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Abstract

In questa tesi presentiamo un’analisi numerica e non-perturbativa di una Teoria di Campo Quantistica. Nello speci-
fico, studiamo la Teoria Hamiltoniana di Gauge su Reticolo per teorie di Yang-Mills Quantistiche e applichiamo
tecniche computazionali come la Diagonalizzazione Esatta (ED) e metodi di Tensor Network (TNs). Discretizziamo
la teoria con una geometria a scala in (2+1)D con gruppo di gauge SO(3). Tramite ED per piccole dimensioni del
sistema otteniamo lo spettro in energia-momento e identifichiamo le prime bande di eccitazione di particella singola
e di multiparticella, corrispondenti a stati di quasiparticella (Glueballs) espressi come stati entangled di eccitazioni
locali di flusso. Successivamente usiamo Density Matrix Renormalisation Group (DMRG) ed il Matrix Product State
(MPS) ansatz per trovare lo stato fondamentale per dimensioni intermedie del sistema. Con questa informazione
studiamo la lunghezza di correlazione di un’osservabile locale in funzione della costante di accoppiamento per due
quasiparticelle diverse (Glueballs e Gluelumps) ed estrapoliamo il comportamento del modello nel limite del continuo.

In this thesis we present a non-perturbative numerical analysis of a Quantum Field Theory. Specifically, we ap-
ply Hamiltonian Lattice Gauge Theory to Quantum Yang-Mills, employing computational techniques such as Exact
Diagonalisation (ED) and Tensor Network methods (TNs). We discretise the theory with a (2+1)D ladder geometry
with gauge group SO(3). Via ED at small system sizes we obtain the energy-momentum spectrum and identify
the first single and multi-particle excitation bands, corresponding to quasiparticle states (Glueballs) expressed as
entangled states of local flux excitations. Subsequently, we use the Density Matrix Renormalisation Group (DMRG)
and the Matrix Product State (MPS) ansatz to find the ground state for intermediate system sizes. With this infor-
mation we study the correlation length of a local observable as a function of the coupling constant for two different
quasiparticles, Glueballs and Gluelumps, and extrapolate the behaviour of the model in the continuum limit.
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1 Introduction

1 Introduction

Gauge theories have provided some of the most successful descriptions of the fundamental forces of nature.
Traditionally, the study of Quantum Field Theories (QFTs) with gauge symmetry has mainly employed perturbation
theory. This approach has worked very well in cases where the gauge coupling is small, most notably in Quantum
Electrodynamics (QED). It is also worthwhile to note that the Standard Model is written in terms of a specific type
of gauge theory called Yang-Mills theory. However, when one tries to study Quantum Chromodynamics (QCD),
where the coupling is large, one finds that these methods are not adequate to describe the low-energy regime of
the theory. This made clear the need for non-perturbative techniques to study QFT. One of the most prominent
approaches to the subject is Lattice Gauge Theory (LGT), which will be the main focus of this thesis.

One of the pioneers of LGT was Kenneth G. Wilson with his paper on quark confinement (1974) [23]. Instead of
studying the continuum gauge theory, Wilson considered a discretised spacetime on a hypercubic lattice. By doing so,
one effectively introduces a UV-cutoff into the theory, leading to regularisation, performs the relevant calculations and
then goes back to the limit of vanishing lattice spacing. This allowed for a non-perturbative approach to Quantum
Chromodynamics (QCD) and made it possible to show the existence of confinement. The Lagrangian he used was
such that in the continuum limit, it would correspond to the original Yang-Mills Lagrangian. Shortly thereafter
(1975) Kogut and Susskind proposed a Hamiltonian counterpart to Wilson’s formalism [6]. Instead of discretising all
of spacetime they suggested to keep time as a continuous variable and work with a Hamiltonian on the lattice instead
of a Lagrangian. One of the important features of this formulation is that the physical gauge-invariant Hilbert space
is defined by a condition on the states called Gauss’ law, in analogy with electrodynamics.

With the advent of modern computing resources LGT became an increasingly popular method of studying Quan-
tum Field Theory (QFT) non-perturbatively. Indeed Wilson’s formulation naturally lends itself to Monte Carlo
algorithms, which remained the standard tool for decades. This approach, however, runs into the famous sign prob-
lem, which prohibits us from investigating interesting out-of-equilibrium and finite-density QCD phenomena. On
the other hand, Hamiltonian LGT is naturally employed via sign-problem free methods developed in the field of
Quantum Many-Body Theory. The Hilbert space in this formulation grows exponentially with system size, hence,
traditional techniques such as Exact Diagonalisation (ED), while effective at low dimensions, are not suitable to
reach the thermodynamic limit. In recent years, this approach has been revitalised by the use of Tensor Network
Methods (TNs). These methods exploit the entanglement properties of quantum many-body systems, such as the
area law, and allow us to reduce the number of parameters needed to encode states, from exponential to polynomial
in system size.

In this work we will consider a particular Hamiltonian LGT on a (2+1)D ladder geometry with gauge group
SO(3). Our ultimate goal will be to see whether the model leads to a continuum theory. The ladder geometry
is a quasi-(1+1)D system, because it has a finite extension in the transverse direction. If H is the Hilbert space
of the theory then dim (H) = ∞. In order to simulate the theory on a physical machine we need to truncate the
Hilbert space by means of cutting the high-energy modes of the chromoelectric field. As the cut uses more irreducible
representations of the group, we recover the original theory. In our model the truncation will be harsh as we truncate
after the fundamental representation. Therefore we do not expect to recover true Yang-Mills dynamics and instead
treat it as a toy model to show that we can perform calculations that are not possible using Monte Carlo methods.
We study the energy-momentum spectrum of this model in a ladder with periodic boundary conditions (PBC) using
ED. By doing so, we identify the first single and multi-particle excitation bands (Glueballs) and analyse the energy
levels of the system as a function of the coupling. Furthermore, we find a level crossing between the vacuum states
of two competing phases, which leads to a 1st order phase transition.

In order to probe the continuum limit we approach the thermodynamic limit and study the behaviour of the
correlation length of the local chromoelectric field observable. In order to simulate much larger system sizes we
use TNs. Since we are interested in properties of the bulk, by imposing open boundary conditions (OBC), we find
the ground-state energy of the system using the Density Matrix Renormalisation Group (DMRG) and the Matrix
Product State (MPS) ansatz. Finally, we consider two quasiparticles: Glueballs and Gluelumps. A Gluelump is a
Glueball that is anchored to a static charge on the ladder. For each of these, we study the aforementioned correlation
length as a function of the coupling constant.
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2 A primer on gauge theory

2.1 What is gauge theory

Throughout this thesis we will use natural units and implicitly sum over repeated, spacetime and group, indices.
One may give a practical definition of gauge theory as the study of field theories whose Lagrangian density1 is
invariant under certain transformations [19]. Such transformations represent an internal symmetry of the theory and
constitute a mathematical redundancy in our description of nature. Nonetheless the presence of these symmetries
creates a useful theoretical framework, which facilitates a rather elegant approach to studying physical systems.

The mathematical structures of interest are groups, either finite (e.g Zn) or continuous. In this thesis we will
mainly be concerned with Lie Groups, a particular kind of continuous group which also has the structure of a smooth
manifold. It will be shown later how the properties of the group influence the dynamics of the physical theory.

2.1.1 The example of QED

To illustrate what was said above consider the Lagrangian of the Dirac field in natural units:

LDirac = ψ̄(iγµ∂µ −m)ψ ,

where2 ψ is a Dirac spinor, the γ matrices form a set of 4-dimensional matrices such that
{γµ, γν} = 2ηµνI4, where the metric is η = diag(+,−,−,−), and ψ̄ = ψ†γ0 [17].
Notice, that this Lagrangian has the global U(1) symmetry ψ ↦→ eiθψ. By Noether’s theorem, this gives rise to global
charge conservation [19].

It is also possible to promote this global symmetry to a local, gauge, one, θ = θ(x), by changing our notion of
a derivative. In fact we may define a covariant derivative as: Dµ = ∂µ − i Aµ, where Aµ is the electromagnetic four-
potential and it transforms as Aµ → Aµ + ∂µθ. We see that Dµ → ∂µ − i Aµ − i∂µθ = Dµ − i ∂µθ. Consequently,
the Lagrangian remains invariant under local gauge transformations:

LDirac → e−iθψ̄[i γµ∂µ + γµAµ + γµ∂µθ −m]eiθψ =

= ψ̄[����−γµ∂µθ + i γµ∂µ + γµAµ +���γµ∂µθ −m]ψ

= ψ̄[i γµ(∂µ − i γµAµ)−m]ψ

= ψ̄[i γµDµ −m]ψ = LDirac .

By including the electromagnetic field strength tensor Fµν = ∂µAν−∂νAµ, which is invariant under the gauge trans-
formation as seen from the commuting partial derivatives, we may write (in Heaviside-Lorentz units) the Lagrangian
of Quantum Electrodynamics (QED) [17] as:

LQED = ψ̄ (iγµDµ −m)ψ − 1

4
FµνFµν .

Therefore we see that the symmetry group underlying the electromagnetic interaction is U(1), which is abelian.
In this example we were heavily motivated by our knowledge of gauge transformations in the context of electromag-
netic theory. We can, however, use this to define a more general kind of gauge theory, Yang-Mills theory, which is
most relevant to this thesis.

2.1.2 Pure Yang-Mills theory

Let G be a compact Lie group with Lie algebra g. Let T a be the Hermitian the generators of g satisfying
[T a, T b] = i fabc T c, where fabc are the structure constants3 and the indices go from 1 to dimG. The dimen-
sion is implied to be the dimension of G viewed as a manifold4 [19].

For each generator T a define the gauge field Aaµ, a real-valued function on spacetime. We may introduce the gauge
potential or connection Aµ = AaµT

a, which is a Lie algebra valued object. With this we can define the field-strength
or curvature:

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] . (2.1)

1Hereafter the term ”density” won’t be explicitly stated unless it is needed.
2Notice how this isn’t the only possible choice for the Lagrangian, in fact it is also common to see LDirac = i

2

(︂
ψ̄γµ∂µψ− ∂µψ̄ γµψ

)︂
−

mψ̄ψ . but they both give they Dirac equation as the differ by an exact differential.
3Note that the structure constants are totally anti-symmetric as a consequence of the anticommutativity of the Lie bracket. For

instance, in SU(2) fabc corresponds to the Levi-Civita symbol.
4Notice that the i on the right hand side was added because the generators are taken to be Hermitian.
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Finally, the dynamics of the pure (i.e. matter-free) theory is determined by the action:

SYM = − 1

2g2

∫︂
d4x trFµνFµν . (2.2)

where g is the coupling constant. If we also consider dynamical matter fields ψ, as was seen in the previous example,
it is possible to define a covariant derivative. Keeping in mind that the matter fields live in a representation R of G,
we explicitly denote the generator of g in the representation R as T a(R). Therefore we define:

Dµψ
i = ∂µψ

i − iAaµT
a(R)ijψ

j . (2.3)

where i, j ∈ {1, ..., dimR} and a ∈ {1, ...,dimG}. As a side remark it is interesting to note that the following relation
holds:

[Dµ, Dν ] = −i Fµν ,

It is not a coincidence that this mirrors the covariant derivative in General Relativity (GR) and the Riemann
curvature tensor. In fact, GR is invariant under spacetime diffeomorphisms which makes it a gauge theory [19].

