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Chapter 1

Introduction

The analysis of cosmological structure formation in the early Universe is currently
one of the most interesting activities in modern cosmology.
The local Universe shows a rich hierarchical pattern of galaxy clustering, that in-
volves a considerable range of length scales, from galaxy clusters to super-clusters
and filaments, while the early Universe was almost homogeneous with the excep-
tion of slight fluctuations seen in the cosmic microwave background radiation.
The present inhomogeneous Universe and the much smoother past Universe are
connected by the effect of gravitational instability.
The pioneer of this model is Sir James Jeans, whose theory demonstrated that,
starting from a homogeneous and isotropic fluid, small fluctuations in the density,
δρ, and in the velocity, δv, could evolve with time [1]. These density fluctuations
growth is an effect of the self-gravitation of density and it leads to an instabil-
ity which can cause eventually the collapse of the fluctuation to a gravitationally
bound object. This is the so-called gravitational instability.

One can predict the density fluctuations behaviour by comparing the fluctuation
scale length λ with the Jeans length, λJ . If we suppose to have a spherical inhomo-
geneity of radius λ containing a small positive density fluctuation δρ > 0 of mass
M in a background fluid of mean density ρ, the density fluctuation will grow if the
stabilizing effect of the force per unit mass arising from the pressure is smaller than
the self-gravitational force per unit mass1

At the time Jeans worked on this theory, the expansion of the Universe was not
1More precisely:

Fp '
Pλ2

ρλ3
' c2s

λ
< Fg '

GM

λ2
' Gρλ3

λ2
⇒ λ >

cs√
Gρ

,

with cs the sound speed and λJ = cs√
Gρ

the Jeans length. If λ < λJ , the the fluctuation will
oscillate like an acoustic wave.
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6 CHAPTER 1. INTRODUCTION

known so he did his calculations assuming a static background fluid. This led to a
wrong collapse velocity value but gave an important contribute to the understand-
ing of how structure formed and grew in the early Universe.

Historically, the difficulties found trying to explain the structure formation in a
scenario with only baryonic matter opened the way for theories built around the
hypothesis that the Universe is dominated by non-baryonic and weakly interacting
dark matter.
Observations suggest that there is approximately five times more non-baryonic dark
matter than baryonic matter, therefore the study of large-scale structures evolution
usually involves the non-baryonic dark matter.
In the 1980s there were two different fashionable models:

1. the Hot Dark Matter Scenario, characterized by the assumption that the
Universe is dominated by collisionless particles with a very large velocity
dispersion. In this theory, the structure formation is not hierarchical but,
starting from super-clusters, we have galaxy clusters by fragmentation;

2. the Cold Dark Matter Scenario, also characterized by the assumption that the
Universe is dominated by collisionless particles, this time with a very small
velocity dispersion. This theory predicts hierarchical structure formation
and it is in general agreement with astronomical observations, moreover it is
favored by most cosmologist.

The second one will be the scenario we will work in.

Our work will proceed in the following order: in Chapter 2, we will introduce
some fundamental concepts that will prove to be useful in the following disserta-
tion.
In Chapter 3, we will enlight the standard basics of gravitational instability in an
expanding Universe, from the perturbation theory to the Zel’dovich and adhesion
approximation, emphasizing the most remarkable features and issues.
The aim of Chapter 4 is to examine an alternative approach to the study of
large-scale structure formation based on the description of Cold Dark Matter as a
complex-scalar field.



Chapter 2

The background cosmology

2.1 Friedmann-Robertson-Walker metric

A concept that is worth mentioning for his significance in Cosmology is the Cos-
mological Principle, which states that on large scales the Universe appears homo-
geneous and isotropic1, which means that it does not have any priviled position or
direction.

A metric which describes a spacetime consistent with the Cosmological Principle
is the Friedmann-Robertson-Walker metric:

ds2 = c2dt2 − a(t)2

(
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

)
,

where k is the spatial curvature, scaled so as to take the values 0, representing the
flat space, or ±1, which means positive or negative curvature.
The time coordinate is the cosmological proper time, namely the time of a comoving
observer.

2.2 Friedmann equations: the Einstein-de Sitter model

The dynamics of a Friedmann-Robertson-Walker universe are determined by the
Friedmann equations:

3

(
ȧ

a

)
= 8πGρ− 3kc2

a2
+ Λc2 , (2.1)

1As a matter of fact, homogeneity and isotropy are two valid concepts if one observes the
Universe on a distance of hundreds of Mpc.
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ȧ

a
= −4πG

3

(
ρ+ 3

P

c2

)
+ 3

Λc2

3
, (2.2)

ρ̇ = −3
ȧ

a

(
ρ+

P

c2

)
. (2.3)

We are working in the Einstein-de Sitter model, which is characterized by both
negligible spatial curvature k and cosmological constant Λ.
In order to find a solution to the set of equations, we must specify the kind of fluid
we are dealing with. A perfect fluid is characterized only by energy density and
isotropic pressure. We assume that the pressure depends only on the density:

P = P (ρ) .

Therefore, we are treating a barotropic perfect fluid. For simplicity, we set a linear
dependence between P and ρ:

P = wρc2 ,

where w is a dimensionless constant. If we replace it in (2.3), we have:

ρ̇ = −3(1 + w)
ȧ

a
ρ ⇒ ρ̇

ρ
= −3(1 + w)

ȧ

a
⇒ ρ ∝ a−3(1+w) .

For a matter-dominated universe, w = 0 namely P = 0, so we are dealing with a
pressureless (collisionless) fluid, called dust. This leads to:

ρ ∝ a−3 ,

which is a relation that links the density to the scale factor.



Chapter 3

Cosmological structure formation

In this chapter, we will discuss the gravitational instability in an expanding Uni-
verse by means of many approaches, where CDM is described as a fluid.
In the fluid approach we will investigate the behaviour of CDM perturbation in
the linear regime, with small fluctuations δ � 1. Instead, a Lagrangian approach
proves to be more suitable in the quasi-linear regime for collisionless fluids. In par-
ticular, we will look for solutions in the Zel’dovich and the adhesion approximations
[2].

3.1 The fluid approach

In order to write the dynamical equations that govern the behaviour of the Cold
Dark Matter (CDM), described as a fluid, we introduce the coordinates:

~r = a(t)~x ,

which have the property of being inertial with reference to the background Friedmann-
Robertson-Walker evolution, with a(t) the scale factor of the Universe, a measure
of the universal expansion rate, and ~x the comoving coordinates.
Thus, we have the relations:

∇~r =
1

a
∇~x , (3.1)

~w = ~̇r =
ȧ

a
~r + a

d~x

dt
= H~r + ~v , (3.2)

where H is the Hubble constant and ~v is the peculiar velocity, expression of the
departure of matter motion from the Hubble flow1.

