than k-dimensional C'-images. Hausdorff
measures are introduced to this end. To avoid the use of parametrizations the
definition is based on a converging procedure.

Definition 3.3: Given N,k € N, 6 > 0, the k-dimensional Hausdorff measure of
step § of a set E C RY is defined as

o

HE(E) := inf {Z o —diam(F;

i=1

an

F;, diam(F;) < (5} (27)
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where

vk
[09)

e (28)

where T :]0, oo[— [1, 00 is Euler’s Gamma function. The k-dimensional Hausdorff
measure of F is then

H*(E) := sup {HE(E) : § €]0,00[ } = Jim, HE(E). (29)

One can easily prove that H” is in fact a measure Radon measure, is translation-
invariant and it satisfies H¥(AE) = A*H¥(E), for each A > 0. Moreover, it can (less
easily) be proven that H*(f(A)) agrees with the classical notion of a k-dimensional
parameterized surface f(A) as defined in Definition 3.2. We can also extend the
definition of k-dimensional Hausdorff measure as follows.

Definition 3.4: Given s € [0, co[, the s-dimensional Hausdorff measures H3 and
‘H? are defined by simply replacing k with s in Definition 3.3.

Lastly, one can prove that, if s = £ € N, then the k-dimensional Hausdorff
measure coincides with the k-dimensional Lebesgue measure, that is H*(E) = L (E),
for each E € %(R¥). Since the proof of this fact is not relevant to the scope of this
thesis, we will simply invite the reader to see [9].

Let us now introduce the following notation: as usual we will denote by x the
general point of RN and by 2’ the general point of RV ~1; with a little abuse of
notation we will write z = (2/, xx); if F: R¥V~! — Rand G : RY — R are functions,
then we will use F(z') and G(2/, zn) instead of F(z1, ...,znx_1) and G(z1, ..., ZN)
respectively; if ® : R¥N~! — R is a function, and V& is its gradient then we write
(V®)? instead of (%@)2 + -+ (5-2—®)?; finally, we define the cylinder of center

oxrN_1

z € RN and radius r > 0, as
C(x,r) ={yeRY : |y —a'| <r |yy —2xn| <7}, (30)
and the N — 1-dimensional disc of center 2’ and radius r > 0,

2@ ,r) ={y eRN "L |y — 2| <1} (31)

Definition 3.5: Let E be an open subset of R and let k € NU {oo}, k> 1. We
say that E has C*-boundary (or smooth boundary, if k = oo) if for every = € OF
there exist r > 0 and ¢ € C*(B(x,r)), where B(z,7) denotes the open ball of RY
centered in z with radius r, with V¢ (y) # 0 for every y € B(z,r) and

B(z,m)NE ={y € B(x,r) : ¥(y) <0}, (32)
B(z,7)NIOE = {y € B(x,r) : ¢(y) = 0}. (33)

The outer unit normal vg to E is then defined locally as

Vip(y)

ve(y) = V)] Yy € B(x,r)NOE. (34)

Definition 3.6: Given f: R¥~! — R and G C RV, we define the graph of f
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over G as
G(f;G)={z eRY 12y = f(z),2’ € G}, (35)
and we set for brevity 4(f) == 4(f,RN71).
We are now stating a fundamental result for proving the Gauss-Green theorem.

Lemma 3.1: If f : RV=! 5 R is a Lipschitz function, then for every subset G of

RN_l,
HNY (@ (f,G)) = /G 14 (VF)ZdeN—t. (36)

In fact 7—[‘];@}) is a Radon measure on RY and

L, e = [ e s TP e ), e

for every o € CO(RY).

Proof. See [9, p. 89]. O

We observe that if E is an open set of RY with C''-boundary, then the restriction
of the N — 1-dimensional Hausdorff measure to the boundary of E, namely ’Hfggl,
is a Radon measure on RY. Indeed, by the implicit function theorem, if € OF and
r > 0 is the same as in Definition 3.5, then there exist s > 0 and f € C1(2(a/, s))
such that € (z,s) C B(x,r) and, up to rotation,

@(x,5)NE = {y e RY :yn > f(a)}, (38)
@(x,s)NOE = {y € €(x,s) : yn = f(a')}. (39)
Hence
N—1 _ q/N-1
H\%(I,s)maE - H\g(,f,@(wxs)) ’ (40)

where the right-hand side defines a measure on RY by Lemma 3.1. Starting from
these considerations it is easily seen that H\]\al; is a Radon measure on RY. Let us
also notice that, having expressed €' (z,s) N E as the epigraph of f over Z(2/, s),
by the chain rule we infer the following formula for the outer unit normal vg of E:
!/
vo(z) = @)1 (41)
1+ (Vf(2))

for every x € €(x,s) N OE.

We can finally state the Gauss-Green theorem. We want to specify that, in
the last part of the proof, we will use a standard argument based on partitions of
unity. Since in this thesis we have not defined them, and neither we have stated
nor proved their properties, we invite the reader to see [8].

Theorem 3.1 (Gauss-Green theorem): If E is an open subset of RN with
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C*-boundary, then

/deNz/ ovp dHN L
E oF

for every ¢ € CLHRYN). Equivalently it holds true

/V-gdﬁN:/ g-vgdHN L,
E oF

for every g € CLRYN;RN).

Proof. The equivalence between the two statements is obvious.

(43)

Given & € OF, up to rotation, we may consider 7, s > 0 and f as in the previous

observations. We claim that

/ wch:/ v dHN Y Yo e CHE(z,5)).
E OF

(44)

Indeed, given ¢ € C(%(%,s)) and § > 0, we define the Lipschitz function Fj :

€ (z,s) — R by setting

zn—f(z')+6
25

, if ey > f(2') + 0,
Fs(x):=40, if ey < f(2') =6,
, if|f(2") —azn| < 6.

(45)

Since F5 — Xw(x,s) in L*(€(Z,s)) as § — 07, using the fact that a Lipschitz

function admits weak gradient, we have

/ VedcN = / VeodcN
E EN%(Z,s)

= li FsVpdcN
5361* € (%,s) vy

= — lim OV FEsdLN.