2.1.3 Dynamics from the group properties

As was suggested earlier, the nature of the group affects the interactions in the physical theory. Perhaps unsurpris-
ingly, a simple example refers as to whether the Lie group is abelian or not. In fact, if we look at the commutator
term of the curvature in the previous section and expand the gauge potentials we get:

−i [Aµ, Aν ] = −i [AaµT a, AbνT b] = AaµA
b
ν f

abc T c ,

where clearly a sum on a,b,c is implied. Notice that this term is zero if the theory is abelian (the structure constants
are zero) and it’s quadratic in A if the theory is non-abelian. We may also explicitly write the Lagrangian as:

LYM = − 1

2g2
trFµνFµν = − 1

4g2
F aµνF aµν , (2.4)

where the additional factor of 1/2 comes from the normalisation condition tr(T a T b) = 1
2δ
ab, and in the last equality

we have:
F aµν = ∂µA

a
ν − ∂νA

a
µ + fabcAbµA

c
ν . (2.5)

If we expand the terms:

LYM = − 1

2g2
[∂µAaν∂µA

a
ν − ∂µAaν∂νA

a
µ + fabc(∂µAaν − ∂νAaµ)AbµA

c
ν +

1

2
fabcfadeAbµAcνAdµA

e
ν ] .

In the non-abelian setting, we find cubic (∂AAA) and quartic (AAAA) contributions which represent interactions
between three and four gauge bosons respectively, which are absent in an abelian theory. A concrete example of this
is presented by SU(3), which is used to describe the strong nuclear force and U(1), which underlies electromagnetism
[21]. At tree level, gluons interact directly with each other, whereas photons do not. 5

gaµ

gbν

gcρ

(a) Three-gluon vertex

gaµ

gbν

gcρ

gdσ

(b) Four-gluon vertex

Figure 1: Tree-level gluon self-interactions in QCD

5However, as is well known, in QED they do interact indirectly at loop level by exchanging virtual electron-positron pairs, but the
probability of this process occurring is low due to the small gauge coupling (fine structure constant).
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2.2 Some important notions from the continuum theory

Before moving on to the main theoretical framework of this thesis, it is important to present a few constructions
from the continuum gauge theory which will also appear in what follows.

Wilson loops: Consider the symmetry group of the Yang-Mills action in equation (2.2). This group is called the
gauge group of the theory and its elements Ω(x) ∈ G are functions on spacetime [19]. The action on Aµ is

Aµ → Ω(x)AµΩ
−1(x) + iΩ(x)∂µΩ

−1(x) . (2.6)

In fact, it follows that:

Fµν → ∂µΩAνΩ
−1 +Ω∂µAνΩ

−1 +ΩAν∂µΩ
−1

− ∂νΩAµΩ
−1 − Ω∂νAµΩ

−1 − ΩAµ∂νΩ
−1

+ i ∂µΩ∂νΩ
−1 + iΩ ∂µ∂νΩ

−1 − i ∂νΩ∂µΩ
−1 − iΩ ∂ν∂µΩ

−1

− i [ΩAµΩ
−1,ΩAνΩ

−1]− i [ΩAµΩ
−1, iΩ∂νΩ

−1]− i [iΩ∂µΩ
−1, ΩAνΩ

−1]

− i [iΩ∂µΩ
−1, iΩ∂νΩ

−1]

= ΩFµνΩ
−1 , (2.7)

where the result was obtained by appropriately substituting Ω ∂αΩ
−1 = −(∂αΩ)Ω

−1 when needed 6. Due to the
trace, the action is invariant under this transformation.
Consider now a test particle in spacetime with a fixed background field Aµ(x). This particle will carry an internal
degree of freedom, which we will call colour degree of freedom, whose evolution is determined by the Yang-Mills
field. Such a degree of freedom lives in some representation V of the Lie Group G and we associate a complex vector
v ∈ V of constant length to the particle. In analogy with how the Levi-Civita connection Γλµν determines parallel
transport in GR, the gauge field determines how the vector v rotates as the particle moves in spacetime [19]. Along
the worldline xµ(τ), which defines the curve γ, the parallel transport equation for v, using eq.(2.3), becomes:7:

dxµ

dτ
Dµv = 0 ⇐⇒ −i dv

dτ
=
dxµ

dτ
Aµ(x)v .

Therefore, similarly to the Schrödinger equation, v(τf ) = Wγ(xf , xi) v(τi), where Wγ is called the Wilson line and
xµi = xµ(τi), x

µ
f = xµ(τf ). Explicitly we have,

Wγ(xf , xi) = P exp

Å
i

∫︂ τf

τi

dτ
dxµ

dτ
Aµ(x(τ))

ã
= P exp

Ç
i

∫︂ xf

xi,γ

dxµAµ(x)

å
.

P indicates that the exponential is path-ordered [19]. Under a gauge transformation the Wilson line transforms as

Wγ(xf , xi) → Ω(xf )Wγ(xf , xi) Ω
−1(xi) .

This is most easily seen if we consider first an infinitesimal version of this object, referred to as a Wilson link, and
defined to be

W (x+ ϵ, x) = exp (iϵµAµ) = I+ i ϵµAµ +O(ϵ2) . (2.8)

By noticing that Ω(x+ ϵ) = Ω(x) + ϵµ∂µΩ(x) +O(ϵ2) and using the transformation law (2.6) we get

W (x+ ϵ, x) → Ω(x+ ϵ)W (x+ ϵ, x)Ω−1(x) . (2.9)

If we now express the Wilson line as a path-ordered product of Wilson links along the desired curve through spacetime,
we obtain the transformation law described above. This procedure essentially amounts to expanding the path-ordered
exponential. In many physical settings it is interesting to consider closed paths C, since the Wilson line will tell us how
v differs from its initial state when the particle still has the same coordinates. Note how this essentially constitutes
a generalisation of the Aharonov-Bohm effect [19], since the same construction is used to study how a wave function
changes under a gauge transformation of the electromagnetic 4-potential. In order now to construct a gauge invariant
object we take the trace of the closed Wilson line. This is called a Wilson loop [19]:

W [C] = tr

Å
P exp

ï
i

∮︂
C
dxµAµ(x)

òã
.

6this comes directly from the product rule.
7given that Aµ is hermitian, the factor of i on the left-hand side ensures that dv†v

dτ
= 0.
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Gauss’ Law: As usual, in order to recover the equations of motion of the theory we compute the variation of the
action δSYM with respect to one of the fields Akλ. The Euler-Lagrange equations are [17]:

∂LYM
∂Akλ

− ∂β

Ç
∂LYM
∂(∂βAkλ)

å
= 0 .

Using equation (2.5) for each of the two terms, we are going to have:

∂F aµνF aµν
∂Akλ

= 2F aµν
∂F aµν
∂Akλ

= 2fakcF aλνAcν + 2fabkF aµλAbµ = −4fkbaAbνF
aνλ ;

∂β

Ç
∂F aµνF aµν
∂(∂βAkλ)

å
= ∂β

Ç
2F aµν

∂F aµν
∂(∂βAkλ)

å
= ∂β

(︁
2F kβλ − 2F kλβ

)︁
= 4∂βF

kβλ ,

where we used the antisymmetry of the structure constants in the generators’ indices and of the curvature’s in the
spacetime indices. Note that Fµν transforms in the adjoint representation [19], thus

DµF
µν = ∂µF

µν − i [Aµ, Fµν ] ⇒ DµF
aµν = ∂µF

aµν + fabcAbνF
cµν .

Putting everything together we find:

DβF
kβλ = 0 for all k ⇒ DµF

µν = 0 .

After having presented the essentials of the classical theory, we now ask how it is possible to quantise it. First, we
consider the Lagrangian in equation (2.4) using gauge invariance to work in the temporal gauge A0 = 0. In analogy
with electrodynamics we define the chromomagnetic field Bi and the chromoelectric field Ei as

Bi = −1

2
ϵijkFjk ;

Ei = F0i = ∂0Ai .

The original dynamics are then expressed by the new form of the Lagrangian coupled with the constraint applied to
the chromoelectric field (this last equation plays the same role as Gauss’ law in Maxwell’s equations):

LYM =
1

g2
tr (E2 −B2) ; (2.10)

DiEi = 0 . (2.11)

It is important to note that the chromoelectric field transforms in the adjoint representation due to the transformation
law in equation (2.7). Hence, the covariant derivative in this case is DiEi = ∂iEi−i[Ai, Ei] = ∂iEi+f

abcAbiE
c
i . Since

we will be working with the Hamiltonian formulation of the theory it is necessary to apply a Legendre transform to
the Lagrangian [19]. The conjugate momenta of Aµ are

π0 =
∂LYM
∂(∂0A0)

= 0 ;

π =
∂LYM
∂(∂0A)

=
1

g2
E ,

where we expanded trE2 = Eai E
b
i tr(T

aT b) = 1
2E

a
i E

a
i . Therefore, the Hamiltonian density is found to be:

HYM = π ·E− LYM =
1

g2
tr (E2 +B2) =

g2

2
πai π

a
i +

1

2g2
Bai B

a
i . (2.12)

We now apply the usual prescription for canonical quantisation promoting the fields to operators acting on a Hilbert
space [19]. As in QED we impose the equal-time canonical commutation relations [4]:

[Aai (t,x), E
b
j (t,y)] = ig2 δab δij δ

(3)(x− y) ;

[Aai (t,x), A
b
j(t,y)] = 0 = [Eai (t,x), E

b
j (t,y)] .

The key step in this construction is the definition of the Hilbert space itself, which can only allow gauge-invariant
states. To accomplish this we first consider a bigger auxiliary Hilbert space generated by all spatial fields A(t,x),
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whose states we denote as |A(t,x)⟩ and we represent them with wavefunctionals Ψ(A). The allowed physical states
are the ones that satisfy [19]:

DiEi |phys⟩ = 0 . (2.13)

Therefore we define our physical Hilbert space as Hphys = {|Φ⟩ | DiEi |Φ⟩ = 0}.
There is an important interpretation of the Gauss’ law operator Ga = (DiEi)

a. We can view it as the generator
of gauge transformations. For this derivation we will absorb the coupling constant into the chromoelectric field
E → 1

g2E
8. Consider an infinitesimal gauge transformation Ω = I − iλaT a + O(λ2) where λ = λaT a is a Lie

Algebra valued parameter that carries an adjoint index. After a gauge transformation, to first order δAi = A′
i−Ai =

−∂iλ + i [Ai, λ] and δEi = E′
i − Ei = i [Ei, λ]. Define the smeared operator functional G[λ] =

∫︁
d3xλa(x)Ga(x)

[4]. If U = exp (iG[λ]) is the corresponding gauge transformation operator acting on the Hilbert space, and for the
transformation of operator densities we follow the convention O′ = UOU†, then we need to show that:

i [G[λ], Aai (x)] = δAai (x) ;

i [G[λ], Eai (x)] = δEai (x) .

To do this we expand the covariant derivative in G and consider the two contributions to the commutator. For the
first equation we have:

i [G[λ], Aai (x)] = i [

∫︂
d3yλb(y)Gb(y), Aai (x)]

=

∫︂
d3yλb(y)(i [∂jE

b
j (y), A

a
i (x)] + i[f bcdAcj(y)E

d
j (y), A

a
i (x)]) .

Using the commutation relations defined above the first commutator becomes∫︂
d3yλb(y)(i[∂jE

b
j (y), A

a
i (x)]) =

∫︂
d3yλb(y)δabδij∂jδ

(3)(x− y)

=

∫︂
d3yλb(y)δab∂iδ

(3)(x− y)

=

∫︂
d3yλa(y)∂iδ

(3)(x− y) = −∂iλa(x) .

where in the last line we integrated by parts. The second commutator gives

i

∫︂
d3yλb(y)[f bcdAcj(y)E

d
j (y), A

a
i (x)] = i

∫︂
d3yλb(y)f bcdAcj(y)[E

d
j (y), A

a
i (x)]

=

∫︂
d3yλb(y)f bcdAcj(y)δ

daδijδ
(3)(x− y)

= fabcAci (x)λ
b(x) = −facbAci (x)λb(x) = i([Ai, λ])

a(x) .

which concludes the first derivation. Similarly we obtain

i [G[λ], Eai (x)] = i [

∫︂
d3yλb(y)Gb(y), Eai (x)]

=

∫︂
d3yλb(y)(i [∂jE

b
j (y), E

a
i (x)] + i[f bcdAcj(y)E

d
j (y), E

a
i (x)])

= i

∫︂
d3yλb(y)f bcd[Acj(y), E

a
i (x)]E

d
j (y)

= fabdλb(x)Edi (x) = i ([Ei, λ])
a(x) = δEai (x) .

where the first commutator term was zero.
Therefore, what equation (2.13) says is that the physical states are the ones in the gauge singlet sector of the Hilbert
space.