1The motion of astronomical objects due to the expansion of the Universe.
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10 CHAPTER 3. COSMOLOGICAL STRUCTURE FORMATION

For a generic function f(~r, t), the convective derivative can be written as:

Df(~r, t)

Dt
=
∂f

∂t

∣∣∣∣
~r

+ (~w · ∇~r)f =
∂f

∂t

∣∣∣∣
~r

+H(~r · ∇~r)f + (~v · ∇~r)f ,

where we used (3.1) and (3.2).
If we think f as a function of (~x, t), following the same steps as before, we have:

Df(~x, t)

Dt
=
∂f

∂t

∣∣∣∣
~x

+ (~̇x · ∇~x)f =
∂f

∂t

∣∣∣∣
~x

+
1

a
(~v · ∇~x)f .

The two convective derivatives have to be equal, therefore:

∂f

∂t

∣∣∣∣
~x

=
∂f

∂t

∣∣∣∣
~r

+H(~r · ∇~r)f . (3.3)

Keeping in mind these relations, we consider adiabatic perturbation, which means
that the entropy is constant, so the dynamics of CDM is described by three equa-
tions: the continuity equation

∂ρ

∂t

∣∣∣∣
~r

+∇~r(ρ~w) = 0 , (3.4)

the Euler equation

∂ ~w

∂t

∣∣∣∣
~r

+ (~w · ∇~r)~w = −1

ρ
∇~rp−∇~rΦ , (3.5)

and the Poisson equation
∇2
~rΦ = 4πGρ . (3.6)

3.1.1 First-order Eulerian perturbations

We are looking for perturbative solutions, so we will linearize the equations (3.4),
(3.5) and (3.6), perturbing physical quantities relative to an unperturbed coordi-
nate system, i.e. the comoving coordinates.
Hence, we introduce the perturbation to the the CDM density field in the ho-
mogeneous FRW background, δρ, and the peculiar gravitational potential φ(~x, t),
expression of the fluctuations in potential with respect to the homogeneous back-
ground:

ρ = ρb + δρ , Φ = Φb + φ .

We fix δρ = ρb(t)δ, with δ = δ(~x, t) called the density contrast.
It is appropriate to emphasize the fact that δρ can be negative, in fact in the
standard case where there is a Gaussian distribution of initial fluctuations, when
the variance of the δ is of order unity then a Gaussian distribution assigns a non-
zero probability to regions with δ < 1, i.e. with ρ < 0.
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Comoving coordinates. First of all, we rewrite these equations in the comoving
coordinates. Take the continuity equation, using (3.3) we have:

∂ρ

∂t

∣∣∣∣
~x

−H(~r · ∇)ρ+∇~r(ρ~w) = 0 .

If we insert the vectorial identity:

∇~r(ρ~w) = (∇~r · ~w)ρ+∇~rρ · ~w ,

the equation can be written as:

∂ρ

∂t

∣∣∣∣
~x

−H(~r · ∇)ρ+H(∇~r · ~r)ρ+ (∇~r · ~v)ρ+H(~r · ∇~r)ρ+ (~v · ∇~r)ρ = 0 .

We now simplify using:
H(∇~r · ~r)ρ = 3Hρ ,

and
(~v · ∇~r)ρ+ (∇~r · ~v)ρ = ∇~r(ρ~v) ,

then we obtain the final equation:

∂ρ

∂t

∣∣∣∣
~x

+ 3Hρ+
1

a
∇~x(ρ~v) = 0 . (3.7)

As regards the Euler equation, using (3.2), we have:

∂(H~r)

∂t

∣∣∣∣
~r

+
∂~v

∂t

∣∣∣∣
~r

+H(~r·∇~r)H~r+H(~r·∇~r)~v+(~v·∇~r)H~r+(~v·∇~r)~v = −1

ρ
∇~rp−∇~rΦb−∇~rφ .

The background terms are those without the peculiar velocity ~v. They represent
the zero order of our expansion, so they are equal to zero:

∂(H~r)

∂t

∣∣∣∣
~r

+H(~r · ∇~r)H~r +∇~rΦb = 0 .

With some calculations, we obtain:

(Ḣ +H2)~r = −4πG

3
ρb~r ,

which is satisfied by Friedmann equations (2.1) and (2.3), leading to2:

Ḣ = −4πGρ .

2We are treating collisionless fluid, so the pressure term is negligible.
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But we are interested in the terms that concern the perturbation, which gives:

∂~v

∂t

∣∣∣∣
~r

+H(~r · ∇~r)~v + (~v · ∇~r)(H~r) + (~v · ∇~r)~v = −1

ρ
∇~rp−∇~rφ

Keeping in mind that ∇~r~r = 1 and ∂~v
∂t |~r +H(~r · ∇~r)~v = ∂~v

∂t |~x, then:

∂~v

∂t

∣∣∣∣
~x

+H~v +
1

a
(~v · ∇~x)~v = − 1

aρ
∇~xp−

1

a
∇~xφ . (3.8)

Lastly, we have the Poisson equation:

∇2
~xφ = 4πGa2ρ . (3.9)

Linearization. As a first step, we replace ρ = ρb(1 + δ) in (3.7):

(1 + δ)

(
∂ρb
∂t

+ 3Hρb

)
+ ρb

∂δ

∂t
+

1

a
~∇~x · [ρb(1 + δ)~v] = 0 .

The term between brackets, ∂ρb∂t + 3Hρb, is equal to zero because of the Friedmann
equation without perturbation, (2.3).
Neglecting the non-linear terms, we obtain the linearized continuity equation:

δ̇ +
1

a
~∇~x · ~v = 0 . (3.10)

As regards the Euler equation,(3.8), we can just neglect the quadratic term (~v·~∇~x)~v,
being ~v a perturbation, so we have:

∂~v

∂t
+H~v = − 1

aρ
∇~xp−

1

a
∇~xφ . (3.11)

If we linearize the cosmological Poisson equation (3.9), we obtain:

∇2
~xφ = 4πGa2δρ . (3.12)

To further simplify the study of the solutions, we Fourier expand (3.10), (3.11) and
(3.12) replacing:

δ(~x, t) =
1

(2π)3

∫
ei
~k·~xδ(~k, t)d3k ,

~v(~x, t) =
1

(2π)3

∫
ei
~k·~x~v(~k, t)d3k ,

φ(~x, t) =
1

(2π)3

∫
ei
~k·~xφ(~k, t)d3k .
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Then, (3.10) becomes:

1

(2π)3

∫
ei
~k·~xδ̇(~k, t) +

1

a
(∇~xei

~k·~x)~v(~k, t)d3k = 0

1

(2π)3

∫
ei
~k·~x
[
δ̇(~k, t) +

i

a
~k · ~v(~k, t)

]
d3k = 0

⇒ δ̇~k +
i

a
~k · ~v~k = 0 . (3.13)

Let us now replace ~v and ρ in the Euler equation (3.11):

1

(2π)3

∫
ei
~k·~x(~̇v(~k, t)+H~v(~k, t))d3k = − ρb

aρb

(
∂p

∂ρ

)
∇~xδ+

1

a(2π)3

∫
∇~x(ei

~k·~x)φ(~k, t)d3k

1

(2π)3

∫
ei
~k·~x(~̇v(~k, t)+H~v(~k, t))d3k = −1

a

(
∂p

∂ρ

)
1

(2π)3

∫
i~kei

~k·~x
[(

∂p

∂ρ

)
δ(~k, t)+φ(~k, t)

]
d3k

⇒ ~̇v~k +H~v~k = − i
~k

a
(c2
sδ~k + φ~k) , (3.14)

where c2
s = ∂p

∂ρ .
Finally, the cosmological Poisson equation (3.12) can be written as:

1

(2π)3

∫
(−k2)ei

~k·~xφ(~k, t)d3k = −4πGρba
2

(2π)3

∫
ei
~k·~xδ(~k, t)d3k

⇒ k2φ~k = −4πGa2ρbδ~k . (3.15)

We now take advantage of the:

Kelvin circulation theorem. In a barotropic perfect fluid subject to conservative
body forces, the circulation around a closed curve (which encloses the same fluid
elements) moving with the fluid remains constant with time:

dΓ

dt
=

d

dt

∮
l
~ω · d~l = 0 ,

with ~ω = ∇× ~v the vorticity.

In our case, ~ω = ∇× ~w, so:

d

dt

∮
l
~ω · d~l =

d

dt

∮
l
∇× ~w · d~l = 0

⇒ d

dt
[∇× (H~r + ~v)] = ∇×

(
Ḣ~r +H

d

dt
~r +

d

dt
~v

)
= 0
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∇×
(
Ḣ~r +H2~r +H~v +

d

dt
~v

)
= 0 ⇒ ∇× (H~v + ~̇v) = 0 ,

which means that H~v + ~̇v is irrotational, so it can be described by the gradient of
a scalar field:

H~v + ~̇v = ∇ξ .

If we go to the Fourier space we find that H~v~k + ˙~v~k
is parallel to ~k. Therefore, the

component of ~v(~k, t) orthogonal to ~k obeys the equation:

v̇⊥ +Hv⊥ = 0 ⇒ v⊥ ∝
1

a
.

As a consequence of the theorem, we can consider only the component of the
equations relative to the peculiar velocity parallel to ~k, v~k.
By differentiation, (3.13) becomes:

δ̈~k + i
k

a
v̇~k − i

k

a
Hv~k = 0 .

If we replace v̇~k with the expression found by (3.14), and use (3.13) and (3.15), we
obtain:

δ̈~k + 2Hδ̇~k +

(
c2
sk

2

a2
− 4πGρb

)
δ~k = 0 .

We can define a comoving Jeans wavenumber :

kJ = a

√
4πGρb
cs

.

Knowing that for k � kJ the fluctuation will grow with time, we have the approx-
imate equation:

δ̈~k + 2Hδ̇~k − 4πGρbδ~k ' 0 . (3.16)

For a spatially flat universe dominated by pressureless matter, i.e. the Einstein-de
Sitter universe, one has:

a ∝ t
2
3 , H =

2

3t
, ρb =

1

6πGt2
.

If we replace in (3.16) and look for a solution δ ∝ tα:

δ̈~k +
4

3t
δ̇~k −

2

3t2
δ~k = 3α2 + α− 2 = 0

⇒ α =
2

3
,−1 .

Then, we find two solution:
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1. growing mode, δ~k ∝ t
2
3 ∝ a;

2. decaying mode, δ~k ∝ t
−1.

In particular, we are interested in the growing mode, so we have solutions:
δ~k ∝ t

2
3 ∝ a

v ∝ t
1
3

φ = const

(3.17)

Therefore, a density fluctuation which arises at early times, namely for δ � 1, will
increase with time.

3.2 The Zel’dovich approximation

The evolution of density fluctuations in the so-called ‘weakly non-linear regime’
can be described using a Lagrangian approach, the Zel’dovich approximation. The
Lagrangian approach is an alternative to the Eulerian approach to discuss the
dynamic of a collisionless fluid, focusing on the motion of a single ‘particle’, i.e.
an infinitesimal fluid element, instead of focusing on the fields that describe the
system properties (such as velocity, density, etc.).
First of all, we rewrite the continuity, Euler and Poisson equations replacing the
time variable with a(t) ∝ t

2
3 and let us change variables as follows:

a(t) = a?

(
t

t?

) 2
3

, η =
ρ

ρb
= 1 + δ, ~u =

d~x

da
=

~v

aȧ
, ϕ =

3t2?
2a3

?

φ . (3.18)

Take the continuity equation (3.7). Reminding that in the Einstein-de Sitter model
ρb = a−3 , we have:

∂

∂t
(ρbη) + 3Hρbη +

aȧρb
a
∇~x(η~u) = 0

−3
ȧ

a4
η + ȧρb

∂η

∂a
+ 3

ȧ

a
a−3η + ȧρb~u · ∇~xη + η∇~x · ~u = 0

⇒ Dη

Da
+ η∇~x · ~u = 0 . (3.19)

Consider now the Euler equation (3.8), we are allowed to neglect the pressure term,
being the CDM represented as a collisionless fluid. Using (3.18), we have:

aȧ2∂~u

∂a
+ ȧ2~u+ äa~u+

ȧ

a
aȧ~u+ aȧ2(~u · ∇~x)~u = − 2

3a

a3
?

t2?
∇~xϕ .
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If we replace with the following identities:

ȧ =
2

3

a

t
, ä = −2

9

a

t2
, a3 = a3

?

(
t

t?