§—0t €(%,s)
Let us now set
5 := {x € €(%,9) : [an — f(2')]| <5},

And notice that &5 = {z € €(&,s) : VFs(x) # 0}, with

1
VFs(x) = % (=Vf(),1), Ve ds.
By Fubini’s theorem we have
/ VLY = / o(2)VEy (2) dL (2)
€ (%,8) D5

1

_ Vi), [ o ") dL(t) | dLNTH().
/_@*(i/,s)( e )<25/[f(w’)—57f(w')+6]sp(x ) ()> .

(46)
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By continuity, for every o’ € 2(7, s),

1

lim (o', ) dL(t) = p(a', f(2')). (50)
9=0% 20 J{f(a)=5.4 (") +3]

Finally, by dominated convergence, (41) and Lemma 3.1

~ lim PV LY = /@ L P ) (ST, ) e @)

§—0Tt ,8 52',8)

/@( (@), FE 1+ (VF @) dey = (o)

/ YVE dHN T
€ (%,s)NOE

:/ ovg dHN L.
OF

From (46), (51) and arbitrariness of ¢ € C}(€(%,s)), (44) follows.

Let now ¢ € CL(RY) be give, and let A be an open subset of RY such that
Supp(¢) NOE C A. (52)

By compactness, and thanks to what we have already proved, there exist finitely
many points x1, ..., xy € ANOE and finitely many open balls B(z1, $1), ..., B(zar, sar) C
A such that, for every ¢ € CH(B(xy, s)), with 1 <k < M,

M
S d . dchN = vpdHN
wp(e) N9E < U Blawsse) /E V(g0) /8 (G a (53)

We now consider (i, ...,y with ¢ € € (B(zk, sk); [0, 1]) and
M
> Gla)=1, VzeA (54)
k=1

By known facts about partitions of unity, we can construct ¢y € CL(E;[0,1]) such
that

M

D G(z)=1, VzeEUA (55)
k=0

Since (o € CL(E), we have

0= [ Vi@paeY = [ ViGpac®. (56)
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Hence, from (44), the last of (53) (54), (55) and (56), we obtain
M
/ VedcN = Z/ V(Cep) dLN
E o/ E
M
— Z/ (CkQO)VE dHN—l (57)
k=1"0E

=/ vg dHN T,
oE

therefore the theorem is proved. O



CHAPTER 2: BV FUNCTIONS AND PERIMETER OF SETS

In this chapter we begin by giving the definition of a function of bounded variation
defined in RY and a characterization of those; then we will discuss about the
definition of the perimeter of a given Borel set. In particular we will use the notion
of BV functions in order to give two distinct definitions: Caccioppoli’s definition
and one given from De Giorgi. We will also see how these are equivalent, but the
latter allows to establish various hidden results concerning the notion of perimeter
of a set.

In the following, by “a subset” we always mean “a Borel subset with orientable
boundary”, and by “a function” we always mean “a Borel measurable function”.
Furthermore, when we write “g € C}(R")” we mean that g is infinitesimal, together
with its first order derivatives, of order not smaller than |z|~V+1) as |z| — ooc;
analogously, writing “g € C1(RY;RN)” means that g = (¢(V), ..., gN)) with ¢ €
CH(RYM); on the other hand, if E is a bounded subset of RY, then C}(E) is the
space of real valued functions g having compact support in E; analogously, writing
“g € CHE;RN)”, with E bounded, means that g = (¢(V), ..., g™)) with g € C}(E).

2.1. BV Funtions of Several Variables

Definition 1.1: Let U C RY be an open set and f € L'(U). We say that f has
bounded variation in U if

V(f,U):= sup{/ fV-gdchN :ge CHU;RY), |g(x)| < 1,Vx € U} <oo (1)
U
And we say that V(f,U) is the total variation of f in U. We write BV (U) to denote

the space of functions of bounded variation in U.

Definition 1.2: Let U C RY be an open set and f € L. _(U). We say that f has

loc
locally bounded variation in U if for each open set V C U,

V(f,V) :Sup{/va'ngN:gGC’i(V;RN),|g(x)|SI,VCEGV}<oo. (2)

And we say that V(f,U) is the total variation of f in V. We write BVj,.(U) to
denote the space of functions of locally bounded variation in U.

From now on U will denote an open set of RY and %(U) will denote the Borel
o-algebra of U.

Theorem 1.1: Let f: U — R be a funtion. Then f € BV(U) if and only if there

13
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exists a (unique) finite vector-valued Radon measure f1y = (ugcl), e ,uSCN)) on BU)
such that

/Ungch _ —/Ugduf (3)

for all g € CH(U).
Proof. See [6, 168]. O

Furthermore one can prove, using the Riesz’s Representation theorem for mea-
sures that |p¢| is a finite (positive) Radon measure and that |u¢|(U) coincide with
the total variation of f in U, that is

|uf|<U>=sup{/ [V gdL ;g e CHURY), lg(a) swxev}
U

= V(£,U).

(4)

2.2. Definition(s) for Perimeter of Sets

In this section we give two definitions for the (N — 1)-dimensional measure of the
oriented boundary of a Borel subset E od RY.

We recall that in what follows, when we say that E is a subset of RY, then we
will always mean that £ € Z(RY) and E will always be orientable; by yg we
denote the characteristic function of E, that is the function defined on R defined
by x— 1ifx € EFand x — 0 if z € F; also, as in the previous section, U will
always denote an open set of RV,

First we give the Caccioppoli’s (and most common in the textbooks) definition
of perimeter, which will be called “C-perimeter”, in order to distinguish it form the
De Giorgi’s one, simply denoted as “perimeter”. At the end of the section we will
show the equivalence between the two definitions and the reason why we will adopt
the latter rather than the first one.

Definition 2.1: Let £ C RY. The C-perimeter of E in U is defined as
PEYE,U) :=V(xg,U)

5
zsup{/ V-gdﬁN:geC’cl(U;]RN),|g($)|SLVJ:EU} )
E
If PCO)(E,U) < oo we say that E has finite C-perimeter in U. If U = RN we
write P(C)(E) instead of P(“)(E,RN) and, if P(°)(E) < oo, E is said to have finite
C-perimeter.