8Note that this is only done for convenience later on and is a matter of convention. If we used the previous definition Ga would be
the generator up to the coupling constant.
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3 Lattice gauge theory (LGT)

Motivation: Now that we have some elementary knowledge of the continuum theory at our disposal, we wish to
discretise it. More precisely, our goal is to study the quantum Yang-Mills theory on a space or spacetime lattice. A
practical reason for doing so is that this choice allows us to simulate the theory on a classical or quantum computer
[7]. For example, one of the advantages of this approach is the ability to perform real-time simulations. On the
theoretical side, at large coupling the usual perturbative methods of QFT fail and we are unable to satisfactorily
study phenomena such as confinement [14]. The lattice theory is a non-perturbative approach that allows us to
circumvent these difficulties [3]. The results obtained in this way can then be employed to extrapolate the continuum
theory by taking the limit of vanishing lattice spacing.

Spacetime Lattice: We briefly mention that historically the favoured approach to the subject has been to discretise
spacetime. By doing so, and performing a Wick rotation to pass to imaginary time, one passes from a QFT to a
classical statistical mechanics scenario and is able to apply Monte Carlo computational methods to field theory [15].
While this line of though has been very fruitful, especially in the case of complicated theories like QCD, it is plagued
by the so called sign problem [3]. For instance, this happens when one wants to include a chemical potential in order
to control fermion density. In this setting one may find that the weights used to calculate expectation values of
observables are negative, making their straightforward interpretation in terms of probability impossible. The most
naive ways of solving this problem (such as taking the absolute value of the distribution) result in errors that increase
exponentially with the number of particles [22]. This obstacle is still at the cutting edge of contemporary research
in the field and is part of the reason why the phase diagram of QCD is not completely well understood yet.

3.1 Hamiltonian LGT

Now we finally present the main theory this thesis is based on. In order to study the Hamiltonian formulation
of Lattice Gauge Theory (LGT) one must sacrifice Lorentz symmetry by discretising only space and leave time as a
continuous parameter 9.

Let us consider a (d+1)-dimensional spacetime and thus a d-dimensional lattice aZd of spacing a between neigh-
bouring vertices (or sites). We define the unit lattice vectors ±µk pointing along the ±kth direction and assume
±µk = µ±k. By convention we only sum over lattice vectors in the positive directions. Lattice sites are labeled by
the coordinate vector n = (n1, ..., nd) =

∑︁
i niµi and ni ∈ {1, ..., Ni} where Ni is the number of lattice sites along

the ith direction. Thus, a link connecting two neighbouring sites n and n + µk along µk is denoted by (n,µk) or
equivalently (n+ µk,−µk).

Figure 2: 2D lattice in open boundary conditions. Figure modified from [12].

By convention we allow matter to live on the sites and the gauge fields on the links. As was previously discussed for

9Subsequently one recovers relativistic invariance in the continuum limit.
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the pure continuum theory, the physical Hilbert space is an embedding of the auxiliary Hilbert space of gauge fields
H ⊂ Hg. If matter fields are also present, then H ⊂ Hg ×Hf where Hf is the Fock space of fermions.

3.1.1 Constructing the Hilbert space

As was previously stated, Hf is the usual Fock space one utilises in second quantisation. On the other hand, by

canonical quantisation, we define H(l)
g = L2(G) on a single link l, meaning the space of square-integrable functions on

the compact Lie group G. In order to define this space, first we briefly introduce an object from harmonic analysis
called the Haar measure. For the case of a compact Lie group, there exists a unique measure µ (up to multiplication
by a positive scalar) such that linearity in integration is preserved and:

µ(g E) = µ(E) = µ(E g) for all measurable E ⊂ G and g ∈ G

meaning it is invariant with respect to left/right-translations [5]. With this in mind we may proceed with the
construction of L2(G) ≡ L2(G, dµ) just like we would in the case of Rn or Cn. So, if we identify measurable functions
that are equal almost everywhere, we obtain:

L2(G) = {f : G → C |
∫︂
G
dµ(g) |f(g)|2 <∞} .

It may be shown that this is in fact a Hilbert space with the usual inner product of two functions. Consider now a
left-translation by the group element g given by Lg:

||Lgf ||2 =

∫︂
G
dµ(x) |(Lgf)(x)|2 =

∫︂
G
dµ(x) |f(g−1x)|2 =

∫︂
G
dµ(gx) |f(x)|2 =

∫︂
G
dµ(x) |f(x)|2 = ||f ||2 .

Therefore, given the linearity of left-translations, it is possible to define unitary representations of Lg on this Hilbert
space. The same logic holds for right-translations Rg. This will be important later on when we will have to choose a
representation for the elements of the gauge group. Note that, as we said in the earlier sections, the gauge group is
not the same as G, however we will now use the two interchangeably, highlighting the difference only when needed.

Let ρ : G → GL(V ) be a representation of G on a vector space V . A subspace W ⊂ V is said to be G-invariant if
ρ(g)w ∈ W for all w ∈ W , g ∈ G. Then ρ is irreducible if it only has the trivial G-invariant subspaces {0} and V ,
otherwise it is reducible. We will often abbreviate the term irreducible representation with irrep.

We now need a central tool from harmonic analysis of groups [2].

The Peter-Weyl theorem: Let G be a compact Lie group and Ĝ the set of its finite-dimensional unitary irreducible
representations. Then the Hilbert space L2(G) is isomorphic to the direct sum of tensor products of the vector spaces
giving the irreps with their duals. Therefore, if j is an irrep index:

L2(G) ∼=
⨁︂
j∈Ĝ

V ∗
j ⊗ Vj . (3.1)

The term in the summation may also be written as V ∗
j ⊗ Vj ∼= End(Vj) ∼= V

⊕dim(j)
j . In addition, we may give the

following definitions, where j labels the representation. Denote the matrix representation of g ∈ G as Dj(g) and
|jm⟩ as a so called group state that transforms as: 10

Θg |jm⟩ = Dj
nm(g) |jn⟩ .

where m is an identifier within the representation and Θg is the unitary operator, which represents the action of g
on the Hilbert space. These states are, for example, suitable to describe the internal degrees of freedom of matter
particles in a gauge theory, such as the vector v in section 2.2. Using the above, it is possible to define a generalised,
non-abelian Fourier transform on a finite group or compact Lie group G between the group states |jm⟩ and the
orthonormal basis states |g⟩ of L2(G):

⟨g|jmn⟩ =
 

dim(j)

Vol(G)
Dj
mn(g) , (3.2)

10In general the state should have two identifying indices but here we are only considering a left/right action.
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where Vol(G) =
∫︁
G dg in the compact Lie group case. The scaling factor, up to a multiplicative constant, is determined

by the normalisation condition:

1 = ⟨jmn|jmn⟩ =
∫︂
G
dg ⟨jmn|g⟩ ⟨g|jmn⟩ = |C|2

∫︂
G
dg Dj∗

nm(g)Dj
mn(g)

= |C|2Vol(G)
dim(j)

=⇒ |C| =
 

dim(j)

Vol(G)
.

Despite us only dealing with Lie Groups in this work, this result can be stated in full generality, meaning with
the inclusion of finite groups [25]. Formally one just needs to substitute Vol(G) with the order of the group |G|.
The second-to-last equality stems from the Great Orthogonality theorem which is valid for finite groups and can
be generalised to the continuous case via the Peter-Weyl theorem [25]. The continuous case is written explicitly in
eq.(3.17). The reason we mention finite groups is because in some regards they can be good approximations for Lie
Groups, meaning that some of their common characteristics help us explore different properties of gauge theories.
For instance, the existence of a trivial center is important in the study of confinement and it may be studied for
SU(2), SO(3) or D3, D4 [14]. On a more practical note, during simulations of SU(N), SO(N) gauge theories one is
required to truncate the irreps since the Hilbert space is infinite-dimensional. This, as will be clear later, effectively
removes the high electric energy modes, truncating the Hilbert space. This change in perspective will be instrumental
to constructing the physical Hilbert space. We can use the Peter-Weyl theorem to truncate to the desired amount
of irreps of the group and consequently study the resulting theory in the irrep basis |jmn⟩, which is directly tied to
the representation.

Finally, consider the unitary representations of left-translations ΘLg and right-translations ΘRg . These may be

written in terms of the generators L, R as ΘLg = eiagL and ΘRg = eiagR. If U j is the operator description of a general
group element in the representation j then the following relations hold [25]:

ΘLg U
j
mnΘ

L†
g = Dj

mk(g
−1)U jkn, ΘRg U

j
mnΘ

R†
g = U jknD

j
mk(g) ; (3.3)

[La, Lb] = ifabcLc, [La, Lb] = ifabcLc, [La, Rb] = 0 ; (3.4)

[La, U jmn] = (−T aj)mkU jkn, [Ra, U jmn] = U jmk(T
aj)kn , (3.5)

where where Tj is the vector of the jth representation matrices of the generators.

3.1.2 The Kogut-Susskind Hamiltonian

The auxiliary Hilbert space we constructed previously, together with the Gauss’ law constraint (2.11) applied at
each vertex of the lattice make up the physical Hilbert space in which our theory takes place. Our task now is
to translate the dynamics given by the continuum theory’s Hamiltonian (2.12) in the lattice formalism, meaning
we want to consider a Hamiltonian which reduces to the one we already derived in the limit of vanishing lattice
spacing a → 0. We will follow the approach outlined by Kogut and Susskind and consider the chromoelectric and
chromomagnetic field operators separately. The equivalence to the continuum limit is established with respect to the
following correspondance:
For a general scalar field f , 11 ∫︂

ddx→ ad
∑︂
n

, ∂kf →
fn+µk

− fn−µk

2a
,

where d is the spacetime dimension.

Chromoelectric Field: We start by noting that the decomposition allowed by the Peter-Weyl theorem implies:

ΘLg =
⨁︂
j∈Ĝ

(Dj(g))∗ ⊗ Ij , ΘRg =
⨁︂
j∈Ĝ

Ij ⊗Dj(g) ; (3.6)

ΘLgΘ
R
h =

⨁︂
j∈Ĝ

Dj(g)∗ ⊗Dj(h) . (3.7)

If a group element g is written as g = eiX , where X ∈ g, via the exponential map, then there exists a representation
L : g → End(L2(G)) such that:

ΘLeiX = eiL(X) ⇐⇒ ΘLeiXaTa = eiX
aLa . (3.8)

11We see here that this effectively introduces an ultraviolet cut-off in energy and momentum.
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where La = L(Ta). We are going to use these relations once we have determined the general form of the operator
and will write it in a way that is more suitable to direct computation.

As we have seen in eq. 2.12, the electric field operator can be written in terms of the conjugate momenta π.
In the auxiliary Hilbert space of wavefunctionals Ψ(A) the action of this operator is written as:

πkΨ(A) = −i δΨ(A)

δAk
.