)2

,

we obtain the equation:

D~u

Da
+

3

2a
~u = − 3

2a
∇~xϕ . (3.20)

Finally, consider (3.12). Reminding that δρ = ρbδ = (6πGa3)−1δ, we obtain:

∇2
~xϕ =

δ

a
. (3.21)

In the growing mode, v ∝ t
1
3 so ~u ' const, which means that:

D~u

Da
= 0 (linear solution). (3.22)

Furthermore, as a consequence of the Kelvin circulation theorem, ~u is an irrota-
tional velocity field3:

~u = −∇ϕ (linear solution). (3.23)

This also gives us a relation between the velocity field and the peculiar gravitational
potential.
The ansatz assumed by Zel’dovich in his theory is that (3.22) and (3.23) are valid
even beyond the linear regime. In fact, in the Fourier space:

ϕ~k ∝
δ~k
k2
, ~u~k ∝ kϕ~k ∝

δ~k
k

,

which means that even if the density fluctuation field δ~k varies on larger scales than
~u~k and ϕ~k, the latter keep on a linear level for longer times because of the weights
k−1 and k−2, respectively.
Once we assume these approximations, we have a new set of equations:

D~u

Da
= 0 , (3.24)

Dη

Da
+ η(∇ · ~u) = 0 . (3.25)

The Poisson cosmological equation has been decoupled from the others, in fact we
will use it only for the initial conditions.

3From now on, we will not specify the comoving coordinates, being the ones we will always
use.
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From (3.24) it is clear that the set of collisionless particles moves under the effect
of their inertia, not subject to any force (speaking of Newtonian forces), and the
dynamics preserves the mass conservation, as specified by (3.25).
Let the initial (Lagrangian) coordinate of a particle in the unperturbed distribution
be ~q, namely the Eulerian position ~x at time a = a0.
The solution to the first equation is:

~u(~x, a) = ~u0(~q) ,

with ~u0(~q) the initial velocity in the Lagrangian position ~q. We can further integrate
the latter equation to find the particle’s trajectory:∫ a(t)

a0

d

da′
~x(~q, a′)da′ =

∫ a(t)

a0

~u0(~q)da′

⇒ ~x(~q, a)− ~q = (a− a0)~u0(~q) . (3.26)

Clearly, each particle follows a straight-line trajectory, being subject to a displace-
ment corresponding to a density perturbation.
The ansatz discussed previously assures that, near the initial conditions, the sys-
tem is on a linear regime, than we have ~u0(~q) = −∇~qϕ0(~q).
Therefore, setting a0 = 0 for simplicity:

~x(~q, a) = ~q − a∇~qϕ0(~q) ⇒ ~u(~x(~q, a), a) =
~x− ~q
a

.

We can now solve the continuity equation integrating by separation of variables:

η(~x, a) = η0 · e
−

∫ a
a0
∇·~u(~x(~q,a′),a′)

.

It is convenient to use the mass conservation law: consider a particle, our infinites-
imal fluid element, then:

η(~x, a)d3x = η0(~q)d3q .

This equality could have been obtained highlighting the fact that (3.26) defines a
unique mapping between the Eulerian and Lagrangian coordinates. Therefore:

η(~x, a) =
(1 + δ0(~q))

|J(~r, t)|
,

with |J(~r, t)| = |∂~x∂~q | the Jacobian determinant of the mapping.
At early times, for a0 → 0, the system is in the linear regime, where ϕ ' const, so
(3.21) leads to δ0 → 0. Hence:

η(~x, a) =

∣∣∣∣∂~x∂~q
∣∣∣∣−1

. (3.27)
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We are now interested in studying the physical meaning of this equation.
Using the Einstein notation:

xi = qi − a∂ϕ0

∂qi
⇒ ∂xi

∂qj
= δij − a

∂2ϕ0

∂qi∂qj
.

The second term on the right side is the deformation tensor D0,ij(~q), which is
evidently symmetrical because of the equality of mixed partials.
Therefore, it can be locally diagonalized by going to principal axes Q1, Q2, Q3

with eigenvalues λ1(~q), λ2(~q), λ3(~q). Depending on the sign of λi, we can have
stretching or compression of the fluid element. As regards (3.27):

η(~x, a) =
1

(1− aλ1(~q))(1− aλ2(~q))(1− aλ3(~q))
.

At the time asc = 1/λi(~q), where λi(~q) is supposed to be the largest of the positive
eigenvalues, in the hypotesis that it exists, a singularity appears and the density
becomes locally infinite. This event is called shell-crossing, and the region where
it occurs is called caustic.
It corresponds to the situation where two points with different Lagrangian posi-
tion ~q end up at the same Eulerian coordinate ~x, therefore the map ~q → ~x is not
invertible anymore. If there is more than one positive eigenvalue, then the collapse
will occur first along the axis relative to the larger positive eigenvalue. Thus, the
collapse is expected to be generically one-dimensional with oblate elipsoids (called
pancakes) as preferential form of local fluid element.

3.2.1 Problems related to the Zel’dovich approximation

The Zel’dovich approximation becomes exact in one dimension, when ϕ0 depends
only on one coordinate q, until the moment of shell-crossing. In the caustic, the
strong gravitational forces should make particles to be attracted. However, since
this approximation is kinematical, particles pass through the caustic and the new-
born structures, the pancakes, simply disappear. Therefore, we don’t expect to
have stable structure.

3.3 The adhesion approximation

The adhesion approximation represents an attempt to describe the dynamics of
CDM beyond shell-crossing.
In this model, we add an artificial viscosity term to the Euler equation which
makes particles stick to each other as they enter the caustic region. This term is
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meant to simulate the action of the gravitational interaction between neighbouring
particles, effect that was neglected by the Zel’dovich approximation. As a result,
the adhesion approximation predicts the formation of stable large-structures.
We define τ = a(t). The equations of interest are:

D~u

Dτ
= ν∇2~u , (3.28)

Dη

Dτ
= −η(∇ · ~u) . (3.29)

The first equation is called Burgers’ equation. On the right side, there is the
kinematical viscosity coefficient ν, with dimensions L2/T , and it guarantees that
its effect is limited to the regions of a possible shell-crossing and can be neglected
outside. First of all, we assume an irrotational velocity field:

~u = ∇Φ ,

and replace it in (3.28):

∂(∇Φ)

∂τ
+ (~u · ∇)(∇Φ) = ν∇2(∇Φ) .

Taking advantage of the Einstein notation and swapping places to partials, we
write:

∂i

(
∂Φ

∂τ

)
+

1

2
∂i(∂jΦ∂

jΦ) = ν∂j(∂i∂
iΦ) .

For the second term on the left side, we used:

1

2
∂i(∂jΦ∂

jΦ) = ∂jΦ∂i∂jΦ = uj∂iu
j = [(~u · ∇)~u]i .