One can easily observe that if £ C RY has finite C-perimeter and C'-class
(piecewise) and oriented boundary, then, by the Gauss-Green’s theorem (see Section
3 of Chapter 3) we have, for each g € C}(RY;RY) with |g(z)| < 1 for every z € RV,

/V-gdz:Nz/ g-vedHN L, (6)
E OF

where v, : 9F — RY indicates the outward-pointing normal vector field for each
point of OF. Since E has finite perimeter, then the member on the left-hand side of
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(6) is finite, then every integral is well defined and, by Cauchy-Schwarz inequality
(v-w < fally]) we get

/ v-gchg/ LdHY ! = HN 1 (OE). (7)
E OF

On the other hand, if ¢ = v, the inequality in (7) becomes an equality. By well
known theorems on the density, it follows that for every ¢ > 0 we can choose
ge € CLRN;RY) such that |g.(z)| < 1 for each z € RN and

< g, (8)

/ gg.dHNfl _ ,ll) Ve dHN71
OF OF

therefore

/aE ge- dHN 71 — ’HN‘l(aE)‘ <e. (9)

This proves that the just-given definition of C-perimeter of F coincides with the
N — 1 dimensional measure of its boundary: exactly what its reasonable to expect
from a “perimeter”.

Let’s now give De Griogi’s definition and analytical expression of the perimeter
of a set in RY. First and foremost, for any bounded function f : RY — R and
A > 0, we define Wy f : RV — R by

L / I fla+ AE) dLN (). (10)
RN

T2

Wif(x) =

From (10), by the dominated convergence theorem, we get
lim Wyf(z) = f(z) , VeeRY. (11)
A—07+

Then, by the theorem on the change of variables, one can easily see that

|z—¢|2

W) = = [ (et ©)
= =5 [ nle-0r©)dc¥ e (12)
T2 JRN

1
= ﬂ’)/k*f(xL
T2

Where y(n) := e=Inl? and, if ¢ : RV — R is a function, then as in Section 2 of
Chapter 1, 1, is defined by the position z A%Vw(aj/)\) From what we have

already proven in Chapter 1, noticing that fRN ydLN = w%, we deduce that

/ W sl < / flac, (13)
RN RN

lim |WAf|ch=/ |fldc™. (14)
RN RN

A—0Tt
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Moreover, if E C R* is a bounded set, then
lim Whf — fldcN =0 15
)\—>1 o+ /E Wf = [l (15)

In other words W) f is to be thought as a C*°(R") approximation of f which
is bounded, as well as its derivatives of any order. If f is continuous, bounded,
differentiable with its first order partial derivatives, then

0 0 .
T%W)\f = W)\aixif, 1= 1, ,N (16)

Furthermore its easy to prove that the function A\ — [o |[VWixg|dCN is
monotonic. We are now ready to give the following.

Definition 2.2: Let E C RY. The perimeter of E is defined as

P(E) := lim | VWaxg|dCY. (17)
A—=0t JrN
We will say that F has finite perimeter if P(E) < oo.

Definition 2.3: Given a Radon measure pi(y) depending on a parameter A, we will
say that p(y) weakly converges to a Radon measure u for A — Ag, if the equality

i o gduey = /RN gdu (18)

holds for any g € CO(RY). In that case we will write Beny — i, for A — Ag.

The theorem that follows will demonstrate the equivalence between Definition
2.1 and Definition 2.2. In order to prove such theorem we need some auxiliary result

Lemma 2.1: Any sequence (ji,),~, of vector-valued Radon measures which have
equibounded total variation, admits a subsequence that weakly converges to a vector-
valued Radon measure p of bounded total variation.

Proof. See [5, p. 61]. O

With this lemma we can prove

Theorem 2.1: Given E C RY, if the perimeter P(E) of E is finite then there
exists a (unique) vector-valued Radon measure pn = (p, ..., ™)) of finite total
variation such that

/RNXEngEN:/RNgdu (19)

for every g € CHRY).
Viceversa, if there exists a vector-valued Radon measure p of finite total variation
such that (19) holds for every g € CH(RN), then P(E) is finite and

P(E) = |u|(RY). (20)

Proof. ( =) Let us pick an arbitrary infinitesimal sequence (\),,~; with A, >0
for every n > 1 and consider the sequence of vector-valued set functions (fn),,~;
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defined by
pin(B) = —/B VWi, xgdY , VBC BRY),vn>1. (21)
By definition of P(E), and from (13), we know that
|in|(B) < /RN VW, xeldcN < P(E) , VBe BRY),Vn>1, (22)

Therefore (ji,,),,~; is a sequence of vector-valued Radon measures which have
equibounded total variation. Therefore there exist a subsequence (g, )r>1 of
(tn),,>; and a vector-valued Radon measure p of bounded total variation such that
o, — p. Hence we get

timsup [ dln| = [ dll (23)
n—oo RN RN

Thus, as all the measures in (u,,),,~; have total variation not larger than P(E), it
follows -

|u|(RY) < P(E). (24)

Let us now pick an arbitrary function g € C}(RY;RY). We have

/RNgdu = lim /}RN e (25)

Since x g is a bounded function, by the definition of the operator Wy, it follows that
the sequence (W, xg)n>1 is bounded; recalling (15) and the fact that A\, — 0% as
n — oo, we have

lim (W,\n XE) VgdLN = / i VgdCN. (26)
RN F RN

k—oc0

On the other hand, form (21) it follows, performing integration by parts,
[ xe) Voae® == [ gvmy, xwde® = [ gdu,. (21
RN RN RN
Finally, form (25), (26) and (27) it follows that

/ x5 VgdLN = / gdu, (28)
RN RN

therefore the proof of ( =) is complete.