This comes in direct analogy to the regular momentum operator of quantum mechanics, with the main difference
being that π is not the generator of spatial translations, but of group translations. In a lattice gauge theory the
total auxiliary Hilbert space is given by:

Hg =
⨂︂
l

H(l)
g , (3.9)

where the tensor product is extended to all links in the lattice. Eq. 3.8 tells us that the generators La play the same
role as the conjugate momenta in the discretised theory. Therefore we may write the chromoelectric field Hamiltonian
as:

HE =
g2

2ad−2

∑︂
l

dimG∑︂
a=1

La(l)
2 ≡ g2

2ad−2

∑︂
l

∆l . (3.10)

This expression does indeed capture the continuum theory since it may be verified that [2]:

Lb = −ad−1πb(1 +O(a)) .

We now wish to explicitly write the argument of the summation, ∆l, also known as the Laplace-Beltrami operator on
the group manifold G [2]. From the definition of a group generator and the consequences of the Peter-Weyl theorem
in eqs. (3.6) and (3.7) we have:

La = −i d
dt

ΘLeitTa

⃓⃓⃓⃓
t=0

= −i
⨁︂
j∈Ĝ

d

dt
Dj(eitTa)∗ ⊗ Ij

⃓⃓⃓⃓
t=0

=
⨁︂
j∈Ĝ

D̃j(Ta)
∗ ⊗ Ij =

⨁︂
j∈Ĝ

−D̃j(Ta)
T ⊗ Ij .

The second-to-last equality comes from the definition of a Lie algebra representation, D̃j with respect to the corre-
sponding Lie group representation Dj . The last equality follows from Dj(g)∗ = Dj(g−1)T . In fact:

∀X ∈ g : D̃j(X)∗ =
d

dt
Dj(etX)∗

⃓⃓⃓⃓
t=0

=
d

dt
Dj(e−tX)T

⃓⃓⃓⃓
t=0

=
d

dt
(I− tD̃j(X) +O(t2))T

⃓⃓⃓⃓
t=0

= −D̃j(X)T . (3.11)

We therefore write the Laplace-Beltrami operator as:

∆ =

dimG∑︂
a=1

L2
a =

dimG∑︂
a=1

⨁︂
j∈Ĝ

D̃j(Ta)
T D̃j(Ta)

T ⊗ Ij =
⨁︂
j∈Ĝ

⎡⎣dimG∑︂
a,b=1

δa,bD̃j(Ta)
T D̃j(Tb)

T

⎤⎦⊗ Ij . (3.12)

For the final step we recall a notion from representation theory: a Casimir operator Ω is an element of the center of
of the universal enveloping algebra of a Lie algebra or Ω ∈ Z(U(g)) [5], where we recall that U(g) = T (g)/(x⊗ y −
y ⊗ x− [x, y]) and T is the tensor algebra defined by

T (g) = K ⊕ g⊕ (g⊗ g)⊕ ... =

∞⨁︂
n=0

g⊗n ,

(in our case the base field is K = C). For every X ∈ g let adX denote the adjoint endomorphism of X such that for
every Y ∈ g adX(Y ) = [X,Y ]. We then define the K-vaued Killing form as B(X,Y ) = tr(adX ◦adY ) [5]. Additionaly,
if we let gab = B(Ta, Tb) then it is possible to show that a quadratic Casimir operator may be written in the form

Ω =
∑︂
a,b

gabTaTb ,

where gab is the inverse of gab. For a compact semisimple Lie Algebra the Killing form is negative definite [1]. Hence,
it is non-degenerate so the inverse always exists. In our case of a compact Lie Group, we can introduce a modified
Killing form −B, such that it becomes positive definite, and choose a basis such that the corresponding Killing form
on the Lie algebra is B(Ta, Tb) = δab.
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We therefore recognise the term in square brackets in eq.(3.12) as the Lie algebra representation of the quadratic

Casimir operator C(j) = D̃j(Ω)T on each representation subspace.
Finally, we write the contribution of the chromoelectric field as:

HE =
g2

2ad−1

∑︂
l

∑︂
j∈Ĝ

Cl(j)Pj ≡
g2

2ad−1

∑︂
l

E2
l , (3.13)

where Pj is the projector onto the jth subspace. It may also be proven that this object is gauge invariant. In fact,
for a general gauge transformation ΘLgΘ

R
h :

ΘLgΘ
R
h |jmn⟩ =

∫︂
G
dk ΘLgΘ

R
h |k⟩ ⟨k|jmn⟩

=

 
dim(j)

Vol(G)

∫︂
G
dk Dj

mn(k)Θ
L
gΘ

R
h |k⟩

=

 
dim(j)

Vol(G)

∫︂
G
dk Dj

mn(g
−1kh) |k⟩

=

 
dim(j)

Vol(G)
∑︂
p,q

∫︂
G
dk Dj

mp(g
−1)Dj

pq(k)D
j
qn(h) |k⟩ =

∑︂
p,q

Dj
mp(g

−1)Dj
qn(h) |jpq⟩ .

Therefore, the jth projector becomes:

(ΘLgΘ
R
h )Pj(ΘLgΘRh )† =

∑︂
m,n

(ΘLgΘ
R
h ) |jmn⟩ ⟨jmn| (ΘLgΘRh )†

=
∑︂
m,n

∑︂
p,q,r,s

Dj
mp(g

−1)Dj
qn(h) |jpq⟩ ⟨jrs|Dj∗

sn(h)D
j∗
mr(g

−1)

=
∑︂
m,n

∑︂
p,q,r,s

Dj
rm(g)Dj

mp(g
−1)Dj

qn(h)D
j
ns(h

−1) |jpq⟩ ⟨jrs|

=
∑︂
m,n

∑︂
p,q,r,s

δr,pδq,s |jpq⟩ ⟨jrs| =
∑︂
p,q

|jpq⟩ ⟨jpq| = Pj .

Hence eq. (3.13) is a gauge-invariant object and reduces to the desired expression in the continuum limit.

Chromomagnetic Field: In order to construct this operator, we are going to make use of the Wilson loop
introduced in 2.2. On a hypercubic lattice the Wilson link we defined in eq.(2.8) becomes U j = exp[i aµk ·A] in
the jth representation. This object is also called the parallel transporter along µk. The smallest non-trivial loop is
given by the plaquette operator:

tr(U□) = tr

(︄
P
∏︂
□

U j

)︄
=

∑︂
α,β,γ,δ

U j;n,µα,β U j;n+µ,µ′

β,γ U j;n+µ′,µ †
γ,δ U j;n,µ

′ †
δ,α , (3.14)

where the index j means we are considering all links in the same representation. The lattice vectors indicate that, in
the first term for example, we start from site n and move along direction µ. Naturally we work in the temporal gauge.
We now take the limit of a→ 0. For convenience, in this derivation we will write n = x, µk = î, µl = ĵ. Thus, using
Aj(x + aî) = Aj(x) + a ∂iAj(x) + O(a2), the Baker-Campbell-Hausdorff formula and following a counter-clockwise
orientation, we have:

tr(U□) = tr (exp[−i aAj(x)] exp[−i a (Ai(x) + a ∂jAi(x))] exp[i a (Aj(x) + a ∂iAj(x))] exp[i aAi(x)])

= tr (exp[−i a (Aj(x) +Ai(x) + a ∂jAi(x))−
ia

2
[Aj(x), Ai(x))]) ·

· exp[i a (Ai(x) +Aj(x) + a ∂iAj(x) +
ia

2
[Aj(x), Ai(x))])]

= tr( exp[ ia2(∂iAj(x)− ∂jAi(x)− i[Ai(x), Aj(x)])]) = tr( exp[ ia2Fij(x)]) .
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Note that we have omitted all terms of order O(a3) or higher and used the curvature defined in eq.(2.1). By expanding
the exponential we get:

tr(U□) = tr(eia
2Fij ) = tr

Å
I+ ia2Fij −

a4

2
FijFij +O(a6)

ã
.

The trace of the identity is a constant, so it simply shifts the energy values and doesn’t contribute to the dynamics.
Since the curvature is traceless the first relevant term is the quartic. Using the fact that FijFij = 2BkBk and the
normalisation tr(T aT b) = 1

2δ
ab, the continuum limit is:

tr(U□) = tr

Å
−a

4

2
FijFij

ã
= −a

4

2
Bai B

a
i +O(a6) .

Therefore, we define the magnetic part of the Hamiltonian HB as:

HB = − 1

2g2a4−d

∑︂
□

tr(U□ + U†
□) . (3.15)

We already know the Wilson loop is gauge invariant so we need only determine the matrix elements of each U j . To
do so we assume that in group element space ⟨g|U jmn|h⟩ = Dj

mn(g)δ(g − h). The intuition for this relation comes
from eq.(3.2) and from the fact that the group element states form an orthonormal basis. In this way we obtain:

⟨jm1m2|Ufnn′ |j′m′
1m

′
2⟩ =

∫︂
G
dg dh ⟨jm1m2|g⟩ ⟨g|Ufnn′ |h⟩ ⟨h|j′m′

1m
′
2⟩

=

∫︂
G
dg dh

√︁
dim(j)dim(j′)

Vol(G)
Dj
m1m2

(g)∗Df
nn′(g)δ(g − h)Dj′

m′
1m

′
2
(h)

=

√︁
dim(j)dim(j′)

Vol(G)

∫︂
G
dg Dj

m1m2
(g)∗Df

nn′(g)D
j′

m′
1m

′
2
(g) .

We may now use the Clebsch-Gordan series decomposition [25]:

Dj1
m1m′

1
(g)Dj2

m2m′
2
(g) =

∑︂
J

CJMj1m1;j2m2
CJM

′

j1m′
1;j2m

′
2
DJ
MM ′(g) , (3.16)

and the Great Orthogonality theorem for compact Lie groups [25]:∫︂
G
dg Dj1

m1m′
1
(g)∗Dj2

m2m′
2
(g) = δj1j2δm1m2

δm′
1m

′
2

Vol(G)
dim(j1)

. (3.17)

Thus, the expression for the matrix element becomes:

⟨jm1m2|Ufnn′ |j′m′
1m

′
2⟩ =

√︁
dim(j)dim(j′)

Vol(G)

∫︂
G
dg Dj

m1m2
(g)∗

∑︂
I

CILj′m′
1;fn

CIL
′

j′m′
2;fn

′D
I
LL′(g)

=

√︁
dim(j)dim(j′)

Vol(G)
∑︂
I

CILj′m′
1;fn

CIL
′

j′m′
2;fn

′
Vol(G)
dim(j)

δjIδm1Lδm2L′

=

 
dim(j′)

dim(j)
Cjm1

j′m′
1;fn

Cjm2

j′m′
2;fn

′ . (3.18)

Finally, the full Kogut-Susskind Hamiltonian is:

HKS = HE +HB =
g2

2ad−1

∑︂
l

E2
l −

1

2g2a4−d

∑︂
□

tr(U□ + U†
□) . (3.19)

In the next chapter we will outline the application of the above theoretical tools to the specific case of SO(3) on a
ladder lattice. In order to have better control over the coupling constant g2 ∈ [0,+∞) for the subsequent numerical
simulations we make the following rescaling and reparametrisation [11][3]:

g′ = g a
3−d
2 , HKS → 2λa

g′2
HKS , λ =

g′4

1 + g′4
,

such that λ → 0 for g′2 = 0 and λ → 1 for g′2 → +∞. Note that now the coupling constant has a dependence on
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the lattice spacing. This detail will be very important in chapter 5. The Hamiltonian now becomes:

HKS = λ
∑︂
l

E2
l − (1− λ)

∑︂
□

tr(U□ + U†
□) . (3.20)

4 Pure Hamiltonian SO(3) LGT on a ladder

In this chapter we will apply the framework illustrated in the previous chapter to the specific case of a ladder lattice
geometry with SO(3) as the underlying Lie group without matter fields.