Now, by simple integration (using the divergence theorem), we obtain the Bernoulli
equation:

∂Φ

∂τ
+

1

2
(∇Φ)2 = ν∇2Φ . (3.30)

The utility of the Burgers’ equation lies in the fact that it possesses an analytic
solution. In order to find it, we use the non-linear Hopf-Cole transformation:

Φ = −2ν lnU ,

(with U called velocity expotential) and replace it in the Bernoulli equation:

−2ν

U
∂U
∂τ

+ 2ν2 (∇U)2

U2
= −2ν2∇2U

U
+ 2ν2 (∇U)2

U2
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⇒ ∂U
∂τ

= ν∇2U . (3.31)

We obtained the Fokker-Planck equation (or linear diffusion equation), which is a
parabolic linear differential equation with both initial and boundary conditions. If
we consider a trial solution of the form:

U = f(τ)g(~x) ,

and we solve separating the variables, we get:

f(τ) = eEτ ⇒ Eg(~x) = ν∇2g(~x) .

Going to the Fourier space, we have:

Eg~k = −νk2g~k ⇒ E = −νk2 .

For a general solution, we employ the superposition principle:

U(~x, τ) =
1

(2π)3

∫
e−νk

2τg~ke
i~k·~xd3k , (3.32)

with g~k a generic function which have to be fixed by the initial and boundary
conditions.
We will now proceed looking for the kernel of the solution and use the Chapman-
Kolmogorov equation to acquire the structure of our U(~x, τ).
In the diffusion process, the kernel can be interpreted as the probability that a
particle is in the position ~x at the time τ → 0, given that it was in ~q at τ = 0.
This corresponds to the Dirac delta:

K(~x, τ |~q, 0)→ δ(~x− ~q) .

Since the g~k is arbitrary, we can fix it in order to have the relation written previ-
ously:

g~k = e−i
~k·~q ⇒ K(~x, τ |~q, 0) =

1

(2π)3

∫
e−νk

2τei
~k·(~x−~q)d3k .

It is evident that for τ → 0 the kernel gives a Dirac delta. The integral can be

solved multiplying by a factor e
(~x−~q)2

4ντ e−
(~x−~q)2

4ντ , then we have:

K(~x, τ |~q, 0) =
1

(4πντ)−
3
2

e−
(~x−~q)2

4ντ .

This solution is a Gaussian distribution centered in ~q, with dispersion 2ντ which
increases with time.
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We earlier enlighted the meaning of the kernel as a conditional probability. Now,
we recall the Bayes’ theorem, which states that the conditional probability of A,
given B, is the ratio between the joint probability of A and B and the probability
of B:

P(A|B) =
P(A,B)

P(B)
.

Given:
P(A) =

∫
P(A,B)dB ,

than we have:
P(A) =

∫
P(B)P(A|B)dB .

A consequence of this theorem is the Chapman-Kolmogorov equation, with U0(~q) =

e−
Φ0(~q)

2ν = e
ϕ0(~q)

2ν 4 the initial condition and K(~x, τ/~q, 0) the conditional probability:

U(~x, τ) =

∫
U0(~q)K(~x, τ |~q, 0)d3q

⇒ U(~x, τ) =
1

(4πντ)
3
2

∫
e−

S(~x,~q,τ)
2ν d3q , (3.33)

where

S(~x, ~q, τ) =
(~x− ~q)2

2τ
− ϕ0(~q) ,

is the action, solution of the free Hamilton-Jacobi equation with ν = 0:

∂S

∂τ
+

1

2
(∇S)2 = 0 .

We finally have a solution of the adhesion approximation. Reminding that ~u(~x, τ) =
−2ν∇U/U , the result is:

~u(~x, τ) =

∫ ~x−~q
τ e−

S(~x,~q,τ)
2ν d3q∫

e−
S(~x,~q,τ)

2ν d3q
,

~x = ~q +

∫ τ

0
~u(~x(~q, τ ′), τ ′)dτ ′ .

We are interested in small values of ν, which corresponds to infinitely thin struc-
tures. In such a limit, we can solve the integral using the saddle-point method,
based on the idea that for a sharply peaked function, such as e−

S(~x,~q,τ)
2ν , the largest

contribution to the integral comes from the absolute minima ~qs of S(~x, ~q, τ), for a
4Remember that ~u0(~q) = −∇~qϕ0(~q).



22 CHAPTER 3. COSMOLOGICAL STRUCTURE FORMATION

given ~x and τ .
We, therefore, expand S(~x, ~q, τ) to second order around the minima:

U(~x, τ) =
1

(4πντ)−
3
2

∫
exp

[
− S(~x, ~qs, τ)

2ν
− 1

4ν

3∑
i,j=1

∂2S

∂qi∂qj

∣∣∣∣
~qs

δqiδqj

]
d3q .

If we define

js(~x, ~qs, τ) =

(
det

[
∂2S

∂qi∂qj

]
~qs

)− 1
2

,

then we have:
U(~x, τ) = e−

S(~x,~qs,τ)
2ν

∑
s

js(~x, ~qs, τ) .

Since ~qs of S(~x, ~q, τ) is the absolute minima of S, it satisfies:

∇~qS(~x, ~q, τ)

∣∣∣∣
~qs

= 0 . (3.34)

Then, we obtain:

~u(~x, τ) =
∑
s

~x− ~qs
τ

ws(~x, ~qs, τ) ,

with ws = js/(
∑

s js) weights associated to different initial positions ~qs.
We have found that the velocity of a particle takes contribution from different ini-
tial positions, not just one as seen in the Zel’dovich approximation.
This solution can be used to determine the ‘skeleton’ of the large-scale structure
present at any given time. Outside the mass concentration, the adhesion approxima-
tion reduces to the Zel’dovich approximation and the particles follow the trajectory
found in (3.26).

The most interesting feature of the adhesion approximation is that we can find
the absolute minima of S by means of a geometrical technique, based on the con-
struction of parabolas tangential to the initial velocity potential ϕ0(~q).
which at a given t and x is gradually elevated by changing the value of H from
H = −∞ to some value of H where the parabola p(~x, ~q, τ) touches the initial
velocity potential. Consider the parabola:

p(~x, ~q, τ) = −(~x− ~q)2

2τ
+H
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Figure 3.1: Picture taken from [3]

The coordinate of the contact point indicates
the Lagrangian coordinate of the chosen parti-
cles, while the apex of the parabola shows the
Eulerian coordinate of the particle. In figure
3.1 ([3]) are shown three different situation with
three different value of τ :

1. in figure (a), for small value of τ the
parabola is narrow and it is tangential to
ϕ0(~q) in one point, so we have a unique
map between the Lagrangian and Eule-
rian coordinates;

2. in figure (b), the parabola becomes wider
and
touches ϕ0(~q) in two different points si-
multaneously. This means that all the
particles in between have stuck together
in the top point x;

3. in figure (c), at larger values of τ , the
parabola becomes so wide that it can touch
ϕ0(~q) only in the vicinities of the deepest
minima.