( <= Since clearly

|z—g|2 |z—g|2

Vee 32 = —Vee 32 | 29
1

where V, and V. denote the gradients with respect to x and § respectively, we
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have
1 le—g)?
| VWaxEe(§)] = — / (Vge »2 )XE(x)dCN(m)
T2 AN |JrN
1 lz—¢|?
= x5 Vaee 2 ach 30
v | [ () et ac @ (30)
UL )| < g [ duta)
= N € T) S —xw e x)|.
7z AN | JrN K 7z AN Jry a

From (30) it follows

Lvme@lacs© < - [ ([ e ) acvo
T / ( / ch<5>) du(x)|  (31)

[ )] = @),
RN

IA

and therefore, by definition of P(E), we have
P(B) < [ ®Y). (32)

Hence P(FE) is finite and the inequality (24) holds. From (24) and (32) we deduce
(20). The proof of the theorem is complete. O

From Theorem 1.1 and Theorem 2.1 we deduce the previously announced
equivalence of the two definitions. The main reason why we decide to adopt the De
Giorgi’s definition is because it provides an analytical expression of the perimeter of
a set F through a limit of a volume integral contaning a parameter. In particular
the analytical expression of the perimeter allows to obtain, in a rather simple way,
some fundamental results which seem not easy to get starting from the Caccioppoli’s
definition. Perhaps the most important one, that will we more precisely described
in Chapter 3, is the following: the perimeter of E is the lower limit of the perimeter
of the poliedral domains approrimating E.



CHAPTER 3: ISOPERIMETRIC PROPERTY OF THE
HYPERSPHERE

In this Chapter we will prove the isoperimetric property of the hypersphere in
arbitrary dimension, that is: if C' is an hypersphere on RY, then for every A €
B(RN) satisfying the condition LN(C) = LN (A), we have that P(C) < P(A). In
particular we have P(C) = P(A) if and only if A is (equivalent to) a hypersphere.
The theorem will be proved to be a consequence of the results of Section 1 of
this Chapter, where the notion of perimeter is as defined in Section 2 of Chapter 2.
Throughout this Chapter when we mention a set in RY and a function defined
on RV, we always mean a Borel set of RY and a Borel-measurable function.
Furthermore, when we write “g € C}(RY)” we mean that g is infinitesimal, together
with its first order derivatives, of order not smaller than |z|~(V+1) as |z| — oo;
analogously, writing “g € C1(R™;RY)” means that g = (g1, ..., ¢™)) with g €
CH(RY); on the other hand, if E is a bounded subset of RY, then C}(E) is the
space of the real valued functions g having compact support in F; analogously,
writing “g € C1(E;RN)”, with E bounded, means that g = (¢, ..., ¢™¥)) with
g € CL(E). We denote by X the metric space whose elements are the subsets of RY
and the distance between two subsets E1, Eo of RY is given by LV (E; A Es), where
E, A Es is the symmetric difference between E; and Es; therefore, if (E,),~; is a
sequence of subsets of RY, whenever we say that F,, converges to a set £ C RV, we
mean that for every € > 0 there exists N. € N such that for every n > N, we have
LN(E A E,) < e. Two sets Ey, Ey are said to be equivalent if LV (E; A Ey) = 0.

3.1. Sets of Finite Perimeter
Definition 1.1: Given a set E C RY we define the Gauss-Green function (or

measure) corresponding to the set E the unique vector-valued Borel measure g
such that

/ngz,Nz/ gdug (1)
E RN

for every g € CL(RY;RY) and with total variation on RY equal to the perimeter
of F/, that is

PE) = lnel®) (= [ ] ©)

The existence (and uniqueness) of such pg is assured by Theorem 2.1 of Chapter
2.

19
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Lemma 1.1: Given a sequence (E,), -, of subsets of RY converging to a set
E CRY, we have

(i) liminf, . P(E,) > P(E).

(i1) if (P(Ey))n>1 is bounded, the sequence of the Gauss-Green functions (1g, )n>1
corresponding to the sets (Ey),~, weakly converges to the Gauss-Green func-
tion ug corresponding to E.

Proof. By definition of distance between subsets, from the relation

Jim B =B, ?
we get
lim dcN = lim IxE, — xr|dCN = 0. (4)
n—oo E,AE n—roo RN

Therefore, recalling the definition of the operator W), we have

lim VWixg, () = VIWixe(z) (5)

n—oo

at any point € RV and for any value of A > 0. From (5) it follows, recalling the
definition of perimeter of a set, Fatou’s lemma and the properties of W seen in
Chapter 2,

liminf P(E,) > lim inf/ | ViV\xg, | dCN
RN

n— oo n—oo

> / lim | VWi, | dCN (6)
RN n—oo

:/ | VIWVaxe|dcN
RN

for any positive value of A. Passing to the limit as A\ — 0 we obtain (i).

From (i) one can see that if (P(E),))n>1 is bounded, then P(FE) is finite. In this
case, by Theorem 2.1 of Chapter 2, if we denote by M the supremum of (P(E,,))n>1,
we have

ppl®Y) <M g |(RY) = P(B) <M, ¥a>1. (7)
Given g € CO(RY;RY) and € > 0 we can find g. € C}(RY;R") such that

19 = glloo <& (®)

By Theorem 2.1 of Chapter 2, recalling (4),

lim ge dpp, = lim xg, VgedCN

n—oo RN n—oo RN

_ /R Xw Vg dL® 9)

= / ge dpup.
RN
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Therefore, taking into account (7), (8) and (9), we get

lim sup / gdug — / gdug, | < 2Me. (10)
n—oo RN RN
Since € is arbitrary, it follows
lim / gdup —/ gdug, | =0. (11)
n—oo RN RN
This proves (ii) and concludes. O

Theorem 1.1: Let (E,), ., be a sequence of subsets of RN having equi-bounded
perimeter and converging to a set E satisfying

lim P(E,) = P(E). (12)

n—oo

Let pug be the Gauss-Green function corresponding to E and pg, the Gauss-Green
function corresponding to E,, for each n > 1. Let us denote, as usual, |pug| and
|pe, | the total variation of g and pg, for n > 1 respectively. Then

(B) = |ue|(B) (13)

lim |ug,
n—o0
for any set B C RYN such that |ug|(0B) = 0.

Proof. Given a set B such that |ug|(0B) = 0 and a number £ > 0, from known
theorems we can find a function g = (¢(V, ..., g™)) € CO(RY;RY) satisfying the
following conditions:

g(@) <1 VeeB; |gx)| =0 VB ANg-duEz|uE\<B>—s. (14)

On the other and, by Lemma 1.1, we have

lim g dug, =/ g-dug. (15)
RN RN

n—o0

Hence, since by |g(z)| = 0 for = ¢ B and by the very definition of |ug, | it follows

/]RN 9-dpg, < |pp,|(B), (16)
we have
liminf g, |(B) > |ue|(B) —¢. (17)
As ¢ is arbitrary, (17) can be replaced by
liminf g, |(B) > |pe|(B). (18)
Since 0B¢ = 9B, by replacing B with B¢ in (18) we also get

liminf ez, |(BY) > |pu|(B°). (19)
n—oo
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From the additivity of |ug| and |ug, |, using (12), we get
. c _ . Ny _ .
Jim (g, |(B) + |pp, |(B9) = lim |up, |(RT) = lim P(E,)
= P(E) = |up|(RY) = |up|(B) + |np|(B°).