4.1 Construction of the physical Hilbert space

In order to construct the physical Hilbert space we need to use the auxiliary Hilbert space and apply the Gauss’ law
operator on each vertex. The ladder geometry is a so-called quasi-(1+1)D system, because, despite formally living
in at least (2+1)D it has a finite extension in the transverse direction.

(a)
Periodic Boundary
Conditions (PBC) (b) Open Boundary Conditions (OBC)

Figure 3: Ladder Geometry

As is clear from the image above, each vertex (site), apart from the ones on the horizontal boundary, shares three
edges (links) with the rest of the ladder. We call the combination of a site with the three links that connect to it a
T-junction. We will be working in the representation basis. Following the conventional physics angular momentum
notation, we denote the value of the Casimir of the group on a representation eigenstate as E2 |jmn⟩ = j(j+1) |jmn⟩.
Furthermore, we will denote the irrep corresponding to such eigenvalue by j and remark that it has dimension
dim(j) = 2j + 1. Therefore, by applying the Peter-Weyl theorem on SO(3) we obtain:

L2(SO(3)) = (0∗ ⊗ 0)⊕ (1∗ ⊗ 1)⊕ (2∗ ⊗ 2)⊕ ... (4.1)

To determine the structure of this expansion we first have to look at some properties of the group. The analysis is
more generally presented for SU(2) since it is the universal cover of SO(3), meaning SU(2)/Z2

∼= SO(3).
Because SU(2) is simply connected, every finite-dimensional representation of su(2) integrates uniquely to a repre-
sentation of SU(2). Thus, we work in the Lie algebra su(2). Consider the Cartan generator H of su(2) which we
may identify with the Jz angular momentum operator 12. We call the eigenvalues of H weights. These form the
set W = {−j,−j + 1, ..., j − 1, j}. It is also true that the weights of the dual representation, denoted by W ′, are
W ′ = {−λ|λ ∈W} =W . Consider now the Cartan subgroup T (maximal torus) of SU(2) given by h(θ) = exp(iHθ).
SU(2) representations of this subgroup are diagonal matrices whose elements are of the form eiλθ. Because SU(2) is
compact, its irreps, which are finite-dimensional, are determined by their character up to isomorphisms [5].
The character of a representation Dj is defined as χDj (g) = tr(Dj(g)) for g ∈ G. Additionally, for a compact and
connected Lie group G, every element g is conjugate to some element in the Cartan subgroup T [16]:

g = x−1hx for x ∈ G, h ∈ T .

Due to the cyclic property of the trace we obtain:

χDj (g) = tr(Dj(g)) = tr(Dj(x−1hx)) = tr(Dj(x)−1Dj(h)Dj(x))

= tr(Dj(h)Dj(x)Dj(x)−1) = tr(Dj(h)) = χDj (h) .

But the character of the Cartan subgroup for SU(2) is:

χDj (h) =
∑︂
λ∈W

eiλθ =
∑︂
λ∈W ′

eiλθ = χDj∗(h) .

Since the characters are identical, the representations must be isomorphic. The representations that satisfy this, are
called self-dual.

12In other texts one may also see H = iJz .
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As we have seen this is satisfied by all SU(2) irreps and consequently it also holds in SO(3). With this information
eq.(4.1) becomes:

L2(SO(3)) = (0⊗ 0)⊕ (1⊗ 1)⊕˂˂˂˂˂˂(2⊗ 2)⊕ ... (4.2)

Where, in view of the numerical simulation, we have truncated the irreps after the fundamental. Intuitively, this
means that we have simplified the model to the point that there either is no chromoelectric flux on a link or there
is some constant amount, in the sense that f(g) ∈ 1⊗ 1 ⊂ L2(SO(3)) is a constant mode.
Because the theory is non-Abelian, Gauss’ law becomes non-trivial. For this reason, in order to find which flux
configurations are gauge invariant, we manually compute the tensor product of irreps on the three links of a T-
junction using the spin fusion rules13 and search for the ones that allow a gauge singlet. Note that the following
calculation is performed on the left/right and up/down Hilbert spaces of each link in Peter-Weyl decomposiotion.
These have the same representation index j. By doing this we reduce the non-abelian Gauss’ law to an abelian
symmetry (same j on the left and right) on the links. Hence we are able to solve the combinatorial problem of
generating guage-invariant ladder configurations. The allowed combinations are:

0 ⊗ 0 ⊗ 0 = 0, 0 ⊗ 1 ⊗ 1 = 0 ⊕ 1,

1 ⊗ 0 ⊗ 1 = 0 ⊕ 1, 1 ⊗ 1 ⊗ 0 = 0 ⊕ 1,

1 ⊗ 1 ⊗ 1 = (1 ⊗ 0) ⊕ (1 ⊗ 1) = 1 ⊕ 0 ⊕ 1 .

Graphically these correspond to the following T-junctions:

Figure 4: Local configurations allowed by Gauss’ law

We have now reduced the analytical problem of finding the physical Hilbert space to a combinatorial one. Specif-
ically, our strategy will be to use a local plaquette basis, which generates all the ladder configurations (chains) in the
auxiliary Hilbert space and then enforce gauge invariance by only allowing the chains that exhibit the T-junctions
calculated above. The precise problem statement is given below [10]:

Suppose we have a local plaquette basis {P1, P2, ..., Pd} of d plaquette configurations. We wish to find the number
N(L) of configurations of length L of the form Pi1 , Pi2 , ..., PiL such that the chain is gauge-invariant.
To solve this we essentially regard the Pis as nodes on a directed graph whose edges are determined by whether one
basis element can follow the other in the construction of the gauge-invariant chain. Define the adjacency matrix M
as follows:

Mij =

®
1 if Pj can follow Pi

0 otherwise

Whether a specific chain is allowed, say Pα1
Pα2

...PαL
, is now determined by the product

Mα1α2
Mα2α3

...MαL−1αL
=

®
1 if allowed

0 otherwise

To find all the chains that start with a and end with b we simply evaluate:∑︂
αi

δaα1
Mα1α2

Mα2α3
...MαL−1αL

δαLb = eTaM
L−1eb ,

where ek is the kth canonical basis vector. Therefore, the number of chains in open boundary conditions is∑︁
αi
Mα1α2

Mα2α3
...MαL−1αL

= eTML−1e, where e =
∑︁
k ek.

In the case of a closed chain with periodic boundary conditions, the number of allowed configurations becomes:

dim (Hphys) =
∑︂
a,b

∑︂
αi

δaα1
Mα1α2

Mα2α3
...MαL−1αL

MαLα1
δα1b =

∑︂
αi

Mα1α2
Mα2α3

...MαL−1αL
MαLα1

= tr(ML) =
∑︂
i

niλ
L
i ,

where the λi are the eigenvalues of M and ni is their algebraic multiplicity14. Notice how the dimension of the

13Notice that these fusion rules are slightly modified since we cannot include the truncated 2 irrep
14The final equality is obtained by considering the Jordan canonical form J of M and noting that that JL and ML have the same
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physical Hilbert space scales exponentially with ladder size as O(maxλL).15

Now we know the exact number of gauge-invariant configurations as a function of the ladder length L and we can
iteratively generate all of them by looking at the last element of a chain of length L− 1 and following the rules set
by the adjacency matrix.

Figure 5: Adjacency graph for a 16-element local plaquette basis. For every arrow, the plaquette at the tip can
follow the one on the starting node. This was used to construct the global physical state chains in which we wrote
the matrices corresponding to the physical operators whilst performing Exact Diagonalisation. This is not the only
possible, choice as we will see later, but it has the advantage of consisting only of an entire plaquette, which makes
it symmetric with respect to a horizontal or vertical parity transformation.

4.2 Construction of the Operators

4.2.1 Translation and Reflection

These operators are very important for two reasons. First, both in PBC and in OBC the horizontal and vertical
reflection operators constitute symmetries of the Hamiltonian. The translation operator can only be defined in PBC
for a finite ladder due to its topology and thus only then is it a symmetry of the system. Additionally, on a more
practical note, the chromoelectric and chromomagnetic Hamiltonians have to commute with these operators. This,
especially in the case of HB , is one the few powerful checks we can employ to verify our matrices have been written
correctly.

Translation: In periodic boundary conditions, consider an element of the physical Hilbert space |P1P2...PL⟩. We
may define a symmetry operator T that cyclically translates the configuration by one lattice spacing to the right:

T |P1P2...PL⟩ = |PLP1...PL−1⟩ .

By Wigner’s theorem a linear symmetry operator is also unitary, so TT † = T †T = I. In addition to this, because of
PBC, we also have that TL = I. Therefore, its eigenvalues are the Lth roots of unity:

eik = ei
2π
L k̃ with k̃ = 0, ..., L− 1 .

characteristic polynomial.
15In this case max λ > 1.



Pure Hamiltonian SO(3) LGT on a ladder 16

Parity Operators: These operators correspond to a vertical flip about the horizontal axis (F ) of the ladder or to
a horizontal flip about some plaquette (P ). Representing a generic such operator as R then it must be unitary and
involutory, meaning:

RR† = R†R = I and R2 = I

From this it follows that the operator is Hermitian and its eigenvalues are ±1.
We create F and P by applying a local mapping, in the above local basis, that accomplishes a vertical or horizontal
reflection respectively.

T

F

P

Figure 6: Action of the symmetry operators on a 5-plaquette state in PBC.

4.2.2 Chromoelectric Field

To construct the electric field operator we simply evaluate the Casimir on each link of the in terms of the (quadratic)
Casimir operators of so(3). These correspond to the squares of the angular momenta in regular quantum mechanics
J2
j , where j is the irrep index, with eigenvalues j(j+1). Given our truncation to only two irreps (0 and 1) the action

of C2 will be 0 on an empty link and 2 on a non empty link. Thus, we may calculate the action of the operator on
the entire plaquette and find its matrix elements in the global configurations basis.

4.2.3 Chromomagnetic Field

As was seen previously, eq.(3.18) gives us the matrix elements of U j . In order to apply it we first have to perform a
Clebsch-Gordan decomposition of angular momentum to each of the five allowed T-junction singlet states. Following
the order of Fig.4 the empty singlet is trivially:

|0, 0⟩ → |0, 0⟩ ⊗ |0, 0⟩ ⊗ |0, 0⟩ .

For the next three, the calculation is the same seeing as the empty link does not contribute to the overall decomposition
(this is a simple consequence of addition of angular momenta). We thus go through the same steps each time and
simply insert the empty link to the center, right or left of the other two according to Fig.4. As an example, the
junction with the empty link on the right gives:

|0, 0⟩ =
∑︂

m1,m2∈{−1,0,1}

C0,0
1,m1;1,m2

|1,m1⟩ ⊗ |1,m2⟩

= C0,0
1,1;1,−1 |1, 1⟩ ⊗ |1,−1⟩+ C0,0

1,0;1,0 |1, 0⟩ ⊗ |1, 0⟩+ C0,0
1,−1;1,1 |1,−1⟩ ⊗ |1, 1⟩

=
1√
3
|1, 1⟩ ⊗ |1,−1⟩ − 1√

3
|1, 0⟩ ⊗ |1, 0⟩+ 1√

3
|1,−1⟩ ⊗ |1, 1⟩

→ 1√
3
|1, 1⟩ ⊗ |1,−1⟩ ⊗ |0, 0⟩ − 1√

3
|1, 0⟩ ⊗ |1, 0⟩ ⊗ |0, 0⟩+ 1√

3
|1,−1⟩ ⊗ |1, 1⟩ ⊗ |0, 0⟩ .