Figure 3.2: A three-dimensional representation of the paraboloid tangential to
ϕ0(~q), [4]
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3.3.1 Visual comparison between simulations

We here expose the work of B. S. Sathyaprakash et al. ([5]). In figure 3.3 and 3.4

Figure 3.3: N-body and adhesion approximation ([5]).

we have the trajectories followed by particles: it is immediately evident the simi-
larity between the N-body simulation and the adhesion approximation, which have
the formation of clumps in the same positions, while the Zel’dovich approximation
shows many differences both in particles’ trajectories and in clumps’s formation.

Figure 3.4: Zel’dovich approximation ([5])

In these simulations we can appreciate how the adhesion approximation is a good
extension of the Zel’dovich and it also represents an excellent method to predict
the ‘skeleton’ of large-scale structures.



Chapter 4

The wave-mechanical approach

4.1 Introduction

First-order Eulerian perturbations theory allows to examine the linear regime in
the large-scale structure formation. The Zel’dovich approximation gives an exact
solution in a one-dimensional system until shell-crossing, while the adhesion ap-
proximation overcomes the problem of the singularity by adding a fictitious viscous
term.
In spite of the success of these theories in the establishment of a standard frame-
work for the investigation and the understanding of large-scale structure formation,
there are two amongst many obstacles to a fuller analytical description:

1. The perturbation theory does not guarantee a positive value of the density
field everywhere;

2. The Zel’dovich approximation predicts a singularity in the caustic region,
where the density becomes infinite.

An alternative approach to the study of collisionless matter was suggested by
Widrow and Kaiser [6], based on the formal equivalence between fluid equation
and the wave-mechanical formalism. They proposed a wave-mechanical descrip-
tion of CDM represented by a complex scalar field ψ(~x, t).
Starting from Erwin Madelung’s work, which is at the basis of this new approach,
in this chapter we will derive the Schrödinger equation from the fluid equations
and, with appropriate approximations, we will find a solution in the case of a Cold
Dark Matter fluid.

25
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4.1.1 The Madelung-Bohm derivation of the hydrodynamic equa-
tions

Right after the pubblication of Schrödinger’s equation, Madelung [7] observed that
there was a formal equivalence between fluid equations and quantum mechanics
equations, indeed you can infer one set from the other.
It was not immediately clear its application in the cosmological context, in fact
this equivalence was originally used to find a fluid interpretation of quantum me-
chanical effects.
We want now to follow the steps of Madelung’s work [8], starting from the Schrödinger
equation in order to obtain the fluid equations.
Madelung began by writing the complex-valued time-dependant wave function
ψ(x, t) (for simplicity, one-dimensional) in polar form1:

ψ(x, t) = A(x, t) + iB(x, t) = R(x, t)e
iS(x,t)
h̄ ,

with R(x, t) the amplitude, defined nonnegative at every point, and S(x, t) the
action, both real-valued functions. The probability density associated with this
wave function is:

ρ(x, t) = ψ(x, t)∗ψ(x, t) = R(x, t)2 .

Consider now the Schrödinger’s equation:(
− h̄2

2m

∂2

∂x2
+ V (x)

)
ψ(x, t) = ih̄

∂

∂t
ψ(x, t) . (4.1)

If we insert the wave function written before, the resulting equation is split in
two equations for the real and the imaginary parts, which lead to a system of two
coupled partial differential equations.
In fact:[
− h̄2

2m

∂2R

∂x2
− ih̄

2m

∂2S

∂x2
R− ih̄

m

∂R

∂x

∂S

∂x
+

1

2m

(
∂S

∂x

)2

R+ V (x)R(x, t)

]
e
iS(x,t)
h̄ =

=

[
ih̄
∂R

∂t
−R∂S

∂t

]
e
iS(x,t)
h̄ .

We now rearrange separately real and imaginary parts.

1It means that it can be seen as a vector in a two-dimensional space with a “real part” axis
and a “imaginary part” one.
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Imaginary part. We multiply both sides by R(x, t):

−2R

m

∂R

∂x

∂S

∂x
− R2

m

∂2S

∂x2
= 2R

∂R

∂t
,

and, by rearrangements, we obtain the first equation of our interest:

− ∂

∂x

[
R2

m

∂S

∂x

]
=
∂R2

∂t
. (4.2)

Reminding that ρ(x, t) = R(x, t)2 is the probability density, this equation can be
recast into the form of a continuity equation.
Firstly, we have to find the probability flux associated to ψ(x, t), defined as:

j(x, t) =
h̄

2mi

[
ψ(x, t)∗

∂

∂x
ψ(x, t)− ψ(x, t)

∂

∂x
ψ(x, t)∗

]
=
R2

m

∂S

∂x
.

In classical fluid flow, the flux is given by j(x, t) = ρ(x, t)v(x, t), where v(x, t) is
the flow velocity. By comparison, we refer to the flow velocity of the probability
fluid as a function:

v(x, t) =
1

m

∂S

∂x
.

Returning to (4.2), the term in the brackets on the right side is the probability
flux, so we obtain the continuity equation:

∂

∂t
ρ(x, t) +

∂

∂x
[ρ(x, t)v(x, t)] = 0 .

Real part. We now take the real part:

1

2m

(
∂S

∂x

)2

R− h̄2

2m

∂2R

∂x2
+ V R = −R∂S

∂t

⇒ ∂S

∂t
+

1

2m

(
∂S

∂x

)2

= −V (x)−Q(x, t) , (4.3)

where ∂S/∂x is the flow momentum and

Q(x, t) = − h̄2

2m

1

R

∂2R

∂x2

is the Bohm quantum potential, which has explicit dependence on h̄. Equation
(4.3) represents the quantum version of the Hamilton-Jacobi equation and has
a remarkable similarity with the Bernoulli equation (3.30) seen in the previous
chapter.
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4.2 Derivation of the Schrödinger’s equation from fluid
dynamics

The purpose of this section is to further demonstrate the equivalence between fluid
equations and Schrödinger’s equation, this time deriving the second one from the
fluid dynamics [9].