From (18), (19) and (20), (13) follows. O

(20)

Given E, B and |ug| as usual, we can intuitively interpret |ug|(B) as the
“perimeter of E in B”; indeed, for E with C! boundary |ug|(B) = HN~1(0E N B).
With this interpretation one can see easily the idea behind both the previous and
the following theorem.

Theorem 1.2: Given two finite perimeter subsets E, F of RN, let ug and up be
their Gauss-Green functions, respectively. Let A be an open subsets of RN satisfying
the condition

ENnA=FnNA. (21)

Then for any B C A we have

pe(B) = pr(B). (22)

Proof. Let g be a function in C}(A). By (21) and the definition of Gauss-Green
functions we have

/ gdugz/ ngEN:/ vgchz/ gdup. (23)
RN E F RN

The equalities in (23) hold for every g € C}(A). By known theorems on linear
approximation of functions, it follows that the first term equals the last also under
the assumption that g is a bounded function identically 0 on A€, in particular g
can be the characteristic function of B and therefore the theorem is proved. O

We now give, without proving it, the following.

Theorem 1.3: Given a subset E of RN (with N > 2), one of the following
inequalities is always satisfied

(i) (LY(E)N -1 < (P(E)N.

(i) (LN (BN < (P(E)N.

Proof. See [5, p. 68:70] O

In particular, from Theorem 1.3, it follows that if E has finite perimeter, then
either F or E° has finite measure.

3.2. Approximation by Polygonal Domains

Definition 2.1: A domain II C R will be called polygonal domain if OII is
contained in the union of a finite number of hyperplane of RY. We will denote by
Pol(R¥) (or simply Pol) the set of polygonal domains on RY.

If N = 2 then the polygonal domains will be polygons, if N = 3 they will be the
polyhedra. If we now consider Pol as a subset of the space X, it is clear that it is
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dense in ¥ and, by Lemma 1.1, we have, given an arbitrary set £ C RV,

im i > .
ngﬁngP(H) > P(E) (24)

The following result is more precise than the one given in (24).

Theorem 2.1: Let E be a subset of RN (with N > 2). Then P(E) equals the lower
limit of the polygonal domains I1 approximating E, that is we have

PlollrgﬁngP(H) = P(E). (25)

Proof. If P(E) is infinite, from (24) we can conclude. On the other hand, if P(E)
is finite, by Theorem 1.3, it follows that either E or E° has finite measure. Without
loss of generality we can suppose LV (E) to be finite; in this case x g is an integrable
function and therefore, by the properties of the operator W) we have

lim [Wixe — x| dc = 0. (26)
RN

A—0t

Hence, given € > 0 we can certainly find A > 0 such that
/ Waxe — xsldLN <. (27)
RN

By the definition of W), the function | VW) xg| turns out to be bounded in RY
and therefore its supremum, denoted by M, is finite. Given 7 such that 0 < 7 < i,
let us consider the set L defined by

L:={z e RY : Wyxg(z) > n}. (28)

We will now prove that L is a bounded subset of RY. For any p > 0 we define the
set I,(L) as

I(L) ;= {x e RN : dist(z, L) < p}. (29)
Let us set p:= 52-. Clearly L is contained in I;(L) and, since
| VIVxxElle < M, (30)

at any point x € I;(L) we have

_ Mn n
>n—Mp=n— — = — 1
Wiaxe(z) 2n—-Mp=n- 575 =3 (31)
From (31) we deduce
gﬁN(Ip(L)) < / Waxe|dCN < / Wixe|dCY < . (32)
I5(L) RN

Since xf is integrable and (27) holds, we deduce that £V (I;(L)) is finite and
therefore L is bounded; hence we can always find a number « sufficiently large such
that, if T;, denotes the domain

T, = {2 = (QC(l)7 ...,a:(N)) c RN . |x(z‘)| <a,Vi=1,.. N}, (33)
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the following formulas are all satisfied:

/ xedlN <e, (34)
T

Wixe(z) <n, VzxeTs. (35)
In the space RV *!, whose generic point is denoted by (z(M, ..., 2M) y) =: (z,y),

let us consider the regular hypersurface I'; defined by the equation
Yy = WXXE(x)v S Ta~ (36)

Since Wy xg is a C! class function, we can certainly approximate the hypersurface
I"y with a hypersurface I'y which is contained in the union of a finite number of
hyperplanes and its represented by the equations

{y = g(a), 37)

€T,

where ¢ is a continuous function satisfying the following conditions

/ 19— Waxs] dCN < e, (39)
/ |Vg|ch</ [ VWaxel L™+ (< P(B) +1). (40)
Ta T

Since clearly Wy x g is always nonnegative, by (38) the function g will be always
positive, and therefore the set D defined by

D= {(z,y) e RNT .0 <y < g(x)} (41)

will be a polygonal domain of RV*!. Taking into account (35) and (38), we see
that g(z) < 2n for any « € 9T,. It follows that for any real number 6 > 27, the
hyperplane y = 0 intersects D only at points belonging to I's. Let us denote by
p(0) the (N — 1)-dimensional measure of the section of I'y with the hyperplanw
y = 6 and let us indicate by I'5 the portion of I's contained in the half space y > 27.
Using elemetary theorems on the measure of the sections of a set (theorems that
we can certainly apply to the hypersurface I's which, bein contained in I's, is in
turn contained in the union of a finite number of hyperplanes) we will have

[l = /[ #(0)dL (), (42)
5 7,00

where |n,| indicates the length of the orthogonal projection of the unit normal
vector to the hypersurface y = 6. Recalling that I's has equations (37), we have

[t < [ jolany = [ [Vga)lac¥ o). (13)
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From (40), (42) and (43) it follows
/[2 #0)4L0) < P(E) (44)
7,00
and therefore we have
/ (0)dL(0) < P(E) + 1. (45)
(277,1—7]

Let us now consider, for any 6 > 27, the section of the domain D with the hyperplane
y = 6, which will be denoted by TI(#). If we identify the hyperplane y = 6 with the
space RY and therefore the generic point (z,6) of such hyperplane with the point
x, we find that, for almost every value of 0, the set II(6) is a poligonal domain,
provided it is nonempty. Clearly, we have
g(z) >0, for x €I1(0) (46)
g(x) <0, forx &II(0).