Finally, the last junction of Fig.4 is the most complex one. Since all the links are in the fundamental representation
we have to account for two channels after the first spin fusion (one coming from the tensor product with 0 and the
other from 1). We don’t consider the singlet |J = 0,M = 0⟩, because when fused with the remaining link it will not



17 Pure Hamiltonian SO(3) LGT on a ladder

give the singlet. The possible configurations for J = 1 are of the form:

|J = 1,M⟩ =
∑︂

m1,m2∈{−1,0,1}

C1,M
1,m1;1,m2

|1,m1⟩ ⊗ |1,m2⟩ .

Below we list each individual one:

|1,M = 1⟩ =
∑︂
m1,m2

C1,1
1,m1;1,m2

|1,m1⟩ ⊗ |1,m2⟩ = C1,1
1,0;1,1 |1, 0⟩ ⊗ |1, 1⟩+ C1,1

1,1;1,0 |1, 1⟩ ⊗ |1, 0⟩

= − 1√
2
|1, 0⟩ ⊗ |1, 1⟩+ 1√

2
|1, 1⟩ ⊗ |1, 0⟩ ,

|1,M = −1⟩ =
∑︂
m1,m2

C1,−1
1,m1;1,m2

|1,m1⟩ ⊗ |1,m2⟩ = C1,−1
1,0;1,−1 |1, 0⟩ ⊗ |1,−1⟩+ C1,1−

1,−1;1,0 |1,−1⟩ ⊗ |1, 0⟩

=
1√
2
|1, 0⟩ ⊗ |1,−1⟩ − 1√

2
|1,−1⟩ ⊗ |1, 0⟩ ,

|1,M = 0⟩ =
∑︂
m1,m2

C1,0
1,m1;1,m2

|1,m1⟩ ⊗ |1,m2⟩ = C1,0
1,−1;1,1 |1,−1⟩ ⊗ |1, 1⟩+ C1,0

1,1;1,−1 |1, 1⟩ ⊗ |1,−1⟩

= − 1√
2
|1,−1⟩ ⊗ |1, 1⟩+ 1√

2
|1, 1⟩ ⊗ |1,−1⟩ .

With this information we proceed as before:

|0, 0⟩ =
∑︂
M,m3

C0,0
1,m3;1,M

|1,M⟩ ⊗ |1,m3⟩

= C1,0
1,1;1,−1 |1,M = 1⟩ ⊗ |1,−1⟩+ C1,0

1,0;1,0 |1,M = 0⟩ ⊗ |1, 0⟩+ C1,0
1,−1;1,1 |1,M = −1⟩ ⊗ |1, 1⟩

=
1√
3
|1,M = 1⟩ ⊗ |1,−1⟩ − 1√

3
|1,M = 0⟩ ⊗ |1, 0⟩ 1√

3
|1,M = −1⟩ ⊗ |1, 1⟩

= − 1√
6
|1, 0⟩ ⊗ |1, 1⟩ ⊗ |1,−1⟩+ 1√

6
|1, 1⟩ ⊗ |1, 0⟩ ⊗ |1,−1⟩

+
1√
6
|1,−1⟩ ⊗ |1, 1⟩ ⊗ |1, 0⟩ − 1√

6
|1, 1⟩ ⊗ |1,−1⟩ ⊗ |1, 0⟩

− 1√
6
|1,−1⟩ ⊗ |1, 0⟩ ⊗ |1, 1⟩+ 1√

6
|1, 0⟩ ⊗ |1,−1⟩ ⊗ |1, 1⟩ .

In oder to calculate the the desired matrix elements of the plaquette operator, we write the single plaquette as
an extended object consisting also of four links (one attached at each vertex). This is done so as to interpret it as
the tensor product of four T-junction singlet states and thus be able to expand them in terms of Clebsch-Gordan
(CG) coefficients as seen above. We illustrate the approach with an example. The magnetic term is a hopping term,
meaning it creates and annihilates flux on each plaquette. Due to the truncation we used, we would expect it to
act like a tensor product with the fundamental representation on each link of the plaquette (constrained by Gauss’
Law). Therefore we expect only this transition for the empty plaquette:

Figure 7: Example of the action of the plaquette operator on the empty extended plaquette.
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So in order to calculate the corresponding matrix element:µ
⊗

⊗

⊗

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓ tr (U□)

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓ ⊗

⊗

⊗

0

0

0

0 0

0

0 0

0

0

0

0

ø
We expand each junction and consider the sum of each pair of input/output states weighted by the product of

their CG coefficients.

...+

Å
1√
6

ã4±
−1

1

1

−1 1

−1

1
−1

⃓⃓⃓⃓
⃓⃓⃓⃓ ∑︂
αβγδ

U jαβU
j
βγU

j
γδU

j
δα

⃓⃓⃓⃓
⃓⃓⃓ 0

0

0

0 0

0

0 0

0

0

0

0

ª
+ ...

Here we slightly suppressed the heavier notation of eq.(3.14) in favour of simplicity16. Then, we calculate the matrix
element of the single U j operator, eq.(3.14), for each of the four inner links of the extended plaquette using eq.(3.18).
We work in the fundamental representation, therefore we take j = 1. For the sake of the example we show the
computation of one of the terms of the summation:¥

−1

1

1

−1 1

−1

1
−1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓ U

1
11U

1
11U

1
11U

1
11

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

0

0

0

0 0

0

0 0

0

0

0

0

Ω
=

U1
11

U1
11

×

×

001 −1

0

0

−1

1

U1
11

0

0−1

1

U1
11 001 −1

×

then for each of the smaller matrix elements we use eq.(3.18). In this case it suffices to see that:

j = 1 j′ = 0

m1 = 1
m2 = −1 m′

1 = 0
m′

2 = 0

U1
11 001 −1

Leads us to:

⟨1; 1,−1|U1
11|0; 0, 0⟩ =

…
dim0

dim1
C1,1

0,0;1,1C
1,−1
0,0;1,1 =

…
1

3
C1,1

0,0;1,1C
1,−1
0,0;1,1 = 0 .

Therefore, the entire term vanishes. This is actually not a rare occurence as the final matrix we obtain sparse.
One of the reasons for this comes down to the fact that the tensor product of a channel j with the fundamental
representation only has 3 target irreps in SO(3), j − 1, j, j + 1. This, together with the harsh truncation of the
model, explains the sparsity.

16Notice the last two operators are missing the daggers they had in eq.(3.14). This is because the the Wilson link is intrinsically defined
with a given orientation, thus to form a loop one has to reverse it, explaining the dagger. By omitting to explicitly write the direction of
the link we also changed the notation of the Us.
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4.3 Energy-Momentum Spectrum

Now that we have explicitly constructed both the ladder and the Hamiltonian we can generate the energy-momentum
spectra of the model for different values of the coupling. In order to do so, we work in PBC and simultaneously
diagonalise H and T , which is allowed by the condition [H,T ] = 0. This is possible because in absence of static
background charges, the closed ladder chain has translational invariance.

In a continuum relativistic field theory the free massive particles orgainise into hyperboloids in the E,p plane.
These, by enforcing energy to be positive, are of the form [10]:

E =
√︁
p2 +m2 .

In addition to this, there is also a continuous region of allowed 4-momentum Pµ = (E,p) whose boundary is the
hyperboloid passing through the point (2m, 0). This represents the multi-particle states.

Consider now our ladder system. As we previously mentioned the ladder behaves very similarly to a 1D system.
In this scenario, by Bloch’s theorem, the reciprocal space of momenta k becomes periodic with period 2π/a. Thus,
we are only interested in the interval [−π/a, π/a] called the First Brillouin Zone. Of course, the discretisation and
finite size L of the system also reduce the number of eigenvalues of H and T to a finite number and make the
reciprocal space discrete. Therefore, in the dispersion plots, the continuous bands are now discrete. Additionally,
the continuous symmetries of the relativistic case are broken [10]. The excitation bands become highly non-trivial
and their shape depends heavily on the Hamiltonian under consideration.

We perform Exact Diagonalisation (ED) on the operator HT :®
H |E, k⟩ = E |E, k⟩
T |E, k⟩ = eik |E, k⟩

⇐⇒ HT |E, k⟩ = Eeik |E, k⟩

and extract the modulus and phase of the eigenvalue so as to plot the energy and crystal momentum in the Brillouin
zone. 17 This reduces the computational complexity of ED since the matrices we are working with do not have the
full dimension of the physical Hilbert space. The following plots show the results of dispersion in the case of 5 pla-
quettes, where dim(Hphys) = 625. We will see that the results seem to hold in general for any number of plaquettes. 18

17A more computationally efficient method would have been to use translation symmetry to divide the system into different momentum
sectors and diagonalise H in each one of them separately by applying the relevant projector operators.

18ED was carried out via the numpy.linalg.eigs python library which mainly implements the Lanczos method using Krylov subspaces
to solve the eigenvalue problem.
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Figure 9: Dispersion for L = 5 at different values of λ. As λ changes from 0 to 1 we move from a phase where the
magnetic term dominates to one where the electric term dominates in the Kogut-Susskind Hamiltonian of eq.(3.20).

Figure 10: Dispersion plots at strong coupling.

We can clearly see convex curves appearing
in the lower energy states. These represent an
entangled state of gauge flux forming a closed
loop around one or more plaquettes. Given that
they have definite energy and momentum we can
interpret them as quasiparticles, excitations of the
gauge field, and call them SO(3) Glueballs in
analogy with the respective theorised gluon com-
posite particle of QCD.

We may also identify the first multiparticle
band above the first two glueball bands. Note how
as we vary λ it tends to disconnect from the upper
continuous band of dense states.

In the upper part of the plots we also find simi-
lar behaviour but notice a constant flat band, even
at small λ. This band represents a state so ener-
getic that the small effect of the hopping term is
not enough to perturb it into a quasiparticle with
precise momentum.

We see that as we move toward regions where
HE is more significant these bands become flat be-
cause HB is not strong enough to create and an-
nihilate, or ”hop”, Glueballs around the ladder.

A very distinctive feature of these plots is
that there always is an energy gap between the
ground state and the first excited state. However,
upon closer inspection, we see that a single zero-
momentum state (representing a Higgs mode in
this case) closes in on the ground state for λ ∼ 0.03
and then regains energy.
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Figure 11: Degeneracy of the ground state

If we consider a finer change in λ in that region we find that the ground state eventually becomes completely
degenerate. Thus, at some value of the coupling, which we estimate to be λ ∼ 0.0335 the system has to choose a
vector in the two-dimensional ground-state space. This is a specific instance of Spontaneous Symmetry Breaking
(SSB). Since the mass (or energy) gap between the ground state and the first Glueball remains evident, we are led
to believe that this is a 1st order phase transition from the magnetic to the electric phase. In fact by plotting the
gaps we see the typical behaviour of a 1st order phase transition.

Figure 12: Energy gaps for L = 5 in the region for λ ∈ [0, 0.1]
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Figure 13: Level crossings for L = 5 in the region for λ ∈ [0, 0.1]

Fig.13 is unveiling the physics of the system behind the change of phases. Focus on the blue and orange curves.
These correspond to the two states representing the electric and magnetic vacuum respectively for λ > 0.0335 and
vice versa when λ < 0.0335. At λ ∼ 0.0335 we see the two intersect once and then their separation continues to grow
both to the left and to the right. In the electric phase HE dominates, so the lowest energy state is one which does
not have any flux along the ladder; clearly this corresponds to E = 0, whereas the magnetic field, creates flux so its
vacuum must be an exicted state. In the magnetic phase the opposite behaviour holds. The magnetic vacuum cannot
be the empty ladder, so the electric field will not give the lowest energy configuration. A picture more faithful to the
physics we just described would have shown the lower blue and upper orange as one single curve and the same holds
for the upper orange and lower blue. Connecting this to our dispersion plots we see that the zero-momentum state
that comes down in Fig.(9) is the elctric vacuum and the one that comes back up is the magnetic vacuum. Pushing
ED to its limits with L = 10 we can verify that this phase transition is still present for bigger system size as well.