4.2.1 The Madelung transformation

Let us take the continuity and Euler equation, (3.4), (3.5), with the assumption of
an irrotational velocity field ~v = ∇φ and a pressureless fluid:

∂ρ

∂t
+∇ · (ρ∇φ) = 0 , (4.4)

∂φ

∂t
+

1

2
(∇φ)2 = −V , (4.5)

with V a general potential.
We make a transformation known as Madelung transformation:{

ψ(~x, t) = R(~x, t)e
iφ(~x,t)
ν

ρ = ψ∗ψ = R2
, (4.6)

where we introduced a new parameter ν with dimension L2/T .
By simple derivation we obtain the following relations:

∇ψ =

(
∇R+ i

R

ν
∇φ
)
e
iφ
ν ,

∇2ψ =

[
∇2R+

i

ν
(R∇2φ+ 2∇R · ∇φ)− R

ν2
(∇φ)2

]
e
iφ
ν . (4.7)

The second relation can be simplified using the continuity equation:

∂R2

∂t
+∇(R2∇φ) = 0 ⇒ 2R

∂R

∂t
+ 2R(∇R · ∇φ) +R2∇2φ = 0

⇒ 2
∂R

∂t
= −

(
2∇R · ∇φ+R∇2φ

)
.

We replace this relation in (4.7) and obtain:

∇2ψ =

[
∇2R− i2

ν

∂R

∂t
− R

ν2
(∇φ)2

]
e
iφ
ν
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⇒ (∇φ)2 = −ν
2

R
∇2ψe−

iφ
ν +

ν2

R
∇2R− i2ν

R

∂R

∂t
. (4.8)

Let us consider the time derivative of ψ(~x, t):

∂ψ

∂t
=

(
∂R

∂t
+
iR

ν

∂φ

∂t

)
e
iφ
ν ,

we obtain:
∂φ

∂t
=
iν

R

(
∂R

∂t
− e−

iφ
ν
∂ψ

∂t

)
. (4.9)

If we replace (4.8) and (4.9) in (4.5) we have:

iν

R

∂R

∂t
− iν

R
e−

iφ
ν
∂ψ

∂t
− ν2

2R
∇2ψe−

iφ
ν +

ν2

2R
∇2R− iν

R

∂R

∂t
= −V ,

and after simple rearrangements of the terms, we arrive at the Schrödinger’s equa-
tion:

iν
∂ψ

∂t
= −ν

2

2
∇2ψ +

(
V +

ν2

2

∇2R

R

)
ψ . (4.10)

By comparison with the Schrödinger’s equation of quantum mechanics, we notice
a new term, P = ν2

2
∇2R
R , the so-called quantum pressure, already seen in the

previous section under the name of Bohm quantum potential. This term resembles
a pressure gradient in the interpretation of quantum phenomena in terms of classical
fluid behaviour and it represents a source of non-linearity .
It should be clear how this approach overcomes the obtacles discussed in Section
4.1, in fact:

1. The wave function requires ρ = ψ∗ψ = R2 which guarantees an always posi-
tive density;

2. No singularity occurs in the wave function.

Equation (4.10) provides an elegant way to include both density and velocity fields
in a single complex function.

4.2.2 The Schrödinger’s equation for Cold Dark Matter

In order to find a Schrödinger version of the fluid equations that govern the dy-
namics of CDM [9], we consider the following set of equations in the limit ν → 0:

∂η

∂a
+∇ · (η∇Φ) = 0 , (4.11)

∂Φ

∂a
+

1

2
(∇Φ)2 = − 3

2a
(Φ + ϕ) , (4.12)
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seen in Subsection 3.1.3. The Bernoulli equation (4.12) has been derived from
(3.20) with the assumption of irrotational velocity field.
The gravitational potential ϕ is related to the peculiar gravitational potential2 φ
through:

ϕ =
2

3a3H2
φ .

Consider now the Madelung transformation:{
ψ = Re

iΦ
ν = (1 + δ)−1/2e

iΦ
ν

η = ψ∗ψ = R2
.

Following the same steps as in the previous Subsection, but with the time variable
a(t), we obtain Schrödinger’s equation:

iν
∂ψ

∂a
= −ν

2

2
∇2ψ +

(
V +

ν2

2

∇2R

R

)
ψ , (4.13)

where we defined V = 3
2a(Φ + ϕ), which satisfies the modified Poisson equation:

∇2

(
V +

3iν

4a
ln(ψ/ψ∗)

)
= − 3

2a2
(|ψ| − 1) , (4.14)

derived from (3.21). If we neglect the quantum pressure term, we are left with the
more familiar linear Schrödinger equation:

iν
∂ψ

∂a
= −ν

2

2
∇2ψ + V ψ .

We now insert the Madelung transformation in this equation:

1. iν ∂ψ∂a = iν

(
∂R

∂a
+R

i

ν

∂Φ

∂a

)
e
iΦ
ν , (4.15)

2. −ν2

2 ∇
2ψ =

(
− ν2

2
∇2R− iν∇R · ∇Φ− iν

2
R∇2Φ +

1

2
(∇Φ)2 + V R

)
e
iΦ
ν .(4.16)

By simple rearrangements of the terms, we arrive to the equation:

∂Φ

∂a
+

1

2
(∇Φ)2 = −V − ν2

2

∇2R

R
, (4.17)

which is the Bernoulli equation with a new term, the quantum pressure.
This implies that we are allowed to neglect the quantum pressure term in the
Schrödinger equation and consider it in the fluid equations instead [10].

2Knowing that:

H =
ȧ

a
=

2

3t
, ϕ =

3t2?
2a3
?
φ =

3t2

2a3
φ ,

we can write:
ϕ =

2

3a3H2
φ .
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4.3 The free-particle approximation

To first-order in Lagrangian perturbation theory one can use the Zel’dovich ap-
proximation and put V = 0. The Schrödinger equation reduces to the free-particle
Schrödinger equation:

iν
∂ψ

∂a
+
ν2

2
∇2ψ = 0 ,

and the Bernoulli equation:

∂Φ

∂a
+

1

2
(∇Φ)2 = −ν

2

2

∇2R

R
,

resembles the equation (3.30) except that the term ν∇2Φ has been replaced by
the quantum pressure. This new approximation, an alternative to the adhesion
approximation, is called the free-particle approximation [10].
In order to find a solution, we will exploit the similarity with the adhesion ap-
proximation making a Wick rotation, which connects (3.31) with the free-particle
Schrödinger equation by going to the imaginary time a(t) = τ → iτ .
Hence, the solution ψ(~x, τ) can be written in the form:

ψ(~x, τ) =

∫
G(~x, τ |~q, 0)ψi(~q)d

3q ,

where G(~x, τ |~q, 0) is the free-particle propagator, which in quantum mechanics in-
volves a sum over all possible spacetime paths connecting the points (~q, 0) and
(~x, τ). ψi(~q) is some initial wave function.
The path integral for the free-particle propagator is a standard result [11]:

G(~x, τ |~q, 0) =
1

(2iπντ)
3
2

e
i(~x−~q)2

2ντ

⇒ ψ(~x, τ) =
1

(2iπντ)
3
2

∫
ψi(~q)e

i(~x−~q)2
2ντ d3q .