Since, for 6 > 27, the hyperplane y = 6 intersects 9D only at points belonging to
I, for almost every value of 6 between 21 and 1 —n (since we assumed n < i these
are an interval) the perimeter P(I1(9)) equals p(#). Therefore there exists, by (45),
a value 6 between 21 and 1 — 7, such that

i o P(E)+n

P(I(9)) = p(0) < —— 3 (47)

being also I1(f) a polygonal domain of RY. On the other hand, by (46) we have

{g(l‘) —xe(x)

g(x) >0>2n>n, for € TI(0)\(E NTI(9))
1—gx)>1—0>n, forze (ENT,)\(ENIH)),

(48)

xe(r) —g(x)

while, from (27) and (39), it follows

/|g—xE|d£N§/ |g—WA><E\d£N+/ Waxe — xeldey < 2. (49)

a a4 a

Hence, from (48) and (49), we get

LY(ENT,) o TI(0)) < %’5

Since by (34)
LY(E\(T,NE)) <e (51)

we finally deduce

LYN(E ATI0) < e+ %5 (52)
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Since the two numbers ¢ and 7 are arbitrary, formulas (47) and (52) ensure that

im i < .
ngﬁngP(H) < P(E) (53)

Therefore, recalling (24) we obtain (25) and the proof of the theorem is complete. [

3.3. De Giorgi’s Theorem

(x) Theorem (Isoperimetric Property of the Hypersphere): Let C be a
hypersphere on RN (with N > 2), for every A € B(RN) satisfying the condition

LN (C) = LN (A), (54)
the following isoperimetric relation holds

P(C) < P(A). (55)
In particular in (55) we have the equality if and only if A is (equivalent to) a
hypersphere.

In order to prove (%) we need the following results.

Let us recall the notation used in Section 3 of Chapter 1, that will make easier
to state and prove the next theorem: as usual we will denote by x the general point
of RN and by 2’ the general point of RV~1: with a little abuse of notation we will
write z = (2/,zy); if F: RV — R and G : RY — R are functions, then we will
use F(2') and G(2/, zy) instead of F(xy, ...,xn—_1) and G(z1, ...,xN) respectively.
Finally, if ® : R¥~! — R is a function, and V® is its gradient then we write (V®)?
instead of (6%1(1))2 + o (22— 0)2

OrN_1

Theorem 3.1: If k is a real number and f : T C RN~! - R (N > 2) is a function
defined on a bounded and connected domain T of RN~ which is uniformly Lipschitz
continuous and f(x') > k for every 2’ € RN=1 then the domain D C RY defined by

D:={(a,zn) eRY : 2/ e T,k < zy < f(z')} (56)

has finite perimeter. Moreover, if H is a set contained in (T\OT), H* is the subset
of RN defined by

H* :={(2,zn) e RN : 2/ € H ay = f(2')}, (57)

and |upl is the Gauss-Green function corresponding to the set D, we have
npl(H*) = [ VI (VTP ach . (58)

Proof. From Theorem 2.1 follows that D can be approximated by a sequence
(Dn)n21 of polygonal domains, such that D,, is defined by

D, ={zeRN: 2/ eTk<ay < fo(z)}, VYn>1, (59)

and where the functions f,, are continuous in T, f,(z') > k for each 2’ € T, for
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n > 1, and satisfy the relations

fn— [ uniformly, (60)
9
al‘h

lim
n— o0 T

Recalling that the perimeter of a polygonal domain coincides with the (N — 1)-
dimensional measure of its boundary and taking into account (60) and (61), its easy
to see that (P(Dy))n>1 is bounded. Indeed we have

P(D,) = LN"YT) +/,9T (fn —k)dcN—2 +/T\/1 + (Vfu)2deN -1, (62)

Therefore, by Lemma 1.1, also D has finite perimeter. Let us now consider a
Cl-class function g : RN — R such that g(2/,xx) = 0 for every 2’ € 9T. Since

/ () 4L (@)

/ (/ DN (z,2w) [k>fn(fr’)]($N)d/3(mN)) ach ') (63)
:/T(g(ffl»fn(:v’))—g(x’,k))chfl(;C/)

and

z)dLN (z) = / yh) g N -1
/ e @) = [ gl

, (64)
= [ 9 a5 e ALY )
T Th

for h =1, ..., N — 1. Passing to the limit as n — oo in (63) and (64), we get

| gs@n@de¥ (@) = [ (o' £l — o 1)) (09

9 g@)xple)de () = /T oo fla') 2

RN 6l‘h 6l‘h

() dLN ('), (66)

for h =1, ..., N — 1. Therefore, if we denote by up = (,ug), ,,uEDN)) the Gauss-

Green function corresponding to D, by V a subset of H, by V* the set
Vii={z eRY :2' € V,ay = f(a)}, (67)

from (65) and (66) we deduce, taking into account the arbitrariness of g and the
definition of the Gauss-Green function,

N () = / LN (o) (68)
1%
(h) (y/,* 9 ’ N—1/,1
pB ) = [ e ), (69)
v UTh
for i = 1, ..., N. Recalling the definition the function of total variation of up,

namely |ppl, the formula is valid (58) for every V' C H. This suffices to prove the
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theorem. O

In what follows we will prove a theorem on symmetric normal sets with respect
to a hyperplane which, together with Theorem 2.1, has a crucial role in the proof
of the isoperimetric property of the hypersphere stated in (x). We begin with the
definition of “normal sets with respect to a hyperplane”.