Figure 14: L = 10 level crossings for λ ∈ [0, 0.1]. Here we actually see an avoided crossing, but that is due to coarser
sampling. In most cases, machine precision is commonly responsible for this effect at high enough resolution.
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Strictly speaking the term ”phase transtition” applies only to the thermodynamic limit, but all the results suggest
the existence of this crossing for arbitrarily large system size as we will see later.
Another feature worth explaining is why these curves become (mostly) straight lines away from the phase transition.
The Energy-Momentum spectrum of H(λ) can be approximated by a linear combination of the spectra of HE and HB

separately if their commutator is small enough. In fact, looking at the normalised Frobenius norm of the commutator
of HE and HB in the case of L = 10 we find:

||[HE , HB ]||F
||HE ||F ||HB ||F

∼ 0.0001 where ||A||F =
»
tr(A†A) .

Therefore, almost all entries of the commutator matrix are very small in magnitude. Clearly the two don’t commute
since we do see more complex curves for the more excited states. Even so, this shows as why straight lines appear,
if the commutator really was zero then the two observables would have a simultaneous eigenbasis giving eigenvalues
E = λEE − (1− λ)EB .

5 Scaling Analysis and the Renormalisation Group

Our goal now is to see whether the glueballs we observed in the discrete lattice theory also exist, meaning they have
finite mass, in the continuum theory. Our approach will be to calculate the connected correlation function of a local
observable between two spatially separated sites and extract from it an observable known as the correlation length
ξ. We repeat this process for multiple values of the rescaled coupling constant λ and see how ξ behaves as a function
of λ. We first give intution for these ideas by briefly presenting some aspects of the Renormalisation Group (RG)
and flows in parameter space (as we did for the gap, in chapter 4.3), then we illustrate the details of the correlator
strategy and its implications.

RG flow: The renormalisation group is certainly one of the greatest advances in conceptual understanding of non-
perturbative field theory in the last 50 years [24]. It provides a well-founded backbone for the usual operations of
regularisation and renormalisation in field theory thereby removing the usual concerns of ”sweeping infinities under
the rug”. It was first formulated in the context of statistical field theory, in the study of phase transitions, in the
works of Kadanoff and Wilson. A detailed account of the theory usually requires hundreds of pages in technical books,
therefore we will limit ourselves to a bird’s eye view of the program and connect it to our numerical investigations.

In its purest form RG asserts that many microscopic theories ”flow” to the same macroscopic theory, implying
that the phenomena we observe are dependent on the scale at which we observe them [24]. This isn’t a new idea.
When we try to model a phenomenon we expect our description to be some effective field theory of a more general
UV-complete theory. What is revolutionary is how this idea is formulated mathematically and how it allows us to
draw links between theories that initially seem completely unrelated.

Consider a field theory with an arbitrary number of parameters (or coupling constants gi), say n. We now want
to see how the predictions of the theory change as functions of the parameters when we change energy (or distance)
scale from the UV to the IR. This change is what we call the RG flow and is quantified by the beta function [24].
Specifically, letting Λ be an energy scale then:

dgi
d log Λ

= Λ
dgi
dΛ

= βi(g1, ..., gn) .

In what follows we will abbreviate g = (g1, ..., gn) and β(g) = (β1(g), ..., βn(g)).
On one hand, the problem is β is not generally a known quantity so we cannot readily solve this system of ODEs.

On the other hand, as we said, these equations define a flow in parameter space, meaning we can look for (attractive)
fixed points, i.e. β(g∗) = 0, toward which the theory flows to at high energies. If we were able to find such g∗ that
is also small then we could study the theory at that point using perturbation theory. It turns out that QCD has
g∗ = 0, which happens to be a UV attractive fixed point [24]. This result is commonly referred to in the literature
as asymptotic freedom.

One may now ask how this relates to our numerics. The answer is that, by mapping out the theory in parameter
space, we are able to determine whether there exists a suitable continuum limit. If the lattice theory does in fact
correspond to a continuum theory then by coarse graining over a large number of sites we should expect its properties
to resemble the original theory. So our strategy is as follows. First we approximate the thermodynamic limit by
using a large number of plaquettes. This allows us to probe the limit a → 0 by coarse graining. Then, we calculate
certain properties of the theory, informed by knowledge of universality classes and critical phenomena. By analysing
the behaviour of these quantities we then gain information on how to approach the continuum limit and determine
whether a specific lattice model is compatible with such a description.
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Before moving on to the description of the quantities of interest, we point out that we have already done this
kind of mapping in parameter space. In fact, when we analysed the energy spectrum in section 4.3 we did so as a
function of the coupling λ, and thus distinguished two regions, one with elctric vacuum and the other with magnetic
vacuum. A more in-depth study of the mass gap will be presented shortly.

Connected Correlation Function: We define the connected correlation function as:

C = ⟨O(x)O(y)⟩ − ⟨O(x)⟩ ⟨O(y)⟩ .

This object allows us to quantitavely determine the nature of a phase transition from its behaviour. Since we are
studying a quantum system, we calculate the mean with respect to the ground state.
If we call r the relative distance between the two points, then correlation scales as [9]:

C ∼ r−η exp

Å
−r
ξ

ã
,

where η is known as the anomalous dimension and ξ is called the correlation length.
We have previously seen a first order phase transition while studying the mass gap. Additionally, at a fixed point

of the RG flow we typically have a second order (or continuous) phase transition. At such a point the theory becomes
conformally invariant and loses dependence on the length scale at which we are looking at it. In these points the
correlation length of the system, which gives a measure of how quickly these correlations ”die out”, diverges.
At the RG fixed point the polinomial term dominates. However, since numerically one usually does not completely
land on it while mapping out the theory, we can assume that the dominant term is the exponential one. In fact, it
follows that if there is no critical coupling the exponential is the correct asymptotic behaviour for gapped systems.
To determine whether we actually obtain a conformal field theory (CFT) we simply look at the behaviour of the
correlation length. If such a critical value of the coupling exists then there exists a critical exponent ν, such that [9]:

ξ ∼ (g − g∗)−ν .

Note that for our purposes it does not matter whether we use the original coupling g or the rescaled coupling λ. The
critical exponent may be different, but not the power law behaviour. We simply have to consistently use either one
or the other throughout all computations. Hereafter we will use λ so that the connection with our numerical results
is immediate.

Correlation length scaling: Suppose we have a lattice theory that RG-flows to a real continuum theory. All our
calculations will result in ξ in terms of lattice units. This implies that the true (physical) correlation length is:

ξphys = a(λ) ξ(λ) . (5.1)

We infer that for the physical correlation length to be finite as a → 0, then ξ → ∞. This gives us a practical way
to approach the problem. All we need to do is to numerically find ξ as a function of λ and deduce its analytical
dependence on the coupling. The scaling of a(λ) is then estimated by eq.(5.1).

This procedure is repeated for two different quasiparticles, glueballs and gluelumps. We already encountered
glueballs in 4.3, they are localised states of gauge field flux. A gluelump is a glueball that is anchored to a site by
a classical charge. Dynamical gluelumps are only defined in theories, which include dynamical matter fields. To
simulate it in our ladder, we use OBC and we enforce that one of the outer rails of the ladder have a fractional
charge (this is done with penalty operators as explained in chapter 5.1). This procedure simulates the effect of a
background charge at the boundary without introducing dynamical matter.

The properties we are interested in refer to the bulk so we don’t expect them to be significantly influenced by edge
effects. Notice how this allows us to treat both quasiparticles separately yet implies that we expect their correlation
lengths to have the same functional dependence on the coupling. By comparing the two, we may infer that they
either both have finite mass in the continuum limit or both acquire infinite mass and are thus unphysical.

Figure 15: To distinguish between Glueballs (left) and Gluelumps (right) we impose different boundary conditions
on the OBC ladder.
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5.1 Tensor Network methods

While ED was useful to obtain the dispersion plots in chapter 4, the computational complexity grows exponentially
with the system size. Thus, in order to study correlations between distant plaquettes and find the ground state for
large system sizes across multiple values of the coupling constant, we encode our Hamiltonian as a Matrix Product
Operator (MPO) and the state as a Matrix Product State (MPS) and use the Density Matrix Renormalisation Group
(DMRG) to find the ground state.

DMRG: Consider a bipartite system composed of two (arbitrary) blocks which we denote as S (system) and E
(environment). First, we increase the overall system size by adding two sites to each subsystem, thus forming the
blocks L (left) and R (right). We then bundle the two together into the superblock SB. This block should have
dimension such that ED should be applicable on its Hamiltonian with reasonable resources. The total Hamiltonian
contains the Hamiltonians of S, E and their interaction terms with the new sites. We then perform ED, create the
density matrix of the ground state of SB and calculate the corresponding partial traces of L and R. Subsequently, we
diagonalise them and keep the eigenvectors with highest eigenvalues. With these we truncate L and R and use them
as the new S and E in each iteration. The algorithm ends when we have reached the desired system size. Below we
briefly present the details of each iteration [8].

Consider an exact wavefunction of the block SB |ψ⟩, and a variational ansatz |ψ̃⟩ of the form:

|ψ⟩ =
NL∑︂
iL=1

NR∑︂
iR=1

ψiL,iR |iL⟩ ⊗ |iR⟩ , |ψ⟩ =
DL∑︂
iL=1

NR∑︂
iR=1

ciL,iR |αL⟩ ⊗ |iR⟩ ,

where |iL⟩ and |IR⟩ denote orthonormal basis elements for the blocks L and R respectively and αL is a truncated
basis of dimension DL < NL. The goal of the algorithm is to find the best approximation to |ψ⟩ as a function of DL.
More precisely we wish to minimise the quantity || |ψ⟩ − |ψ̃⟩ ||2. Assuming the initial wavefunction is normalised we
obtain:

|| |ψ⟩ − |ψ̃⟩ ||2 = (⟨ψ| − ⟨ψ̃|) (|ψ⟩ − |ψ̃⟩) = 1− [ ⟨ψ|ψ̃⟩+ ⟨ψ̃|ψ⟩ ] + ⟨ψ̃|ψ̃⟩

= 1−
∑︂
iR

∑︂
iL,αL

[ψ∗
iL,iRcαL,iR ⟨iL|αL⟩+ ψiL,iRc

∗
αL,iR ⟨αL|iL⟩] +

∑︂
αL,iR

|cαL,iR |2 . (5.2)

By considering cα,β and c∗α,β as independent variables we extremise the above cost function with repsect to each of
them and obtain cαL,iR =

∑︁
iL
ψiL,iR ⟨αL|iL⟩.

By substituting this into eq.(5.2), the cost function becomes:

|| |ψ⟩ − |ψ̃⟩ ||2 = 1−
∑︂
jL,iR

∑︂
iL,αL

[ψ∗
iL,iRψjL,iR ⟨αL|jL⟩ ⟨iL|αL⟩+ ψiL,iRψ

∗
jL,iR ⟨jL|αL⟩ ⟨αL|iL⟩]+

+
∑︂
jL,iR

∑︂
iL,αL

ψ∗
jL,iR ⟨jL|αL⟩ ⟨αL|iL⟩

= 1−
∑︂
αL

⟨αL|

⎡⎣∑︂
iR

∑︂
iL,jL

ψjL,iRψ
∗
iL,iR |jL⟩ ⟨iL|

⎤⎦ |αL⟩ = 1−
∑︂
αL

⟨αL|σL |αL⟩ ,

where σL is the reduced density matrix of the system on the subsystem L. In fact,

σL = trR(ρψ) = trR

⎡⎣ ∑︂
kR,jR

∑︂
iL,jL

ψjL,jRψ
∗
iL,kR(|jL⟩ ⊗ |jR⟩)(⟨iL| ⊗ ⟨kR|)

⎤⎦ =
∑︂
iR

∑︂
iL,jL

ψjL,iRψ
∗
iL,iR |jL⟩ ⟨iL| .