Inserting the Madelung transformation, we have:

ψ(~x, τ) =
1

(2iπντ)
3
2

∫
(1 + δ)

1
2 exp

[
i(~x− ~q)2

2ντ
+ Φi(~q)

]
d3q . (4.18)

In the limit ν → 0 the integrand is an oscillating function of ~q, whereas in the
adhesion approximation it was a highly peaked function. Another difference is
that this time the integral gives information about both velocity potential and
density, instead of the only velocity expotential U .
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The dominant contribution to the integral will be from the points where the phase
varies least rapidly with ~q, namely:

∇~qS(~x, τ |~q, 0) = ∇~q
[
i(~x− ~q)2

2ντ
+ Φi(~q)

]∣∣∣∣
~qs

= 0 ⇒ ~x = ~qs − τ∇~qΦi(~q) ,

with ~qs turning points (minima, maxima or saddle points). We arrive to the tra-
jectory found in the Zel’dovich approximation.
Now, if we expand the integrand of (4.18) around ~qs , we obtain:

ψ(~x, τ) =
(1 + δ)

1
2

(2iπντ)
3
2

∫
exp

[
iS(~x, ~qs, τ)

ν
+
i

ν

3∑
i,j=1

∂2S

∂qi∂qj

∣∣∣∣
~qs

δqiδqj

]
d3q

⇒ ψ(~x, τ) '
√
η(~qs)e

iS(~x,~qs,τ)
ν

[
det

(
δij −

∂2Φi

∂qi∂qj

)∣∣∣∣
~qs

]− 1
2

.

We notice that:
η(~qs)

ζs
= η(~x, τ) ,

with ζs = det

(
δij − ∂2Φi

∂qi∂qj

)∣∣∣∣
~qs

, is equivalent to the density found in the Zel’dovich

approximation. Hence:

ψ(~x, τ) '
√
η(~x, τ)e

iS(~x,~qs,τ)
ν . (4.19)

In the multistreaming regime, there is more than one saddle point so one needs to
sum over all of them, hence:

ψ(~x, τ) '
∑
~qs

√
η(~qs)e

i(S(~x,~qs,τ)
ν

[
det

(
δij −

∂2Φi

∂qi∂qj

)∣∣∣∣
~qs

]− 1
2

. (4.20)

The turning points can be found using the same geometrical technique described
in the adhesion approximation, except for the fact that only the particles at ~q1

and ~q2 are at ~x1 at time τ and the solution is obtained by summing over all
the turning points which touch the paraboloid. Another difference between these
approximations lies in the oscillatory nature of the esponent in the free-particle
approximation, thus in (4.20) we sum all over the stationary points.

4.3.1 Visual comparison between approximations

We will now cite the works of P. Coles and K. Spencer, [12], and C. J. Short and
P. Coles, [13], who used simulations to test the quantum mechanical formalism in
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the context of structure formation.
In one-dimension, we know that the Zel’dovich approximation gives exact results
before shell-crossing. Therefore, it is useful to compare the density contrast evolu-
tion in one-dimensional Zel’dovich and free-particle approximation.
In the following picture ([12]), we have the density contrast using both of these
methods (the Zel’dovich approximation is given by dashed line while the free-
particle solution in solid line) at three different times (given by the time-variable
b) and for different values of ν.

Figure 4.1: Picture taken from [12]

We can see that, particularly for small value of ν, the results are similar: when
b = 0.3, we see that the density growth is approximately linear and that density
contrasts are almost identical. When b = 0.9, just before shell-crossing, the density
growth becomes highly non-linear and we notice very high density peaks in the
Zel’dovich approximation.
Lastly, after shell-crossing, when b = 2.0, the two approximations give qualitatively
different behaviour, which however is not physical.

Picture 4.2 ([13]) shows slices arbitrarily taken at a z-coordinate 100h−1 Mpc (at
a = a0 = 1) through the final N-body and free-particle density fields for the cases
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Γ = 0.12, Γ = 0.6 and Γ = 20, where Γ is a dimensionless parameter linked to ν.
We notice that for Γ = 0.12, the global morphology of the free-particle density field

Figure 4.2: Picture taken from [13]

agrees with that of the N-body density field, with the peaks in the same position.
Instead, for larger values of Γ, the free-particle density field looks smoother than
the N-body one, because of the effect of the quantum pressure which inhibits the
the collapse of density perturbations over a greater distance. When Γ = 20, the
quantum pressure dominates the convective term and there is no growth of density
fluctuations at all.
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Conclusion

In this dissertation, we presented an alternative method to study the formation of
large-scale structures by means of the gravitational instability, the wave mechanical
approach.
We saw that, in the linear regime, this phenomenon is well understood. Indeed,
we obtained a pertubative solution where the density fluctuation, arisen in early
times, could grow with time.
The quasi-linear and the non-linear regime are much more complicated and gener-
ally non inclined to analytic solution. In this case, we studied the Zel’dovich and
the adhesion approximations. The first one gives an excellent comprehension of the
behaviour of our cosmic fluid particles until shell-crossing, where the approximation
fall into a singularity and we have infinite density. The adhesion approximation
overcomes the singularity problem by adding an artificial viscosity term and it gives
stable structures.

Widrow and Kaiser were the first to realize the usefulness of the quantum me-
chanical formalism in the problem of cosmological structure formation.
In [6], they develop a numerical technique alternative to the N-body simulations.
We bring as example figure 5.1, which compares two-dimensional CDM universe
simulations done with the Schrödinger method (b) and the N-body method (a).
Their work encouraged the study of structure formation using the wave-mechanical
approach: we recall Coles and Spencer [12], who test this approach in a one-
dimensional collapse and study the solutions of the Schrödinger equation with a
time-independant potential and a time-dependant one.
We also mentioned the work of Short and Coles [10], who developed the free-particle
approximation with successful results in the weakly non-linear regime.
To conclude, one can also find interesting in the developing of this new approach
the works of: Johnston, Lasenby and Hobson [14], where they use techniques from
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(a) (b)

Figure 5.1: N-body simulation (a) and Schrödinger method (b), ([6]).

multi-particles quantum mechanics in order to find numerical solutions in the con-
text of multiple fluids, and Short and Coles [13], where they test the free-particle
approximation through simulations and compare the results with those obtained
by the linearized fluid approach and the Zel’dovich approximation, finding that it
provides another useful analytical tool for studying large-scale structure formation.
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