Definition 3.1: Given a set E C RY (with N > 2) and a hyperplane I of R, we
will say that E is pointwise normal with respect to I if, given any orthogonal line
to I, the intersection of such a line with F is either a segment, or a point, or the
empty set. We will say that E is normal in mean (or simply normal) with respect
to I, if E is equivalent to a pointwise normal set.

Before proving the previously announced theorem on symmetric normal sets, it
will be useful the following lemma.

Lemma 3.1: Let o and v be two Radon measures defined on B(RN) with finite
total variation. If

a(B) - (v(B) —a(B)) 20 (70)
for any set B C RY, then it also holds
27|(B)(I[(B) — |al(B)) = (|v - al(B)) (71)
for any set B C RV,
Proof. From (70) it follows
|a(B)? = ~(B) - a(B) < 0, (72)
therefore we get
|a(B)]* + 1(B) — a(B)|* = 2(|a(B)|* = 7(B) - a(B)) + [v(B)” < [v(B)*. (73)
Let us define the functions ¢ and v as follows

dy da
Y= 1/’ = 74
dly| dly| (74)

that is
+(B) = /B pdlyl, a(B) = /B d] (75)

for any set B C RY. Form (73), and known theorems on differentiation of Radon
measures, we have

lo@) =1, 1— @) =lp@)? - @) >lp-vP [v@)]<1  (76)

for any x € RN, also

al(B) = /B Wldhl, |y — al(B) = /B o~ pldhl. (77)
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From (76) it follows
2(I(B) = lal(B)) =2 [ (1=10])dp]
> [ 4= sl (78)
> [ o=l dnl,

and by Schwarz inequality we have

lo—=wlPdhl) [ diyvl = [ le—¢ldhi 2=(Iv—a\(B))2~ (79)
(le=viaet) [ iz (fte=vian)

Recalling the definition of |y|(B), form (78) and (79) we get (71). O

We are now ready for proving the stated theorem concerning symmetric normal
sets with respect to a hyperplane. We recall the notation given before Theorem 3.1.

Theorem 3.2: Let E be a subsets of RN (with N > 2) having finite perimeter
and finite measure. For any point y = (y1, ...,yn—1) € RY™! we denote by
f) :== f(y1, ..., yn—1) the linear measure of the intersection of E with the line
R(y) of RN (whose generic point will be denoted by x) having equations ' = y. Let
L be the set defined by

L:={(a',zn) e RN : —f(a) < 2z < f(z')}. (80)
Then
P(L) < P(E). (81)

If equality holds in (81), then E is normal with respect to the hyperplane xny = 0 and,
denoting by |pg| and by |ur| the sets function of total variation of the Gauss-Green
functions corresponding to E and L respectively, we have, for any M C RN—L,

sl (M x R) = |ug (M x R). (82)

Proof. By Theorem 2.1 there exists a sequence (F,), -, of polygonal domains
satisfying the conditions -
lim £Y(E, A E) =0, lim P(E,)= P(E). (83)
n—oo n—oo
Moreover, we can suppose that, for any integer n > 1, the normal to the boundary
of E,, is never parallel to the hyperplane z = 0. This is surely possible since, if
for some value of n this assumption is not satisfied, it can always be achieved by
performing an arbitrarily small rotation of the domain F,.
Let us introduce the following notation: D, is the polygonal domain of the space
RN~1 consisting of all the points y such that R(y) has nonempty intersetion with

E,, fn(y) is the linear measure of the intersection, and L,, is the polygonal domain
of R defined by

L, :={(z,zn) e RN : 2’ € D,,, — fn(2') < 22y < fn(z)}. (84)

Taking into account the first condition in (31) and the definition of L and L, one
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can immediately verify that

lim £ (L, Ao L) =0. (85)
n—oo
Let us now fix a value of the index n and let us denote by pg, = (,ug), ,ug)) the
Gauss-Green function corresponding to E,,, by ur, := (/15;12, ,M(LN)) the Gauss-

Green function corresponding to Ly, by |ug, | the total variation function of “e,
and by |ur, | the total variation function of iz, . In addition, for any set M C RN —1

let v := (v, ...,¥(™)), where 4(") (M) is the total variation of LL%Q(M x R), and
a:=(aW, ..., a™) where oM (M) is the total variation of ,u%h)(M x R).

In order to obtain some properties of the functions «,, and ~,, which will be
useful in the sequel, let us begin by observing that, since F,, is a polygonal domain
of RN and since the normal to O, is never parallel to the hyperplane zn = 0, f,
is continuous in D,,, f,(£) = 0 for any £ € dD,, and D,, can be decomposed in a
finite number of polygonal domains G4y, ..., G, having the properties:

a) For any positive integer k& < m, the number of points where the line R(y)
intersects OF,, is constant with respect to y in the interior of Gy.

b) Denoting by p(k) such a number (which is even and > 2) and letting g 1(y), ...
\Jk,p(k) (y) be the N-th coordinate of the p(k) points belonging to R(y) N dE,
(considered in increasing order), the functions gy 1, ..., gi p(k) are Liptschitz
contnuous in the interior of Gy,.

Using properties a), b) and recalling the definition of f,,, one can immediatly
see the following inequalities

p(k)
ERAUEDS

0
%gk7l(y)’, fory € GL\OGk, h=1,...,N—1 (86)
h

holds. Recalling that if P is a polygonal domain in RY and pp := (,u; s s fip
is the Gauss-Green function corresponding to P, then

e (B) =/ CMW ayN=1 for h=1, .., N, (87)
BNoP

where C™ is the cosine formed by the outer normal to P with the xj-th axis;
and taking into account the fact that the (outer) normal to JE,, is never parallel
to the hyperplane xy = 0, we find the following expressions for the functions
a4 g, | and |pr, |

p(k)

(h)( / deN=t forh=1,..,N—1 88

Y -4 or ,
Z MOGH 1 3 b (8)