We see that the cost function is minimised by maximising the trace of σL. Since tr(ρψ) = 1, if we denote d⃗ the

vector of the first DL diagonal entries of σL in any basis and λ⃗ the vector of its DL largest eigenvalues then, by the
Shur-Horn theorem, d⃗ ⪯ λ⃗ and we say that λ⃗ majorises d⃗, or equivalently:

N∑︂
i=1

di <

N∑︂
i=1

λi for N = 1, ..., DL − 1 and

DL∑︂
i=1

di =

DL∑︂
i=1

λi .
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Therefore, the states |αL⟩ are those that diagonalise σL. So the strategy is the following: starting with |ψ⟩ compute
ρψ and σL; daigonalise σL and create a DL × NL matrix O whose rows are the eigenvectors of σL with highest

eigenvalue; compute |ψ̃⟩ = (O ⊗ I) |ψ⟩; apply the same procedure to the R subsystem.
What we just presented is known as the infinite DMRG, meaning it is applicable in the thermodynamic limit.

For a finite 1D lattice we employed the finite DMRG, which optimises the ground state search by sweeping back and
forth through the system as shown in Fig.16:

Figure 16: First we apply infinite DMRG. Then, we perform a number of sweeps keeping the
system size constant. At each sweep we apply the algorithm again and search for the optimal
solution. Our strategy will be to set a maximal truncation error for the DMRG truncations,
and perform sweeps until we achieve convergence for the ground state energy. The reason we
apply this modified version of the algorithm is because, in an finite system, we may have poor
convergence or incorrectly land on a metastable state (since this is a variational procedure)
due to edge effects. This figure was taken from [8].

Figure 17: Tensor network notation. Credit to [18].
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MPS/MPO: The reason DMRG is more efficient than traditional methods can be traced back to its truncation
scheme. However, all state-of-the-art implementations of this algoritm make use of the tensor network formalism by
writing the eigenstate as a so called MPS and the Hamiltonian as an MPO.

Consider a quantum many-body (QMB) system defined on a lattice of N sites. Let the dimension of local Hilbert
space on each site be d and suppose it spanned by {|i⟩}di=1. The system is described by H = H1 ⊗ · · · ⊗ HN with
dimension dN . In this basis a pure state is given by:

|ψ⟩ =
d∑︂

i1,i2,...,iN=1

ci1,i2,...,iN |i1, i2, . . . , iN ⟩ .

The coefficients ci1,i2,...,iN are, in general, complex scalars and their number scales as dN . This is clearly impractical
in a computational setting.

The relevant states of these systems live in a small subset of this exponentially expanding Hilbert space [7]. This
property is formally described by the entanglement area law, fulfilled by low-energy states of local Hamiltonians.
It states that the entanglement between a partition of the system and the rest is proportional to the area of the
boundary between them. This is in stark contrast to the majority of states where the increase in entanglement is
proportional to volume. The law has been proven in some cases, such as 1D gapped local Hamiltonians, but not
in general despite a plethora of empirical evidence. The area law justifies the substitution of the rank-N tensor c
with a network of smaller tensors, since the quantum correlation content of the state is much less than for a generic
QMB system. In 1D, tensors ara arranged in a chain, connected using auxiliary bond indices. The network keeps a
number N of physical indices of dimension d (one for each lattice site), whereas the dimension of the bond indices
(bond dimension) is a control parameter χ that can be tuned in the numerical simulations [7]. Notice that this is
because the bond indices are contracted away as seen in Fig.(17).
An MPS is this 1D Tensor network ansatz of the form:

Figure 18: Passing from the complete description to an MPS. Credit to [18].

Whereas an MPO is an operator acting on the MPS so it requires an aditional index for each tensor:

Figure 19: Opertor expressed as an MPO. Credit to [18].

The key advantage of passing from the exact state representation to an approximate TN representation is that
the number of parameters in the TN is of the order O(poly(d)poly(N)poly(χ)) [7]. In fact for an MPS the complexity
scales linearly with N , which is the key reason why DMRG is so efficient.

Local Hamiltonian: In order to use tensor networks we have to reconstruct our operators locally acting on sites.
First, we have to use a local plaquette basis with the smallest possible local physical dimension. We may achieve
this by fusing two T-junctions into one object composed of one full central link and two semilinks at each of the two
vertices. This has physical dimension 2, improving with respect to our previous 16-element basis which had physical
dimension 3.

Another complication now is imposing link constraints. Previously we worked directly on the physical space but
now the basis must have a local tensor product structure so we cannot use the same approach. The solution we
employed is really a numerical trick. We added a Penalty operator to the Hamiltonian. This is a two-site operator
which has non-zero positive entries only for site combinations which do not satisdy link constraints. We then multiply
this by some large positive coefficient so as to artificially raise the energy level of the unallowed states. By doing so,
DMRG does not consider them as potential ground states and converges to a state in the link-constrained sector of
the Hilbert space.
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5.2 Simulation results

We choose the electric field on each site of the MPS as our local observable. In order to avoid edge effects we consider
a ladder in OBC of length L = 60 and calculate the correlation between plaquettes close to the middle of the chain.
In this specific example we used 10 plaquettes to the left and to the right of L/2 for a total of 20 plaquettes. Notice
how a long ladder serves us as a mean to consider bulk effects, whereas the true coarse graining comes from our
choice of how many innermost plaquettes to use. Another caveat is machine precision. Since the correlations drop
exponentially we cannot use values of less than 10−12 for our fit because they are affected by machine precision. In
the following plots we keep one local HE operator (defined as the Casimir applied an MPS site consisting of two
T-junctions) at site 20 and calculate its correlation with a local HE operator from sites 21 to 40 with respect to the
ground state calculated by DMRG.

(a) Glueballs (λ = 0.030) (b) Glueballs (λ = 0.038)

Figure 20: Glueballs correlator of HE between two sites for L = 60.

(a) Gluelumps (λ = 0.030) (b) Gluelumps (λ = 0.038)

Figure 21: Gluelumps correlator of HE between two sites for L = 60.

We see that the exponential function fits the data well and the results are similar for both glueballs and gluelumps.
In the left-hand plots we see that as the data reaches machine precision the results are no longer reliable, justifying our
choice to only keep data points a few orders of magnitude greater. Additionally, again in the left-hand side we see the
points are not perfectly on the line at the beginning. This irregular behaviour is the same for all points in the region
0.03-0.04 (see fig.22) and will be justified later by the plot in fig.23. The absolute value of the correlation, is justified
by the fact that the function can assume negative values. However, we are interested in the asymptotic behaviour,
which should have constant sign. Either way the fit cutoff we imposed at the beginning corrects any spurious sign
changes caused by numerical precision. The agreement is also good for the rest of the sampled couplings. The
behaviour of ξ as a function of λ is represented in the figure below.



29 Scaling Analysis and the Renormalisation Group

Figure 22: Correlation length as a function of the coupling for Glueballs and Gluelumps.

The first thing to note is that the correlation length is maximum at λ ∼ 0.035 of a little over 0.6 << L. Since
we are dealing with a finite system, ξ cannot diverge since it is bounded above by the ladder length L. Even so,
if it really were to diverge then it would come close to L for some critical coupling. This clearly shows that for
λ ∼ 0.0335 the model does in fact undergo a 1st order phase transition and not a 2nd order one. More crucially,
since the correlation length stays small (even smaller than one lattice spacing) we deduce that the model does not
have a continuum limit.

Nevertheless we may notice a peculiar trend. If we only consider the points from the maximum onwards in each
case we see a good agreement with the fit ξ = A (λ − λcrit)

−ν , where A is just a multiplicative constant. For both
glueballs and gluelumps we find the same candidate for a critical coupling λcrit = 0.035. The exponents, however,
are slightly different for the two quasiparticles as is shown below.

Figure 23: Polynomial trend in the data.

This behaviour is typical of a 2nd order phase transition. In Fig.(24) we plotted each quasiparticle in log-log
scale, in order to assess more clearly whether the fit actually supports this hypothesis. The plots lead us to the
following conjecture: there might be a 2nd order phase transition near the 1st order one, in λ, but the effects of the
1st order one soon become dominant and what would otherwise be a diverging correlation length corresponding to a
continuum limit stops prematurely. If such an effect does exist then one may assume it is probably suppressed due
to the severe truncation of the model. A more detailed analysis could study how ξ changes when we go to higher and
higher truncation. If a critical point of the RG flow exists, then we expect the correlation length to keep growing as
we move toward smaller couplings. If there really are competing effects in that region then that would also explain
the irregular behaviour of the left-hand data points in fig.20 and fig.21.
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(a) Glueballs fit. (b) Gluelumps fit.

Figure 24: log-log plots of the fits.

6 Conclusions and outlook

In this thesis we studied the Hamiltonian Lattice Gauge Theory formulation of Yang-Mills Theory and applied
it to a (2+1)D ladder geometry with an underlying SO(3) gauge field. The ultimate goal of this work was to see
whether our implementation of the model corresponded to a true continuum theory.

We made use of traditional computational tools such as Exact Diagonalisation (ED) in a PBC ladder lattice in
order to study the energy momentum spectrum of the model, truncating the Hilbert space with a UV cutoff in the
gauge links, neglecting high-energy chromoelectric field modes. By doing this we found evidence of a 1st order phase
transition induced by level-crossing of the competing chromoelectric and chromomagnetic vacuum states.

Due to the computational limitations of ED we had to adopt new, state-of-the-art techniques, in the form of Tensor
Network methods (TNs), in order to study intermediate system sizes. Specifically, we worked with the Density Matrix
Renormalisation Group (DMRG) and the Matrix Product State (MPS) ansatz so as to find the ground state of the
system for different values of the coupling constant. We then used a novel approach to numerically test the presence
of a continuum limit. We studied how the correlation length of the local electric field observable varied as a function
of the coupling. If a continuum theory existed then the true correlation length should be nonzero, meaning the
object we are calculating should diverge in lattice units (as the lattice spacing goes to zero). We tested this approach
for two types of quasiparticles, Glueballs and Gluelumps, in the bulk of an OBC ladder. The results were, in both
cases, negative and we concluded that the severe truncation we imposed did not allow the theory to be defined in
the continuum limit.

Nevertheless, by analysing the data points only after a certain value of the coupling, we found a trend that is
typical of a 2nd order phase transition. The data support this behaviour well, which led us to speculate that there
might be a fixed point of the Renormalisation Group Flow after the 1st order transition we had identified previously.
In this hypothesis, the severe truncation would be responsible for masking the effects of the 2nd order transition,
thus making an otherwise diverging correlation length finite.

There is plenty of room for improvement. The most straightforward research direction from this point is to
generalise the analysis done for higher truncations. This will of course shed light on the possible existence of a 2nd
order phase transition. The main difficulty in this, is computational cost. As we saw, the total Hilbert space grows
exponentially with system size and number of irreps. Additionally, it is a non-trivial problem to find an efficient way
to compute the gauge-invariant configurations due to the complicated form of Gauss’ law.

Other interesting applications and generalisations of this work can also be explored. One may work on the same
simulations we performed, but for the full Yang-Mills theory including dynamical matter fields. Another application
could be to study confinement and real-time string breaking dynamics using two Gluelumps at the ends of the ladder.
Lastly, new geometries can be explored, with the most important, near-term one being the full (2+1)D space. For
this, the tensor network machinery needed is much more complex than MPS, as one may use Projected Entangled
Pair States (PEPS) or Tree Tensor Networks (TTNs).
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