(n) N-1 _

o\ (M / — fn|dL forh=1,..,N—1, 89
o=/ - (39)
YN = "p(k) LN TN M N Gy), o) =" 2LV M N Gy), (90)

k=1 k=1
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p(k)

i, |(M X R) = 3 / S 1+ (Vgen2de ! (91)
k=17 MNGk 1—
xR =Y [ IR ALY (92)
k=1 MNGy

If we denote (as usual) |«| and || as the total variation functions of the vector-valued
Radon measures « and v respectively, from (88), (90) and (91) it follows

e, |(M x R) = |y|(M), (93)
and from (89), (90) and (92) it follows
e, |(M X R) = |af(M). (94)
From (86), (88), (89) and (90) we deduce the relations
0<a®(M)<y®(M) forh=1,..,N, MCRN! (95)

and we see that, denoting by H,, the set of all the points y € RNY~! such that the
line R(y) meets OF,, at more than two points, we always have

0<a®™(M)<yNM(M)—2LN1(H, N M). (96)

From (95) we deduce the relation

N
(M) - (y(M) —a(M)) =Y oM (M) (" (M) - oM (M) =0, (97)
h=1
while from (96) it follows
v = al(M) > |y(M) = a(M)| > 2871 (H, 0 M). (98)

From Lemma 3.1, (93), (94) and (97) we have
lne, (M < R) > |ur, [(M x R) (99)

and, recalling (98),

s, | (M x R) (s, (M x R)) =2 (LN (H, n M))*.  (100)

(M xR) —|ur,

In particular, if M = RN~1, from the definition of perimeter, inequalities (99) and
(100) become

P(Ey) = |up, |(RY) 2 P(Ln) = |ug, |(RY) = P(Ly) (101)

P(E.)(P(E,) — P(Ly)) > 2 (N~ (H,))*. (102)

From (101), passing to the limit as n — oo and taking (83), (85) and Lemma 1.1
into account, inequality (81) follows. Moreover, from (102) we see that, in order
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that equality holds in (81), the following relations must be simultaneously satisfied:

lim £V¥~Y(H,)=0, lim P(L,)= P(L). (103)

n—oo n—roo

Recalling the definition of H,,, from (83) and the first of (103) we see that E must
be normal with respect to the hyperplane zy = 0. On the other hand, from (83),
(85) and the first of (103) we deduce, recalling also Theorem 1.1,

lim s, |(M x B) = |usl(M x R),  lim |, [(M x R) = |ur|(M x R), (104)

for any set M C RV~! which satisfies the conditions:
lne[(O(M xR)) =0, |u|(d(M x R)) =0. (105)
Therefore, recalling (99),
lupl(M x R) = |ur|(M xR). (106)
Since (106) is valid for any M C R¥~! satisfying (105), it is also verified for any

M CRN-L
On the other hand, if equality holds in (81), by Lemma 1.1, we get

luel(RY) = [up|(RY), (107)

and therefore, by additivity of the functions |ug|, |¢r|, inequality in (106) can be
identically verified only if (82) is satisfied. O

We are finally ready to prove (%)
Proof of (x). Let C be a hypersphere of R and A a subset of RV with
LN (C) = LN(A). (108)
In view of Theorem 2.1, in order to prove that
P(C) < P(A) (109)

it is enough to show that, given an arbitrary polygonal domain IT of finite measure,
and a hypersphere satisfying the condition

£¥(0) = £V (), (110)
it results

P(C) < P(ID). (111)
To this aim let us observe that, as a polygonal domain II has finite measure, it is
necessarily bounded and therefore there exists a hypersphere C* centered at the
origin of the coordinates and of radius large enough which contains II. If we denote
by T' the class

I':={BCR":cN(B)=,N1), P(B) <P(ll), BCC*}, (112)

from Lemma 1.1 and the fact that given a bounded set L and a positive number
[, the class of all subsets of L having perimeter less or equal to [ is compact in
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(BRN),LN(- & +)) (see [4]), it follows that the functional P(-) has a minimizer in
the class I'. Let us indicate by E one of these sets of minimal perimeter, and let us
compare it with the set L, defined starting from the set £ and whose construction
is described in Theorem 3.2. It is easy to realize that L still belongs to the class I'
and therefore, taking into account the minimality of £ and Theorem 3.2 we get

P(L) = P(E). (113)

From (113), using again Theorem 3.2, we deduce that E is normal with respect to
the hyperplane zy = 0. On the other hand, the minimality property of E is still
valid for any set obtained by rotating F around the origin, hence E is normal with
respect to any hyperplane of RV, that is F is (equivalent to) a convex set.

Since perimeters of two equivalent sets coincide, we can also suppose FE is a
convex which can be represented as

E:={(2,zy) e RY : fi(2') < an < fo(2’), 2’ € D}, (114)

where, by well known properties of convex sets, D is a convex domain of RV~!, and
f1, f2 are two functions defined in D, which are uniformly Lipshitz continuous in
any connected set 7' C D\9D.

If E is represented by (114), the set L constructed via the procedure in Theorem
3.2 will be represented as

L:={(',zy) € RN : 2an]| < fo(2') — f1(2'), 2’ € D} . (115)

Let us denote by |pug| and |pr| the total variations of the Gauss-Green functions
corresponding to E and L respectively. Let T C D\9D be a connected subset, and
let M C T\OT; by Theorem 1.1 and Theorem 3.1, we have

lup|(M x R) = /M <\/1 + (V) + \/1 + (VfQ)Q) N, (116)

(M x R) = /M Va+ (Vo — )2 ey, (117)

From Theorem 3.2 and using (113) it follows
lue|(M x R) = [pr|(M x R). (118)

Equalities in (116), (117) and (118) can be simultaneously satisfied only if at almost
every point of M we have
0 0 0 0
it fy= = i+
oy oy OYn-1 Oyn-—1

fa=0. (119)

From arbitrariness of 7" and M, formula (119) are then satisfied at almost every
point of the convex domain D and therefore the sum f; + f5 is constant in D, that
is the domain FE is symmetric with respect to the hyperplane =y = 0.

Taking into account once again that the minimality property of E holds for
any set obtained from E through a rotation around the origin, we conclude that
F is normal and symmetric with respect to all hyperplanes passing through the
barycenter, and therefore F is a hypersphere. As E has minimal perimeter in the
class T and since II belongs to I', (111) is proved.
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From (111), as we have already observed, (109) follows. To prove that if the
equality holds in (109) then A is (equivalent to) a hypersphere, it is enough to
observe that, in this case, A has minimal perimeter in the class of all sets having
the same measure of C' and hence the argument considered above for E can be
repeated for A. O
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